A Model of Neutrino Masses and Mixings and Its

Phenomenological Implications

Trinh Thi Ngoc Le

Quang Tri, Vietnam

B.Sc., Hue University’s College of Education, 2012

A Thesis presented to the Graduate Faculty
of the the University of Virginia in Candidacy for the Degree of

Doctor of Philosophy

Department of Physics

University of Virginia

May, 2017



Dedicated to my mother Van T. Phan,

father Minh V. Le,

sister Tram-Anh T. Le,

and

Vu Tran



Acknowledgements

The work presented here would have not been possible without the help and support of many

people to whom I owe many thanks.

Firstly, I would like to express my sincere gratitude to my advisor Prof. Pham Quang Hung
for the continuous support of my PhD study and related research, for his patience, motivation,
and immense knowledge. With him I was trained to work independently and to handle unexpected
situations. His guidance helped me in all the time of research and writing this thesis. I could not

have imagined having a better advisor and mentor for my PhD study.

I would like to thank members of my research review committee: Prof. Hung, Prof. Craig
Group, Prof. Michael Fowler, for taking time to review annually my research and giving me their
valuable feedback on the progress of my research. Besides my advisor, I am very grateful to the
rest of my thesis committee: Prof. Group, Prof. Hank Thacker, Prof. Trinh Xuan Thuan, for
giving time out of their schedules to review my thesis, for their insightful comments, suggestions

and also for my doctoral defense.

I also thank my colleagues and friends Van Que Tran and Prof. Tzu-Chiang Yuan for their
collaborations in two projects, for their warm welcomes and hospitalities when I was visiting at the

Institute of Physics, Academia Sinica, Taiwan.

My deepest gratitude goes to my parents and my little sister who are always in my heart.

They are my moral supports to help me overcome obstacles in my life. With them by my side all



v

the time I have been motivated to accomplish the goals of my life.

Furthermore, I am also grateful to: The University of Virginia and the Department of Physics
for giving me a chance to persuade my PhD; the lab instructor, Dr. Maksim Bychkov for his
thoughtful guidance and training on my teaching, for giving me an opportunity to contribute to
lab works; all of professors who have taught and supported me in the first two years: Prof. Fowler,
Prof. Cox, Prof. Vaman, Prof. Zheng, Prof. Sackett, Prof. Hirosky, Prof. Kolomeisky; Dr. Amy
Clobes, the Director of Professional Development at UVA’s Office of Graduate and Postdoctoral
Affairs, for her guidance and encouragement; Vu Tran for supporting me spiritually throughout
writing this thesis and my life in general; all of my friends at UVA, especially Dat Duong, Vinh

Hoang, and friends elsewhere for a lot of cheerful moments that I was having with.

Last but not the least, I would like to thank all people whom I could not explicitly mention

here but their presences are such valuable memories of my PhD life.



Abstract

We present a model of neutrino masses and mixings within the framework of the EW-vg
model in which the experimentally desired form of the PMNS matrix is obtained by applying an
A4 symmetry to the Higgs singlet sector responsible for the neutrino Dirac mass matrix. This
mechanism naturally avoids potential conflict with the LHC data which severely constrains the
Higgs sector, in particular the Higgs doublets. Moreover, by making a simple ansatz we extract
MZM;r for the charged lepton sector. A similar ansdtz is proposed for the quark sector in order to
construct quark mass matrices. The sources of masses for the neutrinos are entirely different from
those for the charged leptons and for the quarks and this might explain why Uppsng is very different
from Vo Two interesting phenomenological implications on p — ey and u — e conversion are
investigated within the model. At the limit of zero momentum transfer and large mirror lepton
masses, we derive a simple formula to relate the conversion rate with the on-shell radiative decay
rate of muon into electron. The Yukawa couplings constrained by current limits and projected
sensitivities of these processes are found to be small ~ O(107> — 1073), which give rise to distinct
signatures in the search of mirror charged leptons and Majorana right-handed neutrinos at the

LHC (or planned colliders).
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Chapter 1

Introduction

Over the past few decades, researches in particle physics field have focused on the so-
called Standard Model (SM) which describes the universe in terms of Matter (fermions) and Force
(bosons). The SM has served as a hardcore theory to understand and predict how particles and
forces are related to each other. Over time it has provided excellent agreements with almost all
experimental results. Furthermore the renormalizability of the SM made it possible to study the ra-
diative or quantum corrections in a consistent manner. As an example, the electroweak corrections
resulted from a theory that mixes the electromagnetic and weak contributions. Several illustrative
example of electroweak corrections in the SM include unitarity of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix, prediction of the W and Z boson masses, top-quark mass and an estimation of the
Higgs Boson mass. The year of 2012 witnessed the discovery of a new particle of mass 126 GeV
observed by the ATLAS and CMS experiments at the Large Hadron Collider (LHC). The new
particle is said to be compatible with Higgs boson since it has behaved, interacted and decayed
as in the predictions of the SM. Additionally, leptonic family numbers are accidentally conserved

quantities in the SM regarding the fact that neutrinos are massless.

However this is not the end of the story. If the 126 GeV object is the “end of the road” then

the SM turns out to be incomplete due to several major unsolved problems:



e We do not know whether the new 126 GeV particle is the long-sought-after SM Higgs
boson or an impostor. There could be also other types of Higgs bosons which SM could

not predict.

e Typical concerns about the origin of mass hierarchy and mixings: “Why are there three
generations of quarks and leptons?”, “Why exist very different mass scales of quark and

lepton sectors?”.

e The neutrino oscillations resulting in non-zero neutrino masses have been observed. It was
raising a question about the origin of neutrino mass and a possible explanation of why they

are so light.

e Evidences of neutrino oscillations also show that the conservation law for leptonic family
numbers is invoked. However the total lepton number must be conserved in the SM, which

gives the possibility to see rare muon decays such as y — ey or uN — elN.

e The unification of gravity with the other three fundamental forces. So far we have been

omitting its existence.

e There are other important questions remaining unrevealed, for example, “What is dark
matter?”, “Matter-antimatter asymmetry: What happened to the antimatter after the big

bang?”.

This lack of attention is significant because not solving these questions will incur an incomplete pic-
ture of the subatomic world, which will affect any future theoretical and experimental developments

of particle physics field.

In order to address the above problems we apparently need to go search for new physics
beyond the SM (BSM). It refers to theoretical developments needed to explain the deficiencies of
the SM. Upon the addressed unsatisfactory situation, windows into BSM can be neutrino masses

and lepton flavor violating processes such as p — ey, u — e conversion. It is noticed that radiative



decay of the muon into electron is possible but with an unobservable rate highly suppressed with
the minuscule neutrino masses. Searches for lepton flavor violating rare processes in high intensity
experiments are thus important for new physics beyond the SM. They all can potentially be the

Great Guide to the road ahead.

In the light of this road guidance, our research has constructed a “Model of Neutrino Masses
and Mixings” within the framework of the so-called “Electroweak-scale right-handed neutrino”
(EW-vg) model which has basically proposed a possibility of producing and detecting right handed
neutrinos at the colliders. In the model of neutrino masses and mixings the experimentally de-
sired form of the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix is obtained by applying an
A, symmetry to the Higgs singlet sector responsible for the neutrino Dirac mass matrix. This
mechanism naturally avoids potential conflict with the LHC data which severely constrains the
Higgs sector, in particular the Higgs doublets. Moreover, by making a simple ansatz we are able
to further explore the mass matrices for charged lepton and quark sectors. This might contribute
to the understanding of the very distinctive mass structures of leptons and quarks. Interesting
outcomes of this model of neutrino masses and mixings are analyses of muon rare decays: pu — ey
and p — e conversion in which we have incorporated all current experimental limits and projected
sensitivities used to put constraints on the parameter space of the model. Furthermore we also

have clues to help narrow down searched regions for near future experiments.

All detailed discussions and results of our research will be presented in this thesis. Let us

first introduce the road map to the thesis.

e Chapter 2 will give us a brief summary of the SM’s particle content and gauge interactions.
The so-called Higgs mechanism generating masses for fermions and bosons and resulting in

mixing matrices is also discussed.

e Chapter 3 will walk us through neutrinos masses and mixings, two types of neutrino mass



which are Dirac and Majorana. Moreover the well-known seesaw mechanisms generically

modeling the observed neutrino masses ~ O(eV') will be briefly reviewed.

e Chapter 4 will totally focus on the EW-rvr model. It includes step-by-step model building

process, the model’s possible signature and phenomenological constraints.

e Chapter 5 will present the full context of the model of neutrino masses and mixings. Besides,
we also provide a possible explanation on why the PMNS matrix is very different from the

CKM matrix.

e We dedicate Chapter 6 to perform updated analyses for the one-loop induced lepton fla-
vor violating radiative decays [; — [;v and the muon-to-electron conversion in nuclei like
aluminum, titanium and gold in the context of the model of neutrino masses and mixings

introduced in the previous chapter.

e Chapter 7 will provide implications on quark mass matrices from the point of view of the

neutrino model along with relevant assumptions.

e We conclude the thesis with Chapter 8. Useful formulas and calculations can be found in

the Appendices.

With the brief indication of how the thesis will proceed, we are now ready to explore the model of

neutrino masses and mixings and its phenomenological implications.



Chapter 2

Standard Model Overview

In mid 1970s, particle physicists combined all knowledge about fundamental particles and
forces or mediators which build up almost everything we have known so far into a theory called
Standard Model (SM). Since then, the SM has provided extremely successful explanations for many
vital observations and predicted a wide variety of phenomena. In the following sections, we will
learn more about basic SM and its key role in understanding of the phenomenology of particle

physics.

2.1 Particle families and their interactions

Fundamental particles are building blocks of matter, called fermions, and the mediators of

interactions, called bosons.

Fermions can make up ordinary matter which is needed to make an atom, or exotic matter
produced in high energy collisions, or very exotic matter produced in very high energy collisions.
Fermions obey Fermi-Dirac statistics [1] and have spin 1/2. They come in one of twelve flavors and
are organized in three families with identical quantum number but different masses. The elementary

fermions are either quarks or leptons, and they are differentiated by their charges under strong and



electromagnetic interactions. For example, let us take the first family which contains
Quark: v, d and Lepton: v, €. (2.1)

Two quarks carry so-called color charges under the strong interactions but two leptons do not.
Under the electromagnetic interaction, two quarks have charges 2/3 (for the up quark) and 1/3
(for the down quark) while two leptons have charges 0 (for the electron neutrino) and -1 (for the

electron). Either quarks or leptons come in one of six flavors

e Quarks: u, c, t; d, s, bE|,

e Leptons: e, u, 7, Ve, vy, V7.

Another difference between quarks and leptons is that quarks are always bound to other quarks by
the strong force whereas heavy leptons (e, i, 7) can be found free or bound to other charged fermions
by the electromagnetic force and neutrinos only interact with themselves and other particles via
the weak force. Masses of these fermions can fall into a range from the sub-eV neutrino masses to
the 172 GeV top mass [3]. Moreover, each family shows such a peculiar mass structure in which
the masses are hierarchically separated from one another. A massive charged fermion, e.g. electron
has two possible chiralities called left-handed and right-handed. In the case of neutrinos, only the
left-handed chirality has been observed so far and this seems to agree well with SM’s prediction
because neutrinos are massless in SM. Further discussion on neutrinos and their chiralities will be
provided in the next chapter. Quarks are known to bind into triplets and doublets. The triplets
are called baryons and the doublets (quark-antiquark pair) are called mesons. Collectively baryons
(the heavy triplets), mesons (the middleweight doublets), and quarks (the fundamental particles)

are known as hadrons.

In contrast to fermions, bosons obey Bose-Einstein statistics [2] and have integral spin quan-

tum numbers (£0,+1, £2,...). The SM interactions are characterized by four vector bosons or gauge

! Sometimes we refer u, ¢, t as up-quark sector and d, s, b as down-quark sector



bosons of spin 1. The photon carries the electromagnetic force between particles with charge, the
gluon strong force between particles with color (quarks and gluons), the Z and W’s weak force
between certain particles with flavor. It is noticed that the photon and gluons are massless while
the Z and W'’s bosons are massive. This explains why weak interactions are weak at low energy
because of a suppression of 1/Myzy factor. However, they still stand out because of their viola-
tions in universal symmetries such as parity P, charge conjugation C, CP, time-reversal T, and
lepton/baryon (L/B) number, which all are conserved under the electromagnetic and strong inter-
actions. Another boson we should mention about is the scalar Higgs boson (spin = 0) which was
discovered in 2012 [4.|5] and the mediator of the Higgs mechanism. Within the frame work of the
mechanism, Higgs is able to give mass to all particles and itself. Signals from the LHC show that
Higgs has mass around 125 GeV [6] but we do not know whether or not it is the SM Higgs. Future
experiments carried out at the colliders will hopefully give us the answer soon. A further discussion

about Higgs mechanism will be given in section [2.3] A summary of SM particle content is given in

Fig. (2.1).

2.2 The SM gauge interactions

2.2.1 Gauge transformations

Gauge transformation or more precisely, local gauge transformation when applied to a local
symmetry will result in the representation of the symmetry group that is a function of the manifold
and can be taken to act differently on different points of spacetime. This section is arranged as
follows. We first review a physical quantity needed for a symmetry to work on. This quantity is a
Lagrangian of a theory. We then discuss the role of symmetry and two kind of symmetries called
global and local symmetry. Finally, we will have a heavy discussion on local symmetry and local
gauge transformation in quantum electrodynamics (QED) and then generalize a renormalizable

gauge theory at the end of this section.



The Standard Model
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Figure 2.1: The Standard Model particle content

To get the idea of a Lagrangian, let us start with a quantum field theory (QFT) basis in
which particles are related to fields ¢(z) in the space-time coordinates. The fundamental quantity

of the field theory is the action, S, which can be written as

S = / Ldt = / L(x)d'z, L(z)= c04x) (2.2)

where £ is the Lagrangian density El which is a function of fields ¢(z) and their derivatives 0,¢.
Although there is no strict form for a Lagrangian, a typical one will contain terms bilinear in the
fields called free Lagrangian, L., and terms called interaction Lagrangian L;,;. Let us take an

example of the so-called “¢* theory” whose Lagrangian is
1 1 A
= 5((9“@5)2 - §m2¢2 - a¢4 (2.3)

The interaction term L;,; = —%qﬁ‘l accounts for field interactions. In order to see how a corre-

sponding interaction behaves we must consider the dimension of the coefficients ¢; in Eq. (2.2).

2 Hereinafter we will refer to £ simply as the Lagrangian.



For example, a term with negative dimension, i.e. ¢ = 1/A” where r > 0 and A is the energy
scale will appear as “non-renormalizable interaction”. According to the QFT, such an interaction
is not applicable at low energy scale but may cause a potential interest at high energy where they
make the theory incalculable. Therefore, non-renormalizable terms are only relevant in an effective

theory having a cutoff energy scale (A).

Symmetry plays a crucial role in outlining the independent regularities of the laws of nature
in the context of specific dynamics. Within the scope of this thesis, we will be considering three
popular symmetry groups: U(1) and SU(2), SU(3) which are special cases of the general SU(N)

group. We start with an infinitesimal group element g
gla) =14iaT* + O(a?) (2.4)

where T are the generators of the symmetry group. The set of generators will have the commu-

tation relations

[T, T% = if®eTe, % are structure constants (2.5)

which form a so-called Lie Algebra and the identities
[T, [T°, T + [1°, [T, T + [T, [T*, "] = 0. (2.6)

A group which has one of the generators 7% commutes with the others and phase rotations ) — '@
is called U(1). A subgroup of U(1) which commutes with other unitarity transformations is known
as SU(N). The generators of SU(N), t*, are Hermitian traceless matrices. In the case of N = 2,

generators of SU(2) are chosen to be
ta =04/2, a=1,2,3, 0, are Pauli matrices (2.7)
In the case of N = 3, generators of SU(3) are
ta=XAa/2, A=1,2..8, A4 are Gell-Mann matrices (2.8)
If a Lagrangian under a transformation on the fields

Yi(z) = Uivj(x) (2.9)
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is invariant, we then call this transformation a symmetry of the Lagrangian. From if U does
not depend on space-time point x, the symmetry is called global symmetry, otherwise, it called
local symmetry. An example of global symmetry is SU(2) isospin which acts on the quark doublet
Q = (u,d)’. Within the framework of quantum chromodynamics (QCD) with the limit m,, 4 — 0,
the isospin transformation Q — UQ is a symmetry of QCD Lagrangian for u,d. In other words,
isospin symmetry is given by the invariance of the Hamiltonian of the strong interactions under the

action of the Lie group SU(2).

Gauge symmetries are the invariances of the Lagrangians under gauge transformations which
are realized on the fields as a local phase rotation. A celebrated example is the famous gauge

symmetry of QED whose Lagrangian is written as

. 1 y -
/-:QED = 1/)(17“8;1 - m)w - ZFHVFM - €¢7M¢Au- (2'10)

where the electromagnetic field F),, is expressed in terms of the vector potential A, as Fj, =

OuAy, — 0,A,. In this case, the fields are the complex-valued Dirac. Under gauge transformation
. 1
P(z) = @y(x), Aulz) = Aulz) — ~0u0() (2.11)

in which an angle «a(x) varies arbitrarily from point to point, our Lagrangian (2.10) must be
invariant. In fact, the QED Lagrangian can be simplified by introducing the gauge covariant
derivative

D, =0,+ieA,(x) (2.12)
that can be transformed according to Eq. (2.11])

Dub(z) — [au +ic (Au - iaﬂaﬂ @)y () (2.13)

= (9, +ied,) i(x) = €Dy (a)

Therefore, the QED Lagrangian is simply

. 1 v
»CQED = ¢(27”D,u - mWJ - ZF;WF“ (2‘14)
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The first term is clearly invariant based on the above argument and the kinetic term F,, F'*” is also
invariant as the vector field A, transforms in . In conclusion, we are able to prove that the
QED Lagrangian follows from the principle of gauge invariance under local U(1) transformations.
In addition, gauge invariance shows us why the photon is massless, since a mass term A, A" would

break gauge invariance.

Finally, we will present the steps to construct a general renormalizable gauge theory of spin

0, 1/2, 1 fields .

e Choose a basis of generators t, for a compact gauge group G with associated real vector

a a __ a a abc Ab Ac
field, A7, and field strength F}), = 0,A7 — 0, A}, — gf*"° A, A

e Define a covariant derivative D, = 0, + igAﬁT w where T, is the action of the generator ¢,

on the fields ®.

e Make a gauge transformation of the fields ®(z) — U(x)®(z) and vector fields so that

D, (U(x)®(x)) = U(x)(Dy®(z)) and F,T, — U(:L')(Fﬁ,/Ta)UT(a:).

e Write a corresponding gauge Lagrangian, for example,

1

£=-4

1 1
(Fo)® + 5 (D,2)" D'e — “m?a"e (2.15)

where the first term describes the famous Yang-Mills gauge theory, the other terms con-

struct the locally gauge invariant Lagrangian.

2.2.2 Gauging SM interactions

SM itself is a gauge theory so in order to define it we have to identify key ingredients listed
in the previous section. As mentioned in the section SM describes three interactions related

to electromagnetic, strong and weak forces. Therefore, it is reasonable to develop a gauge group
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for SM which contains all generators of groups describing the above interactions. So far we have
known that the QED and QCD detail the electromagnetic and strong interactions and then involve
the U(1)em and SU(3). (‘c’ stands for ‘color’) gauge groups, respectively. It is important to figure
out which gauge group represents the weak interaction as well. Because parity is violated in weak
interactions as opposed to electromagnetic and strong interactions, one expects to look at Dirac
spinors in a chiral view. If we take the first family fermions (v, e, u, d) for consideration, they have

to be split into left- and right-handed components: vy, er, er, ur, ur, dr,, and dg E| .

We shall now discuss weak interactions before gauge theory comes along. In 1950s, it is

suggested that an effective Lagrangian for weak interactions

Gr
Lopr(a) = -7 Ty (@) T () + hec. (2.16)
with the Fermi coupling constant, Gp ~ 1075/ m%roton and the weak current Jij, () having the V-A
form
no_ = 1-79°
Jy = vpyfer, + upy*dr, note that ¢y = Y. (2.17)

2
It is said that the Lagrangian (2.16|) described successfully parity violating and charge changing

weak interaction. Nevertheless it is lack of renormalizability because of the negative dimension of

the coefficient G ([energy]~2) and violates unitarity at high energies, even in the lowest order of

Gr .

2.2.2.1 Unitarity violation and bad high energy behavior

We have known that at tree level measured cross-sections of processes such as n — pe™ 7, or
v,e” — [ Ve turn out to agree very well with the theory containing the above effective Lagrangian.
However when considering, for example, one-loop process v,e — v,e as shown in Fig. one
gets an infinite cross-section. This “disease” has a deep root in the violation of tree-level unitarity.

In quantum physics, unitarity restricts the probability from exceeding 1. Let us take an example

3 The right-handed neutrino vg is not presented here since it does not exist in the SM
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¢ Ge/2 ¢ G2 e

Figure 2.2:  One-loop process v,e — v,e results in an infinite cross-section.

of scattering theories with the S-matrix defined as
S=1+:iT (2.18)

where I indicated “no scattering” and T is the scattering matrix. Unitarity, in this case, requires
sum of probabilities

SST=5Ts<1. (2.19)
If one considers the interaction of v,e” — p~v, in Fig. (2.2) its amplitude has only the J = 1
partial wave and the cross-section goes like

g~ GF2 S (2.20)

where s = 2m.FE,, E, is the v, energy in the lab frame. According to the scattering theory, the

cross-section can be expressed as

|S=1]?
g~ ———— .

2.21
- (2:21)
Since unitarity forces |S;—1|?> < 1 the cross-section, o j—1, is bounded by s~!. Therefore
1
Grls< = =s5<Gp %~ 300 GeV . (2.22)
s

This means the weak interaction’s unitarity is violated if one goes beyond 300 GeV. Actually the
broken energy scale is about 1000 GeV to a good precision. How could one avoid such a bad high

energy behavior from occurring?
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2.2.2.2 Problem solvers - W* and W?°

It has been known that QED is described by the Lagrangian
Loep =€ J]%M Ay, (2.23)

where J%,, is the electromagnetic current, A, is a photon field and e - the electron’s charge - is the
dimensionless coupling constant of the electromagnetic interaction. QED has shown a good high
energy behavior and contained no infinities at higher orders in perturbation theory. Here is why.
All the infinities in QED can be eliminated via “renormalization” triggered by the dimensionless
coupling constant e. It is worth noticing that the electromagnetic interaction mediated by the

spin-1 vector photon field makes it possible to have the dimensionless coupling.

Therefore it would be a good idea if we try to mimic QED in order to cure the infinities and
unitarity violation problems in weak interactions. Let us suggest a choice of charged vector bosons

(spin 1), W;t and write down the weak Lagrangian in the same manner with that of QED as
Eweak =g JIl/[L/ W;L (224)

where J{fv is introduced in Eq. (2.17) and g is the dimensionless coupling constant of the weak
interaction. We can generate the effective interaction by a massive gauge boson as shown in

Fig. (2.3) and have such an identification

V2 &

in the case of the squared transferred momentum, ¢> < M%V

We now investigate the problems of unitarity and renormalizability in the theory involving
intermediate vector boson W*. Unfortunately the bad high energy behavior remains, for instance,
in a process ve7, — WTW ™. Since W¥ are massive spin-1 fields they have 3 degrees of freedom of

polarizations: 2 transverse and 1 longitudinal. The longitudinal polarized W, denoted as W;, has
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1
wS ~ —_— Ge/V2

e g v, e v,

Figure 2.3: ev, — uv, process with W exchange approximation to four-fermion interaction at low
energies.

a polarization of the form

k M
(3) _ Fu w
e =310 ( = > (2.26)

where FE is the energy in the center-of-mass frame. Therefore the cross-section of a diagram shown

in Fig. (2.4)) contains

. kk,
Y e = gwt s (227)

polarization

The second term causes the bad energy behavior that we will see later. The amplitude, therefore,

is given by

Fp— BE1 — )

ft = _292@(17/) (p _ k)2 — mg u(p) (228)
2
= ) (/M) (= ) (/M) (1= 25)u(p)
2>

7 () (1 —vs)ulp) .

One can choose the following momentum configuration

P = (£,0,0,F), pL:(E,0,0,—E) (2.29)

k, = (E, ke), kL:(E,—ke)

where e = (sin 6,0, cosf). It is proved that the cross-section

B GF2E2

o (2.30)

ot
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Ve (P)
\\

v, () W, (k&)

Figure 2.4: v.v, — WTW ™ process with a t-channel.

On the other hand, from the partial-wave expansion [11], the cross-section is given by

T
0= Z(ZJ +1) 185, el (2.31)
J

where A\j = —\y = 1/2 are the helicities of ve, 7 and A3 = Ay = 0 are the helicities of W=, This
cross-section comes from a pure J = 1 partial wave. From Eqs. (2.30)), (2.31)) and the unitarity

constraint we have

Gp’E* _
Tor2 |S(io;11/2,_1/2\2 <1 (2.32)

or

Gps <12m where s=4F*. (2.33)

This implies that the unitarity is violated at /s = 2E ~ 1800 GeV or E ~ 900 GeV.

Although the coupling ¢ is now dimensionless which helps fix the infinities problem, the
theory with intermediate vector bosons W is still not renormalizable. According to the free

massive vector boson Lagrangian
1
Lw == FuF" + Mg Wiw* (2.34)

one can find the propagator in momentum space as

y — kuky /M2
iD (k) = —ide — " /Miy

2.35
K2 — M2, + ie (2.35)
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As k — oo, the propagator acts like a constant and the interaction is not renormalizable because of
power counting. Therefore something must come rescue this theory. It turns out that in order to
cancel the bad high energy behavior, one can implement other diagrams for the above interaction.
They are either s-channel or u-channel exchange diagrams as shown in Fig. . For the purpose
of this review we only consider the choice of neutral vector boson exchange or the s-channel diagram

in Fig. (2.5)-(b). It is noticed that the couplings f, f’ obey the symmetry of a Lie group forming

v, W; Ve W;
0
Ly id
Ve 3 _ _
o ",
(a) (b)

Figure 2.5: veie — WHTW ™ with (a) u-channel and (b) s-channel.

the Yang-Mills theory. The amplitude is proven to be

o(p)K (1 =5 )ulp) (2.36)
with a choice of WOW W~ coupling to have the Yang-Mills structure. If
1 =24 (2.37)

then fs will cancel the bad high energy behavior from Eq. (2.29)). In a nutshell, the good high
energy behavior of the weak interactions forces us to introduce W9, in addition to W+, with the

couplings obeying the symmetry of SU(2) and being universal coupling g.
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2.2.2.3 SM gauge group, Ggns

If we introduce the left-handed fermion doublets

VL ur,
Ip = , qL = , (2.38)

and then define VV#i in terms of real vectors Wﬁ’z as

(W F 1Wa)

Wi = 7% (2.39)
the Lagrangian (2.24)) can be written as
Luear = glpy" (WiTy + W2To) I + gquy* (WiTyi + WiTs) qr (2.40)

where T7 2 = 01,2/2. We can see that T} and T, are the generators of gauge theory. In order to form
a Lie algebra such that [Th,Ts] = iT3, T35 = 03/2, we also have T3 as a generator corresponding to
a third real gauge boson, WE As a result, this predicts an additional neutral interaction. With
the identification of 3 generators T} 23 we can conclude that SU(2)y, (‘L’ stands for ‘left-handed’

field components) is a part of the gauge group, Ggyy.

