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Abstract

In this dissertation, distributed control problems of multi-agent systems are studied. The appli-
cations of distributed control algorithms to the management of networked battery units are also

investigated.

The leader-following almost output consensus problem for both continuous-time and discrete-time
linear heterogeneous multi-agent systems is considered, in which the unstable zero dynamics of the
follower agents are affected by disturbance. Due to the inapplicability of high gain feedback to the
discrete-time setting, different conditions on the way the agents are affected by the disturbance in
the two cases have to be identified. Low-and-high gain-based state feedback and output feedback
consensus protocols are proposed for continuous-time multi-agent systems. State feedback and out-
put feedback consensus protocols for discrete-time multi-agent systems are constructed based on
low gain feedback and a modified discrete-time Riccati equation. The proposed consensus protocols
are shown to achieve leader-following output consensus to an arbitrarily high level of accuracy, and

attenuate the effect of the disturbance on the consensus errors to an arbitrarily low level.

The almost output consensus problem of nonlinear multi-agent systems is then considered. Con-
ditions on the nonlinear systems are established under which distributed consensus protocols are
designed in a recursive manner. The protocols are shown to achieve almost output consensus, that
is, output consensus of the system is achieved in the absence of the disturbances, and the Ls-gain
from the disturbances to the output consensus error of agents when the system is operating in

output consensus can be made arbitrarily small.

The suboptimal output consensus problem for discrete-time heterogeneous linear multi-agent sys-
tems with unstable zero dynamics is also studied, where each agent possesses its own objective
function, and the sum of all these private objective functions, called the overall objective function,
is to be minimized. Mild assumptions on the communication topology and the agent dynamics are
made under which a parameterized distributed consensus protocol based on low gain feedback is
proposed for each agent. The multi-agent system is shown to achieve suboptimal output consensus
under the proposed protocols in the sense that the states of all agents remain bounded while their
outputs converge to a pre-specified arbitrarily small neighborhood of the optimal point as long as

the design parameter is chosen small enough.

Finally, the management problem of networked battery units in DC microgrids is studied. Specif-
ically, the control problem of balancing the state-of-charge (SoC) among the networked battery

units while satisfying the total charging/discharging power demand is considered. Power allocation

iv



algorithms for the battery units that make use of distributed estimators for the average desired
power and the average unit state and the adaptive parameter estimators are proposed. Power
allocation algorithms are also proposed based on adaptive parameter estimations for battery units
with unknown parameters. Algorithms that make use of SoC observers based on equivalent circuit
models of the batteries are also constructed for networked battery systems with unknown SoC. The
algorithms are shown to achieve SoC balancing among all battery units while satisfying the power

demand.
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Chapter 1

Introduction

The consensus problem of multi-agent systems has been an active research topic in recent years
due to its applications in various research and engineering areas such as distributed sensor fusion in
sensor networks, management and control of power systems, and formation control of multi-vehicle
systems (see, e.g., [10, 14, 67, 72, 68, 98, 40, 12]). Consensus or output consensus of a multi-agent
system entails that the states or outputs of all its agents reach agreement at some value, under the

influence of consensus protocols that specify interaction among neighbor agents.

Applications of consensus protocols to real-world systems inevitably lead to practical considera-
tions of the consensus protocols such as their robustness to disturbances, wind gusts affecting the
formation flight control of unmanned aerial vehicles [46, 32|, as an example. Disturbance rejection
in individual systems has been an active research topic for several decades (see, e.g., [50, 28, 29,
42, 44]). There have also been many results on the design of consensus protocols that eliminate or
reduce the effect of the disturbances on the consensus errors (see, e.g., [25, 47, 95, 79, 3, 13, 78, 18,
76, 81]). Most works on the design of consensus protocols for multi-agent systems subject to dis-
turbances have implicitly assumed that the agent dynamics is of minimum phase, or nonminimum
phase systems with disturbances not affecting the unstable zero dynamics. However, many actual
dynamical systems are known to exhibit non-minimum phase characteristics. For example, the in-
verted pendulum on a cart [21], and the V/STOL aircraft [23] are both nonminimum phase systems.
The disturbances that affect the unstable zero dynamics of a system incur additional difficulty in
meeting the control objectives. Therefore, we are motivated to consider the consensus problem
of multi-agent systems whose agents dynamics are of nonminimum phase and are affected by the
disturbance. Besides the disturbance, nonlinearity in the dynamics of agents is also commonly seen
in real-world multi-agent systems. Therefore, in this thesis, we design consensus protocols that
achieve leader-following almost output consensus for both continuous-time and discrete-time multi-
agent systems with disturbance-affected unstable zero dynamics. The “almost output consensus”
is borrowed from the terminology “almost disturbance decoupling” for single systems. Here by
“almost” we mean that the output consensus error caused by the disturbance can be attenuated to
an arbitrarily low level. We also design consensus protocols for nonlinear multi-agent systems that

are affected by the disturbance.



The optimal consensus of a multi-agent system, on the other hand, entails that the states or
outputs of its agents not only reach an agreement, but such an agreement also minimizes the sum
of the individual objective functions of all agents, called the overall objective function. Originally
investigated in [65] for discrete-time systems, the optimal consensus problem has been further
studied in [48, 37, 22, 80]. The optimal output consensus is studied in [82, 83]. The global
optimal consensus problem is studied for multi-agent systems with bounded controls in [88], [89]
and [96], where the agent dynamics is represented by first-order and second-order integrators,
continuous-time general high order systems, and first-order discrete-time systems, respectively. In
[90], the suboptimal output consensus problem is considered for general continuous-time multi-
agent systems, whose agent dynamics are described by a weakly nonminimum phase linear system.
In this thesis, we solve the suboptimal output consensus problem for a discrete-time multi-agent
system, whose agents may possess polynomial unstable zero dynamics (i.e., the agents may be
of weakly nonminimum phase). In order to prevent the states of the unstable zero dynamics
from growing unbounded as the output approaches a nonzero constant value, the proposed design
achieves suboptimal output consensus, instead of optimal output consensus, by allowing the output
to vary in a neighborhood of the optimal point, whose size can be pre-specified to be arbitrarily

small.

Battery energy storage systems (BESSs) have seen rapid growth recently in microgrid applications
as their performance and durability continue to improve and their costs decrease [38]. BESSs
can be used to compensate the peak power demand and absorb excess power in off-peak time [39],
therefore enabling the generation equipment to operate near its optimal efficiency. They can also be
combined with renewable energy resources, which are of intermittent and stochastic characteristics,
to enhance supply reliability [63, 97]. Compared with other energy storage systems, BESSs have
their advantages, such as high efficiency, high energy density, and versatility [11].

Control of BESSs is an important but challenging problem (see, e.g., [86, 100, 64, 77, 99, 101]).
Every battery unit in a BESS has to be judiciously controlled so that safe and efficient operation
can be ensured while the charging and discharging requirements from the microgrid applications
are fulfilled. An important control problem for a BESS is to balance the state-of-charge (SoC) of
all its battery units while delivering the total desired charging/discharging power. Because of the
differences between the units’ intrinsic characteristics and their ambient variations, the SoC of the
units tends to differ from each other under normal operations. Maintaining SoC balancing can not
only avoid overcharge/overdischarge of battery units but also maximize the available energy storage
capacity and charging/discharging rates (see, e.g., [85, 49, 27, 62]). In real-world applications, the

parameters such as capacities and terminal voltages of the battery units may not be precisely



known. Their true values may deviate from their nominal values due to aging and/or variations in
their manufacturing. In addition, the units’ parameters may vary under severe operating conditions
such as heavy load or low/high-temperature [102]. In this thesis, we consider the control design
for networked heterogeneous battery units in a BESS with both known and unknown parameters.
We design both non-adaptive and adaptive distributed power-allocating algorithms, under which
the SoC of all the units achieves balancing and the power demand is satisfied. Unlike voltage and
current, the SoC of battery units is not directly measurable. Therefore, SoC estimation is necessary
and is a challenging problem due to the complex chemical process in batteries. In this thesis, we
also consider the SoC observer design for the battery units based on an equivalent circuit model of

battery dynamics.

This thesis is organized as follows. In Chapter 2, we formulate and solve the almost output consensus
problem for linear continuous-time multi-agent systems with disturbance-affected unstable zero
dynamics. In Chapter 3, we formulate and solve the almost output consensus problem for linear
discrete-time multi-agent systems with disturbance-affected unstable zero dynamics. In Chapter 4,
we formulate and solve the almost output consensus problem for nonlinear multi-agent systems in
the presence of external disturbance. In Chapter 5, we formulate and solve the suboptimal output
consensus problem for linear discrete-time multi-agent systems with unstable zero dynamics. In
Chapter 6, we formulate and solve the control problem of balancing the state-of-charge among
battery units in networked battery systems while satisfying the total charging/discharging power

demand.

We use graphs to represent the communication networks in multi-agent systems. Specifically, for a
leaderless multi-agent system consisting of N agents, its communication topology is described by a
directed graph G = {V, &}, where V = {v1, vy, -+ ,un} is the set of nodes representing the agents,
and & is the set of edges representing the communication channels among agents. An edge in G
is an ordered pair (v;,vj) € &, in which v; is said to be the parent of v;. A path in the directed
graph G from node v;, to node v;, is a ordered sequence of edges (v, , Viy), (Vigs Vig), - -+ 5 (Vip_, 5 Vig)-
A direct graph is called a directed tree if every node in the graph has one parent, except the root
which has no parent, and there is a directed path from the root to every other node. A directed tree
is called a directed spanning tree of graph G if it contains all the nodes in G. The adjacency matrix
A = [a;j] € RV*N of the graph G is defined as a;; = 1 if agent i can receive information directly
from follower agent j, otherwise a;; = 0. In addition, we assume that a; = 0, i € {1,2,--- ,N}.
The Laplacian matrix associated with the graph G is defined as £ = [l;;] € RN*N where lij = —a;;
if i # j and li; = Y3 4; @ix- The graph G is undirected if a;; = aj;, for all i, j, € {1,2,--+ ,N}.



The communication topology of a leader-following multi-agent system is described by a directed
graph G = {V, €}, where V = {vg,v1, -+ ,vn} is the set of nodes with vy representing the leader
agent and vy, ve,- -+ ,vn representing the N follower agents, and £ is the set of edges representing
the communication channels among agents. Let G = {V,£} be a subgraph of G that is only

associated with the communication topology of the N followers, i.e., V = {vi,vs,--- ,un}. The

ERNXN ERNXN

adjacency matrix A = [a;] and the Laplacian matrix £ = [I;}] are defined with
the subgraph G. The matrix B = diag{by,bs, - ,bx} € RV*N is defined to indicate the direct
accessibility of the leader agent’s information by the follower agents, where b; = 1 means that

follower agent ¢ has direct knowledge of the leader agent, otherwise b; = 0.

The following notations will be used. Let R™ denote n-dimensional Euclidean space. For a matrix
A, let Im(A) denote its image space, ||A|| denote its norm and A(A) denote its eigenvalues. For
a vector v, let ||v]| denote its norm. Let C, C®, and C® denote the entire complex plane, the
set of complex numbers inside the unit circle, and the set of complex numbers on the unit circle,

respectively.



Chapter 2

Almost Output Consensus of Linear Continuous-Time Multi-Agent Systems

2.1 Introduction

In this chapter, we design both state feedback and output feedback consensus protocols for the
continuous-time multi-agent systems with disturbance-affected unstable zero dynamics over a di-
rected communication topology. The poles of the zero dynamics are allowed to be anywhere in the
closed left half-plane. The condition of the way the disturbance affects the zero dynamics of each
follower agent is identified. The leader agent’s output to be followed can be any bounded signal that
does not contain the frequency components of the jw-axis invariant zeros of the follower agents.
Novel state feedback and output feedback consensus protocols are constructed of a low-and-high
gain feedback structure in which the low gain feedback design technique [43] is utilized to stabilize
the zero dynamics of each follower agent by allowing its output to vary within a small neighborhood
of the desired output, and therefore maintains the boundedness of its state in the absence of the
disturbances. A state observer that facilitates the output feedback design is constructed for each
agent under the assumption that the agent dynamics are detectable. The observer error is shown to
be in the same order as the disturbance affecting the dynamics of the agent in terms of the Ls-gain.
We show that, these state feedback and output feedback protocols achieve leader-following almost
output consensus, as long as the communication topology of the multi-agent system contains a di-
rected spanning tree with the leader as the root node. More specifically, the leader-following output
consensus is achieved to any pre-specified degree of accuracy while the states remain bounded in
the absence of the disturbances, and when the system is operating in output consensus within the
desired level of accuracy, the Lo-gain from the disturbances to the difference between each follower
agent’s output with and without the disturbances from the same initial condition is attenuated to
any desired level of accuracy. We note that, compared to the results on individual systems, where
the output converges toward zero precisely in the absence of the disturbances, the output of the
multiple agents under our proposed protocols reaches consensus to a time-varying desired signal
only with a pre-specified accuracy. In order to analyze the effect of the disturbance on the output
consensus of the system, we have to compare the output in the absence and in the presence of the

disturbance.



The remainder of this chapter is organized as follows. Section 2.2 formulates the leader-following
almost output consensus problem for linear continuous-time multi-agent systems with disturbance-
affected unstable zero dynamics. Section 2.3 establishes the state feedback results. Section 2.4
presents the simulation for state feedback design. Section 2.5 establishes the output feedback
results. Section 2.6 presents the simulation for output feedback design. Section 2.7 concludes this

chapter.

2.2 Problem Statement

In this section, we will formulate the leader-following almost output consensus problem for linear
continuous-time multi-agent systems with disturbance-affected unstable zero dynamics. Consider a
linear heterogeneous multi-agent system consisting of NV follower agents and one leader agent. The
communication network among these agents is represented by a directed graph G that satisfies the

following assumption.

Assumption 2.1. The directed graph G representing the communication network of the leader-

following multi-agent system contains a directed spanning tree with the leader as the root node.

The dynamics of follower agents are described by

T30 = Aioxi0 + Biozi1 + Diowi,

Tim = Timi1 + dimw;, m=1,2,---  p—1, 2.1)
Tip = Eioxio+ Bitwi1 + Bigxio + - + BipTip + ui + d; pwy,
Yi :$i,17 1€ {1727 7N}7
where ;0 = [2i01 Zio2 -+ Tior,)" € R and x; = [z;1 252 -+ x5,)" € RP are the states,

u; € R is the control input, y; € R is the output, and w; € R is the disturbance. Let D;o =
[dio1 dio2 -+ dior])" € R The zero dynamics of the ith follower agent is the dynamics when

the output is restricted to zero and is represented by
@0 = Ajorio, 1 € {1,2,--- ,N}.

It is noted that any single input single output linear system can be transformed into the form of
(2.1), where p is the relative degree of the system, through a state transformation [5]. The follower

agents in the form of (2.1) are heterogeneous except they share the same relative degree p.



The leader agent provides the desired output for the follower agents to follow and thus its dynamics

is assumed to have the same relative degree as the follower agents, as given by

i‘O,m = To,m+1, M = 1727"' P — 17
Zo,p = Up, (2.2)
Yo = Zo,1,
where zg = [z01 zo2 - - a;07p]T € R” is the state, ug € R is any control input that produces the

desired bounded leader output yg € R.

Assumptions 2.2 and 2.3 below, respectively, ensure that the dynamics of the follower agents is

stabilizable and detectable (for output feedback design).

Assumption 2.2. The pair (4,0, B;o) that represents the zero dynamics is stabilizable, and all

eigenvalues of A; o are in the closed left half-plane.
Assumption 2.3. (For output feedback) The pair (4; 0, Eio) is detectable.

Assumption 2.4. The vector D; o satisfies
Di,O S ﬁwe/\omi’o)lm(w[ — Ai,()); S {1, 2, ,N},

where A°(4; o) are the set of all imaginary eigenvalues of 4; .

Assumption 2.5. The leader agent’s output yo(¢) does not contain frequencies corresponding to
the imaginary eigenvalues of A;o, i € {1,2,--- ,N}.

The leader-following almost output consensus problem for linear multi-agent systems with disturbance-

affected unstable zero dynamics is stated as follows.

Problem 2.1. Consider the linear multi-agent system described by (2.1) and (2.2). For any
pre-specified n > 0 and vy > 0, design distributed state feedback and output feedback consensus

protocols under which leader-following almost output consensus is achieved in the following sense:

(i) In the absence of the disturbance, the states of all follower agents are bounded.

(ii) In the absence of the disturbance, leader-following output consensus is achieved within an

accuracy specified by n, i.e.,

lim sup |y; w=0(t) — yo(t)| <n, i € {1,2,--- ,N},

t—o00



where y; ,—o is the ith follower agent’s output.

iii) In steady state, the effect of the disturbance w = [wy we --- wy]|T on the leader-followin
y g

output consensus, measured by the Lo-gain, is attenuated to a level specified by v, i.e.,

| ) = ottt < [ ot
0 0

where y;(t) and y; w=0(t) are, respectively, the output of the ith follower agent in the presence

and in the absence of the disturbance.

2.3 State Feedback Results

In this section, state feedback consensus protocols are designed in the following three steps. First, a
low gain feedback law is designed for each follower agent that stabilizes its unstable zero dynamics.
Second, a new output is renamed and a new set of states is defined for each follower agent, based
on the low gain feedback law. Last, a high gain feedback law utilizing the new states is designed

to attenuate the effect of the disturbance.

Step 1: Low Gain Feedback
For each follower agent i , ¢ € {1,2,---, N}, find a nonsingular transformation T; o € R"*"* such

that the pair (Ai,07 Bi,O) is transformed into

Ay 0

—1
T AioTio = _
Ai,O

RO
, Tig'Bio = [ i“] : (2.3)

4,0

where A?,o € R"*" contains all the purely imaginary eigenvalues of A;o, and A;; € R" XTi
contains all the open left half-plane eigenvalues of A;o. Since A, is Hurwitz, only the dynamics
associated with Ag,o is needed to be stabilized. Under Assumption 2.2, (A?,o: Bgo) is controllable

and, without loss of generality, can be assumed to be in the following canonical form,

0 1 - 0 0

A)y = , By = (2.4)
0 0 1 0
[ Qa1 Qg2 et Qg0 | |1



For each (A?,m Bgo), let FZ-?O(a) € R be such that
)\(A?,O — B,?’()F;?()(g)) = —¢ + )\(Ago) (25)

Such design is referred to as low gain feedback since ﬂ?o (¢) tends to zero as the value of the design

parameter € tends to zero.

Let
ur,; = — i,O(E)xi,Oa €€ (07 1]a 1€ {1a2a e aN}a

where Fjo(e) = [}7‘30(5) O] Tz’,_ol'

The following lemmas are recalled since they are useful in the later analysis of the closed-loop

system.

Lemma 2.1. [43] Consider (A?,O’B?,O) in the form of (2.4) and Fi%(s) in (2.5). There exists
constant f; o > 0 such that
IE (@) < fioe, € € (0,1].

Lemma 2.2. [45] Consider (A?,OszQ,O) in the form of (2.4) and Fi?o(z-:) in (2.5). Let

I

0

det(sI — A%y + BYF2(€)) = (s + €)% [ (s + e — jwsa) ™t (s + € + jewy )"
=1

Then, there exist ¢* > 0 and constant v; > 0 such that
l; 7"? l

i,0(5) (]LL)I — A?,O + BO FO H < Yi€ Z
=0 r=1

e € (0,e%],

JW—szz+€)’" ’

where w; o = 0.

Lemma 2.3. [43] Consider (AaO,BgO) in the form of (2.4) and Fi%(a) in (2.5). There exists a

nonsingular transformation matrix Q;(g) € R™ > such that

Q;l(f)(A?,o - Bgoﬂ?o(f))Qi(E) = Ji(e)
= blkdiag{J; o(¢), Ji,1(€), -, iz, ()},



where

—e 1
Jio =
— 1
- —E T?,OXT?,O
and for each [ =1 to I;,
J,:l(e) IQ
. - wjy
Jia(e) = , Jhi(e) = [ l ] )
le(&‘) I Wil —€
I i(e)]

2r9 x2r9
,l i,

with w;; > 0 for all [ =1 to l; and w;; # w; for I # k. In addition, there exists constant ¢; > 0
such that

|Qi@)| < @, [|Q; (9)]| < @, € (0,1].

Lemma 2.4. [43] Consider (A7, B;) in the form of (2.4) and F);(¢) in (2.5). Let Qi(¢), li, ¢, and
[ € I[0,1;], be as defined in Lemma 2.3. Let S;(¢) = blkdiag{S; (), Si1(€), Si2(e), - ,Sii(e)},
with S;o(e) = diag{ergﬁofl,er?’oﬁ, g, 1} and S;;(e) = diag{erﬁl*llg,ET?J*QIQ, el 1'2}, le
{1,2,---,1;}. Then,

where J;(e) = blkdiag{Ji o, Ji1(¢), -, Jis,},

)

-1 1

0 o0
- = 70%XT50

10



and for each [ = 1 to [;,
j;:l(€) IQ

- ~ -1 w;l/€
Jia(e) = , Jfe) = [ Y ] ,
i)  Ip —w;fe —1

51(5)_

ZT?,IXZT?J
with w;; > 0 for all [ =1 to l; and w;; # w; j, for [ # k.

2. The unique positive-definite solution ]5,~70 to the Lyapunov equation

jl-T(E)PZ"O + pi,Oji(ff) =7

is independent of .

3. There exists positive constant x; > 0 such that

Lemma 2.5. [43] Let D, g, i € I[1, N], satisfy Assumption 2.4. Let Q;(¢) be as given in Lemma
2.3. Partition Q;l(s)Dgo according to that of J;(¢) in Lemma 2.3 as

Fi%(s)Qi(a)Si_l(e)H < kie, £ € (0,1].

?,0,0(5)
ool = [P

B 1,0,11-(5)

with
RXITHON [ DYg1(0) ]
0 0
T e B b

_D?,O,o,rgo () _Dgo,l,rg}l (¢)

4.0 d..0
ri70><1 Ti,lX1

Then, there exists constant §; > 0 such that

HD?O,Z’T?J ()] Bz e € 01 1€ {0, 1,2, 1),

Step 2: Output Renaming

11



Define a new output for each follower agent 7 as

Ui = yi —uL; = i1+ Fio(e)wip.
For each i € {1,2,--- , N}, also define the state transformation

T _ —
Zi,0 = [Zzo,o Zz',oT]T = Ti,olﬂfz‘,o-

Correspondingly, denote [DgOT D; OT]T = Tz-_olDi,o. Then, the dynamics of z; o is given as

0] 0 0 0 0 0 0
3 A9 — B O 0 ] [ o1 D
[.1,0 — 7,0 B 160 %,0 B 27,0 + 17,0 + ’LLO w;. (26)
Zi0 Bi,OFi,O Ai,O Zi0 3,0 i,0

T

Based on the new output 7; and the state transformation z; o = [zgo 2 OT]T, a set of new states

- - o R ‘
Z?,o and T; = [fl?i,l Tig - wi,p] are defined as

20 = Si(e)Q; ()20,
Zin =0 = xiq1 + Fiole)zip,

Tio = xio + Fio(e)Aioxio + Fio(e)Biowi,

Tip=Tip+ Fo,i(€)A8;1$i,0 + Fi,O(s)AZE2Bi,O$i,1 + 3,0(8)14%331',0%,2 + -+ Fio(e)BioTip-1.
Design a pre-feedback law as

u; = =B om0 — Biixi1 — BiaTiz — - — BipTip — Fi,O(E)AZQxi,O

- 1,0(6)1426131',0%1 - Fi,o(€)AZ62Bi,o$i,2 — = Fio(e)BioTi,p + U, (2.7)

where 4; is to be designed later. Then, the dynamics of follower agent ¢ in the new states is written

12



as
20 T \20 50 ~ . 70
Zio = €Ji(e) %o + B i + D gwi,

Ti1 = Tij2 + d; 1w,

Tio = T;3 + d; 2w,

Tip-1 = Tjp + di p—1w;,

Tip = U; + d; pw;,

where Jj(e) is defined as in Lemma 2.4, 320 = Si(s)Qllego, f)go = Si(e)Qle?’o, and d;
m=1,2,---, p, are defined in a straightforward way. Note that HBQOH < b for some constant b > 0
by Lemma 2.3, and HD?,OH < de for some constant d > 0, by Lemma 2.5.

Step 3: Protocol Design

Define the consensus error & = [§1 &2 -+ &ip|" as
N
Gim =Y aij(Eim — Fjm) + bi(Fim — Tom) (2.8)
j=1

where m =1,2,--- ,p, i€ {1,2--- N}

Then, the consensus error dynamics is given as

( N
Eim = Z i (Zigmer + dimw;i) — (Zjmi1 + djmw;)) + bi (Zims1 + dismWi) — To.m+1)
=1
m:1727"' 7p_17
. N ~ ~ ~
Eip =D aij (@i + dipwi) — (@5 + djpwy)) + bi((@ + dipwi) —up),
=1

\

or in a compact form,
. ey
éi,m = fz’,m—&—l + di7mw7 m = 1727 RS “ 17
- — iy
&ip = Wi + d; yw,

where we have denoted

dim = [ — aindim — aindogm - — ai_1ydim1m (NG| +b)dim — aiginydicim ~ — aivdym]

m:1)2)"' P

13



wz[wl wy -+ wy|"

)

ZCLU ) + bi(t; — uo),

where N is the set of neighbors of follower agent i. Design ; such that

i 1 1 1
Ui == fidin = bz = = ol (2.10)

where fi1, fa, -+, f, are the coefficients of any Hurwitz polynomial s + f,s? ™1 + f,_15" 72+ -+ fi.
It is clear that such u; is given by
N -1/ N
U; = (Z a5 + bi> (Z ai;ju; + bjug + 1_%) . (2.11)
i=1 i=1

It then follows from (2.7) and (2.10) that the consensus protocol for each follower agent in the

original coordinates is written as

u; = —Ejowi0 — Bi1xi1 — BigaTia — - — BipTip — Fi,o(‘g)AfO'rZ U ( >A BZ 04,1
— Fio(e) A" Biowiz — - = Fio(e) Biowiy
al & 1 1 1
+ <2aij + bi) (Zlaijﬁj + biug — ;pflfz‘,l - €p7_1f2§i,2 — = gfpfz‘,p) (2.12)
1= 1=

Remark 2.1. The construction of each consensus protocol u; only involves a state transformation
that block diagonalizes matrix A;, separating the open left-half plane eigenvalues from the jw-axis
eigenvalues, a state transformation that transforms the pair (A4;, B;) into its controllable canonical

form, and a pole placement algorithm.

Theorem 2.1. [55] Consider the multi-agent system with agent dynamics described by (2.1) and
(2.2). Let the communication topology satisfy Assumption 2.1. Let the follower agents’ dynamics
satisfy Assumptions 2.2 and 2.4. Let the leader agent’s output to be followed satisfy Assumption
2.5. Then, for any given n > 0 and v > 0, there exists ¢* € (0, 1] such that, with any ¢ € (0,e*],

the parameterized state feedback consensus protocols (2.12) solve Problem 2.1:

(i) The state of each follower agent is bounded in the absence of the disturbances.

(ii) The leader-following output consensus is achieved to the given accuracy 7 in the absence of

14



the disturbances, i.e., there exists finite time 7" > 0 such that

|y’i,w=0(t) - yO(t)‘ < 7, t> T7 (RS {172a e 7N}

(iii) In steady state, the effect of the disturbance w = [wy we -+ wy]" on the the leader-following

output consensus, measured by the Lo-gain, is attenuated to the level specified by =, i.e.,
| @0 = amo®)’at <7 [ o) Pt
0 0

Proof: In the proof, we will first show that the proposed consensus protocols stabilize the unstable
zero dynamics and guarantee the boundedness of all follower agents’ states, in the absence of
the disturbances. We will then show that the leader-following output consensus can be achieved
with a specified accuracy n > 0 by showing that all follower agents’ renamed outputs g;(t), i €
{1,2,--- , N}, will converge to the leader’s output yo(t), and the difference between each follower
agent’s output y;(t) and its renamed output g;(¢) can be made less than 7 in steady state. Finally,

we will evaluate the effect of the disturbances on the consensus errors through Lyapunov analysis.

