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Abstract

In [20], Prasad and Rapinchuk introduce and analyze a new relationship, called
‘weak commensurability,” between (Zariski-dense) abstract subgroups of the groups of
K-rational points of connected semisimple algebraic groups. Numerous results have
been shown for algebraic groups defined over fields of characteristic zero, but not for
fields of positive characteristic. The main purpose of this work is to extend the notion
of weak commensurability to fields of positive characteristic, specifically to prove and
analyze characteristic p > 0 analogs of the results from [20].

We develop several characteristic p > 0 results showing that weakly commen-
surable Zariski-dense subgroups must share structural properties. Specifically, we
show that the Zariski-closure of two weakly commensurable Zariski-dense subgroups
of absolutely almost simple groups must have the same Killing-Cartan type. The
trace field of a subgroup is the field generated by 1 and the traces of elements in the
Zariski-dense subgroup. We show that a pth power of the trace field of one Zariski-
dense subgroup contained in the trace field of a weakly commensurable subgroup.
We also prove a similar statement when we replace the trace field with the minimal
Galois extension of the trace field such that the Zariski-closure of the subgroup is an
inner form over this field. We also show that discreteness is a property that is shared

by weakly commensurable subgroups.
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Chapter 1

Introduction

1.1 Weak commensurability in positive character-
istic

In [20], Prasad and Rapinchuk introduce and analyze a new relationship between
(Zariski-dense) abstract subgroups of the groups of K-rational points of connected
semisimple algebraic groups defined over a field K called ‘weak commensurability.’
This relationship is defined in term of the eigenvalues of the individual elements of
the abstract subgroups and does not involve any structural connections between the
subgroups. The results demonstrated in [20] show that for fields K of characteristic
zero, the weak commensurability of (Zariski-dense) subgroups impose strong restric-
tions on the ambient semisimple algebraic groups over K, as well as the minimal
fields of definition of the subgroups. The main goal of this paper is to prove anal-
ogous results for weakly commensurable (Zariski-dense) subgroups of the groups of

K-rational points of connected absolutely almost simple groups defined over a field



K of positive characteristic.
We begin with the definition of weak commensurability. Let K be an infinite
field of arbitrary characteristic, K be a fixed algebraic closure, and let K5 be the

separable closure of K in K.

Definition. Let 7 € GL,,(K) and 7, € GL,,(K) be semisimple elements of infinite
order (for some positive integers n; and ny). Let Aj, ..., \,, be the eigenvalues of v,

and let py, ..., pun, be the eigenvalues of v (taken in a separable closure K5 of K).

1. The elements v, and 7, are weakly commensurable elements if there exist

integers ay, ...,a,, € Z and by, ..., b,, € Z such that

AT = b e £

2. If G; C GL,, is a reductive algebraic group defined over K and I'; C G;(K)
is a Zariski-dense subgroup of G;(K) for i = 1,2, the subgroups I'y and I'y
are weakly commensurable subgroups if every semisimple element of I'y
of infinite order is weakly commensurable to some semisimple element of I'y of

infinite order and vice-versa.

The study of weak commensurability is useful to the study of a novel form of
rigidity called eigenvalue rigidity, discussed in [22]. Classically, the rigidity of lattices

I' C G(K) of algebraic groups refers the property that under appropriate assumptions,



a homomorphism of lattices I'y — 'y (virtually) extends to a homomorphism of the
semisimple Lie groups GG; — G5 containing I'; and I';. As a consequence, sufficiently
large (e.g. higher rank arithmetic) Zariski-dense subgroups I' C G(K) of a semisimple
Lie group G determine the field of definition up to isomorphism and the ambient
algebraic group GG. The motivation behind eigenvalue rigidity is that rather than the
structural information obtained from the Zariski-dense subgroup I', one should be
able to determine the field of definition as a subfield of K and the ambient algebraic
group G from T if one uses information about the eigenvalues of I'. This allows one
to examine rigidity in the context of any Zariski-dense subgroup of GG, not just higher
rank arithmetic groups. The study of weak commensurability is and important step
towards making this relationship explicit.

The following theorems provide three basic results about weakly commensurable
Zariski-dense subgroups of the groups of K-rational points of two connected absolutely

almost simple groups defined over a field K of positive characteristic.

Theorem A. Let K be an infinite finitely generated field of characteristic p > 0.
Let G; be a connected absolutely almost simple algebraic group defined over K for
i=1,2. Let T'; C Gi(K) be a finitely generated Zariski-dense subgroup for i = 1,2,
and suppose that I'y and T'y are weakly commensurable. Then G, and Gy have the

same Killing-Cartan type, or one is of type B, and the other is of type C,.

To state the next result, we need to introduce the notion of the minimal field



of definition of a Zariski-dense subgroup. Let K be as above, let G be a connected
absolutely almost simple algebraic group defined over K, let I' C G(K) be a Zariski-
dense subgroup, and let Ad: G — GL(Lie(G)) be the adjoint representation of G.
The minimal field of definition of ' is the smallest subfield of I' such that there exists
a basis of the Lie algebra Lie(G) such that Ad I" may be conjugated to a subgroup
of a linear group with matrix coefficients in Kt. See Ch. [2, Section for more
information on minimal fields of definition.

For fields K of characteristic zero, the minimal field of definition of I' is the same
as the field generated by 1 and the set of all traces, tr(Ad(y)) for v € I' (due to [30,
Cor. to Thm. 1]). Let I'; and T's be two finitely generated Zariski-dense subgroups
of G1(K) and G5(K) respectively (where G; is a connected absolutely almost simple
algebraic group defined over a field K of characteristic zero for i = 1,2). If I’y is
weakly commensurable to I'y, then [20, Thm. 2] shows that their minimal fields of
definition must be equal, i.e. Kp, = Kr,.

In the case where the field K has characteristic p > 0, we have to modify the
definition of the trace field due to the fact that the adjoint representation is not
necessarily irreducible over fields of characteristic p for some small primes p (see [11]
for a precise exposition of this fact). Therefore, we have a more complicated definition
of the trace field, explicitly given by Definition[2.2.8 Let G be a connected semisimple
group defined over K of (absolute) rank n, and let I' C G(K) be a Zariski-dense

subgroup. Except for the cases where p = 2, 3, or p|(n + 1), our given definition is



precisely the subfield of K generated by 1 and the traces of elements of Ad T, as in
the characteristic zero case. In the positive characteristic case, we continue to denote
the trace field of a Zariski-dense subgroup I' C G(K) by Kr.

Frobenius isogenies have a significant effect on our results. For example, let G
be an adjoint algebraic group defined over a field K and let I' C G(K) be a finitely
generated Zariski-dense subgroup. Let Fr : G — Fr(G) be the Frobenius isogeny and

consider the group Fr(I'). We observe that the following are true.

e The group Fr(I') is a finitely generated Zariski-dense subgroup of Fr(G)(K).

e Let v € ' be a semisimple element. If the eigenvalues of v are Ay, ..., \,,
then the eigenvalues of 77 = Fr(y) are A}, ..., A2, hence v and Fr(~y) are weakly

commensurable elements.

e Therefore, I' is weakly commensurable to Fr(I"). Since tr(7?) = tr()P, we know
that Ky = K[ (except possibly in the cases where the adjoint representation

is not irreducible).

Therefore, I' is always weakly commensurable to Fr(I") but the fields of definition for
these two groups will typically not coincide. However, they will coincide “up to a

Y

power of Frobenius,” which is made evident by the following results.

Theorem B. Let K be an infinite finitely generated field of characteristic p > 0.
Let G; be a connected absolutely almost simple algebraic group defined over K for

i=1,2. Let T'; C Gi(K) be a finitely generated Zariski-dense subgroup for i = 1,2,



and suppose that I'y and Uy are weakly commensurable. Let K; be the trace field of T;

fori=1,2. Then there exist integers ki, ky such that

(Kl)pkl Q K2 and (Kg)pk2 Q Kl.

We also prove a similar result to Theorem [B] concerning the minimal Galois ex-
tensions of the minimal fields of definition of I'y and I'y over which the groups G,
and Gy become inner forms respectively. We refer to Chapter [2] Section [2.1] for the

definition of an inner form.

Theorem C. Let K, G;, and T'; C G;(K) for i = 1,2 be defined in the same way
as in Theorem [B above. For i = 1,2, let K; be the trace field of T'; and let L; be the
minimal Galois extension of K; such that G; becomes an inner form of a split group

over L;. Then there exist integers ky, ko such that

(Ll)pkl g L2 and (Lg)pk2 Q Ll.

After proving the above theorems, we examine the case where K is a local field of
characteristic p > 0 in Chapter [3| Section [3.3] Note that for a connected absolutely
simple adjoint algebraic group defined over K, the group of rational points G(K)
becomes a locally compact topological group, so we can examine the induced topology

on any abstract subgroup I' C G(K). The following theorem tells us that for local



fields K, weak commensurability imposes a strong restriction on the induced topology
of the Zariski-dense subgroups of the group of K-points of a connected absolutely

almost simple algebraic group defined over K.

Theorem D (Analog of [20, Prop. 5.6]). Suppose that K is a local field of character-
istic p > 0, and suppose that for 1 = 1,2, G; is a connected absolutely simple adjoint
algebraic group defined over K. For i = 1,2, suppose that I'; C G;(K) is a Zariski-
dense finitely generated subgroup, and suppose that 'y is weakly commensurable to

['s. Then 'y is discrete if and only if I'y is discrete.

The proofs of these theorems use a variety of algebraic and number-theoretic
techniques. First and foremost, we make extensive use of Pink’s results found in [16]
and [I7] concerning strong approximation of Zariski-dense subgroups of connected
semisimple algebraic groups defined over fields of arbitrary characteristic. This work
serves are a generalization of the strong approximation property for Zariski-dense
subgroups in the characteristic zero case, which is used extensively in the proofs
of the characteristic zero analogs of our results. In characteristic zero, the strong
approximation property of Zariski-dense subgroups can be traced back to Platonov’s
proof of the strong approximation property for connected semisimple algebraic groups
defined over number fields [I8]. Platonov’s proof relies in an essential way on the
following theorem originally due to Cartan: a closed subgroup of a Lie group is a

Lie group [4, pg. 340]. Unfortunately, Cartan’s theorem is no longer true in positive



characteristic, so the work of Pink is essential to our work. We provide the precise

statements of these strong approximation results in Chapter [2| Section [2.2]

1.2 (eneric elements in positive characteristic

Furthermore, one of the key ingredients in the proofs of the above results is the
existence of generic elements in Zariski-dense subgroups of the group of K-rational
points of a connected absolutely almost simple algebraic group defined over a field
of positive characteristic. We start with the definition of generic tori and generic
elements.

Let K be an infinite field, fix an algebraic closure K of K, and let K be the
separable closure of K in K. Let G be a connected absolutely almost simple algebraic
group defined over K, and fix a maximal K-torus 7" of G. Let ® := ®(G,T) and
W = WI(G,T) be the root system and Weyl group of G respectively. Let Kt denote
the (minimal) splitting field of T" over K. Note that Kr/K is a Galois extension.

The Galois group Gal(K7/K) naturally acts on the character group of T', X (7).

This action takes ®(G,T) to ®(G,T), so it induces an injective homomorphism

Or: Gal(Kr/K) — Auwt® (G, T). (1.2.1)



Definition. We say that the torus T is a generic over K if

01 (Gal(Kr/K)) 2 W(G,T).

A regular semisimple element g € G(K) is said to be generic over K if the torus

T = Zg(g)° is a generic torus over K.

In [19], Prasad and Rapinchuk prove that a Zariski-dense subgroup I' C G(K)
of a connected absolutely almost simple algebraic group GG defined over a finitely
generated field K of characteristic zero must contain a K-generic element.

Generally, we can specify a finite number of local conditions and show that a
maximal K-torus that satisfies these local conditions must be generic. Using this

method, we prove the existence of these elements in the positive characteristic case

in Chapter [3] Section [3.1]

Theorem E (Analog of [19, Theorem 3(i)]). Let K be an infinite field of characteristic
p > 0. Let r be the number of nontrivial conjugacy classes in W and let S be a set
of nontrivial non-archimedean valuations on K such that K, is locally compact and
G is K,-split. For each v € S, we can choose a maximal K,-torus T, of G such that

any K-torus T that is G(K,)-conjugate to T, for allv € S is a generic torus over K.

The main result concerning generic elements shows the existence of generic ele-

ments in Zariski-dense subgroups.
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Theorem F (Analog of [19, Theorem 1]). Let G be a connected absolutely almost
simple algebraic group defined over an infinite finitely generated field K of character-
isticp > 0 and let I' C G(K) be a finitely generated Zariski-dense subgroup. Then T

contains a generic K-element (of infinite order).

The proof of this fact relies on both Theorem [E] and the strong approximation
results introduced in Chapter [2] Section 2.2l The existence of generic elements is
invaluable to our examination of weak commensurability and we use this concept in

the proofs of many of the theorems in the subsequent sections.



1.3 Notation

G

An algebraic group

An algebraic group considered as a group over the algebra R
The algebraic group scheme with Hopf algebra A

The reduced ring of A

The R-points of an algebraic group

The adjoint group of the algebraic group G

The simply connected cover of the algebraic group G

The connected component of the identity of the algebraic group G
The center of G

The centralizer of the subgroup H in the algebraic group G

The centralizer of € G(K) in the algebraic group G

The normalizer of the subgroup H in the algebraic group G

The radical of the algebraic group G

The unipotent radical of the algebraic group G

The open subvariety of regular elements of the algebraic group G
The ring of regular functions of the group G

The separable closure of the field K

The algebraic closure of the field K

The completion of the field K with respect to the v-adic norm

11
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(G, T), ¢(G)

A(G,T), A(G)

W(G,T), W(G)

Dyn(G)
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The local ring of integers in K,

The maximal unramified extension of K, in K3

The set of all pairwise inequivalent absolute values on K

The subset of V& consisting of non-archimedean absolute values
The splitting field of the torus 7" over the field K

The set of (absolute) characters of the group T’

The adjoint representation

The minimal field for a Zariski-dense subgroup I' C G(K)

The Frobenius morphism

Standard triple consisting of the semisimple ring F', the group
scheme G over F', and the Zariski-dense subgroup I' C G(F)
The Lie algebra of the algebraic group G

The derivative at the identity of the group scheme morphism
f:G—H

The root system of the reductive group G (with respect to the
maximal torus T if specified)

A set of simple roots for the reductive group G (with respect to
the maximal torus 7" if specified)

The Weyl group of the reductive group G (with respect to the
maximal torus 7" if specified)

The Dynkin diagram of the reductive group G
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Chapter 2
Background information

In this chapter we summarize a number of mostly well-known facts concerning linear
algebraic groups over an arbitrary field K. For this summary, we assume a basic

understanding of algebraic geometry and commutative algebra.

2.1 Algebraic groups

Group schemes

Let K be a field of arbitrary characteristic. Let A be a commutative (unital, associa-
tive) K-algebra with multiplication m: A ® x A — A and unit e: K — A. Assume

that we have K-algebra homomorphisms

A:A— A®kg A (comultiplicaton)
1A= A (co-inverse)

e: A=K (co-unit)

which satisfy that following conditions.



(a) The diagram

A ARr A
A 1a® A
A®1
ARk A @l ARk ARk A

commutes.

(b) The map

A2 A0 A Ker A=A
coincides with the identity map 14: A — A.

(¢) The composite maps

A A A8 Agr A A

and

A5 K- A

coincide.

14

An K-algebra A with the above maps is called a (commutative) Hopf algebra

over K.
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Let A be a commutative Hopf algebra over K. An ideal J of A such that

A(J)CJ@g A+ ARk J, «(J)C J, and e(J) =0

is called a Hopf ideal of A. If J is a Hopf ideal of A, then A/J has a natural Hopf
algebra structure.

Let Algx denote the category of commutative (unital, associative) K-algebras
with morphisms given by K-algebra homomorphisms. Let A be a Hopf algebra over

K. For any object R in Algk, one defines a product on the set

GA(R) = HomAng (A, R)

by the formula fg = mz(f ® g) o A for f,g € GA(R), where mp: R®x R — R is
multiplication in R. The defining properties of a Hopf algebra imply that this product
is associative and with a (left) identity given by the composition A —— K - R and
(left) inverse given by f~!:= f o It is straightforward to verify that GA(R) is an
abstract group with multiplication and inversion given by these operations.

For any K-algebra homomorphism f: R — S, there is a group homomorphism

GA(f): GAS) — GU(R), g+ foy,
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which implies that we have a representable covariant functor

G*: Algx — Grps.

An affine group scheme G over K is a functor G: Algxy — Grps that is
isomorphic to G4 for some Hopf algebra A. By Yoneda’s lemma, the Hopf algebra
A is uniquely determined by G up to isomorphism, which we denote by A = K[G].
We call the algebra K|[G] the ring of regular functions on G. For any object R
in Algg, the group G(R) is called the group of R-points of G.

A group scheme homomorphism f: G — H is a natural transformation of
functors. By Yoneda’s lemma, this is completely determined by a unique Hopf algebra
homomorphism f*: K[H] — K|[G].

Suppose that G is a group scheme represented by the Hopf algebra A, and H is
a group scheme represented by the Hopf algebra A/J for some Hopf ideal J of A.
Then consider the group scheme homomorphism p: H — G induced by A — A/J.
For each object R of Algy, pr: H(R) — G(R) is injective, hence we can naturally
identify H(R) with a subgroup of G(R). When this is the case, the group scheme H
is called a (closed) subgroup of GG. The subgroup H is said to be normal in G if

H(R) is normal in G(R) for all objects R of Algk.
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Let f: G — H be a group scheme homomorphism. The subgroup ker(f) of G is

defined to be the functor

ker(f)(R) = {g € G(R) | fr(g) =1}

It is not hard to show that this is the subgroup of G associated to the Hopf algebra
K|G]/(f*(I)K[G]), where I = ker(e: K[H] — K), i.e. the augmentation ideal of
K[H].

We say that an affine group scheme G over K is an algebraic group scheme
over K if the K-algebra K|[G] is finitely generated. We will work exclusively with

algebraic group schemes.



18

Example 2.1.1.

1. Let A = K with a trivial Hopf structure. Then G4 = 1, the trivial group

scheme, i.e. GA(R) = {e} for all objects R in Alg.

2. Consider the K-algebra, A = K[X;; (4,7 = 1,...,n),det(X11, ..., Xpn) '], We
can endow A with the following Hopf algebra structure. We define the homo-

morphisms A, €, and ¢ on generators as follows:

AXiy) =Y X ® Xyy,  e(Xyy) = b,

k=1
U Xy5) = (=1 det(Xq1, ..., Xop) ' det (M),

where 6;; is the Dirac delta function and M;; is the (n — 1) x (n — 1) minor of

the matrix (X;;) formed by removing the ith row and jth column.

Note that the above values imply the following.
A(det(XH, ceey Xnn)) = det(XH, ceey Xnn) X det(XH, ceey Xnn)a

e(det(X11, ..., Xon)) = 1, and o(det(Xq1, ..., Xnn)) = det (X1, ...,Xnn)_l.