As argued in the beginning of this section, Ggps should also include generators of U(1) and
SU(3).. We have already seen the generators of the SU(3) group in section so I will not
repeat them here. Instead we would focus on finding the generators of U(1). As we have known,
U(1) associates with an electric charge generator called Q. However, we observe that @ — T3 also
gives the same quantum number to all members of SU(2) fermion doublets in . In fact, one
can go further by checking the commutation of this linear combination generator with other SU(2)
generators and confirm that

[Q—T5,Ti] =0, i=1,2,3. (2.41)

We then define “hypercharge” generator of U(1) as

Y Y
§:Q—T3 or Q:T3+§' (2.42)
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The later one is known as Gell-Mann-Nishijima formula [8].

In conclusion, the gauge group of the SM is identified as
Gsy =SU3)e x SU(2)p, x U(1)y. (2.43)

in which SU(2)r, x U(1)y composes the electroweak group. Table (2.1) will summarize quantum
number assignments of SM chiral fermions in the first family under gauge group, Ggy.
Table 2.1: Gauge quantum numbers of chiral SM fermions in the first family. Later on we can

consider this as a generic notation for fermion families because the quantum numbers are the same
for all three families

| [sue. su@L vy |
I 1 2 -1/2
eR 1 1 1
qr 3 2 1/6
UR 3 1 2/3
dg 3 1 -1/3

Before closing this section, let us discuss anomalies in gauge theories and why it is important
to perceive anomaly cancellation. The presence of triangle diagrams which appear in the one-loop
corrections to the tree-gauge-boson vertex is dangerous for a gauge theory because of the breakdown
of gauge invariance presented by the so-called Ward identity. The anomalous term of a triangle
diagram of three gauge bosons denoted as Aj, Al AS (as shown in Fig. ) is proportional to
Tr [{Ts,Tp}T.] which vanishes if there is no anomaly. To examine the anomalies of the SM gauge
theory, it is convenient to start with the SU(2)p x U(1)y gauge group and check to see if the
anomalous terms cancel as required. As one may notice, three generators 7,, 7, T belongs to the
SU(2)r. They satisfy

TT[{TCH Tb}Tc] = TT[Qéach] =0. (244)

It is easy to show that the anomalies containing one SU(3) or SU(2) boson are zero because
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Figure 2.6: Anomalies from triangle diagrams in a gauge theory.

Trity) =0 or Trir,]=0. (2.45)
The anomaly of one U(1) boson with two SU(2) or SU(3) boson is
1 1

Trite, Y] = Eéab TrY or  Trlte,tpY] = iéab -TrY (2.46)

where TrY can be understood as the total of the sums running overs leptons and quarks. For each

family, using the values of Y/2 from Table ([2.1)) we have

Y = Y(en)+Y(vr)+Y(er) = -1+ (-1) +(-2) = -4, (2.47)
lepton
MY = N (Y(ur) +Y(d) +Y(ur) +Y(dr)) (2.48)
quark

1 1 4 2 4
= No-(=4-+-+(-2))==N..
(srsva(5)) =3

where N, is the number of quark colors. Therefore,

TrY = ZY+ZY:—4+§NC. (2.49)

lepton quark

In order to cancel this anomaly (i.e., T7Y = 0) one needs exactly three quark colors which turns
out agree well with experimental data. Furthermore it is obvious that Tr[T5;] = 0. Since ¥ =

2(Q —Tsz) and TrY = 0 from the above argument, we obtain 7r@Q = 0 which is verified by taking

> e+3- > Q (2.50)

lepton quark
The SM theory is thus a chiral gauge theory which is completely anomaly-free. Nevertheless the

anomalies cancellation entails that leptons and quarks in each family have to form a structure of

doublets and singlets as I, er, qr, ugr, dg.
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2.3 Higgs Mechanism and how to generate gauge boson masses

In the theory of gauge invariance, vector gauge bosons such as W are prevented from
acquiring their masses in order to preserve the invariance. With the discovery of the mass of
W-bosons to be about 80 GeV [9], we may claim that the gauge symmetry has to be broken to
give mass to gauge bosons as well as fermions. This is where “spontaneous symmetry breaking”
(SSB) [10] takes off and becomes one of the most important mechanisms accounting for massive
particles. The SSB can be applied to either global or local symmetry. However we will only focus on
analyzing SSB of the local U(1) gauge symmetry which leads us to the Higgs mechanism and that of

the SU(2)r, which helps us move toward SSB of SM weak interaction in the following section.

2.3.1 Spontaneous symmetry breaking in U(1) gauge theory

Let us first start by introducing the Lagrangian of complex scalar fields ¢
1
['gauge = _ZFMVF#U + (Dugé)T(D#(b) - V(¢) (251)

where V(¢) = —u?¢T¢ + A(¢'¢)?. Recall that D, = 9, — igA,. We can write ¢ in terms of 2

independent real components, ¢; and ¢5 as
1 .
¢ = 7 (1 + i) (2.52)
Therefore the potential becomes
s 2 2 Ao 212
Vg1, ¢2) = —7(% +¢3) + Z(¢1 + ¢3) (2.53)

Under a local gauge transformation the fields and vector potentials transform as

d(z) = ¢'(z) = e @ () (2.54)

1
Ay — A=A, — gﬁua(:z:)
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SSB arises if the vacuum expectation value (VEV) of the scale fields is not invariant under the
gauge symmetry. In order to obtain the VEV, we minimize the effective potential (2.53)). If 42 > 0

we get the minimum
2

=31 +ed) =5 or Gi+ei=0’ (2.55)

N | =

Here v = 4/ “72 We can choose (¢1) = v, (¢2) = 0 which are field configurations for classical

vacuum. From this we are able to define new quantum fields
P =1 — v, ¢y = b2 (2.56)

which correspond to oscillations around the minimum so that ¢’ = %(qﬁ’l +i¢h). It is noticed that
the condition of (¢1) = v is necessary for SSB according to the Goldstone’s theorem [12]. Hence
the new Lagrangian is

£= 5 [(Dus)? + (D)) + 15— 8% st (874 2) - § (6P + )" @)

We can see that there is no gf)’22 term which implies ¢/ is a massless Nambu-Goldstone (N-G) boson.
The constant u*/4\ is called “cosmological constant” and can be shifted away due to the absence

of gravity. The kinetic term in the Lagrangian can be rewritten in terms of new fields as

(Dud)' (Dud) = 1Due'* = (0 — igAu) &' (2.58)
= % ((9,@’1 + 9Au¢/2)2 + % (8u¢/2 - QAM¢3)2

1
+ ngUQAH'A# — guA* (augbé + gAHqZ)'I)

Due to SSB, the covariant derivative produces mass term for vector boson with mass M4 = gv.
The main feature of spontaneous breaking of gauge invariance is that gauge vector affiliated with
each broken generator gets a longitudinal component and a mass. So far we have already seen how
the mass is generated. The additional longitudinal component is given by the N-G boson which

gets absorbed by the vector. This can be seen by redefining the fields ¢ in polar coordinates as

¢(z) = (v +1(x)) O (2.59)

12

Sl =Sl

(v+n(x)+i&(z)+ ...) for small oscillation
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Comparing with Egs. (2.52) and (2.56)) we have

n(x) = ¢1, £(x) = ) (2.60)

From this point, two configurations associated by a gauge transformation can be made

—1 v 1
$(z) = ¢'(2) = O g(a) = 7(v+n(f€)) (2.61)
2
1
A, = B,=A,— g—vﬁug(az) (2.62)
Therefore the Lagrangian transform as
’ 1 2 1 . 2 IS 2 A 4
1 1 1 1 1
= -3 (8,B, — 3,B,)* + 3 (8um)* — 5(2u2)n2 + 5921)2B2 + <g2m] + 292772) B+ ..

where B? = B, B*. The &(z) component disappears in the Lagrangian because it is absorbed as a
longitudinal component B,,. What remains is one massive scalar, n with mass m, = V2 and one

massive spin-1, B, with mass mp = gv.

In summary, if a massless gauge boson “eats up” a N-G boson associated with a broken
generator, a massive vector meson is produced. This was discovered in the 60s by Peter Higgs
[13,/14], Englert and Brout [15], Guralnik, Hagen and Kibble [16] independently and is usually
called Higgs mechanism. We shall now see applications of Higgs mechanism in the particular

SU(2)r, and the SM gauge theories.

2.3.2 Higgs mechanism for the SU(2); gauge theory

In order to break SU(2)y, gauge symmetry, one can introduce a complex scaler doublet having

4 degrees of freedom (d.o.f)

oo | ” (2.64)

o))



24

The scalar Lagrangian is given by

Ls= —iG;’wGW + (D, ®)(D'®) — V(®), i =1,2,3 (2.65)
where
D,® = <au - igg - I/f/u> P (2.66)
G, = 0.Wi—0,W,+ gel*Wiw} (2.67)
V(D) = —p(dT0) 4+ A(®TD)? (2.68)

Using the Higgs mechanism recipe, we also find the ground state of the field ® to be

2 2
(®TD) = % where v? = % (2 > 0 and X is real). (2.69)

By choosing a vacuum alignment

(®) = % (2.70)

[

we provide the necessary condition for SSB to happen. Since v is assigned for the VEV of Re(¢2),
leaving the other 3 scalar d.o.f of 0-VEV we expect to obtain 1 massive boson and 3 massless N-G
bosons which then are eaten up by the vector. To see the spectrum, one would go to “unitary

gauge” and write

B(z) = & ’ 2.71
(z) =€ v+ () (2.71)
2

It is noticed that the VEVs of n(x) and £(z) are zero. As seen in the description of Higgs mechanism,

E would give rise to 3 N-G bosons and 7n(z) appears to be the Higgs boson. Again, under gauge

é(=)

transformation U(z) = e+ the term accounted for the additional longitudinal components is
T W= U)W, LU (@)U 2.72
5 Wi=UG)g WU~ (@)~ SR (@) (2.72)

in which N-G bosons are absorbed in the second term. Consequently, the Lagrangian (2.65)) trans-

forms in the chosen ground state as

2

£y = GG 4 DL D) + (Y b @) - a@)t). @)
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The mass term for gauge bosons Wl; can be extracted from the second term
2 = =, 0 1 2 iy
Y0 o) <T-W’ ;-W“) :5(@) WWe (2.74)

It is worth emphasizing the invariance of the mass term under SU(2) global symmetry. Hence, the
gauge bosons W*, WY obtain a mass of My = gv/2. In addition to masses of gauge bosons, we

also generate the mass term of Higgs boson 7 from the potential in Eq. 1| my = V2.

24 SM gauge theory via Higgs mechanism

In a theoretical consistent way, we are now ready to write down and discuss the spontaneous
breaking of the SM in order to generate masses for vector bosons, the W+ and the Z, and fermions.
The fact that the electric charge is conserved and the photon is massless reassures us that the
subgroup SU(3). x U(1)em of SM’s gauge group remains unbroken under the SSB. Therefore, we
will investigate the spontaneous breaking of the subgroup SU(2); x U(1l)y of the electroweak

interaction in this section.

2.4.1 Generating masses for gauge bosons

To break the symmetry spontaneously, we introduce a fermion doublet, similar to the spinor
representation of SU(2) in Eq. 1) with Ti operators acting on it and it has an eigenvalue Y/2

of U(1)y. The covariant derivative of the gauge SU(2); x U(1)y becomes
= o . /Y
D, =0,—1igT - W, —ig §Bu (2.75)

where W and B are gauge fields of SU(2)1, and U(1)y, respectively. We know from our discussion
of SU(2)r gauge theory that the scalar field must have 4 d.o.f to give masses to 3 gauge bosons.

Thus, it is sufficient to use a complex doublet to generate masses for electroweak gauge bosons. We
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now define a doublet of the form

O , 1
o = with —(®) = - (2.76)
i 2 2
The covariant derivative of ® is
T = i,
D,®={0,— g3 - W, — 59 B,|® (2.77)
The scalar potential is
V(®) = —p(dT®) + \(2TD)? (2.78)
The VEV of the field ® is given by
0
() = v (2.79)
V2
where v = \/u?/\ resulting from minimizing the above potential
The mass spectrum of gauge bosons can be seen in a chosen “unitary gauge”
D) = ™ ’ (2.80)
Ve v+ () ‘
2

Again, (n) = (§) = 0. Under the transformation U({(x)) as in SU(2)1 gauge model, we have

. @ e,

7 g “l: = U(¢) <; : VV#) U=¢) p (2.81)

7__'
5" W, —
Moreover since the gauge includes U(1)y group, its gauge field also transforms as
B, — BL = B,. (2.82)
Hence the kinetic term in the Lagrangian contains
e The mass term of SU(2); gauge fields:
2 = = 0 2
g T v T / 1 (9U> T o u
< — — =— (= . 2.
8(0 v)<2 b5 Wu) ) 5 5 w, W (2.83)

v — 1 '2 '3
Note that Wj, = (WL, W,2, W,3).
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e The mass term of U(1)y gauge fields:

2 ' 0 1 /gv\? '
0 v (s B") —2<gv B, B* (2.84)
v
e The cross terms:
! = 0 1 /,,2 ,
%%«) v)<;'W¢> B™* ::2<_9%; )vmeW (2.85)
v

M= . (2.86)

Diagonalizing this matrix M yields two eigenvalues: 0 accounted for the massless photon and
<g2 + g’2) v?/4 accounted for the mass of Z-boson. The eigenvectors can be interpreted in terms

of a so-called “weak mixing angle” or “Weinberg angle”, Oy, |17] as

Z, = COSQWwLS—SinngL (2.87)

A, = sinHWW;;’—I—COSHWBL (2.88)

where
/

sin Oy = S — (2.89)

9
/g2_+_g/27 /g2_‘_g/2

All in all, 4 gauge bosons of the SU(2)r, x U(1)y gauge theory are

cos Oy =

e 2 charged gauge bosons VVMjE = (Wl} F zWﬁ)/\/i with masses My = gv/2,
e a neutral gauge boson Z, with a mass Mz = v/ g% + g’2/2,

e a massless photon A,,.
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It is noticed that an important prediction coming out from the investigation of the SM gauge theory

is

M,
W _ g = cos Oy . (2.90)

Mz Vg +g”°

From now on it will be more convenient to write all expressions in terms of the above mass eigenstate

fields. For example, in a coupling of the vector fields to fermions, the covariant derivative can be

written as
. g — = . 1 23 /QY
D, =0 z—(W+T++WT)—ziZ <gTL—g )
2 H=p \/i n L n L 92 +g,2 M 2
! Y
——iSMQAu@§+>, (2.91)
Vot +g 2

where Tf = (T} +£iT?) and Ty, = g for SU(2)r. From this point of view, one may ask if the SM
can predict masses of W’s and Z bosons in terms of known and measurable physical quantities such
as Fermi constant Gg, angle Oy, etc. We actually can proceed further regarding the identified

relation

Gr_ ¢

V2 8mi,

To estimate the mass of W’s boson, we need to know the coupling g. This can be done by considering

(2.92)

a gauge interaction with the A, boson
—i(eQL)@ﬁL'y“Q/)LAH. (2.93)

Comparing the A, interaction in Eqgs. (2.91) and (2.93)), note that Qp, = TE +Y/2, we get

/
e=—2% __ — gsin Oy . (2.94)

1/92_}_9/2

This is another prediction belonging to the SM. Gathering all relations we have been talking about,

one can predict the mass of W’s bosons

2 2 1
8 sin HwGF \/5 S GwGF

where o = €2/(4r), called “electromagnetic coupling constant”. We know really well about the
coupling constant « and Fermi’s constant G by the time SM was out forward. Hence measuring

the angle 6y will help predict the masses My and M.
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2.4.2 Generating masses for fermions

Another role played by spontaneous symmetry breaking is to give masses to the fermions.
For example, left-handed helicity components of leptons form doublets I, = (vy, e )T while right-
handed one stays as singlet er under SM gauge theory. Fermions (leptons and quarks) can acquire
masses if they have gauge invariant interactions with scalar fields. At the tree level, such Yukawa

interactions

Licpton = ge€LPer + h.c. with (®) = (2.96)

are SU(2) x U(1)y gauge invariant. After the SSB, the mass of electron is given by m. = g.v/v/2.
It is noticed that the value of v is known but that of g, is unconstrained and can be put in by hand.
Similarly, we obtain the masses of muon, m, = guv/\/?, and tau, m, = g;v/v/2. Again, g, and gr
are free parameters and cannot be predicted by the SM. We will get more discussions on leptons

masses in the next chapter.

Quarks likewise acquire their masses from the SSB of the gauge-invariant interactions
Louark = 9a@rPdr + gudrPug + h.c. (2.97)

where qr, = (ur,dr)” and ® = i7p®*. Mass terms have the form of (guv/v/2) for up-type quarks
(u, c, t) and (gqv/v/2) for down-type quarks (d, s, b). The fact that values of gy, g4, ... cannot be
measured results in no prediction of quark masses. Additionally, gauge invariance allows extra mass
terms such as lo; Pur, ler, TR, 1,1 Per, ... Hence, in general we can construct the mass matrix for

the up- and down-quark sectors as

Guu  YGue Gut

&“MUQ’/)“: “hu 9eu Yec  Yet ¢“’ (298)

Sil=

Jtu  Gtc  Gtt
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and

9dd Y9ds 9Gdb

id 9sd Ygss YGsb wd' (299)

v

YaMpipg =

N

gbd  Gbs  gbb

Here we define 1, = (v ¢ t)T and ¢ = (d s b)T. The mass matrices My and Mp can be
complex and non-hermitian. Therefore, we diagonalize each of them using two unitary matrices to

obtain eigenvalues as

U MuUr = Mudiag, (2.100)

Uchr,LMDUd,R =MD diag (2.101)
Taking the W coupling from Eq. (2.24]) with the above notations we have

ig,LUJ,Lr}/ﬂUd,L@Z)&,L =y, [ Vormuty L (2.102)

where ¢, ; = Ul (41, ¥ = Ul a1 and Vo = U] Uy, which is well-known as the Cabibbo-
Kobayashi-Masakawa (CKM) matriz. We will go into details of the CKM matrix in the next
section because it contains important information on the strength of flavor-changing in the quark

sector.

2.4.3 CKM matrix for quark sector

The CKM matrix is generalized from the Cabibbo matrix [18] by Kobayashi and Masakawa
in 1973 [19,20]. It describes the mixings between the three quark families in the SM and therefore,

has the form of a 3 x 3 matrix
Vaa Vis Va
Vekm = | Vg Vis Vi |- (2.103)

Vea  Vbs Vi
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In general, the matrix Vo can have complex elements and is a unitary matrix with 9 parameters.
They are 3 rotational angles called Cabibbo angles |18] and 6 phases. However, 5 phases can be

removed by making phases rotations of quark fields as
g — et gl (2.104)

Therefore, Vogar for 3 families has 3 mixing angles and 1 phase. One can parametrize Vogas

in many different ways but we found such a standard parametrization [21] as follows would be

sufficient.

1 0 0 C13 0 81;36_“S cli2 s12 0
VCKM = 0 C23 S923 0 1 0 —S19 c12 O
0 —823 (23 —81362'(S 0 C13 0 0 1

"y

c12€13 512€13 s13€
= —S19C3 — C12523513€0  Claco3 — S12523513€"  sazciz | o (2.105)
i i
512823 — €12C23513€"0  —C12823 — $12€23513€"  C23C13

where s;; = sinf;j, ¢;j = cosb;j, 0;; € [0,7/2] and 6 is the phase responsible for all C'P-violating
phenomena in flavor-changing processes in the SM. Because of such a hierarchy in angles, i.e.

S12 3> S93 > S13, one can set A = s12 and use the Wolfenstein parametrization [21},22]

1— )22 A AX3(p —in)
Vexkmw = - 1—\2/2 AN? ) (2.106)
AN(1—p—in) —AN? 1

in which A, p, n are real parameters of O(1). The CKM matrix elements play an important role
in the SM, so it is important to determine them precisely. Let us summarize the current status of

the CKM matrix [21].

(1) |Vaa| = 1 — A2/2 = 0.97417 £ 0.00021 from superallowed 0T — 0T nuclear beta decays or

using pion decay by shooting a proton beam into a target.
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(2) |Vus| =~ A = 0.2248 £ 0.0006 from kaon decays and the ratio of the kaon and pion decay

constants.

(3) |Veq| = 0.220 £ 0.005 from semileptonic charm decays, leptonic decays and neutrino scat-

tering data.
(4) |Ves| = 0.995 £ 0.016 from semileptonic D or leptonic Dy decays.

(5) |Vip| = (40.54+1.5) x 1073 from exclusive and inclusive semileptonic decays of B mesons to

charm.

(6) |Vip| = (4.09 4 0.39) x 1073 from B — X, Il decays. However there are many theoretical

uncertainties in hadronic matrix elements.

(7) [Vial = (824 0.6) x 1073, |Vip| = (40.0 £2.7) x 1073
from B — B oscillations at loop-levels which are either box diagrams with top quarks or

loop-mediated rare K and B decays.

(8) [Vi| = 1.009+0.031 from top decays t — Wb and t — Wq of the CDF and D experiments.

Using the prescription of Refs. [23-25] gives

A = 0.22496 £ 0.00048, A =0.823 £0.013, (2.107)

p = 0.141£0.019, 7 = 0.349 £ 0.012.

The fit results in the numerical form of the CKM matrix

0.974347000015  0.22506 £ 0.00050 0.00357 + 0.00015
Vexkm = | 0.22492 £0.00050 0.97351 £0.00013  0.0411 £0.0013 | - (2.108)
0.00875000052  0.0403 4 0.0013  0.99915 + 0.00005

Measuring the phase of the CKM matrix is crucial in the study of the C'P violation. However we

will not go into the details of the measurement as the C'P phase is not the focus of this dissertation.
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In the next chapter we will discuss the details of a lepton mixing matrix that is analogous to the

CKM matrix of quark sector.

2.5

Standard Model: Limitations and Challenges

Before closing this chapter let us summarize what we have learned so far about the SM. This

“renormalizable” theory has been proven in describing the three fundamental forces: electromag-

netic, weak and strong forces which form the gauge group SU(3)c x SU(2)r, x U(1)y. Under such

a local symmetry, the Higgs mechanism arose to generate fermion and gauge boson masses. SM

has governed many experimental designs and been thoroughly tested at various experiments.

Even though the SM was very successful theory to describe the fundamental particles and

interactions, it is facing some challenges and limitations. Several of them are highlighted as follows.

e First of all, the SM does predict the existence of fermions and gauge bosons but cannot

adequately explain their observed masses as well as the mass hierarchy. Therefore one

needs inputs from experiments and some additional theories.

In the SM, neutrinos have exactly zero mass. Neutrinos’ features include three neutrinos
belonging to three lepton families, conserved lepton number, distinguishable neutrinos and
antineutrinos in the sense that all neutrinos are left-handed and all antineutrinos are right-
handed. However, experimental data from neutrino oscillations have shown us that at least
two of three neutrinos have tiny but non-zero masses. Moreover, the origin of neutrino

masses remains mysterious.

SM cannot predict flavor violating processes such as y — ey or y — e conversion.

SM cannot answer questions related to dark matter and dark energy constituting 95.1%

of total mass - energy content of the Universe: What are they? What is the cause of the
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observed accelerated expansion of the Universe? etc.

Regarding the above challenges, we now have an urge for taking further steps into physics Beyond
the Standard Model. Next chapter will provide us details on evidences for the new physics which
are neutrino “oscillations”, masses and mixings. They will serve as a base for our research work

presented in the following chapters.



Chapter 3

Neutrinos

Neutrinos are subatomic particles produced by the decay of radioactive elements and are
elementary particles. The name “neutrino” meaning “little neutron” in Italian tells us that a
neutrino carries no charge and therefore, only undergoes weak force and gravity. Neutrinos are
also very elusive due to the fact that they hardly interact with matters when traveling across the
Universe. There are some interesting facts about neutrinos that people may not know. Every
second about 65 billion neutrinos pass through just 1 em? of area on the Earth. Surprisingly, we
feel nothing about such a huge amount of neutrinos traversing our body. In order to stop a beam
of neutrinos, one will need a wall of lead of 1.6 light years thickness. Until now, there is about 330
neutrinos/ecm? left over from the Big Bang which happened billions years ago. These are just a
few descriptions of the neutrino and we will learn more about this tiny creature in the following

sections.

3.1 Brief history of neutrinos

It started with the 8-decay: Az — Azi1+ e~ in which electron’s energy is not equal to mass
difference between Az and Az1. In order to preserve energy-momentum in the S-decay, Wolfgang
Pauli proposed the existence of a light neutral particle of spin 1/2 in §-decay, called it “neutron” in

1930. However 2 years later James Chadwick discovered the real neutron: the proton-like neutral
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hadron so this made Pauli’s particle become unnamed for a while. In 1934, Enrico Fermi renamed
Pauli’s particle the “neutrino”. He published a successful theory which established the existence
of the neutrino but the particle itself remained elusive which might never be detected. From this
moment neutrinos come into real life and promote several experiments in a discovery of these tiny

particles.

In 1956, the electron neutrino, v, had finally been observed. It came from the work of
two scientists Fred Reines and Clyde Cowan [26}27] on designing a detector which incorporated
Cadmium (Cd) and was located underground in Savannah River, South Carolina. They used the
inverse beta decay

Ue+p—et4+n. (3.1)

This reaction is followed by a positron-electron annihilation to create two gamma rays. On the
other hand the neutron is captured by a Cd nucleus, producing another gamma ray when the
excited nucleus releases energy. In 1962, the second type of neutrino called muon neutrino, v,, was
discovered in an accelerator at Brookhaven by Leon Lederman, Mel Schwartz and Jack Steinberger
[28]. It led to a Nobel prize in 1988. In 1975, with the discovery of the third charged lepton, 7, by
Marty Perl [29] (Nobel Prize 1995) many physicists postulated the idea of having a third neutrino

called v, which was finally observed after 25 years in 2000 at Fermilab [30,31].

3.2 Neutrino Oscillations

In this section, I will briefly show you evidences of neutrino oscillations which have resulted
in the 2015 Nobel Prize in Physics [33] for Takaaki Kajita and Arthur B. McDonald. The discovery
of these oscillations shows that neutrinos have mass and the neutrino sector, therefore, has had
to be completely reconsidered. Two different causalities were interpreted: Solar Neutrino Problem

and Atmospheric Neutrino Anomaly.
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Figure 3.1: Solar neutrino observations

The solar neutrino problem started with Ray Davis’s Chlorine 37 solar neutrino experiment
in which the electron neutrino flux from the Sun was only about one third of that expected
from the predictions of the standard solar model (SSM). In late 1980s, Kamiokande-II observed
46(+15)% of the expected flux of greater than 9.3 MeV high energy solar neutrino. A few years
later, the GALLEX and SAGE saw about 62(£10)% of SSM prediction for energies greater than
0.233 MeV. If we believe in experiment results, the candidate explanations for these observations
could be either there is something wrong with the solar model or there is something wrong with

the neutrinos. This is the first hint of neutrino oscillations.

