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Quantum Invariants and their Connections with Thompson’s
Groups F'and T’

Louisa Margaret Liles

(ABSTRACT)

This thesis concerns extensions and applications of the Jones polynomial invariant of ori-
ented links, and the closely related Witten-Reshetikhin-Turaev (WRT) 3-manifold invari-
ants. We calculate and establish number-theoretic properties of recently developed (¢, ¢)-
series invariants of negative definite plumbed 3-manifolds, leading to the development of
new invariants which may be thought of as ¢-deformed WRT invariants, for ( any root of
unity. This thesis also presents an extension of recent work by Vaughan Jones, who con-
structed links in the 3-sphere from Thompson’s group F/, to the setting of annular links and
Thompson’s group 7. We also present a construction of (n, n)-tangles from F', and show
that the oriented subgroup F of F admits the structure of a lax group action on a category

of Khovanov chain complexes associated to tangles.
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Chapter 1

Introduction

Quantum topology is a modern field of mathematics that connects topology, representation
theory, and physics. The field began in the 1980s when Vaughan Jones formulated the Jones
polynomial, an invariant of oriented links in 3-space [35]. In a process known as categori-
fication, Khovanov provided a link homology theory, now known as Khovanov homology,
whose graded Euler characteristic recovers the Jones polynomial [39]. Khovanov’s cat-
egorification introduced functoriality properties, which have many applications, such as
distinguishing exotic surfaces embedded in 4-space [32]. It was shown by Kronheimer and
Mrowka to detect the unknot [43], whereas the question of unknot detection for the decat-
egorified Jones polynomial remains open. Khovanov homology has inspired extensions to

tangles and links in more general 3-manifolds [8, 9, 10, 40].

The Jones polynomial itself plays a key role in the definition of quantum invariants of 3-
manifolds, as every 3-manifold can be realized as Dehn surgery along a framed link in S°.
The Witten-Reshetikhin-Turaev (WRT) SU(2) 3-manifold invariants, originally conceptu-
alized in physics terms, are calculated using the Jones polynomial of a link obtained from a
surgery presentation for the manifold [47, 64, 67]. More recently, Jones related links in the
3-sphere to Thompson’s groups F' and 7' [36, 37], leading to the discovery that the Jones
polynomial and other link invariants can be recovered from unitary representations of these
groups [4, 5, 6]. This thesis presents results related to the WRT invariants of 3-manifolds,

the Thompson groups, and their connections with link homology theories.



The WRT invariants are a family of 3-manifold invariants indexed by roots of unity. Pio-
neering work by Lawrence and Zagier led to the development of a ¢-series invariant that
(1) defines a holomorphic function on the unit disk, and (2) encodes, via radial limits to-
ward roots of unity, all WRT invariants of the given manifold. Currently, this series is
mathematically defined only for a class of 3-manifolds called negative definite plumbed,
due to Gukov, Pei, Putrov, and Vafa (GPPV) [31, 30]. These authors present a conceptual
framework from physics, predicting that the invariant is the graded Euler characteristic of
a physically defined homology theory. It is therefore expected to play a key role in the cat-
egorification of WRT invariants, which remains an open question. Recently Akhmechet,
Johnson and Krushkal developed an infinite collection of (¢, ¢)-series invariants in which
the GPPV ¢-series invariant corresponds to a special case [7]. These new invariants come
from an extension of Némethi’s theory of lattice homology [58] and are studied in Chapter

3 of this thesis.

In another direction, recent work by Vaughan Jones connects the Jones polynomial to Thomp

son’s groups F' and T', which are groups of piecewise linear self-homeomorphisms of the
unit interval and circle, respectively. Jones was motivated by questions in conformal field
theory to construct unitary representations of these groups, which gave rise to a construction
of links in S® from elements of F'. Jones proved that, via this construction, all link types
can be realized from F', motivating the Thompson group as an analogue of braid groups
for producing links. Aiello, Conti, and Jones subsequently proved that the Jones polyno-
mial defines a positive-definite function on F', and therefore, by a known correspondence

in representation theory, arises from unitary representations of the group [6].

This thesis presents results on number-theoretic aspects of the recently developed (¢, ¢)-
series by [7] and extensions of Jones’ construction of links from the Thompson group in

relation to link homology theories. Specifically, we:



1. Calculate radial limits and establish number-theoretic properties for the (¢, q)-series
invariants of certain infinite families of manifolds. This is the content of Chapter 3,

based on the author’s work in [49] and joint work with Eleanor McSpirit in [51].

2. Provide an analogue of Jones’ program for annular links and Thompson’s group 7',
which has F' as a subgroup. This is the content of Chapter 4, based on the author’s

work in [50].

3. Extend Jones’ construction to build (n, n)-tangles from £ and show that the subgroup
F < F has the structure of a lax group action on a category of Khovanov chain
complexes associated with tangles. This is the content of Chapter 5, based on joint

work with Slava Krushkal and Yangxiao Luo in [44].

We now give additional context for each of the items above.

1.0.1 (%, g)-Series invariants of 3-manifolds

The development of the GPPV g-series invariant began with a celebrated series of Lawrence
and Zagier that unified the WRT invariants of the Poincaré homology sphere. Remarkably,
this series was also a key first example of a quantum modular form, a term subsequently
coined by Zagier with this series in mind [68]. Zagier’s seminal work has inspired an ex-
tensive and ongoing body of research on quantum modular forms; see Chapter 21 of [13]
and the references listed therein. Quantum modular forms have arisen naturally in both
topology and number theory. Due to a theoretical framework initialized by Cheng, Chun,
Ferrari, Gukov, and Harrison [18] and further studied in [19, 20], modularity properties of
these g-series invariants are expected to shed light on the conjectured 3d-3d correspondence
in physics, which predicts mathematical relationships between Vertex Operator Algebras

(VOASs), modular forms, and 3-manifold invariants.



The series of Lawrence and Zagier was extended to an invariant of Brieskorn homology
spheres in [33, 45], and then to an invariant of negative definite plumbed 3-manifolds
equipped with spin® structures in [31, 30]. The authors named the g-series invariant Z (q)
or 7 , and it will be referred to as such from now on. In addition to introducing depen-
dence on spin® structures, [30] provided a conceptual framework from physics predicting
that (a) Z (q) unifies WRT invariants for all manifolds on which it is defined, and (b) Z (q)
can be defined mathematically for all 3-manifolds. Item (a) was subsequently proved by

Murakami [57], whereas item (b) remains an open question of great interest.

Since the formulation of Z , several extensions have been pursued. Quantum modularity
properties of Z were established by Bringmann, Mahlburg, and Milas for infinite families
of manifolds [14, 15]. Gukov and Manolescu provided a two-variable series for knot com-
plements, which yields, for some negative definite plumbed 3-manifolds, a formula for Z
based on Dehn surgery presentations rather than plumbing graphs [29]. Gukov, Katzarkov,
and Svoboda [28] gave a calculation of the Z series for Seifert manifolds that depends only
on Seifert data and illustrates modularity properties previously established in [15]. The Z
series can also be thought of as associated to the A; Lie algebra, and higher-rank general-

izations of the invariant are given by [63, 56].

Recently, an infinite collection of two-variable (t, ¢)-series invariants was developed as a
common refinement of Z and lattice homology, which is related to Heegaard Floer homol-
ogy [7]. These (t, q)-series invariants, denoted Py (¢, ¢), are indexed by admissible families
of functions W, which will be defined in Section 2.6. A specific choice of admissible fam-
ily W = W leads to a series ?(t, q) = Pg(t,q) with /ZA\(l, q) = 2((]) The authors of
[7] highlighted connections between the (¢, ¢)-series and Heegaard Floer homology, which
Zemke has recently shown is isomorphic to lattice homology as F[[U]]-modules. Zemke’s

result lays the groundwork for possible future connections between (¢, ¢)-series invariants



and Heegaard Floer homology.

One focus of this thesis will be this infinite collection of (¢, ¢)-series invariants given in
[7], whose modularity properties and radial limits had not yet been explored. This thesis
provides calculations of the (¢, ¢)-series invariants for two infinite families of manifolds—
Seifert manifolds and Brieskorn spheres—and uses the resulting formulae to establish radial
limits and modularity properties. All manifolds in this thesis are assumed to be rational

homology spheres.

First, we calculate radial limits of the series associated to Brieskorn spheres when ¢ is fixed

to be a root of unity:

Theorem A ([51], Theorem 1.1). Let ¢ be a jth root of unity, & a Kth root of unity, and
Y. a Brieskorn sphere. Define ?g((’, €)= }l\r_‘rol ?g((, Ee™"). These limits exist and can be

thought of as (-deformed WRT invariants. When ( = 1, the WRT invariants are recovered.

We then show that the series studied in the previous theorem is in fact a quantum modular

form.

Theorem B ([51], Theorem 1.2). Let ¢ be a jth root of unity and > a Brieskorn sphere.

The q-series invariant Z (¢, q) of ¥ is, up to normalization, a quantum modular form.

Motivated by these results and by recent extensions in [28], the author extended the modu-

larity result to a larger family of manifolds.

Theorem C ([49], Theorem 1.2). Let M be a Seifert manifold with three exceptional fibers
and let ¢ be a jth root of unity. Then the q-series invariant ?(C, q) of M is, up to normal-

ization, a quantum modular form.

Remark. [t follows from the proofs of Theorem B and Theorem C that if M is a Seifert



manifold with three exceptional fibers and ( is a root of unity, then radial limits of the q-

series ? (€, q) associated to M exist and may be thought of as (-deformed WRT invariants.

The previous theorems concern 7 , the series obtained from a particular choice of admissible
family. The following result establishes that, in fact, any admissible family will lead to

modularity in the case of Seifert manifolds with three exceptional fibers.

Theorem D ([49], Theorem 1.6). Let M be a Seifert manifold with three exceptional fibers,
and let ¢ be a jth root of unity. Then for any choice of W except W = W\ the one-variable
series Py (C, q) associated to M is, up to normalization, the sum of one quantum modular

form and one modular form.

Theorems A through D are stated in Chapter 3 as Theorems 3.1.1, Theorem 3.1.2, Theorem

3.1.4, and Theorem 3.1.7, respectively.

1.0.2 Annular links from Thompson’s group 7'

Jones first constructed a Hilbert space V such that each g € F' gave rise to a unitary trans-
formation 7, : V — V. This Hilbert space V is the limit of a directed system of formal
linear combinations of equivalence classes of tangles. Jones found that for a particular vec-
tor & € V, the inner product (7, (€),&) := L(g) in V gives a diagram of a link in S, and

that any link type arises as such an inner product for some g € F.

However Jones subsequently provided two equivalent ways to build £(g) from g € F that
do not involve the use of unitary representations; see Section 2.8 of this thesis. One of these
methods uses g € F to construct an edge-signed graph I'(g), from which a link £(g) can
be built via Tait’s construction. In fact, to prove that F' gives rise to all link types, Jones

showed that for every Tait graph I', there exists some g € F such that £(g) is isotopic in



the 3-sphere to the link arising from I'.

The Thompson group has since been studied in relation to positive links [2], arborescent
links [3], and closures of Conway tangles [26]. This thesis presents a method for building
links in the thickened annulus A X I from elements of Thompson’s group 7', which contains
F as a subgroup. This method recovers Jones’ construction for the subgroup £ but differs
from Jones’ construction of links from 7" given in [36]. Whereas Jones associates links in
S3 to elements of T', this thesis builds links in A x I, the diagrams of which, under the

inclusion A — R?, become the diagrams of the links arising from Jones’ method.

Given g € T, one can follow the process introduced in Section 4.2 to build an annular
link £4(g). On the other hand, given an edge-signed graph I' < A, one can construct a
diagram of an annular link L,(g) in analogy with Tait’s construction; see Section 2.7.3.

The following is an analogue of Jones’ result on Tait graphs and links from F'.

Theorem E ([50], Theorem 1.1). Let I' <— A be an edge-signed embedded graph. Then

there exists some g € T such that L (g) is isotopic in A x I to Ly (T").

This theorem appears in Chapter 4 as Theorem 4.1.1.

Jones also introduced oriented subgroups F and T from which oriented links in % can be
built. The algebraic properties of these groups were studied in [23, 61], and Aiello proved

that F gives rise to all oriented link types [1].

From Jones’ unitary representations, one can obtain not only link diagrams but also link
invariants. The authors of [4, 5, 6] showed that the Kauffman bracket and Jones polynomial
of links in the 3-sphere define positive definite functions on ' (or ﬁ) and therefore can be
recovered, in the appropriate sense, from unitary representations of these groups. This paper
establishes a similar result for annular links and 7, which follows from the construction of

links outlined in Section 4.2 and from [5, Theorems 6.2 and 7.4].



Corollary F ([50], Corollary 1.2). For certain specializations of t and h, the Jones poly-
nomial of annular links V(4 (t, h) defines a function of positive type on T , and therefore

arises from a unitary representation of T

The full statement of this corollary can be found in Chapter 4 as Corollary 4.1.2.

1.0.3 Thompson’s group /' and link homologies

Although both braid groups and the Thompson group F' give rise to all link types, a feature
of braid groups not yet available for the Thompson group is a set of Markov moves relating
distinct group elements that produce isotopic links. However, it is known that infinitely
many elements of /' produce the unknot. In other words, Jones’ construction of links from
F is not faithful. Based on joint work with Yangxiao Luo and Slava Krushkal in [44], this
thesis presents a method for producing (n, n)-tangles 7,,(g) (rather than links) from g € F,

which has the following asymptotic faithfulness property:

Theorem G. [[44], Theorem 1.1] Suppose g,h € F' are two distinct elements. Then for

sufficiently large n, T,,(g) 2 T, (h).

This is stated as Theorem 5.1.7 in Chapter 5. We also show that F gives an asymptotically

faithful construction of oriented (n, n)-tangles.

Using these tangles, we establish an algebraic relationship between Fanda category of
Khovanov’s chain complexes associated to oriented tangles. To each (m, n)-tangle Kho-
vanov associates a chain complex of (H™, H")-bimodules, where H™ and H™ are graded
rings Khovanov constructed from the Temperley-Lieb 2-category [40]. He showed that the
homotopy category of these chain complexes admits a braid group action. Our main result

below may be thought of as an analogue for the Thompson group:



Theorem H ([44], Theorem 5.20). F has the structure of a lax group action on a category

related to Khovanov chain complexes associated to tangles.

This appears as Theorem 5.3.14 in Chapter 5.

Due to the properties of the construction of links and tangles from F', our result differs from
Khovanov’s braid group action in two ways. First, our action is lax (see Definition 5.3.3).
This structure also appeared in work of Lipshitz, Ozsvath, and Thurston [52, Theorem 15]
as a weak action (see [52, Definition 8.4]) of mapping class groups on bimodules in bor-
dered Floer homology. We refer to it as a lax group action because it is equivalent to a lax
functor between two 2-categories (see Section 5.3). The second modification is the category
itself; we define K™ as a mild generalization of Khovanov’s category K. Our modified
category allows for countable, rather than finite, direct sums of chain complexes, and the

chain complexes are not required to be bounded.
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Chapter 2

Background

Alink L : ]_[le S} < M? is a smooth embedding of % disjoint circles into a 3-manifold
M?3. When the 3-manifold is not specified, it is assumed to be the 3-sphere S®. As is
common in the literature, we will use “L” to denote the image of the map L in M?3. A link

with one component is called a knot.

We consider links up to a notion of equivalence called isofopy. Two links L, and L, are
considered isotopic if there exists an ambient isotopy of M? sending L to L. An ambient
isotopy is a map

F:M?x[0,1] — M?

such that the map Fj, given by Fy(x) = F(x,0), is the identity map and each F, : M — M
is a homeomorphism. The ambient isotopy F' sends L; to Lo if F} o L; = Lo. An oriented
link is a link with a choice of orientation on each component. Two oriented links are isotopic

if there is an ambient isotopy preserving the orientation on each component.
Figure 2.1: A diagram of a knot.

Links are typically represented with planar diagrams (see Figure 2.1). When a link is ori-
ented we may refer to its crossings as either “positive” or “negative” according to the con-

vention outlined in Figure 2.3.



11

)

Figure 2.2: A diagram of an oriented link.

’\Jr/‘ ’\/\
Figure 2.3: A positive crossing (left) and a negative crossing (right).

A single isotopy class of links can be represented by infinitely many diagrams. However, a
classical result of Reidemeister states that two links are isotopic if and only if their diagrams

can be related by a finite sequence of three moves, called Reidemeister moves (see Figure

Type I
—

e
Type 11 )
—

~

Type I\ i
N

Figure 2.4: Reidemeister moves on link diagrams.

2.4).

X X6

2.1 The Jones polynomial and Kauffman bracket

The Jones polynomial is an invariant of oriented links in the 3-sphere. It is often calculated

via another polynomial called the Kauffman bracket, developed in [38].

The Kauffman bracket assigns to a diagram D the polynomial (D) € Z[A, A~!] according
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to the following rules:

L {O)=1.

2. (DUQ) = (—A% — A-2)(D).

3. 0 =A) + 47100

Rule (1) states that the Kauffman bracket polynomial of a trivial circle is equal to 1. Rule (2)
states that if one takes the disjoint union of L with an unlinked trivial circle, the Kauffman
bracket polynomial of the resulting diagram is equal to (—A? — A~2) times the Kauffiman
bracket polynomial of D. Rule (3) is called a skein relation. In a neighborhood of a single
crossing, we may change the diagram one of two ways to resolve the crossing. The resulting
diagrams are depicted above as < and ) (, and the unchanged diagram is ». The skein
relation allows us to rewrite the Kauffman bracket polynomial of a diagram with £ crossings

as the sum of two Kauffman bracket polynomials of diagrams with £ — 1 crossings.

In practice, by repeatedly applying the skein relation to a diagram D with £ crossings, we
may decompose (D) into a sum of 2* terms, corresponding to all possible ways to resolve
all crossings. The remaining diagrams contain disjoint closed circles, and can be evaluated
using rules (1) and (2). One can check from the definition that (D) is invariant under

Reidemeister moves of Type II and III, but not Type I.

Although the Kauffman bracket is not a link invariant, it is an invariant of framed links.
A framed knot in S® is a knot K together with a trivialization of its normal bundle, i.e. a
homeomorphism

¢ :vK — S' x D2

Equivalently a framed knot can be thought of as a knot plus an integer, which represents

the linking number between K and the preimage ¢! (), where A = S! x {1} C S! x D?.
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A framed link is a link together with a framing of each component.

Performing a Reidemeister move of Type I on a diagram changes the framing of the link
component by +1, whereas Reidemeister moves of Type II and III do not change the fram-
ing. Framed links arise in the study of 3-manifolds and the computation of Witten-Reshetikhin-

Turaev invariants, see Section 2.2.

The Jones Polynomial

The Jones polynomial, denoted V7,(¢) for a link L, is an invariant of oriented links given by

M
~
[ NI
N
NG
—

where D is any diagram of L and w(D) is its writhe. The writhe of a diagram is equal to
the number of positive crossings, minus the number of negative crossings. One can verify
that V7, (¢) is invariant under all three Reidemeister moves, and is therefore an invariant of

oriented links.

2.2 The WRT invariants

The Witten-Reshetikhin-Turaev (WRT) invariants are a family of 3-manifold invariants in-
dexed by roots of unity. Initially conceptualized by Witten in physics terms [67] and made
mathematically precise by Reshetikhin and Turaev [64], the WRT invariants have a com-
binatorial formulation in terms of the Kauffman bracket, which was given by Lickorish

[47].

Given a framed link L in S®, one can construct a 3-manifold via a process known as Dehn
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surgery on S® along L. For the details of this construction, see [48, Ch. 12]. A key result
in 3-manifold topology, proven independently by Lickorish and Wallace, states that every
closed, connected, orientable 3-manifold arises as Dehn surgery on S® along a framed link
[46, 66]. A result of Kirby states that two framed links yield homeomorphic manifolds if

and only if they can be related by a sequence of two moves, called Kirby moves [42].

If a manifold M can be realized as Dehn surgery along a framed link L, we say that L is a
surgery presentation for M. To calculate WRT invariants using Lickorish’s formulation, one
fixes a surgery presentation, calculates the Kauffman bracket polynomial of a certain linear
combination of framed links corresponding to L, and then evaluates the polynomial at roots
of unity. The resulting value does not depend on the initial choice of surgery presentation.

The details of this process are discussed in [48, Ch. 13].

2.3 Negative definite plumbed 3-manifolds

Let I' be a finite graph with integer weights on its vertices. As in [7], we restrict to the
case in which I is a tree. Let m : v(I") — Z be the corresponding weight function and let
s = |v(I")|. Choosing an order on v(I") enables us to write a weight vector m € Z° given
by m; = m(v;) and a degree vector § € Z° given by ¢; = d(v;). With this ordering, we can

associate to [ a symmetric s X s matrix M given by

m; 1=]
Mij=41 i # j and v; and v; are connected by an edge

0 otherwise.

We say [ is negative definite whenever M is negative definite.
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To obtain a 3-manifold from T, create a framed link £(T') C S® by associating to each
vertex v; an unknot with framing m; and Hopf linking unknots together whenever their
corresponding vertices share an edge. The linking matrix of £(I") is the plumbing matrix
M. The 3-manifold Y (I") is defined to be the result of Dehn surgery on £(I'). Equivalently,
Y = 0X where X is obtained by adding 2-handles to D* along £(T"). The second homology
Hy(X;7Z) has a basis given by s spheres, corresponding to each vertex of the plumbing
graph. The pairwise intersection of these spheres is given by the matrix M above, therefore

M represents the intersection form on X.

-2 =2 =2 =2 -2 -2 =2

N CIATIED

Figure 2.5: A plumbing tree and its associated link for the Poincaré homology sphere (2, 3, 5).

