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Abstract

Despite the colossal growth in computation power fueled by digital computers, there exist
many computational problems that are still considered intractable to solve using such
computing platforms. As a case in point, many problems in combinatorial optimization
belong to the NP-hard (non-deterministic polynomial-time hard) computational complexity
class and computing their solutions on digital computers typically requires exponentially
increasing resources (computing time and memory) with increasing problem size.
Consequently, solving even problems of moderate size can become unmanageable. This
motivates the exploration of alternative computing models that can be more efficient in

solving such problems.

Analog dynamical systems as well as computational models inspired by such platforms
offer a promising alternative for solving such problems. For example, Ising machines
realized using coupled oscillators have been extensively investigated for accelerating
hard combinatorial optimization problems. While Ising machines help showcase the
potential of the dynamical system-based approach, they are constrained in their
capabilities. Specifically, an Ising ‘spin’ only allows two states and the traditional Ising
model can only capture quadratic interactions. However, many practical combinatorial
optimization problems entail more than two states as well as higher order (>2) interactions
- demands that are typically accomplished using extensive computationally intensive pre-

processing, resulting in an expansion in problem size.

Therefore, in this dissertation, new coupled oscillator-inspired computational models are

formulated that not only allow variables with more than two values (commonly termed as



the Potts model) but also capture higher order interactions. This work advances the
capabilities of the analog approach by largely circumventing the need for pre-processing
required with Ising machines. Complementing this effort, the properties of such non-linear
dynamical systems are analyzed from a control-theoretic viewpoint, allowing critical

insights into the design and optimization of the computational properties of such systems.

Finally, to test the potential performance benefits of the models developed in this work, a
3- and 4-state Potts machine designed to solve the Max-K-Cut problem (K=3,4) is
implemented on an FPGA. Evaluations performed on graphs with up to 10,000 nodes
from the G-Set dataset reveal that the new models combined with the inherent parallelism
incorporated in the FPGA architecture can provide a ~390x speedup over the state-of-

the-art GPU-based simulated bifurcation machine.

In summary, this dissertation contributes to advancing the design and computational
capabilities of analog dynamical systems as an approach for accelerating a class of

computationally intractable problems.
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Chapter 1

1. Introduction

1.1. Background

Modern information processing has largely relied on digital computers based on
the Von-Neumann architecture. Problems are solved by creating their Boolean
abstractions which are then systematically processed using a suite of logic circuits
(arithmetic logic unit) and memory that are realized using Silicon CMOS-based digital
switches. There is a well-established mapping between the Boolean computing paradigm
and the underlying hardware that supports digital computation. Moreover, the driving
force behind the proliferation of digital computing has been the economics of Moore’s law
[1]. Traditionally, this has made computing exponentially more energy efficient (Koomey’s
law [2]) as well as cost efficient (quantified using Floating Point Operations Per Second
(FLOPS)/$), facilitating an exponential reduction in $/bit. However, with the slowing of
Moore’s law and the cost of manufacturing evermore complex transistor architectures no
longer reducing, the energy and cost efficiency have plateaued. The impact of this is felt
most acutely when solving computationally intractable problems such as those in
combinatorial optimization (e.g., MaxCut, Boolean Satisfiability, graph coloring) that
require exponentially increasing computational resources (computation time, memory)
with increasing problem size [3]. The inability for continued improvement of the hardware
efficiency in conjunction with the exponentially large number of computations required for
solving such problems means that even problems of moderate size become

unmanageable.



Furthermore, such problems find utility across a broad set of industrial and
scientific applications. For example, many tasks in operations research [4], artificial
intelligence [5], communication networks [6], security [7], software engineering [8], data
mining [9], computational and molecular biology [10], biocomplexity [11], molecular
chemistry [12],[13], and scientific discovery [14] etc., can be expressed as combinatorial
optimization problems (COPs). Consequently, this motivates the search for alternative
computing approaches that could offer improved computational efficiency in solving such

problems.

1.2. Alternative computing approaches to solving combinatorial optimization:
prior work
Various alternative computing methods spanning the quantum mechanical and

classical domains are being actively investigated

a

hard f(X): Problem Objective Function
fQ) < E

for accelerating the computation of

combinatorial optimization problems. Quantum
Optimal
Configuration/Solution

computing aims to exploit collective quantum

System Energy, E

physical properties i.e., superposition and

entanglement properties of qubits to perform .
Configuration/Combination, X

computation. Though a quantum computer (QC
P g d P (QC) Figure 1.1. Schematic depiction of the

- . evolution of a dynamical system;
possesses the same computability as a classical  gpjective function of an optimization

problem is mapped onto the energy of
digital computer, it has the potential to provide the system.
exponential speedup in solving hard problems (this speedup is known as quantum

supremacy [15]). Recently, several forms of QCs have been physically implemented. For



instance, IBM recently unveiled their quantum gates-based (cloud accessible) QC [16]
while D-wave has implemented quantum annealers [17]. Such quantum annealers are
designed to solve optimization problems [18],[19], specifically quadratic optimization
problems in QUBO (quadratic unconstrained binary optimization) format [20],[21]. Despite
the promise of quantum computers, their physical implementation remains a major
challenge; cryogenic cooling to ~mK temperatures [22] required for qubits entails a
significant energy cost as well as creates challenges for their scalability. Additionally,
quantum computers are prone to error [23] resulting in implementation challenges. Such

challenges inspire us to keep the door open for other approaches to emerging computing.

Classical dynamical systems have recently been shown as a promising approach
to solving intractable COPs [24],[25]. The underlying dynamics governed by energy
minimization in dynamical systems can find an elegant equivalence in the minimization of
multi-dimensional objective functions that define COPs as depicted in Fig. 1.1 [26]-[28].
The high-level motivation behind exploring this paradigm is that unlike digital solvers that
typically rely on batch, discrete time, iterative updates (lacking temporal locality) and
shared states (lacking spatial locality), continuous-time dynamical systems exhibit rich
spatio-temporal properties that inherently offer a highly parallelized approach for
searching the high dimensional combinatorial space. Physical manifestations of this
approach include probabilistic computing [29],[30], optical computing [31],[32], in-memory
computing [33]-[36] and coupled oscillator-based computing [37] among others.
Additionally, Physics-inspired algorithms such as simulated annealing [38] and simulated

bifurcation [39] have been widely studied to solve COPs. Their implementations on



hardware accelerators like GPUs [40],[41], FPGAs [42],[43] as well as ASIC

implementations [44]-[46] have shown promising results in solving COPs.

System Building Block Underlying Operating
Physics Temperature

D-Wave Annealer Qubit Quantum 15 mK

[22],[47] tunneling

Coherent Ising Machines | Optical parametric Optical coherence 300 K

[48] oscillators

Analog SAT Solver [49] Analog inverter and | Gradient descent 300 K
integrator

Oscillator Ising Machine | Electronic oscillators | Gradient descent 300 K

[50],[51]

Binary Stochastic Neuron | Low barrier magnets | Boltzmann 300 K

(P-Bit) [52] sampling

CMOS Annealer [53] SRAM Simulated 300 K

annealing

Figure 1.2. Table summarizing different approaches for alternative computing platforms to solve hard
combinatorial optimization problems.

Since electronic oscillators possess rich spatiotemporal phase dynamics, they
have recently received significant attention. There are active research efforts that are
dedicated to investigating the promise associated with electronic oscillators for designing
computing systems to solve hard COPs. Some key motivations behind oscillator-based
computing are that they are compatible with existing technology, compact, operable at
room temperature, capable of mass production, and they demand low power. The table

in Fig. 1.2 summarizes the key attributes of different emerging computing approaches.
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1.3 History of solving combinatorial optimization with synchronized oscillators

1.3.a. Synchronization of coupled oscillators

Oscillators are ubiquitous in nature. Synchronization of oscillators is observed in
many natural biological and ecological systems. For instance, the chirping of crickets, the
flashing of fireflies, and cardiac cells in mammals [54] exhibit synchronization
phenomena. Besides natural systems, synchronization of oscillators was also envisioned
for designing computing systems in the mid twentieth century. In fact, von Neumann
proposed an oscillator-based logic platform based on sub-harmonic injection locking.
Eiichi Goto in Japan developed an oscillator-based parametron [55]. Despite these early
innovations, oscillator-based digital computing did not receive much focus due to their

implementation challenges and the emergence of CMOS-based digital systems.

However, in the recent years, there has been increasing interest in designing
oscillator-based computing, specifically for solving hard combinatorial optimization

problems (COPs). Many COPs are conveniently

Graph
represented by graphs (Fig. 1.3). Such graphs can o e
be mapped on topologically equivalent coupled e
oscillator networks where nodes (vertices) and e 0
edges correspond to oscillators and coupling Oscnlator

elements, respectively (shown in Fig. 1.3). The

Kuramoto model [56] is a landmark development in E ': :@
that field that helped analyze the synchronization Coupler
o _ _ _ Coupled Oscillators

behavior in oscillators. According to this model, the

Figure 1.3. Mapping of a graph
network onto a coupled oscillator.
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phase dynamics of the i oscillator in a system of N-coupled sinusoidal oscillators can be

written as,

N
do; .
dqtbf = Wi + k z Wij Sll’l(d)j — d)l) (11)

j=1,i%j
where, ¢; and w; are the phase and frequency of the i" oscillator, respectively; k is the
constant coupling strength; w;; is the weight between the i and j" nodes. This model can
provide a theoretical limit of the coupling strength known as the critical coupling strength
(k.) below which oscillators in a system lose synchronization. Further details about the
Kuramoto model can be found in the reviews by Rodrigues et al. [57], and Acebron et al.

[58].

Wu et al. [59] proposed a solution to the graph coloring problem using the
Kuramoto model. The graph coloring problem is defined as the problem of assigning
colors to the nodes of a graph in such a way that two connected nodes cannot have the
same color. While using coupled Kuramoto oscillators, graph coloring is achieved by
grouping the oscillators based on their phase sequences. Subsequently, Lee et al. [60]
proposed a heuristic algorithm based on the Kuramoto model, and Wu et al. [61] proposed
a method with adaptive coupling in the Kuramoto model to solve the graph coloring
problem. Furthermore, several works demonstrated the solution to the graph coloring and
the maximum independent set (MIS) problem with coupled oscillator hardware. MIS
problem deals with finding a color group with the possible maximum number of nodes.
Parihar et al. [62] experimentally demonstrated the solution to the graph coloring problem
and we showcased the solution to the MIS problem [63] (with simulation) with capacitively

coupled Vanadium dioxide (VO3) relaxation oscillators. Mallick et al. demonstrated the

12



solution to the graph coloring problem [64], MIS problem [65] with a chip of fully
reconfigurable 30 capacitively coupled Schmitt trigger oscillators. Among various
approaches to oscillator-based computing, researchers have largely focused on
designing oscillator based Ising machines. In the next section, we will describe the

oscillator Ising machine (OIM).

1.3.b. Coupled oscillators under external injection: the oscillator Ising machine
(OIM)
Theoretical framework. An Ising machine can minimize the Ising Hamiltonian defined

by the following equation:

H=-— Z ]ijsisj (12)

Where, s; represents Ising spin (s; € {—1,+1}), J;; represents the interaction coefficient
between i and j" spins. The Zeeman term is neglected here. The MaxCut problem of a
graph, which is a well-known COP, can be directly represented by the Ising Hamiltonian
shown in EqQ. (1.2). The MaxCut problem is defined as the problem of dividing the nodes
of a graph into two sets so that the sum of the weights of the common edges maximizes.
The objective function of the MaxCut problem can be represented by an Ising Hamiltonian
where spin —1 represents one node set and +1 represents the other set (Fig. 1.4), J;; =

—w;; (w;;: weight of the edge between the i" and j" nodes). Thus, the minimization of the

Ising Hamiltonian maximizes the cut in the corresponding graph. Wang et al. [66] first
demonstrated an oscillator Ising machine (OIM). The theory of OIM is derived from the
generalized Adler's equation (shown below) [67],[68] which describes the phase

dynamics of an oscillator under a perturbation.
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deposc
(St = Wosc — Wpp T Wosc ,u(qbosc(t) - ¢pb (t)) (1.3)

where, ¢osc, Gpbr Wose, Wpp are oscillator phase, perturbation phase, oscillator frequency,
and perturbation frequency, respectively. u is the perturbation projection vector (PPV)
that quantifies the phase response of the oscillator in presence of a perturbation. Now,

for the it" oscillator in a system of N-coupled oscillators, Eq. (1.3) can be written as,

N
dg;
d;ﬁ = W; — Wpqr + W; Z '.Uij((,'bi(t) — (j)J(t)) (1.4)
j=1,j#i

where, w,,; 1S the natural frequency of the oscillators. For a sinusoidal oscillator, PPV is
also sinusoidal. Hence, considering w; = w4, for sinusoidal oscillators, Eq. (1.4) can be

modified to,

dg N
Dok Y Jysin(i(0) — ¢®) (19)

j=1,j#i
where k is the constant coupling strength. Eq. (1.5) is nothing, but the Kuramoto model
shown in Eq. (1.1). In the presence of a second harmonic injection signal, Eq. (1.5) can

be written as,

de; c : -
ddz =—k Z Jijsin (¢i(t) - ¢j(t)) — kgsin(2¢;(¢)) (1.6)

j=1,j#i
where k; is the injection strength. Eq. (1.6) shows the dynamics of an OIM. Now, an

energy function E is defined in a way so that, —a(VE); = %,a > 0 (here, a = %). It

ensures that % < 0 which means the energy function is nonincreasing and the system

14



exhibits gradient descent in the energy domain. The following function is such an energy

function,

N

N
E=—k Z Jijcos ((pi(t) - ¢j(t)) - ksz cos(2¢;(1)) (1.7)

Lj=1,i#] i=1

Here, the second harmonic

D—Al .
injection with sufficient strength I‘ KI (@) }J\_}\—|\/|—}j\_
discretizes the oscillator phases 3 ~ —|— /\T
— N—

Spin Network Equivalent Oscillator

to {0,m}. Hence, cos((pi(t)— Network
(b) Experiment

¢j(t)) maps 5Sj and O-% ﬂ '_\ 1 ’_\
S

3
= Xij=1i27JijC0S (d)i(t) - d)j(t)) :°§ [ Jlz]]
L L]

maps the Ising Hamiltonian H :

0.5 4 4 3
0
. N
shown in Eq. (1.2). Thus, the 190 e 1490 == Jyo0;= -3
Time (us) =

minimization of E directly maps Figure 1.4. (a) A representative network of spins and their

interactions along with the corresponding topologically
the minimization of H (since k and  equivalent coupled oscillator network. (b) Experimentally
measured time-domain output of the oscillators in the
network under second harmonic injection. (c)
Corresponding phase plot of the oscillators showing a
phase bipartition with each set corresponding to a spin

ks are nonnegative). For Eq. (1.7)

it can be derived that dE _ state_ (il). The qsc_illgtors (spin) aim _to achieve a
de configuration that minimizes the Ising Hamiltonian H.
—2yN (%)zie 4 < 0. Hence
=1\at/) "7 at

the system evolves towards lower energy unless it gets stuck in a local minimum. Wang
et al. [67] referred to this as a Lyapunov function. Thus, OIM performs a gradient descent
on an energy function that corresponds to the Ising Hamiltonian.

Figure 1.4 shows the computation of an Ising problem (i.e., minimization of Ising

Hamiltonian) using an oscillator based Ising machine [69]. The network to be analyzed is

15



mapped to the oscillator hardware by creating a topologically equivalent oscillator circuit
using the following relationship: spin = oscillator, and spin interaction = coupling capacitor
(only binary interaction considered here), as shown in the example in Fig. 1.4(a). The
corresponding waveform (Fig. 1.4b) of the coupled oscillators under the influence of the
externally applied second harmonic signal, and the resulting phase plot (Fig. 1.4c) clearly
shows a phase bipartition corresponding to the two spin states. The resulting spin
assignment that gives rise to the minimum value of H (= =3, here)is (1,3) T; (2,4) !.

OIM hardware. Many OIM hardware have been proposed with varied electronic
oscillators which include both CMOS oscillators and emerging device-based oscillators.
While emerging technology-based oscillators possess the promise of compact design and
power efficiency, large-scale designs are still dependent on CMOS technology. Wang et
al. [70] demonstrated a discrete OIM, implemented with 240 LC oscillators on PCBs
where the coupling network has a chimera architecture. A weighted OIM was
demonstrated by Chou et al. [71] with 4 discrete LC oscillators. Our previous work [51]
presented the first all-to-all connected OIM chip with 30 capacitively coupled Schmitt
trigger-based oscillators. It was then scaled to 600 oscillators, coupled in a tiled
architecture [50]. A hybrid approach was proposed for obtaining high-quality MaxCut
solution using the 600-oscillator OIM, since solution quality degrades with the increase in
problem / hardware size. Research efforts were also employed to explore the design of
OIM using emerging technology-based devices. For instance, Dutta et al. experimentally
demonstrated an OIM with 8 discrete coupled VO2 nano oscillators [72]. Additionally, a
ring oscillator based probabilistic OIM was proposed [73],[74]. Apart from these electronic

oscillators, several other types of oscillators have been investigated to design Ising

16



machines. Spin Hall nano-oscillator [75], spin-torque nano-oscillators (STNOSs) [76] (using
simulation), and Kerr nonlinear parametric oscillator [77] are some of the candidates that
can be put in this list.

Though many research efforts have investigated OIM, specifically the design of
OIM hardware, theoretical analysis to understand the dynamical properties of such
systems remain sparsely explored. Such analysis can help optimize the design of OIM
for better performance. Therefore, this dissertation introduces a control theoretic analysis

of OIM.

1.4. Motivation of the dissertation
Challenges with Ising machines. An Ising machine can directly map COPs whose
inherent mathematical formulations consist of only pairwise interaction of 2-state
variables since the Ising Hamiltonian H = Zlivij]ijsisj comprises of pairwise interactions
(s;sj) of 2-state Ising spins (s; € {—1,+1}). However, many COPs like the Max-K-Cut
(K>2) problem need multi-state variable representation (shown in Fig. 1.5a). Furthermore,
many COPs such as the hypergraph MaxCut are inherently associated with hypergraphs
where a hyperedge can connect more than two nodes (shown in Fig. 1.5b). Their natural
objective functions need higher order interactions among variables / spins, e.g., s;s;sy.
Thus, we can classify COPs in the context of dynamical systems. Fig. 1.5¢c summarizes
this classification in a table. It can be observed that Ising machines only can directly map
the binary quadratic (pairwise interaction-based) COPs.

An Ising machine still can solve COPs whose inherent representations need multi-

state variables, higher order interaction, or both. For instance, the Max-K-Cut problem
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Figure 1.5. Classification of COPs in the context of dynamical system-based computing. Binary and
multi-level partitioning in (a) graphs, (b) hypergraphs. (c) Table summarizing the COP classification.

Ising machines can inherently map the binary quadratic COPs.

can be solved using Ising machines by converting the input problem using the following

method:

Max-K-Cut to Ising problem. Let’s consider an N-node graph G (V, E) where V is the set
of vertices and E is the set of edges. Now, if we want to solve a problem that aims to
divide the node set into K sets so that the number of edges connecting more than one set

maximizes, we can consider the following Ising Hamiltonian (details are shown in [78]),
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1+ Si,T

N K
Hyg_cur = G4 Z (1 - 2
r=1

i=1

2

. Z i@ + si,r)4(1 +5ir)

) .
(i,j))eE r=1

(1.8)

Here, C; and C, are constants, s;,, = +1 denotes that the " node is placed at r'" set and

si» = —1 denotes it is not placed in the r'" set. The first term in Hx_,, ensures that a node

is placed only in one set. The second term ensures the maximization of cuts, i.e., the

Solving Max-K-Cut
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o o o o
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Figure 1.6. The variation in (a) the number of nodes and (b) the number of edges of the graph required
to solve the Max-K-Cut problem, as a function of the corresponding quantities in the original input

graph.

number of edges connecting more than one set. Eq. (1.8) can be solved using an Ising

machine, i.e., it is now an Ising problem. However, the problem size has now increased

to KN. Figure 1.6 shows the size of a converted Ising problem as a function of the original

problem size (nodes and edges) while solving Max-K-Cut using the Ising machine. It can

be observed that the problem size increases significantly (K times) if we want to solve the

Max-K-Cut problem with an Ising machine.
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Higher order COPs to Ising problems. We can illustrate the conversion of a higher
order COP to the Ising problem with the Boolean satisfiability (SAT) problem. Let’s
consider the following CNF (conjunctive normal form) formula,
Yy =1 Va) A(xz VX3V X,) (1.9)
The formula in Eq. (1.9) comprises two conjunctive (logical and) Boolean terms and each
of them contains a disjunction (logical OR) of some variables enclosed by parenthesis.
Such terms are known as clauses. To solve the decision version of the SAT problem, we
need to determine if there exists an assignment of the Boolean variables in Eq. (1.9) that
will satisfy the formula y. The optimization version of the SAT, known as the MaxSAT
(maximum satisfiability) problem can be solved by finding an assignment of the
corresponding variables so that it satisfies the possible maximum number of clauses (in
Eq. (1.9), both clauses). For instance, an assignment of x; =1, x, =1,x3 =0, x, =0,
will satisfy both clauses in the above formula (y). Using binary variables (x;{0,1}), this
problem can be formulated by the following objective function (details are shown in [79]):
f=1—x1 =%+ XX + XpX3%, (1.10)

Further, Eq. (1.10) can be translated to an Ising Hamiltonian shown in Eq. (1.11) by using

si+1
>

X; =

3—2S8; — Sy + 83+ 54+ 25;S; + 5,53 + S5, + 5354 + 5,535,
Hgyr = 3 (1.11)

Eq. (1.11) is to be minimized to maximize the number of satisfied clauses in y. Unlike the
Ising Hamiltonian formulation (Zliv¢j]ij5isj)1 Eg. (1.11) is non-quadratic since it comprises
a third order interaction term (s,s3s,). The degree of such an equation will increase with
the increase of clause size, i.e., the number of literals (variable in normal or inverted form)

in a clause [79].
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Now, we will see how to convert the SAT Hamiltonian shown in Eq. (1.11). The
process of converting a higher order interaction term to a second order interaction term
is known as quadratization. To quadratize the term s,s;s,, we can introduce an ancillary
(or auxiliary) variable s,; so that s,; = s3s,. Hence, the Hamiltonian becomes,

3—25; — Sy +S3+ 54+ 25:S; + 5,53+ 5,54+ Sq1 + 52541
Hgpr = 3 (1.12)

Eq. (1.12) is a quadratic function i.e., it is an Ising problem now. However, to ensure that

Sq1 = S3S4, We need to add a constraint as follows,

| -

HSAT = [3 - 251 - SZ + S3 + 54 + 25152 + 5253 + 5254 + Sal + 52$a1

+ P(4+ 53+ 5S4, —Sgq — 2Sp1 + 5354 — S3Sq1 — SaSa1 — 253Sp1 (1.13)
— 254Sp1 + 25415p1)]
Here, P is a large penalty. The term (4 + s3 + 54, — Sg1 — 2Sp1 + S354 — S3Sq1 — S4Sa1 —
25351 — 254Sp1 + 25415p1) €nsures (along with a large penalty) s,; = s3s, [80]. To reduce
the degree of a higher order term by 1, we need to add 2 ancillary / auxiliary Ising spin-
based variables. Hence, to quadratize m higher order terms, we need up to

Yit1 2(d; — 2) auxiliary variables where, d; is the degree of the i term. Thus,
a;>2

quadratization of the objective function of a higher order COP necessitates the
introduction of additional variables (auxiliary variables) and increases the problem size
significantly.