Meanwhile, a so-called atmospheric neutrino anomaly was raised by measuring atmo-
spheric neutrinos produced by cosmic rays striking nuclei in the Earth atmosphere. As a result,

hadronic showers typically containing 7 mesons are produced. These mesons then decay to other
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lighter and more stable particles, for example,

= ut (3.2)

pt = et + v+ v, (3.3)

The ratio of number of muon neutrinos to that of electron neutrinos that we expect to see at the
detector is 2-to-1. However, we observed this ratio to be 1.3-to-1 at the Super-Kamiokande in
1998 [40]. Since the observed ratio was deviated from the predicted one, it was a good indicator
for neutrino oscillations. The results of the Super-Kamiokande were marked as “the discovery of

neutrino oscillations”.

In order to understand how one type of neutrinos can change into another one, we describe
quantum mechanically the oscillation of one quantum state into another. Although neutrino is in a
well-defined flavor state when it is produced and when it interacts, it is not in a well-defined flavor
state when it travels between the two. In fact, one flavor state of neutrinos is a mixture of three
mass states with definite masses. Therefore, neutrino oscillations arise from a mixture between the

flavor and mass eigenstates of neutrinos.
l
va) = D Uad" " vi) (3.4)
i

where |v,) is flavor eigenstate. o = e, p, 7, |v;) is mass eigenstate. i = 1, 2, 3, and Uézpton is the
lepton mixing matrix or the well-known Pontecorvo-Maki-Nakagawa-Sakata matrix which will be
discussed later in section Assume that a neutrino is born with flavor « at ¢t = 0 so Eq. (3.4))

can be rewritten as
lepton
va(0)) = U P |vi(0)) (3.5)

In the rest frame of v; and at a later time ¢ = 7; we have
vi(ri)) = e~ "™ (1i(0)) - (3.6)

On the other hand, if one considers the process in the lab frame then

—imiTi _ o—i(Eit=pil) ~ o—i(Ei—pi)L (3.7)

)

e
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where ¢ ~ L for the case of extremely relativistic neutrinos as we are investigating. It is noticed

that v, produced with the definite 3-momentum p implies

B ~p; + 7;; (3.8)
Hence
e~ o omi(mi?/2)L o o=i(mi®/2B)L (3.9)
After traveling a distance L Eq. tells us
Va(L ZU’@WO" —i(m/2E)L) ) (3.10)

To clearly see how v, transforms into another flavor neutrino vg we write the mass eigenstate v; in

terms of the flavor eigenstate v as
i) = Z ULP™ |ug) . (3.11)
Eq. (3.10) now becomes

[va(L ZZ( T mERE)L LT ) (3.12)

where ‘I’ stands for ‘lepton’. The probability for a neutrino born with flavor a to “transform” into

another neutrino with flavor § after traveling a distance L is given by

Pooosvy = v | va(L) ) (3.13)
.o * * —i—5=LL

= D i,j Uai Up; Uy Ugj e 28

Let us examine an example for 2-flavor neutrino oscillation in which flavor eigenstates are v, v,
and mass eigenstates are vy, vy having masses of mj, ma.

|Ve) = cos@|vy) + sin O|vs) (3.14)
|vy) = —sinf|vy) + cos O|ve) (3.15)

For a neutrino, e.g., v, carrying an energy, E, by the time it reaches the detector which is a distance

L away from the source its quantum state becomes

|ve(L)) = cos 96‘im%L/2E|l/1> + sin Qe_im%L/QEWQ} (3.16)
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By writing the mass eigenstates v1, v in terms of the flavor v,

|v1) = cosB|ve) —sinf|vy,) , (3.17)
|v2) = sinf|ve) + cosb|vy,) (3.18)

the probability for a neutrino born with flavor v, to change into one with flavor v, after traveling

a distance L is expressed as

Pve > vu) = [(vulve(L))?

1 Am3, L Am3, L
= §sin220 <1 — cos ZLQI > = 5in*20 - sin® ( el > (3.19)

4F

where Am3, = m3 — m?. Tt is noticed that there are two unknowns: the angle  and the mass-
squared difference Am%l that present neutrino oscillation phenomenon. Therefore, if we can mea-
sure the neutrino oscillation probability as a function of the neutrino’s traveling distance L or the
neutrino’s energy E, it is possible to extract information on neutrino masses and mixings. It is
required in Eq. that the minimum value of a generic mass-squared difference Am? is about
2E /L. Therefore, for experiments searching for neutrino oscillations, this requirement is served as
the sensitivity of the experiments. Table shows details on several different neutrino oscillations

experiments [41].

Table 3.1: Sensitivity of different neutrino oscillation experiments

H Source Experiments Type of v ‘ E( MeV) ‘ L(km) ‘ min(Am?) H
Reactor Chooz, Daya Bay, Ve ~1 1 ~ 1073
RENO, Double Chooz
Reactor KamLAND Ve ~1 100 ~ 1075
Accelerator past Vi, Uy ~ 10° 1 ~1
Accelerator K2K, MINOS, T2K, Yy, Uy ~ 103 1000 ~ 1073
OPERA, NOvA
Atmospheric v’s | Super-K, MINOS, IceCube | ve, Vye ~ 103 104 ~ 1074
Sun Ve ~1 1.5x10% | ~1071!
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3.3 Neutrino masses and mixings

As discussed in section if neutrinos have mass and therefore are able to change their fla-
vors, both of the atmospheric and solar neutrino anomalies could be revealed. This is because muon
neutrinos from the atmosphere which might oscillate into tau neutrinos would be experimentally
undetectable. Similarly, if electron neutrinos from the Sun can change into muon or tau neutrinos,

they will interact at a significantly lower rate so one cannot detect them.

Recall the Eq. (3.4]) in the previous section, we will now discuss on how to achieve the lepton
mixing matrix. Let us consider the following charged current interaction between leptons and the
W boson

Lo = gLy W' + hee. (3.20)

T
0 _ (,0 .0 0 0 _ (,0 ,0 0T : _
where v] = (VEL, VuL» Z/TL) and L; = (eL, My s TL) are gauge eigenstates whereas vy, =
(1/0 v, vy )T and Ly = (e T )T are mass eigenstates. A relation between gauge and
1L> Y2L> Y3L L = \eL, UL, TL g . gaug

mass eigenstates is established as
Y=u,L;,, N=U,v. (3.21)
Therefore, the charged current interaction can be written as
Lo = gy, Uy, Uy, LiWHT + hee. (3.22)
1% % LA A (3.23)
where Uterton — Ul,_L1 Ui, is called the lepton mixing matrix. It is noticed that U'lerton ig a unitary

matrix, just like Vogar. Generally, matrix elements of UYP" are expected to be complex.

Assuming that there are 3-flavor neutrino mixing in vacuum, one can describe all enthralling
neutrino oscillation data. The decay width of the Z-boson data tells us that only 3 light flavor
neutrinos coupled to Z [42]. If there exists massive neutrinos their masses must be above My /2

in order to avoid the Z from decaying into 2 v’s. The currently published data from Planck [43]
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has shown that at least 3 of the neutrinos, denoted as vy, v2, v3 in Eq. (3.4), must be light with
masses < 0.23 eV and must have different real and positive masses, m; # mg # ms. Within the
framework of 3-neutrino oscillations, the neutrino flavor eigenstates v., v, and v, are related to

the neutrino mass eigenstates v, 1o, and v3 by the U'Ptom as

Ve Uer Ue Ues "
vy | = U U2 U va | - (3.24)
vr UTl U7'2 U’T3 V3

This matrix U'P" was first introduced in 1962 by Z. Maki, M. Nakagawa and S. Sakata [44] to
support the idea of neutrino oscillations predicted by B. Pontecorvo in 1967 [45,46]. It was then
named after the founders as PMNS (Pontecorvo-Maki-Nakagawa-Sakata) matrix. Henceforth we

will use a notation Upysns to refer to the matrix.

In general, if there are n flavor neutrinos and n massive neutrinos then the Uppy/ng is a
n X n complex matrix having 2n? parameters. Since Upysyg is unitary the number of parameters
is reduced to n? which is composed of n(n — 1)/2 Euler angles and n(n + 1)/2 phases. If neutrinos
are so-called Dirac particles, i.e. particles and anti-particles are distinct, one can absorb 2n — 1
phases leaving (n — 1)(n — 2)/2 independent phases. For n = 3, Upay/ns can be parameterized by
3 Euler angles and 1 “ Dirac phase” as follows
C12 C13 812 €13 s1g e~

Upmns =V = | —s13 ca3 — 12 593 513 €0 19 cog3 — 512 523 513 €0 893 €13 (3.25)

1 0

512 823 — C12 €23 S13 €0 —C12 S23 — S12 €23 S13 €0 €23 C13

where s;; = sin(0;;), ci;j = cos(6i5), 65 = [0 , ], d = [0, 2x] is the Dirac phase. However if

SIE]

neutrinos have so-called Majorana nature, i.e. neutrinos are their own anti-particles, then Upaysng
contains n(n + 1)/2 phases because massive Majorana neutrino fields cannot “absorb” phases as
opposed to Dirac fields. In the case of n = 3 we now have additional 2 “Majorana phases” and
Upnns can be cast in the product

Upyns =V -P (3.26)
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where

10 0
P =10 &% 0 (3.27)
0 0 e

and aa1, ag; are Majorana phases. We will get to further details on Dirac and Majorana neutrinos
in the next section. The three 0;; angles are measured mainly with three types of experiments:

atmospheric neutrino mixing, solar neutrino mixing and reactor neutrino mixing.

Let us go back to the Super-Kamiokande experiment in 1998 [40] that raised the atmospheric
neutrino anomaly. Due to the fact that the observation of muon neutrinos yielded a significantly
smaller number than expected, the standard interpretation is that muon are oscillating into tau
neutrinos. The data can be well described by approximately maximal atmospheric mixing |U,3| ~

|Ur3| =~ 1/4/2. This corresponds to
sinfoz ~1/vV/2  or g3 ~ 45° (3.28)

The angle 693 is also known as the atmospheric mizing angle. Moreover, we can identify the heavy

atmospheric neutrino of mass mgs as being approximately

NZ/u—I—I/T

Vg =
3 NG

(3.29)

Other experiments such as MINOS [47,/48] and IceCube also study atmospheric neutrinos and their

data are included in the global fit which will be listed in Table ([3.2)).

Solar neutrino mixing experiments involve measurements of the angle 612 or “solar mixing
angle”. The standard interpretation is that the electron neutrinos v, disappear on the way to
detectors on Earth because they oscillates into muon or tau neutrinos. The trimaximal solar

mixing |Uea| = |Uy2| = |Ura| ~ 1/4/3 implies that

sinfy ~ 1/V3 (3.30)
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or 019 ~ 35°. In consistent with the mixing, a solar neutrino of mass ms was given approximately

by
Ve +Vy — Vs

V3

SNO [49] and KamLAND [50] were the other two main experiments studying solar neutrinos.

(3.31)

Vo =

The last neutrino mixing angle 613 was established to be non-zero by reactor experiments
Double Chooz [|51], Daya Bay [52], and RENO [53]. The measured value of 6,3 was sufficiently large
so it widens the door to look into and measure the unknown CP violating phase d in the Upy/ns

and neutrino masses. The latest results were well-reported:

Double Chooz:  sin® 2613 = 0.0901)-552 | (3.32)
Daya Bay:  sin®26;3 = 0.084 + 0.005 , (3.33)
RENO: sin? 2013 = 0.082 %+ 0.009 = 0.006 . (3.34)
This corresponds to
|Ue3‘ = sin 913 ~ 015, (335)

or a reactor angle #3 ~ 8.5°.

Because the oscillation of neutrinos can only tell us about the mass-squared difference so the
order and the absolute values of my, mo, and ms on the mass scale remain unknown. This brings
up the well-known neutrino mass hierarchy problem or to be more friendly, neutrino mass ordering.
In the case of 3-neutrino mixing there are two mass-squared difference which are Am3, # 0 and
Am3; # 0. As a convention we assume that m; < ma, so that Am2; > 0. Therefore it breaks down

to two different scenarios:

e Normal Hierarchy: m; < mo < mg

e Inverted Hierarchy: ms < my < mo
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At this point, Fig. (3.2)) will provide a brief summary of neutrino mass hierarchy in combination with
the information about neutrino masses m1, ma, and ms resulting from neutrino mixing experiments.

The recent global fit values of neutrino oscillation parameters are given in Table (3.2)).

Table 3.2: Mixing parameters from global three-neutrino oscillation data taken from [54,55]. The
definition of Am? used is: Am? = m3 — (m3 +mq) /2. Thus, Am? = Am3, — Am3,/2 > 0, if
my < ma < ma (normal hierarchy), and Am? = Am%2 + Am3,/2 < 0 for mg < my < my (inverted
hierarchy).

|

Mixing Parameters

Normal Hierarchy

Inverted Hierarchy

Sin2 (912

sin2 023

Sin2 (913
d/m

2

2 _ 2

Am? = |[m§ — (m? +m3)/2|

0.308 £ 0.017
0.033
0.437 0 0os

0.0020

0.02347 519

+0.38

(7.545-25) x 10~5eV?
(2.43 £ 0.06) x 107 3eV?

0.308 £ 0.017
0.139
0.45570 a7
0.0019
O‘024J:0.0022

+0.29
1.31%5 33

(7.541525) x 107 5eV?
(2.38 £ 0.06) x 1073eV?

Despite the fact that we cannot know exactly the absolute neutrino masses we have enough
information to constrain the neutrino mass. Cosmological results tell us that the sum of all neutrino
masses has to be less than 0.23 eV [43]. In addition, from neutrino oscillation experiments we learn
that the largest mass-squared difference is Am2,,, ~ 2.4 x 1073 eV? [41]. One implies that the
heaviest neutrinos will have mass m, > 4.9 x 1072 eV. Therefore, if we combine the results from
cosmology and neutrino oscillation experiments one can set a constraint on the mass of a heaviest
neutrino to be

4.9 x 1072 eV < mheaviest <23 eV (3.36)
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Figure 3.2: While m3 > m?, it is presently unknown whether m3 is heavier or lighter than the other
two, referred to as normal (left panel) or inverted (right panel) mass squared ordering. Moreover
the value of the lightest neutrino mass is currently unknown indicating by a question mark (7) in
each case.

3.4 Dirac and Majorana Neutrino Masses

In this section, we discuss the nature of massive neutrinos which will have very crucial impact
on the understanding of the origin of neutrino masses and mixings. For a fermion field, we have a
free Lagrangian

L = iy Oy — miby) (3.37)

It is well-known that the term ma)1) is the mass of the fermion. However, Lorentz invariance allows
another kind of mass terms which is ¢7C~149, where C is the charge conjugate matrix. Under
Y — €% transformation or a so-called U(1)e,, symmetry, the first mass term is invariant whereas
the second one is not. We call the first mass term Dirac mass and the second one Majorana mass.
Charged fermions including leptons (e, u, 7) and quarks (u, d, ¢, s, t, b) must be Dirac fermions

because they have non-zero charges. However with an electrically neutral particle as the neutrino,
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U(1)em symmetry does not force it to be Dirac. It is generally possible that neutrinos can be either

Dirac or Majorana type and therefore possess Dirac or Majorana masses.

3.4.1 Dirac neutrino mass

If neutrinos are Dirac type then neutrinos and antineutrinos are distinctive. In this case, they
carry different lepton numbers i.e. L(rv) =1 and L(v) = —1. Therefore, the total lepton number
L = L.+ L, + L; is a conserved quantity in particle interactions. Dirac neutrino masses are
obtained as similarly as the SM quark and charged lepton masses. Once we add the right-handed
neutrino vp to the SM, we can write a gauge-invariant Yukawa coupling to the SM Higgs field ®

as in an interaction term

gl,el_eLéueR + h.c. (3.38)
(5] v
VeL = = V3 : :
where [.;, = , D = imd* = and (®) = . The Dirac neutrino mass
er, —¢~ 0

term, therefore, can be cast in the form

v

gueﬁﬂeLVeR (339)
and electron neutrino obtains its Dirac mass
Dirac __ v
m =g (3.40)

Ve Ve ﬁ

Similarly we can get Dirac masses for other neutrinos. If the Dirac mass is the only source of mass
one can deduce the Yukawa coupling g, < O (10_11) since the mass of neutrinos is about O(eV)
and v = 246 GeV. Although the value of Yukawa coupling is mathematically acceptable, it does
not make sense in Physics because such a small number is highly unnatural. Nevertheless it is
possible to have g, ~ O (10_11) set in dynamically, for example, by a symmetry in which g, = 0

at the tree level, or through new concepts such as extra spatial dimensions.
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3.4.2 Majorana neutrino mass

If neutrinos are their own anti-particles, it is said to be Majorana type neutrinos. It is noticed

that if the fermion field 1 satisfied the condition of being self charge conjugate, i.e.

then the mass term 1) is driven to the mass term 7 C~14. Since the neutrino and antineutrino
are now the same particle, they have the same lepton number and therefore, there are no conserved
lepton numbers in this case. In fact Majorana masses violate total lepton number conservation by

two units AL = 2. One can write a Majorana mass term of the form
Mg vhCur (3.42)

After all right-handed neutrinos are gauge singlets and, hence, nothing prevents them from getting

(large) Majorana mass term. One can generate Majorana mass via the interaction
ymAlLly (3.43)

where [, are lepton doublets and A is a Higgs triplet under SU(2)r. Another way could be the
coupling between 2 lepton doublets and 2 Higgs doublets, H, in which Majorana neutrino mass can

result from some additional dimension-5 operators [46,56]

1
5Hz{ kHIL. (3.44)

Here  has the dimension [mass] ™.

At this moment, the nature of neutrino mass has not been revealed yet. Experiments of the
flavor neutrino oscillations cannot tell whether neutrinos are Dirac or Majorana fermions. The
only possibility is to investigate the total lepton number violating processes through which we can
address the question of the Majorana nature of neutrinos. Until now, the neutrinoless double beta

decay (Ovf3) has been the most advanced experimentally and theoretically [57-59]. This process
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is written in a simple form

(A, Z) - (A Z+2)+e +e (3.45)

and described by a Feynman diagram at the quark level as shown in Fig. (3.3)). If there is a positive

Figure 3.3: Diagram of the Ov33 process due to the exchange of massive Majorana neutrinos in
n+n — p+ p+ 2e, here denoted generically by v;;.

signal of the above process it will lead to an establishment of Majorana neutrinos, although it will
not be easy to determine the absolute mass of the neutrino. Further experiments are needed to

unravel the mysteries of the neutrinos:

The origin of neutrino masses: why they are so light?

Are neutrinos Dirac or Majorana?

Is there CP Violation in the neutrino sector?

The origin of mass hierarchy and mixings?

Apparently, SM cannot give us satisfactory answers for these open questions that puzzle scientists
for years. Thus one must go beyond the edge and strive for New Physics to explain observed
evidences for neutrino masses. Whilst many theoretical attempts lead to small neutrino masses of

both Majorana and Dirac types, we will focus on the possibility that there is a heavy right-handed
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neutrino resulting in tiny masses for light neutrinos. A celebrated example of such a mechanism is

the “Seesaw mechanism” which will be discussed in the following section.

3.5 Seesaw mechanism of neutrino masses

In the theory of particle physics, the seesaw mechanism generically models the observed
neutrino masses ~ O(eV) which are millions of times lighter than quarks and charged leptons
masses. In this section we will briefly review three popular types of models called Type-I, Type-II,
and Type-III Seesaw. Each of them concerns different extensions of the SM but has the same
goal which is to generate two mass scales - one heavier than the other. The simplest one is type-1
seesaw in which right-handed neutrinos are added and act as singlets under SU(2). The type-II
seesaw uses a scalar triplet Higgs to couple with a fermion bilinear. The last one, type-III seesaw,
achieves its goal by adding one real fermion triplet to the SM. The detailed discussion mainly

follows [46,/60].

3.5.1 Type-1 Seesaw

By introducing right-handed neutrino vy for each family of fermions, we now have both of

Dirac and Majorana mass terms as seen in Eq. (3.39) and (3.42)

L=mp (ELVR + ﬁRVL) + Mp V£CVR + h.c. (3.46)
We can set v = v, and N = Cvy and obtain the mass matrix for v and N as

0 mp v
(" NT) C (3.47)
mb Mg N

Several scenarios can be considered in this case:

e Mpr < mp: neutrinos are essentially Dirac.
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e Mp ~ mp: neutrinos are combination of Dirac and Majorana types.

e Mp > mp: neutrinos are essentially Majorana.

It would be interesting to consider the scenario in which Mgz > mp because Mg can be larger
than the electroweak scale Agyp . Diagonalizing the neutrino mass matrix in Eq. (3.47)) gives us

eigenvalues

My = Mg (large mass scale), (3.48)

M, = —-mLHMp'mp (small mass scale).

As an example, in one family if we take mp ~ My (mass of the W boson) and Mg ~ Mgyt then
my ~ 1073 eV which can account for solar neutrino masses. Having said that such vg’s are too
heavy so one can not produce and detect the vg’s at the LHC, or the seesaw mechanism is not
testable. It is also noticed that the number of added vgr’s determines the number of massive light
neutrinos. Therefore, we must add, at least, two vg’s to compensate for both solar and atmospheric
neutrino mass differences. The diagram shown in Fig. gives us a clearer visualization of the

type-I seesaw mechanism.

B
B

Q- — — —+« — — — X <

g — — —+« — — — X<

~

VR p Y

[}
=~
=

Figure 3.4: Diagrammatic representation for type-I seesaw mechanism.
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3.5.2 Type-11 Seesaw

Another possibility to generate two mass scales is adding a SU(2), triplet Higgs with Y/2 =1

which plays the same role as the vg’s in the type-I seesaw. The Higgs is defined as

1 - A+/ﬂ A+t
A 7= (3.49)

A= —
g V2 A0 —A+/\/§

5 + 109 _ 01 — 109
where Ay = (ATH AT A% and 7 = (7‘+ = 017,70 =03, 7 = > Here o are
L ( ) /2 3 NG 1,2,3
Pauli matrices. From the Lagrangian
L= gAl%jCO'QALlL + h.c. (350)

vr’s acquire Majorana masses m, = gava through the VEV of the neutral component of the scalar

triplet:
0 0
(Ap) = . (3.51)
va O
The following cubic scalar potential
AV = pp®T oy AL + MEATrAT AL + ... (3.52)

pav?
MR
induced by the term linear in Ay, in the scalar potential and is highly suppressed if Ma > v causing

results in the VEV of the scalar Higgs of the form (Ap) ~ . It is noticed that the VEV is

neutrinos are naturally light in this case. Therefore, one does not need to fine-tune the couplings
ga or ua in order to achieve the tiny neutrino masses. The diagram in Fig. (3.5)) will represent the

idea of type-II seesaw mechanism in such a vivid way.

3.5.3 Type-111 Seesaw

As far as we go, type-I and type-II seesaw have done a good job on explaining the light

neutrino masses with minimal extensions of the SM. One may look back the Yukawa interaction
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Figure 3.5: Diagrammatic representation for type-II seesaw mechanism.

for right-handed neutrinos in type-I seesaw and realize that we can do exactly the same thing
for a new fermion triplet (Y/2 = 0) Tp = (Tr1, Trz, Trs) within one family. As discussed in the
type-1 seesaw, we will need at least two fermion triplets to provide two massive light neutrinos. A
similar Feynman diagram as in Fig. will be made for such new fermions whose Lagrangian

(for one generation as an example) is
L=gpl"CF -Tp® + MyTECTR (3.53)

which gives the mass matrix for neutrino

0 grv/V2

grv/V2 My

(3.54)

For Mt > v we, again, obtain the light neutrino mass after a SU(2) x U(1) symmetry breaking in
the form of
1 2

m, = —Q%EQTU . (3.55)

At this point, a few remarks are in order:

e Under the assumption of single type of new particles added to the SM, three types of seesaw

mechanism satisfy all possibilities of replicating dimension-5 operator as in Eq. (3.44)).

e If the new scales Mg, Ma, and My are huge and not accessible to experiments then it is

hard to test these seesaw mechanisms.
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Figure 3.6: Diagrammatic representation for type-I11 seesaw mechanism.

As aresult, it motivated many theorists to step in and build models in order to have Majorana
neutrino mass and seesaw mechanism accessible at the accelerators. One of those will be introduced

in next section.

3.6 Left-Right symmetric model

A more elegant approach to the neutrino Majorana mass term is the so-called Left-Right
(L-R) symmetric model [61,/62] constructed under SU(2);, x SU(2)r x U(1)p_r, gauge group. At
some energy scale vg, the SU(2)r x U(1)p_1 gauge symmetry is spontaneously broken down to

U(1)y whose generators are now

Y:T3R+YB_L and Q:TgL—l-Y. (356)

The L-R symmetric model has the right-handed neutrinos as a part of SU(2)g doublets along with
the right-handed charged leptons as oppose to the type-I seesaw mechanism. Notice that vg’s
remain singlets under SU(2)r. The particle content as well as particles’ quantum numbers under

the SU(2)r x SU(2)r x U(1)p—r, gauge group are listed as follows
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® Fermions (in generic symbols)

VL
I = = (2, 1, Yp_p = —1/2) | (3.57)
er
VR
g = = (1,2, Y =—1/2) , (3.58)
€R
ur,
q. = = (2,1, Yp_ =1/6) , (3.59)
dr,
uR
ar = = (1,2, Yg_ =1/6) . (3.60)
dr
® Higgs fields
¢ by
o = VT =22 v =0), (3.61)
¢ ¢
e AL
ArLr = v2 A : (3.62)
AO _~ZL,R
L,R V2
where AL = (3, 1, YB—L = 1) y AR: (1, 3, YB—L = 1) . (363)

For the purpose of illustrating Dirac and Majorana mass terms of right-handed neutrinos, we

concentrate on the lepton sector and skip A;. We have the VEVs

k 0 0 0
(@) = , (Ag) = : (3.64)
0 « vgp 0
Therefore from the Lagrangian
Li-r = M ZL‘I)ZR—l-hg ZLélR+h.c. (3.65)

+ igap Uk o9 T2 AR Ig + hec.

We obtain the neutrino Majorana and Dirac mass terms of the forms (ga,v R)V%O’QVR and (h1k +

haok") (szR + I/;[%VL> respectively.
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This model also extends the number of gauge bosons by W}% and Zp of the SU(2)r gauge

symmetry. So far, the breaking scale has had a lower bound of Agy = 246 GeV and no current

upper bound. One expects to validate this model by its primary signals @ +d — Wy — vg +1 at

the LHC. Regarding these searches, the Wx bosons have masses above ~ 3 TeV.

3.7

Overall remarks

Neutrino oscillation evidences from solar and atmospheric neutrino anomalies open a door
to new physics beyond the SM. There are, at least, two in three light neutrinos have tiny

but non-zero masses.

Neutrino oscillations arise from a mixture between the flavor and mass eigenstates of neu-

trinos via the PMNS matrix.

Until now, the nature of neutrinos which is Dirac or Majorana type remains unrevealed. If
v is Dirac then why the coupling constant g, < O(10~!1). If v is Majorana then the lighter

of the 2 states can be very light.

Many theoretical models were built to explain the tininess of neutrino masses but so far

none of them have been validated.

Although the seesaw mechanisms gain their theoretical recognitions when leading us to
small neutrino masses they involve very large-scale new particles beyond SM. Such particles

are too heavy to be produced and detected at the LHC or other colliders.



