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Abstract

The local structure of Deligne-Mumford stacks has been studied for decades,
but most results require a tameness hypothesis that avoids certain phenom-
ena in positive characteristic. We tackle this problem directly and classify
stacky curves in characteristic p > 0 with cyclic stabilizers of order p using
higher ramification data. Our approach replaces the local root stack struc-
ture of a tame stacky curve, similar to the local structure of a complex orb-
ifold curve, with a more sensitive structure called an Artin—-Schreier root stack,
allowing us to incorporate the ramification data directly into the stack. A com-
plete classification of the local structure of stacky curves, and more generally
Deligne-Mumford stacks, will require a broader understanding of root struc-
tures, and we begin this program by introducing a higher-order version of the
Artin-Schreier root stack. Finally, as an application, we compute dimensions
of Riemann—Roch spaces for some examples of stacky curves in positive char-
acteristic and suggest a program for computing spaces of modular forms using

the theory of stacky modular curves.
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Chapter 0

Introduction

0.1 Motivating Problem

Over the complex numbers, Deligne-Mumford stacks with generically triv-
ial stabilizer can be understood by studying their underlying complex orbifold
structure. This approach leads one to the following classification of stacky
curves: over C, or indeed any algebraically closed field of characteristic 0, a
smooth stacky curve is uniquely determined up to isomorphism by its under-
lying complex curve and a finite list of numbers corresponding to the orders of
the (always cyclic) stabilizer groups of the stacky points of the curve (cf. Sec-
tion 4.2.2 and [5]). This key feature of stacky curves in characteristic 0 paves
the way for many applications, including the description of the canonical ring
of a tame stacky curve in [ ] (cf. Section 5.1) and a stacky approach to com-
puting rings of modular forms (cf. 5.2 and [ , Ch. 6]).

Such a concise classification of stacky curves fails in positive characteristic

since stabilizer groups may be nonabelian. Even in the case of stacky curves



over an algebraically closed field k of characteristic p > 0, there exist infinitely
many nonisomorphic stacky curves over k with the same underlying scheme
and stacky point with stabilizer group abstractly isomorphic to Z/pZ (cf. Re-
mark 4.3.17). Thus any attempt at classifying stacky curves in characteristic p
will require finer invariants than the order of the stabilizer group. Our main
results, stated below, provide a classification of stacky curves in characteristic
p > 0 having nontrivial stabilizers of order p, using higher ramification data at
the stacky points.

A new tool called an Artin—Schreier root stack, denoted p;ll((L, s, )/X), will
be constructed and studied in Section 4.3.1, but it appears in the statements of
our main results below so a brief introduction is in order. The object ol (L, s, f)/X)
is defined using the data of a line bundle L on X and two sections s & HO(X, L)
and f € HO(X, L®M). It replaces the root stack {/m from the theory of

tame stacky curves. Our main results are the following theorems.

Theorem 0.1.1 (Theorem 4.3.14). Suppose ¢ : Y — X is a finite separable Galois
cover of curves over an algebraically closed field k of characteristicp > 0andy € Y is
a ramification point with image x € X such that the inertia group 1(y | x) is Z/pZ.
Then étale-locally, @ factors through an Artin—-Schreier root stack gp;ll (L, s, f)/X).

This says that cyclic p-covers of curves Y — X yield quotient stacks that
have an Artin-Schreier root stack structure. By Artin—-Schreier theory (Sec-
tion 1.4.2), over an algebraically closed field of characteristic p there are in-
finitely many non-isomorphic curves Y covering IP! with Galois group Z/pZ,
so the theorem implies we have infinitely many non-isomorphic stacky curves
over P! with a single stacky point of order p. This is a phenomenon that only

arises in positive characteristic.



Next, if a stacky curve has an order p stacky point, then locally about this

point the stacky curve is isomorphic to an Artin—-Schreier root stack:

Theorem 0.1.2 (Theorem 4.3.16(1)). Let X be a stacky curve over a perfect field k of
characteristicp > 0. If X contains a stacky point x of order p, there is an open substack
U C X containing x such that U = oL ((L,s, f)/U) where (m,p) =1, Uis an open

subscheme of the coarse space X of X and a triple (L, s, ) on U as above.

Moreover, if the coarse space of X is IP!, then X is the fibre product of finitely

many global Artin—-Schreier root stacks:

Theorem 0.1.3 (Theorem 4.3.16(2)). Suppose all the nontrivial stabilizers of X are
cyclic of order p. If X has coarse space X = P1, then X is isomorphic to a fibre product
of Artin-Schreier root stacks of the form o} ((L, s, f)/P1) for some (m,p) = 1 and a
triple (L, s, ) on P

If the coarse space of X is not P! however, then Theorem 0.1.3 fails in gen-
eral (see Example 4.3.19). In fact, anytime the genus of the coarse space is at
least 1, there will be obstructions to sections f inducing a global Artin—Schreier
root stack structure on X.

To extend these results to the case when the stabilizers of X are higher-
order cyclic groups, Z/p"Z for n > 2, we generalize the above approach using
Artin-Schreier-Witt theory (Section 1.4.3). In particular, in Section 4.4.2, we re-
place the Artin—Schreier root stack ol (L, s, f)/X) with an analogue ‘Ynfil (@/X).
This is defined using a quotient stack [Wy(m)/Wy] where W,, is the ring
scheme of length n Witt vectors and W, () is a new stacky compactification of
W, based off a construction of Garuti in [Gar] that suits our context. While we

do not give proofs of higher-order analogues of Theorems 0.1.1, 0.1.2 and 0.1.3,

we set the stage for future efforts at classification.
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0.2 Structure of the Thesis

The main described results in Section 0.1 are a synthesis of several differ-
ent ideas from number theory and algebraic geometry: wild ramification the-
ory, covers of curves, moduli problems and algebraic stacks. Each of these is
treated in great detail in the first three chapters of the thesis. Most of the nec-
essary algebraic number theory appears in Chapter 1, in which we review the
ramification theory of local fields and the theory of cyclic extensions of fields
in the tame (Section 1.4.1), prime order (Section 1.4.2) and prime-power order
(Section 1.4.3) cases. This trichotomy will recur throughout the thesis.

In Chapter 2, we give a survey of schemes and algebraic curves, which is
necessary language for the more abstract topics in later chapters. Starting from
the category of affine schemes (which is nothing but the opposite category of
commutative rings) in Section 2.1.1, we can construct schemes as certain topo-
logical spaces which are covered by affine schemes (Section 2.1.2). We then
describe a theory of sheaves and group actions on them by adapting module
theory to this topological setting (Section 2.1.3). We also survey group schemes
(Section 2.1.4) and étale morphisms (Section 2.1.5) which are important con-
cepts in later chapters. In Section 2.2, we review the algebraic geometry of
curves, including divisors (Section 2.2.1), the Riemann—-Roch theorem (Sec-
tion 2.2.2) and the Riemann-Hurwitz formula (Section 2.2.3), which governs
the ramification theory of covers of curves.

We give an extensive treatment of algebraic stacks in Chapter 3. An alge-
braic stack, by definition (see Section 3.5.1), is a category fibred in groupoids
X which satisfies a descent condition, a representability condition and has a

smooth presentation U — X by a scheme U. The trajectory of Chapter 3
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is intentionally designed to assemble the parts of this definition one-by-one
and then stitch them together in a logical way. Elsewhere in mathematics,
this “strive to define” often comes at the cost of intuitive understanding, so
we take time to paint a larger picture of where stacks come from. Sites and
Grothendieck topologies (Section 3) are required reading for understanding
stacks, but the point of this language is to extract the defining features of sheaf
and cohomology theory and transport them to different geometric settings, the
most important being the étale topology (Section 3.1.6). Categories fibred in
groupoids (Section 3.2) are part of the definition of an algebraic stack, but more
importantly, they allow us to study moduli problems in algebraic geometry
that do not necessarily admit a geometric structure. In fact, such a geometric
structure (a fine moduli space) is often obstructed by the presence of nontriv-
ial automorphisms, an issue which is directly resolved by replacing sets with
groupoids. Descent theory (Section 3.3) allows us to define the stack condition
(Section 3.3.4), but more broadly, descent is a way of detecting when local data
should assemble into something global, in the sense of sheaf theory. Mean-
while, over a site such as the étale site, the covering property of schemes by
affine schemes gives rise to new objects called algebraic spaces (Section 3.4); it
will be useful to think of algebraic spaces as “schemes in the étale topology”.
Algebraic stacks, then, are a combination of these ideas (in Section 3.5 we re-
fer to them as an “interpolation” of stacks and algebraic spaces). As stacks, they
completely resolve the issues of nontrivial automorphisms in moduli spaces by
incorporating groupoids and descent. As analogues to algebraic spaces, they
bring scheme theory into the realm of stacks. By presenting an algebraic stack
X with an étale morphism U — X, where U is a scheme, rather than a smooth

morphism, we obtain a Deligne-Mumford stack (Section 3.5.2). The theory of
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Deligne-Mumford stacks is in many ways more manageable than the theory
of arbitrary algebraic stacks, e.g. their sheaf theory (Section 3.5.3) essentially
mimics the sheaf theory of schemes and they admit a canonical morphism to a
scheme called a coarse moduli space (Section 3.5.4).

The heart of this thesis lies in Chapter 4. In Section 4.1, we state the defi-
nition and basic properties of stacky curves, combining the approaches of Sec-
tions 2.2 and 3.5 to algebraic curves and Deligne-Mumford stacks, respectively.
A key feature of tame stacky curves is that they are locally isomorphic to a root
stack; we review this construction, originally due to Cadman [ ] and, inde-
pendently, to Abramovich—Graber—Vistoli [ ], in Section 4.2. In Section 4.3,
we define Artin-Schreier root stacks, describe their basic properties and use
them to prove Theorems 0.1.1, 0.1.2 and 0.1.3. In Section 4.4, we generalize
the Artin—Schreier root stack construction to the wild, higher-order cyclic case,
completing the trichotomy established in Chapter 1.

Finally, we outline two applications in Chapter 5 which are both ongoing
programs of investigation. In Section 5.1, we compute the canonical divisor
and canonical ring of some stacky curves in characteristic p > 0, which are
the first steps in a future generalization of the results in [ | for tame stacky
curves. Then in Section 5.2 we describe a potential application of these compu-

tations to the theory of modular forms in positive characteristic.

0.3 Connections to Other Works

It is known (cf. [Ols, 11.3.1]) that under some mild hypotheses, a Deligne—

Mumford stack is étale-locally a quotient stack by the stabilizer of a point.



More generally, the sequence of papers [ Al 11 11 Al

[ ] establishes a structure theory for (tame) algebraic stacks which says
that a large class of algebraic stacks are étale-locally a quotient stack of the
form [Spec A/Gx] where Gy is a linearly reductive stabilizer of a point x € |X]|.
The present article can be regarded as a small first step in the direction of a
structure theory for wild stacks, although it is of a different flavor than the
above papers. Our approach is more akin to the one taken in [CS].

Our structure theory in Section 4.3.1 also parallels the approach to wild
ramification in formal orbifolds and parabolic bundles taken in [KF], [ ]
and [ ]. There, the authors define a formal orbifold by specifying a smooth
projective curve over an algebraically closed field together with a branch data
abstractly representing the ramification data present in our construction. This
allows one to relate formal orbifolds and, more importantly, a suitable no-
tion of orbifold bundle on a formal orbifold, to the more classical notions of
parabolic covers of curves and parabolic bundles (cf. [MS]). Formal orbifolds ad-
mit a Riemann-Hurwitz formula ([KI”, Thm. 2.20]) analogous to Theorem 5.1.2
and can be studied combinatorially as we did in Section 4.3.1. Moreover, they
shed light on the étale fundamental group of curves in arbitrary characteristic
(cf. [KPP, Thm. 2.40] or [ , Thm. 1.1]). The perspective we take is more of
an “organic” algebro-geometric view of wildly ramified stacky curves which
comes naturally out of the classification problem for Deligne-Mumford stacks

in dimension 1 discussed in Section 0.1.



Chapter 1
Ramification

In this chapter we gather some definitions and foundational results in the
theory of Galois extensions and ramification invariants. Unless otherwise stated,

the details and proofs can be found in [ 1.

1.1 Discretely Valued Fields

The p-adic numbers, first discovered and studied by Kurt Hensel, are an
algebraic analogue of the notion of power series expansions in analysis. Their
applications in number theory eventually evolved into the theory of discretely
valued fields, which we describe in this section.

The main features to recall about the ring Z,, of p-adic integers (where p is

a prime integer) are:
* Let Z ;) be the localization of the ring of integers Z at the ideal (p). Then

8



there is a topology on Z;,) induced by the norm |- |, defined by x|, =p™

if x =p™¢ fora,bc Z,ptab.
* Z, is the completion of Z,,) with respect to this p-adic topology.

* 7, is a discrete valuation ring (see below) with respect to the p-adic valu-

ation v, defined by vp(x) = mif x = p™¢ with p { ab.

As p ranges over all prime integers, the fraction fields Q,, = Frac(Z,,) account
for all completions of Q with respect to any norm, save for R. A common
theme in modern number theory and arithmetic geometry, known in specific
case as a “local-to-global principle” (or “Hasse principal”), is that the prop-
erties of an object defined over a field can often be recovered by knowing its
properties over the various completions of the field. Therefore the p-adic fields
Qp and their generalizations occupy an important place in the arithmetic ge-
ometry toolkit.

To define a discretely valued field, let us begin by recalling some basic def-

initions.

Definition 1.1.1. Let K be a field. An absolute value on K is a function |-|: K — R

such that
(1) x| = 0 for all x € K, with |x| = 0 if and only if x = 0.
(2) Ixy| = x|yl forall x,y € K.

(3) Ix+yl < x|+ 1yl forall x,y € K.



Remark 1.1.2. Axiom (3) implies that || = 1 for any root of unity ¢ € K such

that (™ = 1.

Definition 1.1.3. An absolute value | -| : K — R¢ is called nonarchimedean if

Ix +yl < max{[x|, [y} for any x,y € K. Otherwise | - | is called archimedean.

Example 1.1.4. The trivial absolute value is defined for any field K:

xlo =

is an archimedean absolute value on Q.

Example 1.1.6. For any prime number p, the p-adic norm |- |, is a nonar-

chimedean absolute value on Q.

Two absolute values on K are said to be equivalent if they induce the same
metric topology on K. A theorem of Ostrowski says that every nontrivial ab-
solute value on Q is either equivalent to | - [, for some prime p if it is nonar-
chimedean, or to | - |, if it is archimedean.

The theory of nonarchimedean absolute values has a distinct flavor from

that of archimedean absolute values. For instance, in the former case there is
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an important connection to discrete valuations on K which we explain next.
Recall that an integral domain A is a Dedekind domain if A is integrally closed,

noetherian and has Krull dimension 1 (i.e. every prime ideal is maximal).

Definition 1.1.7. A local Dedekind domain A is called a discrete valuation ring
(or DVR). Its residue field is the quotient k = A /m where m is the unique maximal

ideal of A.

Definition 1.1.8. Let A be a ring. Then a valuation on A is a function v : A ~ {0} —

Z~ satisfying:
(i) v(ixy) =v(x) +v(y) forall x,y € A~ {0}.
(ii) v(x +y) = min{v(x),v(y)} for all x,y € A ~ {0}
(iii) v(x) = 0ifand only if x € A™.
A valuation v is a discrete valuation if it is surjective.
The following characterization is a standard proof in commutative algebra.

Proposition 1.1.9. For an integral domain A, the following are equivalent:

(1) Aisa DVR.

(2) There is a discrete valuation v on A.

It is common to extend a valuation v on A to the field of fractions K of A by
setting v(0) = oo and v (&) = v(a) —v(b) to get a function v : K — Z U{oo}.
Then the connection between nonarchimedean absolute values and discrete

valuations on K is given by:
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Proposition 1.1.10. Given a nonarchimedean absolute value | - | on K, setting v(x) =

—log [x| for all x € K* and v(0) = oo defines a discrete valuation v : K — R U {oo}.

Proof. For all x,y € K, we have |[xy| = [x||y| which implies v(xy) = v(x) +v(y).

Likewise, |x +y| = max{|x|, [y|} implies v(x +y) > min{v(x),v(y)}. O
Definition 1.1.11. For a nonarchimedean absolute value | - | on a field K, define
O :={x € K*|v(x) = 0}U{0} = {x € K* : |x] < 1}U{0}
0" ={xeK|v(x)=0={xeK:|x| =1}

m:={xeK|v(x)>0={xeK:|xl <1}

K:=0/m,
called respectively the valuation ring, group of units, valuation ideal and residue
field of | - |. We call the triple (K, | -|,v) a discretely valued field.

If v is a discrete valuation on K, we can form the completion K of K with
respect to the absolute value |- | = |- |,. The following properties are easy to

establish.

Lemma 1.1.12. For any valuation v on K,
(a) The completion K with respect to | - | is a field.
(b) |- | extends uniquely to an absolute value on K.

(c) K embeds as a dense subset of K.

12



We will also denote by |- | the unique extension of |- | to K. Define the

completions of the valuation ring and valuation ideal of | - | in K:

0 ={x € K*: x| < 1}U{0}
f={xecK:[x <1}
Then one can show:
Lemma 1.1.13. For any absolute value |- | on K,
(1) O/t = O/m.
(b) O = lim O/m™".
%
(c) 0% =1lim(O/m™)*.
<_

A key tool in the study of discretely valued fields is Hensel’s lemma, which
appears in various forms in the literature. The following version can be found

in (cite).

Theorem 1.1.14 (Hensel’s Lemma). Assume K is a field which is complete with
respect to a discrete, nonarchimedean absolute value | - |. Suppose f(x) € O[x] is a

monic polynomial of degree n and f(x) € k[x] admits a factorization
f(x) = g(x)h(x)
for g, h relatively prime, monic polynomials over k of degrees v and n.— v, respectively.

13



Then
f(x) = g(x)h(x)

for g(x),h(x) € O[x] with degg = r,degh = n—r,g(x) = g(x) mod m and
h(x) = h(x) mod m.

Corollary 1.1.15. If f(x) € O[x] such that f(x) € k(x| has a simple root in x then

f(x) has a simple root in O.

Proof. Apply Theorem 1.1.14 withr =1. O

1.2 Local Fields

Definition 1.2.1. A local field is a complete, discretely valued field with perfect
residue field.

Example 1.2.2. For any prime integer p, the p-adic field Q, and the field of

Laurent series IF,((t)) are both local fields.

Remark 1.2.3. In the literature, it is sometimes required that a discretely valued
tield has a finite residue field to be local. In other places, the residue field is
allowed to be arbitrary. Many times IR and C are included in the definition of
local field, for reasons related to the “local-to-global” philosophy mentioned in

Section 1.1.

Theorem 1.2.4. Every local field with finite residue field is a finite extension of Qp or

IF, ((t)) for some prime integer p.

14



Let K be a local field with residue field k and assume chark = p > 0 for
some prime p. When charK = 0, we call this the mixed characteristic case,
whereas char K = p is called the equal characteristic case.

Many useful number theoretic properties of a field may be derived solely
from the lifting property in Hensel’s Lemma, so we may weaken the complete-

ness assumptions in Theorem 1.1.14.

Definition 1.2.5. A field K is henselian if there exists a nonarchimedean absolute
value | - | on K with valuation ring O such that Hensel’s Lemma holds for irreducible

polynomials in O[x].

Example 1.2.6. By Hensel’s Lemma, complete, discretely valued fields are henselian.
Suppose (K, |- [,v) is a nonarchimedean field. Taking its completion 12, we

can consider the subextension K C KM C K defined by

K'={x e K | o is separable over K}.

Then v and | - | extend uniquely to K (Lemma 1.1.12); denote their restrictions
to K C K also by v and |- |. This makes K" into a nonarchimedean field with
valuation ring O" := Oyn. Note that O C O" C 0. Since the value groups and
residue fields of K and K are the same (Lemma 1.1.13), the value group and

residue field of O" must coincide with these as well.
Lemma 1.2.7. K" is henselian.

Proof. Factoring a monic polynomial f(x) € K[x] can be done over the algebraic
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closure K of K if it can be done over any extension of K. Thus Hensel’s Lemma

holds for KN K = K¢P 0 K = K", ]

Definition 1.2.8. For a nonarchimedean field (X, |- |,v), the field Kh C K is called the

henselization of K.

Theorem 1.2.9. If (K, |- |) is a henselian field and L/K is an algebraic extension, then
there is a unique absolute value | - |y on L extending | -|. Further, if L/K is finite of

degree n then

IXIlL = ¥/INg/k(x)]
and L is complete with respect to | - |1 if K is complete with respect to | - |.

The converse of Theorem 1.2.9 is true, that is, the property of unique exten-

sion of absolute values characterizes Henselian fields.

Theorem 1.2.10. Suppose (K, |-|,v) is a nonarchimedean field such that | - | extends

uniquely to any algebraic extension L/K. Then K is Henselian.

Corollary 1.2.11. Every algebraic extension of a Henselian field is Henselian. In

particular, every finite extension of a Henselian field is also Henselian.

Corollary 1.2.12. Let (K, |- |) be a complete nonarchimedean field and L/K an alge-

braic extension. Then there is a unique absolute value | - | on L which extends | - | and

is of the form [x|L = 1/INp x(x)| if L/K is finite of degree [L : K] = n. Moreover, L is

complete with respect to this | - |i.

Let (K,|-],v) be a nonarchimedean field and L/K an algebraic extension.
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Then the extension of absolute values to L induces an extended valuation

w:L* — R

o — V(N x(ed)).

Moreover, by Theorem 1.2.9, if K is Henselian then w is the unique such valu-

ation on L extending v.

Definition 1.2.13. For a Henselian field (K,|-|,v) and an algebraic extension (L, |-
lL,w), the ramification index is e = e;,x = [W(L*) : v(K*)] and the inertial

degree is f = f[ ;x = [A: k]

Notice that if v is a discrete valuation and w is its extension to L /K, we have

w(mg) = ew(m) = v(mk) = w(mg),

so (mf) = (k) in Or, i.e. mf = mgOy.

Proposition 1.2.14. Let K be Henselian, L/X a finite extension and e = e jx and
f = fLx the ramification index and inertial degree, respectively. Then [L : K] > ef

with equality if and only if v is a discrete valuation and 1 /K is separable.

Proof. Pick elements w1,...,ws € O which reduce modulo mg to a basis of
A/k. Also pick mp, my,...,me—1 € L™ such that w(mp), w(mtp),..., W(me_1) are
representatives of w(L*)/v(K*). It then suffices to prove the products w;; are
linearly independent over K. Suppose }_; ; a;jwim; = 0 where aj; € K are not

all 0. Collecting the terms of minimal valuation in this sum, it will be enough
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to show that the sum of these lowest-valuation terms has the same valuation
as each individually. Observe that all these terms must share the same index j,
because

w(ajwim) =w(ay) +w(m) = w(m) mod w(K™),
so different j correspond to different valuations. Fix this j and consider
Z Qaij W; Ty
iel

where I C {1,...,f} corresponds to the subset of terms of minimal valuation.
Then w(ay;) is constant over i € I, say w(aj;) = a, so aj; = eby; for some ¢ € K~

and by; satisfying w(by;) = 0. Thus
ETY Z bij wj 5_’5 0 mod mp
iel
since @71, ..., ¢ are a basis for A/k. So
w (Z aijwm)) =w(em) =w(ay) =a
iel

and the linear independence is proved.
Now assume v is discrete and L/K is separable. Then each 7; = njL. Define

the O -submodules

M= Z OK(,UiT[j = Z OmejL and N = Z OK(,Ui.

i) ij i
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Then M =N+4+mN+... +7t‘E_1N. We will show M = O;. Write

O =N+m O
=N+ 7 (N+710p)
=N+ 7 (N + 7 (N + 7 0r))
=N+mN+mEN+...+ 78 'N+7fOL  after e expansions

= M—|—7T]e_o]_ =M+ mxOr.

Now Ok is a local ring (it’s a DVR) and since L/K is separable, Oy is a finitely
generated Ox-module. Therefore by Nakayama’s Lemma, O = M. Hence

[L: K] = ef. []

Remark 1.2.15. For complete fields with discrete valuations, the ‘fundamental

equality” in Proposition 1.2.14 holds even without the separable assumption.

1.3 Ramification Theory

Let Kbe a Henselian field with valuation ring O, valuation ideal my, residue
field k and valuation v as usual, and let L/K be a finite extension with exten-

sions Or, mr, A and w of the corresponding objects for K.

Definition 1.3.1. We say L/K is unramified if f; x = [L : K] and A/« is separable.
Otherwise L/K is ramified. Further, when chark = p > 0, the extension L/K is
called tamely ramified (or simply tame) if A/« is separable and p does not divide

[L : T], where T is the maximal unramified subextension of L/K.
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The ramification theory of L/K can be studied by factoring the extension
into a tower

LDVDOTDK,

where T/K is the maximal unramified subextension of L /K and V/K is the max-
imal tame subextension. We call L/K totally ramified if T = K and wildly ramified
if V # L. It is the last type of extension of local fields that will play a central
role in this thesis.

For the remainder of this section, let L/K be a finite Galois extension of
discretely valued fields with Galois group G = Gal(L/K). Then G acts on the
set of extensions |- |, of | - |, to Lby o(| - |w)(x) = |o(x)|w for all x € L. One can
show that this action is transitive. Fixing an extension w | v of valuations, we

define

Orw =1{x € L:[xly <1} (the valuation ring for w)
Prw =1{x € L:[xlw <1} (the valuation ideal for w)
Gw ={0c€ G:|o(x)w = Ixw forall x € L}
Ly ={0€ Gy :0(x)=x mod Py, forall x € Oy}
Ry = {GE Gy : GTX) =1 mod P, forall x € LX}.

The subgroups G, I, and R,, are called, respectively, the decomposition group,
inertia group and ramification group for w | v. In general, we have R,, < I, <
Gw < G. Some basic properties of these subgroups can be found in Serre ([Ser?2,

Ch. IV]).
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Proposition 1.3.2. Let char k = p. If p > 0 then R,, is the unique Sylow p-subgroup
of L.

The sequence of subgroups R,, < I, < Gy, < G is really the beginning of a

filtration of subgroups for G = Gal(L/K), which we construct now.

Definition 1.3.3. For each s € [—1,00), define the sth higher ramification group
Gs={oceG|v(o(a)—a)=>s+1foralla e Or}.

(These may also be referred to as the ramification groups of G for the lower numbering.)

Example 1.3.4. Clearly G_; = G and Gy = I = I, is the inertia group. More-

over, if R = R, is the ramification group of G, we have

0ccR <— V]_($—1) >1forallae O

<~ v (%) > 1forall a € Oy.

If a € my, then v <0(af‘)t_a) =vi(o(a)—a)—vi(a) sovi(o(a) —a) = vi(a) +

1 > 2. Likewise for a € O], so G; = R is the ramification group.
Lemma 1.3.5. G, is a normal subgroup of G for all s > 0.

Proof. Take Tt € G5,0 € Gand a € L. Then

vi(oto™!(a) — a) = vi(t(o ! (a)) — 0 (a))
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soif vi(t(x)—x) > s+1 for all x € O, then v{ (oto 1 (x) —x) > s+ 1 for all

x € Or and vice verse, since ¢ acts on G by automorphisms. O

The higher ramification groups G form a filtration of G,

G=G12G)2G12G, 2+,

called the higher ramification filtration (in the lower numbering) for G.

Lemma 1.3.6. Gy is isomorphic to a semidirect product P x Z/mZ where P is a

p-group and m € Z,p { m.
Corollary 1.3.7. G is solvable.
Corollary 1.3.8. If L/K is totally ramified and Galois, then Gal(L/K) is solvable.

Example 1.3.9. Consider the local function field K = Fp( (t)). Then any finite

Galois extension L/K is totally ramified and hence has solvable Galois group.

Remark 1.3.10. If L /K is Galois and the residue extension A/« is separable, we
can write O = OkI[x] for some x € O;. For each nontrivial 0 € G = Gal(L/K),
write i k(o) = vi(o(x) —x) and also set i} k(1) = co. In fact, i k(o) =

minyco, {vi(0(y) —y)} since for any y € O, we may write

y=aqo+ax+...+anx"

forn € N,aq; € Ok and have o(y) —y = ai(o(x) —x) + ...+ an(o(x™) —x").

By a binomial expansion, each o(x¥) — x¥ is divisible by o(x) —x so it follows
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that v (o(y) —y) > vi(o(x) —x). In particular, this implies usefully that the
definition of i; /x (o) is independent of any generator chosen for Or. The higher

ramification groups can thus be written

Go(L/K) ={o € G | ifx(0) > s + 1.

Define the function

@1k i [=1,00) — [~1, 00)

. J T_dx
0 [GO . Gs]
where formally we set [Gy : G_1] = [G : Gol~ L. Then P1 /K is piecewise-linear,

nondecreasing and if gs = |G/, then we can explicitly write

1
Pr/k(s) = %(91 +...+ gm+ (s —m)gmy1)

forany m € N suchthat0 < m <s < m+1. Also, (pL/K(s) =sfor—1<s <0.
By this reformulation, we can see that the slope of @ (s) is % for all s,
where m < s < m+1, but when s € Z, the slope is % This implies:

1
Lemma 1.3.11. Forany s > —1, @y j(s) = g_ Z min{if x(0),s +1}—1.
0

oeG

Definition 1.3.12. Let L/K be a Galois extension. Then the subgroups G* := Gg for
t = @y /x(s) are called the higher ramification groups for the upper numbering

of G.
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The advantage of the ramification groups of upper numbering is that they
are invariant under passage to a Galois subextension L’/K of L/K (correspond-
ing to taking a quotient of the Galois group of L/K). By construction, the
“jumps” in the filtration G can only occur at integers. However, this is not
necessarily true of the ramification groups of upper numbering G*. However,

we have:

Theorem 1.3.13 (Hasse-Arf). If L/K is an abelian extension and G* is a jump in the
upper filtration of G = Gal(L/K), then t € Z.

1.4 Cyclic Extensions

In this section, we review the abstract algebra of cyclic Galois extensions
of fields and, in the case when the ground field has characteristic p > 0, we
describe the ramification theory of cyclic extensions of order p™, n > 1. Further
details can be found in [ , Part VI, Sec. 6].

Fix a finite Galois extension L/K of fields with group G = Gal(L/K) =
{01,...,0q} and let K be an algebraic closure of K. For each « € L, the norm

and trace of o are defined respectively by
n n
N /(o) :Hcyj(oc) and T k() :ZGj(oc).
j=1 j=1

Notice that Ny /x (o), Ty k(o) € K. When the extension is understood, these will

be written simply as N and T. The norm and trace functions, along with the
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following lemma, will be key tools in classifying cyclic extensions of K.
Lemma 1.4.1. Any set of distinct automorphisms of a field is linearly independent.
Proof. Let 0y, ..., on be distinct elements of Aut(L/K) and suppose there exist
c1,...,¢cn € Ksuch that

c101(x) +...+cnon(x) =0

for all x € K. We must show c¢; = 0 for all i. To do so, induct on n. The base
case n = 1 is trivial, so suppose n > 2. Since 07 # oy, there must be some
x € K with o1(x) # on(x). Evaluating the linear relation at xy for any y € F
gives

c101(x)o1(y) + ...+ cnon(x)on(y) = 0.

On the other hand,

c1on(x)o1(y) +... +cnon(x)on(y) = on(x)(c101(y) +... +cnon(y)) =0

and subtracting these two lines gives

ci(o1(x) —on(x))o1(y) +... +cn_1(on-1(x) — on(x))on_1(y) = 0.

This is a linear relation on o7, . .., o1 evaluated at y, so by induction, c;(oi(x) —
on(x)) =0foralll <i<n—1. Butci(o1(x) —on(x)) =0and oq(x) # on(x)

together imply ¢y = 0. Similarly, comparing oy,..., 0,1 to o, givescy = -+ =
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cn—1 = 0, s0 chon(y) = O for ally € F. Since oy, is nontrivial, this implies

cn = 0, completing the proof. O

1.41 Kummer Theory

Let L/K be a Galois extension with norm N = Ny . Then forany 0 € G =
Gal(L/K), N(o(«)) = N(a) holds for all « € L. This implies that if o = %ﬁ) for
some 3 € L*, then N(«) = 1. In fact, this characterizes the norm 1 elements in

any cyclic extension.

Theorem 1.4.2 (Hilbert's Theorem 90). Let L/K be a cyclic extension with Galois
group G = (o). Then for all « € L*, N(a) = 1 if and only if o« = %for some
Bel”.

Proof. (<= ) was proven above.
(= )Let[L:K] =nsothatG ={1,0,...,0™ 1} Fixing « € L such that

N(«) =1, define

f(x) = ax + ao(x)o(x) + ao(x)o?(x)o?(x) + ...+ ao(a) - - - o™ o) o™ L (x)

= ax + oo (o) o(x) + oo (o) 0% (x) 02 (x) + ... 4+ o™ L (x)

since ao(x)--- 0™ ) = N(a) = 1. Now « # 0 so the coefficients of f(x)

are nonzero. Thus by Lemma 1.4.1, there is some x € K such that f(x) # 0.
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Applying o, we get

o(f(x)) = o(ax + ao(e)o(x) + ao(x) 0% ()02 (%) + ...+ o™ 1 (x))

= o(a)o(x) + o(x) 0% ()02 (x) + o(x) 0% (x) 02 (o) 02 (%) + . .. + o™(x)
f(x) — ax

=———+x sinceo™ =1
o
f f
:ﬁ_x_{_)(:ﬁ‘
o o
Taking 3 = ﬁ,we have o = % O

Theorem 1.4.3 (Kummer). Suppose K contains a primitive nth root of unity. Then

there is a bijection

cyclic extensions L /K with
Y +—— {K(Va) | ae K=
[L : K] dividing n

Proof. If C;, denotes a primitive nth root of unity in K and {/ais arootof x™ —a,

then all roots of x™ — a are given by ¥/a, {n ¥a, 2 Va,..., (M1 ¥/a. Since each
¢ Va € K(¥/a), K( ¥/a)/K is Galois. Let G = Gal(K( {/a)/F) and define a map

@:G—>{C;|O<i<n—1}%2/nz

o( ¥a)
— g

Then ¢ is a group homomorphism and ker ¢ = {1}, so G is a cyclic group of
order dividing n.

Conversely, suppose L/K is cyclic of order d | n and Galois group Gal(L/K) =
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(1). Then ¢q = /s a primitive dth root of unity in K and by the properties
of the norm map,

Np/k(Ca) = CEiL:K} =d=1

So by Hilbert’s Theorem 90, (4 = % for some 3 € L*, or alternatively,
T(B) = CqPB. Since T generates Gal(L/K), the Galois conjugates of 3 are pre-
cisely 3, Caf3, Cﬁ[?u, ceey Cg’lﬁ which proves L = K(). Also, notice that t(f¢) =
t(B)4 = ¢4pd = B4, so B¢ € K. Since d | n, B™ € K as well and we have

L =K(B) = K(¥a) where a = ™. O

Remark 1.4.4. When K does not contain a primitive nth root of unity, one
can similarly show that any cyclic extension of K of degree n is a subfield of

K(ln, Va) for some a € K*.

Definition 1.4.5. A Kummer extension is an extension K(/a)/K for K a field

containing a primitive nth root of unity and a € K*.

The study of Kummer extensions is called Kummer theory. The follow-
ing result gives an explicit description of Kummer extensions in terms of the
algebra of the base field itself. Consider the set of pairs (L/K, o) where L/K
is a cyclic extension and o is a generator of Gal(L/K). We call (L/K, o) and
(L'/X, 0’) equivalent if there exists a K-isomorphism L — L’ commuting with o
and o’. Let Cyc_(K) denote the set of equivalence classes of cyclic extensions

of K of degree d with d | n.

Theorem 1.4.6. Let K have a primitive nth root of unity. Then
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(1) Forany a € K*, [K( ¥/a) : K] is equal to the order of a in K> /(K*)™

(2) Two Kummer extensions K( {/a) and K(¥/b) are isomorphic if and only if a =

b™c" for some ¢ € K* and (m,n) = 1.

(3) There is a bijection between the sets Cyc, (K) and K* /(K*)™,

1.4.2 Artin—-Schreier Theory

When char K = p > 0, Kummer theory fails to describe cyclic extensions of
degree p* since the only p*th root of unity is 1 itself so there are no nontriv-
ial extensions of the form K( {/a)/K. However, Artin-Schreier theory (in the
Z./pZ case, and Artin—Schreier—Witt theory in general) provides a characteris-
tic p replacement for Kummer theory. To describe this, we have the following

analogue of Hilbert’s Theorem 90 for the trace function.

Theorem 1.4.7 (Hilbert’s Theorem 90, Additive Version). Let L/K be a cyclic
extension with Galois group G = (o). Then for all « € L, Ty jx (o) = 0 if and only if
x = 0(p)— P for some 3 € L.

Proof. ( =) Similarly to the norm case, the Galois hypothesis implies T(o (o)) =
T(x),soif x = o(p) — P then T(x) = 0.

( <= Since L/Kis Galois, T is a nontrivial linear combination of powers of
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o and thus is nonzero. If [L : K] = n and « € L such that T(x) = 0, define

f(x) = ax+ (a+ o(x))o(x) + ...+ (x+ o(a) +...+ 0™ ()0 (x)

= ox+ (x+ o(a))o(x) ...+ (x+ o) + ...+ 0" ?(x)) o™ 2(x)

since & + o() + ...+ o™ 1 (a) = T(«) = 0. Applying o to this, we get

o(f(x)) = o(ax+ (4 o(x))o(x) + ...+ (4 o(x) + ...+ 0™ 2()) 0™ 2(x))

= o(a)o(x) + (0(a) + 0*(a))o?(x) + ...+ (6% + ...+ o™ () o (%)

= f(x) — ax — a0 (x) — ... — g™ (x)

= f(x) — «T(x).
Since T # 0, there is some x € L with T(x) # 0. Then setting 3 = —% gives us
x=0(B)—pB. O

Theorem 1.4.8 (Artin—Schreier). Let K be a field of characteristic p > 0. Then there

is a bijection

cyclic extensions L/K with L =K(a) for o? —ax—a € K
—

L:Kl=p a#bP—bforbeK

Proof. Suppose « is a root of xP —x — a where a # cP —c for any ¢ € K. Then all
roots of xP —x — a are given by o, +1,...,x +p — 1. As each of these lies in
K(a), we see that K(«)/K is Galois. In particular, Gal(F(«)/F) ={1,0,..., oP~ 1)

where o'(«) = a+1 for each 0 < i < p — 1. This shows Gal(K(e)/K) is cyclic
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of order p.