The definition of A as a Hopf algebra implies that GA(R) = GL,(R) for all

commutative K-algebras R (see for example [13], §20.A, pg. 326]). The algebraic
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group scheme G is denoted GL,, x or GL, if the field K is clear from the

context.

3. Consider A = K[GL,]/(det(X) — 1), where X = (Xj;). It is not difficult to
show that (det(X) — 1) is a Hopf ideal, so the Hopf algebra structure on A
comes from the Hopf algebra structure on K[GL,]. Then G*(R) = SL,,(R) for
all commutative K-algebras R, and we denote the algebraic group scheme G4

by SL,, x or just SL, if the field K is clear from the context.

4. Let A = K[z] and B = K|[x,27']. The Hopf algebra structure on A is defined

on the generator x by

Ap(z)=21+1®@x, eslz)=0, a(x)=—2x.

The algebraic group scheme G is denoted by G, and called the additive group
scheme. The algebraic group scheme GP is denoted by G,, and called the
multiplicative group scheme. As functors, G4(R) = R and G?(R) = R* for all

objects R in Alggk.

5. Let V be a finite dimensional K-vector space and let R be an object in Algg.
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Define the group scheme GL(V) by GL(V)(R) = GL(V ®gk R), where GL(V)
is the classical group of invertible linear transformations of the vector space V.

The group scheme GL(V) is represented by A = Endg (V).

Let A be a Hopf algebra over K and let A,.; = A/nil(A), where nil(A) is the
nilradical of A. We say that G4 is connected if and only if A,.; is a domain. In
other words, G# is connected if and only if Spec(A) is connected as an affine scheme.

Recall that a finite dimensional K-algebra E is called étale if it is a product of
separable field extensions of K. Let my(A) denote the maximal étale K-subalgebra of
A. Tt is also a Hopf algebra, and the inclusion my(A) C A induces a surjective group
scheme homomorphism G4 — G™) The kernel of this map, denoted G°, is called
the connected component of the identity of G. The connected component G°

is a connected group scheme [31) §6.7, pg. 51].

The Lie algebra of a group scheme

Let G be an algebraic group scheme over K and let A = K[G]. A derivation D €
Der(A, A) is said to be left-invariant if Ao D = (14 ® D) o A. The set of left-
invariant derivations forms an K-vector subspace of Der(A, A), and it is denoted
Lie(G). It takes some work to show that Lie(G) is a Lie subalgebra of Der(A, A) with
the bracket operation given by [Dy, D3] = Dy o Dy — Dy o Dy for all left-invariant
derivations Dy, Dy € Lie(G). We call the Lie algebra Lie(G) the Lie algebra of

G [31, §12.1, pg. 93].
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Remark 2.1.2. If GG is an algebraic group scheme, then dimg (Lie(G)) < oo. See [13,

Cor. 21.2, pg. 334] for details.

Example 2.1.3.

o If G = GL,, k, then Lie(G) = M, (K) with the Lie bracket given by [A4, B] =

AB — BA. (See [31} §12.3(a), pg. 95].)

o If G = SL, k, then Lie(G) = {X € M,(K) | tr(X) = 0}, with the same Lie

bracket as M,,(K), namely [A, B] = AB — BA. (See [31], §12.3(b), pg. 95].)

Note that this construction is functorial. Given an K-morphism of algebraic
groups f: G — H, it induces a homomorphism of Lie algebras over K, denoted
df : Lie(G) — Lie(H). The homomorphism df is called the derivative of f (at
the identity) [31, §12.2, pg. 94].

Let R be an object in Algx. Let g € G(R), and let ¢,: G(R) — G(R) be the
automorphism of G defined by conjugation by g, i.e. ¥,(h) = g thg for h € G(R).
Note that this defines an automorphism of the algebraic group G as a group scheme

over R. Thus, we may take the derivative of 9, to get the R-linear isomorphism

dip,: Lie(G) ® x R — Lie(G) ®k R,

taking for granted that the Lie algebra of G as a group scheme over R is the same as
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the tensor product of the Lie algebra of the group scheme G over K and the algebra

R. For any g € G(R), define Adg(g): = dip, € GL(Lie(G) ®k R).

Definition 2.1.4. The group scheme homomorphism Ad: G — GL(Lie(G)) that
we have defined above is called the adjoint representation of G.
Smoothness

Let G be a connected algebraic group scheme over K and let A = K[G]. Then A4 is
a domain. The dimension of G, denoted dim(G), is the transcendence degree of the

field of fractions of A,.q over K. If G is not connected, then define dim(G) = dim(G”).

Example 2.1.5.

e dim(GL, k) = n.
e dim(SL, x) =n—1.
e dim(G,) = dim(G,,) = 1.

Let I = ker(A — K). As stated above, this is a maximal Hopf ideal called the
augmentation ideal of A. If we localize A with respect to the ideal I, denoted Ay,
the resulting ring A; is a local ring with maximal ideal M = I'A; and residue field
K = A;/M. Then M/M? has a natural K-vector space structure. We say that local

ring Ay is regular if dimg (M/M?) = dimg,(A).
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Lemma 2.1.6 ([I13, Lemma 21.8, pg. 337]). If G is an algebraic group scheme over
the field K, then dimg (Lie(G)) > dim(G). Equality holds if and only if the local ring

Ay is reqular.

Definition 2.1.7. If an algebraic group G satisfies dimg (Lie(G)) = dim(G), we say

that G is smooth. A smooth algebraic group scheme is called an algebraic group.

It is not difficult to show that G is smooth if and only if A ®x L is reduced for
any field extension L/K. When G is smooth and connected, then K[G] is a domain

and we define K (G) := Frac(K|G]), called the field of rational functions on G.

Example 2.1.8.

1. The group schemes G, and G,, are smooth over any field K since dim(G,) =

dim(G,,) = 1 and Lie(G,) = K and Lie(G,,) = K.

2. Let K be a field of characteristic p > 0. Let A = K[z]/(z™ — 1) with the Hopf
structure on A given by A(z) =z ®@ z, «(z) = 7!, and €(z) = 1 and consider
the group scheme G#4. When (n,p) = 1, this is a smooth group scheme since
the polynomial 2" — 1 is separable over K. When n|p, then this is a non-smooth

group scheme since A is not reduced.

Remark 2.1.9. Classically, affine algebraic groups over an algebraically closed field

can be realized as an affine variety Spec(A) endowed with a group structure. These
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conditions imply that A must be a reduced finitely generated Hopf algebras A, which
corresponds to the notion of a smooth algebraic group scheme that we have defined
above. This is the reason why we call smooth algebraic group schemes algebraic

groups.

Rational points of algebraic groups

Definition 2.1.10. Let ¢ € G(K). Let P,(t) be the characteristic polynomial of
Adg(g) € GL(Lie(G))(K). We say that g is K-regular if the multiplicity of (¢t — 1)

in P,(t) is minimal.

Proposition 2.1.11. The set of reqular elements is Zariski-open in G(K).

Proof. See [3, Thm. 12.3, pg. 161] ]

Let V' be a finite dimensional K-vector space. Recall that an element a € End(V)
is semisimple if there is an K-basis of V @k K consisting of eigenvectors of a, so a
is a diagonal matrix with respect to this basis. We say a € End(V) is nilpotent if
a™ = 0 for some integer n > 0 and we say that a is unipotent if ¢ — 1 is nilpotent.
Notice that if char(K) = p > 0, then a is unipotent if and only if a?” = 1 for some

s> 1.

Definition 2.1.12. Let G be a linear algebraic group. We say that an element
x € G(K) is semisimple (resp. unipotent) if the image of z via an embedding of

G(K) into GL,(K) is a semisimple (resp. unipotent) operator in GL,,(K).
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Unipotent radicals and radicals

For this section, we assume that F' is an algebraically closed field. Let G be a

connected algebraic group defined over F.

Definition 2.1.13. A unipotent linear algebraic group is an algebraic group U
defined over F such that the elements of U(F') are all unipotent. A solvable linear
algebraic group is an algebraic group W defined over F' such that W (F') is a solvable

abstract group.

Definition 2.1.14.

(a) Let R,(G) be the unique maximal connected unipotent normal F-subgroup of G,

called the geometric unipotent radical of G.

(b) Let R(G) be the unique maximal connected solvable normal F-subgroup of G,

called the geometric radical of G.

(c) The group G is reductive if R,(G)(F) = 1.

(d) The group G is semisimple if R(G)(F) = 1.

Since R,(G) C R(G), all semisimple groups are reductive.

Example 2.1.15.
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e The algebraic group of upper triangular matrices T,, is not reductive because

the subgroup of upper triangular unipotent matrices is normal in T,,.
e A torus is reductive but not semisimple.

e The algebraic group GL, p is reductive, but not semisimple. The algebraic

group SL,, r is semisimple.

Proposition 2.1.16. The algebraic F-group G/R,(G) is reductive and the algebraic

F-group G/R(G) is semisimple.

Proof. See [3, §11.21, pg. 157]. O

Note that for imperfect subfields F’ C F, the geometric unipotent radical R,(G)
may fail to descend to an algebraic F’-group. If G’ is a connected algebraic group
over F, then it is clear that R,(G")m C Ru(G%) and R(G')wm C R(G%), but they
need not be equal (see [7] for numerous examples).

However, when G’ is reductive (resp. semisimple) then R,(G’) is trivial (resp.
R(G') is trivial). In this case, we say that the F’-group G’ is reductive (resp. semisim-

ple).

Algebraic tori

Definition 2.1.17. An n-dimensional K-torus is an algebraic K-group that is

K-isomorphic to (G,,)" for some n > 0.
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Let T be an n-dimensional torus defined over a field K. A character of T,

X € K*P[T], is a regular function with the property that for all ¢1,ty € T(K*P),

X(tit2) = x(t1)x(t2).

The set of all characters is denoted by X (7). We can also identify X (7") with the set
of group scheme morphisms Hom(7', GL;).
Let ¥ = Gal(K*P/K). Note that ¢ naturally acts on X (7') as follows. For all

ce¥9, xeX(T), and t € T(K5P), let

o x(t) = a(x(o7'(1)).

We define the K-characters of 7', Xk (T') to be the characters fixed by this action,
Xk (T) == X(T)?. In other words, X (T) is the set of characters of T that are
defined over the field K. Tt is clear that Xgseo(T') = X (7). Note that we often write
the group of characters X (7) with additive notation.

Note that every character X(GL;) has the form x(z) = 2™ for © € (K5P)*
and some m € Z. Therefore, X(GL;) = Z. Furthermore, for a rank n torus 7,

X(T) = (X(Gy,))" =Z" (see [3, §8.5, pg. 114]).

Definition 2.1.18. We say that the K-torus T is split over K if Xy (T) = X(T).

We say that T is anisotropic over K if Xx(T) = {1}.
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Note that saying an n-dimensional torus is split over K is equivalent to saying

that the isomorphism 7" — (G,,)" is defined over K.

Proposition 2.1.19. Every K-torus is split over some finite separable extension of

K.

Proof. See [3, Prop. 8.11, pg. 117] O

Consider a rational representation T — GL(V). If a € X(T'), define

Vo={veV®egK|t-v=a(t) forall t € T(K)}.

Since T is split over K, we have the decomposition V ®x K = @ (1) V.. We say

acX

that « is a weight of 7" in V if V, # 0.

Remark 2.1.20. Let 7' be an n-dimensional torus and let ¢ € T(K). Let V be the
representation space given the representation coming from the diagonal embedding,
T(K) = (K*)* < GL,(K), and let o € X(T) be a weight of this representation.
Note that in this case, a(t) € K™ is an eigenvalue of ¢ with eigenvector v € V,. Since
the product of characters is also a character, x(¢) is contained in the multiplicative

subgroup of K = generated by the cigenvalues of ¢ for all x € X (T).
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Example 2.1.21. Consider the algebraic torus T over R,

T(R) = €EMy[R) | a®+b* =1

This is a 1-dimensional torus over R. The eigenvalues of every element in T'(R) are
of the form a + ib and a — ib, so by Remark [2.1.20] the only possible character is the
trivial character. Thus, Xg(T) = {1}, and T is R-anisotropic.

If we consider the complex points of 7', T'(C) is isomorphic to the group 7" =

{diag(z,27") | € C}, hence T is C-split.

Let G be a semisimple group defined over the field K.

Definition 2.1.22. A maximal K-torus of G is an K-subgroup of G that is a torus

and not strictly contained in any other K-torus.

Proposition 2.1.23. Let T' C G be a maximal K-torus of the semisimple K-group

G.
(i) IfT" is another mazimal K -torus of G, then T' and T" are conjugate in G(K°P).

(ii) When K is not an algebraic extension of a finite field, there exists an element

t € T(K) that generates a Zariski-dense subgroup of T.

(iii) Assume that K is infinite. Then every semisimple element of G(K) lies in the

K-points of some mazximal torus.
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(iv) A semisimple element x € G(K) is reqular if and only if Zg(x)° is a mazximal

torus.

(v) The torus T is maximal if and only if T = Zg(T)°.

Proof. For (i), see [7, Prop. A.2.10, pg. 401].

For (ii), see [3], §8, Prop. 8.8].

For (iii), see [27, Cor. 13.3.8, pg. 231].

For (iv), see [3, Prop. 12.1 pg. 160].

For (v), if C := Zg(T)° =T, then T is maximal since every torus containing 7" is
contained in C.

If T is maximal, then since C' is reductive its radical R(C') is a torus. Clearly,
T C R(C), and so T" = R(C) since T is maximal. Thus C/T is semisimple and
rank(C/T) = 0 since a nontrivial torus of C'/T" would correspond to a torus in C'

properly containing 7. But C' is smooth and connected, hence C'/T is trivial and

c=T. O

Definition 2.1.24. We say that the group G is K-split if it contains an K-split
maximal torus, and that the group is K-anisotropic if every maximal torus in G is

K-anisotropic. We say that GG is K-isotropic if it is not K-anisotropic.
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Semisimple algebraic groups

We would like to first classify all split semisimple groups. We first recall the basic
theory of root systems.

Let E be a Euclidean space with positive definite symmetric bilinear form (-, -). A
root system in F is a finite set & C E of non-zero vectors that satisfy the following

conditions:

(RS1) The roots span E.

(RS2) The only scalar multiples of a € ® are  and —a.

(RS3) For any two roots a, 8 € ®,

Sa(f) = a — 2%5 € o.
(RS4) For any two roots a, € @,
(a, B)
2<5, 5) €.

We call s,: & — & the reflection associated to the root «.

Sometimes (RS4) may be omitted, and such root systems satisfying it are called
crystallographic. Similarly, sometimes (RS2) may be omitted, and such root sys-
tems satisfying it are called reduced. All of the root systems arising in this paper

are crystallographic and reduced. We note that non-reduced root systems do arise
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naturally in this context when one considers relative root systems (see [27, 15.3.9, pg.
260]), but this will not be necessary for this paper.

An isomorphism of root systems (F,®) and (E’, ®’) is an E-linear isomor-
phism f: E'— E’ such that F(®) = ®'. The automorphism group Aut(®) is a finite
group and the subgroup W(®) of Aut(®) generated by all the reflections s,, a € P,
is called the Weyl group of ®.

Let ®; and ®, be root systems in V; and V5 respectively, and let & = &, U &,
and V =V, & V5. Then & is a root system in V, called the sum of ®; and ®, and
denoted ® = ®; + ®,. We say that @ is irreducible if it cannot be written as a sum
of two (or more) root systems. Any root system decomposes uniquely into a sum of

irreducible root systems (see [I3], §24, pg. 353]).

Definition 2.1.25. Let ® be a root system in the Euclidean space E. A subset ®*
of ® is called a system of positive roots if there exists an x € E with (o, z) # 0
for all @ € R such that

¢t ={aecd| (a,z) >0}

Since (-, -) is a W(®)-invariant symmetric bilinear form, W(®) acts on the set of
positive root systems, i.e. wd®* is a system of positive roots for all w € W(®), and it

is not difficult to show that this action is simply transitive.

Definition 2.1.26. Two systems of positive roots &4 and Ot are called adjacent

if |t N Ot = |0t — 1.



33

Definition 2.1.27. Let ® be a root system and let ®* be a system of positive roots.

Define the following subset of ®7:

A:={a e d | 5,8 is adjacent to d*}.

The set A is called the set of simple roots of ®*.

It is clear for all w € W(®) and a set of simple roots A, wA is also a set of simple
roots and the action of W(®) on the set of sets of simple roots is simply transitive.

A subset IT C @ is basis of the root system @ if for any a € P,

a = Znﬁﬁ

pell

for some uniquely determined ng such that either ng < 0 for all 8 € II or ng > 0 for

all g eIl
Proposition 2.1.28. The set of simple roots A is a basis for ®.

Proof. See [3, Cor. 1 to Thm. 14.8, pg. 189] O

We define a graph, called the Dynkin diagram of ®, which has A as its set of

vertices. The vertices a and /3 are connected by m,s edges, where
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If & and 8 are two incident vertices and (o, ) > (3, [), then we label the edges
connecting « and 8 with a “>” pointing toward g to indicate that the root « is
longer than f.

Let G be a semisimple algebraic group defined over the field K and suppose
that G is split with maximal split torus 7. Let g := Lie(G), and consider the
weight space decomposition with respect to the adjoint representation restricted to

T, Adjr: T — GL(g),

i= P e
)

aeX(T
Definition 2.1.29. The nonzero weights of the adjoint representation for a maximal
torus 7' C G are called the roots of G with respect to 7" and the set of all roots

is denoted ®(G,T).

Definition 2.1.30. The Weyl group of G with respect to 7T is defined to be

W(G,T) = Na(T)(K)/T(K)

Proposition 2.1.31. Let ® := ®(G,T) be the set of roots of the semisimple group G.

Let Q) be the root lattice, the subgroup of X(T') generated by ®, and let E = R®7zQ).

(a) There exists a W(G,T)-invariant positive definite symmetric bilinear form on

E, denoted (-, ).

(b) The pair (E,®) is a root system with respect to the above W(G,T')-invariant

bilinear form.
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Proof. See [3, Thm. 14.8, pg. 189]. O

Proposition 2.1.32.

(a) There exists an isomorphism W(G,T) = (so | € (G, T)).

U induces a natural bijection

(b) The conjugation of maximal tori T — T" = gTg~
of root systems ®(G,T) — ®(G,T") and a natural isomorphism of Weyl groups
W(G,T) = W(G,T"). In particular, ®(G,T) and W(G,t) are invariant up to

isomorphism with respect to the choice of maximal torus.

Proof. Part (a) is a consequence of the proof of |3 Thm. 14.8, pg. 189].

Part (b) follows from Proposition[2.1.23(i). If 7" and 7" are two maximal tori, then
there exists a g € G(K) such that T7"(K) = g~'T(K)g. The conjugation isomorphism
Yy: T(K) — T'(K) induces a natural bijection ¢%: X(T") — X(T) which induces
a natural bijection between the root system ®(G,7”) and the root system ®(G,T).
This bijection induces a natural isomorphism between the Weyl groups W(G,T') and

W(G, T"). O

Isogenies

Let N be an algebraic group scheme over the field K, and let C' = K[N]. We say

that N is a finite group scheme if C is a finite dimensional K-vector space.
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Example 2.1.33.