Consider the closed-loop disturbance-affected 220 dynamics
Zo = eJi(e)? O+B20yl+D Wi

under the control

ur; = —Fio(e)rio
(5)220
= —F()Qi(e) S (e) 3

A

aLi(Z5).

Let giw=0(t) and g (t) with g;,(0) = 0 be, respectively, the zero input response and the zero
state response of g;(t), that is,
Gi(t) = Tiw=0(t) + Jiw(t),

by view the disturbance w as the input. Accordingly, we decompose 220 and 220 as

Z?,o(t) = Zzo,o,wzo(t) + Zzo,(],w(t)
5?,0(“ = ggo,wzo(t) + 220,w(t)7

15



with 29 ,(0) =0, 20, ,(0) = 0, and

5?,0,11):0 = 5ji(5)5zo,o,w:o + Bzo,o?ji,w=0a (2.13)
2000 = Ji(€) 200 + BloTiw + DY gw;. (2.14)

It is noted that, in the absence of the disturbances, the response of each follower agent’s 220
dynamics is governed by (2.13). In the presence of the disturbances, the response of each follower

agent’s 220 dynamics is the superposition of (2.13) and (2.14).

Consider the closed-loop system of the consensus error dynamics (2.9) with u; being designed as
(2.10). Let & = [511 57;72 é,p]T = (&1 &2 -+ e?71& )", Then, the dynamics in state & is
rewritten as

e&in = &g + edjw,

~ ~ 27
€0 = &3 +e"djyw,

(2.15)
eip1="Cip+edl, qw,
el =—fibin— folio— = fobip +£7d} .
It is obvious that
lim gl,m(t) :07 m = 1727"' s Py 7'6 {1727 7N}7
t—o0
in the absence of the disturbances because of the choice of the parameters fi, fa,--- , f,.
Under Assumption 2.1, we have H = £ + B > 0 [26] and £1 = 0. It follows from (2.8) that
[gl,m f2,m e fN,m]T = H[‘%l,m :z'2,m e i‘N,m]T - on,ml
= /H[fl,m iQ,m ce i‘N,m]T - (B + E)$O,m1
=H([Z1m Tom - TNm]" — Zoml), (2.16)

m=1,2,---,p, and hence for i € {1,2,--- , N}, we have

lim (giw=0(t) — yo(t)) = 0,

t—o00

Hm (& (t) — om(t)) =0, m=2,3,---,p.

t—o00

Note that the leader’s output yg is bounded by the assumption on the leader agent. Under the

consensus protocols, ¥;.,—o converges toward yo exponentially with bounded steady state error.
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Thus, §iw=0 is bounded. On the other hand, z},_,(0) = Si(s)Qi_l(a)z?’O(O) by definition and is
therefore finite at ¢ = 0. Then, in view of equation (2.14), éngo

follows from the fact that lim; oo & = 0, i € {1,2,---, N}, that the states of the follower agents

remains bounded. Thus, it

are bounded in the absence of the disturbances.

Recall that

0

UL i w=0 = _Fi?o(g)zi,w:()v

In the absence of the disturbance. Then, under Assumption 2.5, Lemma 2.2 implies that, for any

given 7, there exists ¢ > 0 such that for all € € (0,¢}], ur, ;i w=0(t) satisfies

1
limsup ‘UL,i,wZO(t” < 5777 1€ {1527 te 7N} (217)

t—r00
Let ¢j, = min{ej, 3, ,ex}. Then, it follows from

Yiw=0(t) = Tiw=0(t) + uLiw=0(t)

that for any given n,

lim sup |yiw—0(t) — yo(t)| = liltm sup | (Gi,w=0(t) + uri,w=0(t)) — yo(t)]
—00

t—o00

< limsup |giw=0(t) — yo(t)| + limsup [ug, i w=0(t)]

t—o00 t—o00

§77a 26{172aaN}

for all € € (0,¢%],

In the presence of the disturbances, we consider the Lyapunov function V1(5~1) = éf Péi, where

P € RP*P is the unique positive definite solution to the following Lyapunov equation,

PA+ A™P =1,

with _ q
1 0
0
A=
0 0 0 1
—h —f = =S

17



being Hurwitz.
The time derivative of V; along the trajectory of (2.15) can be written as
1 1/~» - T ..
= Z&P(A& + Di(ew) + 2 (A& + Dieyw) PE,
= ;E:‘f (PA+ATP)E + géfpbi(f)w + éwa;f(é‘)P&
< — €&+ 2| BDiE)] ]

1 1,1 + ~
<&+ f(fna-n? + 4[| PDy(e) el
3

a1+ 2 2
< =g l&l” + HPH D) [lw]?, (2.18)
where D;(¢) = [ed;1 €2d;n -+ €Pd; )" and
lim HD H 0.
e—0

When the system is operating in steady state, we have ém(O) =0,m=1,2,---,p,i € {1,2,--- N},
which implies that V; (51- (O)) = 0. By integrating both sides of inequality (2.18) and using V; (&(0)) =
0, we obtain that

/0 oI T BT / Jeo(t) | dt,
and hence

[ i < FIPPIDEN [ juiPar

The Ls-gain from the disturbance w to the difference between § = [71 g2 -+ yn]*, the renamed

output of follower agents, and yp1, the output of the leader, can be obtained from (2.16) as
/000 19(t) —yo(t)1”2dt—/ P E0n () €0a(t) - Exa (]|t
<o )b Z O
rk (Z LY ) [P 219)

mln

Since &.1(0) = 0, we have

gi,w:O(t) == yﬂ(t)7 t Z 072 S {1727 T 7N}

18



Replace yo(t) by ¥iw=0(t) in (2.19), we have

[T 150 - famatofar < SO L <2||D ) | e @)

min (
Recall that (2.14) can be rewritten as
~?Ow =eJi(e)Z) Ow T B?,O(gi — Piw=0) + E?,owz‘~ (2.21)
Consider the Lyapunov function
Vio(20.w) = Zow" PioZiow

with ]3i,0 being as defined in Lemma 2.4. The time derivative of V; o along the trajectory of (2.21)

can be written as

. ~ ~ T -
Vio = (&Ji( )220, + B0 (§i — Tiw=0) + D?,Wi) P0Z 0

+ 200" Pio <€Jz‘( )220 + BLo (i — Tiw=0) + Dzo,owi)

IN

—e|Z) 0, wll? + 22 0, w PioB) 0(Ui — Yiw=0) + 25?,0,wTPi,0f)20wi

IN

—*szoWHQ *HonH 1B |17 @ = Gs.0=0)? + 4ed?|| P o ||| wi| >

Integrating both sides of the above inequality and using V; o (2} o w(O)) = 0 and (2.20), we obtain
that

= 5 2 162, || D °°
[ o < st (CERRO a4 ) [ ot

min

Recall that uy, ;. = —Fi?o(s)Qi(e)S;I( )29 Zio.w and the fact |FZOO( )Qi(£)S; ()| < kie by Lemma

2.4, we have

00 N . 2 0
/ a5 (D)t < 852 Bo 163 21\\Dz(€)}| 1ol 2|1 BO |1 + <22 / o) [2dt. (2.22)
0 3N (H) 0

min

Consider the difference between y;(t), the output of each follower agent ¢ in the presence of the

disturbances, and y; ,=0(t), the output of each follower agent ¢ in the absence of the disturbances
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from the same initial condition. Since y; = §; + ur,; = ¥ + (U14,w=0 + UL,iw), We have,

Yi — Yiw=0 = (i.w£0 + UL iw=0 + ULiw) — (Ti,w=0 + ULi,w=0)

= Ui — Yi,w=0 + ULjw- (2.23)

Integrate the squares of both sides of (2.23) and use inequality (2.22), we have

/0 ) (4i(t) — yiwo(t))dt
< /OOO (2(?%(15) ~ Grw—o(t))” + 2ua,-7w(t)>dt

32/|P|* (2N, || Dite)||” AT S 12X | I 0
g( IPEESIDOD 402 (2 1D |!Pi,o||262+52d2>> [P

min min

For any given v > 0, let €, € (0, 1] be such that

S2PIP(SE IDEN) a2 (SELIDENE o s o)) L o
( 32 (H) + 1653 || B || < 332 (H) [ P5070" + €7 d> <

min min

and let e* = min{e}, el } to complete the proof.

2.4 Simulation For State Feedback

Consider a group of five agents, including one leader agent, labeled as 0, and four follower agents.

The follower agent dynamics are described by

(.
Zil = Zi2 + Wi,

Zio = Ti1,
Ti1 = T2 + wy,
Ti2 = Ui + Wy,

Yi = i1, 1€ {1,2,3,4}.

\
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The desired output is generated by the leader agent, whose dynamics is described by

To,1 = To,2,
To2 = Up,
Yo = 20,1,

with ug = —xo,1 — 270,2 + 30 sin(0.6t).

The underlying communication topology is described by £ and B as

2 -1 -1 0 1 0 00

_ -1 1 0 O _ 0 0 0O
E — s B =

-1 0 2 -1 00 0O

0 0 -1 1 0 0 01

The distributed consensus protocol for each follower agent 7 is designed as
up = —e’x;1 — 2ewi0 + Ui, 1 € {1,2,3,4}, (2.24)

with 4; as defined in (2.11).

It is noted that for each agent i, i € {1,2,3,4}, the implementation of u; requires the signal ;s
from its neighbors. This requirement is due to the presence of the control input ug of the leader
agent. A similar requirement can be found in [35]. In the simulation, we set @;(0) = 0 and the

signal u;’s are updated in a sequential manner.

Simulation is performed with the initial conditions of the agents (2] (0), z7(0), 23 (0), 23 (0), 23 (0),
21(0), 27 (0), 25(0), z1(0))" = (0,0,50,30,0,0, 100, 30,0,0, —100, —20, 0,0,0, —20, 50, 50)".

Figs. 2.1 and 2.2 show the evolution of the output tracking errors between the follower agents and
the leader agent as well as the states of the zero dynamics under protocols (2.24) with ¢ = 0.5
and € = 0.1, respectively, in the absence of the disturbances. It is obvious that all states remain

bounded and as the parameter € becomes smaller, the output tracking errors become smaller.

Figs. 2.3 and 2.4 show the evolution of the output tracking errors between the follower agents and
the leader agent as well as the states of the zero dynamics under protocols (2.24) with e = 0.5 and

e = 0.1, respectively, in the presence of the disturbances, where the disturbance signals are realized
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" 22,1
231
24,1

-100
0

Figure 2.1: Evolution of the output tracking errors between the follower agents and the leader agent
as well as the states of the zero dynamics under protocols (2.24) with € = 0.5 in the absence of the

disturbances.

50

-50

-100 |-

-150.

Figure 2.2: Evolution of the output tracking errors between the follower agents and the leader agent
as well as the states of the zero dynamics under protocols (2.24) with € = 0.1 in the absence of the

disturbances.

as

w1 (t) = 10sin(t) + 10 cos(5t),
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wa(t) = 10sin(2t) + 10 cos(6t),
ws(t) = 10sin(3t) + 10 cos(7t),
wy(t) = 10sin(4¢) + 10 cos(8t).

It is obvious that all states remain bounded and as the parameter £ becomes smaller, the output

tracking errors become smaller.

0 5 10 15 20 25 30 35 40 45 50
t(s)
T T T T T T T T T
Sot\\ ............. ?12 m
N S J— P
114 LA P e T N AN e 232 B
L RN Mol et e ao | ]
50 1 1 1 1 1 1 1 1 1 4
0 5 10 15 20 25 30 35 40 45 50
t(s)

Figure 2.3: Evolution of the output tracking errors between the follower agents and the leader agent
as well as the states of the zero dynamics under protocols (2.24) with e = 0.5, in the presence of
the disturbances.

2.5 Output Feedback Results

We will design the output feedback consensus protocols in four steps. First, state observers will
be constructed for all follower agents and the leader agent. Second, an observer-based low gain
feedback law will be designed for each follower agent that stabilizes its unstable zero dynamics.
Third, a new output will be renamed for each follower agent based on the low gain feedback law.
Last, a high gain feedback law that uses a combination of the observer states and the measured
output will be designed that attenuates the effect of the disturbances on the leader-following output

consensus.

Step 1: Observer Design
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Figure 2.4: Evolution of the output tracking errors between the follower agents and the leader agent
as well as the states of the zero dynamics under protocols (2.24) with e = 0.1, in the presence of
the disturbances.

For each follower agent i, ¢ € {1,2,---, N}, denote

Aio Bio Orx(p-1)
0 1 A 0
A’L = O(p—l)X’r’i ’
0 0 e 1
- Eio Bix Biz - Bip

Ci =1 O1xr, 1 O1x(p1) ] :
Choose the observer gain
Li=[Lig lix lig - lip)" € R, Lig e R™,
be such that A; — L;C; is Hurwitz. Such L; exists since the pair (A;, C;) is detectable, implied by
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Assumption 2.3. We construct a standard Leunberger observer as follows,

Zio = AioTio + BioZin — Lio(Zi1 — vi),
Tim = Tignr1 — lim (g —yi), m=1,2--- ,p—1, (2.25)
Tip = EioZio+ Bi1Zin + BiaZipg + -+ BipZip +ui — lip(&i1 — vi),

where &; 0 and &; = [Z;1 &2 - @i,p]T are the estimates of x; o and z;, respectively.

Denote the observer errors as

€i,0 = T3,0 — L4,0,

€i,1 Ti1 — T4l
€i,2 T2 — 52
ei = . o
L Cip | L Tip = Tip |

Then, the observer error dynamics is given as

€0 = Ai0€i0 + Bioei1 — Lipein — Diows,
€im = €im+1 — lime€il — dimw;, m=1,2,---  p—1,

€ip = Bioeio+ Birei1 + Bigeio + -+ Bipeip — lipei1 — di pw;,

or in a compact form,

€; €
= - Lo |7 - D, (2.26)
€; €i
where Di = [DEO di,l d@g cee di’p]T.
We also construct an observer for the leader agent as
Z0m = Z0mt1 — lom(F01 — %0), m=1,2,--+ ,p—1,
" " " (2.27)

20, = o — li p(Z0.1 — Yo),
where lg1,lp2, - ,lo,, are such that the polynomial

§° + 10"+ lop18” 2+ -+ loas +loa

is Hurwitz. The observer error is defined as eg = [Zo1 — 0,1 Zo2 — To2 -+ To,p — To,p|"
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Step 2: Low Gain Feedback

A low gain feedback law is designed to stabilize the zero dynamics of each follower agent i, i €
{1,2,---,N}. Find the nonsingular transformation T; o € R"*" such that the pair (Az‘,o, Bi,o) is

transformed into the form in (2.3).

For each (A?,O»Bgo)» let FZ-?O(S) € RV be such that

A(ADg — BloFio(e)) = —e + A(AD).
Let
Ur; = _E,O(E)i‘i,07 €€ (07 1]) 1€ {1)27 e 7N}7
where Fjo(e) = [Fi%(g) 0] Tz',_ol-
For each i € {1,2,--- , N}, define the state transformation

0T — TqT -1
2,0 = [Zi,o 20 ] =T, Tip-

. A~ ~ A T —1aA — T —
Correspondingly, denote 2;¢ = [zgoT sz] = 7—;701.1,‘7;70, [DQOT Di,OT] = TiyolD@o, and ey =

— T — . . .
(00" ezi’OT] = Ti’ole@@ Then, the dynamics of z; is given as
-0 0 0 0 0 0 0 70 0
Zi0 Az’,O —BioF, O Zi0 Bio| - BioEio| o Dy
A - R O g O o+ || wi (2.28)
Zi0 Bi,OFi,O Ai,O Zi0 By Bz’,OFi,O D;

Step 3: Output Renaming

For each follower agent i, define a new output as
Ui =yi —uLi = i1 + Fio(e)(@io + €io), i € {1,2,--- N}
Based on the definition of the new output y; and the state transformation z; o = [zgoT 2 OT]T, we
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. ~ ~ ~ ~ ~ T
define new states Z?,o and z; = [:1:1'71 Tio - :Ui,p] as

Zo = Si(e)Q; " (e) 20,
Zi1 =i = xi1 + FioZio,

Tio = X0 + Fi0Ai0%i0 + Fi0Bi 01,

. A —1, 2 . )
Tip = Tip+ FioAly Ti0 + FioAl " Bio®in + FioA7 g BioZiz + -+ + FioBioZip-1.

These new states will be utilized for feedback in the consensus protocols. It is noted that the new
state z;1 is a combination of the output x; ;1 = y; and the observed state ;9. The rest of them,

Zim, m =2,3,---,p, are combinations of the observed states &; ,,, m =1,2--- ,p
We design the consensus protocol u; as follows,

u; = —BioZi0 — Bi1li1 — BiaZiz — - — Bipliyp

~ —1 N —2 N ~ ~
— Fi oAl g2i0 — FioAL ) Biotin — FioAf " Biotia — -+ — FioBiotip + Ui, (2.29)

where 4; is to be designed later. The dynamics of follower agent ¢ in the new states is then given

as
200 =ediz0 + S:Q 1 BY S;Q: DY SiQ; ' B F,

Zio = € Zz o0t Q7 i, 0¥i +SiQ; oW — iQ; [)ezz 05
Ti1 = Ti2 — FioLipein — €2 + dijw;,

Tio = Ti3 — (li,Q + Fi0AioLio + Fi,oBi,oli,1>€i,1,

Zip1 = Fip — (lip-1 + FioAfy Lio + Fio Al  Biolia + oAy Biolia + -+ + FioBiolip-2)ein,
B —1 —2 —3 _
Tip=—(lip+ FioAfo Lio + FioAf g Biolin + FioAf " Biolia + -+ + Fi0Biolip-1)ein + ;.

\

Denoting
zO_SQ BzO?
zO_SQ 1Dz0v
= S,Q; 'B)F,

gi1 = [_Fi,OLi,O —10--- 0],
Gim = [=(liym + FioATS " Lio + Fio A7y *Biolin + Fio ALy *Biolia + -+
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+ FioBiolim-1)0 --- 0], m=2,3--- ,p,

we have
20 ) 50 - =0 50 0
Zio = €Jiziog + BioZTin + Djgwi — Fipey; o,

Ti1 = Ti2 + gine; +d; qw;,

Ti2 = X3 + gi2e€,

Tip = Ui + Gi p€;-

Note that HBROH < b, Hﬁi(,)OH < fe for some constants b > 0 and f > 0, by Lemma 2.3, and
”DQOH < de for some constant d > 0, by Lemma 2.5. Hence, ||gim| < g, m € I[1,p], for some
constant g > 0.

Step 4: High Gain Feedback

Let the consensus error be defined as & = [§;1 &2 -+ & p]T, with
N
§im = Zaz’j(fz',m — Zjm) + bi(Tim — Tom), m=1,2---,p. (2.30)
j=1

Then, the dynamics of the consensus error is given as

N
i =) ai((Fiz + ginei + digwi) = (T2 + gjaes + djaw;))

j=1
+0i((Zi2 + gine: + digwi) — (Zo1 — lojieo1)),

. N

§im = Z aij (Zims1 + gimei) — (Fjma1 + gjme;))
j=1

+ bi((i’i,m+1 + gi,mei) - ("%O,erl — l07m6071)), m = 27 3’ e p = 1,

N
Eip =D aij (@i + giped) = (@5 + gj,pe5)) + bi(@i + gipes) — (uo = lo,pe01)),
j=1

or in a compact form,
i1 = &2+ Gl e+ bl +df
57,,1 - 57,,2 gz,le 100,1€0,1 z,1w7

im = Eima1 + Gime + bilomeom, m=2,3,--+ p—1,

: ~ ~T
&i,p = Ui + g; e + bilo peo,p,
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where e = [e1 e2 -+ en]”,
N
V; = Zaw(ﬂl — ﬂ]) + bl(al — UQ),
j=1
and g;1,i2, ", gi,p and Ji,l are defined in an obvious way.
Let v; be designed as
- 1 1 1
Uy = —;pfmfi,l - Ffiin,Z — gfi,pgimu (2-31)
where f; 1, fi2, -+, fi, are such that the polynomial

$P + fipS" A fipo18" R4+ fin

is Hurwitz. Then, we have
N -1/ N
U; = (Z a;; + bz> (Z aijﬂj + bjug + 171‘) .
j=1 J=1

We note that Assumption 2.1 implies that agent i is connected with either another follower or the

leader agent and hence Z;VZI ai; +b; > 0.

In view of (2.29), the consensus protocols are designed as

~ ~ A~ ~ N —1 ~
u; = —BioZi0 — Bidi1 — Bigiz — -+ — BipTip — Fi,OAZO-Ti,O - Fi,oAZO BioTia
N -1/ N
2, . . . .
— Fz’,OAip’(] wai,g — e — Fi,oBZ',()x@p + E Qjj + b; E QiU + bjug +v; |. (2.32)
j=1 j=1

The following theorem establishes that the observer-based distributed consensus protocols we have

constructed solve Problem 2.1.

Theorem 2.2. [57] Consider the multi-agent system with agent dynamics described by (2.1) and
(2.2). Let the communication topology satisfy Assumption 2.1. Let the follower agents’ dynamics
satisfy Assumptions 2.2, 2.3 and 2.4. Let the leader agent’s output to be followed satisfy Assumption
2.5. Then, for any given > 0 and v > 0, there exists * € (0, 1] such that, for any ¢ € (0,£*], the

parameterized output feedback consensus protocols (2.32) solve Problem 2.1:

(i) The state of each follower agent is bounded in the absence of the disturbances.
(ii) The leader-following output consensus is achieved to the given accuracy 7 in the absence of
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the disturbances, i.e., there exists finite time 7" > 0 such that

|yi,w=0(t) - yO(t)‘ < 7, t> T7 (RS {172a e 7N}

(iii) In steady state, the effect of the disturbance w = [wy w2 --- wn]" on the the leader-following

output consensus, measured by the Lo-gain, is attenuated to the level specified by =, i.e.,

| ) = amot®)ar < 27 [T uto)ar
0 0

Proof of Theorem 2.2: In the proof, we will first show that the proposed consensus protocols
stabilize the unstable zero dynamics and guarantee the boundedness of all follower agents’ states,
in the absence of the disturbances. We will then show that the leader-following output consensus can
be achieved with a specified accuracy n > 0 by showing that all follower agents’ renamed outputs
gi(t), i €{1,2,--- , N}, will converge to the leader’s output yo(t), and the difference between each
follower agent’s output y;(t) and its renamed output g;(¢) can be made less than 7 in steady state.
Finally, we will evaluate the effect of the disturbances on the consensus errors through Lyapunov

analysis.

Note that, in the absence of the disturbances, the errors of the observers (2.25) and (2.27) satisfy

lim ecolt) =0, (2.33)
tlggo ei(t) =0, (2.34)
tlglolo eo(t) =0, (2.35)
because of the choice of L; and lg 1,12, ,lo,p-

Define g} = [él &72 5}7,,}T = [&-71 €& - 59_1§i7p]T. Then, the g} dynamics is given as

851‘ = /Lfi +eGie+ Eéi,geg + eD;w, (2.36)
where
[0 1 0 ]
Ai = )
0 0o .. 1
—fin —fiz o —fip]
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- T - - T
Gi = [f]z’,1 €Gia 0 € 72Gi 6’)_191',,)} , Di = [di 1 0 - 0 0} ;
Gy = diag {bilo1,ebilo2, - ,e” 'bilo )} -
It is obvious that, in the absence of the disturbances,
tlglolofi(t) =0, 1€{1,2,---,N},

because of the choice of the parameters f; 1, fi2, -, fip and (2.33)-(2.35). Therefore,

lim &(t) =0, i€ {1,2,--- N},

It follows from (2.30) and £1 = 0 that

[E1m &om + Enam]”
= (L+B)[Z1,m Tom -+ Engm] — Bioml
= (L+B)[F1m Tom -+ Fnm] — (L4 B)ioml
= (L + B)([F1,m F2m -+ Enm] — Toml), m=1,2,---,p.

Recalling that £ + B has rank IV, we have,

Jim (Giumo(t) = o(t)) =0,

lim (i‘z,m(t) - xO,m(t)) = 07 m = 27 3’ cee P

t—o00

Since yo(t) is bounded, the follower agents’ renamed output @;.,—o(t) are also bounded in the

absence of the disturbances.

Since col(e(z)w, ez_i,O) = 1}516,-70, the boundedness of e; o implies the boundedness of e(z)i70. In view
of (2.28), the boundedness of §; ,,—¢ guarantee the boundedness of z; o. Since x; o = T'z; 0, we can
conclude that z; is also bounded. That is, in the absence of the disturbances, the states of each

follower agent are bounded.

We will next show that, in the absence of the disturbances, the leader-following output consensus

is achieved within the specified accuracy 1. Consider the ZZQ,O dynamics of the closed-loop system

Z"zo,o = (A?,o - Bgon?o(@))ZzQ,o + Bzo,o@i - B?,OFi?O(E)egi,O
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Since

tlg})lo Col(e(z)i70(t), ez_i,()(t)) = tl;nolo Y’ij()lei7g(t) =0

and
lim (%:(t) — yo(t)) = 0,

t—o00

the steady state trajectory of zgo(t) is all due to the desired output yo(t). Consider the transfer
function from gy to up;. Under Assumption 2.5, Lemma 2.2 implies that, for the given 7, there is

gy € (0,1] such that, for all ¢ € (0,¢ey], up; satisfies

1
lim sup |ug,;(¢)| < 517.

t—o00

Recall that in steady state, §; = y; — ur; = i + Fi(,)O (5)220. Then,

tim sup [y (£) — yo(#)| = lim sup |(g; + uri(t)) = yo(t)]
— 00

t—o00

< limsup [gi(t) — yo(t)] + [uri(?)]

t—o00

<n.

We will now show that, in steady state, the Lo-gain from the disturbances to the difference between
yi(t) and y; w=0(t), the outputs of each follower agent ¢ in the presence and in the absence of the

disturbances, can be made less than or equal to the given ~.

We assume, without loss of generality, that the system is operating in steady state at ¢t = 0, that
is, €;,0(0) = 0, €;(0) = 0, and &, (0) = 0, m =1,2,--- , p. Denote eoh; = [e7 €f]" and consider the
Lyapunov function candidate

T
Vobi(€obi) = €opiPobi€obis

where Pyp; > 0 is the unique positive definite solution to the Lyapunov equation
Popi(A; — LiCi) + (A; — LiC;) " Popy = —1.

Such solution exists since A; — L;C; is a Hurwitz matrix.

The time derivative of Vyp;(eon;) along the trajectory of (2.26) is evaluated as

Vi = €mp; Pobi (Ai — LiCi)eoni — Dyw;) + ((Ai — LiCy)eobi — Diw;)" Popieobi

T T
= —€hi€obi — 2€ohi Pobi Diw;
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IN

1
—€ohiCobi T 5\|60b¢!\2 + 2|| Py Di || *w}

IN

1
_i”eobi”2+2HP0biDiH2wi2- (2.37)
Integrating (2.37) and noting that Vypi(eohi(0)) = 0, we have

/ leopi (DIdE < 2, / W2 (0)dt, (2.38)
0 0

where 'ygbi = 4HP0biDiH2.

Consider the Lyapunov function candidate

where P; > 0 is the unique positive definite solution to the Lyapunov equation

Such solution exists since matrix A; is Hurwitz.