Conversely, suppose L/K is cyclic of order p with Galois group G = (1).
Then T(1) = [L : K]-1 = p-1 = 0, so by the additive version of Hilbert’s
Theorem 90, 1 = T(x) — « for some « € L. Thus T(a) = « + 1 and t(x) = a+1i

for all 0 < i < p — 1. This shows that the minimal polynomial of « over K is
p—1 p—1
H(x— (x+1)) = H((x—oc) —1)=x—o)P —(x—a) =xP —x— (o — x).
i=0 i=0

Since this polynomial lies in K[x], o — o« € K; set a = &P — «. Then « is a root

of xP —x —a and L = K(«) by counting dimensions. O

Definition 1.4.9. For a prime p, define the p-function p(x) = xP —x. An Artin-
Schreier extension is an extension K(9~'(a))/K for K a field of characteristic p,

a € Kand p~(a) any solution to xP —x = a.

The study of Artin—-Schreier extensions is called Artin-Schreier theory. In
analogy with Kummer theory, we can describe all Artin—Schreier extensions of
a characteristic p field in terms of the structure of the field itself. As before, let

Cyc,(K) be the set of equivalence classes of degree p Galois extensions of K.
Theorem 1.4.10. Let K be a field of characteristic p > 0. Then

(1) Two Artin-Schreier extensions K(p~1(a)) and K(p~(b)) are isomorphic if and

only if a = mb +cP —c forc € Kand m € FFy,.
(2) There is a bijection between the sets Cycp(K) and K/p(K).

Now let K be a local field with valuation v.
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Proposition 1.4.11. Let L/K be the Artin—Schreier extension of K given by L =
Ko~ Ha)) = KXJ/(xP —x—a) for a € K~ 9(K). Then the higher ramification
filtration (in the lower numbering) for G = Gal(L/K) has its jump at m := —v(a).

Proof. We may assume K = k((t)) where k is algebraically closed of character-
istic p and a € K is of the form a =t ™g(t) for some g(t) € k[[t]]. Let v be the
unique extension of v to L, which in particular satisfies v (t) = p. Pick integers

a and b such that ap — bm = 1. Set z = y®t% and note that

—pm =vi(t "g) =vL(y? —y) = min{v (yP),vL(y)} = vL(y?) = pvL(y).

Then vi (y) = —m and v (z) = —bm + ap = 1, so z is a uniformizer in L and
thus Op = Oklz]. Thus by Remark 1.3.10, the higher ramification groups of L/K

can be computed as
Gs={oceGlv(o(z)—2z) =>s+1}

Let 0 € G be the generator acting by o(y) =y + 1. Then

b
ofa) = oly®) = (y+ 1 = 3 (1 )y

€ 1
i=0
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so we have

b1\
vi(o(z) —z) = v (Z <i>ylta>
i=0

= min{vg (t%), v (byt®),..., v (by"'t%))
= min{ap, —m+ ap,...,—m(b—1) + ap}

=—-m(b—1)+ap=m-+1.

It follows that Gg = G forall s < mand Gg = 0 for all s > m + 1. Hence the

ramification filtration for G (in the lower numbering) is:
G=Gy=G1=...=Gn 2 G111 =0.

]

Since the ramification filtration is an isomorphism invariant of the Galois
extension L/K, we see that different ramification jumps yield non-isomorphic
Z./pZ-extensions of K, a phenomenon which by Kummer theory does not oc-
cur in the tame case. Moreover, the ramification jump essentially classifies all
Artin—Schreier extensions of a local field (cf. [ , Ch. 1IV]). For us, it will be

the key arithmetic invariant used to classify stacky curves in Chapter 4.
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1.4.3 Artin—-Schreier-Witt Theory

Suppose K is a field of characteristic p > 0 and L/K is a Galois extension
with group G = Z/p"Z. When n = 1, Artin—-Schreier theory said that such
extensions are all of the form L = K[x]/(xP —x — a) for some a € K, with
isomorphism classes of such extensions determined by the ramification jump
m = —v(a). When n = 2, write L/K as a tower L O M D K, where L/M and
M/K are both Galois extensions with group Z/pZ. Then by Artin-Schreier

theory,

M =K[x]/(xP —x — a) and L=MI[z]/(zP —z—Db)

fora € KN p(k)and b € M\ p(M) — where again, p denotes the map ¢ —
c? —c. It turns out (see [O’]) that the extension L/K itself can be defined by the

equations

PP — P
yP—y=x and P_z=X Y p(x+y) +w

where both x and w lie in K. Compare this to a Z/pZ x Z /pZ-extension, which
can be written as a tower of Z/pZ-extensions in multiple ways. The fact that
L/K is cyclic is reflected in the above equations defining the extension. To see
this explicitly, suppose H = Gal(M/K) = (o) where |o| = p. Then o acts on
M = K[x]/(xP —x — a) via o(x) = x + 1. Moreover, o generates G = Gal(L/K)

if and only if oP(z) = z+ 1. It’s easy to see that when L/K is Galois of order

34



p? and factors as the tower above, then oP(z) = z+ 1 occurs precisely when
G = Z/p>Z, while oP(z) = z coincides with the case G = Z/pZ x Z/pZ.

For a general cyclic extension of order p", Artin—Schreier-Witt theory and
the arithmetic of Witt vectors encode the above automorphism data in a sys-
tematic way. The basic theory can be found in various places, including [L.an,
pp- 330-332], but here is an overview of what we will use later in the thesis. For
a commutative ring A, we define the set of Witt vectors over A to be simply the

set of sequences of elements of A:
W(A) = {(all az, as, .. ) lan € A}

This is obviously functorial, so we have defined a functor W : Ring — Set.
We next define a ring structure on each W(A). For a Witt vector a = (a,) €
W/(A), an associated sequence (a™) of ghost components (composantes fantomes

in French) is defined by setting
-1 n . —i
ad™=a) +padd 4. +ptan= Zpla‘f .
i=0

If A contains Q, then the association of a Witt vector to its sequence of ghost
components is bijective, but this is not true in general. Explicitly, the Witt vec-

tor associated to a sequence of ghost components (a'™) is given by

1 n—1 1 -
Qg = a(O) and an = ﬁa(n) — Z pnfi a{’ .
i=0
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In the case when Q C A, we may define addition and multiplication oper-
ations on W(A) by taking a + b (resp. ab) to be the Witt vector whose nth
ghost component is (a + b) ™ = o™ 4 pM (resp. (ab)™ = a™pM), Set
R = Q[Xy, Xq,...; Yy, Y1,...] and consider the Witt vectors X = (Xp, X1,...) and
Y =(Yp,Y1,...) in W(R). Put

Sn(XO,...,Xn;YO,...,Yn) = (X‘I’Y)n and Pn(XO,...,Xn;YO,...,Yn) = (XY)n.

Lemma 1.4.12. For each n > 1, Sy and Py are polynomials in Xo,..., Xn and

Yo, ..., Yn with integer coefficients.

Proof. (Sketch) For any a = (a,) € W(A), define a power series

o0

fo(t) = [ J(1—ant™.

n=1

Then the standard and ghost components of a are related as follows:

d
_ (m)
—to log fq(t) = Z a™t"
n=1
Using this, one can show that fx(t)fy(t) = fx;y(t) and, with slightly more

work, that

o0
fxy(t) =[] (1 —xqdymegmydre ™
d=0 e=0

where m = gcd(d, e). These then imply that S,, and P, have integer coeffi-

cients. O
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Thus the definitions of addition and multiplication of Witt vectors can be
extended to Z[Xy, X1, ...;Yp, Y1,...] and indeed any subring of a ring containing
Q. Finally, for an arbitrary commutative ring A, fix a = (an), b = (bn) € W(A),

let @4 p be the ring homomorphism

©ab : Z[Xo, X1,..;Y0, Y1, ] — A
Xn — an

Yn — by,
and define the addition and multiplication of a and b by
a+b=W(@gp)(X+Y) and ab = W(@qp)(XY).

Under these operations, W(A) is a ring with zero element (0, 0,0, ...) and unit
(1,0,0,...), and W : Ring — Ring is a functor. Furthermore, it is easy to check
using the above description of Witt vector addition that W(A) is always a ring
of characteristic 0. Therefore W(A) % AN in general.

Now assume for the rest of the section that K is a field of characteristicp > 0
and A is a K-algebra. We make the following change in notation: for each
n > 0, replace a,, in place of ayn and write a = (ag, aj, ay, ...) for the sequence
of pth power components of the original Witt vector. Call W(A) the set of Witt
vectors over A with this new numbering convention. This obviously changes
the explicit structure of W(A), but it is clear that the ghost components of a =

n n—1
(ap, aj, ap,...) are still given by a = ag +pa§) + ...+ p"a,. Moreover,
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the Witt vector arithmetic defined above still defines a ring structure on W(A).
For each n > 1, let W, (A) be the set of Witt vectors of length n over A, i.e.

the image of the ring homomorphism

th: WA) — W(A)

(ag,-..,Qn-1,an, Anys1,...) — (ag,...,an-1,0,0,...).

We write an element of W, (A) as (ay,...,an_1). The Verschiebung operator
defined by V : W(A) — W(A),(ap,ay,...) — (0,ap,ay,...) is an abelian
group homomorphism, and moreover, W, (A) = W(A)/V"W(A) where V" =
Vo...oV. The following results are standard (cf. [ , Part II, Sec. 6]).

n

Lemma 1.4.13. The Verschiebung satisfies:

(a) Each a = (an) € W(A) can be written a = Y ;2 V™{an} where {x} =
(x,0,0,...).

(b) Fora = (an) e W(A)andb = (0,...,0,byn, bpy1,...) € VFW(A),

a+b= (a01' «o,Qn—1,0Qn +bn/ An+1 +bn+1/- . )

(c) we W(A) is a unit if and only if ug is a unit in A.

Next, define the Frobenius operator F : W(A) — W(A) by (ag,ay,...) —
(ag, a]f, ...). Then F is a ring homomorphism which satisfies several important

properties.
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Lemma 1.4.14. For a = (ag, ay,...) € W(A),
(a) FVa = VFa = pa.
(b) (Va)™ =pan-1,
(c) a™ = (Fa)™ D 4 pna,.
(d) Foralli,j > 0and b € W(A), (Via)(Vb) = VI (FPlaFPib).

Consider the ring of length n Witt vectors W, (K). For x € W, (K), set
px = Fx —x. Then g is an abelian group homomorphism W, (K) — W (K)

and there is an exact sequence
0= Z/p"Z 5 Wa(K) & Wi(K) — 0

where 1 is the inclusion x — {x}. Let L/K be a Galois extension with Galois
group G. Then G acts on W (L) via 0 - (xq,...,Xn—1) = (0(xp),...,Xn—1). One
can mimic the proof of Hilbert’s Theorem 90 (either 1.4.2 or 1.4.7) to prove the

following version for Artin—Schreier-Witt theory.

Theorem 1.4.15 (Hilbert’s Theorem 90, Witt Vector Version). For a Galois exten-
sion L/K of fields of characteristic p > 0 with Galois group G, H!(G, Wy (L)) = 0 for

alln > 1.

Example 1.4.16. When K = IF,, the field of p elements, we have an isomor-
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phism

Wh(F,) — Z/p"Z

(X0, X1, -+, Xn_1) —> Xo +PpX1 +... —l—pn_l)_(n_l

for all n > 1, where X; denotes the image of x; under the canonical surjection
Z/pZ — Z/p"Z. These commute with the natural maps Z/p"Z — Z/p""'Z,

giving an isomorphism
- .. —
W(le) — ILm Z/p"Z = Zy.

This was one of the original motivations for the construction of W: as a way to
give a canonical lift of a ring in characteristic p > 0 to a ring in characteristic
0, just as the p-adic integers do for each finite ring Z/p™Z. Furthermore, the
natural profinite topology on Z,, induces a topological ring structure on W(IF,,)
under which all of the previous maps in this section are continuous. Moreover,
explicitly describing this topology allows one to write down a topology on

W(A) for any ring A.

Let K*¢P be a separable closure of K and suppose x € W, (K) and « €
W, (K5€P) are Witt vectors such that p(«) = x. If « = (xg,..., xn_1), we write
K(p~1x) = K(o, ..., xn_1) as a field extension of K. The following theorem

tully characterizes cyclic extensions of degree p™ of K.

Theorem 1.4.17. Let K be a field of characteristic p > 0. Then for each n > 1, there
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is a bijection

cyclic extensions L/K with
> Wi (K)/p(Wn(K))

[L:K]=p"

L=K(p %)+ x.

Proof. (Sketch) Suppose & € W,,(K*¢P) is a root of the Witt vector-valued poly-
nomial px — a, where a € W;,(K) is not of the form a = pb for any b € W, (K).
Then all roots of px — a are given by o, x +1,...,0c + (p™ — 1)1 where 1 de-
notes the unit Witt vector (1,0,0,...). In particular, this shows that K( o 1x)/K
is Galois and Gal(K(p~x)/K) ={1,0,...,07" 1} where o'(«) = « + i1 for each
0 < i< p™— 1. Therefore K(p~x)/K is cyclic of order p™.

Conversely, suppose L/K is cyclic of order p™ with Galois group G = (7).
Applying Galois cohomology to the short exact sequence 0 — Z/p"Z —

Wa(L) & Wh(L) =0 yields a long exact sequence

0— Z/p"Z — Wr(K) & Wo(K) % HY(G,Z/p"Z) — HY(G, W, (L) =0

with the last zero coming from Hilbert’s Theorem 90. The map ¢ sends y to
the cocycle & : 0 +— off — 3 where p3 = y. Since G acts trivially on Wy (IF,,),
we have HY(G,Z/p"Z) = Hom(G,Z/p"Z) = End(Z/p"Z) = Z/p"Z. Let
x € Wy (K) be a Witt vector such that ¢x generates HY(G,Z/p™Z). One finishes

by showing that L = K(p~'x). O
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Suppose K is a complete local field of characteristic p. We will typically
assume K = k((t)) for an algebraically closed field k. Then any cyclic Z/p™Z-

extension L/K is given by a set of equations
Y’ —yi =filxo,..., X Yo, ..., yim1) for 0 <i<n—1

where x; € K and f; is a polynomial over k (see [OF] for a description of these

polynomials). Let v be the valuation on K and set mj = —v(xj) for0 <i<n—1.

Lemma 1.4.18. The last jump in the ramification filtration in the upper numbering

for G =Gal(L/K) isu = max{p“‘i_lmi}{:ol.
Proof. Follows from [Gar, Thm. 1.1]. H

It follows that the ramification filtration (either in the upper or lower num-
bering) of a cyclic Z/p"Z-extension of complete local fields is completely de-
termined by its Witt vector equation. For further reading, in the last section
of [OP] the authors provide explicit equations describing Z /p>Z-equations of

K =k((t)).

Example 1.4.19. Let K = k((t)) and let L/K be the Artin—Schreier-Witt ex-
tension given by the equations y? —y = t™™ and zP —z = t ™y, where
(m,p) = 1. We claim the Galois group G = Gal(L/K) = Z./p*Z has ramifi-
cation jumps (in the lower numbering) at m and m(p? + 1). Indeed, the first
jump is m = —v(t™™) by Proposition 1.4.11 and the fact that the first jumps

in the upper and lower numbering agree. On the other hand, the last jump in
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the upper numbering is max{pm, 0} = pm by Lemma 1.4.18 and applying the
function Py i (t) = (pf/lK(t) to t = pm yields m(p? + 1), s0 s = m(p? + 1) is the

last jump in the lower numbering.
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Chapter 2

Some Algebraic Geometry

In this chapter, we recall some of the basic concepts from algebraic geom-
etry required to discuss algebraic curves and, in later chapters, stacky curves.
A standard reference for everything in this chapter is [ , Chs. II and IV].
While much of this chapter might be familiar to the reader, the conceptual pro-
gression from affine schemes to schemes and from modules to quasi-coherent
sheaves will be imitated in greater generality in Chapter 3. Therefore we in-

clude the details of these constructions for completeness.
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2.1 Scheme Theory

2.1.1 Affine Schemes

Hilbert’s Nullstellensatz is an important theorem in commutative algebra
which is essentially the jumping off point for classical algebraic geometry (by
which we mean the study of algebraic varieties in affine and projective space).

We recall the statement here.

Theorem 2.1.1 (Hilbert’s Nullstellensatz). If k is an algebraically closed field, then

there is a bijection

A} <— MaxSpecklty, ..., tn]

P=(a1,...,0n) —mp=(t1 —xq,...,th — &n),

where A} = k™ is affine n-space over k and MaxSpec denotes the set of all maximal

ideals of a ring.

Further, if f : A — B is a morphism of finitely generated k-algebras then
we get a map f* : MaxSpecB — MaxSpec A given by f*m = f~!(m) for any
maximal ideal m C B. Note that if A and B are arbitrary commutative rings,

f~1(m) need not be a maximal ideal of A.

Lemma 2.1.2. Let f : A — B be a ring homomorphism and p C B a prime ideal. Then

f(p)isa prime ideal of A.
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This suggests a natural replacement for MaxSpec A, called the prime spec-
trum:

SpecA ={p C A | pisa prime ideal}.

Definition 2.1.3. An affine scheme is a ringed space with underlying topological

space X = Spec A for some ring A.

In order to justify this definition, we need to specify the topology on Spec A
and the sheaf of rings making it into a ringed space. For any subset E C A,
define

V(E) ={p € SpecA | E C p}.

Lemma 2.1.4. Let A bearing and E C A any subset. Set a = (E), the ideal generated
by E. Then

(a) V(E) = V(a) = V(r(a)) where r denotes the radical of an ideal.
(b) V({0}) =SpecA and V(A) = @.

(c) For a collection of subsets {Ei} of A, V (JEi) = V(Ei).

(d) Foranyidealsa,b C A, V(anb) =V(ab) = V(a)UV(b).

As a result, the sets V(E) for E C A form the closed sets for a topology on
Spec A, called the Zariski topology.

Next, for any prime ideal p C A, let A, denote the localization at p. For any
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open set U C Spec A, we define

o) = {s:u—>]_[Ap EIpEVCUandf,geAsothats(q)—éforalquV}.
pel

The main theorem describing affine schemes geometrically is the following.
Theorem 2.1.5. (Spec A, O) is a ringed space. Moreover,

(1) Foranyp € SpecA, Op = A, as rings.

(2) T(SpecA,O) = A as rings.

(3) Forany f € A, define the open set D(f) ={p € Spec A | f & p}. Then the D(f)

form a basis for the topology on Spec A and O(D(f)) = At as rings.

Example 2.1.6. For any field k, Speck is a single point * corresponding to the

zero ideal, with sheaf O(x) = k.

Example 2.1.7. Let A = k[ty, ..., tn] be the polynomial ring in n variables over
k. Then Spec A = A}, the affine n-space over k. For example, when A = k[t] is

the polynomial ring in a single variable, Speck[t] = A%{, the affine line.

2.1.2 Schemes

Recall that a ringed space is a pair (X, J) where X is a topological space and

J is a sheaf of rings on X.

Definition 2.1.8. A locally ringed space is a ringed space (X, J) such that for all

P € X, there is a ring A such that Ip = A,, for some prime ideal p C A.
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Example 2.1.9. Any affine scheme Spec A is a locally ringed space by (1) of

Theorem 2.1.5. We will sometimes denote the structure sheaf O by Oa.

Definition 2.1.10. The category of locally ringed spaces is the category whose
objects are locally ringed spaces (X, F) and whose morphisms are morphisms of ringed
spaces (X, F) — (Y, G) such that for each P € X, the induced map fﬁ : Oy p) = Oxp
is a morphism of local rings, i.e. (f§) "} (mp) = myp) where mp (resp. myp)) is the

maximal ideal of the local ring Ox p (resp. Oy ¢(p)).
We now define a scheme.

Definition 2.1.11. A scheme is a locally ringed space (X, Ox) that admits an open
covering {U;} such that each U is affine, i.e. there are rings A such that (U;, Ox|y,) =

(Spec Ay, Oa,) as locally ringed spaces.

The category of schemes Sch is defined to be the full subcategory of schemes
in the category of locally ringed spaces. Denote the subcategory of affine
schemes by AffSch. Also let CommRings denote the category of commutative

rings with unity.
Proposition 2.1.12. There is an isomorphism of categories
AffSch — CommRings®?

(X, 0x) +— Ox(X)

(Spec A, O) «— A.

Proof. (Sketch) First suppose we have a homomorphism of rings f : A — B. By

48



Lemma 2.1.2 this induces a morphism f* : Spec B — Spec A, p + f~1(p) which
is continuous since f~1(V(a)) = V(f(a)) for any ideal a C A. Now for each
p € SpecB, define the localization f}, : A+, — By, using the universal property

of localization. Then for any open set V C Spec A, we get a map

1 0A(V) — O((f) (V).

One checks that each is a homomorphism of rings and commutes with the
restriction maps. Thus ¥ : 04 — Oy is defined. Moreover, the induced map
on stalks is just each fy, so the pair (f*, f¥) gives a morphism (SpecB, 0p) —
(Spec A, Oa) of locally ringed spaces, hence of schemes.
Conversely, take a morphism of schemes (¢, 0" (SpecB, Op) — (Spec A, OA).

This induces a ring homomorphism I'(Spec A, 05) — T'(Spec B, Og) but by (2)
of Theorem 2.1.5, I'(Spec A,0a) = A and I'(Spec B, Og) = B so we get a homo-
morphism A — B. It is routine to check that the two functors described give

the required isomorphism of categories. O

Example 2.1.13. We saw in Example 2.1.6 that for any field k, Speck = x is
a point with structure sheaf O(x) = k. If Ly,...,L; are finite separable field
extensions of k, we call A = L x --- x L; a finite étale k-algebra. Then Spec A =

SpecLi [ --[ISpecL; is (topologically) a disjoint union of points.

Example 2.1.14. Let A be a DVR with residue field k. Then Spec A = {0, ma},
a closed point for the maximal ideal m and a generic point for the zero ideal.

There are two open subsets here, {0} and Spec A, and we have Oa ({0}) = k and
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Oa(SpecA) = A.

Example 2.1.15. If k is a field and A is a finitely generated k-algebra, then the
closed points of X = Spec A are in bijection with the closed points of an affine

variety over k with coordinate ring A.

Example 2.1.16. Let A = Z (or any Dedekind domain). Then dim A =1 and it
turns out that dim Spec A = 1 for some appropriate notion of dimension which

we will define momentarily.
Many definitions in ring theory can be rephrased for schemes. For example:

Definition 2.1.17. A scheme X is reduced if for all open U C X, Ox(U) has no
nilpotent elements, while X is integral if for all open U C X, Ox(U) has no zero

divisors.

Definition 2.1.18. The dimension of a scheme X (or any topological space) is

dim X = sup{n € INg | 3 a chain of irreducible, closed sets Xo € X; € --- C Xn C X}

Proposition 2.1.19. Let A be a noetherian ring. Then dimSpec A = dim A, the
Krull dimension of A.
Definition 2.1.20. Let X be a scheme. Then

* X is locally noetherian if each stalk Ox p is a local noetherian ring.

¢ X is noetherian if X is integral and locally noetherian.
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* An integral scheme X is normal if each stalk Ox p is integrally closed in its field

of fractions.

» Xisregular if each Ox p is regular as a local ring, that is, dim Ox p = dimmp/ m]%

as Ox p/mp-vector spaces.

Definition 2.1.21. Let X be a scheme. The category of schemes over X, denoted
Schy, consists of objects Y 2y X, where Y is a scheme and p is a morphism, and

morphisms Y — Z making the following diagram commute:

WV

The fibre of a topological cover p : Y — X can be interpreted as a fibre

Y

Z

product:

pHx) = {x}xxY

|

x} — X

Y

P

We next construct fibre products in the category Schx and use these to construct

the algebraic analogue of a fibre.

Definition 2.1.22. Let X be a scheme and Y, Z schemes over X. A fibre product of Y

and Z over X, denoted Y xx Z, is a scheme over both Y and Z such that the diagram
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YXXZ

VAN
\./

commutes and Y xx Z is universal with respect to such diagrams, i.e. for any scheme

W over both Y and Z, the following diagram can be completed uniquely:

Givenf:Y — Xand any scheme Z over X, theinducedmap fz : Y xxZ = Z

is called the base change of f over Z.

Theorem 2.1.23. For any schemes Y, Z over X, there exists a fibre product Y xx Z

which is unique up to unique isomorphism.

Proof. (Sketch) When X = SpecA,Y = SpecB and C = SpecZ are all affine,

then the universal property of tensor products implies Y xx Z := Spec(B ®4 C)
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defines a fibre product. The general case is proven in [ , Thm. I1.3.3]. O

Definition 2.1.24. Let p : Y — X be a morphism of schemes, x € X a point and
k(x) = Oxx/my the residue field at x, with natural map Speck(x) — X. Then the
fibre of p at x is the fibre product Yy :=Y xx Spec k(x).

Example 2.1.25. Let A be a DVR and consider the affine scheme X = Spec A.
We saw in Example 2.1.14 that X has a closed point m = m4 and a generic point

(0). For any morphism p : Y — X, there are two fibres:
* The generic fibre Y5, which is an open subscheme of Y
 The special fibre Yy, which is a closed subscheme of Y.

Let Y be a scheme over X and define the diagonal map A : Y — Y xx Y coming

from the universal property applied to the diagram

Y

\./

Definition 2.1.26. A morphism Y — X is called separated if the diagonal A : Y —

X

Y xx Y is a closed immersion of schemes.
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Definition 2.1.27. A morphism f : Y — X is of finite type if there exists an affine
covering X = |J Uy, with U; = Spec Ay, such that each f~1(U;) has an open covering
(W) = U;‘;l Spec By; for ny < oo and By a finitely generated Ai-algebra. Further,
we say f is a finite morphism if each n; = 1,i.e. f~1(U;) = Spec B; for some finitely

generated A;-algebra B;.

Definition 2.1.28. The set of points of a scheme X, denoted |X|, is defined to be the
set of equivalence classes of morphisms x : Speck — X, where k is a field, and where
two points x : Speck — Xand x’ : Speck’ — X are equivalent if there exists a field

L D k, k' such that the diagram

Speck

RN

SpecL X

NS

Speck’

commutes. A geometric point is a point X : Speck — X where k is algebraically

closed.

2.1.3 Sheaves of Modules

Through Proposition 2.1.12, we are able to transfer commutative ring theory
to the language of affine schemes. It is also possible to translate module theory

into the language of sheaves and schemes.
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Definition 2.1.29. Let (X, Ox) be a ringed space. A sheaf of Ox-modules, or an
Ox-module for short, is a sheaf of abelian groups F on X such that each F(U) is an
Ox(U)-module and for each inclusion of open sets V. C U, the following diagram

commutes:
Ox(U) x F(U) —— F(U)

|

Ox(V) x F(V) — F(V)

If F(U) € Ox(U) is an ideal for each open set U, then we call F a sheaf of ideals on
X.

Most module terminology extends to sheaves of Ox-modules. For example,

A morphism of Ox-modules is a morphism of sheaves ¥ — G such that
each F(U) — G(U) is an Ox(U)-module map. We write Homx(F,3G) =
Homy, (F,9) for the set of morphisms ¥ — § as Ox-modules. This de-

fines the category of Ox-modules, written Ox-Mod.

* Taking kernels, cokernels and images of morphisms of Ox-modules again

give Ox-modules.
¢ Taking quotients of Ox-modules by Ox-submodules again give Ox-modules.

 An exact sequence of Ox-modules is a sequence ' — F — F” such that each

F'(U) — F(U) — F’(U) is an exact sequence of Ox(U)-modules.

* Basically any functor on modules over a ring generalizes to an operation

on Ox-modules, including Hom, written Homg, (7, 3); direct sum F @
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§; tensor product F ®¢, 9; and exterior powers AT (sometimes after

sheafification, e.g. for ® and A).

Definition 2.1.30. An Ox-module ¥ is free (of rank v) if ¥ = 05" as Ox-modules.
J is locally free if X has a covering X = |JU; such that each Fly, is free as an

Oxlu,-module. A locally free Ox-module of rank 1 is called an invertible sheaf.

Let A be a ring, M an A-module and set X = Spec A. To extend module
theory to the language of schemes, we want to define an Ox-module M on X.
To start, for each p € SpecA, let M, = M ®a A, be the localization of the
module M at p. Then M, is an Ay-module consisting of ‘formal fractions”

where m € M and s € S = A \ p. For each open set U C X, define

—~ . m

M(U) = h:U%HMp dpeVCUmeM,s € A with s(q) :?forallqev
peu

(Compare this to the construction of the structure sheaf O on Spec A in Sec-
tion 2.1.1. Also, note that necessarily the s € A in the definition above must lie

outside of all g € V.)

Proposition 2.1.31. Let M be an A-module and X = Spec A. Then M isa sheaf of

Ox-modules on X, and moreover,
(1) Foranyp € SpecA, mp = M, as Ay-modules.
(2) F(X,T\Z) = M as A-modules.
(3) Foranyf e A, M(D(f)) = My =M ®a Aras A-modules.
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Proof. The proof is similar to the proof of Theorem 2.1.5; both can be found in

[F1art, Ch. 1], 0

Proposition 2.1.32. Let X = Spec A. Then the association

A-Mod — Ox-Mod

M — M
defines an exact, fully faithful functor.

Proof. Similar to the proof of Proposition 2.1.12. O

These M are an “affine model” for modules over a scheme X. We next define
the general notion, along with an analogue of finitely generated modules over

aring.

Definition 2.1.33. Let (X, Ox) be a scheme. An Ox-module F is quasi-coherent if
there is an affine covering X = |J X, with X; = Spec A;, and Ai-modules M such
that Flx, = Mi as Ox|x,-modules. Further, we say J is coherent if each M is a

finitely generated Ai-module.

Example 2.1.34. For any scheme X, the structure sheaf Ox is obviously a coher-

ent sheaf on X.

Let QCohx (resp. Cohx) be the category of quasi-coherent (resp. coherent)
sheaves of Ox-modules on X.

We next identify the image of the functor M — M from Proposition 2.1.32.
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Theorem 2.1.35. Let X = Spec A. Then there is an equivalence of categories
A-Mod = QCohy.
Moreover, if A is noetherian, this restricts to an equivalence
A-mod — Cohy

where A-mod denotes the subcategory of finitely generated A-modules.

Proof. (Sketch) The association M M sends an A-module to a quasi-coherent
sheaf on X = Spec A by definition of quasi-coherence. Further, one can prove
that a sheaf " on X is a quasi-coherent Ox-module if and only if 7 = M for an
A-module M. The inverse functor QCohx — A-Mod is given by I — T'(X, ).
When A is noetherian, the above extends to say that J is coherent if and
only if 7 = M for a finitely generated A-module M. The rest of the proof is

identical. n

Next, we construct an important example of a quasi-coherent sheaf on a

scheme. As always, we begin with a construction on rings.

Definition 2.1.36. Let A — B be a ring homomorphism. The module of relative

differentials for B/A is defined to be
Qg == Z(db| b € B)/N,

the quotient of the free B-module generated by formal symbols db for all b € B by the
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submodule N = (da,d(b+b’) —db — db’, d(bb’) — b(db’) — (db)b’). This is the

universal B-module for these three relations.

Example 2.1.37. If A = k is a field and B is a finitely generated k-algebra, write
B = klty,..., tal/(f1, ..., fr). Then B is the coordinate ring of the variety in A}

cut out by the f; and

Ql = k(dt;) Jt

is the module of total derivatives on this variety.
Lemma 2.1.38. Let A — B be a ring homomorphism. Then
(a) For any A-algebra C, QB® cpc = QB/A ®a C.

=S571Qp 0 = Qp ), @SB

(b) For any multiplicative set S C B, Q! B/A =

S1B/A —

That is, the functor B — Qg /A commutes with base change and localization.

We now give the analogous construction for Ox-modules, starting in the affine

case.

Definition 2.1.39. Let A — B be a ring homomorphism. The sheaf of relative
differentials is the Og-module Qg /a on Spec B defined by the module Q) A

Lemma 2.1.40. Let A — B be a ring homomorphism. Then

(a) Qp /A 1s a quasi-coherent sheaf on Spec B.

(b) For any element f € B, ﬁB/A(D(f)) = Qg, /a Where By is the localization of B

at powers of f.
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Now consider the map m : B ®5 B — B, m(b; ® bp) = byby. Let I be the
kernel of m. Since m is surjective, this means B ®a B/I = B. Since I acts
trivially on I/ 12, there is an induced module action of B ®4 B/I on I/12, and
thus a corresponding B-module structure on I/12. The proof of the following

fact can be found in [Bos, Sec. 8.2], among other places.
Lemma 2.1.41. Qp/p = /12
Example 2.1.42. In Example 2.1.37, the isomorphism I/I*> = Qg is induced

by the map

B —)QB/k

t; — dt;.

Let Y — X be a separated morphism of schemes and let A : Y — Y xx
Y be the corresponding diagonal. This induces a morphism of sheaves A* :
Ovxxy — A*Ox which has kernel sheaf J (a sheaf on Y xx Y). This J in fact

defines the closed subscheme A(Y) C Y xx Y.
Lemma 2.1.43. For Y — X, A and J as above,
(@) Op(y) = Oyx,v/J as sheaves on A(Y).
(b) 3/9%is an Oa(yv)-module.

Identifying Y with its image A(Y) in the fibre product Y xx Y allows us to

define a sheaf analogue of the module of differentials by pulling back 7/7°.
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Definition 2.1.44. For a separated morphism Y — X, the sheaf of relative differ-

entials Qy x is the pullback:

Qy/x —— 7/72

Y —— A(Y)

Remark 2.1.45. Qy/x is a sheaf of Oy-modules on Y. Moreover, on an affine
patch Spec B C Y, the sheaf of relative differentials restricts to ﬁg A= ﬁ for

some rings A — B. In particular, Qy/x is quasi-coherent.

2.14 Group Schemes

Abstractly, a group is a set G together with three maps,

H:GxG— G (multiplication)
e:{e} — G (identity)

1:G— G (inverse)

satisfying associativity, identity and and inversion axioms. This generalizes to
the notion of a group object in an arbitrary category C. We state the definition
for categories of schemes here.

The following describes an equivalent, and equally important, perspective

on group schemes using the language of functors.
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Proposition 2.1.46. Let G be a scheme over X. Then a choice of group scheme struc-
ture on G is equivalent to a compatible choice of group structure on the sets Homx (Y, G)
for all schemes Y over X. That is, a group scheme structure is a functor Schx — Groups

such that the composition with the forgetful functor Groups — Sets is representable.

Proof. This is a basic application of Yoneda’s Lemma. O

Example 2.1.47. Let X = Spec A be affine and consider the affine line A} =
Spec A[t]. Then Ai is an affine group scheme over X, denoted G, called the

additive group scheme over X, with morphisms induced by the following ring

homomorphisms:

Al — Al ® Aft]
tr—tel+lot
e* At — A
t—0
Al — Alt]

t— —t.

This construction generalizes to the affine line over a non-affine scheme as well.

Example 2.1.48. For X = Spec A, the multiplicative group scheme over X is the
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group scheme G, := Spec A[t, t~!] with morphisms induced by

WALt — AlLt @ AlL Y
t—tet
tl—tlet!
e ALt — A
tt 1l — 1
ARt — Al
t— t !

t1 5t

Example 2.1.49. For X = Spec A, the nth roots of unity form a group scheme
defined by pn, = Spec(Alt, t~1]/(t™ —1)). This is a finite group subscheme of
Gnm.

Example 2.1.50. If char A = p > 0, then &}, = Spec(A[t]/(tP)) defines a group
scheme over Spec A which is isomorphic as a topological space to Spec A, but

not as a scheme!

Definition 2.1.51. Let G 25 X be a finite, flat group scheme. A left G-torsor is a
scheme Y 3 X with g finite, locally free and surjective, together with a group action

p: G xxY — Y, which satisfies:
(1) po (e xidy) isequal to the projection map X xx Y — Y.
(2) po(idgxp)=po(uxidy):GxxGxxY—=>GxxY =Y.
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(3) pxidy: G xxY — Y xx Y is an isomorphism of X-schemes.
Right G-torsors are defined similarly.

Example 2.1.52. Let k be a field and m an integer such that chark t m. Let
twm = Spec(klt, t~11/(t™ —1)) be the group scheme of mth roots of unity over
Speck. Take a € k* which is not a pth power in k for any prime p dividing m
and set L = k( ¥/a), which is a finite field extension of k. We claim Y = SpecL

is a wm-torsor over Spec k. Define

p* k(Wa) — klt, t7H/(t™ —1) @ k( Va)

Var—t® Va.

This defines a morphism p : pm Xspeck Y — Y and one can prove that it satisfies
axioms (1) and (2) of a torsor by checking the corresponding properties for p*.
When chark { m, pn, is a reduced scheme over Speck and it’s easy to see
that py = (Z/MmZ)speck, the constant group scheme on Z/mZ over Speck.
Moreover, by Kummer theory (Section 1.4.1), L/k is a Galois extension with
Gal(L/k) = Z/mZ,Ley L = [[i%; Land this has a corresponding Galois action
which induces the isomorphism L ®, L — k[t,t71]/(t™ — 1) ® L. Applying
Spec again, we get the isomorphism i Xgpeck Y =SY Xspeck Y 80 Y is indeed a
im-torsor. Using Kummer theory, one can show that every p,-torsor arises in

this way, i.e. as SpecL for L = k( ¥/a).

Example 2.1.53. Likewise, over a field k of characteristic p > 0, Artin—Schreier

theory (Section 1.4.2) shows that for the constant group scheme G = Z/pZ, the
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G-torsors are of the form Y = Spec k(9 (a)) for a € k ~ p(k). More generally,
Artin-Schreier-Witt theory (Section 1.4.3) says something similar for Z/p™Z-

torsors.

2.1.5 FEtale Morphisms

For technical reasons, we will assume in this section that all schemes have
perfect residue fields k(x). The concepts of smoothness and (local) diffeomor-
phism from differential geometry can be phrased algebraically using the lan-

guage of schemes. For example:

Definition 2.1.54. A morphism f : Y — X between locally noetherian schemes is

called smooth at a point y € Y if:
(i) fis of finite type at y.
(ii) fis flat at y.

(iii) If x = f(y), then the fibre Yy := Y X x k(x) is regular at y, that is, if Oy, isa

reqular local ring.

Otherwise f is singular at y. We say f is a smooth morphism if it is smooth at
every pointy € Y, and call Y a smooth X-scheme. Finally, f is smooth of relative

dimension n if f is smooth and for each x in the image of f, dim Yy = n.

Example 2.1.55. For a scheme X, let AY = Spec(Ox(X)[t1,...,tn]). Then the
ring map Ox(X) — Ox(X)[ty,...,tn] induces a natural projection morphism

T A’)} — X which is smooth of relative dimension n.
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Theorem 2.1.56. Let f : Y — X be a smooth morphism of relative dimension n. Then
(@) Q  is locally free of rank .

(b) For any morphism g : Z — Y, there is a short exact sequence of sheaves
0—g"Qyx = Qz,x = Qz,y = 0.

Definition 2.1.57. A smooth morphism of relative dimension 0 is called an étale

morphism.

There are several alternative definitions of étale morphisms, two of which

are given below.

Definition 2.1.58. A morphism f : Y — X of schemes which is locally of finite type
is said to be unramified at a pointy € Y if mOy, = my, where x = f(y), and the
extension of residue fields k(y)/k(x) is finite and separable. Otherwise f is ramified

aty. We say f is an unramified morphism if it is unramified at all y € Y.

