QCD Representations
of Quark and Gluon Spin and
Orbital Angular Momentum

Abha Rajan

New Delhi, India

B. Tech. Engineering Physics

Indian Institute of Technology Delhi, India

A Dissertation presented to
the Graduate Faculty of the University of Virginia
in Candidacy for the Degree of

Doctor of Philosophy

Department of Physics
University of Virginia

December, 2017



Acknowledgements

I would like to thank my advisor Professor Simonetta Liuti for guiding me and giving
me the opportunity work with her in this fascinating field. I am truly indebted to

her for her patience, time and effort. Thank you for everything!

I possibly would not have lasted in graduate school without the support of my par-
ents. My dad is a sailor and he loves physics. My mother is more into language.
I couldn’t have reached anywhere without their motivation and love. Of course, I
don’t mean to forget my sister whom I spent hours chatting with and who was always
ready with a pep talk and many cheer-up stories. Many thanks also to my friends
from college and school days in Delhi, Ekta, Swati, Abhiti, Meha and Jasleen, you

guys are amazing!

I would like to thank my friends Sharmistha, Dustin and Mikhail and my advisor
Professor Simonetta Liuti for providing me with a family away from home. Many
thanks to Maduka and Kanchana who are lovely and provided me with many free
meals. I would also like to thank my friends Rajveer and Serdar for being amazing.
Thanks also to Cristiana for being a great friend and a great source of support. I
would like also to thank my office mates Meng, Dat, Amr, Jing and Raza. Thanks

Preetha for being lovely and the best gym partner ever. Thank you also to Steve for



all your support.

I would like to thank Professor Michael Engelhardt for contributing to our project.
Thank you to Professor Aurore Courtoy for being a mentor and all the help during
my stay in Liege and at other points of time in my PhD. Thank you to Professor
Gary Goldstein. Thank you Professor Ted Rogers for the QCD lectures. 1 would also
like to thank Osvaldo and Kunal for their help when I was starting out. Thanks also
to past group member Evan. Many thanks to present member Brandon Kreisten for

doing all the amazing physics!

Thank you to Bryan Wright for helping out on numerous occasions and coaxing my
computer out of its more tempramental states. I would like to thank Professor Donal
Day, Professor Petra Reinke and Professor Xiaochao Zheng for being on my thesis

committee.

A big shout out to Rick Larue, musician based in Charottesville, with whom I learned

to play the violin. Thank you very much!

I would like to thank Professor Nilanga Liyanage who was very helpful during his
time as the Graduate Student Committee chair. Thank you to Professor Donal Day
for the support. I would like to thank Jefferson Science Associate and Jefferson
Lab Graduate Fellowship committee for awarding me the fellowship for the academic
year 2016-2017. Thank you University of Liege for the Research Grant for Foreign
Doctoral Students in 2013. Thanks also to Instituto Nazionale di Fisica Nucleare
(INFN) Frascati for giving me the opportunity to visit in summer 2013 and summer

2014.



Abstract

This thesis presents the derivation of Lorentz Invariance and Equation of Motion
Relations between theoretical objects that involve the partonic transeverse momen-
tum called Generalized Transverse Momentum Distributions (GTMDs) and collinear
functions known as Generalized Parton Distributions (GPDs) that describe quark
and gluon orbital angular momentum. Although the GTMDs in principle define the
observables for partonic orbital motion, experiments that can unambiguously detect
them appear remote at present. The relations presented here provide a solution by
showing how, for instance, the orbital angular momentum density is connected to

directly measurable twist-three GPDs.

While experimental measurement is the only certain way to access the unknown func-
tions that describe quarks inside a proton such as the Parton Distribution Functions
(PDFs) and GPDs that characterize the nucleon, a great deal of effort has gone into
evaluating these functions using theoretical techniques such as model calculations and
parameterizations. Lattice QCD provides the only first principle calculations of the
Mellin moments of PDFs and GPDs. The work prsented here shows how, using only
a few moments, a large portion of the Fourier transform with respect to Bjorken z of
the PDFs and GPDs can be mapped out. In the case of GPDs, lattice calculations

provide a value for the Compton form factors that allow us to move away from the



r = £ ridge which, at present, is the only area of the phase space that has been
explored experimentally. After studying how well known parameterizations of the
PDFs and GPDs reproduce test functions, we demonstrate how PDFs and GPDs can

be reconstructed using the moments calculated by lattice QCD.
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Chapter 1

Introduction

Numerous questions remain unanswered about the matter that surrounds us. The
QCD Lagrangian is expressed using quark and gluon degrees of freedom that can not
be observed directly in experiments. We are yet to understand how the partons come
together to form nucleons and how these in turn combine to form nuclei. Among the
many approaches to unravel this conundrum, one has been to understand the various
pieces of the QCD energy momentum tensor. The diagonal elements of the tensor
describe the momentum density and consequently also play a role in describing the
angular momentum carried by the partons. A longstanding problem has been under-
standing the spin budget of the proton: how is the spin % distributed between the
spins and orbital angular momenta of the quarks and gluons? Another line of re-
search has been to probe the partonic structure of nuclei. In line with the traditional
picture of neutrons and protons combining to form nuclei, one can ask to what extent
do protons and neutrons retain their identity in a nucleus? What, indeed, do we un-
derstand about partons in a nuclear medium? My research focuses on exploring these

questions and on identifying the experimental observables that can shed light on them.
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Figure 1.1: Collinear quark.

Scattering a beam of particles off a proton target can tell us about its internal struc-
ture. Since the proton is not a point like particle, its interaction with the beam
can not be described from first principles in QCD/QED. As a result, by applying
constraints such as Lorentz covariance and current conservation, the proton current
is parameterized using unknown functions called form factors. By measuring the
scattering cross section in the lab, we can extract what these functions are. In the
earliest experiments that were conducted, the proton remained intact after the in-
teraction and only received a momentum kick A. These kinds of experiments are
referred to as elastic scattering. The form factors themselves are connected to the

Fourier transforms of the spatial distribution of charge and current in the proton.

As the beam energy is increased, we are able to probe smaller and smaller distances
inside the proton until at some point we start scattering off point like particles known
as the quarks. The presence of free quarks is signaled by the fact that, above a certain
threshold (= 1 GeV?), the structure functions characterizing this process are found
to be independent of the energy of the probe used. In fact, the structure functions

are found to depend only on Bjorken x: the ratio of the virtual photon energy and
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the four vector squared of the photon momentum. This is known as scaling.

The nucleon lepton interaction via the exchange of a photon is understood as a two
level procedure: one called the “hard part” in which the photon hits the quark and
the other called the “soft part” which describes the probability distribution of quarks
inside the proton carrying a certain helicity in a polarized or unpolarized proton
as the case maybe. While the “hard part” is exactly calculable in QCD, the “soft
part” can only be extracted from experiments. Switching from the lab frame to the
proton infinite momentum frame, the “soft part” is parameterized using the Parton
Distribution Functions that give the probability of a quark carrying a fraction x of
the momentum carried by the proton. Since the quark is described traveling along a
straight line, the PDFs portray a “collinear” picture of the proton. The experimental
process used to extract the PDF's is called Deep Inelastic scattering. In this process,

the proton disintegrates after being hit by the beam and is not detected.

The quarks had been postulated, prior to the experimental evidence pointing to their
existence, as an explanation for the large number of particles that interact strongly.
Collectively known as hadrons, the fermionic hadrons that undergo strong interac-
tion are called baryons while the bosonic hadrons are known as mesons. Just as
Mendeleev’s table was the first step towards identifying a unique nuclear structure
for every element, the proliferation of hadrons pointed to the existence of a substruc-
ture. The work of Gell-Mann and others paved the way for identification of quarks:
the baryons are bound states of three quarks while the mesons consist of a quark and
an antiquark. The introduction of a new quantum number called “color” and the
requirement that only the totally antisymmetric wavefunction in color is permitted

by nature restricted the allowed number of quark configurations to that which is ex-
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Figure 1.2: Generalized Parton Distributions

perimentally observed. The color charge in fact determines the strength of the strong

interaction.

To obtain the spatial distribution of quarks inside a proton, we require a process in
which the probe is able to hit the point like quark and also that the proton remains
intact after the interaction. This is achieved in Deeply Virtual Compton Scattering.
In this process, a high energy lepton beam interacts with the proton which then emits
a photon and gets rid of the excess energy that would have caused it to disintegrate.
It only retains a small momentum transfer A which is the Fourier conjugate to the
average spatial position of the quark. The soft part in this process is described by
Generalized Parton Distributions that are a function of both x and A. Deeply Virtual
Compton Scattering (DVCS) is an example of an exclusive process because the proton
in the final state is detected in the experiment. It is also “off-forward” because the

proton carries a different momentum from the initial proton.
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The seminal paper by X. Ji in 1997 provided a gauge invariant decomposition of the
proton spin into quark and gluon spin and orbital angular momentum. The GPDs
were used in this paper as a means of accessing the total quark angular momen-
tum. Several experiments have been dedicated to collecting DVCS data such as the
fixed target experiment HERMES, and the collider experiments H1 and ZEUS at
the Deutsches Elektronen Synchrotron (DESY) and experiments from HALL A and
CLAS collaboration at Jefferson Laboratory. Although large parts of the kinematic
phase space still remain unexplored, these experiments have proven the feasibility of
extraction of the GPDs. The first set of data gathered does show scaling and is an

encouraging sign for using GPDs to describe the exclusive processes.

DVCS allows access to Compton Form Factors (CFFs) that are integrals in « of GPDs
weighted by a Wilson coefficient function arising from the quark photon hard scat-
tering that can be expanded order by order using perturbation theory. At variance
with parton distribution functions that describe the deep-inelastic scattering process
at the cross-section level, the GPDs enter the DVCS soft part at the amplitude level.
The ep — epy reaction that probes DVCS also gets a contribution from the Bethe-
Heitler (BH) process in which the final state photon is radiated by the incoming or
scattered electron and not by the nucleon itself. As a result, the cross-section com-
prises a pure BH contribution, a pure DVCS contribution and a contribution that
is proportional to the interfernce of the BH and DVCS amplitudes. As the BH am-
plitude is described by the form factors, I} and F3, that have been experimentally
measured to good precision, accessing the DVCS amplitude is a matter of subtract-
ing out the contribution that comes from BH alone and disentangling it from the BH
contribution in the interference term. Because we are probing the process ep — epy

in a high Q? regime, where Q> = —¢? and ¢* is a four vector denoting the difference
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in the four momentum of the final and initial electron, the virtual photon propogator
in the DVCS amplitude causes it to be suppressed by a factor of \/% in comparison
to the BH amplitude. Hence, although it leads to a more complicated expression for
the cross-section, the presence of the BH process enhances the interference term in
comparison to the pure DVCS term. This is also good because the GPDs enter in a
linear way in the interference term as opposed to the pure DVCS term where they

occur as products of two GPDs.

Thus far, we have only considered quarks with longitudinal momentum. An additional
degree of freedom is the partonic intrinsic transverse momentum kg that allows a 3D
momentum tomography of the nucleon. kr is a unique in the sense that unlike x, it is
not a scaling variable. The transverse momentum of the nucleon is zero however, the
partons form a highly relativistic system inside the nucleon that can have non zero
transverse momentum. In other words, by extracting the kr structure of the nucleon,
we are able to study the fundamental properties of bound states in QCD. To access
the intrinsic kr, at least one particle that is produced by the hadronization of the
quark that is probed by the virtual photon needs to be detected: the momentum of
the detected particle is correlated with the momentum of the quark and allows one
to write the cross section using the quark transverse momentum degree of freedom.
Transverse momentum dependent distributions have been measured in semi-inclusive
processes such as semi-inclusive deep inelastic scattering (ep — hadron(P.) + X),
Drell Yan (A4 B — ptp=(QL) + X) and back to back jet (dihadron) production

et +e™ — jet) + jety + X.