The main motivation behind the tremendous efforts being employed to design an
efficient and scaled Ising machine is that any NP problem can be solved using an Ising
machine by converting them into Ising problems and then solving that problem. However,

such conversion to Ising problems adds significant computation overhead, expands the
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problem size multiple times, and reduces the possibility of obtaining valid solutions due
to the imposition of additional constraints [78]. Consequently, solving such COPs using
Ising machines needs more computing resources (hardware size and time), and solution
quality declines since expanded problems must be solved by the Ising machine. These
issues motivate the search for designing domain-specific dynamical systems that will be
able to directly map and solve a wide range of COPs irrespective of their inherent nature.

Therefore, the goal of this dissertation is to formulate oscillator-based dynamical
systems for solving hard combinatorial optimization problems directly (i.e., without the
need for conversion to the Ising problem) and to incorporate theoretical methods for
analyzing the dynamical properties of coupled oscillator-based computing systems that

regulates their computational performance.

1.5. Contributions
The key contributions of this dissertation can be summarized with the following points:

1. A novel coupled oscillator-based Potts machine has been formulated with a phase
sensitive coupling scheme. The formulated Potts machine-based computational
models have been utilized to directly map and solve several COPs that need multi-
state variable representations. One of the oscillator Potts machine-based
computational models has been implemented on an FPGA accelerator to solve the
Max-K-Cut problem. The FPGA implementation has showcased up to 390x
speedup over a state-of-the-art Ising machine, in solving the Max-K-Cut solution
for up to 10,000 node benchmarking graphs, while maintaining similar solution

quality.
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2. Dynamical systems have been formulated to map and solve multiple higher order
COPs including the Boolean satisfiability (SAT) problem.

3. Afirst of its kind oscillator-based higher order Ising machine has been formulated
to directly map and solve higher order COPs whose objective functions are
represented with Ising spins.

4. Control theoretic methods have been employed to analyze the dynamics of
oscillator-based computing systems. Such analysis can be utilized to optimize the
system parameters of these computing systems for improving computational

performance.

1.6. Dissertation organization
The dissertation is organized as follows:

Chapter 1 has discussed the background and prior related works of this
dissertation. The synchronization of coupled oscillators and their direct use in solving
combinatorial optimization are briefly discussed in Chapter 1. Here, the theoretical
framework for the oscillator Ising machine along with the previous work on its hardware
implementations is discussed. Subsequently, the limitations of Ising machines in solving
COPs are discussed to frame the motivation behind this research.

The first section of Chapter 2 discusses the theoretical formulation of oscillator-
based Potts machines with phase sensitive coupling function. The coupling function and
its modification to map several COPs is described briefly. In the second section of Chapter

2, an FPGA implementation of the oscillator Potts machine-based Max-K-Cut solving
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algorithm is described. Subsequently, benchmarking of the results obtained from this
FPGA implementation is also presented in Chapter 2.

Chapter 3 describes the formulation of several dynamical systems to solve several
higher order COPs including the Boolean SAT and its derivative- the NAE-SAT problem.
Subsequently, Chapter 3 delves into the formulation of an extended oscillator Ising
machine which can directly map higher order interaction among Ising spins and thus solve
higher order COPs. Subsequently, a method to incorporate higher order interaction in
oscillator Potts machines is discussed in Chapter 3. Additionally, an alternative
formulation to express higher order Ising spin interactions with second order interactions
are shown in Chapter 3.

Chapter 4 discusses the stability analysis of the fixed points of oscillator-based
dynamical systems (here OIM) and its possible utilization in optimizing system
parameters for enhanced computational performance. Additionally, a method to analyze
the stability of fixed points of oscillator Ising machines directly from the energy landscape
is described at the end of Chapter 4.

Chapter 5 describes the potential application of oscillator-based dynamical
systems to perform statistical sampling such as Gibbs sampling. Thus, this Chapter
discusses the prospective future directions of coupled oscillator-based computing.

Finally, the dissertation is summarized in the conclusion section to highlight the

key findings and future directions.
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Chapter 2

2. Coupled Oscillator-based Potts Machine

This chapter focuses on the formulation and evaluation (with FPGA) of novel oscillator-

based computational models that can directly map COPs with multi-state variables.

The Potts model [81] also known as the clock model is a general form of the Ising
model as it deals with K-state variables / spins (K=2), while Ising spins have 2-state. K-

state Potts spins can be represented by K uniformly spaced angles on a circle

2w

(0, 1.?, 2.2?”, vy (K — 1).2?"). Many COPs such as the Max-K-Cut problem, graph coloring
problem, and Hamiltonian cycle problem (HCP) inherently need K-state variable
representation and hence can be represented with the Potts model. A dynamical system
that is designed to minimize Hamiltonians associated with the Potts model is known as
the Potts machine. In this effort, oscillator Potts machines are formulated to directly solve
multiple COPs. The oscillator Potts machine utilizes a K" harmonic injection as well as a

phase sensitive coupling function. This phase sensitive coupling function can be modified

to map a wide range of COPs. The model will be briefly described below:

2.1. Theoretical framework of oscillator Potts machine

We will first discuss the formulation of a coupled oscillator Potts machine that can
minimize a K-state Potts Hamiltonian associated with the Max-K-Cut problem. The Max-
K-Cut problem is defined as the problem of dividing the vertices of a graph into K sets so
that the weight sum of the edges connecting more than one set maximizes. Potts spin
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can have K values associated with oscillator phase ¢; = k%", k €{0,1,2,..,(K —1)}.
Hence, a Potts spin can be represented by the complex quantity s; = e'?:. Here, i denotes

the imaginary unit and i denotes index. we can write the Potts Hamiltonian as,

N
Hy_cur = — z Jij-Re (eifK—Cut(A‘l’ii)sis}") (2.1)
i,j,i<j
where, Ap;=¢,— Re denotes real values; J;; is the interaction coefficient between

spin /i and j. For a graph, J;; = —w;;,w;;: edge weight. The phase sensitive coupling

function fx_c,.(.) is defined as,

Sl 207
fi—cuc(A¢y) = lim ((Zk—nn——).e (2.2)

(a9, + 2y
202

+(¥—(2k—1)n).e

We will denote the general form of this function with f(.). Figure 2.1 shows spin

assignments and fx_,:(.) for different values of K.

Now, using Eq. (2.2), Eq. (2.1) can be written as,

N
Hg_cyt = — Z Jijcos (A¢ij + fK—Cut(A¢ij)) (2.3)

L,j,i<j
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Figure 2.1. Spin assignments and fx_,:(.) for various K values.

Like OIM, oscillators map nodes and coupling elements map edges in this oscillator Potts

machine. Furthermore, each Potts spin value represents a node set / partition. In Eq.
(2.3), —J;jcos (Aqbi]- + fK—Cut(A¢ij)) = —1, only if two spins / nodes are separated by m%

where m =1,2,...,(K —1). So, the Hamiltonian will get a maximum reduction if two
connected nodes are placed in two different partitions. Thus, minimization of Hg_c,: Will

maximize the sum of the edge weights that connect two different partitions, i.e., the
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ground state of Hyx_,, maps the optimal Max-K-Cut. Now, the corresponding system

dynamics and the energy function can be respectively written as,

N N
dg; . |
¢d1§t) =-C . z Jij sin (A¢’ij + fK—Cut(A¢ij)) - Z Cosin(K (1)) (2.4)

j=1, j*i

N N
KC
E(¢(t)) = — 7 Z ]ij CoS (A(pl] + fK—Cut(ABij)) — Z CSCOS(K¢i(t)) (25)

Lj, j#i

While deriving Eq. (2.5), we used the relationship —%(VE)i = % to ensure a gradient

descent in the energy domain, i.e., % < 0. Details can be found [82]. Fig. 2.2 shows
| N No. of Evolutions of oscillator
nput Grap Partitions (K) phases

~Set2=180°

Max-2-Cut
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E
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T
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. ‘Sﬂet 1=00
Solution : 2279
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Figure 2.2. lllustration of the computation of Max-K-Cut (K=2,3,4) for a representative 100-node graph
by simulating the oscillator Potts machine.

the Max-K-Cut solution of a representative graph, obtained by simulating the oscillator
Potts machine.
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To map other COPs, Eq. (2.4) can be modified by tailoring the fx(.) function. Table 2.1

lists the fx(.) function that can be used for solving multiple other COPs.

COP

fx ()

Max-K-Cut,

Graph Coloring,

K—1

ficue(Ay) = lim E ‘

(A¢U K
- 202
2k — 1)71——) e

Problem (TSP)

y1N1

(A% _ZkTﬂ)

Z
E an 20
+lim
o—0
k=2,k#N-1

Maximum
2km

Independent _ <(A¢’uz“;21< ) >\|

+(2k—n—(2k—1)n).e I
Set (MIS) K |
Traveling / ((A% 2ym) )

202

Salesman frop (4¢py;) = lim — Z ZL + (__

)

Hamiltonian
Cycle Problem

(HCP)

<(A¢>U
20
fHC(Aer) = 11m— Z (n—zy—n).e +

y=1N-1

g—0

N (w—)) <(¢—>>
202 202
i E e P N P

k=2,k#N-1

Table 2.1. f(.) function for a few COPs.

Details of these formulations and results obtained from these models can be found in [82].
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2.2. FPGA implementation of oscillator Potts machine

The oscillator Potts machine-based computational model to solve the Max-K-Cut
problem is implemented as an algorithm on an FPGA accelerator [83]. In such an
implementation, FPGA numerically solves the corresponding dynamics. We implement it
on an AWS F1 instance. It leverages design techniques such as sparse matrix random
access parallelization and uses an efficient dataflow architecture to accelerate the
solution to the Max-K-Cut problem. By leveraging the inherent parallelism in the
computational models and the FPGA implementation, we demonstrate the solutions to
the Max-K-Cut problem (K=2,3,4) on graphs up to 10,000 nodes with speedups ranging
from 17x - 390x over a state-of-the-art Ising machine-based accelerator, while
maintaining similar solution quality.
2.2.a. Computational model implemented on FPGA

The computational model (i.e., the dynamics), shown in Eq. (2.4), is solved using
a stochastic differential equation (SDE) solver developed on an FPGA platform. Here,
SDE is used so that noise can be introduced into the system. Such noise helps escape
local minima that result in suboptimal solutions. The dynamics that are solved, can be

written as,

dd)dift) =—C Z Jij tanh (k sin (A¢ij + fK—Cut(A¢ij))> - Z Cssin(Kgy())  (2.6)

j=1, j#i
+ A, dw;
where, ¢ represents oscillator phases, 4,, is noise amplitude, dw, is a Weiner process

[84] which adds stochasticity to the system. We have also used tanh(.) in the dynamics
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so that it augments the phase dynamics as demonstrated in other works [85], [86]. A
simple trapezoidal integration technique [87] is used to numerically solve the differential

equation (Eq. (2.6)). After solving the dynamics, the evolution of oscillator phases (¢) is
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Figure 2.3. lllustrative example showing the Max-K-Cut solution obtained using the oscillator Potts
machine-based FPGA accelerator for a 200-node graph. The solutions are calculated for K=2, K=3,
and K=4.

obtained. Steady-state oscillator phases create K partitions encoding the K sets of the
Max-K-Cut solution. Figure 2.3 illustrates the Max-K-Cut solutions of a 200-node
representative graph, for K=2,3, and 4, obtained using the FPGA-based Potts machine.
2.2.b. Architecture of the Potts machine-based FPGA accelerator

While designing the FPGA accelerator, the following objectives are prioritized: 1)
leveraging a maximum level of parallelism; 2) consuming a reasonable amount of
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hardware resources; 3) ensuring flexibility so that it supports the general case of the Max-
K-Cut for any graph of arbitrary size without FPGA reconfiguration. The key components
of the FPGA system design are described below:

Figure 2.4 shows the high-level block diagram of the FPGA accelerator. The Potts
machine algorithm is implemented on the FPGA using two major kernels: (a) Graph
Initializer; and (b) Kuramoto Kernel. The graph adjacency matrix in CSR (compressed

row storage) format, is stored in the host DRAM. Subsequently, they are transferred to

Overall Platform Architecture

Host C++ API FPGA
| | | oo | (] |
| t L AXILITE 2 %

<—| Graph Initializer |
Passin
l T Graphg l T
Host DRAM \rowondl  FPGADRAM

Output

Figure 2.4. Block diagram depicting the architecture of the proposed FPGA-based Max-K-Cut solver.

the FPGA DRAM through a PCle. A set of control registers can communicate with the
FPGA through the AXI-lite kernel interface that allows dynamical modification of the
essential parameters such as the graph size, K (in Max-K-Cut), number of iterations
without the need for reconfiguring the FPGA platform each time. At first, the graph
adjacency is transferred to the FPGA, and then the Graph Initializer kernel transfers it to
the high-bandwidth on-chip Block RAMs (BRAMs). BRAMSs allow parallel access. Hence,
the off-chip DRAM is only read once. After initialization, the Kuramoto Kernel performs

the computation. Table 2.2 lists key parameters used in the design.
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Parameters Definition Parameter values used in the evaluation

N Size of the graph Input problem dependent (up to 10,000)

K Number of partitions required Input problem dependent (2, 3, 4)
(Max-K-Cut) from the Cut

X Size of each segment in Block 80

RAM
Number of bits used to represent 19 bits
n the fractional part in standard (Fractional part)
fixed-point format

Table 2.2. Parameters used in the FPGA implementation.

Details of the design can be found in [83]. The key features include a sparse matrix
parallel access technique that parallelizes the computation of ¢ values in each iteration.
LUTSs are used for the sinusoidal function which significantly reduces the use of hardware
resources and computation time. LUTs are also used for implementing the fx_cu:(.)
function. If the K value is changed, the only operational change that is required is to
change the LUT segment for the fx_.,;(.) function. Additionally, to generate noise,
random numbers are generated using a standard Box-Muller Random Generator [88].
2.2.c. Results
2.2.c.1. Max-K-Cut solution

We evaluate the performance of our implementation using instances from the G-
Set benchmark database. The database contains hard non-planar random graphs with a
broad size range allowing us to solve graphs with sizes ranging from 800 to 10,000 nodes
(specified in Fig. 2.5a). The oscillator dynamics are evaluated for 4000 iterations
(epochs). During evaluation, we set the FPGA frequency to 100 MHz. We first compare
our results (mean computation time) for the MaxCut case with two other GPU-based

implementations, namely the MARS (Mean-field Annealing from a Random State)
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algorithm [89] and PBBM (Population Based Boltzmann Machine) algorithm [90] that have
also evaluated problems from the G-Set database. Furthermore, the FPGA-based
implementations for solving MaxCut demonstrated in [91] and [92] have only focused on
simpler planar and toroidal graphs. Additionally, they do not address the general case of
the Max-K-Cut problem for K>2 cases. Hence, we have not included these results in the
benchmarking. From Fig. 2.5, it can be observed that our approach provides 18x and 2x

mean speedup, respectively, compared to the MARS and the PBBM approach, while
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Figure 2.5. Comparison of our approach for the baseline MaxCut (K=2) with prior works. (a) Graph
instances from the G-Set database used for benchmarking. (b) Comparison of the mean computation
time for the GPU-based MARS algorithm and the GPU-based PBBM algorithm. Our approach exhibits
solution quality comparable to that of the MARS approach. PPBM did not report average solution quality.

providing similar solution quality (>98.5 %); here, solution quality is defined as the ratio of
the obtained solution to the best-known cut [93]. We note that none of the GPU, FPGA,
and ASIC-based annealing approaches reported direct implementation (i.e., without
preprocessing and auxiliary variables) of the broader Max-K-Cut (K=2) problem. Current
methods have to rely on transforming the Max-K-Cut problem to a binary optimization
form (QUBO: quadratic unconstrained binary optimization) entailing additional nodes
(axillary variables) so that it can be mapped to an Ising machine. We now compare our
direct implementation (using the new models) with the Ising machine implementation for
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the Max-K-Cut (after the problem transformation). We use the GPU-based simulated
bifurcation (Ising) machine (SBM; from Toshiba and available on AWS [41]) for this
comparison. While we experimentally evaluate the Max-3-Cut and Max-4-Cut solutions

on the SBM, we use the SBM-based results reported for the MaxCut (K=2) [93].
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Figure 2.6. Cumulative time-to-compute for solving the (a) Max-2-Cut, (b) Max-3-Cut, (c) Max-4-Cut
on the G-set graph instances and their comparison with state-of-the art SBM approach. In all cases,
we maintain a high mean accuracy exceeding >95% of the best-known solution.

Fig. 2.6a presents a comparison of the cumulative computation time between our

approach and the state-of-the-art GPU-based SBM approach [93] for solving the
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archetypal Max-2-Cut problem over the G-set graphs (Fig. 2.5a). While for smaller
graphs, computation time from our approach is comparable with the SBM approach, it
provides a 20x speedup over the SBM for graphs exceeding 5000 nodes. We obtain
>98.5% average solution quality for all the Max-2-Cut instances tested, while SBM
showcased >99.9% solution quality. Next, we evaluate the computation time for the Max3-
Cut and Max-4-Cut problems. The comparison of computation times for Max-3-Cut and
Max-4-Cut are presented in Fig. 2.6b and Fig. 2.6c, respectively. It can be observed that
our method achieves a remarkable ~510x and ~270x mean speedup compared to the
SBM in solving the Max-3-Cut and Max-4-Cut problems, respectively (~390x average
speedup for the Max-3-Cut and Max-4-Cut combinedly), while maintaining similar solution
quality. In our approach, the time-to-compute primarily consists of the Kuramoto Kernel
computation time, which accounts for most of the overall time-to-solution. We calculate
the K-Cut values in the host system using the Kernel results obtained from the FPGA.
Similarly, the SBM computation time consists of only the Ising problem computing time;
the pre-processing (conversion to Ising problem) and post-processing (finding K-Cut
solution from Ising solution) are performed in the host and their computation time is not
added in the overall computation time presented here. Also, we are unable to solve the
Max-3-Cut and Max-4-Cut for some of the larger graphs (here, 5000 to 10000 node
graphs) using SBM since after converting them to Ising problems, their size exceeds

10,000 nodes that is the maximum limit for the SBM available on AWS.

We also analyze how time-to-compute scales with problem size and the value of
K. Figure 2.7 presents the average time-to-compute as a function of graph size. It can be

observed that as the number of nodes increases, the computation time scales linearly,
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Figure 2.7. Mean time-to-compute as a function of graph size.

which can be attributed to the parallel access of each graph rows by the FPGA platform
(i.e., row-wise parallelization). Most importantly, the computation time does not change
with the value of K, unlike prior designs and implementations. It can be attributed to the
computational model that facilitates the solution of the Max-K-Cut without increasing the
problem size. Furthermore, if the K value changes, the only operational change that the
FPGA system needs to make is switching the LUT for the fccu(.) function. Hence, the

computation time remains the same regardless of the value of K for a particular graph.

2.2.c.2. Resource utilization and energy benchmark

Resource Xilinx VU9P FPGA Resource Xilinx VU9P FPGA
Kernel Frequency 100 MHz DSP 2.7K (38%)
Block RAMs 1.3K (30%) Flip Flops 470K (19%)
Ultra RAMs 0.5K (50%) Logic Slices 518K (43%)

Table 2.3. Overall resource utilization.