In general, we say Y is a negative definite plumbed 3-manifold if it is homeomorphic to
Y (") for some negative definite plumbing graph I'. Two distinct negative definite plumbing
trees may result in homeomorphic manifolds; in fact this is the case if and only if the trees
can be related by a finite sequence of Neumann moves of type (a) and (b) [59] (see Figure
2.6). Therefore an invariant of a negative definite plumbed manifold ¥ must be invariant

under these Neumann moves on its underlying plumbing graph.

my + 1 mo + 1

> <« NS

my + 1 Type (b) mp  —1
— ?—0

Figure 2.6: Neumann moves of Type (a) and (b).
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2.3.1 Spin‘ structures

Both lattice homology and the (¢, ¢)-series invariants depend on a choice of a spin® structure,
which can be thought of as a higher-dimensional analogue of an orientation. To understand
spin® structures on a negative definite plumbed 3-manifold Y we can consider spin® struc-

tures on the manifold X it bounds.

Since X is a 4-ball with only 2-handles attached, its fundamental group is trivial. Therefore
we may apply a known fact about simply connected 4-manifolds that spin® structures are in

correspondence with elements of

Char(X) = {k € H*(X;Z)|k(z) + (z,z) = 0 (mod 2) forall x € Hy(X;Z)},

where (—, —) denotes the intersection form and k(z) is the evaluation of the cohomology
class k on the homology class z. The first homology H,(X;Z) is trivial, so by the Uni-
versal Coefficient Theorem H?*(X;Z) = Hom(H,(X;Z),Z). A basis for Hy(X;Z) was
previously specified, so we may consider its dual basis of H?(X;Z). In this framework,

we identify both Hy(X;Z) and H*(X;Z) with Z*, and k(x) = k - z, the usual dot product.

One can check, using the basis elements above, that Char(X) = m + 2Z°. One can then

use Poincar¢ duality and the long exact sequence of a pair to show that

m+22° 8+ 22
oMZs+ ~ 2MZ*

2

spin“(Y') (2.3.1)

where the second isomorphism is given by [k] — [k — (m + )] (for details see [29, Section

4.2]). Note that foru = (1,1,...,1), (m + &) = Mu. Spin® representatives in t22 are

commonly denoted [a] in the literature; this thesis will follow that convention.
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2.3.2 Brieskorn homology spheres

One infinite family of negative definite plumbed 3-manifolds is the set of Brieskorn ho-
mology spheres. Let (by, by, b3) be pairwise relatively prime positive integers such that

by < by < bs. The corresponding Brieskorn sphere (b, by, b3) is given by

E(bl,bg,b‘g,) = {(Zl,ZQ,Zg) € C3 ’ len + 212)2 + 233 = 0} N SS C CS,

the intersection of a singular complex surface with the unit sphere in C3. This intersection

admits a smooth structure.

2.3.3 Seifert manifolds

Seifert manifolds are another infinite family of negative definite plumbed 3-manifolds, de-

termined by the data

(b, (al, bl), e (ak, bk)),

forb € Z,0 < aj < by, and ged(ag, by) = 1. A Seifert manifold given by the data above
is referred to as having “k singular fibers” or “k exceptional fibers.” Brieskorn homology
spheres are known to be Seifert manifolds. Given ¥(cy, co,c3) as above, Neumann and
Reymond outlined a procedure by which one can find (b; (aq,b1), ... (as, bs)) such that

Z(Cl, Co, 63) = M(b, (0,1, bl), ceey (ag, bg) [60, Theorem 21]

When referring to the vertices of a Seifert manifold’s plumbing graph, we will follow the
convention of [28] where 1-valent vertices are called leaves, 2-valent vertices are called
joints, and vertices of valence > 3 are called nodes. A general Seifert manifold given by
(b; (a1, b1), ... (ax, b)) has a plumbing graph with one node of degree k and weight —b, k

leaves, and some joints connecting the leaves to the node. The k legs of this star-shaped
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graph are given by the expansions of 7,1 <7 < k, as continued fractions (see Figure 2.7).

1
— =C —
b; |
7
02 -
1
B
1 1 1
e ) ey,
@
—b
-®
k k k

Figure 2.7: A plumbing tree for M (b; (a1,b1), ..., (ak, bx)) obtained from continued fraction de-
compositions of Z—:

2.4 Modular and quantum modular forms

This section provides a brief overview of modular and quantum modular forms of half-

integral weight. For more details, we direct the reader to [62, 65].

Let H denote the upper half complex plane. Modular forms are holomorphic functions f :
H — C that behave “nicely” with respect to the action of SL(2, Z) on H by linear fractional
transformations. The meaning of “nicely” will be specified momentarily in Definition 2.4.1.
Fory = (¢%) € SL(2,Z), its action on 7 € H is given by

ar +b
cr+d

VT =
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Often functions are not modular with respect to the action of the whole group SL(2,7Z), but
rather with respect to that of some subgroup. Two subgroups that appear in the theory of

half-integral weight modular forms are

a b
I'1(N) := €SL(2,Z): a=d=1(mod N), c=0 (mod N) ;;
c d
\
a b
['(N) := €SL(2,Z): a=d=1(mod N), b=c=0 (mod N) >,
c d
\

where N is called the level of the subgroup. We also define, for d odd,

1 ifd=1 (mod 4);
i ifd=3 (mod 4),
and the Petersson slash operator of weight k£ € % given by
(et +d)7*f(y7) itk € Z;

Fliy(7) =
e (&) (er+d) ™ f(yr) ifkel+Z,

where () denotes the Jacobi symbol. Throughout this thesis we let /= be the branch of the
square root with argument in (—7 /2, 7/2]. We now give a formal definition of a modular

form.

Definition 2.4.1. Let I" < SL(2,7Z) be a subgroup of level N such that 4|N. A holomorphic

function [ : H — C is a modular (resp. cusp) form with multiplier x and weight k € % if

1. forally €T, f —xX(v)flxy =0, and
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2. forall y € SL(2,Z), (cT + d) 7% f(y7) is bounded (resp. vanishes) as T — icc.

Let us now discuss quantum modular forms. These can be thought of as an analogue of
modular forms, defined on Q U ioo rather than H. Observe that SL(2, Z) acts transitively
on Q U zoo. If one were to require that a function f : Q — C satisfy the transformation law
given in item (1) of Definition 2.4.1, the function f would be determined by a single pair
(x, f(x)). A more interesting object f : Q — C is a quantum modular form, which admits

some reasonably “nice” obstruction to modularity.

Quantum modular forms of half-integral weight are defined as follows.

Definition 2.4.2. LetT" be a subgroup of level 4| N. Let Q be a denote Q\ S for some discrete
set S, with Q closed under the action of I'. We define a quantum modular form of weight
k with multiplier x for T to be a function f: Q — C such that for all v = (2 Y) € T, the

Sunction h.,: Q\{y*(ic0)}) — C given by

extends to some “nice” function on R.

Remark. The definition of quantum modularity is still under construction, and “nice” takes
on different meanings in different contexts. The obstructions to modularity in Theorems

3.1.4 and 3.1.7 extend to smooth functions on R that are real-analytic on R \ v~ (io0).

Often we use the map 7 +— ¢ = ¢*™" to think of modular forms as functions on the interior
of the unit disk in C rather than the upper half plane. Through this lens, quantum modular
forms are defined at roots of unity. In Section 3.4, we will use the following standard lemma

to renormalize powers of ¢:
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Lemma 2.4.3. If (1) is a quantum modular form of weight 1/2 for I'(4pj) with multiplier

X, then (1) is a quantum modular form of weight 1/2 for T'(4pj?) with the same multiplier.

In the literature, a function F' defined on the interior of the unit disk may be referred to as
a quantum modular form— this is understood to mean that the radial limits as /" approaches
roots of unity define a quantum modular form. Quantum modular forms can also be system-
atically built from modular forms using the theory of Eichler integrals, which is discussed
in the following section. The quantum modular forms in Chapter 3 are Eichler integrals of

cusp forms.

Modularity and quantum modularity occur naturally in both number theory and topology. In
fact, a key first example of quantum modularity was the g-series associated to the Poincaré
homology sphere by Lawrence and Zagier [45]. Other topological invariants with connec-
tions to modular and quantum modular forms include Donaldson invariants of 4-manifolds
[25] and colored Jones polynomials of framed links [22, 33, 53, 54]. Quantum modular-
ity properties of the 7 invariant have since been established for several infinite families of

manifolds by [14, 15].

2.4.1 Eichler integrals

The theory of Eichler integrals began with the work of Lawrence and Zagier [45]. Many au-
thors have since generalized this procedure to systematically construct families of quantum
modular forms from modular forms [16, 21, 24]. Below we briefly outline the procedure

of [16], modified to fit the context of this thesis.
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Suppose a function F'(7) for 7 € H may be written as

for some integer M. If a related function f given by

7ty =" n-a(m)giv,

n>0
is a cusp form of weight 3/2 for [';(IV), then F' is a quantum modular form.

To show this, Bringmann and Rolen consider the non-holomorphic Eichler integral of f,

given by

F*(1):= = iCN dw, (reH).

They show that after suitable renormalization, the functions F'(7) and F*(7) agree, in a
precise sense, at any = € Q. Specifically for any x there exists a sequence 5(0), 5(1), ...

such thatast — 0™,

it (—t)" it tr
F — | ~ Ffle—— |~ —.

(x * 2#) ; pr) r! and (:1: 27r) Z Br) 7!
The non-holomoprhic Eichler integral F™* above has quantum modularity properties by con-
struction. The obstruction to modularity h.,(7) for 7 € H™ and v = (¢ 4) € I';(N), given

by
) . i f(w)
hn(r) i= F'(7) = ()l () = |

7~1(ic0) \/ —i(w = T)

dw,

is “nice” in the sense that it extends to a C'*° function on JH~ = R which is real-analytic
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on R\{y~*(ico)}. The function F'(7) inherits the quantum modularity of F*(7) as a con-

sequence of their agreement at rational points.

2.5 The GPPYV invariant Z

The Z(q) series defines a holomorphic function on |g| < 1 C C, and is an invariant of
negative definite plumbed manifolds with spin® structures. Throughout this section we let
M denote a negative definite plumbed 3-manifold, and let [a] € 2t2Z° denote a choice of

2M73

spin® structure.

Definition and Intuition

The Z invariant was defined in [30] as follows:

~ —35—>, My dzv _ . _
Z(g) =g~ T V. f . [[ o -G-a)" e @D
Ful= vev(T) v

wp —wd wep wf
|zo|=1 z1|=1 |22]=1 |zs|=1

where

and

We now discuss an interpretation, which was first given in [28], of the above formula (2.5.1).

. —35—>, My . .
First note that ¢— 1 , commonly referred to as the prefactor, is obtained from the

plumbing data. The principal value, or v.p., of each integral refers to the average of two

integrals over |z;| = 1 +cand || =1 —¢.



24

By the residue theorem, we know that

dz; (2 — 27 1)20
X 7 i
|zs|=1—¢ 27TZZZ'

identifies the constant term in the Laurent series expansion of

(2 — 2 ')

centered at z; = 0. Similarly, the integral over |z;| = 1 + ¢ identifies the constant term in

the expansion at z; = co.

Definition 2.5.1. Given a function f(z): C — C with Laurent expansions of ., arz"
centered at z = 0 and Y, byz~" centered at = = oo, define the symmetric expansion,

denoted s.e., to be the formal power series given by
1
se.(f) = 5(; arz® + g bz F

We can now think of

dz,
ij{ ij{ ijl{ H S (2.5.2)
|z1|=1 |z2= |1 |%51=1 y&o(r mzv

as identifying the constant term in the product

H s.e.( T2 = Fy(2).

veu(T)

Here, note that Fi(Z) is a formal power series and does not necessarily converge. Fixing
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some ¢ € Z°, let 2* := [], 2. The integral

tar—1
returns the coefficient on 7~ in Fy, multiplied by qe Ea

The following integral can therefore be thought of us repeating the above process for each

¢ € [a] and taking the sum over all ¢:

dz, 19— _
f =1 H 2miz (20 = 2,1)" 5v -0, "(2).

vev(T)
The following fact about s.e.(z; — z; *)?7% will be used below and throughout this thesis.

Lemma 2.5.2. The coefficient on z; ™ is nonzero in s.e.(z; — z; 1)?7% = n = §; (mod 2).

Proof. The conclusion follows from the fact that the Laurent expansion of (z; — z; *)?~%
on|z| < 1is
24115, —2
<_ Z Z * ) )
k>0
and the expansion on |z;| > 1 is
—(2k+1)\5,—2
Qo=
k>0
]

From Lemma 2.5.2 it follows that

Fy = Z Flq,

a€spin®(M)
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where each Fj, consists only of terms z* for [¢(] = [a]. Therefore another way to write the

7 series for the pair (M, [a]) is

vy
1

where L), is a Laplace transform sending ¥ — ¢

Fixing a manifold M and summing over all its spin® structures, one obtains a related invari-

ant series Eo(q) which no longer depends on a choice of spin® structure, given by

Zol)= Y. Zul@=q T LulFe(2).

[a]€spin® (M)
Reduction Theorem of Gukov-Katzarkov-Svoboda

The authors of [28] provided a formula for the 20 invariant of Seifert manifolds which
depends only on Seifert data. Specifically, given M = M(b; (a1,b1), ..., (ak, b)), let

A=1], cick s @ 7= g, and fy(z) be the rational function given by

B H1§i§k(2a7 — 2z %)
= A A :

fo(Z) .

Zz5 =z

The authors of [28] show that one can calculate 7 for a Seifert manifold by instead con-
sidering the symmetric expansion of f; and performing a Laplace transform £, sending
2" qg.

Theorem 2.5.3 ([28], Theorem 4.2). Let M = M(b; (a1, b1),. .., (ax, b)) be a rational
homology sphere, and let |H| := |H(M;Z)|. Then

Zo(q™) := P La(s.e.(fol2))),
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where A € Q can be obtained from the plumbing data.

Remark. The authors of [28] also show that A can be expressed in terms of the Casson-

Walker invariant of M and its plumbing data.

Theorem 2.5.3 is particularly useful because it allows one to more easily see some of the
modularity properties first established by [14, 15]. Its proof significantly inspired that of
Theorem 3.1.3 in Chapter 3, from which new modularity properties of the (¢, ¢)-series fol-
low. The full result of [28, Theorem 4.2] also specifies how to decompose the 20 series

into a sum of series associated to spin® structures.

2.6 The (t, g)-series invariants

This section gives an overview of the (¢, ¢)-series invariants of 3-manifolds developed by
[7] as a common refinement of the Z series and lattice cohomology. These series, denoted

P (t, q), depend on a choice of admissible family W' of functions.

Definition 2.6.1 ([7], Definition 4.1). Fix a commutative ring R. A family of functions

{W,, : Z — R}nen is called admissible if it satisfies two axioms:

* 5(0) = 1 and Fy(r) =0 forr # 0;

s Forn>1,reZ,F,(r+1)—F,(r—1)=F,_1(r).

Fixing R, there are infinitely many choices of admissible families giving rise to infinitely
many two-variable series invariants [7, Proposition 4.4]. In this thesis R = %. We now

proceed in defining the (¢, ¢)-series invariants.
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Definitions 2.6.2 ([7]). Fix a negative definite plumbed 3-manifold M, an admissible family

27.°
W;]—\;—ZS' Let I refer to the plumbing graph

of M, let (—, —) denote the bilinear form given by the plumbing matrix M, and let (-) denote

W, and a spin® representative k € 7° for [k] €

the standard Euclidean inner product. For x € 7°, we define

Xela) = 2L

€

and
Wrk(e) = [[ Wa(@Mz+k— Mu),).

vi€v(T)

We also define
k-u— (u,u

O = —2< >,

where u = (1,1,...,1) as before and
k — Mu)? + 3s + v
£ = ! v sto,m + 2xk(z) + (z, u).

4

The authors of [7] show that these functions give rise to an invariant of negative definite

plumbed 3-manifolds with spin® structures.

Theorem 2.6.3 ([7], Theorem 6.3 and Remark 6.5). Fix an admissible family W. Given a

negative definite plumbed 3-manifold M equipped with a spin® structure [k], the series
‘S)ch[k](M) <t’ Q) = Z WF,k(QZ)qek(x)t@k+<$:U>

is an invariant of the pair (M, [k]) up to Neumann moves of Type (a) and (b).
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A particular family W = W gives rise to the series

Z[k] (ta Q) = Pﬁ/.%[k}v

for which

~

Z\[k](lu Q) = Z[k—Mu](Q)-

The family W was constructed in [7, Definition 7.1] so that Wd(n) captures the coefficient

on z~" in the symmetric expansion of (z — z~1)>~¢ [7, Definition 7.1].

Recall that the spin® dependence of Z can be eliminated by instead studying the sum of the
series associated to each spin® structure, denoted Z)(q). Below we introduce the analogue

for the two variable series.

Definition 2.6.4. Let M be a negative definite plumbed 3-manifold. Define

PWO(MXta‘J) = Z PI(/DVO,[k]<M)(t7Q)'

[k]espin®(M)

The (¢, q)-series invariants were previously described as a common refinement with Z and

lattice homology; we now discuss the connection of the (¢, ¢)-series with the latter.

The Oth lattice homology of any pair (Y, [a]) can be encoded by a combinatorial object called
a graded root. The authors of [7] use the plumbing data and choice of admissible family to
assign Laurent polynomial weights to vertices of this root, so that the new “weighted graded
root” remains invariant of the manifold. The Py (t, ¢) series results from taking the limit,
in a precise sense, of these weights. Weighted graded roots themselves are new invariants

whose computation remains an open question.
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2.7 Thompson’s groups /' and T’

This section introduces Thompson’s groups and Jones’ construction of links in S* from

them. For more details on Thompson’s groups, see [17].

2.7.1 Thompson’s group F'

The Thompson group F’ consists of piecewise linear self-homeomorphisms of the unit in-
terval [0, 1] such that all derivatives are powers of 2 and all points of non-differentiability

occur at dyadic numbers, that is, numbers of the form 5 for a,b € Z. For example:

1 1
1t 0<t<d
gt)=qt-1 l<i<3
20—1 3<t<1

\

A standard dyadic partition 1s a partition of the unit interval such that all subintervals are
of the form [, a2_—l;1] Any ordered pair of standard dyadic partitions with the same number
of parts determines an element of /', given by the function sending the first partition to the

second. For example, the function g above is given by the ordered pair

{0,511 30 B 13400, 3. [ 5[5 1),

4’219

Standard dyadic partitions can be represented as planar, rooted, binary trees, where each
leaf represents an interval of the partition. Therefore an ordered pair of such trees (R, .S)
also determines an element of F'. This pair of trees is often represented by taking the vertical

reflection of S and attaching it to R along their leaves; see Figure 2.8.
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g
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R/>\ /<\S
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L hd hd [ L hd hd j
1 3 1 1
2 4 i 2

Figure 2.8: A pair of standard dyadic partitions, their corresponding trees R and .S, and their asso-
ciated element g € F'.

Conversely, for every g € F there is a standard dyadic partition J such that g(.J) is standard
dyadic. The pair (J, g(J)) therefore determines g, but this pair is not unique. For any
refinement J’ of J which is also standard dyadic, (J', g(J’)) also represents g. In terms of
trees, refining a pair of partitions corresponds to adding finitely many canceling carets to

their pair of trees, as shown in Figure 2.9.

VOSSN

E | E" ° 3
C e vood

11 3
i 2 1

1
2

col—
[ =

Figure 2.9: A pair-of-trees representation of the same element g from Figure 2.8, which differs from
the pair in Figure 2.8 by a canceling caret.

In fact, any two pairs of trees representing the same element of /' must differ by the addition
or deletion of finitely many canceling carets, and a pair of trees is called reduced if no carets
can be canceled. Reduced pairs of planar, rooted, binary trees are therefore in bijection with
elements of /. From now on, an ordered pair (R, S) will refer to both a pair of standard
dyadic partitions and its associated pair of trees, and elements of £’ will be specified by

these pairs.

Pairs of trees corresponding to elements of /' are part of a broader class of graphs called

strand diagrams, introduced by Belk in [11].
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Strand Diagrams

Definition 2.7.1. An (m,n)-strand diagram U is a finite graph embedded in [0, 1] x [0, 1]

such that:

" has m univalent vertices on the top edge of the square, and n univalent vertices on

the bottom edge of the square.
» Every vertex in the interior is either a merge or a split (see Figure 2.11)

* All edges have nonzero slope.

Q]

Figure 2.10: An example of a (5, 3)-strand diagram

P

Figure 2.11: A split (left) and a merge (right).

Strand diagrams are similar to braids, but instead of twists there are merges and splits, which
may cause the number of points at the bottom of the square n to differ from the number of
points at the top m. A pair-of-trees graph representing an element of the Thompson group
can be considered a (1, 1)-strand diagram after (1) smoothing the 2-valent vertices that result
from gluing leaves together and (2) making the roots of each tree 3-valent by adding a third

edge intersecting each boundary component of I x I, see Figure 2.12.
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Figure 2.12: Visualizing a pair-of-trees diagram for an element of F as a (1, 1)-strand diagram.

Isotopic strand diagrams are considered to be equal. We denote the collection of (m, n) —strand
diagrams as D). Strand diagrams can be reduced using two local moves, pictured in Figure

2.13. Canceling carets can be seen as Type I moves on (1, 1)-strand diagrams.

Figure 2.13: Cancellation moves of type I (left) and Type II (right). Type I moves are applied when a
split contains a merge directly below it, and the two share a pair of edges. Type Il moves are applied
when a merge occurs directly above a split, and the two share one edge.

Strand diagrams related by a finite sequence of these moves and their inverses are called
equivalent. We let D" refer to the set of equivalence classes of (m, n)—strand diagrams. We
call a strand diagram reduced if it is not subject to any further reductions, and we denote by
R the set of reduced (m, n)-strand diagrams. Every (m, n)-strand diagram is equivalent
to a unique reduced (m, n)-strand diagram, therefore, the reduction map p: D™ — R™ is

a bijection.