1. Let p = char(K) and consider N = K|z]/(2?). Then the group scheme «, :=

GV is a finite group scheme.

2. Similarly, let p = char(K) and consider M = Klz|/(z? — 1). Then the group

scheme p1, := GM is a finite group scheme.

Definition 2.1.34. Let f: G — H be a surjective homomorphism of group schemes
(i.e. f*: K[H] — K]|G] is injective), and let N = ker(f). The homomorphism f is
called an isogeny if N is a finite group scheme, and it is called a central isogeny
if N(R) is contained in Z(G)(R) for every object R in Algx and ker(df) is contained

in the center of Lie(G).

Example 2.1.35. Let n > 0 be natural number. Define f: G,, — G, by fr(z) = 2"

for all commutative K-algebras R. Then f is a central isogeny of group schemes.

Definition 2.1.36. Let GG and H be connected semisimple linear algebraic K-groups
and 7: G — H be an isogeny. We say that 7 is purely inseparable (resp. separa-
ble) if the induced inclusion of function fields K(H) — K(G) is a purely inseparable

(resp. separable) extension.

Proposition 2.1.37. Suppose that m: G — H is a separable isogeny of connected

semistmple K -groups. Then 7 is a central isogeny.
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Proof. See [3, §22.3, pg. 247]. O

Definition 2.1.38.

1. Two algebraic groups H and H' are called (strictly) isogenous if there exists

an algebraic K-group G and two (central) isogenies G — H and G — H'.

2. A connected semisimple algebraic group H is called simply connected if every

central isogeny H' — H, for H' connected, is an isomorphism.

3. A connected semisimple algebraic group H is called adjoint if every central

isogeny H — H', for H' connected, is an isomorphism.

Proposition 2.1.39. Let G be a connected semisimple algebraic K-group. Then there
exists a sequence

ey epye]

such that G is a simply connected K-group and G is an adjoint K -group, T and 7

are central K-isogenies, and G, G, 7, and T are unique up to K-isomorphism.

Proof. See [29, Prop. 2, pg. 42]. O

The groups G and G are called the simply connected cover and adjoint group

of G respectively.

Definition 2.1.40. A connected algebraic group G is called K-simple if G is non-
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commutative and G(K') has no normal algebraic subgroup except G(K) and {e}.
A connected algebraic group G is called K-almost simple if it is isogenous to an

K-simple group.

For example, the group SL,, is K-almost simple and the group PSL,, is K-simple

for n > 1 and any infinite field K.

Theorem 2.1.41. Let K be a field and let G be a semisimple simply connected K-

group. Then G s a direct product of K-almost simple simply connected groups.

Proof. See [29, §3.1.1 pg. 46]. O

Proposition 2.1.42. A K-split semisimple group G is K-simple if and only if ®(G)
is an trreducible root system. A simply connected (resp. adjoint) K-split semisimple

group G is the direct product of uniquely determined simple subgroups G; and ®(G) =

2. ®(Gi).

Proof. See [13, Prop. 25.8, pg. 357]. ]

Definition 2.1.43. We say that the algebraic K-group G is absolutely almost

simple if it is almost simple over the algebraic closure K.

The group G is absolutely almost simple if and only if the root system ®(G) is an
irreducible root system.

Let K'/K be a finite separable extension and suppose that H is a semisimple
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K’-group. Then we can define an algebraic K-group Rg+/x(H) as a functor by

Ry (H)(R) = H(R®k K')

for all objects R in Algx. The algebraic K-group Ry i (H) is called called the re-

striction of scalars of the group H from K’ to K (also known as Weil restriction).

Theorem 2.1.44. Let G be a K-almost simple simply connected K-group. Then
there exists a finite separable extension K' over K and an absolutely almost simple

simply connected group H defined over K' such that G = Ry i (H).

Proof. See [29, §3.1.1 pg. 46]. O

The isogenies described in Theorems [2.1.41] and [2.1.44] are called almost direct

products. Since semisimple groups essentially break up as almost direct products
of connected absolutely almost simple groups, we will restrict ourselves to the study
of connected absolutely almost simple groups. We hope to address the more general
cases in the future.

One of the benefits to restricting our study to connected absolutely almost simple

groups is because they are classified by their root systems.

Theorem 2.1.45 (Classification theorem). Let G' be a connected absolutely almost
simple group. Then the root system of G, ®(G), is exactly one of type A, (n > 1),

B, (n>2),C, (n>3), D, (n>4), Es, E7, Eg, Fy, or Gy, called the (Killing-
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Cartan) type of G. If G and G’ are strictly isogenous, then ®(G) and ®(G') have

the same type.

Proof. See [29, Thm. 1, pg. 34]. ]

Inseparable isogenies

Let G be an algebraic group defined over K, where char(K) = p > 0. Let A := K[G].
Let f € Homg(A, R). For a € A, consider the map a — f(a)?". This is a ring
homomorphism from A to RP", but it takes the action of K on A to an action of K?"
on RP". We would like to “fix’ this map so that it is an algebra homomorphism.
Define a K-module structure on R? by a-r = o?"r for « € K, r € RP. Under
this action, fP": A — RP is a K-algebra homomorphism. The group valued functor
defined by

R~ Homg (A, R™")

for all objects R in Algy is an algebraic group. It is represented by the Hopf-algebra
A®, K, where the tensor product is twisted by the p"th power, i.e. a®@a = ()P a®1
for all @ € A and o € K (see [16, §1, pg. 448]). The homomorphism of algebraic

groups defined on R-points by the homomorphism

Hompg (A, R) — Homg (A, RP")

is actually an isogeny called the nth Frobenius isogeny, denoted by Fr": G —
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Fr"(G).

The isogeny Fr" is purely-inseparable. Any composition of Frobenius isogenies is
also a Frobenius isogeny. This isogeny is also purely inseparable and not central when
G is connected and non-commutative.

Let G be a linear algebraic group over K. We would like to determine how the
Frobenius isogeny acts on the R-rational points of G. Fix an embedding G C GLy.
It suffices to examine Fr" for GLy(R).

Let f € GLy(R). This is given by a K-algebra homomorphism f: K[GLy] — R,
and the images of the generators X;; of K[GLy] determine the matrix entries of a
matrix realization of f. In other words, [f(X;;)] = [a;] is a matrix in GLy(R) in the

classical sense. Let us compute the image of X;; under Fr"(f):

n (e

Fr"(f)(Xiy) = f(Xi)P = ajj .

Therefore we have shown that on a matrix group, the Frobenius isogeny is the map

Non-standard isogenies

For a few special cases, there exist purely inseparable isogenies between connected

semisimple groups which cannot be obtained from central isogenies and Frobenius
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isogenies. In particular, there are a few cases where the Frobenius isogeny can be

factored in a nontrivial way. We call such isogenies non-standard isogenies.

Remark 2.1.46. We note that other sources refer to non-standard isogenies as non-
central special isogenies or very special isogenies, but we follow the language used in

Pink [16].

Proposition 2.1.47. Let G be a connected absolutely almost simple group defined
over K, a field of characteristic p > 0. Let ® be the root system of G and suppose
that ® contains roots of different lengths so that the squared length ratio is equal to

p. Then Fr: G — Fr(G) factors through totally separable isogenies

such that neither ¢ nor ¢* is an isomorphism. The algebraic group G* is another ab-
solutely almost simple group over K. Let ¢* be the root system of G*. The possibilities

for (p, ®, ®%) are listed in the following table.

p | Type of ® | Type of ®

2| B, (n>2)|C,
21C,(n>2) | B,
2| Fy Fy

3 G2 GQ
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Proof. See [16, Prop. 1.6]. O

Example 2.1.48. Let K = K be an algebraically closed field of characteristic 2 and
let G' be the simply connected almost simple group of type B; for some [ > 2. Let the
set of long roots be denoted by ®; and short roots be denoted by ®,. In this case, the
subalgebra of g := Lie(G) spanned by the short roots is an Ad(G)-invariant subspace
of g (see [TII, Table 1]). In this case, ¥: G — G* induces a map, called an isogeny
of root data, between the root systems. The isogeny theorem and isogenies of root
data are discussed at length in [7, Thm. A.4.10, pg. 418]. The isogeny of root data

corresponding to the isogeny ) is given by

f:®— dF

where f(a) = a if o is a long root and f(a) = 2« if « is a short root. Showing that
this is the correct isogeny of root data (see [7, Prop. 7.1.5, pg. 223] for details). Note
that this isogeny maps short roots in ® to long roots in ®* and long roots in ® to
short roots in ®%.

The above isogeny of root data maps ® onto a root system of type C;, so G* is an
almost simple group of type C).

The corresponding map v: G* — Fr(G) induces an isogeny of root data:

15 @ — 20,
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where f(a*) = of if of is a long root in ®F and f(a*) = 20/ if of is a short root in ®F.
The composition f*o f: ® — 2@ is multiplication by 2, which corresponds to
the Frobenius isogeny. Furthermore, when G is simply connected, G* is also simply

connected.

Example 2.1.49. For a more concrete example, we note that the isogeny v : G — G*
can also be realized in the following way. Let K be an algebraically closed field of

characteristic 2, let V = K?*! be a vector space, and let ¢ be the quadratic form on

V' defined by
l

q(z0, T1, ..., T9) = 75 + Z Ty
i=1
Note that ¢ is a non-degenerate quadratic form, and the spin group Spin(g) of this
quadratic form is a group of type B;. The associated bilinear form B,(z,y) = ¢(x +
y) — q(z) — q(y) has the one dimensional radical V+ = Kep, which induces a non-
singular alternating form B, on the 2I-dimensional vector space V = V/VL. The
symplectic group of By, Sp(B,), is a simply connected group of type C;. It is clear
that any linear transformation that preserves the quadratic form ¢ preserves the form
B, on V. Therefore, we have a induced homomorphism SO(q) — Sp(B,) (and it takes

a little work to show that this is actually surjective). The isogeny 1) can be realized

as a composition of the maps

Spin(q) = SO(q) — Sp(B,).
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Classification of isogenies

All isogenies between connected (split) semisimple groups can be obtained from cen-
tral isogenies, Frobenius isogenies, and the non-standard isogenies. The following

theorem proven in [16] is invaluable to our work.

Theorem 2.1.50. Let f: G —> H be an isogeny between two connected absolutely

simple adjoint groups defined over a field K of characteristic p.
(a) If p=0, then f is an isomorphism.

(b) If p > 0, and G possesses no non-standard isogenies, then there exists an integer

n >0 and an isomorphism ¢ : Ft"(G) — H such that f =1 o Fr".

(c) Ifp > 0 and G possesses non-standard isogenies, then there exists an integern > 0
and an isogeny ¥ : Fr"(G) — H with non-vanishing derivative such that f =
Yo Fr". Furthermore, either i is an isomorphism or there exists an isomorphism
x: Fr"(G)* — H such that 1 = x o ¢ where ¢ is the non-standard isogeny

" (G) -2 B (G)E.

Proof. See [16, Thm. 1.7]. O

Note that for a K-defined isogeny f: G — H, this does not imply that the above
morphisms ¢: Fr"(G) — H and y: Fr"(G)* — H are defined over K. Only when

G (and therefore H) is split over K can we determine that these are defined over K.
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Inner and outer forms

In this section, we will assume that the reader has knowledge about the basic results
from Galois cohomology. For more details, we refer the reader to [26].

Let G be a semisimple group defined over K.

The following definition is due to Tits in [29, pg. 39]. For this section, let & :=
Gal(K*P/K) be the absolute Galois group, S C G be a maximal K-split torus in G,
and let T" be a maximal K-torus of GG containing S.

If S =T, then it is clear that G is split over K. If Z5(S) = T, then we say that

(G is quasi-split over K.

Remark 2.1.51. The semisimple group G is quasi-split over K if and only if there
exists a Borel subgroup of G' defined over K. This is the traditional definition of

quasi-split and it is equivalent to our definition [27, 16.2, pg. 271].

Let ®(G,T) be a the root system of G, let A := A(G,T) be a system of simple
roots in ®(G, T), and let W = Ng(T)(K)/T(K) be the Weyl group of G. Let Ay be
the subset of A consisting of those simple roots that vanish on S.

We first define an action, called the x-action, of 4 on A. Recall that ¢ naturally
acts on X (7). Note that for the set of simple roots A, o(A) is again a system of
simple roots. Since W acts simply transitively on the systems of simple roots, there
exists a well-defined element w € W such that w(o(A)) = A. We define the *-action

of 9on Aby o A=woac(A) for all o € 4. Note that the x-action of ¢ fixes both
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Ao, and A — AO-

Definition 2.1.52. If the *-action of ¢ on A is trivial (resp. nontrivial), we say that

the group G is an inner form over K (resp. outer form over K).

Note that the x-action of ¢ induces a diagram automorphism 7 € Aut(Dyn(G)).
We call the data consisting the triple (A, Ay, 7) the Tits index of the group G.

To represent the Tits index, the Dynkin diagram of G is drawn so that vertices
belonging to the same ¢ orbit are close to each other, and the orbits whose elements
belong to A — Ay, called distinguished orbits, are circled.

Inner forms also have a Galois cohomological description, as demonstrated by the
following lemma proven in [20]. Let G be a connected absolutely almost simple group
defined over K. Given a (continuous) Galois 1-cocycle z € Z'(K, Aut(G)), we can
form the group .G, the algebraic group twisted by the 1-cocycle z as follows.

Let K*P[G] be the Hopf algebra of regular functions of G over K*P. This is
naturally a 4-module. Given a l-cocycle z € Z'(K, AutG), we define a new action
of 4 on K*P[G] by the following rule. Let f € K°P[G] and ¢ € ¢ and note that
2o € Autsen (G). Therefore, 0oz, € Autgser(G). Let (002,)* € Autgser_q14(K5P[G])
be the automorphism of Hopf algebras corresponding to o o z,. Define the twisted

action of 4 on K*P[G] by

o-f=(002)"(f),

for all f € K5P[G], 0 € 4. Let K[,G] be the fixed points of K*P[G] under this new
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action of 4. The twisted group .G is algebraic group scheme corresponding to K[, G].

Lemma 2.1.53. Let G be a connected absolutely almost simple group defined over a
field K. Then G(K) is an inner form over K (i.e. the x-action is trivial) if and only
if G(K) is isomorphic to (,Go)(K), where Gy is a connected absolutely almost simple
K-split group and z is a 1-cocycle with values in Int(Gy), i.e. 2 € ZY(K,Int(Gy)).
Furthermore, there exists a finite Galois extension L/ K such that G is an inner form

over L.

Proof. See [20, Lemma 4.1]. O

Fields of definition of a Zariski-dense subgroup

Let K be a field and let V' be an K-vector space of finite dimension. Let A C K be

a subring of K.

Definition 2.1.54. A set L C V is called an A-lattice if it is a finitely generated

A-module such that K @ 4 L= V.

Remark 2.1.55. Note that if A is a principal ideal domain, then every A-lattice has
a basis that is also a basis for V' over K. Thus, if A is a principal ideal domain, then

L is free.

Definition 2.1.56. Let A C End(V). Let A C K be a subring of K such that V'

contains a A-invariant A-lattice. Then A is called a ring of definition for A. We
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also say that A is definable over A.

Lemma 2.1.57. Let A be an integrally closed Noetherian ring. If A is definable over

A, then tr(A) C A.

If we apply Lemma [2.1.57|to the setting of connected semisimple algebraic groups,
then we see that given the adjoint representation of a connected semisimple algebraic
group G defined over a field K, Adg: G(K) — GL(Lie(G)), if I' € G(A) then
tr(Adg(y)) € A. With some additional conditions, we are able to find a characteri-
zation of the ring A such that the converse is true. By a slight abuse of notation, we

use Ad when referring to Adg for the rest of this section.

Theorem 2.1.58. Let K be a field of characteristic 0, and let A C K be an integrally

closed Noetherian ring. Let I' C G(K) be a Zariski-dense subgroup.

(a) Then A is a ring of definition for Ad(I') C GL(Lie(G)) if and only if tr(Ad(~)) €

A forallv e T.

(b) There ezists a minimal field of definition for the group Ad(T"), and it is the subfield

of K generated by 1 and the elements tr(Ad(y)) for all v € T'.

Sketch of the proof. See [30, Theorem 1] for the complete argument.
The proof of (a) consists of a close examination of the regular function fy: =
trAd € K[G]. Suppose that tr(Ad(y)) € A for all v € I'. Let V(fy) be the vector

subspace of K[G] generated by left translations of fy by elements of G(K). The
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resulting representation, denoted p: G(K) — GL(V (fy)) is a multiple of the adjoint
representation, so the kernel of the action of G(K) on V(fy) is finite.

Consider the set

L={feV(fo)| f(y)eAforall y eT}.

This is an p(I')-invariant A-submodule of V' (fy). Since I' is Zariski-dense in G(K),
this implies that L ®4 K is p(G)-invariant.

Choose elements 71, ..., 7, € ' such that the map o: V(fy) — K™ defined by

is an isomorphism.

Linear dependence of elements of L over Frac(A) implies linear dependence of
elements of L over K. Therefore, o(L) ® K = K™ = V(fy), which implies that L is
an A-lattice of V(fy) and that p(I') (hence Ad(I")) is definable over A.

The proof of (b) is an immediate consequence of (a). O

We call the field generated by the traces I' the trace field of I', and since for
fields of characteristic zero, the trace field and the minimal field of definition coincide,

we denote the trace field by Kr as well.

We will have to modify the notion of the field of definition in order for these results



ol

to hold over fields of arbitrary characteristic. These nuances are addressed by Pink

in [16] and [17] and summarized in Section

Local fields

For now, let K be any field.

Definition 2.1.59. We say that |- |: K — R5( is an absolute value on K if for all

x,y € K, it satisfies the following:
(a) || =0 if and only if z = 0,
(b) lzyl = |zllyl,

(c) and |z +y| < |z| + [y|.

A trivial absolute value is one for which |z| = 1 for all  # 0. We assume that all

absolute values are nontrivial unless otherwise stated.

Definition 2.1.60. A local field is a topological field that is locally compact with

respect to a non-discrete topology.

Let K be a local field, let ;1 be the Haar measure of the additive group of K, and

let A C K be any measurable set. Consider the function |- |: K — R, defined by

x| =
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Fact 2.1.61.

(a) The function | - | defined above is an absolute value on K.

(b) The metric topology induced by the absolute value is the same as the original

topology.

Proof. Part (a) is a consequence of [32, Prop. 1, pg. 4]. Part (b) is a consequence

of [32, Cor. 1, pg. 5. ]

Definition 2.1.62. We say that the absolute value |- |: K — R is archimedean

if |n - 1| > |1] for all integers n > 1, and non-archimedean otherwise.

Since p -1 = 0, it is clear that all absolute values are non-archimedean when
char(K) = p > 0. When the absolute value on K is archimedean (resp. non-
archimedean) we typically say that the field K is archimedean (resp. non-archimedean)

as well.

Fact 2.1.63. If K is a complete local field with archimedean absolute value, then

K=Ror K =C.