Table 2.3 presents a detailed overview of the resource utilization in the FPGA
implementation. Table 2.4 compares the energy consumption between our FPGA

implementation (collected using the AWS ‘FPGA image describe’ command) and the
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SBM implementation used for benchmarking in this work. While the SBM energy data for
the Max-2-Cut has been reported, the energy numbers for K=3, 4 are projected since the
SBM energy data (on AWS) is unavailable. It can be observed that our approach not only
offers better computational capability but also enables over 8x improvement in the energy

consumption / iteration.

Approach Platform Problem Solved Energy (mJ) / Iteration (2000 node)
Max-2-Cut Max-3-Cut Max-4-Cut
SBM [43] GPU MaxCut 3.44 10.32 13.76
(reported) (projected) (projected)
This Work FPGA Max-K-Cut & 0.4225 0.4225 0.4225
MaxCut (measured) (measured) (measured)

Table 2.4. Comparison with other approaches.
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Chapter 3

3. Coupled Oscillators for Solving COPs with Higher Order

Interaction

This chapter focuses on the formulation of novel oscillator-based computational models
that can directly map COPs with higher order interaction.

3.1. Dynamical systems to solve COPs with higher order interaction
Ising machines can directly map COPs that can be represented by quadratic
objective functions (H = —Z'i‘_’j]ijaiaj). However, there is a larger class of problems such

as Boolean satisfiability and integer factorization among others wherein the objective
functions have a degree greater than two. Such problems entail the use of hypergraphs
for their representation and analysis (Fig. 1.5). A hypergraph can be considered as a
generalization of graphical data structures wherein an edge (known as a hyperedge) can
connect any number of vertices; this is in contrast to a graph where an edge can join a
maximum of two vertices. Analog models for solving combinatorial problems in
hypergraphs have been relatively less explored [94]-[96]. We note that such problems
can, in theory, be reduced to problems that have objective functions with quadratic
degrees [97], [98]. However, this typically involves the introduction of additional ancillary
variables (additional nodes/variables) which can effectively increase the size of the
(quadratic degree) combinatorial problem that must then be solved [99], [78]. Therefore,
in this research, the goal is to formulate analog computational models for solving such
problems without introducing ancillary / auxiliary variables [86], [100].

The developed approach builds on the foundational work performed by Ercsey-
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Ravasz et al. [94], wherein the authors proposed an approach for solving the Boolean
Satisfiability (SAT) problem using continuous (analog) variables. The SAT problem is
defined as the challenge of evaluating a Boolean assignment (1 or 0) that will satisfy a
Boolean formula expressed in the conjunctive normal form (CNF); Y = C; AC, A ...Cy. A
SAT problem with N variables and M clauses can be represented by a hypergraph of N
nodes and M hyperedges where the hyperedge ‘connects’ all the nodes in a clause.

The decision version of the problem evaluates if such an assignment exists. We formulate
a new dynamical system to solve the SAT problem. Subsequently, building on the method
developed by Ercsey-Ravasz et al. [94], computational models are formulated for: (a) the
NAE (Not-All-Equal) SAT problem, which is an NP-complete variant of the SAT problem.
Besides finding an assignment for the Boolean variables such that every clause is
satisfied, the NAE-SAT problem also requires that at least one literal in every clause is
false. Further, the computational model for the NAE-SAT problem can be extended to the
Set Splitting problem, which evaluates if there is exists a partition that splits a finite set
into two parts such that all the subsets of the finite set are split by the partition. The Set
Splitting problem is a special case of the NAE-SAT problem wherein all the variables in
the normal form (positive NAE-SAT); (b) Integer factorization problem, considered here
as the problem of dividing a number into two integer factors; we note that directly
representing the above problems entails the use of hypergraphs; (c) The Graph
Isomorphism problem, which evaluates if two graphs with the same number of edges and
vertices (non-trivial case) have the same edge connectivity. (d) Finally, we show that the
proposed approach can be used to minimize the Ising Hamiltonian (quadratic optimization

problem), and in fact, provides an alternate dynamical system formulation to the well-
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known oscillator-based dynamical system proposed earlier [85]. Subsequently, using this
formulation, we show its application in solving the archetypal Maximum Cut (MaxCut)
problem, defined as the challenge of dividing the nodes of a graph into two sets such that
the number of shared edges (among the two sets) is maximized.

3.1.a. Boolean SAT

We first consider the Boolean SAT problem where we represent each variable x;

in the Boolean expression by y; = ”%Ml) where «; is an analog variable. The cos(.)

function sets the bounds of y; to [0,1], and ensures that the Boolean variable and its
analog counterpart have the same value at the maxima and the minima of the analog

variable function. We note that while the above formulation resembles a (level-shifted)

oscillator described by the general form ; EM, the two are not exactly

equivalent since the ‘wt’ term (oscillating term) is not considered here; with the ‘wt’ term,
the dynamics of the system do not directly map to the objective function of the SAT
problem (instead they can be mapped to the dynamics of the NAE-SAT (not-all-equal

SAT) problem as shown in [100]). Nevertheless, we will refer to « as a ‘phase’ for

simplicity. For each clause C,,, we define K,,,(a) = [T, (1 — (M)) Cmi = 1(—=1),

if x; in the m*" clause appears in the normal (negated) form, respectively; c,,; = 0, if x; is
absent from the mt" clause. K,,,(a) can be considered as an analog equivalent of 1 — C,,,

and exhibits the property that K,,, = 0 if and only if the clause is satisfied (C,, = 1), i.e., at
least one variable is TRUE. We define a continuous time dynamical system given by 3—‘: =

F = (-V,V), which has an energy function given by:
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V= A(kn(@)’ (3.1)

where A (> 0) is a constant. It can be observed from Eq. (3.1) that V' is minimized by
maximizing the number of satisfied clauses. Further, V = 0 is the global minima of the

function and is attained when all the clauses are satisfied i.e., K,, = 0 form =1, 2,..., M.

To show that the energy function defined in Eq. (3.1) decreases with time i.e., ‘;—t <0.

M
dv _ CmiKm(a) . dai
T (ZA ;1 K,,(a). [1 e cos(ai)l sm(ai)> . (E) (3.2)
Further,
dv N cmiKm (@)
d_ai =24 ;1 K,,(a) [1 e COS(CZi)l sin(a;) (3.3)

It can be observed from Eg. (3.2) and (3.3) that the term in the first bracket on the

righthand side of Eq. (3.2) is equal to %. Further, % = —%. Substituting these terms

into Eq. (3.2), i—‘; can be expressed as

dv da;\*
E = - (E) <0 (3.4)

Eq. (3.4) shows that 2—‘; < 0, that implies that the system always evolves to minimize V

(energy), or in other words, maximize the number of satisfied clauses. The corresponding

dynamics can be computed as:

M
dai : CmiKm (“)
T (=V,V); = sin(q;). (— HZI 2AK,, (a) Il " COS(%’)”) (3.5

Figures 3.1(a),(b) show a representative Boolean SAT problem with 6 variables and 10
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Figure 3.1. (a) Evolution of the phases (a;), (b) the number of satisfied clauses and YM_, K,,,
respectively, as a function of time for a Boolean SAT problem. Since numerical methods are used for
solving the dynamics, a threshold value of K,,, < 4 X 10™* was used for a clause to be considered as
TRUE (satisfied). The Boolean expression considered in this illustrative example consists of 6 variables
and 10 clauses (Y = (X1 VX VX AKX VXL VX)A Xy VX3 VXD ARZVE)AGVEG) A (X VX)) A
(X2 VX5 VXe) A (X7 VX)) A (Xy VXg) A (X5 V X))
clauses solved using the above computational model. It can be observed that the system
minimizes K,,(a) which subsequently maximizes the number of clauses satisfied. We
once again acknowledge that this formulation derives strong inspiration from the elegant
analog dynamics formulated by Ercsey-Ravasz et al. [94]. We formulate an alternative

dynamical system to solve the SAT problem which is described below:
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Alternative dynamical system to solve SAT. To formulate an alternative dynamical

system [100], we represent every variable x; in the Boolean expression using an analog

variable ¢; (similar to oscillator phase), where x; = m%w which can be considered

as a level-shifted oscillator with an angular frequency w, that is assumed to be w = 1 in

is defined

this theoretical analysis. The relationship between x; and «; (xi = HC%(H‘M)

such that the maximum (or minimum) value of the analog variable equals the Boolean

assignment for x; € {0,1}, respectively. For each clause C,,, we define K, ,s.(t,a) =

N 1+cCmi cos(t+¢;)

)) where c,,; = 1(—1), if the i*" variable appears in the m‘"

clause in the normal (negated) form; c,,,; = 0, if the variable is absent from the m*" clause;
¢ = [d1 P, ...05]; N is the number of variables in the SAT problem. It can be observed

that K., ,sc(t, ¢) = 0, if and only if the clause is satisfied. We define the dynamical system:

(_V¢V)i =1+ ddi;". The energy function for the system is defined as:

M
V= Z A (Km,osc(t: ¢))2 (3.6)

m=1
Here, M is the total number of clauses in the problem. V = 0 when all the clauses are
satisfied, and consequently, corresponds to the solution of the SAT problem (if the

problem is satisfiable). To evaluate the temporal evolution of the system energy, we
av . . .
calculate e which is given by:

N
o= 22 5) () + 5 @)

=1

Using Eq. (3.6) and the definition of K,, ,s.(t, ¢), we can calculate Z—Z as,
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a_tz = Z <2AKm,osc(t, ¢) ’ (Km'o(;z(t' ¢))>

_i TR Y ) P L RN
= mosc(t, @ i=11—cmiCOS(t+¢i)S b (3.8)

Al CmiKm osc(t' d)) :
= Z Z <2AKm,OSC(t, ®) : sin(t + ¢;) >

1 — ¢ cos(t + ;)

Further, ;T‘:- can be calculated as,
4

v _ (0 0 (Kmosc(t.9))
Tm - nZl m,osc(t: ¢) a¢i
o p .9 (3.9)
_ Cmillm,osc\l) . )
= Zl <2AKm,osc(t: ®) 1—c,; cos(t + ;) sin(t + ¢;) )
Substituting Eq. (3.9) into Eq. (3.8), Z—Z can be expressed as,
W oIV
— =) — (3.10)
ot < - d¢;
1=

By substituting the expression for — from Eq. (3.10) into Eq. (3. 7) can be calculated

as,
) <dd¢ a;) (1 + dd?) (3.112)

()3 - () Y 2 -

Further, utilizing the system dynamics (-V4V), =1 +ddi;" (defined above), Eq. (3.11a)

can be expressed as,
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> () (142 == (14 (1442 <Y (1422

1= i=1 i=1
It can be observed from Eq. 3.11(b) that V is a decreasing function with time since ‘;—t <0.
Consequently, this implies that the corresponding system dynamics will evolve to reduce

system energy (V).

In order to formulate the system dynamics ﬂ we express — as

S d (Kmosc(t, $)
d_V z m,osc(t»(l’) ( dt ) (3_123)

M N
v = Km,osc ) do;
E = z (ZAKm,osC z (le 1— leCOS(t n d) ) Sll’l(t + (f)l) (1 + E))) (312b)

m=1 i=1

N

B3 (D (et 2 om0 (1+28) 220

i=1 \m=1

Equating (3.11b) and (3.12c), we get

~(1+

Eq. (3.13a) can be rewritten as,

M
dd)i _ CmiKm,osc(t' ¢) . (3.13b)
dt - (Z <2AKm,osc(t' ¢) 1— Coni COS(t + d)l) Sln(t + ¢1)> + 1)

M
do; _ CmiKm,osc(t' ®) . (3.13a)
dt ) - Z <2AKm,osc(t' ¢) 1 — Comi COS(t + ¢1) Sln(t + ¢1)>

m=1

m=1
Eq. (3.13b) describes the phase dynamics of the system which computes the SAT

solutions. The first term on the RHS in Eg. (3.13b) represents the dissipative component
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of the system dynamics. The right-hand side in Eq. (3.13b) is 21T periodic in time. At

10°F (a)
—~ 10
S 107
S 107
> 107

(b)

(©) Clause 1 - Clause 10

# Clause Satisfied

" " 1 " 1 "
0 50 100 150 200
time (U/T)

Figure 3.2. Evolution of (a) V, (b) x;, (c) k,,, and (d) No. of clauses satisfied with time for an illustrative
3-SAT problem with 6-variables and 10-clauses that is computed using the alternative dynamical system
to solve the SAT. Here, w = 2m is used such that T = 1. The simulation is performed using a stochastic
differential equation framework.

steady state, VV = 0; ddi;i = —1, which implies that ¢; = —t + ¢;, with ¢; being a constant

offset in the time varying phase that assumes a value in {0, } in a way that minimizes the

1+4cos (t+¢;)

total system energy, and solves the SAT problem. A node i (defined by ) will
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eventually settle to 1 (when ¢; = 0) or O (when ¢; = ). Thus, the system is designed such
that the out-of-phase feedback essentially ‘cancels’ out the oscillations when the system
achieves the ground state energy. This corresponds to all the clauses being satisfied (if
the problem is satisfiable). Figure 3.2 illustrates the evolution of the system dynamics and
the corresponding solution for a representative SAT problem. Details of the simulation

framework will be discussed at the end of Section 3.2.

3.1. b. Boolean NAE-SAT

The NAE-SAT problem is an NP-complete variant of the SAT problem with the
added constraint that every clause must contain a literal that is true and false. To evaluate
the NAE-SAT problem for a Boolean expression Y = C; A C, A ...Cy, €ach clause C; =

(x1 VX, Vx3V..Vxy) in the original expression can be modified t0 Cygp; =

(x; VX VxsV..Vxy).(x; AX; Axs A .. Axy)E C.S;, where S; is the negation of the
conjunction of all the literals in that clause. While C; imposes the condition that at least

one literal must be true, S; imposes the added constraint that at least one literal must be

false in order that Cy4¢; = 1 (TRUE); an example of this is shown below (Table 3.1):

X X X X Si Cnae-sat=Ci.Si (NAE-SAT)
0 0 0 0 1 1 1
0 0 0 1 1 1 1
0 0 1 0 1 1 1
0 0 1 1 0 1 0
0 1 0 0 1 1 1
0 1 0 1 1 1 1
0 1 1 0 1 1 1
0 1 1 1 1 1 1
1 0 0 0 1 1 1
1 0 0 1 1 1 1
1 0 1 0 1 1 1
1 0 1 1 1 1 1
0
1 1 0 0 1 0 (Additional constraint imposed by
NAE-SAT)
1 1 0 1 1 1 1
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1 1 1 0 1 1 1

1 1 1 1 1 1 1

Table 3.1. lllustrative example showing the reformulation of the clause C; = (x; V x, VX3 V x;) for NAE-SAT.

Thus, the NAE-SAT problem can be expressed as evaluating if the expression Yy .z =
Cnag1 NCyagz N ... Cyap v Canbe made TRUE. To define the computational model for this
problem, we again define an energy function with an analog variable a (similar to that of

the SAT problem):

V= Z A (Km,NAE(a))Z (3.14)

m=1

albeit with a different analog formulation for each clause. K, y4£ () is now defined as:

~ 1+ ¢ cos(@;) T (1 cmi cos(@) (3.15a)
Kmnae(a) = 1:[ 1_< 2 ) + 1:[( 2 ) .

Kmnae(@) = Kh(a) + K2 (a) (3.15h)

Here, K} («) is similar to the K,,, () defined for the SAT problem, and essentially captures
the constraint that the contribution of that clause to the energy function is zero when the
clause is satisfied. K2 (a) is formulated to define the additional constraint for the NAE-
SAT problem entailing that all the literals cannot be equal to each other. Together, the
formulation of K, yag(a) for the NAE SAT clause ensures that it's contribution to the
energy function is zero only when the clause is satisfied i.e., at least one literal is true,
and all the literals are not equal to each other. The latter condition essentially ensures

that at least one literal must be false. The corresponding system dynamics can be defined

by:
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Figure 3.3. (a) Evolution of the phases («;), (b) the number of satisfied clauses and Y¥_, Ky nae,
respectively, as a function of time for a Boolean NAE-SAT problem. Since numerical methods are used
for solving the dynamics, a threshold value of K, y,z < 4 x 10~* was used for a clause to be considered
as TRUE (satisfied). The Boolean expression considered in this illustrative example consists of 6
variables and 10 clauses (Y = (X{ VX, VXA (X VXL VXs) A (X VX3 VX)) AXZ VX)) AGGVXg) A
(X1 VXe) A (2 VR5 V X6) A (X1 VXY A Xy VXg) A (Xs VX))

M
da; _ AKy nae (@)
I (_VaV(a’))i == Z 2A Kmnag (@) (d—al (3.162)
m=1
where
de(ai) _ _CmiKri(a) CmiKr%”L(a)

dai

" 1= ¢y cos(ay)

. (—sin(a'i)) +
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1+ ¢y cos(a;)

. (=sin(a;)) (3.16b)



_ _CmiKr}"L(a) CmiKrgq (a)
1—cmicos(a;) 1+ cpicos(a;)

] . (=sin(ay)) (3.16¢)

da; L CmiKr}l(a) CmiK%l (@)

day NS _ 3.16d

5 sin(a;) < Zl 24 Kin (@) l1 —cpicos(t+a;) 1+ cp;cos(t+ ai)D ( )
m=

Figures 3.3(a),(b) show a representative example of an NAE-SAT expression (with 6

variables and 10 clauses) solved using the above computing model.

3.1.c. Set splitting

Given a finite set S, where Si1, S2... Sk are the subsets, the objective of the Set
Splitting problem is to evaluate if there exists a partition that divides all the subsets into
two parts. This problem is equivalent to computing the solution of the positive NAE-SAT
i.e., with only normal variables. To establish the relationship between the Set Splitting
problem and the NAE-SAT problem, each element in the set can be represented by a
variable x;; x; = 1(0), if x; lies in Set | (ll) (or vice-versa). We note that only variables in
the normal form are needed. Subsequently, each subset S; of the finite set can be mapped
to Cyag ;- It can be observed that only if the set is split (i.e., some nodes of S; lie in Set |
and Il each) by the partition, Cy4; evaluates to 1; if the nodes of a subset S; lie entirely
in Set | or Il, Cysg; = 0. A partition that splits all the subsets exists when all Cy g are

satisfied, i.e., V = 0.

3.1.d. Integer factorization
The integer factorization problem is an NP complete problem that entails finding
the integer factors of a number. Here, we consider the challenge of dividing a number F

into two factors X and Y such that XY = F, or in other words, XY — F = 0. Expressing the
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factors X and Y in binary form, this relationship can be used to formulate an energy

function:

( z 2i-1 <1 + tanh(k cos(aJ))] l
2

where each binary bit in X and Y is represented by

S 2w 1<1+tanh(’; COS(%)))‘ F) (3.17)

j=N+1

; F is the integer

1+tanh(k cos(ai,j)) .
2

number to be factorized (F = ¥V, 2°'F), a; and a; are used to represent the bits in X
and Y, respectively, and k essentially decides the ‘steepness’ of the tanh(.) function. This
formulation of the energy function is inspired from that adopted by Borders et al. [101]
and it can be observed that the energy function is expressed as a ‘product of sums’,
instead of the ‘sum of products’ used in the formulation for the SAT and the NAE-SAT

problems. The corresponding system dynamics are given by:

%— (-v V(a))

_ ntay 2A< 5o (Lrent cos(a»))] [

< 1+ tanh(kcos(ay,) )
_ F)( Z 2n—N—1( an > coS\In )> 212k sech?(kcos(a;))

MeN-1 1 + tanh(k cos(a,,))
Z 2 < > > (3.18a)

m=N+1

n=N+1

_t] = (—VaV(Ol))],

= sin(a;) ZA(

ZZ’ L <1 + tanh(k COS((ZL)) H Z ym-N-1 1 + tanh(l; cos(am))>l (3.18b)

m=N+1

N
3 F) (; -1 (1 + tanh(ZkCOS(an))>> 2J=N-2}, sach? (kcos(aj))

52



Integer Factorization of 899

X: Factor1 (5 Bit = 5 Variables) Y: Factor2 (5 Bit = 5 Variables)
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X —x, = —_,
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Figure 3.4. Integer factorization of 899. Temporal evolution of: (a) (b) the variables corresponding to
bits in the integer factors X and Y, respectively; (c) Energy (V). (d) Integer factors X and Y computed by
the system expressed in binary and decimal form.

Figure 3.4 presents an illustrative example showing the integer factorization of 899
performed using the above model. We note that the tanh(.) function used in the analog
formulation of the bits of the factors X and Y helps to effectively ‘binarize’ the output of
the cos(.) function. This is because the energy function (without the tanh(.) function) may
not always converge to integer factors of Z, i.e., V. =0, may also be achieved when
cos(a; ;) # 1 or —1, resulting in non-integer factors. The tanh(.) function helps drive the
phases towards O (cos(a;;) =1) or  (cos(a;;) = —1). This can be understood by

considering the sech?(.) function (arising from the tanh(.) term in the energy function) in
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the resulting dynamical system (Eqg. (3.18b)) — the sech?(.) function achieves a maximum
(=1) when the (resulting) input to the function is zero (i.e., cos(a;;) = 0;a; ; = ig , and
the corresponding ‘bit’ achieves a value of 0.5), and decays asymptotically towards zero
as the input deviates from zero (i.e., sech?(.) reduces as a;; - 0 (cos(a;;) - 1) and
a;; > m(cos(a; ;) > —1). This implies that the function selectively reduces the
perturbation as phases settle towards a;; = 0 and . This impact of using the tanh(.)

function is illustrated below:
Integer Factorization without tanh(.) in the dynamics:

Here, we evaluate the system dynamics for computing the integer factors of 899
without considering the tanh(.) function in the description of the system energy (Eg.