To access partonic OAM, we look at Generalized Transverse Momentum Distributions

which are the off- forward transverse momentum dependent distributions. These de-
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Figure 1.3: Exclusive electroproduction of a photon through the DVCS and BH pro-
cesses

pend on z, k7 and A. To access GTMDs, not only is it required to detect a particle
that results from the hadronization of the probed quark to detect kr, but also that
the nucleon remains intact after the interaction and is detected to measure the mo-
mentum transfer A. The experimental processes to detect GTMDs are still a topic
of ongoing research. As Ar is conjugate to the average transverse spatial position
bt of the quarks, GTMDs give us a way to describe longitudinal Orbital Angular
Momentum L, = (br X kt),. The GTMD Fy, in the forward limit, gives the den-
sity of unpolarized quarks in a longitudinally polarized proton. As the quarks are
unpolarized, the only source of quark angular momentum is quark orbital angular
momentum. The average quark orbital angular momentum distribution in x is found
by taking the product of (bt X k), and the unpolarized quark densityin a longitu-
dinally polarized proton and integrating over kr. In a similar fashion, the GTMD
(G11, in the forward limit, gives the density of longitudinally polarized quarks in an
unpolarized proton. This GTMD gives access to the spin orbit coupling (L - S), of

quarks.

It is interesting to note that the GTMDs Fi; and G1; do not correspond to any



17

©=-=©

(a) Fi4 describes longitudinally polarized quarks in an unpolarized proton.

& -

(b) G11 describes unpolarized quarks in a longitudinally polarized proton.

Figure 1.4: In the forward limit, Fi4 and Gp; represent quark densities in a nucleon
and can be interpreted by graphs similar to the ones used for TMDs in [4]. The outer
circle represents the proton while the inner circle represents the quarks. The arrow
shows the direction of polarization, a circle with no arrow means that the entity is
unpolarized.
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transverse momentum distribution in the forward limit nor any generalized parton
distribution when integrated over kr. In other words, although these functions are
non zero in the forward limit and although they are non zero when integrated over
kr, they do not have a TMD or GPD counterpart: they carry completely new in-
formation that is not present in any of the predefined functions. Furthermore, these
GTMDs occur with an explicit kr coefficient in the parameterization that gives them
the unique property that the k% weighted integrals of these GTMDs are connected to
higher twist GPDs. Fj4 and G4 also occur with an explicit A7 which means that in
the forward limit, in which these functions hold physical meaning for partonic OAM,
even if the functions themselves are non zero, the quark-proton helicity amplitude

structure describing them is zero.

I worked on a few main topics during my PhD. The first was deriving relations between
matrix elements of light-ray operators in QCD for off-forward scattering processes.
The next topic was studying the spatial distributions of partons in nucleons and nu-
clei obtained by taking the Fourier transform with respect to the momentum transfer
to the final proton state. Lastly, I have been working on reconstructing Parton Dis-

tribution Functions taking input from lattice QCD calculations. Some of my work is

published in Refs.[5], [6] and [7].

Quark-gluon interactions get significantly suppressed as the hard processes used to
probe them enter the multi GeV region. These interactions involve the intrinsic
transverse momentum kz of quarks and gluons. My thesis work showed how the k2
moments of the kp distributions describing the quark and gluon longitudinal orbital
angular momentum and the spin orbit correlation are related to higher twist collinear

matrix elements of operators by Lorentz Invariance Relations (LIRs). Obtaining the
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Figure 1.5: Generalized Transverse Momentum Distributions and Orbital Angular
Momentum

LIRs involved looking at the substructure of the collinear and transverse momentum
distributions in terms of the completely un-integrated QCD quark-quark correlator
and deriving a parameterization for it. Using the LIRs along with the QCD equation
of motion, we separated the Wandzura-Wilczek or the leading contribution from the
genuine twist three contribution to the higher twist object. This allows us to define a
strategy to directly measure the orbital angular momentum and spin orbit correlation

in an experiment.

The recent prediction using the formalism of Generalized Parton Distributions (GPDs)
that the neutrons core is negatively charged has completely changed our understand-
ing of the internal structure of the neutron. GPDs are defined in the infinite mo-
mentum frame in which the transverse plane remains unaffected under boosts and
allows the unambiguous interpretation of the Fourier transform as the spatial charge
distribution. My work focuses on applying this principle to obtain 3D images of
nuclei such as *He. We find that the spatial charge distributions for both u and d

quarks at different Bjorken x are indeed altered as compared to those in a free nucleon.

Lattice QCD provides one of the few first principle calculations of the moments of
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Parton Distribution Functions (PDFs). Unlike the PDFs and GPDs that are defined
on the light-cone, the lattice is setup in Euclidean space which prevents the calculation
of the distributions themselves. A recent proposition by X.Ji and A. Radyushkin is to
calculate quasi-PDFs and pseudo-PDF's that are defined off the light-cone. Pseudo-
PDFs converge to PDFs in the limit that z? goes to zero, where 2z~ is the Fourier
conjugate to the intrinsic quark momentum and is also referred to as loffe time. We
conducted a study using a di-quark model parametrization to calculate pseudo PDF's
and studied how far we deviate from the expected PDF as we take it more off the
light-cone. We also explored a way to directly use the lattice QCD moments to map
out the Fourier transforms of PDFs and GPDs in loffe time space. The small z
behavior of the Fourier transform is controlled by the moments and is written as
a Taylor expansion. The large z component on the other hand is driven by Regge
behavior. Once we had the z space distributions in place, we reconstructed the PDF's
by performing the inverse Fourier transform. In the case of GPDs, we used the lattice
calculations of the Compton form factors to generate the z§ dependence. As we
increased the number of moments, we saw a marked improvement in how well the
method reproduced a known function. This means that the calculation of higher

moments on the lattice would really be beneficial to this method.
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Chapter 2

The Definition of Twist

In this chapter we look at the different physical interpretations of higher twist and
how they highlight different facets of QCD. The twist expansion gives a framework
that singles out the leading contributions of the unobservable bilocal quark current
operator to various deep inelastic scattering process cross-sections. We begin with
the field theoretic formal definitions and move on to how observables from entirely
different processes are related to one another by the QCD equation of motion which

allows for the different interpretations of the concept of twist.

2.1 Deep Inelastic Scattering and the Light Cone

The kinematics in which deep inelastic scattering occurs is dominated by quarks on
the light cone. We see this by studying the soft part described by the hadronic tensor

in deep inelastic scattering

W = — / 26 (P| ()7, (0)] | P) 2.1)

Y om
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where, ¢ is the momentum of the photon, P the momentum of the proton and j,(2)
describes the quark current at spatial coordinate z. This integral is dominated by
regions where |q - z| is finite (for |¢ - z| — oo the exponent oscillates and the integral

goes to zero).

— 00— ¢ qz
qiz_q( \/1 (q°)? \q!> (22

In the limit of —¢?> — oo with z = 2_7‘12, which is what we need for deep inelastic

scattering, we can write a Taylor expansion for the square root. It is useful to work

with the variables r = % and v = %. v goes to infinity in the deep inelastic limit.

In the lab frame, v = ¢° and we have,
0 1
q-z=v(z —r)— Mzr+ O(-) (2.3)
v

For ¢ - z to be finite (a is a finite constant in the following),

|20 — 7]V < a : Irjz < a (2.4)
2
¢z§<<r+g> ~r?yal <24 L (2.5)
v v xv
a

Because of causality, the current commutator is zero for 22 < 0. As —¢?> — o0, we
have that 2% ~ 0 [8]. Thus, quarks that are on the light cone are the main contribu-

tors in deep inelastic scattering.
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2.2 Operator Product Expansion

It is well known that the product of two local operators A(z) and B(0) is divergent
at short distances (z — 0). The operator product expansion allows one to expand
this product as a series of non singular local operators multiplying c-number singular

functions[9; 10].

A

A(2)B(0) ~ ) Cla)(2)bja)(2) (2.7)
(o]
All the singular behavior in the product AB is concentrated in the functions Cly

known as the “Wilson coefficients”. By dimensional analysis one has,
[fq + [B} = [C[a]] + [é[a]] . (2.8)

This means that,

1
A BB

Clay(2) ~ (2.9)

The leading contribution comes from the term that is most singular and looking at
the form above, this is the term with the smallest [é[a]]. Since it is the 22 ~ 0 limit
that applies to DIS, we can write the current commutator in terms of decreasing

singularity around 2% = 0 [11],

[J(2), JO)] ~ Y Kigg(22)2" ... 200, .. (0). (2.10)
(6]

where Kg(2?) are singular c-number functions that can be ordered according to their

degree of singularity at z> = 0. The smaller the number ty = dy — ng, the more
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singular the term is. This number ¢y which decides at what order the whole term

contributes is known as the twist of the operator.

The product of currents in (2.10) can be simplified to bilocal operators of the form
1 (2)T'(0) involving the quark field ) and a Dirac structure I' such as v*, ig, y#4°
etc.. This form, also known as the quark-quark correlation function, is the one that
is more commonly encountered and which, when sandwiched between hadron states,

is parameterized using parton distribution functions.

When considering the matrix elements of operators between hadron states with spin
(such as polarized targets), the twist is dependent on the Sudakov decomposition of
the spin vector and the component that is entering the description of the process.
This is because the mass dimension occurs in a different way for different components

of the spin vector, changing the twist.

2.3 Good and Bad Components

By using the light-cone quantized form of the QCD equation of motion, one is able
to separate the dynamically independent and the dependent parts of the quark field.
The so called good components are the independent propagating degrees of freedom
while the bad components are constrained by the Dirac equation in terms of the good
components and the transverse gluon field. In fact the bad component is treated as a
quark-gluon composite. The operators that project out the good and bad components
play a central role in understanding the leading order contributions in deep inelastic

processes. Each bad component that enters leads to an increase in the twist [9].
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In general, the quark field can be written as a superposition of good and bad compo-

nents having left and right chirality,

) = ¢rdr + drOR + XLXL + XrXR (2.11)

where, the ngS and x are the basis vectors denoting good and bad components re-
spectively and the subscripts L and R denote the chirality. Hence, when forming a
product of the form I, we get products of the form gb;/quR/L, ¢J]f%/LXR/L7 XL/LXR/L
and their Hermitian conjugates. The first corresponds to twist 2, the second to twist

3 and the third to twist 4.

2.4 Diffrent contributions to Twist 3 observables

2.4.1 Intrinsic Twist 3

The intrinsic twist of a function is decided by the projection operator I' that enters
the quark-quark correlation function it parameterizes. This is directly related to the
occurrence of bad components as discussed above. These functions are collinear i.e.
only the longitudinal momentum fraction carried by the quarks enters the description

enters the description [9; 12; 13; 14; 15].

2.4.2 Kinematical Twist 3

These functions involve the intrinsic transverse momentum k7 of the quark. Although
one is looking at a quark-quark correlator with a I' that, in the collinear case, only
projects out only the good components, the added degree of freedom k7 introduces

functions that enter the parameterization of the correlation function weighted by an
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explicit k7. Upon integration over kr, we obtain the collinear correlator in which,
despite the fact that the I' that enters the correlator connects to intrinsic twist 2,
the function weighted by kr enters the description of a collinear intrinsic twist 3
function. These functions weighted by an explicit k7, that seemingly enter at leading
twist but upon integration connect to an intrinsic twist 3 function, are referred to
as kinematical twist 3. An example is the famous Sivers function fi3 [16; 17] or
the generalized transverse momentum distribution Fj4 that is pertinent to partonic

orbital angular momentum [12; 18; 19; 14; 20; 21].

2.4.3 Dynamical/ Genuine Twist 3

These functions parameterize a correlator that involves an explicit gluon field. Since
we are now looking at a three particle correlator (quark-gluon-quark), we now have
a dependence on two longitudinal momentum fractions. One obtains intrinsic twist
3 functions on integrating over the gluon momentum fraction [22; 18; 21]. Using the
QCD equation of motion, one can show how these connect to twist 2, kinematical

twist 3 and intrinsic twist 3 as will be shown in chapter 4 [23; 18; 6].

To continue working in the setup of the free parton model, the only way to account
for certain configurations, such as transverse spin in inclusive processes to describe
the parton distribution function gr(x), one needs to involve the gluon field. In the

language of field theory, this amounts to invoking higher twist.
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Chapter 3

Spin, Helicity and Orbital Angular

Momentum

Spin is a quantum mechanical property. Theoretically proposed in an attempt to
explain the splitting of atomic spectral lines and anomalies in the Zeeman effect,
the first suggestions of intrinsic electronic spin were ridiculed considering how fast
a point particle would need to rotate to generate the required angular momentum.
The calculations, however, agreed with the data beautifully once relativity was taken
into account correctly and, as a result, by the late 1920s, the electron had a new
property associated with itself called spin. Quantized angular momentum was not
entirely a new phenomenon considering the theory of electron orbits and space quan-
tization put forward by Neils Bohr, which despite being incorrect, was able to predict
correct results for the Stern-Gerlach experiments within the range of experimental
error. Hence, in some sense, space quantization was reincarnated and included in the

framework in a way that was comprehensive and most importantly correct [24].