Proof. See [12, Ch. 11, §4, pg. 85-88|. ]

Lemma 2.1.64. Let K be a local field. Then K is complete.

Proof. Let K be the completion of K, and let z € K. Let S, = {y € K;|y| = |z|}.
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This is a compact set since the absolute value is continuous. Let {z,} be a sequence
in K that converges to z. Since K is locally compact, there exists a large enough
N € 7 so that z, is contained in a compact set U C K for all n > N. Since U

contains all of its limit points, x € U. n

Fact 2.1.65. A non-archimedean absolute value satisfies the ultrametric inequal-

ity. Specifically, |x + y| < max{|z|,|y|} for all z,y € K. Furthermore, |z + y| =

max{|z|, |y|} if |z] # [y].

Suppose now that K is a non-archimedean local field.

Definition 2.1.66. We define the following:

(a) the ring of integers of K, Ok = {a € K;|a| < 1},

(b) the maximal ideal of O, myx = {a € K;|a| < 1},

(c) the group of units O = Ok \ mg, and

(d) the residue field k = O /my.

Lemma 2.1.67.

(a) The ring Ok is a local Ting.

(b) The ideal mg is closed.

(¢) The ring Ok is a principal ideal domain.
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Proof.
Part (a): Let n C Ok be a maximal ideal. Then Ok /n is a field. Let 2 € my and
suppose that = ¢ n.

If € Ok \ n, then there exists a y € O such that zy — 1 € n. Since |z| < 1 and
ly| <1, we have that |zy| # 1. Since |ry — 1| = max{|zy|, 1} when |zy| # 1, we have

that |zy — 1] = 1 and so xy — 1 is a unit. This is a contradiction, so mg = n.

Part (b): Let {r,} be a sequence in my that converges to some r in K. Since

|rn| = |r] < 1 for large enough n, we have that r € mg. Thus, mg is closed.

Part (c): The ideal mg is closed and uniformly bounded, which implies that myg
is compact. Since the norm is continuous, we have that there exists some m € mg
such that |r| > |a| for all a € m.

Let x € K. Then there exists some n € Z such that

" < ] < "

so 1 < |zr~ ™| and |z < 1, so a7 ™ € Ok. If |[z77™| # 1, we have that
|z < |7|, so |[ax~("*V| < 1. This is a contradiction, so x7 ™" € O}.
Thus, every element x € K has a unique presentation x = 7"u for some n € Z

and u € Op. Therefore, myx = (7). O
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A generator of mg is called a uniformizer of the field K. Given a uniformizer ,

every element = € K has a unique decomposition z = 7n"u for n € Z and u € O%.

Definition 2.1.68. A discrete valuation on K is a surjective function v: K —

Z U {oo} satisfying
1. v(0) = oo,
2. v(zy) = v(z) + v(y) for all z,y € K, and
3. v(z +y) > min{v(x),v(y)} for all z,y € K.

A ring (resp. field) with a discrete valuation is called a discrete valuation ring

(resp. field).

Fact 2.1.69. Any local principal ideal domain that is not a field is a discrete valuation

ring.

Proof. See [2, Prop. 9.2, pg. 94]. O

In particular, Ok is a discrete valuation ring. In the proof of Lemma [2.1.67|c), we
showed that every element = of Ok has the form x = 7"« for some n > 0 and u € O.
An example of a discrete valuation on O is given by the function v(z) = v(7"u) = n.

Note that we can extend any discrete valuation v on Ok to K by setting
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Given a discrete valuation v on K, we can define an absolute value on K, called

the v-adic norm, given by the expression

2], = qv@)

for any real number 0 < d < 1.
Thus, K is a complete discrete valuation field with valuation v: K — Z U {oo}.
Since the v-adic norm and the absolute value induce the same topology on K, we

may assume that we have renormalized the absolute value so that | - | = d*().

Theorem 2.1.70. Every local field of characteristic zero with a mnon-archimedean
absolute value is equal to a finite extension of the p-adic numbers Q, for some p.
FEvery local field of characteristic p > 0 is isomorphic to a local field of the form

F,((T")) for some indeterminant T and q = p".

Proof. For the characteristic p > 0 part, see [25, 1.4, Thm. 2, pg. 33]. For the

characteristic zero case, see [25, 1.5, Thm. 3, pg. 36]. ]

Global fields

Definition 2.1.71. We say that K is a global field if K is a finite field extension of
either the field of rational numbers Q or a field of rational functions in one variable

over a finite field.
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If K is a finite extension of Q, let R = Z. If K is a finite extension of F (), let
R =TF,[t] € K. In both cases, let Ok be the integral closure of R in K. It is clear
that Frac(Ok) = K.

Note that for the characteristic p > 0 case, the choice of R = F[t] is not unique.
However, many of the number-theoretic constructions are invariant with respect to
the choice of R.

Recall that a domain R is a Dedekind domain if R is Noetherian, integrally closed

in its field of fractions, and every prime ideal of R is maximal.

Proposition 2.1.72.

(a) The ring Ok is a Dedekind domain.

(b) For all x € Ok \ {0}, the principal ideal (x) decomposes as a unique product of

prime ideals p C Ok,

(@)= [ »>@.

p prime

(c) For each prime ideal p, the function v — v,(x) is a discrete valuation on Ok,

assuming that we set v,(0) = oo.

Note that part (b) is true for any ideal of O, not just principal ideals. We only
need the statement for principal ideals in order to define the valuation associated to

a prime ideal p.
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Proof. Part (a) follows from the Krull-Akizuki theorem (see [I5, Cor. to Thm. 11.7,
pg. 85]).

For part (b), see [10, Prop. 1.12, pg. 40].

Part (c¢) can be verified by examining the properties of prime ideals. For example,
suppose x € p" and y € p™, and m and n are the minimal such integers.

Then zy € p™*™™ and m + n is the smallest such integer such that this is true, so

vy(2y) = vy(x) + vp(y). For r = min{n,m}, v +y € p" so vy(x+y) < min{m,n}. O

Extend vy to all of K by setting vy(x/y) = vy(z) — vy(y) for z,y € Ok.

Each valuation induces a metric on K, making K a topological field. We say that
two discrete valuations are equivalent if they induce the same topology on K. An
equivalence class of a discrete valuation is called a place. If v, is a representative of
a place for some prime ideal p C Ok, we say that p C K is a prime of K.

Define VfK to be the set of places on K. We let VE denote the set of all pair-
wise inequivalent absolute values on K, and we identify V/ with the subset of V*
consisting of those absolute values coming from places v € VfK .

Given a place v on K, K becomes a metric space with respect to the metric coming
from the v-adic norm. We can complete K with respect to this absolute value and we
denote this completion by K,. This is a local field, and let O, be the ring of integers
in K,. If p C K is a prime, we write O, and K, to be the completions with respect

to the vy-adic norm of Ok and K respectively.
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Let L/K be a finite Galois extension and let p be a prime in K. We say that a
prime b C L lies above p if b N K = p, and denote this by b|p. Every prime p has a

unique decomposition in Oy, as
PO = bil...bir,
for primes b;|p and integers e; > 1. The integer ¢; is called the ramification index

of b; over p and is also denoted e(b;|p). If we define f; = [Ly, : K,] for i = 1...r, then

r

i=1

The integer f; is called the relative degree of b; over p and is also denoted as
f(b;]p). We say that b; is unramified over p if ¢; = 1.

Let ¢4 := Gal(L/K). We now define two important subgroups of ¢:

D(blp) = {o € ¥ | ob = b},

I(blp) ={0 €Y | ow=w (mod b), for all w € Oy}.

The first group D(b|p) is called the decomposition group of b over p and the

second group I(b|p) is called the inertia group of b over p.
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Proposition 2.1.73. The orders |D(b|p)| = e(b|p) f(b|p) and |I(b]p)| = e(b]p).

Proof. See [23, Lemma 9.4, Thm. 9.6, pg. 118|. O

Let I, and k, be the residue fields of L, and K, respectively. Suppose that b|p is

unramified. Then there exist isomorphisms
D(blp) = Gal(Ly/K,) = Gal(lu/ky).

Note that Gal(ly/ky) is a cyclic group of order f(b|p) and the automorphism ¢: ly — [
defined by

o(x) = ™! for all z € I,

generates Gal(lp/k,). We can find an element ¢ € D(b|p) such that o is mapped
to ¢ under the above isomorphism. The automorphism ¢ is called the Frobenius
automorphism and is denoted by [L/K, b].

Let Sk be the set of primes of K, and let M C Sk be a subset. The Dirichlet
density of M, denoted §(M), is given by the following limit, provided that the limit

exists. If it doe not exist, we say that M does not have Dirichlet density.

k —S
§(M) = lim Zoen Bl
s—1+ ZpESK ‘kp‘fs

It is clear from the definition that when (M) exists 0 < §(M) < 0(Sk) = 1.
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Theorem 2.1.74 (Tchebotarev’s density theorem). Let L/K be a Galois extension

of global fields with Galois group . For all conjugacy classes C' C 94, let

Sc={p C K prime | [L/K,b] € C, for all b C L such that blp is unramified} ,

where [L/K,b] is the Frobenius automorphism. The set Sc has Dirichlet density in

the primes of K equal to |C|/|9|.

Proof. See [23, Theorem 9.13A]. O

Remark 2.1.75. A consequence of Theorem is that given an irreducible poly-
nomial f(x) over a global field K, we can find infinitely many primes p C K such that
f(x) splits completely over the completion K, (since we can think of [L/K, b] as the
generator of the decomposition group D(b|p) = Gal(Ly/K,) whenever b is unramified
over p).

In fact, if f(x) splits as f(z) = fi(x)...fr(z) where deg(f;) = n; over K, for a
given prime p C K, there are infinitely many other primes q C K such that f(z)

splits as f(z) = g1(z)...gx(x) where deg(g;) = n; over Kj.

The implicit function theorem

In this section, we review the classical theory of K-analytic manifolds and the cor-
responding version of the implicit function theorem. We begin by introducing the

definition of a K-analytic manifold.
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Throughout this section, let K be a non-archimedean local field complete with
respect to the absolute value | - |. For all n > 0 and z € K™, let B,(z) denote the

open ball about x € K™ of radius r > 0.

Definition 2.1.76.

1. Let V' C K™ be open in the induced topology on K™ and let ¢: U — K be a
function. The function ¢ is said to be analytic in V if for each x € V there is

a formal power series f, and a radius r := r, > 0 such that

(a) the open ball B,(x) C V,
(b) the power series f, converges in B,(0), and

(c) for all h € B,.(0), ¢(x + h) = f(h).

2. Let V' C K™ be open in the induced topology on K™ and let ¢ = (¢1, ..., o) : U —

K™ be a function. Then ¢ is said to be analytic if ¢; is analytic for ¢ = 1,...,m.

Definition 2.1.77. Let X be a topological space.

1. A chart on X is a triple C' = (Ug, ¢¢, n¢) such that

(a) the set Us C X is open,
(b) the integer ne € Z is greater than 0, and

(c) the continuous map ¢¢c: Us — K"¢ has open image ¢c(Us) C K" and

¢c induces a homeomorphism between Ug and ¢c(Ug) € KNe.
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2. Two charts, C'and C’, on X are said to be compatible if, setting V = U-NUc,

the maps ¢¢r o ¢51|¢C(V) and ¢¢ o ¢E}|¢c,(v) are analytic.
3. A family {C;}icr of charts on X is said to cover X is J,.; Ue, = X.

4. An atlas A on X is a family of charts on X which cover X such that all the

charts in the family are mutually compatible.

5. Two atlases A and A’ of X are compatible if AU A’ is an atlas of X.

Note that compatibility of atlases is an equivalence relation. See [24, LG 3.2] for

a proof of this fact.

Definition 2.1.78.

1. Let X be a topological space. A K-analytic manifold structure on X is
an equivalence class of compatible atlases. If X has a K-analytic manifold
structure, then we call X a K-analytic manifold (or just analytic manifold if K

is clear from context).

2. Let X and Y be K-analytic manifolds. A function f: X — Y is said to be an
analytic function or a morphism if f is continuous and f is locally given by

analytic functions. That is, there exist atlases A of X and B of Y such that if



64

C € A and D € B are charts, then, setting W = Ug N f~1(Up), the composite

dc(W) Sy Ly, o, op(Up)

is analytic.

Example 2.1.79.

e Let X = K. Let A be the collection of charts (X, ¢,n) where ¢: X — K" is a
linear isomorphism. Each pair of charts is compatible, so A is an atlas and X

is a K-analytic manifold.

e The group GL,(K) has a K-analytic structure such that multiplication and

inversion are morphisms. See [24] LG 4.4] for a proof.

e Let G C GL, be a K-defined algebraic subgroup. Then the group of rational
points G(K) has a K-analytic structure such that multiplication and inversion

are morphisms. See [24, LG 4.5] for a proof.

Let X be an K-analytic manifold and let z € X. Let F, be the set of all pairs
(U, ¢), where U is an open neighborhood of  and ¢: U — K is an analytic function.
We say two elements (U, ¢), (V, 1) of F, are equivalent if there is an open neighbor-
hood W of = such that W C U NV and ¢|y = ¥|w. The set of equivalence classes

of F, is denoted O(z) and is called the germs of analytic functions at z. One
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can show that O(x) is a local ring [24, LG 3.8-9]. The canonical map F, — K that
sends (U, ¢) € F, to ¢(z) € K induces a canonical homomorphism 6: O(z) — K.

The kernel of 6 is a maximal ideal m,.

Definition 2.1.80.

1. Let X be a K-analytic manifold and let z € X. The tangent space of X at
x is defined to be

T.(X) = Homg (m,/m2, K).

2. Let f € O(x). Since f — f(x) € m,, we can consider the image of this func-
tion modulo m2. Define df, := f — f(z) mod m2 € m,/m2 and call this the

differential of f at z.

3. Let Y be a second K-analytic manifold, let y € Y, and let ¢: X — Y be a
morphism such that ¢(z) = y. Define the derivative of ¢ at x to be the map

To(@): To(X) — T,(Y) by the formula

To(¢)(0)(dfy) = v(d(f © §)a)

for all v € T.(X) and f € O(x).

Theorem 2.1.81. Let G be an algebraic group over K and let e € G(K) be the

identity element. Then there is a canonical bijection between Lie(G) and T.(G(K)).
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Proof. See [24, LG 3.12] and [31], §12.2, pg. 93]. O
Definition 2.1.82. Let X be a K-analytic manifold, let z € X, and let fi, ..., f,, be

analytic functions on a neighborhood U of z. Let F(y) = (fi(y), ..., fm(y)) for y € U.

We say that {f;}i=1.. . defines a coordinate system at x if there exists an open

.....

neighborhood U’ of z, contained in U, such that (U’, F|y/, m) is a chart on X.

In this context, we get a version of the implicit function theorem that is valid over

a non-archimedean local field of any characteristic.

Theorem 2.1.83 (The implicit function theorem). Let X be a K-analytic manifold,

let © € X, and let f1,..., fm be analytic functions on a neighborhood U of x. Let

.....

Proof. See [24, LG 3.13]. O

Corollary 2.1.84. Let X and Y be K-analytic manifolds, let x € X, y € Y, and let

¢: X =Y be a morphism such that ¢(x) =y. Then the following are equivalent:

1. The linear map T,(¢): To(X) = T,(Y) is surjective.

2. There exist open neighborhoods U C X of x and V CY of y and a morphism

o:V = U such that p(U) CV and ¢ oo = Idy.

Proof. See the discussion in [24, LG 3.16]. O
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Note that the existence of o: V' — U in Corollary [2.1.84{2) implies that in fact

¢(U) = V. Therefore, we have the following immediate corollary.

Corollary 2.1.85. Let X and Y be K-analytic manifolds and let ¢: X — Y be a
morphism. Suppose that the linear map To(¢): To(X) = To@)(Y) is surjective for all

x € X. Then ¢ is an open map.

Now, let G be a connected algebraic group over K, let g € G(K) and let A, :
G(K) — G(K) be the K-morphism defined by h +— gh. Note that the composition
Ag-10 g = Idg(k), 50 Ay is a K-isomorphism of K-analytic manifolds. Therefore, the

K-linear map 7.(\,) is a K-isomorphism between 7.(G(K)) and T,(G(K)).

Corollary 2.1.86. Let G and H be connected algebraic groups defined over K and
let $: G — H be a homomorphism (of algebraic groups). Let x € G(K) and let
or(r) =y € H(K). Suppose that the linear map T,(¢k): To(G(K)) — T,(H(K)) is

surjective. Then ¢y is an open map.

Proof. 1t suffices to prove that for 2/ € G(K) and y' = ¢g(z’), the linear map
T (0r): T (G(K)) — Ty (H(K)) is surjective. This follows from the fact that the

composition



68
is surjective and equal to T/ (o). O

As above, let K be a non-archimedean local field complete with respect to the

absolute value | - |.

Lemma 2.1.87. Let G be a connected absolutely almost simple group over K and let
X be an irreducible K-variety. Let G x X — X be a K-regular action of G on X.

Then for x € X(K), the G(K) orbit of v, G(K)x C X(K) is open in X(K).

Proof. Let x € X(K) and let Y be the Zariski closure of the orbit G(K )z in X. Then

p:G—Y

defined on K points by g — gz is a dominant K-morphism by construction. This

implies that the induced morphism on the tangent spaces, 7,(¢), is surjective. By

Corollary [2.1.85] the map ¢ is open at the point g € G(K). Since ¢x(hg) = hok(g)

for all h € G(K), then ¢ is open at all points h € G(K). In particular, G(K)x is

open in X (K). O

Weak approximation and the variety of maximal tori

Now, let K be a field (not necessarily local).

Definition 2.1.88. Let X and Y be irreducible varieties over K and let ¢: X — Y

be a rational morphism.
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1. The morphism ¢ is called a birational morphism if there exists and inverse
rational map ¢~': Y — X. If both ¢ and ¢! are defined over K, then ¢ is

called an K-birational morphism.

2. Varieties that are (K-)birationally isomorphic to an affine space are called (K-

)rational.

Definition 2.1.89. Let K be a field, let X be an algebraic variety defined over K,
and let S be a finite set of inequivalent valuations on K. We say that X satisfies
the weak approximation property with respect to S if the diagonal embedding
X(K) — [l,es X(K,) is dense, where the topology on the product is the product

topology.

Proposition 2.1.90. Let K be a field and let S be a finite set of inequivalent valua-

tions on K.

1. If X and Y are bireqularly isomorphic varieties over K, then both have weak

approximation with respect to S, or neither have.

2. Let X be an irreducible, smooth K -rational variety. Then X satisfies the weak

approzimation property with respect to S.

Proof.

1. The biregular isomorphism induces a natural homeomorphism of topological
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spaces.