We note that eg(t) = 0, for all t > 0, under the assumption that the system is operating in steady
state. Then, the time derivative of V;(&;) along the trajectory of (2.36) is given as

) 1 - - - - . o
V= 751 (A & +eGie + Gy peq + D; aw) + E(Ai& + eGie + G, 0eo + aDiw)TPigi

= —ggfgz + 2§3PG e+ 28" P, Dyw

1 ) -
< —2ll&l” + 52 H&H + 3| BGi*llell® + ;H&‘HQ+3€HPz‘Dz'H2HWHQ

1 -
_—gH&Her?’EHBGiH el + 3| D el (2.39)

Integrating(2.39) and noting that V;(£;(0)) = 0, we have,

[ ol Par < 0BG [ etoar+ o 2D [ e P
<2 [ )P,
*Jo
where

N
7 = 9\\Bai\\2(214\|Pobij\2) +9|| 2.0
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Recalling that (£ + B)(§ — yol) = [§11 &1 -+ €] and §= [§1 Jo -+ §n] , we have

o0 N o0
/ 5(6) — o012t < [[(£+ B) P / €1 (t)at
0 i=1 70
e242 b w(t)]|
< e / e (t)] 2,
where

N
2= (E+ By 302
=1

Let §; w=0(t) and ; ,,(t) with g; ,(0) = 0 be respectively the zero input response and the zero state

response of g;(t). By viewing the disturbance w as the input, we have

Ui (t) = Tiw=0(t) + Fiw(l)-

Accordingly, we decompose zgo and 220 as

Z?,o(t) = Z?,o,wzo(t) + Z?,o,w(t)v

5?,0(75) = 520,0,1”:0(75) + 520,w(t)a

. 0
with 20w

(0) =0, 5?,0,11;(0) =0 and

20 _ 70 50 ~
24,0,w=0 — 5Jz'zi,0,w:0 +Bz‘,oyz‘,w:0:

0 _ _ 720 50 ~ L A0 . 70 0
Zi.0,0 = €Ji%i.0,w+ Bi 0w+ Di gwi — Fipes; - (2.40)

1y

Since &, (0) =0, m=1,2---,p, in view of (2.36), we have
Yiw=0(t) = yo(t),t > 0.
Then,

/ TR (t)dt = / T (50 — Grwo(0)?dt
0 0

< 22 / w(t)]|dt. (2.41)
0
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Consider the Lyapunov function candidate
Viol 100 w) = 530,wTPi,05?,0,wa
where 13i,0 is given in Lemma 2.4. Then, Vi,O along the trajectory of (2.40) is evaluated as

; 750 20 ~ 0 70 0 \'p 50
Vio = <5Jizi,o,w + B oYiw + Digwi — Fi,Oezi,[)) PioZiow

0 TH ) 50 ~ 50 =0 0
+ Ziow Fio (5Jizz‘,0,w + B;oYi,w + Djgwi — Fi,Oezi,O)

A

0 42 L o0 TH RO ~ 0 TH A0 -0
—€l|Zi0.wll” + 22 0.0 iOBiOyiw+2z' wPiODiOwi_ZZi,OwP F zzO

IA

_*5||Zzow||2 *”PZOB 0” yzw HPND OH HWH2 *||15i,015i?0H2H€(z)i,0”2- (2.42)

Integrating (2.42) and noting that V;(0) = 0, H OH < fe and HDOOH < de, we have,

| 1o uiPa < 1Pl [ R 162l [ uolPar
0 0 0
167 Pl [ llewolt) at.
0

In view of (2.38) and (2.41), we have,

| EolPa <oy, [ e (2.43)

where

B =16l + PSP DT )
7=1

When the system is operating in steady state, we have,

Yi(t) = Yiw=0(t) = (Fi(t) + uLiw=0(t) + triw(t)) = (Fiw=0(t) + uriw=0(t))
= gi,w (t) + ULi,w (t)a

_ 0 .0 _ 0 (.0 0
where ur;w=0 = Fj 20 w0 a0d ULiw = F;(2i0.4 T €i0)-

Recalling that
uLlw_FOQl() ()lOw+F06ZZO’
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1F ()]l < foe by Lemma 2.1, and Hﬂ%(@Qi(é‘)Sfl(E)H < ke by Lemma 2.4, we have,

o0 2
/0 (i) — s.omo() 2t
<2 / G2 ()t + 2 / u?, (Dt
0 ’ 0 ’
<9 / 52, (1)t + 4r2e? / 120 (1) 12 + 422 F2| T / leso(t)]%dt,
0 0 0

which, together with (2.41), (2.43), and (2.38), gives that

| ) = siamott))at < 297 [T e,
0 0

where
—1112
P = (22 + s, ARITE ).

For any given ~, choose £* < min {5’,“], %} Then, for any ¢ € (0,&*], the consensus protocols (2.32)

achieve the three objectives of Problem 2.1.

2.6 Simulation For Output Feedback

Consider five follower agents, described by

Ti0,1 = T,0,2 + Wi,
Ti02 = Til,
Ti1 = Tj2 + 2w;,

Ti2 = Ti0,1 T Ti02 — 2Ti1 + X2 + ui + 3w,

yi:xi,la 16{1727 55}7

\

and one leader agent, described by

To,1 = X0,2,
To,2 = Up,
Yo = Zo,1,

with uo(t) = —woyl(t) — 2.%'072(75) + 10 sin(3.14t).

The communication topology is shown in Fig. 2.5, in which the directed information flow is repre-
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sented by the arrows.

0
v
@ @ &

Figure 2.5: The communication topology.

The initial conditions of the agents were generated randomly as

z0(0) = col(3.8974,7.8025),
col(21,0(0), z1(0)) = col(2.4169,4.0391, 0.9645, 1.3197),
col(22,0(0), z2(0)) = col(9.4205,9.5613, 5.7521, 0.5978),
col(z30(0), z3(0)) = co0l(2.3478,3.5316, 8.2119, 0.1540),
col(z4,0(0), z4(0)) = col(0.4302, 1.6899, 6.4912,7.3172),
col(z5,0(0), z5(0)) = col(6.4775,4.5092, 5.4701, 2.9632).

The initial conditions of the observers were all chosen as zero. The disturbances were realized as

) [25in(11.1¢) 4 cos(2.1t)
) 2sin(5.8t) + cos(0.2t)
)| = | 2sin(0.6t) 4 cos(7.2t)
) 25sin(0.1¢) + cos(9.6t)
) | 25in(3.6t) + cos(0.9¢) |

Figure 2.6 shows the output consensus errors of the multi-agent system in the absence of the
disturbances, with the design parameter ¢ = 0.5. Figure 2.8 shows the same quantities with the
design parameter € = (0.1. It is observed that the output consensus errors are ultimately bounded
and the bounds become smaller as the value of € becomes smaller. Figures. 2.7 and 2.9 show the

states of the follower agents, which remain bounded.

Figure 2.10 shows the output consensus errors of the multi-agent system in the presence of the
disturbances, with the design parameter ¢ = 0.5. Figure 2.11 shows the same quantities with the
design parameter € = 0.1. It is observed that the effect of the disturbances become smaller as the

value of € becomes smaller.
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Figure 2.7: The states of the follower agents in the absence of the disturbances: € = 0.5.
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Figure 2.8: The output consensus errors in the absence
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Figure 2.9: The states of the follower agents in the absence of the disturbances: ¢ = 0.1.
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Figure 2.10: The output consensus errors in the presence of the disturbances: € = 0.5.
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Figure 2.11: The output consensus errors in the presence of the disturbances: € = 0.1.

2.7 Conclusions

In this chapter, the leader-following almost output consensus problem of linear continuous-time
multi-agent systems with disturbance-affected unstable zero dynamics was studied. Under condi-
tions on the agent dynamics and the way the disturbances affect the zero dynamics, we constructed

low-and-high gain based state feedback and output feedback consensus protocols for the follower
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agents. These conditions are the same as those necessary for achieving almost disturbance de-
coupling for individual systems and are thus mild. The protocols we constructed were shown to
achieve almost output consensus as long as the communication topology of the system contains a
directed spanning tree with the leader as the root node. Simulations were carried out to validate
the established results.

This chapter is based on the following publications:
e Tingyang Meng, and Zongli Lin, “Leader-following almost output consensus for linear het-

erogeneous multi-agent systems with disturbance-affected unstable zero dynamics by output

feedback.” IEEE Transactions on Control of Network Systems 9.3 (2022): 1281-1293.

e Tingyang Meng, and Zongli Lin, “Leader-following almost output consensus for linear multi-
agent systems with disturbance-affected unstable zero dynamics.” Systems € Control Letters
145 (2020): 104787.
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Chapter 3

Almost Output Consensus of Linear Discrete-Time Multi-Agent Systems

3.1 Introduction

In the previous chapter, we considered the leader-following almost output consensus problem for
continuous-time linear multi-agent systems in the presence of disturbance-affected unstable zero
dynamics. State feedback and output feedback consensus protocols were proposed based on the

low-and-high gain feedback design technique.

In this chapter, the problem of leader-following almost output consensus for discrete-time hetero-
geneous multi-agent systems is formulated and solved. The zero dynamics of the agents may be
unstable and subject to external disturbances. In particular, the zero dynamics of the follower
agents are allowed to have poles on the closed unit disc and are therefore allowed to be polynomi-
ally unstable. When the outputs of follower agents are tracking the non-zero bounded output of the
leader agent, the follower agents’ states corresponding to their unstable zero dynamics may grow to
infinity. It is therefore important to guarantee the internal stability of the follower agents’ dynamics
while reaching leader-following output consensus. State feedback consensus protocols are designed
based on the low gain feedback design technique [43] and the solution of a modified discrete-time
algebraic Riccati equation [73]. The unstable part of the zero dynamics is stabilized through a
small perturbation, dictated by a low gain feedback law, in the output of each follower agent. The
closed-loop system under the proposed consensus protocols is shown to achieve leader-following
consensus with a pre-specified arbitrarily high accuracy, and the Lo-gain from the disturbance to
the consensus error is shown to be suppressed to a pre-specified arbitrarily low level. Additional

conditions are identified under which output feedback results are established.

A key feature of the work in this chapter is the consideration of the consensus and tracking of the
outputs of non-minimum phase agents in the presence of external disturbances. Given that precise
output tracking with internal stability is not possible for non-minimum phase systems, we identify
a class of nonlinear phase agent dynamics for which low gain feedback can be applied to achieve
leader-following output consensus to an arbitrarily high level of accuracy. Compared to the results

in the continuous-time setting in the previous chapter, which utilize both the low gain and high
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gain design techniques, the absence of high gain action in the discrete-time setting limits how the
disturbance can enter the agent dynamics and our ability to design the consensus protocols and
analyze the properties of the resulting closed-loop system, including its stability. The use of a newly
established result on a modified discrete-time Riccati equation [73] is instrumental in helping our

analysis under the proposed consensus protocols.

The remainder of this chapter is organized as follows. Section 3.2 formulates the leader-following
almost output consensus problem for linear discrete-time multi-agent system with disturbance-
affected unstable zero dynamics. Section 3.3 establishes the state feedback results. Section 3.4
presents the simulation for state feedback design. Section 3.5 establishes the output feedback
results. Section 3.6 presents the simulation for output feedback design. Section 3.7 concludes this

chapter.

3.2 Problem Statement

Consider a linear discrete-time heterogeneous multi-agent system consisting of N follower agents,
indexed as 1,2,---, N, and one leader agent, indexed as 0. The communication network among

these agents is represented by a directed graph G that satisfies the following assumption.

Assumption 3.1. The directed graph G that represents the communication topology among the

N + 1 agents contains a directed spanning tree with the leader agent as its root.

The dynamics of the ith follower agent, i € {1,2,---, N}, is described by a discrete-time linear
system,
4
zio(k +1) = Aiowio(k) + Bioyi(k) + Djowi(k),
Tim(k+1) = ximi1(k) + dimwi(k), m=1,2,--- ,p—1, (3.1)
zip(k+1) = Eioxio(k) + arxii (k) + coxia(k) + - - + apxi p(k) + ui(k) + d; pwi(k),
\ yi(k) = i (k),
where z; 0 € R™0 and a; = [z;1 Zi2 -+ x;,]" € R are the states, u; € R is the input, y; € R is the

output, and w; € R is the disturbance. The x; dynamics, which are allowed to be heterogeneous
for different agents, are referred to as the zero dynamics. The relative degree p is assumed to be

the same for all follower agents.

43



The dynamics of the leader agent is described by the following discrete-time linear system,

$07m(k’ + ]-) = xi,m-ﬁ-l(k)u m = 1727 Y U 17
zo,p(k +1) = aqzo (k) + avzo2(k) + - - + a,zo,5(k), (3.2)
yo(k) = o1 (k),

where zog = [z0,1 T2 -+ Z0,|" € R? is the states, and yg € R is the output.

We make the following assumptions on the dynamics of the agents.

Assumption 3.2. The pair (Ai,07 Bz‘,o) is stabilizable, and all eigenvalues of A; o are on the closed

unit disc, ¢.e., the zero dynamics, which is governed by A;, may be be polynomially unstable.

Assumption 3.3. Consider system (3.1), that is,

l’(k? + 1) = AZ.CL‘(]C) + Blu(k') + Diwi(k),

27; :
y(k) = Ciz(k),
where
Aip Bio O, ox(p-1)
o 1 --- 0 .
. . . . (ni,o+p—1)x1
A = O(P—l)xni,o : : - : » Bi= " lp ] ,
0 O 1
EZ,O al a2 P ap
Do
d; 1

Ci=| Oixnig 1 O1x(pe1) |+ Di= | di2

Then, the vector D; satisfies
Im(D;) € V() N { Ny SA(Z0)

where V®(3;) is the maximal subspace of R™.0"? which is (A; + B;F)-invariant and contained in

Ker(C;) such that the eigenvalues of (4; + B;F')|V® are contained in C© U C® for some constant
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matrix F, and

Ai— M B;
Ci 0

Remark 3.1. By reference [4], conditions in Assumption 3.3 are necessary and sufficient for the

S\(y) = {x € CrotP| Ty € CriotAHL . (;3) -

solvability of the almost disturbance decoupling problem with stability (ADDPS) for agent ¢ op-
erating as an independent system. The ADDPS entails the design of a state feedback law, under
which the closed-loop system is asymptotically stable in the absence of the disturbance and the
L5 gain from the disturbance to the output of the closed-loop system with zero initial condition is

smaller than or equal to a pre-specified arbitrarily small value.

Assumption 3.4. The leader’s output yg is bounded by a constant 7 > 0, and it does not contain
frequency components corresponding to \° (Az-,o), i €{1,2,---,N}, where \° (Ai,o) denotes the

set of eigenvalues of A;( that are on the unit circle.

Problem 3.1. Consider the discrete-time leader-following multi-agent system described by (3.1)
and (3.2). Let the communication topology satisfy Assumption 3.1. Let the dynamics of the
follower agents satisfy Assumptions 3.2 and 3.3. Let the output of the leader satisfy Assumption
3.4. For any pre-specified, arbitrarily small, scalars n > 0 and « > 0, design distributed consensus

protocols u;, i € {1,2,--- , N}, under which the following are satisfied.

(i) In the absence of disturbance, the states of all follower agents remain bounded, and the

leader-following output consensus is reached within the pre-specified accuracy n > 0, i.e.,

thllp ‘y’i,’wZO(k) - yO(k)‘ S m, 1€ {1727 T 7N}7

k—o0

where y; w=0(k), i € {1,2,--- , N}, are the outputs of the follower agents, with the subscript

w = 0 indicating the absence of the disturbance.

(i) When the multi-agent system is operating in steady state, the effect of the disturbance w =
[w1 wy -+ wy]" on the leader-following output consensus in terms of the Lo-gain, is less than

or equal to the pre-specified v > 0, i.e.,
o 9 oo
> [swzo(k) = im0 (k)] <7D llw(k)|,
k=0 k=0

where y; ,20(k), i € {1,2,--- , N}, are the outputs of the follower agents in the presence of

the disturbance.
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3.3 State Feedback Results

We first present in three steps our design of leader-following almost output consensus protocols. In
the first step, a virtual controller is designed by utilizing the low gain feedback design technique
for each follower agent to stabilize its zero dynamics. In the second step, a new output is defined
by shifting the original output by the low gain feedback designed in Step 1. Consensus protocols

are then constructed in Step 3.
Step 1: Low Gain Feedback

For each follower agent i, i« € {1,2,---,N}, find a nonsingular transformation matrix T;o €
R™.0%M,0 for the pair (Ai’o, Bi,O) such that,

_ AT, 0 _ BC
Ti,olAi,OE,O = w0 K i,Ol i,0 — %0 ) (3.3)
Ai,O 1,0

0.0 O .. 0
where AZQO € R™i.0%™,0 and A?O € R™,0%™0 are such that )\(AZQO) C C© and )\(A?O) c COo.

Under Assumption 3.2, (AZ?O, BSO) is controllable and, without loss of generality, is assumed to be

in its controller canonical form,

0 1 0 0]
R e - N N 3.4
4,0 0 0 1 %,0 0 ( )
@] @]
_az,l Q2 ai,ngo_ L

Define a low gain feedback [43] virtual control for its unstable zero dynamics as
uio(k) = Fio(e)zio, € € (0,1], (3.5)
where Fjo(e) = [FZ% O] Ti,_Ol € RY™"0 in which FZ% € Rlxngo is such that
AAS + By Fiple)) = (1 —e)A(Ag,) € €9, (3.6)

and € is a design parameter.
Step 2: Output Redefinition

A new output g;(k) of each follower agent i, ¢ € {1,2,---, N}, is defined based on its output and
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the virtual control as

Ui = yi(k) — u;o(k)
=xi1 — Fio(e)zio(k).

As will be shown later, consensus protocols will be designed such that the new output ¢; will be
driven towards the leader agent’s output yp, and the magnitude of ;¢ will be made small enough.
As such, the unstable zero dynamics is stabilized while the leader-following output consensus is

being achieved within the pre-specified accuracy.
A new set of states, &; = [ji,l Tio - ii,p]T, is also defined based on the new output g; as
T 1(k) = 9 = w1 — Fio(e)wi0(k),

(3.7)
Zim (k) = 2im(k) — Fio(e) ATy @io(k) Z Fio(e) ALy ' Bigmi(k), m=2,3,- ,p.

The dynamics of the follower agent i, i € {1,2,---, N}, can be written in the new states as

T O(k +1) = Acio(e)zio(k) + Biogi(k) + Dsowi(k),

m(k+1) = (k) + dimwi(k), r=1,2,--- p—1,
) = Eiozio(k) + dia@ia (k) + Giodia(k) + - 4 i pdi (k) +wi(k) + d; pw;(k),
) = i (k),

l‘lp(kﬁ—l-l
9i(k

where Acio(e) = Aip + BioFio(e), and

din = di1 — Fio(e)Dip,

m—1

dim = dim — Fi0(e) A7y ' Dijg — Z Fio(e)ATy ' Biodiy, m=2,3,-++ ,p,
=1

By = Fio(e) ALy + Z iy — Fio(e) ALy Bio) Fio(e) Al 3 (),

Qim = Qi — Fio(e) AL g™ (€)Bio + Z a;; — Fio(e )Ap i.0)Fio(e )Alcz(l) "(e)Bi0,
l=m+1

m:]-an"'no_l?

&ip = i — Fio(€)Bip.
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A pre-feedback law is design as
ul(k:) = — vijol‘i,o(k?) + (Oél — di71).”f}7;71(]{3) + (042 — dijg):ﬁig(k‘) + -+ (ap — de)i'i’p(k’) + ’Ql(k‘) (3.8)
with 1;(k) to be designed later. Then, the state equation of the ith follower agent is rewritten as

wiyo(k‘ + 1) = Aci,0(€)xi,0(k) + Bi’gyvi(k‘) + D@owi(k),
i‘l(k‘ + 1) = Ari‘z(k‘) + Brﬂi(/{?) + diwi, (39)
yi(k) = 2;,1(k),

where _ _ - o
0 1 0 0 di1
S : S | di
A = , B, = ,and d; = | | . (3.10)
0O O 1 0 :
_011 Qg e ap_ pxp Il AV _CZLP_

And the dynamics of the leader agent can be written as

zo(k + 1) = Arzo(k),
yo(k) = o,1(k).

Step 3: Consensus Protocol

We will first design the feedback control ;(k) of follower agent i, i € {1,2,---, N}, in the new

states as

N
(k) = —RK(Z aij (i3(k) — 3;(k)) + ha(:(k) — a:o(k))),
j=1

where K = (R + B} PBr)le;f PA,, and P is the unique positive definite solution to the modified

discrete-time algebraic Riccati equation,
ATPA, — (1-06)(ATPB,)(R+ B'PB,) ' (BfPA,) — P = —Q, (3.11)

for some positive definite matrices R and Q, and V8 € [ﬁ, 1), with Ay > 0 and Ay > 0 being

the smallest and the largest eigenvalues of £ + H, respectively. The scalar & satisfies

. 1—V6 146
& N Ay
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We note that, by Assumption 3.1, matrix £ + H is positive definite and all its eigenvalues are

positive.

The following Lemma guarantees the existence of the solution P to the modified discrete-time

algebraic Riccati equation (3.11).

Lemma 3.1. [73] The modified discrete-time algebraic Riccati equation (3.11) converges to a

solution if

1
0 <

Ny
Hi:l

27

Ai

where {5\1, 5\2, e ,)\nu} is the set of all the n, unstable eigenvalues of A,.

The consensus protocol u;(k) is given by (3.8) and u;(k) as

p
ui(k) = — Eioxio + Z a;ij(Om — Qim)Tim

Mz

— k(R+ B'PB,) ' BIPA, ( — &j(k)) + ha(2:(k) — a:o(k:))>, ee(0,1]. (3.12)

J:1

Theorem 3.1. [56] Consider the discrete-time heterogeneous multi-agent system described by
(3.1) and (3.2). Let the communication topology satisfy Assumption 3.1. Let the dynamics of the
follower agents satisfy Assumptions 3.2 and 3.3. Let the output the leader agent satisfy Assumption
3.4. Then, the family of state feedback consensus protocols (3.12) solve Problem 3.1.

To prove Theorem 3.1, we need to recall some technical lemmas, which will be used in the Lyapunov

analysis of the closed-loop system.

Lemma 3.2. [43] Consider the pair (Al 0 B ) as given in (3.4) and Fl%(s) as given in (3.6). There

exists constant F; o > 0 such that
|E5(@)|| < Fige, € € (0,1].

Lemma 3.3. [43] Consider the pair (ASO, BZ?O) as given in (3.4) and Fi%(s) as given in (3.6). There

o O
exists nonsingular transformation matrix Q5 (¢) € R":0*™0 such that

—1
( z('?o) (5)(1420"‘3503%(5)) ?0() Jioo(E)
= blkdlag{J 1(8)s T 11 (€)s T4 () T2+ 5 T, <e>},

49



where

—(1—-¢) 1
J.OO = : : 7
o —(1—c¢) 1
—(1—¢
- ( )‘ nic,)o,—lxngo,—l
1—-¢ 1
JQO 1= ' ' )
v l—e 1
1—¢
- - ”So,+1xnio,0,+1
and for each [ =1 to l;,
JZO,Z(E) I
o . a0 Bioy
Jioa€) = y Jhoue)=(1—¢) ,
J50.1(8) I —Biol Qo
L Ji*,o,l(g)_

o o
2N X217

with 0%2,0,1 + 61'2,0,[ =1foralll=1tol; and a;p; # w; for j # k. Furthermore,

1@Q%) " @) < @ |Q% ()] < @, € (0,1],

for some constant g; > 0.

Lemma 3.4. [43] Consider the pair (AS, Bi(,)O) as given in (3.4) and F’i%(s) as given in (3.6). Let
QSO(E) be as defined in Lemma 3.3. Let

Si?o(f) = blkdiag{SﬁO,_l(e), Sz?O,—i—l(s)? 530,1(5)’ 55072(5% T ,Sfoli (5)},
where
530,71(5) = diag{e"go,*l_l,sniowovfl_Q, .. g, 1}, SSO?H((S) = diag{angoyﬂ_l,5”20#1_2, g, 1},
and for each [ =1 to I;,
Siie) = diag{s”g&l_lb, 02y e, 12}.
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Then,

SO (2)I5 () (S%) " (e) = TS (e)

- blkdiag{jl%ﬁl(e), TG (). I 1(€), TS8) 1 IS, }

where
_—(1 —€) € ]
ji(,)o,—l = . . )
—(1—¢) £
- _(1 B 8)' ”So,—lxnzo,o,—l
_1 —€ € ]
O . .
Ji,O,—l—l = )
1—¢ €
1—¢
- - ”z‘(,)o,+1><”¢o,o,+1
and for each [ =1 to [;,
Ji0.(€) el
- . a1 Bioyg
Jz’,o,l(g) = ) 1,0,1(5) =(l-¢) )
Jioi(e)  elr —Biol 0,
i Ji04(€)]

2nio’0’l X2nio,0,l
with B0, > 0 for all I =1 to [; and ;0 # w; i, for j # k.

2. There is €* € (0,1] such that the unique positive definite solution Pioo(e) to the Lyapunov
equation
T o~ - .
(JZ?O) (a)Pi%(s)Jﬁo(e) — PZ%(E) = —¢l

is bounded over ¢ € (0,e*], i.e., there exist positive definite matrices P, and P, such that
PL< PQe) < Py e € (0,7

Lemma 3.5. [43] Let D; g satisfy Assumption 3.3. Let Qio’o(s) be as given in Lemma 3.3. Denote
[(DZ?O)T (DZQO)T} = T, Dio and partition ( ?0)_1(5)D20 according to that of J(¢) in Lemma
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3.3 as

(iO,O)_l(E)DiO,O D?,Ool() )

with
_ o - _ o -
Di,o,—1,1(5) Dz 0,+1, 1(8)
o o)
o Di,0,71,2(5) o Di,0,+1,2(€>
Di707—1 = . ’ Dz 0,41 — : )
D@'Oo o () Dz‘oo +1,n0 (e)
0 0-1  InP _ x1 Mo I n2) X
F -
z’,o,l,1(5)
o)
o Di,O,l,Q(g)
and Dim: : ,1=1,2,--- ;.
zOOZn (6) o
,0,1 . 2ni,0,l><1
Then, there exists constant D; > 0 such that
HDQ H < Dse, | p° )H < Die, and (DO (a)H < Die, 1=1,2,-- .1,
,0,— lnL071 zO—&-lnlOJrl zO,l,nlOl

for all € € (0,1].

We also recall the following frequency domain property of the closed-loop system under low gain
feedback. It will be used to ensure that the actual output of each follower agent stays within the

neighborhood of the renamed output in the steady state.

Lemma 3.6. [60] Consider the pair (ASO, Bi(,)O) as given in (3.4) and F%(e) as given in (3.6). Let

)\817 [ =1,2---,m;, be the eigenvalues of A270(6) = ASO + BSOFi%(E) with multiplicity n;, i.e.,
det (21 — A5 o) =TT (2 /\8 ;)" Then, there exists e* € (0, 5] such that, for all € € (0,£*],
m; il
FZ%(E)(Z[—AZ»OO BlOOFzOO ’<5€ZZ nig—Jj+1) — z € C,
=1 j=1 (- )\czl)

where §; is some positive constant independent of e.
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Proof of Theorem 8.1: The proof consists of two parts, corresponding to the two objectives in
Problem 3.1. We will first establish the boundedness of the states of all follower agents in the
absence of the disturbance, and for a sufficiently small value of e, the leader-following output

consensus within the pre-specified accuracy 7.

Define a state transformation for the zero dynamics according to (3.4) as

[(l’fo)T (fcf,)o)T]T =T wip.

Then, the dynamics of xgo(k:) and Igo(k> are given as

[wgo(k + 1) _ ASO + Bz‘(,)OFi(,JO 0 “f'?o(k) + BZ‘(,)O] g(k) + DiO,O] w(k) (3.13)
w?o(k +1) BgoFi% Az‘G,)o 95?0(’“) Bz‘% go

It is obvious that the above system is stable and the states will remain bounded as long as ¥; is

bounded, in the absence of the disturbance.