Chapter 4

The Minimal EW-vp Model

4.1 Motivation

The mystery of the origin of neutrino masses and mixings remains unrevealed despite the fact
that we had several mechanisms providing possible explanations for it. The seesaw mechanisms
that we have already reviewed in the previous chapter were the most successful ones. However, in
a general seesaw the right-handed neutrinos are singlets under SU(2)r, x U(1)y and the Majorana
neutrino masses, Mp can be of the order of Grand Unified Theory (GUT) mass scale which is
10'°~16 GeV naturally. Such a huge mass will not be accessible at the colliders, e.g. the LHC, and

therefore the corresponding seesaw mechanism is not testable.

On the other hand the L-R symmetric model discussed previously has suggested a possibility
of producing and detecting the right-handed neutrinos at the LHC by making vr’s doublets under
an extended SU(2)g gauge group (still remain singlets under the SU(2)1). However the associated

Wr gauge boson masses have been bounded from below at around 3 TeV [63].

The above facts give rise to the following questions

e Is it possible to make the seesaw testable?
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e Can Mg be of the order of the electroweak scale, Agy ~ 246 GeV so one could directly

look for its signatures at future colliders?

e Can we have things done by keeping the SM gauge group SU(3)c x SU(2)r x U(1)y and

having no more forces added?

e Can neutrinos be non-sterile or fertile under SM gauge group?

In 2007, P.Q. Hung has proposed a so-called Electroweak-scale Right-handed Neutrino (EW-vg)
Model [64] which satisfied all of the above criteria. From that moment, it opens a new whole fertile

land for the study of neutrino.

The motivation of introducing mirror fermions in [64] was manifold. First of all, it is aesthet-
ically satisfactory to have parity restoration at a higher energy scale while the maximal parity vio-
lating interaction (V—A interaction) in SM can be emerged from spontaneous symmetry breaking.
This is one of the main reasons for various left-right symmetric models in the literature [114-117].
Secondly, electroweak phase transition is intrinsically non-perturbative so it is important to study
non-perturbative effects in SM by discretizing it on the lattice. We have learned from the no-go
theorem proved by Nielsen and Ninomiya [118] that the number of left-handed Weyl fields must be
equal to that of right-handed Weyl fields, coupled to the same chiral gauge fields. Since the SM is
chiral and only left-handed doublets coupled to W’s, one cannot put SM on the lattice. Sophisti-
cated techniques like using Wilson fermion, Ginsparg-Wilson fermion, staggered fermion, or domain
wall fermion etc., which by violating at least one of the assumptions in the no-go theorem to get rid
of the unwanted species, are often employed to handle this problem in practice. For new physics
model builders, it is attractive to add mirror fermions to the SM which makes the theory becomes
vector-like at a higher scale and hence one can avoid the fermion doubling problem if formulating
on the lattice. Chiral gauge anomalies will then be cancelled automatically in this class of models.
The third motivation is the electroweak scale non-sterile right-handed neutrinos introduced in [64].

For each generation, the right-handed neutrino is introduced together with a right-handed heavy
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charged fermion partner to form a SM SU(2) doublet. Similarly a left-handed heavy mirror charged
lepton will be introduced for each right-handed SM charged lepton. Majorana masses can then be
given to these right-handed neutrinos via the vacuum expectation value (VEV) of a Higgs triplet
with hypercharge Y = 2 with mass at the electroweak scale, rather than the grand unification scale
in the usual scheme. Tiny Dirac masses can also be given via small VEVs of Higgs singlets with
Y = 0. This is the electroweak scale see-saw mechanism in mirror fermion model which is testable

at the LHC [74,119].

In the following sections we will first see how the EW-vgp model was built step-by-step.
Secondly we will investigate a SSB of the SU(2)r x U(1)y to U(1)gas in this model, resulting in
masses of fermions, especially that of Dirac and Majorana neutrinos. The last section will mainly

focus on phenomenological constraints of the EW-vr model.

4.2 Definition, gauge group, and particle content

EW-vp is a model in which the right-handed neutrinos vr have Majorana mass of O(Agw )
naturally and they are non-sterile under SU(2);, x U(1)y. We are able to obtain such a seesaw

mechanism within the SM gauge group

GSM = SU(S)C X SU(?)L X U(l)y (4.1)

by increasing its fermion as well as its Higgs content, all of which are listed below. In order to do
so we introduce and add a so-called “Mirror fermions”. The formation of mirror fermions follows
a “rule” in which for every SM left-handed doublets there is a corresponding right-handed mirror

doublet and for every SM right-handed singlet there is a corresponding left-handed mirror singlet.

Let us first start with building the particle content. We take, for example, the first generation
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of the lepton sector of the SM:

lL = , ER , (4.2)

which are a SU(2), doublet and singlet, respectively. We have learned from the interaction between
SM fermions and scalar doublet @ that the product [, ® or [;,® transforms as a singlet under SU(2).
On the other hand, the general seesaw mechanism tells us the vp is also a singlet of SU(2), and,
therefore, can get a Dirac mass by Yukawa coupling to the above products. The down side of this,
again, is a huge Majorana mass of vg. Hence, this EW-vi model arranges vy into a doublet along

with a right-handed mirror lepton as

VR
l% - ) ey ) (43)

M

R
where the superscript ‘M’ stands for ‘mirror fermions’. The charged left-handed singlet mirror
lepton, eﬁ/f is the mirror counterpart of eg. It is emphasized that mirror leptons are totally different
from the ordinary SM leptons. They can have the same quantum numbers but not necessarily have
the same masses. In this case, anomaly cancellation runs entirely within the lepton sector including
both SM and mirror leptons so one can reassure that we do not encounter any trouble with adding

such mirror particles [64]. Because of the existence of right-handed mirror doublets coupling to the

same SM gauge fields, the gauge group becomes
Gsy — SU3)e x SUR2)w x U(1)y (4.4)

where ‘W’ stands for ‘weak’. From hereon, we will use it as our official gauge group.

On the other hand, it is noticed that anomaly cancellation requires the existence of mirror
quarks. Therefore we must add them into the model by making same arguments as with the lepton

sector. As a result, the first quark generation appears as

UL ; M ug M M
SM: q, = , Ur,dr ;  Mirror: qp = , ur ,dp . (4.5)

dr M
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One can straightforwardly generalize the above discussion for three families of leptons and quarks.
Hence we will use the notations in Eq. (4.2), (4.3) and (4.5) as generic ones to refer to all three

fermion families from hereon.

On the scalar sector side, so far the minimal EW-vr model contains one SM Higgs doublet
® in order to generate masses for charged SM fermions. Since the subject of this model is neutrino
masses, we wish to find scalar fields giving rise to Dirac and Majorana mass terms. We notice that
a bilinear such as Z_Ll%[ = vrvp + éLe% can transform as a singlet under SU(2)r. Therefore in
order to acquire the Dirac neutrino mass, let us assume the existence of a singlet scalar field ¢g

carrying a hypercharge Y/2 = 0 [64]. Its coupling with the fermion bilinear is
Ls=gs 1 bs l% 4+ h.c. = gg; (DLVR + éLe%f) ¢s + h.c. (4.6)

Now let us turn to the vg Majorana mass term for whom fermion bilinear l%’T oo I (Y/2=-1)
transforms as either a singlet or a triplet under SU(2)r, x U(1)y. We see that the Higgs singlet
cannot be the candidate in this case since charge conservation is violated. This leaves us with the

choice of a scalar triplet Higgs field x = (3,Y/2 = +1) having the form

1.+ ++
N 1. X X
P e (4.7)
V2 0 _ 1.+

The role of these Higgs fields in generating fermion masses, especially neutrino masses will be

discussed carefully in next sections.

4.3 Dirac and Majorana neutrino masses in the EW-v;z model

e Dirac Neutrino Mass
Let us recall the coupling of singlet scalar field ¢g from Eq. (4.6). With the VEV (¢g) = vg,

we get the Dirac neutrino masses

mb = gg1 vs. (4.8)
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If this is the case in which right-handed neutrinos have pure Dirac mass terms, one could
set a small vg value to make the Dirac mass naturally small. However, the Z-boson decay
width [42] forces the right-handed neutrinos to be heavier than half of the Z otherwise the
number of light neutrinos will exceed three. Therefore such an ideal is ruled out and we

must obtain the neutrino mass via the regular seesaw mechanism.

Majorana Neutrino Mass
With the complex scalar Higgs triplet x being chosen in (4.7), one can write a gauge

invariant Yukawa coupling:

Ly = gm lﬁ\%/[’T 09 To )2 l%j (49)
= gMV;Z;;O'QVRXO—ﬁV%;O'QG%X—F

I wmr M,T
; ) M
— er’~ 02 VR X++€R 02 €g X++-

V2
With the VEV of (x°) = vy, (4.9) gives rise to the Majorana mass of the right-handed

neutrino:
Mp = gy (4.10)
Again, one would like to have Mpr > My /2 in order to preserve the highly precise Z decay

width measurement.

Furthermore, it is also possible to have such a Majorana mass of the left-handed neutrino
through a Yukawa coupling ng:LF o9 To X lr,. The issue is that this term could potentially
ruin all efforts to promote the seesaw mechanism involving one very small - one very large
neutrino mass [64]. To get rid of this term, [64] imposed a global symmetry U(1); such

that
(l%a Q%) - eieM (l%a Qfl\%/[) ) (411)
X — e_QieM)”(, os — e 0

and all other particles are singlets of U(1)ys. Although the symmetry can abandon the

Majorana mass My, at tree level, it cannot do the same at the one-loop level. The mass
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appears to be

14

1672 Mp My,

1 (mD)Ql Mg

My, = A (4.12)

where A and My are the quadratic coupling and the mass of the Higgs singlet ¢g. If A <1
then My, is smaller than a typical seesaw light mass (m2)%/Mp by at most two orders of

magnitude.

Having said that we still keep this My, term in the Majorana mass matrix for a general purpose:

D
ML m,

M= (4.13)
m{? MR

where m2, Mg and Mp are given in Eqs. (4.8), (4.10)), and (4.12) respectively. If the Yukawa

coupling gg; ~ O(gnr) and vy > vg we have the following eigenvalues

D 2
m v
ml,:ML—(]M";:—gz-mi-vg(l—e) and Mp (4.14)

with € < 1072, To accommodate the need of Mg ~ Apw ~ 246 GeV regarding the constraint on
light neutrino masses m,, < 0.23 eV [43], we can alternate the coupling gg; resulting in corresponding
values of vg. For example, vg ~ 10576 eV with gg; ~ O(1) and vg ~ Agw with gg; ~ O(1079) [64].
One may ask about the hierarchy of vg/Agw ~ 1076, Apparently it is not as severe as the one

related to the GUT-scale (~ O(10°) GeV). More detailed discussion can be found in [64].

4.4 Charged fermion masses (lepton and quark)

As mentioned in the previous section, in order to generate charged fermion masses (say,

leptons) we will need to consider the SM Yukawa couplings to the Higgs doublet ® as follows:

Lysy = i I, ® eg + h.c., (4.15)

Ly,, = MM oM +he. . (4.16)



64

After SSB, ® acquires its VEV (®) = (0, vg/\/Q)T. Note that the VEV of ® is written in terms

of vy which is different from the total v ~ 246 GeV. From Egs. (4.6)), (4.15]), (4.16|) one obtains a

mass matrix for charged SM and mirror leptons

my ml?
M, = (4.17)
mVD mym

where m; = ¢; vo/V/2 and myn = glM va/v/2. Diagonalizing the matrix (4.17) results in two

eigenvalues

D\2 2

m m

’rfll—TTll—M s ij :mlM—i-M . (4.18)
mim — My mim — My

By making an assumption 7, > m; and using the fact that m2 < my, mu as discussed in the

neutrino mass section the eigenvalues in (4.18) become m; ~ m; and mm =~ myum.

The same exercise can be done for the quark sector by simply replacing: m; — mg, mym —

mgn . Hence, quarks acquire their masses through Yukawa couplings
Lsq = Gsqdr ¢s qi + hec. = gsg (arudf +dpd) és + hec. (4.19)
Lovey = 9a7r ® dr+gu Gr ® ug + hec. , (4.20)
Lovy, = gV g @ dl +¢M g @ u) + hee. . (4.21)

Diagonalizing the quark mass matrix gives rise to eigenvalues
D\2 2 D)2 2

m m
mq:mq_ ( l/) (gSq/gSl) ’ T = o+ ( V) (gSq/gSZ)

_ q q _
qu my qu mq

(4.22)

where ¢ = u, d,..., my = gqva/V/2, and Moy = gé\/lvg/ﬂ. Again, if we assume m u > my, one

has mg ~ mg, Mmem = mgu.

4.5 p parameter and possible signatures of EW-vg model

In the SM, the p parameter at the tree level which is defined as

My,

s LIS 4.23
M?Z cos? Oy (4.23)

p
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is measured to be 1 to a good precision. Therefore, when introducing new Higgs fields other than
® one must make sure that there is a remaining custodial symmetry resulting in p = 1. In Higgs
sector, a number of Higgs multiplets ¢;, of isospin T}y, hypercharge Y and VEV v will contribute

to p as
> [Te(Te +1) — 3Y¢] vie
1
k3 VEUR

where ¢, = 1/2 (1) for a real (complex) multiplet. Using the formula (4.24]) we have

p= (4.24)

e p =1 if we only have the SM doublet .

e p=1/2 if we only have the Higgs triplet x.
v3 + 211]2\/[
v3 + 4v3,

and a triplet are present.

e p= if we have both ® and y. Apparently one would have p # 1 when a doublet

In order to restore Custodial global SU(2) symmetry (p = 1) at tree level [66], we add
§£=(3,Y/2=0)

and group it with x = (3, Y/2=1) in [65-69)

XO £+ X++
Xx=|[ x= ¢ ¢ (4.25)
x T & ™

The doublet Higgs ® and ® can also be grouped in a 2 x 2 matrix representation as

(;50* (;5-‘1-
Py = (4.26)

9= ¢°
It we set (x°) = (£°) = vps and refer to the VEV (¢°) = v3/v/2 we can write the VEVs of x and

i)
UM 0 0 U2
G 0

=1 0 vy 0 |, (P2)= o (4.27)
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In fact, with v = (/03 + 8v2, = Apw ~ 246 GeV we have My = gv/2 and My = My / cos Oy .

With this proper vacuum alignment SU(2)r, x U(1)y is ezplicitly broken down to U(1)e,, and the

global SU(2)p custodial symmetry is preserved.

This completes the scalar sector in this minimal EW-vr model. Before moving on to discuss

the possible signature of the model, let us give a brief summary of the particle content as follows

Leptons and quarks (generic notations):

e Doublets
VL ur,
* SM: [ = ; QL =
er d,
i g
* Mirror: l% = ; q% =
ek diy
e Singlets
x SM: €R; UR, dR
* Mirror: eJLM; uﬁ/l, dﬁ/l

Higgs fields:

e A singlet scalar Higgs ¢g with (¢g) = vg.

e Doublet Higgs:

¢+
o= with (%) = v /V/2.
(b(]
e Higgs triplets
N
1 V2 with (x") = vpy.
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x £ (Y/2 =0) in order to restore Custodial Symmetry with (%) = vyy.

x VEVs:

v3 + 8v2, = v? ~ (246 GeV)?

In the original version [70], this Higgs doublet couples to both SM and mirror fermions. An extended
version was proposed [71] in order to accommodate the 125-GeV SM-like scalar and, in this version,
®, only couples to SM fermions while another doublet called @53, whose VEV is <q§3 M) = vanr/ V2
couples only to mirror fermions. Since this thesis focuses only on SM fermions, we will concentrate

only on ®,.

We are now ready to explore the possibility of a direct detection of the right-handed Majorana
neutrino of O(Agw ) at the colliders. Based upon the fact that vp can couple to the W and Z
bosons and both v and e]\R/I can decay to vy and ey, respectively through the scalar singlet ¢g.
Since the vg is a Majorana neutrino type, the main signal could be the same-sign dilepton events

which is expressed as
e AW fe T W sep def + W+ WY 4 265 (4.28)

It is worthwhile to emphasize that this kind of events is very distinctive in comparison with that

of the Dirac neutrino type.

4.6 Phenomenological constraints

We will now review several phenomenological constraints of the EW vr model as discussed
in [71] and [73]. In this review section, we will discuss two sets of results for the EW v model
obtained in [71] (the electroweak precision constraints) and [73] (constraints from the 125-GeV

SM-like scalar).
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4.6.1 Electroweak precision constraints on the EW v model [71]

The presence of mirror quark and lepton SU(2)-doublets can, by themselves, seriously affect
the constraints coming from electroweak precision data. As noticed in [70], the positive contribution
to the S-parameter coming from the extra right-handed mirror quark and lepton doublets could
be partially cancelled by the negative contribution coming from the triplet Higgs fields. Ref. [71]
has carried out a detailed analysis of the electroweak precision parameters S and T and found that
there is a large parameter space in the model which satisfies the present constraints and that there
is no fine tuning due to the large size of the allowed parameter space. It is beyond the scope of
the thesis to show more details here but a representative plot would be helpful. Fig. shows
the contribution of the scalar sector versus that of the mirror fermions to the S-parameter within
1o and 20. In the above plot, [71] took for illustrative purpose 3500 data points that fall inside the

20 region with about 100 points falling inside the 1o region. More details can be found in [71].

0.6 -
+ 1o constraint
x 20 constraint

0.4

0.2

-0.2

-0.4

S
\\\‘\\\‘\\\T\\\‘\\\‘\\\

P | T R R ER

Figure 4.1: Constrained Sg versus Sy
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4.6.2 Review of the scalar sector of the EW v model in light of the discovery of

the 125-GeV SM-like scalar [73]

In light of the discovery of the 125-GeV SM-like scalar, it is imperative that any model
beyond the SM (BSM) shows a scalar spectrum that contains at least one Higgs field with the
desired properties as required by experiment. The present data from CMS and ATLAS only show
signal strengths that are compatible with the SM Higgs boson. The definition of a signal strength
u is as follows

o(H-decay) = o(H-production) x BR(H-decay), (4.29)
and

o(H-decay)

H-decay) = — <)
#(H-decay) osnm (H-decay)

(4.30)

To really distinguish the SM Higgs field from its impostor, it is necessary to measure the partial
decay widths and the various branching ratios. In the present absence of such quantities, the best
one can do is to present cases which are consistent with the experimental signal strengths. This is

what was carried out in [73].

The minimization of the potential containing the scalars shown above breaks its global sym-
metry SU(2)r, x SU(20r down to a custodial symmetry SU(2)p which guarantees at tree level
p= MI%V /M% cos? Oy = 1 [73]. The physical scalars can be grouped, based on their transformation

properties under SU(2)p as follows:
five-plet (quintet) — Hz*, HZ, H; (4.31)
triplet — Hgt, Hgo;
triplet —  H3y,, Hours
three singlets — HY, HY,,, HY

The three custodial singlets are the CP-even states, one combination of which can be the 125-GeV
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scalar. In terms of the original fields, one has

HY = Y, (4.32)
H?M = 31;\47

HY = \}g(\@xou_go).

These states mix through a mass matrix obtained from the potential and the mass eigenstates are
denoted by H, H', and H”, with the convention that the lightest of the three is denoted by H, the

next heavier one by H’ and the heaviest state by H”.

To compute the signal strengths p, Ref. [73] considers H — 27, WTW~, v, bb, 77. In
addition, the cross section of gg — H related to H — gg was also calculated. A scan over the

parameter space of the model yielded two interesting scenarios for the 125-GeV scalar:

(1) Dr Jekyll's scenario in which H ~ H? meaning that the SM-like component H? = ¢ is

dominant.

(2) Mr Hyde’s scenario in which H ~ H ¥ meaning that the SM-like component HY = ¢J" is

subdominant.

Both scenarios give signal strengths compatible with experimental data as shown below in Fig. .
As we can see from Fig. (4.2), both SM-like scenario (Dr Jekyll) and the more interesting
scenario which is very unlike the SM (Mr Hyde) agree with experiment. As stressed in [73],
present data cannot tell whether or not the 125-GeV scalar is truly SM-like or even if it has a
dominant SM-like component. It has also been stressed in 73] that it is essential to measure the
partial decay widths of the 125-GeV scalar to truly reveal its nature. Last but not least, in both
scenarios, H?M = gbg}"\/[ is subdominant but is essential to obtain the agreement with the data as

shown in [73].

As discussed in detail in 73], for proper vacuum alignment, the potential contains a term
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CMS: p = 0.93  0.49 ! - _
— H- ff
[ L]
H_ —
CMS: = 0.91% 0.27 :
e —
H -~ vy T -
CMS:p=1.13+0.24 T H- vy
H- WW —
CMS:p=0.83+0.21 b
- H- Ww/zz
H- 7z —_—
CMS:p=1.00+£0.29 |
11 1 1 I 11 1 1 11 1 1 I 11 1 1 I 11 1 1

0 0.5 1 15 2 25
Best fit o/ ag,,

CMS preliminary EWv,, "Dr. Jekyll" Ex. 1 EWv, "Mr. Hyde" Ex. 1
my=125.7 Gev M my=125.7 GeV " m =1258Gev
EWvj, "Dr. Jekyll" Ex. 2 EWvy, "Mr. Hyde" Ex. 2
I
m; = 125.7 GeV m; = 125.2 GeV

EWv,, "Mr. Hyde" Ex. 3
m; = 125.6 GeV

Figure 4.2: Figure shows the predictions of u(H — bb, 77, vy, WYW~, ZZ) in the EW vz model
for examples 1 and 2 in Dr. Jekyll and example 1, 2 and 3 in Mr. Hyde scenarios as discussed
in [73], in comparison with corresponding best fit values by CMS [7578].

proportional to A5 (Eq. (32) of [73]) and it is this term that prevents the appearance of Nambu-
Goldstone (NG) bosons in the model. The would-be NG bosons acquire a mass proportional to
As5. An analysis of CP-odd scalar states Hg, HgM and the heavy CP-even states I;T’, and H” was
presented in [73]. The phenomenology of charged scalars including the doubly-charged ones was

also discussed in [65].

The phenomenology of mirror quarks and leptons was briefly discussed in |70] and a detailed
analysis of mirror quarks was presented in [74]. It suffices to mention here that mirror fermions
decay into SM fermions through the process ¢™ — qpg, M — lpg with ¢5 ”appearing” as missing

energy in the detector. Furthermore, the decay of mirror fermions into SM ones can happen outside
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the beam pipe and inside the silicon vertex detector. Searches for non-SM fermions do not apply

in this case. It is beyond the scope of the thesis to discuss these details here.

This concludes the brief summary of the EW vgr model |[70]. The original minimal model
contains just one singlet Higgs field ¢g. As we shall see in the next chapter, we will present a
different model which will incorporates in the A4 symmetry and necessitate an extension to four

Higgs singlet fields with no phenomenological constraints at the present time.



Chapter 5

Model of Neutrino Masses and Mixings

The discovery and subsequent analyses of neutrino oscillation phenomena have revealed a
trove of valuable information concerning the mixing matrix Upjs g and the mass difference squared
in the neutrino sector. It is worth stressing that the mere presence of neutrino masses as implied by
the oscillation data [79] provides the first evidence of physics beyond the Standard Model (BSM).
What might be the origin of neutrino masses? Why are they so tiny (m, < O(eV)) as compared
with even that of the lightest of elementary particles: the electron? Why is the leptonic mixing
matrix Uppsrys so different from Vg of the quark sector? Is there any chance that some of the
physics that are responsible for the tininess of the neutrino masses as well as their mixings could
somehow be experimentally accessible at the Large Hadron Collider (LHC) in the near future or

even at the International Linear Collider at a not-too-distant future?

The vast difference between neutrino masses and those of other elementary particles is a big
mystery. There could be several ways in which neutrinos can obtain masses, all of which go beyond
the Standard Model. The most obvious one is to add right-handed neutrinos which are singlets of
the SM and couple them through Yukawa interactions with the left-handed lepton doublets and
the SM Higgs doublet. In this simplest Dirac mass scenario, the Yukawa coupling would have
to be unnaturally small i.e. g, < O(107!) in order to accommodate m, < O(eV). A more

elegant scenario is the quintessential see-saw mechanism [80] where the right-handed neutrinos
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acquire a Majorana mass term MRV%';;UQZ/R in addition to a Dirac mass term mDuzyR + h.c.. The
diagonalization of the mass matrix yields two eigenvalues whose magnitudes are approximately
m% /Mp and Mp for Mp > mp. In a generic see-saw scenario, right-handed neutrinos are SM
singlets (e.g. in an SO(10) scenario) i.e. they are sterile, and typically mp o« O(Agw) and
Mp < O(Agur) or O(Myy,,). Although this generic scenario can elegantly ”explain” the smallness
of neutrino masses, it goes without saying that the prospect of directly testing the seesaw mechanism
by searching for right-handed neutrinos is very remote, both from an energetic point of view and
from a production point of view. (Although it is very popular, leptogenesis by itself is not such a

direct test.)

P.Q. Hung has proposed a model |70] of electroweak-scale right-handed neutrinos in which
(as we will briefly review below) vg’s belong to SU(2) doublets along with mirror charged leptons.
This has two distinct advantages: 1) vg’s are non-sterile and couple to the Z and W bosons; 2)
Since vp’s are members of doublets, a Majorana mass term necessarily comes from the vacuum
expectation value (VEV) of a triplet Higgs field which spontaneously breaks SU(2) x U(1)y (in
addition to the Higgs doublet) and, as a result, Mr o O(Agw ). In this scenario, the EW vr model,

right-handed neutrinos can be produced and searched for at the LHC or at the proposed ILC.

On the scalar sector side, the minimal EW v model contains one Higgs doublet, one complex
triplet, one real triplet and one Higgs singlet. The role of these Higgs fields in generating fermion
masses will be discussed below. In particular, we will discuss the importance of the Higgs singlet

on the issue of neutrino masses.

The plan of this chapter will be as follows. First we discuss the motivation for using the non-
Abelian discrete symmetry Ay [81] to describe the Dirac part of the neutrino mass matrix which,
in the EW v model, is generated by the Higgs singlets. In this case, we increase the number of
Higgs singlets from one (the number in the original model) to four without any consequence as far

as the 125-GeV SM-like Higgs boson is concerned. The number of non-singlet Higgs fields is kept
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unchanged in view of the tight constraints coming from the properties of the 125-GeV object as
discussed in [73]. Secondly, we give a possibility to explain the difference between two well-known
PMNS and CKM matrices. We then move toward the charged lepton sector to explore some of

interesting features within the framework of this model of neutrino masses and mixings.