2. The K-rationality of X means there exists a biregular K-isomorphism ¢: U —
W between open subsets U C A! (I = dimX) and W C X. The variety A’ has
weak approximation (see [9, Prop. 3.7, pg. 6]). This implies that W has weak
approximation, i.e., W(K) is dense in [],.¢ W(K,). Note that W (K,) is dense
in X(K,) for v e S by [B, AG 13.7, pg. 29]. It follows that W (K), and thus

certainly X (K'), are dense in [, .4 X(K,).
[l

Let G be an absolutely almost simple group defined over the field K and let T' C G
be a maximal K-torus and let N := Ng(7T') be the normalizer of 7" in G. It follows
from Proposition [2.1.23|(i) that for ¢ € G(K), the map T, = ¢gTg~" — gN gives a

bijection between K-maximal tori of G and the K-points of G/N.

Definition 2.1.91. The variety .7 := G/N is called the variety of maximal tori

of G.

Note that 7 (K) corresponds to the maximal K-tori of G and that up to K-

isomorphism, .7 does not depend on the choice of maximal torus 7.
Theorem 2.1.92. The variety of maximal tori 7 is K-rational.

Proof. See [1, XIV, Thm. 6.1]. O
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Corollary 2.1.93. The variety of maximal tori 7 has the weak approximation prop-

erty with respect to a finite set of inequivalent valuations S'.

Proof. Follows immediately from Proposition [2.1.90| and Theorem [2.1.92] O]

Proposition 2.1.94. Let K be a field and let S be a finite set of inequivalent val-
uations on K. Let G be a connected absolutely almost simple group over K and let
T, C G be a mazimal K,-torus for all v € S. Then the G(K,)-conjugacy class of T,
is open in T (K,) for all v € S, and in particular the exists a mazimal K-torus T

that is G(K,)-conjugate to each T,.

Proof. Pick v € S. Note that .7 is irreducible and G(K,) acts on .7 (K,) in the

following way. Let g € G(K,) and 2N € SK,).

If we consider the identification of points of .7 (K,) with maximal K,-tori of G, N
2T,x~ !, we see that gxN — g(2T,x7')g~!. In particular, the orbit of N € J(K,)
is open in 7 (K,) by Lemma[2.1.87 and corresponds to the G(K,)-conjugacy class of
T,. Since the G(K,)-orbit of T, is open for all v € S, there exists a maximal K-torus

T conjugate to each T, over G(K,) by Corollary [2.1.93| [
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2.2 Strong approximation in positive characteris-
tic

In order to prove the main results of our paper, it is necessary to use a form of
strong approximation for Zariski-dense subgroups of connected absolutely almost
simple groups. In characteristic zero, the strong approximation of Zariski-dense sub-
groups can be translated to a problem concerning Lie algebras (see [19, Lemma 2]).
As stated previously, this is not possible in characteristic p > 0. Instead, we use the
results due to Pink, proved in [16] and [I7]. To show this property holds, Pink uses
so-called (weak) quasi-models. To state the approximation results that we use, we

begin with a definition of a (weak) quasi-model.
Weak quasi-models

To define these (weak) quasi-models, we need to introduce the following notation.

Definition 2.2.1. For i = 1,...,[, let F; be a field (of arbitrary characteristic). Fur-
thermore, we make the additional restriction that the fields F; must all be local or

they must all be global. Define

For each i = 1, ...[, let G; be a connected absolutely simple adjoint group defined over
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the field F;. Define the group scheme G over the ring F' as the product

Let

and call G(F') the group of F-rational points of G. Let I'; C G;(F;) be a Zariski-dense

subgroup of G;(F;) and let

We call triples (F,G,T") with the above structure standard triples.

Let (F,G,T) and (F,H,A) be two standard triples. We say that ¢: G — H
is an F-isogeny if ¢ is surjective and the restriction of ¢ to each direct factor Gj,
denoted ¢;, maps onto a simple factor H; of H and ¢;: G; — H; is an Fj-isogeny for
allt=1,....[. In particular, ¢ is an isomorphism, central, purely inseparable, or non-
standard if each ¢; is an isomorphism, central, purely inseparable, or non-standard
respectively.

For a standard triple (F,G,T"), define its Lie algebra (over F') to be the formal

product of the the Lie algebras (over F;) of the simple factors, namely

Lie(G) = H Lie(G).
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In this way, we can define the derivative at the identity of an F-isogeny ¢, denoted
d¢, to be the map

do: Lie(G) — Lie(H),

where d¢; = do|rie(c,): Lie(G;) — Lie(H;) is a homomorphism of Lie algebras Lie(G})
and Lie(H;) over F; found by taking the derivative at the identity of the Fj-isogeny
o¢;: G; — F;. We say that d¢ is nowhere vanishing if each d¢; is an isomorphism
of Fj-Lie algebras.

Let £ = @221 FE; be a semisimple ring with the same structure as those in the
definition of a standard triple. Suppose that F' is a semisimple ring that is also an

FE-algebra of finite type. Then

where V; is a finite dimensional E;-vector space. Since F' is semisimple, each V; is the

direct product of fields, denoted

where each Fj ; is a finite field extension of E;.

Suppose that (£, H,A) is a standard triple and let F' be an FE-algebra of finite
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type. Then define the extension of scalars, denoted H x g F, to be the product

I n;
Hxp F=][]]H: %z Fis-

i=1j=1

The F-rational points of H x g F' are given by the rule

(1 x5 F)(F) = [T #:(F.).

i=1j=1

This makes sense since each H; is defined over E; for each ¢ and for a given 7, each

F; ; is a finite extension of E; for all j, so H; is defined over F; ; as well.

Definition 2.2.2. A weak quasi-model of the standard triple (F,G,T") is a triple

(E, H, ¢) such that
(a) F is a semisimple E-algebra of finite type,
(b) ¢: H xg F'— G is an F-isogeny such that
(c) 'S o(H(E)) € G(F).
When ¢ has nowhere vanishing derivative d¢, we call (E, H, ¢) a quasi-model.

Note that if (E, H,¢) is a (weak) quasi-model of the standard triple (F,G,T),

then (E, H,¢~1(T)) is a standard triple as well.

Proposition 2.2.3. For any weak quasi-model (E,H,¢) of (F,G,T), there exists
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a ring endomorphism 7: F — F, which on each simple summand F; is either the
identity or a power of the Frobenius morphism, and a quasi-model (Ey, Hy, 1) of
(F,G,T), such that By = 7(E). Clearly, (E, H, ¢) is already a quasi-model if T is an

1somorphism.

Proof. See [16, Prop. 3.3]. O

Definition 2.2.4. We call the standard triple (F,G, ") minimal if and only if for
every (weak) quasi-model (E, H, ¢), F = F and ¢ is an F-isomorphism. The (weak)

quasi-model (E, H, ¢) is called minimal if (£, H, ¢~*(T")) is a minimal standard triple.

Theorem 2.2.5. For every standard triple (F,G,T"), there exists a minimal quasi-
model (E,H,¢). If (E',H',¢') is another minimal quasi-model of (F,G,T), then

E = FE' and there exists an E-isomorphism between H and H'.

Proof. See [16, Thm. 3.6] O

Theorem [2.2.5] combined with Proposition [2.2.3|implies that minimal weak quasi-
models are in fact quasi-models. Therefore, we are able to drop the “weak” modifier

in the subsequent results.

Weak quasi-models over fields

In order to make the definitions in the previous section more clear, we write down

the definition of (weak) quasi-model for group schemes over fields F'. In other words,
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[ =1 in the above definition.

Let F' be a field, G is an absolutely simple adjoint group defined over F', and
' C G(F) is a Zariski-dense subgroup. Then (F,G,T") is a standard triple according
to our definition.

In this case, the definitions of F-isogeny and the Lie algebra of G' over F' coincide
with the definitions given in Subsection and Subsection respectively.

Let E be a field and (E, H,A) is a standard triple. Let F' be an FE-algebra of
finite type. This implies that F' is a direct product of field extensions of E, denoted

F;. Explicitly,

The extension of scalars H x g F' is then just

HXEF:ﬁHzXEE

i=1

If F'is a field extension of F, then H xgp F' = Hp, the group H considered as an
F-group.

Let (F,G,T") be a standard triple with F' a field. A weak quasi-model of (F,G,T")
is then a triple (E, H, ¢) such that F is a finite subextension of F

¢: H xp F — G is an F-isogeny such that I' C ¢(H(E)).
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Strong approximation results

Let (F,G,T") be a standard triple. Let G be the simply connected cover of GG, which
we define to be the direct product of the simply connected covers of each of the G,
and let 7: G — G be the corresponding central isogeny. Let I be the subgroup of

G(F) generated by elements of the form 7= ([v;,72]) for all y;,7v, € T

Theorem 2.2.6. Let (FE,G,T") be a minimal standard triple. Then when E is a direct
product of local fields and I is contained in a compact subgroup of G(E), the closure

of I is open in G(E).

Proof. See [16, Thm. 0.2] and [I7, Thm. 0.2]. O

Furthermore, the minimal semisimple ring E of a minimal triple (E,G,T") can
be described explicitly. To do this, we first need to examine the adjoint representa-
tion of a connected absolutely almost simple algebraic group over fields of positive
characteristic.

For now, we examine the case where [ = 1 in the definition of the standard triple.
In other words, suppose that F is an infinite field of characteristic p > 0. Let G
be a connected absolutely almost simple adjoint algebraic group over F, and let G
be its simply connected cover with central isogeny 7 : G — G. Let g := Lie(G) and
§ := Lie(@).

The kernel of the induced map dm: g — g is the center of the Lie algebra, denoted

3. Define g to be the image of g in g via dr, and let 3* be the quotient g/g.
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Let R be an object in Algg. Since m: G — Gis central, any elements Z,Z’ €
ker(m)(R) are in the R-points of the center of G, so they have the property that
[az,b%'] = [a,b] for @,b € G(R). Since G/ ker(r) 2 G, this implies that the commu-

tator on G, [—,—]: G x G — G, descends to an E-morphism

-, -] Gx G —G.

If we take the derivative of this morphism (at the identity) with respect to the second

argument, we get a morphism

A\aG: G — M(gvg)a

where Hom(g, g) is the group scheme over E defined as follows. For any object R in
the category Algg, we have Hom(g, g)(R) = Homg 4, (g @ R, g ®r R).

Let g = g®3*. Let ¢: g — g be the inclusion of g in the first summand. Then
g = g 3" for some arbitrary but fixed embedding of E-vector spaces 3* — g.
Let w: g — g be the composite map of dr on the first summand and the above
isomorphism.

Define the morphism

p: G — GL(a)

by the following rule.
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Let R be an object in Algg, and let g € G;(R). Define p to be the group scheme

morphism defined on R-points by

pr(g) =13, +tro A\&R(g) O Wg.
It is straightforward to check that this morphism defines a representation which makes
g into a G-module. It is clear that when ker(dr) = {0}, this is the normal adjoint
representation of G.

Recall that V is said to be a constant representation of GG if the representation
pv: G — GL(V) has vanishing derivative, i.e. dp(z) =0 € gl(V) for all x € Lie(G),

and V is a non-constant representation otherwise.

Proposition 2.2.7 ([I6, Prop. 1.11]). Let G, §, 9, 8, 8, 3, 3*, and p be as defined

above.

(a) The representations 3 and 3* are constant representations with the same dimen-
sion. The dimension is greater than 0 only when p divides the index of the root
lattice in the weight lattice. It is greater than 1 if and only if p =2 and G is of

type D,, for some even n. Then the dimension is 2.

(b) When G does not possess non-standard isogenies, then g is an absolutely irre-
ducible non-constant representation of G. Furthermore, it is the unique simple

quotient G-module of g and the unique simple G-submodule of g, which implies
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that it is the unique simple non-constant subquotient of g.

(¢) When G has non-standard isogenies, then g has a unique simple non-constant
G-submodule Gy and g has a unique simple non-constant quotient G-module g .
These are pairwise inequivalent absolutely irreducible representations of G, and

they are the two unique non-constant simple subquotients of g.

Sketch of the Proof. All of the above statements can be verified by explicitly looking
at the sub-representations of §. These correspond to ideals of the Lie algebra g. By
looking at [11], Table 1], we can determine all ideals of the Lie algebra coming from a
group of a given type over a field of a given characteristic. The only remaining diffi-
culty occurs in part (c¢) of the proposition, but this can may be proved by examining
the derivative of the non-standard isogeny ¢: G — G7#, denoted d¢: g — g#. Since
d¢ is trivial on a root space if and only if that root is long, we can find gg and g,
in the kernel and image of d¢ respectively using [I1), Table 1]. This leads to a very
complete description of any Jordan-Holder series for g, summarized by the diagrams

in [16, Prop. 1.11]. ]

Denote the G-representation corresponding to the module g (resp. gg, g;) by p

(resp. ps, pr)-

Let (F,G,T") be a standard triple such that

l l l
F=@Pr c=]]c. r=]]r.
=1 =1 =1
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Definition 2.2.8. When G; does not admit any non-standard isogenies, let p; be
the absolutely irreducible non-constant representation of G; described by Proposition
[2.2.7 Define E,, to be the subfield of F; generated by 1 and tr(p;(I';)).

When G; admits non-standard isogenies, then let p; ¢ and p;; be the unique

absolutely irreducible non-constant representations of G; described by Proposition
2.2.7, Define E,, to be the subfield of F; generated by 1, tr(p; s(I';)), and tr(p; 1(I;)).

In each case, we call £, the trace field of I';.

Proposition 2.2.9. Let (F,G,T") be a standard triple and let (E, H, ¢) be a minimal

quasi-model. Then E has the form

For each i =1,..1, let E,, be the field defined above. Let char(E;) = p;. If pi # 2 or
3, then the factor E; is the closure of E,, in the local case and E; = E,, in the global
case. If p; = 2 or 3, then the closure of E,, is either E; or E!* in the local case and

E,, is either E; or EY* in the global case.

Proof. See [16, Prop. 3.3] ]

In the case where FE is a field, we have the following corollary.

Corollary 2.2.10. Let (E,G,T') be a minimal triple such that | =1 in the definition.

Specifically, E is a local or global field, G is a connected absolutely almost simple
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adjoint algebraic group over E, and I' C G(F) is a Zarisi-dense subgroup.
(a) Suppose that E is a local field. Then one of the following is true.

(1) The characteristic of E is p # 2,3 and the closure of Er :== E, is E.
(11) The characteristic of E is p=2 or 3 and the closure of Er := E, is E.

(111) The characteristic of E is p = 2 or 3, the closure of E, is EP, and there
exists some purely inseparable element o in E such that the closure of

Er:=E,(«a) is E.

b) Suppose that E is a global field. Then Er := E, or Ep := El/p, and Er = E by
P P

Proposition [2.2.9

In each of these cases, call Er the minimal field of I'. In other words, it is the
smallest field extension of the trace field such that (the closure of ) Er is the field E

such that (E,G,T") is a minimal standard triple.

Note that different choices of a in Definition [2.2.8[(iii) may yield different minimal
fields, but this will not affect our results. In the local case, we only need the trace

field to be a dense subfield of the minimal local field E described by Theorem [2.2.5]
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Chapter 3

Proofs of main results

3.1 Generic elements in Zariski-dense subgroups

Results from field theory

Suppose that E is a field with discrete valuation v. Throughout this section, we
denote the completion of £ with respect to v by E, and the ring of integers of E, by

O(E,).

Proposition 3.1.1. Let E' be a finitely generated infinite field of characteristic p > 0,
let E/E' be a purely transcendental extension with transcendence basis X , and let F'//E
be a finite separable extension. Let R be a finitely generated infinite integral domain
such that E 1s its field of fractions. Then there exist infinitely many non-archimedean,
pairwise inequivalent valuations v on E such that E, is locally compact, R C O(E,),

F, = E, for any extension w|v of v, and v(x) =0 for all x € X.

Proof. The field F, is the prime subfield of E’. Since F, is prefect, there exists a

transcendence basis {si, ..., s} of E’ such that E’ is separable over P = F,(sy,..., s/
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(see for example [I4, Ch. VIII, §, Cor. 4.4, pg. 365]). Furthermore, E is separable
over P' = F,(s1,...,5,X). The extension F//P' is also separable, so let a be a
primitive element of F//P'. Let A =F,[s1,..., 5, X]| and B = Afa]. Since R is finitely
generated, there exists some a € A such that R C B[1/a].

We can also choose a so that the minimal monic polynomial f(z) of a over P
has coefficients in A[1/a]. Since f(z) is separable, it must be prime to its derivative.

Hence, there exist q(z),7(z) € A[z] so that

q9(2)f(2) +r(2)f'(2) = b

for some non-zero b € A. Set ¢ = ab ([[,cx ).

Let C =F,[t]. Define e: A — C be a homomorphism that takes ab to t € C' and
x+ 1 for all z € X. This implies that € is surjective and €(c) # 0.

Let L :=TF,(t), the field of fractions of €(A). We can invoke Tchebotarev’s density
theorem (see Theorem to say that for any separable extension £/ L, there exist
infinitely many discrete valuations u of L such that for any extension w of u to L,
the completions £,, and L, coincide.

Let g(z) := f(z) € C[z], the polynomial obtained by applying € to the coefficients
of f(z). Since f(z) is prime to its derivative, then g(z) is prime to its derivative as
well. Hence, ¢(z) is separable. For a given r € L*, we know that u(r) > 0 for

all but finitely many non-archimedean valuations u of L. This implies that we can
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find infinitely many valuations u such that €(c;), ..., €(¢) lie in the valuation ring of
u, u(e(c)) = 0, and g(z) splits completely over the completion L,. Let u be such a
valuation.

Let O(L,) be the ring of integers in L,, m, be its maximal ideal, and let k, be the
residue field. Since g(z) is monic with coefficients in O(L,,) and O(L,,) is integrally
closed, the roots of g(z) are in O(L,,). Thus, the residue polynomial g(z) is a product
of linear factors over k,.

Since O(L,) is uncountable, it is possible to find elements ¢y, ...,t; € O(L,) such
that ¢, ..., t; are algebraically independent over [F,(¢) and satisfy the conditions t; = ¢;
(mod m,) for all i = 1,...,1. Let 0: P — L, be the embedding sending s; to ¢;. Let
h(z) := f?(z), the polynomial formed by applying o to the coefficients of f(z).

Since h(z) = g(z), h(z) splits into linear factors. Furthermore,

¢ (2)h(z) +77(2)W (2) = b #£0,

which implies that h(z) is prime to h/(z). By Hensel’s lemma, h(z) splits in O(E,,)
into linear factors.

Since h(z) splits, for any embedding &: F — L, extending o (where L, denotes
the algebraic closure of L,), we have that (F) C L, by our choice of u. If v is
a valuation of E obtained by pulling back u under one of these embeddings, then

E, = L, and O(E,) = O(L,) by construction. Moreover, F,, = E, = L, for any
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extension w|v. Since 7(«) is a root of h(z), we know that o(«) € O(E,). Note that
all factors of ¢ in A are units in O(FE,). Since v(a) = 0, we conclude that R C O(E,).

Furthermore, v(z) = 0 for all z € X. O

Remark 3.1.2. Proposition implies that there exist infinitely many nontrivial

non-archimedean places v’ on E’ with an embedding

(SPRTA F — E:)/,

such that the field F' is dense in the locally compact completion E!. Furthermore, all
such valuations v on F lying above such a ¢/, i.e. v = v|g/, have the property that

E,:/,/ - EU'

Proof of Theorem [E]

For the rest of the section, let G be a connected absolutely almost simple algebraic
group over a finitely generated infinite field K of characteristic p > 0. Let I' C G(K)
be a finitely generated Zariski-dense subgroup, and let £ C K be the minimal field
of I' as defined by Definition Furthermore, let R C K be a finitely generated
ring such that I' C G(R).