Theorem 2.1.59. Let f : Y — X be a morphism of schemes. Then the following are

equivalent:
(a) fis étale.
(b) fis smooth and unramified.

(c) fis flat and unramified.

In general, if X and Y are locally noetherian and f is generically separable and of finite

type, there is a nonempty open set U C Y over which f is étale.
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Example 2.1.60. Let L/k be a finite extension of fields. The morphism f :
Spec L — Speck is always flat, so f is étale if and only if it is unramified, which
is further equivalent to L/k being separable. For any k-algebra A, the struc-
ture morphism f : Spec A — Speck is étale if and only if A is a finite étale
k-algebra (cf. Example 2.1.13). If A is of the form A = k[t]/(p(t)), where p(t) is
a monic polynomial over k, then the étale condition is equivalent to p(t) being

separable for the same reason.

Example 2.1.61. If X and Y are nonsingular varieties over an algebraically closed
field k, then f : Y — Xis étale if and only if the differential dfy : TyY — T )X'is
an isomorphism for each y € Y. In particular, the fibres of f are finite and their

cardinality is locally constant.

Let X and Y be schemes and suppose ¢ : Y — X is a finite étale morphism

of schemes. If ¢ is surjective, we will call it a finite étale cover of schemes.

Example 2.1.62. Over any algebraically closed field k of characteristic 0, the

cover Ai ~ {0} — All( ~ {0}, y — y" is a finite étale cover.

Proposition 2.1.63. Let ¢ : Y — X be a finite étale cover and let Aut(Y/X) be the
group of isomorphisms of X-schemes Y — Y commuting with ¢@. Then Aut(Y/X) is
finite.

Now let ¢ : Y — X be a finite étale cover and let G be a group scheme
over X such that Y — X is a left G-torsor (see Section 2.1.4). Let Y/G be the

quotient space with projection map 7 : Y — Y/G. We define a sheaf on Y/G
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by Oy, = (T Oy)S, the subsheaf of G-invariants of the pushforward of Oy to

Y/G along 7. This makes Y/G into a ringed space.

Proposition 2.1.64. The ringed space (Y/G,Oy,g) is a scheme over X. Moreover,

¢ : Y — Xinduces an isomorphism Y/G — X.

The following are analogues of the basic Galois theory of covering spaces

from algebraic topology.

Proposition 2.1.65. If ¢ : Y — X is a connected, finite étale cover and G <
Aut(Y/X) is any finite subgroup of automorphisms, then m : Y — Y/G is a finite

étale cover.

Definition 2.1.66. A connected, finite étale cover @ : Y — X is a Galois cover if

Aut(Y/X) acts transitively on every geometric fibre of .

Theorem 2.1.67. Let ¢ : Y — X be a Galois cover and suppose P : Z — Xis a

connected, finite étale cover such that Z is a scheme over Y and the diagram

A

Z

commutes. Then

(1) Y — Zis a Galois cover and Z = Y/G for some subgroup G < Aut(Y/X).

(2) There is a bijection

{subgroups G < Aut(Y/X)} «— {intermediate covers Y — Z — X}.
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(3) The correspondence is bijective on normal subgroups of Aut(Y/X) and Galois
covers Z — X, and in this case Aut(Z/X) = Aut(Y/X)/G as groups.

2.2 Curves

An algebraic curve X is an irreducible, projective algebraic variety X of di-
mension dim X = 1. One of the most important features of an algebraic curve

is that its local rings at nonsingular points are discrete valuation rings.

Theorem 2.2.1. Let X be an algebraic curve and P € X a nonsingular point. Then

OX,P isa DVR.

Proof. Fix P € X and let Op = Ox p be the local ring at P, with maximal ideal
mp and residue field k(P) = Op/mp. Then Op is a regular local ring (cite). Thus
dimK(p)(mp/m]%) = dim X = 1. Let t € mp such that dpt # 0. Then t generates
mp so for f € k(X) with f(P) = 0, we have f = t"u in Op, for some u € 0.

Define a map

Ordp : Op — Z

f— ordp(f) =max{d e Z | f € m%}.

Explicitly, if f = t"u where u is a unit, then ordp(f) = r. Formally, we also set
ordp(f) = 0 if f(P) # 0, to get a map on all of k(X). One then shows that ordp

is a discrete valuation with Op as its valuation ring. O
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Corollary 2.2.2. For any nonsingular point P € X, Oxp is a PID and therefore a
UFD.

Proof. By the above, every ideal of Ox p is of the form (t") where t € mp is a

generator. O
An element t € mp such that t generates mp/m3 is called a uniformizer at P.

Definition 2.2.3. Fix a rational function f € k(X) and an integer v > 0. We say f

has a pole of order r at P if ordp(f) = —1, and a zero of order r at P if ordp(f) = .

Note that a rational function f € k(X) is regular at P if and only if ordp(f) >

Proposition 2.2.4. Every nonconstant, rational function f € k(X) has at least one

pole.

Proof. A rational function f € k(X) with no poles is regular everywhere on X,

and therefore constant since X is projective. O

Now let X and Y be curves. A nonconstant rational map ¢ : Y --» X be-
tween curves induces a field extension k(X) < k(Y) and since both function

tields have transcendence degree 1, this is in fact a finite extension.

Definition 2.2.5. For curves X and Y and a rational map @ : Y --» X, define the
degree of @ by deg @ = [k(Y) : k(X)]; the separable degree of ¢ by deg @ =
[k(Y) : k(X)]s; and the inseparable degree of ¢ by deg; @ = [k(Y) : k(X)];. We

say @ is separable if k(Y) D k(X) is a separable extension.
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For some terminology, any finitely generated field extension of k with tran-

scendence degree 1 over k is called a function field of degree 1 over k.

Proposition 2.2.6. There is an equivalence of categories

nonsingular curves over k function fields of deg. 1 over k
—

with nonconstant, rational maps with k-homomorphisms

Proof. (Sketch) The assignment X +— k(X) determines one direction. Con-
versely, for a function field K/k, we associate an abstract algebraic curve Xx
to K by putting a Zariski topology on the maximal ideals of the valuation rings
O C K. The structure sheaf is given by Ox, (U) = (pcy Op where U C X is
open and Op is the valuation ring corresponding to P. This determines the re-
verse assignment K — Xy. One now checks that these assignments are inverse

and induce an equivalence of categories. O

2.2.1 Divisors

Definition 2.2.7. Let X be a variety. An irreducible divisor on X is a closed, irre-

ducible k-subvariety x of X of codimension 1.

When X is a curve over a perfect field k, an irreducible divisor is a closed
point of MaxSpec k[X N U;] for some affine patch Uj, or alternatively, a Gy-orbit

of points in X(k).

Definition 2.2.8. The degree of an irreducible divisor x on X is the size of the Gy-

orbit in X(k) corresponding to x, i.e. deg(x) = [k(P) : k| for any P € x.
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Definition 2.2.9. Let X be a curve over k. The divisor group on X, Div(X), is the

free abelian group on the set of irreducible divisors on X:

Div(X) = {D = anx ‘Ny € Z,ny # 0 for finitely many x} :

xeX

The elements of Div(X) are called divisors on X. For a divisor D = ) | .y nyX €

Div(X), the degree of D is deg(D) = }_, .x nx deg(x).

If k is algebraically closed, the irreducible divisors are exactly the points of
X, so each D € Div(X) is a weighted sum of points of X: D = } | .y nxx. The
degree of such a divisor is just the sum of the weights: deg(D) = >, .x 1.

Now assume X is a nonsingular curve. For f € k(X)*, we can define a
divisor D(f) = ) , .y ordy(f)x, called the principal divisor of f. This defines a
map

D : k(X)* — Div(X)
whose image is denoted PDiv(X), the group of principal divisors on X.

Definition 2.2.10. The Picard group, or divisor class group, of X is the quotient
group
Pic(X) = Div(X)/ PDiv(X).

This defines an equivalence relation on divisors: D1 ~ Dy if D1 = Dy + D(f) for some

f e k(X)*.

Now fix nonsingular curves X and Y over k and a finite morphism ¢ : Y —

X defined over k. Then an irreducible divisor x € Div(X) corresponds to a
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maximal ideal m, (on some affine patch) with uniformizer t, € k(X).

Definition 2.2.11. The pullback of ¢ is a map ¢* : Div(X) — Div(Y) defined on

irreducible divisors by

P*x = Z ordy (@™t )y,
yeyY

where ty is a uniformizer at x, and extended linearly.

Example 2.2.12. Let Y be the plane curve defined by y?> —x and X = P! the

projective line, and let ¢ : Y — X be the x-coordinate projection.

X0

X1

!
|
|
|
|
|
|
|
|
|
!
!
|
|
|
|
|
|
!
!
!
|
|
|
|
Py
\ 4

Yo Y1
Then @*yg = 2xp and @*y; = x1 + x».

Definition 2.2.13. Let ¢ : Y — X be a morphism, y € Y and x = @(y) € X. The

number ey (y) = ordy(@*ty) is called the ramification index of ¢ at y.

Note thatif e, (y) = 1 and the residue field extension k(y)/k(x) is separable,
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@ is unramified at y. Otherwise, we say ¢ is ramified at y, and x is called a

branch point of ¢.
Proposition 2.2.14. Fix a morphism @ : Y — X,y € Yand x = @(y) € X. Then
(1) ey(y) does not depend on the choice of uniformizer ty.
(2) Forany P € X, }_qeo1(p) €0(Q) = deg .
(3) All but finitely many P € X have #¢~1(P) = deg, ¢.
(4) If\ : Z — Y is a morphism then ey (x) = ey (x)eqp(y).

Definition 2.2.15. Given a finite morphism ¢ : Y — X, the pushforward of ¢ is a

map @, : Div(Y) — Div(X) defined on irreducible divisors y € Y by

where x = @(y) € X, and extended linearly.

Proposition 2.2.16. Let ¢ : Y — X be a finite morphism of curves and D € Div(X)
and D' € Div(Y) divisors. Then

(1) deg(@*D) = (deg ¢)(deg D).
(2) @*(f) = (¢*f) for any function f € k(X).
(3) deg(@.D’) = deg(D").

(4) @.9*D = (deg ¢)D.
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Corollary 2.2.17. For any function f € k(X) on a curve X, deg(f) = 0.

Proof. First, if f is constant then (f) = 0 since X is complete. Otherwise, we
may view f as a function f : X — ]Pi. Then (f) = f~1(0) — f!(o0) for the points
0,00 € ]P]ld since

f1(P) =) vo(ftp)Q.

QeX
But on the other hand, this means deg(f) = deg(f’l(O) —fo0)) = [k(X) :
k(f)] — [k(X) : k(f)] = 0. ]

Let Div?(X) be the subgroup of Div(X) consisting of divisors of degree zero.
Then Corollary 2.2.17 shows that PDiv(X) C DivY(X). Set

Pic?(X) := Div’(X)/ PDiv(X).
Then the degree map determines an exact sequence
0 — kX = k(X)* = Div?(X) — Pic’(X) — 0.

Definition 2.2.18. The classes [D] = {D + (f) : f € k(X)*} in the Picard group of
X determines a linear equivalence: D ~ D' if there exists an f € k(X)* such that

D+(f)=D".

Lemma 2.2.19. For two divisors D,D’ € Div(X), if D ~ D’ then deg(D) =

deg(D’). Therefore the degree map descends to a map on the Picard group,

deg : Pic(X) — Z.
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Definition 2.2.20. A divisor D = ) nyx on X is called effective if ny > 0 for all
x € X. In this case we will write D > 0. Also, if D1, Dy € Div(X) and D1 — Dy is an

effective divisor, we write D1 > Dy. This defines a partial ordering on Div(X).
Definition 2.2.21. Let D be an effective divisor on X. Then the Riemann—-Roch
space associated to D is the k-vector space

L(D) ={f € k(X)* | D+ (f) > 0} U{0}.

We denote its dimension by £{(D) = dimy L(D).

The condition that D + (f) > 0 can be restated as (f) > —D, orif D = ) n,x

then ordy f > —m, forall x € X.

Example 2.2.22. Let x € X and n > 0. For the divisor D = nx, the space L(D)

consists of all f € k(X)* with no poles except possibly at x of order at most n.

Note that D is linearly equivalent to an effective divisor if and only if £(D) #

Theorem 2.2.23. For any D € Div(X), L(D) is finite dimensional.

Lemma 2.2.24. If D1, D, € Div(X) are linearly equivalent, say D1 — D, = (g) for

some g € k(X)*, then there is an isomorphism of k-vector spaces

L(D1) — L(Dy)

f— gf.
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In particular, £(D) is a well-defined invariant of each class [D] € Pic(X).
Proposition 2.2.25. Let D, D1, D, € Div(X). Then

(1) {(D) < deg(D)+1ifD > 0.

(2) If D1 < Dy then L(Dq) C L(Dy).

Example 2.2.26. For X = P!, any divisor D is linearly equivalent to doo for
some d € Z. Then L(D) = L(doo) = {f € k[t] : deg f < d} which has dimension

exactly d + 1. Thus the equality {(D) = deg(D) + 1 holds for any divisor on IP1.

Example 2.2.27. If X # P! and D is an effective divisor, then ¢(D) < deg(D).
In particular, if deg(D) < 0 then {(D) = 0.

2.2.2 The Riemann-Roch Theorem

In this section, we further study divisors on an algebraic curve X by sheafi-
tying the Riemann—Roch space L(D) associated to a divisor D € Div(X). For

each open set U C X, set

L(D)(UW) ={f € k(X)* :vp(f) = —mp forall P € U}.

Then U — £(D)(U) defines a sheaf of k-vector spaces on X, denoted £(D). In
fact, £L(D) is a subsheaf of the constant sheaf on X associated to k(X) (which
by abuse of notation we will also write as k(X)). Note that by construction,

HO(X, £(D)) = L(D), the Riemann—-Roch space for D.
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Proposition 2.2.28. For any divisor D on X, HY(X, £(D)) =0 fori > 2andisa

finite dimensional k-vector space for i =0, 1.

Definition 2.2.29. The arithmetic genus of X is the dimension
g = dimy H'(X, £(0)) = dimy H! (X, Ox).

Let Ox = Qi K be the sheaf of differentials of X. For a point P € X, choose a
uniformizer t = tp in Ox p. Then Qx is generated by dt. Hence for any w € Qy,

there exists g € k(X) such that w = g dt.

Definition 2.2.30. Let w € Qx be a differential 1-form on X. Define the order of w
at P € X to be ordp(w) = ordp(g), where w = g dt. The divisor associated to w

is then defined to be
(w) = Z ordp(w)P.

The canonical class on X is the class Kx = [(w)] in Pic(X) for any nonzero differen-
tial form w € Qx.

Lemma 2.2.31. The canonical class is well-defined, i.e. does not depend on the choice

of w € Qx.

Proof. For nonzero wy, w; € Qx, write w; = fw; for some f € k(X)*. Then

(w1) = (fwy) = (f) + (w3). Thus [(w1)] = [(w2)]. O

Definition 2.2.32. We say w € Qx is a holomorphic (or regular) differential on
Xif ordp(w) = 0 for all P € X. We denote the space of holomorphic differentials on X
by Q[X].
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Let Kx be the canonical class on X. By Lemma 2.2.24, for any two nonzero
differential forms w, w’ € Qy, there is an isomorphism L((w)) = L((w’)).

Therefore the Riemann—Roch space L(Kx) := L((w)), w € Qx, is well-defined.

Definition 2.2.33. The geometric genus of X is defined as g(X) := £(Kx), the di-

mension of the Riemann—Roch space L(Kx) of the canonical class.
Lemma 2.2.34. There is an isomorphism L(Kx) = Q[X].

Proof. The map is f — fw for any fixed w € Q[X] defining the canonical class.

]
Corollary 2.2.35. For any curve X, g(X) = dimy Q[X].

Example 2.2.36. Let X = P! and let t be a coordinate function on some affine
patch U of IP'. We claim that (dt) = —2c0. Indeed, for any x € U = Al t—«
is a local uniformizer at o«. Thus ordy(dt) = ordy(d(t — «)) = 0. At infinity, %

is a local uniformizer so we can write dt = —t*>d (1). Hence

orde (dt) = orde (—tz d (%)) = orde, (—téz) +ords (d (1)) =—2+0=-2.
So (dt) = —200 as claimed. Now for any w € Qp1, deg(w) = —2 so we see that
{(Kp1) = €(—200) = 0. Hence the genus of the projective line is g(Ph) =0.
Corollary 2.2.37. There are no holomorphic differentials on P'.

Proof. By Corollary 2.2.35, g(P) = dimy Q[P'] but by the calculations above,

the genus of P! is zero. O
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Definition 2.2.38. For a divisor D € Div(X), define the meromorphic differen-
tials at D by
QD) ={w € Qx: (w) > D}

Fix a differential form wy € Q(X), so that K = [(wy)]. For any D € Div(X)
and w € Q(X), (w) > D is equivalent to (f) > D — (wy), w = fwg for f € k(X).

This proves:
Lemma 2.2.39. w € Q(D) ifand only if f € L(K— D), where w = fwy.

The most important result describing the geometry of divisors on an alge-

braic curve X is the Riemann—Roch theorem.

Theorem 2.2.40 (Riemann-Roch). For an algebraic curve X with canonical divisor

K and any divisor D € Div(X),

{(D)—¢K—D)=1—g+deg(D).

Corollary 2.2.41. If Kx is the canonical divisor on X, then deg(Kx) = 2g — 2.

Proof. Set D = K = Kx. Then the Riemann-Roch theorem says that

((K) —€(0) =deg(K)+1—g

but £(K) = g by definition and {(0) = 1. Solving for deg(K) we get deg(K) =
2g—2. []

Corollary 2.2.42. Suppose deg(D) > 2g — 2 for some divisor D € Div(X). Then
{(D) =deg(D)+1—g.
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Proposition 2.2.43. Let X be an algebraic curve such that X(k) # @. Then g(X) =0
if and only if X = P1,

Proof. (<= )1f X = P! then g(X) = g(P!) =0 by Example 2.2.36.

(=) Assume g(X) = 0. For any x € X(k), the principal divisor D = (x) is
a divisor of degree 1 on X. Further, Riemann—Roch implies {(D) > 2, so there
exists a nonconstant function g € L(D). Now g determines a map g : X — P!,
under which g*co = ord(g) = x, so we must have deg(g) = 1. Hence g is an

isomorphism of curves. [

2.2.3 The Riemann-Hurwitz Formula

Let ¢ : Y — X be a nonconstant morphism of nonsingular curves and fix
Q €Y. Then ey (Q) = ordg (@™ ty(q)) where ty(q) is a local uniformizer. Take
t to be a uniformizer at P = ¢(Q) and set e, (Q) = e. Then @*(dt) = d(¢*t).
Moreover, if s is a uniformizer on Y at Q, then @*t = us® for some unitu € (‘)6.
Now d(@*t) = d(us®) = s®du + ues® ' ds. Write du = gds for a regular

function g € O Then d(@*t) =s¢gds + eus® 1 ds, so
ordg(d(¢*t)) = ordq(s°g + eus®!) = minfordq(s°g), ordg(eus® )},

If chark 1 e, then this minimum is e — 1; otherwise, when chark | e the min-
imum is at least e. To match the terminology from Chapter 1, we make the

following definition.
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Definition 2.2.44. If ¢ is ramified and chark { e, (Q) for all Q € Y, we say ¢ is

tamely ramified. Otherwise ¢ is wildly ramified.

Remark 2.2.45. If ¢ is tamely ramified, then ordg(d(¢@*t)) = e, (q) — 1 for each
Q. If ¢ is wildly ramified at Q, then ordg (d(¢@*t)) > e, (Q).

Definition 2.2.46. For a morphism ¢ : Y — X, define the ramification divisor

Rp =) ordg(d(¢*)Q.

QeY

Now for w € Qy, the canonical classes on X and Y can be defined by
Kx = [(w)] and Ky = [(¢*w)]. On the other hand, the pullback defines a
divisor ¢*Kx € Div(Y). The Riemann-Hurwitz formula expresses a useful re-
lation between these three divisors. The critical computation is contained in

the following lemma.

Lemma 2.2.47. If ¢ : Y — X is a morphism of curves, then Ky = @*Kx + [Ro],

where R, is the ramification divisor of @.

Proof. If w = fdt € Qx, thenforany Q €,
ordg (@ w) = ordg (@ fd(e*t)) = ordg(¢@*f) + ordg(d(@™t)),

so we see that ordg(¢*w) gives the coefficient in Ky, ordg (¢*f) gives the co-
efficient in @*Kq and ordg(d(¢*t)) gives the coefficient in R,. Summing over

Q € Y gives the desired equality. O
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Taking ¢ to be tamely ramified, Ry = > cy(€p(Q) —1)Q so the degree

function applied to the equation in Lemma 2.2.47 gives

deg(Ky) = deg(@ Kx)+ ) _(eo(Q)—1).
Qcy

Let g(X) and g(Y) be the genera of X and Y, respectively. Since deg(Ky) =
2g(Y) —2 by Corollary 2.2.41, this proves:

Theorem 2.2.48 (Riemann-Hurwitz Formula, Tame Version). For any tamely

ramified morphism of algebraic curves @ : Y — X,

2g(Y) —2 = (deg @)(29(X) —2) + > _(e4(Q) —1).
QeY

Corollary 2.2.49. For any tamely ramified morphism ¢ : Y — X, g(Y) > g(X).

In the wildly ramified case, there is a more general statement of the Riemann—
Hurwitz formula which follows from [ , Ch.III, Prop.14 and Ch. IV, Prop. 4].
We will prove a stacky version of the most general Riemann-Hurwitz formula

in Chapter 5.

2.2.4 Artin-Schreier Theory for Curves

Artin-Schreier theory (and more generally, Artin-Schreier-Witt theory) can
be used to give a precise classification of Galois covers of curves Y — X with

group Z/pZ. Suppose k is algebraically closed and X and Y are k-curves. If
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k(X) (resp. k(Y)) is the function field of X (resp. Y) then the completion of k(X)
is isomorphic to the field of Laurent series k((x)). The extension k((y))/k((x))
given by the completion of k(Y) is Galois of degree p, so by Theorem 1.4.10, it
is given by an equation y? —y = f(x), and the ramification jump is m = —v(f).
We can represent f(x) = x ™g(x) for some g € k[[x]], and after a change of
formal variables, we can even arrange for g = 1. When k is algebraically closed,
this shows there are infinitely many non-isomorphic Z /pZ-covers of any given
curve X since the ramification jump is an isomorphism invariant of the field
extension.

The following lemma will be useful in later arguments.

Lemma 2.2.50. Let K = k((x)) be the local field of Laurent series with valuation
ring A = k[[x]] and let L/K be the Z/pZ-extension given by the equation y? —y =
x " Mg(x) withg € A m = —1 (mod p). Write m+1 = pn for n € IN and let
z = x™y. If B denotes the integral closure of A in L, then B = A[z].

Proof. 1t is easy to see that z satisfies the integral equation
2P — P = xg(x)

but for clarity, here’s where the equation comes from. Let Gal(L/K) = (o) =

Z/pZ,where o :y — y—+1. Then

o(z) =x"o(y) =x"(y+1) =z+x"

and likewise, forall0 < i< p—1, O‘i[Z) = z + ix™. Now the (monic) minimal
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polynomial h(T) € KI[T] for z is

1
p— p
T—2 . T—2z T—2z
() )= () - ()
= (T—2z)P — (T_Z)Xn(pfl) — TP — 2P — Tx™Mp—1) 4 pynlp—1)

— TP — TxP—1) _ (2P — an(pfl)) — TP — Tp=1) _ (yP —y)x™P

— TP — Txp—1) _ x"PTMg(x) =TP — TxP xg(x).

Next, note that vi (x) = pvk(x) = pand —mp = v (x ™) = v (x ™g) = v (yP —
y) = min{pvi (y),vL(y)} which implies vi(y) = —m. So vi(z) = nvr(x) +

vi(y) = np —m = 1. Hence z is a uniformizer of B, so B = A[z] as claimed. [

Remark 2.2.51. When m # —1 (mod p), it is not as easy to write down a nor-
mal integral equation for B/A. Write m = pn —r1for 1 < r < p. Then z = x™y
still satisfies the integral equation zP — zxnP—1) — xg(x), butnow vy (z) =1 > 1
so we don’t get a uniformizer in A[z] for free. In fact, A[z] # B in these cases. To
tix this, let ¢, d € Z be the unique integers with 0 < ¢ < p such thatcr—dp =1
and set u = z°% "4 = x™ "4y, Then vi (u) = cvi(z) —dvi(x) = cr—dp =1,
so Alu] = B. However, it is difficult to write down the minimal polynomial of
u over A and one should not expect it to produce a normal equation for B/A
in general. Instead, one can write down an integral basis of B/A by resolv-
ing the singularities in any of the above integral equations step-by-step (such

algorithms can be found in [OF, Lem. 6.3] or [LS, Lem. 5.5]).
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Chapter 3

Algebraic Stacks

In this chapter, we relax the definition of schemes from Chapter 2 rather
dramatically in order to study a wider class of geometric problems. There are
three common situations in which stacks can be useful. If X is an arbitrary
scheme admitting a group (scheme) action G x X — X, it is often the case that
a quotient scheme X/G either fails to exist or does not possess the expected
universal property of a quotient. For a similar reason, if X has singularities,
many important geometric results (e.g. Riemann—Roch in its nicest form) fail to
hold for X. Finally and most broadly, the type of moduli problems one typically
encounters in algebraic geometry often have nontrivial automorphisms that
prevent the moduli problem from having a well-behaved space of solutions
(i.e. a fine moduli space). Luckily, by passing to the category of algebraic spaces
and stacks, we can handle each of these situations with ease and also open the

door to wider applications to representation theory, algebraic topology and
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beyond. Unless otherwise stated, all of the statements in this chapter can be

found in [Ols] (often with similar section titles).

3.1 Sites

This section covers the basic definitions and results in Grothendieck’s the-
ory of sites, a generalization of a topological space which allows for the con-
struction of sheaves. The main motivation is to develop a working sheaf theory
on schemes that can detect the features of étale morphisms and more general

properties.

3.1.1 Grothendieck Topologies and Sites

To every topological space X, we can associate a category Top(X) consisting
of the open subsets U C X with morphisms given by inclusions of open sets
U — V. Then a presheaf on X is a functor F : Top(X)°P — Set, i.e. a contravari-
ant functor on the category Top(X). The conditions for F to be a sheaf on X can
be summarized by saying that for every open set U € Top(X) and every open

covering U = [J Uj, the set F(U) is an equalizer in the following diagram:
F(W) — JFu) = JFusnuy).
i ij

This generalizes as follows.
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Definition 3.1.1. A Grothendieck topology on a category C is a set of collections

of morphisms Cov(X) = {{X;i — X}i} for every objects X € C, called coverings,
satisfying:

(i) Every isomorphism X' — X defines a covering {X' — X} in Cov(X).

(ii) For any covering {X; — X} of X and any morphism Y — X in C, the fibre

products Xi xx Y exist and the induced maps {X; xx Y — Y} are a covering of

Y.
(iii) If {X; — X} is a covering of X and {Yy; — Xi}j is a covering of X; for each 1,
then the compositions {Yy; — Xi — X}y ; are a covering of X.
A category equipped with a Grothendieck topology is called a site.

Example 3.1.2. For a topological space X, the category Top(X) is a site with

coverings
Cov(U) = {{Ui — U} : U; € Uareopenand U = Uui} .

When X is a scheme with the Zariski topology, Top(X) is called the (small)

Zariski site on X.

Example 3.1.3. The category Top of all topological spaces with continuous maps
between them is a site, called the big topological site, whose coverings are de-

fined by

Cov(X) = {{fi : Xi = X} : fj is an open embedding and X = U Xi} .
i
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Example 3.1.4. Similarly, for a scheme X, let Schx be the category of X-schemes.

Then Schy is a site, called the big Zariski site on X, with coverings

Cov(Y) = {{(pi :Yi = Y}: @i is an open embedding and Y = U Yi} .

1

Example 3.1.5. Let € be a site and X € C be an object. Define the localized site
(or the slice category) C/X to be the category with objects Y — X € Home(Y, X),

morphisms Y — Z in € such that

\/

commutes. Then €/X can be equipped with a Grothendieck topology by defin-

Y Z

ing

Cov(Y = X) ={{Y;i = Y}:Y; = Y € Homx(Y;, Y),{Y; — Y} € Cove(Y))

Example 3.1.6. Let X be a scheme and define the small étale site on X to be the
category Et(X) of X-schemes with étale morphisms Y — X and covers {Y; —

Y} € Cov(Y) such that [ [ Y; — Y is surjective.

Example 3.1.7. In contrast, we can equip the slice category Sch/X with a Grothendieck
topology by declaring {Y; — Y} to be a covering of Y — Xif each Y; — Y is étale
and [ [Y; — Y is surjective. The resulting site is referred to as the (big) étale site

on X, written Xg.
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Example 3.1.8. Similar constructions can be made by replacing “étale” with

other properties, such as:

» The fppf site is the category Sch/X with coverings {Y; — Y} € Cov(Y) such
that Y; — Y are flat and locally of finite presentation and [[Y; — Y is

surjective. This will sometimes be denoted X¢;pr.

o The lisse-étale site LisEt(X) is the category of X-schemes with smooth mor-
phisms between them, whose coverings are {Y; — Y} € Cov(Y) such that

the Y; — Y are étale and [ [ Y; — Y is surjective.

* The smooth site Sm(X) is the category of X-schemes with smooth mor-
phisms between them and surjective families of smooth coverings. This

will sometimes be denoted Xsmooth-

* Most generally, the flat site is Sch/X with surjective families of flat mor-

phisms of finite type as coverings. This will sometimes be denoted X¢qt.

Definition 3.1.9. A continuous map between sites f : C; — Cp is a functor

F: Cy — Cq that preserves fibre products and takes coverings in C, to coverings in Cy.

Remark 3.1.10. Notice that a continuous map between sites is a functor in the
opposite direction. This is in analogy with the topological notion: a continuous
map f : X — Y between topological spaces induces a functor F : Top(Y) —

Top(X) given by V f~1(V).

Example 3.1.11. When X is a scheme, there are continuous maps between the

various sites we have defined on Sch/X. We collect some of these sites in the
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following table, along with their relevant features. (The arrows between sites
represent continuous maps between sites, so the functors on the underlying
categories go in the opposite direction. Note that when we define sheaves in

the next section, sheaves will pull back in the same direction as these arrows.)

Xflat — Xfppf — Xsmooth — Xét — XZar
name | flat fppf smooth étale Zariski
flat,
maps | flat smooth étale all
locally f.p.

Example 3.1.12. Let G be a profinite group and let Cg be the category of all
finite, discrete G-sets. Then the collections of G-homomorphisms {X; — X}
such that [ [; X; — Xis surjective form a Grothendieck topology on Cg. When
G = Gal(k/k) for some field k, the category Cg is equivalent to X¢ for X =
Speck.

3.1.2 Sheaves on Sites

In this section we generalize the notions of presheaf and sheaf to a site C.

Definition 3.1.13. A presheaf on a site C is a functor F : C°P — Set, that is, a
contravariant functor from C to the category of sets. The category of presheaves on C

(with natural transformations between them) will be denoted PreShe.

Definition 3.1.14. We say F is separated if for every collection of maps {X; — X},
the map F(X) — [ [; F(Xy) is injective.
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Definition 3.1.15. A sheaf on C is a presheaf F : C°P — Set such that for every object

X € Cand every covering {X; — X} € Cov(X), the sequence of based sets
FOX) — JTFX) = [ [FX: xx X)
i i
is exact, or equivalently, F(X) is an equalizer in the diagram. The category of sheaves

on C will be denoted She.

As in topology, we can consider sheaves on € with values in set categories

with further structure, e.g. Group, Ring,R—Mod, Alg.

Theorem 3.1.16 (Sheafification). The forgetful functor She — PreShe has a left

adjoint F — F%.

Proof. First consider the forgetful functor Sepe — PreShe defined on the sub-
category of separated presheaves on C. For a presheaf F on C, let F**? be the
presheaf

X — FP(X) :=F(X)/ ~

where, for a,b € F(X), a ~ b if there is a covering {X; — X} of X such that a and

b have the same image under the map
F(X) = [ [F(x0).
i

By construction, F*P is a separated presheaf on € and for any other separated

presheaf F/, any morphism of presheaves F — F’ factors through F*¢P uniquely.
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Hence F — F*°P is left adjoint to the forgetful functor Sepe — PreShe so it
remains to construct a sheafification of every separated presheaf on €.

For a separated presheaf F, define F¢ to be the presheaf
X— F4X) = ({Xi = X} {xi})/ ~

where {X; — X} € Cove(X), {«i} is a collection of elements in the equalizer

Eq (H F(Xo) = ] [ F(Xi xx Xj)) ,
i i

and ({X; — X}, {q}) ~ ({Y; = Y},{B;}) if o; and B; have the same image in
F(X; xx Y;) for all i,j. Then as above, F® is a sheaf which is universal with
respect to all morphisms of sheaves F — F’. Thus F — F? defines a left adjoint
to the forgetful functor She — Sepe and composition with the first construction

proves the theorem. O

Proposition 3.1.17. For every continuous map of sites f : ¢’ — €, where C and C'

are small categories, there exists an adjunction
f* : Shes < She : f,.
Proof. Define f, for each object X’ € €" and sheaf F € She by

(. F)(X") = F(f(X")).
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If (X! — X'} is a covering in €/, we have a commutative diagram
i & g

[TER ) —— TR xx X))

i %]

. -| -

F(F(X)) TTFerOXD) —— TTFEOD < £X)
i ij

(f-F)(X")

Here, the bottom row is exact since F is a sheaf and f is continuous; the right
vertical arrow is an isomorphism since f is continuous; and the other vertical
arrows are equalities by definition. Hence by the Five Lemma, the top row is
exact, so f,F defines a sheaf on €.

To define the left adjoint f* : She: — She, take an object X € € and define
a category Ix with objects (X', p) where X’ € €’ and p € Home(X, f(X')), and

/

with morphisms (X’,p) — (Y’,0) given by a morphism g : X’ — Y'in €’

making the following diagram commute:

;X
P

X f(g)

o

f(Y)
Now define f*F for a sheaf F € She/ on an object X € C by
(f*F)(X) = im F(X')
H

where the limit is over all objects (X', p) in the opposite category I3V. If h : X —

Y is a morphism in C, then there is an induced map (f*F)(Y) — (f*F)(X) given
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by the functor

Iy—>IX

(Y, p) — (Y, poh).
This shows that f*F is a presheaf on €. Moreover, the maps
(ff.F)(X) = lii>n F(f(X") = F(X)
for each F € She, X € € give a natural transformation
Homygy, ,, (F, f.G) — Homgy, (f*F, G).

One can show that it is an isomorphism, which establishes that (f*, f,) is an
adjoint pair. O
Example 3.1.18. Let f : ¢/ — € be a continuous map of sites. For an object

X' € €/, consider the presheaf represented by X':

hy/ 1 (€")°P — Set

Y — Home/(Y',X').

It's easy to see that f*hy, = hyx/) as functors, that is, the adjoint pair (f*, f.)

commutes with representable functors.
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3.1.3 Cohomology

Many of the results in this section hold in greater generality than presented
here — see [Ols, Sec. 2.3] for further reading. Let C be a site, She the category
of sheaves on C and A a ring in She. We begin by describing the category of

sheaves on C. First consider the category Preshe of presheaves on C.
Lemma 3.1.19. Preshe is an abelian category.

Let F/ — F — F” be a sequence of presheaves on C. Then this sequence is
exact if and only if the sequence

F'(Y) = F(Y) — F(Y)

is exact for all objects Y € C. Let She be the full subcategory of Preshe of sheaves
of abelian groups on C. Then She is an additive category; we will prove that it

is abelian.

Definition 3.1.20. A morphism of sheaves T : F — F’ on C is locally surjective if
forevery Y € Cand s € F'(Y), there exists a covering {Y; — Y} such that for each 1,

sly, lies in the image of F(Y;) — F/(Y3).

Proposition 3.1.21. For a morphism of sheaves T : F — F' on a site C, the following

are equivalent:
T .
(a) F — F — 0is exact.

(b) T is locally surjective.
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Proposition 3.1.22. For a sequence of sheaves 0 — F' — F — F” — 0 in She, the

following are equivalent:

(a) The sequence is exact.

(b) ForallY € C, the sequence 0 — F'(Y) — F(Y) — F"(Y) — 0 is exact.
Corollary 3.1.23. For any site C, She is an abelian category.

In order to define sheaf cohomology for a general site, we fix a ring object
A in She. When the underlying category of C is a scheme category, say Schs
for a base scheme S, we will typically choose A = O, the sheafification of
the structure presheaf of S. (Note that Os is in general only a presheaf in an
arbitrary Grothendieck topology on Schs, although it is a sheaf in the étale

topology; cf. Example 3.1.55.)

Definition 3.1.24. An abelian group object M € She is a A-module if there is a

morphism p : A x M — M such that the following diagrams commute:

~

(AXA)xM A X (A x M)
m x id idxp
* X M AxM AxM
: >M \ /
AxM P M

Theorem 3.1.25. Let Mod, denote the full subcategory of A-modules in She. Then

Mod is an abelian category with enough injectives.
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Proof. That Mod, is abelian is an easy exercise, similar to the proof that the
category Modp, of Ox-modules on a scheme X is an abelian category. For the

statement about injectives, see [SI°, Tag 01DQ)]. H

Fix a ring object A in She and define the global section functor T'(C,—) :
Mody — Ab by

F+—— T'(C, F) := Homg,, (A, F).

Also, for an object X € €, set I'(X, F) = T'(C/X, Flx), called the global sections over
X.

Proposition 3.1.26. I'(C, —) is left exact.

Proof. Same as the usual proof that the global section functor of sheaves of

abelian groups on any topological space is left exact. O

Definition 3.1.27. The right derived functors of T'(C, —) are called sheaf cohomol-
ogy and denoted
HY(C,F) := RT(€, —) = H'(T(€, E.))

for any A-module F, where E, is an injective resolution of F in Modx.

Theorem 3.1.28. For every short exact sequence of A-modules 0 — F' — F — F' —

0, there is a long exact sequence

0— (6 F)—T(CF) —TICF)—HY(CF) = HYECF) = HY G F) — - -

Example 3.1.29. For a scheme X, the constant sheaf Z is a ring in She where
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C = Xzar, X¢t, etc. Here, there are natural isomorphisms I'(C, —) = Hom(Z, —)

and as a result H (€, —) = Ext'(Z, —).

As with sheaf cohomology on a topological space, sheaf cohomology can
be computed with acyclic resolutions. For X € C, let C/X be the slice category

defined in Example 3.1.5.

Definition 3.1.30. A sheaf F € Modx is acyclic if for all X € Cand i > 0,
HY(€/X,F) = 0.

Theorem 3.1.31. A sheaf F € Mody is acyclic if and only if the underlying sheaf of

abelian groups is acyclic as an element of Modz.