Denote the error between the new states of follower agent i, i € {1,2,---, N}, and that of the
leader agent as
i‘z(k‘) = i,(k’) — .%'O(k‘) (3.14)

Then, under the consensus protocol (3.12), we have

N
Zi(k+1) = AZi(k) — BeeK Y ag(Zi(k) — 3(k)) + hiii(k)
j=1

By denoting Z(k) = [Z1(k) Z2(k) -+ Zn(k)]", the closed-loop system for the error dynamics of all

follower agents can be written in the following compact form,
Fk+1)=(In @ A)E(k) — (L +H) @ (B.kK)z(k). (3.15)
Consider the Lyapunov function
V(z(k)) = 2" (k)(Iy ® P)z(k).
V(Z(k + 1)) is evaluated based on (3.15) as

V(i(k+1)) =3"(k)(Iy ® A — (L +H) @ (B:kK)) (In ® P)(Iy ® Ay — (£ + H) @ (B;kK))#(k)
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= i"(k)(In ® ATPA,)Z(k) + 2" (k) (£ + H)? ® (B;kK)"P(BowK) ) (k)
— 28" (k)(L+H) ® (B K)"PAE(k).

Note that

(B.kK)"P(B,kK) = x*ATPB,(R + B'PB,)” ' B'PB,(R+ B'PB,) ' Bl PA,
— k?ATPB.(R+ B'PB,) ' Bl PA,
— K2ATPB,(R+ BIPB,) 'R(R+ B'PB,) ' Bl PA,
< k?ATPB,(R+ BIPB,) 'BPA,,

and
(BkK)"PA, = kATPB,(R + Bf PB,) ' BIPA,.
Therefore,
V(#(k+1)) < & (k) (In ® ATPA)#(k) + 37 (k) ((K]Q(Z +H)?2

—2k(L + H)) @ (A"PB: (R + BrTPBr)‘lB;fPAr)):z(k). (3.16)

Since £ + H > 0 under Assumption 3.1, there exists orthogonal transformation matrix 7' € RV*N

such that
L+H =T AT,

where A = diag{\1, A2, -+ ,An}, with 0 < A1 < Ag < --- < Ay being the eigenvalues of £ + H.

Define a state transformation as
z(k) =[] (k) T3 (k) - ZN(R)]" = (T ® L,)&(k),
then, the second term in (3.16) is evaluated as

i (k) ((52(2 +H)? —2k(L+H)) ® (AT PB, (R + B,TPBr)*lBrTPAr))gz(k)

#7(k) (R*T"AT — 25T"AT) ® (ATPB,(R+ BIPB,) ' B PA,)%(k)

(k) (T ® 1) ((;&A? —26A) ® (ATPB.(R + BrTPBr)_lBrTPArD (T ® I,)3(k)

N
=z (k)(5*A} — 26);) (AT PB, (R + BIPB,) 'BIPA,) (k)

7
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N
< —(1-0)Y @] (k)(ATPB.(R+ BEPB,) ™ Bf PA)i(k),
=1

1—v6 14+V6
A1 AN

where we have used k € [ ] for the last inequality.

Now, we can evaluate
AV(k+1):=V(2(k+1)) — V(Z(k))

< F(k)(Iy ® ATPA)E(K) — (1—6) Y #F (k) (A PB.(R+ BYPB,) ' BI PA,) (k)

(]

-

.
Il
—

— FT(k)(Iy ® P)Z(k)

z (k) (AT PB.(R+ BIPB) ™' BI PA)7i(k)

1

M=

= #7(k) (Iy ® ATPA)#(k) — (1 - 6)
1

.
Il

-z (k)(Iy ® P)z(k)
N

=" # (k) (ArTPAr — (1-0)(A"PB,(R+ B"PB,) "B PA,) — P) (k)
=1

= 37 (k) Iy ® Q)Z(k). (3.17)

Since —2"(k)(In ® Q)Z(k) < 0 for Z(k) # 0, we have

lim z(k) =0,
k—o00
which is equivalent to
Jim (Zi(k) — zo(k)) =0, i € {1,2,--- ,N}. (3.18)
—00
Therefore, we have
khm (QZ(k)_yO(k)) =0,i¢€ {1727"' 7N}7 (319)
— 00

where g;(k) is the new output of follower agent i. By recalling Assumption 3.4 and (3.13), it can be

concluded that the states of all follower agents remain bounded in the absence of the disturbance.

Consider the a:go dynamics in (3.13) of the follower agents. The steady state trajectory of x%(k:),
in the absence of the disturbance, is all due to yo(k) according to (3.19). By viewing g;(k) as the
input and w; (k) = Fio(e)zio(k) = Fi%(s)xgo(k) as the output, the transfer function from g; to

u;,0 is given as Fi%(s)(zl - ASO — BSOFi%(s))_lBSO. Then, under Assumption 3.4, Lemma 3.6
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implies that, for the given 7, there exists ¢, € (0, %] such that for all € € (0, &y],

lim sSup |ul,0(k)‘ < UR (S {]—a 27 e 7N}
k—o00
By recalling that y;(k) = 9;(k) + u;0(k), we have, in the absence of disturbance,

lim sup |y; w=0(k) — yo(k)| = lim sup |g; w=0(k) + wio(k) — yo(k)|
k—o0 k—o0
< lim sup |giw=0(k) — yo(k)| + lim sup |u; (k)]
k—o00 k—o00

<n

— )

where y; ,—0(k) denotes the output of follower agent ¢ in the absence of the disturbance.
We will next show that, when the multi-agent system is operating in steady state, for a sufficiently
]T

small value of e, the effect of disturbance w = [wy wy -+ wy]T on the leader-following output

consensus in terms of the Lo-gain, is less than or equal to any pre-specified v > 0. In the following
analysis, we will assume, without loss of generality, that the multi-agent system is operating in

steady state at k =0, d.e., 2(0) = 0.

To analyze the influence of the disturbance, we recall that

Yiw20(k) = Uiwzo(k) + Fi0(e)xi0m20(k).

With the disturbance viewed as the input to the system, the zero input and the zero state responses

are respectively given as

Yiw=0(k) = Fiw=0(k) + Fio(e)wi0w=0(k), (3:20)
Yiw (k) = Jiw(k) + Fio(e)ziow(k), (3.21)
in which the subscripts w = 0 and w represent zero input and zero state, respectively.

It is noted that the difference |y; w0(k) — yi,w—0(k)| is equivalent to |y; ., (k)|. Therefore, in what
follows the effect of the disturbance on both ; .,(k) and F; o(¢)z; 0., (k) with be analyzed.

In the presence of the disturbance, the dynamics (3.15) becomes

Tk+1)=(In® A)T(k) — (L +H) @ (B:eK)Z(k) + dw(k),

where d = blkdiag{d;,ds,--- ,dy} with d; given in (3.10). Note that Assumption 3.3 implies that
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dim =0, for all m =1,2,---, p, and the vector D, satisfies D; o € ﬂwe/\oAi’OIm(wI — Ai,o), 1€
{1,2,--- N}, where A® (A, o) are the set of all the eigenvalues of 4; ¢ that are on the unit circle [43].
Then, Lemma 3.6 implies that for each i € {1,2,---, N}, there exists constant d; > 0 independent
of € such that

\|dism|| < dig, m=1,2,---,p. (3.22)

Then, it is obvious that there exists constant d > 0 independent of ¢ such that

|d]| < de.

IA

The increment of V (Z(k)) in (3.17) will become

(k +1) =V (@(k+1)) - V(z(k))
F (k) (In ® Q)F(k) + (dw(k))" (In ® P)dw(k)
+ 23" (k) (Iny ® Ay — (L +H) ® (B;kK))(Iy @ P)dw(k)
)

" (k)(In ® Q)i (k) + (dw(k))" (In ® P)dw(k)
n 2(*2§ (k) Iy © Q)%) (\/§(IN Q)2 (Iy @ A — (£ +H) ® (BekK)) (In @ P)dw(k))

() (I @ QUE(R) + (dw (k) (In © P)du(k) + S5 (K) (I © Q)(K) + 2(duw (k)" Ndu(k)

I/\
%31

(k) (In ® Q)2 (k) + (dw(k))" Mdw(k), (3.23)

|
w\'—*

where M = (Iy ® P) +2M and M = (Iy ® P)(In ® Ay — (L +H) @ (B:xK)) (In @ Q)" (In ®
A — (L +H) ® (B:kK))(In ® P) is independent of e.

By summing both sides of (3.23), using V(#(0)) = 0, and [|d|| < de, we have

D llzw)]| <€722Hw )IIZ,

k=0

where 72 = % with Apax(M) being the largest eigenvalue of M and Apin(Q) being the

smallest eigenvalue of Q). Since ¥; , = i1, we have

o0

> i

k=0

2<? Z [w (k)| (3.24)

To see the effect of the disturbance on Fj o(&)x; 0,0 (k), we define 5330 = Sgo(s)( go) - (5):1:,80. Then,
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the 5020 dynamics is written as
jgo(k' +1) = jic,)o(f)i'go(k) + Bgogi(k) + E%wi(k‘),
5O 0 (HO 1 po e 0 (HO 1o
where By = Si,O( i,o) Bip and Dy = Si,O( i,o) Dy
Consider the zero input and the state responses of :ﬁgo(k:) according to (3.20) and (3.21) as

jzc‘?O,wzo(k +1) = jz?o@)fgo,w:o(k) + B,?o?}i,wzo(k‘)
B0k +1) = J3(€)E50 0 (k) + By oiiw(k) + Dsgwi(k).

7,0,w

Then, the effect of the disturbance is all exhibited by &) 0.0 (k).

Consider the Lynapunov function

Vi (#50.0(K) = (E00.0) " (F) P (e)E5g 4 (k)

7,0,w

Then,
Vio (250, (k +1)) = (T, (k) + Digwi(k)) " BG () (Jh50, (k) + Diguwi(k))
We have
AVGk+1) - = VG (25 (k + 1)) = V5 (25 . (K))
=e 80 )Tk L0, +2(57io,0w)T(k)(Jzoo) onoDzo"wz(k)

= =@ w) (92500 (8) +2( V2 (229,,)" () (?(JZ%) PGD (k)
(Dlowl(k:)) " PR DSywi(k)
< —el#%0u @I+ CIIR) B + 1B DGl k2. (3.25)

Note that Lemma 3.5 implies that there exists constant D > 0 such that HD | < De, for all
e € (0,1]. By summing both sides of (3.25) and using VZ%( T w(O)) =0, we have

o
S ll# . B < %OZ [Jwi(k)|1?, (3.26)
k=0
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where 77, = (4j2 + 2) HPQHD2 independent of ¢, with .J = SUPee (0,1] HJl%(z-:)H.

By recalling |yiw0(k) — yiw=0(k)| < |Fiw(k)| + |Fio(e)@iow(k)|, Fio(e)wiow(k) = Fi%(f)jgo(k),
and using ||F | < Fye with a constant Fy > 0, (3.24) and (3.26), we have

o
Z ‘yi,w#o(k) - yi,w=0(k)‘ ’Yx + o% 0 Z lw(k
k=0

Let e = ——L——. Then, for any € € (0,¢}], we have

Z |Yiwz0(k) — yi,w:O(k)|2 <42 Z |w(k)|?
k=0 k=0

Finally, choose € € (O, min{s;;, 52}] for the consensus protocol and we have completed the proof. [J

3.4 Simulation for State Feedback

To illustrate our state feedback result, we will perform simulation with a discrete-time heterogeneous
multi-agent system consisting of four follower agents, labeled as 1,2,3,4, and one leader agent,
labeled as 0. The communication topology is shown in Fig. 3.1, where the arrows indicate the

direction of information flow.

Figure 3.1: The communication topology.

The follower agents are heterogeneous and are described as

110 0 1
ziolk+1)= [0 1 1| xiolk)+ |0] vi(k)+ [1]| wi(k),
0 0 1 1 0

zi1(k+1) = x;2(k),
wip(k +1) = i1 (k) — 2i1(k) + V2wi2(k) + us(k)
yi(k) = z;1(k), i € {1,2},
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and
.

11 0 1
€Ty k‘—i—l = I, k + i k + Wy k N
o(k+1) [()1] o(k) 1y() 0 (k)
zia(k+1) = zip(k),

:Ei,2(]€ + 1) = l‘i7071(k) — a;i,l(k) + \/51;172(]{;) + UZ(]C)
yi(k) = x;1(k), i € {3,4}.

zo(k+1) = [_01 \2] To

\

The leader agent is given as

(k)

Solving the modified discrete-time Riccati equation (3.11) with 6 = 0.9 by the iterative algorithm

proposed in reference [73], we obtain

37.8816 —27.4173
—97.4173  40.8711 |

and

K= [—0.9761 0.7256} .

With this K and x = 0.2, we implement the family of consensus protocols (3.12) and simulate the
closed-loop system. In the simulation, the initial conditions of both the follower agents and the

leader agent are chosen randomly as

[ 6(0) 2} (0)] = [2.4169 9.4205 2.3478 0.4302 6.4775],
[256(0) #3(0)] = [~3.4239 4.7059 4.5717 — 0.1462 3.0028],
[256(0) 23(0)] = [-3.5811 —0.7824 4.1574 2.9221],
[256(0) 23(0)] = [1.5574 —4.6429 3.4913 4.3399)],

21(0) = [1.5548 — 3.2881],

and the disturbances are realized as

wy (k) = 10sin(0.7060k + 0.0318),
wa(k) = 10sin(0.2769% + 0.0462),
ws(k) = 10sin(0.1869% + 0.7572),
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wy(k) = 10sin(0.3804k + 0.0844).

Shown in Fig. 3.2 are the output consensus errors in the absence of the disturbance, with ¢ = 0.1.
Shown in Fig. 3.3 are the states of the follower agents in the absence of the disturbance, with

e =0.1.

Shown in Figs. 3.4 and 3.5 are respectively the output consensus errors and the states in the
absence of the disturbance, with ¢ = 0.02. As can be seen in these figures, the states of all follower

agents remain bounded, and the output consensus errors decrease as the value of € decreases.

Shown in Figs. 3.6 and 3.7 are the output consensus errors in the presence of the disturbance, with
e = 0.1 and ¢ = 0.02, respectively. It is observed that the effect of the disturbance on the output

consensus errors weakens as the value of € decreases.

Figure 3.2: The output consensus errors in the absence of the disturbance, with ¢ = 0.1.
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Figure 3.3: The states of the follower agents in the absence of the disturbance, with ¢ = 0.1.
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Figure 3.4: The output consensus errors in the absence of the disturbance, with e = 0.02.
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Figure 3.5: The states of the follower agents in the absence of the disturbance, with ¢ = 0.02.
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Figure 3.6: The output consensus errors in the presence of the disturbance, with ¢ = 0.1.
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Figure 3.7: The output consensus errors in the presence of the disturbance, with £ = 0.02.

3.5 Output Feedback Results

Consider the follower agent dynamics (3.1) with its zero dynamics transformed in the form of (3.3),

that is,

xgoqul

( )= Az (k) + Bfoyi(k) + Dgowi(k)a
xg?o(k +1) = O(k) + Bgoyi(k) + D%wi(k),
Tim(k+1) = xlmﬂ( )+ dimwi(k), m=1,2,--- ,p—1,
zipk+1) = E@ 0 O(k) + EZ Oa:z o T a1xi1 (k) + aswia(k) + - - + apw p(k) +ui(k) + di pwi(k),
)

yi(k) = i1 (k).

(3.27)
Beside Assumptions 3.2, 3.3 and 3.4, we made the following additional assumptions on the follower

agent dynamics (3.27).
Assumption 3.5. The pair (Ago, ESO) is observable.

Assumption 3.6. The unstable part of the zero dynamics is not affected by the disturbance, i.e.,
Dy, =0.

Assumption 3.7. The stable part of the zero dynamics does not contribute the output, i.e.,

E;, = 0.

Remark 3.2. As seen in Section 3.3, because of the lack of high gain feedback in the discrete-time

setting, the effect of any disturbance in the z;,, dynamics on the output y; cannot be reduced
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to an arbitrarily high degree, which entails d;,, = 0, implied by Assumption 3.3. In the state
feedback design, the term Efoxgo(k) + Egox%, which carries the effect of the disturbance from
the zero dynamics into the x;,, dynamics, is canceled by feedback. In the output feedback case,
such a cancellation is carried out by the estimation of states a:fo and a:go. Assumptions 3.6 and 3.7
prevent the disturbances in the zero dynamics from being carried into the z; ,, dynamics through

the state estimation errors.

Under the above assumptions, we construct a state observer for each follower agent as

B0k +1) = ARgisy (k) + Biydin + Ly (£1 — i),
Zim(k+1) = Zima1(k) + Lim(Zin — vi)s
fi’p(k‘ + 1) = E'(?Oii'(()) + 0413:“2‘,1(]{?) + 0120%1'72 + -+ Oépiﬁi,p + uz(k) + l@p(ﬁji,l — y,-),

(2

where 5, (k) is the estimate of 20, (k) and &, (k) is the estimate of @;,,(k), m = 1,2,--- ,p. The
observer gain
/L‘ =

O (e}
LY = col(Lsy, lia, lig, - ylip) € R P, Lig € R,

is chosen such that all eigenvalues of A? + L?Cio are inside the unit circle, where

o o
Az‘,o Bz‘,o n® x(p—1)
0 1 0
o _ . . o _
0 0 1
i ESO ar az oo
Define the observer errors as 6?0 = :%ZQO - x?o and e; = [e;1 €2 - €ip)" = [Ti1 — g Tio —
Tip - Tip—Tip|", i €{1,2,--- ,N}. The error dynamics is then given as
o o
en(k+1 e n(k
z,O( ) _ (Alo +L1§)CZ§)) Z,O( ) )
ei(k+1) ei(k)

With the estimated states ﬁtgo(k), m = 1,2,---p, the low gain feedback virtual control u;p =

Fio(e)zio = Fp(e)xs, for the zero dynamics is now implemented as
O (1140
uio(k) = Fi (k)2 o(k).
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Accordingly, the definition of the new output and the new state &; ; in (3.7) becomes

Ji(k) = &i1(k) = zi1 (k) — F3(e)25(k),

)

and the definition of the rest of the new states, Z;,,, m = 2,3,--- , p, remains the same as in the

state feedback case.

The dynamics of the follower agents in the new states become

xi,O(k +1) = Ag 0( ) (k) + Boo?]z(k) + B F i 0€i O(k:)
gk +1) = A Oxzo(k) + BSyyi(k) + D sz(k)
Fim(k + 1) = Fime1 (k) + dignwi (k) + §0,50(k) + Gimei(k), 1 =1,2,--+ . p—1,
Tipk+1) = Egoxso(k) + @i (k) + @iodio(k) + -+ i p(k) 4 ui(k) + di yw; (k)
+ gi,pei,o( ) + Gipei(k),
vi(k) = i1 (k),

where
Agole) = Afy + BipFig(e),
P p—l -1
By =BG — FQOA% + 3 (ons — FS(04% BR)FS0)42, 7 0).
=1
and gfm and G;m. m=1,2,---,p, are defined in an obvious way.

The consensus protocols are implemented as

uz(k) ’L 0 1 0 + Z al_] ai,m)i‘i,m

Mz

~ k(R+ BIPB,) " B PA( K) = &5(K)) + hi(F:(K) = 0(k)) ), m = 1,2, ,p,
]:1

(3.28)

where fuim is &; , calculated using the estimated states, and P > 0 is as given in (3.11).

Theorem 3.2. [56] Consider the discrete-time heterogeneous multi-agent system described by
(3.27) and (3.2). Let the communication topology satisfy Assumption 3.1. Let the dynamics of the
follower agents satisfy Assumptions 3.2, 3.3, 3.5, 3.6 and 3.7. Let the output the leader agent satisfy
Assumption 3.4. Then, the family of output feedback consensus protocols (3.28) solve Problem 3.1.
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Proof of Theorem 3.2: Under the output feedback consensus protocols (3.28), the closed-loop system

(3.15) for the error dynamics of all follower agents becomes

Fk+1)=(In® A)E(k) — (L +H) @ (B.K)Z(k) + Ge(k), (3.29)
where G = [GT G --- GN]" are defined in an obvious way, with ||G;|| < g, for some g > 0, and
foral i € (1,2, V) and o) = [[(e60)" 1] [(50) " ea] o+ [(e80) " en] |
Let P, be the unique positive definite solution of the Lyapunov equation

(AP + LYCP) Pop (AP + LYCP) = Pob = —Qop,
for some Q. > 0. Consider the Lyapunov function
Vor(2(k), e(k)) = 2" (k) (In ® P)z(k) + €” (k) Pope(k).

Then, we have

AVye(k+ 1)
= Vor(Z(k + 1), e(k + 1)) — Vor(2(k), e(k))
< —2'(k)(In ® Q)F(k) — e (k)Qone(k)
+ 28" (k) (In ® Ay) — (£ +H) ® (B:K))" (In ® P)Ge(k) + (Ge(k)) " (Iny ® P)Ge(k).

By choosing Qop, such that Qu, — GT(Ixy ® P)G — M™(Iy ® Q)~'M is positive definite, where
M= (IN®A) - (L+H)®(B,K))" (Iy® P)G, we have AVy(k+1) < 0 for &(k) # 0 or e(k) # 0.
Thus,

lim z(k) =0,
k—o00
lim e(k) = 0.
k—o00

Therefore, as in the proof of Theorem 3.1, we have

lim (9;(k) —yo(k)) =0, i € {1,2,--- , N},

k—o0

Since all eigenvalues of Ag o(e) and A?O are inside the unit circle, and ;, eon and y; are bounded,

the states of all follower agents will remain bounded in the absence of the disturbance.
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By recalling that y;(k) = ¢i(k) + uio(k), we have, as in the proof of Theorem 3.1, there exists
e; € (0, 3] such that, for all € € (0,&}],

lim sup |y;.w(k) — yo(k)| <.
k—o0

That is, the leader-following output consensus is reached within the pre-specified accuracy n > 0.

In the presence of the disturbance, the a:go dynamics is affected. By equation (3.29), we have that
the effect of the disturbance is decoupled from the leader-following consensus error. Therefore, the
Lo-gain from the disturbance to the consensus error is zero and thus less than any pre-specified
v > 0. ]

3.6 Simulation for Output Feedback

To illustrate our output feedback result, we will perform simulation with four follower agents and

one leader agent. The follower agents are described as

1 1 0 0 0
.’L’i70(k + 1) =10 1 0 (Ei’o(k) + |1 yz(k) + 0 wi(k:),
0 0 0.5 1 0.8

332‘,1(]{7 + 1) = xi’g(/{),
zio(k +1) = 201(k) — z1(k) + V21 2(k) + ui(k),
yi(k) = x;1(k), i € {1,2},

and

1 0
zio(k+1) =
0 0.3

] .T@o(k) -+

zia(k+1) = z;2(k),
zi2(k + 1) = 1‘1‘7071(]@ —zi1(k) + \@wi,Q(k) + u;(k),
yi(k) = x;1(k), i € {3,4}.

The leader agent, the communication topology and the design parameters K and x are the same

as in the state feedback example.

Shown in Figs. 3.8 and 3.9 are respectively the output consensus errors and the states in the

presence of the disturbance, with € = 0.1. Shown in Figs. 3.10 and 3.11 are respectively the output
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Figure 3.8: The output consensus errors in the presence of the disturbance under output feedback,
with e = 0.1.
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Figure 3.9: The states of the follower agents in the presence of the disturbance under output
feedback, with € = 0.1.

consensus errors and the states in the presence of the disturbance, with € = 0.02. As can be seen
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Figure 3.10: The output consensus errors in the presence of the disturbance under output feedback,

with e = 0.02.

T T T T T T
Z1,0,1
10000 B
10,2
1,03
5000 211 |
x1,2
0 L 1 1 1 L L
0 20 40 60 80 100 120 140 160 180 200
k
2000 T T T T T T T T T
L2,0,1
2,02
1000 - 2903 |
T21
oo [
0
0 20 40 60 80 100 120 140 160 180 200
k
T T
0 30,1 7
30,2
~100 31 | |
32
-200 L L
0 20 40 60 80 100 120 140 160 180 200
k

0 20

Figure 3.11: The states of the follower agents in the presence of the disturbance under output

feedback, with € = 0.02.

in theses figures, the output consensus errors decrease as the value of € decreases.
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3.7 Conclusions

In this chapter, the leader-following almost output consensus problem of discrete-time multi-agent
systems with disturbance-affected unstable zero dynamics was studied. Under conditions on the
agent dynamics and the way the disturbance affect the zero dynamics, we constructed state feedback
and output feedback consensus protocols based on the low gain feedback design technique and the
solution of a modified discrete-time algebraic Riccati equation for the follower agents. The protocols
were shown to solve the problem as long as the communication topology of the system contains a
directed spanning tree with the leader agent as its root. Simulations were carried out to validate

the established results.
This chapter is based on the following publication:
o Tingyang Meng, and Zongli Lin, “Leader-following almost output consensus for discrete-

time heterogeneous multi-agent systems in the presence of external disturbances”, Systems €
Control Letters, 169 (2022): 105380.
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Chapter 4

Almost Output Consensus of Nonlinear Multi-Agent Systems

4.1 Introduction

Motivated by the fact that nonlinear dynamics and disturbances extensively exist in real-world
multi-agent systems, in this chapter we consider the almost output consensus problem for nonlinear
multi-agent systems subject to mismatched disturbances. Moreover, our design allows the effect
of disturbances to be state-dependent and nonlinear and thus can be applied to more general
dynamics. Our approach is motivated by the results of the almost disturbance decoupling problem
for individual nonlinear systems (see, for example, [51, 52, 28, 29, 42]). In particular, we resort
to a recursive procedure to design parameterized distributed high gain consensus protocols with
state-dependent gains. Output consensus can be achieved in the absence of disturbance under
our proposed consensus protocols. In addition, the Ls-gain from the disturbances to the output
consensus error of agents when the system is operating in output consensus, is inversely proportional

to the parameter, and thus can be attenuated to any desired degree of accuracy.

The remainder of this chapter is organized as follows. Section 4.2 formulates the almost output
consensus problem for nonlinear multi-agent systems in the presence of external disturbances.
Section 4.3 presents the consensus protocols as well as the analysis of the closed-loop system.
Section 4.4 presents a simulation example to verify the theoretical results. Section 4.5 concludes

this chapter.

4.2 Problem Statement

Consider a multi-agent system consisting of N agents that are subject to external disturbances.

The nonlinear dynamics of each agent ¢, i € {1,2,..., N}, is described by

i; = f(xi) + g(zi)ui + (2:)0i1(t),
g ;CH l (4.1)

yi = h(x;),
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where x; € R, u; € R and y; € R are the state, control input and output, respectively, f : R" —
R" g:R" - R", ¢ :R" - R"™ h:R"” — R are smooth functions, p is a positive integer, and
0;1(t), 1 =1,2,...,p, are the disturbances.

We recall the definition of the control characteristic index and the disturbance characteristic index
as follows [52].

Definition 4.1. The control characteristic index p of each agent with dynamics (4.1) is defined

such that
LgLih(z) =0, 0<i<p—2VreR",
Ly h(x) #0, Vo € R™.

If Lngj}h(w) =0,Vi, Vo € R, then p = cc.

Definition 4.2. The disturbance characteristic index v of each agent with dynamics (4.1) is defined

such that

LgLih(z)=0,1<1<p0<i<v—2VzecR"
LqZL;_lh(m‘) # 0, for some x € R",some [,1 <1 < p.

Assumption 4.1. For the multi-agent system described by (4.1), we make the following assump-

tions on the agent dynamics.

(i) the relative degree p is well defined,

(i) Bp—1 =span{g,adyg,..., adfc_lg} is involutive and of constant rank p in R™,
(iil) adg,Bm C Bm,l=1,2,...,p,m=0,1,...,p — 2, with B, = span{g, ..., ad}'g}, and
(iv) the vector fields

1 1

f=f—— L, = ———
r=1 Lyl 'h I Lng’flhg

are complete.

It is known that exact disturbance decoupling for individual systems can be achieved [52, 30, 66] if

and only if v > p. Therefore here we assume that v < p.

We also make the following assumption on the communication topology.
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Assumption 4.2. The graph associated with the communication topology is undirected and con-

nected.