Given I'; € D,’jl and 'y € D), we denote ['y o I'; € Dfl to be the result of placing I';
below I'; and joining them at their common endpoints. This vertical stacking induces a
well-defined binary operation on D7, from which we get a group structure. The identity
element in D" is [Id,], the class of the trivial (n,n)-strand diagram, which is n vertical

strands. The inverse of any [I'] € D7 is [['*], where ['* is the reflection of " over the z-axis.
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GivenI'; € an, My e R weletly 1 € Rfl denote the result of vertically stacking and
then reducing. Observe that R}, is a group with multiplication . It can also be considered

as a subset of D], but it is not a subgroup as R’ is not closed with respect to the o operation.

Recall that elements of Thompson’s group F' are in bijection with reduced pairs of planar

rooted binary trees, which can now be recognized as elements of R{.

Definition 2.7.2. Let §: F — R} be the map sending a _function in the Thompson group to

its reduced pair of trees. By [12, Prop 2.5], § is a group isomorphism.

More generally, F' = R" for any n € N, via isomorphisms R} — R" given by Matucci in
[55]. Fora (1, 1)-reduced strand diagram I', this isomorphism sends I" to v,, * I" x v, where
vy, 1s the “right vine” with n leaves (see Figure 2.14). This map represents conjugation by
Un, and has an inverse map which is conjugation by v;;. More generally, this conjugation

map gives an isomorphism if we replace v,, with any element of R .

Figure 2.14: The right vine v,

In practice, strand diagrams give us a way to compose elements of F' purely diagrammat-
ically. To compose g with f, place the pair of trees for g below that of f as in Figure
2.15 and then reduce the resulting (1, 1)-strand diagram. This leads to the unique reduced

pair-of-trees diagram representing g o f.
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Type 1
......... > Types I
and II
......... ’
Type 11

Figure 2.15: Diagrammatic composition in F' as given by [11, 27].

2.7.2 Thompson’s group 7'

T is the group of piecewise-linear self-homeomorphisms of S', thought of as the unit inter-
val with its endpoints identified, such that all derivatives are powers of 2 and all points of
non-differentiability occur at dyadic numbers. F'is the subgroup of 7" whose elements send
[1] +— [1]. Elements of 7" are given by triples (R, S; k) where (R, .S) is a pair of planar,
rooted, binary trees and k is a positive integer between 1 and the number of leaves of R and
S. The integer k indicates that the first part of R is sent to the kth part of S, and this triple
(R, S; k) determines an element of 7. Observe that &k = 1 ifand only if g = (R, S; k) € F'.
To indicate the value of k in a pair-of-trees diagram, a decoration is placed on the kth leaf

of S, as in Figure 2.16.

Figure 2.16: The reduced pair of trees and decorated leaf representing the element g € T which

maps [0, 3] = (1. 3], (3, §] = [3. 1, and [§,1] = [0, 7).

As was the case for F', one can refine the partitions R and S to produce an unreduced triple

(R, S'; k) which differs from (R, S; k) by canceling carets; see Figure 2.17. Canceling
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carets are slightly less obvious for diagrams in 7"\ F' due to the fact that the interval rep-
resented by the leftmost leaf of R is not mapped to the interval represented by the leftmost

leaf of S.

Figure 2.17: An unreduced triple representing the same element g as in Figure 2.16, which differs
from the triple in Figure 2.16 by a canceling caret, shown in red.

Section 2.7.1 introduced strand diagrams as a way to visualize the group operation in F'.
An analogue for 7" was developed by Belk and Matucci [12]. Specifically, every element
of T corresponds to a unique reduced cylindrical strand diagram, which satisfies the same
conditions as a strand diagram, but is now embedded in S* x [0, 1] rather than the unit square.
Following the definition in [12], isotopic cylindrical strand diagrams are considered equal,
however isotopies are not required to fix the boundary circles. Therefore, cylindrical strand

diagrams differing by Dehn twists are considered equal.

To associate a cylindrical strand diagram to an element g = (R, S; k) € T, place the trees
R and S in the cylinder as in Figure 2.18. Identify leaves such that the first leaf of R is
sent to the kth leaf of S, and then connect the rest of the leaves in unique way for which the

graph remains embedded; see Figure 2.18.

In Figure 2.18, the rightmost picture differs from the picture to its left by the smoothing

of two-valent vertices given by connecting two leaves. For the rest of this paper strand
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N D

Figure 2.18: A cylindrical strand diagram D, built from g € T'.

diagrams built from 7" will appear without this smoothing, to indicate the pair of trees from

which the diagram was created.

Cylindrical strand diagrams may be reduced according to local moves of Type I and II as
in Figure 2.15. As was the case for F', given cylindrical strand diagrams for f,g € T,
vertically stacking the cylinders and reducing using moves of Type I and II results in the
reduced cylindrical strand diagram for g o f [12]. Just as strand diagrams are used to build
links from F, this paper will use cylindrical strand diagrams to construct annular links from
T. Chapter 5 uses strand diagrams to relate Thompson’s group F to Khovanov homology
of links in 3-space based on [40, 44]; it may be possible to use cylindrical strand diagrams

to give an analogue for the group 7" and annular link homology theories.

2.7.3 Tait graphs for links

This section introduces Tait graphs, which are a key ingredient in Jones’ proof that all link

types types arise from F'.

A Tait graph is a planar edge-signed graph from which a link can be built. To construct a link
diagram, replace vertices of the graph with disks and edges with twisted bands connecting
corresponding disks. The direction of each twist is given by the sign of the corresponding

edge (see Figure 2.19). Taking the boundary of the embedded surface results in a link
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>4 B Y

Figure 2.19: The sign convention for Tait graphs.

+ f> OQ
C+ A
Figure 2.20: A Tait graph for the Hopf link.

diagram, see Figure 2.20.

From any link diagram, one can obtain a Tait graph by first “checkerboard coloring” the
diagram so that the outermost face is unshaded, as in the middle picture of Figure 2.20.
Then one assigns vertices to each shaded region, and connect vertices with edges whenever
the regions are connected by a half-twist. The sign of the edge is given by the convention

in Figure 2.19.

For Jones’ proofthat /' gives rise to all link types, he introduces the concept of 2-equivalence
of Tait graphs. Two edge-signed planar graphs are defined to be 2-equivalent if they are re-
lated by a finite sequence of three possible moves, which Jones refers to as 2-moves [36].

If two graphs I', I'" are 2-equivalent then their associated links L(I") and L(I") are isotopic.

The first 2-move is the addition or deletion of a 1-valent vertex, which corresponds to a
Reidemeister move of Type 1. The remaining two 2-moves, each corresponding to Reide-

meister moves of Type II, are shown in Figure 2.21.

) ° < - I'S % Type IIa
+

)Oé > 3 & Typellb
:':

Figure 2.21: Moves of Type Ila and IIb as introduced by Jones in [36] .
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r La(T)

Figure 2.22: An annular link built from an edge-signed graph embedded in A.

There is also a move on Tait graphs corresponding to Reidemeister III moves, but it is not

used in Jones’ proof or in this thesis.

Toward an extension of Jones’ program to the annular setting, we specify an annular ana-
logue of Tait graphs. Given an edge-signed embedded graph in the annulus I' <— A, replace
vertices with disks and edges with twisted bands as before. Taking the boundary of the re-
sulting embedded surface in the thickened annulus results in a diagram of an annular link
L, (T"). Note that in the annulus, this process always produces a link whose checkerboard
coloring leaves the faces containing boundary components of A unshaded. Also note that
the 2-moves of Jones may be still be applied to annular Tait graphs, as long as they occur

in a contractible neighborhood of the annulus.

2.8 Jones’ construction of links in S° from F

In 2014 Jones showed how to associate links in S® to elements of Thompson’s group F,
subsequently proving that F' gives rise to all link types and promoting the Thompson group
as an analogue of braid groups for building links. Although F'is sufficient to obtain all link

types, Jones’ construction of links in S? is also definedon T' D F.

Jones’ method of building links arose in the context of unitary representations of /' and

T'. He constructed a Hilbert space V, defined as the Hilbert completion of the limit of a
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(m4(£), &)

B §C

Figure 2.23: A diagram for a link £(g) associated to g € F, given by (74(&), &)

directed system of formal linear combinations of tangles, on which Thompson’s groups act
via unitary transformations. Each g € F' (resp. T') gives a map 7, : V — V, and links
are constructed from the action of group elements on a distinguished vector £ € V. More

precisely, the inner product (7, (¢), &) gives a diagram for a link £, see Figure 2.23.

Jones then provided two equivalent diagrammatic methods for building links from F' that
do not involve unitary representations [36, 37]. The first, pictured in Figure 2.24, turns
a reduced pair of binary trees (R, .S) into a reduced pair of ternary trees (¢(R), ¢(S)) by
adding a third “middle” edge to every split, connects the two roots and the leaves from left

to right, and then changes 4-valent vertices to crossings.

DO -

Figure 2.24: A Hopf link created from an element of F’ via the construction introduced by Jones
[36].

The second method, pictured in Figure 2.25, builds the Tait graph I'(¢g) of £(g). From
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g = (R, S), one constructs two graphs I'(R) and I'(S) with the same number of vertices.
The graph I'(R) has one vertex for each leaf of R, which is placed to immediately to the
left of the leaf. The vertices for ['(S5) are created in the same way. For every edge e in
R (resp. S) that slopes up and to the right, I'(R) (resp. I'(S)) will have one edge which
transversely intersects e once and no other edges. I'(¢) is then built by reflecting I'(S) over
the z-axis and identifying its leaves with those of I'(R). Edges of I'(g) originating from

['(R) are given a positive sign and edges originating from I'(S) are given a negative sign.

VY W

R

Figure 2.25: T'(g), the Tait graph for £(g), where g is specified by (R, S).

2.8.1 The Thompson badness of Tait graphs

To detect whether a general edge-signed planar graph I is equal to I'(g) for some g € F,
Jones introduced Thompson Badness, a quantity which is zero exactly when I' = T'(g).
To calculate Thompson Badness, first embed I' < R? such that all vertices are on the x
axis, the leftmost vertex is at the origin, and for each edge e, its interior, denoted int(e), is
either entirely above or entirely below the = axis. Consider each edge to be oriented from
left to right, so that its rightmost vertex is considered the terminal vertex. The formula for

Thompson Badness, which will be given momentarily, depends on the cardinality of the
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following sets:

e := {e € ¢(T) : v is the terminal vertex of e}
e"? .= {e € e(I') : int(e) is in the upper half-plane}
e .= {e € e(I) : int(e) is in the lower half-plane}
e :={e € e(I') : int(e) is in the upper half-plane and e has sign —}

ed?" .= {e € e(I) : int(e) is in the lower half-plane and e has sign +}.

Jones defines Thompson Badness as

TB(I) = Z (11— |el™ ne|| + |1 — [eX N e ™||) + || + |edo ™.
veV(D\{(0,0)}
In other words each vertex, other than the leftmost, must have one exactly one edge coming
into it from above, and one edge coming into it from below. The edge coming from above
must have a positive sign, and the edge coming from below must have a negative sign.
Jones shows that TB(I") = 0 if and only if I" = I'(g) for some g € F' [36, Sections 4 and
5].

Thompson Badness allows Jones to prove that all link types arise from F':

Theorem 2.8.1 ([Jones14], Lemma 5.3.3). For all Tait graphs U, there exists some 1" such
that L(T) is isotopic in S to L(I"), and TB(I") < TB(T).

Jones’ proof is constructive— in practice, given a link £ < 53, one can find an associated
Tait graph I and then apply Theorem 2.8.1 several times to obtain some I'' with TB(I'") = 0

as above.
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2.8.2 Oriented subgroups FandT

Jones defined F as the set of elements g € F whose link diagram L(g), when given the
checkerboard shading, results in an orientable surface, i.e. a Seifert surface for £(g). Equiv-

alently, this can be expressed in terms of the chromatic polynomial C'hrp,) (Q):

F={g € F|Chrp(2) = 2}.

After its introduction by Jones, the subgroup F was further studied by Golan and Sapir in
[23].

If one follows the convention that the leftmost face of the checkerboard surface is always
positively oriented, each g € F yields a link £(g) with a natural orientation, namely that
induced by the orientation of the surface it bounds 2.26. It was shown in [1] that every
oriented link can be built from this subgroup, giving an analogue of the Alexander Theorem

for oriented links and F.

S

Figure 2.26: An oriented link £(g) built from g € F.

From the definitions it may not be immediately clear to the reader how Fisa subgroup,
rather than just a subset, of /. Below we present a notion of oriented strand diagrams,
which give rise to groups isomorphic to F. Oriented strand diagrams may be thought of as

an extension of the oriented forests introduced in [6], and will be used later in Chapter 5 to



44

build oriented (n, n)-tangles from F for certain values of n.

Definition 2.8.2. An orientation on an (m,n)-strand diagram U is an assignment of + or
— to each component of the complement of T', except for the rightmost region, such that the
signs around each trivalent vertex correspond to one of the four cases shown in Figure 2.27.
The region on the right of the crossing in each case appears to be unlabeled; however in
fact it has a sign determined near its right boundary. An exception is the rightmost region

which does not have a sign. 1 is said to be orientable if it admits an orientation.

- +
" - Y \(
- +
(a) (b) (c) (d)
Figure 2.27: (A) A positive split. (B) A negative split. (C) A positive merge. (D) A negative merge.

Definition 2.8.3. An n-sign is a sequence of n +s or —5. We will follow the convention
in the literature [6] that the first two signs in the sequence are +, —. If the sequence has

length 1, it is +.

Note that an oriented (m, n)-strand diagram [ induces a sequence of m signs on the top
side of the square, and a sequence of n signs on the bottom side. If both of them start with
+, —, let u denote the top m-sign and v the bottom n-sign v; in this case we say that r
is an oriented strand diagram from p to v, or [isa (u, v)-strand diagram. We denote the
collection of (i, v)-strand diagrams by D*. From a (u, v)-strand diagram, we may obtain a
(m, n)-strand diagram by forgetting orientations. Therefore we can consider D as a subset

of D).

Given a (y, v)-strand diagram I, we define (I')* to be the (v, 1)-strand diagram obtained by

reflecting ' over the z-axis. Given a (y, v)-strand diagram I'; and a (v, p)-strand diagram
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T, we define T's o Ty to be the (1, p)-strand diagram obtained by concatenating strand
diagrams and signed regions. The following definition extends the notion of a reduced

strand diagrams to the oriented case.

Definition 2.8.4. A reduction of an oriented strand diagram is a sequence of moves shown

in Figure 2.28.

An oriented strand diagram is said to be reduced if it is not subject to any reductions. The
collection of reduced (1, v)-strand diagrams, which we denote RY, may be regarded as a

subset of DE.

Given a reduced (pu, v)-strand diagram T'y and a reduced (v, p)-strand diagram T's, we de-
fine Ty # T to be the reduced (i, p)-strand diagram obtained by fully reducing TyoT.
Similarly to the case of reduced unoriented strand diagrams, R, is a group with multipli-

cation *.

(a) (b) (© (d)

Figure 2.28: (A) A positve Type I move. (B) A negative Type I move. (C) A positive Type Il move.
(D) A negative Type Il move.

Forgetting orientations, we may consider R as a subset of R}". In particular, R/, can be
regarded as a subgroup of R7". In Section 2.7.1 we established an isomorphism between F

and R, for each m.

We now discuss isomorphisms between Fand groups of oriented strand diagrams. Starting
with the previously discussed isomorphism ¢ : F' — R1, observe that for g € F each region
of the complement of §(g) corresponds to a unique shaded region of the checkerboard sur-

face resulting from ¢. This can be used to produce an orientation on (g), by letting regions



46

of the complement of §(g) inherit the signs of their associated regions of the checkerboard
surface. Due to the convention that the leftmost region is always assigned +, the orien-
tation on §(g) results in an element of R. Here R stands for RY, where p is the 1-sign
+. We now show that this restriction & := & |7 F— R is surjective, and therefore an

isomorphism.

Proposition 2.8.5. The map 5: F — RT is an isomorphism.

Proof. Forany [' e R*, wecan decompose ['into a tree 5'and an inverse tree (f)* satisfying
os = o0y. Here, given an oriented tree 5'with n leaves, o, denotes the n-sign induced by the
orientation of 5. Let g be the element in F' corresponding to the tree diagram (s,t). Then

-

ge FandT =6(g). O

Jones also defined the oriented subgroup T < T as the group of elements whose link dia-

grams, when given the checkerboard shading, produce orientable surfaces. Equivalently,
T:={ge T|Chrrg)(2) = 2}.

Again we follow the convention that the leftmost region of this surface has a positive ori-
entation. Each link in S3 built from 7' admits a natural orientation induced by the surface

it bounds. The algebraic properties of T were further studied by Nikkel and Ren in [61].

2.8.3 Link invariants and representations of Thompson’s groups

Since Jones’ original construction of links from Thompson’s groups, several authors have
shown that various link invariants can be reconstructed from unitary representations of F'

and 7.
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A general fact from representation theory is that given a unitary representation
T:G—=UK)

of a group G for a complex Hilbert space I, one can fix a vector ¢ € K and consider the

function G — C given by

g— <7Tg(€)’€>'

This function always satisfies a certain positivity condition, and is therefore called positive
definite, or a function of positive type. On the other hand, given a positive definite function
f : G +— C, one can always construct a Hilbert space /C and a unitary representation such

that f(g) = (my(e), €) for some .

Therefore, to show that a link invariant (or a suitable renormalization) arises from a unitary
representation of F' (or its oriented subgroup ]3), one can show that it defines a positive
definite function on C. For example, one can fix ¢ € C and consider the function given
by sending g to V(4 (%), the Jones polynomial of £(g) evaluated at ¢. Several invariants of
unoriented links [4] and oriented links [5, 6] have been shown to define positive definite
functions on F' and 7 (or their oriented subgroups). In particular, a suitable renormalization
of the HOMFLYPT polynomial (and therefore the Jones polynomial) evaluated at certain

roots of unity defines positive definite functions on both FandT [6].

2.9 Khovanov chain complexes associated to tangles

Khovanov constructed chain complexes that are invariants, up to chain homotopy, of tangles
in the 3-ball [40]. These are chain complexes of (H™, H™)-bimodules, where H™ is a graded
ring defined in [40].
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2.9.1 Thering H"

Here we introduce Khovanov’s graded ring H". We follow the conventions of [40] and

direct the reader there for more details.

Let A be a free abelian group of rank 2 spanned by the elements 1 and = (where 1 € A
is distinct from 1 € 7Z). We say 1 has degree —1 and z has degree 1. Using A, we will
describe a (1 + 1)-dimensional topological quantum field theory (TQFT) assigning graded
abelian groups to oriented closed 1-manifolds and group homomorphisms to oriented sur-
face cobordisms between them. To a collection C' of k circles in the plane, we may assign
a graded ring

F(C) = A®*,

We now consider oriented surface cobordisms between collections of circles in the plane. In
order to do this, we must orient each collection of circles. We follow the convention in [40]
that all circles are oriented counterclockwise, and let S be an oriented surface cobordism

between two collections of circles C'; and C5. The surface .S induces a map

F(S): F(Cy) = F(Cy),

which is given by appropriately composing maps corresponding to each of the elementary
cobordisms pictured in Figure 2.29. One can use the maps ¢, ¢, A, and m, to verify that the
homomorphisms induced by surface cobordisms depend only on the isotopy class of the

surface. For example, in Figure 2.30 both S} and S, induce the identity map on .A.
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Figure 2.29: Elementary cobordisms inducing the mapsm : A® A — A, A: A - AR A,

t:Z— A,ande: A — Z.

The maps are given by

L7 = A

1—1

m:A®A—= A
1®1—1
1®x—x
r®1—ux

r®x+—0

e A—Z
1—0
1

A A= AR A

1—-1Rzr+xrx1

T TR

Figure 2.30: Two isotopic surfaces inducing the same map. The surface on the left is a saddle
corresponding to A : A — A ® A, followed by a cap in the first factor given by £ ® id. One can
check that this is equal to the identity map on A induced by the second (product) surface.

We now introduce more notation necessary to define Khovanov’s ring H".
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Definition 2.9.1. Let B denote the set of isotopy classes of embeddings of m + n disjoint
arcs in R x [0, 1] whose 2(m + n) endpoints meet R x {1} transversely at 2m points, and

R x {0} at 2n points.

Definition 2.9.2. Let E;” denote the set of isotopy classes of (crossingless) tangles in R x
0, 1], whose endpoints meet R x {0} transversely at 2n points, and R x {1} at 2m points.
The key difference between B;? and B is that B;” may have additional closed circles in

the plane, whereas B]"' must consist only of m + n arcs.

Figure 2.31: An element of B? (left) and an element of 3% (right).

Definition 2.9.3. Given a € B, its reflection over the x axis is denoted W (a) € B!.

Definition 2.9.4. Given a,b € B, one can stack a below W (b) and rescale in the second

factor to obtain a collection of circles in R x [0, 1]. This is denoted W (b)a € BY.
Definition 2.9.5. Given a,b as above, one can also stack b below W (a) and rescale in the

second factor to obtain an element aW (b) € B

We may now define the ring H" as follows:
H" = D o(H")s,
a,b
where a,b € By and

o(H")p = F(W(b)a){n}.

The notation {n} means that the grading has been shifted upward by n. In other words, if

an element y has grading &, then y{n} has grading k + n.
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N\

Figure 2.32: The simplest possible cobordism between b1V (b) and Verty. Dotted red arcs denote
saddles.

We now define the multiplication operation in the ring, given by maps

d(H")e @ p(H")o — a(H")q-

If ¢ # b € By, then multiplication is defined to be the zero map. If b = ¢, the multiplication

map will be given by the surface cobordism specified below.

First note that W (d)b and W (b)a are disjoint collections of circles in the plane, so we have
an isomorphism

F(W(d)b) @ F(W(b)a) = F(W(d)bW (b)a).

There is a well-defined surface cobordism S, from bW (b) to Verty,, the set of n vertical
strands, given by performing the “simplest possible” series of saddle moves ([40, Section
2.4]). This surface will have n saddle points and no other critical points; an example of such
a cobordism is pictured in Figure 2.32. Extending this surface by the identity on W (d) and

a, we get a surface cobordism .S, from W (d)bW (b)a to W (d)Verty,b inducing the map

F(Sy) : F(W(d)bW (b)a) — F(W (d)Verty,a) = F(W(d)a).