For any object X € € and sheaf F € Mod, write I'(X, F) = F(X). Then I'(X, —)

is left exact and we write its right derived functors as

HY(X,F) = RIT(X,F) = HY(T'(X, E4))

for E, an injective resolution of F in Moda.

Proposition 3.1.32. Let C be a site, X € C an object and C/X the slice category at X.

Then for every U — X € €/X, there are natural isomorphisms

HY(U, F) = HY(C/U, Fly)

forall F € Modp and i > 0.
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3.1.4 Cech Cohomology

While the definition of sheaf cohomology for a site is packaged in an ap-
pealing way, it is usually impossible to compute from the definition. However,
as with schemes, sheaf cohomology can often be computed in a combinatorial

way using Cech cohomology.

Definition 3.1.33. Let C be a site, A a ring object and suppose U = {U; — X}ie is
an open cover of X € C. For a sheaf F of A-modules on C, the Cech complex of T with

respect to U is the cochain complex C*(U, F) defined by

CPLF) = J] Fllixx---xxUs,)

ig,.nr/ip €l

with differential

d:CP(U,F) — CPHHU,F)

p+1
k
X — Z(_l) Ocio,.--,ik_l,ik+1,---,ip+1’Uio ,,,,, -

k=0

where Uio,w,i = Uio Xx =+ XX u

p+1 ip+1‘

Lemma 3.1.34. d? = 0; that is, C*(U, F) is a cochain complex.

Definition 3.1.35. The pth Cech cohomology with respect to an open cover U

of site @ with coefficients in a sheaf T is the pth cohomology of the Cech complex:

HP (U, F) .= HP(C*(U, F)).

100



Lemma 3.1.36. For any A-module F and cover U of X € C, Ho(u, F) = HY(X,F) =
I'(X, F), the global sections over X.

Proof. By definition, FO (U, F) = ker(d : CO(U,F) — CHW,F)). For a = (o) €
Co(U, F), we have dax = (&; — o;)i; which is zero if and only if oy = o; on

U; xx U; for all i,j. Thus ker d = I'(X, F). H

Suppose U’ is a refinement of U, that is, U = {U] — X}j¢j is a cover of X
and there is a function A : ] — I such that for all j € ], there is a morphism

U — Uy(j). Then there is a chain map C*(U',F) — C*(U, F) given by
CPU,F) — CP(WF), (0,...5,) — (@(ig),.. Al Uy e xUs, )-
This in turn induces maps on Cech cohomology:
H U, F) — 1 (U, F)

for all p.
Definition 3.1.37. The pth Cech cohomology of an object X € C with coefficients
in a A-module T is the direct limit

HP (X, F) := lim H" (U, F)

taken over all covers U of X, ordered with respect to refinement.

Fix a covering U of X € C. Then for any short exact sequence of presheaves
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of A-modules 0 -+ F” — F — F/ — 0 on C, there is a corresponding short exact

sequence of complexes

0— C(U,F") = C*(U,F) = C*(UL,F)—=0

Therefore there is a long exact sequence in Cech cohomology:

0= M) - W) = L F) = H W) = H (WF) = H (W F) = - -

Proposition 3.1.38. The functors Flp(u, —) : Preshp — Ab are the derived functors
of (U, ).

3.1.5 Direct and Inverse Image

Assume all presheaves and sheaves have values in abelian groups. Given
a continuous map of sites f : C; — €; given by a functor T : ¢ — Cp, we
have several ways of mapping sheaves on €; to sheaves on €, and vice versa.
The simplest to define (although not always the simplest to understand) is the

direct image functor.

Definition 3.1.39. For a continuous map f : C; — €1 given by a functor T : €1 — Cp
and a presheaf F on C;, define the pushforward presheaf of F along f to be the functor
f.F: €}¥ — Ab sending an object U in € to (f.F)(U) := T(U).

Lemma 3.1.40. Direct image restricts to a functor f, : She, — She,.
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Proof. Follows from the fact that the functor T preserves coverings and fibre

products. O

Example 3.1.41. When f : Y — X is a continuous map between topological
spaces and T = f~! : Topy — Topy is the corresponding functor of sites, the

direct image functor is the usual one for topological (pre)sheaves:
(FF)(V) =F(F (V)

for any openset V C Y.

Proposition 3.1.42. Suppose C3 2 @, Ly @y are continuous maps of sites. Then

(fog)s =fso0gs
Lemma 3.1.43. For all continuous maps f : € — Cq, f, : She, — She, is left exact.

Proof. Direct image is exact on presheaves and sheafification is a left adjoint.

]

Lemma 3.1.44. For a continuous map of sites f : C; — Cy and any sheaf F on €y, f*F

is the sheafification of the presheaf f~'F on @1 which sends V € € to
(V) := lim F(U)

where the direct limit is over all U € Cy admitting a morphism TV — .

Proof. 1t is easy to show that f~! is left adjoint to f. on presheaves. Explicitly,
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for any presheaf Q on C,, there are bijections
HomMpyeshe, (f'F, Q) +— Homp eshe (F, Q)
which are functorial in F and Q. Therefore, passing to the sheafification yields
Homgp,,_ ((fIR)sh Q) = Homgp, (F,f.Q)
for any sheaf Q on €,. Since left adjoints are unique up to canonical isomor-

phism, this proves (f1F)s" = f*F. O

Proposition 3.1.45. For any continuous maps of sites C3 % e, AR Cy, (fog)* =

g* o f*'
Proof. Both (fo g)* and g* o f* are left adjoints to (f o g). = fs o gs. ]

Proposition 3.1.46. For all morphisms f : Y — X, f* is exact and f, preserves injec-

tives.

Corollary 3.1.47. For any continuous map f : C; — Cy and sheaf F on Cy, there is a
homomorphism

HP(GZI F) — Hp(el,f*F)
forallp > 0.

Proof. Take an injective resolution E® of F in She,. Then by Proposition 3.1.46,

f+E® is an injective resolution of f.F in She , so we can compute cohomology
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using this resolution:
HP (ell f*F) = HP (r(ezl f*E.))

Since each f.E™ is defined locally by a direct limit lin EM(f1(V)), there is an
induced map of global sections I'(Cy, E™) — T'(Cy, fxE™) for each n > 0. This

induces the desired maps on cohomology: HP(C,, F) — HP(Cq, f.F). O

3.1.6 The Etale Site

In this section, we focus on properties specific to the étale topology (from
Example 3.1.7). While some statements appear in [Ols, Ch.2], a more thorough
treatment can be found in [ ,Ch.II] or [ , Secs. 4-71].

Let X4 denote the étale site on a scheme X. Fix a faithfully flat morphism
@ : Y — Xand a group G acting on the morphism on the right via « : G —
Autx(Y). Recall that ¢ is a Galois cover with Galois group G, or a G-cover for

short, if the morphism

YxG—YxxY

(y,9) — (y,y9)

is an isomorphism.

Lemma 3.1.48. ¢ : Y — Xis a G-cover if and only if ¢ is surjective, finite, étale and

deg ¢ =|G|.
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Definition 3.1.49. A Galois cover ¢ : Y — X is said to be generically Galois if
k(Y)/k(X) is a Galois extension of fields.

Example 3.1.50. Let A be a ring, B an A-algebra and consider the correspond-

ing morphism of affine schemes
@ : Spec B — Spec A.

Then ¢ is a Galois cover with Galois group G if and only if A — B is faithfully

flat and G acts on B such that

B®AA—>G><B:HB
geG

b®b’— (bgb’)g

is an isomorphism.

Example 3.1.51. Let k be a field and f € k[t] a monic irreducible polynomial.
Set K = k[t]/(f). Then f = fil ---fi" in K[t] and by the Chinese remainder
theorem,

K@ K= K/(f) = ] [ K/,
i=1

Thus Spec K — Spec k is a Galois cover if and only if each f; is linear, f; # fj for
any i # j and e; = 1 for all i. That is, Spec K — Speck is Galois if and only if f
is separable with splitting field K, just as in classical Galois theory.

Proposition 3.1.52. Suppose F is a presheaf on the étale site X¢; taking disjoint unions
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to products. Then T satisfies the sheaf condition on Xg for a given G-cover @ : Y — X
if and only if F(@) : F(X) — F(Y) is an isomorphism onto the fixed set F(Y)S C F(Y).

Proof. Consider the two maps Y x G =% Y given by (y,g) — y and (y,g) —

yg. These fit into a commutative diagram with the two coordinate projections

Y xxY =2 Y:
YXxG—/——Y X
“‘ id id
YXXY4,Y X

Applying F to the diagram, we obtain a commutative diagram of sets

F(X) F(Y) ——— F(Y xxY)

id hid F

F(X) ——— F(Y) (v)
geG

where the maps F(Y) = ngG F(Y) are given by s — (s)g and s — (gs)g. Then
these maps agree precisely when gs = s for all g € G, i.e. F(X) is the equalizer

in the top row if and only if it identifies with F(Y)€ in the bottom row. O

Proposition 3.1.53. Suppose F is a presheaf on Xg which satisfies the condition that
) —» H F(W) = H F(U; xy Uj)

is an equalizer diagram for all covers {U; — U} of U € Xzqy in the Zariski site on X

and for all étale affine covers {V — U} of U € X¢ consisting of a single morphism in
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the étale site. Then F is a sheaf on Xgt.

Proof. IfU= ]_[i U; for schemes U; € X¢t, then the first condition implies that

= [ [; F(U;). Thus for a covering {U; — U’} in Xg, the sequence
—>HF :;HFu xyr Uj)
is isomorphic to the sequence
F(U') — F(U) = F(U xy/ W)

for the covering {U — U’}, using the fact that (] [; U;) xy/ (] [; W) = ]_[i,j (Ui <y
U;). Since the equalizer condition is assumed to hold for all étale affine covers,
this argument shows the condition holds for all {U; — U}ic; with I finite and
each U; affine.

Let {U; — U} be a covering and set U’ = [[;Uj and f : U — U. Write
U = [, V; for open affine subschemes V; C U and for each i, write f~1(Vv;) =
Uy Wik for open affine subschemes W;, C U’. Fix one of the V;i. Then each
f(Wix) is open in Vj, so by quasi-compactness, we may reduce to a finite cover

Wy — Vi}E:l' Now consider the diagram
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F(U) F(U’) F(U xy U)

| | |

[TFov) TTTTFwao ——— TTTTFWa xuWao)
i ik Y
Il I

[ TFVixu V) TTTTFWa xv, wye)
i

ij ke

The two columns correspond to the coverings {V; — U} and {Wj — U}y
which are all coverings in the Zariski site on X and hence these columns are
exact by hypothesis. Moreover, the middle row corresponds to the coverings
{Wix — f(Wix) C Vil which for each 1i is finite and affine, so by the above
paragraph this row is exact. An easy diagram chase then implies the top row

of the diagram is also exact, which is what we want. O

Example 3.1.54. Let A — B be a ring homomorphism such that SpecB —
Spec A is surjective and étale. In particular, A — B is faithfully flat and un-

ramified. We claim that the sequence

0 A —>B—>B®aB *)

is exact, where the second map is b — 1 ® b —b ® 1. First note that the map

g:B—>B®aAB,b—~b®1lhasasections:b®b’ — bb’. Then consider

h: (B®aB)®p (B®aB) — B®AB, x®y+— xgs(y).

109



Wehave h(1@x —x®1) =gs(x) —x,s0if 1®x—x®1 =0, we getx = gs(x) €

im g and the sequence

0—+B%B®sB— (B®sB)®g (B®aB)

is exact. Tensoring (*) with B induces the vertical arrows in the following dia-

gram:

0 A B B®a B

0 B B ®aA B (B®a B) ®p (B®A B)

Therefore the top row is exact as claimed.

Example 3.1.55. Let X be a scheme and Y — X an étale morphism. Set Ox,, (Y) =
I'(Y,Oy), which defines a sheaf Ox, for the Zariski topology. To check that
Ox, is a sheaf for the étale site, it suffices to check the conditions of Proposi-
tion 3.1.53, but the Zariski condition was just seen to hold. If {Y — Z}is an étale
affine covering in Xg, with Y = Spec B and Z = Spec A, then the corresponding

ring map A — B satisfies the condition of Example 3.1.54, meaning

0—+A—-B—>B®aB

is exact and hence so is the sequence

Oxét(Z) — Oxét(Y) — Oxét(Y Xz Y).
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(Note that this is precisely the same as the equalizer condition since the map

B—+B®aBisb—=1®b—-b®1andT'(Y,0Oy) are abelian groups.)

Example 3.1.56. Any scheme Z — X defines a presheaf

FZ . Xét — Set

Y — Homyx (Y, Z).

Then F7 is a sheaf for Xz, so once again, to show it is a sheaf for the étale
topology, by Proposition 3.1.53 it will suffice to check the sheaf condition for
single étale affine covers. For such a cover {SpecB — Spec A}, the map A — B
is faithfully flat with

0—-A—-B—-B®aB

exact. Take an open affine subscheme U = Spec C — Z. Applying Homa (C, —)

to the above sequence gives

Homa (C,A) — Homa (C,B) — Homa (C, B ®4 B)

which is exact since Homa (C, —) is a left-exact functor. Generalizing to Homy(—, Z)
is straightforward using patching, so ultimately we conclude that F7 is a sheaf
on X¢t. As usual, by Yoneda’s Lemma the assignment Z — Fy is injective so we

will often write Fz simply by Z.

Example 3.1.57. Let n > 1be an integer and let 1, be the group scheme defined

(locally) by t* —1 = 0. Then for any Y € X4, un(Y) coincides with the set of
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nth roots of unity in I'(Y, Oy).

Example 3.1.58. Let X be a k-scheme and let G, be the affine group scheme
defined by the additive group of k. Then for each Y € X, Go(Y) =T(Y, Oy).

Example 3.1.59. Similarly, when Gy, is the affine multiplicative group scheme

defined by k*, then for each Y € Xg, G (Y) = T'(Y, Oy) ™.

Example 3.1.60. When char k = p > 0, let «, denote the group scheme defined
by t? = 0. Note that o, is not an étale group scheme (but it is flat). For Y € Xy,

otp (Y) corresponds to the set of nilpotent elements of order p in I'(Y, Oy).

Example 3.1.61. Consider the ring k[e] = k[t]/(t?). Write T = Speck[e]. The
functor T = Homy(—, T) is called the (étale) tangent space functor since for any
Y € Xg, T(Y) is the tangent space to Y, which is locally given by T(Y)x = T,Y =

Example 3.1.62. Let R be a set and let Fg be the sheaf on X¢; defined by
FR:Yr— Fe(Y):= [ R
mp(Y)

where 713(Y) denotes the set of connected components of Y. Then Fy is called

the constant sheaf on X¢; associated to R.

Example 3.1.63. Let M be a sheaf of coherent Ox-modules on the Zariski site
Xzar- This gives us an étale sheaf ME as follows. If @ : Y — X is an étale
morphism, then ¢*M is a coherent Oy-module on Yz, which on affine patches

U =SpecA C X,V =SpecB C Y takes the form
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M®aB—M

A

Let M¢ be the presheaf (Y 2y X) = T(Y, *M) on Xg. By a similar proof to the
one in Example 3.1.55 for Ox,,, one can show that M¢ is then a sheaf on Xg;. As

a special case, note that (Ox, ) = Ox,,.

Example 3.1.64. Let X be a k-scheme, ¢ : Y — X a morphism and consider the

exact sequence of sheaves
x M1 1 1

If ¢ is an étale morphism, then by Theorem 2.1.56, Q% X = 0 so (p*Qi N~
Q# x is surjective. In fact, both are locally free sheaves of the same rank, so

(P*_O.l ~ Ql

Xk = Qy It follows that (Q1

X/k)ét|YZar =Q

1
Y/
Example 3.1.65. Let k be a field with absolute Galois group G = Gal(k/k), set

X = Speck and consider the étale site X¢. If G-Mod® denotes the category of

discrete G-modules, then there is an equivalence of categories

Sh(Xg) +— G-Mod¢
Fr— MF

FmM +— M
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where My = liin F(L) is the direct limit over all finite, Galois extensions L/k

and Fy, is the sheaf A — Homg(Homy (A, k*¢P), M).

Example 3.1.66. Let n € IN and assume n is invertible on X, i.e. chark { n for
any residue fields k of X. Consider the following sequence of sheaves, called

the Kummer sequence for X:
0= pn—=Gm 5Gn—0

where G, 5 G is the morphism induced by t — t™. We claim the Kummer
sequence is exact (generalizing the content of Section 1.4.1). It suffices to show
exactness on stalks at geometric points. For such a point %, set A = Ox zx. Then
Unx = Hn(A) and Gmx = A* and moreover, 0 — pn(A) — AX is clearly
exact. For the right map, notice that t™ — a splits in A[t] for every a € A*, since
d

gt —a) = nt" ! £ 0 when n is invertible on X. Thus every a is an nth root

in A*, and it follows that the sequence
0= pn(A) = A 5 A 50

is exact as required.

Example 3.1.67. When char k | n for some residue field k of X, the above exam-

ple fails since étale locally, we have

d
a(tp —a) =ptP"1 =0 in characteristic p > 0.
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Note however that the equation t — tP does define a (locally) flat covering

Gm — Gy, so the sequence
0—>up—>GmiGm%0

is exact in the flat topology on X. On the étale site, the appropriate characteris-

tic p replacement for the Kummer sequence is the Artin—Schreier sequence
0= Z/pZ — Gq 5 Gy — 0

where Z/pZ is the constant group scheme defined by the same group and
o 1 Gq = Gq is induced by the map t — tP —t. To see that the AS sequence is
exact (a generalization of Section 1.4.2), it suffices once again to check exactness
on stalks at geometric points. For a geometric point %, again let A = Oxx so
that Z/pZs = Z/pZ(A) and Gy x = A. As before, 0 — Z/pZ(A) — A is exact
and the kernel of t — tP —t : A — A is precisely Z/pZ(A). For surjectivity,

note that forany a € A,

d
L —t=a) —ptP 1 —1=-1+#0

so tP —t — a splits in A[t] for all a € A. Thus the end of the sequence

0— Z/pZ(A) - AL A0

is exact and we are done.

115



Example 3.1.68. For n > 2, consider the Artin—Schreier—Witt sequence
0—Z/p"Z - Wn & W, = 0.

Then a similar argument shows this is an exact sequence of sheaves on Xy,

generalizing the results in Section 1.4.3).

3.2 Categories Fibred in Groupoids

One of the main motivations for Grothendieck’s use of fibred categories
in the study of algebraic spaces and stacks is to allow for the construction of
universal objects. Here’s an example to keep in mind. Suppose f: X — Yisa
morphism in the category of topological spaces (this problem will also arise in
a category of schemes). Then for any sheaf F on Y, one way to define a pullback
sheaf f*F on X is as a solution to the universal mapping problem F — f.G of
sheaves on Y, where G is a sheaf on X. This object f*F is not unique, it is only
defined up to canonical isomorphism. Similar problems occur where universal
objects are present (any direct limit construction might pose a problem) so we
must find a way around.

Here’s a brief discussion of how nontrivial automorphisms can get in the
way of solving a “moduli problem”, which is loosely defined as a classification
problem with some natural notion of geometry attached to the collection of all

objects to be classified. A more rigorous definition is that a moduli problem is
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a functor F : Sch°? — Set. If F is representable, say F = Hom(—, M) for some
scheme M, we say M is a (fine) moduli space for F. In general no such space

exists.

Example 3.2.1. Let k be a field. The moduli problem of finding r-dimensional
vector subbundles of a rank n bundle on X € Schy is represented by the Grass-
mannian variety Gr(r,n). In particular, P} = Gr(1,n) classifies line bundles
inside rank n bundles. The moduli problem of rank n bundles themselves has
the infinite Grassmannian Gr(n, co) as a topological moduli space, but this is

not representable by a scheme (it is merely pro-representable).

Example 3.2.2. For any group G, there is a topological space BG, called the
classifying space for G, which is a moduli space for isomorphism classes of prin-
cipal G-bundles. In algebraic geometry, for any smooth algebraic group over
a scheme S, there is a notion of a classifying scheme for principal G-bundles,
namely S/G. In both cases, the classifying space/scheme only classifies G-
bundles up to isomorphism, so it is merely a coarse moduli space for the moduli

problem of principal G-bundles. Taking G = GL,, recovers the previous exam-

ple.

Example 3.2.3. One can think of algebraic varieties themselves (over an alge-
braically closed field) as moduli spaces whose points correspond to solutions

to a given set of polynomial equations.

Example 3.2.4. The classical Cayley-Salmon theorem says that the moduli prob-

lem of finding lines on a smooth cubic surface is represented by a 0-dimensional
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scheme with 27 components. This and similar problems belong to an area
known enumerative geometry and many of them admit scheme-theoretic moduli

spaces.

Example 3.2.5. There are many interesting moduli problems in classical ge-
ometry which lie completely outside the realm of algebraic geometry. For
example, the problem of classifying all circles in R? is represented by R? x
R~ 0, while circles up to isometry are parametrized by R, neither of which is

algebro-geometric in the classical sense.

Example 3.2.6. In differential geometry, all complex (or equivalently, hyper-
bolic) structures on a surface of genus g > 1 are specified by Fenchel-Nielsen

coordinates, and these form a moduli space homeomorphic to R®9~.

Next, we introduce two of the most famous moduli problems in algebraic

geometry.

Example 3.2.7. Let .# 1 : Sch?’ — Set be the moduli problem parametrizing
complex elliptic curves, i.e. .# 1(S) is the set of isomorphism classes of smooth
curves E — S whose geometric fibres are all complex curves of genus 1 with
a marked point. For a morphism S — T, we get a functor .# 1(T) — .#11(S)
defined by pullback: for a family of elliptic curves E — T, f*(E — T) is the
family B/ — S which is the pullback in the diagram

E’/ E
S—T
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Suppose .#1,1 were representable, say .#11 = Hom(—, M) for some scheme M.
Let By € .#1,1(M) correspond to the identity idyy € Hom(M, M). Then every

elliptic curve E — S would be the pullback
- Eg

|

by a unique morphism S — M —that is, Eg — M would be a “universal” elliptic

 —

curve. However, this is impossible: every elliptic curve E — S has a nontrivial
degree 2 automorphism (corresponding to the map (x,y) — (x,—y) if E is
locally given by y2 = x> + ax + b) so the map E — Ey cannot be unique. (Even
worse, in My 1(C) the isomorphism classes of elliptic curves with j-invariant 0
and 1728 have additional nontrivial automorphisms to worry about.) So .# ;
is not representable, but it does in fact have a coarse moduli space M; 1, that
is, a scheme M;; and a functor .#;; — Hom(—, M) which is a bijection
when evaluated on algebraically closed fields and such that for any scheme S
and natural transformation .#; 1 — Hom/(—,S), there is a unique morphism

Mi,1 — S making the diagram

A1, — Hom(—, My 1)

’
’
’
/7
’
’
7/
v

Hom(—,S)
commute. In fact, M; ; is none other than the j-line, Ajl = Spec CJjl.
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Example 3.2.8. Consider the moduli problem parametrizing Riemann surfaces
of genus g > 2, or smooth proper complex curves X over C with X(C) = C9/A
for a full lattice A. Let .#y : Sch?’ — Set be the functor sending S to the set
of isomorphism classes of smooth schemes X — S whose geometric fibres are
all Riemann surfaces of genus g. Such an X is often called a family of Riemann
surfaces, parametrized by the base S. As above, for a morphism f: S — T we
get a pullback functor f* : .#Zy(T) — .#4(S). By a similar proof to the elliptic
curve case, .#g is not a representable functor — that is, there is no fine mod-
uli space of genus g Riemann surfaces. However, as above, there is a coarse
moduli space My for .#y which is of considerable complexity and has inspired

much research in algebraic geometry.

The standard way to approach the issue of automorphisms in a moduli
problem F : Sch®? — Set is to replace the category Set with the category Gpd of

groupoids.

Definition 3.2.9. A category C is a groupoid if every morphism in C is an isomor-

phism.

Example 3.2.10. Let G be a group. Then G determines a category — usually also
denoted by G —in which there is only one object * and for each g € G, there is

an automorphism % 2 «. Thus G is a groupoid.

In Examples 3.2.7 and 3.2.8, the pullback functor f* was crucial for studying
the moduli problems of curves of genus g. In order to allow for pullbacks to

play a role in our study of moduli spaces, we will replace a functor Sch®? — Set
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with a category fibred in groupoids. In order to make this precise, we need to

introduce fibred categories.

3.2.1 Fibred Categories

Definition 3.2.11. A category over a category C is a category F and a functor
m: § — C. The fibre of an object X € C is the subcategory F(X) of objects x € T
such that mt(x) = X and morphisms covering idx, i.e. morphisms @ : x — x’ such
that (@) : X — X is the identity. A morphism of categories over C is a functor

T:F — G commuting with the functors ¥ — Cand G — C.

Definition 3.2.12. Let 7 : F — C be a category over C. A morphism @ :x — x"in F
is cartesian if for any other morphism \p : y — x' in F such that n(\p) = n(@)oh
for some h : m(y) — 7(x), there exists a unique morphism « : y — x covering h and

making the diagram

commute. Then 7t : F — Cis a fibred category if for every morphism f : X — X' in

C and object x" € F(X'), there exists a cartesian morphism ¢ : x — x' covering f.

121



In particular, note that if f : X — X' lifts to a cartesian morphism ¢ : x — x’
in & then x € F(X). One sometimes calls x the pullback of x’ along f, written

*y !

x = f*x'.

Definition 3.2.13. A morphism of fibred categories over C is a morphism T :
F — G of categories over C that takes cartesian morphisms to cartesian morphisms.
A base-preserving natural transformation between two morphisms S,T:F — G
of fibred categories is a natural transformation T : S — T such that for all x € F,

Ty : S(x) — T(x) covers the identity morphism in C.

The collection of all morphisms of fibred categories 3 — G over C, together
with the base-preserving natural transformations between them, forms a cate-
gory denoted Home(F, §). This shows that the category of all fibred categories

over C in fact forms a 2-category.

Definition 3.2.14. A category fibred in groupoids is a fibred category § — € such
that for every object X € C, the fibre category F(X) is a groupoid.

Let CFG(C) denote the full 2-subcategory of fibred categories over € which

are fibred in groupoids.

Example 3.2.15. Suppose C is a category and F : €°? — Set is a presheaf on C.
Then F determines a category 7t : Cf — C with C¢(X) = F(X) for each X € C.
There is a morphism s — t in Cr if 7(s) = X, 7t(t) = X’ and there is a morphism
@ : X = X" in € such that F(¢)(F(X)) = F(X’). A set is naturally a groupoid

with only identity morphisms and it is easy to check the axioms of a fibred
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category hold for 7t : Cr — €, so every presheaf on € naturally determines a

category fibred in groupoids over C.

Example 3.2.16. If X € C is any object, then the slice category €/X is naturally
a category fibred in groupoids over €, where the projection €/X — C is just
(Y = X) — Y. A category J fibred in groupoids over C is called representable
if it is equivalent (as a category fibred in groupoids) to a slice category €/X for

some object X, in which case J is said to be represented by X.

Example 3.2.17. Let Schx be the category of X-schemes and define a category

7 : F — Schx whose objects are pullback squares

P Y

|

T——X

in Schx and whose morphisms are pairs of morphisms (T’ — T, P’ — P) mak-
ing the appropriate diagrams commute. The functor 7t sends the square above
to Y — X € Schy, so that for any fixed X-scheme Y, the fibre category F(Y) may
be identified with the category of pullbacks P = T xx Y which exist (showing
the fibred condition holds for J) and are unique up to unique isomorphism.

Therefore F(Y) is a groupoid so J is a category fibred in groupoids over Schy.

Proposition 3.2.18. A fibred category § — C is fibred in groupoids if and only if

every morphism in J is cartesian.

We will use liberally the following 2-categorical version of the Yoneda lemma

from category theory.
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Lemma 3.2.19 (2-Yoneda Lemma). For any object X € € and fibred category m :
F — C, the functor n : Home(C/X, F) — F(X) defined by sending S : ¢/X — F to

S(idx) € F(X) is an equivalence of 2-categories.

Proof. We define a functor & : F(X) — Home(C/X,J) as follows. For each
object x € F(X) and morphism ¢ : Y — X in C, choose a pullback ¢*x € F(Y)

and set

& C/ X — T

@ — @*x.

On the level of morphisms, if \ : Z — X is another morphism in Cand :Y —
Z is a morphism over X, then by the cartesian condition in J there is a unique

morphism & (o) : @*x — P*x which completes the diagram

This defines & € Home(C/X, F) for every object x € F(X). If f : x — x'isa
morphism in F(X), then for any ¢ : Y — X in €/X, choose pullbacks ¢*x and
@*x’ € F(Y) of x and x’, respectively. Then there is a unique morphism &¢(¢)

completing the diagram
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&)

X — @*x

|

X — x/

by the cartesian condition defining ¢*x, ¢*x’. This defines & on morphisms, so
&:F(X) = Home(C/X, F) is a functor.

It remains to check that n and & together give an equivalence of categories.
On one hand, ¢ on : Home(C/X,F) — Home(C/X,F) sends S : /X — F
to &s(iay) ¢ (@ Y = X) = @*S(idx). This is canonically isomorphic to S
itself since idx is a final object in €/X and thus there exists a unique cartesian
morphism (¢ : Y — X) = (idx : X — X), which makes S(¢) — S(idx) also
cartesian and hence S(¢) is a pullback of S(idx). This shows & o1 is naturally
isomorphic to the identity functor. On the other hand, no & : F(X) — F(X)
takes x € J(X) to idix which is canonically isomorphic to x itself, thus proving

noéﬁidﬂx). ]

Corollary 3.2.20. For any objects X,Y € C, the functor

Home(C/X,C/Y) — Home(X,Y)

S+— S(idx)

is an equivalence of categories.
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Corollary 3.2.21. For any category C, there is a fully faithful embedding of 2-categories

€ — CFG(C), X — C/X,

where CFG(C) is the 2-category of categories fibred in groupoids over C. In a similar

way, there is a fully faithful embedding of 2-categories

Preshe — CFG(C), F — Crf.

Example 3.2.22. Let Schy be the category of schemes over a field k. Then for
each k,n > 1, we define a category fibred in groupoids Gr(k, n) — Schy called
the (k,n)th Grassmannian category, by putting Gr(k,n)(X) as the category of
vector bundles E — X of rank k, together with embeddings of bundles E —
A%. A morphism in Gr(k,n) from E € Gr(k,n)(X) to E' € Gr(k,n)(X') is a
morphism of bundles E — E’ covering a morphism of schemes X — X' and

commuting with the natural map A} — Ay,.

Example 3.2.23. For each X € Schy, let .#; 1(X) be the category consisting of
pairs (E,O) where E — X is a smooth curve, O : X — E is a section and for
every geometric point X : Speck < X, the pullback (Ex, Ox) is an elliptic curve
over k. Then .#; 1 — Schy is a fibred category. Morphisms (E,O) — (E/,0’) in
M1 1 are given by pullback diagrams
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E——F

X

X/

such that Fo O’ = O o f. Since pullbacks are unique up to unique isomorphism,

it follows that .# 1 is a category fibred in groupoids over Schy.

Example 3.2.24. Likewise for each g = 0,9 > 2 and X € Schy, define .#,(X) to
be the category consisting of smooth curves C — X whose geometric fibres Cx
are smooth curves of genus g over k. Then .# is a fibred category over Schy.
As above, morphisms in ./# are given by pullbacks, so .#; is a category fibred

in groupoids.

Example 3.2.25. The following construction will be important in the definition
of stacks. Let m : § — C be a category fibred in groupoids. For X € € and
x,x" € F(X), define a presheaf Isom(x,x’) : (C/X)°P — Set by

Isom(x,x") (¢ : Y — X) = Homgy) (@*x, ¢*x")

where @*x, @*x’ € F(Y) are pullbacks of x and x’, respectively, along ¢. More-

over, any other \ : Z — Y induces a map

P* : Isom(x,x') (@ : Y = X) — Isom(x,x) (@ o : Z = X)

by composition of pullbacks. In particular, Aut(x) := Isom(x, x) is a presheaf
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of groups on €/X for any x € F(X).

Lemma 3.2.26. Let F : C — D be a morphism of categories fibred in groupoids over
Schs. Then F is an equivalence of categories fibred in groupoids if and only if for each

S-scheme T, the functor Fy : C(T) — D(T) is an equivalence of categories.

Proof. This is a special case of [SI”, Tag 003Z]. O

3.2.2 Fibre Products

In this section we construct fibre products of categories fibred in groupoids.
We first give the construction for individual groupoids. Fix a groupoid § and
suppose 91 and G, are two groupoids over g, meaning there are functors 7 :
51 - Gand m : Go — G. The fibre product G; xg G, is defined to be the
category with objects (X, Y, @) consisting of X € G1,Y € G, and an isomorphism
@ : m(X) = m(Y)in §. We define a morphism (X,Y,¢) — (X',Y,¢’) in
Gy xg G to be a pair of morphisms « : X — X'inGyand B : Y — Y in G,

making the diagram

m(X) 2 my(Y)

commute. Then G; xg 9, is a groupoid by construction and there are func-
tors p1 : G1 X G92 — Grand pa : G1 Xg G2 — G2 given by p1(X,Y, @) = X,

P2(X,Y, @) =Y and similar projections on morphisms. Further, the diagram
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51 X992£92

.

1

9 —§

2-commutes, i.e. there is a natural isomorphism 711 o p; =~ 717 0 ).

Proposition 3.2.27. For any groupoids 7y : §1 — Gand my : Gp — G, the fibre
product G1 xg Gy is universal with respect to groupoids P making the diagram

?L%

"

1
91 —9
2-commute. That is, for such a groupoid P there is a functor t : P — Gy x g Go, unique
up to unique natural isomorphism, and natural isomorphisms Ay : q1 — pyotand
A2 @ q — P2 o t making the diagram of functors

11 (A1)
moqr —— moprot

h T (A2) h

7T20q24>7'[20p20t

commiuite.

This says that §; x g Gp is a 2-categorical fibre product of G1 and G,. Now let €
be any category and : J — C,m : 1 — F and mp : F, — T categories fibred

in groupoids over €. The construction of a 2-categorical fibre product F1 x5 I3
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in the 2-category CFG(C) of categories fibred in groupoids over € is similar to

the construction above, but we give it here for completeness.

Proposition 3.2.28. There exists a category F1 x5 F, fibred in groupoids over C to-
gether with morphisms of fibred categories p1 : F1 xg Ty — Frand py : F1 x5 I, —
J as well as an isomorphism (a base-preserving natural isomorphism) o : 11 0 p1 =~

Ty 0 Py satisfying the following universal property:

(i) For any category H — C fibred in groupoids, the morphism of groupoids

Home (3, F1 x5 F2) — Home(H, F1) XHome(%,5) Home(3H, F2)

N+ (pron,p2on,oon)

is an isomorphism.

(ii) For any morphisms q1 : §' — F1, qo : §' — F with an isomorphism

T 7 0 (] = T 0 qp making

Home (K, §') — Home/(H, F1) Xpome (5,57 Home (3, F5)

an isomorphism for all 0 — C, there exists an equivalence of fibred categories
t : H — J1 xg Fy, unique up to unique isomorphism, and isomorphisms

A1:q1 — protand Ay : qu — Py ot making the diagram of morphisms
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7'(107\1
ﬁ10q14>7'[10p10t

Th ‘O‘Ot
7'(207\2

TQo(gy —— moppyot

commiuite.

Proof. (Sketch; see [Ols, 3.4.13]) Define § = J7 x4 J; to be the category with
objects (x,y, ¢) consisting of x € F1,y € F, and an isomorphism ¢ : 711 (x) —
m(y) in F. A morphism (x,y, ¢) — (x/,y’,¢’) in G is a pair of morphisms

o:x = x'inFp and B :y — y’ in F, making the diagram

commute. Define p; : § — J7 by (x,y, ¢) — x and the obvious projection on
morphisms and p; : § — J; similarly by (x,y, ) — y. A natural isomorphism
0 : 1 0p1 — T o Py is induced by the isomorphisms ¢. One can check that §
is a category over C; it is clear that §(X) is a groupoid for each X € €.

(i) Suppose H — C is a category fibred in groupoids and (&1, &p,v) is an
object in the groupoid Home(H, 1) XHom(3,9) Home(H, F2). This induces a
morphism 1 € Home(H, G) defined on objects by n(h) = (&;(h), & (h), vh)

where vy, is the isomorphism 711 0 £;(h) — 7 0 &»(h) specified by y. The defi-
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nition of 1 on functors is similar and under the morphism
Home (3, §) — Home (3, F1) XtHom, (3¢,9) Home(H, I2),

it is clear thatn goes to (&1, &,v). On the other hand, if 1 € Home(H, §) thenn
is precisely the image under the above morphism of the triple (p; omn,p2on, oo

1). Therefore
Hom@(fH, 9) — Home(ﬂ{, ?1) XHome (H,F) Hom@(%, ffz)

is an isomorphism of groupoids.
(ii) Now suppose q; : §' — F;,1 = 1,2, are morphisms and T : 711 0 q1 =~

7 o 2 a natural isomorphism such that

Home (K, §') — Home/(H, F1) Xpome (5,57 Home(3H, F5)

N+ (qiomn,qpom,ton)

is an isomorphism of groupoids for any H. Then for H = § = 1 x5 F,, we

have an isomorphism
Home(G,5") — Home (S, F1) Xtome(g,5) Home(S, F2).

Then the data (pi,p2, 0) on the right determines a morphism t1.96 5 ¢

on the left as well as natural transformations ?\1_1 :prot! — gi and 7\2_1 :
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p2ot~! — g, making the appropriate diagram of functors commute. Applying
this with G and G’ reversed constructs t,A; and A, and shows that the first
is an equivalence and the second and third are natural isomorphisms. This

completes the proof. O

Remark 3.2.29. When H = €/X is the slice category over an object X € C, the

isomorphism in (i) will be written (F1 xg F)(X) = F1(X) xg1x) F2(X).

3.3 Descent

The notion of descent can be phrased in a quite general context. Fix an
object S in a category C with fibre products and recall that the localized or slice
category at S is the category C/S whose objects are arrows X — S in € and whose

morphisms are commutative triangles
S

Given any other object S’ € € and a morphism S’ — S, there is a base change

X

Y

functor €/S — €/S' givenby (X — S) — (X’ — S’) where X' is the fibre product

X' = XXSS/%X

|

§'—S
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This shows that an object over S always determines an object over S’. The
opposite question, namely when an object over S’ determines an object over S,
is much harder to answer in general. In fact there are two interesting questions
one might ask: given a morphism S’ — S and an arrow (X’ — S’) € €/S/,
(1) is there an arrow (X — S) € €/S such that the following diagram can be

completed:

and if so, (2) how many ways are there to complete the diagram? The process
of answering both of these questions is known as descent, which is a crucial

ingredient in the definition of a stack.