Let X be a transcendence basis of K/E" and define E := E'(X). Let ' C K be

the separable closure of F in K.

Lemma 3.1.3. There exist infinitely many valuations discrete v on F such that
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(a) F, is locally compact,
(b) forw=v|g, E, = F,,
(¢c) RC O(E.), and

(d) G splits over E! = F,.

Proof. Assume the same set-up as the proof of Proposition [3.1.1, This proposition
already guarantees the existence of an infinite set with properties (a)-(c). We claim
that (d) follows automatically from the proof of Proposition [3.1.1] Note that G
becomes split over some finite separable extension and we have chosen valuations u
on L so that for a given finite separable extension £/L and for any valuation w|u on
L, we have guaranteed that £,, = L,. We are able choose L to be large enough so

that G splits over £. Thus, G splits over L, = F,,. O

Remark 3.1.4. Since K/F is a purely inseparable extension, any valuation on F
extends uniquely to a valuation on K. Therefore, we will abuse notation slightly and

use the same symbols to denote valuations on F' and K.

Let T be any maximal torus of G and let W := W(G,T). Let r be the number
of nontrivial conjugacy classes of W (which does not depend on T' by Proposition
2.1.32)). Invoke Lemma to find a set S of r nontrivial pairwise inequivalent
non-archimedean valuations of K such that for every v € S, the completion K, is

locally compact and G splits over K,. To prove Theorem [E| we first construct the
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appropriate T, for each v € S.

First notice that for each v € S, the simply connected cover G splits over K.
Therefore, we can consider a K,-split maximal torus Tvow in G. Let .7 be the K-
variety of maximal tori of G. By Proposition , the G (K,)-conjugacy class of
T, 0, 1s open in %(Kv) for all v € S, the weak approximation property implies that
there exists a maximal K-torus Ty of G that is é(Kv)—conjugate to Tvom forallv e S.
Set Ty = m(Ty) (where m: G — @ is the canonical central isogeny).

Fix any bijection between the r nontrivial conjugacy classes of W and the set S.
Let ¢, be the corresponding conjugacy class of W. For w € W, let [w] denote the
conjugacy class of w in W, and for U C W, let [U] be the set of conjugacy classes of
W that intersect U. Let T',T" be two K,-split maximal tori in G, and let g € G(K,)
such that T'(K,) = gT(K,)g™*.

Let ¢ € Aut®(G,T), and let 5 € ®(G,T’). Then B o Int(g) € ®(G,T), so

¢(Bolnt(g)) € (G, T). Define

tg(9)(t') = (B o Int(g))(gt'g™"),

for all 5 € ®(G,T") and t' € T'(K,). Then it is clear that the map

Ly Awt®(G,T) — Aut®(G, T"),

defined above is an isomorphism.
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If we are given another ¢ € G(K,) such that T"(K,) = ¢'T(K,)(¢')~!, then
note that ¢'g~! € Ng(T")(K,). Since W(G,T") = Ng(T')(K,)/T'(K,), note that
Ly = Int(w') 0 1,, where w' is the class of ¢’¢~* in W(G,T").

In other words, [t4(w)] = [ty (w)] in W(G,T")] for all w € W(G,T). Let [w] €

(W(G,T)]. Fix some g € G(K,) such that T'(K,) = ¢T(K,)g ' and define the map

Lyt [W(G, T)] — [W(G,T/)]

vrr([w]) = [eg(w)].

The work above shows that this map is well-defined and bijective. Furthermore, it is

clear that vpp =1id, tpp = L;,{T, and vy 1y = Lpy 1y O Ly Ty

Lemma 3.1.5. For each v € S, there exists a maximal K,-torus T, of G such that

¢y € tr, 1y ([0, (Gal((Ky) 1, / Ky)) NW(G, T))).

Proof. Since Ty and Ty are split over K, we know that W(G, Ty) = Ne(To)(K,)/To(K,)
and W(é, To) = Né(fo)(Kv)/fo(Kv)-

The idea behind the proof is the following observation. Let N = Né(fo) and
consider the variety of maximal tori 7 = G /N. Furthermore, G acts by left multi-

plication on .7 (which corresponds to conjugation by G on the set of maximal tori)
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and the elements of the orbit set G(K,)\ .7 (K,) are in bijective correspondence with
the é(Kv)—conjugacy classes of maximal tori.
Let

¢ = ker(H'(K,,N) — H'(K,,G)).

It is well-known that there is a natural bijection

§: 6 — G(K,) \ T(K,).

See for example [20, Lemma 9.1].

By [5] Section 4.7], we know that H'(K,, G) is trivial. Therefore, € = H'(K,, N)
and conjugacy classes of maximal K,-tori may be completely described by 1-cocycles
with values in N(KP). As a result, we first construct such a cocycle.

Since G is the same Killing-Cartan type as G, the central isogeny m: G — G

induces an isomorphism

T W(é, T0> — W(G, T())

Let ¢, be the conjugacy class in W(é,'fo) corresponding to ¢,, and let = € ¢, be

a representative of ¢,. Since G splits over K, it is K,-isomorphic to the simply
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connected Chevalley group over K,. Define

Xo(Ky) ={za(t) |t € K, }.

We call this subgroup the elementary root subgroup corresponding to the root a €
CID(é , T()). See Section 3 of [28] for more details as to how such z,, are defined. Define

Ny = N@(TVO) and consider the elements

Wa(t) = Ta(t)z_o(—t Haa(t) € No(K,),

for a € @(é,ﬁ)) and t € K,. Note that [28, Lemma 22, Section 3] implies that
No(K,) contains wy(1) for all a € ®(G, Tp) up to K,-isomorphism.

In particular, there exists a Chevalley Z-subscheme A such that when we extend
scalars, N xz K, = (No)x,, and wq(1) € N(Z), as well as split-torus Z-subscheme
T such that T xz K, = (Iy)k,. The group N'(Z)/T = W(G,Tp) and since |T(Z)] <
oo, elements of N(Z) have finite order and N(Z) contains representatives for all
elements of W(é, T 0). After extending scalars of N to K, we can conclude that
NO(KU) contains a set of all conjugacy class representatives of W(é,ﬁ)), and each
representation of finite order. Let y € NO(KU) be an element congruent to x modulo
To(K,) (of finite order).

Fix a separably closed extension K;P as well as a maximal unramified extension
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K" in K. Consider the map

(:Z — No(K,)

defined by (1) = y. K, is a locally compact field, so Gal(K" /K,) = Z (see [6, Ch.
1, Section 7]). Since y has finite order, we can think of ¢ as a continuous 1-cocycle
on Gal(K" /K,) with values in No(K"").

We can extend ¢ to the absolute Galois group G, = Gal(K:®*/K,) with values in
]VO(Kﬁep). We know that H'(K,,G) = {1} (sce [B, Section 4.7]).

This implies that there exists some g € G(K5%P) such that ¢(7) = g~ 'y(g) for all
v € G,. Let T, be the K5P-torus T,(KP) = ¢Ty(K*P)g~ and T, = 7(T,).

To show ﬁ, is defined over K, we need to show that it is G,-stable. Let v € G,.

Then

since g 'v(g) € NO(KEep). Thus, T, and T, are defined over K,.

We now need to show that 6, (Gal((K,)r, /K,)) intersects &,. Let ag € ®(G,Tp).
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Define o € ®(G, T,,) by

for all t € T,(K5P). Let

L= 1y Awt®(G, Ty) — Awtd(G, T,)

be the map induced by conjugation by ¢g. Since TVO is K,-split, ag is defined over K,,.

Let t € Ty(K5®) and v € Gal(K?/K,). Then

volz (7)(ao(t) = ~(a)(gtg™)
= y(a(r o W H(9)h)
= el 9y OO 9 '9)
= ao((g™(9)) " "tg""(9))

= ((M(ao)(?),

-1

since ((7) = g~ v(9)-

If we let ¢ be the image of ¢ in W(é, Tvo), then

Since ((¢) = x € &,, where ¢ is the Frobenius element in Gal(K* /K,), we know
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that 07 (Gal((K,)r,/K,)) intersects ¢, nontrivially, hence it intersects ¢, nontrivially

when we apply 7. O

To complete the proof of Theorem |[E| we need the following general lemma.

Lemma 3.1.6. Let & be a finite group and suppose that 7 < 94 is a subgroup that

intersects all the conjugacy classes of 4. Then G = .

Proof. Since 7 intersects all the conjugacy classes of ¢, we have the decomposition

G =\]gtg"

geYy

If there exist g1, g, € ¢ such that g, = g, then #g;' = H#g,". Therefore,
GGt = g9yt I {g1,...,g-} is a set of distinct coset representatives for & /.7,

then

i=1
The number of elements on the left is |¢|, and the number of elements on the right
is [ : A)|| = |¥|, which implies that the union of g;.%#g; * is disjoint. Since each

gi#g; " contains the identity, this is a contradiction unless ¥ = 7. O

Proof of Theorem[H, For each v € S, invoke Lemma to construct the maximal
K,-torus T,,. We know that there exists a maximal K-torus T that is G(K,)-conjugate

to each of the T, for v € S by Proposition
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Let T be such a maximal K-torus. Since T"is G(K,)-conjugate to T,,, we see that
the splitting fields of T" and T, over K, must be the same. We need to check that the

following diagram commutes.

Gal((K.)r/K,) — 9 Gal((K,)r, /K.)
or O,
Awtd(G, T) ——2—» Autd(G,T))

Let 0 € Gal((K,)r/K,), t' € T,(K,), and 8 € ®(G,T,). Since g € G(K,), it is

o-invariant, so we see that

Ly (0r(0))(B)(t') = Or(0)(Bont(g))(g~'t'g),
= o(BoInt(g)(c" (gt'g ")),
= o(Ble' (),
= Or,(0)(B)().

Therefore, the above diagram commutes.
The Galois group Gal((K,)r/K,) naturally embeds into Gal(Kr/K). Therefore,
know that 67(Gal(K7/K)) has nontrivial intersection with every conjugacy class of

W(G,T). By Lemma [3.1.6] we know that W(G,T) C 6r(Gal(Kr/K)), i.e. the torus

T is generic over K. O

Notice that the proof of Theorem [E]| prescribes a the set of places S and tori T, for



97

v € S and shows that any T that is G(K,)-conjugate to each T, will be K-generic.
In the way, we can construct a K-generic torus 7" with any desired local behavior by

simply enlarging the set of places S.

Corollary 3.1.7 (Analog of 20, Cor. 3.2]). Let G and K be as above. Let S" be
a finite set of nontrivial non-archimedean valuations on K such that K, is locally
compact for all v € S'. Let T, be a maximal K,-torus for all v € S’. Then there

exists a K-generic torus T' that is G(K,)-conjugate to T, for allv € 5.

Proof. Let r be the number of nontrivial conjugacy classes of WW. Suppose L is a finite
extension of K such that G splits over L. By Lemma [3.1.3, we know that there exists
an infinite number of places w on L such that G splits over K,,. Let S = {vy,...,v,}
be a set of r places on K that are pullbacks of the w-adic valuations where L embeds
into K. Then, G is split over K,, for all = 1,...,r. Since there are infinitely many
choices for these places, we may choose S so that SN .S" = (.

Let T}, be the K, -torus constructed by Lemma Since K, is locally compact
for all v € SUS’, we know that the tori in the G(K,)-conjugacy class of T, are
points in an open subset of T(K,) by the implicit function theorem. As above, T
has the weak approximation property, so there exists some maximal K-torus 7' that
is G(K,)-conjugate to T, for all v € SUS’. By Theorem [E| this implies that T is

K-generic. O]
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Proof of Theorem [F

Let w: G — G be the central isogeny from G to its adjoint group G. Let Ty C G be

a maximal torus and let Ty = w(Tp). The isogeny induces an isomorphism

w: W(G,To) — W(@, To)

It is clear that K7, 2 Kz . Therefore, Tj is generic over K if T is generic over K,
so we may assume that G = G is adjoint without loss of generality.

As before, we invoke Lemma to find a set S of non-archimedean pairwise
inequivalent valuations on K such that |[S| = r.

Define Gg := [[,cq G(/,) and let

5s: G(K) — G (3.1.1)

be the diagonal embedding.

Lemma 3.1.8. Let G and S be as above and let r = |S|. Consider the topology
on G(K,) induced by the v-adic topology on K,. There exists a subset U of Gg =

[I,cs G(K,) that is open in the v-adic topology with the following properties:
(a) U intersects every open subgroup of Gs, and

(b) 65" (0s(G(K)NU)) consists of K-generic elements.
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Proof. Let v € S, and let T, be a maximal K,-torus of G satisfying the conclusion of

Lemma [3.1.5, Consider the map

¢: G(K,) x T,(K,) — G(K,)
given by ¢(g,t) = gtg~".
Let (Ty)reg(Ky) be the set of K,-regular elements in T),(kK,), which we know is
dense by Proposition [2.1.11] We claim that the set U(T,,v) = ¢(G(Ky), (Ty)reg(Ky))
is a open subset of G(K,) that intersects every open subgroup of G(K,).

Let (g,t) € G(Ky) X (T))reg(K,). The homomorphism ¢ factors as

G(K,) x Ty(K,) 25 G(K,) x T,(K,) 2 G(K,) 2 G(K,),

where ¢1(z,y) = (g7 2, t71y), do(z,y) = twtyz™, and ¢3(2) = gtzg~'. The ¢; and

@3 are isomorphisms of K ,-analytic manifolds. Compute the K,-tangent spaces

Te(¢3)

Tt TA(G) % T,

7’(6,5) (¢2)
e

To(G x T,) Tie,e)(G x T)

Since T(g4)(¢1) and Te(¢s) are K,-vector space isomorphisms, the differential 7, ¢ is
surjective if and only if T ) (¢2) is surjective. The map Tce)(¢2) us an isomorphism
of Lie algebras, so we may compute T )(¢2) using the discussion in [31, §12.2, pg.

93].
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Let K,[e] = K,[z]/(2*). We may compute T(..)(¢2) by computing the kernel of
the € — 0 map

G(K,[e]) x To(K,[d) 2> G(K,[d)/

For (14 €eX,1+€Y) € G(K,le]) x T,(K,le]),

(1+eX,1+€Y) = t7H{1+eX)t(1+eY)(1—eX)
= (I4€t'Xt)(1+eY)(1 —eX)

= 14+et ' Xt+Y - X).

For (X,Y) € Tie,e)(G x T'), the value Tic ) (02)(X,Y) = Ad(t)X — X + Y. Since ¢
is regular, the 1-eigenspace of Ad(t) is T.(T'). Therefore, the differential Ti. ) (¢2) is
surjective, and therefore 7,4 ¢ is surjective.

Since T4, ¢ is surjective, ¢ is an open map by Corollary [2.1.86] Thus, U(T',v) is
open. For any open subgroup 2 C G(K,), T,(K,) N Q is Zariski-dense in T,(K,), so
it contains an element of (75, )eg(K). Thus, U(T,,v) N # 0.

Let U = [[,eq U(T,,v). If 65(x) € d5(G(K)) NU, then x is a K-element that is
K ,-regular semisimple for all v € S, hence it is K-regular semisimple. In other words,
and K-torus that becomes a maximal K,-torus after extending scalars is a priori a
maximal K-torus. Let T' = Zg(x)° and note that 0r(Gal(Kr/K)) 2 W(G,T) by

construction. Thus, x is K-generic. ]
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As above, let E’ be the minimal field of I, let X be a transcendence basis of K/FE’,
and let £ = FE'(X). Let F be the separable closure of F in K.
If T is a torus defined over F', then note that since Fr K = Ky and FrNK = F,

a classic result from Galois theory states that

Gal(Kr/K) = Gal(Fp/F).

By the above isomorphism, any F-generic torus is automatically a K-generic torus.
Therefore, we will find an F-generic element in I', which will automatically be K-
generic.

Suppose now that G is adjoint. Fix an embedding G C GLy and consider the
matrix realization of I' C GLy(K). Let I'r = 'NG(F). Since G is semisimple, G(F)
is Zariski-dense in G and I'r is not empty, but not necessarily dense. Let H be the
Zariski-closure of I'p in G. Let T' C G be a maximal torus and let v € Ty, (K) NT.
The element v is regular semisimple. If [K : F| = p®, consider 4*°. This is a regular
element and the eigenvalues of 77" lie in a Galois extension of F. Therefore, there
exists ¢ € G(K) such that g7?"g~! € G(F), and in particular gHg~!. Therefore,
H contains a maximal torus of the same rank as 7. Therefore rank(H) = rank(G)
and I'r must be Zariski-dense. Therefore, it suffices to prove Theorem [F] under the

assumption that I' C G(F).

Proof of Theorem[F|. Let I be the subgroup of é(F ) generated by elements of the
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form 771 ([y1,72]) for all 71, v, € T. Since I' is finitely generated, there exists a finitely
generated subring R C F such that I' € G(R) and I" C G(R).

By Lemma [3.1.3] we know that there exists a set S of r distinct nontrivial non-
archimedean discrete valuations on E’ such that for every v € S, there exits an
embedding

€: F— E),

and G splits over E!. Thus, we can apply Theorem [E| to construct maximal FE!-tori
T, € G such that any E’-torus that is G(E) )-conjugate to each T, is E’-generic. Since
E! = F, for any valuation w|v, any such F-torus is F-generic as well.

Let d5 be the diagonal embedding of G(F') into Gg.

Let

0s: G(F) — Gs = [[ G(E))

ves
be the diagonal embedding of corresponding simply connected covers.
From this set of tori T}, for v € S, we also construct the open subset U C és
specified by Lemma [3.1.8]
Let H be the closure of SS(F’ ) in Gs. By Proposition we see that since E
is the closure of the minimal field, so @, ¢ F; is the minimal semisimple ring for
Gs. Because I' € G(R) C G(O,) for each v € S, we see that dg(I') is contained in a

compact subgroup of Gg. Thus, (BgE!, Ggs,ds(')) is a minimal triple. By Theorem

, we know that H is an open subgroup in és, soY = HNU # (. Furthermore,
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og(I")NY is dense in Y, so 05(I")NY # . Let Z € I” such that d5(&) € 05(I")NY.
By construction, 7 is a regular semisimple E-element of infinite order. Let T =

Z5(®)°, thenn(T) = T = Zg(x)° is a maximal F-torus in G as well and (%) = v € I'.

Furthermore, 07(Gal(Fr/F)) 2 W(G,T'). Thus, = is generic over F.

3.2 Weak commensurability

We will now prove a few elementary results on weak commensurability. It is useful to
start by defining the notion of a ‘neat’ subgroup with the properties described in [21]

and show that these subgroups exist in the positive characteristic case.

Definition 3.2.1. Let H C GL,(F). We say that the element € H is neat if the
subgroup of (F)* generated by the eigenvalues of x contains no nontrivial root of

unity. We say that H is a neat subgroup if all elements © € H are neat.