This map F(S}) defines multiplication in H™.
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2.9.2 Chain complexes of (H"™, H")-bimodules associated to (m,n)-

tangles

We first introduce (H™, H")-bimodules associated to elements of B™. Given t € B, one

can construct a (H™, H")-bimodule F(t) as follows:

F(t) = @ FW(b)ta){n},

where a € By and b € B{". In other words, we take the direct sum over all possible ways
to “close up” t with elements of B and 5'. The multiplication maps in 4" and H™ give

F(t) the structure of an (H™, H™)-bimodule.

Now we consider an oriented tangle 7" in [0, 1] x [0, 1] x [0, 1]. Projecting onto one factor
of [0, 1] results in a diagram D in [0, 1] x [0, 1] which may have crossings. From D, we will
build a cube of resolutions which will not depend on the orientations of the components of
D. Orientations will come into play once a chain complex is built from the cube, and their
effect on the complex will be an overall shift in grading (see [40, Sections 3.2 and 3.4] for

details).

Returning to D, each crossing can be resolved using either the O-resolution or the 1-resolution
as in Figure 2.33. In total there are 2* ways to resolve the k crossings of D, and each yields
an element of B:{‘. The cube of resolutions is a k-dimensional cube whose 2 vertices are in
bijective correspondence with subsets I of the set of crossings K. For example, the empty
subset corresponds to (0,0, ...,0) and the subset K corresponds to (1,1,...,1). Edges

connect vertices whenever their associated subsets /; and I, of K are such that I; C I, and
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|I1] + 1 = |I5]. To each vertex, we associate the bimodule
FDU) =11},

where D(I) is the element of B,T given by performing the 1-resolution at crossings in / and

the O-resolution elsewhere (see Figure 2.33.) Whenever vertices corresponding to subsets
O\
SN X o > <
Figure 2.33: A type 0 resolution (left) and a type 1 resolution (right).

I, and I, are connected by an edge, we have a map
F(D(I)) = F(D(I2))

induced by a surface cobordism which is the identity everywhere except for in a neighbor-
hood of the unique crossing in 5 \ 7;. In this neighborhood the cobordism has a single
saddle which changes the resolution from type 0 to type 1. An example of a 2-cube of

resolutions is given in Figure 2.35.

Figure 2.34: A tangle diagram D.

Tensoring this cube with an appropriate anticommutative cube £ as in [40, Section 3.3]
and shifting gradings according to the signs of the oriented crossings as in [40, Section 3.4]
results in a chain complex F (D) of (H™, H™)-bimodules associated to the diagram D. The
homological degree of a bimodule in this complex is determined by the number of type 1-

resolutions in its corresponding element of B;", and the differentials are given by sums of
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Figure 2.35: The cube of resolutions associated to the tangle diagram D. Each vertex of the cube
corresponds to an element of B2, and the arrows correspond to saddle maps.

maps along edges of the cube. Tensoring with the anticommutative cube £} is necessary

to ensure that the differential map composed with itself is zero; we direct the reader to [40]

for more details.

Theorem 2.9.6 ([40], Theorem 2). If D and D are diagrams of the same oriented tangle,

their associated chain complexes F(D1) and F(Ds) are chain homotopy equivalent.

2.9.3 Bicategories

In [40] Khovanov constructed a braid group action on a bicategory of (H™, H")-chain
complexes associated to tangles. In Chapter 5 we will define and construct a lax group

action of the oriented Thompson group Fona generalization of Khovanov’s bicategory.

We now discuss necessary background information on bicategories, following the notation
of Johnson and Yau’s textbook [34]. We assume the reader is familiar with the definitions
of a category ([34, Definition 1.1.4]), a functor ([34, Definition 1.1.5]), a natural transfor-

mation, and a natural isomorphism ([34, Definition 1.1.7]).

A bicategory can be thought of as a category with the added structure of morphisms between
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morphisms. For any two objects X, Y in a bicategory B, the set of morphisms between them
is its own category, B(X,Y’). The morphisms between objects of B(X,Y) often referred

to as 2-morphisms in B. A bicategory has, for any X, Y, Z € B, functors

exyz : B(Y,Z) x B(X,Y) = B(X, Z)

which describe the composition of both 1-and 2-morphisms in B. A bicategory also has

associator functors, which are natural isomorphisms

awxyz : CWXZ(CXYZ X IdB(W,X)) — CWYZ(IdB(Y,Z) X CWXY)a

for each tuple of objects W, X, Y, Z € B. Essentially these natural isomorphisms guarantee
that composition of morphisms is associative in the appropriate sense; the functor on the left
describes composing morphisms in B(Y, Z) x B(X,Y), and then composing the resulting
morphism with that in B(IW, X'). On the other hand, the functor on the right describes

composing the morphisms in B(X,Y') x B(W, X) first.

A bicategory also has left and right unitors, which are natural transformations

l T
cxyy (ly X Idp(xy) = ldpxy) <— exxy(Idpxy) X 1x),

for each pair of objects X, Y in B.

The definition of a bicategory requires that the associators, unitors, and identity maps in
B(X, X) for all objects X satisfy certain compatibility conditions. For the full definition

of a bicategory, see [34, Definition 2.1.3].
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Chapter 3

Infinite Families of Quantum Modular

3-Manifold Invariants

3.1 Overview of results

Results discussed in this chapter are from [49] and [51], the latter of which is joint work with
Eleanor McSpirit. Relevant background information is discussed in Chapter 2, specifically

Sections 2.2 through 2.6.

This project began in [51] with an investigation of the Z invariant of Brieskorn spheres. In
particular, we found explicit formulae for the coefficients ¢(n;t) of 7 as a series in q with
Laurent polynomial coefficients in ¢. For each Brieskorn sphere X, its invariant series takes

the form:

Zs(t,q) ZqA(C—ZsO(n;t)q%>, (3.1.1)
n>0
where A € Q, p € Z, and C is zero unless ¥ is the Poincaré homology sphere, in which

case it equals ¢'/'?°(¢ +t~!) ; see Section 3.2 for full definitions.

A priori, Z (t, q) is convergent as a two-variable series fort € Cand |¢q| < 1. By leveraging
the arithmetic properties of the coefficients ¢ (n;t) when ¢ is a root of unity, we are able to

show the following:
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Theorem 3.1.1 ([51], Theorem 1.1). Let ¢ be a jth root of unity, & a Kth root of unity, and

Y. a Brieskorn sphere. Define ?g((, €)= 1{% ?g((, Ee™"). This limit exists and we have

~ 2pj K n 1 2
2 =4(0+ 22 (55 —5) o 0% )

where D = ¢Y/1202Re(() when ¥ is the Poincaré homology sphere and equals zero other-

wise.

In general, these limit calculations give a family of “(-deformed” WRT invariants whose
topological interpretation is an open question. Using the above results we prove that for ¢ a

fixed root of unity, 7 =(t, q) is, up to normalization, a quantum modular form:

Theorem 3.1.2 ([51], Theorem 1.2). Let ¢ = e>™7. If C is a jth root of unity and ¥ is a

Brieskorn sphere, then

Zs(Ca) = 4% (C = A(r)).
where A;(T) is a quantum modular form of weight 1/2 with respect to T'(4pj?).

Remark. We further have that A.(7) is a “strong” quantum modular form in the sense of

[68].

Remark. Experts in the classical theory of theta functions may recall that forms of weight
1/2 can be related to forms of weight 3/2 via differentiation of the Jacobi Theta function.
Indeed, differentiating the above with respect to the ¢ variable yields a second infinite family
of invariants [51, Theorem 1.3]. However, rather than forms of weight 3/2, the resulting
invariants are linear combinations of forms of 1/2 and 3/2, and their quantum set is notably

smaller.

Now we turn our attention to a more general family of manifolds, Seifert manifolds. Recall
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the Reduction Theorem for the Z series of Seifert manifolds given in Section 2.5. The

following theorem extends this to the 7 series.

Theorem 3.1.3 ([49], Theorem 1.1). Let M (b; (a1,b1), ..., (ax,by)) be a Seifert manifold,
and let |H| = |H,(M; 2)|. Then:

=S

Zo(M)(#2,q™) = ¢ La(s.e.(fo(t, 2)))-

Definitions of A, fy(t, z), and £ 4 can be found in Section 3.5, and a more detailed version
of this result is stated as Theorem 3.5.5. From the calculation in Theorem 3.1.3, modularity
properties can be established for Seifert manifolds with three exceptional fibers. Note that
not all such manifolds are Brieskorn spheres, as Brieskorn spheres are integer homology

spheres but not all Seifert manifolds with 3 exceptional fibers are.

Theorem 3.1.4 ([49], Theorem 1.2). Let M = M (b; (a1, b1), (as,bs), (as, bs)) and fix w to
be 2jth a root of unity. Then L 4(s.e.(fo(w, 2))) is, up to normalization, a quantum modular

form of weight 1 with respect to the subgroup T'(4aiasasj*) C SL(2,Z).

Remark. From the proofs of the above and from Theorem 3.1.1, it follows that radial limits
of ? toward roots of unity also exist for Seifert manifolds with 3-exceptional fibers, and can

be thought of as (-deformed WRT invariants of these manifolds.

As discussed in Section 2.6, The Z (t,q) invariant is one instance in an infinite collection
of two-variable series invariants developed in [7]. This collection, which will be denoted
P (t,q), is indexed by admissible families of functions {W,, : Z — Z},cy [7, Section
4]. For Seifert manifolds with three exceptional fibers, the role of 1 is articulated by the

following definition and theorem.
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Definition 3.1.5. Given a function f(z): C — C with Laurent expansions of y_, axz*
centered at z = 0 and >, by.z~" centered at = = oo, fix y € R and define the asymmetric

expansion, denoted a.e., to be the formal power series given by
a.e,(f)=(1-y) Z arz® +y Z brz ",
k k

When y = %, this becomes the symmetric expansion used in [2§].

Theorem 3.1.6 ([49], Theorem 5.2). Fix an admissible family W and a 3-manifold
M(b; (a1,b1), (az,b2), (a3, bs)). Let H = |H(M;Z)|. Then

Pﬁvﬁ[O](M)(tQ»qul) = ¢"(Lala.ew,y(folt, 2))). (3.1.2)

Remark. The rational power A\ of q in Theorems 3.1.3 and 3.1.6 is equal to that of the

Reduction Theorem in [28].

From the calculation in Theorem 3.1.6 we obtain a mixed modularity result when ¢ is any

root of unity:

Theorem 3.1.7 ([49], Theorem 1.6). Fix a 3-manifold M (b; (a1,b1), (az,b2), (as,bs)), a
2jth root of unity w and an admissible family W. The one-variable series L s(a.e.yy,1)(fo(w, 2))
is, up to normalization, a sum of quantum-modular and modular forms of weight % with re-

spect to T'(4ayaza3j?) C SL(2, 7). Specifically,

1

La(a.ewymy(folw,2))) = plg) + 05 + (5 — W3(1))0y,

where p(q) is a polynomial, 0y is a quantum modular form, and © ; is a modular form.

Remark. When W3(1) = % the result of Theorem 3.1.4 is recovered. The novelty of Theo-

rem 3.1.7 is that any choice of admissible family W yields modularity properties but quan-
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tum modularity, on its own, is only achieved with the ? invariant. In Section 3.5.5, the
admissible family W is shown to play a similar role in “asymmetrizing” the two-variable
series associated to H-shaped plumbing graphs, and plumbing graphs with one node and
four leaves. Explicit formulae are shown in Examples 3.5.16 and 3.5.17. However the
modularity properties of these series are not presently known by the author. Modularity

properties of the one-variable Z invariant for these families are established in [14, 15].

A

3.2 Z invariants of Brieskorn spheres

This section focuses on the Z invariants associated with Brieskorn spheres X(by, ba, b3).
Toward the proofs of Theorems 3.1.1 and 3.1.2, we develop an explicit formula, which
depends only on by, by, and b3, for the coefficients p(n; t) of ? as aseries in ¢. The arithmetic
properties of these coefficients will allow us to take limits toward roots of unity and establish
quantum modularity properties in Sections 3.3 and 3.4. For a general negative definite
plumbed 3-manifold Y, one can use a program created by Peter Johnson' to calculate the

first N coefficients of Z v (t,q).

Let k be a spin® representative for the unique spin® structure [k] of X, and set a = k — Mu.

For x € Z° we let { := a + 2M x. Using the fact established in [7] that

MY 2
= 7~ 20(@) = {zu),
we write
X _35+Zv7nqj Z I\/I 1y U
Zstto=q¢ > ][] Ful (Ot (),
z€Z® vicv(T)

! Available at https:/github.com/peterkj1/plum


https://github.com/peterkj1/plum
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Order the vertices v; through v, so that v; through v5 are the leaves, v, is the node, and the
rest of the vertices are the joints. The only » € Z° for which ], Fy,(6;) # 0 are those
of the form ¢ = (e, e9,635,m,0,...) fore; € {£1} and m odd. In this case, we have that

~

Fi(g;) = —&; and Fi(m) = ssign(m), so
~ 1 .
H Fs,(4;) = —561€2€3Slg1’1(m).
’UiEU(F)

Since Brieskorn spheres have unimodular plumbing matrices M, every possible combina-

tion (g1, 9,3, m,0,...) is in a + 2M7Z?. Therefore we can write

_ 35-&-2.0 moy

Z —q

. Tyl -
Zs(t,q) = Z Z e160638ign(m)q” 1 Ok,

ei€{£1} modd

4
2

_aT . =
One can check that (u,z) = SF=destm—at  Moreover, since Z does not depend on a

choice of spin® representative, we make the convenient choice of a« = (1,1,1,1,0,...) €

d + 2MZ?. In this case, O = 2 and the exponent on ¢ becomes (g1 + €3 + €3 +m)/2.

Remark. In [29, Section 4.6] the authors show how to rewrite

2
_gtM—lg blbzbg E; b1b2b3 1 ZZ hl
1 \"" Z w12 A

where h; refers to the cardinality of H;(%') for the plumbed manifold >’ that results from

removing the ith vertex of the plumbing graph for >. Setting

1 babs  bibs  biby
A== (S hi=3s =3 m, - 22 15
1 (Z s Zm by by bs )
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and € := 1 + &5 + €3, we now have

Zs(t )—_—QAZ Y ciossssign(m)g 1R G.2.1)
s\, q) = 9 1€2E3818 . L

modde;e{+1}

Now, set p := b1bybs and

a1 = blbgbg — b1b2 — blbg - bzbg;
Qo = b1b2b3 + b1b2 — blb3 — bgbg;
Q3 = b1b2b3 - ble + blbg - bgbg;

Qy = b1b2b3 + b1b2 + blbg — beg.

Note that unless (b, be,b3) = (2,3,5), we always have 0 < «; < 2p. In the case of the

Poincaré¢ homology sphere we have

Qp | Qg | O3 | Oy

—1]11|19]31

Sometimes the fact that oy < 0 will require the Poincaré homology sphere to be treated

separately in calculations, as is the case below.

Theorem 3.2.1 ([51], Theorem 3.1). Let ¥(by, by, b3) be a Brieskorn sphere. Then

2(tq-q< =) e(n;t)g* )

n>1
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L

where C'is nonzero and equals q7 (t + t~) only when (by, by, b3) = (2, 3,5) and

4
n+(aq+2p) +n—(aq+2p)
q:%(f ot w ) n==+a; (mod 2p),
1 Fntag :i:nfak
(T 4+t ) n = tay (mod 2p), k=2,3
p(n;t) =
1 Frt(oyg—2p) tn—(ag—2p) o
¥l o7 +t= % ) n=4a, (mod 2p),
0 otherwise.
\

Remark. Note that when ¢ = 1, this recovers the calculation of the 7 invariant in [29].

Fixing ¥ = (2, 3, 5), the function ¢(n; 1) is equal to x+(n) as defined in [45].

Proof. Begin with the calculation given by (3.2.1). Using the fact that
(e1)(g2)(e3)(sign(m)) = (—e1)(—e2)(—e3)(sign(—m)), replacing m odd with 2n + 1, and

, We write

: /. e+2n+1
setting € 1= ==

A
7 _ 4 p(nP 4t +(nt3) 35 gh+1(2 5% (4 4 p—e’
Zs(tba)=—— ) Y eieasg atre) g (sl (¢ 4y,
e, e{£1} n>0
Following [29], fix €5 and e3 and split into two cases based on the value of ¢;. If ¢, =
—1, observe that bibobs(1 + >, 3*) = oy for some k € {1,2,3,4}. The corresponding

summation over n for this triple of ¢;’s is

2
2 2 eg+ez+2n —(eg+ez+2n)
—E9€3 E T I (T ot 2 ). (3.2.2)

n>0

On the other hand, when ¢; = 1, we can replace n with n — 1 in the corresponding sum to

get

2
2 pt i, e2tezt2n —(egtez+2n)
€2€3§ qpn ajn+ g (t 2 +t 2 )’ (3.2.3)

n>1

where for each k the corresponding j is given by
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El1 2 3 4

ila 3 2 1.

Remark. In [29], it is incorrectly claimed that j = £ for each k. This fact does not change

the outcome of their calculations, but it does affect ours.

Summing over all four possible values of (£, £3) gives eight sums, each of which has ex-
ponent on ¢ of the form pn? & a;n + Z—; asin (3.2.2) and (3.2.3). The sums involving +a;n
begin at n = 0 and the sums involving —ayn begin at n = 1. The four values of (1, &5, 3)

for which e = —¢&3 contribute

Z qpn2+a2n+4727(tn + t_n) . Z qpn27a2n+ﬁ(tn + t—n);

n>0 n>1

o3 o
Z qpn2+a3n+4—g (tn + t_n) _ Z qan—Ocan-&-fg (tn + t‘”)) (3.2.4)
n>0 n>1

whereas when €5 = €3 we have

_ Z qpn2+a4n+% (tn-i-l + t—(n+1)) + Z qpn2_a4n+g (tn—l + t_(n_l));

n>0 n>1

a? of
_ Z qpn2+oz1n+4—; (tn—l + 2ff(nfl)) + Z qpn2—a1n+f;<tn+1 + tf(nJrl))' (3.2.5)

n>0 n>1
Fort = 1 and o > 0, each of the above collapse to the false theta functions \Tfl()ak) nto
which Z is decomposed in [29]. The only case in which a;, < 0 for some k is X(2, 3,5),
for which oy = —1. We momentarily postpone this case and take (by, bo, b3) # (2,3,5).

Working with (3.2.4), we write pn? £ nasz + % =p(n+ 3—3)2 and perform the changes of
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variables m = 2pn £ ag. This gives

m—« 2 m—+as m—+as
O e SRS VI (s T )

m>0 m=>0
m=as (2p) m=—as (2p)

The calculation is the same when a3 is replaced with oy, When €1 = €3 = 1, we get the

sums
m2 m—a m—a m2 m4ay ’m+a
D R A ) R Sl (T e
m>0 m=>0
m=ay4 (2p) m=—ay (2p)
and when e, = ¢35 = —1 we get
- > ¢ (F U)o > ¢ (1T D),
m>0 m>0
m=ay (2p) m=—a1 (2p)

If (b1, b2, b3) # (2,3,5) we are done. We conclude with the special case of the Poincaré
homology sphere. The argument is the same up through the calculation of (3.2.5). In this

case, we have that

Zq?)On —n+ 120 tn 1+t—(n—1))_I_Zq?,on?—&-n-‘rﬁ(tn-‘rl+t—(n+1))

n>1 n>0
— = Y B rTE) Y B ),
m>0 m>0
m=—1 (60) m=1 (60)

and the bounds on the sums on the left hand side do not agree with those in (3.2.5). The
solution is to subtract Qqﬁ (t +t~1) from (3.2.5), as they only disagree in the sign of their

constant term. O]
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3.2.1 Example calculations

Here we calculate Z (g, ¢) for two Brieskorn spheres and four possible roots of unity (.

For ¢ a root of unity, let R(¢) = %(C + (1) denote the real part of (. Using the formula

from Theorem 3.2.1, one can rewrite ¢(n; () for any Brieskorn sphere as follows:

n ‘ a1 + 2pk ‘ka‘—al a; + 2pk ‘ 2pk — a; | g4 + 2pk ‘ka:—ou;

o) | —mcy | mery [ michy | ey | vy | ey

where i € {2, 3}.

Plugging in the specific values of «; for the Poincaré homology sphere, the function is

n ‘ 60k + 1 ‘ 60k + 11 ‘ 60k + 19 ‘ 60k — 31 ‘ 60k + 31 ‘ 60k — 19 ‘ 60k — 11 ‘ 60k — 1
o) | R | mieh) | Ry | —mier | weo | —miety | ween | —wieoy

Note the values are ordered left to right in order of congruence class modulo 60.

Instead plugging in the values for (2, 3, 7), we get:

n 84k +1 | 84k + 13 | 84k +29 | 84k +41 | 84k —41 | 84k —29 | 84k — 13 | 84k — 1

o) | R | R | Ry [ -miern | mery | ey | R | v

¢ | Zs(¢q)

1 232 — g 321 4 g4 P+ q P — g — g — P 4 P 2424
1| =272 B b g P T A P g — P 4Pl g2 1)

i g P g — 0 — Pl g g 20— M 16 185 )




67

Table 1: Examples of Zx,(C, ¢) for $(2, 3, 5).

C ZE(CaQ)

1 —q5/2(—q4 g7+ g7 — g2 4 BT — 106 _ 4130 4 4153 _ (275 4 0308 4 )
1 —q5/2(q4 g+ 1T+ % + BT 4 g6 4 130 4 153 _ 275 _ 308 4 )
5 —q5/2(%q4+q9+q17+ %q% + %qso _ %q153 PR ICa %q?,os _ %q348+m)

i _q5/2(q9 + q17 + q87 _ q153 _ q275 + q385 + q615 + q671 _ q1027 _ q1099 4. )

Table 2: Examples of ZE(C, q) for ¥(2,7,15).