5.1 Motivation

It is a big puzzle why the quark mixing matrix, the so-called CKM matrix [82]

0.9743 £0.0002  0.2255+0.0024  (5.10 & 0.47) x 1073
Vexm| = 0.230 + 0.011 1.006 + 0.023 (40.9+1.1) x 1073 (5.1)

(8.4+0.6) x 1073 (42.9+£2.6) x 1073 0.89 + 0.07

(which is not too different from the unit matrix) differs so much from the leptonic one, the so-called

Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [82]

0.779...0.848  0.510...0.604 0.122...0.190
\Upvns| = | 0.183..0.568 0.385...0.728 0.613...0.794 | - (5.2)

0.200...0.576 0.408...0.742 0.589...0.775

Although the precise mass mechanism is far from being understood, it is not too unreasonable to
speculate that the aforementioned big difference arises from the way neutrinos obtain masses as
compared with the way charged fermions obtain theirs. In this section, we will present a model
in which it is the Dirac mass matrix of the neutrinos that is obtained by incorporating an Ay
symmetry into the model. Before taking more steps to explore the model of neutrino masses and

mixings, let us briefly review the A4 symmetry.
e An introduction to A4 symmetry

The A4 group is a non-Abelian discrete group [81] and also known as the group of rotational

symmetry of a tetrahedron. This is a finite group of 12 permutations (or symmetries) of four
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elements, which can be organized in four classes whose number of elements are 1, 3, 4, 4. This

implies four irreducible representations of dimensions ny satisfying the condition
2 _
D i’ =12 (5.3)
k
In this case, the only possible solutions for (5.3)) are
ni=ngo=nz3=1 and ng =3 (5.4)

i.e. there are three 1-D and one 3-D representations of A4. We shall denote them as 1, 1/, 1”, and

3. These representations obey the product rule given by (using the notation of [83]):

3x3 = 1(11+22+33)+1 (11 +w?22 4+ w33) + 1" (11 + w22 + w?33) (5.5)
+3 (23,31,12) + 3 (32,13, 21).

i2m/3

Here w =¢ , called the cube root of unity.

¢ A4 model-wide recognitions

The A4 symmetry is well-known not only in group theory but also in model buildings. Which
particles are assigned to which representations of A4 is a question which depends entirely on the
model one is dealing with. Below we briefly summarize two popular A4 models in order to show

the contrasts with ours.

Ay has widely been used to produce the tribimaximal form of the PMNS matrix [83]. In a
nutshell, as summarized nicely in [83], the A4 symmetry is usually applied to the charged lepton
mass matrix with the result being that the unitary matrix which diagonalizes the charged lepton
mass matrix takes on the form of the PMNS that was first proposed by Cabibbo and Wolfenstein

[84], namely

Ucw =

Sl
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In popular versions of A4-inspired models of neutrino mass and mixing, Uow is identified with the

unitary matrix Uy, which diagonalizes the charged lepton mass matrix.

In one version [83], the left-handed lepton doublets are assigned to 3 while the right-handed
SU (2)-singlet charged leptons are assigned to 1,1’,1”. There are three Higgs doublets belonging to
3. In another version, there are 4 Higgs doublets and the right-handed charged leptons belong to
a 3. As described in [83], the main feature of these models is the diagonalization of the charged
lepton mass matrix by Ucw in Eq. and the presence of three or four Higgs doublets. We
shall make some remarks concerning the implication of the 125-GeV SM-like boson on models with

extended Higgs sectors.

In [85], a supersymmetric model was written which now includes three families of SU(2)-
singlet vector-like heavy quarks and leptons, two Higgs doublets transforming as 1 and three Higgs
singlets that transform as 3 of A4. Here the SM right-handed fermions transform like 1,1’,1”. Just
as with the models mentioned above [83], the construction is such that Ucw in Eq. is the

matrix which diagonalizes the charged lepton mass matrix.

The two examples discussed above are two of several scenarios making use of the A4 symmetry.
It is beyond the scope of this thesis to compare our approach with all others that are present in
the literature. The main point we would like to stress here is that the most popular scenario is one
in which the A4 symmetry is used to generate Ucwy in Eq. for the charged lepton sector.
Also, right-handed neutrinos in most generic models are SM-singlets and their Majorana masses

are expected to be much larger than the EW scale.

Before discussing our approach based on Ay, we would like to point out the main differences
with the aforementioned scenarios: 1) The conjugate of the matrix as shown in Eq. ([5.6) is the one
that diagonalizes the neutrino Dirac mass matrix; 2) Right-handed neutrinos belong to SU(2)

doublets along with mirror charged leptons as espoused in |70] and are therefore non-sterile. Their
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Majorana masses are proportional to the EW symmetry breaking scale.

5.2 Assignment of particle content

As the most mysterious particles in the world neutrinos have been studied for years by many
physicists. The fact that neutrinos have masses motivates particle theorists to “create” an adequate
model which leads them to a clear understanding of neutrino masses. The EW-vr model combing
with the A4 symmetry is a new approach to our big goal because it introduces three new scalar
Higgs singlets ¢19, @29, ¢35 without conflicting with the LHC data which severely constrained
the Higgs doublet sector. Moreover, the reason which makes the A4 symmetry become a good

candidate for this task is its simplicity and sufficiency.

Let us now present the assignments of the EW vr model’s content under A4 as shown in

Table (5.1)).

Table 5.1: A4 assignments for leptons and Higgs fields

P15

Field || (v, | i, IM)r | er | €M | dos | ds = | ¢os 9
$35

Ay 3 3 3 | 3 1 3 1

Notice that if one had the singlet Higgs fields belonged to 1, 1, and 1” only, the neutrino Dirac

mass matrix would be diagonal which is not a desired scenario.
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5.3 Neutrino Dirac and Majorana masses with A; symmetry

5.3.1 Neutrino Dirac mass matrix

As shown in [70], the neutrino Dirac mass in the EW v model comes from the generic
Yukawa, term gg; Iz, ¢g l% + h.c. in Eq. 1' With the A4 assignments shown in Table 1' we

can write the following Yukawa interactions

Ls =1, (gosdos + g150s + g256s) 1} + h.c., (5.7)

where g1 and gog reflect the two different ways that QES couples to the product of I, and l% as

shown in Eq. (5.5). We obtain the following neutrino Dirac mass matrix:

gosvo 9g1sv3  g2sv2
M) = | gasvs gosvo gisvr | - (5.8)
g15v2  g25v1  gosvo
where vy = (¢os) and v; = (¢;s) with 2 = 1,2,3. Notice that this form of M?P is the same as the

one used by [83] for the charged lepton mass matrix.

When v; = vy = v3 = v, MP can be diagonalized as follows (using 1 + w 4+ w? = 0 and

w? = w*)
mip 0 0
UleuDUV = 0 mop 0 y (5 9)
0 0 msap
where
1 1 1
U= 1| L2 (5.10)
14 \/g w w M M
1 w w?

Notice that our U, defined in Eq. 1D is just U, = UéW. At this point, we would like to establish

our notations for what will follow. In general, a mass matrix is diagonalized by two unitary matrices
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U, and Ug i.e.

Ul MUR = Mp, (5.11)

where Mp is a diagonal mass matrix. A mass term of the form fYM f% can be rewritten as

FOULUI MURULFS = fLMp fr where fOUL, = f, and ULfS = f.

From Eq. (5.9), it is clear that

UI/L = UI/R - UI/ . (512)

A remark is in order at this point. As we will see below, Upyng is defined as Upyns = U;LLUZL =

U;r U;r. What U;;, might be will be the subject of the section on the charged lepton mass matrix.

The neutrino Dirac masses are

mip = gosvo + gi1sv + gasv (5.13)
map = gosvo + grsvw’ + gasvw (5.14)
map = Gosvo + g150w + gasvw? (5.15)

Reality of the masses require that
925 = 9is (5.16)

where we have used w? = w*. Making use of 1+ w + w? = 0, w® = 1 and Eq. (5.16]), we obtain the

following sum rules

mip +map +m3p = 3gosvo, (5.17)
mip +mip +mip = 3gigvs + 615|702 (5.18)
5.3.2 Neutrino Majorana mass matrix

From the Lagrangian

Ly = gu (1" 02)(i 72 X) U + hec. (5.19)
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In order to make the Lagrangian invariant under A4, we need X to transform as 1 or 3. For reasons
outlined in [73| having to do with the constraints coming from the presently known properties of

the 125-GeV SM-like boson, it is preferable that the Higgs triplet transforms as 1. We recall that

L+ ++
~ 1. . X X
V=57 X = V2 (5.20)
0 1
X - \/§X+
When <X0> = vys one obtains the following right-handed Majorana mass
gm(x") 0 0
Mpg = 0 gv(x") 0 = gmvpl (5.21)
0 0 g (x°)
Therefore, the neutrino mass matrix is
0o MpP
M, = (5.22)
MP Mg
Here the 3 x 3 see-saw mass matrix for the light neutrinos (ve, vy, v,) becomes
my, ~ —MP Mg MPT (5.23)

5.4 Upvns Vs, Voxm

5.4.1 The search for Uy,

As mentioned above, we define the diagonalization of a mass matrix by Eq. (5.11). The

charged current interaction gﬂg'y“l%WJ can be written in terms of mass eigenstates as

g UL UiL W Ut UlTLloL W =g oL Upuns ¥ 1o W, (5.24)
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where vy, and [, are mass eigenstates and where
Upmns = UJLUZL =UlU . (5.25)

Notice that, by looking at Uppsns as determined from experimental data in Eq. , one can
safely say that Upyng # UJ. One needs Ujf, to be different from the unit matrix. But could Ujp,
be? What does the Yukawa coupling of the charged leptons to @4 tell us about U;;,? (There is a
coupling between the mirror and SM charged leptons with the Higgs singlets but its contributions

to the masses are negligible as shown in |70]. We will ignore this contribution here.)

The SM Yukawa coupling is
Ly =g l;, @ er + h.c. (5.26)
¢+
where @y = , <¢0> = %
¢0
From Table (5.1]), we have the following A4 assignments:

lp~3; er~3; Po~1 (5.27)

It can be seen that (5.26) is Ay-invariant. From the product rule (5.5), one can see that this

Ay-invariant Yukawa term gives a degenerate spectrum for the charged leptons, namely

100
V2

Y 5.28

I OvoA IR (5.28)
00 1

Diagonalizing the matrix M; by UITL M; Uir would imply that Uy, = 1.

If this were the whole story, one could have

1
Upnns = U = 7 1 w W? |- (5.29)
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This implies that the PM NS matrix mainly comes from neutrino mixing matrix which results
from the couplings between leptons and the Higgs singlet ¢g. On the other hand, as reviewed in

section we have acknowledged that
Vexkm = UJ,L Ud,L- (5.30)

This mixing matrix comes totally from Yukawa couplings of quarks to the SM Higgs doublet ®.
Therefore, in our analysis, the different sources of mixing matrices provide a reasonable explanation

for the intrinsic difference between the PM NS and C KM matrices.

However the story does not end here. The fact that U, is a unit matrix is unacceptable for
two reasons: 1) me < my, < Mmr; 2) Uy, would be a unit matrix and one would obtain Uppsng = U;LL
in disagreement with experiment. It is then clear that the A4 symmetry which is respected by the
Yukawa interactions in Eq. giving rise to the neutrino Dirac mass matrix has to be broken in
the charged lepton sector. In what follows, we will use a phenomenological approach toward this

Ay breaking, namely through an ansdatz for Uyp,.

5.4.2 Ansdatz for Uy,

As discussed above, strict A4 symmetry in the charged lepton sector would imply that U;;, = 1.
We will parametrize the breaking of A4 by assuming a form which deviates from the unit matrix
by a small amount and which is unitary. Using Upprng and Uy, one can then determine Uj;. As
we shall see below, once Ujy, is known, one can reconstruct ./\/ll/\/lzr. In this sense, our approach
is semi phenomenological because we do not use a specific symmetry assumption to construct the

charged lepton mass matrix.
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We propose the following ansdatz

1-5 Ao AN (o — i)
Ui = N 1A AN (5.31)
AN —pr—im) —AN? 1

where A;, p;, n; are real parameters of O(1) [22]. The subscript [ indicates that A, p, n belong to

charged leptons.

We can now constrain A;, A;, p;, m; based on experimental data of Upprng and unitarity

conditions and have

A2 3 .
11 1 1-74k A AN (pe— i)
1
U =Upuns =UjUi, = 7 1w w* -\ 1— ’\7’2 AN
1 w* w2* Al)\?(l — Pl — Zm) —Al)\lQ 1
Recall that w = €2™/3 50 w* = w? and w?* = w. Therefore,
A2 3 .
11 1 1-4t AN AN (o — i)
1 2
= R 2 A 2
U /3 1 w w -\ 1-3 A (5.32)
1 w? w Al)\?(l — pr—iny) —Al)\% 1
, A2 .
AN —p—im) = —N+1 —(A+ AN+ N+1 A3 (o — i) + AN+ 1

2
= % w2Al)\?(1 —pr— i) — % —wN+1 - (wQAl + %) /\l2 + N +w Al)\?(pl —an) + wAl)\% + w?

2
wAl)\?(l —pr— im) — )\71 — w2/\l +1 - (wAl + %) )‘IZ + N+ w? Al)\?(Pl - i’m) + CUZAI)\? +w
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Recall the standard parametrization of PMNS matrix ( [86], [87])

1 0 0
U =V | o &% o (5.33)
azy
0 0 e' 2
—id
c12 €13 512 €13 s13 €
B . s
Vo= —S12 Co3 — C1a S23 513 €0 C19 Cog — S12 S93 513 € 593 €13 (5.34)
_ T _ i6
512 S23 — C12 C23 S13 € C12 $23 — 812 €23 S13 € €23 C13
where s;; = sin(0;;), cij = cos(0yj), 05 € [O , %], a91, 31 are Majorana phases.

For the purposes of this thesis, the Majorana phases will not be taken into account, i.e. we can
set these phases to be equal to zero. Therefore, our PMNS matrix really has the form of V which

contains the Dirac phase.

Let us compare Eq. (5.32) with experimental data [82]

0.779...0.848 0.510...0.604 0.122...0.190
U= 0.183...0.568 0.385...0.728 0.613...0.794 (5.35)

0.200...0.576 0.408...0.742 0.589...0.775



we have the following constraints

1

(i) 0.779 < NG

86

2

A
AN (1 — py —imy) — ?l — N +1]<0.848 (5.36)

1 1
(ii) 0.510 < %\— (A, + 2) AP+ A+ 1] < 0.604

1
(3i) 0122 < %\Am?
1

(iv) 0.183 < —w
V3
1
(v) 0.385 < %|—(

1
vi) 0.613 < — AN}

(vi) \/3\ IA]
1

vii)  0.200 <
(vii) 7

(viii) 0.408 < 1\—(
' V3
1

(iz) 0589 < 7

Solving these equations up to O(\?) we get

—4.8517
—0.2404
—5.6339

—4.7160

5.5 Toward charged lepton masses

(pr — im) + AN+ 1] < 0.190

2

A
ZAN (1 —pp—imy) — 2L —wh + 1] < 0.568

2

WA + %) A2 4N +w| < 0.728

(pr —imy) + WA 4 w?| < 0.794

2

A
lw AN (1 — pp —imy) — ?l — W\ +1] < 0.576

2

WA + “;) M4 N+ w?| <0.742

AN (1 — im) + w2 AT 4+ w| < 0.775

A < —4.4580 (5.37)
A < —0.1882
pr < —5.5712

m < 4.8912

The knowledge of Uj;, alone does not allow us to determine the charged lepton mass matrix

M, for we need also U;g. On the other hand, we can use Uj;, to diagonalize MM, as follows.
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me? 0 0
UL MMTUL = | 0 m,2 0 (5.38)
0 0 m?
giving
me? 0 0
MMI=UL. | o m2 0| Ut (5.39)
0 0 m2

Up to the order of A2 we can approximate M;M;! to be of the form
p

(1= A7) me2 + AF my,? N (m,? —me?) 0
MM = A(my? —me?) MNome2 + (1= A) m? AN (m-2 —m,?) (5.40)
0 Al)\%(mTQ —my?) m.2

From Eq. 1} we can see that M;M,' is determined completely by the experimental values
of me, my, m;, A and A;. Notice that, in the degenerate case m, = m, = m, = m, MM is

reduced to a diagonal matrix M;M;" = m?I as one should expect.

A few remarks are in order here. One can view Eq. as a constraint equation on the
charged lepton mass matrix M;. This constraint equation on M; M’ satisfies the experimental
constraints on Upjsns as long as A\; and A; are within the allowed ranges . To be able to
determine the form of M, it is clear that one has to impose some kind of symmetry or at the very

least make an ansditz on M, itself as long as M;M;' satisfies Eq. 1)

Based on the above discussion, it is tempting to propose a similar ansdatz for the quark sector
for the following reason. The charged leptons as well as the quarks obtain their masses through
the couplings with the Higgs doublet ®5. It might not be unreasonable to speculate that whatever

mechanism giving rise to mass mixings in mass matrices could be similar for both quarks and
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charged leptons. One might have

U — Uy (5.41)

>\laAl> pL, M — )\daAdv Pd, 1d

UlL — UuL (5.42)

ASAL o = Ay Aus Pus M

With the knowledge of Vogar = UJ Uar [88], one can constraint the above parameters. Further-
more, M M, and MyM, ' could have similar forms to the right-hand side of Eq. {i with
the replacements A\;, A; — Ay, Ayy Me, My, me — My, me, my and N, i — Ag, Ag, me, my, m; —

mg, Ms, My respectively. This will be treated in Chapter

5.6 Summary of the chapter

We have presented in this manuscript a model of neutrino masses and mixings based on the
discrete symmetry group A4 as applied to the electroweak(EW)-scale right-handed neutrino model
of [70]. In particular, this A4 symmetry is applied to the Higgs singlets which are responsible
for the neutrino Dirac masses of the EW-scale vp model with the aim of obtaining a particular
form of matrix namely Ucw (Eq. ), which plays a crucial role in Upysnys. The Higgs singlet
was introduced in [70] in order to give the Dirac part of the neutrino masses. By applying the A4
symmetry to this sector, we found that the Higgs singlet is increased from one in the original model
to four i.e. 1 + 3 of A4. The diagonalization of the neutrino Dirac mass matrix generated by the
Yukawa coupling of the left-handed doublets (v, er) ~ 3, the right-handed doublets (vg,e¥) ~ 3
with these four Higgs singlets is found to be realized by the matrix U, = UgW (Eq. )
This is in contrast with many popular A4-based models where this type of matrix is the one that

diagonalizes the charged lepton mass matrix. This is our first step in getting to Uppsys namely
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Upvnsg = UJ U;r.. In obtaining U,, we also derive a couple of sum rules concerning the Dirac masses

of the neutrinos. These might turn out to be useful in future studies of neutrino oscillations.

One particular interesting feature of this scheme is the fact that U, is generated by the
Higgs singlets which do not affect the known properties of the newly discovered 125-GeV SM-like
scalar [73]. Notice that scenarios involving more than two Higgs doublets might encounter very

very tight constraints which may be hard to satisfy.

The second piece of Upysns, namely Ujr,, comes from the breaking of the A4 symmetry in the
charged lepton sector as we have shown. It is proportional to the unit matrix in the exact symmetry
case (degenerate charged leptons). We take a phenomenological approach by parametrizing the
deviation from the unit matrix in terms of a Wolfenstein-like unitary matrix (Eq. (5.31)). We
obtain constraints on the parameters of that matrix by using the experimental values of Upy/ng.
Since Uy, diagonalizes the lepton mass matrix “squared”, namely U;p T M;M;TU;., we obtain an
equation for M;M;T (Eq. (5.40)) whose right-hand side is determined entirely by experimental

values of the charged lepton masses and the phenomenologically extracted parameters of Ujy,.

As shown in |70] and in this manuscript, the sources of masses for the neutrinos and for the
charged leptons are entirely different from each other: Higgs singlets and triplet for the neutrinos
and Higgs doublet for the charged leptons. Since the quarks also obtain their masses from the
Higgs doublet and since Vg deviates a “little” from the unit matrix, we postulate that U,z and
Uy, which appear in Vogy = UZLUUZL have the same form as Uj;, but endowed with their own

parameters. In this context, it is very appealing to see why Upysng is very different from Vg



Chapter 6

Phenomenological Implications of the Lepton Sector

In this chapter we will discuss two interesting phenomenological consequences of the model
of neutrino masses and mixings which are lepton flavor violating (LFV) processes: p — ey and
1 — e conversion. As is well known, lepton flavor is an accidental conserved quantity in Standard
Model (SM) with strictly massless neutrinos. For example, a muon never decays radiatively into
an electron plus a photon and neutrinos do not oscillate in SM. However various experiments have
now established firmly that neutrinos do oscillate from one flavor to another. The common wisdom,
motivated by the physics of K — K oscillation in the kaon system, is to give tiny masses with small
mass differences to the various light neutrino species. Radiative decay of the muon into electron
is then possible but with an unobservable rate highly suppressed with the minuscule neutrino
masses [89,90]. Searches for lepton flavor violating rare processes in high intensity experiments are

thus important for new physics beyond the SM.

The above LFV processes are presented in details in the following two sections.
The first section contains an updated analysis for the general one-loop induced lepton flavor vi-
olating radiative decays [; — ;v in an extended mirror model. We then consider a case for the
specific i — ey. Mixing effects of the neutrinos and charged leptons constructed with a horizontal
A4 symmetry are also taken into account. Current experimental limit and projected sensitivity on

the branching ratio of p — ey are used to constrain the parameter space of the model. Calculations
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of two related observables, the electric and magnetic dipole moments of the leptons, are included.
We also discussed implications concerning the possible detection of mirror leptons at the LHC and
the ILC.

The second sections focuses on the muon-to-electron (u — e) conversion in nuclei like aluminum, ti-
tanium and gold, which is studied in the context of a class of mirror fermion model with non-sterile
right-handed neutrinos having mass at the electroweak scale. At the limit of zero momentum trans-
fer and large mirror lepton masses, we derive a simple formula to relate the conversion rate with
the on-shell radiative decay rate of muon into electron. Current experimental limits (SINDRUM II)
and projected sensitivities (Mu2e, COMET and PRISM) for the muon-to-electron conversion rates
in various nuclei and latest limit from MEG for the radiative decay rate of muon into electron are
used to put constraints on the parameter space of the model. Depending on the nuclei targets used
in different experiments, for the mirror lepton mass in the range of 100 to 800 GeV, the sensitivities
of the new Yukawa couplings one can probe in the near future are in the range of one tenth to one

hundred-thousandth, depending on the mixing scenarios in the model.

6.1 One-loop induced LFYV radiative decays i — ey

The EW-scale vr model presented in the chapter 4] entails extra SU(2) chiral doublets (the
mirror fermions) which have many consequences. These mirror fermions enter loop corrections to

various quantities and processes such as the electroweak precision parameters, rare processes, etc.

The first type of effects that needs to be examined is the contributions of these extra chiral
doublets to the electroweak precision parameters. These calculations have been performed in [71]
and it was found that there is a large parameter space where the EW-scale vz model satisfies the
EW precision constraints. In a nutshell, the contributions from the mirror fermions are partially

cancelled by those of the scalar sector, in particular the SU(2) triplet scalar.
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The next place where mirror fermions enter through loop corrections is rare processes such
as p — ey and 7 — py. In [91], such processes have been discussed in a generic fashion, with an
emphasis on the possible correlation between the observability of the aforementioned rare processes
and the decay lengths of the mirror charged leptons, both of which are of phenomenological inter-
ests. In this thesis, we will present an update of the process u — e~ taking into account recent
developments of the model, including experimental inputs from the recently-discovered 125 GeV

SM-like scalar [4.,/5]. They are summarized below.

Most importantly for this section is the recent work [92] concerning neutrino and SM charged
lepton masses and mixings. The fact that the SM lepton mixing matrix Upyng (the Pontecorvo-
Maki-Nakagawa-Sakata mixing matrix) is so different from the quark counterpart, Vognm (the
Cabibbo-Kobayashi-Maskawa mixing matrix), has given rise to many models, many of which invoke
the presence of some kind of discrete symmetry. Among these different proposals for the discrete
symmetry is the popular A4 symmetry which has been used to reproduce the tribimaximal form
of Upymns. This symmetry is usually applied to the charged lepton sector [83] and involves four or
more Higgs doublets. (Such a large number of Higgs doublets might be hard to accommodate the
125 GeV SM-like scalar with the desired observed properties.) The new twist of [92] is to exhibit
the A4 symmetry in the neutrino Dirac mass sector and the scalar sector involved is composed of
SU(2) x U(1)y-singlet scalars which are not constrained by LHC data. These singlet scalars are
composed of a singlet and a triplet of A4. This model reproduces the desired PMNS matrix and
makes predictions on the charged lepton mass matrix in the form of M;M;. The singlet scalars
play a crucial role in the process u — e in the EW-scale vg model as shown in [91] and updated
below in light the aforementioned developments. The results presented in this section contain a
deep correlation between the branching ratio B(u — e+) and the neutrino sector in the form of the
PMNS matrix for both normal and inverted hierarchies, as well as the form of the mirror lepton
mixing matrix. It will be shown that the exclusion zones in the plots of the branching ratio of

B(u — e#y) versus the Yukawa coupling strengths to the singlets depend a bit on how strong the
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Ay-triplet scalars couple to the leptons.

This section is organized as follows. First, in section we summarize very briefly the
results of neutrino and charged lepton masses and mixings [92]. Next, in section we proceed
with the actual calculations of the general process l; — [;7, the anomalous magnetic dipole moment
Aq, and the electric dipole moment d;, for the lepton I;. We then perform detailed numerical
analysis on the specific u — ey will be in section Implications of our results concerning the
possible detection of mirror leptons at the LHC and the ILC are discussed in section We

finally summarize and conclude in section A few useful formulas are collected in Appendix
(Al

6.1.1 Review of neutrino and charged lepton masses and mixings in the EW-scale

vr model

Since the ideas and notations coming out of this review will be important for the calculation
of the rate of u — ey, we will present a little more details here. In [92], a model of the Dirac
part of neutrino masses was constructed using the widely popular A4 symmetry. Under Ay, (v,1)1,
(v, 1) R, er and eg/[ transform as 3, where e and v are generic notations for the charged and neutral
leptons. Using the A4 multiplication rule 3 x 3 = 1(11 + 22 4 33) + 1’(11 + w?22 + w33) + 1”(11 +
w22 +w?33) +3(23,31,12) +3(32, 13, 21) with w = €>7/3| it was argued in [92] that the appropriate
set of singlet scalars is composed of an Ay singlet ¢ps and an Ay-triplet {¢;s} (i = 1,2,3). To
reflect the two different ways that the Ay-triplet can couple to the leptons, [92] wrote down the
Lagrangian

Ls = 1% (gosdos + g150s + g259s) Iy * + Hec., (6.1)

where lOL and l%’o are gauge eigenstates which are related to the mass eigenstates by

0=uvll, , ©BO=uL"y. (6.2)
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For the purpose of the subsequent sections, we rewrite Eq. (6.1]) as follows

Ly = 1L, UNU,UIMUUIUL 1Y + He. (6.3)
=~ Ubyns Mg Upins!™ + Hee. (6.4)
where
My = UJMyU, , (6.5)
and
Ublins = USUR - (6.6)

The above construction can be straightforwardly generalized for the right-handed leptons and left-
handed mirror leptons. Hence the total Lg becomes
Ls = =l Ubyns Mo Upkinsti — In Upns M) Upinsl?! + Hee. (6.7)

where M(; = U,jM(;U,, and M is the same as My given by Eq. li with gos = g(s, 915 = 9ig
and gos — ghg- Reality of the eigenvalues of M also implies gy = g7s. In analogous to Upmns

and U%/INS, we have defined the following mixing matrices for the second term of Eq. 1}

Upins = USU (6.8)
and
M prtrrM
UPMNS - UI/UL ) (69)

where U Il% and U ZLM are the unitary matrices relating the gauge eigenstates and the mass eigenstates

1 =Ukly , 0=y, (6.10)

6.1.2 The calculation

The one-loop irreducible diagram for I; — ;v is shown in Fig. (6.1). Other two diagrams

not shown are reducible associated with the one-loop dressing for the external fermion lines. They
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are crucial for the cancellation of ultraviolet divergences and gauge invariance in our calculation.
The relevant Yukawa couplings between the leptons, mirror leptons and the A4 singlet and triplet

scalars can be deduced by recasting the Lagrangian Lg in Eq. (6.7) into the following component

form
3 3 ~ ~
Ls = =3 > (lUhit, + Tn Uik, ) ons + He. (6.11)
k=01i,m=1
where
M
Ui = (UIZMNS'Mk'UIIDMNS)im ) (6.12)
3
= Z (UILMNS>U M]kn (Ul])\{\/[NS)nm ) (613)
7,n=1
and
m - PMNS PMNS im ) .
3
= > (Ul'ath)ij My (UBNNS) - (6.15)
7,n=1

The matrix elements for the four matrices M*(k = 0,1,2,3) are listed in Table 1. M]’s can be

obtained from M ]kn listed in Table I with the following substitutions gos — g{¢ and gis — ¢/ -

\/

Figure 6.1: One-loop induced Feynman diagram for I; — [;v in EW-scale vz model.
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Table 6.1: Matrix elements for M*(k = 0,1,2,3).