(3.17)). The resulting dynamics (without the tanh(.) function) are:

dai _ _
T (-VaV (@), =

sin(ay) | 24 221‘-1(%) 3 zm-N_1<1+cozs<am)>

] m=N+1

(3.19)

2N
—F z 2n—N—1 <1 + C(;S(CZ,J) ] 2i—2.

n=N+1
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daj _ _
T (—VaV(a))j =

> 1 + cos(a,) % 1 + cos(am)
. cos(e; cos(a
sin(a;) | 24 221—1 (T‘> Z gm-N-1 <T’">
i=1 m=N+1
N (3.20)
g Z on-1 <1 + cos(an)> joN-2
n=1 2

Figure 3.5 shows the resulting dynamics of the system when computing the integer
factors of the number 899. It can be observed that without the tanh(. ) function, the system

can get stabilized when cos(a) # +1, resulting in non-integer solutions.

Integer Factorization of 899
X: Factor1 (5 Bit = 5 Variables) Y: Factor2 (5 Bit = 5 Variables)

1.0 — 1.0
0.8 0.8
0.6 —_— 0.6 -
5 . s o
0.4 F %, , 0.4 —Y,
X X=3L27x : —,
02} S 0.2 S
(a) S :
0.0 | s 0.0 | Y
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Figure 3.5. Integer factorization of 899 without using tanh(.) in the energy formulation. Temporal
evolution of: (a) (b) the variables representing bits in the integer factors X and Y, respectively; (c) Energy
V. (d) Factors X and Y computed by the system. It can be observed that the system settles to non-
integer values.
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3.1.e. Graph isomorphism

This problem is defined as the challenge of evaluating if two graphs are equivalent.
The non-trivial case entails evaluating if two graphs with equal number of vertices and
edges have the same edge connectivity, i.e., adjacency matrices. Mathematically this
problem can be expressed as: Given two graphs with adjacency matrices defined by A
and B, is there a permutation matrix P such that AP = PB? [102] To formulate the

computational model for this problem, we represent each element in P as P; =

(1+tanh(k cos(a;j))

> ) and formulate the energy function as:

N N
V= Z Z A(K () (3.21)

Here, N x N is the size of the matrices A and B. K,,,, is defined as:

1
Kmn=ﬁ

and represents the element-wise difference between the products of AP and PB i.e., AP —

N N
1 + tanh(k cos(a;)) 1 + tanh(k cos(ay,s)) 3.2
Zamr< 2 >_2< 2 >bSTL> ( )

r=1 s=1

PB.
Derivation of K,,,, used in the dynamics of graph isomorphism

Here, we now derive the expression for K,,,,, defined in Eq. (3.22).

Kmn = — ([Al[P] - [P][B]) (3.23)
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1+tanh(kcos(au)))

The ij" elements in [A], [B] and [P] are addressed as a;;, b;; and p;; = ( >

respectively. Thus, the mn™ element in [X] = [A][P] and [Y] = [P][B] can be calculated

as.:
N N
1 + tanh(k cos(a,,))
Xmn = Z Umr - Prn = z Amr ( 2 = (3.24)
r=1 r=1
and
N N
1 + tanh(k cos(a
~S b=y ( Cecost ms))> . (3.25)
s=1 s=1

Subsequently, the mn" element of [X] — [Y] can be computed as,

u 1 + tanh(k
(IX] = [YDn =Zamr( T (2“’5(“””) (3.26)

r=1

ZN: <1 + tanh(k cos(ams))>
- 2 bsn

([X] = [YDmn is normalized to N to calculate K,,,, used in the energy function,

N N
K = %(Z 0 (1 + tanh(l; cos(a:m))) B z <1 + tanh(kzcos(ams))> bsn) (3.27)

r=1 s=1
K, = 0 when the two terms are equal, and V = 0 when all the terms (elementwise) are

matched. We note here that the energy function has a quadratic degree. Nevertheless,
the problem is considered since the formulation is well aligned with the dynamical system

proposed here. The corresponding dynamics of the system can be defined by:
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N N

da;; dKk,
U:(—Vav(a))~:_z 24K, (@) L@ (3.28a)
dt 7] daij
m=1n=1
where
dK,,,, () 1
(;nTnij = —ﬁsm(alj). k sech? (kcos(aij)) : [(ami)n=j - (bf")m=i] (3.28D)
da 4 o N (3.280)
. ) .20C
dtl] = sin(a;;) N k sech? (k cos(aij)) : (Z Amikmj — z bjnkin>]
m=1 n=1
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Figure 3.6. (a) Two representative graphs along with their respective adjacency matrices; (b)(c)
Evolution of the phases and the total energy as a function of time, respectively. It can be observed
that the energy (V) reduces to 0 indicating that the graphs are isomorphic.

Figure 3.6 shows an illustrative example (considering two graphs of 5 nodes) for

evaluating the isomorphism between two graphs using the model proposed above.
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3.1.f. Minimization of the Ising Hamiltonian and MaxCut

Next, we also illustrate how the above approach can be applied to minimizing the
Ising Hamiltonian, and subsequently, show its application in solving the Maximum Cut
problem- the minima of the Ising Hamiltonian —Zli\,'j,-iq]ijffiffj (Zeeman term neglected
here) corresponds to the MaxCut of the equivalent graph when an edge between the
nodes i and j is represented by J;; = —1. Thus, both the problems also have objective

functions with quadratic degree. We formulate the energy function for the above problem

as:
N
V=A Z Jij(cos(a;) — cos(aj))2 (3.29)
L% )
where J;; = —1(0), if an edge is present (absent) between the nodes i and j, respectively.

The energy function in Eq. (3.29) can be expressed as:

N N N
V=A Z ]l-j(cos(ai))2 + A Z ]l-j(cos(cxj))2 —2A Z Jijcos(a;) cos(aj) (3.30a)

L,ji#] Lji#] INRES]

Further,

> Jyleos(@))? = = ) Acos(@)’ (3.300)

Lj;i%]
where 4; is the degree of the i*® node in the graph. Therefore, Eqg. (3.30a) can be

expressed as:
N N
V= —ZAE:AL-(cos(a:l-))2 — 24 Z Jijcos(a;) cos(a;) (3.30c)
i=1 iJi0% )

Generalizing Eg. (3.30c), we have
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V= —Z C;(cos(a;))? - C z Jijeos(a;) cos(a;) (3.30d)

Lji#]
where C; and C are positive constants. It can be observed from Eq. (3.30d) that IV attains
aminimum when («;, a;) = (0,7) or (, 0). At these specific phase points, Eq. (3.30d) can
be simplified as:

N

N
V= —Z ;i —C Jijcos(a;) cos(aj) (3.30e)

i=1 Lji<j

The first term on the right-hand side is essentially a constant for a given graph. Further,

by considering each oscillator cos(a;) as a spin g;, EQ. (3.30€) can be recast as:

N

Lj;i<j

where, C and C, are positive constants. Eq. (3.30f) is equivalent to the Ising Hamiltonian

(the Zeeman term has been neglected here) with a constant offset.

Using Eg. (3.30d), the corresponding system dynamics can be defined as:

d

N
% = (—VaV(a))i = —2C; cos(a;) sin(a;) — C Z Jij sin(a;) cos(a;) (3.31a)

J=1 j#i
Exploiting the trigonometric  relationships: 2 cos(a;) sin(a;) = sin(2a;), and

2 sin(a;) cos(aj) = sin(a; + aj) + sin(a; — aj), Eq. (3.31a) can be expressed as:
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N
da; . : .
- = G sin(2a;) — Q Z Jij(sin(a; + @) + sin(a; — a;)) (3.31b)
j=1; j=i
c
where Q = >
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(0) s @ e
| 5e °2 .
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Figure 3.7. Computing MaxCut. (a) Illustrative graph considered. Phase evolution, and the resulting
MaxCut solution computed using (b) (c) the proposed model, and (d) (e) the model developed in [85],
respectively. Optimal solutions are achieved using both the models.

Eq. (3.31b) reveals the temporal dynamics of the system. In fact, as a computational
model, Eq. (3.31) presents an alternative dynamical system to the oscillator-based
dynamical system formulation proposed earlier [85]- the ground state energy is still
equivalent to the global minima of Ising Hamiltonian for both the systems, but they will
evolve with a different set of dynamics. Figure 3.7 shows the MaxCut computed on an
illustrative 10-node graph using the proposed approach compared with the oscillator-

based model developed earlier. Optimal solutions are observed in both cases.
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3.2. Oscillator-based dynamical systems to solve COPs on hypergraph (SAT)

In this effort, we design and analyze an oscillator-inspired dynamical system and
show that its dynamics can be directly used to compute solutions to the Max-NAE-3-SAT
problem. As described in the previous section, the Not-all-Equal (NAE)-SAT problem is
an NP-complete variant of the SAT problem which imposes the additional constraint that
every clause must contain a literal that is true and another literal that is false; the Max-
NAE-SAT problem is the optimization version of the problem where the objective is to
maximize the number of clauses that meet this constraint. Ercsey-Ravasz. et al. [94]
proposed an analog computational model for solving the SAT problem which was
formulated using non-oscillating (analog) variables; further, our previous work also
proposed computational models for many combinatorial problems (e.g., NAE-SAT,
integer factorization among others) with non-oscillating analog variable [86]. While we
draw many important insights from these works, our effort here is fundamentally different
in that our dynamical systems use oscillating (analog) variables, and consequently,

exhibit a different set of dynamics.

For this implementation, we formulate the system dynamics as: (—V¢E)L, = ddi;i,

where E is the potential energy function of the system. In contrast to the prior approach,
here, we will first define the system dynamics, and subsequently, aim to show that there
exists a Lyapunov (energy) function which can directly be mapped to the solution to the

Max-NAE-3-SAT problem. We consider a system whose dynamics are defined by:

62



M
d¢i . CmiKm,osc(t' ¢)

m=1
— sin(2t + 2¢);) A cos(2t)
= x(t + ¢:(©) By(t) + x(2t + 2¢,(£)) BA (1) (3.32)
Eq. (3.32) can be interpreted as a (sinusoidal) oscillator under perturbation (B;(t)), and
second harmonic signal injection B®(t) = A, cos(2t) which helps binarize the phases to
(0, ) [68],[103], as illustrated further on. y(t + ¢;) and y(2t + 2¢;) are the first and the
second harmonics of the perturbation projection vectors (PPVs) of the oscillator,
respectively. A and A, are positive constants. It can be observed that the dynamics
described in Eg. (3.32) are a modified version of the dynamics derived in Eg. (3.13b).
However, it must be emphasized here that we do not use the potential energy function vV
since it does not decrease monotonically. Instead, using the dynamics described above,
we will formulate a new energy function E whose ground state maps to the solution to the

Max-NAE-3-SAT problem.

To define E, we first reformulate Eg. (3.32) in terms of the relative phase difference.

Substituting the definition of K, ,5.(t, ), Eq. (3.32) can be rewritten as,

m=1

2
ﬁ (1 — Cpjcos(t + qu))) <1 — Oy cos(t + ¢i)>
2 2

j=1;j#i

M
ddd: =-A sin(t + ¢l) Z Cmi <
(3.33)

—sin(2t + 2¢;) A, cos(2t)

Expanding Eq. (3.33), we have

63



N 2

M
do; A i | | — '
d¢; Z_E Z s o) ( c jccz)S(t+¢’1)>

m=1 j=1;j#i

2

- [ 1 . —c cos(t +¢;)
Z > Cmi SIn(2(t + ) 1_[ < = : ) (3.34)
m=1 j=1;j+#i

—sin(2t + 2¢);) A cos(2t)

Further, using trigonometric identities to express all the product terms in

2

( N (M)) as the sum of cos(.) terms, we rewrite the expression as,

J=1j#i 2

2 2 2 N N
z z z Cus btz ity €OS Z |emjluy |t + Z |cmlujdb
un=-2 Up=—2 U1=—2 j=1; j#i Jj=1; j#i

Using the approach described by Wang et al. [85], a differential equation such as Eq.
(3.34) can be formulated as a Multi-time Partial Differential Equation (MPDE), wherein
the fundamental oscillation is assumed to happen in fast time t; while the phases evolve

in slow time t2. Subsequently, Eq. (3.34) can then be approximated as,

2

dep < 2, 2
l=_AZ Z Z Z Cmi Q1Cy ottty S b,

m=1 \ uy=-2 - -

N

- Z |emjliid;©

i=1; j#i
j=1j 0
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2 2

M 2
3.35
+AZ Z Z z Coni QZCil'ﬂz---ﬂN;iﬂi sin| 2¢; ( )

m=1 \ Uy=-=2  pPp=—2 U1=-2

N

- Z |ems b () — Asq sin(2¢;)

j=1; j*i
J J Q,

Here, Q; = 1when XL, i.i|cmjlu; = 1else Q1 = 0; Q; = 1when T, ii|cm)|u; = 2 else
Q, = 0. Additional details regarding the derivation of Eq. (3.35) can be found in Appendix
l. Remarkably, there is a Lyapunov function E(¢(t)) which can be defined for these

dynamics as,

2 2

E(¢(t))=iI—A ) Z D e O Gl c05| O
i=1 =—2

m=1puN=— Hp==2 py=-2

N
- Z |mjliejd; (@
Jj=1; j=i

e jedemjlij=1 (3.36)

2 2 2

N M
A ) ,
+z E z Z Z Z Cmi Q2 C#L#z---#zv##icos 2¢i(t)

i=1 m=1unN=—2  Up=—2 U1=-2

N Ay
- Z |ij|llj¢j(t) -5 C05(2¢i(t))

Jj=1; j#i

2?]:1; j¢i|cmj|llj=2 |

Unlike V (defined for the SAT solver (in 3.1)), E(¢(t)) is defined in terms of relative phase

difference (and not in terms of the absolute phase). To show that E(d)(t)) is a decreasing

< 0, we express dE(¢®) _ dE($(®) 460\ here dE(¢ (1))

dE(¢(t))
de de;(t) de de;(t)

dt

can

function in time i.e.,

be calculated as,
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0¢;(t)
M 2 2 2 Y
A Z Z . Z Z Cmi Ql C/}b/iz---/iN;iﬂi sin d)l- — Z |Cm]|.ll](]5](t)
T e J=T i e/ (3.37)
M 2 2 2
2A |
72 Z Z Z Crmi Qz ﬂlﬂz un;E; SN Zd)i
m=1pun=-2 2=—2 [l1=—2
N
i de; (¢)
h Z |ij|:uj¢j(t) + Agq sin(2¢;) = — clit
j=1; j#i o
Thus,
9E(¢(¢) d; (t)
o l (3.38)

ap; ()  dt
It can be observed that Eqg. (3.38) represents the system dynamics described earlier.

Subsequently,

dE(Z)t(t)) _ i KGE (¢®) ) <d¢i(t) )l (3.39)

3¢:(t) dt

N
[dqb (t) ] 0 (3.40)
i=1

Eq. (3.40) reveals that E(¢(t)) is decreasing in time.

While Eq. (3.40) represents a general form, we will specifically define the energy E for the
case when each clause contains exactly 3 literals, and subsequently, show that its ground
state can be used to find the solution of the NAE-3-SAT problem. When a clause contains

3 literals (corresponding to variables i, j, k), E can be expressed as,
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E(p) = ﬁ: (T[A. 272N+ i (ZCmicmj (1 + %c,ik) cos(¢; — ¢;)

i=1 m=1;i#j#K;Cp#0
Cmj#0,Cmk#0

1
+ 2Cmicmk (1 + _Crznj) COS(d)i - d)k)

2
1 2
+ 5 CmiCmj i cos(p; + ¢; — 2¢)
1 . 3.41
+ 5 CmiCmk Cm;j cos(¢; + i — 2¢;) (341)

1 2 .2 1 2

+ g CmiCmk (1 + Ech) cos(2¢p; — 2¢y)
1,

+ 5 CmiCmjCmk cos(2¢; — ¢; — d)

A,

N
1 1
+ gc,iic;‘;lj (1 + Ecrznk> cos(2¢; — 2¢j)>) - z >

cos(2¢;)
i=1

The details of this derivation are shown in Appendix Il. The output variables are defined
by the oscillator phases ¢ which settle to {0, z} owing to the second harmonic injection.
We note that if a clause contains literals corresponding to only one or two distinct
variables, i # j # k constraint will not be imposed for that specific clause in Eq. (3.41).
The specific nature of the arguments of the cos (.) functions shown in Eq. (3.41) arise
from the characteristics of the cross-correlation operation performed in Eq. (3.41). The

corresponding dynamics associated with Eq. (3.41) can be defined as,
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. 1 _
T =1A 2_2N+1 z (Zcmicmj (1 + Ecrznk) Sln(¢i - ¢])
m=1;i#j#k;Cyi#0

ij:#O,kaiO

1
+ 2CmiCmk (1 + Ecrznj) sin(¢; — ¢y)
(3.42)

1 .
+ 5 CmiCmj Cinie sin(¢; + ¢; — 2k )

1 s
+ 5 CmiCmkCin,j sin(¢; + i — 2¢;)

1, 2 L 2\
+ 7 CmiCmi (1 + Ecmj) sin(2¢; — 2¢y)

1 1 _
+ Zc;"nic,ij (1 + chnk) sin(2¢; — 2¢;)

+ Gy SIN(20 = ) — b)) A sin(2h1)

Eq. (3.42) describes the phase dynamics of the system which computes the solution to

the 3-NAE-SAT problem. The second harmonic injection signal — Z?’zl%scos(zg) (foran

appropriate injection strength A;) essentially lowers the energy of the system

corresponding to ¢ € {0,7}, since the minimization of —Z?’:l%Ascos(Zcpi) to — YN s

i=1 5
forces the oscillators to take these binary phase values; this concept was also exploited
in designing oscillator-based Ising machines [85]. Thus, when the system achieves
ground state, each 2¢ termin Eq. (3.41) induces a phase difference of 0 or 2w, and hence,
the arguments of the corresponding cos(¢i+¢j —2q,’>k) terms can be simplified to
cos(¢; + ¢;). Further, cos(2¢; — 2¢;) will take constant values at these specific phase

points (represented as C). Additionally, cZ; = c,znj = c2, = 1. Thus, at these discrete
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phase points, E(¢) for a problem in which each clause consists of three literals can be

reduced to,

N M

E(¢p) = mA 272N+1 Z z (3cmicmj cos(¢; — ¢;)

i=1 m=1;i#j#k;Cni*0
ij:#O,kaiO

1
+ 3cmiCmi cos(@; — Py) + > CmiCmj cos(¢; + ¢;)

1 1
+ Ecmicmk cos(¢p; + ¢y) + Ecmjcmk cos(qu + qbk)) +C
(3.43)

A
2

N
cos(2¢;)
i=1

Rearranging Eqg. (3.43),

E(¢) = mA 272N+ i EN: (3Cmicmj cos(¢; — ;)

m=1;i#j#k;c;n;#0 i=1
Cmj*0,Cmk#0

1
+ 3CmiCmk cos(P; — ¢x) + > CmiCmj cos(¢; + ¢;)

1 1
+ 3 CmiCmk cos(¢p; + ¢p) + 2 CmjCmi cos(¢p; + ¢>k)> +C

A,
=) T cos(2¢)

N
2
=1

L

M N M
AS
= > (B gy 8) + €= ) TEcos@) = ) fuldudpdi) +C—C (344)
m=1 i=1 m=1

69



Both ¢ and C; (= ?’=1"7Ascos(2¢i)) are constants at the phase points, ¢ € {0,mr}.

NAE-SAT Clause E(¢;, ¢, ¢ ) for asingle clause (o« [T;; + Ty + Tii])
x = (x4, x),x) ¢ = (0,0,0) ¢ = (0,0,m) ¢ = (0,m,m) ¢ = (m,m,m)
=x=(1,11) =x = (1,10 =x = (1,0,0) =x = (0,0,0)
Crae 189 3 3 4 —51 , 3 y —51 , 3 4 189 y 3 4
= (% Vx; V) 256) ™ 2™ |\ 256 ) T 2™ [\ 256 )™ T 2 | \256) ™4 T 2™
(X_va_jvﬁ) Cnag =0 Cnap =1 Cnap =1 Cnap =0
Chae —51 ) 3 p 189 . 3 y —51 y 3 p —51 3 p
= (x; V% V) 256) ™" 7 2™ | \256)™ T 2™ | \256 )™ T 2™ | 256 )" T 2™
.(x_l-Vx_ijk) Cnag = Cnag =0 Cnap =1 Cnag =
Crae —51 , 3 p —51 , 3 y 189 3 3 4 —51 , 3 4
= (% VE V) 256 )4 T 2™ | 256 ) T 2™ | \256) ™4 T 2™ [ (256 ) T 2™
.(x_l-ij ka) Cnap =1 Cnap =1 Cnag =0 Cnap =1
Crae 189 y 3 y —51 y 3 y —51 y 3 y 189 y 3 y
= (% V¥ V) 256) " 2™ | 256 )™ T 2™ | (256 )™ T 2™ | \256) ™ T 2T
.(xLVxJka) CNAE = 0 CNAE = 1 CNAE = 1 CNAE = 0

Figure 3.8. E((ﬁi,gbj,(,bk) for a single NAE-3-SAT clause computed for different combination of the

literals. It can be observed that the energy is minimum only when the NAE-SAT clause is satisfied. Only
selected combinations have been shown here; a detailed table considering all combinations has been
shown in Appendix lII.