In the above examples, we factor out a rational power of ¢ so that all other powers are
integral. This can be done in general, and is explicitly realized for Brieskorn spheres in the

following lemma:

Lemma 3.2.2. Let oy, 1 < k < 4, be as above. Then o3 = a3 = o = oF (mod 4p).

One can prove this by writing each «; in terms of by, by, and b3 ,e.g.
a1 = b1babs + b1ba — bibz — babs,

and then squaring each expression.

3.3 Radial limits toward roots of unity

In this section, we analyze the arithmetic properties of the coefficients ¢ (n;t) which will

ultimately allow for the calculation of radial limits at roots of unity in terms of particular
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L-functions. We first check that the coefficients of (n;t) have the necessary properties

for our method of calculation.

Lemma 3.3.1. If ( is a jth root of unity, then p(n; () is 2pj-periodic and has mean value

zero.

Proof. First, we prove periodicity. If n £ +a; (mod 2p) for any ¢, then ¢(n; () = 0 and
o(n+ 2pj;¢) = 0. If p(n;¢) # 0thenn = +a; for some 1 < ¢ < 4. We now prove
periodicity for n = +q; (mod 2p); a similar argument may be applied to the other seven

cases. If n = +a; (mod 2p) then n = «; + 2pk for some k € Z.

Then

1 ( —2pk—o talphay +2p 2pk+a1*0¢1*2p>

o(n;¢) = —+ 2 +¢

5 _ _1 (C_(k_l) + Ck—l) )

2

A similar calculation shows that

pln+2pj;C) = —3 (CFH 4 ) = L (D g b

The same strategy works for all other congruence classes of n for which ¢(n; () # 0. From

2pj-periodicity and the formula for ¢(n;t), it follows that

p(n; ¢) = —p(2pj — n; C).
Since the period of (n; () is even, this implies that ¢(n; () has mean value zero. O

In order to calculate radial limits, we make use of the following general proposition.

Proposition 3.3.2. Let C': Z — C be a periodic function with mean value zero. Then the

associated L-series L(s,C) ==} -, Crgf), R(s) > 1, extends holomorphically to all of C




69

and the function Zn21 C’(n)e’”%, t > 0, has the asymptotic expansion

. —t)"
Z C(n)e ™" 7"')
n>1 r>0
as t \, 0. Then numbers L(—r,C) are given explicitly by
M
M" n
L(=r,C) = === 3" C(n)Bs (M) . (r=0,1,...), (3.3.1)

where By(x) is the kth Bernoulli polynomial and M is any period of the function C(n).

For details, see e.g. [45] p. 98.

Note the slight abuse of notation where C' may refer to either an arithmetic function or the
extra term C' which appears in (3.1.1) in the case were the 3-manifold in question is the

Poincaré¢ homology sphere. We will specify when unclear from context.

Proof of Theorem 3.1.1

n2
Let & be a root of unity and set C'(n) := ¢(n; ()¢ % . If K is a period of &, a straightforward

(n+2pjK)? (2p1K n)?

calculation showsthat{ = ¢ =& 4p It follows that C'(n) is 2pj K -periodic

with mean value zero, and C(2pj K — n) = —C'(n). Let

Ac(q) = p(n; Qg (33.2)

and observe that

fe_t Z C —nz(t/4p )
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By the previous proposition, the above has asymptotic expansion
—t/4
Z L(—2r C / p)"

ast N\, 0.

Moreover, taking the limit of this L-series as ¢ ™\, 0, all terms for > 0 term vanish and we
are left with

(—t/4p)°
lim L(0. C)Tp = L(0,0).

Using the formula for L(0, C') given in (3.3.1) and the fact that the Oth Bernoulli polynomial

By(z) = z — 5, we arrive at

M 2pj K

10.0) = =Y (57 = 3)C0) = = 3 (5 = elm e

Evaluating both ¢® and the extra term C' = q% o(t + ¢t~!) (which appears only when ¥ is

the Poincaré homology sphere) at (¢, &) gives the desired formula. [

3.3.1 Understanding (-deformations for ¢ " 1

Radial limits toward roots of unity give a novel family of invariants which may be thought
of as (-deformed WRT invariants. Toward a topological and physical understanding of
these deformations, the author has computed the limits as ¢ " 1 of ? (¢, q) for Brieskorn

homology spheres, where ( is a general root of unity.

Proposition 3.3.3. Fix a root of unity ¢ and let 2 = Y(by, b, b3) be a Brieskorn homology
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sphere. Then for its associated (t, q)-series invariant Z,
lim Z(C,q) == lim(¢,e™") = ¢ + ¢~ — 2.
lim Z(C.q) = lim(¢, ™) = ¢ +¢

Observe that this limit coincides with the value of

[[¢-¢h= ¢ ) __g_l)g. (3.3.3)

v

This expression is also equal to fy(¢, 1), where fy(¢, 2) is a rational function associated to

each Seifert manifold and defined later in Section 3.5.1.

It will follow from the definition of f(¢, z) that all Seifert manifolds have

fol¢; 1) =¢+ (¢ =2,
which motivates the following conjecture.

Conjecture 3.3.4. Fix a root of unity ¢ and let M be a Seifert manifold. Then

21 =lmZ(Ce) = fo(¢ 1) = ¢+ =2
We now return to the proof of Proposition 3.3.3.

Proof. By Theorem 3.1.1, we know that

n

~ 2pj K 1 2
Zs((1) =D+ Y (W - 5) p(n; Q)&
n=1

where D = 2R(() if X = 3(2,3,5) and 0 otherwise.
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First suppose (by, bs, b3) # (2,3,5). Then we will have 0 < «; < 2p for all o; and we may

rewrite

2pj

n 1 L o +2pk 1 k—1

;(%—ys@(n,c‘)— %( 0] 2)%@ ) 2

a4k 1 .

> 22pj 2)%(4"“)—2(

k=0 k=0

I as+2pk 1 CA

+> ( 32pj 2)9‘3(4“’“)—2(

k=0 k=0
ook 1 =1

D L
k=0 k=0

5)%@“2)
(3.3.4)
1
5)%(&“)
(3.3.5)
1
5)5}3@“1)
(3.3.6)
5)3%(&)
(3.3.7)

Note that if (b, be,b3) = (2,3,5) then a; = —1 and the bounds on the first two sums will

change. The first sum will range from k£ = 1 to £ = j and the second sum will range from

k = —1to k = 57 — 2. We will revisit this case later. Returning for now to the case of

(b1, b, b3) # (2,3,5), we may combine the sums in which :(¢*) appears to obtain

k=0

Using the fact that a; — as — a3 + a4 = 0, we rewrite the above as

j_

B
Il

[y

0

|

= {6})14 +2p+ o+ a3 —ay

2pg

6pk + 2p + o

2py

LG

- ;} R(CH).
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Applying the same process to the three sums containing R(¢**1), we get

=1
(S [Gpk A —on 3T g
pr 2pj 2

Now we may rewrite the radial limit entirely in terms of a; :

H

J—

2pj j—1
o5 1 ‘ J {al + 2pk e 5} R(CH)

[6pk+2p+a1 3
2pj

- %] R(C +

B
Il

0
(3.3.8)

_ ]zi {ka +dp—ar §] R(CH1) + = {2pk +2p—a1 1] R(CH2).
0

o 2pj 2 = 2pj 2

(3.3.9)

Next we expand (3.3.8):

I :
Z {6})1{—1—2])—1—041 _g R(CH) + {6}9‘7 —4]?+a1 _ ;] R(CI),

k=0
We have separated the £ = 0 term of the first sum and the £ = 7 — 1 term of the second
sum so that the remaining sums can be re-indexed and combined. This yields yet another

expression for (3.3.8) which is

4p o [4pk — 4p .
[2—%} R(C) + {— 1} R(CEH). (3.3.10)
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We repeat the process with (3.3.9) which results in

j—1
4pk: 4p
{2 — %} )+ Zl { 1} R(CH. (3.3.11)

Now we have that

lim Z(C.q) = (3.3.8) + (3.3.9) = (3.3.10) + (3.3.11)

Adding the first summand of (3.3.10) to the first summand of (3.3.11) yields

_ 8
{4 2m} R(C). (3.3.12)

Adding the second summand of (3.3.10) to the second summand of (3.3.11) and re-indexing

gives

7j—3

[8p—4pj}%(€)+j_l [4}91@—41) } Ck 1y
k=3

4pk 4p ket [ —4pj ]
R —_—
2pj 2pj [ ] (T ]

2py
(3.3.13)

k=1

where the £ = 1 and k£ = 2 terms have been pulled out of the second summand of (3.3.10),
andthe k. = 7 — 1 and k = j — 2 terms have been pulled out of the second summand of

(3.3.11). One can re-index and cancel the remaining sums of (3.3.13) so we are left with

(3.3.13) = -2 + { 2+ 4%} R(C).

Finally we get that

lim Z(C.q) = (3.3.12) + (3.3.13) = 2R(¢) — 2 = (¢} — (3)2
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Now we revisit the Poincaré homology sphere. To expand

2pj 1

> (5 — e,

i=1 2pj
we begin as before except line (3.3.4) should be substituted with
J Jj—2
oy + 2pk 1) - 20k +2p —a; 1 -
N D B s e )
— ( 2pj 2 = 2p;j 2
This has the same effect as adding

Qg 1 _ oap+2p5 1 . 2p) —ap 1 , —a; 1
(-5 - (- e (-

_ (=1 —2pj+on —2pj _
(R =2 Y i) — ()

to the overall sum we calculated in the case where (b, be, b3) # (2,3,5). In other words,

weg arc

1. Subtracting the £ = 0 term from the first sum in (3.3.4)

2. Adding in the & = j term to the first sum in (3.3.4)

3. Subtracting the £k = j — 1 term from the second sum in (3.3.4)

4. Adding in a k = —1 term to the second sum in (3.3.4).

However this cancels out with D = 2%(() so the final result is the same and the limit is

equalto ¢ + ¢! —2. O
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3.4 Quantum modularity for Brieskorn spheres

In this section we prove Theorem 3.1.2, which states that for a Brieskorn sphere > and
root of unity (, the associated invariant series Z »(C, ¢) is, up to normalization, a quantum

modular form. Specifically,

Z5(Cq) = ¢® (C = Ac(r)),

where

A(r) =) el g

n>0

is a quantum modular form.

In light of the work summarized in Section 2.4, it suffices to show that

> ne(n; Qg (34.1)

n>0

is a cusp form for I'(4p7). Then the results of Section 2.4.1 used in conjunction with Lemma

2.4.3 will imply

n2
> e(n: Q)
n>0
is a quantum modular form. We begin with an elementary lemma which will be useful for

simplifying our expressions later.

Lemma 3.4.1. Let 0 < n < 2pj be such that n = +oy (mod 2p) for some k. Then we
have n* = w + 4pi (mod 4pj) for some 0 < i < j, where w is the common congruence

class modulo 4p of the o2 s coming from Lemma 3.2.2.
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Proof. We may write n = 2pm =+ «; for some m and a? = 4pd + w for some d € Z. Then

n? = 4p(pm? + ma; + d) + w,

and 7 is equal to the congruence class of

(pm® & ma; + d) (mod 7).

We are now ready to show that (3.4.1) is indeed a cusp form. We will do this by decomposing

it into a sum of theta functions. Since ¢ (n; () is 2pj-periodic, we have

Z ngp(n7 C)q% - Z SO(OZ, C) Z(2p]n + O()q(ijzZ;;a)Q

n>0 0<a<2pj n>0

Every « for which ¢(«; ¢) is nonzero satisfies &« = 4y, (mod 2p) for some k. Thus, we

can write this sum as

(2pjn+a)2

> e, Q)Y @pjn+a)g w (3.4.2)
0<a<2pj n>0
a=ag(2p)
+ Z ©(2pj — a, () Z(QP]TZ + (2pj — a))q 1pj . (3.4.3)
0<a<2pj n>0
a=ay(2p)

Using the fact that p(n; () is odd and 2pj-periodic, (3.4.3) can be rewritten as

, (2pj(n+1)—a))?
> =0, @2piln+1)—a)g W
0<a<2pj n>0
a=ay,(2p)
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We may re-index the inner sum by n + 1 — n to get

. (2pjn—a)?
> (@)Y @pjn—a)g W,

0<a<2pj n>1
a=ay(2p)

and then re-index by n — —n to get

S o) Y (2m—a)dET = Y e, 0) S @+ a)g

0<a<2pj n<—1 0<a<2pj n<—1

a=ay(2p) a=ay(2p)

Combining this back with (3.4.2) we obtain

n? n?
> np(n; Qg = Y p(as¢) Y ngn. (3.4.4)
n>0 0<a<2pj neZ
a=ag(2p) n=a(2pj)

The inner sum of the above equation is a theta function which is modular of weight 3/2.
More generally define

O(r; k, M) := ng2.
nezZ
n=k(M)

The inner sum of (3.4.4) is O(7; «, 2pj).

By Proposition 2.1 of [65], we have that for v € I';(2M) that

miabk? 2M
Oyt k,M) =e s e’ ( y ¢

) (et + d)3/2®(7'; ak, M),

and since k = ak (mod M), we have

O(z;ak, M) = O(z; k, M),
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and the transformation law for modularity is satisfied.

Note thatifn? = n2 (mod 4pj) then ©(7; ny, 2pj) will have the same multiplier as O (7; no, 2pj).
n2
This is because, by Lemma 6.1, every n for which the coefficient of ¢#»7 in (3.4.4) is nonzero

satisfies n? = w + 4pi (mod 4pj) for some 0 < 7 < j and

riabn? miab(w+4pi)
e 21 = e 2pj

One may then group the n’s based on the corresponding 7 to get j functions f;(7) which for

v=(2%) e T(4pj) satisty

miab(w+4pi 4 ]
lom) = 5 28 () (er 4 P25,

Note the dependence of this transformation law on i. If one restricts to v € I'(4pj) C
'y (4pj), the multipliers for each f; become identical as b = 0 (mod 4pj). Thus the sum of

the f;’s transform together as a cusp form on I'(4pj). O

3.5 The (t, q)-series invariants of Seifert manifolds

This section contains proofs of the results pertaining to (¢, ¢)-series of Seifert manifolds,
specifically Theorems 3.1.3 through 3.1.7. At the end of the chapter we present additional
calculations of the (¢, ¢)-series for other families of manifolds, which we hope will lend
themselves to further analysis for modularity properties. From now on, we adopt the fol-
lowing convention when ordering vertices of a Seifert manifold’s plumbing graph: v, will
be the node, v, through v, will be the £ leaves, the remaining vertices vy, through v,

will be the joints. Throughout the section we will need the following lemma:
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Lemma 3.5.1. Let M be a negative definite plumbed 3-manifold with by = 0. Define m, s,

and v as before. Then we may write

oo ds+mu e‘M Y oo
Po(M)(t%,q) = q~ Z HW5 ¢t

Led+27 1

Proof. From the definition in [7] and a simple calculation in [51, Section 3] we know that

for a spin® structure [k] we have

P iw (t%,q) = qiasﬁ# Z Wr k(2)q E t2(@’€+<x ),

TEZLS

where Wr () is given by the admissible family of functions, ¢ = k — Mu + 2M«, and

®k _ k-uf;u,u) .

A straightforward calculation shows that

20, + (z,u)) =L - u.

Moreover, Wr i (z) = [ [, Ws,(k — Mu + 2Mx),. Therefore we may re-index our sum as

3s+m-u t 1
P{j;.;:[k] <t2, q) _ q,d +4 Z H W5 _¢ M ftéu

lek—Mu+2MZ5 i

m+27°
2M7Zs >

Now summing over all [k] € we may write
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Pﬁvﬁo(t{ q) = Z Pﬁff[k](M)

[k]€spin® (M)
_3s+m-u Zt]M 3
= 2 > e e
[k]e 2M2ZZ: lek—Mu+2MZs i
3.5+mu ZtI\/I 12
- > [T .
04275 1

The previous equality is true because, for each [k] € “;LQZZ , we are summing over all

possible representatives of its image under the isomorphism

m + 275 o 6 +27°
2M7Zs QM7

(k] — [k — Mul,

and therefore we are taking the sum, over each congruence class of ‘;ﬁ%s , of all of its

representatives in § + 27°. This is equivalent to taking the sum over all § + 27°.

Remark. P2, may be further simplified by only summing over those {; such that

and

These restrictions follow from Definition 2.6.1 of admissible families.
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3.5.1 The Z series of Seifert Manifolds

The purpose of this section is to state and prove Theorem 3.1.3, which presents a precise
formula for the ? o(t, q) series invariant of Seifert manifolds depending only on Seifert data.

We begin with some necessary lemmas about symmetric expansions.

Lemma 3.5.2. Let M = M(b; (ay,b1), ... (ax,bg)). Forall ¢ € § 4+ 27Z°, let C(¢) denote

the coefficient ofz*gin

Then

Proof. Sending ¢ + —¢ multiplies the coefficient by (—1)*(—1)¥=2 = 1. The factor of

k

(—1)* comes from sending ¢; — —¢; for 1 < i < k, and the factor of (—1)*~2? comes from

sending ¢y — —/. ]

Lemma 3.5.3. Suppose M (b; (a1,b1), ... (ax,bx)) is a Seifert manifold. Let A := [], a;

and a; = f. Define
K3

(2071 — 273g) (%L — 2Tk
t) =
folz,1) (2At—1 — z—Ap)k—2

and let C'(0) denote the coefficient of 7042z @tip—tu iy

s.e.(fo(z,1)).

Then
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Proof. This follows from the fact that fj(z,t) can be obtained from

via the substitution

Corollary 3.5.4. C'(() = C'(—1)).

Theorem 3.5.5. Let M (b; (a1, by), ..., (ax, bi)) be a Seifert manifold with plumbing matrix
M. Then:

N

(M)(#, ") = ¢*La(s.e.(folt. 2)))

where A = N(Y') is the prefactor as in the proof of [28, Theorem 4.2], |H| = |H,(M;Z)|,

n2
and L 4 is the Laplace transform sending 2"t™ — q1at™.

Proof. Applying Lemma 3.5.1, we have

A _ 3s+Tr(M) — M o
ZoM)(#q)=q > (J[Wa@))g

(e5+225 i
Note that (][], /ng (¢;))) identifies the coefficient on 7= in the symmetric expansion of
[1,(20 — 2,1)>7%. As in the proof of [28, Theorem 4.2] we may compute §O(t2, ¢"') by
replacing terms of the form

tar—1
_ ¢ 1\/[4 Ztue

q
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with terms of the form

t 8,4
_ £°(—1)adjM e i
- tu l

q )

where adjM denotes the adjugate matrix 2. For notational convenience, we will let

M’ = (—1)*adjM.

Exactly as in the proof of [28, Theorem 4.2], we evaluate % for each (. Let @;; := ai

iaj’

The exponent on ¢ (multiplied by 4 for notational convenience) becomes
AMO = (GA+2) lolia + Y Lilsag + Y CadiM;;. (3.5.1)
i#0 i#j i#0

The calculation above is a consequence of the relationship between the adjugate matrix and
the splice diagram associated to the plumbing graph I'; for more details see [28, Theorems

3.3 and 4.1]. Applying Corollary 3.5.4, we get that all terms are of the form

tarle

C(0)g ™ [t 4 0],

On the other hand, we calculate the symmetric expansion of fj(z,t). We start with

s.e.(fo(t,2)) = [ H (2t — zvi“it)] se. [zt — (222 R

1<i<k

We treat (21¢~1) as one variable y and expand as we would (y — y~1)?>*. Therefore in the

2The authors of [28] make the replacement of M with adj(M), but this only works when M has posi-
tive determinant. When A has negative determinant (and this occurs exactly when s is odd), adj(M) is no
longer negative definite, and the powers of ¢ become negative. Specifically, one would get a series in ¢~ 71
Replacing adjM with (—1)%adj(M) fixes this minor issue.
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symmetric expansion of f;(z,t) all terms will be of the form

C(£)3A60+Zi21 Tifit—f-u

Note that for 1 < i < k, (; = *1.

After the Laplace transform, the power on ¢ corresponding to each £/, again multiplied by

4, becomes
(Alg + > 6m) /A= GA+2Y bl + Y Ll + Y Gag, (3.5.2)
i#0 i#£0 i#4,i,j>1 i#0
which we will shorten to n(+¢). Each term of the symmetric expansion is of the form

n(£L)

C(0) g™ T2 [t 4 ).

The only difference between the powers of ¢ in equation (3.5.1) and the powers of ¢ in
equation (3.5.2) is the coefficient on ¢? for i # 0. However, for all £ that appear as exponents
in the symmetric expansion, /2 = 1 when 1 < i < k. Therefore the above discrepancy can
be corrected in the prefactor by following the same process from the proof of [28, Theorem

4.2]. O

3.5.2 Quantum modularity properties of 7 for 3 singular fibers

This section discusses the proof of Theorem 3.1.4, which mirrors that of Theorem 3.1.2 and
therefore will not be repeated in full. However, we will establish necessary prerequisites in

order for the argument of Section 3.4 to be applied. Specifically we will prove the following.

Proposition 3.5.6. Let M = M (b; (a1, b1), (ag,bs), (as, b3)) and define A,a; as before. Let
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w be a 2jth root of unity. Then there exists a polynomial p(q) such that

La(se.(folw,2)) = 3 Clmw)gi + p(q),

n>0

where C(n;w) is odd and periodic in n.

From here one can follow the process in [51, Section 6.1] to show that

Zc(n;w)q%

n>0

is a quantum modular form of weight % with respect to I'(4A452) by decomposing it into a

sum of theta functions.

We now prove Proposition 3.5.6.

Proof. Lete; = %1, and let m € Z. Define

_5516253[t2i stm = (istm)] o odd
0(51, €92,¢€3, m) =

0 m even.