Mj’.“n ‘ Value ‘
M?27MPSvM317M837M§)17Mg2 0

M7y, Mgy, M, gos

My, M7y, My %Re (915)

M212> M2227 M232 %Re (w*g1s)

M§3> M§37 M:’??) %Re (wg1s)
My, My, 2Re (wg15)
Mgy, M3, % (915 + wgis)
My, M3, % (91 +w"g1s)
M113, M311 %Re (w*g1s)
M3, M3, 2 (g1 +wglg)
My, M3 3 (915 +wgis)
Mgy, Mg, 2Re (g15)
M3, M3, %Re (915)
M5’37 M??2 %wRe (915)

6.1.2.1 The process [; — ;7 (i # j) in EW-scale vp Model

Lorentz and gauge invariance dictate the form of the amplitude for the process I, (p) —

l; (p") +(q) to be
M (z; - l;v) = () (p) {io“”q,, [c;jPL + C}{PR} } wip) (6.16)

where Pr.r = (1 F v5)/2. The coefficients ClL] r can be extracted from the one-loop diagram
(Fig. (6.1)),
3 3 1 mi
iy 7/Rk (7/RE Lk Lk kS
- pEy Y {mf s () s ) (2
m2
uRk (uLk) T (%)} ’ (6.17)
m
4
ERNCA. 1 mi
ij 2Lk (7,Lk Rk (7/Rk kS
cy = +16W222{m%{ [mzujm (um) + m,U (u )] <m12M)

m

2
Lk (/Rk Mgys
—r2 . 1
mlMu (L{ )j<ml2M>} (6.18)
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Here we have assumed the mirror lepton masses are much larger than the external fermion masses

mym 3> m; ; and set m; ; — 0 in the loop functions Z(r) and J(r), which are simply given by

1 2 2
I(r) = m[—&" logr +r(2r° +3r —6) + 1] , (6.19)

1
2(1—r)3 [

—2r?logr +r(3r —4) +1] . (6.20)
In our numerical work for u — ey presented in section we will consider the mirror lepton
masses of the order a few hundred GeV and the A4 singlet and triplet scalar masses of the order
10 MeV, thus the ratio r = miks / m?M ~ 1078 is very tiny. For all practical purposes, one can

replace Egs. (B.1) and (B.2) by the limits lim, o Z(r) = 1/12 and lim,_,o J () = 1/2 respectively.

Formulas of Z and J for the general case of m;; # 0 are given in the Appendix [A]

The partial width for [; — [;7 is given by

2\ 3
1, my g 1o
F(li — lj*y) = 1677Tmli (1 — mg) (‘Cg’ + ’Cg‘ ) . (6.21)
6.1.2.2 Magnetic Dipole Moment

The magnetic dipole moment anomaly for lepton I; can be easily extracted from the above

calculation with the following result

Aap — 2my, <C§i+c§g>
’ e 2
1 3 3 z (275
_ Q(ULk2 uRk2> T kS

3 3 * m m2
£ 303 Re Ukt () )ﬁj <m¢;s>} . (6.22)
m M
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6.1.2.3 Electric Dipole Moment

The electric dipole moment operator for a fermion f is usually defined as

d

Lepm = _i?ffa‘“’%me, ; (6.23)

where F),, is the electromagnetic field strength and the coefficient dy the electric dipole moment.
The electric dipole moment for lepton [; can also be easily extracted from the above calculation

with the result

a, = gci-c)
Y Y D () ) 7 (M) (6.21)
1671‘2 P o] ml% m m mlz%

6.1.3 Numerical Analysis

In the previous sections we are showing theoretical analyses for the general case of [; — [
decays. Hereinafter, let us take i, j to be u, e in order to tailgate current experimental data for

the process p — e7y. The branching ratio B(u — e) is then given by
B(u— e7) =7 T (1t = 7) (6.25)
where 7, is the lifetime of the muon [94]

7, = (2.1969811 + 0.0000022) x 1076 s . (6.26)

In our numerical analysis, we will adopt the following approach:

e For the masses of the singlet scalars ¢g, we take
Mepog * Mprg * Mepgg * Mpyg = MS : 2MS : 3M5 . 4M5

with a fixed common mass Mg = 10 MeV. As long as mg, ; < my , our results will not be

affected much by the exact mass relations among these singlet scalars.
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e For the masses of the mirror lepton [ we take
ml% = Mmirror + 6m

with 01 = 0, d9 = 10 GeV, d3 = 20 GeV and vary the common mass Mpirror from 100 GeV

to 800 GeV.

e We assume all the Yukawa couplings gos, 913, 925, 9(g> 91> and ghg to be all rea]ﬂ. As
mentioned before, gas = (g15)* and g5 = (¢74)* due to the reality of the mass eigenvalues
of the Dirac neutrino masses. For simplicity, we also take gos = ¢)g, 915 = ¢}g and study
the following 6 cases:

(1) gos # 0, g15 = 0. The Ay triplet terms are switched off.

(2) g15 = 1072 x gog. The Ay triplet couplings are merely one percent of the singlet ones.
(3) g1s = 107! x gos. The Ay triplet couplings are 10 percent of the singlet ones.

(4) g15 = 0.5 X gos. The Ay triplet couplings are one half of the singlet ones.

(5) 915 = gos- Both Ay singlet and triplet terms have the same weight.

(6) gos =0, g15 # 0. The Ay singlet terms are switched off.

e For the three unknown mixing matrices UPL g, Upyng and Uphing, we will consider two

scenarios:

* Scenario 1
M 77 _ M i
UPMNS - UPMNS - UPMNS - UC’W
x Scenario 2

M i _ r7IM .
Upnmns = Upnins = Upnins = Upnins

! In this study, we do not analyze the possibility of electric dipole moments for the charged leptons in which
complex Yukawa couplings must be assumed.
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Recall that the standard parameterization of the PMNS matrix is given by

_‘5
c12€13 512€13 s13e”"
Upmns = —812€23 — 6125238136“s C12C23 — 812552138136“s 523C13 -V
. 5
12523 — C12C23513€"  —C12523 — S12C23513€"°  C23C13

where s;; = sin6;;, ¢;; = cos 6;; and V' = Diag(1, elo21/2 ¢ia31/2) is the Majorana phase

matrix. We will ignore the Majorana phases in this analysis.

In Table (6.2) we list the 1o range of the mixing parameters as given by the recent
analysis of global three-neutrino oscillation data in [54,55]. With the central values
for the mixing parameters given in Table II as inputs, we obtain two possible solutions

of the PMNS matrix:

0.8221 0.5484 —0.0518 + 0.1439;
Ubhins = | —0.3879 +0.07915;  0.6432 + 0.0528i 0.6533
0.3992 + 0.08984i  —0.5283 -+ 0.05993 0.7415

for normal hierarchy, and

0.8218 0.5483 —0.08708 + 0.1281
Ubiins = | —0.3608 + 0.0719;  0.6467 + 0.04796i 0.6664
0.4278 + 0.07869 —0.5254 -+ 0.0525i 0.7293

for inverted hierarchy. For each scenario, we consider these two possible solutions for
the Upnyns. Due to the small differences between these two solutions, we expect our

results are not too sensitive to the neutrino mass hierarchies.

e Limits on B(p — evy) from MEG experiment [95] and its projected sensitivity [96]:

B(u—ey) < 57x107" (90 C.L.)[MEG, 2013] , (6.27)

B(p—ey) ~ 4x107 [Projected Sensitivity] . (6.28)
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e Aaq, from E821 experiment [97]:

Aa, = a®P — oSM = 288(63)(49) x 10711 . 6.29
Iz iz I

Table 6.2: Mixing parameters from global three-neutrino oscillation data taken from [54.|55].

Mixing Parameters H Normal Hierarchy Inverted Hierarchy ‘
sin” 619 0.308 +0.017 0.308 & 0.017
sin? fa3 0.43710:938 0.45510-439
sin? 013 0.023415-00%0 0.02410-5059
§/m 1.391038 1.3179-29
dm? = m3 —m? (7.547020) x 1075%eV? | (7.547025) x 107%eV?
Am? = |m3 — (m? +m3)/2| || (243 +£0.06) x 1073eV? | (2.38 +0.06) x 10 3eV?

Since the dominant contributions to the loop amplitude arise from the mass insertion of

the internal mirror lepton line in Fig. (6.1), only the last terms in Eqgs. (6.17)), (6.18) and (6.22)

are significant numerically. As long as mg, o < myu, the current MEG limit (Eq. 1) on the

branching ratio B(u — e7) imposes the constraint

2
100 GeV * (100 GeV _
i C ) ( s ) > ult () <mlm> S 79X 1077,

while the result from the Brookhaven E821 experiment on Aa, (Eq. (6.29))) imposes
*\ [ 100 GeV
3 Re (u%,,’f (u{if) ) <e> <86 x107%.
k,m ml%

In Figs. — we plot the contour of Log;oB(x — ev) (upper panel) and Log;yAa,
(bottom panel) in the (gosor1s, Mmirror) Plane for both normal (left panel) and inverted (right
panel) neutrino mass hierarchies for scenarios 1 (red curves) and 2 (blue curves) with the six cases
of couplings aforementioned: (1) gos # 0, 15 = 0 (Fig. , (2) g15 = 1072 x gos (Fig. ,
(3) g1s = 107" x gos (Fig. [6.4), (4) g15 = 0.5 x gos (Fig. [6.5), (5) gos = g15 (Fig. [6.6), and (6)

gos =0, g15 # 0 (Fig. , respectively.

At the upper panel of each of these figures, the (light) gray area is excluded by the current

limit of Log,oB(p — ey) = —12.24 from MEG experiment [95] for scenario (1) 2 respectively. The
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Figure 6.2: Contour plots of Log;oB(p — ev) (top panel) and Log;yAa, (bottom panel) on the
(905, Mmirror) plane for normal (left panel) and inverted (right panel) hierarchy in scenarios 1 (red
curves) and 2 (blue curves) with gos = g{g and gi15 = ¢} ¢ = 0. For details of other input parameters,
one can refer to the text in section [6.1.3]

projected sensitivity of Log,,B(n — ey) = —13.40 is also shown for each scenario in the two

plots in the upper panel for comparison.

At the bottom panel of each of these figures, the red (blue) area is defined by the Log;yAa, =
—8.54 from the E821 experiment of the Brookhaven National Lab (BNL) for the discrepancy
between the SM model prediction and the measurement for the muon anomalous magnetic dipole

moment for scenario 1 (2), respectively.
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Figure 6.3: Same as Fig. (6.2) with gos = gjg and g15 = gjg = 1072 - gos instead.

From all the plots in these figures, we observe the following general features.

e In the same mass range of the mirror leptons the LF'V process ;1 — ey is more sensitive to
the couplings by almost two order of magnitudes as compared with the anomalous magnetic
dipole moment of the muon. This is partly due to the fact that the B(u — ev) is quartic

in the couplings, while in Aa, they are quadratic.

e As one turns on the Ay triplet coupling g15 from 0 to g15 = gos (Fig. (6.2) to Fig. ),
the contours for Log,qB(x — e7y) (upper panels) are shifting toward to the left, indicating

the role of the triplet singlets become more relevant and thus the constraints on parameter
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Figure 6.4: Same as Fig. (6.2) with gos = gjg and g15 = gjg = 1071 - gos instead.
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space become more stringent from the current MEG limit. However in the last case of

Fig. when the Ay singlet coupling gog is set to zero such that only the triplet singlets

are contributing in the loop diagram, the contours of Log,qB(1 — e) are slightly shifting

back toward to the right. Similar behaviors can be found for the contours of Log;qAay,

but the effects are tiny and not easily seen on the log scale, except for the last three cases

of Figs. (6.5)-(6.7) (lower panels).

Regarding the sensitivity on the two scenarios, we can obtain the following statement by

comparing the red and blue contours corresponding to the scenarios 1 and 2 in each of these



figures.

Figure 6.5: Same as Fig. (6.2) with gos = g)¢ and g15 = gjg = 0.5 - gos instead.
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The sensitivity of the couplings in the B(u — e7y) has been weakened by one to two order of
magnitudes for scenario 2 as compared to scenario 1. This is due to the fact that in scenario
2, the three unknown unitary mixing matrices are now departure from UgW, which allows
the couplings take on larger values since the amplitudes involve products of the couplings
and the elements of mixing matrices. However this sensitivity is not present for the muon
anomalous magnetic dipole moment as the distance between the two red and blue contours

for the two scenarios in the lower panels of all these plots are well within a small range of
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Figure 6.6: Same as Fig. (6.2) with gog = g{¢ = 915 = ¢} instead.

the coupling gos (or gis in Fig. (6.7)). For example, at Mupiror = 100 GeV, the allowed

value of gog varies from 1074% to 1071® (107! to 1071*) as seen from the upper (lower)

panels of Figs.(6.2)-(6.6).

Regarding the sensitivity on the neutrino mass hierarchies, one can obtain the following

statements by comparing the left and right panels in each of these figures.

e As one slowly turns on the Ay triplet coupling g1 = 0 (Fig. (6.2)) to g15 = 107! x gos

(Fig. (6.4)), the red contours of Log;oB(x — €v) of scenario 1 in the left and right panels
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Log,,B(u—ey) Scenario 1/2 (Inverted)
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Figure 6.7: Same as Fig. (6.2) with gos = g(¢ = 0 and g15 = ¢/ ¢ instead.

in all these plots remain the same, while the blue contours of scenario 2 in the right panels

move toward to the left.

This indicates that noticeable differences in the contours of

Log,oB(i — e7y) between the normal and inverted neutrino mass hierarchies can be seen in

these cases. In general the couplings are about an order of magnitude more sensitive in the

inverted mass hierarchy than the normal one for scenario 2. However, for g1 > 0.5 X gpg,

these differences diminish.

There are no discernible differences between the two mass hierarchies for the muon anoma-

lous magnetic dipole moment in both scenarios for all 6 cases of couplings.
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6.1.4 Implications

The constraints on the Yukawa couplings coming from 1 — e7 has several implications among

which two are particularly relevant.

e The size allowed for the Yukawa couplings by present limits on B(u — e7) has an important
implication on the decay lengths of the mirror leptons. It is beyond the scope of this thesis
to discuss this in detail here but a few remarks are in order. In the search for mirror
leptons, one would like to look for characteristic signatures which can be distinguished
from SM background. One of such signatures could be events with displaced vertices, in
particular events with decay lengths which are macroscopic (I > 1 mm). How this type of
events can be correlated to ;1 — ey is a topic which was already mentioned in [91]. With
the present update which includes a more detailed analysis taking into account mixings in
the lepton sector, one can have a better idea of the correlation between the feasibility to

observe i — ey and the detection of mirror leptons.

A mirror lepton can decay directly into SM leptons with an accompanying Higgs singlet.
For example, one can have l% — lpj + ¢rs where i,j5 = e,u,7 and k = 0,1,2,3. The
decay length will depend on the magnitude of the Yukawa couplings as well as on the
various mixing parameters contained in Eq. . We just take one example here for the

sake of discussion. The interaction Lagrangian for u%- — lrj + ¢rs can be expressed as
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(epMig + fip Moo + 7_'LM32)/L%I where (for scenario 2 with the normal hierarchy)

Mz = (5.834 x 1075 — 0.0000254)gos bos + (6.30)
(915(0.324 + 0.159i) + g25(0.407 — 0.1714)) 15 +
(915(0.154 + 0.2007) + g25(0.192 4 0.238i)) s +
(915(0.074 — 0.3254) + g25(0.201 — 0.1027)) P35

Moy = 0.999933g05bos +
(915(—0.262 + 0.3327) + gos(—0.262 — 0.332i)) 15 +
(915(0.146 — 0.1937) + g25(0.146 + 0.193i) ) a5 +
(915(0.067 — 0.255¢) + g25(0.067 + 0.255i) ) ¢35

Mszz = (0.00006 + 0.00002i)gospos +
(915(—0.054 — 0.2767) + gos(—0.145 4 0.2574) )15 +
(915(—0.163 — 0.043i) + g25(0.269 + 0.4054))dos +

(915(0.166 — 0.503) + g25(—0.157 — 0.077i)) ¢35

Depending on the particular search (e, p or 7), a displaced vertex might occur. For instance,
if one focuses on 7, and if g;g < gos, the constraint on ggg < 1073 (see the above figures)
implies that u% — 71, + ¢rs would have a macroscopic decay length. There are many such
cases but it is beyond the scope of this thesis to discuss this issue at length. We merely
point out the relationship between the constraints coming from ¢ — ey and the implication

on the search for mirror leptons.

The other implication concerns the VEV of the singlet Higgs fields. Since the seesaw
mechanism implies the masses of the light neutrinos are given by ~ m% /M and with
M ~ O(Agw), it was stated in [64] that mp ~ O(100 keV) and that the singlet VEV
~ O(100 keV) if gs ~ O(1). However, constraints from pu — ey imply gos < 1072 which

now brings the singlet VEV up to O(100 MeV). In fact it can even be of the order O(1 GeV).
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From this observation, it is safe to say that there does not appear to be much of a hierarchy

problem in the EW-scale vr model.

Summary of the section

In this chapter, we present an update on a previous analysis [91] for the process p — ey

performed in the original EW-scale vgr model [64] to an extended model [73]. Mixings effects of

neutrinos and charged leptons constructed with a A4 symmetry as recently studied in [92] are also

taken into account. In this context, the rare process u — ey is link to interesting new physics

beyond the SM in the lepton sector, like neutrino and charged lepton mass mixings, neutrino mass

hierarchies, mirror leptons as well as singlet and triplet scalars of A4, etc. The related muon

anomalous magnetic dipole moment is also studied in detail for the model.

To summarize, we find that

One can deduce more stringent constraints on the parameter space of the EW-scale vg
model by using the LFV process u — ey than the muon anomalous magnetic dipole mo-

ment.

The branching ratio B(u — ey) shows some sensitivity to the neutrino mass hierarchies
in scenario 2 but not scenario 1, depending on the A4 triplet coupling constants. However
we are not advocating the use of the process i — ey to settle the issue of neutrino mass

hierarchies. After all, this is a rare process.

More stringent constraints can be deduced in scenario 1 than scenario 2 using B(u — e7).

Future data from MEG experiment with the projected sensitivity will impose further con-

straints on the parameter space of the model.

The muon anomalous magnetic dipole moment is sensitive neither to the neutrino mass
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hierarchies nor the scenarios for all 6 cases of the couplings studied here for the model.

Searching for new physics via rare processes is complementary to direct production of new
particles at colliders. For y — e7y, the relevant new particles in the model are the mirror leptons and
scalar singlets running inside the loop diagram. As shown in our analysis, the Yukawa couplings
of the Higgs singlets to the leptons in the EW-scale v model are constrained to be small in order
to be consistent with the current experimental limit on B(u — ev). Thus searching for mirror
particles of this model at the LHC would be quite interesting since, due to small couplings, they
might decay outside the beam pipe and inside the silicon vertex detectors. The A4 singlet and
triplet scalars are likely to escape detection as missing energies. As an outlook, one would like to
generalize this work to p — e conversion. This work has been done and will be presented in the

following section.

6.2 Muon-to-Electron Conversion

Previously on the p — ey analysis, the most updated limit on B(u — ey) is from MEG
experiment [98]

B(u —ey) <4.2x 1072 (90% C.L.) (MEG 2016), (6.31)
and its projected improvement [96] is
B(p— ey) ~4x 1071, (6.32)

Recent data from T2K experiment [99] agrees well with the global analysis of neutrino oscillation
data [100-102], suggesting that the normal neutrino mass hierarchy (NH) with a CP violating Dirac

phase dcp ~ 37/2 is slightly preferred. The best fit result for the central values of the PMNS matrix
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elements in the normal neutrino mass hierarchy can be extracted from [100]

0.8251 0.5453 0.08679 + 0.1195i
Ubting = | —0.4568 + 0.0670i  0.5854 + 0.04428i 0.6649 : (6.33)
0.3171 + 0.07377i —0.5963 -+ 0.04875i 0.7322

For the u — e conversion in nuclei, the present experimental upper limits on the branching

ratios were obtained by SINDRUM II experiment [103,|104] for the targets titanium and gold,

By~ +Ti—e +Ti) < 43x107"2(90%C.L.), (6.34)

B(pm+Au—e +Au) < 7x1072 (90%C.L.). (6.35)

Significant improvements are expected for u — e conversion at future experiments like Mu2e at
Fermilab in US and COMET at J-PARC in Japan. Projected sensitivities of y — e conversion

are [105-109]

B(u=+Al—=e +Al) < 3x107'7  (Mu2e, COMET), (6.36)

B(u~+Ti—e +Ti) < 107'% (Mu2ell, PRISM). (6.37)

A positive signal of any of the above processes (or any process with charged lepton flavor violation
(CLFV)) at the current or projected sensitivities of various high intensity experiments would be a
clear indication of new physics as well, just like neutrino oscillations. Given the fact that no new
physics has showed up yet at the high energy frontier of the Large Hadron Collider (LHC), it is
not a surprise that many recent works have been focused on new physics implication of CLFV in
the high intensity frontier. For a review on this topics and its possible connection with the muon

anomaly, see [110] and references therein.

In section we updated a previous calculation [91] for the radiative process p — e in the
mirror fermion model with electroweak scale non-sterile right-handed neutrinos [64] to an extended

version [92] where a horizontal A4 symmetry in the lepton sector was imposed. In this section we
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extend this previous analysis [111] to the u — e conversion in nuclei, in particular for aluminum,

gold and titanium.

An outline of the section is as follows. In section[6.2.1] the calculation of y—e conversion in the
extended mirror fermion model is presented. In section [6.2.2] we derive a simple relation between
the pu — e conversion rate and the radiative decay rate of u — e7 in the limit of zero momentum
transfer and large mirror lepton masses. Numerical results are shown in section[6.2.3] To summarize
we conduct section In Appendix [A] we briefly review the effective Lagrangian [112,/113] for

describing p—e conversion; and in Appendix[B] we collect some useful formulas used in section [6.2.2

6.2.1 Mirror Fermion Model Calculation

In this section, we compute the effective coupling constants induced at one loop level in the

extended model for the pu — e conversion.

6.2.1.1 Photon Contributions and the Monopole and Dipole Form Factors

In this work we will focus on the contributions from the photon exchange as shown in the
Feynman Diagrams of Fig. (6.8). We also compute the contributions from the Z-exchange but
since they are suppressed by mi / mZZ we will not present them here. The invariant amplitude for

w (p) = e (p)y*(q) with an off-shell photon can be parametrized as
iMy = —ete(p' )il (q)uu(p) A, (q) (6.38)

where I'}/(q) has the following Lorentz and gauge invariant decomposition

o q,

Th(q) = (fEo(@®) + ¥5 faro(d?)) <V“ - q;f) + (far1(@®) +v5fE1(d%)) (6.39)

My
The monopole form factors frg, faro and the dipole form factors fis1, fe1 can be obtained by

generalizing our previous on-shell calculation of g — ey in the same model [111] to the case of
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Figure 6.8: One-loop induced Feynman diagrams from photon and Z boson exchanges for u — e
conversion in electroweak-scale v model.

off-shell photon v*. From the Feynman diagrams of Fig. , we obtain the following expressions

s 3 e [ ] o (o ) it e))
- [log(jkkz((o))) (2 (1= = Pmyme) (L) - AA(0)
(e (wr) sy (e ’“))

+ (1 —2—y)(mu £ me) My (AL () — 1(0))

m
(u ( Rk) iuRk(u ))} (6.40)

for the monopole form factors, and

3302 Z/ dx/l Id‘”Akm 2)

x {(1 o) (o ome) (2 (b))
oMy (0t () ult (i) | (6.41)

fromo(q®) =

farei(d?)

for the dipole form factors. Here, we have defined
Apn(@®) = (& +y) My, + (1 — 2 —y)(m§ —em? — ymy,) — xyq® — 0", (6.42)

where my, denotes the mass of scalar singlet ¢.g for kK = 0,1, 2,3 and M,,, the mass of mirror lepton

IM for m =1,2,3.
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At ¢® = 0, we have fE0,10(0) = 0 as one would expect. Thus the following reduced monopole
form factors on, mo with an explicit factor of ¢? extracted from fEo,mo are often defined in the

literature,

2
q

fe000(0%) = == feo,m0(q”) - (6.43)
my,

For small ¢2, one can set fEO’MO(qz) ~ on,Mo(O) with

Fooaio®) = gy S [ [ o UL (it () e ()
k,m

(B (0))°
X (ZAkm(O) + M2+ (1—2— y)2mﬂme>

v (uat (uht) Ul (uh)") 0 -2 = ) £ mM . (0.4)

The explicit factor of ¢? in Eq. (6.43)) will cancel the 1/¢? of the photon propagator in Fig. .

This leads to four-fermion vector-vector interaction and hence the reduced monopole form factors

will contribute to the effective coupling C"(f() R.L) in the effective Lagrangian of (A.1)) in Appendix

[Al We will discuss more about these four-fermion interactions in the next subsection.

At ¢? = 0, the contributions from the magnetic and electric dipole terms of Eq. (6.39) to the

amplitude M, in Eq. (6.38) can be reproduced by the following effective Lagrangian

€0? (far1(0) + 75 f£1(0)) pFap + Hee. . (6.45)

e
Lo =
v5e
2my,

Comparing Eq. (6.45)) with the first line of the general form of the Lagrangian for u — e conversion
given in (A.1) in Appendix one can deduce the dimensionless effective couplings Cpr pr as

linear combinations of the static limit of the dipole form factors fg1 and fsq,

C
AL gy 47000 - ) 019




116

q)

6.2.1.2 Four-Fermion Coupling Constants C’X(/(L R) " Photon Exchange

The amplitude for p(p)q(k) — e(p')q(k’) from the monopole form factors of the photon

exchange in Fig. can be obtained as

My = Qi) (Fo(@) + Faro(a®)) (v—qf) ) T B (647)

where ¢ = p—p' = k'—k, and fro, fumo are given in Eq. (6.40). The g, term in (6.47) can be dropped
due to quark current conservation. As mentioned earlier, the 1/¢? of the photon propagator will
be cancelled from a factor of ¢2 in fEo,mo. Thus in terms of the reduced form factors on, Mo of

Eq. (6.43), the amplitude M., can be rewritten as

62 ~ ~ ~ ~
My = — ngq [(on - fMO) ULe(p ) vuuru(p) + (on + fMO) Ure (p")vuuru(p)
x (g (K )y urg(k) + Wrg(K )y urg (k)] (6.48)

where fEQ Mo are defined in Eq. 1' for small ¢?. At ¢®> = 0, this amplitude can be reproduced

by the following Fermi interaction

Lot = —e;gq Kon(O) - fMo(O)) CLYukL + (on(U) + fMo(0)> @WMR}
m
X [g7v"q] - (6.49)

By matching Eq. (6.49) with the second line of the general form of the Lagrangian for u — e

conversion given in (A.1) in Appendix [Al we deduce the following relations for the dimensionless

effective couplings C"(/?()Z R)
C(Q)W 2
V(L,R e“Qq (7 z
_/(\2 ) = m2q (on(O) F fMO(O)) : (6.50)
o
Note that we have the relation C"(/u( Ij R) = —20‘(?()2 R)" This implies the vector effective couplings

CN"(/n()Z R) for the neutron from the photon exchange are vanishing. This is expected since neutron

carries no electric charge.