Problem 4.1. Consider the nonlinear multi-agent system described by (4.1). For any given vy >
0, design smooth distributed consensus protocols under which almost output consensus can be

achieved in the following sense:

(i) In the absence of the disturbances, that is, 6;; = 0,1 = 1,2,...,p, i € {1,2,...,N}, the

output consensus can be achieved, i.e.,

lim (y(t) — a(t)1) =0,

t—o00

for some a(t) € R, t > 0, where y(t) = [y1(t) y2(t) ... yn(t)]T € RV,

(ii) When the system is operating in output consensus, the Ls-gain from the disturbances to the

output consensus error of the agents is less than or equal to v, i.e.,

[ lewar <2 [ 10)i3ar, ¢ € 0.7)
0 0

for any open interval [0,7) in which the corresponding solution exists, where e(t) = y(t) —
a(t)l for some aft) € R, t > 0,0 = [0] 65 ... Oy]" and 0; = [0;1 ;2 ... 6;,]7, i €
{1,2,...,N}.

4.3 Main Results

We first recall the Barbalat’s lemma as follows.

Lemma 4.1 (Barbalat’s Lemma). [34] Let f : R — R be a uniformly continuous function on

[0,00). Suppose that lim; oo fg f(7)dr exists and is finite. Then,

lim f(t) = 0.

t—o00

Lemma 4.2. Let £ be the graph Laplacian associated with an undirected and connected graph.

Let A9 > 0 be the second smallest eigenvalue of L.

(a) For any y(t) € RN and d(t) € RM if |Ly(t)|]2 < c[|d(t)||2, t > 0, for some constant ¢ > 0,
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then we have
c
le@®llz < L~ lId@)ll2,
2

where e(t) = y(t) — a(t)1 for some «(t) € R, t > 0.

(b) If
Jlim Ly(t) = 0,
then,
Tim (y(1) — a(t)1) = 0,
for some «a(t) € R,t > 0.
Proof: For any symmetric matrix £ € RV*V  there is an orthogonal matrix ¥ = [o1 02 ...0N] €
RV*N “whose columns are eigenvectors of £ such that [53]
A0 ... 0]
0 A ... O
Ly=| . e
[0 0 ... An]|
or ) )
A O 0
0 X ... O
L=\ . =,
(00 AN |

where A1 < A9 < ... < Ay are the corresponding eigenvalues of L.

Since L is the Laplacian of an undirected and connected graph, A\; = 0 with the corresponding

eigenvector o1 = \/iﬁl, and A2 > 0 [68].

It is obvious that, for any y(t) € RY, there exist aq(t), aa(t),...,an(t) € R, such that
y(t) = aq(t)or + ag(t)os + - -+ an(t)on.

Let e(t) = y(t) — ai(t)or = y(t) — a(t)1, where a(t) = —=ay(t). Then,

Ela

e(t) = ao(t)og + as(t)os + - - - + an(t)on,
€T(t)01 = 0,
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= Le(t)
Consequently, we have
1Ly(D)]I5 = y" (1) £ Ly(t)

=e"(t)LLe(t)

0 0 ] [0 0
Ay ... 0 0 Ao

=e'(t)or02...0n] | _ D
0 0 AN | 0 0
0 0 0] [oF]

- Ao 0 oy

=e (t)[Ul UQ...UN] e(t)

0o 0 ... /\%V_ oN ]

=eT(t) A5+ A3+ -+ A% e(t)

> Azlle®)]3,

which implies that
c
le(®)llz < —lld(®)ll2,
2

from which Item (a) follows.

To show Item (b), we note from (4.2) that

lim Ly(t) =0

t—o00

implies that
lim e(t) = 0,

t—00
that is,
lim (y(t) — a(t)1) = 0,

t—o00

for some o € R, ¢ > 0.
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Under Assumption 4.1, we can define a change of coordinates globally in R™ for each agent i as[52]

Zi,l = h(IL‘l),
zip = Lyh(xi),

Zivp = L?_lh(xl)?
Zipr1 = Gpr1(xi),

Zipr2 = Opra(xi),
Zin = ¢n(xi)7
with ¢ (), m = p+1,p+2,...,n, ¢n(0) = 0, such that Lg, , ¢y (z;) = 0 and the state feedback
transforms (4.1) into

. _ T . ) _

Zi;m = Zi,m+1 + wz';m,(zi,l) R§2y « -5 Zim, Z’L,T)ezv m = ]-7 27 ey P ]-a
5 _— . T . . . . .

Zip =V + wi,p(zz,la Zi,25+ - 05 Zi,ps Zz,’r)gu

Zir = 0i(2i1, Zir) + 05 (zi1, 2ir) 05,

L Y%=z,

where zi, = (2ip+1s Zippt2s - -5 2im) " € RV, 0 € RVP oy € RPXP) ;= (0;1,0;2,...,0i)" €

RP and w;, € RP is defined as

p
Z Lo h(xi)0iy = wi (21, %ir)0i,
=1

p
2 : -1 T
LQZL? h(xi)ﬁi,l = wiym(zm, Zi,25 + + o5 Zi,m Zi,r)ei; m = 2, 3, cees P
=1

We note here that if v > p, w; m(2i1, 22, s Zim,2ir) =0, m=1,2,...,p,i€ {1,2,...,N}.

Theorem 4.1. [54] Consider the nonlinear multi-agent system with agent dynamics described by

(4.1). There exist consensus protocols that solve the almost output consensus problem.
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Proof: We design distributed consensus protocols for each agent in a recursive manner.

Consider the following dynamics for each agent ¢,
Z'i71 =2Zzi2+ wijl(ziyl, ZZ'7T)T91‘, 1€ {1, 2,... ,N}.

Define

N
1
2’22 = — <1 + Zk(l + wglwi71)> Z aij (Zi,l — ijl), (43)
=1

where the constant £ > 0 is a design parameter to be specified later. Denote 2z, = (21,m,22,m,
. ZN,m)T’ W = blkdiag{wl,m, W2 my - - - 7wN,m}, m=1,2,...,p,and 0§ = ( ’11“7 %"’ o ’Q]”{[)T‘ Let
zip = z{9, 1 € {1,2,..., N}. Then,

1

Consider the function
1 (2’1 (t)) *Zl £Z1 > 0.

Its time derivative along the trajectory of (4.4) can be evaluated as

Vi = 21 L2
1
= —(Lz1)"(La1) = (L) (L + WEWL)(L21) + (L21) Wr0

1 1
= —(L2)"(L21) = k((£2)" U+ WIWL)(L21) = (L) "WTG
1
o (WA0) (14 W) (WT6) ) 4+ (W46)" (1 + W)~ (076)
1 1 2
= —l|Lal} - k|G U+ WEW) (L2) — (L + Wiw) TS (wTe) |

1
+ —(W19)T(I + Wle)*l(WlTe)

k
N k 1 + sz 1”2
S—Mmm+ywu (15)

Integrating both sides of inequality (4.5), we have

Vi((0) — Vi (210 j/ £ (r)|2ar + ku/’ue )| 2ar. (4.6)
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The consensus protocols for p = 1 can then be designed in the following way.

Case 1: p=1

Design v; = z;5. In the original coordinates, the consensus protocol for each agent ¢ can be written

as

2o — Lgh(z;)
Lgh(x:)

U; =

with 27, as given in (4.3).

Conclusions can then be drawn from (4.6) as follows.

(i)

(i)

In the absence of the disturbances, i.e., 8(t) = 0, for all ¢ > 0, we have

/Ouzzl(T)Hng <Vi(21(0)) = Vi (21(1)) < Vi (21(0)).

By Lemma 4.1, we have
. 2
Jim [[L21(1)[f2 = 0,

which in turn, by Lemma 4.2, implies that

lim (y(t) — a(t)1) =0

t—o00

for some a(t) € R,t > 0.

When the system is operating in output consensus, i.e., 21,1(0) = 22,1(0) - --

6(t) # 0, we have

and, from (4.6),
t 1 t
[ lleamlar < ¢ [ oean,
0 k 0

since Vi(z1(t)) > 0. Noting that y(t) = 21(¢), we have, by Lemma 4.2,

t I 2
[ lenzar < 55 [ o) o

(4.7)

= zn,1(0), with

where e(t) = y(t) — a(t)1 for some a(t) € R,t > 0. Thus, the Ly-gain from the disturbances

1

to the output consensus error is less than or equal to any given v > 0 by setting k > —+.

Case 2: p>1
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Denote 2z, = (21, 220, -, 280)", @ = (0], 93,..., ¢y)" and ¥ = blkdiag{y1, 12, ..., ¥n}. As-

sume that for a given index m, 1 < m < p, and the dynamics

( é1:z2+W1T0,
22:Z3+W2T(9,

. T
Zm = Zm+41 + W0,
with 2,11 = 2,1, there exist m functions
2, = 2,21, 22,00 2p-1, 20, k), p=2,3,..,m+ 1,
such that in new the coordinates

21 = Z1,

~ *
Zu=z2p— 2 (21,22, 2um1, 20 K), = 2,3, 000, m,

the function

Vm(él, 22, ceey Zm) =
has time derivative along the trajectory

51:22+Z§+W1T€,

2 ~ * 0z 075

m—2
2 ~ * 82’:1_ 82’:;1_
Zm—1=Zm+ 2 + Wy, 10 — ( ; D, L (zut1 + W, 0) + Bs L (@ + \yTG)) ,
. el gy 0z*
b= s 00 3 0 s+ 0 vo))

that satisfies

m

. - m

Vi < =3 IL2I3 + 1013,
p=1

80



Then, for index m + 1, consider the system

2:’1:ZQ+W1T@,
2"2223+W2T€,

. T
Zma1l = Zma2 + W10,

with

*
Zm+2 = Zm+2(21, 22y« vy Zm+1, 2ry k)a

in the new coordinates

Zuy p=1,2,...,m,

~ *
Zm+1 = Zm+1 — Zm+1(Z17 22y ey Rmy Rry k)

The time derivative of the function

1 m—+1
Vint1(21, 22, ., Zmg1) = 3 Z Z,L%,
pn=1
along the trajectory of
,%1 :52+Z§+W1TQ,

2 ~ % 0z} 023

Zo=Z3+ 25 + Wy — (85 (20 + WTO) + 8; (@ + mTe)),
T

m—1
2 ~ % 8Z:n 82;;
Zm = Zm41 + Zpq + Wi — ( “EZI 877:# (zup1 +W0) + o2, (@ + \PTG))
il = Zpyg + Win 10 — Emjaz’*”“(z 1+WT9)+%(¢+W0)
m—+ m+2 m+1 st az'u u+ " azT

can be evaluated as

. m _ m
Vinsr < = IL507 + 6
p=1
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oz
+ 2L (zm + WL 60— § : m“ (2u41 + W, 6) — 872“ (® +070) + 25, +2) . (4.8)
= "

Define

82
m—+1
(21,22, y Zmt1, 2r) = E oy D,
T

T 82 T 62* T
Wm+1(21722,...72m+17zr = m+1 ZW ( m+1> —\IJ(aTZ:—l> ,

* ~ 1
Zmy2 = —0— LZni1 — 4k(1 + W, +1Wm+1)£zm+1

Then, inequality (4.8) becomes

m+1

. 5 m N 1 - ~ ~ N
Vinn < = > IL&lI3 + 10113 + (L2m) " Winsa6 = JE(LZm42)™ (1 + Wi Wng1) Lo
pn=1
m+1

1

- m L, ..
== Lz + EH@iHQ - k(4(ﬁzm+1) (I + Wi i Woni1) (£Zm41) k(ﬁzmﬂ) W16

1 -
+ E(WnTHlQ)T(I + W£+1Wm+1) (WnTm+19)>

1 ~
k(WTHQ) (I + Wi Wing1) ™ (W)

m+1

- m
== > ezl + Tl
pn=1

D=
N

(W10)

1 ~ ~ _
(LZn41) — %(I + W1 Wini1)

2
1 ~
k‘(WT+19) (I + W +1Wm+1) (W;H_le)

m+1 m+1

- m 1 - m+ 1
<= lezls+ 21015 + 2119113 = - > 1Lz + —— 1913
=1 =
Now consider the system

Zm = Zmy1 + W0, m=1,2....,p—1,
iy =v+W,0.

82



in the new coordinates

21 = 21,
~ *
Zu=zp — 2210522, 2, 20 K)y 10=2,3, 000 p,
with v = (vi,v9,...,vn)" and 23, 23,. .., 2,1 designed recursively according to the previous pro-

cess.

Define the consensus protocols as
vi =2 51, 1€{1,2,...,N},

which, in the original coordinates, can be written as

zF — L%h(z;
WzlﬁzAf()JeﬂﬂwwN}
LyL? " h(x;)

Then, under these consensus protocols, the time derivative of the function

o 1L
Vo(Z1, 22, .., %p =3 E
=1

along the trajectories of the closed-loop system satisfies

P

y = p

WS—EIM@@+QW@ (4.9)
pu=1

By integrating both sides of inequality (4.9), the following conclusion can be made:

(i) In the absence of the disturbances, i.e., 8(t) = 0, for all ¢ > 0, we have

t P
/0 S L2 [3dT < Vp(31(0), 2(0), .-, 55(0)).
pn=1

By Lemma 4.1, we have

Jim Z 122,013 =0,

and therefore
. 2
lim [[£21(5)]3 =0,
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which in turn, by Lemma 4.2, implies that,

lim (y(t) — a(t)1) = 0,

t—o0
for some a(t) € R, ¢ > 0.

(ii) When the system is operating in output consensus, i.e., 211(0) = 221(0) = -+ = zn5,1(0),

which also implies that 21 ,,(0) = 22, (0) = - -+ = 28, (0), m = 2,3,..., p, and hence

Then, we have,

t t
p
/IIG(T)IngSQ/ 16(7)|[3d,

0 kX5 Jo

where e(t) = y(t) — a(t)1 for some a(t) € R,t > 0. Thus, the Lo-gain from the disturbances

to the output consensus error is less than or equal to any given v > 0 by setting k > VQ”)\Q.
2

4.4 Simulation

Consider a group of four agents, labeled as 1, 2, 3, and 4. The dynamics of each agent 7 is described
by

i’@l = u; + sin 331’,201',17

Tio = —0-196;?’72 +zi1(xi2 + 0i2),

Yi = T4 1-

The communication topology is described by L as

2 -1 0 -1
-1 2 -1 0
0o -1 2 -1
-1 0 -1 2

The distributed consensus protocols are designed as

N
1 .
uU; = 7(1 -+ Zk(l + 3322’2)> E 1 Qij (56171 — CEj’l), S {1, 2, 3,4} (410)
J:
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Figure 4.1 shows the evolution of the outputs of all agents with initial conditions [0 0 50 10 0 15 0]™
in the absence of external disturbances. It is obvious that output consensus of the system is achieved

under protocols (4.10).
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; ---u
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Figure 4.1: Evolution of the outputs of all agents under the consensus protocols (4.10) with & = 0.1
in the absence of the external disturbances.

We next consider the presence of external disturbances. The disturbance signals are realized as
011(t) = 012(t) = 01(2), O12(t) = O22(t) = Oa(t), 021 = 05(t), 032 = 04(t), 031 = 041 = 0O6(t), where
the signals 01 (t),02(t),...,0s(t) are shown in Fig. 4.2.
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Figure 4.2: External disturbances.

Fig. 4.3 shows the evolution of the output differences between agents from the initial condition
(10,10,10,10, 10,10,10,10)", i.e., the system is operating in output consensus at ¢ = 0, in the
presence of the external disturbances. It is observed that the outputs of agents approach closer as

the parameter k becomes larger.

Fig. 4.4 shows the evolution of the output differences between agents with non-identical initial
conditions (0,0,5,0, 10,0,15,0)™ in the presence of external disturbances. It is observed that the

outputs of all agents converged to a common value and the effect of the disturbances is attenuated
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Figure 4.3: Evolution of the output differences between agents in the presence of the external
disturbances with the initial condition (10,10, 10,10, 10,10, 10,10)" under the consensus protocols
(4.10), with £ = 0.1, k = 1 and k = 10, respectively.

as the value of the parameter k is increased.

86



k=0.1
15 T T T T T T
E ===
B ——— Y2 —Ys
10 Ys —Ya|
£ [T Ys — Y1
5L i
X,
.
T ,v*""::- -
//
4
_ P 1 1 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
t(s
k=1
15 T T T T T T T T T
"'_. ===y
T ——— Y2 —Ys
103 Ys —
2 T Yy —
5L i
\\,.“
0+ '/” e
Ms
y i
-5 L L L L L L L
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
t(s)
k=10
15 T T T !
3 =-==Uh =Y
mm—— Y2 —Ys
10 H Y3 —Ya| 7
::- ............. Yy — Y1
5H .
0L/ 5
f
-5 L L L L L L L
0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
t(s)

with K = 0.1, £ = 1 and k = 10, respectively.

4.5 Conclusions

0
Figure 4.4: Evolution of the output differences between agents in the presence of the external
disturbances with the initial condition (0,0, 5,0, 10,0,15,0)" under the consensus protocols (4.10)
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In this chapter, the almost output consensus problem of nonlinear multi-agent systems in the
presence of external disturbances was studied. Under conditions on the agent dynamics, which



are considered mild in the literature on disturbance rejection for individual nonlinear systems, we
constructed distributed consensus protocols for the agents. These consensus protocols were shown
to achieve almost output consensus when the communication topology is undirected and connected.

The simulation was carried out to validate the established results.
This chapter is based on the following publication:
e Tingyang Meng, and Zongli Lin, “Almost output consensus of nonlinear multiagent systems in

the presence of external disturbances.” International Journal of Robust and Nonlinear Control

30.17 (2020): 7355-7369.
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Chapter 5

Suboptimal Output Consensus of Linear Discrete-Time Multi-Agent Systems

5.1 Introduction

In this chapter, we consider the suboptimal output consensus problem for a discrete-time multi-
agent system, whose agents may possess polynomial unstable zero dynamics (i.e., the agents may
be of weakly nonminimum phase). The motivation for considering such agent dynamics is twofold.
First, many real-world systems evolve in discrete-time or are discretized for digital control. Second,
non-minimum phase systems are frequently found in real-world applications (see, for example, [23]),
for which a nonzero steady-state value of the output will cause the states of the zero dynamics to
grow unbounded. In order to prevent this from happening, we aim to achieve suboptimal output
consensus, instead of optimal output consensus, by explicitly taking the unstable zero dynamics
into consideration in the protocol design. Rather than aiming to reach perfect consensus at the
exact optimal point, we aim to design consensus protocols that stabilize the zero dynamics of each
agent by allowing its output to vary in a neighborhood of the optimal value, whose size can be

pre-specified to be arbitrarily small.

In order to prevent the states of the unstable zero dynamics from growing unbounded as the output
approaches a nonzero constant value, we aim to achieve suboptimal output consensus, instead of
optimal output consensus, by explicitly taking the unstable zero dynamics into consideration in
the protocol design. Rather than aiming to reach a perfect consensus at the exact optimal point,
we stabilize the zero dynamics of each agent by allowing its output to vary in a neighborhood of
the optimal point, whose size can be pre-specified to be arbitrarily small. More specifically, we
propose for each agent a parameterized distributed protocol based on the low gain feedback design
technique under which the states of all agents remain bounded, and suboptimal output consensus
of the system is achieved, i.e., the outputs of all agents converge to a pre-specified arbitrarily small
neighborhood of the optimal point that minimizes the overall objective function of the multi-agent

system, as long as the value of the low gain feedback parameter is chosen small enough.

Unlike in the continuous-time setting [90], a state transformation is required to transform the

agent dynamics into a form conducive for the construction of the consensus protocol. Furthermore,
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a frequency response property of a discrete-time closed-loop system under low gain feedback, which
is not available in the literature, also needs to be established. Such a property is expected to be

useful in other contexts in a discrete-time setting.

The remainder of this chapter is organized as follows. Section 5.2 formulates the suboptimal output
consensus problem for discrete-time linear multi-agent systems. Section 5.3 presents the design of
the consensus protocols and establishes that they solve the problem formulated in Section 5.2.
Section 5.4 provides a simulation example to demonstrate the proposed protocols. Section 5.5

concludes this chapter.

5.2 Problem Statement

Consider a discrete-time linear multi-agent system consisting of N agents, with possibly heteroge-

neous unstable zero dynamics.

The dynamics of the ith agent, ¢ € {1,2,---, N}, is described by the following discrete-time system,

,

zio(k+1) = Ajozio(k) + Biozii(k),
Tip(k+1) =zips1(k), r=1,2,--- ,p—1, (5.1)
Tip(k +1) = Eiowio(k) + ain@ia (k) + aiomio(k) + - + 605 0 (k) + ui(k),
yi(k) = @i (k),
where z; 0 € R"0 and z; = [xj1 Z;2 -+ x;p]" € RP are the states, u; € R is the input, and y; € R

is the output. The dynamics of x;¢ is the zero dynamics of the system. The relative degree p is
assumed to be the same for all agents. The agents are allowed to have different zero dynamics. We
note that any single input single output linear system can be transformed into the form (5.1) by a

state transformation.

Assumption 5.1. The zero dynamics governed by A; ¢ is allowed to be polynomial unstable but
not exponentially unstable, and the eigenvalues of A;( are away from z = 1. Without loss of

generality, assume that all eigenvalues of A;( are located on the unit circle.
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Assumption 5.2. The pair (A;, B o) is controllable, and is in the following canonical form,

0 1 e 0 0

Ao = , Bio=
0 0 . 1 0
(@301 @02 T @iom | 1]

Each agent i, i € {1,2,---, N}, has its local objective function f;(y;) : R — R that is only

known to itself. The overall objective function of the multi-agent system is Zf\; 1 fi(y;) subject to

YL=y2=""=Uyn.

Assumption 5.3. The objective function f; : R — R, i € {1,2---, N}, satisfies the following

conditions.

(i) It is differentiable and its gradient is Lipschitz with constant M; > 0 in R, i.e.,

Vfi(z) = Vi(y)| < Milx —yl, Yo,y € R.

(ii) It is strongly convex with constant m; > 0 in R, i.e.,

(z — y)(Vfi(x) — Vfily) > mi(z — y)?, Yo,y € R.

We make the following assumption on the communication network.

Assumption 5.4. The graph that describes the communication network of the multi-agent system

is undirected and connected.

The suboptimal output consensus problem we are to study is formulated as follows.

Problem 5.1. Consider the discrete-time multi-agent system described by (5.1). Let the agent
dynamics satisfy Assumptions 5.1 and 5.2. Let the objective functions satisfy Assumption 5.3. Let
the communication network satisfy Assumption 5.4. For any given arbitrarily small scalar v > 0,
design a distributed suboptimal output consensus protocol u; for each agent i, i € {1,2,--- N},

under which the states of all agents are bounded and
Jim Jys(k) — 7| <,
—00
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where y* € R is an optimal point that minimizes the overall objective function
N
Zfi(yi), subject to y1 = y2 = -+ = yn,

=1

withy =y =---=yny =y*.
Remark 5.1. Under Assumption 5.3, the optimal point y* is unique and satisfies the following

condition,

N
> Viily") =0.
i=1

5.3 Main Results

We will present the protocol design in the following few steps. We will then show that the resulting

protocols solve Problem 5.1.

For each agent i € {1,2,--- , N}, define
uio = Fio(e)zi,
where Fjo(g) € R1*"i0 is the unique matrix such that
A(Aip + BioFip(e)) = (1 — e)A(Aip) € C¥ (5.2)

with € € (0,1] being a design parameter. Note that |Fj ()| tends to zero as € tends to zero and

such feedback is referred to as the low gain feedback [43].

Define a new output for each agent i € {1,2,--- , N} as

Yi(k) = yi(k) — uio(k)
= .%‘1'71(]{) — Fi’()(&‘)fti’o(k).

Consensus protocols will be constructed later, under which the new output ¢; is driven to the
optimal point y*, and the real output y; is allowed to vary within a small vicinity of y*, whose size
is specified by ~. In this way, the zero dynamics is stabilized and the suboptimal output consensus

of the system is achieved under the designed protocols.

Define a set of new states [Z;1 Z;2 --- &; n|" for each agent i € {1,2,--- , N} based on the renamed
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output y; as
Ti1(k) = 9i(k) = zi1(k) — Fio(e)wio(k),
i (k) = @0 (k) — Fio(e) AL wio(k)

_ Z E’O(S)AZal*lBi,Oxil(k)’ r=2,3,-,p.

Then, the agent’s dynamics (5.1) can be rewritten in these states as

p

zio(k+1) = Acio(e)zio(k) + BioZii(k),
Tip(k+1) = Zipra(k), 7€ I[1,p—1],
Zip(k+ 1) = Eiomio(k) + @121 (k) + &y odio(k) + - -
+ & o p (k) + ui(k),
vi(k) = 2;1(k),

where Acio(e) = Aio + BioFio(e), and

p
Eio = Eig— Fio(e)Af ) + Z (i — Fin(e) AL " Bio) Fio(e) ALy (e),

cz,0
r=1
Qi = aiy — Fio(e) A7y (¢) Bipo

+ Z aig — Fio(e) ATy 'Bio) Fiole )AL 3" (€)Bi,
I=r+1

7’:1727"'70_17

&ip = i — Fio(€)Bio.

Let

wi(k) = ;(k) — Eiozio(k) — qip@i1 (k) — qio@io(k) — - — &y pZi p(k),

where ;(k) is to be designed later. Then, the dynamics (5.4) can be rewritten as

zio(k+1) = Acio(e)xio(k) + Biodii(k),
#i(k+1) = Az;(k) + Buy(k),
vi(k) = 2;,1(k),
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where _

01 0 0
A — 5 B =
0
e 0
L 4 pxp L 4 px1
We now define a state transformation #; = T'#; for each agent i € {1,2,---, N} that transforms

the agent dynamics into the following form,

1 1 0 0 0 | 0]
0 1 0
Ti(k+1)=| : : : : : zi(k) + || wi(k), (5.6)
0 0 0 e 1 1 0
-Cp —Cph —Cp? s —C2 O+ 1] 1
where Z; = [T;1 Zi2 -+ & ,|". Such a state transformation is explicitly given as
_ 08 . -
cl o 0
T= : : : :
— —2 _ -3
(—1P2Chy (-1 3Ch Chs 0
_1p—1 9 ~p—2 -2
IGE L S C b € -G Gy

We further define a state transformation z; = T'#; that transforms the dynamics (5.6) into the

following form,

11 -~ 11 1
o1 --- 11 1
Ti(k+1)= [+ o b i m(k)+ ] wlk),
1 1
01 1
where T; = [i'i,l Tio - i‘i’p]T and
U =[-ChH —Co71 o — Ol + . (5.7)
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Such a state transformation is explicitly given as

-1 -2
(O C)_,
—2
s |0 s C)
| 0 0 Co |

As will be seen later, the above state transformation will facilitate the protocol design and the

analysis of the closed-loop system.

We now construct @;, i € {1,2,---, N}, based on the transformed state z; as follows,
vi(k +1) = v;(k) + aﬁz% Zi1(k) — z;1(k)), vi(0)
7j=1
P N
wi(k) = =Y Zip(k) —vi(k) = B ai;(Tia
r=2 j=1
— CkaZ (i’iJ(k)),

where 7; = TT#; with #; being defined in (5.3).

The closed-loop system, under the protocol (5.8), is given as
zi0(k +1) = Acio(e)wio(k) + Biotia(k),

vilk+1) = vi(k) + B Y aij(zi1 (k) — z1(k)),
j=1

—aVf; (le(k)),

- avfi(ji,l(k))v r=3,4,-- P

It is noted that the unstable x;o dynamics is now stabilized and governed by Ag; .
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T; 1(]£+1) =z; 1( ﬁzaz] 3721 jj,l(k))

N
fi,g(k} + 1) = —Ui(k) —p Z Qs (.f'@ﬂk) — .fj,l(k')) —aVf; (Eijl(k)),

N
x” k+1 szl _Ui(k)_ﬁzaij(fi,l(k)
j=1

(5.8)

(5.9)

The rest of



the system can be viewed as two cascaded subsystems, namely, the v;, Z;1 subsystem and the
Z;2,Ti3, " ,Ti, subsystem. As will be seen in the proof of Theorem 5.1, Z; 1 will be driven to y*

and Z;2,%;3, - ,Z;, will converge to zero.

We have the following result on the solution of Problem 5.1.