The function C' has the following symmetry:
0(517 €92,83, m) = —C(—E‘:l, —&92, —E€3, _m)
If ¢ is a 2jth root of unity w, we also have that

0(51, €9,E3, m) = 0(517 €9,E3,M + 2])
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Let

Y :={(e1,e9,e3,m)|e; = £1,m > 0, m odd};
X ={(e1,€2,e3,m)|e; = £1,m € Z, m odd, Zsia_i—i—mA > 0}.
Observe that both Y — X and X —Y are finite sets (which may be empty). Given (g1, €2, €3, m),

letn =), e;a; + mA. We may now rewrite

La(s.e.(folt, z) ZC €1,€2,E3,M)q i,

On the other hand, we may re-index and rewrite

L L
E C(er, 9,63, m)q44 E C(n;w)q*a,
X

n>0

'ﬂ2 . . . . . . .
where C(n;w)q4a is 2Aj-periodic and odd in n. Putting everything together we have

n n2

n? n? n<
E 0(5175%537 7 E C 517827537 )QEJF § C(€1a527537m)q4A_ E 0(51762753’m)q4A'
Y Y-X X-Y

Asboth X —Y and Y — X are finite sets, we may write

La(se.(folt,2)) = 3 Clnsw)gin + p(q),

n>0

where p(q) is a polynomial in g. O

Remark. Because C(n;w) is periodic with mean value zero, one may take radial limits
toward roots of unity as in 3.3. Note that w* := ( is a jth root of unity, and for any root of
unity &, limpy Z (¢, &e™) exists and can be expressed as a finite sum in terms of C(n;w).

These limits can be thought of as (-deformations of Witten-Reshetikhin-Turaev invariants,
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extending the result of [51, Theorem 1.1].

3.5.3 The (¢, q)-series for 3 singular fibers

Below we prove Theorem 3.1.6, which states that for Seifert manifolds with three excep-
tional fibers, their (¢, ¢)-series can be written as an asymmetric expansion of the rational

function fy(t, z), specifically

Wt ™) = ¢ (Lalaean, o (folt, 2)))-

Proof. We begin with the asymmetric expansion of (24t~ — (24¢~1)~1), which is the de-

nominator of fy(t, 2). For |24t~} < 1 we have

_ Z(ZAt—l)QH-l

i>0

and for |24t > 1 we have

Z(ZAtfl)f(ZiJrl).

>0

Therefore, the expansions of fy(t, z) on |z4¢~1| < 1 and [24¢!| > 1 can be written as

(zathl_ZfaTt) Z(ZAtq)zz’H _ Z (818253)225;1sjaj+(2i+1)Atf Sk e —(2i+1)

3
=1 i>0 £j=£1,i>0

J

and

(Z(Titfl _zfaﬁt)) Z(ZAtfl)f(QiJrl) _ Z (€1€2€3>22f21 sjajf(QiJrl)AtZ?:l 5j+(2i+1),

3
j=1 i>0 e;j=%1,i>0

respectively. Applying the Laplace transform, the powers of ¢ corresponding to (1, €9, €3, 2i+
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1) in the expansion on |zt~ !| < 1 are equal to those corresponding to (—e;, —&9, —¢3, 2i +

1) in the expansion on |2(¢)| > 1, so we may combine the two to write

(T ejaj+(2i+1)A)2
La(@ew,m(t,q) = > —eigazsq  a  [Wa(L)t™ + (1 — W(1)t ]
€5,i>0

(3.5.3)

where ( := (€1, e9,€3,21 + 1).
On the other hand, working with the formula from Lemma 3.5.1, we may write

00 __3s+m-u etl\,jflg /.
PoM) () =q 5 Y ([ Wa)g T =4
(es+225 i

From the axioms of admissible families, we know that the only ¢ for which [], W;,(¢;) is
nonzero are those for which ¢ = (m, +1,+1,4+1,0,...) and W3(m) # 0. It also follows

from these axioms that

W3(1) modd,m > 1
Ws(m) = W5(1) =1 modd,m < —1

0 otherwise.

\

To calculate 7, (t2, ¢!'1) we make the same replacement of powers of ¢ as in the proof

of Theorem 3.5.5:

oM

Pyo(t?,¢"1) = g Z ~Ws(L)ereaesq™ 1t ereaes(Wa(1)—1)g

m>0,e;=+1

—ijllt—f'u
(3.5.4)

The only difference between Equations 3.5.3 and 3.5.4 is the powers of ¢ and the prefactor,

which can be corrected using the exact same trick as in the proof of Theorem 3.5.5. [
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Corollary 3.5.7. For a Seifert manifold M (b; ((a1,b1), (az,b2), (as, bs)) and any admissi-
ble family W, Pigo(1,q) = Z(q).

3.5.4 Mixed modularity properties for 3 singular fibers

This section proves Theorem 3.1.7, establishing £ 4 (a.e.y,(1)(fo(w, 2))) as a sum of quan-
tum modular and modular forms when M = M (b; (aq, b1), (az, b2), (as, b3)) and w is a 2;jth
root of unity. To accomplish this we decompose L 4(a.€.yv,1)(fo(w, 2))) into a linear sum
of ¢-series, one whose coefficients are given by C(n; w), a function that is 2Aj-periodic and
odd in n, and the other whose coefficients are given by D(n;w), which is 2Aj-periodic and
even in n. The fact that the sum involving C(n; w) is a quantum modular form follows from
the argument given in Section 3.5.2. The fact that the sum involving D(n;w) is a modular

form will follow from applying a result of Goswami and Osburn [24, Lemma 2.1].

Definition 3.5.8. Consider a function f with Laurent expansions of Y, ayz" centered at
z = 0 and Zk brz~" centered at = = oo. Let the series difference, denoted s.d., be the

formal power series given by

sd.(f) = Zakzk — Zbkz_k.
k k

Observe that

SO We may write

Lalaeanyo (ol 2)))) = Lalse(fo)(w, 2) + (5 — Wo(D)Lalsdfole, 7))
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From Section 3.5.2 we know that

Lals.e(folt, 2)) = pr(g) + 3 Clns g,

n>0

where C(n; t) is odd and periodic in n and p; (¢) is a polynomial. In the language of Theorem

3.1.7, La(se.(folt, 2))) is ;.

Proposition 3.5.9. For M = M (b; (a1,by), ... (a3, b3)) and w a 2jth root of unity,

La(s.d.(fo(w,2))) +Zan n7

n>0

where D(n;w) is even and 2Aj-periodic in n and py(q) is a polynomial.

Remark. In the language of Theorem 3.1.7,

Zan n7:®f,

n>0

and p1(q) + p2(q) = p(q).

Proof. The expansions of fy(t,2) on |24t~} < 1, and |24¢!| > 1, respectively, are

_ § ( 8162532(2 e +(2i+1)A)p— 32, 5,—(2i+1) gnd Z 5182532’2 & @ —(2i+1) Ayp— 33, &5+(2i+1)
£;=+1,i>0 £;=+1,i>0

Therefore we may write

‘ 3

b

La(s.d.(folt,2)) = > D(er,ez,e5,m)qin,

g;==21,m>0,m odd
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where n := ). ¢;a; + mA and

E1E2€3 [tz”b sitm _ t_(zi Eﬁ_m)] m odd
D(ey,e9e3,m) =

0 m even.

Observe that D(—ey, —e9, —e3, —m) = D(e1,e2,£3,m), and for w a 2;jth root of unity,

D(ey,e9,e3,m) = D(eq, 9,3, m + 2j).
Let X and Y refer to the same sets as in the proof of Proposition 3.5.6. Observe that

n 2
ZD(51,€2,53, qiA ZD n;w)qia (3.5.5)
X

n>0

where D(n;w) is 2Aj periodic and even in n, and

’rL

ZD 61,82,83, ) 1A = EA(Sd(f()(w,Z)))

Then we may write

n2

n2
L(s.d.(fo(w, 2) ZD n;w C]4A+Z D(e1,e2,€3,m )QE—Z D(e1, 2,3, m)q4,

n>0 X-vY
and since X — Y and Y — X are finite sets, the two corresponding sums form a polynomial

p2(q) we arrive at the desired decomposition. O

The modularity result will follow from applying [24, Lemma 2.1] and Lemma 2.4.3 to

(3.5.5). We describe this process below.

Lemma 3.5.10. There exists some k such that for all n with D(n;t) # 0,

n? =k (mod 4A).
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Proof. Let ny,ny be such that D(n;;t) # 0. Then there exists some (€1, 9,3, M), My
odd, such that n; = ) .e;a; + m1 A, and some (¢}, €}, €5, m2), my odd, such that ny =

> €@ + moA. A straightforward calculation verifies that
2 _ 2 _

]

Lemma 3.5.11. Let k; := 4A(i) + k, for 0 < i < (j — 1). If n is such that D(n;t) # 0,
then

n? = k; (mod 44j)
Jfor some 0 < i< (j—1).
Definition 3.5.12 (Section 1 of [24]). Let 1 < k; < 4Aj. Define
S; = {1 <k <2Aj|k* = k; (mod 445)}
and
Lemma 3.5.13. For a fixed manifold M, D(n;w) is supported on | J, S;.

Definition 3.5.14. Let D;(n;w) be the restriction of D to S;.

Note that

Zan n7: Z ZD n;w)q n7

n>0 1<i<(j—1) n=>0
Decomposing D into 7 summands will allow us to realize each associated g-series as a

modular form. Then we will show that these modular forms transform together with respect
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to I'(4A7). The following result of [24], rewritten in terms of our notation, may be applied

to each D;(n; w):

Lemma 3.5.15 ([24], Lemma 2.1). Let D;(n;w) be an even, 2Aj-periodic function sup-

ported on S;. Then

"L2
Op = Z D(n;w)q*4i

n>0

(3.5.6)

is a modular form of weight 5 with respect to T’y (4Aj) and

miabk; 4cA j

bp(y7) = e 2 (—L)eg ez + d) 20 (7).

Here the multiplier depends on k;. However, if we further restrict to the subgroup I'(4 A7),
b =0 (mod 4Aj) and this dependence is eliminated. Therefore, the j summands transform
as one under the action of I'(4Aj) < I'y(4Ay7). Finally, we apply Lemma 2.4.3 to conclude

Theorem 3.1.4.

3.5.5 The role of admissible families: selected calculations

Theorem 3.1.6 from Section 3.5.3 illuminates a possible interpretation of the role of W in
Py (t,q). In the case of Seifert manifolds with three exceptional fibers, the 7 series is
the unique series resulting from a symmetric expansion. The following calculations further

motivate an understanding of the P, as an asymmetric deformation of the Z series.

H-shaped graphs

Example 3.5.16 ([49], Example 5.5). Let M be a manifold with an H-shaped graph, i.e. a

graph with two nodes of degree 3 and four leaves. We will refer to the two nodes as vy and
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vy, and the four leaves as v through vs. Starting with the formula given by Lemma 3.5.1

and further restricting {; = +1 for 2 < 1 < 5, we have

PioM) () = ¢ 30 Walm)Wa(n)(—e1)(—e) (—ea)(—ea)g Tt

m,n, odd, e;==1

where {; = (m,n,eq,...,64,0,...,0).

Because W3(m) and W5(n) depend only on the sign of m and n, we can split the sum into
four cases. These four sums coincide with the four possible regions of C* on which one can

expand

Region of Laurent expansion | Signs of (m,n) | Coefficient on corresponding sum

|ZU| < 1a |Zl| <1
’ZO| < ]., |Zl| > 1

’ZU’ > 1, |21’ <1

|ZO| > ]_, |21| > 1

Note that the coefficients on each of the four sums are equal if and only if W3(1) = % i.e.
W =W, and the Z invariant is recovered. In this case the coefficient on each sum is }l. In
this sense the Py ) invariant associated to this family of manifolds can also be interpreted

as an asymmetric deformation of the Z invariant.

From here we may use symmetries associated with { — —{ to combine the (4, +) sum with

the (—,—) sum and the (+, —) sum with the (—,+) sum. After doing so we arrive at the

following:
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__3stm-u a1y - —fu
PSV?O(M)(tQJI) =4q g Z €1€2€3649 1 [(W3(1))2t6 + (Ws(1) — 1)2t ‘ ]
e;=x1,m,n>0,m,n odd
_ 3stmeu dym=le o i
g T (W (1) (Ws(1) — 1) S N B e

e;=%1,m>0,n<0,m,n odd

4-leg star graphs

Example 3.5.17 ([49], Example 5.6). Let M be manifold whose plumbing graph has one
4-valent node, 4 leaves, and any amount of joints. It was observed by Peter Johnson, who

gave a general formula for W, (r) in terms of {W,,(0), W, (1) }.en, that

(

Wi(0) + (Ws(1) —1)% meven, m <0
Wa(m) = § W,(0) + Ws(1)5 m even, m > 0

0 otherwise.

\

When W = ﬁ/\, we have

n

e n even

Wi(n) =

0  otherwise.

Using Lemma 3.5.1 and further restricting to {; = +1 for 1 < i < 4 we may write:

s+m-u _ptag! n
Py (M) (2, q) =¢~ > er6a5eaq 1 (Wa(0) + (Wi(1) — 1)§)t@“

e;=11,n even, n<0

_ 3s4+meu _tMle n
+q 4 Z E1E2€3€449 4 (W4(0) + W3(1)§

ei==x1,n even, n>0

_ 3s+meu _etmle .
g TWA0) Y ereaeseagT Bt
5i::|:1
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where the third sum corresponds to the n = 0 case. Combining all terms with a coefficient

of W4(0), we get

3stm-u am'e |n
Pizo(M)(1,q) = (1 = Wa(1))g 3 Y. cimmeg o %t‘“

e;=%x1,n even, n<0

St+m-u t /
+ Wa(1)g > E18985Eaq 1 @t“

e;=%x1,n even, n>0

St+m-u t /
+ W4(O)q_3 £ Z 81528364(]4 T ete'u.

g;==x1,n even

N _pta—1
The first sum above is the Laplace transform (z* — ¢ i E) of the expansion of

[z —=H (3.5.7)

v

on |zg| < 1 and the second sum is the Laplace transform of the expansion of (3.5.7) on
|z0| > 1. The meaning of the third sum is unclear to the author, however when W = W,

the sum disappears as /V[74(()) = (. In this sense Example 3.5.17 can also be seen as an

asymmetric deformation of the Z invariant. If W = W, then Ws5(1) = 5 and the symmetric

expansion is recovered.
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Chapter 4

Annular Links from Thompson’s Group

T

4.1 Overview of results

This chapter provides a method for building links in the thickened annulus A x [ from
Thompson’s group T'. Relevant background information is discussed in Sections 2.7 and

2.8.

Given an edge-signed graph I' < A, one can construct a diagram of an annular link L (g)
in analogy with Tait’s construction of links from planar graphs; see Figure 4.1, which pre-
viously appeared as Figure 2.22 in Section 2.7.3. Jones proved that given any Tait graph
I' € R?, there is some g € F which produces the same link as I". The following theorem

states that the same is true for annular links and 7'

Theorem 4.1.1. Let I' — A be an edge-signed embedded graph. Then there exists some

g € T such that L(g) is isotopic in A x I to L(I).

As discussed in Section 2.7.2 elements of 7" can be specified by triples (R, S; k), where R
and S are trees and k is an integer. When R, S and & are relevant, we will use £, (R, S; k) to
refer to the link resulting from the unique element g € 7' determined by the triple. Using this

notation, we can establish the Jones polynomial of annular links as a function of positive
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(o)) (€
¥ ¥
r La(T)

Figure 4.1: An annular link built from an edge-signed graph embedded in A.

type on T, the oriented subgroup of 7" which was introduced in [36] and is discussed in

Section 4.2.

Corollary 4.1.2 ([50], Corollary 1.2). For g = (R,S;k) € T, let n be the number of
leaves in R, and let V2 (t) denote the Jones polynomial of an annular link L, where un-
knotted curves wrapping once around A are equal to (—t_% - t%). Define VA(t) : T—C

analogously to [5], that is,

-1 1\ n
V;;A(t) = VAAA(R,S;k)(t)(_t 2 —t2) .

Then, fort € {1,1, ei%}, VqA(t) is a function of positive type on T, and consequently the
Jones polynomial of L,(g), evaluated at t € {1, 1, et % }, arises from a unitary representa-

tion of T.

4.2 Constructing links from group elements

To construct annular links from 7', this section introduces two equivalent methods analogous

to those introduced by Jones for F'.

The first method is pictured in Figure 4.2. Given g = (R, S; k), consider the associated
cylindrical strand diagram D,,. Following the method for building links from F', add edges

to R and S to make them ternary trees, and consider these new edges numbered from left
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to right. The edge above each root is considered to be numbered 0. Next, stack “empty”
cylinders above and below D, and connect numbered edges with non-crossing arcs accord-
ing to the following rule: when the nth edge of R is connected to the mth edge of S and
n > m, the arc connecting them must wrap around the annulus. Otherwise, the arc does not
wrap around the annulus. Note that this rule guarantees that the arc connecting the top root
to another edge will never wrap around the cylinder, and the arc connecting the bottom root
to another edge will always wrap around the cylinder, unless a single arc connects the two

roots (in which case g € F'). Finally, all 4-valent vertices become crossings as in Jones’

construction.

Figure 4.2: Building the annular link £, (g) from g € 7" via the strand diagram D,.

The second method for building annular links from 7', pictured in Figure 4.3, involves
building an edge-signed graph I'y (g) — A and defining £4(g) := La(T's(g)). The graph
['s(g) is built from I'( R) and I'(S), which are created as in Jones’ construction (see Section
2.8.) However, the first vertex of I'(R) is now identified with the kth vertex of I'(S), and
edges of R attaching to edges to their left in S must wrap counterclockwise around A; see

Figure 4.3. This second construction will be used in Section 4.3 to prove Theorem 4.1.1.
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Figure 4.3: Building the graph I'y(g) from g = (R, S; k). Dotted lines denote identification of
vertices; they are not edges.

Annular links created from 7" are closely related to Jones’ planar links built from 7; see
[36, Section 4.2]. By construction, I'(g) is the image of I"y (¢) under the inclusion A — R
Consequently, the diagram £(g) is the image of the diagram £, (¢g) under the same inclusion.

From this we can relate the Kauffman bracket of £, (g) to that of £(g):

Proposition 4.2.1 ([50], Proposition 3.1). Let g € T be given by (R, S; k). Consider Lx(g)
as an element of Clx], the Skein module S(A) of the thickened annulus. Evaluating at

x = (—t2 — t2) returns the Kauffiman Bracket of £(g) € S°.

To discuss the analogous result for the Jones polynomial, we first recall the oriented sub-
group T', whose associated annular links admit a natural orientation. The Jones polynomial
of an oriented annular link £, denoted V/A(t, h) € Z[t*2, h], can be evaluated by first using
the usual skein relation to remove all crossings, and then setting unknotted circles bounding
disks equal to (—t% — 73 ), and unknotted circles wrapping once around the annulus equal

to h.

The following proposition relates the Jones polynomial of £(g) to that of £, (g).
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Proposition 4.2.2 ([50], Proposition 3.2). Let g € T. Setting h := (—t% — t_%), the Jones

polynomial of Lx(g) is equal to that of L(g).

Propositions 4.2.1 and 4.2.2, together with Aiello and Conti’s proofs of [5, Theorems 6.2

and 7.4], imply Corollary 4.1.2.

4.2.1 Annular Thompson badness

Toward a proof of Theorem 4.1.1, we now establish the annular analogue for Jones’ Thomp-

son Badness. In this section and Section 4.3, we think of A as D' \ {(0,0)}.

Definition 4.2.3. Let I' < A be an edge-signed graph. We say 1 is AT B-friendly if:

* [' has no loops.
» all vertices lie on the x axis.

* all edges have interiors either entirely above, or entirely below the x axis.

Now suppose a graph I' < A is AT B-friendly. Define e, e"?, @ " edown ag before.
Let vy, describe the leftmost vertex and let v; describe the vertex immediately to the right of
the origin. Label the N vertices by {1, ..., N} such that v; is labeled 1, the vertex imme-
diately to its right is labeled 2, and so on, until the rightmost vertex is labeled £ — 1. Then
label the leftmost vertex k and continue increasing left to right until the vertex immediately

to the left of the origin is labeled N. For example,
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Let [(v) refer to the label of v. By construction (v;,) = k. Define
ey :={e € e(I') : e connects v to some w such that [(w) < I(v)}.
Now define Annular Thompson Badness, or AT B, as follows:

ATB() = ) [—lerne™||+ D [1—lef ne||+[e] +[ef™"|
veV(T)\vr veV(I)\v1
The following proposition motivates this definition as the correct analogue for Thompson

Badness.

Proposition 4.2.4 ([50], Proposition 3.3). Let I' < A be an AT B-friendly graph. Then
ATB(T) = 0 ifand only if T" = ' (g) for some g € T.

Proof. Suppose I' = I'4(g), where g = (R, S; k). By construction, [e*| = |ed*"| = 0.

It remains to show >,y oy, [1 = e N ™| = 37 vy, [1 = les Ne??|| = 0.
Beginning with the first quantity, let I'_ denote the subgraph of I whose edges have interiors

in the lower half plane. Since ' = I'(.S) and I'( R, S)) has Thompson Badness equal to zero,
Zvev(r)\% 11— lei" N edown|| = 0.

It remains to show that

Y L= legne®|| =0.

veV(D)\vi
Define I'; analogously to I'_. Because of the edges wrapping around the annulus, ', #
['(R), but we can recover I'(R) from I',. This is accomplished by embedding I'; in R? so
that labels of the edges increase from left to right. Call this embedding I, and observe that
I, =T(R).
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Iy I’y
LN r /N

34 1 2 1 2 314

Letting v}, refer to the leftmost vertex of I, , we have

Yo -lernerii= Yo [1-lerne]l

veV (T O\ vy} veV () \v1
Since I'(R, S) has Thompson badness zero, the left hand side must be zero. Therefore,

ATB(T4(g)) = 0.