Consequently, E(¢) is minimized when Y¥_, 8., (¢, ®j, ¢y ) is minimum. Now, for a single
clause consisting of 3 literals corresponding to 3 variables x;, x;, x; (here, x;, x;, x;, can

appear in normal or negated form in the clause), ,Bm(qbi, ®j, qbk) can be written as,
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B (di, b7, 1)

= A 272N+1 <cmicmj (6 cos(¢; — ¢;) + %cos(q[)i + (,bj))
3
+ CmjCmik (6 cos(p; — ¢r) + Ecos(qu + gbk)) (3.453)

+ CnkCmi (6 cos(px — @) + ;COS(Gbk + ¢i)>> +C —Cs

Bm(bi @ i) = WA 272N (T + Ty + Tyi) + C — Cs (3.45b)

where

3 :
Ti; = ComiCmj (6 cos(¢; — ¢;) + Ecos(qbi + qu)> (3.46)

Eq. (3.45b) reveals that B,,,(¢:, ¢, ¢« ) is minimum when T;; + Ty + Ty; is minimum.,

At the phase points ¢;, ¢;, ¢y € {0,}, Tij, Ty, Ty; and Ty + Tjy + Ty; are binary in nature
and exhibit the property that T;; + Tj, + Ty;, and thus ﬁm(qbl-, b, qbk) is minimized when
(x:®x;) V (x;@®x;) V (x,,Dx;) = 1. This is illustrated in the following paragraph.

However, first, we simplify (x;®x;) v (xj®xy ) v (x,Dx;) as,

(xieaxj) Y (xjeaxk) V (x,®Bx;) = (xix_j Y x_l-xj) v (x]-x_k % x_jxk) V (xpx; V X x;)
= (x;vx v (GVE V) (3.47)
Remarkably, Eq. (3.47) corresponds to a clause of the NAE-3-SAT problem. The terms
within the first parentheses in Eq. (3.47) implement the standard SAT constraint while the
terms in the second parentheses implement the constraint that at least one literal must

be false. Here, we again emphasize that x; can appear in both normal or negated form;
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for example if the clause is (x; vV X; V x;) the corresponding NAE-SAT clause will be

(x: VX Vxg). (3 V x; v xg).
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8
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> A (b)
~ > TTeel — 1 — P2 -- 3
©180 e
X -~
S S — ¢ — s - b
e ~.‘__‘
O_ T ey
1 1 1
2 10F |
@ (c)
ks
n
o 5
(%2}
>
I
@)
¥ ok 1 . 1 . 1 .
0 50 100 150 200
time (Y/T)

Figure 3.9. Evolution of (a) E, (b) w. ¢;, and (c) number of satisfied clauses with time, for an illustrative
NAE-3-SAT problem with 6 variables and 10 clauses that is solved using the dynamics shown in Eq.
(3.33). In this simulation, w = 2 is used such that T=1.

To show that the energy corresponding to a clause, T;; + T + Ty;, is minimized when an

NAE-3-SAT clause is satisfied, we consider the table in Fig. 3.8. It can be observed from

the table that an NAE-SAT clause is satisfied only when T;; + Tj, + Ty; assumes the

minimum value. Considering the inherent symmetry in the expression, only selected

72



cases have been presented here. However, the complete table has been shown in

Appendix Il1.

Consequently, as the system evolves towards the global minimum of E =

M1 Bm(Pi ¢, dx) + C — Cs, it @ims to maximize the number of satisfied NAE-3-SAT
clauses (defined by (x; v x; v x; ). (3% V Xj V X ). In other words, it computes the solution
to the Max-NAE-3-SAT problem. Figure 3.9 shows the solution for an illustrative NAE-3-
SAT problem having 6 variables and 10 clauses. The oscillator dynamics are simulated
using Eq. (3.33). However, Eq. (3.42) can also be used to compute the solution, as shown

in Appendix IV.
Simulation method

Here, the simulation approach used in the example problems considered in Fig.
3.2 and Fig. 3.9 is described. We use a stochastic differential equation (SDE) solver that
allows noise to be considered; noise can help escape local minima in the phase space.

The SDE that is used to evaluate the time evolution of oscillators’ phases is given by,

dpie = (@i, t) dt + an(Pir, )dw, (3.48)
where f (¢, t) is the right-hand side of Eq. (3.13b) and the right-hand side of Eq. (3.33),
respectively; a,,(¢;;, t) is the amplitude of the noise. A time and phase independent noise
amplitude of 5 x 10~* is used here. w, is a Wiener process [84]. We use the Runge-Kutta
method of order four to develop the differential equation solver [104] in MATLAB. Values

of A and A, used in the simulation are:
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A Ag
10
Alternative Dynamical System to o N/A
Solve SAT (Eq. (3.13b))
5 0.01
NaAE-SAT Solver (Eqg. (3.33)) PP e

The illustrative 3-SAT / NAE-3-SAT problem used in all the above examples is given by:

Y = (X1 VX, V)AL VXL V) A (X, VX3 VX)) A (X VX VXg)
— — — — vy T (3.49)
ALV VX)AEXL VXL VX)) AXy VXL V) A(X VX3 VXy)

A (Xy VX5 VXe) A (X3 V Ry VXs)

3.3. Oscillator Ising machine with higher order interaction among Ising spins

This effort aims to develop a method so that higher order interaction among Ising
spin can be directly mapped to oscillator-based dynamical system [105]. Such systems
can enable the direct mapping and solving of any COPs expressed by Ising spin (not only
SAT). Dynamical system formulations that have been used to ‘solve’ the Ising model
typically consider only pair-wise coupling; examples include, oscillator Ising machines,
coherent Ising machines etc. From an application standpoint, while these characteristics
capture quadratic interactions, the dynamical systems and their supporting computational
models cannot be applied directly to solve problems that require higher order interaction
among the spins [79],[106]. Therefore, the objective of this work is two-fold: (1) define
dynamical systems that model higher order (>2) interactions among the Ising spins; and

(2) map the resulting dynamics to relevant computational problems. We consider two
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examples: computing the solutions for the NAE-K-SAT (Not-All-Equal SAT) problem and
the Max-K-Cut of a hypergraph. Our motivation behind selecting these two combinatorial
optimization problems was that their objective functions directly map to the solution of the
higher order Ising models, and therefore, help illustrate the principle of how dynamical

systems for the higher order Ising models can be used in combinatorial optimization.

The general form to represent higher order interactions among the Ising spins can be

expressed as,

1 2 3 4
H = —Z ]l( )Si _ z ]L(] )Sisj — z ]i(jk)si'sjsk — z ]i(jk)lSiSjSkSl (350)
i i,j i,j,k i,jkl

Where ]i(jz) represents the pairwise interaction coefficient between two Ising spins. The

first term on the right-hand side (—Zi,j]i(jz)sisj) is usually considered when describing

guadratic/pairwise interactions among Ising spins s = {—1,1}"; the Zeeman term which
considers the interaction of spins with an external magnetic field has been neglected here.
Considering the higher order interactions among the spins can help describe the objective
functions of several combinatorial optimization problems (COPSs) as illustrated here with
the example of the NAE-K-SAT problem (without the need for problem decomposition).
The NAE-K-SAT problem is a constrained version of the Boolean Satisfiability (SAT)
problem where the objective is to find an assignment for the variables of the given
Boolean expression (in the conjunctive normal form) such that: (a) at least one variable
in every clause is TRUE (i.e., the clause is satisfied; standard SAT constraint); (b) at least
one variable in every clause is FALSE [107]; the NAE-K-SAT problem is considered here
since it directly maps to the general form of Eq. (3.50), as illustrated further on. Using an

approach inspired by SAT, the NAE-K-SAT problem can be expressed as computing an
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assignment for the variables such that Y (= C;.5; AC,.5, A ...ACy.Sy) = 1. Here, C; =
(X1 VX Vis...Xy), and S; = (k; VX, Vxs...xy) (i.e., S; and C; have the same variables

but in opposite forms).

3.3.a. NAE-K-SAT problem

To illustrate how we can map the NAE-K-SAT problem to higher order interactions
among the Ising spins, we first consider the example of the NAE-4-SAT problem where
each clause of the NAE-4-SAT problem consists of 4 literals, expressed in the general
form as (x; ViV V). (5 VL Vi vi) = (x@x) Vg ®x)Vig®x)V(x @
xi) V(% @ x;) V (x @ x;), where x € {0,1}" (x is a set of Boolean variables). K=4 is
specifically chosen here since it is the lowest K where higher order interactions among
the Ising spins are required to formulate the objective function for the problem (shown in

Table 3.2). To formulate the problem in terms of Ising spins, we utilize the following

1-s;s; .
21 .. Here, the logic

property among the Boolean variables and the spins (xl- @ xj) =
level O (1) corresponds to an evaluation of -1(1) of the expression on the right-hand side,

respectively. Furthermore, the complement of the logical OR among the XOR terms

(xi B x)V(x; ®xp) V..V (x, @x)) can be expressed as, (1 — (ﬂ)) : (1 —

2

(—1_5"5"» (1 — (ﬂ)) Simplifying the above expression yields

2 2

1+5ij\ (1+s;s 1+s;s 14sgs 1
( ~ ]) ( — ") ( — l) ( 2" l) =~ (1+ 585 + siSk + 8iS+ Sk + 5551 + 55y + 5i5;5k51).

It can be observed that besides the second order interaction terms, the resulting
expression also contains a 4" order interaction term among the spins. Consequently, the
objective function for the NAE-4-SAT problem, over M clauses, can be formulated as the

minimization of
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N N

M
Hypp-4—sar = —Z ) (Z(_Cmicmjsisj) + Z (—CmiCmjCmicCmiSiS;SkSt) (3.51)
m=

i LIkl
i<j i<j<k<l

Here, c,,; = 1(—1), if the i** variable appears in the m!" clause in the normal (negated)
form; c,,; = 0 if the i*" variable is absent from the m*" clause. Using the same approach,
we derive such expressions for a few other values of K in the NAE-K-SAT problem in
Table 3.2. Details of the derivation of the objective function for NAE-5-SAT are shown in

Appendix V.

K Expression for a single clause & objective function for the NAE-K-SAT
Expression for a single clause:

(Xi \ x]) (fl \ .f]) = Sisj

2 Objective function:

M N M N
H=-— z Z (—CmicijiSj) = — Z Z ]ijsisj

m=11,j,i<j m=11,j,i<j
Where J;j = —cp;icp;. It can be observed that when the variables appear only in the
normal form i.e., ¢,,; = 0, the expression represents the solution to the archetypal
MaxCut problem.

Expression for a single clause:

(xi VXV xk). (fi VXV a?k) = §;Sj + S;S + SjSk

3 [ Objective function:

M
H=- z z (—le'ijSiSj)

m=1i,j,i<j
Expression for a single clause:

(xi VX Vg vxg). (% Vi VI, Vi)

= SiSj + SiSk + SiS; + Sjsk + Sjsl + SKkS1 + Sisjsksl

Objective function:

77



y N N
H = —Z (Z(_Cmicmjsisj) + Z (—CmiijkaszSiSjSkSz)

m=1\ T3 il
i<j i<j<k<l

Expression for a single clause:

(2 Vi Vo Vg Vo). (% V% VX VXV Xy )
3 = SiSj + SiSk + SiSy + SiSm + Sjsk + SjSl + SjSm + SkS| + SkSm + Si1Sm + SiSjSkSl

+ SiSjSkSm + SiSjSi1Sm + S;SkS;Sm + SiSkS1Sm

Objective function:

) ( ; ; \
H=-— E ) E (—cmicmjsisj) + E (—cmicmjcmkcmlsisjsksl)
m= /

i,j i,j,k,l
i<j i<j<k<l

We note that constants and scalars have not been shown here in the expression for the
single clause as well as for the objective function.

Table 3.2. Objective functions for the NAE-K-SAT problem expressed using Ising spins.

Constructing a dynamical system for the NAE-K-SAT problem. We now aim to

formulate the dynamical system and the corresponding energy function for the NAE-K-

SAT problem. The dynamical system, defined by —(V¢E)i = ddiz", is designed such that

the ground state of the ‘energy’ function (more precisely, the Lyapunov function) must
correspond to a global optimum of the objective function. To construct this system, we
draw inspiration from the dynamics of coupled oscillators under second harmonic injection
which effectively forces the oscillator states to assume a binary phase value of 0 or 1
(details of the second harmonic injection can be found in work by Wang et al. [85]).
Without loss of generality, we assume that one spin state (say, s = +1) is represented by

phase 0 while the other spin state (s = —1) is represented by the phase angle .

78



Subsequently, the second order interaction terms among the Ising spins s;s; can be
represented by cos (8; — ¢;). When the spins are in opposite states i.e., s; = 1(—1);s; =
—1(1), s;5; = cos(cl)l- — cp]-) = —1, whereas when the spins are in the same states i.e., s; =
1(—-1);s; = 1(-1), s;5; = cos(¢; — ¢;) = 1. Similarly, the higher order interactions can be

modeled as shown in Table 3.3.

Order Ising interaction Equivalent formulation for constructing

term dynamical system

1 s; (Single Spin) cos(¢;)

2 SiSj cos(¢; — ;)

3 SiS;Sk cos(¢; — ¢; + ¢pr)

4 SiSjSkSi cos(p; — ¢ + P — P1)

S SiSjSkSiSm cos(p; — ¢j + i — b1 + Pm)

6 SiSjSkS15mSn cos(¢; — ¢ + b — b1 + b — bn)

Table 3.3. Equivalent energy function for modeling higher order interactions among Ising spins.
The second harmonic signal included as a part of the dynamics (not shown here) helps force ¢
to {0, }.

The equivalence between the higher order terms and the corresponding energy term is

shown in Table 3.4.

Second Order Interactions (s;.s;)
Si Sj Si-Sj bi &; cos(¢; — ;)
-1-1 +1 T +1
-1+1 -1 0 -1
+1-1 -1 (54 -1
+1+1 +1 00 +1
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Third Order Interactions (s;.s;.sy)

51 5] Sk Si.Sj. Sk i P; Pi cos(¢; — ¢; + )
-1-1-1 -1 T -1
-1-1+1 +1 T 0 +1
1+11 +1 0w +1
1+1+1 -1 700 -1
+1-1-1 +1 Omm +1
+1-1+1 -1 0m0 -1
+1+1-1 -1 007w -1
+1+1 +1 +1 000 +1

Fourth Order Interactions (s;. sj. Sg.s1)

Si Sj Sk S Si.Sj. Sk S| b Pj di P cos(¢p; — ¢ + i — P1)
-1-1-1-1 +1 TATT +1
-1-1-1+1 -1 nrm0 -1
-1-1+1-1 -1 nn0m -1
-1-1+1+1 +1 nmw00 +1
-1+1-1-1 -1 n0nm -1
-1+1-1+1 +1 n0m0 +1
-1+1+1-1 +1 m00m +1
-1+1+1+1 -1 7000 -1
+1-1-1-1 -1 Ommm -1
+1-1-1+1 +1 OrmO +1
+1-1+1-1 +1 OnrO0m +1
+1-1+1+1 -1 000 -1
+1+1-1-1 +1 00mm +1
+1+1-1+1 -1 00mO -1
+1+1+1-1 -1 000m -1
+1+1+1+1 +1 0000 +1

Table 3.4. Equivalence between the higher order Ising spin interaction terms and the equivalent
energy function.
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Using the above relationships developed in Table 3.2, the energy functions for the NAE-
K-SAT problem can be formulated as shown in Table 3.5. The corresponding dynamics

(dd‘i) shown in Table 3.5, can be obtained from the dynamical system equation % =

—(V¢E) The second harmonic term in the energy function (—C— _,cos(2¢; )) is added
to ensure that the oscillator phases effectively binarize to {0, 7}. The energy contribution
of this term is minimized (= —N%) at the binary phase points ¢ € {0, 7}. Consequently,
by using the appropriate strength of the second harmonic injection (C;), we can ensure
that the energy function reaches its minimum for ¢ € {0,7}. We have borrowed this

approach from prior work on oscillator based Ising machines (with second order

interactions) [85].

K Objective function, equivalent energy function, and dynamics.

2 Objective function:

M N
& Z Z (—cmicmjsis;)
m=11i,j,i<j
3 Energy function:
M N 1 C N
E=C z z CmiCmj cos(p; — ¢;) + 1 -5 cos(2¢;)
m=1|1i,j,i<j | i=1

Dynamics:

M N 1
do; . .
d(l; =C E E CmiCmj Sin(p; — ¢;) | — Cs sin(2¢;)

m=1 j=1

4 Objective function:

H = Z Z( CmiCmjSi sj)+ Z ( CmiCm;jCmkCmiSi s]sksl)

) i,jk,1l
l<] i<j<k<l

Energy function:
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M N
E=C Z Z CmiCm;j c0S(¢P; — ;)
m=1| 7<)
N
+ z Cmicmjcmkcml COS(¢i - d)j + ¢k - ¢l) +1
‘TR
i<j<k<l
N
2 cos(2¢;)
i=1
Dynamics:
do; >
d_tl C z z CmiCm; sin(¢; — ¢;)
m=1 l]=1
N
+ Z CmiCmjCmkCru SIN(P; — @ + . — P1) | — Cs sin(2¢;)
i#j 2kl |
j<k<l

Table 3.5. Objective functions, corresponding energy expressions, and system dynamics for
NAE-K-SAT problems for K=2,3,4, and 5. We note that while the form of the expressions for K=2
and K=3, as well as K=4 and K=5 are similar, the coefficients (c,,;) are different. C is the strength
of coupling among the nodes whereas Cs represents the strength of the second harmonic
injection.

Furthermore, using the dynamical system equation % = —(V¢E)i, we can also show

that for the energy functions described in Table 3.5, % <0 i.e., they are Lyapunov

functions.

N . N . . N . 2
i_]i - £, aﬁ- ' dddzl - Z (_ dd(l;l) dd(il - Z (dd?) (3:52)

i=1 i=1
Figure 3.10 shows an illustrative example of the NAE-4-SAT problem computed using the

proposed dynamical system.
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110 P30

Phase, ¢ ()

S0 Optimal
48}

i (c)
46}

44 1%

# SAT Clauses

42|

40 . N 1 1 1 1 1 1
0.00 0.25 0.50 0.75 1.00

time ()

Figure 3.10. Evolution of (a) phases (¢); (b) energy; (c) number of satisfied NAE-4-SAT clauses for an
illustrative NAE-4-SAT problem (20 variables and 50 clauses) computed using the proposed dynamical
system (higher order oscillator Ising machine).

Simulation Method

Values of C and C, used in the simulation of the NAE-4-SAT are:
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Problem Solved c C

NAE-4-SAT 10 5

3.3.b. Max-K-Cut on a hypergraph

In the prior section, we exploited the binary nature of the Ising spins (along with
higher order interactions among them). We now ‘extend’ the definition of the ‘spin’ in order
to facilitate the design of computational models for an even broader spectrum of COPs

that would benefit from the use of >2 states for each node/spin. To facilitate this, we

express the possible states of a spin as re'’x, where r = 1, and 6;, = %; k=12, ..K—-

1. When K = 2, the possible states are within {1, -1}, which represents the traditional
definition of an Ising spin. In contrast, when K > 2, the ‘spin’ assumes K configurations,

represented as complex quantities (e.g., for K =3, the possible states are 1,

.21(1) ,21(2)

e"3 ,e'" 3 ). While we have utilized this concept for solving combinatorial problems on

graphs (i.e., problems with quadratic objective functions) [82], here we explore this
concept for hypergraphs (that entail higher order interactions) by considering the example

of solving the Max-K-Cut of a hypergraph.

Computing the Max-K-Cut on a hypergraph is defined as the challenge of partitioning the
nodes of a hypergraph into K partitions in a manner that maximizes the number of
hyperedges having nodes that lie in at least two sets created by the partitions [108]. The

Max-K-Cut problem and its comparison with the archetypal MaxCut problem are
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illustrated in Chapter 1, in Fig. 1.5a and Fig. 1.5b for the case of a graph and a

hypergraph, respectively.

To develop the objective function for the problem, each hyperedge of the graph

1 —Re(sis;eifK(M"/))

2

can be expressed as h,, = [175' [1)- 41 (1 — CmiCmj ( )) where s; = 1e'%s; 6,

can assume any of the following values from %; k =1,2,..K — 1 enforced by the higher

order harmonic injection. c,,,; = 1(0) if the j** node belongs (does not belong) to the m*"

hyperedge. We note that the ‘i’ represents the imaginary number v—1 whereas 'i’ refers

to the index.
[ 2km\?
K-1 (805 - 77)
N 202
] 2km
k=1
2km\*\ |
(80 +77)
N 202

+(%—(2k—1)n>.e

f(AB;) is designed such that Re(s;se*(“?i)) = —1(1), if the nodes i and j are placed in
different (same) sets, and essentially reward (penalize) the system in terms of energy,
respectively. Additional details about the design and properties of f,(A6;;) have been
presented in our prior work [82] as well as in Chapter 2 (oscillator Potts machine).