Proposition 3.2.2. Let G be a connected absolutely almost simple connected algebraic
group defined over an infinite finitely generated field F' of characteristic p > 0 and
let T'C G(F) be a finitely generated Zariski-dense subgroup. Then T’ contains a neat

subgroup of finite index.

For the proof of the analogous proposition in the characteristic zero, see [21]

Theorem 6.11]. The proof is somewhat simpler in the positive characteristic case.
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Proof. Since T is finitely generated, there exists a finitely generated subring R C F
such that I' C G(R). By Proposition [3.1.1] we can say that there exists some non-
archimedean discrete valuation v on F' with locally compact completion F), such that
R C O,. Let m = RNyp,, where p, is the maximal ideal of O,. Then m is a proper
maximal ideal of R and R/m embeds into k, := O,/p,, the residue field associated
to v. Hence, R/m is a finite field.

Choose an embedding G(F) < GL,(F). Let n: R — R/m be the natural pro-
jection, and let 77: G(R) — G(R/m) be the induced surjective homomorphism. Let
H = ker(7). We claim that H is neat.

Let z € H. Then z € GL,(O,) and z = 1 mod p,. The eigenvalues of x all lie
in some finite integral extension O’ of O,, and let p’ be a maximal ideal of O’ such
that O, Np’ = p,. Take det(z —AI) =0 mod p’ to see that (1 —A)" =0 mod p’. In
particular, each eigenvalue is a unit in @’. The lemma will be proved if we can show
that 1+ p’ contains no nontrivial roots of unity.

Choose a uniformizer m of p’. Note that

R
1+ (p')?

I

ko,

via the isomorphism (to the additive group k,) that sends [1 + 7u] mod 1+ (p’)? to
u € ky.

Suppose that 4 € 1+ p’ is a nontrivial root of unity and suppose r > 1 is the
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smallest such integer such that ;" = 1. Then y = 1 + mu for u # 0. Then p is sent
to u € k) under this isomorphism, and we see that ru = 0 in k,. Therefore, p|r, so

let 7’ be an integer such that r = pr’. Therefore,

pP" =1 implies that (u" )P —1= (4" —1)? = 0.
Therefore, p/ = 1. Since ' is strictly smaller that r and r is minimal, we have
reached a contradiction.

Thus, I = I" N H is neat and of finite index in I. O

For each i = 1,2, let GG; be connected absolutely almost simple algebraic groups
defined over an infinite finitely generated field F' of characteristic p > 0 and let
['; C G;(F) be a finitely generated Zariski-dense subgroup.

Using the existence of neat subgroups, we are able to prove the following elemen-
tary lemmas that describe the behavior of weakly commensurable subgroups. These

results are analogous to Lemma 2.3 and Lemma 2.4 in [20].

Lemma 3.2.3. Fori = 1,2, let I'; and G;(F') be as above. Suppose that I'y and I'y
are weakly commensurable. For i = 1,2, suppose that A; is a subgroup of G;(F) that

is commensurable with I';. Then Ay and Ay are weakly commensurable.

Proof. By Proposition [3.2.2] we can find a neat subgroup © C I'y N A; of finite

index. Let 0; € A; be a semisimple element of infinite order. Pick n; > 1 such that
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v = 07* € O. Since I'; and I'y are weakly commensurable, there exist tori 7; such

that 7; € T;(F) and there exist x; € X(7;) for i = 1,2 such that

X1(71) = xa(re) # 1.

Pick ny > 1 such that d; = 75% € 'y N Ay, Then

Xl(%)m = Xl(’ﬁm) = X1(571“n2) = X2(52)'

Since v, € O, x1(71)™ # 1. Therefore ¢; and J, are weakly commensurable elements,

which implies that A; and A, are weakly commensurable. O

Lemma 3.2.4. Fori= 1,2, let m;: G; — G, be an F-isogeny of connected absolutely
almost simple algebraic groups, and let T'; be a finitely generated Zariski-dense sub-
group of G;(F'). ThenT'y and I's are weakly commensurable if and only if Ty = m1(I'1)

and 'y = my(I's) are weakly commensurable.

Proof. Suppose that I} and I', are weakly commensurable. Let 7, € I'y be a semisim-
ple element of infinite order. Then there exists a semisimple v, € I's of infinite order
such that for ¢ = 1,2, there exists a maximal F-torus 7] of G} and a character x of

T! such that m;(~;) € T/(F) and

X1(m1(71)) = x5(m2(72)) # 1.



107

Then for i = 1,2, let T; = 7; '(T]) be the maximal F-torus of G; and note that
vi € Ti(F). Let f: X(T]) — X (T;) be the induced map on character groups. Let
xi = 7 (x;) € X(T;). Then

xX1(71) = xa(1e) # 1,

and I'y and I'y are weakly commensurable.

Suppose now that I'; and I'y are weakly commensurable. Use Proposition [3.2.2]
pick neat subgroups of finite index A; of I'; for i« = 1,2. By Lemma [3.2.3] it suffices
to show that m (A1) and my(A,) are weakly commensurable. Let §; be a nontrivial
semisimple element of infinite order A;. There exists a 65 € Ay such that for ¢ = 1,2,
there exists a maximal F-torus 7; of G; with §; € T;(F') and a character x; € X(T})

so that

X1(61) = x2(d2) # 1.

Set T! = m;(T;). Then m;(9;) € T}(F). Let m = |(ker m1)(F)||(ker m2) (F)].

There exist characters x; € X(17) such that x;(t)™ = xj o m;(t) for t € T;(F).

)

Since A is neat, x1(d1) is not an mth root of unity. Thus

X1(m1(01)) = Xa(m2(d2)) = x1(01)™ # 1

Thus, m (A1) and m5(Ay) are weakly commensurable. O

Lemma [3.2.4] is useful in that we are able to make the assumption that each G; is



108

simply connected or adjoint for ¢ = 1,2 without loss of generality. The lemma shows
that the existence of weakly commensurable subgroups in the adjoint case implies
their existence in the simply connected case and vice versa, so we may reduce or
problems to the cases where the groups adjoint or simply connected with relative

impunity.

Lemma 3.2.5. Let T be a K-generic torus, and Kr is its splitting field over K. Let
t € T(K) be an element of infinite order, let x € X(T') be a nontrivial character and
let X\ = x(t). Then the Galois conjugates o(\) with o € Gal(Kr/K) generate Kr

over K.

Proof. The set ®(G,T) forms a generating set for the vector space V = X(7T') ®z Q.
The Weyl group W(G, T) acts irreducibly on V', and because Gal(Kr/K) contains
the Weyl group, the vector space V' has no Gal(K7/K)-invariant subspaces.

It suffices to show that if 7 € Gal(Kr/K) with the property

T(o(N)) = o(A) for all o € Gal(Kr/K),

then 7 = 1. Let 7 € Gal(Kp/K). Then

(0t 7o)(A) = (0 'To())(t) = A

Note that (—x + o0~ '7o(x) is a character that takes the value 1 at ¢. The element ¢ €



109

T'(K) generates a Zariski-dense subgroup of 7" since T" is K-generic, hence irreducible.
This implies that the character must be trivial on all of T(K). The elements o(x)
for o € Gal(Kr/K) span the Q-vector space V = X(T') ®z Q. Since 7 acts trivially

on V, it must be the case that 7 = 1.

We also make use of the following theorem.

Theorem 3.2.6. Let K be a local field of positive characteristic and let G be a

semisimple group over K. Then there exists an mazimal K -anisotropic torus T C G.

Proof. See the discussion in [8, §2.4]. Specifically for semisimple G over K, a K-

minisotropic torus is K-anisotropic. ]

Proof of Theorem [A]

Proof of Theorem [A] Without loss of generality, we can assume that K is large enough
so that (G; is defined and split over K for both ¢ = 1,2. Let E; be the minimal field
of I'; for i = 1,2, and let F; be the separable closure of F; in K. Since K/F; is purely
inseparable, we know that [Kr : K| = [(F;)r : F;] for i = 1,2 and any maximal Fj-
torus T' C G;. By applying Theorem [}, we know that there exists a generic element

v € I'1 such that 17 = Zg(71)° and

QTI (Gal(KTl/K)) 2 W(Gl, Tl)
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Since I'y and I'y are weakly commensurable, we have that there exist 15 € G3(K), a

maximal torus T C (9, and characters y; € X (T;) such that

x1(1) = xa(y2) = A # 1.

Note that K, is generated by all the Galois conjugates o(\) for o € Gal(K*?/K).
Since all of these conjugates belong to K, as well, we have that Kp, C Kp,. Since

(5 splits over K, it must be an inner form over K, so by Lemma [2.1.53] we have that

9T2(Gal(KT2/K)) Q W(GQ, TQ)

This implies that |W(G1,T1)| divides |W(Gs,T3)|. By symmetry, |W(G1,T1)| =

IW(Ga, T3)].

Products of minimal triples

The proof of Theorem [B| requires a few technical lemmas and some results from the
theory of quasi-models. Namely, we would like to explicitly describe the behavior of
quasi-models formed by taking the product of two minimal standard triples. First,

we state the following result due Pink [16].

Lemma 3.2.7. Suppose that F = F\ & F; for local fields Fy and Fy, G = G x G, and
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I' =Ty xT'y such that G; is a connected absolutely simple adjoint group over F;, and I';
is compact Zariski-dense subgroup of G;(F;) for eachi = 1,2. Suppose that fori = 1,2
each triple (F;, G;, m;(I")) is minimal, and p; be the non-constant representation of G;
that occurs as the subquotient of the adjoint representation. Define p = p1 @ po to be

the representation of G over F'. Then exactly one of the following is true:
(a) E,=E, ®E,,, or

(b) there is a quasi-model (E,H,¢) of (F,H,T") such that E is a field, ¢ is an

isomorphism, and p = pg o ¢, where py is a representation of H.

Proof. See [16], Prop. 3.13] O

Proposition 3.2.8. Let G be a connected absolutely simple adjoint algebraic group
defined over a local field L with Zariski-dense compact subgroup I' C G(L). Let
t: L = F be an embedding of L into some field F. Let G' be the algebraic F-group
obtained by extension of scalars given by v and let ¢: G(L) — G'(F) be the induced
homomorphism. If (K,G,T) is a minimal standard triple for some K C L, then

(L(K),G" (T)) is also minimal.

Proof. Let (E', H', ¢) be a minimal quasi-model of (¢(K),G’,¢(I")). Let F' = 1(K),

so there is an isomorphism :~': F’ — K, and let F =/ }(F’) C K. The embedding
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t|g: E' — K induces a E’-morphism

¢: H' — H,

where H is the group obtained from H’ by extension of scalars via ¢|g. By construc-
tion, £ C K, H(K) = G(K) and (oy(I') = I" over K. This implies that (E, H, (o))
is a quasi-model for (K, G, I"). Hence, F = K since (K, G,T") is minimal. Therefore,

E' = F’ as well. The F'-isogeny

o H — G,

is totally inseparable and induces a K-isomorphism

(oo: H— G.

Note that ¢ o ¢ has non-zero derivative and does not have a non-standard isogeny as
a factor. Thus ¢ has non-zero derivative and has no non-standard isogeny as a factor,

so ¢ is an isomorphism as well. O]

The following Proposition reinterprets the result of Lemma [3.2.7 in a way that

will be useful to the proof of Theorem [B]

Proposition 3.2.9. Let G be a connected absolutely simple adjoint group defined
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over a local field L of characteristic p > 0. Suppose that I is a compact Zariski-dense
subgroup of G(L) and that (L,G,T") is a minimal standard triple. Let K := Kr C L be
the minimal field of I' and let v be the discrete valuation on K obtained by restricting
the discrete valuation on L. Suppose that for i = 1,2, we can construct embeddings
(D L — K,. Let GY be the algebraic K,-group obtained from G by extension of
scalars via 19, and let 9 : G(L) — GYW(K,) be the induced homomorphism. Then

exactly one of the following is true:
(a) GY =GP gnd V(K) = 1P (K).

(b) The triple (! (L) 1P (L),GV x G@ () x »3(T)) is minimal.

Proof. Note that since (L, G, T) is minimal, the triple (: (L)@@ (L), GO xG? () x
y@(T)) is fibre-wise minimal by Proposition m This implies that we can invoke
Lemma to say that either £, = E,, & E,, or there is a quasi-model (E, H, ¢)
of (F,H,T") such that E is a field, ¢ is an isomorphism, and p = py o ¢, where
po is a representation of H. Let (F,H,¢) be a minimal quasi-model of the triple
(L)@ D (L), G x GP pW(T) x p@(T)).

Suppose that E, = E, & E,,. It is clear that E, N /% (L) C E,,. Since we
either have E, = (9(L) or E,, = (D(L)? for i = 1,2, we can conclude that F' =

(L) @ 3(L).



114

Consider the isomorphism

¢: H(F) — GYW(L) x GP (L)),

Denote the projection onto the ith compontent of G x G by 7, for i = 1,2. For
each i = 1,2, define the +)(L)-groups H; := (m; 0 ¢)"'(G™). It is then clear that

H = H, x Hy and the isomorphism

6: H(F) - GO(O(D)) x GO((L))

factors into isomorphisms H; = GO and H, = G,

This implies that the triple (:V(L) @ (P(L),GM x G@ () x »@(T)) is
minimal.

Suppose that E, is a field. Again, this implies that F' is a field. We know that
(L) @ P(L) is of finite type over F, which implies that FF C (L) is a finite
extension. We have that H xp (V(L) = GW(M(L)), which is only possible if
F = (Y(L) by the minimality of the fibres and the uniqueness of the closure of
the minimal field. Thus, G® = G® and (Y(L) = (@ (L). Since K is dense in L,

19 (L) is entirely determined by the image of K. Therefore, | V(K) = /& (K). O

Corollary 3.2.10. With the set-up of Proposition if (W(K) # 1P (K), then
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the closure of the image of the homomorphism

5,: ' — GU(K,) x GI(K,)

is open in GV (K,) x GA(K,).

Proof. If |\V(K) # 1®(K), then ((/V(L) @ (P (L), GM x G? () x () is a

minimal standard triple. The Corollary follows immediately from Theorem [2.2.6] [

Proof of Theorem [Bl

Before proving the main result of this section, we prove the following general field

theoretic result.

Lemma 3.2.11. Let F C F} C F;, C K be a tower of finitely generated infinite fields
of characteristic p > 0 such that K is separable over Fy, Fi is a purely transcendental
extension of F', and let R C K be a finitely generated subring. Then there exists an
infinite set of discrete valuations v over F' such that for each v, there are embeddings

L1, Lo K — F, such that

(1) both 11(R) and 15(R) are contained in O,,

(2) the restriction u1|p, = to|r,, bul t1|p, # t2|p,-

Proof. Since K is a finite separable extension of the field Fi, let M be a the Galois

closure of K over Fy. Then there exists a ¢ € Gal(M/F;) which acts nontrivially
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on Fy. Let Ry be the subring of K generated by R and o(R). Since M is a finitely
generated field and Ry is a finitely generated ring, by Proposition [3.1.1] there exist
infinitely many discrete valuations v on F such that for each valuation v, we have the
embedding

by: M — F,

such that ¢,(Ry) C O,. Then the embeddings

11 = ty|g and 1o = (1, 0 0)|k

satisfy the requirements of the Lemma by construction. O

Proof of Theorem[B. Let G; and G5 be two connected absolutely simple adjoint al-
gebraic groups defined over a finitely generated field F' of characteristic p > 0. For
i = 1,2, let I; € G;(F) be a finitely generated Zariski-dense subgroup and let
K; = Ky, be the minimal field of T'; defined by Corollary 2.2.10] Suppose that
I'; and I'y are weakly commensurable.

By Corollary 2.2.10] the trace field of T; is either equal to the minimal field Kr,
or it is a purely inseparable subextension, it suffices to prove the conclusion of the
theorem for the minimal fields. Specifically, we would like to show that there exists
some integer £ > 0 such that (Kl)pk C K,. To show this, we shall assume that for
all integers k > 0, (K;)"" ¢ K, and reach a contradiction.

The compositum of the fields K; K5 might have nontrivial transcendence degree
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over K,. Let X C K; be a finite transcendence basis such that K; K, is algebraic
over Ky(X).

The theorem is proved in two steps. First, we prove the case where the extension
KK,y over K, is separable. Then we show that the general case can be reduced to

this case.

Case 1: K1 K, is separable over Ko(X):

Define K := K K>, and let L be a Galois extension of K such that G; and G5 are

split over L. We can replace (Kl)pk ¢ Ky for any k with the weaker assumption

K, € K,. Therefore, we now assume that K; ¢ K5 and that K/K,(X) is separable.
Let r be the number of nontrivial conjugacy classes of the Weyl group of G;. By

Lemma [3.1.3} there exists an (arbitrarily large) finite set of places S, C V' such that

K, = L, for all places w on L over v € Si. For a given v € Sy, define v; := v|g,.
By construction, K, = (K}),, = (K3),,. Define S := {v|g, | v € S} C V&2
Furthermore, find a subset S’ C {v|g, | v € Si, and v|g, € S}. Choose Sy, large
enough so that |S| = |S’| = r, and identify the sets S and S’ via that bijection that
takes v; € S’ to the unique place vy € S such that (K1), = (K2)4,.

Therefore, the set S contains r inequivalent discrete valuations on K, and for
each v € 9, there exists a unique v’ € S’ such that (K3), = (K1), and an embedding

ty: L — (K3), such that ¢,(R) € O, (where O, C (K3), is the ring of integers).

Note that G7 is a (K3),~group and ((K3),,G1,I'1) is a minimal standard triple by
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construction. Let ¢,: I'y — G1(O,) be the homomorphism induced by the embed-
ding ¢,. Let T be the group generated by [I'y;, 4]~ € G1(O,). By Theorem we

know that the closure of the image of the homomorphism

0s: Ty — [[ G1(0,) = Gs

vES

is open. By Lemma m, there exists an open subset U C Gy such that for any
5 € T, with 05(§) € U, 4 is L-generic. Let =: G, — G is the canonical central

isogeny, and let v = m(%). For the L-torus T' = Zg, (7)°, we have that

Or(Gal(Lr/L)) 2 W(G1,T).

Since L is separable over K3(X), we can apply Lemma to the tower of fields
Ky C K3(X) G K C L. Therefore, there exists a discrete valuation w € V*2\ S such
that (K3)y = (K1) for some w’ € VE2\ 8’ and embeddings «V, 12 L — (K5),,
such that (M (Ky) = 1@ (Ky), but t(V(K) # (P (K). We also have that 1 (R) C O,
fori=1,2. Let Ggi) be the algebraic (K3),-group obtained from G; by extension of
scalars via ¢ for i = 1, 2.

Let @ : Ty — G1%(0,) be the induced homomorphism. The fact that . (K,) =

12(Ky) and (M (K) # P (K) implies that (M (K;) # (P (K;). By Corollary [3.2.10]
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we have that the closure of the image of the homomorphism

Gu: T — G (0,) x G2 (O)

is open. Since w ¢ S, it follows that the closure of the image of the homomorphism

~ —(1 —~(2 ~
5:T! — G x Gr ) (O0) x G (O0) = Gsa
is open in és,w-
Since L C (K2)4, Ggl) splits over (K3),,. Let T™ be a (K3),-split maximal torus
of Ggl). By applying Theorem , we can find a (K3),-anisotropic maximal torus
T c .