In particle physics, we often work in the infinite momentum frame in which asymp-
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totic freedom holds and the principles of QCD apply in a direct way. In this case, a
clear boost axes can be identified and the particle can be described by spinors point-
ing along or opposite to the direction of the boost which form the eigenstates of the
helicity operator. The helicity of a massive particle depends on the frame of refer-
ence while for a massless particle such a boost that changes the helicity can not be
performed as it travels at the speed of light. Both the helicity and chirality operators
can be diagonalized simultaneously and depending on the component of the quark
field spinor that one is looking at, the helicity and chirality of the quark are either

equal or opposite to one another.

Quark orbital angular momentum has been difficult to pin down because one can not
escape the fact that it is intertwined with quark gluon interactions. Historically, there
has been immense debate on the formulation of OAM in a way that is consistent with
QCD. There are two main descriptions, one involves the intrinsic quark transverse
momentum, the other is connected to a higher twist function. While neither one of
the formulations explicitly involves a gluon field, both, in effect, deviate from the
leading twist parton model picture of free quarks because they involve gluon interac-

tions, albeit in an implicit way.
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Chapter 4

Lorentz Invariance Relations

A fundamental way of characterizing the internal structure of the proton is through
sum rules that express how global properties of the proton are composed from cor-
responding quark and gluon quantities. For example, one may ask what portion of
a proton’s momentum is carried by either quarks or gluons; or one may ask how the
spin of the proton is composed from the spins and orbital angular momenta of its
quark and gluon constituents. Elucidating this latter question, the so-called proton
spin puzzle [25], indeed counts among the prime endeavors of hadronic physics in the
last decades. These questions can be cast in field-theoretic language by considering
proton matrix elements of the energy momentum tensor, 7, , (¢ and g denote the

quark and gluon sectors),

/ dr (5 | T | p) = Ayy PTG )V (D) (4.1)

/ dz €' | (7T — 2*T%) | p) = A,  PPUY)7°U(p)
anAa

+ Bq,g P! U(p/)m
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where p and p’ describe the incoming and outgoing proton states, and A, 4(t), B, 4(%),
(t =A%= (p' —p)?, P = (p' +p)/2) are the relevant gravitomagnetic form factors pa-
rameterizing the proton matrix elements (Refs.[26; 27|, for reviews see Ref.[28; 29]).
These basic constructs of the theory can be accessed experimentally owing to the
connection, through the operator product expansion (OPE), of the gravitomagnetic
form factors to the Mellin moments of specific parton distributions parameterizing
both the forward (p = p’) and off-forward (p # p’) quark and gluon correlation func-

tions. One obtains the following sum rules for momentum and angular momentum,

respectively,
1
Agy = / dreH,y = Y Ai=c+e=1 (4.3)
0 1=q,9
! 1
B,, = / drx(H,, + E,,) = Z (Ai+B)=J,+ J, = 5 (4.4)
0

1=q,g
Eq.(4.4), the angular momentum sum rule, is also known as the Ji sum rule [27].

All of the distributions entering Eqgs.(4.3) and (4.4) are observable in a wide class of

experiments probing the deep inelastic structure of the proton.

H,,(x,&,t) and E, 4(x, &, t) are the Generalized Parton Distribution (GPD) functions
which depend on the longitudinal momentum transfer between the initial and final
proton, represented through the skewness parameter £, and the four-momentum
transfer squared, t, x being the light cone momentum fraction carried by the
parton [30; 31]. In particular, H,(z,0,0) = ¢(x), Hy(z,0,0) = g(z), where ¢(z) and
g(x) are the unpolarized quark (antiquark) and gluon distributions, or the Parton

Distributions Functions (PDFs).
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PDF's have been measured in decades of Deep Inelastic Scattering (DIS) experiments,
with impressive accuracy and kinematical coverage, confirming to high precision
the momentum sum rule, Eq.(4.3). To verify the angular momentum sum rule it
is necessary to extract the GPDs from experiment, in particular, £, . Sufficiently
accurate values for the GPDs have just fairly recently started to become available
from exclusive deeply virtual scattering experiments, namely Deeply Virtual Comp-
ton Scattering (DVCS), Deeply Virtual Meson Production (DVMP) and related
processes, conducted most recently at Jefferson Lab and COMPASS (see [32] for a

recent review).

DVCS experimental measurements are necessarily more involved than ones for in-
clusive scattering, since they require the simultaneous detection of all products of
reaction. The extraction of observables, the GPDs, from experiment is also more
complex owing to the increased number of kinematical variables on which they de-
pend. An additional hurdle is present for the analysis of angular momentum in both
identifying and giving a physical interpretation to the components of the sum rule
(4.4): while the momentum sum rule has an immediate dynamical interpretation in
terms of the average longitudinal momentum carried by the different parton com-
ponents, to obtain a dynamically transparent expression for the angular momentum
sum rule one has to break it down into its spin and Orbital Angular Momentum
(OAM) components, while simultaneously preserving the gauge invariance of the the-
ory. The decomposition can be performed within two different approaches, by Jaffe

and Manohar (JM) [25],

1 JM JM 1
GAZ, + LM+ AG + LM = o (4.5)
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and by Ji [27],
1 Ji Ji 1

Longitudinal OAM distributions have been identified with parton Wigner distribu-
tions weighted by the cross product of position and momentum in the transverse
plane, by x kr [33; 34]. Parton Wigner distributions can be related, through Fourier
transformation, to specific Generalized Transverse Momentum-Dependent Parton
Distributions (GTMDs), which are off-forward TMDs. The correlation defining
OAM corresponds to the GTMD Fy4 (we follow the naming scheme of Ref.[17]). In

particular, the OAM distribution is described by the x-dependent k2 moment of Fi,.

The OAM term differs in the JM and Ji approaches with regard to how the gauge
invariance of the theory intervenes through the gauge link in the relevant parton
correlator [35]. The difference was recently explicated in the quark sector in
Refs.[36; 37], where it was shown that JM OAM, L™, can be written as the sum
of Ji’'s OAM, Lq‘”, plus a matrix element including the gluon field. The latter was
interpreted in the semi-classical picture of Ref.[37] as having the physical meaning
of an integrated torque stemming from the chromodynamic force between the struck

quark and the proton remnant interacting in the final state.

To summarize, in both Ji’s and JM’s expressions, OAM is defined through an
imbalance in the distribution of the number density of quarks in longitudinally
polarized proton states, when the quark’s displacement in the transverse plane
is simultaneously orthogonal to its intrinsic transverse motion. JM’s definition

includes a quark re-interaction which could be, in principle, process-dependent. How
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can these two pictures of the proton’s angular momentum coexist, and what are

experimental measurements really probing?

The work presented here [6] was motivated by the question of defining a way
to test these ideas through observables that would enable direct access to OAM
in experimental measurements. While J,, measurements through GPDs are in
progress, GTMDs, providing in principle the density distributions for OAM, re-
main experimentally elusive objects, since they require exclusive measurements of
particles in the two distinct hadronic planes disentangling the kr and by (or Ar) di-

rections [38; 39; 40]. GTMDs can, however, be evaluated in ab initio calculations [41].

In a previous publication [7], we showed that the x-dependent k% moment of Fy
entering Eq. (4.6) can be written in terms of a twist-three GPD, Eyp [17], as

2 kizf ' 5
Phr b Fu=— | dy <E2T Y H E) (4.7)

Here, we present several extensions of this relation, and describe the details of the

derivation comprehensively. In particular, we show that a more general relation holds,

k2 1 .
/koTﬁTgFM: —/ dy <E2T+H+E—|—AF14> (48)

where Ap,(x) is a term containing the gauge link dependent, or quark-gluon-quark,
components of the correlation function. For a straight gauge link, Ag,(z) = 0, thus
recovering the result displayed in Eq. (4.7). These relations are specific generalized

Lorentz Invariance Relations (LIR) connecting the z-dependent k% moments of
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GTMDs and GPDs. Just as in the forward case [42; 13; 20], generalized LIR are
based upon the covariant decomposition of the fully unintegrated quark-quark
correlation function in off-forward kinematics: the number of independent functions
parameterizing the correlator is less than the total number of GTMDs and GPDs,
thus inducing relations among the latter. Several LIRs have been found between
forward twist-three PDF's and kr moments of TMDs. The most remarkable example
of an LIR is perhaps the relation between the TMD g¢;7 and the twist-three PDF gr,
leading to the Wandzura-Wilczek relation between the helicity distribution ¢; and
gr = g1 + g2 [15]. In the presence of a gauge link other than the straight one (e.g. a
staple link), LIRs acquire an additional term that cannot be encoded in the available
GTMD and GPD structures. As we show in the present paper, this term produces a
correction to Eq. (4.7), leading eventually to the Qiu-Sterman type term of Ref. [37].
Furthermore, by combining Egs. (4.7,4.8) with the quark field Equations of Motion
(EoM), we can ascribe the difference between the integrated quark total angular
momentum, J,, and the spin, S, = (1/2)AX,, in Ji’s description to the integral of the
Wandzura-Wilczek component of the GPD combination EQT + H + E. We find that,
at the unintegrated level, a quark-gluon-quark term is also present which integrates
to zero consistently with Ji’s sum rule. Our relation, therefore, allows one to connect
the partonic sum rule originating from the dynamical definition of OAM — through
the unintegrated correlation function — and the gravitomagnetic form factors which
define the energy-momentum tensor (Eq. (4.4)). On the other hand, having access
to relations at the unintegrated level allows us to extend the treatment to the JM
case, where we obtain that the quark-gluon-quark contribution does not vanish upon

integration. We show it to reproduce the Qiu-Sterman type term in [37].

In principle, 32 individual EoM relations can be constructed, associated with the 8
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twist-two GTMDs in the vector and axial-vector sectors, which each feature inde-
pendent real and imaginary components; an additional doubling of the number of
relations is given by contracting the EoMs in the transverse plane either with the
transverse momentum kr or with the transverse momentum transfer Ar. However,
we place a special focus in the present paper on just three further relations besides
Eq. (4.7) [7] that describe spin correlations stemming from a similar operator struc-

ture as for OAM,

k‘2 1 . .
/ PhrohGy = / dy (2H§T + B+ H — AGH> (4.9)
1 k’2 1 P2 .
E/koTMTQGIQ = —/ dy (HéT — mH‘f‘AGm) (410)
k2
/koTﬁTgF& = - #1) = — Mpila,—0 (4.11)

The three additional relations presented here for the first time involve the k2
moments of the following GTMDs: (1, which was observed to provide information
on the longitudinal part of the quark spin-orbit interaction, or the projection of quark
OAM along the quark spin [33]; G2, which corresponds to a transverse proton spin
configuration and generalizes the TMD g¢,7 leading to the original Wandzura-Wilczek
relation [15; 43], and, finally, the naive T-odd part of Fjs which corresponds to
the off-forward generalization of the Sivers function, fi [16], which we relate to
a generalized Qiu-Sterman term represented by Mg, in Eq. (4.11). For Gy, in
particular, by using the EoM we find a relation whose integral in x is consistent
with the sum rule found in [44] and revisited in [45]. However, our derivation, valid
for arbitrary gauge link structure, allows for a new term representing final state
interactions. Furthermore, we stress the importance of the term proportional to the

quark mass which appears in this relation as being generated from quark transverse
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spin contributions.

This chapter is organized as follows. In Section 5.1 we define the general framework:
the correlation functions, the gauge link structure, the parameterization of the cor-
relation functions which ensues, and the helicity amplitudes; in Section 4.2 we give a
detailed derivation of the EoM relations, including explicit quark-gluon-quark terms;
in Section 4.3 we derive the LIRs for both OAM and spin-orbit correlations. We
discuss their Mellin moments to order n = 3; in Section 4.4 we discuss the relations

for transverse proton spin configurations and their connection to the forward limit.