Conversely, let I be a graph with AT B(I') = 0. Let (R, .S) be the unique pair of trees
corresponding to (I, ,I'_). Then I' = 'y (g) where g = (R, S;1(vy)). O

4.3 The proof of Theorem 4.1.1

This section uses Annular Thompson Badness to prove 4.1.1. Given a general graph I', we
wish to find a graph IV and L, (I") ~ Ly (1), with AT B(I") < AT B(T"). For this we use

Jones’ definition of 2-equivalence [36].

Recall that two edge-signed planar graphs are defined to be 2-equivalent if they are related
by a finite sequence of three moves, which Jones calls 2-moves [36]. These moves were
introduced in Section 2.7.3 of this thesis. Jones uses 2-moves to show that every link has
a diagram whose Tait graph has Thompson Badness zero, and thus can be built from an
element of the Thompson group. The proof of Theorem 4.1.1 will use an analogous strategy
to reduce Annular Thompson Badness of a given edge-signed graph I' < A. To accomplish
this we wish to calculate AT B of any graph I', but so far the definition of AT B(T") requires

that [" is AT B-friendly. The following lemma takes care of this.
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Lemma 4.3.1 ([50], Lemma 4.1). Let I' — A be an edge-signed graph. Then I is 2-

equivalent to an AT B-friendly graph.

Proof. Begin by arranging all vertices on the z-axis, which is always possible. At this point,
if I' is AT B-friendly we are done. Otherwise, both loops and edges whose interiors are in
both the upper and lower half-plane can be corrected with moves of Type Ila. Both cases

are shown in Figure 4.4. [

Figure 4.4: Using moves of Type Ila to correct for a loop (left) and an edge whose interior is in both
the upper and lower-half plane (right).

Therefore, for any graph I' — A, we define AT B(I") := AT B(I") where I" is obtained

from I as in the proof of Lemma 4.3.1.
Remark. The following, when applied inductively, proves Theorem 4.1.1.

Theorem 4.3.2 ([50], Theorem 4.2). LetI" < A be an edge-signed graph. If AT B(I") # 0,
there exists I such that I is 2-equivalent to I', and ATB(I'") < ATB(TI').

This proof can be thought of as an extension of Jones’ proof of [36, Lemma 5.3.13] to the

annular case.

Proof. To begin, we split into three cases, based on what is causing AT B(I") > 0:

1' Z’UG’U(F)\UL |1 - |€’ZUn N edownH + ZUEU(F)\’Ul ’1 - |6§ M eup“ > O'

2. The above quantity is zero but || > 0.
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3. The above quantities are zero but || > 0.

Case 1: The following four-step process will reduce

Yo —lerne i+ Y [y ne”|

vev(T)\vg vev(I)\vy

to zero while preserving 2-equivalence.
Case 1, Step 1: For each v € v(T) \ vy, such that |e N edovn| = 0, let the vertex immedi-

ately to the left of v be called w and proceed as in [36] regardless of whether v = v;:

o X X XX

The new vertex does not impact AT B, and the vertex v now has |e N e4°*"| = 1. Each

time this step is applied to a relevant vertex, » |1 — |ei™ N edown|| decreases by 1,

vev(T)\vg

and all other quantities remain unchanged, so AT B decreases by 1.

Case 1, Step 2: For each v € v(T) \ vy, such that |e N e > 1, proceed as in [36]:

Step 2 ensures that > r,, |1 — lein M edown|| = O for all relevant vertices, however it

may increase the quantity » 1 — |es N e"||. Take, for example, a vertex v with

vev(I)\vy |

an outgoing edge stretching over the origin:
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In this example, Step 2 increases |e; Ne"P| from 1 to 2. This will be addressed momentarily
in Step 4, but at this point steps 1 and 2 have reduced >~ ¢y, [1 — leir N edewn|| to 0.

Ifwealsohavethat)_ . ., [1—[e;Ne™|| = 0, weare done. Otherwise proceed to step 3.

ve(

Case 1, Step 3: We wish to deal with vertices v € V(I") \ vy for which |e5 Ne?| = 0. If

v # vy, let w refer to the vertex immediately to the left of v and proceed as in [36]:

?U( L » X X

If v = vy, modify the graph as follows:

In both cases, >, )\, |1 — [€5 N €"|| decreases by 1 and all other quantities remain
unchanged. Therefore each time this step is applied to a relevant vertex, AT B decreases

by 1.

Case 1, Step 4: We wish to deal with vertices v € v(I") \ v; for which |eS N e"P| > 1.
This can happen one of four ways. In any case, proceed as in [36], see Figure 4.5. In each
of the four cases, > -, , )\, |1 — |e; Ne*|| decreases by 1 and all other quantities remain

unchanged. Therefore each time this step is applied to a relevant vertex, AT B decreases
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by 1. After these four steps, we have

Do =l i+ Y L—fey ne|| =0,

vev(T)\vr vev(T)\v1

and |e"”| + |e%""| remains unchanged. Therefore AT B has been reduced, and this con-

cludes Case 1.

Figure 4.5: Reducing Annular Thompson Badness as in Case 1, Step 4. Four possible modifications
are shown, corresponding to four different ways a vertex v can have |e; N e*?| > 1.

. ‘ d _
Case 2: We have >, py,, |1 — [€" N ™[ + 30 o |1 — [e5 Ne|| = 0 and
|edown| > 0. From now on, only edges in || U |e%*"| will be pictured with a sign; the
rest are understood to be in [e?°"| U |¢%”]. Fix an edge in ¢’ € €9°" and call its terminal

vertex v. We further split into two cases, depending on whether v = v;. Let w refer to the

vertex immediately to the left of v. If v # vy, proceed as in [36] (see Figure 4.6).
If v = vy, proceed as in Figure 4.7.

Note that m denotes the number of edges coming into v from the other side of the annulus.
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Figure 4.7: Reducing Annular Thompson Badness as in Case 2, when v = v;.

Distinguishing these edges in the picture is necessary because, by virtue of stretching over

the origin, they are not in e;; and will not affect AT B.

One may wonder why we treat v = v, differently from v # v; in Figures 4.6 and 4.7. Figure
4.8 depicts what would have happened if we did not. The vertex vy, now has [e; Me"?| = 2
which increases AT B by 1 and necessitates a correction as in Case 1, step 4, bringing us

back to Figure 4.7.

Figure 4.8: An illustration of why Case 2 must be treated differently when v = v;.

To see how Figure 4.6 preserves 2-equivalence use Type IIb moves to remove canceling 2-
cycles with opposite signs, then use Type [ moves to eliminate 1-valent vertices, and finally
use Type Ila moves to collapse canceling edges, pictured in red, so that the original edge,
pictured in blue, remains. A similar sequence of moves demonstrates the 2-equivalence for

Figure 4.7.
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The modifications in Figures 4.6 and 4.7 decrease \eflfw" | by 1 and do not impact the quantity
D ey, 11— 15" 0 edown|| + > veu()\n 11— leg N e[| or [e2]. Therefore each time
down

this modification is applied to an edge in %", AT B decreases by 1 and any edge in 4"

can be corrected.

Case 3: All other quantities relevant to AT'B(I") are zero, but |e*”| > 0. Once again we
further split into cases, depending on which side of A contains the terminal vertex v of a

problematic edge ¢’

If v is on the left side of A, let w refer to the vertex immediately to the left of v and proceed

as in [36]:

A key fact that makes the above work is that as long as v is on the left side of A, we have
lei Me?| = 1, which was assumed in [36]. When this is not true, a different correction will
be required; specifically, if instead ¢’ terminates at some v on the right side of A, we may
have that |e* N €"?| > 1, due to any number of edges entering v from above which stretch
over the origin. We must further divide into two cases, based on whether ¢’ itself stretches

over the origin.

If not, perform the following combination of moves of Type I, Ila, and IIb, finitely many

times until |e™ N e*?| = 1:
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Then, we may proceed as in the previous case. If, on the other hand, e’ does stretch over the
origin, apply the above modification to isolate ¢’ from all other edges in |e™ Ne“?| stretching

over the origin. Once the problematic edge is isolated, one may modify the graph as follows:

To see 2-equivalence, use Type IIb moves to remove canceling 2-cycles, then use Type I
moves to remove 1-valent vertices. Lastly apply Type Ila moves to collapse the three pairs

of canceling edges pictured below in red, blue, and green.

The modifications in this step reduce || by 1 and do not affect any other quantities relevant
to AT B. This concludes Case 3. These three cases demonstrate that any edge-signed graph

embedded in A with nonzero AT B is 2-equivalent to a graph with lower AT'B. O

4.3.1 Example: a positive trefoil embedded in A x [

Let I' — A be the graph pictured below, which corresponds to the positive trefoil embed-
ded as in Figure 4.1. The graph I' < A has [e?"| = 1, [e™| = 0, |el? N e®"| = 0,

el nedovn| =1, |es, Ne*| = 0, |eg, N e“?| = 2. Following the process outlined in Theo-



112

rem 4.1.1 leads to the element g = (R, S; k) € T pictured below, and L, (g) = La(T').

Figure 4.9: The triple (R, S; k) such that L4 (R, S; k) = La(T).

Let us go into more detail about how the triple (R, S; k) was obtained. Starting with T,
observe that v has |ei™ N e®¥"| = 0, so we modify the graph to correct this, see Figure
4.10. New vertices and edges are pictured in red. From here, observe that v,, the leftmost
vertex, has |e; Ne?| = 0, so we correct for this as pictured in Figure 4.11. We then correct
the vertex immediately to the left to the origin, which has |e N e“?| = 2, see Figure 4.12.
Finally we correct the sign of the single edge in ]ei"“’”| as in Figure 4.13. We have arrived
at a graph T which is 2-equivalent to I, but whose annular Thompson badness is equal to
zero. From I' we may extract I, T_, F;, and k as in the proof of Proposition 4.2.4. From

here, R and S are built from F;r and T'_ respectively.

o)

+
Figure 4.10
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Chapter 5

Khovanov Homology and Tangles from

F

This chapter presents the lax group action of Thompson’s group Fona category of Kho-
vanov chain complexes, based on joint work with Slava Krushkal and Yangxiao Luo [44].
This begins with an asymptotically faithful construction of (n, n)-tangles from F, via Belk’s
notion of strand diagrams. For background information about strand diagrams, see Section

2.7.1.

5.1 Building tangles from F

The aim of this section is to introduce the method by which we construct (25+1 2k+1)-
tangles from elements g € F), and to prove that this construction is asymptotically faithful.

To build tangles out of Thompson group elements, we will first use isomorphisms
O : F — R

to obtain reduced (2, 2%) strand diagrams associated to each group element. Then we will
define a functor 7" sending each (2¥, 2¥)-strand diagram to an unoriented (2%, 2¥+1) tan-

gle T'(©x(g)). The functor 7" is a generalization of Jones’ functor from forests to tangles
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introduced in [36]. A forest is a strand diagram with only splits, see Figure 5.2 for an ex-
ample. We follow the convention of Jones in [36] that forests grow downward, see Figure

5.2. Forests growing upward will be referred to as inverse forests.

The map O, will involve symmetric trees S, € RS, (see Figure 5.1).

Figure 5.1: A symmetric tree S5, with 8 leaves

Definition 5.1.1. Let Sy, be the symmetric tree with 2* leaves and let § : F — R} be the

isomorphism from Section 2.7.1 Define

Ok(g) := Sk *d(g) * S,

i.e. conjugation by Sy.

Figure 5.2: An example of a forest D € D3.

Toward a definition of the functor 7', we define two categories of strand diagrams and

tangles, respectively.

Definition 5.1.2. Let © be the category whose objects are positive integers, and the mor-
phisms from m to n are (m, n)-strand diagrams. Compositions are concatenations of strand

diagrams.
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Similarly, let T be the category whose objects are positive integers, and the morphisms from

m to n are unoriented (2m, 2n)-tangles. Compositions are concatenations of tangles.

Now we define a functor 7: ® — T. First, T" acts by the identity on objects. Given an
(m, n)-strand diagram I" embedded in [0, 1] x [0, 1], we construct a (2m, 2n)-tangle T'(T")

as follows.

Observe that the complement of I is a disjoint union of some polygons Py, P, ..., Px. As-
sume P; is neither the leftmost region nor the rightmost region, then the boundary of P,

consists of:

1. only some edges of I, or

2. some edges of [" and an interval on the lower side, or

3. some edges of I" and an interval on the upper side, or

4. some edges of I, an interval on the lower side, and an interval on the upper side

See Figure 5.5 where the regions are labeled 1 — 4, according to the definition above.

Proposition 5.1.3. If P, has boundary of type (1), then P; has a unique maximum point at
a split, and a unique minimum point at a merge. If P; has boundary of type (2), then P; has
a unique maximum point at a split. If P; has boundary of type (3), then P; has a unique

minimum point at a merge.

Proof. We give a proof for the regions of type (1); the argument for the other two cases
is directly analogous. The given polygonal region P; is topologically a disk. A priori,
there are two types of minima and maxima of the boundary 0D of a planar region D. This

first type is where the minimum of the boundary is also a minimum of the region D, and
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similarly a maximum of 9D is also a maximum of D. The second type is where a minimum,
respectively maximum of 9D is a maximum, respectively minimum of D. Since the edges
of a strand diagram have non-zero slopes (see Definition 2.7.1), the boundary of P; does
not have extrema of the second type. The extrema of the first kind take place precisely at

merges and splits, as shown in Figure 5.3. Suppose F; has more than one local minimum. It

P;

Py

Figure 5.3: A maximum and a minimum of F;.

follows from ambient Morse theory (or in this case, also from planar topology) that, looking
at sublevel sets of the height function, the minima of the first kind give rise to 0-handles
of P;. Since F; is connected, these 0-handles eventually must be connected by 1-handles.
Attaching a 1-handle to P, corresponds to a maximum of 0 F; of the second type. Since this
is impossible in a strand diagram, P; has a unique minimum. The same argument shows

that there is also a unique maximum. ]

Consider each polygon P; which is not leftmost or rightmost. If P; has boundary of type
(1), we introduce an edge connecting the unique maximum point and the unique minimum
point of P;. If P, has boundary of type (2), we add an edge connecting the unique maximum
point of P; to a point in the interior of the interval in OF; on the bottom of the square. The
definition for type (3) is analogous. If P; has boundary of type (4), we connect a point in
the interior of the top interval to a point in the interior on the bottom. Let I denote the

resulting graph. The new edges are drawn red in Figure 5.4.

Note that I' is a graph with (2m— 1) univalent vertices on the top side of the square, (2n—1)

univalent vertices on the bottom side, and all other vertices are 4-valent, containing either
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a split or a merge of the original strand diagram. We replace each 4-valent vertex by a
crossing as in Figure 5.4. Finally, we add a trivial strand on the leftmost side to get an

unoriented (2m, 2n)-tangle T'(I"). See Figure 5.5 for an example.

lt |
/i\ merge — ‘

Figure 5.4: The local replacement at 4-valent vertices of I, with added edges in I marked in red.

'@
7

r T(T)

Figure 5.5: A (5, 3)-strand diagram I" and its associated (10, 6)-tangle 7'(I"). Each polygon P in the
complement of I' (except the leftmost one and the rightmost one) is marked by a number k, meaning
that P has boundary of type (k).

If E' is a forest, then the complement of £ does not contain any polygons with boundary
of type (1) and (3). In the definition of T'(E) above, we just need to connect each split
with the interval on the bottom of the square, and we add a strand connecting the top and
bottom intervals of each type (4) polygon except the rightmost one. Each split in £ gives
rise to an arc connecting two points on the bottom edge of the square in 7'( F'), and we refer
to these arcs as turnbacks. Jones also constructed tangles from forests in [36]; comparing
T'(E) with Jones’ functor, the only difference is that in our construction, 7'( £') has an extra

trivial strand on the left. For an example, see Figure 5.6.
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ﬂ”\,ﬁm

Figure 5.6: The tangle T'(D), with D as in Figure 5.2.

Definition 5.1.4. A4 strand diagram 1 is called a biforest if I' = F o F for some forests
F1 and FQ.

Figure 5.7: A biforest in D§.

Proposition 5.1.5. Given two biforests I and I"' with the same number of endpoints, I # T

implies that T (") 22 T(I").

Here tangles are considered equivalent, i.e. T'(I") = T'(I'"), if they are related by an isotopy

fixing the endpoints.

Proof. LetTl' = Fio Fy, 1" = G1 0G5, SinceI' A 17, F; # G, forsome i € {1,2}i = 1, 2.
Without loss of generality, suppose Iy # G4. Then T'(I") and T'(I') differ by at least one
turnback near [0, 1] x {0}. O

Remark. Proposition 5.1.5 does not hold for arbitrary strand diagrams. For example, an
infinite family of (1, 1)-strand diagrams, coming from an infinite family of distinct Thomp-

son group elements given by the ordered pairs of partitions

1..13, 37 1 1. 11, 1

57 1}7 [Z? g]’ Tt }7 { ) [§7 Z]? [Z’ 5]? [_7 1”)
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produce the trivial tangle with two vertical strands. Similarly, it is known that Jones’ con-

struction in [36] produces the unlink from many distinct elements of F.

5.1.1 The statement and proof of faithfulness

In this section we prove asymptotic faithfulness of the construction of tangles from F'. More
precisely, we show that given any g # h € F, there exists some K such that for £ > K,
T(Ok(g)) 2 T(Ok(h)). This statement highlights a key difference between the creation of
tangles from F' in this paper, and that of links in [36]. In general, the construction of links

from F' is not faithful.

In this section we refer to the maximum height of a tree S to be the maximum distance from

a leaf in S to the root. For example, the maximum height of Sy is k.

Lemma 5.1.6. Let T € R! i.e. T is a binary tree with n leaves. If d is the maximum height

of'and k > d, then I x S}, € Rff contains only merges.

Imprecisely, the resulting strand diagram I" * .S} € Rik may be thought of as encoding the

“difference” between S, and I'.

Proof. 1t follows from the fact that I" is a sub-tree of Sy that Sj contains every split of "
(and sometimes more). In the concatenated but unreduced picture I" o S}, every split in 7’
and its corresponding merge in .S}, can be eliminated by a reduction of Type II. The resulting
reduced diagram only has merges, given by merges in S that do not correspond to splits

inT. ]

The following result is a more detailed version of Theorem G in the Introduction. To relate

the notation in the two statements, n = 2* and 7,, = T o ©;..
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r ToS; T % S;

N

Figure 5.8: The tree S2 has one more split than the tree I'. When I' o S5 is reduced to I' x S5, the
single merge remaining corresponds to this split.

Theorem 5.1.7. Suppose g, h € F,g # h. Let m = max(height(g), height(h)). For k such
that 28 > m, we have T(©4(g)) % T(O(h)).

Proof. Let 6(g) = Ty Ty, and §(h) = Uy = Uy, where (T3, Ts) and (U, Us) both are

reduced as pairs of trees. Note that
Ok(g) = Sk x Ty + Ty xS, = (Sk x T3) * (Sp + T7)"

By Lemma 5.1.6 we know that Sy, * 75 and Sy * 17 both are forests, so the unreduced
concatenation (S * T5) o (Sk * T})* is a biforest. However, reducing a biforest results in

another biforest, so O (g) and O (h) are biforests.

Because Oy, is an isomorphism, g # h implies ©4(g) # O (h). Proposition 5.1.5 implies
T(Ox(g)) # T(Ok(h)). O

5.2 Orientability

The Khovanov chain complexes considered in Section 5.3 are defined for oriented tangles.
To this end, we will now consider the analogues of the above constructions and results in

the oriented case.
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Recall the oriented strand diagrams and isomorphisms
§:F — R

from Section 2.8.2.

For any oriented tree s, we have an isomorphism P, RE — R7: sending I toits conjugate
§x T % (5)*. The maps o, are analogous to the isomorphisms R} — R", considered in
the unoriented case in the paragraph preceding Definition 5.1.1. The inverse (tﬁs)*1 uses

conjugation with (3)* instead.

As in the unoriented case, we will always take s to be the symmetric tree S, for some

positive integer k. It turns out that the 2*-sign induced by S, has a special form.

Recall definition 2.8.3 of an n-sign. Given an n-sign v, we can construct a 2n-sign, which
we call 2v, by replacing each + with (+, —) and each — with (—, +). Repeating this k-times

results in a 2¥n-sign 2~v.

Proposition 5.2.1. Given a positive integer k, the 2%-sign os, induced by symmetric tree

Sy, is 2%+, where + is considered as a 1-sign.

Proof. We give a proof by induction. When £ = 1, S; has a single split. After we put a
+-sign in the leftmost region, this split becomes a positive split. By Figure 2.27a, a positive

split induces (+, —), so the 2-sign induced by S; is (+, —) = 2+.

Assume S, induces the 2¥-sign 05, = 2¥+. Then notice that to get Sy, we just need to
add a split at each leaf of Sj. The split at the i leaf of S}, is a positive (resp. negative) split
if the i'" sign in o, is + (resp. —), because this sign is in the upper left region of the split.
By Figure 2.27a and Figure 2.27b, a positive split induces (..., +, —, ...), a negative split

induces (..., —, +, ...). Thus, to obtain o, , we just need to replace each (..., +,...) in og,
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by (..., +,—,...), each (..., —,...) in o5, by (..., —,+,...). It follows that 05, ,, = 205, =
2(2F4) = 2F1 O
Thus for any positive integer k£, we have F = Rg:i, with an explicit isomorphism given

by ék = (i;gk 0.

5.2.1 Building oriented tangles from F

First we introduce © and <, oriented analogues of the categories ® and T. Let S be an
oriented (p, ¢)-tangle in the square (with p points on the top side and ¢ points on the bottom
side), and consider the induced upward or downward orientations at its endpoints. On both
the top and the bottom, we indicate the downward orientation of an endpoint with a +, and
the upward orientation with a — sign. Note that the signs are positioned at the endpoints of
the tangle; this is different from the case of strand diagrams where signs denote orientations
of the subintervals on the top and the bottom of the square, separated by the endpoints. If S
induces a p-sign ¢ on the top, and a g-sign 1 on the bottom side, we say that S is an oriented

tangle from ( to 7).