We also note that for the photon contributions, only C"(/ql)% and C"(/qz are non-vanishing. Other

four-fermion effective couplings will be non-vanishing only from Z exchange, scalar exchange or
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box diagrams, which are negligible as compared with the photon exchange contributions. We prove

this in Appendix [C

6.2.2 The relationship between ;1 — e Conversion and p — ey

Since the momentum transfer ¢? is expected to be quite small in the  — e conversion process
in nuclei, we can make a Taylor expansion for the various form factors deduced in the previous

section around ¢? = 0. Thus for small ¢, we have

2
q 1 * *
Fomanle®) =~ gy S (o (k) el ()’)

4
m

x (M2 (Z(rim) + 2Z30(rkm)) = mumeZio(Trm)] (6.51)
b (0l ()" Ul (UER) ) M oy me>120<rkm)} ,

and

m 1 * *
P~ — gty S ) (e () 2t (u)) 20w
k,m m

b (it () st (ubt)) 70 |

mqu{ 1

39,2 | 7 (M £ me) (uanlf <U2Lnff> LUy <U2Rmk> )I4O(Y’km)
m
1 * *
B (Uﬁf (UQRTf> +Ufly (Uanf) )Iso(rkm)} . (6.52)
m
Here rg,, = mi /M2 and the expressions for the Feynman parameterization integrals Z, J and

Zio (i =1,2,---,5) can be found in Appendix

From (|A.2) in Appendix [Al the conversion rate (for v exchange) is given by

2
) : (6.53)

where Cpgr pr, is given by (6.46)), and C"(f}%’VL are given by (A.3) and (A.5)) in Appendix To

mp

2
eony = —& (‘CDRD +4CP v @ 4 CpD +4CE) V@)

4A*

obtain (6.53]), we have used the following result valid for the neutron,

A (9) (9) _
Cvirr = Z CVq(L,R) vn =0 (6.54)

u,d,s
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Using the above approximate form factors (6.51)) and (6.52)) for small ¢?, we can derive

. o eN? Z Z(Tim) YR (RLE)" 4 LRE (LRE)"
DR, DL ~ 327r2mu Mq% Muym 2m Mellym, 2m
k,m

)

T (Tkm), ,R.Lk (5 ,L,RE)*
+ Mm ulm (UZm )

2

q° [Zao(Tkm,) RLk (,,RLE\* LRk (,,LLRE\™

i [P0 (o () mad () )
m

T50(Tkm) , ,RLE (4,0, RE\*

and summing over the contributions from light quarks, we have

®) e’A

2 *

> S M RLk (7 RLk

CVIVR™ {gap1 { o (Z(rkm) + 2 Tao(ram)) Uy, <L12m )
™ km

+ mumeTio(rm) ULTF (ujf’“) (6.56)

+ MuTaorim) (muddf* (Ugsl™) "+ mals™ (") )}-

Dropping the ¢? terms in Cpg pr and keeping only those terms up to O(1/M?2) in CM"(/?% VR We

obtain for the conversion rate

5
1
Ponl® =00 ~ o5 am
672D . Z(rkm) + 2 Zso(Tm) |
Y Z{‘ TR+ sy el 2 Utk (k)
k,m m

1672D 4 Z(rkm) + 2 Z3o(Trm) *
+’ Chm 4 8V (P2 v ufts (ugir)

”w m

where
chm _ ¢ Z(Tkm) (m LR (uR,Lk>* b RE (uL,Rk>*>
L,R 1672 M72n - m 2m e Im 2m
+j](\2’“m)ufnf’“ (uf,;f’“)* } . (6.58)

Recall that for the on-shell process y — ey, we have

1 m m
Fu—>€7:167miz<‘cf 2 4 |t 2) . (6.59)
k,m
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Thus, one obtains

m, I(rkm) + 2T30(r
Peomld” +0) % 7D*Tyser + (Gt Z{wv“’) (3ot FPi) Lol
k,m B m

x (Chmut (k) + (o) (k) vk
+ Rt (ufer) + (k)" (ufi) ufiy)  (6.60)

n (sv(we?ﬂ"“’“m) L%I?’O(”m)f (edlk (k)2 + e (ufﬁ)*\z)} -

Note that since Cff'}% is scaled by 1/M,,, the second and the third terms in are suppressed by
1/M,, and 1 /MTQ,L respectively, as compared with the first term. If one drops these two suppressed

terms further, one obtains a simple relation

Teony(¢* = 0) & DTy - (6.61)
Thus,
r r
BuNosen = —= mmD* B, .., (6.62)
Fcapt Fcapt

where I, is the total decay width of the muon.

6.2.3 Numerical analysis

In our analysis, we adapt the same assumptions for the parameter space as was done in [111]

and presented in section We summarize them as follows.

e For the mass parameters, we take the masses of the singlet scalars ¢pg to be
mo:mi:me:ms= Mg :2Mg:3Mg:4Mg, (6.63)
where the common mass Mg is set to be 10 MeV; and for the mirror lepton masses, we set
My, = Mmirror + m, (6.64)

where 01 = 0, do = 10 GeV, d3 = 20 GeV and the common mass Myiror is varied in the

range of 100 —800 GeV. Our results are insensitive to these choices as long as my /M,, < 1.
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e Note that the relations gas = (g15)* and ghg = (g}5)* hold due to the hermiticity of the
neutrino Dirac mass matrix. However, all the Yukawa couplings gos, 915, 925, 9hgs 91

and g are assumed to be real.

e Out of the four mixing matrices, only the one Upyng associated with the left-handed SM
fermions are known. Following [111], we will consider two scenarios below:
* Scenario 1: UI%\I/INS = U'pMNs = UllijNs = Uéw
% Scenario 2: UM o = U'pnns = U'phins = Upnns
where Ucw is given by . For the PMNS mixing matrix, we will use the best fit result

in (6.33). In the two scenarios that we are studying, our results do not depend sensitively

on the mass hierarchies.
o We will study the following two cases for the Yukawa couplings.

(1) gos = gjs and gis = gjg = 10~2gos. Hence the contributions from the Ay triplet is

small.

(2) gos = 9hg = 915 = ¢}g- Both Ay singlet and triplet terms carry the same weight.

In Figs. (6.9), (6.10)), (6.11) and (6.12) we plot the contour of log;, B(y — e conversion) with

v dominance in the (logi(g0s), Mmirror) plane for Scenarios 1 and 2 with the normal neutrino
mass hierarchy for the 2 cases of couplings aforementioned respectively. The blue and green solid
lines correspond to the current limits from SINDRUM II experiments for y — e conversion to
titanium and gold respectively. The red solid and dashed lines correspond to the
current limit and projected sensitivity for 4 — ey from MEG experiment. The cyan
and blue dashed lines correspond to the projected sensitivities for p — e conversion to aluminum

and titanium from COMET, Mu2e (/6.36)) and Mu2e II, PRISM ([6.37)) experiments respectively.

Several comments are in order here.
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Figure 6.9: Contour plots of Log,;,B(u — e conversion) on the (gos, Mmirror) plane for normal mass
hierarchy in Scenario 1 with gos = gjg and gi1s = ¢ = 10 2gps. The legend shows current
experimental limits and projected sensitivities from COMET, Mu2e, SINDRUM II, PRISM and
MEG. For details of other input parameters, one can refer to the text in section [6.2.3

e We have studied in some details the effects of different settings of couplings on our results.
Generally, we observe that as one varies the A4 triplet coupling g15 from 10™2ggs to gos
(from Figs. to (6.12)) the contour plots for log;y B(n — e conversion) are shifted to
the left. The A4 triplet is playing a significant role in putting constraints on the parameter

space for the CLF'V processes, such as y — ey and p — e conversion in the model.
e For the sensitivity of the two scenarios, we find that

* Generally, Scenario 2 is less stringent constraint than Scenario 1.

* In particular, when the A4 singlet couplings are dominated, Scenario 2 is less stringent
than Scenario 1 by at least two order of magnitude (1073 vs. 1071!), regarding the

constraint on the couplings (as shown in Figs. and (6.10))). This is due to the
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Figure 6.10: Contour plots of Log;,B(u— e conversion) on the (gos, Mmirror) plane for normal mass
hierarchy in Scenarios 2 with gos = g)g and g1s = ¢} ¢ = 10~ 2gos.

fact that in Scenario 2, the three unknown unitary mixing matrices are now departure
from Upnns which allows for larger effects since the amplitudes involve products of

both the couplings and the elements of mixing matrices.

* However, as one turns on the contribution from the Ay triplet in Fig. (6.11) and
Fig. (6.12), the discrepancy between two scenarios 1 and 2 shrink (1072 vs. 10732).
It implies that Scenario 2 is more sensitive to the change in the structure of Ay

couplings.

e Finally, regarding the incorporation of the current limit on B(p — e7y) from MEG exper-

iment and its projected sensitivity into the contour plots of log;y B(y — e conversion), one

can obtain the following statements by looking at Figs. (6.9)-(6.12):

x The plots illustrate nicely the close relation between the two CLFV processes u — evy
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Figure 6.11: Contour plots of Log,oB(u— e conversion) on the (gos, Mmirror) plane for normal mass
hierarchy in Scenarios 1 with gos = g{g = 915 = gi5-

and p — e conversion in nuclei using the simple formula (6.62)) we derived in Sec.

* In the same parameter space, u — ey shows a tighter constraint than p — e conversion
by the fact that it excludes almost half of the searched region for the branching ratio
of u — e conversion. Therefore, our work helps narrow down future searches for y — e

conversion at Fermilab/Mu2e, J-PARC/COMET and PRISM.

* With the current upper bounds from various experiments, the radiative decay u — e~y
is providing more stringent constraints on the couplings than the y1—e conversion (10~*
vs. 1073, about one order of magnitude better). However, for the future projected
sensitivities at Mu2e and COMET, p — e conversion is slightly more stringent, about
half an order of magnitude stronger constraints on the couplings. For PRISM, it can

be about an order of magnitude more stronger.
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Figure 6.12: Contour plots of Log,oB(u — e conversion) on the (gos, Mmirror) plane for normal mass
hierarchy in Scenarios 2 with gos = g{g = 915 = 9}g-

6.2.4 Summary of the section

Mirror fermion model with electroweak scale non-sterile right-handed neutrinos is an inter-
esting extension of the SM. Aside from its aesthetically appealing to restoring parity symmetry at
higher energy scale, it can have immediate impacts for experiments in both complementary frontiers

of high energy and high intensity searching for new physics of lepton flavor violation.

In this study, we discussed u — e conversion in nuclei and radiative decay pu — ey in an
extended mirror fermion model with a A4 horizontal symmetry in the lepton sector. Currently
the most stringent constraint on the parameter space of the model is provided by the most recent
limit on the radiative decay pu — ey from MEG. In the future, Mu2e and COMET experiments can

provide more stringent constraints on the model from p — e conversion in aluminum. The sensi-
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tivity of the new Yukawa couplings can be probed is of order 10~°, about one order of magnitude
improvement compared with current status from MEG. Small Yukawa couplings such as 107 can
give rise to distinct signatures in the search of mirror charged leptons and Majorana right-handed
neutrinos at the LHC (or planned colliders) in the form of displaced decay vertices with decay
lengths larger than 1 mm or so [119]. Although unrelated to the present analysis, a similar remark

can be made for the search for mirror quarks [74].



Chapter 7

Implications on Quark Mass Matrices

7.1 Motivation

Quark mass terms come from Yukawa interactions with the Higgs doublet but the SM cannot
predict the couplings. As far as we have known quark masses have been determined by experiments.
Moreover quark sector shows a very distinctive mass hierarchy in which my/m, ~ O(10%) for the
up-type quarks and my,/mg ~ O(10%) for the down-type quarks. These facts provide us freedom to
build a model of quark masses in order to reasonably explain the origin of quark masses and their

mass structure.

As discussed in chapter 5], the model of neutrino masses and mixings eventually necessitated
a slight breaking of the discrete A4 symmetry in order to avoid the case of degenerate charged
lepton from occurring. This led to the ansdtz for U, which has deviated from the unit matrix by

a small amount and still been unitary. Therefore the Wolfenstein-like parametrized form has been

proposed
A2 5 .
1-3F Ao AN (o — i)
UZL = —)\l 1-— %12 Al)\lz (7'1)
AN (L= pp—im) —AN 1

where A;, p;, nm are real parameters of O(1) [22]. The subscript ‘I’ indicates that A, p, n belong

to charged leptons.
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On the other hand both quarks and charged leptons acquire their masses through the cou-
plings to the SM Higgs doublet ®5. It might not be unreasonable to speculate that whatever
mechanism giving rise to mass mixings in mass matrices could be similar for both quarks and

charged leptons. The following ansdatz could be made for quark sector

Ur — Ui (7.2)

)\laAla pL, M — )\daAda Pd, 1d

Ur — Ui (7.3)

ASAL o = Ay Aus Pus M

With the current knowledge about the CKM matrix, defined as Vogyr = UJ 1 Uar, and the absolute
quark masses my, my, - - - mp one can have the forms of MUML and MdMIl being similar to that
of MIM}L. From this we propose quark mass matrix forms and use the mentioned knowledge to

constrain their parameters.

The chapter is organized as follows. Firstly, we find a relation between Acg s (or A for short),
Ay and Ag. This will serve as our base for any assumption we have made in this chapter. Secondly,
we present a possible quark mass matrix form and with a general checking on its eigenvalues we move
forward to construct M, and Mg by using the resulting Mu,dML,d to constrain the parameters
of up- and down-quark mass matrices. We also include numerical analysis to make sure that these

matrices are coherent with our current understanding about the quark sector.

7.2 Relation between A\, )\, and )4

As argued in the previous section and in [92] we can reuse the Wolfenstein-like parameter-

ization method and apply it for Uyr, and U,y. The resulting mixing matrices have the following
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forms
1_ %5 Ao A3 (pa — ing)
Udar = —Ad 1- %3 Ag\g (7.4)
AgN3(1 = pg —ing) —Aa)? 1
1 — % Au Aud3 (pu — 1)
Uys = By 1-% Auk, 9
AN (L= py — i) —AuX2 1
Recall that
Vekm = UJLUdL (7.6)

It is well-known that this CKM matrix [18,/19] can also be parametrized by three mixing angles
and the C'P-violation phase [19]. The standard expression has been mentioned in Eq. (2.105)). It

is convenient to write the matrix in terms of Wolfenstein parametrization as

Vit Vi Vis 1- X A AN(p—in)
VCKM = Vor Voo Vog = —A 1-— )\72 A)\2 (77)
Va1 Vi Vi AN(1 — p—in) —AN? 1

Where A = 0.22496 + 0.00048, A = 0.823 +0.013, p = 0.141 +0.019, 7 = 0.349 + 0.012 |21].

Comparing the CKM elements resulting from Eq. (7.6) and Eq. (7.7) gives us the Table (|7.1)).

We see that a relevant relation between A, Agq and A is
A=A — A (7.8)

Moreover by looking at the Vi3 and V31 terms from Table ((7.1)) it is reasonable to make an ansatz
in which

A= and Mg~ A (7.9)

my
Before using the above ansditz to construct quark mass matrices M, and M, let us discuss on

which kind of matrix forms will be the candidate to describe the quark masses and mixings.
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Table 7.1: Wolfenstein vs. Wolfenstein-like parameters for CKM matrix

CKM elements || Wolfenstein parameters Wolfenstein-like parameter
2 22
Vi1 —)‘72 1—()\7“+7d—)\d)\u>
Via A Ad— Ay
Re(Vi3) ANp AN (1 = pu) + Ad)‘g(pd — Au/Ad)
Im(Vis) — ANy AuNon — AaNina
Va1 —A - ()\d - )\U)
2 22
Vas g 1- (B + % - )
Vas AN? Agh% — A N2
Re(Va1) AN(1 = p) AaNj(1 = pa) + AuX (pu = Aa/ )
Im(V31) —AN AN — AaNima
Viz yye T (AN~ A2)
V33 1 1
7.3 A general quark mass matrix and its eigenvalues

There has been several attempts unraveling the quark mass problem and the literature.
Especially, there are studies of the mass matrix presuming that it is hermitian, symmetric [126],
[127], [128], [129] or anti-hermitian [130]. These works have had the same goal which is to reduce
the number of parameters in the quark mass matrices M, 4 (18 for each if they are complex) by
putting zeros in the matrix elements, called zero texture of quark mass matrices [126,/131}/132].
This motivated us to introduce a suitable matrix texture in order to acquire quark masses after

diagonalizing the matrix.

We first start with a general quark mass matrix of three generations having a form of

a b c
Mg=1 m e f (7.10)
n r h

where all elements are complex in this case. It is worth noticing that one must be really careful

when inputting zeros in the matrix since this action may lead to at least one zero eigenvalue.
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Therefore our work takes one more step further to look into eigenvalues of the matrix (7.10]) before
making any assumption. Eventually we expect the eigenvalues \; of the matrix to be the quark

masses, say mg, ms, my for the down-quark sector. Eigenvalues of the matrix ((7.10)) are expressed

as
. L 4 (7.11)
1 — 3\3/§ .
B 37\@ —a® + ah + ea — 3bm — 3cn — 3fr — h% + eh — €2
3 A
1
+ §(CL+h+€)
1 .
Ao = — 6%(1—1\/5)-,4 (7.12)
1 . —a® + ah + ea — 3bm — 3cn — 3fr — h% + eh — €2
+ 73'22/3(14-2\/5)- I
1
+ g(a'i‘h‘f‘@)
1
A3 = — 1+iV3)- A 7.13
3 6\3/5( ) (7.13)
1 , —a® + ah + ea — 3bm — 3cn — 3fr — h? + eh — €2
t gV A
1
+ g(a+h+€)
where
A= {2a3 — 3a2h — 3ea? (7.14)

+ \/[4(7a2 + ah + ea — 3bm — 3cn — 3fr — h? + eh — €2)?
+(2a3 — 3a®h — 3ea® + 9abm + 9acn — 18afr — 3ah® + 12eah — 3e%a + 27bfn — 18bhm
+9ebm + 9chn 4 27cmr — 18ecn + 9fhr + 9efr + 2h% — 3eh? — 3e*h + 263)2]
+ 9abm + 9acn — 18afr — 3ah? 4+ 12eah — 3e*a + 27bfn — 18bhm + 9ebm
2 2 313
+ 9chn + 27emr — 18ecn + 9fhr + 9efr + 2h% — 3eh? — 3e2h + 2e }

By analyzing the above eigenvalues if one makes any assumption then it is necessary to keep 3

parameters a, e, h. Note that |a| < |e| < |h|. Furthermore A is proven to be complex for any a, e, h
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in this case. We also have A1 > Ay > A3 so a correspondence can be established

AL > My, Ao < Mg, A3 <— my . (7.15)

7.4 Finding quark mass matrices M, and M,

Acknowledging the facts and arguments in previous sections, we are now on the mission of

finding possible forms of quark mass matrices. Recall that we have set A\, = Mu and A\g =~ \.
my

7.4.1 Down-quark sector

The current data from [21] record that mg = 0.0048 GeV, ms; = 0.095 GeV and m; =

4.42 GeV. A suggested form of My is

aqg by c¢q ay bg cq
Ma=| v eg fo | 2Mi=| 0x e 1 (7.16)
G fi ha G ofim
Therefore,
aq by cq ay; by cq
Mg=MaMl=| b5 eq f4 b el fa (7.17)
¢ fioha )\ e fiom

We shall compare 1' with the product MdMZl implied from the neutrino mass model [92] (up

to O(A3) since A\g ~ \)

(1-— )\3) mg® + )\3 ms> Aa(mg? —mg?) Ad)\?l mg(pd —ing)
MM}y = N(ms® —mg®) NG ma® + (1= Nms® AgNj(my? — m.?) (7.18)

A\ mi (pa + ina) Aa\G(my? — m?) my’



This results in the following equations

MY = ag* + |bal® + |ca* = (1 = A2) mg® + A2 my?
MP = |bal* + leal* + | fal* = (1 = AZ) ms® + AG mg?
M = e + | fal* + |hal® = mj

Mg* = agba+ baej+ cafi = Aa(mi —m])

MP = M

M® = agcq+bafq+ cahly = AgNimi (pa — ing)

MP = M

M3 = bjcq+ eafa+ fahy = AaNy(mj —m?)

MP = M

132

(7.19)
(7.20)

(7.21)

(7.22)

(7.23)

(7.24)

Since only ag, €4, hqy must stay in the matrix it is reasonable to assume that |by| < 1 and therefore

we can replace by and b}; by zeros. Moreover let us take aq, eq to be real as we would like to reduce

number of entries. After these assumptions the remaining parameters are exhibited in the following

equations
lagl* + lca)® = (1 =A%) mg® + N2 m,?
leal> + 1fal* = (1= A3 ms® + A7 ma’
leal® + fal® + [hal* = mj
cafi = Aa(mZ—mj)
agcq + cqhl; = Ad)\zmg (pa — inq)
eafa+ fahy = AgNy(mi —m3)
If setting
aq = adi, ed = ed1 ,

cqg = cq1+ica, fa= far +ifae, ha = hat +ihg ,

(7.25)
(7.26)
(7.27)
(7.28)
(7.29)

(7.30)

(7.31)



we have
ag + i+ chy
e+ fh + [
i+ oo+ [+ fip + iy + by
caifar + caz faz
agicqr + carhar + caahaz
aq1¢q2 + ca2har — ca1haz

ear far + farhar + fa2haz

Aa(m? —mj)

A\ pgm?
—AgAgnamy

Ag\i(mj —m3)
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(7.32)
(7.33)
(7.34)
(7.35)
(7.36)
(7.37)

(7.38)

Notice that there are 8 unknowns and 7 equations. Therefore it is necessary to have other as-

sumptions on parameters of the matrix. Because of the hierarchy mg < ms < my one can predict

that
|ag| ~ O(mq)
lea| ~ O(ms)
[hal ~ O(me) .
Let us take
hgt =0.999 mp and hge ~0.
and define
agg = bmg,
eq = cmg,
cqg = dms, cg=kms,
faoo = pms.
Ifob=,/r (1- /\?l) where r is some proportional factor and will be constraint later then Eq.
gives

Ay )\3 Pd mz

(b mq + hdl)ms

(7.39)
(7.40)

(7.41)

(7.42)

(7.43)
(7.44)
(7.45)

(7.46)

7.36

(7.47)
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On the other hand from Eq. (7.32]) we have

v’m?2 + d*m? + k*m? = (1 — A2)m?2 + \2m?

1= A2 —b2)m2 + \2m?2
= k:\/( d m)2md+ A _ 2 (7.48)

The fact that the determinant of the M, denoted Det(M,) must satisfy
Det(My) o< mgmgsmy (7.49)

so that one can obtain 3 eigenvalues corresponding to 3 masses mg, ms, my. Since Det(My) =~

agq1eq1hqr it is reasonable to assume that

agieqr = mgms as hgr =~ my . (7.50)
From this we have
cx1/b. (7.51)
Hence Eq. in which
c*m3 +pPmi + [l = (1= ADm3 + Ngmg | (7.52)
results in
faz = Aama, (7.53)
p = J(1=X)—¢2. (7.54)

Since it is required that factors b, ¢, d, k, p are real we can constrain the values for Az and py.

Numerically we found

r>111 , A3 <0.7 and pg3<0.6. (7.55)
Therefore we obtain
b mg 0 d mg + i(k ms)
Mg = 0 ms /b p ms +i(Agmg) | - (7.56)
dms —i(k ms) pms —i(Agma) 0.999my,

From this junction some comments are in order
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e Wolfenstein-like parameters from our model with the appropriate assumptions having such
a good flexibility allow us to vary their values in order to get a reasonable agreement with

experimental data.

e [t is vital to also have off-diagonal terms in the quark mass matrix since they account for

the mixings between quark generations.

As an example, let us take r = 1.11, Ay = 0.7, and pg = 0.6 we have a numerical form of My

1.0266my 0 0.2224m, + i(0.0302m)
Mgy = 0 0.9741m, 0.0208m, + i(Agmyq) . (7.57)
0.2224m, — i(0.0302m,) 0.0208m — i(Agmq) 0.999m,

where Ay = A = 0.225. The eigenvalues of this matrix are listed (in GeV)

Ap = 4.41966 (7.58)
Ao = 0.09254 (7.59)
A3 = 0.00482 . (7.60)

It is noticed that the combination of r = 1.11, A; = 0.7, and pg = 0.6 gives the eigenvalues that

are closest to the absolute masses given in [21] which are
mq = 0.0048 GeV, mg = 0.095 GeV, my = 4.42 GeV . (7.61)

Finally, plugging the above values into Eq. (7.37)) we obtain |ng| ~ 0.1.

7.4.2 Up-quark sector

Masses of up-type quarks are given by [21] as

my, = 0.0023 GeV , m,=1.275GeV, m; =173 GeV . (7.62)



The suggested form of M, is as follows

ay, by cy ay, by cy
Mu=| by en fu | 2Mi=] b e fa
G fi b G fioh
Therefore,
ay by cy a;, b, cy
M“:M“ML: bZ ew Ju b;; 6;3 Ju
¢ fioh ) e giom
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(7.63)

(7.64)

If one compare (7.64) with the product M, M}, implied from a neutrino mass model [92] (up to

O(A\2) since A\, = my,/my):

(1= X2) my,2 + A2 m.2 A (me? —my?) 0
MM}, = Au(me? —my?) A2 my 2+ (1= 22) m2 AN (my? — m?)
0 A2 (my? — me?) mye?

the following equations come out as a result

MY = Jauf? + bul + feaf? = (1 - A2) my® + A2 me?
ME = bl +leul + 1ful? = (1= A2) m? + 2% m,?
MP = el + |ful? + [hul? = m?