4.1 Formal framework and definitions

We base our treatment on the complete parameterization of the quark-quark
correlation functions in the proton up to twist four given in Ref.[17]. By applying
time reversal invariance, charge conjugation, parity and hermiticity one finds that,
at twist two, there are three independent PDFs: fi, ¢;, in the chiral even sector, and
the chiral odd hq; eight GPDs (four chiral even and four chiral odd); eight TMDs,
and sixteen GTMDs. At twist three, one has many more functions due to both the
presence of additional couplings (scalar, and pseudoscalar), and to the larger number
of kinematical terms in the correlation function parameterizations for the vector,
axial vector and pseudoscalar couplings. Each one of the PDFs, TMDs, and GPDs
corresponds to specific quark-proton helicity amplitude combinations that can be
extracted from various hard inclusive, semi-inclusive and deeply virtual exclusive
processes, respectively, and that represent specific polarization configurations, or

spin correlations, of partons inside the proton.
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It is important to distinguish between different types of twist-three objects that will
be dealt with in this paper. Canonical twist three effects, describing quark-gluon
correlations in the nucleon, appear in the OPE as coefficients of the inverse power
terms in a large characteristic scale of the process, e.g. O(M/Q), M being a
nonperturbative mass scale. A different class of twist three effects, geometrical
twist three, arises from the quark field components which are not dynamically
independent solutions of the equations of motion, and that can be expressed, through
the equations of motion, as composites of the quark and gluon fields. These are
also suppressed by inverse powers of @) (the classification of parton distributions
given above concerns this type of twist three objects). The order of canonical
and geometrical twist does not match beyond order two: contributions with the
same power in M /@, or same dynamical twist, can be written in terms of matrix
elements of operators with different canonical twist. The Wandzura-Wilczek (WW)
[15] relations between matrix elements of operators of different dynamical and
same canonical twist encode this mismatch, as first exemplified for the polarized

distribution functions g; and gs.

A complete set of relations between twist two TMDs and twist three PDFs was
presented and discussed for various correlation functions in Refs.[42; 20]. These
relations are based upon the Lorentz invariant decomposition of the fully uninte-
grated correlation function with the two quark fields located at different space-time
positions, and they necessarily involve parton transverse momentum and off-shellness
both through the kp-moments of twist-two TMDs (where kr denotes the quark
transverse momentum), and the twist-three PDFs. The different kinds of twist three
functions were renamed: intrinsic for geometric, dynamic for canonical, i.e., when an

extra gluon field operator is directly involved in the definition, and kinematic which
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are related to kr-moments of TMDs.

These distinctions are useful to keep in mind as we extend both the Lorentz Invari-
ance Relations (LIRs) and the Equation of Motion relations (EoMs) to off-forward
kinematics involving GTMDs and their kinematic twist-three constructs, intrinsic

twist-three GPDs, and off-forward dynamical twist-three terms.

Already the construction of the aforementioned relations between TMDs and PDF's,
once taken beyond a purely formal level, encounters obstacles rooted in divergences
of the kpr-integrations connecting TMDs to collinear objects such as the PDFs. These
divergences must be separated off to ultimately contribute to the scale evolution of
the collinear quantities. Our treatment similarly relates GTMDs to GPDs through
kr-integrations, and thus inherits these issues in complete analogy. In the present
paper, we do not present any further developments on this topic beyond what is given
in the literature on the connection between ordinary TMDs and PDFs. In general,
the precise connection of GTMDs to GPDs still requires further specification. The
relations we derive can also be read purely at the GTMD level, before identifying
kp-integrals of GTMDs with GPDs. In that form, all components of our relations can
be regularized on an identical footing, before identifying their collinear limits. To the
extent that our relations derive from symmetries (such as Lorentz invariance), any
regularization that respects these symmetries can be expected to leave the relations we
derive intact. At appropriate places in our treatment, we will indicate points at which
modifications of our results must be countenanced owing to issues of regularization; an
example is the standard deformation of TMD gauge links off the light cone, associated
with the introduction of a Collins-Soper evolution parameter. This procedure applies

likewise to a proper definition of GTMDs. We will also refrain from writing explicitly
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the soft factors that are required [46] to regulate divergences associated with the

gauge connections contained in the bilocal operators defining TMDs and GTMDs.

4.1.1 Kinematics and correlators

The completely unintegrated off forward quark-quark correlation function is defined

as the matrix element between proton states with momenta and helicities p, A and

p/ A/

WhAP kU = 3 [ e g o (<2 e (3) o) (a2)

where the gauge link structure U connecting the quark operators at positions
—z/2 and z/2 is discussed in detail in the next section, I' is a Dirac structure,
I =1,7° ", 94" i0,,, and the choice of four-momenta is defined with P = (p+p')/2

along the z-axis, A = p' — p as in Ref.[17],

AZ +4M? £=0 AZ + 4M?
— + T = + 2T
p oo (P SRR e (e 20 ) 19
A2 + 4M? -
a = (e g or) < 0.0.80 (114
k= (aPt k™ kr) (4.15)

where the initial and final quark momenta are k—A /2 and k+A /2, respectively. Four-
vectors w* are represented in terms of light-cone components, w* = (w, w™, wr);
& = —A1/2P7 is the skewness parameter, Ar = (A', A?), kr = (k', k%), and the four-
momentum transfer squared is A? = ¢; we displayed the kinematics also specifically

for the ¢ = 0 case, which is the case on which we will focus in this study.
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4.1.2 Gauge link structures

To ensure gauge invariance, the quark bilocal operator (4.12) requires a gauge link U
along a path connecting the quark operator positions —z/2 and z/2. Two important
choices of path are a direct straight line and a staple-shaped connection characterized
by an additional vector v, cf. Fig. 4.1. These different choices will give rise to different

genuine twist three contributions to the correlators.

Figure 4.1: Staple-shaped gauge link path connecting quark operators located at
—z/2 and z/2. The legs of the staple are described by the four-vector v. GTMDs
are defined at separation 2T = 0; the vector z thus deviates from the z~ axis by
a transverse component zr, i.e., z = (0,27, 2z7). On the other hand, v in general
is taken to deviate from the z~ axis by a plus component v* in order to regulate
rapidity divergences occurring if v is taken to point purely in the minus direction;
i.e., v = (vt,v7,0). Note that, in the two-dimensional projection displayed, the z*
and the zp axes fall on top of one another; they are nevertheless of course distinct
axes. The separation z is Fourier conjugate to the quark momentum k. Integrating
over transverse momentum kr sets zp = 0, i.e., the quark operator positions then
fall on the z~ axis. Nevertheless, for v # 0, the path then still retains its staple
shape. Only in the v = 0 limit (staple legs become horizontal in figure) does the
staple path collapse onto the x~ axis upon kr integration, leading to a bona fide
GPD limit in which all parts of the staple link cancel, except for a residual straight
link directly connecting —z/2 to z/2. One can alternatively define GTMDs with a
straight gauge link from the outset; in terms of the vectors defined in the figure, this
simply corresponds to the limit v = 0.

The appropriate choice of gauge link path depends on the physical context. In the
TMD limit, the staple-shaped gauge link is most relevant, since it encodes final /initial
state interactions in SIDIS/DY processes. On the other hand, GPDs are defined with

a straight gauge link; as discussed in more detail below and displayed in Fig. 4.1,
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only under certain circumstances do GTMDs with a staple-shaped gauge link have

a proper GPD limit, with the staple link collapsing into a straight gauge link. In

general, GTMDs defined from the outset with a straight gauge link play a separate

role, and both the straight and staple-shaped gauge link choices will be treated in

this work. Two specific motivations for doing so are the following;:

e In the context of quark orbital angular momentum, as accessed via the GTMD
F4 discussed in detail further below, both the straight and the staple-shaped
gauge connections have a definite, distinct physical meaning [37]. A straight
gauge link enters the definition of Ji quark orbital angular momentum [47],
whereas a staple-shaped gauge link generates Jaffe-Manohar quark orbital an-
gular momentum [35]. Note that Fjy is a genuine GTMD quantity, i.e., a

quantity which does not have a TMD or GPD limit.

A central aspect of the following treatment are Lorentz invariance relations
(LIRs). In the staple link case, these contain twist-three contributions (fre-
quently referred to as “LIR violating terms”, though their role is to maintain
Lorentz invariance) which do not reduce to GTMDs. To ascertain their con-
crete physical content in terms of quark-gluon-quark correlations, it is useful to
combine the staple-link LIR with the straight-link LIR (in which these contri-
butions are absent) as well as the straight and staple-link equations of motion.
The resulting information is not directly available considering the staple link

case alone.

In the most basic definition of GTMDs, a staple-shaped gauge link with a staple

direction vector v on the light cone is chosen [17], such that v has only a minus

component, v = (0,v7,0,0). On the other hand, the quark operator separation

z is of the form z = (0,27, 2p), with a two-dimensional transverse vector zr.
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Note that z is Fourier conjugate to the quark momentum k, and GTMDs are
defined in terms of k™ -integrated correlators, setting z* = 0. Thus, when one
forms the GPD limit of GTMDs by integration over the transverse momentum
kr, one sets zr = 0, and v and z then lie along one common axis. In that case,
the staple legs collapse onto that one common axis, the parts of the staple legs
extending beyond the region in between the quark operators cancel, and one is

left with a straight gauge link connecting those operators, as is appropriate for GPDs.

However, such a light-cone choice of the staple direction v meets with rapidity
divergences, which, in the application to TMDs, are commonly regulated by
taking v off the light cone into the space-like region [48]. Then, v is of the form
v = (vT,v7,0,0), and the GPD limit ceases to be straightforward; even after
integration over kr, i.e., setting 2z = 0, v and z do not lie on a common axis and
the staple-shaped gauge link does not collapse onto a simple straight link connecting
the quark operators. The kp-integrated quantities formed in this way are not
directly GPDs, but differ from GPDs by contributions which formally vanish in the
vt — 0 light-cone limit. An alternative possibility of treating this issue arising with
staple links is to modify the GTMD definition such that correlators are not rigidly
defined with 2zt = 0, but instead such that the longitudinal part of z is parallel
to v for any chosen v, i.e., z;, = (27,27) is parallel to v = (v",v7). In that case,
integration over kp does indeed lead to collapse of the staple link into a straight
gauge link, but this straight gauge link now does not lie on the light cone any-

more. In effect, in this way one generates quasi-GPDs in the sense discussed by Ji [49].

In the present treatment, both GTMDs defined from the beginning with straight

gauge links, as well as GTMDs defined with staple-shaped gauge links will be dis-
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cussed. For the latter case, the discussion will be confined to the v™ = 0 limit; v+ # 0
corrections will not be worked out explicitly. However, it should be kept in mind that
these corrections may be important in future applications, and places where they

arise will be pointed out as appropriate below.

4.1.3 Parameterization of unintegrated correlation function

We consider the parameterization of the completely unintegrated off-forward correla-
tor, W}, above, in terms of Generalized Parton Correlation Functions (GPCFs) for
the vector, v*, and axial vector, v#°, operators. As motivated above, we are also
interested in the case of a straight gauge link; the parameterization given in [17], by
contrast, is constructed for a staple-shaped gauge link, and its form was chosen such

that it is not straightforwardly related to the straight-link case.

In this respect, it should be noted that there is considerable freedom in constructing
GPCF parameterizations. This is due to the fact that not all Lorentz structures
one can write down are independent of one another; they are related by Gordon
identities and other relations, as laid out in detail in [17]. After exhausting these
relations, 16 GPCFs Af remain to parameterize the staple-link vector correlator, and
also 16 GPCFs A¢ remain to parameterize the staple-link axial vector correlator.
In the straight-link case, to be discussed in more detail below, 8 GPCFs remain in
each case. The staple-link parameterizations given in [17] in neither case contain
8 GPCFs relevant for the straight-link case; some of these were instead chosen to
be eliminated in favor of terms intrinsically related to a staple-link structure. The
vector correlator parameterization of [17] contains only 7 GPCFs relevant for the

straight-link case; one additional one therefore has to be reinstated. The axial
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vector correlator parameterization of [17] contains only 3 GPCFs relevant for the
straight-link case, and therefore 5 have to be reinstated. Thus, one cannot simply
delete the Lorentz structures containing the staple direction vector v (denoted N in
[17], up to a rescaling) from the parameterizations given in [17] and already arrive at
a valid straight-link parameterization. Additional terms are needed, as given below.
It would be possible to construct staple-link parameterizations differing from the
ones in [17], each containing a full set of 8 structures relevant for the straight-link
case, and each an additional 8 structures containing the staple direction v, such that
deletion of the latter 8 immediately leads to a valid straight-link parameterization.
We do not pursue this here to the full extent, but only give the straight-link

parameterizations.