Consequently, if the hyperedge satisfies the criterion for the Max-K-Cut i.e., that the
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nodes that are connected by it belong to at least two sets, the corresponding h,, assumes
a value of 0, else h,, = 1. Subsequently, the objective function for the problem, which

entails maximizing the number of such hyperedges, can be expressed as minimizing H,

where,
M M N-1 N 1_Re(sisjﬁkeifK(A9ij))
H= z hy = Z 1_[ 1 —cpicmj > (3.54)
m=1 m=1 i=1 j=i+1

As an example, considering a hypergraph where the maximum number of nodes
connected by a hyperedge is 3, the objective function for the Max-K-Cut problem can be

expressed as:

H= i 1= CmiCmj (1 - (Sisj*eifx(wij))> (1 (3:59)

2

m=1,i#j*k
Cmi,ij.ka¢0

1 — Re(s;spe'fk(40uw)
~ CmiCmk ( ( l 2 ) 1

1- Re(sjs,’;eifK(Aejk))>>

— CpiC
mj mk( 2

where,

= (3.56)
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For a hypergraph with hyperedges having more than 3 nodes, the objective function
entails the use of higher order interactions among the spins.
To formulate a dynamical system for minimizing the above objective function, we express

Re(sisj‘eifK(Mij)) as cos (Aeij+fK(A9ij)). Furthermore, we restrict the configuration

space of 6 to % where k = 1,2,..K — 1, by injecting the K" harmonic (of sufficient
strength) which lowers the energy at specific phase points, as described in prior work

[82]. The resulting energy function can be described as,

N-1 N

po a3 [T (1 e (D) )8 oy s

m=1i=1 j=i+1 '

i=1
We note that ¢ has been used to express the energy function for the dynamical system
instead of 6 which represents the configuration space of the ‘extended spin’. The

corresponding dynamics for which the function in Eq. (3.57) is a Lyapunov function are

given by:
dé; __OF (3.58a)
dt d0¢;
d¢) A M N h
dtl =37 Z Z CiniCmj SIN (A¢ij + fK(A¢ij)) =
m=1j=1,%i ( <1 — cos (A¢>zj + fK(A¢ij))>>
1-— Cmiij 2
© (3.58b)
— Agsin(K o)
In the derivation of Eq. (3.58b), we exploit the fact that —afgﬁ”) = 0 [82]. Furthermore,

N2
using Eq. (3.58a), it can be shown that 3—f =3 (%) < 0 (similar to Eq. (3.52)).
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We now evaluate our proposed model on a representative hypergraph. We consider a
hypergraph where each hyperedge has 3 vertices. The corresponding dynamics for this

case can then be written as,

dq)i_Ai
dt 2

m=1

CmiCmj SIN (A¢zj + fK(A¢ij)) <1 = CmiCrmic <1 — COS(A(IS”(Z-}_ fK(Ad)ik)))) <1

1- Ap i + i (Ad;
e < COS( ¢1k K( ¢1k))>> €y CogeSID (A¢ik

2

1 —cos (Ag;; + fK(A¢ij)))) <1 (3.59)
2

+ fx (D)) (1 = CmiCmj <

. <1 — cos (A¢j; + fK(A(pjk))))‘ _ Asin(Ke)

Figure 3.11 also shows the computed Max-K-Cut (for K=2, 3, and 4) for a hypergraph
instance (with 10 nodes, and 20 hyperedges). The illustrative problem has a maximum of

4 nodes per hyperedge.
Simulation Method

Here, we describe the simulation approach used to simulate the NAE-4-SAT
problem (Fig. 3.10) and the hypergraph Max-K-Cut problem (Fig. 3.11). We solve the
dynamics using a stochastic differential equation (SDE) solver implemented in MATLAB,;
details of its implementation have been described in our previous work [100]. The SDE

solver incorporates noise that helps escape local minima in the phase space.
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Figure 3.11. Max-K-Cut (K=2,3,4) solutions computed using the proposed dynamical system for an
illustrative hypergraph. Evolution of phases (¢), energy and the Max-K-Cut solution, respectively for (a-
c) K=2; (d-f) K=3; (g-i) K=4.

Values of A and A, used in the simulation of the Max-K-Cut are:

Problem Solved A A
Hypergraph Max-2-Cut 15 10
Hypergraph Max-3-Cut 15 10
Hypergraph Max-4-Cut 10 10
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3.4. Alternative formulations for higher order Ising spin interactions
A general form of the Ising Hamiltonian shown in Eq. (3.50) (also shown below)

with the second order interactions terms (s;s;) being most commonly employed.

Z](l) z ](2) z (3k)ssjsk Z ] kssjsksl
l,

where, s; € {—1,1}, ](”) represents the nt" order interaction coefficient. As described in the

introduction, such higher order interactions can be converted to second order interactions

by adding auxiliary / ancillary variables [79].

Here, we propose a non-linear transformation that allows many body spin interactions to
be expressed in terms of quadratic (two-body) spin interactions without invoking auxiliary
variables. The proposed method can express a higher order Ising spin interaction as a

function of the nonlinear transform of the second order and first order interaction terms.

We express the nt"* order spin interaction term as,
S = $15253S54 ... Sp (3.60)
were, s; € {—1,1}. We have formulated two different alternative expressions for even and

odd order Ising spin interaction. They are discussed in the following subsections.

3.4.a. Higher order interactions: even order
When n is an even numberi.e., n = 2p, p € Z*,
Sp=2ff()—1 (3.61)

where,
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()= ’ll_r)glo tanh {k Z Hsl- (3.62)
T<{1,2,..,n} s;€T
IT|=p

For instance, in the case of fourth order interactions,

4
Sy = Ilim tanh| k z S;iSj
ij, i#])
= Ilim tanh(k(5152 + 5153 + 51S4 + 5353 + 5,5, + 5354)) (3.63)

For the benefit of the reader, Table 3.6 verifies Eq. (3.63) numerically although a formal
proof for this will be presented in Appendix VI.

Sl; SZJ 53, 54 S4- 4 fZ() 2f22() - 1
= 5152535, Z SiSj 4
bt = Ilim tanh| k SiS;
i), i#)

-1,-1,-1, 1 1 6 1 1
-1,-1,-1,1 -1 0 0 -1
-1,-1,1, -1 -1 0 0 -1
,1,1,1 1 2 1 1
-1,1, -1, -1 -1 0 0 -1
1,1,-1,1 1 -2 -1 1
1,1,1, 1 1 -2 -1 1
111’111 '1 0 O -1
1,-1,-1, -1 -1 0 0 -1
1,-1,-1,1 1 -2 -1 1
1,11, 1 1 ) 7 1
1,1, 1, 1 X 0 0 1
1,1,-1, 1 1 2 1 1
1,1,-1,1 -1 0 0 -1
1,1,1, 1 -1 0 0 -1
1,1, 1,1 1 6 1 1

Table 3.6. Original S, and S, obtained using the proposed method for all the possible spin
configurations.
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The complete alternative expression for an 8" order Ising spin interaction term is shown

below:
58 = 5152535455565788 == 2f42 - 1 == 2 (2f22 - 1)2 - 1 = 8f24 - 8f22 + 1 (3648)
4
8 8
Sg = lim | 8| tanh| k Z SiS; — 8| tanh| k Z SiSj +1 (3.64Db)
k—oo
i,j=1,i%j Lj=1i#j

Eq. (3.64b) is the expression of an 8™ order Ising spin interaction in terms of pairwise

interaction.

3.4.b. Higher order interactions: odd order

When n is an odd numberi.e., n=2q+1, q € Z*

Sn = Jq( O fq+1() (3.65)

where f,(.) is defined in Eq. (3.62).

For instance, in the case of fifth order interactions, Ss=f,(.)f5(.), where

()= Ill_{glo tanh(k 21-5,]-, i%] sisj); fa() = ]ll_)rg’ tanh(k Zf’_j,k_ i%j#k sisjsi). This has been

verified in Table 3.7 below. A formal verification for this formulation will be provided in

Appendix VII.
51,52,583,54, S5 Ss > f2() = ° f:() = f2()
= 515, Zsisj [ =) ; [ o \|[*HO
x 35455 lirj ,li_r)?otanh kaSisj) i#j#k ]ll—g]o tanh kk Z Sisjsk/
2 o
-1, -1, -1, -1, -1 -1 10 1 -10 -1 -1
-1,-1,-1,-1,1 1 2 1 2 1 1
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\ N SR A=l A A T =T Al - :
S e S e - - D e - - - - - - e - - - - R - - - R - - - -
— - |5 ~ < | -— - -~ < | — - - R
- - 1 v 1 v 1 v v 1| [T
- - - - - -~ - - - - ~ |
— - - - - - - - - - - -
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- | - | g P — — R
; 1| — NEAEAD : ] ~ |~ = || ; ; - | -~ | |5 -—
- - - - - - - - - - - - ~ © -
— - - - - - - - - -
-— — |~ - - — - - -
Al AP Al A ; 1 - = |~ = |~ |~ |+~ — = | =TT - — — | |
© - T 1 1 1 — |T : ©
- - - - - - - - - - 1 - - - - -
- - — - — — |~ | - - - R - - - - - - -—
- - - Al Al A - Al Al AP A ! ; - -— - |~ | — = |v | |~ |+

Table 3.7. Original Ss and S obtained using the proposed method for all the possible spin

configurations.

The complete alternative expression for a 7t order Ising spin interaction term is shown

below:
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Sg = 51525354855657 = fa fs = f1 f2(2f22 -1 = 2f1f23 -fif2 (3.66a)

7 7 3
S7 = lim |2 <tanh (k (Z si>>> tanh k( Z sisj> (3.66b)
i=1 ij=1i%]j
7 7
— (tanh( (Z Si))) tanh| k ( Z sisj>
i=1 i,j=1i%]j

Eq. (3.66b) is the expression of a 7t order Ising spin interaction in terms of pairwise

interaction.
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Chapter 4

4. Dynamical Properties of Coupled Oscillator-based

Computing Systems

This chapter discusses the incorporation of control theoretic approaches to analyze the
dynamical properties of oscillator-based computing systems, that govern their

computational performance.

Coupled oscillator-based computing systems can be thought of as gradient
descent systems. While such a system evolves through the high-dimensional solution
space towards the ground state energy (corresponding to the optimal solution), it is likely
to encounter many local minima where the system can get trapped, and subsequently,
give rise to a sub-optimal solution. This is illustrated with the example of an oscillator
network with 20 nodes and 114 edges (corresponding to the interactions among the
oscillators) as shown in Fig. 4.1(a). Figure 4.1(b) shows the experimentally measured
Ising Hamiltonian solutions (H) over 100 separate trials. Experiments are done on a chip
of 30 coupled oscillator based Ising machine [69]. Figure 4.2(c) compares the measured
H attained by the system (and its frequency) with the entire combinatorial solution space
i.e., H corresponding to all the possible spin assignments (grey in Fig. 4.1(c)) for the
problem; there are 524,288 possible spin assignments out of which only 7 correspond to
the optimal solution (here, self-biasing of spins is not considered). It is evident from Fig.
4.1(c) that the spin configurations measured using the system are sub-optimal with the

best solution only equal to 92% of the optimal value. Moreover, it can also be observed
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Figure 4.1. (a) A representative network of 20 spins with randomly generated interactions (represented
by edges); (b) Experimentally measured H over 100 separate trials (H,,;,=minimum/optimal H); (c)
Distribution showing occupied energy states (represented by H) and their frequency (orange) compared
to the complete solution space (grey) of the problem (=524,288 possible states); (d) Hamming distance
distribution (normalized) between the experimentally measured solutions over 100 runs.

that the system energy (proportional to H) at which the peak of the distribution of the
measured solutions (over the 100 trials) occurs, coincides with the H value where the
maximum number of local minima states occur. This indicates that in the absence of any
external annealing, the system - despite trying to minimize its energy- gets trapped in one
of the many local minima of the phase space, consequently, giving rise to sub-optimal
spin assignments. Furthermore, we also compute the Hamming distance among the
measured spin assignments (Fig. 4.1(d)) to explore if there is a correlation among the
solutions (generated in each trial). The resulting Hamming distance exhibits a Gaussian
distribution implying that the solutions are widely different from each other, and that the

system gets trapped randomly in any one of the many local minima. This also indicates
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that the trajectory of the system in the phase space likely changes from run-to-run. These
results motivate the further exploration of the dynamical properties of oscillator Ising
machines, specifically from theoretical standpoint. Consequently, we have incorporated
control theoretic methods to analyze OIM. The following section discusses such an

analysis.

4.1. Control theoretic analysis of dynamical systems

Empirically established annealing methods are extensively used to improve
solution quality obtained from different oscillator-based dynamical systems. However,
control theoretic analysis to better understand the dynamical properties of such
computing platforms is largely unexplored. Consequently, in this effort, stability analysis
of fixed points has been utilized to analyze the dynamics of oscillator-based computing
systems [109]. Fixed points are defined as the points in the phase space where the time
derivatives of all the variables become zero. A dynamical system gets stuck in a fixed
point if it is stable. Thus, stability analysis could be helpful to choose system parameters
so that it can avoid such fixed points by destabilizing them. This research effort is limited
to the stability analysis of fixed points of oscillator Ising machines (OIMs). However, a
similar analysis can be done for other oscillator-based dynamical systems described in

Chapter 2, and 3.

In groundbreaking work by Wang et al. [67], the authors demonstrated that a global
minimum of the cost function (referred to as the Lyapunov function by the authors) for a
topographically equivalent coupled oscillator network under second harmonic injection
can be equivalent to computing a global minimum of H. While the minimization of the cost

function in OIM [67], as well as their implementation [50],[51],[71],[110] has been explored
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in prior work, the stability of the globally optimal and locally optimal spin (phase)
configurations and the resulting impact on the OIM dynamics has been largely
unexplored. The works by Erementchouk et al. [111] and Bohm et al. [112] are a few
examples that aim to investigate the dynamics of the OIM while a few more works have
focused on analyzing the dynamical properties in spiking neural network [113]-[116].
Consequently, understanding the properties of the OIM as a nonlinear dynamical system
and elucidating their impact on the computational properties are the primary focus of this

effort.

4.1.a. Stability analysis of fixed points of an OIM using the linearization method
The dynamics of the OIM are such that the oscillator phases settle to 6 € {0, m},
which subsequently, represent s = +1 assignment to the nodes. The computational
capability of this system arises from the fact that the resulting phase configuration of the
oscillators will correspond to a ground state of H. The cost function E(8(t)) and the

corresponding system dynamics are respectively presented as (also shown in Chapter 1)

E(6(t)) =K i W;; cos(8; — 6;) — KszN:cos(ZHi(t)) (4.1)
ij=1, j#i i=1
and
0:0 _ ¢ zN: Wsin(6; — 6;) — Kysin(26;(t)) (4.2)
dt e ij i j S i

where [W] represents the coupling matrix between nodes, K and K represent the strength
of coupling among the oscillators and the strength of the second harmonic injection signal,

respectively. For the MaxCut problem, the weight of an edge E;; in the input graph is

related to the coupling matrix by the relation W;; = —E;;. Using equations (4.1) and (4.2),
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dE(B)

it can be shown that ——= = -2y~ (L(t)) < 0 [67],[85], which consequently implies

dE(G) dae(s) _

dt

that the system will evolve towards the ground state, except when =0 (i.e.,

(t

0). A point in the phase space where — ) = 0 defines a fixed point and there are multiple

such points in the phase space. In fact, every possible spin assignment and its equivalent
in terms of the oscillator phases {6,,0,, ..., 0y}, where 6; € {0,r}, can correspond to a
fixed point. Consequently, the phase space contains 2V fixed points in the system (for
0 € {0,7}); 2V~1 points when symmetricity in the solutions is considered. The fixed points
lying at the lowest energy, if stable, would correspond to an (globally) optimal solution to
the Ising model while stable fixed points that do not lie at the lowest energy would
correspond to locally optimal (globally sub-optimal) solutions. Furthermore, even for the
same energy (including the ground state), some fixed points (i.e., spin configurations)
may be stable while others may not. This implies that the system may intrinsically favor
certain Ising solutions over others leading to a biased OIM. Consequently, engineering
the system stability can have significant impact on the computational characteristics and

the performance of the system.

To elucidate our approach, we consider an illustrative randomly generated
unweighted graph with 20 nodes and 152 edges as shown in Fig. 4.2a. Figure 4.2b shows
a histogram for the energy (quantified using H here) for all possible solutions. It can be
observed in Fig. 4.2b that the graph has 22 spin configurations that yield the minimum
energy (H = —28). However, as alluded to above, the system dynamics may not always

be stable for all the 22 globally optimal configurations.
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Figure 4.2. (a) An illustrative randomly generated graph with 20 nodes and 152 edges. (b) Corresponding
histogram of energy (H) for all (22°) possible spin configurations.

In order to investigate the stability of the globally and locally optimal phase
configurations, we analyze the Lyapunov exponents (A;,A,, 23, ...,Ay) for the system
dynamics. Lyapunov exponents provide a powerful mathematical tool for analyzing the
stability of non-linear dynamical systems [117]. Considering that dynamics are
continuous-time, and the corresponding Jacobian matrix is symmetric [118], the
Lyapunov exponents are the same as the eigenvalues of the Jacobian matrix. For a
phase configuration to be stable, all Lyapunov exponents should be negative. The

Jacobian matrix (/) for the OIM (assuming symmetric unweighted edges i.e., W;; = W)

can be defined as,

E(1,1) —KW,,cos (6, —6,) —KW,3cos (8; —63) .. —KW,ycos(6; —06y)
—KW,,cos (6, — 6,) E(2,2) —KW,3c0s (6, — 63) ... (4.3)
J =|—-KW,scos (6; —0;) —KW,scos (6, — 05) E(3,3) :
— KW,y cos (6, — 6y) ' ' E(N,N)

where E(i,i) = —K Z?’zl,jﬂwijcos (6; — 8;) — 2Kscos (26;). The Eigenvalues of ] for a

do(t)

given point in the phase space where = 0 yield the Lyapunov exponents at that point.

Since all the Lyapunov exponents need to be negative in order for an energy minimum to
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Figure 4.3. (a) Evolution of the largest Lyapunov exponent (1;) as a function of K, for all spin
configurations; (b) Evolution of A, as a function of the K; for the subset of globally optimal phase
configurations. Note: 1, > 0 implies that the particular solution is unstable.

be stable, we focus on the largest Lyapunov exponent (referred to here as 4;) since all

other exponents will be smaller than A, .

Figure 4.3a shows the evolution of the largest Lyapunov exponent (4;) as a
function of K, (K = 1) for the representative graph shown in Fig. 4.2a. All the 22° possible
phase configurations are considered. The evolution of A, for only the globally optimal
solutions is emphasized in Fig. 4.3b. It can be observed that the stability of a spin
configuration is significantly impacted by the strength K, (relative to K) of the second
harmonic injection signal. In fact, if K is small enough (<0.5 for the graph considered
here), then the ground states, i.e., globally optimal configurations themselves can become
unstable. In such a scenario, the system will cease to behave as an Ising machine — the
ground state energy of the system will then correspond to an oscillator phase

configuration where some or all oscillator phases do not settle to O or .

101



No Spin Configuration Stable Not all Global Solutions are Stable  All Global Solutions are Stable

' ' ’ ' T *
K;=0.1 (& XXX 10 (0) XXX
(X X4 1 _ *0 e
K=1 "“' & Largestl; | 8 K=1 e
o @ Smallest 1, 6 R ¢ ¢ Largest 4,
1 2
‘¢ .... ~, ’0 ® Smallest 1,
¢ eee®®’ ¢ o0’
eooe® 2 ¢ Y
l..... 8':’ ... eo0®
_________________________ 00’ " _ ____________.
OI.—?J"_'
28 20 12 4 4 1 -28 20 12 4 4 "
H H

Figure 4.4. Minimum (blue) and maximum (orange) A, for phase configurations lying at a particular
energy (H). Three values of K, are considered (a) K; = 0.1: Since all spin configurations (including the
globally optimal solutions) are unstable, it implies that the oscillator platform will cease to behave as an
Ising machine. (b) K, = 0.8: Some globally optimal solutions are stable while others are unstable.
Additionally, a few locally optimal low energy solutions are also stabilized; (c) K, = 1.5: All globally
optimal solutions are stable. The red box indicates the globally optimal solutions.

Next, for different K, (K = 1), we analyze the distribution of A, for all phase
configurations lying at a given energy (H). Figs. 4.4a-c show the maximum and the
minimum value of A, for phase configurations corresponding to a given H, computed for
three different values of K (0.1, 0.8, 1.5), respectively. In Fig. 4.4a, it can be observed
that since A, for all spin configurations (including the globally optimal solutions lying at
H = —28) are greater than zero, the ground state of the oscillator platform will not be
achieved for 6 € {0, r}. Consequently, it is expected that the oscillator platform will cease
to function as an Ising machine. When K, = 0.8 (Fig. 4.4b), it can be observed that the
maximum and the minimum value of 4, for the globally optimal solutions straddle zero,
i.e., 4, for some solutions is less than zero whereas it is greater than zero for others. This
implies that only a fraction of the globally optimal spin configurations is stable, and
consequently, the system dynamics will preferentially converge to the stable (globally
optimal) solutions. This creates a biased OIM that favors the stable states over the
unstable ones. Additionally, it is also noteworthy to point out that some of the fixed points

corresponding to locally optimal (but globally sub-optimal) solutions lying at low energies
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(H = —24,—-26) are also stabilized. This indicates that the system may potentially get
trapped in one of these states, leading to sub-optimal solutions. However, the value of K,
is such that the solutions lying at higher energies (H > —24) are destabilized, preventing
the system from getting trapped in those states. Finally, when the strength of the second
harmonic injection is increased further to K; = 1.5 (Fig. 4.4c), it can be observed that all
the globally optimal solutions are stabilized. Additionally, increasing the strength of the
second harmonic injection also increases the number and energy of the locally optimal
(globally sub-optimal) solutions where the system dynamics can be stabilized.
Consequently, this should increase the probability of the system getting trapped at a local
minimum. Here, we only consider the fixed points associated with Ising solutions (6 €
{0,7}). There may be other fixed points in the phase space corresponding to
configurations where 6 ¢ {0, r}. We also note that for the OIM dynamics, the stability of
the fixed points can also be alternatively analyzed by using the second order partial

derivative test.