My = auby +bue) + cufi = Au(mi —my)

M= M

MPB = Ay Cy + by fu + cuhy, =0

31 _ 13*
M = M}

M = bZCu +eufu+ fuhz = Au)‘i(mf - mg)

32 23*
MP? = M2

(7.65)

(7.66)
(7.67)

(7.68)

(7.69)

(7.70)

(7.71)

A similar analysis to that of the down quark sector can be carried out here but note that the

elements M3 and M2! are no longer non-zero as opposed to the case of down quark sector. Again



137

we make such assumptions that

|bu| < 1 and ay , e, is real . (7.72)
and set
Gy = Ayl , €y = €yl , (773)
Cy = Cy1+ ich 5 fu - ful +qu2 5 hu - hul + Zhu? 5
Using the above set-ups we have
e+ St o = (L= X)mZ + Xom, (7.75)
oL+ Cogt+ [+ foa+hiy+hiog = mf (7.76)
Cut ful + cuafuz = )\u(mg - mi) (777)
Gu1Cyl + cythul + cu2hya = 0 (778)
6ulful + fulhul + fu2hu2 = Au)‘i(m? - mZ) (779)

Unlike the down quark case, we now have only 6 equations to accommodate for 8 unknowns.

Because of the hierarchy m, < m. < m; one can predict that

|au‘ ~ O(mu) ) (7.80)
leu] ~ O(me) (7.81)
|hu| ~ O(my) - (7.82)

Let us take

hut = 0.999 m; and hu ~0. (7.83)
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and define
ayi = b my, (7.84)
ew1 = ¢ me, (7.85)
fu = P me, fur=q me, (7.86)
ct = d my . (7.87)

If ¢ = \/7(1 — A2) then from Eq. (7.79) we obtain

) _ ANy (mi —mg)

— 7.88
p (¢ me + hy1)me ( )

Once we have ¢’ and p’, Eq. (7.75) gives
(L= ADm2 + Nomy,

2
me

1—)\2 2 1 \2m2
- q/ — \/( u)ZLL; + uy _ C/2 _p/2 (789)
c

C/2 +p/2 + q/2 _

The fact that the determinant of the M, denoted Det(M,) must satisfy
Det(My,) o< mymemy (7.90)

so that one can obtain 3 eigenvalues corresponding to 3 masses m,, m., m;. Since Det(M,) =~

au1€ulhyl 1t 1s reasonable to assume that

GylCul = MyMe since hy,1 ~myg . (7.91)
From this we have
V~1/cd. (7.92)
Next, Eq.
d?m? + 2y = (1= 22 —0%)ym2 + A2m? . (7.93)
results in
d = /{1 =X)=b?m,, (7.94)

Cus = AyMe . (7.95)
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/

Since it is required that factors b/, ¢/, d’, p’, ¢ are real we can constrain the values for A,.

Numerically we found

P <1, Ay~ O(1) (7.96)
Therefore we obtain
b my, 0 d my +i( Ay me)
M, = 0 d me p me+i(q" me) . (7.97)
d my —i(Ay me) Pl me —i(q me) 0.999m;

where \, = m,/m;. As an example, take ' = 0.9 and A; = 0.9 we have the numerical from of M,,
as follows
1.05409m,, 0 1(Ay me)
M, =~ 0 0.94868m.  i(0.31623m.) | - (7.98)

—i(Ay me)  —i(0.31623m,)  0.999m,

The eigenvalues of this matrix are listed (in GeV’)

Al = 172.984 | (7.99)
Ao = 1.20862 (7.100)
A3 = 0.00242 . (7.101)
Recall that data from [21] are given
my, = 0.0023 GeV, m. = 1.275 GeV, m; = 173 GeV . (7.102)

Up to this point, a few comments are included.

e The up-quark mass matrix receives more freedom in its parameter space as compared with

the down-quark mass matrix.

e [t also contains the off-diagonal terms to describe the mixings even though these terms are

small in general.
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In conclusion, we have the following forms of down and up quark mass matrices.

b my 0 d ms +i(k myg)
Mg = 0 ms /b p ms +i(Agma) | (7.103)
d ms —i(k mg) pms—i(Agmyg) 0.999m,,
b my, 0 d my, +i( Ay me)
My = 0 cd me P me+i(q me) . (7.104)
d my —i(Ay me) P me—i(q me) 0.999m;

7.5 Agreement with the experimental CKM matrix

It is well-established that the experimental values of Wolfenstein parameters used to construct

the CKM matrix are [21]

A = 0.22496 £0.00048 , A =0.823+0.013, (7.105)

p = 0.141£0.019, 7 =0.349 £0.012 .

Therefore we have the numerical form

0.974696 0.22496  0.0013 — 0.00327i
Vorkm = —0.22496 0.974696 0.04165 : (7.106)
0.00805 — 0.00327i —0.04165 1

On the other hand the model of neutrino masses and mixings has constrained

)\d = A s Ad < 0.7 s Pd < 0.6 , Nd = 0.1 ) (7.107)

A = my/my, Ay =09, p,=n,=0. (7.108)

It is worth emphasizing that the parameters in our model are quite flexible so one can play with

values of parameters to get the best fit with the experimental Vogas. An example of the numerical
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Vo pm resulting from the model is

VekM—model = UJL Uar
0.974699 —0.224947 0.001195 — 0.000797
= —0.224947 0.974699 0.035425 - (7.109)
0.006774 — 0.000797; —0.035425 1

Comparing Eq. (7.106]) and (7.109) we see that our result is in a good agreement with the exper-

imental CKM matrix. This may help increase the reliability of the quark mass matrices that we

have found.

Nevertheless, it is not the end of the story. Even though we are able to construct the
mass matrices from well-established experimental data, this work has not been completed without
understanding what kinds of dynamical mechanisms are behind the results. To us, this step is very
important because it may lead to a possibility of unravelling the mystery of the origin of masses

and mixings. This work is now in progress and will be reported in our upcoming paper [133].



Chapter 8

Conclusion

In this thesis we have presented the model of neutrino masses and mixings and discussed
in details some of its phenomenological implications related to lepton and quark mixing matrices,
lepton flavor violation in rare decays such as yu — ey and p — e conversion, and the possible
construction of quark mass matrices. These works have contributed to the overall understanding of
physics within and beyond the standard model in the sense that they have not only helped explain

experimental data but also predicted and suggested search regions for near future experiments.

We have started with the review of the Standard Model of particle physics in Chapter
and extensions to SM due to the discovery of neutrino oscillation indicating neutrinos have non-
zero masses in Chapter The urge for right-handed neutrinos to be detected at the LHC has
motivated the EW-vg model presented in Chapter [l In this model vg’s are non-sterile and can
acquire their Majorana masses at the electroweak scale Agy ~ 246 GeV. In order to not affect
the Z-width decay data, Mz must be bounded from below at Mz/2. The EW-scale My can be
naturally achieved by adding the mirror fermions (leptons and quarks) and 2 scalar triplets y and

& to the SM. Note that EW-vr model also preserve the SM gauge group.

The fact is that any model, if introduced, has to be considered within the experimental
constraints. A good agreement with experimental data results in increasing model’s reliability. The

EW-vi model has successfully passed the test of the electroweak precision on the oblique parameters
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S, T and constraints from 125-GeV SM-like scalar. Since EW-vp adds extra chiral fermions (mirror
leptons and quarks) that contribute positively to the S parameter the first check of experimental
constraints on S and 7T is very important. It is shown in Chapter [4] that the agreement has come
from the evidence in which the large positive contribution to S from the mirror fermions are almost
cancelled by the negative contributions from the scalar triplets. Fig. would provide a better
illustration to the point we have made here. The second check is on the accommodation for the
125-GeV Higgs boson. By adding a complex scalar doublet @93 to the minimal EW-vp model
which only couples to the mirror fermions we have shown a scalar spectrum that contains at least

one Higgs field with the desired properties as required by experiment.

The highlight of this thesis is the model of neutrino masses and mixings presented in Chapter
It is put forward by the big puzzle why the CKM matrix for quarks is too different from the
PMNS matrix for leptons and the fact that Upysng =~ Ucow conjectured by Cabibbo and Wolfenstein
independently. We have found that the discrete A4 symmetry is one of the possibilities that can give
rise to the Ugoy. We then apply this symmetry to the minimal EW-vp model in order to achieve
Ucw in the neutrino sector instead of the charged lepton sector as in some standard scenarios

described in Chapter [5| The driving forces are as follows

(1) We are able to avoid involving many Higgs doublets (5 or so) causing potential problems

with the 125-GeV scalar Higgs.

(2) The Dirac neutrino mass matrix entails a Higgs singlet that does not suffer any constraints

from the LHC. Therefore we have more freedom in adding singlets into our model.

Indeed we do have an extension to 4 Higgs singlets in the model considering the need of having off-
diagonal elements in the Dirac neutrino mass matrix. It has been shown that the PMNS matrix of
the leptons consists of Uy, from couplings to the Higgs doublet and U, from couplings to the Higgs

singlets whereas the CKM matrix of the quarks comes totally from couplings to the Higgs doublet.
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Hence one expects a natural difference between the PMNS and CKM matrices. Furthermore Ay
symmetry is also required to be slightly broken to avoid the case of degenerate charged leptons.
From this we propose an anszdt to have Ujp expressed as the Wolfenstein-like unitary matrix.
This leads to the construction of the lepton mass matrix “squared”, namely Ml./\/l;. Reasons to
introduce ./\/ll/\/l}t are: 1) from this it is possible to construct the lepton mass matrix M; with
further assumptions; 2) since charged leptons and quarks acquire their masses by couplings to
the Higgs doublet one can make an analogy to the lepton sector to find the quark mass matrix

“squared” MqM]; then deduce the quark mass matrix M,.

Two very interesting phenomenological implications of the model of neutrino masses and
mixings are lepton flavor violating processes u — ey and p — e conversion discussed thoroughly in
Chapter [6] They have been investigated via one-loop induced diagrams incorporating in 4 Higgs
singlets in the loop. We also perform numerical analyses on the parameter space of these processes
regarding the current limits and projected sensitivities and find out that the Yukawa couplings
of Higgs singlets to the leptons is small ~ O(107® — 1073). Such small couplings can be quite
interesting because they affect the way we search for mirror particles and Majorana right-handed
neutrinos. In this case these particles might decay outside the beam pipe and inside the silicon
vertex detectors in the form of displaced vertices with decay lengths > 1 mm or so. The singlet
and triplet scalars in our model escape as missing energies. Additionally, although there are many
contributors to p — e conversion rate such as photon (Z) exchange, Higgs exchange with light or
heavy quarks, and the box diagram, the photon exchange is proven to be dominant. Therefore we
are able to find a relation between p — e conversion and p — ey within a good approximation. This
relation is attractive because the current limit from p — ey excludes almost half of the searched
region for the branching ratio of ;1 — e conversion when we plot them on the same parameter space.
The results are shown in Figs. - . Therefore our work may help narrow down future

searches for ;1 — e conversion at Fermilab/Mu2e, J-PARC/COMET and PRISM within this model.
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In addition to phenomenological implications of the lepton sector, the model of neutrino
masses and mixings also leads us to implications on quark mass matrices. Chapter [7]is dedicated
to study these. As inspired in the consideration of the lepton mass matrix squared /\/ll./\/l;r the quark
mass one is proposed to have similar form with its own parameters. Due to the large number of
parameters it is necessary to trim some of them down by making assumptions. Using the knowledge
of quark masses and the CKM matrix we are able to constrain the remaining parameters. As a
result we obtain the up and down quark mass matrices whose parameters can be used to reconstruct
the CKM matrix. Overall, the numerical forms of up and down quark mass matrices as well as the
CKM matrix within this model are in good agreement with the experimental data. We have recently
begun a study of dynamical mechanisms behind the quark mass matrices that we have found. It is

crucial to understand the origin of quark masses and the very distinctive mass hierarchies.

Last but not least, a model of neutrino masses and mixings involving mirror fermions, Ma-

jorana right-handed neutrinos and Higgs singlet fields could lead to several consequences.

Which evidence support this model?
The positive signals from lepton flavor violating rare decays p — ey and p — e conversion

and the forms of lepton and quark mass matrices are the main pieces of evidence supporting this

model.

Why haven’t we observed mirror fermions?

We were showing in Eqgs. (4.6]) and (4.19) that the mirror fermions can couple to SM fermions

through the interactions involving the Higgs singlet ¢g. Since in EW-vp model, ¢g has mass of
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O(10° eV), mirror fermions can probably enter the following decay modes

My en 4 s (8.1)

g% — L+ ¢s - (8.2)

Hence mirror fermions are not stable and decay into the SM fermions. The mirror quarks could not
form mirror-hadrons through their strong nuclear interactions because they had already decayed
before those hadrons could be formed. The distinguished signals of mirror fermions at the LHC are
like-sign dilepton events with missing energies + jets. Searching for mirror particles can be done

in terms of “displaced vertices”.

Does the right-handed neutrino contribute to the total energy density? Is it

constrained by experimental neutrino masses?

It is not the case in this model because vg’s can decay into vy’s and ¢g’s. This implies that
all the vgr’s "born” today in astrophysical processes also decay quickly and thus, do not contribute

to the total energy density of the Universe and are not constrained by cosmological data.

Does this model have a ‘dark matter’ candidate?

Since the vg’s are non-sterile they cannot become dark matter candidates. The only particles
in this model that seem to behave as the dark matter are Higgs singlets. With the mass around

O(100 MeV), they would become ‘cold dark matters’.

All in all, a model of neutrino masses and mixings is such an interesting model which not
only provides reasonable explanations for current phenomena but also leads us into some important

aspects in future research.



Appendix A

Effective Lagrangian For y — e Conversion

Effective Lagrangian is a powerful technique to analyze low energy processes like p — e
conversion in nuclei since the momentum transfer ¢ is typically of the order O(mi) < m?\, for
nucleus N. The most general CLFV effective Lagrangian which contributes to the p—e conversion in
nuclei has been studied by various groups [112}/113,|123]. At the scale A where the heavy particles
(including particles beyond the SM as well as the heavy top, bottom and charm quarks) being

integrated out, the relevant terms for the model we are studying are

1
Log= — 12 [(CDRm'ueaa’BPLM + CDLmuEUQBPRN> Fop

+ Z (C‘(}]})%EWO‘PRM + C"(f%éfyo‘PLu> 7Yaq + H.c} . (A.1)
q=u,d,s

Here m,, is the muon mass; Prr = (1 F75)/2, 0w = 4 [Yu, V]| /2; Fap is the electromagnetic field
strength; finally, Cp(z, r) and C‘(f() LR) ¢ dimensionless coupling constants depending on specific
LFV model. In the specific mirror model calculation, we will be focusing on the photon and Z boson

exchange diagrams which contribute only to the magnetic and electric dipole moment operators as

well as the vector and axial vector lepton bilinears.

To determine the conversion rate, the above effective Lagrangian (A.1l) is needed to scale
down to the nuclear scale where the hadronic matrix elements (N|gv,q|N), (N|F*F,3|N) are

evaluated. In addition, the muon and electron wave functions may be significantly deviated from
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Table A.1: Values of the dimensionless overlap integrals for aluminum, titanium and gold, evalu-
ated under the assumption that the proton and neutron distributions within each nuclei are the
same [113].

Nucleus D VP ()

2TAL 0.0362 0.0161 0.0173
T4 0.0864 0.0396 0.0468
17 Au 0.189 0.0974 0.146

plane wave due to distortion by the coulomb potential of the nuclei. For high Z nuclei, relativistic

corrections to their wave functions are important as well. The formula for the conversion rate is

)

given by |113}/123]

conv—m

CprD +4CTLV® 4 acT) v ()

+ ’CDLD +4CT V) acTy o

(A.2)
In Eq. (A.2)) the coupling constants C"(f(’z) 1) are defined as [123]
Cip = 3 CVRhy, (A.3)
q=u,d,s
Cvp = Y CVRi. (A4)
q=u,d,s
VL o= Y VLA (A.5)
q=u,d,s
Oyl = > G, (A.6)
q=u,d,s
where f\(/qu and f‘(/qg are the known nucleon vector form factors
f(u) — 2, f(d) — 17 f(s) =0 ,
VP VP VP (A.7)

f =1 =2 =0
The dimensionless quantities D and V®™) in Eq. are the overlap integrals of the relativistic
wave functions of muon and electron in the electric field of the nucleus weighted by appropriate
combinations of proton and neutron densities |[113]. Their values for the four nuclei aluminum,

titanium, gold and lead are listed in Table [AT] for reference.
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Table A.2: Standard model values of the capture rates for aluminum, titanium and gold in unit of
10%s~! taken from Ref. [124].

Nucleus T'capt (108 s71)

2TAl 0.7054
35Ti 2.59
17 Au 13.07

The p — e conversion branching ratio is defined as

Leon
BpN—>eN(Z7 A) = =

) (A.8)
capt
where I'cony is given by Eq. (A.2) and Icape is the standard model muon capture rate. The SM

capture rates for aluminum, titanium and gold have been determined experimentally [124] and they

are listed in Table [Al for convenience.
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Formulas for Z, 7, Z;s(i = 1,--- | 5)

2
For the general case of retaining the external fermion masses m; ;, the integrals Z Yks ) and

2 2 m2 2
j(n:f’“s> in Egs. (6.17)-(6.18)) have to be replaced byI< kS Trf i )andj( kS mi )

M )
M M LS VL Vs
I l 1M 1M

respectively, where

lz 1—7p—
L(r,ri;ry) = /dw/ d -z ) —
m+y+(1—:n— y)(r — xr; —yr;) — i0F
1-z
Tty
i Ti) = d d — .
R e = e e

In the limit of zero momentum transfer, the Feynman parameterization integrals in the various

form factors can be carried out analytically. We collect their results here.

B 1 3 I== xm(l—l‘—z)
I(r) = /Od/O e (B.1)

- ﬁm[—&“ logr + (2r° +3r —6) r+ 1] ,
1 1
lim, 0 Z(r) 2 and lim,_,; Z(r) 2

Jr) = / dz / o 1_””;2”) (B.2)

= ﬁ[ 2r2 logr + r(3r—4)+1] ,



limy 0 J(r) = = and lim,_y; J(r) =

1

lim, 0 Z10(r) =

Too(r)

lim, 0 Zao(r) =

lim, 0 Z30(7) =

Tyo(r)

lim, 0 Zso(r) =

Tso(r

lim, 0 Zso(r) =

2

1

72(1—1r)8

1

1
5 and lim, 1 Z19(r) =

1

24°

/1dz/1z 22’(1 -z —2)
0 0 1_

[—12r2(3 + 2r) logr + (r — 1) (3r3 + 472 + 11r — 1)] |

(1—z+2r)?

L
360"

1 1-2 o
_ /dz -z =2)
0 0 (1—2z+2r)?

36

18

144

) _ /Oldz/olz

1

18

(1 —2z+2r)?
= i;[l%ﬁ logr—(3r4+10r3
18 (1—r)
4 limy 1 Too(r) = =
and lim r)=_—.
r—12150 30

i 1
36 (1 —1r)°

and lim, 1 Zoo(r) =

— 1 [67“ logr—i—( 1172 +18r—9)7’+2] ;

36 (1 — )1

and lim,_1 Z3o(r) =

1
120°
1—:1:—2)
1—z—|—zr

1

24"

lz 1__
/dz/ xz xz)

(1—z+2r)?

144(1— )6

1
—— and lim,—3 Zyo(r) =

1
360

z(1—2)(1—z—2)

— 1872 + 6r) +

e [6r2(3 4 ) logr + (r — 1) (172 + 81— 1)] |

(1273 (r + 4) logr — (r* — 1) (377* = 8r + 1)] ,

1],
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(B.3)

(B.4)

(B.5)

(B.6)

(B.7)
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Here 7 denotes the mass ratio m?/M?, where m and M are the masses of the scalar singlet and

mirror lepton respectively.



Appendix C

Four-Fermion Coupling Constants C"(/q()L R)

The total contribution to C‘(/q() L.R) is given by
(9) _ 9 (92 (¢)H (Box)
Cvinr =Cvitryv +Cvitm +Cvinry - (C.1)

We have already derived C"(/?()Z RV in section [6.2.1.2] In this appendix, we show our work on finding

the C‘(/q()LZ R) from Z exchange and the C‘(f()flg)gox) from scalar Higgs (box) exchange. Furthermore,

a discussion on how the latter 2 coupling constants are negligible compared with the former one is

also included.

C.1 7 Boson Exchange

For the Z boson contribution in Fig. [C.1] in the limit of |¢%| < m?%, we obtain the following
Z

amplitude

G
Mzﬁw:%Lﬁmﬂﬁmmm@%h@EQWMWM@ﬂ

x [wg(K) (CPA* 4 Chyys) ug(k)] (C.2)
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where f LZ r are form factors given by

1 1 1—x
— dx / dy
27'('2 % /0 0

f2 ()

X HCZL log (M) ChM2 (A7 (62) —A,;}L(o))] x ULk (MQL,,’;)
—myme(1 = = )* (Agh(a?) — Aph(0) x CRULE (Ugik)’
~ Mu(1 =2 =) (Agh(®) = Dph(0)) x Ch (mudh (Ufir) + madfty (ur))
e x chut ()|

o g [ e (She) | R ()

= () 0 (it () mat (tt)) ||
and fg((f) can be obtained from f#(q?) in Eq. with L < R for all the quantities with L, R
subscripts or superscripts. Here C{ =T3(f) - Q f sin? @y and ol = -Qy sin? @y are the chiral
couplings of fermion f with the Z boson. We have used the fact that for muon, electron and mirror
charged leptons they all have the same CIL’ R- Apm(¢?) in Eq. 1D is given by Eq. and
Al (x) is given by

Al (z) = eM?2 + (1 —z)ym2 — z(1 — :U)mgu )

(C.4)

kS

- ~

/7 \
fopme ey

1 L 1 e

q q

Figure C.1: One-loop induced Feynman diagrams from photon and Z boson exchanges for u — e
conversion in EW-scale vg model.
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In derivation of Eq. , we have dropped terms proportional to g, and io,,¢” from the Z-
vertex diagram in Fig. The g, term when multiples the quark current g* (C{’/ + C’j%) q and
invokes the free quark equation of motion will give zero in the vector part, while for the axial vector
part it will produce term proportional to the light quark mass. The i0,,¢" term will give rise to
dimension-7 four-fermion operators with one derivative in the position space. Their contributions
will be suppressed by O(m, /M) where M is the heavy mirror lepton mass scale inside the loop
as compared with the dimension 6 four-fermion operators. We will ignore these two terms in our

analysis for © — e conversion.

At ¢*> = 0, we note that fLZ7R # 0. For small ¢2, the factors of log (Akm(qz)/Akm(O)) and

A’;;L(C]Q) — A,;;L(O) in Eq. lD can be approximated by using

Apn(®)\ _ wyd?
1°g<Akm<0>> ~ T Am(0)

2
AN = AL (0) & L (C.5)
* * (Am(0))
For practical purpose, we will evaluate ¢°> = —mi. The amplitude Mz in Eq. 1) can be
reproduced by the following Fermi interaction
Gr _ _ _

Lzen="p (7 (—=m2)eryune + [ (—mi)eruur] [@ (CEA* + Chv¥'ys) ) + - - (C.6)
where the “ --” denotes non-local operators. Once again, matching Eq. (C.6|) with the second line
of Eq. (A.1)), we obtain

Cx(/q()LZ R) G
, F
Az - _ﬁch/ff,R(_mi) : (C.7)

As a bonus, we also obtain the effective axial vector coupling

C(Q)Z G
A(L,R
/§2 ) _ ,TQngff,R(—mi) , (C.8)

which is nevertheless irrelevant for the coherent © — e conversion processes in nuclei.
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Triangle Diagram

Figure C.2: One-loop induced Feynman diagrams Higgs exchange with heavy quarks and mirror
quarks for y — e conversion in EW-scale vg model.

C.2 Scalar Higgs Exchange

The discussion will based upon two papers [125] and [73].

From Fig. ((C.2)) since only mirror fermions are involved, we looked at the couplings for Table
5 of the paper . We first write down the Lagrangian for an interaction of the scalar Higgs to
the nucleus via a triangle diagram as shown in Fig. (C.2).
Lyg=——"—H q Ingl
H T Z (mgp @ ans + muy, Il

(C.9)

where sopr = vopr/v. Without the trace anomaly, one has the trace of symmetric energy-momentum
tensor as

O = mytiu + madd + m45s + thﬁh, k=cbtqu,ly.

(C.10)
k
With the trace anomaly coming from the renormalization, one has
B(as)
on = yoos Go,GH 4

(C.11)
with its S-function

(C.12)
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As discussed by Shifman, Vainshtein, and Zakharov [125], the valence quarks are not the heavy

quarks and they enter through the triangle diagram. This results in

7 2 S ~a ur,a
> mphh — —3mhg G G + (C.13)

Therefore the overall S-function is

~ 9a2
Blag) = =52+ (C.14)
Notice that in chiral limit which sets m,, mg, ms — 0,
7 2 as a ur,a
> mphh — ~35. " GG (C.15)

Hence we obtain the amplitude of the interaction via the triangle diagram presented in Fig. (C.2))

as follows

I Hou <N‘ quMquM‘N> (C.16)

2muw so

g 2
— H. —— N N ).
dmwsanr < 3nhM> < >

Again, in the chiral limit, the term

as uv,a
= GG

B(as)
o ~ a uv,a
(N|@H|N> ~ <N} log GWG N
~ <N‘ _ 905 N> .
2
Or
a?g 1 "

Comparing Eqs. (C.16)) and ((C.17)) the amplitude of the scalar Higgs-nucleus interaction is given

by

( J )(2"hMmN> Honr PN, (C.18)

ZmWSQM 27

where (N|O}|N) = myvniPn, my is the nucleus mass. On the other hand, the EW-vx model

yields njm = 6 so Eq. (C.18) becomes

( g ) <1sz) Hons nton (C.19)

2myy Som 27
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All in all. the diagram ((C.2|) gives

_ 12 g 2 1 _
€ I(¢®)= > MMMN) 55— . C.20
r bz I(g )27 <2mWS2M (mpmy) 2 — m%{QM UNN ( )

where I(q?) is the loop integral. However the above expression has to be rewritten in terms of the

Higgs mass eigenstates. In the paper [73], we found the following scenarios

(1) Dr. Jekyll scenario in which 125 GeV Higgs H ~ H ¥ SM-like gives an example

H 0.998 —0.0518 —0.0329 HY
H | =1 00514 0999 —0.014 HY,, (C.21)
H" 0.0336  0.0123  0.999 HY

(2) Mr. Hyde scenario in which 125 GeV Higgs H ~ HY (not SM-like) gives an example

H 0.3 —0.094 —0.949 HY
H | =] 033 -0921 —0.197 HY,, (C.22)
H" 0.893 0.376  0.246 HY

In examples of the above two different scenarios, we can see that the 125 GeV Higgs is not the
proper exchanged scalar since the coefficients of coupling between H and H fM are small. Therefore,

it has to be the next heavier one H' having a mass ~ 400 GeV [73].

H Oy M G €
. | . | .
I I
I I
Y Pes 1 Ps
I I
I I
q gSq” qM 95q“ g

Figure C.3: Box diagram for ;1 — e conversion in EW-scale vg model.
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In conclusion, the contribution of scalar Higgs exchange to the total four-fermion coupling
constant in Eq. (C.1]) is suppressed by the inverse of heavy Higgs masses and can be considered

negligible in comparison with that of the photon exchange.

C.3 Box diagram contribution

In order to prove the negligibility of the box diagram we will not go into detailed calculations
but make such a hand-waving argument instead. From Fig. the amplitude of the diagram will
directly proportional to (gSlM)2 (gSqM)Q. We have learned from the numerical analysis presented
in section that the Yukawa couplings gg;m are of O (10_5). These pieces make the total
amplitude become very small and therefore, we will not have to worry about the effects of the box

diagram in the g — e conversion decay rate.
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