In the case of the vector correlator, this is rather simple. The construction of the
staple-link parameterization in [17] can be followed verbatim even in the straight-
link case, merely omitting all structures containing the staple direction vector v,
except for the very last step. In that very last step, the single missing straight-link
structure, namely, ic**A*, is eliminated in favor of a staple-link related structure. In
the straight-link case, the staple-link related structure is not available, and therefore
the aforementioned straight-link structure must be kept instead. Thus, one has the

straight-link vector correlator parameterization®

W — PH kH H ioHF ioghA iok® [ PH
LAy A ar U(p, A) (4.16)
M 9 7‘{ 17 b, .

where the first 7 terms are identical to the ones given in [17], and the last one, con-

'We use the notation o#¢ = ¢#¥q,,, and o = ova,b,.
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taining the additional invariant amplitude AL, is associated with the aforementioned

missing Lorentz structure.

The case of the axial vector correlator is more involved, and the complete construction

of the straight-link parameterization is given in Section 4.8. We arrive at the form

iny5 — ierRA ioTHAD ioctkyS [ Pr k* A+
W = TN | a4 A+ T (R AG+ A% + G5
iocTA~5 [ Pr kH AF
Ve (MAQG1 - MA% + MA%)] Ul(p, A) (4.17)

which in fact has only one term in common with the staple-link parameterization
given in [17], namely, the one associated with the invariant amplitude Af; we make
choices differing from the ones in [17] even within the straight-link sector. All GPCFs
in these straight-link parameterizations are functions of k%, k- P,k - A, A%, P-A. In
staple-link parameterizations, such as the ones given in [17], the GPCFs additionally
depend on all scalar products involving the additional vector v characterizing the

staple link.

It is interesting to note that, for both the vector and axial vector operators, 8 GPCF's
enter the parameterization for the straight gauge link case. This is the same as the to-
tal number of GPDs (including twist 2, twist 3 and twist 4). This is expected because
the GPDs are defined with quarks separated only along the light cone. The number
of GTMDs on the other hand is 16. Because the underlying structure functions, the
GPCFs, are fewer in number, we expect the GTMDs to be connected to one another.
These relations between the GTMDs are known as the Lorentz Invariance Relations

and we discuss them in Sec. 4.3.
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4.1.4 Generalized Transverse Momentum-Dependent Parton

Distributions

The unintegrated correlator definining the Generalized Transverse Momentum-

Dependent Parton Distributions (GTMDs) is given by,

Wi (P, by, &, Ap;U) = /dk:‘WAF,A(P,k,A;LI)

= 5 [ e g x g (<)t (5) 1)

3 | (4.18)

zt=0

Its parameterization in terms of GTMDs, as defined in Ref.[17], reads as follows.? For

[ =~T, vt9°, ic""~5 one has,

+ 1 — io Tkt iot T A i kA
Wiy = WU@/,A/) {Fn + o Fia + P+ Fi3 + 2 F141 U(p,A)
(4.19)
iNeT KNI AA + A2
= {Fn + TFM] oarn + [T@Fw — F)
Ak + ik?
——————Fp| 0_n 4.2
t—7 12} AA (4.20)

2Note that the form of this GTMD parameterization, as well as the GPD parameterization exhib-
ited further below, is independent of the choice of gauge link, contrary to the GPCF parameterization
discussed above. Thus, the relations between GTMDs and GPDs given for staple-shaped gauge links
in [17] remain true for straight gauge links.
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i€ kAT io Ok
gz vnt T

Wi = Lo ML— G

2]\/[
5Az’
n %Glg n w*f@m} U(p, A) (4.21)
i(K'A2 — E2A1
= {— ( e >G11 +AG14] oarn + [
INKLA2 — K2AY) k' 4 iAR2
M2 G M

Al +1AA?
M

(Gs

G12:| 5_/\//\ (4.22)

i k AJ Miott
Wwie " = mU(p A’)[ ( MH11+MH12> P—7H13

Kokt ~PkF A%U +trSkk Atiohtyd Ak

M P+
1o} 5

———lm4mnm (4.23)

Hie

k7 AJ k A?
= l (MHH"‘MHH) +A<MH17+MHIS)] oA’

AAY +iA? (K A :
=R (G T ) + B+ Ny

k' + iAK? ( K A’

H —H
Vi 14+ — 115

* M M

(A! 4+ iAA2)A
M2

H16:| 5—A’A (424)

For each correlator listed, the second equality follows once PT is taken to be much

larger than all other mass scales. On the other hand, for 4%, 4'v°, one has

; k! A Mio®* Kliok+k*
Wiy = 2P+U( ,A) [MF21+MF22+ o Fas + M DF Fyy
Abighti* Alight Ak ioI kI i0I A
L Vo T A VT S VA AL V.

K Al k A
= {P* T (p+F27+ﬁF28)} YN

N 1 iA? + AA!
P+ oM

F28:| U(p,A)

(4.25)

(l{iFgl + AiFQQ) + M(A&l + i5i2)F23

AEY 4+ ik? , A’
+ %(WQHAZF%)+M(AA1+¢A2)F%} §_na (4.26)
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i€l kI T=AIAN Mioit~5

M M GzﬁTvG??’

kii0k+’}/5]€k N Aii0k+")/5k’k N Aiio_k—i-,.ySAk
M P+ MP+ M P+

e P o

Wil = —=-UW,N) [‘

Gag

i kI AJ K Al
= |:Z€ ](EGH + EGQQ) + A(EGW + P

1 [ A2 4 AN

st)} YN

P Wi (K Go1 + A Gay) + M (61 + iA512)Gos

(k' 4 iAK?)
M

A(AL +iAA2)
M

(K'Gay + A'Gas) + G%} S_aa (4.28)

The GTMDs considered here are complex functions of the set of kinematical vari-
ables z, &, k%, kr - Ar, t; in the case of a staple-shaped gauge link, they furthermore

depend on the vector v characterizing the staple,
X(Q?, 57 k%u kT'AT7 tv U) = X6<x7 57 k%7 kT'ATa t? U) +iXO(,CI,” 57 k’%v kT'AT7 tv U) (429>

with X = Fy;,Gyj, Hyj, at twist two, and X = Fj;, Gy, at twist three. X¢ is
symmetric under v — —v (T-even), while X° reverses its sign for v — —v (T-odd).
Due to Hermiticity and time reversal invariance, we have that the following GTMD

components are odd for & = —&, kr - A — —kr - Arp,

e e e e e e e e e e e e e [0 [0 o o
F127 F227 F237 F247 F267 F277 G137 G217 G25? G287 Hll? H157 H18F117 F137 F147 F217

o o o o o o 0 o o 0 o o o o o
F25’ F287 Gll7 G127 C;’14’ G227 G237 G24’ G267 G277 H12’ H137 H147 H167 Hl?

This influences which kpr-moments of these GTMDs can appear in the £ = 0 case.
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4.1.5 Generalized Parton Distributions

The Generalized Parton Distributions (GPDs) are obtained by formally integrating
Eq.(4.18) over the transverse parton momentum, kp, provided that the gauge link

has the appropriate form, cf. the discussion in Sec. 4.1.2,

1 [fdzm . pr.- -/ Z z
FF/ — - o~ Pz AV i ol ) )
awen = 5 [T @ o (<) e (3) 1na| s
For v+, v*+5 io"™~+® one has,
o= e e T B vy (4.32)
ATA op+ oM ’
AAT +iA?
- H6A,A’ —|— %E(S_A’A/ (433)
AR I L= +,.5717 A+75 =
FlLJ = —2P+U(p,A)[7 ’yH—I——2ME U(p,\) (4.34)
~ A +iAA?)  ~
= AHoyp + %SE&A’N (4.35)
iita i€l — o YTAT — Atd PTAI ~
FA’A 7 - 2P+U(p/,A/) |:ZO'+JHT+ 2M—ET+ M2 HT
Pt~d -
— ]\] ET:| U(p, A) (4.36)
i€ A ~ AAT /~ ,
= [ i (ET + QHT) + SYi (ET — fET>} oan + [(511 + zAéig)HT
i€ TN (AAY +iA?%)

_ ST fIT] S_an (4.37)
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whereas for v¢, v%+°,

_ P ;]i EQT] Up, A) (4.38)
_ {ﬁ; Bar + ?_jﬁﬂ T iA;jfj (Bor - gEQTﬂ San
. {—M(Ajiﬂém) Hyp — (AA; ]sz)ﬁi ﬁgT} San (4.39)
L = O i+ TR Sy P
- P;]j EQT:| U(p, A) (4.40)
— | B+ e T~ v (Bor - €3 onn
M)y, S L ne

The gauge connection for GPDs is a straight link, implying that all GPDs are naive
T-even. We use the GPD parameterization from Ref.[17]. As in the first parameteri-
zation introduced by Ji [27], the letter H signifies that in the forward limit these GPDs
correspond to a PDF, while the ones denoted by E are completely new functions; H,
E, H , E parametrize the chiral-even quark operators. In the chiral-odd sector, Hr,
Er, ﬁT, ET describe the tensor quark operators, the subscript 7" signifying that the
quarks flip helicity or are transversely polarized [50]. The matrix structures that en-
ter the twist three vector (7') and axial vector (7°9°) cases are identical to the ones
occurring at the twist two level in the chiral-odd tensor sector. Hence, the GPDs have
similar names: the corresponding twist three GPD, occurring with the same matrix
coefficient, is named Fyy if parametrizing the vector case v* and Fyp if parametrizing

the axial vector case v'7°, with F = H, E, H, E.
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4.1.6 Helicity Structure

To elucidate the helicity structure, which is needed to connect to phenomenological
applications and which also serves as a heuristic tool in the construction of LIR and
EoM relations below, we introduce the quark-proton helicity amplitudes, [31],

dz= d?zr | -
Avn = [ ST N O [P Moy (442)

where at twist two the bilocal quark field operators,

z

0ss(2) = 79 (=5) 71270 (5) = olo- (4.43)

define (non flip) transitions between quark =+, + helicity states. Note that, in this
section only, for the purpose of discussing helicity structure, we drop the gauge link

in the bilocal operators to simplify notation.

The various LIRs and EoM relations that we derive in subsequent sections corre-
spond to different helicity combinations obtained varying the initial and final proton
helicity states. We obtain 8 distinct relations from the following combinations,
(+,+) £ (—,—), and (+,—) £ (—,+), in the vector and axial vector sector, respec-

tively. In what follows we derive all four spin correlations.

The correlation functions in Eqs.(4.20,4.22) can be written in terms of the quark-

proton helicity amplitudes as,

W = Ansas+ An_a- (4.44)

WU = Aygas — Av—a. (4.45)
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One finds the following expressions for the proton non flip terms,

1
Fy = ?Wﬁ+wf)

1
= §(A++,++ AT A A ) (4.46a)
k A 1
i%—QT)gFM = §(Wli - w2
1
= §(A++,++ A A A ) (4.46b)
1
Gu = ?Wﬂf—wiﬂ
1
= §(A++,++ — Ay A A ) (4.46c)
k A 1
kB, Ly

1
= §(A++,++ A AL A ), (4.46d)

where, because of the constraints in Eqs.(4.30), the combinations on the rhs of

Eqgs.(4.46a, 4.46¢) and Eqs.(4.46b,4.46d) are purely real and imaginary, respectively.

The distributions in both transverse coordinate and momentum space corresponding
to these GTMDs were analyzed in detail in Refs.[34; 33]. Fy; describes an unpolarized
quark and proton state, and it reduces to the PDF f; in the forward, kr integrated,
limit; G4 describes the quark helicity distribution, or g; in the forward, k7 integrated,

limit. Fi4 and G1; do not have GPD or TMD limits. However, in the forward limit,
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their average over kr weighted by k3. gives [34],

1 .0 + +
i = for o ol o)
= /dl’/d2k’T L F14 (447)
. 8 +A5 +.5

= /dl‘/dsz—Gn ; (4.48)

where Eq. (4.47) represents the quark OAM along the z axis in a longitudinally
polarized proton, while Eq.(4.48) gives the quark OAM along the z axis for a

longitudinally polarized quark, or a spin-orbit term.