Theorem 5.1. [60] Consider the multi-agent system (5.1). Let the agent dynamics satisfy As-
sumptions 5.1 and 5.2. Let the objective functions satisfy Assumption 5.3. Let the communication
network satisfy Assumption 5.4. For any given v > 0, there exists ¢* € (0,1] such that, for all
e € (0,e*], the proposed distributed consensus protocols (5.5), (5.7) and (5.8) solve Problem 5.1.

Remark 5.2. Compared to the result in [90] for suboptimal output consensus of weakly nonmini-
mum phase linear systems in the continuous-time setting, our result focuses on discrete-time weakly
nonminimum phase agents and thus a different protocol design needs to be carried out and a new
analytical tool needs to be established. Compared to [96], in which the result is for discrete-time

first-order dynamics, our result is applicable to more general discrete-time dynamics.

Remark 5.3. The proposed suboptimal consensus protocol for each agent i, i € {1,2,--- N}, is
based on its own state, the gradient of its own objective function, and the states of its neighbors.
A standard Luenberger observer can be employed as long as system (5.1) representing the agent
dynamics is observable, i.e., the pair (4;0, Eip), i € {1,2,---, N}, is observable, and the protocol

design will remain the same. We only present the state feedback design here for brevity.

To prove Theorem 5.1, we first present the following lemma.

Lemma 5.1. Consider the pair (4; 0, Bio) as given in (5.2) and Fj(e) as given in (5.2). Let
Xeigs 1 € {1,2--- ,m;}, be the eigenvalues of Ao = A0 + BioFio(e) with multiplicity n;y, i.e.,

det(zI — Acip) = [1/%) (2 — Acig)™. Then, there exists an £* € (0, 3] such that, for all € € (0,e*],

Fio(e) (2 — Aio — Bz’,OFi,O(E))_l’

m; Ml

< 52‘82 Z(ni,l -7+ 1)

=1 j=1

1
(Z - )\ci,l)j

, z € C,

where ¢; is some positive constant independent of ¢.

Proof of Lemma 5.1: Recall that the state transition matrix ®;(k) of the zero dynamics

zi0(k) = Acioxio(k) + Bioyi(k)
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is given as

®;(k) = (Aio + BioFio(e))"
= Z_I{Z(ZI — ALO — BZ'70E70(6))_1}.

From the above equation, we have,

(ZI - Ai70 - BijoF%’()(S))_l = %Z{Cbz(k)}

Let P, = [pi pd --- p}M1 cepyt oyt pffifmi], where, for each [ = 1 to my, p’,p), - - ,piw are
the n;; generalized eigenvectors of 4; 0. Let Qi(¢) = ¢} ¢3 -+~ q}lm gyt gyt qgfw], where,
for each [ = 1 to m, q%, qé, e ,qfw are the n;; generalized eigenvectors of A¢; 9. Then, thlere exists
an €* € (0, 3] such that, for all € € (0,2*] ([43]),

Qi(e)| < |B| +1, |Q7Y(e)] < [P + 1.

In addition,

-Ji,l 0o ... 0 |
» 0 Ji’2 .. 0
Q; ' (e)(Aio + BioFio(e))Qi(e) = | . -
i 0 0 Ji,mz‘_
where, for [ =1 to m;, ) ;
Aeig 10 0
0 ey 1 0
Jij = .
i 0 0 0 )\Ci,l

Then, we have

Fio(e)( = Aio — Bi,oFi,o(ﬁ))_l‘
= | Fio(©) Z{(Aso + BioFso))}}]
= EE’@(&)Z{QKE) (Qi_l(E)(Ai,O + B@UE7O(5))Q¢(E))]€Q;1(5)}‘

m; 1
< (1B +1)(|1P7 Y +1) Z \Fi,O(S)M;Z{Jfl}’
=1
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[ \E k=1 k(k—1) yk—2 k(k—1)-(k—ny+2) \k—nii+17
)‘ci,l k>‘ci,l 2! )‘m’,z (ni,—1)! : )\ci,l
i k k—1 k(k=1)--(k—n; +1) y k—n; +2
< d;e i EZ 0 )\C‘i’l k)\'.:i’l o (ni,1—2)! ‘ /\Ci,l
=1 |° : : : :
Lo 0 0 e ]
m; Tl 1
=0iey D> (i —j+1) il
1=1 j=1 ci,l

for some 9; > 0 independent of e, where we have used the fact that |Fj o(e)| < cye for some constant

«; independent of ¢ [43].

We next present the proof of the theorem.

Proof of Theorem 5.1: Denote v = [v1 vg -+ un|T and &, = [T1, T2, -+ Tny|", © € I[1,p].

Correspondingly, denote the equilibrium point of the closed-loop system (5.9) as v¢, Z{, Z$, - -, z,.
Denote VF(z1) = [V fi1(Z1,1) Vf2(Z21) -+ Vfn(ZTn)]". Partition the states as x1 = [v" &]]"
T]T
P
following cascade form,

and x2 = [®3 @3 ---Z;|", and the closed-loop system (5.9) without the zero dynamics takes the

(5.10)
x2(k + 1) = Aaxa(k) + B2ga(x1(k)),
where the x; dynamics is given as
v(k+1) =v(k) + aplzi(k), (5.11)
Z1(k+1)=z1(k) —v(k) — BLx1(k) — aVF (21 (k)), (5.12)

and the yo dynamics is described by

(0 0 - 0 0 -

Iy 0 - 0 N

In

Ay=|—-Iy —Iy -~ 0 0|, By=| |,
I

—IN —IN —IN 0 'N’

g2(x1) = —v — BLE, — aVF(x1).

In what follows, we will prove the result of Theorem 5.1 in three steps. First, we will show that the

equilibrium point &{ takes the form Z{ = 21, where z° is some scalar that minimizes the overall
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objective function. Second, we will show that the closed-loop system is globally asymptotically

stable at the equilibrium point v°, {, 5, ---, &}, where [z § --- &[] = [z°1 0 --- 0]. Finally,

we will show that the proposed protocols solve Problem 5.1.

Step 1: From (5.11) and (5.12), we see that the equilibrium point must satisfy

afLx] =0,
—v°® — pLx] — aVF(x]) = 0.

—

5.13)
5.14)

—

Under Assumption 5.4, equation (5.13) implies that Z{ = x°1 for some constant z¢.
1

Left multiplying (5.11) by 1T gives
1"v(k+1) = 1"v(k) + aB1"LZ(k),

which, together with 17£ = 0, implies that the term 1"wv(k) remains constant for all k. Therefore,
N
170 =1T0(0) = Y 0;i(0) =0, Yk =0,1,- .

i=1

By left multiplying (5.14) by 17, we have,
—1"v° — 1Lz — al"VF(2]) = 0,

from which we can conclude that

N
1"VF(&5) =) Vfi(x°) =0,
=1

*

ie., y* = z° is the unique optimal point that minimizes the overall objective function f(y) =

Step 2: Define error terms as &;(k) = @1(k) — ] and v(k) = v(k) — v°®. Then, the dynamics of

Z1(k) and (k) is given as

Z1(k+1) = 21(k) — v(k) — BLZ1 (k)
—a(VF(z1(k) + @5) — VF(x9)), (5.15)
o(k +1) = o(k) + apLz (k).
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We will show that the origin of the system (5.15) is globally asymptotically stable in the subspace
{[v" z{]": 170 =0}.

To this end, consider the Lyapunov function candidate
V=0"1N+2aBn" L&) + afz] LT,

where
A(k) == —0(k) — BLEL(K) — o(VF (&1 (k) + 25) — VF()).

Note that V' can be rewritten as
1 -
V= [ﬁT ;5;4 apl| + &7 (aBL — KL?)E. (5.16)
af k| | L2

It is observed that the first term in (5.16) is non-negative and is equal to zero if and only if p = 0
and £&1 = 0 when x > a?/32. It is also observed that the second term is non-negative and is equal
to zero if and only if L& = 0 when k < #f(ﬁ) Therefore, V' > 0 and is radially unbounded in

the subspace {[v" ]| : 170 =0} if k, @ and [ satisfy the above conditions.
We will next show that V' > 0, that is, V = 0 if and only if £ = 0 and © = 0. It is noted that
V =0 if and only if L&; = 0 and 7 = 0. By recalling the definition of 7}, we have,

—o(k) — a(VF(21(k) + 27) — VF(5)) = 0. (5.17)

By left multiplying (5.17) with 17 and recalling 1"o(k) =0, Vk = 0,1,---, and 1"VF(Z{) = 0, we
have,
1"VF(z.(k) + z{) = 0. (5.18)

Since { = 2“1 with z° being the unique optimal point such that Zf\;1 V fi(z¢) = 0, it follows from
(5.18) that @;(k) = 0 if V' = 0. Since the second term in (5.17) is equal to zero as &1(k) = 0, we
conclude that 9(k) =0if V = 0.

We will now consider

AV (&1 (k),5(k)) =V (&1 (k + 1), 0(k + 1)) = V(&1 (k), 5(k)).
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Denote V (k + 1) := V(&1 (k + 1), 9(k + 1)) and it is computed as
Vik+1) ="+ 1)nk+1)+2a80"(k+ 1) Lx1(k + 1) + aBz] (k+ 1) Lx1(k + 1),
with

Nk+1)=—-0(k+1)—a(VF(@i1(k+ 1)+ x7) — VF(x])) — BLEZ1(k + 1)
—(v(k) + aBLEi(k)) — a(VF(21(k) + n(k) + &) — VF(x7))
— BL(x1 (k) +n(k))
=1n—afLx; — aAF — BL7,

where AF := VF (& (k+1) + ) — VF(Z1(k) + 9).

Let us now compute

AV (&1(k), v(k))
=7 (k+ )0k + 1) =77 (k)7 (k) + 20877 (k + 1) LE1 (k)
+ 2060 (k + 1) L(k) + afn’ (k) L(k)
= —3a”B%(L21)"(LE1) — (2a — 1)BA(LA)T(L7) — (2 - 3a) 67" L7
+ 2(AF)TAF — 402B2(La1)"(L7) — 2007 AF + 2a3(1 — o) (AF)"L7.

Under Assumption 5.3, we have

N
(AP)'AF =3 (Vfi(@ia(k+1) +25,) — Vi@ (k) +255))

i=1
n

STMA(Fia(k+1) - Fia(k))

1
n'n (5.19)

2

IN

N
=T

where M = max;e(q 2. ny{M7}. We also have

(Zia(k+1) = 201(k) (VfilZia (b + 1) + 751) = Vfi(Zia (k) +751))
> my; (.i’@l(k + 1) - :i@l(k‘))Q,

i.e.,

ATAF > mii", (5.20)
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where m = min;e(y 5. ny{mi}-

In view of (5.19) and (5.20), AV can be further evaluated as

AV (21(k), v(k))
= —30”8%(L&1)" (L&1) — (2a — 1)B2(LA)"(LA) — (2 — 32) 80" L7
+ o’ AFTAF - 2(V2aB(LE:1)T) (V2aB8(L7)) — 2a7AF
+2(aAFT)((1 - @) B(£L7))
— B (Ld)" (Ldr) — (20 — 1) — 207 — (1 — )?) B2(LA) " (£7)
— (2= 30)B7" L7} — 2(am — > M)7" 7.

IN

By choosing a < min{m/M,3/2}, and 8 < \/%, where ¢ = —((2a—1)—2a%—(1-a)?) > 0,
we have, AV (z1(k),v(k)) < 0, and the equality holds if and only if L&;(k) = 0 and 7(k) = 0.
By recalling the previous analysis, we can further conclude that the equality holds if and only if
Z1(k) = 0 and (k) = 0. Therefore, the origin of system (5.15) is globally asymptotically stable in
the subspace {[0",Z]]|" : 170 = 0}, i.e., the equilibrium point v°®, &{ of the system (5.11)-(5.12)
is globally asymptotically stable in the subspace {[v" &]]" : 1Tv = 0}. Since g2(z®, v¢) = 0 by
(5.14) and all eigenvalues of Ag are inside the unit circle, the x2 subsystem in (5.10) is globally

asymptotically stable at its equilibrium point £§ = 2§ = --- =&}, = 0.

Therefore, the cascade system (5.10) is globally asymptotically stable at its equilibrium point
v, ) =2l Zy=x3="--=x,=0.

Step 3: By recalling the state transformations &; = Tﬁcz and z; = T%;, we have, &; = T “i7-1z,.
Since limy_,00 ;.1 (k) = 2 = y* and limg 00 Zi r (k) = 0, forallr =2,3,--- ,pandi € {1,2,--- ,N},

we have

lim g;(k) = kll}rgo Tii(k) =2 =y",

k—o0

i.e., the new output g; converges to the optimal point y*.

We will now show that there exists ¢* € (0, 1] such that, for all € € (0,£%],

lim ‘Fz',o(@ffi,o(k)} <7,i€{l,2,--- N}
k—o00

Recall that the zero dynamics x;¢ in (5.4) can be written as

zio(k+ 1) = Acio(e)xio(k) + Bio(@i(k) — y*) + Bioy™,
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with Ag; o being Hurwitz and limg_, 9;(k) = y*. Thus, the steady state trajectory of z;¢ is all
due to y*. Consider the stable transfer function from y* to u; o = Fjo(e)xio. By applying the final

value theorem, we have,

(z—1) (Fi,o(€)(2—7 — Ao+ Bi,OFi,O(S))_lBi,O) < & y*)

|ui,0|ss = ;;H% —1

Under Assumption 5.1, Lemma 5.1 implies that,
|uiolss < die,
for some positive constant d; independent of .
By choosing 0 < e* < ———X——— we have, for all € € (0,e*],
maxie{lg,m ,N} 52
lim ‘E,0(€>xi,0(k>} <7, (&S {17 27 T 7N}7
k—o00

i.e., for all € € (0,&*],

klim lyi(k) — | < lim [yi(k) = gi(k)| + lim |gi(k) — "
—00 k—oo k—o0

= lim ‘E70(8)$¢70(k‘)| +0
k—o00

<.

This completes the proof of Theorem 5.1. O

5.4 Simulation

The simulation is performed with a multi-agent system consisting of three agents. The communi-

cation network is shown in Fig 5.1.

Figure 5.1: The communication network.
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The agent dynamics is described by

0 1 0 0

0 0 1 0
xi,o(k + 1) = 0 0 0 ) .rz"()(k') +

-1 2v2 -4 2V2
zin(k+1) = x;2(k),

zio(k+1) = —xi1(k) + 2z 2(k) + ui(k),
| s =), i€ (1,23},

(

wi,l(k)v

= o O O

fS)
I

The zero dynamics is polynomially unstable with poles at { g +J g, g +7 g, g —J ?,

The low gain feedback gain matrix is constructed for each agent i, i € {1,2,3}, as

—J

Fz,o(f):[—€4+4€3—652+4€ —2V/2e3 461262 —6v/2c  —4e?2+48¢ —2\/55},

where ¢ € (0, 1] is the design parameter. The individual objective functions are fi(y1) = (y1 — 1)2,
f2(y2) = y3, and f3(y3) = (y3—5)?, respectively, with My = My = M3 = 2, and m; = mg = m3 = 2.
The optimal point is y* = 2. The suboptimal consensus protocols are constructed according to
(5.5), (5.7) and (5.8).

10 Yir i€‘{172~,3‘}

10

10 20 30 40 50 60 70 80 90 100
k

Figure 5.2: The outputs of all agents: ¢ = 0.1.

Shown in Figs. 5.2 and 5.3 are the outputs of all agents and the evolution of their zero dynamics,

104



100F T T T T T T ]
-100f I L L L L L L L L 1
10 20 30 40 50 60 70 80 90 100
k
Z2,0
100 T T T T T T
100 | I I I I I I I I
10 20 30 40 50 60 70 80 90 100
k
3,0
50 T T T T T T
. W@@@W‘ |
50 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
k

Figure 5.3: The evolution of z;0, i € {1,2,3}: € = 0.1.
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k

Figure 5.4: The outputs of all agents: € = 0.05.

respectively, with the design parameter € = 0.1. It is observed that the outputs of all agents satisfy
limg o0 |yi (k) — y*| < 0.38, 7 € {1,2,3}, and all their states remain bounded.

Shown in Figs. 5.4 and 5.5, Figs. 5.6 and 5.6 are the simulation results with the design parameter
e = 0.05 and £ = 0.01, respectively. It is observed that limy_,~ |yi(k) — y*| < 0.20 when ¢ = 0.05,
and limg_,o0 |yi(k) — y*| < 0.04 when € = 0.01, and the states remain bounded.
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Figure 5.5: The evolution of z; 0, i € {1,2,3}: € = 0.05.
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Figure 5.6: The outputs of all agents: € = 0.01.

As shown in the simulation, the output of all agents converges closer to the optimal point as the
value of the design parameter ¢ decrease, which demonstrates the effectiveness of the proposed

protocols.
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Figure 5.7: The evolution of z; 0, i € {1,2,3}: € = 0.01.

5.5 Conclusions

In this chapter, the suboptimal output consensus problem of discrete-time linear multi-agent sys-
tems with unstable zero dynamics was studied, where each agent possesses a private objective
function. A low gain feedback based parameterized consensus protocol is proposed for each agent
utilizing its own objective function and the states of its neighbors. Suboptimal output consensus
of the system is shown to be achieved when the design parameter is chosen properly and the com-
munication topology is undirected and connected. The simulation was carried out to validate the

established results.
This chapter is based on the following publication:
o Tingyang Meng, Yijing Xie, and Zongli Lin, “Suboptimal output consensus of a group of

discrete-time heterogeneous linear non-minimum phase systems.” Systems & Control Letters
161 (2022): 105134.
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Chapter 6

Management of Networked Battery Units

6.1 Introduction

Energy storage systems are essential components in microgrids [6]. They not only ensure power
quality and reliability but also reduce energy loss in microgrids. Among various energy storage
technologies, battery energy storage systems (BESSs) have emerged as an appealing technology due
to their versatility, rapid response, high energy density, and efficiency [38]. By absorbing power
from the grid during the off-peak time and supplying power to the grid in peak time, BESSs enable
the grid to have the ability of peak-shaving/shifting, power quality enhancement, and congestion
relief [24]. As a result, BESSs of various types are increasingly being integrated into modern energy
systems [20, 17]. Despite the technological advancements in electrochemistry, management /control

of BESSs remains a challenging problem [70].

In general, a BESS may be composed of multiple battery units. Each unit monitors its own state
and controls its own charging/discharging power while communicating with nearby units. The fun-
damental control objective of a BESS is to satisfy the charging/discharging power desired by the
grid while balancing the state-of-charge (SoC) of all its units. Due to variations in their manufac-
turing process and in their operating conditions, battery units may exhibit different characteristics
even if they have the same nominal specifications. As a result, the SoC of all battery units may
diverge with the same charging/discharging power. The divergence of their SoC can eventually lead
to overcharge/overdischarge of the units, which significantly reduces not only the efficiency of the
system but also the lifetime of battery units, and may even cause dangerous situations. Therefore,
the design of coordinated control of charging/discharging power for the units in a BESS with SoC

balancing has been an active research problem (see, for example, [1, 62, 94, 91, 92]).

The control scheme of a BESS consisting of networked battery units can be either centralized or
distributed. A centralized controller monitors all battery units’ SoC and other critical states, and
coordinates the charging/discharging power of each individual unit by external balancing circuits
[2]. Such centralized control schemes for large-scale systems are costly to implement and can

introduce single-point failures. In addition, the balancing circuits may introduce circulating currents
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that cause energy loss. Distributed control schemes, on the other hand, provide advantages such
as robustness and reconfigurability. Models such as multi-agent systems match the networked
structure of battery units in BESSs. Thus, the control problem of a BESS can be reformulated
in the framework of multi-agent systems (see, for example, [68, 69, 16, 71, 41, 15, 9]), in which
the battery units are regarded as a group of locally interacting agents. Distributed controllers and
estimators can be designed by using local information and communication among neighbors so that

the desired power is satisfied while SoC balancing of all units is achieved.

State-of-charge (SoC)[74] balancing control of BESSs has recently attracted considerable research
interest. For example, in [27], an energy-sharing controller was proposed based on a redesigned DC—
DC power stage to achieve SoC balancing among the battery cells while providing DC bus voltage
regulation. In [1], a distributed SoC balancing control scheme based on the local reference power
calculated from individual energy coordinators and distributed average desired power observers
was proposed. In [62], a multi-agent sliding mode SoC balancing control algorithm was proposed,
which can be integrated with multi-agent secondary control for average voltage regulation and
current sharing. In [91], with the desired total charging/discharging power known to each BESS in
a group of networked BESSs, each representing a battery unit, the charging/discharging power of
each BESS is assigned based on the average of the states of the BESSs that contain both intrinsic
properties as well as the SoC of the BESSs. Event-triggered design is adopted to reduce unnecessary
communication loads. Simulation results demonstrate that, in the event that the average of the
states of the BESSs is not accessible to all individual BESSs and needs to be estimated by distributed
average state estimators, the controllers are able to achieve the control objective approximately

despite the estimation errors.

In this chapter, we first design distributed power allocation algorithms for a BESS consisting
of N networked heterogeneous battery units. A novel control framework based on distributed
estimators is proposed that only requires the, possibly time-varying, power demand of the system
to be known by at least one of the battery units. The SoC of all battery units is balanced through
the charging/discharging process by allocating the power demand of the entire BESS among its
units. A distributed power allocation algorithm is designed for each battery unit based on the
distributed estimators built for the battery unit that estimates the average power demand and
the average battery unit state. These estimators are referred to as the average power demand
estimators and the average unit state estimators, respectively. Compared to the existing results in
[91], we provide an explicit analysis of the effects of estimation errors on control accuracy. We show
that, by setting the design parameters properly, the charging/discharging power demand can be

satisfied and SoC balancing can be achieved by any pre-specified accuracy. In addition, we propose
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alternative finite-time estimators that can achieve perfect power supply and SoC balancing.

In real-world applications, the parameters such as capacities and terminal voltages of the battery
units may not be precisely known. Their true values may deviate from their nominal values due to
aging and/or variations in their manufacturing. In addition, the units’ parameters may vary under
severe operating conditions such as heavy load or low/high temperature [102]. In this chapter,
we also design distributed adaptive power allocation algorithms for the BESS. In particular, the
adaptive estimation of the battery parameters facilitates us to develop algorithms without direct
knowledge of battery units’ parameters. The SoC balancing is achieved by actively allocating the
power demand based on distributed estimations of the average unit state and the average desired
power, and the adaptive estimations of the units’ unknown parameters. We show that, under
the proposed distributed adaptive power allocating algorithms, the BESS achieves SoC balancing
among its battery units and satisfies the power demand. Our ability to precisely estimate the
battery parameters can also help us to monitor the health of the battery units. For example, a

capacity drop may indicate a degradation or failure of the battery unit [75].

Lastly, we consider a BESS consisting of N battery units, whose SoC are assumed to be unknown.
The battery characteristic is captured by a second-order Thevenin equivalent circuit model. A
distributed observer-based SoC balancing control law is proposed for each battery unit in the
BESS. In particular, a nonlinear state observer is constructed based on the equivalent circuit
model of the battery dynamics and a nonlinear map from the SoC to the equivalent open circuit
voltage (OCV) of the battery unit. Distributed estimation algorithms for the average battery state
and the average power demand are also constructed. The power demand of the system is then
distributed among individual battery units based on their estimated SoC, the estimated average
state of the battery units, and the estimated average power demand. Analysis of the closed-
loop system establishes that, under mild conditions on the communication network and the power
demand, the BESS achieves SoC balancing among all its battery units while satisfying the power
demand. The use of an electrical equivalent circuit model of the battery dynamics is appealing in
real-time applications because of their concise structure and low implementation cost, compared to
physics-based electrochemical models that are based on the physical and chemical processes inside
the batteries, and data-driven models that are usually based on neural networks [87]. Compared to
the look-up table-based SoC estimation method that requires measurements of the battery at rest
for a sufficiently long period, and the coulomb counting SoC estimation method in which errors
may accumulate from open-loop integration [93], the design of an equivalent circuit model-based
SoC observer facilitates us to estimate the SoC while the battery unit is in a charging or discharging

transient process. The observer’s initial condition can be set close to the true state according to

110



the look-up table established for the battery units at rest. During a dynamic process of a battery,
the observer provides a real-time estimate of the SoC based on the measurement of the terminal

voltage.

The remainder of this chapter is organized as follows. Section 6.2 formulates the distributed control
problem of balancing the SoC of networked battery units in a BESS while satisfying the total
charging/discharging power demand. Section 6.3 presents power allocation algorithms based on
average state estimators and average power demand estimators. Section 6.4 provides simulation
examples to demonstrate the design in 6.3. Section 6.5 extends the results in Section 6.3 to BESSs
with unknown battery parameters by deploying an adaptive parameter estimator for each battery
unit. Section 6.6 provides a simulation example for the design in 6.3. Section 6.7 presents the design
of a power allocation algorithm based on a nonlinear observer and distributed average estimators.
Section 6.8 presents a simulation example to illustrate the effectiveness of the design in 6.7. Section

6.9 concludes this chapter.

6.2 Problem Statement

In this section, we will formulate the distributed control problem of balancing the SoC of networked
battery units in a BESS while satisfying the total charging/discharging power demand. We will
consider a BESS consisting of N heterogeneous networked battery units. Each battery unit, with
its own distributed controller, is able to communicate with nearby battery units and exchange

information so that the overall control objective of the networked system can be achieved.

Assumption 6.1. The graph associated with the communication topology among the battery

units is undirected and connected, and the power demand is known to at least one battery unit.

Assumption 6.2. The power demand P*(t) is known to at least one battery unit.

The SoC S;(t) of battery unit ¢ is a dimensionless quantity, and it is theoretically defined by

Coulomb counting as

t
Si(t :Siini_/
© " Q

where S; init is the initial SoC, Qnom  is the nominal capacity of the battery unit, and I;(¢) is the

I;
(T)AdT, (6.1)

output current. The output current I; > 0 indicates discharging and I; < 0 indicates charging.
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The SoC dynamics of each battery unit is given as

S; = ie{l,2,--- N} (6.2)

1
—mlz’a
The output power P;(t) of each battery unit is calculated as

Pi(t) = Vili(t), i €{1,2,--- , N},
where V; is the constant terminal voltage of the DC-to-DC bidirectional converter connected to the

battery unit. The output power FP; > 0 indicates discharging and P; < 0 indicates charging.

The relationship between the SoC S;(¢) and the output power P;(t) of the ith battery unit is written
as

S; = P, ie{l1,2,--- ,N}. (6.3)

Qnom,i‘/i

Since the state of the BESS will remain unchanged with zero charging/discharging power demand,

we will, without loss of generality, make the following assumption on the power demand.

Assumption 6.3. The desired total charging/discharging power P*(t) of the BESS satisfies

P<|P*t)| <P, t>0,
P*t)| < Q, t>0

for some positive constants P, P and Q. P* > 0 indicates discharging, and P* < 0 indicates

charging.

The state-of-charge balancing and power delivery problem of the battery energy storage system is

formulated as follows.

Problem 6.1. Consider a BESS consisting of N networked battery units with their SoC dynamics
modeled by (6.2). Let the communication network satisfy Assumptions 6.1 and 6.2. Let the power

demand satisfy Assumption 6.3. For each battery unit ¢, design a power allocation law P; such that
(i) all units achieve SoC balancing with any pre-specified accuracy €; > 0 in steady state, i.e.,

lim |S;(t) — S;(t)| < es, foralli,j € {1,2,---, N},

t—o0
(ii) the total charging/discharging power of the BESS tracks the power demand with any pre-
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specified accuracy ¢, > 0, i.e.,

lim |Ps(t) — P*(t)| < &p,

t—o00

where Py (t) = Zf\il P;(t) is the total charging/discharging power.

6.3 Average Estimation based State-of-Charge Balancing and Power Delivery

In this section, we will first recall the SoC variation rules for the battery units based on their SoC,
and power allocation laws based on the average state of all units [91]. We will then design average
battery unit state estimators and average power demand estimators to facilitate the final design of

power allocation laws.