3.3.1 Galois Descent

For an extended motivation, let K/k be a field extension and obj(k) some
class of objects defined over k. For example, obj(k) could be the class of k-
vector spaces, or something more specific, like central simple algebras over k.
Many examples like this admit morphisms over k, and so form a category over
k (in technical terms, a k-linear category, though we will not use that terminol-

ogy here).

Example 3.3.1. A quadratic space over k is a k-vector space V together with a

quadratic form g, that is, a symmetric bilinear function q : V — k. The set of
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quadratic spaces (V, q) may be an interesting class of objects over k. These too
admit morphisms, where (V, q) — (V’, q’) consists of a k-linear isomorphism

V — V/ which commutes with q and q’.

Example 3.3.2. Important choices of obj(k) in algebraic geometry include the
class of algebraic varieties or algebraic groups over k, the class of schemes over
Speck, and more generally things like algebraic spaces and algebraic stacks

over k.
Many of these examples admit a base change functor, i.e. an assignment

obj(k) —> obj(K)

XI%XK.

for a field extension K/k. Most of the time this functor can be built using the
tensor product or fibre product in the right category. In the pattern of the in-
troduction, there are two natural questions we would like to answer about

descending objects defined over K to objects over k:

(1) Given an object A € obj(K), does there exist an object X € obj(k) such that
Xy = A?

(2) What are all the possible objects X € obj(k) with Xx = A or Xx = A in
obj(K)?

When K/k is a Galois extension, this is known as Galois descent.
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Definition 3.3.3. An object X € obj(k) with Xx = A in obj(K) is called a K/k-form
of A.

Example 3.3.4. In some situations, descent is trivial. For example, if Vi is a
K-vector space with basis {x;} then the same basis gives a k-vector space Vy for

which Vi ®y K = V.

Example 3.3.5. In other situations, descent is impossible. Let k = Q, K =
Q(v/2) and consider the quadratic form qi(x,y) = x> —y?>v2 on V = K2. Is
there a quadratic form qg on Vg = Q? which extends to qx on Vo ®q K = V?
The answer in this case is no — there are some elementary conditions that are

necessary for descent to be possible, and they are not satisfied in this situation.

Let K/k be a Galois extension with Galois group § = Gal(K/k) and suppose
Vi and W are objects over k (e.g. k-algebras) that are isomorphic over K, that
is, Vk = Vk xx K = Wy x K = Wg. Moreover, assume that under the natural
Galois action on Vx and Wy, we have Vi = Vg and Wy = WE (this is true e.g.
for k-algebras). When there is a notion of maps between objects over k (e.g.
k-linear algebra homomorphisms), the G-action extends to Map (Vk, Wx) by
(of)(v) = o(f(o ) forallv € Vg, o € G.

For example, let f be an equivalence Vx 4 Wk, e.g. a K-algebra isomor-
phism. Set £(0) = f~1 o of € Gk := Autk(Vk). Notice that if £(c) = 1 for all
o € G, then of = fo so f descends to an isomorphism fy : Vi = VE = W]‘Cz = W.

That is, & = 1 is a necessary condition for two (K/k)-forms of Vi to be isomor-

136



phic over k. In general, the automorphism &(o) = f~! - of satisfies
Elo) =1+ (om)f = (1 of)((0f) " of) = £(0) 0(£(T)).

Such amap & : § — G is called a 1-cocycle, and the set of all 1-cocycle is
denoted Z!(G, Gk). If K/k is an infinite extension, we are guaranteed to have
f(Vk) € Wi @ £ € Wy @ K = W for some finite extension {/k. If 0 € H =
Aut(K/{), then for all v € V,

(of)(v) = o(f(0~ W) = oo Hf(v) = f(v)

since f(v) € Wy ®y L. Thus of = f, s0 £(0) = 1 for all 0 € H. Said another way,
the 1-cocycle & is constant on cosets of I{, which means & is in fact a continuous
1-cocycle on

G = lim Aut(t/k)

over all finite extensions £/k, when this direct limit is equipped with the Krull
topology induced by discrete topologies on each Aut({/k).

Turning back to our K-isomorphism f : Vi — W, the definition of & may
depend on this f, but suppose f’ were a different isomorphism Vx — Wx. Then

f’ = f o g for some g € Gk and the cocycle ¢’ defined by f’ has the form
£'(0) = (f)71 - of' = (fog) ™ -o(fog) = g7'f ' - (0f)(0g) = g 'E(0)0g.

Definition 3.3.6. Two 1-cocycles &,&' : G — Gk are equivalent cocycles if there
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is some g € G such that £'(0) = g71&(0)og forall o € G. The set of equivalence

classes of 1-cocycles is denoted H' (G, Gy).

Fix an object Vx over K, set Gx = Autk(Vx) and let F(K/k, Vi) be the set of
k-isomorphism classes of (K/k)-forms of Vi. Then our work above shows that
there is a map

O : F(K/k, Vk) — HY(S, Gy).

The theory of Galois descent comes down to deciding when O is a bijection.
For example, when V is a k-algebra, © is a bijection.
For another example, suppose G is a linear algebraic group over k on which

§ acts continuously. Then
HY(S, G) = lim H'(g/U, G(KY))
—

where the limit is over all finite index open subgroups U C G and K is the
subfield of K fixed by U. Hilbert’s Theorem 90 (Theorems 1.4.2 and 1.4.7) says
that H}(G,K) =0 foralli > 1 and H'(G, K*) = 1. In this sense, Kummer theory
and Artin-Schreier theory can be viewed as specific examples of Galois descent
for § = un and Z/pZ, respectively.

Here is a general strategy for descent: define a new Galois action on the

object Vx over K and take Wj to be the fixed points of Vi under this action.
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3.3.2 Faithfully Flat Descent

Switching to a geometric context, we can find basic examples of descent in
the theory of quasicoherent sheaves on a scheme X. Fix a Zariski open cover
{Ui}ier of X. Then it is a standard fact that a quasicoherent sheaf F on X is
equivalent to the data of a collection of quasicoherent sheaves (F; )ic; on each U;
and isomorphisms (o) je1, 0y Fi|uimuj — KU NUj such that foralli,j, k € I,
oy = idf, and oy = oji o 035 over Uy N U N Uy. This extends to an equivalence
of suitable categories.

Replacing the Zariski topology with a more general topology results in
more interesting categories of sheaves. In this section, we outline so-called
faithfully flat descent for sheaves on X in the fppf topology. Let X be a scheme.
Our goal is to show that the functor hxy = Hom(—, X) is a sheaf in the fppf
topology on Sch. More generally, this will imply that for any base scheme S
and S-scheme X — S, hy is a sheaf on S¢ypr.

First, let f : A — B be a ring homomorphism and M an A-module. Set

Mg = M ®a B and let f also denote the map M — M.

Proposition 3.3.7. If f : A — B is faithfully flat, then for any A-module M, the
sequence

ML Mg = Mgg A B

is exact, where the two maps Mg — Mgpg,8 = M ®a (B ® B) are induced by
B—-B®AB,b—b®R1landb—1®hD.

Corollary 3.3.8. Let ¢ : V — U be a faithfully flat morphism of affine schemes. Then
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for any affine scheme X, the sequence of sheaves
hc(U) <= hix(V) =2 hx(V xu V)

is exact.

Lemma 3.3.9. Let F : Sch®® — Set be a sheaf in the Zariski topology. Then F is a
sheaf in the fppf topology if and only if for every faithfully flat morphism Y — X of

schemes which is locally of finite presentation, the sequence
F(X) — F(Y) = F(Y xxY)

is exact.

Proof. (=) is immediate.

( <= ) We must show that for a scheme X and a cover {X; — X} € Cov(X),
FOX) — JTFX) = [ [FXi xx X;)
i i
is exact. Set Y = [ [ X; with the canonical projection Y — X, which is faithfully

flat, and consider the diagram

F(X) F(Y) F(Y xxY)
F(X) [TFx) ———— JTFXxx X))
i i,j
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Since F is a sheaf in the Zariski topology, the vertical maps are isomorphisms,
and by hypothesis, the top row is exact. It follows that the bottom row is exact.

]

Lemma 3.3.10. Suppose F is a sheaf in the Zariski topology on Sch and for all fppf

morphisms of affine schemes V — U, the sequence

F(U) — F(V) — F(V xy V)

is exact. Then F is a sheaf for the fppf topology.
Theorem 3.3.11. For any scheme X, the presheaf hy is a sheaf in the fppf topology.

Corollary 3.3.12. For any scheme X, hy is a sheaf in the smooth and étale topologies.

3.3.3 Effective Descent Data

Let I be a fibred category over a site C. For each morphism Y — X in €, we
define a category F(Y — X) whose objects are pairs (E, o) where E € F(Y) and
0 : Elyx,y — Elyxyy is an isomorphism between the two different pullbacks
of E along the two projections Y xx Y — Y, which agrees on each map from
the triple product Y xx Y xx Y — Y xx Y. A morphism (E’,¢’) — (E,0) in
F(Y — X) is taken to be a morphism g : E’ — E in F(Y) such that ogly.vy =
lysx ¥t E/lysyy = Elyxyy. Call o the descent data for E.

More generally, for a collection of morphisms {Y; — X} in €, set Yj; = Yj xx

Y;, Yy = Yi xxYj xx Yy, etc. Then one can define the category F({Y; — X})
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to have objects ({Ei},{oy}) with E; € F(Y;) and isomorphisms oj; : Ei|Yij —
Ejly,; such that oy = ojx0y over Y. Morphisms ({E{},{G{j}) — ({Ei}, {oy}) in
F({Y; — X}) are taken to be g; : E/ — E; in F(Y;) such that o359 = goj; over V.
The isomorphisms {o3;} are called the descent data for {E;}.

Next, define a functor @ : F(X) — F({Y; — X}) by sending an object
E € F(X) to ®(E) = ({Ei},{oy}) where E; = Ely, and oy; is the canonical iso-
morphism (Ely,) Iv;; = (Elyj> lv,;- For a morphism E' — E in F(X), ®(E' —
E) ={gi : E/ — Ei}is defined via the universal property of pullbacks.
Definition 3.3.13. Any collection of morphisms {Y; — X} has effective descent for
the fibred category JF if @ is an equivalence of categories. An effective descent data

is a descent data {oy;} for {Ei} such that ({Ei},{0y}) = O(E) for some E € F(X).

In the case of a single morphism Y — X, we often say the morphism has

effective descent (for ) if F(X) — F(Y — X) is an equivalence of categories.

Example 3.3.14. If f : Y — X admits a section s : X — Y, then f has effective
descent. Indeed, a quasi-inverse to ® : F(X) — F(Y — X) is given by (E, o) —
s*E.

Let C be a site with representable finite limits and define a category Sh with
objects given by pairs (X, E) where X € € and E € C/X (the slice category;
see Example 3.1.5), and with morphisms (X,E) — (Y, F) corresponding to a
morphism f : X — Y in € and a morphismn : E — f*F in €/X. Then Sh
is a fibred category over C via the projection (X,E) — X. A generalization
of the standard gluing lemma for sheaves on a topological space proves the

following.
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Proposition 3.3.15. Let C be a site with representable finite limits. Then any covering

(Y — X) € Cis an effective descent morphism for the fibred category Sh.

Now let € = Sch be the category of schemes equipped with the fppf topol-
ogy. Define QCoh to be the category whose objects are pairs (T, E) where T is
a scheme and E is a quasicoherent sheaf on T with the Zariski topology. Mor-
phisms (T',E’) — (T,E) in QCoh are morphisms of schemes f : T" — T and
quasicoherent sheaves E/ — f*E on T'. Then (T,E) — T makes QCoh into a

fibred category over Sch.

Theorem 3.3.16. If f : Y — X is a cover in the fppf (resp. smooth, étale) topology on
Sch, then f has effective descent for QCoh.

Example 3.3.17. Let Open be the fibred category over Sch consisting of pairs
(X, U) where X is a scheme and U C X is an open subscheme. Then any fppf

(resp. smooth, étale) cover f : Y — X has effective descent for Open.

Example 3.3.18. Let Aff be the fibred category of affine morphisms of schemes
Y — X over Sch. Then any fppf/smooth/étale cover has effective descent for
Aff. Combining this with the previous example, one can also show effective

descent for the fibred category of quasi-affine morphisms.

3.3.4 Stacks

Definition 3.3.19. Let C be a site. A stack over C is a category fibred in groupoids
F — C such that for every object X € € and any cover {X; — X} € Cov(X), the

functor F(X) — F({X; — X}) is an equivalence of categories.
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Let X € € and for any x,y € F(X), recall the presheaf Isom(x,y) on C/X
defined in Example 3.2.25.

Proposition 3.3.20. A category fibred in groupoids F — C is a stack if and only if

(1) For any object X € C and any x,y € F(X), the presheaf Isom(x,y) is a sheaf
on C/X with respect to the induced Grothendieck topology.

(2) Forany covering {X; — X} € Cov(X), every descent data{oy;} for {E; € F(X;)}
is effective for F.

Proof. Suppose J is a stack over C and take a covering {X; — X} in C. Since
F(X) = F({Xy — X}) is an equivalence of categories, it is immediate that any
descent data is effective. Next, take an object (Y % X) € €/X and a covering

{Yi = Y}in €/X. By definition,
Isom(x,y)(Yi Xy Yj) = Homg(y, x\v;) (@ Xlv;, @™ yly;)
so the sequence
Isom(x,y)(Y) — HIsom(X,y)(Yi) — Hlsom(x,y)(Yi Xy Yj)
is isomorphic to
Homy(y)(@™x, ¢*y) — | [ Homgy,) (@™ xlv,, *yly,) = [ Homg v, (@™ xIv;;, 9 ylvy,)-

This latter sequence being exact is precisely equivalent to F(Y) — F({Y; — Y})
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being fully faithful.
Conversely, suppose (1) and (2) hold. Note that (2) says that ® : F(X) —
F({Xi — X}) is essentially surjective. On the other hand, as noted above, (1) is

equivalent to @ being fully faithful, so @ is an equivalence. O

Remark 3.3.21. A category fibred in groupoids is called a prestack if condition
(1) holds.

Definition 3.3.22. A morphism of stacks § — G over C is a morphism of the
underlying categories fibred in groupoids, i.e. a natural transformation T : F — G

over C taking cartesian morphisms to cartesian morphisms.

If 1,5, and J are categories fibred in groupoids over € and F; — J and
2 — J are morphisms of categories fibred in groupoids, let F; x4 J, denote

the category fibred in groupoids constructed in Proposition 3.2.28.

Proposition 3.3.23. If F1,F, and F are stacks over C and F1 — F and F, — F are

morphisms of stacks, then the fibre product F1 x5 F is a stack.

Proof. For any object X € C, Proposition 3.2.28(i) says there is an equivalence
of groupoids

(F1 x5 F2)(X) — F1(X) x51x) F2(X).

Likewise, for any covering {X; — X} in €, there is an equivalence of groupoids

(F1 x5 F)({Xs = X} — F1{Xs = X}) Xgqx,-xpn F2({(X = XD).

This implies the proposition. O
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Proposition 3.3.20 suggests that stacks are a generalization of sheaves; more
colloquially, stacks are “sheaves valued in categories”. Just as with presheaves
and the sheafification construction, there is notion of “stackification” of any

category fibred in groupoids. This is described in the next theorem.

Theorem 3.3.24. For any category fibred in groupoids § — C, there exists a stack
Fst — © and a morphism of fibred categories F — F5 such that for any stack G over
C, the functor

Home(F*", §) — Home(7F, §)

is an equivalence of categories.
Corollary 3.3.25. The stack F* is unique up to a canonical equivalence categories.

Proposition 3.3.26. A morphism f : § — G of stacks over C is an isomorphism of
stacks if and only if for every X € C, the functor fx : F(X) — G(X) is an equivalence

of categories.

Definition 3.3.27. A substack of a stack ¥ — C is a subcategory fibred in groupoids

H C F which satisfies the stack condition.

Example 3.3.28. The category fibred in groupoids Sh — € constructed in Sec-

tion 3.3.3 is a stack over C.

Example 3.3.29. Every scheme can be viewed as a category over Sch via its
functor of points: X € Sch defines a fibred category X — Sch by taking X(T) =
Hom(T, X). Morphisms in Hom(T, X) are just the identity morphisms T — T

and the forgetful functor (T — X) — T makes X into a category fibred in
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groupoids over Sch. We claim that X is a stack in the Zariski or the étale
topology on Sch. Note that for any f, g € Hom(T, X), Isom(f, g) is locally con-
stant or empty: for a scheme U — T, Isom(f,g)(U) = {idy} if fly = gly or
Isom(f, g)(U) = & otherwise. In particular, Isom(f, g) is a sheaf (in any topol-
ogy on Sch/T). Next, suppose {T; — T} is a covering either in the Zariski topol-
ogy or the étale topology. By Example 3.1.56, we know X(—) = Hom(—, X) is
a sheaf in both topologies. Therefore a descent data 6 = ({¢; : Ty — X}, {0y :
(Pi|Tij = (plei).}) determines a morphism ¢ : T — X by gluing the ;. In partic-
ular, § is the image under ® : Hom(T, X) - Hom({T; = T}, X) of @ : T — X, so
d is effective. This proves X(—) = Hom(—, X) is a stack in the Zariski and étale

topologies.

Example 3.3.30. The same argument shows that for a base scheme S and any
S-scheme X, the functor of points X(—) = Homg(—, X) is a stack in the Zariski

and étale topologies on Schs.

This shows that the 2-Yoneda embedding S¢; — CFG(S¢;) from Corollary 3.2.21

actually lands in stacks: Sg < Stack(Sgt).

Definition 3.3.31. A stack J is representable (by a scheme) if there exists an iso-
morphism of stacks  — hx = Hom(—, X) for some scheme X, that is, if F is in the

essential image of the 2-Yoneda embedding.

Example 3.3.32. For C = Sch the category of schemes in the fppf/smooth/étale
topology, the subcategory QCoh C Sh constructed in Section 3.3.3 is a substack.

Likewise, there are substacks of Sh corresponding to some of the usual notions
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for Ox-modules, e.g. locally free sheaves of finite rank and invertible sheaves
(the latter is sometimes called the Picard stack of €). One way of saying all of
these things is that the moduli problem of quasicoherent sheaves/locally free
sheaves of finite rank/invertible sheaves is representable by a stack. We will see
that many such moduli problems are represented by stacks, and ultimately

algebraic stacks, in Section 3.5.

Example 3.3.33. The moduli problem .#; ; from Examples 3.2.7 corresponds
to a category fibred in groupoids by 3.2.23, which is a stack in the fppf (resp.

smooth, étale) topology on Sch.

Example 3.3.34. Likewise, the moduli problem .#; from Example 3.2.8 defines
a category fibred in groupoids over Sch (Example 3.2.24) which is a stack in the

fppf/smooth/étale topologies.

Example 3.3.35. Let X be a scheme, G a group (or an algebraic group) acting
on X and for every scheme T, set Gt := G x T. Let {X/G}(T) be the groupoid
whose objects are pairs (P, g) where P is a Gt-torsor over T (as in Section 2.1.4)
and g : P — X x T is a Gy-equivariant morphism. A morphism (P’,g’) —
(P, g) in {X/G}(T) is a pair of compatible morphisms ¢ : T" — T (of schemes)
and P’ — @*P (of Gy/-torsors). Varying T, this defines a category fibred in
groupoids {X/G} over Sch, though in general, this need not be a stack in the
various topologies we put on Sch. Denote its stackification {X/G}* by [X/G],
called the quotient stack of X by G. If X/G exists in the category of schemes,
then the natural morphism [X/G] — X/G sending P +— P/G is a morphism of

stacks.
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Definition 3.3.36. A representable morphism of stacks is a morphism I — G
such that for all morphisms of stacks X — G where X is a scheme, the product F xg X

is a scheme.

Example 3.3.37. All of Sh,QCoh, LFS, Pic, .#1, and .#, are representable by

stacks, but not by schemes.

Lemma 3.3.38. Let X and Y be schemes, viewed as stacks via the 2-Yoneda embedding.

Then any morphism of stacks f : X — Y is representable.

Proof. The 2-Yoneda lemma says that Homg, (X, Y) — Homg,k (X, Y) is an
isomorphism, so f corresponds to a unique morphism f : X — Y in the category
of schemes. Likewise, for any scheme X’ and morphism of stacks X’ — X, there
is a corresponding morphism in the category of schemes. Then taking the fibre
product X xy X’ with respect to the two morphisms of schemes of course yields

a scheme (by Theorem 2.1.23 if you like). Hence f is representable. O

This proof seems a bit silly: the 2-Yoneda lemma ensures that any mor-
phism of stacks between two schemes automatically comes from a morphism
of schemes. However, this perspective of representability will be useful when
we define algebraic spaces and algebraic stacks in the next two sections. In
a word, we want to identify those functors (sheaves or categories fibred in
groupoids) which are locally representable by schemes in the étale topology,
much as schemes themselves are exactly the functors that can be covered by

affine schemes in the Zariski topology.
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3.4 Algebraic Spaces

Classically, a scheme is defined to be a locally ringed space that can be cov-
ered by affine schemes, which are themselves built from commutative rings.

Any scheme X in turn defines a presheaf (its functor of points)
hy : AffSch®® — Set, T+ hx(T) := Hom(T, X)

and the Yoneda Lemma says that the functor Sch — Preshagscn, X — hy is fully
faithful. Further, Example 3.1.56 shows hy is a sheaf in the Zariski topology on
Sch, so we may view Sch as a full subcategory of Shagrsch-

Amazingly, it is also possible to define schemes intrinsically, using only the
notion of sheaves on AffSch = CommRing°®?. The following proposition charac-
terizes the subcategory of Shagsc, corresponding to the sheaves represented by

schemes.
Proposition 3.4.1. A presheaf F : AffSch®® — Set is represented by a scheme if and
only if:

(1) Fis a sheaf in the Zariski topology on AffSch.

(2) The diagonal Ar : F — F x F is representable by separated schemes, i.e. schemes

whose diagonals are closed immersions.

(3) F can be “covered by affine schemes”, i.e. there is a collection of objects {Xi} in
AffSch and open embeddings {hx, — F} such that the map of Zariski sheaves

[ hx,F is surjective.
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Notice that this alternative definition of schemes is not entirely intrinsic:
one first needs the notion of separated scheme. However, this too can be de-

fined intrinsically, resulting in a sequence of full embeddings

CommRingsoP = AffSch «— Sch®®P «—— Sch «— ShAfFSch - PreshAfFSCh.

Remark 3.4.2. The previous discussion can be modified to intrinsically con-
struct the category of S-schemes Schg for any scheme S, specializing to the
above case when S = SpecZ. We now pass to the relative perspective for the
remainder of the chapter, since it will be essential in our later discussions of

algebraic stacks and stacky curves.

Let S be a scheme. In Example 3.1.56, we showed that a representable
presheaf hy is a sheaf in the étale topology on Schs. The natural question then

is: which sheaves on S, can be covered by representable sheaves hx?

AffSch «— Sch «——??? «—— Shg,, C Preshs,,.

3.4.1 Definitions and Properties

Let S be a scheme. As in Section 3.3.4, we say a morphism F — G of
presheaves on Schg is representable (by schemes) if for all morphisms of presheaves

hz — G, where Z is an S-scheme, the fibre product F x g hy is representable.

Lemma 3.4.3. Suppose F is a sheaf in the étale topology on Schg such that Ay : F —

F xs Fis representable by schemes. Then for any S-scheme Z, every morphism hy — F
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is representable.

As a consequence, it makes sense to talk about certain properties of mor-
phisms between schemes also in the context of sheaves on S, e.g. proper, sep-

arated, surjective, smooth, unramified, étale.

Definition 3.4.4. An algebraic space over S is a presheaf X : Schl’ — Set such

that:

(1) Xis a sheaf in the étale topology on Schs.

(2) The diagonal morphism Ax : X — X xg X is representable by schemes.

(3) There exists a surjective étale morphism hy — X where U is an S-scheme.
Lemma 3.4.5. For every S-scheme X, the presheaf hx is an algebraic space over S.

Proof. The only nontrivial axiom to verify is (1), which was shown in Exam-

ple 3.1.56. O
Let ASs denote the full subcategory of S¢; of algebraic spaces.

Remark 3.4.6. In analogy with the category of S-schemes, the category ASg is
equivalent to the category of pairs (X, ¢) where X is an algebraic space (over

SpecZ) and ¢ : X — S is a morphism of algebraic spaces.

Next, we describe algebraic spaces as explicit quotients of schemes, via so-
called étale equivalence relations. As before, all of these constructions specialize
to the case when S = SpecZ, giving an absolute notion of étale equivalence

relation.
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Definition 3.4.7. Let U be an S-scheme. An étale equivalence relation on U is a

subscheme R C U x g U satisfying:

(1) For any S-scheme T, the subset R(T) C U(T) x W(T) defines an equivalence

relation on U(T).

(2) Let s, t : Uxgs U — U be the first and second projections, respectively. Then

their restrictions s, t : R = U are étale.

An étale equivalence relation R on U will sometimes be denoted s,t : R =

U, dropping the s and t when these are understood.

Proposition 3.4.8. Let U be an S-scheme, R C U xg U an étale equivalence relation
and U/R the sheafification of the presheaf T — U(T)/R(T) on Sg. Then U/R is an
algebraic space over S and moreover, every such algebraic space arises as the sheaf

quotient X = U/R for some scheme U and the étale equivalence relation R = U xx U.

An equivalent way to present an algebraic space is by a surjective étale
morphism U — X, where U is a scheme (this is U — U/R in the statement of

Proposition 3.4.8). Such a morphism U — Xis called an étale presentation of X.

Example 3.4.9. Let G be a discrete group acting freely on an S-scheme X. The

freeness assumption says that the map

GxsX—=>XxsX, (g,x)—(x,g-x)

is injective, so R := G xg X is an étale equivalence relation on X. By Proposi-

tion 3.4.8, the quotient sheaf X/G is an algebraic space. However, in general
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X/G need not be representable by a scheme (cf. [Ols, Exs. 5.3.2-5.3.6]).

Let P be a property of morphisms of sheaves in the étale topology preserved
under pullback. We say a morphism f : Y — X of algebraic spaces has property
P if there exists an étale presentation U — X where U is a scheme and U xx
Y — U has property P. Examples of such a property include: normal, proper,
of relative dimension n, dominant, (closed/open) embedding, flat, smooth,

unramified, étale, surjective, locally of finite type, etc.

Definition 3.4.10. An algebraic space X over S is called quasi-separated (resp. lo-
cally separated, separated) if the diagonal Ax : X — X xs X is quasi-compact (resp.

injective, a closed embedding).

Proposition 3.4.11. Let X, Y1 and Y, be algebraic spaces over S with morphisms Y1 —

Xand Y, — X. Then the fibre product Y1 xx Y is an algebraic space over S.

Example 3.4.12. For any algebraic space X, if there exists an étale morphism
X — Speck with a field k, then X is a scheme and we even have X = [ [ SpecL;

where L;/k are separable field extensions.

Example 3.4.13. Conversely, if X is a quasi-separated algebraic space and Speck —

X is surjective, then X = Speck’ for a field k.

Theorem 3.4.14. Let X be a quasi-separated algebraic space over S. Then there exists

a dense open embedding V — X where V is a scheme.
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3.4.2 Sheaves on Algebraic Spaces

The construction of the étale site X¢; on a scheme X in Section 3.1.1 can be
extended to any algebraic space X. Concretely, let X4 be the site whose objects
are morphisms of algebraic spaces Y — X, whose morphisms are X-morphisms
and whose coverings are collections {Y; — Y} of étale morphisms of algebraic

spaces such that [ [ Y; — Y is surjective.

Lemma 3.4.15. Let X be an algebraic space and let C be the full subcategory of Xat
consisting of objects Y — X where Y is a scheme. Then when C is equipped with the

induced Grothendieck topology, there is an equivalence of categories She — Shx,.

Proof. Leti: € < Xg be the natural inclusion of sites. By Proposition 3.1.17,
there is an adjunction i* : She & Shy, : i, which one can check is an equiva-

lence in this case. 0

Definition 3.4.16. Let X be an algebraic space and let C be the category defined in
Lemma 3.4.15. The structure sheaf of an algebraic space X is the sheaf (of rings)
Ox on Xgt corresponding to the sheaf on C defined by (Y — X) — I'(Yzqr, Oy) where

Y is a scheme.

Lemma 3.4.15 allows us to build sheaves on an algebraic space X using an
étale presentation U — X. Let R = U be the étale equivalence relation from

Proposition 3.4.8 such that X = U/R.

Lemma 3.4.17. Let X be an algebraic space with presentation s,t : R = U where U

is a scheme. Then
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(a) There is an equivalence of categories between Shx, and the category of pairs
(F,m) where F is a sheaf on Ug and 1 : s*F — t*F is an isomorphism of sheaves
on R such that the pullbacks of v along the three different morphisms U xx U x x

U — U xx U = Ragree (i.e.  satisfies a cocycle condition).

(b) Similarly, the category of Ox-modules on X is equivalent to the category of
pairs (M,n) where M is an Oy-module on Ug and 1 : s*M — t*F is an

isomorphism of Oy-modules satisfying the same cocycle condition as in (a).
Thus we can make the following definitions for sheaves on algebraic spaces.

Definition 3.4.18. Let X be an algebraic space and M an Ox-module. Then M is
quasi-coherent if there is an étale presentation U — X such that the correspond-
ing Oy-module My is quasi-coherent. Further, if X is locally noetherian, then M is

coherent if there exists such a U — X such that My, is coherent.

To ensure that these notions are independent of the choice of presentation

U — X, we have:
Lemma 3.4.19. Let M be an Ox-module. Then

(a) M is quasi-coherent if and only if for every étale presentation V. — X, the

corresponding Ov-module My is quasi-coherent.

(b) If X is locally noetherian, then M is coherent if and only if for every étale pre-

sentation V. — X, My is coherent.

Proof. Suppose M is quasi-coherent (resp. coherent) and let U — X be an étale

presentation such that My is quasi-coherent (resp. coherent). Then for any
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scheme V and étale map V — X, My and My both pull back to the same sheaf
on V xx U, which must be quasi-coherent (resp. coherent). But the base change

V xx U — Vis étale, so My itself must be quasi-coherent (resp. coherent). [

Definition 3.4.20. Let f : Y — X be a morphism of algebraic spaces and M an Ox-
module. Define the pullback of M to be the Oy-module

M =f "M ®;1, Oy.

Lemma 3.4.21. If f : Y — X is a morphism of algebraic spaces and M is a quasi-

coherent sheaf on X, then £*M is a quasi-coherent sheaf on Y.

The categories QCohx and Cohx of quasi-coherent and coherent sheaves,
resp., on an algebraic space X possess many of the same properties as the corre-
sponding categories of sheaves over a scheme. In particular, their cohomology

theory is well-behaved (cf. [Ols, Sec. 7.5]).

3.5 Algebraic Stacks

We have now assembled enough material to define algebraic stacks. They
are, in an informal way, an interpolation of the concepts of stack and algebraic
space: stacks were a generalization of moduli spaces that incorporated both
groupoids and descent data, while algebraic spaces generalized the notion of
a scheme to the étale topology. In this chapter we give a precise definition of

an algebraic stack and explore various properties inherited from both its stack
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and algebraic space lineages.

3.5.1 Definitions and Properties

Let C be the étale site on a scheme S. From Section 3.3.4, recall that a stack
over C is a category fibred in groupoids X — C such that for every S-scheme T
and every cover {T; — T}, there is an equivalence of categories X(T) — X({T; —
T}). Going forward, we will called such X a stack over S, sometimes writing
X — S. Now that we are using the étale topology, we redefine the notions of

representable (for stacks and for morphisms of stacks) from Section 3.3.4.

Example 3.5.1. A modification of the argument in Example 3.3.29 shows that
every algebraic space X determines a stack hx — S given by hx(T) = Hom(T, X).
In particular, by Lemma 3.4.5, every S-scheme X is a stack over S via its functor
of points. We will abuse notation and write X for both the algebraic space (or

scheme) and the stack.

Definition 3.5.2. A stack X is representable if there exists an isomorphism of stacks

X — hx = Hom(—, X) for some algebraic space X.

Definition 3.5.3. A representable morphism of stacks is a morphismY — X such
that for every scheme U and morphism of stacks U — X, the fibre product Y} xx U is

an algebraic space.

Lemma 3.5.4. Suppose f : Y — X is a representable morphism of stacks. Then for
any morphism V — X where V is an algebraic space, the fibre product V xx Y is an

algebraic space.
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Definition 3.5.5. An algebraic stack is a stack X over S satisfying:

(1) The diagonal Ay : X — X x5 X is representable.

(2) There exists a smooth surjective morphism of stacks U — X where U is a

scheme.

Remark 3.5.6. In axiom (2), one can replace “scheme” with “algebraic space”.
Indeed, as we will see below, it makes sense to talk about a morphism of stacks

Y — X being smooth (among other things) if the diagonal of X is representable.

Let Stacks be the 2-category of stacks over S¢; and let AlgStacks denote the
full sub-2-category of algebraic stacks in Stacks. That is, a morphism of al-
gebraic stacks is just a morphism of categories fibred in groupoids over Sg;.
In particular, for any two algebraic stacks X and Y over S, Homs(X,Y) :=

Homagstacks (X, Y) = Homsgg,eig (X, Y) is a category.

Lemma 3.5.7. Let X be an algebraic stack and T a scheme over S. Then every mor-

phism T — X is representable.

Proof. Suppose U is a scheme and U — X is a morphism of stacks. Then T xy U

is isomorphic to the fibre product of the diagram

TXSU

A
C X X xs X

Since the diagonal Ay is representable, T xy U is isomorphic to an algebraic

space. O]
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Proposition 3.5.8. Let X be a stack over S. Then

(1) The diagonal Ay : X — X xgs X is representable if and only if for every algebraic

space U and u,v € X(U), the sheaf Isom(u,Vv) on U is an algebraic space.

(2) Suppose X is an algebraic stack and X1 — X and X, — X are morphisms of
stacks where X1 and X, are algebraic spaces. Then the fibre product X1 x X is

an algebraic space.

Proof. (1) If U is a scheme, this follows from the fact that the following diagram
defining Isom(u, v) is cartesian:

Isom(u,v) — U

(w,v)

X i X xsgX
More generally, if U is an algebraic space then Isom(u, v) is an algebraic space
if and only if it pulls back to an algebraic space along some (or equivalently
any) étale morphism V — U where V is a scheme. Hence the first sentence
applies.

(2) Let x1 : X3 — X and x, : X; — X be morphisms from algebraic spaces.
Then X; xx Xz is isomorphic to Isom(pix1, p3x2) where p; : X; x5 Xo — Xj,
i=1,2, are the canonical projections. Note that by Proposition 3.4.11, X; x5 Xp
is an algebraic space. Then by (1), Isom(pjx1, p5Xx2) is an algebraic space as

required. O
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Corollary 3.5.9. Any morphism from an algebraic space to an algebraic stack is rep-

resentable.

Definition 3.5.10. The set of points of a stack X, denoted |X|, is defined to be the
set of equivalence classes of morphisms x : Speck — X, where X is a field, and where
two points x : Speck — X and x' : Speck’ — X are equivalent if there exists a field

L D k, k' such that the diagram

Speck

AN

SpecL X

N

Speck’

commutes. Then the stabilizer group (or automorphism group) of a point x € |X|

is taken to be the pullback Gy in the following diagram:

Gx —— Speck

h (x,x)
Ax

X— X xg X

That is, Gx = Aut(x) = Isom(x, x).

As in Section 2.1.2, a geometric point is a point X : Speck — X where k is

algebraically closed.

Example 3.5.11. Let X be an algebraic space over S and suppose G is a smooth

group scheme acting on X. Let [X/G] denote the quotient stack constructed in
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Example 3.3.35. Explicitly, the objects of [X/G] are triples (T, P, 7t), where T is an
S-scheme, P is a torsor under G7 := G xg T for the étale site Tg;and 71 : P — X xg
T is a Gr-equivariant morphism. Morphisms (T',P’,n') — (T,P,n) in [X/G]
are given by compatible morphisms of S-schemes ¢ : T" — T and Gy/-torsors
P : P’ — @*P such that o*mop = 7’. We claim [X/G] is an algebraic stack.
The tautological G-torsor X — [X/G] given by (T — X) — (T, X xs T,idxxs7) is a
smooth presentation. So we need only check that the diagonal map A = Ay /g
is representable. To do this, we use Proposition 3.5.8(1).

Let T be an S-scheme and for two objects t; = (Py,711) and t; = (P, mp) €
[X/GI(T), consider the sheaf [som(t1, t;) over Tg. Asin Proposition 3.5.8, Isom(ty, t;)
is an algebraic space if and only if pulls back to an algebraic space along some
étale morphism f : V — T where V is a scheme. We may choose V so that f*P;
and f*P, are both trivial Gy-torsors on V. To make notation easier, replace T
by V and fix isomorphisms ¢; : P; — Gt for i = 1,2. Then Isom(ty, t5) is the
sheaf sending

Ur—{g e G(U)|m(e) =m(g)}

where e € G7(T) is the identity element. In other words, Isom(t;, t;) is isomor-
phic to the fibre product in the diagram
G
(T1(e), m2)

Ax
XT —_— XT XT XT

where X7 := X xg T. It follows that Isom(tq, ty) is a scheme and therefore an
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algebraic space by Lemma 3.4.5.

Example 3.5.12. The classifying stack of a smooth group scheme G over S is the

quotient stack BG = [S/G], where G acts trivially on S.

Proposition 3.5.13. Let X, Y1 and Y, be algebraic stacks over S and suppose Y1 — X

and Yo — X are morphisms of stacks. Then Y1 xx Yo is an algebraic stack over S.

Example 3.5.14. The stabilizer groups Gx = Aut(x) are part of a larger structure
on an algebraic stack X. The inertia stack of X is the pullback in the following

diagram

Jx X

Ay

X i X xgX
Explicitly, the objects of Jy are pairs (T, x, g) where T is a scheme, x € X(T) and
g € Autyr)(x). Morphisms (T',x’,g’) = (T,x, g) only exist when T’ = T and
consist of a morphism f : x" — x in X(T) such that gf = fg’. For any scheme
T and morphism of stacks T — X, the fibre product Jx x T is equal to the
algebraic space Auty on Tg;. For example, when T = Speck and x : Speck — X

is a point of X, Jy xx Speck = Gy.

Let P be a property of S-schemes in the smooth topology on Schg preserved
under pullback. We say an algebraic stack X over S has property P if there is a
smooth presentation U — X where U is a scheme with property P. Examples of

such properties include: (locally) noetherian, regular, normal, locally of finite
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type or finite presentation, n-dimensional, etc. Likewise, we say a morphism f :
Y — X has property P if there exists a smooth presentation U — X by a scheme
U such that U xx Y — U has property P. Examples include: normal, proper,
(closed/open) embedding, flat, smooth of relative dimension n, unramified,

étale, surjective, affine, etc.

Definition 3.5.15. An algebraic stack X over S is quasi-separated (resp. sepa-
rated) if the diagonal Ay : X — X xs X is quasi-compact and quasi-separated (resp.

proper).