The proton spin flip terms read,

—Wﬂg - %((Al—¢A2)WZI+(A1+¢A2)W13

(4.49a)
kr - A A2, 1

TM TF12+2M(2F13—F11) = 5((A — iAWY, — (A iAW)

(4.49b)
and,

AQ k?T . AT ]_ . + A5 . +~5
MTGlg +— G = 5((A1 — iAW + (A i AHWIIT)

(4.50a)

Z(kT X AT)g A2 1 . +45 . +45
i (2]\;2(;11 G| = 5((A1 —iIAHWLT — (AT i AHWIIT)

(4.50b)

At twist three, the bilocal operators can be written as the overlap of a dynamically
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independent quark field, ¢ (good component), and a dynamically dependent quark-

gluon composite field, y (bad component) [9],

0L, (2) = éw( %) (v = i) (1 + ") (g) = xLos
O .(2) = éi}( g) (' + i) 1+ (g) = ol xs
01.(2) =~ (-2) G+ -7
0r(5) = =50 (=3) (- =

¥ (%) =—xlo_
) (5) =o' x-

(4.51a)
(4.51b)
(4.51c)

(4.51d)

Notice that the % on the [hs symbolizes the helicity of the quark within the quark-

gluon composite field, x (on the rhs), whose helicity is always opposite so that angular

momentum is conserved [51]. As a result, one can form twice as many helicity ampli-

tudes as compared to the twist two case [9],

w dZ d T ixPtz— —ikp-z
Ai\/i/*,/\,\ = /—e F -z (p A | OA/*,\(Z) ]p,A>|Z+:0,

(2m)?

dz=d*z B
Af\“f,“\q’/,m* _ /—T€Z$P+z ikp-zr (p A |(9XA*< ) |p, A>|z+:0-

(2m)?
Therefore,

' 1 1.5 . 2 . 2.5
AP = WA+ W —iWi, —iWg,

‘ 1 1.5 . 2 . 2.5
AAu/)i,Af* - W/’\Y’A + WX/X _'_ ZWX’A + ZWX/I;Y
A = WA WL — W, +iW T

Nisa— = TWaN T Wy =W iy

¢ 1 1.5 . 2 . 2.5
Aw3 AL = X’A—i_WX’X +ZWX’A_ZWX/X

(4.52a)

(4.52D)

(4.53a)
(4.53b)
(4.53¢)

(4.53d)

At the twist-three level, the following are the expressions for the proton helicity non-
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i€l kI i€ A

P+ 27 —

ki

— 5 +

P+
k,z'
P+

Gar +
i€l kI i€ NI
PR T TR

95

.

1 i
F28 = 5 (W_Z+ - WZ_) (454&)
' 1 i ;
St = 3 (W1+ + W1_> (4.54D)
1 in5 in5
1 in5 in5
Gar = 3 (Wlﬁ + W2 ) (4.54d)

As we show in subsequent sections, Eqgs.(4.54a) and (4.54d) allow us to identify the

twist-three GTMDs that enter the EoM relations for Fi4 and G respectively.

Writing the GTMDs that enter the proton helicity flip case one has,

i€ MY
“Tpr

AT

- 2MP+ (K F

(kr x A ; ;

Z%(k Foy + A'Fyy)

1 , ; , :

5 ((Al AW 4 (A + zAZ)Wl_) (4.55a)
. MA? kr - Ar . , AZA!

A'Fy) + BT Fos + ]C\F4P+T (k' Foy + A"Fos) + ﬁp%

1 _ : , ;

5 ((Al AW, — (Al + zN)Wz_) (4.55b)
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and,
MA! kr-Ap o . AiA2
P+ G23 + ]7\14P+T (k?ZG24 + A1G25> + MTG26
1 45 %5
= 3 ((Al — iAW)+ (A iAW ) (4.56a)
i€ A2 , i€l NI ik X Ag)s .
_QMPZ; (k‘]G21 - AJG22) — P+ G23 - W (k} G24 —|— A G25)
1 45 %5
= S (@ —aanwy -t iann) (4.56D)

The helicity amplitude structure is preserved when going to either the GPD or the
TMD limit. It plays an important role in defining the observables for the various
quantities. The GTMDs defined so far are related to GPDs by integrating them over
kr and to TMDs by taking the forward limit (A — 0).

4.2 Equation of Motion Relations

4.2.1 Construction of Equation of Motion Relations

Equation of motion relations connect different GTMD correlators of the type defined
in Eq. (4.18), in which the quark creation and annihilation operators are located at
positions —z/2 and z/2. To construct them, it is useful to consider initially a some-
what more general correlator in which the quark creation and annihilation operators
are located at more freely variable positions z;, and z,,, respectively. Central to the
construction is the observation that, taken between physical particle states, matrix
elements of operators that vanish according to the classical field equations of mo-

tion vanish in the quantum theory® [52]. Thus, in view of the classical quark field

3Note that the argument given in [52] is formulated for local operators; its extension to nonlocal
operators such as considered here calls for further justification, as noted in [48].
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equations of motion

(i) —myp = (id+gA—m)p =0, (4.57a)
zﬁ(iB +m) = 15(55 —gd+m)=0 (4.57b)

one has the vanishing correlation function

0 — /dzi?dQ)Z;n,T/dzwg dQ)Zgout,Teik(zoutzin)+iA(zout+zin)/2
2 27

N | 0za) [+ m)TU = TUGD — m)] (o) | p.4) (4.58)

b =21 =0

in out™

where, specifically, I' = ioc™ty° = yTiy5 — 4iyT~® with a transverse vector index

<_
i = 1,2, cf. Sec. 4.1.4. Note that the I) and P operators act on the z,,; and z;,

+

arguments, respectively. Furthermore, no derivatives with respect to z;. or 2z},

appear in the square bracket; these derivatives are accompanied in the Dirac operator
by a factor y*, implying that the terms in question vanish once multiplied by the

structure I", which contains an additional factor v*. Thus, introducing the equations

+ + =0.

of motion as in (4.58) is consistent with an a priori specification z; = 2z, =

Performing an integration by parts with respect to both z,,; and z;, yields

0 — /dzm dQZZ'n,T / dZ;ut dQZOUt:T6ik(zout*Zin)+iA(zout+zm)/2
(27T)3 (271')3

W AN | U(zin) [—i@inldT F iTDouild — g Az UT £ TUGA(z0ut) ] ¥ (20ut) | P, A)

+ N | D(zin) K—}é + %) Ur £Tu (—k - %)

+<m¢mwﬂw%m|mm} (4.59)

+_+
Zin_zout_o

Two types of contributions are generated. The second line of (4.59) contains the terms
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in which the derivatives act on the gauge links; these terms will ultimately result in
quark-gluon-quark correlators. The third line of (4.59) contains the standard terms
in which the derivatives act on the exponential in the Fourier transformation; these

terms result in quark-quark correlators. Proceeding by changing integration variables,

2= Zout — Zin, (4.60)

and translating the matrix elements by —b, one obtains

db~ d®bp a ibp _—ibp! dz” d®2r 4.,
o= ([Treee) [ e

W 152/ | (<7 - gur| £ TU-iT )] ] v/ 1

—z/ 2/2
+ (LA [ 9(=2/2) [(—Jé + %) ur £Iu (—k _ %)

+<m¢mwﬂw@mnnm} (4.61)

z+=b+t=0

having taken into account the phases generated in the proton states by the translation.
Thus, a §-function which enforces momentum conservation as expected, 63(p' —p—A),
is factored out; it follows that the rest of the expression by itself must already vanish.
Proceeding to simplify the Dirac structures (employing, e.g., the identity y#y*y" =
Gl + gP Pt — gHY P — €M Py, ~P)  one can finally identify from the third line of (4.61)

the GTMD correlators defined in Eq. (4.18), and one thus arrives at the equation of
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motion relations

At A o |
—TWX,XS +ikTETWY, + 7W1,+A”5 —iTRIWY + M =0 (4.62a)
+ +45 J +

T A s
zyuﬂj A7 P ¥ WY Wiy A
€ A’A+k AA 1€ _2 A/A+m AA +MA’A_O7

—kWLT + ZAQ
(4.62D)
which relate the correlation functions for different Dirac structures, v'v%, 7%, v*~% 77,

ic"®, and in which the genuine/dynamic [20] twist-three terms, copied from the

second line of (4.61), are given by*

@ ‘ dZ_d2Z ixPTz7 —ikr-2 AV VYATA z .
M = [Tt e |G (<5) | (7 - iodur

4 (2m)3 —2/2
L TUCT +igh) Z/J " (g) | 9, A) s —o (4.63a)
M = 4 [EET e ey 5 (<) | <@ o]
+oTU(d —i—igA)L/Q] " (g) | p, A)st—o (4.63b)

with I' = i0"™~°. In the following, only the case of vanishing skewness, AT = 0, will

be considered further.

Relations (4.62a) and (4.62b) are generalizations to the off-forward case of the EoM
relations involving the kp-unintegrated correlator first introduced in [14; 18; 42]. In
particular, Eq.(4.62b) leads to the relation between the polarized structure functions
g1 and gs first obtained in the forward limit using the same method in Refs.[14; 18].
However, notice that, at variance with [14; 18], because of the symmetrization in-

troduced in Egs. (4.58)-(4.61), the imaginary parts in Eq.(4.62b) appear only for

4Note that the expression for MX,SA quoted in [7] is missing an overall factor i.
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T o

Figure 4.2: Kinematical variables for the correlation function describing a GTMD.
The matrix element in the correlator is a function of z = z,,; — 2;,, Where 2,y = 2/2

(zin = —2/2) is the argument of ¥ (v); b = (2in + 2out)/2 is the Fourier conjugate of
A=p —p.

the non forward terms (terms multiplied by A). As will be discussed further below,
these relations represent a first step towards deriving a connection between twist-two
GTMDs and twist-three GPDs using a procedure alternative to OPE that highlights
the sensitivity to the quark intrinsic transverse momentum. In our case, they attain
additional significance in that they provide a framework for describing partonic OAM
in the proton in terms of specific distributions, thus helping to clarify possible mech-
anisms that generate it. A prerequisite for understanding what produces OAM in the
proton is that one examines the dynamics encoded in the correlator components at

the unintegrated level.

4.2.2 Gauge Link Structure and Intrinsic Twist Three Term

The form of the intrinsic twist-three terms given in Section 4.2.1 is valid for an
arbitrary choice of gauge link ¢4. The gauge link depends parametrically on the

locations of its endpoints; the derivative operators quantify those dependences.
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More concrete forms are obtained by considering particular gauge link paths. An
important choice is the staple-shaped gauge link path, the geometry of which was
already discussed in detail in Sec. 4.1.2, with the legs of the staple described by a
four-vector v; this contains also the straight gauge link path in the limit v = 0. Given
this concrete choice, a more explicit form of the intrinsic twist-three contributions

can be derived.

To establish notation, consider a staple-shaped gauge link U connecting the space-

time points y and y’ via three straight segments,

y+v y' 4o
U = Pexp (—z’g/ dx“AAx)) P exp —ig/ dz'A,(z)
Y yt+v

/

/_;’_,U

P exp (—ig /y dcc“Au(a:)> = U,(0,1)U»(0,1)U5(0,1) , (4.64)

which each can be parametrized in terms of a real parameter ¢ as

Ui(a,b) = Pexp <—z’g /ab dtv'A,(y + tv)) (4.65)
Uy(a,b) = Pexp (—ig /abdt W =) Ay +ov+ty — y))> (4.66)
Us(a,b) = Pexp <—ig /abdt(—v“)/lu(y/—l-v - m)) (4.67)

As noted above, the four-vector v describes the legs of the staple-shaped path. The
parameterization includes the special case v = 0, in which the staple degenerates
to a straight link between y and y’ given by Us(0, 1), whereas U; = Uz = 1. In the

following, U; given without an argument means U; = U;(0, 1).