Definition 5.2.2. Let ® be the category with objects n-signs for arbitrary positive integers
n. The morphisms from | to v are oriented strand diagrams from i to v. Compositions are

concatenations of strand diagrams and signed regions.

Similarly, let T be the category with objects n-signs for arbitrary positive integers n. The
morphisms from i to v are oriented tangles from 2 to 2v. Compositions are concatenations

of tangles.

Similarly to the functor 7': ® — ¥, we construct a functor T:D - % sending oriented

strand diagrams to oriented tangles. T acts by the identity on objects. Given an oriented
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Figure 5.9: Around each crossing of f(f), its orientation can be equivalently obtained by replacing
4-valent vertices of I/ by oriented crossings.

strand diagram I from an m-sign p to an n-sign v, we will construct f(f) by assigning
an orientation to the unoriented tangle 7'(I"), where I' is the unoriented strand diagram

underlying I

Suppose P, P, ..., Py are signed polygons in the complement of T, excluding the rightmost
one. Recall that to construct 7'(I"), we add an edge in each polygon P; to get a graph I, then
replace each 4-valent vertex by a crossing as in Figure 5.9. Notice that each time we add an
edge, some signed polygon P is split into two regions. To obtain an orientation on 7'(I"),
we move the sign of each P; to the region to the right of the added edge. Now consider the

induced orientation of the boundary arcs of each signed region.

The orientation of 7' (f) around each crossing can also be obtained by a local replacement

at 4-valent vertices of [ as in Figure 5.9.

Note that each +-signed region induces the downward (4 ) orientation on its left boundary
arc, and the upward (—) orientation on its right boundary arcs. The induced orientations are

reversed for a — signed region (see Figure 5.10).

Similarly to the asymptotic faithfulness of the construction of unoriented tangles from F’,

we have an oriented counterpart as follows.
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+ ) Cg\ |

— — =

r T(I)
Figure 5.10: An oriented strand diagram T’ from (+,—, —) to (+, —) and its associated oriented
tangle 7'(I") from (4, —, —, +, —, +) to (+,—, —, +).
Theorem 5.2.3. Suppose g, h € F, g # h. Let n = max(height(g), height(h)). For k such

that 2% > n, we have T(O,(g)) 2 T(04(h)).

The proof is immediate, since 7'(0x(g)) # T(Or(h)), where Or(g), ©x(h) denote the un-

oriented strand diagrams underlying 6, (g), O (h).

5.3 A lax group action on Khovanov’s chain complexes

We now introduce a category on which F admits a lax group action.

5.3.1 The categories K and K"

Here we define the category K™ on which F admits the structure of a lax group action. Our

category is a generalization of the category K" constructed in [40].

Recall that Section 2.9 introduced Khovanov’s chain complexes of (H™, H™)-bimodules
associated to tangles. Khovanov defines a general (H™, H™)-bimodule to be geometric if

it is isomorphic to a finite direct sum of bimodules F(a), for a € B™ [40, Section 2.8].
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We use the notation of [40, Section 2.8] and let 7" refer to the category of bounded chain
complexes of geometric (H™, H")-bimodules, up to chain homotopy. We will consider
the homotopy category K? of (not necessarily bounded) chain complexes of (H™, H")-

bimodules which are countable direct sums of bimodules F(a).

Remark. We note that some of the usual features of the category K" are not available
for K:; for example its Grothendieck group is undefined. This triangulated category will
be the setting of the action of the Thompson group constructed below. In fact, the chain
complexes associated with strand diagrams in Definition 5.3.5 are just a mild generalization

of Khovanov's invariant of tangles, see Remark 5.3.3.

In [41], Khovanov defined a 2-category C to be a combinatorial realization of the 2-category
of tangle cobordisms. C has the same objects and 1-morphisms as <. The 2-morphisms of
C are “movies” of tangle diagrams describing tangle cobordisms, up to Carter and Saito’s
movie moves. Khovanov also defined a 2-category of geometric bimodule complexes ]IA{,
with objects nonnegative integers, 1-morphisms Mor(m,n) = K™ and 2-morphisms de-
fined to be all (not necessarily grading preserving) morphisms of complexes of bimodules
up to chain homotopy and up to a sign. A well-defined 2-functor F : C — K is constructed

in [41, Section 4].

5.3.2 The definition of a lax group action

We now introduce two bicategories involved in the definition of a lax group action. Relevant
background material is discussed in Section 2.9.3 of this thesis, and more details can be

found in [34, Ch. 2].

Definition 5.3.1. Let G be a group. Define *¢ to be the bicategory with the single object

{x} and Mor(x,*) = G, where composition of morphisms g o h is given by the group
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operation gh for all g, h € G. We define the 2-morphisms to be trivial, and the associator

and unitors to be identity natural transformations.

Definition 5.3.2. Consider the 2-category Cat, whose objects are small categories, mor-

phisms are functors, and 2-morphisms are natural transformations between functors.

Definition 5.3.3 ([44], Definition 5.1). Given a group G and a small category C, a lax

group action of G on C is defined to be a lax functor P: xg — Cat such that P(x) = C.

We refer the reader to [34, Definition 4.1.2] for the definition of a lax functor. It follows
from this definition and the properties of Cat and ¢ that a lax group action is determined

by the following data:

(a) a family of functors {P,: C — C | g € G},

(b) a natural transformation A\: Id — P,, where Id is the identity endofunctor of C and

e € (G is the identity element,

(c) a family of natural transformations {¢;, ,: P, o P, — Py, | g,h € G},
satisfying

1. Forany g € G,any A € C,wehavet, (A)oAp,a) = Idp,(ayand ty(A)oPy(Aa) =

Idp, (a),

2. Forany g, h, k € G, any A € C, the following diagram commutes

Pk e} Ph e} Pg<A)
tk,h(Pg(y \Pk(th,g(A))
thOPg(A) Pkophg(A)

kh,g(A) %‘U
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Remark. A genuine group action of G on C is a pseudo functor (cf. [34, Definition 4.1.2])
Q: x¢ — Cat such that Q(x) = C, and QQ, € Mor(C,C) is an autoequivalence for any

g € G. In other words, a lax group action P is a genuine group action if P further satisfies

(3) P,: C — Cis an autoequivalence for any g.
(4) \: Id — P. is a natural isomorphism.

(3) thg: Py o Py — Pygis a natural isomorphism for any g, h € G.

Initem (3), autoequivalence means that there exists another functor I’ such that P, o I and

F o P, are both naturally isomorphic to the identity functor Ide.

5.3.3 The construction of the lax group action

We begin by introducing, for each reduced (m,n)-strand diagram D, a chain complex
C*(D) € Ob(K,"). Observe that every reduced oriented strand diagram is equal to F* o F,
for some pair of oriented forests F', F5. In this section we assume that all strand diagrams
and tangles are oriented, and for brevity of notation we will omit arrows on symbols denot-

ing oriented tangles and strand diagrams.

Definition 5.3.4. Let D = F} o F; be a reduced oriented (m,n)-strand diagram, and let
¢ € N be the number of leaves in I'| and Fs. If L is some forest with { roots whose orientation
is compatible with that of Fy and F5, we can create a new (not necessarily reduced) strand
diagram D(L) given by

D(L):=FfoL"oLoF,.

Definition 5.3.5. Let D = [} o F; € 7275 be a reduced oriented strand diagram, where |1

is an m-sign and v is an n-sign, and let { be as above. We use F({) to refer to the set of
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all oriented forests with { roots and orientations compatible with that of Iy, F». Then we
define
(D)= @ F(T(D(L)) ek,

LEF(¥)
where T is the functor defined in Section 5.2 and F(T(D(L))) is the Khovanov chain com-

plex.

Remark. The strand diagram D(L) is equivalent to D; in fact L* o L may be reduced to the
identity strand diagram using type I moves. Thus the chain complex C*(D) is assembled of
Khovanov complexes of tangles corresponding to all ways of stabilizing D using the type
I move. The reason for this definition will be clear in the construction of the lax group
action below, specifically, Proposition 5.3.10 shows that the chain map corresponding to
a composition of type Il reductions is well-defined but this is not necessarily the case for
a composition of both type I and type Il reductions. Also note that the effect on the tangle
T (D) of a stabilization by L* o L is an introduction of unknots which may be isotoped off of
the tangle diagram for T(D) using Reidemeister Il moves. Therefore up to chain homotopy,
each summand F(T(D(L))) is a direct sum of several copies of F(T(D)) with q-degree
shifts.

We now introduce the first bit of data required to determine a lax group action, that is, a

ok _ ok .
family of functors { P, : ICZ — ICZ | g € F}.

ok __ok
Definition 5.3.6. Fix k > 0,n > 0. Let A*, B* be chain complexes in ICi IC;, and let

— — 9ok
f: A* — B* be a chain map. For each g € F define an endofunctor P, ofle1 by

By(A7) := C*(Ok(9)) ® gt AT,
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and

Py(f) =1d® f: C*(O4(g)) @y A* = C*(O4(g)) @ ot B,

. . . . —2F
Next we introduce the natural transformation A from the identity endofunctor of IC,, to F.,
the functor associated to the identity element e € F as above. This consists of, for each

A* e Kik, a chain map A4+ : A* — C*(O(e)) @ pr A*

By definition, C*(Ok(€)) = D rcppr F(T(0k(e)(L))). Consider the direct summand
given by letting L be Id,x, the identity (2%+, 2%+ )-strand diagram. It is also true that
O(e) = Idye. The functor T’ sends O (e) to the identity (2814 25+14)-tangle Verty1,

by introducing an extra strand to the left of each component. Therefore
F(T(Or(e)(Ida))) = F(T(O(e))) = F(Vertys1)

is a chain complex with a single homological grading. Note that F(Vertyri1) = H 2" as

H?" -bimodules [40]. We denote the unit in H2" by L.

9k
Definition 5.3.7. For each A* € ICZ the natural transformation
At A = C*(O(e)) @ o A

from the identity endofunctor to P, is given by tensoring with 1ox, i.e. taking A* by the

identity map to the direct summand 15 @ A*.

In order to give a family of natural transformations {t; ,: P, 0 P, = Dy, | g, h € F}, we

introduce some preliminary definitions and lemmas.

Definition 5.3.8. Let the 2-category D have the same objects and I-morphisms as D. De-

fine the 2-morphisms in D to be sequences of Type Il moves (see Definition 2.8.4).
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Recall Khovanov’s 2-category C, mentioned at the end of Section 5.3.1. We extend the
1-functor 7: © — % to a 2-functor T : D — C, by keeping its action on objects and on
I-morphisms, and defining its action on 2-morphisms of D as follows. We let T send a
positive Type II move to the movie shown in Figure 5.11a, which is a saddle cobordism
followed by a Reidemeister 11 move. Reversing orientations, we obtain the movie of a

negative Type Il move, see Figure 5.11b.

Y=

b=t

()
Figure 5.11: Movies of (a) positive Type Il move. (b) negative Type 1l move.

Definition 5.3.9. An oriented strand diagram is said to be Type ll-reduced if it is not subject

to any Type Il moves.

Given a (u, v)-strand diagram T', let r denote a sequence of Type II moves taking I" to I,
where [ is Type II-reduced. By an argument similar to the proof of [55, Proposition 2.1.1],
['" is unique. However the choice of a sequence r from I" to I is not unique in general.
Note that each Type Il move in r corresponds to a pair of vertices, the endpoints of the edge

which is removed.
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Proposition 5.3.10 ([44], Proposition 5.15). T(r) is independent of a choice of r.

Proof. To prove the statement, we will characterize pairs of vertices in I encoding the
Type Il moves in a sequence reducing I" to I, To this end, consider paths (geodesics) in I
which are monotonic with respect to the height function, parametrized so that the height is
a decreasing function of the parameter. It is convenient to consider paths which start and
end at mid-points of edges of the strand diagram. Any such path v follows a sequence of
merges and splits. In more detail, consider a sequence of labels corresponding to each path
~: label it with [ (respectively ) whenever it enters a merge from the left (respectively from
the right), and similarly label it with /=1, 7~ whenever it exits a split on the left or on the
right. For example, the path shown in Figure 5.12 is labeled //I~'rr~'~!. Consider the
free group F;, generated by [, r; then the sequence of labels may be thought of as a word

w, in the generators.

Figure 5.12: Left: a part of a strand diagram. Center: an admissible path ~, colored blue, with
wy =l —lpp=11=1 Right: the weight function corresponding to ~.

Now define integer weights labeling v as it passes mid-points of edges of the strand dia-
gram. The beginning point of 7 is assigned weight 0. The weight function is given by the
augmentation of the word w,, that is the sum of exponents of the letters along the path, from

the start to the given point. The weights may also be characterized by requiring that passing
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a merge adds 1, passing a split split subtracts 1. Type Il moves in a sequence 7 reducing I to
[ are in bijection with pairs of vertices in I' corresponding to admissible paths ~ satisfying

the following properties:

1. The exponent of the first letter in w, is +1,

2. The word w,, represents the trivial element of the free group F; .,

3. The endpoint of v has weight 0,

4. The weights between the beginning and the end of  are strictly positive.

An example of an admissible path is shown in Figure 5.12. The pair of vertices (specifying
a type Il move) corresponding to -y are the first and the last vertices of I it passes through,
which are a merge and a split respectively, by properties (1), (3) and (4). Condition (2)
corresponds to the fact that the “vertical” center interval (as shown in Figure 2.13) of each
type II move in a sequence reducing I" to I is a result of previous type II moves in the

sequence.

It follows from conditions (3), (4) that two admissible paths 7, v, cannot be interlaced,
meaning that 7; N~, contains precisely one endpoint of both ; and 5. In other words, any
two admissible paths are either (a) disjoint, (b) nested, say 7, is in the interior of ~,, or (c)
they overlap, meaning that the intersection ; M, is an interval contained in the interior of
~1 and in the interior of 7». The saddle maps on Khovanov chain complexes arising from
Type Il moves along disjoint paths commute. The case (b) corresponds to the y; move being
done before the v, move. In the case (c), a preceding move along y; N v, makes y; and 7,
disjoint. In any of these case, either the order of moves is well-defined, or they commute,

showing that the map on Khovanov chain complexes is independent of a choice of . [
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Remark. The piece-wise linear graphs of admissible weight functions along admissible

paths are precisely Dyck paths studied in combinatorics and statistical mechanics.

Suppose I is a Type II-reduced (o, p1)-strand diagram and A is a Type II-reduced (i, p)-
strand diagram. Let A - I denote the Type II-reduced (o, p)-strand diagram corresponding
to A o I'. Note that only type Il moves are used here, and in general A - I' is different from
the reduced strand diagram A x I" defined in Section 2.7.1, where both types I and II moves
are used. Let r be a sequence of type Il moves reducing AoI'to A -T'. Khovanov’s functor

F gives a chain map

F(T(r)): F(T(AoT)) — F(T(A-T)).

By [41, Proposition 13], there is an isomorphism
¢ F(T(A)) @pm F(T(D)) = F(T(A) o T(I')) = F(T(A o).
Definition 5.3.11. Let I', A be as above. Define the map

o(I',A) .= F(T(r)) oo : F(T(A)) @pgm F(T(I')) — F(T(A-T)) (5.3.1)

By Proposition 5.3.10, T(r) is independent of a choice of r, so ¢(I', A) is well defined.

Let g, h be any two elements in F'. Considering ©(g), ©x(h) and ©,,(hg) as pairs of forests,

let u, v and w denote their respective numbers of leaves.

Lemma 5.3.12 ([44], Lemma 5.18). For any U € F(u) and V' € F(v), there exists W €



135

F(w) such that
Ok(h)(V) - ©(9)(U) = Or(hg)(W).

Proof. Letting ~ denote the equivalence of strand diagrams, notice that

Or(h)(V)-Ox(g)(U) ~ Ox(h)(V)oOi(g)(U) ~ Or(h)oOk(g) ~ Ok(h)xOk(g) = Or(hg).

Therefore O (h)(V) - ©k(g)(U) is a Type H-reduced strand diagram equivalent to the
reduced strand diagram Oy (hg). Next, observe that the type II-reduced strand diagram
Ok(h)(V) - ©k(g)(U) can be fully reduced by Type I moves. Said differently, O (h)(V) -
©k(g)(U) can be obtained by a sequence of reversed Type I moves (inserting carets) from

Moreover, as we explain next, these carets can only be put on certain edges. We know from
the fact that O (hg) is reduced that ©y(hg) = Ej x E; for some forests £ and E,. We
say an edge in ©4(hg) is a bridge if a concatenation point between F3 and E) is on this
edge. If a Type Il-reduced graph differs from EJ * E; by carets, it can only be obtained
from EJ * [; by inserting carets on bridges, or on new bridges created by other previously
inserted carets. Putting carets elsewhere creates a diagram that is not Type II-reduced, as

such carets can always be cancelled in a Type Il move.

The process of putting carets on bridges is equivalent to the process of inserting W* o W

between F and E, for some forest IV. Therefore,

Or(h)(V) - Ok(9)(U) = E3 o W 0 W o Ey = O (hg)(W).
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Definition 5.3.13. Given g, h € ﬁ, define

dh,g)= P dOkh)(V),0k(g)(V)), (53.2)

UeF(u),VEF(v)

a chain map from

C*(O4(h) @yt C*(O4(9)) = B F(T(O4(W)(V)) @ pyr F(T(Ok(9)(U)))

UeF(u),VEF(v)

to

C*(Or(hg)) = P F(T(O(hg)(W))).

WeF(w)

—9ok .
Then for any A* € K., define the natural transformation

thg(A") = ¢(h,g) ®@id (5.3.3)

from

P, o P(A") = C*(O4(h)) @yt C*(O1(g)) ® ot A”

to

Theorem 5.3.14 ([44], Theorem 5.20). The data ({ Py} ez A {thg}, pe ) determines a lax

. R =2
action of Fron KC,, .

Next, we verify that the collection of functors { P, } ge i the natural transformation A, and the
collection of natural transformations {th,g}g ne i satisfy the necessary properties outlined

after Definition 5.3.3.
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5.3.4 Verifying the axioms

To check the first axiom of a lax group action, we need the following lemma.

Lemma 5.3.15. Forany g € F and any chainwin C*(©(g)), we have (6(g, €))(u®12") =
wand (¢(e, 9)) (12" @ u) = w.

Proof. We will prove the first equation; a similar argument proves the second equation.

By definition, C*(Ox(9)) = @ cryy F (T(Or(9)(L))), so we canassumeu € F(T(Ox(g)(L)))
for some L € F(I) and check that ¢(©(g)(L), Ole))(u ® 1%") = w.

Notice that O (e) is a trivial strand diagram, so ©x(g)(L) o Ox(e) = Ok(g)(L) is Type
[I-reduced, i.e. the Type Il move sequence r from ©(g)(L) 0 Or(e) to Or(g)(L) - Ok(e) is

empty. Thus F(T(r)) is identity map and
¢(Ok(9)(L), Ok(e)) = F(T(r)) o) = ¢
Here ¢ is the isomorphism

¥ F(T(Ok(9)(L))) @par F(T(Or(e)) = F(T(Or(g)(L) 0 Ok(e))) = F(T(Ok(g)(L)))-

To see 1(u ® 12°) = u, we just need to observe that ¢ is equivalent to the right /2" -action

on chain modules of F(T(0,(g)(L))). So the unit 12" acts trivially. O

Using the above Lemma we may verify the first axiom. For any © ® a € P,(A*), we have

(teg(A*) 0 Ap,(as))(u®a) = te,g(A*)(lzk ®u®a) = ¢e, g)(le Ru)®a=u®a,

(tg,e(A%) 0 Py(Aa<))(u ® a) =ty (A")(u® 1 ®a)=¢(g,e)(u®1*)®a=u®a,
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So te’g(A*) o) )\pg(A*) = Idpg(A*) and tg,e<A*) o Pg(/\A*) = Idpg(A*).

For the associativity axiom, we need to check that the following diagram commutes for any

f,g,heﬁ.

C*(O4(h)) @ g C*(Ok(9)) @y C*(Ok( 1)) 22 C(O4(h)) @ ot C*(O(9f)
¢(h,g)®idl l{b(h,gf)
C*(Ok(hg)) @ o C*(Ok(f)) » C*(O4(hgf))

#(hg,f)

Recall that C*(O(g)) is defined to be a direct sum of F(T(Ox(g)(L))) over forests L,
where O (g)(L) is obtained by inserting L*oL in the middle of ©(g). The commutativity
of the above diagram is therefore equivalent to the commutativity of the following diagram
for any I', A, IT obtained by inserting forests in the middle of O, (f), Ox(g), ©x(h) respec-

tively.

F(T(I)) ® 20 F(T(A)) @ o F(T(T)) Z2ED F(T(1)) @0 F(T(A - T))
¢><H,A>®ml lqs(H,A-r)
F(T(I - A)) ® e F(T(D)) e F(T(I-A-T))

In the above diagram, we choose a Type Il move sequence p from IIo A to I1- A, a sequence
q from (IT-A)oI'to IT- A -T', a sequence r from AoI'to A-T', a sequence s from ITo (A-T")
toIT- A - T, then let ¢(II, A) = F(T(p)), o(I1 - A, T") = F(T(q)), (A, T') = F(T(r)),
¢(IL A - T) = F(T(s)).

If we regard p as a sequence of Type Il moves from [To AoT to (IT- A) oI and r as a

sequence of Type Il moves from IIo A oI to Il o (A -T'), then we can rewrite the diagram
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as

(IToAol))

A) I]‘E)()T@))/}—(T \

F(T(r))
F(T(IIo (A-T)))

m %ﬂ‘(s))
F(T(II-A-T))

F(T((IT-

Note that qp and sr are two sequences of Type Il moves from [To AoT'toIl - A - T, so
T(gp) = T(sr) by Proposition 5.3.10. Then we have F(T(q)) o F(T(p)) = F(T(gp)) =
F(T(sr)) = F(T(s)) o F(T(r)).

This concludes the proof of the associativity axiom and of Theorem 5.3.14.
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