Example 3.5.16. An important example of a property of morphisms of schemes
that is available for algebraic stacks is the notion of formally unramified. Its
definition (given in [ , Ch. 17]) is equivalent to the following: a mor-
phism of schemes Y — X is formally unramified if and only if Qy, x = 0. As this
vanishing condition is preserved under pullbacks and is local in the smooth
(and étale) topology, we also have a notion of a formally unramified morphism

of algebraic stacks.

Let X be a locally noetherian algebraic stack over S with smooth presen-
tation U — X. As with algebraic spaces (cf. Proposition 3.4.8), X can also
be presented by a pair of morphisms of algebraic spaces s,t : R = U where
R = U xy U. There is also a canonical morphism e : U — R. (This is an exam-

ple of a groupoid presentation, cf. [SP°, Tag 04T3].)

Definition 3.5.17. Let x : Speck — X be a point of X and u € U a point mapping to
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x along U — X. The dimension of X at x is the difference

dimy (X) = dimy, (U) — dimg () (Ry) € Z U{oo}

where Ry, is the fibre of walong s : R — U. The dimension of the stack X is

dim(X) = sup dim,(X).
x€|X|

Example 3.5.18. Let G be a group scheme of finite type acting on a scheme X.
Then the quotient stack [X/G] has dimension dim(X) —dim(G), so in particular,
stacks can have negative dimension. For example, if G is a group scheme over

a field k, then dim(BG) = dim([Speck/G]) = —dim G.

For a locally noetherian scheme X over S, the relative normalization of X is an
S-scheme X" together with an S-morphism XV — X uniquely determined by

the following properties:

(1) X¥ — Xis integral, surjective and induces a bijection on irreducible com-

ponents.

(2) XY — X is terminal among morphisms of S-schemes Z — X where Z is

normal.

Equivalently, X" is the normalization of X in its total ring of fractions (cf. [

Tag 035E]).

7

Lemma 3.5.19 ([S°, Tag 07TD]). If Y — X is a smooth morphism of locally noethe-

rian S-schemes and X" is the relative normalization of X, then X" xx Y is the relative
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normalization of Y.

As a consequence we can extend the definition of normal/normalization to
an algebraic stack. The existence and uniqueness of the following construction

are proven in [AB, Lem. A 4].

Definition 3.5.20. Let X be a locally noetherian algebraic stack over S. Then X is
normal if there is a smooth presentation U — X where U is a normal scheme. The
relative normalization of X is an algebraic stack X and a representable morphism
of stacks XV — X such that for any smooth morphism U — X where U is a scheme,

U x XY is the relative normalization of U — S.

Lemma 3.5.21 ([AB, Lem. A.5]). For a locally noetherian algebraic stack X, the rel-

ative normalization X is uniquely determined by the following two properties:

(1) X¥ — X is an integral surjection which induces a bijection on irreducible com-

ponents.

(2) X¥ — X is terminal among morphisms of algebraic stacks Z — X, where Z is

normal, which are dominant on irreducible components.
For more properties of normalizations of stacks, see [AB, Appendix A].

Definition 3.5.22. Let X, Y and Z be algebraic stacks and suppose there are morphisms
Y — Xand Z — X. Define the normalized pullback Y x3. Z to be the relative

normalization of the fibre product Y x Z.

We will write the normalized pullback as a diagram
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%X%Z%Z

3.5.2 Deligne-Mumford Stacks

We have so neglected a key property of algebraic spaces when generalizing
them to algebraic stacks: the étale presentation (or equivalently by Proposi-
tion 3.4.8, the étale equivalence relation). In many ways, the true hybrid be-

tween a stack and an algebraic space is a Deligne-Mumford stack.

Definition 3.5.23. A Deligne-Mumford stack is an algebraic stack X over S which

admits an étale surjection U — X where U is a scheme.
Proposition 3.5.24. Let X be a stack over S. Then

(1) X is algebraic if and only if it has a presentation s,t : R =% U, with R and U

schemes and s and t smooth.

(2) X is Deligne—-Mumford if and only if it has a presentation s, t : R = U, with R

and U schemes and s and t étale.

Proof. (1) follows from [SI°, Tags 04T5 and 04TK] and (2) can be obtained by a

similar proof. See also [ , Sec. 4.3]. O

Theorem 3.5.25. An algebraic stack X over S is Deligne-Mumford if and only if the

diagonal Ay : X — X xs X is formally unramified.
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Proof. This is long; see [DM, Thm. 4.21], [ , Thm. 8.1] or [Ols, Thm. 8.3.3].
Il

Proposition 3.5.26. Assume X is an algebraic stack whose diagonal Ay is finitely
presented. Then Ax is formally unramified if and only if for every geometric point

X : Speck — X, the scheme Auty is a reduced, finite group scheme over k.

Proof. See [Ols, Rmk. 8.3.4]. O

The punchline of these last two results is that we can think of a Deligne-
Mumford stack as an algebraic stack with no “infinitesimal automorphism
groups”. Colloquially, we will even say that a Deligne-Mumford stack has “fi-
nite stabilizers”, as a reduced, finite group scheme over an algebraically closed

tield is precisely the constant group scheme determined by a finite group.

Corollary 3.5.27. If X is an algebraic stack such that for every scheme U and every
object x € X(U), the group Auty is trivial, then X is representable by an algebraic

space.

Proof. The hypothesis implies that the diagonal Ay : X — X xgs X is rep-
resentable by injective morphisms of algebraic spaces, so in particular X is
Deligne-Mumford. Let U — X be an étale presentation by a scheme U. Then
R := U xy U is an étale equivalence relation on U and X = U/R which is an

algebraic space by Proposition 3.4.8. O

Remark 3.5.28. A stronger version of Corollary 3.5.27 says that X is an algebraic
space if the automorphism group of any geometric point is trivial; cf. [Ols,

Rmk. 8.3.6].
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We next give a criterion for when a quotient stack (Example 3.5.11) is Deligne—

Mumford.

Theorem 3.5.29 ([Ols, Cor. 8.4.2]). Let X be a scheme and G a smooth group scheme
acting on X. Then [X/G] is Deligne—Mumford if and only if for every geometric point
y : Speck — [X/G], the stabilizer Gy is étale.

This and Corollary 3.5.27 show that algebraic spaces are precisely those
Deligne-Mumford stacks with trivial stabilizer groups. So in particular, schemes

are Deligne-Mumford stacks with trivial stabilizers.

Example 3.5.30. Famously, the stacks .#1 1 and .#,, g > 2, of Examples 3.2.23
and 3.2.24 are Deligne-Mumford stacks. This was proven by Deligne and
Mumford in [DM]; see also [Ols, Sec. 8.4.3].

Example 3.5.31. Let m and n be positive integers and let P(m,n) = [(AZ
{0})/Gm] where Gy, acts on AZ2 by A- (x,y) = (A™x,A™y). Then P(m,n) is a
Deligne-Mumford stack called the weighted projective line with weights (m, n).
When m and n are coprime, IP(m, n) has a trivial generic stabilizer, so by Corol-
lary 3.5.27, it contains a dense open algebraic space which is in fact a scheme
(isomorphic to P! \ {0,00} = A! \ {0}). If m and n have greatest common

divisor d, then IP(m, n) has generic stabilizer Z/dZ.

Example 3.5.32. More generally, for a sequence of positive integers (my, ..., my),
the weighted projective space with these weights is the Deligne-Mumford stack
P(my, ..., my) = [(A* < {0})/Gm] where Gy, acts on A* 1 by A (xq,...,x) =
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(AMoxg, ..., ATkxy ). As above, if gcd(my, ..., my) = d then IP(my,..., my) has a

generic stabilizer Z/dZ.

Example 3.5.33. Let G be a group scheme acting on a scheme X. If G is not a

finite group scheme, then [X/G] need not be Deligne-Mumford. For instance,

BGm = [S/Gnl] is not Deligne-Mumford (it has a single G,-stabilizer).
* More generally, if G itself is infinite, then BG is not Delignhe-Mumford.

e If Gy, acts on Al by A-x = Ax, then [A'/Gy] is not Deligne-Mumford,
since it has a G,-stabilizer at one closed point (the image of 0 € Al).

However, the generic point has a trivial stabilizer.

e If Gy, actson Al by A-x = A"x, then [Al/Gy] is slightly worse: it has a

G, at the closed point and a generic .

3.5.3 Sheaves on Deligne-Mumford Stacks

Fix an algebraic stack X over S and let AS/X be the category whose objects
are morphisms of stacks X % X, where X is an algebraic space over S, and

whose morphisms are 2-commutative diagrams
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/

That is, a morphism (X’ o)y (X B X isa pair (f,n) where f : X' — X
is a morphism of algebraic spaces and n : p’ = p o f is a natural isomorphism
of functors. We call AS/X the category of X-spaces. Let Sch/X be the full sub-
category of X-schemes, i.e. where objects are morphisms X — X with X an
S-scheme. Note that if X is an algebraic space (or a scheme), then AS/X (or
Sch/X) is the usual slice category.

For technical reasons, we can only construct the étale site of a stack X (in
analogy with Section 3.4.2) when X is a Deligne-Mumford stack; cf. [Ols, Sec. 9.1]
for further details, including the construction of the more general lisse-étale site
on an algebraic stack. For a Deligne-Mumford stack X, let X¢; be the site with
underlying category Schy and coverings given by collections {(f;, 1;) : X; — X}

where each f; is étale.

Remark 3.5.34. There are a number of slight variations on the definition of X4t
that yield the same category of sheaves Shy, for example using AS/X in place

of Sch/X; cf. [Ols, Sec. 9.1].

Definition 3.5.35. The structure sheaf of a Deligne-Mumford stack X is the
sheaf

Oy = Ox,, : Xof — Ring, T+ T(T,0r).

Definition 3.5.36. A sheaf of Ox-modules M is quasi-coherent if for any object
(T — X) € Xgt, the restriction My is quasi-coherent. Further, if X is locally noethe-

rian, then M is coherent if for any such T — X, My is coherent.

Example 3.5.37. Let BG be the classifying stack (Example 3.5.12) of a finite
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group G acting trivially on a scheme S. Then there is an equivalence of cate-
gories between quasi-coherent sheaves on BG and quasi-coherent sheaves on
S with a left G-action. If S = Speck for a field k, then a quasi-coherent sheaf
€ on BG is equivalent to a G-representation V over k. The cohomology of the

algebraic stack BG is then given by group cohomology for G:

HY(BG, &) = HY(G,V) foralli> 0.

Remark 3.5.38. Concretely, a quasi-coherent (resp. coherent) sheaf on a Deligne—
Mumford stack X is the data of a quasi-coherent (resp. coherent) sheaf Mt for
all schemes T — X and compatible isomorphisms of sheaves @*Mr — My for
any X-morphism ¢ : T" — T. Write I'(X, M) for the space of global sections of M,
i.e. choices of sections st € I'(T, M) for all schemes T — X that are compatible

with pullbacks.
Lemma 3.5.39. The structure sheaf Oy is given by Ox 1 = Ot for any scheme T — X.

Example 3.5.40. Generalizing the previous example, a (quasi-)coherent sheaf
on a quotient stack X = [X/G], where X is a scheme and G is a finite group
acting on X, is the same thing as a G-equivariant (quasi-)coherent sheaf on X.
Then for any such sheaf M, T'([X/G], M) = T'(X, Mx)S, the space of invariant

global sections of M over X.

Definition 3.5.41. Let f : Y — X be a representable morphism of Deligne—Mumford

172



stacks and M a quasi-coherent sheaf on X. Then the pullback of M along f is the sheaf
M = 1M Q10 Oy

where £~V is the sheaf sending (T 2> Y) to the quasi-coherent sheaf assigned to T by

the map fop: T — X.

Lemma 3.5.42. Let f : Y — X be a representable morphism of Deligne—-Mumford

stacks. If M is a quasi-coherent sheaf on X, then £*M is a quasi-coherent sheaf on Y.

3.5.4 Coarse Moduli Spaces

Let us return to the perspective of Section 3.2, in which we considered a
moduli problem as a presheaf F : Sch®® — Set. The key to understanding
many moduli problems is to exploit the underlying geometry of F, in the case
F is represented by a scheme M (a fine moduli space). However, as we saw
in several examples in Section 3.2, no such scheme exists in general, so we
embarked on a long and arduous journey to replace presheaves Sch® — Set
with categories fibred in groupoids and ultimately algebraic stacks. We can
think of an algebraic stack X as an assignment of a groupoid X(T) to each S-
scheme T which parametrizes the solutions to some moduli problem over T
while remembering all isomorphisms between solutions. So in this sense, we have
solved the issue of nontrivial automorphisms in moduli problems by passing
to stacks, just as promised.

One might ask what happens when we pass back from groupoids to sets by
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identifying all isomorphic objects in X(T). This is made precise by the notion

of a coarse moduli space.

Definition 3.5.43. Let X be an algebraic stack over a scheme S. A coarse moduli

space for X is an algebraic space X over S and a morphism of stacks m : X — X
satisfying:

(1) mis initial among all maps X — X', where X' is an algebraic space over S. That
is, if g : X — X' is such a map, then there is a unique morphism of algebraic

spaces f: X — X' such that g = fo .

(2) The map |X(k)| — X(k) is bijective for any algebraically closed field k, where

X (k)| denotes the set of isomorphism classes in the groupoid X(k).

The main theorem governing coarse moduli spaces was assumed for a long
time, but not proven until work of Keel and Mori ([XM]) in the 1990s; see also

[Ols, Sec. 11.2].

Theorem 3.5.44 (Keel-Mori). Suppose X is an algebraic stack over S which is locally
of finite presentation and has finite diagonal Ay. Then X admits a coarse moduli space

m: X — X which is locally of finite type.

Remark 3.5.45. (Comparing fine and coarse moduli spaces) We say a mod-
uli problem F (now considered as a category fibred in groupoids over Sch or
Schg) has a fine moduli space if F is representable by an algebraic space (or, as
is usually desired, by a scheme), say M. This means that for any scheme T,

F(T) = Hom(T, M) and this identification is functorial in T. In particular, the
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identity map idy € Hom(M, M) determines a “universal family” U € F(M),
i.e. a solution to the moduli problem F over M such that for any T, every fam-
ily of solutions to F over T is obtained by pulling back U to T. In contrast,
a coarse moduli space only possesses a map F(T) — Hom(T, M) for each T
(plus the universal property in axiom (2)), but not a universal family, since

idpm € Hom(M, M) need not lift to an element of F(M).

Example 3.5.46. Let G be a finite group scheme acting on a quasi-projective
scheme X. Then the quotient stack [X/G] has coarse moduli space X/G with
coarse moduli map [X/G] — X/G as constructed in Example 3.3.35. Note that
when X is affine, say X = Spec A, then X/G = Spec(AG), where A€ is the ring

of G-invariants of A.

Example 3.5.47. Let .#; denote the moduli stack of elliptic curves from Ex-
ample 3.2.23, which is Deligne-Mumford by [DM]. Denote the coarse mod-
uli space of .#71 by Mj ;. Classically, the j-invariant identifies M = Al =
Speck[j] via the map (E, O) — j(E); this is proven in detail in [Ols, Sec. 13.1],

for example.

Example 3.5.48. The coarse moduli space of the moduli stack .#; of curves of
genus g > 2 is likewise denoted My and is a subject of much study in algebraic
geometry. Deligne and Mumford famously introduced a compactification ./Z
of .#4 which is a proper Deligne-Mumford stack (even over Spec Z). Both .Z
and %g, as well as their coarse spaces, have dimension 3g —3 when g > 2, so

the complexity of these spaces grows with g.
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The Keel-Mori theorem guarantees that every Deligne-Mumford stack (lo-
cally of finite presentation and with finite diagonal) has a coarse moduli space.
This allows us to give an explicit description of the local structure of such a

Deligne-Mumford stack in terms of its coarse space.

Proposition 3.5.49. Let X be a Deligne-Mumford stack which is locally of finite pre-
sentation and has finite diagonal Ay and coarse moduli space 7 : X — X and fix a
geometric point X : Speck — X with stabilizer Gx. Then there is an étale neighbor-
hood U — X of x := 1o X and a finite morphism of schemes V' — U such that Gx acts

on Vand X xx U = [V/Gg] as stacks.

Proof. This is [Ols, Thm. 11.3.1]. 0
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Chapter 4
Stacky Curves

In this chapter we explore the central topic of this thesis: stacky curves. In
Section 4.1, we give the basic definitions and constructions on stacky curves
which will be used to classify them in later sections. Following a running
theme of tame vs. wild, we divide up the our classification efforts into the tame
case (Section 4.2) and the wild case (Sections 4.3 and 4.4). This includes proofs

of the main results (Theorems 0.1.1, 0.1.2 and 0.1.3) stated in Section 0.1.

4.1 Basics

4.1.1 Definitions

Fix a field k of characteristic p > 0 and let X be a Deligne-Mumford stack

over the étale site (Speck)¢. Recall that by Proposition 3.5.26, the stabilizer
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group of any point x € |X]| is finite.

Definition 4.1.1. We say X is a tame stack if the order of each stabilizer group Gy is

coprime to p. If p divides |G| for any x € |X|, we say X is a wild stack.

Example 4.1.2. Every Deligne-Mumford stack over a field of characteristic 0 is

tame.

Tame stacks in general are better understood because they are more well-
behaved, e.g.if m: X — Xis a coarse moduli map then the pushforward functor
on quasi-coherent sheaves 7, : QCohy — QCohy is an equivalence of categories

(cf. [Ols, Prop. 11.3.4]).

Definition 4.1.3. A stacky curve is a smooth, separated, connected, one-dimensional
Deligne-Mumford stack X which is generically a scheme, i.e. there exists an open sub-
scheme U of the coarse moduli space X of X such that the induced map X xx U — U

is an isomorphism.

Proposition 3.5.49 says that that every stacky curve is, étale locally, a quo-
tient stack [U/G] for U a scheme and G = Gy the stabilizer of a geometric
point (and thus a constant group scheme). By ramification theory (cf. [Ser2,
Ch. 1V, Cor. 1]), if X is a tame stacky curve then every stabilizer group of X is
cyclic. Consequently, with some hypotheses (cf. [G5]) a tame stacky curve can
be described completely by specifying its coarse moduli space and a finite list
of numbers corresponding to the finitely many points with nontrivial stabiliz-
ers of those orders. In contrast, if X is wild, it may have higher ramification

data and even nonabelian stabilizers. One of the main goals of this thesis is to
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describe how wild stacky curves can still be classified, which will be done in
Sections 4.3 and 4.4.
Let X be a stacky curve and suppose % : Speck — X is a geometric point

with image x and stabilizer Gy.

Definition 4.1.4. The residue gerbe at X is the unique stack Gy satisfying:
(1) G« is a reduced algebraic stack.
(2) |G« consists of a single point.
(3) There is a monomorphism of stacks Gx — X whose image is x.

Existence and uniqueness follow from [SI°, Tags 06UH and 06ML]. We say

x is a stacky point of X if Gy # 1. As a substack of X, this Gy may be regarded as

a “fractional point”, in the sense that deg Gx = |G1—|

4.1.2 Divisors and Vector Bundles

Let X be a normal Deligne-Mumford stack with coarse space X. As in

scheme theory (cf. Section 2.2.1), we make the following definitions:

e An irreducible (Weil) divisor on X is an irreducible, closed substack of

X of codimension 1.

¢ The (Weil) divisor group of X, denoted Div X, is the free abelian on the

irreducible divisors of X; its elements are called (Weil) divisors on X.
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* A principal (Weil) divisor on X is a divisor div(f) associated to a mor-
phism f : X — P} (equivalently, a rational section f of the structure sheaf
Ox) given by

div(f) =Y vz(f)Z
z

where vz (f) is the valuation of f in the local ring Ox 7.

e Two divisors D,D’ € DivX are linearly equivalent if D = D’ + div(f)

for some morphism f : X — Py.

* The subgroup of principal divisors in Div X is denoted PDiv X. The divi-
sor class group of X is the quotient group CI(X) = Div X/ PDiv X.

Lemma 4.1.5. Let X be a stacky curve over k with coarse space morphism 1 : X — X.
Then for any nonconstant map f : X — P, div(f) = n* div(f’), where f' : X — Pi

is the unique map making the diagram

commiuite.
Proof. See [ ,5.4.4]. O

For a scheme X, a rational divisor on X is a formal sum E = ), rzZ where
vz € Q for each irreducible divisor Z C X. Denote the abelian group of rational

divisors on X by Q Div X.
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Proposition 4.1.6 ([Beh, Thm. 1.187]). Let X be a stacky curve with stacky points
P1,...,Pn whose stabilizers have orders my, ..., my, respectively, and let X be the
coarse space of X. Then there is a one-to-one correspondence between divisors D €
Div X and rational divisors E = ) pvpP € QDiv X such that myvp, € Z for each

I1<igs<n

Definition 4.1.7. The degree of a divisor D = ) p,npP on a stacky curve is the
formal sum deg(D) = > _pnpdegP, where deg P = deg Gp = ‘Glﬂ is the degree of

the residue gerbe Gp at P.

Remark 4.1.8. The degree of a divisor on a higher dimensional normal Deligne—
Mumford stack is also defined, though we will not need it here. In general, a
divisor on X need not have integer degree or coefficients, as the example below
illustrates. However, Lemma 4.1.5 shows that for a morphism f : X — P (i.e. a

rational section of Ox), the principal divisor div(f) always does.

Example 4.1.9. Let n > 1 and consider the quotient stack X = [A%: /Un), where
hn is the finite group scheme of nth roots of unity acting on Al by multi-
plication. Then X has coarse space X = A%j/ Up = Aé; lett: X — Xbe
the coarse map. Consider the morphism of sheaves m*Qy — Qy, where Qy
is the sheaf of differentials (defined below). Here, Q AL is freely generated
by dt where AL = SpecClt]. Let z be a coordinate on the upstairs copy of
A¢, so that the cover AL — [Al/un] — AL is given by t — z™. Since
AL — [AL/1n] is étale, we can identify Qy with Q AL generated by dz. Then

the section s of Qy ® m*Qy given by m*dt — d(z") = nz" ! dt has divisor
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div(s) = (n—1)P, where P is the stacky point over the origin in A}:. Thus
deg(div(s)) = (n—1)deg(P) = n=l 5o divisors of sections of nontrivial line

n

bundles can have non-integer coefficients.

Definition 4.1.10. A Cartier divisor on a normal Deligne-Mumford stack X is a

Weil divisor which is (étale-)locally of the form (f) for a rational section f of Ox.

Lemma 4.1.11. If X is a smooth Deligne—-Mumford stack, then every Weil divisor is a

Cartier divisor.
Proof. Pass to a smooth presentation and use [CS, Lem. 3.1]. O]

For the most part in this chapter, we will consider stacky curves X, which
are by definition smooth and Deligne-Mumford, so we can identify the group

of Weil divisors on X with the group of Cartier divisors on X.

Lemma 4.1.12 ([ , 5.4.5]). Every line bundle L on a stacky curve X is isomorphic
to Ox (D) for some divisor D € Div(X). Moreover, Ox(D) = Ox(D’) if and only if

D and D’ are linearly equivalent.

Remark 4.1.13. Lemma 4.1.12 says that for a stacky curve X, the homomor-
phism CI(X) — Pic(X),D — Ox(D) is an isomorphism. This isomorphism
holds more generally for locally factorial schemes which are reduced (cf. [SP,
Tag OBE9]), and it should similarly hold for reduced, locally factorial stacks,

though we were not able to find a reference.
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Lemma 4.1.14. Let X be a Deligne—-Mumford stack and D € Div X. Then there is an

isomorphism of sheaves (on X)

ﬂ*OX(D) = OX( LDJ)

where | D | is the floor divisor obtained by rounding down all Q-coefficients of D, con-

sidered as an integral divisor on X.

Proof. For an étale morphism U — X, define the map

Ox(|D])(U) — m,0x(D)(U)

fr—fop;

where p; : X xx U — U is the canonical projection. A section f € Ox(|D])(U)
is a rational function on X satisfying |D| + div(f) > 0, or equivalently, D +
div(fopy) > 0. Indeed, by Lemma 4.1.5, n* div(f) = div(f o p) and the floor
function does not change effectivity. Moreover, it is clear that f — fop; is
injective. For a map g : X xx U — P!, there is a map f : U — P! making the

diagram

xqu P
x
]Pl

commute by the universal property of py. Therefore f — f o p; is surjective, so

2
u
f
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we get the desired isomorphism Ox(|D|) — 7. Ox(D). ]

Definition 4.1.15. For any morphism of Deligne—Mumford stacks f : X — Y, define
the sheaf of relative differentials Qy y to be the sheaf which takes an étale map

U — X to Qu i (U), the vector space of k-differentials over U. Set Qy := Qx/gpeck-
Equivalently, Qy y can be defined as the sheafification of the presheaf U

Qo (uy/t-10y(u):

Lemma 4.1.16. For a morphism of Deligne—-Mumford stacks f : X — Y, let I C

Oxxyx e the ideal sheaf corresponding to the diagonal morphism A : X — X Xy X.
Then Quypy = A*1/7%

Proof. See [Bos, Sec. 8.2] for the proof in the category of schemes, which is easily

generalized to Deligne-Mumford stacks using étale presentations. O
Corollary 4.1.17. Let X be a stacky curve over k. Then Qx is a line bundle.

Proof. For any étale map U — X, f*Qy = Qy is a line bundle. Moreover, Qy
is locally free and rank of locally free sheaves is preserved under f*, so Qy is

itself a line bundle. O

As a result, Lemma 4.1.12 shows that Qy = Oy (Ky) for some divisor Ky €
Div X, called a canonical divisor of X. Note that a canonical divisor is unique up

to linear equivalence.
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Proposition 4.1.18 (Stacky Riemann-Hurwitz — Tame Case). For a tame stacky

curve X with coarse moduli space 7t : X — X, the formula

Ky =mKx+ Y (IGd—1)x
xeX(k)

defines a canonical divisor Ky on X.

Proof. Thisis [ , Prop. 5.5.6], but the technique will be useful in a later gen-
eralization so we paraphrase it here. First assume X has a single stacky point
P. Since 7 is an isomorphism away from the stacky points, we may assume by
Lemma 3.5.49 that X is of the form X = [U/p,] for a scheme U and p, the group
scheme of rth roots of unity, where r is coprime to chark. Set X = U/u, and
consider the étale cover f : U — [U/p,]. Then f*Qy/x = Qy/x so the stalk of
Qy /x at the stacky point has length  — 1. In general, since X — X is an isomor-
phism away from the stacky points, the above calculation at each stacky point

implies that the given formula for Ky defines a canonical divisor globally. [

For a tame stacky curve X, define its (topological) Euler characteristic x(X) =

—deg(Ky) and define its genus g(X) by the equation x(X) =2 —2g(X).

Corollary 4.1.19. For a tame stacky curve X with coarse space X,

90 = g(X)+5 Y (1— = |) deg (x).

xeX (k)

where 7t : X — X is the coarse map.
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4.1.3 Line Bundles and Sections

Recall that in the category of topological spaces, for any group G there is a

principal G-bundle functor
X — ]§1§1G (X) = {principal G-bundles P — X}/iso.

which is represented by a classifying space BG, i.e. there is a natural isomor-
phism

Bung(—) = [, BG]

where [X, BG] denotes the set of homotopy classes of maps X — BG. Topolog-
ically, BG is the base of a universal bundle EG — BG with contractible total
space EG, so informally, we can think of the classifying space as BG = o/G.

The algebraic version of this is the classifying stack BG = [Speck/G], to-
gether with the tautological bundle EG = Speck — BG (Example 3.5.12).
Additionally, it is often desirable to have a classification of all principal G-
bundles over X, rather than just isomorphism classes of bundles. (From here
on, BG will denote the classifying stack; there should be no confusion with the
topological space discussed above.) For a fixed k-scheme X, the assignment
T +— Bung(X)(T) = {principal G-bundles over T xy X} defines a stack ([ ,
VIII, Thm. 1.1 and Prop. 1.10]), and we have:
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Proposition 4.1.20. For all k-schemes X, there is an isomorphism of stacks
Bung(X) — Homgg,cks(X, BG)

where Homgy, ks (—, —) denotes the internal Hom stack in the category of k-stacks.
Proof. Follows from the definition of BG = [Spec k/G] in Example 3.5.12. H

Example 4.1.21. When G = GL;,(k), principal G-bundles are in one-to-one cor-
respondence with rank n vector bundles (locally free sheaves) on X. Any line
bundle L — X determines a Gy-bundle Ly = L ~\ so(X), where sy : X — Lis
the zero section. (Equivalently, L is the frame bundle of L.) Conversely, a G-

bundle P — X determines a line bundle by the associated bundle construction:
L=PxE Al:={(y,A) €Px Al}/(y-g,A) ~ (y,g]) for g € G,

(We will use the convention that a group acts on principal bundles on the right.)
One can check that L —+ Ly and P — P x&m Al are mutual inverses. In particu-
lar, principal G -bundles are identified with line bundles on X, and this corre-
spondence extends to an isomorphism of stacks Pic(X) — Homsg,cks (X, BGm),

where Pic(X) is the Picard stack on X (cf. [SP°, Tag 0372]).

For a scheme X, let Div!Y/(X) denote the category whose objects are pairs
(L,s), with L — X a line bundle and s € H’(X,L) is a global section. A mor-

phism (L,s) = (M, t) in Div T(X) is given by a bundle isomorphism
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N/

X

under which ¢(s) = t. The notation DioM(X) is adapted from the notation
Div " (X) used in some places in the literature, e.g. [Ols]. We make the change
to allow for a generalization in Section 4.3.1.

By Example 4.1.21, BG, classifies line bundles, but to classify pairs (L, s),
we need to add a little “fuzz” to BG;,. The next result shows how to do this

with a quotient stack that is a “thickened” version of BGy,.

Proposition 4.1.22. There is an isomorphism of categories fibred in groupoids
Div'! = [Al/Gn.

Proof. Let [A'/Gn] — BGy, be the “forgetful map”, sending an X-point
P
| € [A/Gml(X)
X

to the G-bundle (P & X) € BGm(X). By the universal property of pull-
backs, a map X — [A!/Gy,] is equivalent to the choice of a map g : X — BGn,
and a section s of X xpg,, [A'/G] — X. Further, g is equivalent to a G-

bundle E = ¢g*EG,, — X, where EG;;, — BG, is the universal G,-bundle,
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and L = X xpg,, [Al /Gml is the line bundle on X corresponding to E (as in
Example 4.1.21), so [A!/G,](X) is in bijection with Diol(X). All of the above
choices are natural, so we have constructed an equivalence of categories on
fibres Div M (X) = [A!/Gn](X) for each X. By definition, Div Wisa category fi-
bred in groupoids (over Sch), so by Lemma 3.2.26, this defines an isomorphism

of categories fibred in groupoids Div! = [A1/G]. O
Corollary 4.1.23. Div! is an algebraic stack.

We can similarly classify sequences of pairs (Ly,s1),...,(Ln, sn) by a single

quotient stack.

Lemma 4.1.24. Foralln > 2, [A"/Gy] = [A! /Gy XBGr " XBGn [A' /Gl

n

Proof. An X-point of the n-fold product [A/Gp] XBGp " XBGp [A/Gy] is
the same thing as a Gp-bundle P — X with a collection of equivariant maps
fi,...,fn : P — Al but this data is equivalent to the same bundle P — X

with a single map (fy,...,fn) : P = A", ie. an X-point of the quotient stack

[A™/Gml]. O

4.2 Tame Stacky Curves

In this section, we give the construction of a (tame) root stack, originally
defined in [ ]Jand [ ], and use it to classify tame stacky curves, following

the article [GS].
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4.2.1 Root Stacks

Suppose L is a line bundle on a scheme X. A natural question to ask is
whether there exists another line bundle, say E, such that E" := E¥" = L for a
given integer r > 1. The following construction, originally found in [Cad] and
[ ], produces a stacky version of X called a root stack on which objects like
L'/7 live. An important application for our purposes is that every tame stacky
curve over an algebraically closed field is a root stack. The authors in [ Juse
this to give a complete description of the canonical ring of tame stacky curve,
which will be the subject of Section 5.1.

The question of when an rth root of a line bundle exists can alternatively
be phrased in terms of cyclic G-covers (when the characteristic of the ground
field does not divide |G]), and Kummer theory gives a natural answer to the
question. Recall from Section 1.4.1 that a Kummer extension of fields is a Galois
extension L/K with group G = Z/rZ. We will assume (1, p) = 1 when charK =

p > 0. By Theorem 1.4.6, every such extension is of the form

L =K[x]/(x"—s) forsomes e K~

when K contains all rth roots of unity, and the general case has a similar form.
To understand cyclic extensions in the language of stacks, we have the follow-

ing construction due independently to [ ]and [ 1.
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Definition 4.2.1. For v > 1, the universal Kummer stack is the cover of stacks
r:[A'/Gp] — [A'/Gp]

induced by x — x" on both A and G,.

Definition 4.2.2. For a scheme X, a line bundle L — X with section s and an integer
v > 1, the rth root stack of X along (L, s), written {/(L,s)/X, is defined to be the
pullback

V(L s)/X —— [A!/Gl

|

X [A'/Gn]

where the bottom row is the morphism corresponding to (L, s) via Proposition 4.1.22.

Remark 4.2.3. Explicitly, for a test scheme T, the category /(L, s)/X(T) consists
of tuples (T Py X, M, t,0) where M — T is a line bundle with section t and

P : M" = @*L is an isomorphism of line bundles such that {(t") = ¢*s.

To take iterated roots, we need to extend our definition of Div Uto Deligne—
Mumford stacks. This is implicitly used in the literature but let us carefully
spell things out here. For a Deligne-Mumford stack X, let Dio'!/(X) be the
collection of pairs (£, s) where £ is a line bundle on X and s is a section of £.
As with schemes, there is a natural notion of morphisms (£,s) — (£/,s’) in

DioM(X). A direct consequence of Proposition 4.1.22 is the following.
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Corollary 4.2.4. Let X be a Deligne—-Mumford stack. There is an equivalence of cate-
gories

DiolY () = Homsgacks(X, [A/Gl).

This extends the definition of a root stack to a stacky base: for a line bundle
L — X over a stack X with section s, let {/(£, s)/X be the pullback
V(L,5)/X —— [A!/Gy]

hr

[A/Gr]

where the bottom row comes from Corollary 4.2.4. The following basic results

and examples may be found in [Cad].

Lemma 4.2.5. For any morphism of stacks h : Y — X and line bundle L — X with

section s, there is an isomorphism of root stacks

v/ (h*L,h*s) /Y — /(L,s)/X x Y.

Proof. Follows easily from either the definition of root stack as a pullback, or

from the description of its T-points above (Remark 4.2.3). Il

Example 4.2.6. Let X be the affine line A! = Speck[x]. Then L = O = Ox is
a line bundle and the coordinate x gives a section of L. Choose r > 1 that is

coprime to chark. We claim that {/(0,x)/Al = [A!/W,]. By the comments
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above, for a test scheme T the category v/ (O, x)/A!(T) consists of tuples
(TS AL M, t,)

where M — T is a line bundle with section t and 1} : M" = ¢*Ox sending t" —
@*x. Note that ¢*Ox = O so that ¢*x corresponds to a section f € HO(T, O7)
and thus determinesamap f: T — A'. On the other hand, [A!/11,](T) consists

of principal p,-bundles P — T together with p,-equivariant morphisms P —

A'. Define a map v/ (0, x)/AYT) — [Al/u,](T) by sending

where My — T and h are obtained as follows. The Kummer sequence
0>t = Gmn—>Gn—0
induces an exact sequence
HY(T, ur) = HY(T, Gm) = HY(T, Gr).

By exactness, the choice of trivialization { : M" — Ot determines a lift of M
to a pr-bundle My — T. Then h is the map which takes a root of unity ¢ in the
fibre over q € T to the value {/f(q) € A, where {/f(q) is a fixed rth root of
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f(q) which is determined after choosing an explicit trivialization of ¢*Ox = Or.

(So in each fibre, 1 — =%/f(q).) This extends to an isomorphism of stacks

V(0,x)/AT — [A1/w].

Example 4.2.7. More generally, when X = Spec A and L = Ox with any section

s, we have
V/ (Ox,s)/X = [SpecB/uy] where B = A[x]/(x" —s).

To see this, note that (Ox, s) induces a morphism Spec A — [A'/Gl by Propo-
sition 4.1.22. Lifting along the Gn-cover Al — [A!/G,], we getamap F: X —
A making the diagram

Al

’
’
| %
’
s
’
’
s

X — [A!/Gp)

commute and such that Ox = F*O 51 and s = F*x. By Lemma 4.2.5,

(0% 517X = {/ (001, %)/ AL x o1 X

= [A'/w,] x 51 X by Example 4.2.6

= [Spec B/u,]

for B = k[x]/(x" —s) ® A = A[x]/(x" —s). In general, any root stack {/(L, s)/X
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may be covered by such “affine” root stacks [Spec B/ ]:

Proposition 4.2.8. Let X = {/(L,s)/X be an rth root stack of a scheme X along a
pair (L, s), with coarse map 7 : X — X. Then for any point X : Speck — X, there
is an affine étale neighborhood U = Spec A — X of x = o X such that U xx X =
[Spec B/w,], where B = A[x]/(x" —s).

Proof. This is an easy consequence of Lemma 4.2.5 and Example 4.2.7. O

Theorem 4.2.9. If X is a Deligne-Mumford stack with line bundle £ and section s
and v is invertible on X, then {/(£,s)/X is a Deligne—Mumford stack.

Proof. See [Cad, 2.3.3]. The technique of this proof will be used to prove an

analogous result for Artin—-Schreier root stacks (Theorem 4.3.13). [

Example 4.2.10. If s is a nonvanishing section of a line bundle L — X over
a scheme, then {/(L,s)/X = X as stacks. To see this, note that the following

statements are equivalent:
(a) sisnonvanishing.
(b) Lis trivial.
(c) Ly = X x Gy, as principal bundles over X.
(d) Theinduced map X — [A!/G,] factors through X — [Gm /Gl = Speck.

Further, (d) implies that {/(L, s)/X — X is an isomorphism, so (a) does as well.
So for any pair (L, s), the stacky structure of {/(L,s)/X occurs precisely at the

vanishing locus of s.
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Example 4.2.11. Let L be a line bundle on a scheme X and consider the pull-

back:
X XBGm BGy —— BGn

T

X BGm

Here, the bottom row is induced from the line bundle L, using that BG,, clas-
sifies line bundles. For the zero section 0 of [, we can view the root stack
\T/W as an infinitesimal thickening of this fibre product X xgg  BGm. To
see this explicitly, note that by Proposition 4.2.8, /(L,0)/X may be covered by
root stacks of the form [Spec B/u,], where B = A[x]/(x" —0) = A[x]/(x") = A®x
k[x]/(x") for some Spec A C X. Thus [Spec B/u,] = Spec A x Bu,, which is in-
deed an infinitesimal thickening of Spec A xpg, BGrn. Alternatively: X xpg,
BG,, is the closed substack of {/W whose T-points for a scheme T are
given by
(X XBG,,, BGm)(T) ={(T = X, M, t,9) [(t") = 0}

In some places in the literature, the notation y/L/Xis used for the stack X xpg,
BG;,, in which case {/L/X — {/(L,0)/X is an intuitive notation for this in-

finitesimal thickening.