As shown in Section 4.5, with this parameterization, one arrives at the explicit ex-
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pression

(aiyy - igAu(y)> U =
igUy /0 ds Us(0,5)(y — y)!' Flu(y +v + s(y" — y))(1 — s)Ua(s, 1)Us

1
~|—ig/ ds Uy (0, s)v"F,, (y + sv)Ui(s, 1)UsUs (4.68)
0

in which only field strength terms remain. In complete analogy, one also obtains for

the adjoint term,

P
A ’ _
U (ay,y +1i y(y)>

1
igUy / dsUs(0,)(y — )" Fu(y +v+s(y —y))sUs(s, 1)Us
0

1
—UlUQig/ dsUs(0, 8)v"F,,(y' + v — sv)Us(s, 1) (4.69)
0

where in each integral, s parametrizes the position of the color field strength insertion
along the gauge link connecting the quark positions. These forms are still completely
general. In the following, in particular the kp-integral of the genuine twist-three
terms will be of interest, in which case, cf. (4.63b,4.63b), the transverse separation
zr is set to zero and z has only a minus component, z = (0,27,0,0). Specializing
furthermore to the case where also v has only a minus component, v = (0,v~,0,0),
cf. the discussion in Sec.4.1.2, the staple legs collapse onto a common axis. In this

case we define U(z, ') to denote a straight Wilson line connecting the locations x
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and 2/, and obtain, upon identifying the endpoints y = —z/2 and ¢’ = z/2,

(@ —ighu o

1
gz~ / ds (1 —s)
0
U(=2/2,—z/24 v+ s2)7, F ™ (=2/2 + v+ s2)U(—2z/2 + v + 52,2/2)

+igv~ /01 dsU(—=z/2,—z/2 4 sv)y, F™(=z/2 + sv)U(—z/2 + sv,2/2) (4.70)

z/2

U(F +igh)

1
192~ / ds s
0

U(=2/2,—2/24 v+ s2)7, F ™ (—=2/2 + v+ s2)U(—2/2 + v + s2,2/2)

—igu~ /0 dsU(—=z/2,2/2 + sv)y, Ft(2/2 + sv)U(2/2 + sv, 2/2) (4.71)

Note that, in both expressions, the first line stems from the variation of the Wilson
line which connects the ends of the staple legs, whereas the second line stems
from the variation of the staple leg attached to the endpoint with respect to which
the derivative is taken. The straight gauge link case is obtained by setting v = 0,

i.e., only the first lines in (4.70) and (4.71) remain. This limit was already given in [7].

Particularly compact expressions are obtained if one further integrates over the lon-
gitudinal momentum fraction z, in which case z = 0 altogether, cf. (4.63b,4.63b). For
z = 0, the first lines in (4.70) and (4.71) vanish, i.e., the genuine twist-three terms in-
tegrate to zero for a straight gauge link. On the other hand, in the general staple link
case, the second lines remain, and give identical contributions up to a relative minus

sign. Combining with the Dirac structure I' and assembling the complete genuine
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twist-three expressions, one has in the completely integrated limit,

/ da / Pl M, =

ds (p), N|B(0)y U (0, s0)F ¥ (s0)U (50, 0)(0)[p, A)

1€’ gu 2pT i
(4.72)
/ da / Py MY, =
1
~9v 357 / ds (p/, N'[(0)7 U (0, s0) F ¥ (s0) U (sv, 0)1(0)|p, A)
0

(4.73)

Note that the €7 in (4.72) can be absorbed into the dual field strength F* = — ¢ i
useful for the analysis within instanton models [44], in which F = +F. On the
other hand, compact expressions also for the second Mellin moments result if one
specializes to the straight link case. A weighting by a factor x can be generated by
taking a derivative with respect to 2=, cf. (4.63b,4.63b); in the limit z = 0, only the
contributions from the derivative acting on either of the 2~ prefactors in the first lines

of (4.70) and (4.71) remain. Thus, one arrives at

[ [ Ere M = @ NGO FIORORA) (@7
/ d / Phr Miy = W XY IO (0T

for straight gauge links. Note that one can obtain, e.g., the right-hand side of (4.75)
by evaluating the v~ -derivative of (4.72) at v~ = 0, and multiplying by a factor
—i/(2P*). In other words, we uncover a connection between straight-link quark-
gluon-quark correlators such as (4.75) and v~ -derivatives of Qiu-Sterman type terms

such as (4.72), where the latter can be accessed using Lattice QCD TMD data [53],
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such as given in [54; 55; 56].

4.2.3 EoM Relations involving Orbital Angular Momentum

Altogether, Egs. (4.62a) and (4.62b) generate 32 individual relations between GT-
MDs, obtained by inserting the parameterizations (4.20),(4.22),(4.26),(4.28): each of
the two relations is a two-component equation in the transverse plane; furthermore,
the resulting 4 individual component relations are complex, ¢.e., each comprises
a relation for the real (T-even) and the imaginary (T-odd) parts of GTMDs.
The resulting 8 relations finally each contain 4 possible helicity combinations, as
discussed in Section 4.1.6, for the proton helicity conserving, Eqgs.(4.46), and the
helicity flip, Eqs.(4.49) combinations, respectively. We refrain from quoting all 32
of these relations. They can be specialized to the A = 0 TMD limit and to the
kr-integrated GPD limit. In the TMD limit, a number of known TMD relations [23]
is reproduced, including explicit expressions for the genuine twist-3 parts in terms
of quark-gluon-quark correlators, encoded in the /\/lffA and ./\/lj{,AA terms. For the
kr-integrated case, we focus on purely transverse momentum transfer, ¢.e., vanishing
skewness, ¢ = 0. In this case, there are potentially 8 relations: Of the original 32, 16
are £-odd, and of course only the T-even relations are relevant for the GPD limit.
Among these 8 relations, we discuss in detail three which involve exclusively k2
moments of GTMDs and GPDs. These three are moreover singled out by the fact

that they are also accompanied by three corresponding LIRs.

In this section, we present, in particular, the EoM relations describing the quark
OAM and spin-orbit contributions. These involve Fj4, which is obtained for the

helicity configuration (4.46b) describing an unpolarized quark in a longitudinally po-
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larized proton, and a relation for Gy, obtained for the helicity configuration (4.46d),
describing a longitudinally polarized quark in an unpolarized proton. These config-
urations are obtained by taking the helicity combinations (A'A) = (++4) £ (——), in
Egs. (4.62a) and (4.62b), respectively. The relations we obtain constitute z-dependent
identities tying the definitions, respectively, of partonic OAM, L., and the longitu-
dinal contribution to the spin-orbit coupling L - S, to directly observable twist-three
distributions. We present the third EoM relation, which instead involves transverse
polarization, in Section 4.4. As we show below, after taking A* = 0 (without loss of
generality in the angular momentum sum rule), we obtain the following EoM relations

from Egs. (4.62a) and (4.62b), respectively,

vEyp(z) = —H(z)+ FP () — Mp, (4.76)
~/ , m ~
7 [2Hyr(v) + Byr(n)| = —H(@) + 2 (2H(x) + Br(@)) - G (2) - Ma,,
(4.77)
where we defined
k2 k2A2 — (kr - Ap)?
XM = 2/612/«;TMT2 =T A2 X (2,0, k%, kp - Ap, AZ) (4.78)

Note that, in the forward limit, this reduces to the standard k2-moment,

k’2
X(l)’AT:O - /d2kTMT2X(x707 ki%7070) (479)
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The genuine twist three contributions are defined as®

M, (z) = / Phr oy (M - M) (4.80)
T
AN, .
M, (z) = / Phricd o (ML + M) (4.81)
AT

where the expressions for MX%A) given in Egs.(4.63b,4.63b,4.72,4.73), can be
interpreted as quantifying the quark-gluon-quark interaction experienced by a quark

of specific z, in the given helicity configuration.

Eqs.(4.76, 4.77) are the equation of motion relations involving the OAM and the
longitudinal part of the spin-orbit L - S distributions, defined through Fj4 and Gy,
in Eqgs. (4.47) and (4.48), respectively. They are particularly important among the
various GTMD EoM relations that we can write because they allow us to define

observables other than the GTMDs to measure the OAM distribution in the proton.

All of the distributions in the EoM relations are defined according to the scheme of
Ref. [17] (see Section 4.2): H and H are twist two GPDs, in the vector and axial
vector sector respectively; EQT is a twist three GPD in the vector sector, f[éT and

El are axial vector twist three GPDs.

Eq. (4.76) relates an intrinsic [20] twist three GPD, Eyp, on the lhs [7], to a twist
two GPD, ﬁ, the kr-moment of the GTMD, Fy4, Eq.(4.78), and a genuine twist
three term, Mp,,. It is obtained by contracting Eq. (4.62a) with A?/AZ. forming the

(A'A) = (++) — (——) combination of helicity components, and inserting the GTMD

®Note that in [7], the first of these relations was quoted with an erroneous additional normalization
factor 2M.
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parameterizations of the correlators, yielding

kr - Ap k2AZ — (kp - A A’ ; ;
0 = 2 ( TA2 F27 + F28> +G14—2 T TMiAT% T) F14+A2 <M_f_i - M:i)
(4.82)
Integrating over k and identifying the resulting GPDs [17] gives
0y A i,S
0=aBy+ H—FY 4 [ Ehp=s A <M M__> , (4.83)

i.e., one obtains Eq. (4.76). Recalling the discussion in Sec. 4.1.2; in the case of a
staple-shaped gauge link, this requires that the legs of the staple properly collapse

upon kp-integration such as to produce GPDs with straight gauge link.

Eq. (4.77) was derived in a similar way. It relates the twist-three GPD combination,
2H(x)+ Ebyp(x), to the GPD H, the kp-moment of the GTMD, Gyy, which describes
the longitudinal part of the parton spin-orbit distribution, and a genuine twist three
term. Notice the appearance of a quark mass term proportional to the GPD 2Hr +
E7 in the chiral odd sector [57]. Contracting Eq. (4.62b) with i€ A /A2 forming
the (A’A) = (+4) + (——) combination of helicity components, cf. Eq. (4.46d), and

inserting the GTMD parameterizations of the correlators yields

kr - Ap E2A2 — (kr - Ar)?
0 = 2$<TA% G21+G22)+F11+2T TMQ(ATQT 7) G
m [ kp - Ap A i A
— QM (A—%Hll +H12) ‘|‘Z€ A2 <M M,,) (484)
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Integrating over ky and identifying the resulting GPDs gives

0 = z (QFIQT + E;T> +H+GY) - % (2I§T + ET>

A A ,
+ / d*hried (M:i + Mi’i) (4.85)
T

i.e., Eq. (4.77).

4.3 Generalized Lorentz Invariance Relations

The underlying Lorentz structure of the unintegrated correlator, Eqs. (4.16,4.17)
allows one to find relations between the x-dependent kp-moments of GTMDs and
GPDs. As stated before, this is due to the fact that, for the straight gauge link case,
the total number of GPCFs is less than the number of GTMDs. Similar relations
connecting the various TMDs, in the forward limit, were derived in Refs.[13; 14].
These equations are a consequence of the covariant definition of the correlation

function, and they are therefore referred to as Lorentz Invariance Relations (LIRs).

The following LIRs, which we derive further below, involve the kr-moments of the
GTMDs respectively describing the OAM and longitudinal spin-orbit terms which

also enter the EoMs derived in Section 4.2, Eqs.(4.76,4.77),

dei) = (1) ' I

W = FEor+H+E = F14 = — / dy |:E2T + H + Ei| (486)

dG(l) " " 1 " "
- - (E;T + 2 by + H) = 6= / dy [QHQT + B+ H](4.87)

On the left hand side, we have k2-moments of twist two GTMDs. These GTMDs
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are unique in that, in the limit ¢ = 0, they carry the physical meaning of parton
longitudinal OAM distribution, F 1(41), and longitudinal parton spin-orbit distribution,
Gﬁ). On the right hand side, the integral expressions for the intrinsic twist three
GPDs Eyr + H + E, and QfIQT + Ebr + H, allow us to access both OAM and the
longitudinal spin-orbit term directly from deeply virtual exclusive measurements as
these GPDs enter as coefficients of specific azimuthal angular modulations of the

cross section. Note that these x-dependent relations are valid also for Ar # 0.

Note also that, at variance with previous work [58; 44; 36; 49], Eq (4.86) allows
us to obtain directly information on the OAM distribution because its form is not
integrated in x (it occurs at the kp-integrated level). Eq.(4.87) is new: it allows us
to connect the longitudinal spin-orbit x-distribution, G§11), to a specific twist three

GPD combination, 2?I§T + EY that uniquely appears in off-forward processes.