We verify the system behavior predicted above using simulations shown in Fig.
4.5. We consider an oscillator network that is equivalent to the graph considered in Fig.
4.2a, and subsequently, evaluate the dynamics for different second harmonic injection
strengths. We simulate the system dynamics (2) using MATLAB’s® SDE (stochastic
differential equation) solver, where we consider a time and phase independent noise
amplitude of K, = 0.005. When K = 0.1, the oscillator phases, as expected, do not
converge to {0, 7} and the oscillator platform does not behave as an Ising machine. For
larger injection strengths (K = 0.8, 1.5), it can be observed that the oscillator phases are

binarized to {0, }, validating the system’s ability to function as an Ising machine.
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Figure 4.5. Temporal evolution of the oscillator phases for (a) K; = 0.1; (b) K, = 0.8; (c) K; = 1.5,
respectively (K = 1). The oscillator network is topologically equivalent to the graph considered in Fig.
4.2(a). When K, = 0.1, the phases do not converge to {0, 11}, and thus, the system does not behave as
an Ising machine. Measured H for (d) K; = 0.8. (e) K; = 1.5 over 50 trials. Since a smaller number of
locally optimal solutions are stabilized at K; = 0.8 compared to K, = 1.5, the system yields better solution
guality. No solution is obtained for K; = 0.1.

Figures 4.5d and 4.5e show a histogram of the computed H for K; = 0.8 and K =
1.5, respectively, over 50 trials with randomly generated initial conditions. The spin
assignments and the solutions are not computed for K; = 0.1 since the system does not
behave as an Ising machine. Since K = 0.8 only stabilizes some globally optimal
solutions and some phase configurations that lie at low energy (H = —26, —24), it can be
observed that the system dynamics always converge to one of these states. In contrast,
increasing the second harmonic injection strength to K = 1.5 stabilizes all the 22 global
solutions as well as many other phase configurations that lie at higher energies (Fig. 4.5c).

Consequently, it can be observed in Fig. 4.5e that the system dynamics exhibit a higher
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probability of getting trapped at a local minimum (sub-optimal spin configuration). In fact,
over 50 trials, the system never converges to a globally optimal solution (H = —28). This
indicates that the ability to engineer the stability of the local minima can significantly

impact the computational performance of the OIM.

4.1.b. Assessing the stability of fixed points of an OIM from energy landscape
The dynamics and the corresponding cost / energy function of an OIM can be

respectively described by (also shown in previous subsection):

do 3 _ _ 1
v —K' z 'Wi,— sin(6; — 6;) — Kssin(26;(1)) = f;(0) = -5 (VE); (4.4)
i=1,i<j
N N
E(6(t)) =-K Wi-cos(ei —6;) — K ) cos(26,()) (4.5)
i,j;j::i j ] ;

where, 6 = (0,4, 0,65, ...,0y) represents the oscillator phases, and K and K are the
coupling and second harmonic injection strength, respectively. From Eq. (4.4) and (4.5),

it can be deduced that,

N

N 2
e I (@) <0 (4.6)
dt = £106; dt Z dc

1=

i=1
The dynamics described in Eq. (4.4) reveal that the system of equations has multiple fixed

points, where % = 0 (also, —(VE) = 0). In fact, every spin configuration (6;, 65,05, ..., 0y),

9; € {0,m} is a fixed point, resulting in 2V such fixed points. We note that there might be
other fixed points defined by (6,,6,,0s,...,0y) where 6; ¢ {0,7}. The fixed points

(64,6,,04,...,0y) with the lowest energy represent the optimal solutions to the lIsing
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Hamiltonian while the rest represent sub-optimal solutions. In the previous section, we
analyzed the stability of the fixed points, corresponding to various spin configurations, of
the OIM. Specifically, we showed that tuning the ratio of the coupling strength among the
oscillators (K) to the strength of the second harmonic injection (K;) has a dramatic impact
on the stability of the globally optimal and sub-optimal fixed points. This analysis was
performed by using the linearization method, i.e., by computing the Lyapunov exponents,
which in this case, are defined by the eigenvalues of the Jacobian matrix (J). A fixed point
(globally optimal or not) is attractive if all eigenvalues at that point are negative; and

unstable if at least one eigenvalue is positive.

While the Jacobian analysis essentially entails working with the first order
derivatives, the purpose of this work is to present an alternate approach, based on the
second order derivates test of E (using the Hessian Matrix). This novelty of this work
shows that the stability of the fixed points of a class of gradient systems such as oscillator
Ising machines can be directly determined from their energy landscape. This study
demonstrates that an oscillator Ising machine can get stabilized at any energy minima,

i.e., all local minima in the energy function act as attractors.

We show that for an OIM whose dynamics are of the form —a(VE); = % (x = % for OIM),

the stability of the fixed points can be analyzed using the eigenvalues of the Hessian
Matrix (Hg) of the energy function. This is possible since for oscillator Ising machines, the
energy function is a sum of sinusoids (shown in Eq. (4.5)). Consequently, it is continuous
and infinitely differentiable. A fixed point is attractive if all eigenvalues of Hp are positive.

For the unstable case, if some or all of the eigenvalues are negative, then the fixed point
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is a saddle point, or a local maximum, respectively. To prove this, we establish the

equivalence between the two methods [119].

The Hessian matrix for E(8) can be computed as,

[ 0%E 0%E 0%E
00,00, 00,00, 090,00y
9%E 0%E 92E
Hp =(36,00, 06,00, =~ 00,00,
92E 92E " 9%E
(00,00, 06y00,  06y00y]
[ 0°E 0%E 02E
00,00, 06,00, 06,06,
0%E 0%E 9%E
=|06,00, 06,00, = 36,00, (4.7)
92E 92E  9%E
100,00y 06,00y 06y00y]

. L 9%E 9%E
Here, the symmetricity of the second derivatives (aeiae,- = 30706,

) is used. Using Eq. (4.4),

B —l(VE)l- =108 _ fi» EQ. (4.7) can now be expressed as:
dt 2 200;
[ 0°E 0%E d%E
00,00, 060,00, 06,06,
0%E 0%E d%E
Hg =|06,06, 06,00, =~ 06,00,
92E 92E  “  9%E
100,00y, 060,00y 00,00,
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[0(=2f1) 9(=2fi)  9(=2f)]
E 26, 36y
0(=2f2) d(=2f,)  9(=2f)
= 091 692 691\,
0(=2fy) (=2fy) "~ A(=2fy)
| 96, 96, 096y |
0f Oh . OA
96, 06, 36y
=-2106, 06, 06y | = —2J (4.8)
00, 00, =~ 06y

Eq. (4.8) reveals that in OIMs, the Jacobian matrix is half of the negative of the Hessian
matrix (J = —%HE). Consequently, the magnitude of the eigenvalues of the Jacobian
matrix (4;) will be half of the magnitude of the eigenvalues of the Hessian matrix (1,) but
with the opposite sign, i.e., 4, = — %AHE. This implies that the condition for a fixed point to

be attractive, when analyzing the Hessian matrix, is that all eigenvalues be positive. When
some eigenvalues are negative, it entails that the fixed point is a saddle point; when all

eigenvalues are negative, it can be inferred that the fixed point is a maximum. For the

general class of gradient descent systems defined by —a(VE); = % (a >0), 4 = —aly,.
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Chapter 5

5. Future Work

This chapter discusses the potential of coupled oscillators in statistical sampling.

The primary focus of this dissertation is formulating oscillator-based dynamical
systems to directly solve many COPs and performing theoretical analysis for such
systems. Solving COPs is associated with the ground state search process. However, the
extensive phase space search ability of dynamical systems inspires their exploration to
utilize them in the broader field of statistical sampling. In this effort, we have preliminary
performed some analysis to explore if oscillator Ising machines (OIMs) can be utilized to
perform statistical sampling. This analysis presents promising results which in turn

provide broader directions for future work on dynamical system-based computing.

5.1. Statistical sampling with OIM

Statistical sampling is an essential part of machine learning. For instance,
Boltzmann machines utilize Gibbs sampling for training [120]. Since phase spaces of
objects like images are tremendously large, they cannot be identified deterministically,
rather identified statistically. For that, a neural network is trained with a set of objects. The
expectation from a training is that it will replicate the true distribution (distribution of the
complete phase space) with high accuracy. In this dissertation, preliminary investigations
are conducted to obtain statistical samples with OIM. In a Boltzmann machine, the energy

function for the spin / neuronal configuration o, can be written as,
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where n,, and n; are the numbers of visible Visible Layer  Hidden Laye

and hidden layer neurons (spins),

visible and hidden layer neurons, Xy

a;
respectively; a; and b; are biases to the xl_’O by

respectively; w;; is the weight between the it"

visible layer and ji" hidden layer. A schematic
"0
diagram of a restricted Boltzmann machine
- Figure 5.1. Schematic depiction of a restricted
(RBM) [120], a specific type of Boltzmann  Boltzmann machine (RBM).
machine, is shown in Fig. 5.1.

We have described throughout the earlier chapters that coupled oscillators can
directly map graphs. Neural networks like RBM can be represented as graphs as well.
Hence, oscillator-based dynamical systems can be explored to perform statistical
sampling. Here, we mainly consider OIM for performing statistical sampling. Figure 5.2
shows an equivalence between an OIM and a statistical sampler. Oscillators can encode
two neuronal states with their binary phases; 0 (1r) phase encodes active (inactive)
neuronal output or vice versa.

Very few works have demonstrated the generation of statistical samples with Ising
machines. For instance, optical oscillator based coherent Ising machines have been

studied for performing statistical sampling and training Boltzmann machines [121],[122].

In these works, noise has been considered as a key control parameter while obtaining
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Figure 5.2. Equivalence between an OIM and a Gibbs sampling network.

samples. Gibbs sampling follows the Boltzmann distribution, where the probability of

obtaining a configuration o; is computed by,

e - 5.2

e KgT e KgT (5.2)
P(O-i) = 7 = Eaj
Ye KaT

where Ky is Boltzmann constant (a parameter usually considered 1), T is temperature,
and the partition function Z is evaluated as the sum of the probabilities for all the possible
configurations. Since the number of possible states grows exponentially with network
size, it is impossible to determine Z for any reasonable network. Consequently, finding a
finite distribution to replicate a true distribution is challenging. Gibbs sampling is an
algorithm that is used to obtain a good-quality distribution from a finite number of samples.
The Markov chain Monte Carlo (MCMC) algorithm (e.g., the Metropolis-Hastings (MH))
algorithm [123] is a widely used algorithm to obtain such samples and is therefore used

for training neural networks [124]. These algorithms need serial updates which hinders
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the training speed. This motivates the design of methods to parallelize statistical sampling
obtaining approaches. Dynamical systems exhibit parallel updates and therefore can be

considered as possible alternative candidates for obtaining fast samples.
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Figure 5.3. Gibbs sampling for a randomly generated 20-node network (inset Fig. 5.3g). (a) Complete
phase space distribution, phase space distribution obtained from (b) MH algorithm, (c) OIM with low
noise, (d) OIM with high noise. (e)-(h) Probability distribution of the energy states for all the cases shown

in (a)-(d).
Here, we investigate the possibility of parallelizing Gibbs sampling with OIM. The

OIM dynamics are shown in Eg. (1.6). With noise (Weiner process dw;) it can be written

as,

d; S |
d"i =~k ) Jysin (#i(0) — ¢(0) — kssin(26,(0) + Adw, (®-3)

j=1,j#i
where A4,, is noise amplitude. Here, we consider K =1 and 8 = ﬁ Figure 5.3 shows the
B

Gibbs sampling results for a 20-node randomly generated network, obtained by

simulating an OIM. Figures 5.3a-d show the complete phase space distribution, phase
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space distribution obtained using the MH algorithm, phase space distribution obtained

using an OIM with low noise (AL = 10), and phase space distribution obtained using an

OIM with 10 times larger noise (Aﬁ = 1). Figures 5.3e-h present the probability distribution

of the states for all the cases shown in Fig. 5.3a-d. It can be observed that OIM with low
noise mainly occupies the lower energy states and hence is good for solving the Ising
problem, i.e., solving COPs. On the contrary, when high noise is used the probability
distribution generates the true distribution with very good matching. Thus, OIM can

provide Gibbs samples with the help of high noise.

5.2. Parallelization of statistical sampling with OIM

~ 10°F 20 Node Graph
2 10° - B=0.1
§ 107 :— Target Distribution ’\,'f:u‘:\, X
S, ol —@&— OIM: Single Run (20K Samples) 2
alor OIM: 40 Parallel Runs (40x500 Samples)
| . ] . ] . ] . ] . ] . ] . i
-25 0 25 50 75 100 125 150
E (a.u.)

Figure 5.4. Comparison of the probability distribution of the 20-node network (Fig. 5.3g) obtained using
40 parallel OIM samplers with samples obtained using a single run OIM sampler and the true / target
distribution.

Subsequently, we evaluate the possibility of obtaining OIM-based samples by running
multiple OIMs in parallel to enhance sampling speed. Figure 5.4 shows the probability
distribution for the 20-node network (Fig. 5.3g) obtained using 40 parallel OIM runs and
compares it with the probability distribution obtained from a single OIM run as well as with

the true distribution. Here, the total number of samples obtained from the parallel runs is
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kept the same as the number of samples obtained from the serial run. We show that
parallel runs provide similar matching as the single (serial) run. However, parallel runs
can accelerate the sampling significantly. For instance, if we use n OIM hardware (or an
n-core processor), we will be able to achieve around n times speedup while obtaining
samples. Thus, these findings propel the exploration of oscillator-based dynamical

systems in the field of statistical sampling and machine learning.
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Chapter 6

6. Conclusion

In summary, this dissertation work expands the design methodologies and
advances the theoretical foundation for coupled oscillator-based analog computing. Prior
works established that emerging methods for solving combinatorial optimization mainly
rely on Ising machines. In principle, such Ising machines are capable of solving any
combinatorial optimization problem (COP) and are therefore envisioned as a universal
COP-solving computer. However, in practice, Ising machines are not efficient in solving
broader classes of COPs due to the necessity of problem size expansion through a
preconversion to Ising problems and thus demand more computing resources while
solving them. Being motivated by the limitations of Ising machines, in this dissertation, a
novel approach is developed to design oscillator Potts machines with a phase sensitive
coupling function that can be modified to map a wide range of COPs without converting
them to other problems. To assess the efficacy of the oscillator Potts machine, the
computational model for the Max-K-Cut is implemented as an algorithm on an FPGA. The
FPGA implementation demonstrates up to 390x speedup in solving Max-K-Cut over a
state-of-the-art GPU-based Ising solver for benchmarking graphs up to 10,000 nodes

while maintaining similar solution quality.

Another key focus of this dissertation is to map higher order interaction among
spins / variables onto dynamical systems. With this objective, multiple dynamical systems
are formulated to map several higher order COPs, including the Boolean SAT problem.

In order to create a more general method, an extension of the oscillator Ising machine is
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developed that can directly map any higher order Ising spin interaction. Leveraging
methods from combinatorics, this dissertation also develops alternative expressions to
represent higher order Ising spin interactions with nonlinear transforms of second order

interactions.

Since dynamical properties of oscillator-based dynamical systems have been
mostly unexplored, this dissertation incorporates control theoretic tools to analyze the
dynamical properties of such oscillator-based systems. The stability of the fixed points is
evaluated using the linearization technique to understand the role of the system
parameters on the computational performance. The theoretical analysis results provide
insights into the dynamical properties of coupled oscillator-based computing systems,
providing toolsets to improve computational performance of such approaches using

theoretical analysis, while prior works mainly relied on empirically established methods.

Finally, this dissertation explores the possibility of utilizing oscillator-based
dynamical systems to perform statistical sampling such as Gibbs sampling. Such
sampling is performed by introducing large noise in oscillator-based dynamical systems
(e.g., Ising machines). The results motivate the further exploration of coupled oscillators

for sampling and machine learning.

Thus, this dissertation broadens the state-of-the-art of dynamical system-based
computing by introducing new methods to design such systems and bringing theoretical

toolsets to improve their computational performance.
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Appendices

Appendix |
Details of the derivation of the dynamics of the oscillator-based NAE-SAT solver

Here, we describe in detail the steps involved in the derivation of Eq. (3.35)
(Chapter 3, Section 3.2). The dynamics described by Eq. (3.34) (Chapter 3, Section 3.2)

are shown here (again) in:

2

u N
ddq.';i _ _‘; Z Cmi SIN(t + ¢;) l_[ < — Cmj cos(t + ¢J)>

m=1 j=1;j#i
M N ?
$ famicemn(f] )]
=1 J=1j#i

— sin(2t + 2¢);). [A, cos(2t)]

The cos(.) terms in Eq. (Al) are expressed by the following equation,

i (Lmmente @)))

j=1;j+#i

(A2)

2 2 2 N N
= Z Z Z Cps by iy €OS z |ij|n“j>t+ Z Ty

UN==2  pp=—2 p1=-2 J=1; j*i J=1 j=i

Substituting (A2) in (Al),
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dg;

dt
Al 2 2 2 N
==3 Z Crmi z z Cuuy iy SIN(E + @) . cos Z |ij|li
m=1 UN=—2  pHp=—2 py=—2 Jj=1j#i
N
+ Z |em|1; (A3)
Jj=1; j#i
Mo 2 2 2 N
- Ecﬁu' z z z Cur tty ity SIN(2(E + ¢7)). cos z |cmluy
m=1 UN=—2  Hp=—2 =2 J=1; j#i
N
+ z lemi|mid; — sin(2t + 2¢;). [As cos(2¢t)]
j=1; j#i

Eq. (A3) can be written as,

s,
dt
4 B 2 2 2
A4
s DA DI ORI (8
| m=1 UN==2  Up=—2 =2
M 2 2 2
I N c @(t, ). B(t, d)
zcmi Ui lho i E L X i) . P
2

m=1 UN==2  Up==2 =

— sin(2t + 2¢);). [A, cos(2t)]

where, Y (¢, ¢;) and y P (¢, ¢;) are the first and the second harmonics of the perturbation

projection vector (PPV) of the oscillator, respectively; B(t, ¢) is a perturbation which will

, , , h :
have components ranging from the first harmonic to the (2 Z?’:L]-ii|cmj|)t harmonic. As
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mentioned in Chapter 3, we assume that the phase evolution happens on a much slower
time scale than the oscillation frequency. Wang et al. [85] showed that such an equation
(Eq. (A4) here) can be formulated as a Multi-time Partial Differential Equation (MPDE)
and can be approximated by averaging over the fast time. The resulting approximation is
essentially a cross-correlation of the PPV and the perturbation. Since cross correlation of
the i*" harmonic of the PPV with j** harmonic of the perturbation will be zero in cases

where i # j, Eq. (A4) reduces to,

M 2
2\ em 2,
m=1 UN=

do; A
2

2
E - Z CMLMz---MN;:tMi 'X(l) (t, ¢l) B® (t’ ¢)>

(A5)

2
Z Cuptyiin - X P ) . BA(, ¢)>
—sin(2t + 2¢);). [As cos(2t)]

Now, replacing y and B in (A5) with their original expressions from Eq. (A3), and by taking

the average with respect to the fast time, Eqg. (A5) can be rewritten as,

2 2 2

M
do; .
dtl =4 z z Z z Cmi QlCﬁp#z---#Niiﬂi Sin bi
2

m=1\ Un=—-2 Up=—2U1=—

N m (A6)
- Z |cmj |1 ()
Jj=1j=i 01 //
+
M 2 2 2 N
A DD D G 28— Y lemilti @
m=1 \ uy=—2 U=—2U;=-2 J=1j#i

02
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— Ay sin(2¢;)

where, Q; =1 when Y\, i|cmjlu; =1 else Q1 =0; Q; =1 when X)L, ii|cmj|u; =2

else @, = 0. EqQ. (A6) is the result shown in Eq. (3.35) in Chapter 3.
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Appendix Il

Derivation of the energy expression for a 3-SAT clause (oscillator-based NAE-SAT

solver)

Here, the energy expression (Eq. (3.41) in Chapter 3) for a clause containing 3
literals is derived. We assume that the 3 literals correspond to three distinct variables (x;,

xj, x). Thus, Eq. (3.34) from Chapter 3 can be written as,

M
do; A
d(l;l = —52_21\”6 <cmi sin(t

m=1;i#j#k;Ccni#0
Cmj#0,Cmi#0

1 — ¢ cos(t + ;) ? 11— cope coS(t + )\
+ ¢ > >
< 1
- Z <§ c2,; sin(2t (A7)
m=1;i#j#k;cmi#*0
ijio,kaio
2
+26) (1 — Cpj c;s(t + ¢j)> (1 — Cmik c;s(t + ¢k)>2) _ sin(2¢

+ 2¢;) [As cos(2t)]

Eq. (A7) can be simplified to,
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% — _A —2N+2
2

) 1
T (cmi sin(t + ¢;) (1 + Ecrznj — 2Cp;j cos(t + (].')j)

m=1; L:tj:tk Cmi*0
Cmj#0,Cmi#0

1, 1,
+ > Cmj cos(Zt + 2¢j)) (1 + > Cmk 2Cmi cos(t + ¢y)

1,
+ > Cmk cos(2t + 2¢>k))>
M (A8)
1o 1,
- Z Ecmism(Zt + 2¢;) (1 + > Cmj = 2¢mj cos(t + (,‘bj)

m=1;i#j#k;cmi*0
Cmj#0,Cmir#0

1, 1,
+ > Cmj cos(2t + 2¢j)) (1 + > Cmk 2Cmi cos(t + ¢y)

+ %cﬁlk cos(2t + 2¢k))> —sin(2t + 2¢);). [Ag cos(2t)]

After subsequent simplification of the terms and averaging over the fast time, Eq. (A8)

can be expressed as,

de; TA __ 1 .
dtl = —72 2N+2 Z [_zcmicmj (1 + ECTZTLk) Sln(¢i - ¢J)
m=1;i#j#k;Ccni#0
Cmj#0,Cmi#0

1 .
- 2Cmicmk (1 + EC]-Z) Sln(¢l ¢k) lecmj mk Sln(¢l + ¢] - 2¢k)

1 ,
— ECmikaij Sln(d)i + ¢k - 2¢])]
. (A9)
A Ntz Lz 2 Lz g
+ 2 O, [gehche(1+gen)sin@o— 200

m=1;i#j#k;cm#0
Cmj#0,Cmk#0

1 1
+ 7 Chuch (1 + Ec,znk) sin(2¢; — 2¢)
+ iy SIn(21 — b — )| —As sin(20)
Eg. (A9) can be further simplified as,
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dp; mA__ 1 .
WETE ) [zemen (146 sin(6 - )
m=1;i#j#k;ci#0
ij;ﬁO,ka;ﬁO

1
+ 2CmiCmk (1 + Ecrznj) sin(¢; — ¢y)
(A10)

1 .
+ 5 CmiCmj Cnie sin(¢; + ¢; — 2¢x)

1 s
+ 5 CmiCmkCin,j sin(¢; + i — 2¢;)

1, 2 1 2\
+ 7 CmiCmi (1 + Ecmj) sin(2¢; — 2¢y)

1 1,y
+ Zc;‘;lic,znj (1 + Ec,znk> sin(2¢; — 2¢;)
+ Gy SIn(20 = 85 — )|~ sin(20)

Using Eqg. (3.38) from Chapter 3, the Lyapunov function for the above dynamics can be

defined as,

1
E(¢p) = mA.272N+1 Z Z [Zcmicmj (1 + chnk) cos(qbi — (le)
i=1 m=L1;i#j#Kk;cni#0
ijio,kaio

1 1
+ 2¢miCmi (1 + Ecrznj) cos(¢p; — i) + Ecmicmjcrznk cos(¢; + ¢j — 2¢)

1
+ 5 CmiCmicCinj 0S(B1 + i — 2¢)) ALY

1 2 .2 1 2
+ gcmicmk (1 + Ecmj> cos(2¢; — 2¢py)

1 1
+ gc,znicrznj (1 + Ecrznk> cos(2¢i - 2¢j)

N
+1 2 i 200;: — d: — — n_AS 20:
2 lecmjcmk COS( ¢l ¢] (»bk) 2 COS( ¢1)

=1
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Eqg. (All) expresses the energy function for the NAE-3-SAT problem. Eqg. (Al1l) is the

same as the result shown in Eq. (3.41).