It is noted that, by properly allocating the power demand P*(t) among individual battery units
based on their SoC, capacity, and voltage, the SoC balancing can be achieved during the charg-

ing/discharging process.

In [91] the authors proposed the following rules to regulate the SoC variation during the charg-

ing/discharging process:

(i) in discharging mode

Sl 52 SN
S 5o SN ka(t) <0, 04
(ii) in charging mode _ ' )
Sl i SQ - . SN _
1-8 1-8 _1—SN_kC(t)>O’ (6.5)

where kq(t) and k.(t) are some functions lower bounded by a positive number and satisfying the
power demand. In other words, during the discharging process, a battery unit with higher SoC
discharges at a higher rate while a unit with lower SoC discharges at a lower rate. A similar

principle holds for the charging process.

Lemma 6.1. [91] Consider a BESS consisting of N networked battery units with SoC dynamics
described by (6.2). Under discharging/charging rules (6.4) and (6.5), the SoC of all battery units

will converge to the same value asymptotically.

Next, we recall power allocation laws that specify the charging/discharging power of individual

battery units [91].
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For each battery unit 4, i € {1,2,---, N}, define the state
:Ed,i(t) = Qnom,i‘/isi(t)a

for the discharging mode, and
xC,i(t) = Qnom,i‘/i(l — Sz(t)),

for the charging mode. The overall state of the battery unit ¢ is denoted as

*) x44(t) in discharging mode,
(1) =
' Z¢i(t)  in charging mode.

In view of (6.3), we have
j}d,i - Qnom,i%si - _Pi(t)a

for the discharging mode, and
jf‘c,i = _Qnom,i‘/isi = Pi(t)a

for the charging mode.

Since )
Si B
= — )ZE{1)2)"'7N}5
Sz' d,i
for the discharging mode, and
= - ) S 1727"'7N7
1-— Sl .CUC77; ! { }

for the charging mode, the charging/discharging power of all battery units must satisfy

Py Py Py
—_—— = = —,
Td,1 Td,2 Td,N
for the discharging mode, and
P P Py
= —_ ... = s
Le,1 T2 T, N

)

for the charging mode.

Design the charging/discharging power of each battery unit as

:L’dﬂ' (t)

P(t) = — -4
= Sr e ®

P*(t)v i6{172a"' )N}a

114

(6.6)



for the discharging mode, and

P*(t), i€ {1,2,--- ,N}, (6.7)

for the charging mode.

Then, it is straightforward to verify that both the SoC balancing and the desired total power is

satisfied. Denote the average unit state as

for the discharging mode, and
N
1
.TUa(t) = N ;xm(t),

for the charging mode. Denote the average power demand as

g@:%?@.

Then, (6.6) and (6.7) can be written as

Assumption 6.4. There exist constants a1, ag > 0 such that

a1 <x;<ag, t>0, i€{1,2,--~,N}.

Since the signals x,(t) and P,(t) are global information that might not be available for all battery

units, we will design distributed estimators for such quantities.

In order to estimate the average desired power P,(t) = &P*(t), we define the diagonal matrix
B = diag{b1,ba,--- ,bn}, where b; = 1 if the ith battery unit has access to the desired power P*(t)

and b; = 0 otherwise. Under Assumptions 6.1 and 6.2, the matrix H = £+ B > 0 [26].

For each battery unit i, i € {1,2,--- , N}, we design the following average unit state estimator that
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estimates the signal z,(t) asymptotically,
N
Tai =& — a(Zay — xi) = B Z ij(Tai — Fayj) = Viy
Jj=1

N
Vi =0aBY  aij(Eai — Fa;),
j=1
where Z,; is the ith battery unit’s estimate of x,(¢) and v; is the internal state. The initial
conditions of the estimators are chosen as &, ;(0) = z;(0) and 1;(0) =0, i € {1,2,--- ,N}. The

positive constants o and 3 are design parameters.

We also design the following estimator adopted from leader-following consensus protocols as the

average power demand estimator to estimate the signal P,(t),

N
]A)a,i = —K ( Z Qjj (ﬁa,'i - ﬁa,j) + b’i(ﬁa,’i - Pa)) 3 (69)

j=1
where p, ; is the ith battery unit’s estimate of P,(t) and x > 0 is a design parameter. that control

the convergence rate of the estimator. The initial condition of the estimator is chosen as p,;(0) = 0,
ie{l,2,--- N}

The following two lemmas establish the convergence of the average unit state estimators and the

average power demand estimators, respectively.

Lemma 6.2. [36] There exists a constant v, > 0 such that, for any a, 8 > 0, the estimator
state &, ;(t) with initial conditions Z,;(0), 1;(0) such that Zf\il v;(0) = 0 converges toward x,(t)
exponentially fast with a steady state error

. n Yz
1 ai(t) — za(t)| < 2.
Jim sup|ai(t) = 2a(t)| < Z

Lemma 6.3. [1] There exists a constant 7, > 0 such that, for any « > 0, the estimator state p, ;(t)

converges toward P,(t) exponentially fast with a steady-state error

) R Y
. — < —.
th_glo Sup‘paﬂ(t) pa(t)] < K

It is noted that a larger value of the design parameter x in the estimator (6.9) results in a smaller

steady state error.
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By using the average unit state estimators and the average power demand estimators, the charg-

ing/discharging power of each battery unit 4, (6.6) and (6.7), can be implemented as

Tq,(t) R
Pi t) = : a,i (L ) 6.10
0= e 5y i (6.10)
for the discharging mode, and
il A
P = — il 5 ), (6.11)

max{ %, Zai(t)}

for the charging mode. Note that max{%,2.:(t)} > % > 0, where a; is defined in Assumption
6.4.

We have the following result on the performance of the distributed power allocation algorithms
(6.10) and (6.11) with estimators (6.8) and (6.9).

Theorem 6.1. [58] Consider a BESS consisting of N networked battery units. The relation between
the dynamics of SoC and the charging/discharging power of each battery unit is described by (6.3).
Let the communication topology satisfy Assumptions 6.1 and 6.2. Let the power demand satisfy
Assumption 6.3. Then, for any given €4, €, > 0, there exist 8, x > 0 such that the distributed
power allocation algorithms (6.10) and (6.11) with the average unit state estimator (6.8) and the

average power demand estimator (6.9) solve Problem 6.1.

Proof: We consider the discharge mode in the following analysis. The analysis for the charging

mode can be carried out in a similar way.

Define

as the estimator errors. Choose § > 517;2, where 7, is as defined in Lemma 6.2. Then, under
Assumption 6.4, we have limy;_,o sup|Z;(t)| < %al by Lemma 6.2. Since z,(t) > ai, t > 0, by

Assumption 6.4, in steady state, we have

. 1
Hfa’i > Eal.

By Lemma 6.3, p;(t) converges toward zero exponentially fast with lim; o sup|p;(t)| < %, we
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have
t)

lim Sup’ pil
t—00 Pa(t)

The discharging power of each battery unit ¢ in steady state is written as

‘<NQV”.
.

Pi(t) = M(Pﬁm

1+ B gy,
— jﬂpa_
1—|—% La

Then, in steady state, we have,

24 0) L (6.12)
1+ aj/@gf)\z 1+ zl((?) o alw/@%\z
Define
pi(t)
L+ Iga(t)
%i(t) = B
I+ 2
1— NQ’YP
T =——"2 1<,
1+ &hn
NQ~,
14 N9
ot = ’;f —-1>0
1= a1 A2

Then, in steady state, we have
6 < 6(t) <67

In addition, the bound can be made arbitrarily tight by choosing the parameters 8 and « sufficiently

large.

Define
z4,i(t)

xa(t)

Then, equation (6.10) can be rewritten in terms of k(t) and 0;(t) as

ki(t) =

P; = k(1 + 6;)pa-

Note that k() > 2L > 0 since 2q,,() > a1 and za(t) < az, t > 0.
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Recall that S; = —mﬂ and x4; = Qnom,iViS;, we have
S; = —k(1 4 6;)5;. (6.13)
Consider the function

Vij = =(Si(t) — S;(1))°, i # 4, 4,5 € {1,2,--- ,N}.

N

The time derivative of Vj; along the trajectory of (6.13) is written as

Vij = (i — 5;)(i — 5)
= —k(t)(S; — S;) ((1 68— (1+ 5j)sj).

It is obvious that VZ] <0if

(Si—S)) ((1 +6,)S; — (1+ 5j)sj) >0,

ie.,
Si 149
y Cand = J
S; > Sj an 5j>1+5i
or 5
S; 1+
S; < S; and —* !
;< S; an Sj<1+5¢

Since 6~ < §;(t) < &%, from the above analysis, we have V;; < 0 if

S; 1467 S;  1+6"

Sj>1+6_ 0r57j<71+5+.

That is, in steady state,
1+6"

1+6-

1+0-
1446+

|

<o <

R

for any pair of S; and §j.

Since 0 < S;(t) < 1,4 € {1,2,--- ,N}, for all t > 0, the SoC of any pair of battery units ¢ and j
will converge to the set {(.5;,5;) : [S; — S;| < 51:;65__}.
The total output power of the system is calculated as

N g4 %: 2

Ps, = = P,
> Zl+g$aa

=1
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Given (6.12), the output power at steady state can be bounded as
(14+67)P* <Py < (1467)P"

For any given €5 > 0 and ¢, > 0, choose 3 and & such that

and the control objectives are achieved. O

We will next present power allocation laws based on finite-time average battery state estimators
and finite-time average power demand estimators. Motivated by [19], where a robust dynamic

average consensus algorithm for signals with bounded derivatives was proposed, we design, for each

battery unit ¢, i € {1,2,--- , N}, the following finite-time average unit state estimator,
N
¢ = —OéSigD< Z ij(Ta,; — i‘a,j))a
j=1

(6.14)

N
Ta; = Zaij((h‘ — qj) + i,
=1

where Z,; is the ith battery unit’s estimate of x,(t) and ¢; is the internal state, and o > 0 is a
design parameter. The initial condition of the estimator is chosen as &, ;(0) = z;(0) and ¢;(0) = 0.

The following lemma establishes the property of the average unit state estimators (6.14).

Lemma 6.4. Consider a BESS consisting of N networked battery units with estimators designed
as (6.14). Let the SoC dynamics of each battery unit satisfy Assumption 6.3. Then, there exists a
finite T > 0 such that

Tai(t) = xa(t), t > T2, i€ {1,2,--- ,N},

if the design parameter « is chosen such that

where P is as defined in Assumption 6.3 and A, is the second smallest eigenvalue of L.

Next we design, for each battery unit 4, i € {1,2,---, N}, the following average power demand
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estimator,
Pa,i = —Psign(n),

vi= Y (Pai — Pa) + bi(Pai — Pa),
JEN;

(6.15)

where p, ; is the ith battery unit’s estimate of P,(t) and 8 > 0 is a design parameter.

The following lemma establishes the property of the average power demand estimators (6.15).

Lemma 6.5. Consider a BESS consisting of N networked battery units, each with its average
power demand estimator designed as (6.15). Let the communication topology satisfy Assumptions

6.1 and 6.2. Then, there exists a finite TI;“ > (0 such that

A 1 * * .

pd,i(t) = NP (t)a t> Tp7 (S {1727"' 7N}a
if the design parameter 5 is chosen such that

g>=+1,

Z|Q

where @ is as defined in Assumption 6.3.

Proof: Denote

N T

D= [Pa1 Pa2 - DPan]
p=[p1p2 - Dn]"
:ﬁ_lNPm

v=[ e - vy)".

Then,

v=Hp— BlyPs
= Hp,

where H = L+ B > 0 and

= (b~ 1nP"). (6.16)



Consider the Lyapunov function

1
V(v) = §VT/H71V.

The time derivative of V' along the trajectory of (6.16) is evaluated as

V =UTH M

1 )
= (- )

Yoa
=83 Il + vl

< (2 - 8) v,

IN

where @ is as given in Assumption 6.3.

Thus, for ~
Q
> 241
Bz L4,
we have
V < —[lvlh
< —[lvl2.

which, in view of V < IAnax(H71)||v[|3, implies that

V< 2 i
- Amax(H™1)
Let W = V%, we have
. 2
W< — | ——M—
o Amax(H_1)7

which in turn implies that W and hence p will reach zero in a finite time, 77 > 0 and remain at

zero thereafter.

It is noted that the estimated average unit state and the estimated average power demand are equal

to the true values for all ¢ > max{T,, T*}. Therefore, these estimators are referred to as finite-time

) Tp
estimators.

We have the following result on the performance of the distributed power allocation algorithms
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(6.10) and (6.11) with estimators (6.14) and (6.15).

Theorem 6.2. [58] Consider a BESS consisting of N networked battery units. The relation between
the dynamics of SoC and the charging/discharging power of each battery unit is described by (6.3).
Let the communication topology satisfy Assumptions 6.1 and 6.2. Let the power demand satisfy
Assumption 6.3. Then, the distributed power allocation algorithms (6.10) and (6.11) with the
average unit state estimators (6.14) and the average power demand estimator (6.15) solve Problem

6.1.

Proof: It is obvious that, with the proposed estimators (6.14) and (6.15), we have &, ;(t) = za(t),

Pa,i(t) = Pa(t), i € {1,2..., N}, for all t > max{T},T;}. After that, controllers (6.10) and (6.11)

with such estimators become the desired controllers (6.6) and (6.7). From the previous analysis,
we know that SoC balancing will be achieved among all battery units and the power demand will
be satisfied. O

6.4 Simulation for Average Estimation Based Algorithms

Consider a BESS consisting of six networked battery units. The parameters of the battery units

are

(Qnom,l’ Qnom,?: Qnom,Sv Qnom,4u Qnomfn Qnom,ﬁ) = (1807 1905 2007 2].0, 220’ 230)Ah7
(V1, Vo, V3, V4, Vs, V) = (20, 20, 20, 20, 20,20)V.

The communication topology of the system is shown in Fig. 6.1. In addition, only battery unit 1

has access to the charging/discharging power demand, i.e., by =1 and b; = 0,i = 2,3,--- ,6.
Figure 6.1: The communication topology.
The distributed allocated power for each battery unit ¢ is designed as,
Ti, .
P=—p;, i=1,2,...,6, (6.17)
T
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where z; = Qnom,i Visi for discharging mode and z; = Qnom,iVi(1 — s;) for charging mode, Z; and p;

are the estimate of z, = % Z;Vﬂ x; and P, = éP* by the ¢th battery unit, respectively.

6.4.1 Asymptotic Estimation
The estimates ; and p; for each battery unit ¢ are given by,
fi =@ — —x;)—p Z —Zj) i

JjEN;
v = af Z - Zj),
JEN;

(6.18)

with ;(0) = z;(0), 14(0) =0, for i = 1,2,--- ,6, and

=k ( Z a; (P ) =+ bi(Pi Pa)) ) (6.19)

with p;(0) =0 for i =1,2,--- ,6.

e
»

= 0.6

I
=

State of Charge

o
o

t(h)

Figure 6.2: The evolution of SoC of all battery units under power allocation (6.17) and estimators
(6.18), (6.19) with o = 1000, 5 = 2 and k = 20.

Shown in Figs. 6.2-6.9 are simulation results performed with the discharging power demand P*(t) =
(—4200sin(t)+ 4200)W under power allocation (6.17) and estimators (6.18), (6.19) for two different
sets of design parameters in the estimators. The initial SoC of the battery units is (0.96,0.89,
0.75,0.8,0.73, 0.88). Note that Py > 0 indicates that the BESS is discharging and providing power
to the grid.

Shown in Figs. 6.2-6.5 are the SoC evolution of all battery units during the discharging process,
the total power of the BESS and the power demand and the state evolution of the estimators,

respectively, with the parameters in the estimators chosen as o = 1000, 5 = 2 and k = 20. Shown
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0 2 4 6 8 10 12
t(h)

Figure 6.3: The total output power of all battery units and the power demand under power alloca-
tion (6.17) and estimators (6.18), (6.19) with o = 1000, § = 2 and k = 20.
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Figure 6.4: The estimated value by all battery units and the true value of x, under estimators
(6.18) with o = 1000 and S = 2.
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Figure 6.5: The estimated value by all battery units and the true value of P, under estimators
(6.19) with x = 20.

in Figs. 6.6-6.9 are the same quantities with the parameters in the estimators chosen as a = 1000,
B8 =0.3 and k = 3. It is observed that with larger values of 8 and &, the SoC of all battery units
converge closer to each other during the discharging process and the total output power of the

BESS tracks the power demand more accurately.
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State of Charge

t(h)

Figure 6.6: The evolution of SoC of all battery units under power allocation (6.17) and estimators
(6.18), (6.19) with o = 1000, 5 = 0.3 and k = 3.

t(h)

Figure 6.7: The total output power of all battery units and the power demand under power alloca-
tion (6.17) and estimators (6.18), (6.19) with a = 1000, 8 = 0.3 and k = 3.
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Figure 6.8: The estimated value by all battery units and the true value of x, under estimators
(6.18) with o = 1000 and g = 0.3.

Shown in Figs. 6.10-6.17 are simulation results performed with the charging power demand
P*(t) = (4200sin(t) —4200)W under power allocation (6.17) and estimators (6.18), (6.19), again
for two different sets of design parameters in the estimators. The initial SoC of the battery units is
(0.04,0.11,0.25,0.2,0.27,0.12). Note that py; < 0 indicates that the BESS is charging and absorbing

power from the grid.
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Figure 6.9: The estimated value by all battery units and the true value of P, under estimators
(6.19) with x = 3.
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Figure 6.10: The evolution of SoC of all battery units under power allocation (6.17) and estimators
(6.18), (6.19) with a = 1000, 8 = 2 and x = 20.

0

-2000

-4000

Power (W)

-6000

-8000

Figure 6.11: The total output power of all battery units and the power demand under power
allocation (6.17) and estimators (6.18), (6.19) with o = 1000, 5 = 2 and x = 20.

Shown in Figs. 6.10-6.13 are the SoC evolution of all battery units during the charging process,
the total power of the BESS and the power demand and the state evolution of the estimators,
respectively, with the parameters in the estimators chosen as o = 1000, § = 2 and x = 20. Shown
in Figs. 6.14-6.17 are the same quantities with the parameters in the estimators chosen as a = 1000,

B = 0.3 and k = 3. Again, with larger 8 and &, the SoC of all battery units converge closer to
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Figure 6.12: The estimated value by all battery units and the true value of z, under estimators
(6.18) with o = 1000 and g = 2.
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Figure 6.13: The estimated value by all battery units and the true value of P, under estimators
(6.19) with x = 20.
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Figure 6.14: The evolution of SoC of all battery units under power allocation (6.17) and estimators
(6.18), (6.19) with o = 1000, 8 = 0.3 and k = 3.

each other during the charging process and the total output power of the BESS tracks the power

demand more accurately.
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Figure 6.15: The total output power of all battery units and the power demand under power
allocation (6.17) and estimators (6.18), (6.19) with « = 1000, § = 0.3 and x = 3.
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Figure 6.16: The estimated value by all battery units and the true value of z, under estimators
(6.18) with a = 1000 and g = 0.3.
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Figure 6.17: The estimated value by all battery units and the true value of P, under estimators
(6.19) with x = 3.
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6.4.2 Finite-Time Estimation

The estimates Z; and p; for each battery unit ¢ are given by

= —asgn(Zaw —CL‘] )
Zaz] +$’Lv

= —ﬂ&gn( Z a;j(p )+ bi(pi Pa)>, (6.20)
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Figure 6.18: The evolution of SoC of all battery units under power allocation (6.17) and estimators
(6.4.2), (6.20).
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Figure 6.19: The total output power of all battery units and the power demand under power
allocation (6.17) and estimators (6.4.2), (6.20).

Shown in Figs. 6.18-6.21 are simulation results performed with the discharging power demand
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Figure 6.20: The estimated value by all battery units and the true value of z, under estimators
(6.4.2).
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Figure 6.21: The estimated value by all battery units and the true value of P, under estimators
(6.20).
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Figure 6.22: The evolution of SoC of all battery units under power allocation (6.17) and estimators
(6.4.2), (6.20).

P*(t) = (4200sin(t) 4+ 4200)W under power allocation (6.17) and estimators (6.4.2), (6.20). The
initial SoC of the battery units are (0.96,0.89,0.75,0.8,0.73,0.88).

Shown in Figs. 6.22-6.25 are the SoC evolution of all battery units during the charging process,

the total power of the BESS and the power demand and the state evolution of the estimators,
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Figure 6.23: The total output power of all battery units and the power demand under power
allocation (6.17) and estimators (6.4.2), (6.20).
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Figure 6.24: The estimated value by all battery units and the true value of x, under estimators
(6.4.2).
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Figure 6.25: The estimated value by all battery units and the true value of P, under estimators
(6.20).

respectively, with the parameters in the estimators chosen as & = 1000 and g = 1000. It is observed
that the SoC of all battery units converges closer to each other during the charging/discharging
process and the total charging/discharging power of the BESS tracks the power demand. The

estimates of x, and p, by all battery units converge to the true value accurately in finite time.
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6.5 Adaptive Parameter Estimation Based State-of-Charge Balancing and Power
Delivery

In this section, we consider the control design for networked heterogeneous battery units in a BESS
with unknown parameters. A novel design of adaptive power distribution algorithms is presented,
followed by a rigorous analysis of the performance of the closed-loop system. In particular, the
adaptive estimation of the battery parameters facilitates us to develop distributed control algo-
rithms for the battery units without direct knowledge of their parameters. This design strengthens
the design in the previous section, which requires precise knowledge of the capacities and the ter-
minal voltages of the battery units. The SoC balancing is achieved by adaptively allocating the
total power demand based on distributed estimations of the average unit state and the average de-
sired power, and the adaptive estimations of the units’ unknown parameters. We show that, under
the proposed distributed adaptive power allocating algorithms, the BESS achieves SoC balancing
among its battery units and delivers the desired total power to any pre-specified level of accuracy.
Our ability to precisely estimate the battery parameters can also help us to monitor the health
of the battery units. For example, a capacity drop may indicate a degradation or failure of the

battery unit [75].

We will first design adaptive parameter estimators for the battery units. We rewrite the SoC

dynamics of battery unit ¢ as
s[Si](t) = 07 Fi(t), (6.21)

where 0] = —ﬁ is the true value of the unknown constant parameter and s is the differenti-

ation operator s[S;](t) = &;.
For each battery unit 4, choose A;(s) = s+ Ao; with A\g; > 0. By operating on both sides of (6.21)
with the stable filter ﬁ(s), we have
S 0F
S;l(t) = ¢ Pt
1810 = SR,

)

which can be rewritten as

S0 = 2 [P0). (6:22)

Ao

Si(t) B S+ /\o,i

We note the presence of the unknown parameter 6} in the right-hand side of (6.22).

Let 6;(t) be the estimate of the parameter 67 and define the estimation error as €;(t) = (6;(t) —
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0;) [P;](t). Then, in view of (6.22), we have

S+/\0
91‘ (t) )\0 i
i(t) = B(t) — | Si(t) — ’ i .
(0 = S IRI0) - (i) - 510
To generate the signals w; 1(t) = s+)\0 [P;](t) and w;2(t) = SJJ\O -[Si)(t), we construct the following

dynamic systems,
wii(t) = —Aowin(t) + Fi(t),

(,Z)Z'Q (t) = —>\07iwi,2(t) + Sl(t)

Then, the estimation error is given as

ei(t) = 92 (t)wi71(t) - (Sz(t) - /\071‘(,02'72(15)).

We will use the normalized gradient algorithm [84] for updating the parameter estimation 6;(t).

€;(t)
Zmi (t)?

Consider the quadratic cost function J;(6;) = with m;(t) being the normalizing signal. The

steepest decent direction of J;(6;(t)) is

8JZ' €; (t)wi’l(t)

S0, m2(b)

)

Given the knowledge of the parameter region [Oin, Omax), an adaptive parameter update law for
0;(t) is designed as
0i(t) = gi(t) + fi(t), 0:(0) =i, t >0, (6.23)

where 60; 0 € [Omin, Omax] is the initial estimate of 6} and is usually set to the nominal value of the

parameter,
Fiwi 1(75)61' (t)
i) = ——F5——, 6.24
with the gain I'; > 0 and m;(t) = /1 + 'yiwzl, ~v; > 0, and
07 if ez(t) € ( mins max)y or
if 91( ) Hmlna gz( ) > O, or
fi(t) = (6.25)

if 61( ) amaxv gz( ) <0,
—gi(t), otherwise.

Theorem 6.3. The adaptive parameter update law (6.23)-(6.25) guarantees that 6;(t), 6;(t) and
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<l are bounded, and 6;(t) € [fuin, mas]- Tn addition, limy o 0;(t) = 0} exponentially.

Proof: Consider the positive definite function V;(6;) = 7 92( ), where 0;(t) = 6;(t) — 6. Note that
) =

él(t) = 0;(t) as 0F is constant. Recalling that €;(t ( Jwi1(t), we have
()

mi(t)

1~
+ - BOf(0), 20 (6.26)
It is noted that %éz(t)fz(t) < 0 because of the definition of f;(t). Hence, f/,,(éz), éz(t) and 0;(t)
are bounded. It can also be observed from the definition of f;(¢) that the update law ensures that

0;(t) € [fmin, Omax), t > 0. By the boundedness of HNZ(t) and the relation |€i_(t)| = ‘ei(t)nw"’l(t)l, we
my(t) \/1"'71""’1'2,1 (t)
Ei(t)

EROR which, together with the inequality

s Lilwii(t)]  |ei(t)]
10;(t)] < et ) (6.27)

implies that 0;(¢) is bounded.

Note that, under Assumption 6.3, both signals w; 1(¢) and w"’l((f)) are persistently exciting [84]. Thus,

there exist constants 6 > 0 and ¢ > 0 such that [’ oo Y 21(( ))d > ¢ for any o > 0. It follows from
(6.26) that
2 w2 (t) ~
Vi L=V, 6.28
) (028
which, by the comparison theorem, implies that,
B a+5 i, 1(7‘)
Vi(o+0) <e O V(o)

S 6_26Fi6‘7z‘(0'), o Z 07

or
0i(0 + 6)| < e~Ti%1;(0)|, o > 0.

Consequently, we have |0(o +kd)| < e 5T|9(5)], for any o > 0 and any integer k. Since e~ < 1,

we conclude that limy_,o, 6; (t) = 0 exponentially. O

With the adaptive parameter estimations, the distributed average desired power estimators (6.9)
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remain unchanged and the distributed average unit state estimators (6.8) are implemented as

N
.Clljayi = ,i'z — Oz(.fa,i — :fz) - p Z aij(i“a,i — i’a,j) — v, :ﬁa,i(()) = .TZ'(O),
= (6.29)

N
v =af Z ij(Za,i — Zaj), vi(0) =0,
=1

where
(1) { Zq;(t) = —Si(t)/0(t) (in discharging mode),

)
Zei(t) = (Si(t) —1)/0;(t) (in charging mode).

The power distribution algorithms (6.10) and (6.11) for battery unit ¢ is implemented with the

adaptive parameter estimation as,

%ﬁw(t) (in discharging mode),
Pl(t) _ max{ 45" ,Za,i

Te,ilt) }ﬁa,i(t) (in charging mode),

max{%,aﬁa’i(t)

(6.30)

where &, ; is given by (6.29).
The following result pertains to the proposed adaptive power distribution algorithms (6.30).

Theorem 6.4. [61] Consider a BESS consisting of N networked battery units with unknown
parameters. The relation between the dynamics of SoC and the charging/discharging power of
each battery unit is described by (6.3). Let the communication topology satisfy Assumptions 6.1
and 6.2. Let the power demand satisfy Assumption 6.3. Then, for any given €, £, > 0, there exist
B, k > 0 such that the distributed battery unit control algorithms (6.30) solve Problem 6.1.

Proof: We will prove only the case of discharging. The case of charging can be proven similarly.

27s
a1’

Define Zq4; = Zq,i — Tdi, Ta,i = Tai — Tay, a0d Pa; = Da; — Pa. Choose § > Then, there exists

T > 0 such that Z,,(t) > %al, t>T.