Note that if p divides 7, the root stack construction of [ ] and [ ]is
still well-defined, but Theorem 4.2.9 fails. Thus to be able to study pth order
(and more general) stacky structure in characteristic p, we must work with a

different notion of root stack.
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4.2.2 Classification Results

In [CS], the authors prove that, with some hypotheses, a tame Deligne—
Mumford stack of finite type over k may be obtained from its coarse space by
iterating two operations: (i) the root stack construction and (ii) the canonical
stack construction. In plain terms, this means that such a stack can be de-
termined from its singularities and its stacky structure. We will not discuss
canonical stacks here, but for stacky curves, the main theorem in [5] reduces

to the following.
Theorem 4.2.12. Let X be a tame stacky curve with coarse map 7 : X — X. Then X

is isomorphic to the fibre product

YV (L1, 81)/X xx - xx §/(Ln, sn)/X
where the ramification locus of Tvis {xq,...,xn} and for 1 < i < m, the pair (L;, s;)
corresponds to the effective divisor x;.
Corollary 4.2.13 ([ , Lem. 5.3.10]). Let X be a tame stacky curve. Then

(a) The isomorphism class of X is completely determined by the coarse space, the

stacky locus and the set of stabilizer groups of the stacky points of X.

(b) For each stacky point x € |X|, the stabilizer group Gy is isomorphic to w, for

somen = 2.

(c) Zariski-locally, X is isomorphic to V/Gx for a scheme V.
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We will see in Section 4.3.2 that such a clean classification fails in the wild
case, but Artin—Schreier theory can be used to tackle the classification problem

at least for wild stacky curves with Z /pZ-stabilizer groups.

4.3 Wild Stacky Curves: The Z/pZ Case

In this section we classify stacky curves in characteristic p > 0 with cyclic
stabilizers of order p using higher ramification data in the sense of Chapter 1.
This approach replaces the local root stack structure of a tame stacky curve
with a more sensitive structure called an Artin-Schreier root stack, allowing
us to incorporate this ramification data directly into the stack. We rigorously
define Artin-Schreier root stacks in Section 4.3.1 and use their properties to

classify wild stacky curves with Z /pZ stabilizers in Section 4.3.2.

4.3.1 Artin—Schreier Root Stacks

When chark = p > 0 and we want to compute a pth root of a line bundle,
the Frobenius immediately presents problems. Specifically, the cover [A!/G,,] —
[A'/Gy] induced by x ~— xP is not étale. To remedy this, we can once again
rephrase the question in terms of cyclic G-covers. This time, we will make use
of Artin-Schreier theory (Section 1.4.2) when G = Z/pZ and Artin-Schreier—
Witt theory (Section 1.4.3) in the general case.

Suppose we have a line bundle L — X and a section s € H°(X, L) of which
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we would like to find a pth root, i.e. a pair (E, t) with (E®?,tP) = (L,s). By
Proposition 4.1.22, such pairs (L, s) are classified by X-points of the quotient
stack [A!/G,]. For our purposes, the algebraic stack [A!/G,] is not sensitive
enough to keep track of the extra information present in Artin—-Schreier theory,
namely the ramification jump.

Instead, let IP(1, m) be the weighted projective line for an integer m > 1
which is coprime to p, as in Example 3.5.31. Note that some authors view
IP(1, m) as a scheme, in which case it is the projective line with homogeneous
coordinates [x,y] corresponding to the graded ring k[xo, x1], but with a gener-
ator xo in degree 1 and a generator x; in degree m. However, it is more natural
to view IP(1, m) as a stack with a single nontrivial stabilizer group Z/mZ at
the point co = [0,1]. In particular, IP(1, m) is a stacky curve and the natural
morphism P(1, m) — P! given by sending [x,y] — [x,z], where z = y™, is a

coarse moduli map.

Lemma 4.3.1. For any m > 1 coprime to p, there is an isomorphism of stacks

P(1,m) := [A? < {0}/Gu] = §/(0(1), 500)/P"
where Gy, acts on A%~ {0} with weights (1, m) and s is the section whose divisor is
the point [0,1]. Furthermore, IP(1, m) is a Deligne—Mumford stack.

Proof. This is clear from the structure of IP(1, m) on the standard covering by
affine opens, along with Proposition 4.2.8. Then Theorem 4.2.9 implies IP(1, m)

is Deligne-Mumford. O
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Fix m > 1 coprime to p and let Diol™(X) be the category consisting of
triples (L, s, f) with L € Pic(X) and sections s € H(X, L) and f € HY(X,L™) that
don’t vanish simultaneously. Morphisms (L, sg, f1) — (M, sp, fa) in Div Lml(x)

are given by bundle isomorphisms
L—%—M
X

under which ¢(s;) = spm and ®™(f) = fp. Then Diol™ is a category fibred

in groupoids over Schy. In analogy with Proposition 4.1.22, we have:

Proposition 4.3.2. For each m > 1, there is an isomorphism of categories fibred in

groupoids Diol™ = P(1, m).

Proof. A map X — (A%~ {0}/Gp] is equivalent to a map X — [A?/Gyy] avoid-
ing (0,0), where G, acts on A? with weights (1, m). Let [A%?/Gm] — BGm
be the forgetful map. Then by the universal property of pullbacks, the map
X = [A%/Gy is equivalent to the choice of a map g : X = BG,, and a section
o of the line bundle L = X xpg,, [A?/Gy] — X. The proof of Lemma 4.1.24
carries through when G, acts on A? with any weights, giving [A%/G,] =
[A1/G.] XBG,, [Al/G] with weights (1, m). Then o really corresponds to
a section s of L, the line bundle associated to g*EGy,, and a section f of L™,
the line bundle associated to (g*EG;,)™. All of these choices are natural, so
we have constructed an equivalence of categories Diol™(X) S P(1, m)(X)

for each X. As in the proof of Proposition 4.1.22, Lemma 3.2.26 guarantees
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that this extends to an isomorphism Dio/"™ = P(1,m) of categories fibred in

groupoids. O
Corollary 4.3.3. Dio"™ is g Deligne-Mumford stack.

Remark 4.3.4. It also follows from Lemma 4.3.1 and Proposition 4.3.2 that

Divl™ is a root stack, namely Tr\‘/((‘)(1), Soo )/IP! but it will be useful for later
arguments to exhibit this isomorphism directly, which we do now. For any

scheme X, a functor

T V(om,so@)/Hﬂ(X) s DM (x)

can be built in the following way. For an object B = (X % PL,L,t, 1™ &
@*O(1)) of the root stack, the morphism ¢ induces two sections @*sg, *ss €
HO(X, *O(1)) and under the isomorphism L™ = ¢*0(1), ¢*s may be identi-
fied with t™. Set Y(B) = (L,s,f) wheres =t = siém and f = sp. Naturality of
Y is clear from the definitions of morphisms in each category. One can check

this gives the same isomorphism of stacks as Proposition 4.3.2.

As in Section 4.2.1, we extend the definition of Div Imlto a stacky base X by
taking Dio "™ () to be the category of triples (£, s, f) where £ is a line bundle
on X and s and f are sections on £ and £™, respectively. Then Proposition 4.3.2

implies the following.

Corollary 4.3.5. Let X be a Deligne—Mumford stack. For each m > 1, there is an
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equivalence of categories

Din[l'm] (X) e HomStacks(xr P(1, m)).

The main feature of IP(1, m) that makes it valuable to our program of study
is the fact that the cyclic order p isogeny p : Gqo — Gg, @ — P — « extends
to a ramified cyclic p-cover ¥ : IP(1,m) — PP(1, m) given by [u, V] — [uP,vP —
vu™P—1] Meanwhile, G, acts on P(1, m) via - [u,v] = [u, v+ au™] and it is
easy to check this action commutes with ¥, so we get an induced morphism
on the quotient stack [IP(1, m)/Gq]. We now use [P(1, m)/Gq] to construct a

characteristic p analogue of the root stack in Section 4.2.1.

Definition 4.3.6. Let m > 1 be coprime to p. The universal Artin—-Schreier cover

with ramification jump m is the cover of stacks

om : [P(1,m)/Gq] — [P(1,m)/Gdl

induced by [u,v] — [P, v’ —vu™PV] on P(1,m) and & — o — x on G

The following definition is inspired by a short article [Ryd] by D. Rydh
and email correspondence between him and the author. The work in [ ]
ultimately dates back to discussions between Rydh and A. Kresch in October
2010, and this portion of the thesis might be viewed as a realization of some of

the questions about wildly ramified stacks that first arose then.
Definition 4.3.7. For a stack X, a line bundle L — X and sections s of £ and f of
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L™, the Artin-Schreier root stack p;.' ((£, s, f)/X) is defined to be the normalized

pullback of the diagram
om ((£,s,)/X) —— [P(1,m)/Gq]
v
Pm
X [P(1,m)/Gq]

where the bottom row is the composition of the morphism X — P(1, m) corresponding

to (£, s, ) by Corollary 4.3.5 and the quotient map P(1, m) — [IP(1, m)/Ggl.

That is, ©,.}((£,s,f)/X) = X XE/IP( | [P(1, m)/G,] with respect to the

1/m)/Ga

universal Artin—Schreier cover g, : [P(1, m)/Gq] — [P(1, m)/Ggl.

Remark 4.3.8. Proposition 4.3.2 showed that for a scheme X, the X-points of
IP(1,m) are given by triples (L, s, f) for a line bundle L — X and two non-
simultaneously vanishing sections s € HO(X,L) and f € HO(X,L™). However,
the classifying map used to define an Artin-Schreier root stack construction
has target [IP(1, m)/Gql, so a global section of L™ is sometimes more than what
is necessary. In fact, the X-points [IP(1, m)/G](X) by definition are G,-torsors
P — X together with G-equivariant maps P — IP(1,m). Assuming s is a
reqular section of L (i.e. a nonzero divisor in each stalk), let D = div(s), so that

L = Ox(D), and consider the short exact sequence of sheaves

0 — Ox *5 Oy (mD) = Ox(mD)|mp — 0.
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This induces a long exact sequence in sheaf cohomology:
0 — HO(X, 0x) — HO(X, Ox(mD)) — H(mD, Ox(mD)lmp) > H'(X,0x) = --- .

So one way to produce a G4-torsor on X is to take the image under the connect-
ing homomorphism $ of a section f € Ho(mD, Ox(mD)|mp). Thatis, P = §(f)
where f is a section of the restriction of L™ to the divisor mD. One can show that
this is bijective: the X-points of [I’(1, m)/G,] are in one-to-one correspondence
with triples (L, s, f) with (L, s) as usual and f a section of L™ supported on the
divisor mD.

Now we can give an explicit description of the points of ol (L, s, f)/X) in
the style of Remark 4.2.3. If Xiis a scheme, let V = X Xp(1,m),c,] IP(1, m)/G] be
the actual pullback of the diagram in Definition 4.3.7. Then for a test scheme T
the category V(T) consists of tuples (T 2y X, M, t,g,) where M — T is a line
bundle with section t € HY(T,M), g € Ho(mE, M™|,,¢) (Where E = (t)) and

P : MP = @*L is an isomorphism of line bundles such that

PY(tP) = @*s and Pmpe(gP —t™Pg) = @F pf

where (—)mpe denotes the restriction to mpE and likewise for ¢} 5. By [AB,
Prop. A.7], the T-points of p,;!((L, s, f)/X) = V¥ has the same description when
T is a normal scheme. In general, the defining equations on t and g are more
complicated. There is a similar description of the T-points of the Artin—Schreier

root stack p;ll((L, s, f)/X) when X is a stack.
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For our purposes, namely when X (resp. X) is a curve (resp. stacky curve),
we will not need this level of control over the sections f. Indeed, étale-locally,
H1(X,0x) = 0 so any f € HO(mD, L™|,,p) as above lifts to a section F €
HO(X,L™). Therefore, étale-locally the T-points of p;l((L, s, f)/X) are given
by (¢, M, t,g,¥) where g € HO(T, M™) and the rest are as above (when T is
normal). While some of our results require global sections, the computations
happen locally so this technical point is not a significant issue in the present

article.
Lemma 4.3.9. For any morphism of stacks h : Y — X and line bundle L — X with

sections s of £ and f of L™, there is an isomorphism of algebraic stacks

P (L, s, W) /Y) — ol ((£,s,1)/X0) x} Y.

m

Proof. As before, this is an immediate consequence of the definition or the ex-

plicit description in Remark 4.3.8. O

4.3.2 Classification Results

We start with a key computation.

Example 4.3.10. Let X = P! = Projk[xo, x1] and suppose Y — X is the smooth
projective model of the one-point cover given by the affine Artin-Schreier equa-

tiony? —y = x~ ™. Then Y admits an additive Z/pZ-action such that Y — X s
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a Galois cover with group Z/pZ. There is an isomorphism of stacks
P ((0(1),x0,X7")/PY) = [Y/(Z/pZ)

which we describe now. As in Remark 4.3.8, let V be the pullback IP! x P(1,m)/Ga]
[IP(1, m)/Gq] so that p;ﬂ((@(l),xo,x?)/ﬂ’l) = V"V is the normalized pullback
(Definition 3.5.22). Also let Yy — P! be the projective closure of the affine
curve given by the equation yPx™ —yx™ = 1, which is in general not normal.
Then by [AB, Prop. A.7], it is enough to construct an isomorphism V(T) =
[Yo/(Z/pZ)](T) for any normal test scheme T. By Remark 4.3.8, assuming T
is “local enough”, the category V(T) consists of tuples (T L. PLLs, f,)
where P : [P — ¢*O(1) is an isomorphism such that {(sP) = ¢*xg and

Y(fP — fs™P~V) = o*x[*. Define a mapping

V(T) — Yo/ (Z/pZ)](T)

L—Yo

(@,L,s, ) — | |
I

where T — T is the Z/pZ-bundle obtained by first constructing a G4-bundle

P — T and showing its transition maps actually take values in Z/pZ C Gq.
Fix a cover {U; — T} over which L — T is trivial; we may choose the U;

small enough so that on each, either s or f is nonzero. Then P can be con-

structed by specifying transition functions ¢y : Ui NU; — Gq for any pair
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Ui, Uj in the cover. Let s; = sy, and f; = f[y,. There are three cases to consider.

First, if s is nonzero on both U; and U;, then we let

filt)  fj(t)
si(t)™  s5(t)™

(pijlt'—> € Gq.

If s vanishes somewhere on U; and U;, then set

si(™ 51"
fi(t) fj(t)

(pa:t'—)

Finally, if s does not vanish on U; but does vanish somewhere on U;, we let

filt)  s®™
si(t)™  fy(t)

(pijltf—>

It is easy to see that if s is nonzero on three charts U;, U, Uy, then the transition
maps satisfy the additive cocycle relation @i + @i + @y = 0. Similarly, for
s vanishing on any combination of U;, U;, Uy, the same cocycle relation holds,

e.g. if s vanishes on U; but not on Uj or Uy, then

sit)™  ft) | i) filt) N i) si™
fi(t)  s()™  s(0)™  s(H)™ 0 s(t)™ i) '

@i T Qjk T Oxi =

Therefore (j;) defines a Gq-bundle P — T which is trivial over the cover {U;}.
One can show that the total space of P is (L \ {0} x L™)/Gy, over the locus
where s vanishes, while over the locus where f vanishes, the total space is

(L x L™~ {0})/Gm, where Gy, acts on fibres with weights (1, m) in both cases.
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Over any of the U;, P is trivialized by

(piiui X Ga — P|ui

(t, ) — [s(t), f(t) + as(t)™].

Alternatively, P can be defined as in Remark 4.3.8. By construction, the transi-
tion maps are all Z /pZ-valued since s and f satisfy the equation f? — fs™(P~1) =

@*x[", which over each type of trivialization looks like one of

i P_i: (P*Xl m o ﬁ p_ﬁz_(s@*xl)m
sm sm sP f f fptl -

Thus (@j;) actually determine a Z/pZ-bundle L — T. One can also consider

the Artin-Schreier sequence
0= Z/pZ — Gq S G, — 0.
This induces an exact sequence
HY(T, Z/pZ) — HY(T,Ga) & H!(T,Ga).

Then p(P) is the G4-bundle with transition functions p(@j;) = (pf]. — @yj, SO us-
ing the defining equation for s and f, one can again see that p(@;;) € Z1(T,G,)

is trivial in H!(T, Gg). Therefore by exactness, P lifts to LeH! (T,Z/pZ).
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Next, there is a map L—Y given by sending

o (0 )

e*x1(t)” s(t)™

and extending by the Z /pZ-action on the fibre tt. That is, the entire fibre over
t is mapped to the Galois orbit of a corresponding point on Yy. The resulting
morphism

V(T) = Yo/ (Z/pZ)I(T)

is an isomorphism for all T, and it is easy to check this is functorial in T. This
proves that for any sufficiently local test scheme T (in the sense of Remark 4.3.8)
which is normal, there is an isomorphism V(T) — [Yo/(Z/pZ)](T). The argu-
ment can be extended to all normal schemes T, so by [AB, Prop. A.7], we get
an isomorphism of stacks o1 ((0(1), %0, x‘l’l)/lPl) = [Y/(Z/pZ)].

A similar analysis shows that for an arbitrary curve X and for any F €

k(X) \ p(k(X)), there is an isomorphism
om (L 0,7)/X) = [Y¢/(Z/pZ)]

where (L, o) corresponds to the divisor div(F) € Div(X), T is a section of L™
such that o restricts to a local parameter at any zero of 1, Yf is the Galois cover

of X with birational Artin-Schreier equation y? —y = F(x).

Example 4.3.11. Whenm = —1 (mod p), we even have o1 ((O(1), xo, x[*)/P!) =

V, i.e. the pullback of P! along the universal Artin-Schreier cover p, : [P(1, m)/Gq] —
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[P(1,m)/G,] is already a normal stack. To show this, we need to write down
an integral equation for o1 ((0(1),x0,%1)/P) xp1 T for any sufficiently local
test scheme T and show that it can be mapped to an integral equation for
Y xp1 T — P In fact, the equation fP — fs™P~1) = @*xT" on the level of

sections can be written

( fs )P < fs )( sP )“(P” sP
@ x} X)) \ o e

where, as in the notation of Lemma 2.2.50, m +1 = pn. This pulls back to

a similar equation on each o;;!((O(1),xo, xT") /PY) xp1 T which then maps to

2P — zx™P~1 = x on Y xp1 T by sending

fs sP
( *n>|—>z and ( . )»—>x.
@*x] ©*x1

By Lemma 2.2.50, zP — zx™P~1) = x is an integral equation for Y xp: T — Pl in

this case since m = pn —1.

In general, every Artin-Schreier root stack o1((L, s, f)/X) can be covered
in the étale topology by “elementary” Artin-Schreier root stacks of the form
[Y/(Z/pZ)] as above — this is completely analogous to the Kummer case de-

scribed by Proposition 4.2.8 but here is the formal statement.

Proposition 4.3.12. Let X = o, 1((L,s,f)/X) be an Artin-Schreier root stack of a
scheme X with jump m along a triple (L, s, f) and let w: X — X be the coarse map.

Then for any point X : Speck — X, there is an étale neighborhood U of x = mox

210



such that U xx X = [Y/(Z/pZ)], where Y is the Galois Z./pZ-cover of U given by

an affine Artin—Schreier equation y? —y = F(x).

Also, we have the following analogue of Theorem 4.2.9 for Artin-Schreier

root stacks:

Theorem 4.3.13. If X is a Deligne—Mumtford stack over a perfect field k of character-
isticp > 0, m is an integer relatively prime to p and L — X is a line bundle with

sections s of £ and f of L™, then ..} ((£, s, f)/X) is a Deligne—-Mumford stack.

Proof. Take an étale map p : U — X such that p*£ is trivial on the scheme
U. It suffices to show ;! ((£,s,f)/X) xx U is Deligne-Mumford. The corre-
sponding map U — P(1, m) induced by (p*L,p*s,p*f) lifts the composition
U — X — [IP(1, m)/Gq] along the quotient map IP(1, m) — [IP(1, m)/Gq]. Con-

sider the composition U — P(1, m) — PL. By Lemma 4.3.9,

P ((£,8,1)/X) xx U = o H(p*L,p*s, p*f)/U) = i ((0(1), %0, x{") /1) xp1 UL

Then Example 4.3.10 shows that 9;,!((O(1), xo, x{“)/lPl) = [Y/(Z/pZ)] where
Y is a smooth scheme and Z/pZ acts on Y — Pl. Since Z/pZ is an étale
group scheme, [Y/(Z/pZ)] is Deligne-Mumford (cf. [Ols, Cor. 8.4.2]). There-
fore [Y/(Z/pZ)] xp1 U is Deligne-Mumford, so o ((L,s,1)/X) xy Uis Deligne-

Mumford as required. O

Next, we give a new characterization of Z/pZ-covers of curves in charac-

teristic p using Artin-Schreier root stacks.
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Theorem 4.3.14. Let k be an algebraically closed field of characteristic p > 0 and
suppose Y — X is a finite separable Galois cover of curves over k andy € Y is a
ramification point with image x € X such that the inertia group 1(y | x) is Z/pZ.
Then there are étale neighborhoods V- — Y of y and U — X of x such that V. — U

factors through an Artin—Schreier root stack
V— g ((Ls,f)/W) » U

for some m.

Proof. Let Oy, and Ox  be the local rings at y and x, respectively. Passing to
completions, we may assume the extension (?JY,U / 6X,x is isomorphic to A/KI[t]]
where A = k([t, u]]/(uP —u—1t"g) for some g € k[[t]]. Per an earlier discussion,
after a change of formal coordinates, we may assume g = 1. By Artin approx-
imation ([SP’, Tag 0CAT]), the extension of henselian rings O‘\},y/ (‘);lX also has
this form, but since the henselization of a local ring is a direct limit over the
tinite étale neighborhoods of the ring, there must be finite étale neighborhoods
Vo = SpecB — Y of y and Uy = Spec A — X of x such that the corresponding
ring extension is of the form B/A = B/k[t], where B = k[t, u]/(uP —u —1t™).
Furthermore, by results in section 2 of | ], there is an étale neighborhood

U of x such that:
(i) Up = U~ {x}is an affine curve with local coordinate t, and

(ii) the cover V:=U xx Y — U is isomorphic to the one-point Galois cover

of U defined by the birational Artin-Schreier equation u? —u = t™ over
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Up.

Then Z/pZ acts (as an étale group scheme) on V via the usual action on this
Artin-Schreier extension and by Example 4.3.10, [V/(Z/pZ)] = o (L s, f)/U)
for some (L, s, f), so it follows immediately that V' — U factors through this

Artin—-Schreier root stack. ]

Remark 4.3.15. An alternate proof of Theorem 4.3.14 in the spirit of [Gar] goes
as follows. Since the morphism 7t : Y — X has abelian inertia group at x, by
geometric class field theory (cf. [ , Ch.1V, Sec. 2, Prop. 9]) there is a modulus
m on X with support contained in the branch locus of 7 and a rational map
@ : X = ] to the generalized Jacobian of X with respect to this modulus, such
that Y = ¢*]’ for a cyclic isogeny J' — ] of degree p. Meanwhile, every such

isogeny ]’ — Jw is a pullback of the Artin-Schreier isogeny g : Gq — Gq, & >

oaP —
J’ Gq — P(1,m)
‘ $ hpm
Ju Gq — P(1,m)

Let U’ be an étale neighborhood of X on which ¢ is defined and set U =
U’ U{x}. Then over U, ¢ can be extended to a morphism ¢ : U — P(1,m)
such that x maps to the stacky point at infinity, where m = ord, m — 1 (This
m is also equal to condy,x(x) — 1, the conductor of the extension minus 1.) By
Proposition 4.3.2,  may also be defined by specifying a triple (L, s, f) on U:

the pair (L, s) corresponds to the effective divisor D = x and f is a section of
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O(mD) = L®™ determined from the affine equation expressing the pullback of
the isogeny J' — Jm to .
Let V = m*U which is an étale neighborhood of Y. Pulling back (L, s, f) to V

locally defines 1 in the following diagram:

[on
[

[P(1,m)/Gd

By the universal property of o (L, s, f)/U), thereisa map V — ol (L, s, f)/U)

factoring 7t locally as required.

Theorem 4.3.16. Let X be a stacky curve over a perfect field k of characteristic p > 0.
Then

(1) If X contains a stacky point x of order p, there is an open substack U C X
containing x such that U = o, 1((L, s, f)/U) where (m,p) = 1, W is an open
subscheme of the coarse space X of X and (L, s, f) € Div 1,m (u).

(2) Suppose all the nontrivial stabilizers of X are cyclic of order p. If X has coarse
space P!, then X is isomorphic to a fibre product of Artin-Schreier root stacks

of the form p-1((L, s, f)/PPY) for (m,p) = 1and (L, s, f) € Diol™(P1),

Proof. (1) Let m be the unique positive integer such that for any étale presen-

tation Y — X and any point y € Y mapping to x, the ramification jump of
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the induced cover Y — X aty is m. Let U C X be a subscheme such that x
is the only stacky point of U := 7t !(U) C X, where 7t : X — X is the coarse
map. Let L = Oy(x). Then for any étale map ¢ : T — U, there is a canonical
Artin—Schreier root of the line bundle @*7*L. Indeed, since to @ : T — Uisa
one-point cover of curves with inertia group Z/pZ and ramification jump m
at x, Theorem 4.3.14 says there are sections s and f such that 7t o ¢ factors as
T — 9.1((Ls,f)/U) — U. On the other hand, by the universal property of
p;ll((l_, s, f)/U), there is a canonical morphism U — p;ll((l_, s, f)/U), which is
therefore an isomorphism.

(2) Let B = {xy, ..., %/} be the finite set of points in P! covered by points in
X with nontrivial automorphism groups. Since k(PP1) = k(t), we can choose
Fi € k(t) having a pole of any desired order at x; for each 1 < i < r. For
instance, if m; is the ramification jump at x; as defined in (1), then we can
arrange for ordy, (Fi) = —m, for each i. Again by section 2 of [ ], there is
a proper curve Y; — P! with affine Artin-Schreier equation yP —y = F;(t),
corresponding to the function field k[t, y]/(y? —y — Fi) as an extension of k(t).
We claim

X =Y = [V1/(Z/pZ)] xpr -+ xp1 Yo/ (Z/pZ)

which will prove (2) after applying Example 4.3.10 to each [Y;/(Z/pZ)]. We
construct a map X — Y as follows. Let T be an arbitrary k-scheme. Since both
coarse maps X — P! and Y — P! are isomorphisms away from B, we only
need to specify the image of each stacky point Q € X(T). Note that 1(Q) € B,

so t(Q) = xj for some 1 < i < 1. If T = Speck, then such a Q is represented
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by a gerbe B(Z/pZ) — X, so send Q € X(k) to the point of [Y;/(Z/pZ)](k)
corresponding to

Speck gj Yi

!

B(Z/pZ)

where Speck — B(Z/pZ) is the universal Z/pZ-bundle and gq has image
xi € Yi. Extending this to any scheme T is easy: replace the above diagram
with

T 2 Yy xy T

!

B(Z/pZ) i T

and define gg by t ~ (%, t). This defines an equivalence of categories X(T) —
Y(T) for any scheme T, so we can invoke Lemma 3.2.26 to ensure that these

fibrewise equivalences assemble into an equivalence of stacks X — Y. O

Remark 4.3.17. As illustrated in in the proof of Theorem 4.3.16, the ramifica-
tion data at a stacky Z/pZ-point x € X (i.e. the ramification jump m) can be
determined from the stack itself, namely, by which étale covers are allowed at
x. This is unique to the positive characteristic case; in characteristic 0, one only
needs to know the order of the stabilizer at every stacky point to understand
the entire stacky structure. In contrast, for each fixed m there is a family of non-
isomorphic stacky curves, with coarse space IP! and order p stabilizers at any

prescribed points, parametrized by the possible choices of f.
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Remark 4.3.18. The local structure of a stacky curve in characteristic p is sepa-
rable since the stack is by definition Deligne-Mumford and generically a scheme.
Thus around a wildly ramified point, one does not have structures like [U/,]
or [U/o,] which would be more problematic, but will be interesting to have a

description of in the future.

Example 4.3.19. When the coarse space is not P!, Theorem 4.3.16(2) is false.
For example, let k be an algebraically closed field of characteristic p > 0 and
let E be an elliptic curve over k with a rational point P. By Riemann-Roch,
hO(E,O(P)) = 1 so every global section of O(P) vanishes at P and we can ex-
ploit this limitation to construct a counterexample. Let € be a stacky curve
with coarse space E and a stacky point of order p at P with ramification jump
1. This can be achieved, by Theorem 4.3.16(1), through taking a local Artin—
Schreier root stack pl_l(((‘)(P), sp, fp)/U) where U is an étale neighborhood of
P, (O(P), sp) is the pair corresponding to the effective divisor P (in Up) and fp is
a section of O(P)ly, not vanishing at P. Then if € were a global Artin-Schreier
root stack over E, there would be some s € H(E, O(P)) vanishing at P and some
f € HO(E, O(P)) not vanishing at P such that & = pfl((O(P),s, f)/E) but such
an f does not exist by the reasoning above. Variants of this counterexample
can be constructed for single stacky points with ramification jump m > 1, as
well as multiple stacky points with the same ramification jump which cannot
be obtained through a fibre product of global Artin-Schreier root stacks. This

argument also works for higher genus curves, so the IP! case is quite special.
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4.4 Wild Stacky Curves: The Higher-Order Cyclic

Case

In this section, we begin extending the techniques in Section 4.3 to the
higher-order cyclic case, i.e. when a stacky curve has a point with stabilizer
group Z/p"Z. As in the tame and prime-cyclic wild case, this comes down
to being able to take p™th roots of line bundles on the coarse space. To study
the general case, we will replace [IP(1, m)/G,] with Whn(l,my,..., mn)/Whp]
where Wy (1, my,..., my) is a new stacky equivariant compactification of the
ring scheme W, of Witt vectors of length n. This construction will be equal
to IP(1, m) in the n = 1 case, thus capturing the case studied in Section 4.3.1.
Before constructing this compactification in general, we introduce the compact-
ification Wy, in the category of schemes, due to Garuti [Gar], which will be the
m; = ... = my, = 1 case of the stacky construction.

In future work, we plan to give an explicit description of the points of the

stacks W, (1, my,..., my) and use a certain order p™ map

Y [Wh(l,my, ..., mn)/Wrl = Wn(l,my,..., mn)/ Wy,

constructed below, to classify stacky curves with order p™ cyclic stacky struc-
y y pcy y

ture.

218



4.4.1 Garuti’s Compactification

For a vector bundle E — X, let P(E) — X denote the projective bundle asso-
ciated to E. By definition, IP(E) = Proj, (Sym(E)) which comes equipped with
a tautological bundle Op(1). Set Op(m) = Op(1)®*™ for any m € Z, where
Op(—1) = Op(1)* by convention. Define ringed spaces (W,,, Own(l)) induc-
tively by

(W1, Oy, (1)) = (P, Op1 (1))

and (Wy, Oy (1)) = (P(Ogy_ ® Oy, (p)),0p(1)) forn >2,

where Op(1) is the tautological bundle of the projective bundle in that step.
There is a morphism

T Wn — Wn,1

for all n > 1 which has fibres P! by definition. Note that 7, OWn (1) = Own_l D
Ow, ,(p). For each n > 2, there is a canonical section of r corresponding to
the zero section of the bundle I[’((‘)Wn_1 &) OWn_1 (p)) over W,,_1. Let Z,, be the
divisor associated to the zero locus of this section. On the other hand, for any
vector bundle E there is an isomorphism P(EY) = IP(E) where EV denotes the

dual bundle. So in our case, there is an isomorphism

POy, , ® O, _,(p) = POy, (-p) & Ogy )
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which induces another section of r, corresponding via this isomorphism to the
zero section of ]P(Oqu (—p) @ Own ). We call this the “infinity section” and

—1

denote its divisor by L.

Proposition 4.4.1 ([Gar, Prop. 2.4]). There is a system of open immersions of schemes

in : Wy — Wy, such that jn (W) = Wp \ By, where By, is the zero locus of a section

of Owy,, (1), given by
Bi=X; and Bn=ZX,+pr'Bh_1forn>2.

Proof. Let j; be the embedding G, = Al — Pl taking 0 — [0,1]. Now in-
duct. Forn > 2, set Uy = jn(W,) = Wy, ~ B,. Then Own(l) is trivial
over Uy, so ™ 1(U,) = ]Phn. By divisor theory, Byy1 = Xn41 + pr*By is
a divisor corresponding to the zero locus of some section of Own(l). Take
Uni1 = Wit ~ Bnyq. We have U yq = Ahn — lPhn = 7 1(Uy) under which

771(0) N Upy1 = Al. Then there is a diagram

where V" is the n-fold composition of the Verschiebung V : W, — W4,
(%0, .-, %) = (0,%g,...,%r). This defines jn;1 : Wni1 — Uny € Wiy and

the rest of the statement follows. O]

220



Corollary 4.4.2 ([Gar, Cor. 2.5]). Foralln > 2,

We next show that W,, is a compactification of W,, which is equivariant

with respect to the action of W,, on itself.
Lemma 4.4.3 ([Gar, Lem. 2.7]). Let Ow,, (1) be the tautological bundle on W,. Then
(1) Oy, (1) is generated by global sections.

(2) For any m > 0, there is an isomorphism of rings
HY(Wh, Oy (m)) — Sym™(H,n-1)
where Hy denotes the dth graded piece of the graded ring

H =F,[t,yo,y1,...,], with deg(t) =1and deg(y;) = ph.

(3) Under this isomorphism, Yn_1 and P define principal divisors

(Yn1)=) apP and (" )= bpP

suchthat 3 ~oapP =Znand 3  ~,bpP = Bn.

This allows us to construct the action of W,, on W,,.
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Proposition 4.4.4 ([Gar, Prop. 2.8]). The action of W, on itself by Witt-vector trans-

lation extends to an action on W, which stabilizes Ow,, (1).

Proof. As mentioned in the introduction to Section 4.3.1, for n = 1, the trans-
lation action of Wy = G, on itself by A - x = x + A extends to an action on
P! = Wy by A- [x,yl = [x+ Ay, yl. Since this fixes co = [1,0], the action sta-
bilizes O(1) = O(1 - 00). To induct, suppose the action of W,, on W,, has been

constructed. Recall that W, ;1 acts on itself by
a-x=x+a:= (So(x;a),S1(x;a),...,Sw(x;a))
where Si(X;Y) € Z[Xp, X1, ...; Y0, Y1,...] are the polynomials defined by
Dn(So, .-+, Sn) = On(Xo, .-, Xn) + On (Yo, ..., Yn)
for the polynomial @, (Xo, ..., Xn) = Z}LO ij}Jn_j . We may alternatively write
SiXY) =X+ Yi+¢i(X;Y)

for some ¢; € Z[Xy,...,Xi—1;Yy,...,Yi—1l. Fix an F,-algebra A. By induction,
W, acts on W,, and fixes Own(l), so the ring W;,(A) acts on the A-module
HO (W, (A), Ow,, (p)). Since W, (A) is a quotient of W, 1(A), the latter also
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acts A-linearly on HO (W, (A), Ow,, (p)). By Lemma 4.4.3,

HY(Wr(A), O (p)) = SymP(Hyn1) @A =Hn 1 ® A

and HO(Wn+1(A), Own+l (p)) = Symp(Hpn) QA= (Hpnfl ®A) @A[ n]-

Define the action of W, 1(A) on HO(W,,1(A), OWnH (p)) by the above action

on H,n1 @ A and by the following on yn:

a-yYn = ant? +tP ¢ @,...,yn_l;a —tP"S (E,...,y—i;a»
Yn :=Yn t+ an + n(t T "\t P

The line bundle (‘)WT1+1 (1) corresponds to the blowup of the point [0,0,...,0,1] €
]P;,‘\Jrl = Proj(Hpn ® A) and one can check that this is fixed by the defined action.

This completes the proof. O

Proposition 4.4.5 ([Gar, Prop. 2.9]). The isogeny o : Wy — W, extends to a cyclic
cover of degree p™,

which is defined over T, commutes with the maps v : Wy, — Wy,_1 and has branch

locus By, with ¥}, By, = pBn.

Proof. Then =1 case is outlined in Section 4.3.1 and is in any case well-known.

To induct, consider the fibre product
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T _

——— Wy

-

0

.

Wh
Then 7t : P — W, is a cyclic p™-cover given explicitly by
P =P(Ow, , O, (P*))

since ¥; B, = pB, and Op(By) = O, (p). Using Lemma 4.4.3, it is possible to

construct a finite, flat morphism
(O Wn+1 — P

over W, using the equation

P
o s (Yo Yh . Yo _ Un
n tp,...,tpﬂ+1, Jcy _p
— P oy tP 1)+tp“+1c _8 Uh Yo _Yn
=yb —yn e T T )

This defines ¥, ;1 as the composition

VAR I 7Y
Yo Wopp =P =>Wog

which is then finite, flat and extends p : W;,;1 — W, 11 by construction. It is

easy to check that the ¥;, and r commute. Finally, (3) of Lemma 4.4.3 tells us
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that B, is the effective part of the principal divisor (tP"), so Y 1 Bn=pBnia

follows from the fact that W (t) = (tP). H

Remark 4.4.6. By construction, the sequence of W, form what is known as
a Bott tower, which originally appears in [GK]. In particular, each W, is a

smooth, projective toric variety (cf. [C5]).

4.4.2 Artin-Schreier—Witt Root Stacks

Next we turn to the construction of the stacky compactification Wa(l,my,..., my)
of the Witt scheme W, for n > 1. We begin by setting W;(1,m) = P(1,m),
our stacky compactification of Wi = Al. The key insight for generalizing this

is to use the fact (Lemma 4.3.1) that P(1, m) is itself a root stack over P!

IP(1,m)

[A/Gr]

‘
Op1(1), X2
S N,

]Pl
Pulling back P(1, m) = Wi(1,m) along the sequence
—>W3L>W2L>W1 Z]Pl

defines Wy (1,m,1,...,1) for each n > 1. Each of these is a root stack over
W, with stacky structure at (the pullback of) Z;; for example, Ws(l,m,1) =

7 W>(1, m) is a root stack over W:
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WZ(ll m,l) [Al/Gm]

E
*Opr(1), 7L
Wz(r pir(1),7 1)[A1/Gm]

For a pair of positive integers (m;, my), the compactification Wj(1, my, my) of

W, is defined by a second root stack, W»(1, my, my) := m§/(0(1),zz)/wz(1,ml,1):

WZ(llml/ mZ) - [Al/Gm]

-
O(1),x
O, Za) e

WZ(ll my, ]-)

Here, O(1) denotes the pullback of the line bundle Ow, to W>(1,mq,1) along

the coarse map. Now we proceed inductively. Letn > 2.