Appendix 1l

Energy vs clause status for an NAE-3-SAT clause (oscillator-based NAE-SAT

solver)

Here, we show that an NAE-3-SAT clause is satisfied only when the corresponding

energy term associated with the clause is minimized (for all cases).

It can be observed from the table in Fig. Al that an NAE-3-SAT clause is satisfied only
when the corresponding energy term associated with the clause is minimized.
Consequently, the decreasing nature of the energy function ensures that the system

evolves towards a state that maximizes the number of satisfied NAE-3-SAT clauses.
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NAE-SAT Clause E(¢i,¢j, ¢1 ) for a single clause (oc (Tij + T + Tki))
x = (x4, %), xx) 0,00) | (00m | (0,m0) | (00) | (mwm0) [ Omm) | (w0m) | (mmm)
=x =x =x =x =x =x =x =x
=1L [=(110) |=(101) [=(011) |=(001) |=(100) |=(010) | =(00,0)
E E; E; E E; E, E. E
Cynag = (xi VXV xk) 1 2 2 2 2 2 2 1
S — C =0]|C =1|C =1|C =1]C =1|C =1|C =1]C =0
. (xi VIV xk) NAE NAE NAE NAE NAE NAE NAE NAE
_ E. E E. E- E E. E- E;
Cnag = (xi VXV xk) 2 1 2 2 1 2 2 2
— — C =1]C =0|C =1]C =1]C =0|C =1 |Cyag=1]C =1
. (xi VIV xk) NAE NAE NAE NAE NAE NAE NAE NAE
— E. E. E E E. E; E E
Cnag = (xi VXV xk) 2 2 1 2 2 2 1 2
— — C =1]C =1 |Cyar =0 |C =1]C =1]C =1 |Cyapr=0|C =1
. (xi VXV xk) NAE NAE NAE NAE NAE NAE NAE NAE
— E. E E E E. E E E.
Cyag = (xi Vx; v xk) 2 2 2 1 2 1 2 2
[ — C =1|cC =1|cC =1|cC =0|C =1|cC =0|C =1|cC =1
. (xi VIV xk) NAE NAE NAE NAE NAE NAE NAE NAE
—\, = E E E E E E E E
Cynag = (xi VXV xk) 2 1 2 2 1 2 2 2
— C =1|cC =0|C =1|C =1]C =0|C =1|C =1|cC =1
. (xi Vv xk) NAE NAE NAE NAE NAE NAE NAE NAE
N — E. E. E. E E. E E, E,
Cnag = (xi VXV xk) 2 2 2 1 2 1 2 2
— C =1]C =1]C =1 |Cyar=0|C =11¢ =0 |Cyag=1]C =1
. (xi Vv xk) NAE NAE NAE NAE NAE NAE NAE NAE
— — E. E. E E; E. E E E
Cnag = (xi VXV xk) 2 2 1 2 2 2 1 2
— C =1]C =1 |Cyar =0 |C =1]C =1]C =1 |Cyapr=0|C =1
-(xi VIV xk) NAE NAE NAE NAE NAE NAE NAE NAE
— Ty = E E. E E E. E E E
Cyag = (xi VXV xk) 1 2 2 2 2 2 2 1
C =0|C =1|cC =1|cC =1]C =1|cC =1|cC =1|C =0
_ (xi Vv xk) NAE NAE NAE NAE NAE NAE NAE NAE
189 3
E) = —mA — -mA; =51 3
Ey,=——mnA—-mA
256 2 2= Sep 7 Tts
Figure AlL. E (qbl., qb]., qbk) corresponding to a single NAE-3-SAT clause computed for all the possible

combinations of the literals and phases. Here, E; > E,.
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Appendix IV

NAE-SAT solution with relative phase-based dynamics (oscillator-based NAE-SAT

solver)

(@)

w X ¢; (°)

—$1 — P -3
— Ps — Ps -~ Ps

@ 10

kG

I b

5 (b)

o 5

0
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time (t/T)

Figure A2. Evolution of (a) oscillator phases, calculated using Eq. (3.42); and (b) No. of satisfied
clauses, with time. w = 2m is used such that T = 1. The problem considered here is the same as that
considered in Fig. 3.9.

We show in Fig. A2 that the NAE-3-SAT solution can also be computed using Eq. (3.42)

from Chapter 3.
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Appendix V
Dynamical system for the NAE-5-SAT problem (higher order Ising machine)

Here, we develop the formulation of the objective function and the corresponding
dynamical system for the NAE-5-SAT (K is an odd number) problem. An NAE-5-SAT

clause can be represented as,

C=(;®x)V Dx) Vi ®x)V 0 Dxn)V(xDx)V(x; ®x)
V (3 @ xm) V (i D %) V G D %) V (x; D 1) (A12)

In terms of Ising spins, the complement of C can be written as,

(1 + sisj> (1 + sisk> (1 + sisl> (1 + sl-sm> <1 + sjsk> (1 + st1> (1 + sjsm>
2 2 2 2 2 2 2

(1 + sksl> (1 + sksm> (1 + slsm)
2 2 2

1
= F(l + SiSj + Sisk + SiSl + SiSm + S]-Sk + S]-Sl + SjSm + Sksl + Sksm (A13)

+ S5y, + SiSjSkSy + SiSjSkSm + SiSjS1Sm + S;SkSiSm + sjskslsm)
Thus, the objective function for an NAE-5-SAT problem with M clauses can be written

as,

N N
M
H=—Z ) Z(_Cmicmjsisj)+ z (= ComiCmjCmk CmiSiS;SkS1) (A14)
m= —
L

Lkl
i<j i<j<k<l

where c,,; = —1 (+1) if the i" variable appears in inverted (normal) form in the mt" clause;
cm; = 0 if the i variable is absent in the mt" clause.
Using the approach described in Chapter 3 (3.3), the corresponding Lyapunov function

and the system dynamics can be formulated as,
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Energy:
N
E = C z CmiCmj c0s(¢P; — ;)
ll <]

(A15)
+ z Cmicmjcmkcml COS(¢i - d)j + ¢k - d)l) +1
i,j,kl
i<j<k<l

N
2 cos(2¢;)

i=1

Dynamics:

M | N
d¢>1 e [Z CmiCmj sin($; — ;)

m=1 ]=1

(A16)

]
N
£ il sin( = b5 + b = $1) | — o sin2)

i#j#k#l
J<k<l

Equations (A14), (A15), and (A16) are also shown in Table 3.5.
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Appendix VI

Verification of the expression for even order interaction (Alternative formulation of

higher order Ising spin interaction)

We first numerically verify the formulation shown in Eq. (3.61), for all the possible
spin configurations for even order interaction up to 20. Figure A3(a) shows the number of
possible spin configurations for different even order interactions. Figure A3(b) shows the
errors between the interactions obtained using the proposed formulation and the original

interactions. For all the cases, the proposed transformation provides the exact spin

interaction.
Evenn
6
10°F
[ 0.05k Error = (anz/z(.) -1)-S5,
g 105.‘ Sn = 51525354 ... Sp
£ X -
5 10°}F £
2 (@) C (b)
§1o3— L3000 @ @ @ @ @ 0 0 0
B S S
£ INE
7)) 10°F w“g
:ﬁ: (]
1
lo'_lllllllll _0.05I.I.I.I.I.I.I.I.I
4 6 8 10 12 14 16 18 20 4 6 8 10 12 14 16 18 20

Order of Interaction, n Order of Interaction, n

Figure A3. Numerical verification of the proposed formulation for even order spin interactions (4-20).
(a) Number of possible spin configurations. (b) Sum of absolute errors over all the possible spin
configurations indicating exact match.

Now we will analytically verify the formulation in Eq. (3.61). An Ising spin interaction term

becomes minimum (= —1) when an odd number of spins in it are —1. With the 2q spins

(S1) s S2q) OF Spq, (qu) number of g-order interaction terms ([Irc{12,..n)S;) can be

IT|=q
S;ET
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produced. Here, (qu) is an even number. We will prove that if any odd number of spins

among the 2q spins are —1, i.e., if 5, = —1, %(qu) number of g-order terms will be -1.

Hence, Yrc(1,2,..n3 [Is,er si = 0, which will then lead to f;(.) = 0. This way, S,, = 2f2() —
IT|=q

1 = —1 holds. On the contrary, if S,; = 1, then Xrc(12,..n} [Is,er si # 0. Inthis case, f;(.) =
IT|=q

1. Again S, = 2f7(.) — 1 =1 holds. These 2 conditions can be proved by establishing

the following identities:

Identity I:

y
z<2y+1)<2x—2y—1>_1<2x> (A17)
2r+1/\x—2r—-1/ 2\«x
r=0
where x € Z*; y,r € Z{;x >y > .

Identity II:

f( 2y )<2x—2y)¢1<2x> (A18)
- 2r+1/\x—-2r—1 2\ x

where x,y EZ*;r € Zi;x >y > 7.

To prove ldentity |, we can consider the Vandermonde’s Identity [125] shown below:
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2y+1

(=2 702

r=0

(2y+1)(2x—2y—1

(2y+1
x—2

)+ (0
)(2x—2y 1>+(2y3+1)<2x—2y—1
(2y+1)(2x—2y—1) ( )(

2y =2/ \x—=2y+2
+(2y+1)(2x—2y—1)+(2y+1)<2x—2y—1)
2y x—2y 2y+1/\x—-2y—1
where x € Z*; y,r € Z{; x > y. This expansion has an even number of terms (= 2y + 2).
It can be shown that:

2y +1

GUC-COEEY e
CIEI-CTIEET) e
BUICIN-CIEET e
GUCID-CIIEY e

Hence, for the series in Eq. (A19), each even entry corresponds to an odd entry over r.

Thus, Eq. (A19) can be written as,

2x 2y + 1\ /2x — 2y —1 2v+ 1\ /2x — 2y —1
(0)=2(7 )2 )2 (P50 )+
X 1 x—1 3 x—3

+2(2y+1)(2x—2y—1)+2(2y+1)(2x—2y—1> (A21)
2y —1/\x—-2y+1 2y+1/\x—-2y—-1

Subsequently,
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<2y+1>(2x—2y—1)+(2y+1)<2x—2y—1>+
1 x—1 3 x—3

(Zy + 1) (Zx —2y - 1) s (Zy + 1) (Zx —2y - 1) ~ 1<2x> (A22a)

* 2y—1/\x—-2y+1 2y+1/\x—-2y—-1/) 2\«
zy:(2y+1)(2x—2y—1>_1<2x> (A22b)
\2r+1/\x—2r—1 2\ «x
r=

where x € Z*; y,r € Z¢ and x > .

Eq. (A22b) is the Identity I.

We will now verify Identity Il. Using binomial algebra, we can write:

NE 2x — 2 -
S-S s
y-1 5
= [2¥](1 + z)2*~ %Y Z(; (Zr _3; 1) 42T +1

= [0+ 2P 2 (4 2P~ (1 —))

(A23)
= Z[21( + 2 — (L4 25 (1 - )
1 1
=5 [2*]1(1 + 2)** — > [z*]1((1 + 2)*72Y(1 — 2)*)
Eq. (A23) can be written as,
y= x
2x =2y \ _172x\ 1 - (2Y\ (2x — 2y (A24)
Z(2r+1)(x—2r—1) _§<x>_§ =D (r)( X—r >

r=0

Now we can consider the following relationship,
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X
2 2x —2
2.0 ()52 ) o
o~ r X—T
where x,y € Z; x > y.

Thus,

y-1
Z( 2y )<2x—2y)¢1<2x>
2r+1/ \x—-2r—1 2\ x
r=0
where x,y € Z*; r € Z¢ and x > .

Eq. (A206) is Identity II.
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Appendix VII

Verification of the expression for odd order interactions (Alternative formulation of

higher order Ising spin interaction)

We first numerically verify the transformation shown in Eq. (3.65), for all the
possible spin configurations for odd order interaction up to 20. Figure A4(a) shows the
number of possible spin configurations for different odd order interactions. Figure A4(b)
shows the errors between the interactions obtained using the proposed formulation and
the original interactions. For all the cases, the proposed formulation provides the exact

spin interaction.

Odd n
ok 0.05- Error = (f[n/zj(- ) fins21( )) =Sy
8 Sn = 51525354 ...Sn
S _
< 10°F 5
= <
3 @ 5 (b)
= - 3
§10°F _fo00f@ @ @ 2 000 00
S S
S5
2 10%k N§§
| 5
H+ O
10'k
r 1 1 - 1 11 1 _0'05I.I.I.I.I.I.I.I.I
3 5 7 9 11 13 15 17 19 3 5 7 9 11 13 15 17 19
Order of Interaction, n Order of Interaction, n

Figure A4. Numerical verification of the proposed formulation for odd order spin interactions (3-19). (a)
Number of possible spin configurations. (b) Sum of absolute errors over all the possible spin
configurations indicating exact match.

Now we will analytically verify the formulation in Eq. (3.65). As we discussed earlier, an

Ising spin interaction term becomes minimum (= —1) when an odd number of spins in it

2q+1

q ) number of g-order interaction

are —1. From the 2q + 1 spins (sy, ..., S2g+1) Of Szq41, (
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terms ([Ircf1,2,..ny 5;) and (qufll) number of (g + 1)-order interaction term ([Irc(1,2,..n} Si)
IT|=q IT|=q+1
S;€T S;€ET

can be made. We will prove that if S,,,, = —1, sum of the g-order interaction terms will
have the opposite sign of the sum of the (q + 1)-order interaction terms. In this way, at a
minimum f,(.) and f,.1(.) will have opposite signs and thus f,(.) X fz4+1(.)  will map
S,q+1- In any other cases, they will have the same sign and consequently result 1. These

2 conditions can be proved by establishing the following identities:

Identity IlI:

y
(2x+1) Z(2y+1)( 2x—2y)
2r+1/\x—-2r—-1

r=0
y (A27)
(2x+1) Z(2y+1)(2x—2y) <0
x+1 2r+1/\ x —2r
r=0
where, x € Z*; y,r € Z andx >y > 7.
Identity IV:
<2x+1) 2( )(2x—2y+1>
— 2r+1/ \x—-2r—1
(A28)

y
1/2x+1 2 2x —2y+1
aGer) (2 s ) L5 ) |20
2\x+1 2r+1 x — 2r

r=0

where, x,y €EZ*;r € Zf andx =y > r.

To verify Identity Ill, using binomial series-based algebra we can write,
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y y
2y +1 2x — 2y 2y + 1) 271 222y
Z<2r+1)(x—2r—1) Z(2r+1 1 +2)

r=0 r=0

y
2y+ 1 2r+1 2x—2
y
Z (Zr + 1) (1+2)

r=0

y
2y +1
— [2%1(1 2x-2y ( ) 2r+1
[2*](1 + 2) Z 2r+1)7

=0 (A29)

— [Zx](l + Z)Zx—Zy%{(l + Z)2y+1 _ (1 _ Z)2y+1}

%[Zx](l + Z)2x+1 _ % [Zx](l + Z)Zx—Zy(l _ Z)2y+1

1/2x+1 1
— _( X ) _ [Zx](l + Z)Zx—Zy(l _ Z)2y+1
2 X 2
Similarly, we can write,
y
2y +1\(2x—=2y\ 1/2x+1\ 1_ .. 22y 2y+1 (A30)
Z(;(Zr+1)(x—2r)_2<x+1) 2 7 1A+ 27 A = 2)
Thus,
y
2x+1 2y +1 2x — 2y
( ) ;<2r+1)(x—2r—1>
y
1/2x+1 2y + 1\ /2x — 2y
% E(x+1)_ ;(2r+1)(x—2r)
(A31)
1 1
— E[Zx](1 + Z)Zx—Zy(l _ Z)2y+1 X E[Zx+1](1 + Z)Zx—Zy(1 _ Z)2y+1

= 3 (10 + P (1 = P4 x (4 + 25 (1= )P

Using combinatorics Eq. (A31) can be written as,
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BE)-(E)
C-(Ees)
(o) S )

r=0 r=0

X

where x € Z*; y,r € Z¢ and x > .

Now we can use the following relationship,

(e () e () <o

Thus, combining Eq. (A32) and Eq. (A33) we can write that,
y
(2x+1) Z(2y+1>( 2x—2y>
— \2r+1/\x —2r -1
y
<2x + 1) Z (Zy + 1) (Zx - Zy)
x+1 2r+1/\ x —=2r

r=0

<0

where x € Z*; y,r € Z¢ and x > y.

Eq. (A34) is Identity III.

To verify Identity 1V, using binomial series-based algebra we can write,
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y—1

2y 2x+1—2y) - ( ) x—-2r—1 2x+1-2y
Z(2r+1)<x—2r—1 Z 2r+1 J+2)

<

y-1

— Z (21-2-}(- 1) [2%]22T+1(1 + z)2*+1-2Y

<

y—1

[Zx](]. | Z)2x+1—2y ( >22r+1

= [0+ PP {1+ 2P~ (-

— %[Zx](l + Z)2x+1 _ % [Zx](l + Z)2x+1—2y(1 _ Z)Zy

1/2x+1 1
— E( . ) _ E [Zx](l + Z)2x+1—2y(1 _ Z)Zy

Similarly, we can write,

y—1

2 G ) (057 =) g ama e B
Thus,

(2x+1) yl( )(2x+1—2y)
e 2r+1/\x—2r—1

-1

y
9 1(2x+1) Z( 2y ><2x+1—2y)
2\x+1 4 2r+1 X —2r

r:

[Zx](l + Z)2x+1—2y(1 _ Z)Zy x % [Zx+1](1 + Z)2x+1—2y(1 _ Z)Zy

(A37)

([Zx](1 + Z)2x+1—2y(1 _ Z)Zy) X ([Zx+1](1 + Z)2x+1—2y(1 _ Z)Zy)

Using combinatorics Eq. (A37) can be written as,

138



<2x+1> 2( )(2x+1—2y>
— 2r+1/ \x—-2r—1
(2x+1) z_:( )(2x+1—2y) (A38)
x+1 — 2r+1 x — 2r
1/< 29\ 2% +1— 29\ [~ 29\ 2% +1—2
_ v (2 X — 2y v (2Y ve —zy
_4(2( 1) (r)( X—7r ))(z( 1) (r)( x+1-—r ))
r=0 r=0
where x € Z*; y,r € Z¢ and x > y.

Now we will use the following relationship,

(o @) ) (S ()
Combining Eq. (A38) and Eq. (A39) we can write that,
y—1
%(zx; 1) - Z; (ZTZ-)I]- 1) (2; —+ zlr —21y )
r= (A40)
y
- (B |-e

where x € Z*; y,r € Z¢ and x = y.

Eq. (A40) is Identity IV.
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