The discharging power (6.30) can be rewritten as

Py(t) = =t =S (Pa(t) +
() = 200 5 1)+ o)
Zq,i(t) pi(t)
_ <1 + md,z(t)) (1 + Pa(t) Pyt Tq (t)
x;(t )
1+ xa((t)) Ta(t)



Zd,i(t) i(t)
(”zd m) (1+5)

where k(t) = f:gg > Na2 and 6;(t) = 1+Z§;‘<?) —1. Then, recalling that S; = —mpz
and z4; = Qnom,; ViS;, we have
Si = —]{(t)(l + (52(t))SZ (6.31)

The time derivative of the function

V (S S)7Z7éja iaje{Lz?"'aN}a

l\.’)\r—t

along the trajectory of (6.31) is given as

Vig = —k(0)(S; = 85) (1 + 6i0)S: — (1 +5;(1)8; ).

It follows that VZJ < 0if §; > S; and SZ > 11(; 8 or if §; < S; and SZ < ﬁ_; (()) Then, in steady

state, we have

1 —|—é < é < 149
1+ Sj —1+6
NQ"/p 1+ NQ’Yp
where § = ﬁ 1 <0and § = —=%— — 1 > 0 can be rendered arbitrarily small by selecting
a1BAg a1Bro

sufficiently large values of the design parameters g and k.

The total discharging power of the BESS is given as

P

=

(t) = i\[: <1 + xdlé?) (1 + pl(())> Ta (t)Pa(t).

z;(t
=1 1 + xa((t)) $a(t)

In steady state, P, (t) satisfies
(14+0)P* <P, (t) < (1+9)P",

and thus can be made arbitrarily close to P*(t) by selecting sufficiently large values of the param-

eters § and k. O

6.6 Simulation For Adaptive Parameter Estimation Based Algorithm

Consider a BESS with six battery units. The communication network is as shown in Fig. 6.26. Let

battery unit 1 be the only battery unit with the knowledge of the power demand, 7.e., by = 1 and
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b =0,7# 1.
ol
O—06—®
Figure 6.26: The communication topology.

Let the true values of the parameters of the battery units be (Qnom,1, @nom,2; @nom,3; @nom,4; @nom,5,
Qnom,6) = (100,190,200, 210, 220,230) Ah and (Vi, Va2, V3, V4, V5, Vs) = (50,50, 50,50, 50,50) V,
which are unknown to the controllers. The capacity of the 4th battery unit drops to 70% at ¢t = 15
h.

Let the initial SoC be (S1(0),S(0), S5(0), S4(0), S5(0), S6(0)) = (0.96,0.89,0.75,0.8,0.73,0.88).
Let the discharging power demand be P*(t) = 1680 W. Let the parameters in the distributed
estimators be «; = 2000, 5; = 20 and x; = 50, i = 1,2,--- ,6. The parameters in the adaptive
update laws are chosen as I'; = 1, 7, = 1 and Ag; = 100, i = 1,2,--- ,6. Let w;1(0) = w;2(0) =0,
L ,i=1,2,--- 6.

1
o 0~2Qnom,i‘/i v 1~5Qnom,i%]
In the simulation, we adopt the nominal value ;9 = — 15555 (Wh) ™, i=1,2,--- 6.

i=1,2,---,6. The region of the parameter is chosen as

Shown in Fig. 6.27 is the evolution of the SoC of all battery units. Clearly, the six battery
units achieve SoC balancing. Fig. 6.28 shows that the total power of all batter units tracks the

discharging power demand.

08} ™

0.2} “gn

Figure 6.27: The SoC of all battery units.

Fig. 6.29 shows the power of individual battery units. It is observed that units with a larger value
of their state have higher power. After ¢t = 15 h, the powers of all units adapt to the capacity drop
of the 4th battery unit and satisfy the power demand.
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Figure 6.28: The total power and the power demand.

0 5 10 15 20 25

Figure 6.29: The discharging powers of individual battery units.

Fig. 6.30 shows that the estimated average power demand tracks the true average power demand.
Fig. 6.31 shows that the estimated average unit state tracks the true average unit state. Fig. 6.32
shows the estimated parameters of all battery units. It is observed that the estimated parameters
stay in the pre-specified region and converge to their true values (—0.2000 x 1073, —0.1053 x
1073, —0.1000 x 1073, —0.0952 x 1073, —0.0909 x 1073, —0.0870 x 1073) (Wh)"!int=0tot = 15

h. After t = 15 h, the estimate 64(¢) converges to its new true value.

6.7 Nonlinear Observer Based State-of-Charge Balancing and Power Delivery

The second-order Thevenin equivalent circuit model is used to characterize the internal dynamics
of the battery units. The equivalent circuit model is shown in Fig. 6.33, in which Ugpc; is the
equivalent OCV of the ith battery unit, Ug; is the terminal voltage and I; is the current. The

resistor g ; represents the internal ohmic resistance. The two resistor-capacitor circuit components,
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Figure 6.31: The estimated average unit state versus the true average unit state.
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Figure 6.32: The adaptively estimated battery unit parameters.

respectively characterized by (R, C1;) and (Ra;, C2;), are used to simulate the physical processes
inside the battery units. These parameters can be identified by experimental results and are

assumed to be known constants in this work.
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Figure 6.33: The second-order Thevenin model of a battery unit.

For a battery unit in its steady state, its OCV Upc; is directly correlated to its SoC and other
operating conditions such as ambient temperature. We assume that the operating condition remains
constant in this work, under which the Upc ; is known to be monotonically and nonlinearly related

to the SoC S;. Such a nonlinear SoC-OCV map can be approximated as (see, for example, [7, 33])

k
UOC i Z S S; E 0 1]
k=0
with dUOC ! >d; > 0 for some constant d;, in which k > 0 is the degree of the polynomial and ¢,

are the coefflclents that can be derived by curve fitting of the SoC-OCV relation.

By applying Kirchoff’s voltage and current laws to the above equivalent circuit model, we obtain

the following equations that describe the dynamics inside each battery unit 4,

Uoc,i(Si) = IiRo; + Ui+ U + Usy,

U .

I; = Riz +C1,:U1 4,
U-

I; = Rzz +Co,Us,

where Uy ; and Us; are the voltage across the capacitors C; and Cs;, respectively. Meanwhile,

recall the equation of the dynamics of the SoC related to the current as

1
Qnom,i

S;=— I;. (6.32)

141



By rearranging the above equations, we can rewrite the dynamical model of the ith battery unit as

. 1 1
Uy — — U - I
b Ry1;Ci; Li Cyi "
. 1 1
Uy: — — Us.: + I,
2,i RQ,iCQ,i 2,0 CQyi 7 (6‘33)
. 1
g — _ I;,
’ Qnom,i ’
Ui = Uoc,i(S;) = U1 — Uy — Roil;.

The power of the ith battery unit is calculated as
Py =Us;l;.

Given the direction of I; as indicated in Fig. 6.33, Pg; > 0 when the 7th battery unit is discharging,
and Pg; < 0 when the unit is charging. The total power of the system is given by

N
Py =) Py,
i=1

In what follows, a nonlinear observer is first constructed for each battery unit ¢ based on the
equivalent circuit model and the nonlinear SoC-OCV map. Then, distributed estimation algorithms
for the average battery state and the average power demand are designed, based on which a power
distribution law is proposed for each battery unit 7. Finally, the analysis of the closed-loop system
is provided to show that the proposed design meets the objectives of SoC balancing and power

delivery.

The dynamical model (6.33) of the battery units can be written in a compact state-space form as

&; = Aizi + Biwi,

(6.34)
yi = hi(wi, u;),
where
“maon 000 o
A= 0 —m 0|, Bi= Ci )
0 0 0 o

hi(xi, wi)=—zi1 — 252 — Uoc,i(2i,3) — Roiwi,

142



and x; = [wi1 T2 x;3|" = [Ur; U2,y Si|" is the state, u; = I; is the input, and y; = Ug; is the
output. It is noted that a nonlinear relationship exists from the state x; to the output y; because

of the nonlinear function Upc ;(x;3).

Since the SoC of each battery unit is modeled as an unknown internal state, we will design an
observer to estimate the SoC from the battery terminal voltage and the current. Motivated by [31],

we construct a nonlinear SoC observer for battery unit i based on its model (6.34) as follows,

. ) Ohi\T . 3
T; = A;z; + Biu; + Kz(a Z) (a:i, uz)(y — hz(xz,uz)), (6.35)
7
where Zi'i = [ii,l 37}1"2 i’i’g]T is the estimate of €Tr; = [.%1'71 ) $i,3]T = [Ul,i U2’7; SZ]T The initial

condition of the observer is set according to the measurement of the battery unit at rest, which can
be assumed to be close to the true state. The gain matrix K; is designed to be a symmetric and

positive definite solution to the Lyapunov equation
- D;=ATK; '+ K1 A;, (6.36)
with the matrix D; = diag{d;, d2,0}, in which d; > 0, dy > 0. Such a K; exists due to the negative

semidefiniteness and the structure of A;.

From the estimated state Z;, the estimated SoC is given as

Si:i'i,i%, 1=1,2,---  N.

The power distribution law for the ith battery unit for discharging is designed as

Qnom,iUB,iSi P*

-7 N avi:]-a2a"'aN7
~ 2 j=1 @nom,;UB j5;

Pg;

and the power distribution law for the ith battery unit for charging is designed as

Qnom,iUB,i(l - Sz) P*

a’

PBi_ i:1727"'7N1

U N
N 2 je1 Quom,;Us,j (1 — S))
where P} = %P* is the average power demand per battery unit, and the signals % Z;VZI Qnom,;UB,jS;
and % Zjvzl Qnom,jUn j(1 — S;) are the average of signals Qnom,jUs,;S; and Quom,jUs,j(1 — S;) of
all batteries, respectively. It is noted that the power of the ith battery unit is based on P, and
adjusted by the signal QnomUp;S; over the average of all battery units for discharging, or by
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Qnom,iUs i(1 — S;) over the corresponding average for charging.

Using the estimated SoC S; from the observer (6.35), the above power distribution laws are given

as
Un .S
PB,@' =7 }Qvnom,l B,ii —~ P:, 1=1,2,--- ’N7 (637)
~ 2_j=1 @nom,jUs,;5;
for discharging, and
Uri(1—8;
Ppy — ——Jnomi Bill =5) _ pe 1. N, (6.38)

X 25t 1 Quom ;U (1 — 55)
for charging.

Since the average signals % Zjvzl Qnom,jUBJS'j and % Z;VZI Qnom,jUs (1 — S’]) are global infor-
mation of the system, we design the following distributed finite-time average estimation algorithm
[19],

N
fu; = —aSigH<Z a;j (gaz - ga,j)) ;
=1
o (6.39)
i =Y aij(pi — ) + &,
7=1

where o > 0 is a design parameter, and éaﬂ- is the ditributed estimation of the average signal
% Y1 & by the ith battery unit, with & = Quom,iUs,i5; for discharging and & = Qnom,iUs,i(1—S5:)

for charging.

Since the average power demand is only known to a portion of the battery units, we design the

following distributed finite-time average power estimation algorithm [59],

Pa,i = —(sign(»),

N ) A ) (6.40)
v, = Zaij(Pa,i — P, j) +bi(Pa; — Py),
=1

where 8 > 0 is a design parameter and ]ADa,i is the distributed estimation of P by the ith battery

unit.

The proposed estimation algorithms (6.39) and (6.40) have the following properties.

Lemma 6.6. [59, 19] Under Assumptions 6.1 and 6.2, there exist finite 77 > 0 and 7% > 0, and
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a>0and 8> 0 such that, for all i =1,2,--- , N,

N
1 A
N Z Qnom,jUs,;S;(t), for discharging,
A~ i—1
Ga) =4 7
1 A
N Z Quom,jUs,j (1 — Sj(t)), for charging,

j=1

for t > T1 and o > «, and
. 1
P,;(t) = —=P*
ilt) = P

)

fortzTgandﬁzg.

With the proposed distributed estimation algorithms, the power distribution laws for discharging

are implemented as

_ Qnom,i UB,i Sz A

PBi Pa,iai:1727”'7N7 (641)

b
ga,i

and for charging are implemented as

PBi: ! Al ‘Paiai:]-727”'7N' (642)

As will be shown in the next subsection, under such power distribution laws, the BESS achieves

SoC balancing among all its battery units while satisfying the power demand.

We now establish the local stability of the observer error. Then, we show that SoC balancing is
achieved among all the battery units. Finally, we show that the total power of the system satisfies

the power demand.

Define the estimation error of the observer for the ith battery unit as &; = z; — ;. Then, the

estimation error dynamics is obtained from (6.33) and (6.35) as
xii = A;7; + K; (h;)T(l’l + :Z‘Z)(h,(a:,, u,) — hz(xz + x;, ul)), (643)

where

2 %(xz + T, w;)

]

(i + %)

145



with Ufe ,; = d[(]i%f’i (S;) for notational simplicity.

Applying the mean value theorem yields
hi(xi, ui) — hi(z; + &4, u;)
= —hi(2i)%;
= —hg(xi +Z)T; — (h;(z,) — h;(l‘l + Ci,))i?“
£ —hg(xi + fz)i'z — gi@?i + i’i)ii,
where z; is a point on the line segment connecting z; to x; + #;, and the function g;(x; + ;) £
hi(zi) — hi(x; + 2;) satisfies || gi(x; + Z;)|| — 0 as ||Z;]] — 0 because of the continuity of dh;/dx;.

The estimation error dynamics (6.43) is then further written as
£y = (A — Ki(h)"hi) & — Ki(h}) " gid, (6.44)
where h = hi(x; + &;) and g; = gi(x; + &;).
Consider the following function of the estimation error,
Vob,i (%) = &7 K '%;.

Define a level set of Vo ; as Qob; = {%; | Vob,i < &} for some constant & > 0. The time derivative
of Vo, along the trajectory of (6.44) inside Qob’i is evaluated as
Vobi = & (K; VA + ATK; )& — 28] (h)" i — 22 (h7) " gid
= —&; (D; + 2(hj)"h}) T — 23] (b)) " 9,

where
di+2 2 2U(’)C i

D;+2(h))"h, = 2 do+2 20,0 |- (6.45)
2
2o, 2Uhci 2(Ube,)

It is obvious that ||A}|| < h; for some constant h; > 0, for all Z; € Qop;. It is also straightforward
to verify that D; + 2(h})"h} > 0, given that U, > d;.

Let A\;mm > 0, m = 1,2, 3, be the eigenvalues of D; + 2(h})"h}. Then,
)\@1)\@2)\1‘73 = det (Dz + Q(h;)Th;)
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= 2d1da (Up;)’
> 2ddad;. (6.46)

Since for Z; € Qobﬂ», there exists constant d; such that Ubai < d;, we have

Ai1+ A2+ ANi3= trace(D,» + 2(h;)Th;)
=d+dit+dy+ Q(U,OC,z‘)Z
<4+dy+dy+2d0. (6.47)

Inequality (6.47) and the fact that X;,, > 0 imply that \;,, < 4 +d; +dz + Qd?, m = 1,2,3,
which, along with (6.46), further imply that there exists constant A\, > 0, such that \jmin =
min{)\i,l, )\@2, /\@3} > Ai? for all i’i S Qob,i‘

Recall that ||g;(x; + Z;)|| — 0 as ||Z;]| — 0. We have, for any ~; > 0, there exists positive constant
¢; < ¢; such that ng@j'z + i’l)i‘z” < ’)/ZHi‘ZH, for all z; € Qob,z’ = {jz ‘ %b,i < Ci} - Qob,i- Then, Vob,i

is further evaluated as

A

Vob,i < —Ni,min|Z | + 27| i | |12

— (A = 293hq) || 7% (6.48)

IN

Let ~; satisfy v < Ai/2l_”bz' . Then, we have, Vob,i < 0, for all 7; € €}, ;. That is, any trajectory of

the observer error that starts in .}, ; will stay in it and converge to zero.

We will next establish that the SoC balancing is achieved among the battery units. It is noted that
under Assumptions 6.1, 6.2, and 6.3, for ¢ > max{7y, 7>}, the implemented power distribution laws
(6.41) and (6.42) become the desired power distribution laws (6.37) and (6.38).

Recall that the equation of S; can be rewritten in terms of the battery power Py as

. 1
Sj=——— Py,
' Qnom,iUB,i i

Then, consider the following quantities associated with the evolution of the SoC under (6.37) and
(6.38),
Si Pg,i

S QuomiUs.iS:
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. N Q
Si % 23:1 Qnom,jUB,ij

S;

4

kd, (6.49)

in which kq > 0 satisfies kg < kg < kq for positive constants k4 and k4 under Assumption 6.3 for

discharging mode, and

S’i _ PB,i
1-— Sz N Qnom,iUB,i(l - Sz)
_ 1= S; Py
1-5; % Z;V:1 Qnom,jUB,j(l - S])
A 1-5;
= - kC) ’
s (6.50)

in which k. < 0 satisfies k., < ke < k. for negative constants k. and k. under Assumption 6.3 for
charging mode. Equations (6.49) and (6.50) will be used in the later analysis of the closed-loop

system.

Consider the following function for the discharging mode,
. 1 ] ~ 1~
‘/ij (ASij, Ti, J,‘j) = §A812] + kZCC;FKZ 1331' + I{Z]JI;KJ 1£Cj,

where AS;; £G — S;, and k; > 0, k; > 0 are to be determined. It is obvious that V;; > 0 for all
(AS;j, T3, ;) # 0. Assume that the initial conditions of the observers are set sufficiently close to
the true states, that is, the observer errors satisfy z;(0) € Qo ; and Z;(0) € Qqp, ;. This implies

that Z; stays in €),},; and converges to zero, [ =1, j.

The time derivative of Vj; along the trajectories of (6.44) and (6.49) is evaluated as

Vi = AS; (—Si)ka — (—Sj)ka) — ki&T (D; + 2(R)) "R, + 2(h}) " ;) &
= k7 (D + 2(h5)"hj + 2(h})"9;) &
= —AS;; (ASi; + (Si — 85))ka — kidizmin||Zil|? = ki) min|| 252
+ 2k ||| + 2kvih )72
< —kaASY — kaASi;(S; — ;) — ki (A — 2viha) ||
= ki (X — 29k 125117, (6.51)

~ A~

where S; = S; — S;, i =1,2,---,N. Recall that S; = Z;3. Then, V” in (6.51) is further evaluated
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as

Vij < —kaASZ + kal ASy (1] + 15]) — ks (s — 29ihs) |74
— kj(A; = 2v;hy) 1557
= —hatAS3 +2(5v/Ral Syl ) (Vallail) + 2 (5 VRalA8:1) (VEalag))
— ki(Ay = 29iha) | Eil1* = K (A — 29;h5) 13512
< ~kaAS} + TkaASE + Rall7l? + TRaASE + Rl
— ki (A — 2viha) |1E)1* — K5 (A — 2v5h5) 1251
< —%EdASfj — (ki(X; = 29ihe) = k) [|Z:l” — (ki (A; — 2v5hy) — ka) 1351,

Let k; > ka/(A—27:h) and kj > kq/(A—2v;h). Then, it follows that V;; < 0, for all (AS,;, &;, ;) #
0, with Z; € Qqb; and Z; € Q1 ;. Since it has been shown that any ;, | = 14, j, with £;(0) € Qqp,
stays in Qop ; and converges to zero, AS;; will also converge to zero. Thus, SoC balancing is achieved
among the battery units, as long as the initial estimates of the states are close enough. A similar

analysis can be carried out for the charging mode.

We will now consider the total power of the system. For ¢ > max{T},7>}, the total power during

a discharging process is calculated as

N A
Pe — Qnom,iUB,iSi p*
= Z 1N Q Us S 2
i=1 N Zuj=1%¢nom,jYB,j~j

— Zf\il Qnom,iUB,igi p*
Zj'vzl Qnom,jUBJ‘Sj
= P*’

and the total power of the system during a charging process is calculated as

N ~
nom ’LU i 1-— SZ "
PE = Z T ?\7 iYB, ( ) _ Pa
i=1 N £Z4j=1 Qnom,jUBJ(l — SJ)
— Zi\;l Qnom,iUB,z‘(l - SZ) P*
Z;'V:1 Qnom,jUB,j(l - SJ)

= P*.

Thus, the total power of the system Py, will be equal to the power demand P* for ¢ > max{77,Ts}.
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Summarizing the above analysis, the following theorem is stated.

Theorem 6.5. Consider a BESS consisting of N battery units. Let the communication network
satisfy Assumptions 6.1 and 6.2. Let the power demand satisfy Assumption 6.3. Assume that the
initial conditions of the observers are set sufficiently close to the true states. Then, the power
distribution laws (6.41) and (6.42), based on the observer (6.35) and the average estimation algo-
rithms (6.39) and (6.40), solve Problem 6.2. That is, under (6.41) and (6.42), the BESS achieves

SoC balancing among all its battery units and satisfies the power demand.

6.8 Simulation For Observer Based Algorithms

A battery energy storage system consisting of four battery units is considered in the simulation.

The communication topology among the battery units is shown in Fig. 6.34. The power demand

Figure 6.34: The communication topology.

P*(t) is only known to battery unit 1.

The parameters in the models of the battery units are [§]

Ro;=1x107°Q,
Ry =0.7x1073Q, Ry; = 2.5 x 10730,
C1i = 6.5 x 10°F, Cy,; = 2.2 x 10°F,

for i =1,2,3,4, and

(Qnom,la Qnom,2) Qnom,37 Qnom,4) = (207 ]-77 227 19)AH

The polynomial approximation of the SoC-OCV relation, Upc,;(S;), i = 1,2,3,4, used in the

simulation is [33]
Uoc = 11.65S] — 35.015% +40.4S7 — 24.87S} + 11.73S} — 4.439S? + 1.285; + 3.42.
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Given the above parameters and quantities, the matrices representing the state-space models are

calculated as

—0.2198 0 0

A = 0 —0.0018 0|, i=1,2,3,4
0 0 0
[ 0.1538 | [ 0.1538 |
B =10"%| 0.0045 |, Bo =102 | 0.0045 |,
—0.0136 —0.0160 |
[ 0.1538 | [ 0.1538 |
Bs=10"3| 0.0045 |, B4 =102 | 0.0045
—0.0124 ~0.0135

The observer gain matrices are designed as

0.000 0 0
Ki=| 0 0.001 0|,:=1,2,34,
0 0 1
with
4.396 x 1074 0 0
D; = 0 3.6 x10°% of,i=1,234.
0 0 0

The parameters in the average battery state estimators and the average power estimators are chosen
as a = 300 and 8 = 30.

We first demonstrate the discharging process. Let the power demand be P*(t) = 1200W. The

initial SoC for the simulation is
(S inits S2,inits 93,nits Sa,init) = (0.99, 0.92, 0.83, 0.75).
The initial condition of the observers are chosen as
#;(0) =1[000.70]", i =1,2,3,4,

that is, the initial estimates of the SoC are chosen as 5'1(0) =0.70,i=1,2,3,4.
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Figure 6.35 shows the evolution of the estimated SoC gi, and the true SoC S; of all battery units
in discharging mode. It is seen that the estimated SoC from the observers converges to the true
SoC. Figure 6.36 shows the individual power Pp ;, the total power of the system P, and the power
demand P* in discharging mode. It is seen that the power demand is satisfied. Figures 6.37 and
6.38 show the estimated average state and the estimated average power demand by the battery

units converge to their true values.

Si, 85,1 =1,2,3,4

1200 —_— ----P
R Py
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Figure 6.36: The powers of the individual battery units, the total power, and the power demand
for discharging.

We next demonstrate the charging process. Let the power demand be P*(t) = —1200W. The initial

SoC for the simulation is

(S1,init, S2,inits S3,init, S4,init) = (0.27, 0.08, 0.17, 0.25).
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Figure 6.37: The estimated average state of the battery units, and the true average state for
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Figure 6.38: The estimated average power demand by the battery units, and the true average power

demand for discharging.

The initial condition of the observers are chosen as

2:(0) =1[000.40]", i =1,2,3,4,

that is, the initial estimates of the SoC are chosen as S;(0) = 0.40, i = 1,2, 3, 4.

Figure 6.39 shows the evolution of the estimated SoC S;, and the true SoC S; of all battery units
in charging mode. It is seen that the estimated SoC from the observers converges to the true SoC.
Figure 6.40 shows the individual power Pp;, the total power of the system P, and the power

demand P* in charging mode. It is seen that the power demand is satisfied. Figures 6.41 and 6.42

show the estimated average state and the estimated average power demand by the battery units

converge to their true values.
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Figure 6.39: The estimated SoC and the true SoC of all battery units for charging.
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Figure 6.40: The powers of the individual battery units, the total power, and the power demand
for charging.
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Figure 6.41: The estimated average state of the battery units, and the true average state for
charging.
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Figure 6.42: The estimated average power demand by the battery units, and the true average power
demand for charging.

In summary, it is shown by the simulation that during the operation of the system both in dis-

charging and charging, the SoC is correctly estimated, the system reaches SoC balancing among
its battery units, and the power demand is satisfied.

6.9 Conclusions

In this chapter, the distributed control problem of a BESS consisting of networked battery units
is studied. In particular, the problem of balancing the SoC and satisfying the power demand is
considered. A distributed power allocation algorithm is first designed based on distributed average
unit state estimators and distributed average power demand estimators. Then, a distributed and
adaptive power-allocating algorithm is designed for each battery unit with unknown parameters,
based on adaptive parameter estimation and average estimation. Last, a nonlinear state-of-charge
observer-based power allocation algorithm is designed for each battery unit whose SoC is unknown,
based on the state-of-charge as estimated by the observer, as well as the estimated battery average
state and the estimated average power demand. We show that, by choosing the design parameters
properly, the proposed power allocation algorithms achieve SoC balancing of all battery units and

satisfy the power demand, as long as the communication topology among battery units is undirected

and connected, and the power demand is under certain constraints and is known to at least one
battery unit.

This chapter is based on the following publications:

o Tingyang Meng, Zongli Lin, Yan Wan, and Yacov A. Shamash, “Nonlinear observer-based
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state-of-charge balancing of networked battery energy storage systems”, Systems € Control
Letters, (2023, under review).

Tingyang Meng, Zongli Lin, Yan Wan, and Yacov A. Shamash, “State-of-charge balancing for
battery energy storage systems in DC microgrids by distributed adaptive power distribution.”
IEEE Control Systems Letters 6 (2021): 512-517.

Tingyang Meng, Zongli Lin, and Yacov A. Shamash, “Distributed cooperative control of
battery energy storage systems in DC microgrids.” IEEE/CAA Journal of Automatica Sinica
8.3 (2021): 606-616.
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Chapter 7

Summary and Future Work

In this dissertation, distributed control problems of multi-agent systems are studied, and consensus
algorithms for solving these problems are proposed. Applications of consensus algorithms to the

management problems of networked battery units are also investigated.

The following are potential topics for future work. First, the distributed control problems of multi-

agent systems can be studied under time-varying communication topologies.

Second, the power distribution algorithms based on equivalent circuit models can be improved by
introducing online battery model parameter identification. Currently, the power distribution based
on the equivalent circuit model of batteries relies on off-line generated parameters such as the
capacities and resistances in the model. Online parameter estimation will enhance the adaptivity

of the algorithms.

Third, models of battery dynamics and battery aging can be constructed using neural networks.
In the current work, the battery dynamics is approximated by an equivalent circuit model, and the
aging of batteries is not considered. Neural networks can be adopted to model the complex and
nonlinear behaviors of battery dynamics and battery aging. In order to construct and train the
networks, data sets need to be generated by conducting data acquisition experiments with battery

systems.

Fourth, modeling, and analysis of the power conversion systems associated with networked battery
systems can be considered. In the current work, the power distribution algorithms are proposed
at a high level, without consideration of the effect of the dynamics of power conversion systems on

the design.

Fifth, the proposed power distribution laws can be implemented and experimented with real hard-

ware and battery systems.

Last, extra safety features of the management of networked battery systems such as fault avoidance,

fault detection, and fault handling of battery packs can be considered in future design.
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