Definition 4.4.7. For a sequence of positive integers (my, ..., my), define the com-

pactified Witt stack Wh(1, my,..., my) to be the root stack in the following dia-

gram:
Wn(llmlz---/mn) [Al/Gm]
Mn
_ O1),5,)
Wn(ll my,.. -/mn—lll) [A /Gm]

where Wi (1, mq,...,my_1,1) = "W, _1(1,my,..., my_1), the pullback along r of
the compactified Witt stack Wy,_1(1,my,...,mn_1) over Wy_1, and O(1) is pulled

back inductively as explained above.
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We will continue writing r for the maps Wao(l,my,...,mn) = Wy_q(1,my,..., mpy_q).

Proposition 4.4.8. For each n > 1, the cyclic p™-cover Wy, : W, — W, induces a

morphism of stacks

KP = Wml,...,mn . Wn(ll ml/ e /mTL) — Wﬂ(ll ml/ cecy mﬂ.)

which commutes with the maps Wa(l,my,...,mn) = Whandr: We(1,mg,..., my) —

Wi 1(1,myq,..., my_1) and satisfies Y*B,, = pBy,.

Proof. Forn = 1, ¥; : P! — P! is the extension of p(x) = xP —x from Al to
PL. As explained in Section 4.3.1, this extends naturally to Wi(1,m) =P(1, m)

as [x,y] — [xP — xym(p_l),yp]. Then by construction ¥*¥; = pX;. To induct,
suppose ¥ : Wo_1(1,my,...,mp_1) = Wy_1(1,my,..., myu_1) has been con-
structed. Then pulling back along r extends ¥ to a cover Wy (1, my,...,my_1,1) —
Wn(1,my,..., my_1,1). Since the root stack construction commutes with pull-
back by Lemma 4.2.5, this induces a morphism V¥ : Wa(l,my,..., my) —
Wa(l,my,..., my). By construction this commutes with 1 : Wao(l,my,...,mn) —
W,_1(1,mq,..., my_1) and we can compute

Y*Bn, =V* (X, +pr'Bn_1) by Proposition 4.4.1
=W, +pr(W'Br 1) sinceV and r commute

=pX,+pr'(pBn_1) by induction

=p(Xn+pr'Bh_1) = pBn.
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This proves the statements for all n > 1 by induction. O

To further study wild structures on stacky curves, it will be necessary to
understand the category of X-points Wa(l,my,..., mp)(X) for any stack X.

Then one can extend the definition of an Artin—Schreier root stack as follows.

Definition 4.4.9. For a stack X, sequence of positive integers (my, ..., my) and mor-
phism @ : X — Wy(1,my,...,my), the Artin-Schreier-Witt root stack of X
along ¢ is defined to be the normalized pullback ®~1(¢/X) of the diagram

Y (@/X) — [Wa(l,my,..., mn) /W]

v
v

X (Wh(1,myq,..., my)/ W]

Our eventual goal is to use Artin—Schreier-Witt theory of covers of curves to
generalize the classification theorems in Section 4.3.2 to the higher-order cyclic
case. Ultimately, we believe it is possible to use this framework to describe a
unified theory of tame and wild stacky curves and their local structure, in the

style of [CS].
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Chapter 5
Applications

In the final chapter, we outline two directions of application for our theory
of wild stacky curves. One direction (Section 5.1), the original inspiration for
this project, concerns canonical rings of stacky curves, a la Voight and Zureick-
Brown [ . The other direction (Section 5.2), is a program for computing
modular forms in characteristic p > 0, a la Katz [Kat], by treating modular
curves as stacky curves with potentially wild ramification. We plan to continue

investigating applications in both settings in future work.

5.1 Canonical Rings

Let X be a compact complex manifold and Qx = Qxc) the sheaf of holo-
morphic differential 1-forms on X. Then in many situations X can be outfitted

with the structure of a complex projective variety by explicitly embedding it
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into projective space using different tensor powers of ()x. For example, if X is
a Riemann surface of genus g > 2 that is not hyperelliptic, the canonical map
X — |0x| = P91 is an embedding. More generally, any Riemann surface X of

genus g > 2 can be recovered as Proj R(X) where

oo

R(X) == P HX, Q})
=0

is the canonical ring of X. In general, the isomorphism X = ProjR(X) may not
hold since Qx need not be ample, but it is still a useful gadget for studying the
algebraic properties of X.

In [ ], the authors extend this strategy to tame stacky curves by giving

explicit generators and relations for the canonical ring

o0

R(X) = EPH(X, OF)
=0

of a stacky curve X, where Oy = Qy /K 18 the sheaf of differentials defined in
Section 4.1.2. This has numerous applications, perhaps most importantly to
the computation of the ring of modular forms for a given congruence sub-
group of SLy(Z) (see Section 5.2), and holds in all characteristics provided
the stack X has no wild ramification. However, numerous (stacky) modular
curves one would like to study in characteristic p, such as Xo(N) with p | N,
have wild ramification and therefore fall outside the scope of results like [ ,

Thm. 1.4.1].
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5.1.1 The Tame Case

Let X be a tame stacky curve over an algebraically closed field k and let

X(X) = —deg(Ky) be the Euler characteristic of X. Then we say X is:
¢ spherical if x(X) > 0;
e euclidean if x(X) = 0; and
¢ hyperbolic if x(X) < 0.

In analogy with the theory of orbifolds in differential geometry, over C these
correspond to a suitable analytification of X (cf. [ , Sec. 6.1]) having univer-

sal orbifold cover equal to

e a“football” F(m,n): astacky IP! obtained by gluing [A! /i, ] and [A! /1],
if x(X) > 0;

e Alifx(X)=0;o0r
* the complex upper half-plane b if x(X) < 0.

The canonical ring of X is isomorphic to k when X is spherical and a poly-
nomial ring in a single variable when X is euclidean. The main theorem in

[ ] computes the canonical ring of X in the hyperbolic case.

Theorem 5.1.1 ([ , Cor. 1.4.2]). Let X be a hyperbolic tame stacky curve over a

perfect field k with stacky points x1, . .., xn having cyclic stabilizers of orders ey, . .., en,
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respectively. Then the canonical ring

is a k-algebra generated in degree at most e = max{l, ey, ..., en} with relations in

degree at most 2e.

This gives formulas (in some cases new formulas) for rings of modular
forms, since these can be interpreted as canonical rings of suitable stacky curves
corresponding to modular curves like Xo(N). We do not at present have such
a concise result for canonical rings of wild stacky curves. However, in the next

few sections, we outline plans to approach this problem in the future.

5.1.2 The Wild Case

In this section, we will show how the Artin—-Schreier root stack construc-
tion can be used to study canonical rings. First, we give a generalization of
the Riemann-Hurwitz formula (Proposition 4.1.18) for stacky curves with arbi-
trary (finite) stabilizers. The upshot is that we can then compute the canonical
divisor from knowledge of the canonical divisor on the coarse space and the
ramification filtrations at the stacky points of X.

Let X be a stacky curve with coarse moduli space X and suppose x € X(k)
is a wild stacky point, i.e. a stacky point with stabilizer Gy such that p divides
|Gx|. Then by Proposition 3.5.49, X is locally given by a quotient stack of the

form [U/Gy] where U is a scheme. Consider the composite U — [U/Gy] X
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where 7t : X — X is the coarse map. Let W denote the schematic image of U in
X, so that U — W is a one-point cover of curves with Galois group Gx. Then
Gy has a higher ramification filtration (for the lower numbering), say (G i)i>o-
It is easy to check this filtration does not depend on the choice of U, so we
call (Gy,i)i>0 the higher ramification filtration at the stacky point x (for the lower
numbering). In the tame case, it is common to put Gy o = Gx and G,; = 1 for
i > 0, so the Riemann-Hurwitz formula in the tame case is subsumed by the

following formula.

Proposition 5.1.2 (Stacky Riemann-Hurwitz). For a stacky curve X with coarse

moduli space 7t : X — X, the formula

o0

Ky =mKx+ Y Y (IGyil—1)x
x€X(K) 1=0

defines a canonical divisor Ky on X.

Proof. As before, begin by assuming X has a single stacky point P. The tame
case was proven in Proposition 4.1.18 but this proof subsumes it, so in theory
P could have any stabilizer group G = Gp. Proposition 3.5.49 says that locally,
X is of the form [U/G] for a scheme U, but since the computation is local, we
may assume X = [U/G]. If f : U — [U/G] is the quotient map, then f*Qy X =
Qy/x so the stalk of Qy /x at P has length equal to the different of the local
ring extension 6x/p / 6X,ﬂ(p). This is precisely > °,(IGpil — 1), by [ , Ch. 1V,
Prop. 4] for example, so the formula defines a canonical divisor on [U/G]. The

local argument extends to the general case once again because X — X is an
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isomorphism away from the stacky locus. O

Example 5.1.3. Consider the Artin-Schreier cover Y — P! of Example 4.3.10
defined birationally by the Artin—-Schreier equation y? —y = f(x), where f is
a degree m polynomial. The resulting quotient stack X = [Y/(Z/pZ)] has a
single stacky point Q lying above co. Let (Gj)i>o be the higher ramification
filtration of the inertia group at Q. Then the coarse space of X is Y/(Z/pZ) =

P!, with coarse map 7: X — P! and

mKpr+ ) (IGil=1)Q=—-2H+} (p—1)Q=—-2H+(m+1)(p—1)Q
i=0 i

where H is a hyperplane, i.e. a point, in P! which we take to be distinct from
oo. Thus we can take Ky = —2H 4+ (m +1)(p —1)Q. More generally, if f is a

rational function with poles at x1, ..., x, of orders my, ..., m;, respectively, then
T
Ky =—=2H+(m+1)(p-1)Q+ ) (mj+1)(p—1)Q;

where Qj is the stacky point lying above x;, Q is again the stacky point above

oo and m = deg(f).

As in the tame case, we may define the Euler characteristic x(X) = — deg(Kx)

and the genus g(X) via x(X) =2 —2g(X).

Corollary 5.1.4. For a stacky curve X over an algebraically closed field k, with coarse

space X,

o(X) =94+ 3 Z(G Gt |Glxr)

XEDC
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where 1 X — X is the coarse map.

Example 5.1.5. If Y — P! is the Artin-Schreier cover given by yP —y = f(x)
with f € k[x] of degree (m,p) =1and X = [Y/(Z/pZ)], then

C(m+1D)p-1)
g9(X) = 2
where m = —ordy(f). For instance, when m = 1, X = [P'/(Z/pZ)] has

canonical divisor Ky = —2H +2(p —1)Q and genus g(X) = %1 =1- %,

similar to the tame case, where [P/ ] has genus 1 — % However, if m > 0, the
genus formula again illustrates that we have infinitely many non-isomorphic

stacky IP1’s.

Example 5.1.6. Let chark = 3 and let E — P! be the Artin-Schreier cover

3

defined by the equation y? = x> — x. In general, the genus of an Artin-Schreier

(p—l)zﬂ so in this case we have

curve in characteristic p with jump m is
g(E) = 1. Thus E is an elliptic curve and it is well-known (and easy to check)
that w = g—;‘ is a differential form on E. Since dim HO(E, Q%) =g(E) =1 w
is, up to multiplication by an element of k*, the only nonzero, holomorphic
differential form on E.

Meanwhile, the stack X = [E/(Z/3Z)] also has genus g(X) = w =1,
so we might call it a “stacky elliptic curve”. Notice that the group action of
Z./3Z on E, which is induced by x — x + 1, leaves w invariant. Therefore w
generates the vector space of differential forms on X, which is equivalently the

space of Z/3Z-invariant differential forms on E. However, the coarse space
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here is IP! which has H°(IP!, Qp1) = 0.

In general, if X has coarse space X and admits a presentation by a scheme
f : Y = X, then these three cohomology groups, HO(Y, £*Qx ), HO(X, Q) and
H(X, Qx), need not be the same. The genus may even increase along f, al-

though this is already true in the characteristic 0 case.

Example 5.1.7. Let Y — P! be the Artin-Schreier-Witt cover given by the equa-
tions
Y

1
yp—yzx—m and zp—z:x—m.

This cover is ramified at the point Q lying over co with group G = Z/p>Z and
ramification jumps m and m(p? + 1) (by Example 1.4.19), so by the Riemann—

Hurwitz formula, the quotient stack X = [Y/G] has canonical divisor

m(p?+1)

Ky=—2H+) (p*-1)Q+ Y (p—-1Q

i=0 i=m+1
= —2H+ ((m+1)(p* —1) + mp*(p —1))Q

= —2H+ (mp® +p* —m—1)Q

Therefore the genus of X is

~ mpP4pt-m-—1

g(X) 22

Once we have our hands on the canonical divisor, the next step in try-

ing to compute the canonical ring of a stacky curve is to apply a suitable
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version of Riemann—-Roch to Ky and count dimensions. When X is a tame
stacky curve, we do this as follows. For a divisor D on X, Lemma 4.1.14 im-
plies that HO(X, Ox (D)) = HO(X,0x(|D|) where |D] denotes the floor divi-
sor. Then at any tame stacky point x, the stabilizer group Gy is cyclic and by
the tame Riemann-Hurwitz formula (Proposition 4.1.18), the coefficient of the
canonical divisor at x is % As a consequence, for any divisor D on X,

|Ky —D| = Kx — |D]. This yields the following version of Riemann-Roch for
X:

ho(X, D) —h%(X, Ky — D) X,|D])—hX, [Ky —DJ)
=ho%X, |D]) —h%(X,Kx — |D])

= deg(|D]) —g(X) +1.

(This appears as Corollary 1.189 in [Beh], for example.)

Example 5.1.8. Let a and b be relatively prime integers that are not divisible
by char k and consider the weighted projective line X = IP(a,b). Then X is a
stacky P! with two stacky points P and Q having cyclic stabilizers Z/aZ and
Z./bZ, respectively. Thus |Ky | = Kp1 = —2H so hY(X,7Ky) =0 forallt > 1. In
this case the canonical ring is trivial: R(X) = HO(X, Oy) = k. This agrees with
Example 5.6.9 in [ I: P(a, b) is hyperbolic, i.e. deg Ky < 0, so R(X) = k.

Example 5.1.9. Assume char k # 2. Let X be a stacky curve with a single stacky

point Q of order 2 and with coarse space X of genus 1. Then Kx = 0so Ky = %Q.
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Thus by Riemann—Roch, for any n > 1 we have

Example 5.7.1in [ ] gives an explicit description of R(X) in terms of gener-
ators and relations, but for now, the dimension count is the essential informa-

tion.

The subtle point above is that for a divisor D on a stacky curve X with
coarse space X, |Ky — D] = Kx — [D] need only hold when X is tame. We
have seen that this is not the case in the wild case. For example the stack
X = [Y/(Z/pZ)] from Example 5.1.3 has canonical divisor Ky = —2H + (m +
1)(p—1)Q, so |Ky] # Kp1 = —2H for most choices of m. However, we can still

apply Riemann—-Roch to obtain new information in the wild case.

Example 5.1.10. Already for a wild P! in characteristic p we have new behavior
compared to the tame case (see Example 5.1.8). Let X be the quotient stack
[Y/(Z/pZ)] given by Artin—Schreier equation y? —y = x™, as in Example 5.1.3.
We computed Ky = —2H + (m +1)(p —1)Q, where Q is the single stacky point

over oo of order p. Then by Lemma 4.1.14 and Riemann—-Roch,

ho(X, nKy) = h(P}, [nKy|) = deg(|nKx ) + 1 +h(P!, Kpi — [nKy]).
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For n =1, this is already a new formula:

=20 o [3])

Therefore deg(|Kx]) = m — {%J — 2. This also shows that Kp1 — [Ky | is non-

effective when m > 2, so we get

h(X, Ky) = max {m— {%J —1,1}.

k(p—1)
P

More generally, since L J =k— {%J —1, we can compute

InKy ] = —2nH + (n(m+ 1) — L@J — 1) 0.

So deg([nKyx|) =n(m—1) — L@J —1 and again, when m > 2, Kx — | Ky|

is non-effective. By Riemann—Roch,

h%(X, nKy) = max {n(m— 1) — rt(mT-I—l)J ,1} i

Example 5.1.11. Let X = [Y/(Z/p?Z)] be the Artin-Schreier-Witt quotient from

Example 5.1.7. For the cases when m < p2, we have

mp’ +p?—m-—1
p2

|Ky| = —2H+ { J 00 = —2H 4+ mpoo

so by Riemann—Roch, hO(DC, Ky) = mp. There’s not such a clean formula for
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the global sections of nKy, but one still has

(mp®+p*—m—1)
2
P

hO(X, nKy) = —2n + Ln

J+1 =n(mp—1)+ LMJ .

p2
When m > p?, the formulas are even more complicated, reflecting the impor-

tance of the ramification jumps in the geometry of these wild stacky curves.

5.2 Modular Forms

Modular forms are ubiquitous objects in modern mathematics, appearing in
a startling number of places, such as: the study of the Riemann zeta function
and more general L-functions; the proof of the Modularity Theorem and re-
lated results by Wiles, Taylor, et al.; the representation theory of finite groups;
sphere packing problems; and quantum gravity in theoretical physics. They
are a critical tool in the Langlands Program and in the study of the Birch
and Swinnerton-Dyer Conjecture. For an overview of the modern theory, see
[ ], and for a longer survey, see [ ]. A useful feature of modular
forms is that they fall into finite dimensional vector spaces and therefore pos-
sess linear relations among their coefficients that encode a wealth of number
theoretic data.

In the next few sections, we will recall the classical definition of modu-
lar forms, define modular forms geometrically (following [Kat]) and suggest a

program for proving dimension formulas for spaces of modular forms coming
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from geometry. Theoretically, this can be done using the stacky version of the

modular curves X(N), Xo(N), X1(N), etc., but will be saved for future work.

5.2.1 Background

Leth = {z € C : im(z) > 0} be the complex upper half-plane and define the
completed upper half-plane h* = h U{oo} U Q, where oo is considered as the point
“i00” and Q is viewed as a subset of the real axis in C. Classically, the modular

group I' =T'(1) = SL(Z) acts on h by fractional linear transformations:

ab az+b

c d z cz+d’

The quotient space Y = Y(1) = b/T, our first example of a(n affine) modular
curve, is isomorphic to C = P{ \ {co}, the once-punctured Riemann sphere.
Its compactification X = X(1) = Y(1) can also be described as a quotient: x =

h*/PSLy(Z), where PSL,(Z) acts on {oo} U Q by

a

a b
E:ap+bq and oo:g.
q C

b
c d cp +dq c d

The modular curve X is a proper Riemann surface isomorphic to P:. Recall

that a (weakly) modular function of weight 2k is a holomorphic function f : h — C
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a b
such that for all g = erl,

f(z) = (cz+ d)"2*f(gz).

o0
n=—

Let q = e?™2. If the q-expansion f(q) = > oo anq"™ of a modular function f
is holomorphic at oo, i.e. an = 0 for all n < 0, then f is a modular form of the
same weight. Cusp forms are those modular forms whose g-expansions have
no constant term, i.e. ap = 0. For each k € Z, let My (resp. 8y) denote the
C-vector space of modular forms of weight 2k (resp. cusp forms of weight 2k).
For a modular form f € My, we define a (holomorphic) differential k-form on
h by
we = f(z) dz* € OF ¢ (h) = HO(h, OF ).

a b
Then for every g = we have

c d

K
= (cz+d)* (a(cz+ d) - C(gz ) f(z) dz*

= (ad—bec)ws = wy

since g € I' = SL,(Z). Hence wy is I-invariant so it descends to a differential

k-form on Y, which we will still write as w; € HO(Y, Q]\j e ). This computation is
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also compatible with the quotient structure X = h*/PSL,(Z), so we can identify
modular forms f € My with certain sections w; € HY(X, Q1§< /C) — the question
is, which sections?

Let ¢ : h* — Xbe the quotient map and fix points P € h* and Q = ¢(P) € X.
It is a standard fact that ¢ is a finite branched cover of X with branch locus

(i, p, o0}, where p = ¥™/3,

Lemma 5.2.1. If f : h — C is a modular form of weight 2k, then the order of vanishing

of wy at a point Q € X is given by

(ordi(f) —k), P=i1

N|=

(ordy(f) —2k), P=p

W=

ordg(ws) =
ordeo (f) — k, P=o00

ordp(f), P & {i,p, 00}

\

Proof. First assume P = iand zis a local parameter at i. Then ¢ is locally given

2

by z — z° so

@ wr = @*(f(z) dz¥) = (%) d(22)*

= f(2%)(2z dz)* = 2f(2?)z" dz~.

Thus ord;(f) = 2ordg(wy) + k. Similarly, if P = p and z is a local parameter at
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p, then @ is locally of the form z — z* and the computation becomes:
e wys = f(2%)(32% dz)* = 3(2%)2%* dz*.

So ord,(f) = 3ordg(ws) + 2k. When P = oo, a local parameter is q = ¢*™* and

@ sends z — @, so if ws = q™ dq*, we get
(P*(Df _ (p*(qn d(€27ﬁ.Z)k) — qn(zﬂi€27ﬁz dz)k — (Zﬂi)kqn+k dzk.

Thus ord(f) = n+k = ordg(ws) + k. Finally, ¢ is an isomorphism away
from the branch locus {i, p, o0}, so the order of vanishing remains constant at

any point outside the branch locus. O

Remark 5.2.2. In general, if a differential form w = f(z) dz* is pulled back
(locally) along z +— z™, then the orders of vanishing of w and f are related by
the equation

ordp(f) =nordg(w) +k(n—1).

This follows directly from the Riemann-Hurwitz formula for the branched
cover h* — X and adapts easily to the modular curve X(I') when I' < SL,(Z) is
any congruence subgroup. To handle cusps like co, one must be careful with
the choice of coordinate q about the cusp, but this can be done. Later, we will
use this approach together with the wild versions of Riemann-Hurwitz and
Riemann—-Roch to compute dimensions of spaces of modular forms in charac-

teristic p.

244



Corollary 5.2.3. For any modular form f : b — C of weight 2k,

1 1
5 ord; (f) + 3 ord, (f) + orde (f) + Z ord, (
zeD~{i,p}

where D = {z ebh:lzl > 1,|Re(z)] < %} is the standard fundamental domain for the

action of T on b.

Proof. Since ws = f(z) dz is a nonzero holomorphic differential 1-form on X,
the Riemann-Hurwitz formula implies deg(wy) = k(2g(X) —2) = —2k. On the

other hand, Lemma 5.2.1 gives us

deg(wy) Z ordg(wy) = ordi(wy) + ordp(ws) + orde (wy) + Z ordg (wy)

QeX Q¢{i,p,00}
1 1
= E(ordi(f) —k)+ g(ordp(f) —2k) + (ordoo (f) — k) + Z ordp(f)
Pe{i,p,00}
13k 1 1
——?+20d()+§ordp()+ord )+ Z ord,(
zeD~{i,p}
Combining these gives the right formula. O
This allows us to identify the image of the map My — HO(X, Qlf( /C)
Corollary 5.2.4. For eachk € Z,
0 K k 2k
My=qweH (X,QX/C) ord;(w) > —E,ordp(w) > Y orde (W) = —k ¢.

Remark 5.2.5. Consider the Q-divisor D = %i + %p + oo on X. Then Corol-

lary 5.2.4 shows we can interpret My, as the space of global sections HY(X, Q¥

X/C LkDJ))
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Further, Proposition 4.1.6 suggests we may instead view D as a true divisor on
some stack X whose coarse space is X. Indeed, taking X to be a stacky X = P
with stacky points at i and p of orders 2 and 3, respectively, we then obtain a

stacky interpretation of the formula in Corollary 5.2.4 by way of Lemma 4.1.14.

Corollary 5.2.6. Let k € Z and let A € 84 be the cusp form A = (60G,)3 —
27(140G3)?, where Gy denotes the kth Eisenstein series. Then

(a) Fork <0andk =1, My =0.
(b) A#0.
(c) Multiplication by A gives an isomorphism My, — Sy for all k € Z.

(d) Fork =0,2,3,4,5, dimy My = 1. Explicitly, My = C[1] and fork = 2,3,4,5,
My = C[Gyl.

(e) Foranyk >0,

e lray

dim Mk =

+1, k#1 (mod 6).

oY iroy

Proof. (a) Every f € Mj is holomorphic, so for k < 0 there is no way for the
order formula in Corollary 5.2.3 to be satisfied unless f = 0. Likewise, when
k = 1 the right-hand side of the formula is } and there are no positive integers

a,b, ¢, d satisfying a + 3b + %c +d= %. Hence M; = 0.
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(b) Since G, € My, the formula in Corollary 5.2.3 has % on the right, so
ord;(Gz) = 0,0rd,(G2) = 1 and hence G, (i) # 0 and Gy(p) = 0. Similarly for
G3z € M3, we have ordi(G3) = 1,ord,(G3) = 0 and therefore G3(i) = 0 and
G3(p) # 0. Since A is a linear combination of G% and G%, this shows that A(1)
and A(p) are both nonzero. In particular, A is nontrivial.

(c) The order formula also shows that A has a simple zero at co. If f € 8y
is a cusp form, then f(co) = 0 so % is holomorphic and hence % € My. As
A # 0, this clearly establishes the isomorphism My — 816, g — gA.

(d) In general, if k — 6 < 0 then by (a), Mx_¢ = 0. By (c), this implies 8y =0,
so there are no cusp forms in My. In other words, the map My — C sending
f — f(oo) is injective, so it follows that for k < 6, dim My < 1. Since Eisenstein
series exist and are nontrivial for k = 2,3,4,5, we therefore have dim M, = 1
for each of these k and My, = C[Gy].

(e) This obviously holds for k < 6 by (a) and (d), but then (c) implies it for
all k by induction, since My = 8§, & C. O

In the next section we will give a more geometric proof of (e) that adapts

well to other settings.

5.2.2 Geometric Modular Forms

To describe modular forms geometrically, let R be the set of lattices in C.
Each A € R can be written A = [w1, wy] := Zw; & Zw; for two linearly in-

dependent w1, wy € C. Note that C* acts on R by scaling. Each A € R also
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determines an elliptic curve Ep := C/A. We will write Ey, o, = C/[w1, w;] and
for a complex number T € b, E;x = E1 1. Let Ell be the set of isomorphism classes

of complex elliptic curves.
Proposition 5.2.7. There is a bijective correspondence

R/C* +— Ell

[A]l — [EAl

Proof. Standard (cf. [DS, Prop. 1.4.1]). O

Fix an elliptic curve E. A lattice A C C such that Ex = E is called a lattice of

periods for E. Explicitly, such a lattice is given by

A= {J w:yeE H1(E;Z)}
Y

where w € HER(E) is a nonzero differential 1-form on E, called an invariant

differential. On the other hand, we have:

Proposition 5.2.8. There is an analytic isomorphism

R/C* =5 Y(1) = h/T.
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Proof. The bijection is given by

R/C* +— h/T

w
[wy, wo] —» — 4T
W

[t,1] +—T+T.

It is routine to check that both maps are analytic. O

Corollary 5.2.9. The modular curve Y (1) is a moduli space for isomorphism classes of

complex elliptic curves.

Further, we can identify modular forms of weight 2k with certain lattice
functions as follows. For a function F : R — C, we say F is modular of weight 2k

if forall A € Rand « € C*, we have
F(aA) = o 2XF(A).

Any modular lattice function F : R — C determines a (weakly) modular func-
tion f : h — C of the same weight given by f(z) = F([z,1]). Conversely, given
a (weakly) modular function f, the formula F([w1, w;]) = w%kf <$—;> defines a
modular lattice function F. Under this correspondence, modular forms corre-
spond to modular lattice functions with the appropriate condition at co.

Next, observe that the set of lattices R is a Gy,-bundle on R/C*. Proposi-

tions 5.2.7 and 5.2.8 suggest that we should be able to construct an analogous

bundle & — Ell performing a similar role. This would allow us to interpret
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modular forms as functions on E just as we did for R. First, define

€ ={(E,w) | E€Ell,weHE Q) w#£0}/~

! w’) if there exists

where ~ denotes the following equivalence: (E,w) ~ (E
an isomorphism of elliptic curves ¢ : E — E’ such that ¢*w’ = w. Since
HO(E, Q]lE /C) has dimension g(E) = 1 for any elliptic curve E/C, such a w is
unique up to scaling, so the forgetful functor & — Ell, [E,w] — [E] is a G-

bundle. Moreover, there is a map R — € which sends [A] to [Ex, dz].

Lemma 5.2.10. The diagram

R e
R/C* —— El

commutes and preserves the Gy-bundle structures on R and E.

We say a function G : € — C is modular of weight 2k if for all [E, w] € € and
xeC*”,

G([E, aw]) = o 2*G([E, w]).

Such a G determines a (weakly) modular function g : h — C by setting g(1) =
G([Ex, dz]) and conversely. We know from classical modular form theory that
the holomorphicity conditions defining a holomorphic form on h can be phrased

in terms of holomorphic differential forms on the compactified modular curve
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X(1). To translate such conditions to the bundle &€ — Ell, we introduce the
following construction.

For each T € b, set q(1) = e?™T Then E. = C/[t,1] is isomorphic to
C*/(q(7)) via the analytic map z + q(z) = e*™%. The elliptic curve C*/{(q(T))
is called the Tate curve, written Tatec (q(t)) or just Tatec(q). Explicitly, Tatec(q)

is an elliptic curve over Z((q)) given by the affine equation

y2+xy = x3+A(q)x+B(q)

where A(q Z nzl_:él(q)
n=1
1 ¢ 1 /1-E 1—E
and B(q)z——zz 5o3(n) + 7os(n))q" = 12( 484(q)+ 726(‘:])).

This allows us to define the Tate curve over an arbitrary ring.

Definition 5.2.11. The Tate curve over a ring R is the base change
Tater(q) := Tatec(q) xz R (= Tatec(q) Xspecz SpecR)

which is an elliptic curve over R @z Z.((q)).

The following geometric version of modular forms is due to Katz [Kat]. Let
R be aring and p : E — SpecR an elliptic curve, i.e. a morphism of schemes
admitting a section O : Spec R — E such that each geometric fibre is an elliptic
curve with basepoint given by O. The sheaf we g := p.QL s is called the Katz

canonical sheaf of E.
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Definition 5.2.12. A geometric modular function of weight 2k over a base ring
R is an assignment F of a section F(E/A) € wk /a for every R-algebra A and every

elliptic curve E — Spec A which satisfies:

(1) F(E/A) is constant on the isomorphism class of E/A.

(2) If @ : A — B is a morphism of R-algebras and E is an elliptic curve over A with
base change E' = E Xgpec A Spec B, then F(E'/B) = @(F(E/A)).

Proposition 5.2.13. The data of a geometric modular function of weight 2k over R
is equivalent to the assignment of an element f(E/A, w) € A to every R-algebra A,

elliptic curve E — Spec A and nonzero element w & HO(E, Q% / A) such that:

(1) f(E/A, w) is constant on the isomorphism class of E/A.
(2) Forall x € A*, f(E/A, aw) = «2*f(E/A, w).

(3) If ¢ : A — B is a morphism of R-algebras and E/A is an elliptic curve with
base change B’ = E Xgpec A Spec B and compatible sections w € HO(E, QO )

and w' € HO(E’,Q%_,/B), then f(E'/B, w’) = @(f(E/A, w)).
Proof. For any such f, define F(E/A) = w?*f(E/A, w) for any nonzero w €
HO(E, Qllz / A)- By (2), F(E/A) is well-defined and axioms (1) and (2) are easy
to verify from the other conditions on f. Conversely, for a geometric modular

form F, define f(E/A, w) = w2*F(E/A). H
The Tate curve allows us to define g-expansions geometrically.

Definition 5.2.14. The q-expansion of a geometric modular function F over R

is the section F(Tater(q)/R ®z Z((q))) in Wrateg(q)/Ro22Z((q))-
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Remark 5.2.15. If f(E/A, w) = w 2*F(E/A) as in Proposition 5.2.13, then the g-
expansion of F can be thought of as an element f(Tater(q)/R®z Z((q)), Wean) €

R®z Z((q)), where weqn = Xi—éy is the canonical differential form on Tateg(q).

Definition 5.2.16. A geometric modular form of weight 2k over R is a geometric
modular function F of weight 2k whose q-expansion f(Tater(q)/R®z Z((q)), Wean)
lies in R ®z Z[[ql]. Further, we say F is a geometric cusp form if its q-expansion

lies in R @z qZ[[q]].

Example 5.2.17. When R = CJj], the curve Y(1) = SpecC]Jj] is the affine j-line
parametrizing complex elliptic curves. Any geometric modular form F over
CJj] determines a classical modular form f : h — C of the same weight by

setting

f(1) = F(E/C[j]).

Suppose there were an elliptic curve E over Y(1) which is a fine moduli space
for isomorphism classes of complex elliptic curves. (It turns out that such a
curve does exist for Y(N) with level structure N > 2, but not for N = 1,2.) Set
W = wg/y(1)- Then a modular function of weight 2k would be the same thing as
a global section of w® on Y(1) and if w can be extended to X(1) = Y(1), then a
modular form of weight 2k would just be a global section of w®* on X(1). The

fact that no such E exists over Y(1) should not deter us — in fact, the formula

2
My = {w € HO(X,Q])Q(/C) ord;(w) > —g,ordp(w) > —?k,ordoo(w) > —k}

from Corollary 5.2.4 strongly suggests we should be able to interpret M as
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global sections over something...

This leads us to the orbifold interpretation of classical modular forms. After
developing this, we will unite the geometric approaches and begin to tackle
modular forms in characteristic p. Let Y = Y(1) = [h/T] be the modular orbifold
curve of level I' = SL(Z), which is a stacky curve over C. For each k € Z, there
is a line bundle £ — Y whose total space is the quotient stack £ = [(h x C)/T],

where I" acts on h x C by

a b b
(t,2) = <(cl;t-td' (ct+ d)Zkz) )
c d

Lemma 5.2.18. For all k € Z, the vector space of classical (weakly) modular functions

on b of weight 2Kk is isomorphic to HO(Y, Ly).

Proof. Every (weakly) modular function f of weight 2k defines a section of the
projection h x C — b given by T — (7,f(7)). By construction, this section
commutes with the I'-action on both § and § x C, so it descends to a section of

Ly — Y and one can show every section of £ — Y arises this way. O

Further, there is an orbifold compactification X = X(1) = [h*/PSLy(Z)] of
Y which can be constructed from Y by adding a stacky point at infinity with
stabilizer abstractly isomorphic to Z/2Z. Alternatively, one can construct X
as an orbifold curve by gluing the affine orbifold curves Y and [D?/p,] along

[h/(—1, T)] = [D? . {0}/u], where D? is the complex unit disk and (—I, T) is the
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subgroup of SL,(Z) generated by

Lemma 5.2.19. There is an extension of Ly to X, which we will also denote by Ly,
whose global holomorphic sections are HO(X, L) = My, the space of modular forms of

weight 2K.

Proof. Take Ly|p2 /iy = O, the trivial line bundle on [D?/us], and glue with the
same data used to define X = YU [D?/u,]. Then HO([D2/y], £1) = HO([D2 /], O) =
CI[q]l, so the restriction of any section f € HY(X, £y) to [D?/y,] is the g-expansion

of the corresponding modular function fly € H%(Y,£y) and it is a power se-

ries. ]

Proposition 5.2.20. There is an isomorphism of stacks X = 1P(4,6), where IP(4,6)
is the weighted projective line considered as a 1-dimensional stack with generic uy

stabilizer, under which Ly is identified with O(k).
Proof. This is outlined in [Beh, 1.154]. O]
Corollary 5.2.21. For each k € Z, dim H(X, £y) = #{(a,b) € IN% | 4a + 6b = k}.

Proof. This follows from the standard fact that for any weights m,n € IN,

H'P(m,n),0(k)= P Cx%°

(a,b)eN3
ma-+nb=k
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which can be obtained from the computation of H® (P, 0(k)) (cf. [ , Ch. III,
Sec. 5]) after a grading shift. O

Notice that this confirms the dimension formula in Corollary 5.2.6(e). More
importantly, it suggests a method for counting dimensions of spaces of modu-

lar forms in much greater generality.

5.2.3 Modular Forms in Characteristic p

In his article [ ], Serre began investigating modular forms over differ-
ent fields than C (or Q) by defining p-adic modular forms to be formal p-adic
power series whose coefficients are p-adic limits of classical modular forms.
This approach made sense given the number of arithmetic congruences that
had been discovered among the coefficients of classical modular forms. How-
ever, the spaces of such p-adic modular forms were not as well-behaved as the
classical ones (e.g. the weights of the classical modular forms defining a p-adic
modular form coefficient-wise were not always the same).

As we have seen, modular forms can also be defined geometrically, that
is, as global sections of certain line bundles over the moduli spaces represent-
ing moduli problems of elliptic curves. Taken literally, this viewpoint leads
to the definition of geometric modular forms in Section 5.2.2 and this was in-
deed how Katz approached the problem in [Kat]. Over the base ring R = Q,,
Katz’s definition gives a competing notion of p-adic modular form. Further-

more, either notion of p-adic modular can be reduced modulo p to yield mod-
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ular forms mod p: Serre’s p-adic modular forms with Z,-coefficients may be
reduced coefficient-wise, while Katz’s geometric modular forms may be con-

structed directly over IF,,. The question is: how do these compare?

Theorem 5.2.22. For all weights k > 2, levels N > 1 and primes p # 2,3 withp { N,

there are isomorphisms

Mk(rl(N);]Fp) = Mk(rl(N);Qp)Serre ®Q, ]Fp-

Proof. This follows from [Edi, Lem. 1.9]. O

That is, in most cases Serre’s and Katz’s modular forms mod p agree (and
cusp forms also agree in these cases). However, there is a modular form A €
M,—1(T'(1);Fp) for p = 2,3 called the Hasse invariant which is not the reduction

of any p-adic modular form.

Question 1. Can one compute the space My (N;K) of geometric modular forms of
weight k and level N over an algebraically closed field K of characteristic p > 0? In
particular, can this be done when the corresponding stacky modular curve has wild

ramification?

For example, in [Kat], Katz observes that if A is the Hasse invariant and A is
the modular discriminant, then AA is a cusp form of weight 13 over IF; (resp. of
weight 14 over [F3) but this cannot be the reduction mod 2 (resp. mod 3) of a
modular form over Z (or Z). More generally, we expect the stacky structures

of Xk (N), Xk 0(N) and Xk 1(N) to play a role in the determination of My (N; K).
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When char K = p > 0, the covers of curves
Xk (N) = Xg 1(N) = Xk o(N) = Xg(1) = Py

may have points with wild ramification. In fact, one such example is pointed
out in [ , Rmk. 5.3.11], which in turn cites an article [ ] that describes
the ramification of the full cover Xg, ({) — Xp, (1) = IPI};]D for primes { # p.
These covers can have nonabelian inertia groups — something that only hap-
pens in finite characteristic — and they can then be decomposed and studied
more carefully in the tower X, (l) — XIFp,l(e) — XIFP,O((Z) — lPl%p. The author

plans to explore this problem more in the future.
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