For ¢ = 1, 2 define the function
¢i: GV ((Ks)y) x TO((Ky)w) — GV ((Ka)w)

in the same way as ¢ from Lemma [3.1.8, Namely, let ¢;(g,t) = gtg~! for all g €
GYV((Ky)y) and t € TO((Ky),,) for i =1,2.
Define U := gbi(a(i)((Kg)w), T ((K3)w)). Note that U intersects every open

subgroup of a;(i)((Kz)w) for i =1,2.
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Thus, there exists some 4, € I"] such that

6(3) e U xUW x U®,

Then for v; = m(%), the torus T} = Zg,(7)° is a maximal K;-torus of Gy since
71 € Fl Q Gl(Kl)
Since I'; and I'y are weakly commensurable, there exists a maximal Ks-torus Ts

of Gy and 9 € T's N T5(K3) such that

x1() = x2(02) = A # 1,

for some characters y; € X (7;) for i = 1,2. Note that this implies that X is algebraic
over both K7 and K.

Let % be the field over K; generated by o()), where o € Gal(K;*/K;) and let
Z be the field over L generated by o()\), where o € Gal(L*P/L).

Note that Gal(L*P/L) naturally embeds into Gal(K;*’/K;) for i = 1,2. This
implies that . C ;L for i =1, 2.

To show that opposite direction, notice that since d(y;) € U, we see that T} is
L-generic. By Lemma [3.2.5] . = L, the splitting field of the torus 7;. We can
therefore conclude that

Gal(Z/L)| = IW(G1, Th)|.
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Observe that J# L is contained in the splitting field Ly, (with equality for i = 1 since

T, is L-irreducible). G; splits over L, which implies that G; is an inner form over L.

By Lemma [2.1.53]
9T1<Gal(LTZ/L>> Q W(Gl, T1>

Therefore,

|Gal(AL/L)| < [W(G1, Th)| = (G, To)| < [Gal(Z/L)],

and it follows that .& = L = 5 L.
Note that the conclusion of Lemma implies that (K3), = Ly for all w'|w.

Let v; = (1) (w

L(i)(KI)) for i = 1,2. Thus v; is a valuation on K; for ¢ = 1,2. By
our choice of w, we can identify (K;),, with (K3),, for i =1, 2.

By the construction of the set U, we know that the torus Tj is Ggl)((Kg)w)—
conjugate to the (K3),-split torus 7. By the above identification, T} is isomorphic
to a (K)y,-split torus.

Furthermore, T} is G?)((Kg)w)—conjugate to the (K3),-anisotropic torus T3,
hence 77 is isomorphic to an anisotropic torus over (K )y,.

Since T} is isomorphic to a (K7 ),,-anisotropic torus, we have that for every non-

trivial x € X(71), there exists some o € Gal((K1);P/(K1),,) such that oo x # x.
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a(x)(n) # x(n),

which implies that

X(71) ¢ (K1), for all nontrivial y € X (77).

Since T is isomorphic to a split torus over (K7),,, this implies that

o(A) =a(x)(m) € (Ki)

for all o € Gal(K{"/K}).

For i = 1, 2, extend the embedding

1D L — (Ky)y

to an embedding

;L ()P,

From above, we see that «( (ji/l) C (K3)y. Since HL = L for i =

implies that (0 (%) C (Ky), as well.

On the other hand, we see that . (,%/1) Z (K3)4, so L/(v2)<%2) Z (K3)w

122

1,2, this

as well.
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Since () and +(?) have the same restriction to Ko and #;/K, is Galois, this

implies that ()

and ¢(2)
2

P differ by an element of Gal(.#3/K3). These elements
fix (KQ)UH S0

(@ () € (Ka)w and @) (), C (K),

which is a contradiction. Therefore, K1 C K5 and the theorem is proved for the

separable case.

Case 2: K1 K, is not separable over Ko(X):
Let K be the separable closure of Ky(X) in K1K,. Let L a separable extension of
K,K5 such that G; and G5 both split over L. Let Ly be the separable closure of
K in L. This implies that K3(X) C K C Ls is a separable tower of fields, and
the extensions L/Ly; and K;K,/K are purely inseparable. Note that all the fields
described above are finitely generated extensions of K or K.

Since (Kl)pk Z K for any k, we know that Ky # K. Let [ > 0 be an integer such
that [K Ky : K] = p.

Consider the [th Frobenius isogeny,

Gy — FY(Gy),
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which gives the following homomorphism on K; K, points,
€= FrlfﬁKg: G1<K1K2) — Gl((KlKg)pl>,

Let G := Fr'(G)). Note that G; and G have the same Killing-Cartan type and
the Weyl groups of (G; and G are the same. Furthermore, G is a K-group since
K C (KlKg)pl. Define I" := é(I'y), and let K| be the minimal field of I". By Lemma
[3.2.4] T is weakly commensurable to I's. We know that I is finitely generated as well,
so we can find a finitely generated subring R C Ly such that I' C G(R).

Let K1 be the minimal field of I. Since I is defined over K7 N K by construction,
we know that K] C K; N K.

We now compute the trace field of I'. Fix an embedding I'y C GLy (K7 K>), and
suppose that v € I'y has eigenvalues A1, ..., Ay. Let p be the irreducible subquotient
of the adjoint representation of Gy (or the direct product of the two irreducible rep-
resentations pg and pr) defined by Proposition m By choosing a basis of the Lie
algebra gly(K), we can realize p(y) € GLy2(K1K3). The trace of this element is
given by

tr(p(7) = D_ A"
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Finding a common denominator, we see that

tr(p(7)) = D AN

where

S1 = Z)\Z, SN—-1 — Z/\l/\Az/\Ny SN = )\1...)\]\[.

Note that s1, sy_1, and sy are coefficients of the characteristic polynomial of . In
particular, tr(p()) € KiK. If we consider the image é(y) € I', we see that é(y) has

eigenvalues )\Il’l, e /\%. By the above computation,

l

tr(p(é(v))) = tr(p())" .

The minimal field K7 is a purely inseparable extension of the trace field (the field
generated by 1 and tr(p(I'))). Therefore, the extension K3 N K /K] is purely insepa-
rable. Therefore, the extension K /(K K>) is purely inseparable and separable, hence

K = K| K. The relations between the defined fields are seen in the following diagram.
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L \
L, KK,

/\

~ K|K, \m
\ /

K5 (X) I

\;

Note that the statement (K;)”" ¢ K, for all k implies that K] ¢ K,. But
K/K,(X) is a separable extension and I' is weakly commensurable to I';. By Case 1,

we know that K] C K5, so we have a contradiction.

Corollary 3.2.12. Suppose the same set-up as Theorem [B and that F is a global

field. Then (K’l)pk1 = (Kg)”’k2 for some ky, ko € 7.

Proof. 1f G| and G5 are defined over a global field, then K; and K, are global fields
as well (since they are infinite fields contained in a field F' that has transcendence
degree 1 over a finite field). The corollary will follow from the following general fact.

Let L be a global field. There exists a separating transcendence basis € L such
that L/F,(z) is separable. Let a be a primitive element such that L = F,(z,a). If
f(t) is a minimal polynomial in F,(z)[t] for «, then apply the pth power morphism
to the coefficients of f(t) to get the polynomial fP(¢) € F,(«?)[t]. Then o® is a root

fP(T), so LP = F,(aP,a?) is separable over F,(zP) and [L : F,(x)] = [LP : F,(2P)].
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This implies that [F,(z) : Fp(2P)] = [L : LP] = p.
Without loss of generality, suppose that there exists some k such that (K 1)pk+1 -

k+1

K, C (K,)*". Since [(K1)P" : (K1)?""'] = p, then K, = (K;)?" or Ky = (K;)? O

Proof of Theorem

Before proving Theorem [C], we state the following field-theoretic lemma.

Lemma 3.2.13. Let K and L be imperfect fields of characteristic p > 0 and suppose
that K C L is a finite purely inseparable extension. Then there is a natural continuous
1somorphism

t: Gal (L*P/L) — Gal (K*P?/K).

Proof. Use [14, Ch. VI, Theorem 1.2, pg. 266] O

Proof of Theorem[( Again, let G; and G5 be two connected absolutely almost simple
adjoint algebraic groups defined over a finitely generated field F' of characteristic
p > 0. Fori = 1,2, let I'; € G; be a finitely generated Zariski-dense subgroup
and let K; := Kp, be the minimal field of I';. Suppose that I'; and I'y are weakly
commensurable.

For each i = 1,2, let L; be the minimal Galois extension of K; such that G;
becomes an inner form over L;. We would like to show that there exists some integer
k > 0 such that (L;)?" C L,. Without loss of generality, suppose that (K;)”" C K,

by Theorem [B]
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Consider the kth Frobenius isogeny,

FI'kZ : Gl — Frk(G1>,

and set Gy = Fr*(Gy), Iy := Frl (1), and let K, := Kp, be the minimal field.
Lemma implies that 'y and I'y are weakly commensurable since Fr” is an isogeny.

Let Ly be the minimal Galois extension of K| such that GGy becomes an inner form
over Lg. Note that Ly must be a finite purely inseparable subextension of L;. To
prove the theorem, it suffices to show that Ly C Ls.

Suppose that Ly € Ly. Let L = LoLs. By Theorem [F] there exists a semisimple
element 7y € T’y such that Ty := Zg,(7)° is an L-generic torus. Let 75 € T's be an
element such that v is weakly commensurable to ;. By [20, Theorem 4.2], there
exists a KyKs-isogeny f: Ty — T5. This induces a homomorphism between the

character groups of T5 and Tj:

Extending scalars by Q, we get a Q-linear isomorphism of vector spaces

fé3 X(Ty) ®z Q — X (Th) ®z Q.
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This induces a homomorphism

f: GL(X(T) ®z Q) — GL(X(T3) ®z Q).

Let L{ be the separable closure of Ly in L and let Lf, be the separable closure of L,

in L. Then the following diagram commutes.

0
Gal(KEP /L) — GL(X(Ty) ©z Q)
' f
9
Qal(K5P /L) — 2 GL(X(T3) ®z Q)

For any field extension F of Kj in K and a purely inseparable extension F’ of
F in K5, the map f induces an isomorphism between the images of Gal(K;®/F)

under 07, and 07,(Gal(K5™/F") under 07,. Therefore,

107, (Gal(Ko™ / F))| = [0, (Gal (K5 /F"))] (3.2.1)

The assumption that Ly € Ly implies that Ly C L. Since G5 is inner over Lo, we

have that

O, (Cal(K5P ) Lo)) = W(Ga, T).

Since G is not inner over Ly, by [20, Lemma 4.1] we know that

|07, (Gal(Kg™/(Le N Kg )| > [W(Go, To)| = (G, Ta)| = |07, (Gal(K3™/ La))|.
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This contradicts (3.2.1]), so Ly C Lo.

3.3 Discrete subgroups

In this section, let F' be a non-archimedean local field, let G be a connected absolutely
almost simple group defined over F', and let I' be a finitely generated Zariski-dense
subgroup of G(F'). Since G(F) has a locally compact topology, we can consider the
induced topology on the subgroup I'. The following lemmas will be used to prove
Theorem [D] We should note that many of these results are similar to those found

in [16] and [17] with slight changes.

Lemma 3.3.1 (Analog of [16, Cor. 3.8]). Let G be a connected, absolutely simple,
adjoint algebraic group over a local (or global) field F. Suppose that I" is a Zariski-
dense subgroup of G(F), and A is a Zariski-dense subgroup of G(F') that is normal

inT. If (F,G,T) is a minimal triple, then (F,G,A) is a minimal triple.

Proof. Let (E, H, ¢) be a minimal quasi-model of (F, G, A). Let v € I'. Define int(~)
to be the inner automorphism corresponding to . Then (F, H,int(y)o¢) is a minimal
quasi-model of (F,G,A). Therefore, both (E, H,¢) and (E, H,int o ¢) are minimal
quasi-models of (F, G, A). By the uniqueness of minimal quasi-models, there exists
some « € Aut(H) such that ¢ o a = int(7) o ¢.

Note that since ¢ is an isogeny with nowhere vanishing derivative, it factors
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the central isogeny 7: G > G (a consequence of Proposition and Theorem
2.1.50). Since 7 induces an isomorphism Out(G) = Out(@G), we get an isomorphism
of Out(H xg F') = Out(G) induced by ¢. This implies that o must be an inner
automorphism of H, so a = int(J) for some § € H(E) since H is adjoint.

Then v = ¢(6) € ¢(H(FE)), which implies that (E, H, ¢) is also a minimal quasi-
model for (F,G,T"). Thus, ¢ is an isomorphism and F = F, so (F,G,A) is also

minimal.

Corollary 3.3.2 (Analog of [I7, Prop. 3.9]). Let G be a connected, absolutely simple,
adjoint algebraic group over a local (or global) field F. Suppose that T" is a Zariski-
dense subgroup of G(F), and A is a Zariski-dense subgroup of G(F') that is closed
and of finite index in T'. If (F,G,T) is a minimal triple, then (F,G,A) is a minimal

triple.

Proof. Let

A = ﬂ yAyTL

~yel
Then A’ is normal in T, so (F, G, A’) is minimal by Lemma [3.3.1] Thus (F,G,A)

must be minimal. O

Recall that a subgroup 2# C ¢ is commensurated by ¥ if for all g € ¢, g% g *

is commensurable to JZ.
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Lemma 3.3.3 (Analog of [I7, Prop. 3.10]). Let G(F) be a connected, absolutely
simple, adjoint algebraic group over a local (or global) field F. Suppose that T is a
Zariski-dense subgroup of G(F'), and A is a Zariski-dense subgroup of G(F') commen-
surated by I'. Additionally, we assume that A is either compact in the local case or
finitely generated in the global case. If (F,G,T') is a minimal triple, then (F,G,A) is

a minimal triple.

Proof. Let (E, H, ¢) be a minimal quasi-model of (F,G,A). Let v € I". Define int(~)
to be the inner automorphism of G corresponding to 7. Then (E, H,int(y) o ¢) is
a minimal model of (F,G,yAv™1). Since A is commensurated by I', we know that
AN~A~~!is finite index in each of A and yAvy~!. By Corollary , both (E, H, ¢)
and (E, H,int o ¢) are minimal quasi-models of (F, G, A N~yAy~h).

By the exact same argument as the one in the proof of Lemma [B.3.1] ¢ is an

isomorphism and F = F, so (F,G,A) is minimal. ]

Lemma 3.3.4. Suppose the G is a connected, absolutely simple, adjoint algebraic
group defined over a local field F. LetT' C G(F') be a Zariski-dense subgroup. Suppose

that the triple (F,G,T") is minimal. Then ezactly one of the following is true:
(a) T C G(F) is open,

(b) T' C G(F) is discrete.

Proof of Lemmal3.3.4 Let K C G(F') be a compact open subgroup. Let A =T NK.
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Note that A is then an open compact subgroup of I' in the subspace topology.

Let © be any open subgroup of A. Since {g©}4er is an open cover of A and since
A is relatively compact, it must have a finite subcover. Hence, [A : O] < co. Let
v € T. Since the intersection of AN (yA~y~1) must have finite index in each of A and
vA~~! we see that A is commensurated by T

Let H be the Zariski-closure of A in G. Note that A and yA~y~! are contained in
H(F). Since I" is Zariski-dense and H (F) is normalized by T, this implies that H is
normal in G. Since G is simple, H is trivial or H(F) = G(F).

If H is trivial, then A = {1} and is open compact. Hence, YA = {7} is open for
all v € I'. Thus, I' is discrete.

If H(F) = G(F), then A is Zariski-dense. By Lemma and Theorem ,
we see that A’ is open in G(F).

Thus vzl is open for all vy € f,, SO

—

T _ U ’YZ/

el
is open in G(F). O

Proof of Theorem

Proof of Theorem[D, Suppose that Ty is discrete and Ty is not discrete. Let K; and

K5 be the minimal fields of I'y and I's respectively. Let v be the discrete valuation
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on F.

By Theorem |B| we know that Kfl C K, for some [ > 0. We first show that if I';
is discrete, then Fr'(T'y) is discrete.

Choose an embedding I'y C GLy(F). If T' := (Fr){(T';) is not discrete, then there
exists a convergent sequence Frl('yr) that converges to 1 € I" as r — oo. Via the

embedding into GLy(F'), this becomes a convergent sequence of matrices

!

Fr'(y,) = [(a{ )i, — 1.

Therefore, the (i,j)th matrix entry of the sequence of matrices is a convergent se-
quence in F' that converges to d; ; (the Kronecker delta function). Since the pth power

map is an automorphism of F', the sequence

induces a sequence

(r)

This implies that v, converges to 1 in I'y. This is impossible since I'; is discrete, hence
I is discrete.
Therefore, I' is discrete and weakly commensurable to I's. By replacing I'; with

I', we may assume without loss of generality that F'is equal to the completion of Ky
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with respect to the restriction of the v-adic norm on F'. Furthermore, we may replace
G2 by its image under some purely inseparable isogeny so that the triple (F, G, ;)
is minimal.

By Lemma [3.3.4] we know that Ty is open in Go(F). Since Iy is finitely generated,
there exists some subring R C K, such that I'; C G3(R). By Theorem , there
exists a maximal F-anisotropic torus Ty in GG5. Let r be the number of nontrivial
conjugacy classes of the Weyl group W(G», Tp).

Let Uy = U(Ty,v) be the open subset of Go(F) constructed in Lemma m
associated to the torus Ty and the valuation v on F.

By Proposition [3.1.1] we can pick r inequivalent valuations vy, ..., v,, such that
v is not equivalent to v; for 1 = 1,...,7, such that the completion (K3),, is locally
compact, and the embeddings ¢;: Ky — (K3),, have the property that ;(R) C O,
forall j=1,.. 7.

Define the embedding

bg: Go(Ky) — Gg = H Go((s),,).

Jj=1

as above. Since I} is mapped into a compact subgroup, the closure of the image
ds(Iy) is open in (5. Invoke Lemma to construct an open subset U of Gg
such that 05" (d5(Go(Ks)) NU) consists of Ky-generic elements. Then U = Uy x U

intersects every open subgroup of Gy(F) x Gg. Let 85, be the embedding of G,(K>)
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into Go(F) x Gg. Pick 75 € m(d5,(T%) NU). Lemma implies that 7, is a
K-generic element that generates a F-anisotropic torus in Go(F).

Since I's and I'; are weakly commensurable, 7, is weakly commensurable to a
semisimple 7; € T'; of infinite order. Let 77 = Zg,(71)°. By the isogeny theorem
(see [20, Theorem 4.2]), we know that T» is F-isogenous to 77 which implies that T}
is F-anisotropic. Note that T (F) is compact and T'; is discrete; thus T (F) NT'; must
be finite. However, it must contain the element ~;, which has infinite order. Thus,

we have a contradiction.
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