If we were to work with a staple gauge link, the number of GPCFs would increase to
16 for both the vector and the axial vector case. In this scenario, since the number
of GTMDs is the same as the number of GPCFs, we do not expect there to be any
LIRs connecting exclusively GTMDs (or their GPD limits). Indeed, if we do try to
write these relations, we find that extra terms appear that consist of GPCFs that
cannot be combined to form either GPDs or GTMDs. These extra terms, which are
required in order to properly encode Lorentz invariance in the relations, have been

termed LIR breaking terms [43]. For example, (4.86) is modified to read

dFY -
— = En+H+E+Ap, (4.88)
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with,
Ap, = Py | dk™ VT AT(Aﬁ+ zAL)
k2A2 (kr - Ap)? [ OAE OAL
AP+ 4.
e e G )] (489

where the 4-vector v = (0,v7,0,0) describes the direction of the staple, which here
is taken to extend along the light cone. The amplitudes A" are the ones appearing
in the parameterization given in [17], appropriate for a staple link structure, up
to a rescaling stemming from the fact that the staple vector v used here and the
analogous vector N used in [17] are related by a rescaling. Note that, if one were to
take v off the light cone, v = (v",v7,0,0), cf. the discussion in Sec. 4.1.2, additional
terms would appear in (4.89) that formally vanish as v — 0; examples of such terms
in the case of TMD LIRs have been given in [43]. Of course, the GPCFs themselves

then also depend on v™.

In what follows, we work with straight gauge links, where terms such as (4.89) are
absent; in Sec. 4.3.3, we return to the staple link case and obtain a concrete expression
for (4.89) in terms of quark-gluon-quark correlators, by combining the LIR with the

corresponding EoM.

4.3.1 Construction of Lorentz invariance relations

The general structure of the unintegrated correlation function was written in terms
of all the independent Lorentz structures multiplied by scalar functions, AX, AY in

Section 4.1.3. The correlation function integrated in k= (and kr dependent) was
parametrized in terms of GTMDs in Ref.[17] (Section 4.1.4). GTMDs can, therefore,

be expressed through k= integrals of the scalar functions A AY¥. These expressions



72

are given in Section 4.7. As was shown in Section 4.1.3, the total number of indepen-
dent functions in the unintegrated corrrelator is 8 for the vector and 8 for the axial
vector sectors. The total number of twist two plus twist three GTMDs is 12 vector
and 12 axial vector [17]. Since this number exceeds the number of AF, A% functions,
the GTMDs will be related to one another. This type of relation that is just originat-

ing from the parameterization in terms of Lorentz covariant structures is called a LIR.

In the following, we describe the procedure used to derive LIRs between the kp-
moments of the twist two GTMDs listed in Section 4.1.4, Eqs.(4.46b, 4.46d), and the
twist three GPDs listed in Section 4.1.5. It is based on the following integral relation
for amplitudes A depending on the integration variable k via Lorentz invariants as

A=Ak Pk k- D),

d k2AZ — (kr - Ar)?
— | &Pky | dkm =L X[A;2] =
dl’ T/ A% [ 7:6]

2 A2 . 2
/dzsz/dk:‘(k;.P—xPQ)X[A;x]+/d2kT/dk‘kTAT A(fT Ar) Z—X[A;x]
T X

(4.90)

where X'[A; 2] is a linear combination of amplitudes A in which the coeflicients, aside
from containing the invariants k- P, k? and k- A, may have an explicit z-dependence.
This is an off-forward extension of relations used previously in the analysis of TMD
LIRs [43; 14; 59; 18]; here, the presence of the additional invariant k - A must be
properly accounted for. In view of this complication, it is worth laying out the

elements of the derivation of (4.90); this is presented in Section 4.6.
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4.3.2 Relating k% moments of GTMDs to GPDs

Since a generic GTMD X can be expressed in the form X = [ dk~X[A; ], as given
in Section 4.7, one can use (4.90) to cast the z-derivative of its kp-moment, X1,

cf. (4.78), in terms of A amplitudes. In particular,

LRY =
4]\]; / d*kr / dk™ [(k P — aPY)(AF + Ay 4 AT = AU;T - Ag)? Ag] (4o1)

Lo -
4]\1;: /dsz/dk {(k - P —2P? (AlG + A% 4'29514%) n k24 AZ _A(/;T A2 Azlcg]
(4.92)

To complete the LIRs, one constructs the appropriate combinations of GPDs which

yield the right-hand sides. The relevant combinations, cf. Section 4.7, are®

H+E =
kr - A P-k—zP?

2P+/d2kT/dk— 2( TA% TA5F+A§+T2”3(A§“+:EA5))

(4.93)
EQT =
. kr - Ar (kp - Ap)? — K2A2

2P+/d2kT/dk (—2)( Az AP+ AL+ VAT =T AL

(4.94)

6Note that one could equally quote the left-hand sides of (4.93)-(4.96) in terms of kr-integrals
of GTMDs instead of quoting directly their GPD limits, cf. Section 4.7. This would facilitate a
consistent regularization of the obtained LIRs at the level of kp-integrals of GTMDs.
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H pr—
P2—k.-P
(4.95)
Eyp + QﬁéT =
_ ZL‘PQ—]{?P (I{JT'AT)Q—]{?ZAQ
2P+/d2kT/dk (2 ——p AT+ AT+ VA L A%
(4.96)

To construct the appropriate combinations completing the LIRs, we examine the
expression for the proton helicity combination associated with the GTMD appearing
on the left hand side of (4.91), (4.92), and find the twist-three GPDs corresponding
to that same helicity structure. The GPCF substructure of the twist-three GPDs
need not, in general, completely match the GPCF combination of the x-derivative
of the k% moment of the GTMD. One may need to add a twist-two GPD with the

appropriate GPCF substructure.

In particular, Fy4 describes an unpolarized quark in a longitudinally polarized proton,
Eq.(4.46b) for ' = ~7; the twist-three GPD with a similar proton helicity combination
is EQT. Comparing their GPCF decompositions, we see that if we add H + E, we
arrive at the LIR,

dFY

—FEyp+ H+E. 4.
dr or + H + (4.97)

Similarly, GG1; describes a longitudinally polarized quark in an unpolarized proton,

Eq.(4.46d) with T' = yT45. The corresponding twist-three combination with the same

proton helicity combination is 2H. or+EbSp, with their GPCF substructure given above.
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By adding the GPD H , this gives us,

dGY) ~
1 _ (2H§T n E;T> ~ 0. (4.98)

dx

As already noted further above, in the case of a staple link, these Lorentz Invariance

Relations acquire LIR violating terms that we introduce as, cf. (4.88),

dFy -

—M = By + H+E+Ap, (4.99)
ngll) o 7/ / 7

W — — 2H2T + EQT — H —l— AGH (4100)

These relations are a central result of our paper: they give a connection valid point
by point in the kinematical variables z and ¢ = —AZ% among the k7 moments of
GTMDs that define dynamically OAM and longitudinal spin-orbit coupling, specific
twist three GPDs, and LIR violating terms that can be expressed in terms of genuine
twist three contributions; the latter connection will be elucidated using the example

of Ap,,, cf. (4.99), in the next section.

4.3.3 Intrinsic twist three contributions

Lorentz invariance relations (LIRs) derived in the presence of a staple-shaped gauge
link generally include additional terms beyond those found for straight gauge links,
as exemplified by (4.88),(4.89) in comparison to (4.86). Whereas the staple LIR by
itself does not yield the concrete physical content of these terms, considering it in
the context of the straight-link LIR as well as staple and straight link EoMs provides
more detailed insight into their meaning. To illustrate this, it is useful to pursue
the case of the LIRs (4.86) and (4.88), relevant for the description of quark orbital

angular momentum in the nucleon, further. Subtracting the former LIR from the
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latter yields

kr - A
Ap,(z) = M2 /d2 /dk [ o T(An + A1) + Auy
K2AZ — (kr - Ar) 0A 0A
)
A7 Ik -v) Ik -v)
—dFl(i) — —dFl(i) (4.101)
dx dx » '

giving a concrete expression for Ag, in terms of the GTMD Fj,. Note that, here,
the discussion given in Sec. 4.1.2 should be kept in mind: Formulating the LIRs (as
well as the EoMs below) in terms of GPDs assumes that, in the staple-link case, the
legs of the staples have properly collapsed upon kp-integration such as to produce
GPDs with their straight gauge link structures. This requires the staple link vector
v to lie on the light cone, v = (0,v7,0,0). Corrections to the above relation would
arise from several sources if one were to take the staple vector v off the light cone,
v = (v",v7,0,0). On the one hand, the cancellation between the straight and staple
link GTMD precursors of the GPDs in (4.86) and (4.88) would be incomplete; there
would be residual terms corresponding to the difference between the two cases (unless
one opts for the alternative quasi-GPD scheme also mentioned in Sec. 4.1.2). On the
other hand, as already noted in connection with eq. (4.89), additional amplitudes

would enter the GPCF expression.

Now, the difference of GTMD kp-moments in (4.101) can also be extracted from the
EoMs: subject again to the above caveats, the GPD terms in the EoM (4.76) are

identical for a straight link and a staple link, and subtracting an instance of (4.76)
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with a straight link from an instance with a staple link yields

1 1
Ry - FY =M= Ml (4.102)

v=

Thus, the additional terms in the staple LIR (4.88) are associated with quark-gluon-

quark correlations,
d
Ara(2) = (Mr, = Mrul,—o) (4.103)

Therefore, we see that, comparing the genuine twist-three terms entering the staple
link LIR and the staple link EoM, these encode independent information: the EoM

contains M, alone, whereas the LIR contains the difference of Mg, and Mg, |v—o-

As was shown in Refs. [35; 37], in the forward limit, and integrated over momentum
fraction x, the quantity — ﬁ) corresponds to Jaffe-Manohar quark orbital angular
momentum in the staple link case, whereas it corresponds to Ji quark orbital angular

momentum in the v = 0 straight link case. Using (4.72), we obtain a concrete

expression for the difference between the two,

)

_ (4.104)
Ar=0

/0 ds (p', +15(0) U (0, s0) P (su)Us0, 01 (0) o, 1| .

Ar=0

- / dr (FY — FY

— ——i€egu”

OA’

where it has been used that 2(A/AZ)f" = (0/0AY)f" in the limit Ay — 0 for a
vector function f which vanishes at least linearly in that limit (this is clear if one
decomposes f using A, fi = Alfll 4 €7 AT f+): note that the function on which the

Arp-derivative acts in (4.104) satisfies this requirement since the left-hand side is
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regular at Ar = 0. In deriving (4.104), it has furthermore been used that, once one
is considering Ap-derivatives, the (++) and (——) helicity combinations contribute
equally to quark orbital angular momentum. FEq. (4.104) can be interpreted in
terms of the accumulated torque experienced by the struck quark in a deep inelastic
scattering process as a result of final state interactions [37]. The genuine twist-three
term Ap,,(x) entering the staple link LIR thus rather directly encodes information
about this torque, via repeated integration in z. Eq. (4.104) reproduces’ the

expression for the torque given in [37].

Analogous considerations apply to the staple link version of the other LIR derived in
section 4.3.2. For the spin-orbit sum rule, one has

d
A, = - (61 - &Y

d
dx v:O) - _@ <MG11 o MGM’@:O) (4.105)

and in the completely integrated, forward limit,
= (4.106)
Ar=0

/ dz (Gﬁ) et v:o>
1
— Snl 9 opr [ ds 0 F|(0)yT U0, su) F (s0)U (50, 0)00(0) [, +)
0 Ar=0

OA?

This term is analogous to Eq. (4.104), the only difference being in 4+ — y*+°.

"To see the correspondence, it is useful to reinstate into the expression given in [37] a small
momentum transfer, and to translate the matrix element such that the quark operators are located
at the origin, as they are in (4.104). Taking into account the resulting phases stemming from the
proton states, one can then identify [ d®rr? exp(iA7) = i(27)333(A)3/OA". In view of the standard
normalization of states (p’ + |p+) = 2P+ (2m)363(p’ — p), the correspondence becomes evident.
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4.3.4 Eliminating GTMD moments from LIR and EoM rela-

tions

We now merge the information from the LIR, Eqs.(4.99, 4.100), and EoM relations
Egs. (4.76,4.77) such as to eliminate the GTMD moments. By eliminating F\}’ be-
tween Eqgs.(4.99) and (4.76), and Gﬁ) between Eqs. (4.100) and (4.77), respectively,
we obtain relations involving only twist two and twist three GPDs including their
corresponding genuine twist terms. Considering again separately the vector and axial

vector cases one has,

EQT =
L H Ldy ~ 1 L Ld
_/ _y(H+E)_ __/ _ZQJH o |:_MF14_/ _ZZ/MF14:| _/ _yAFM
z Y r z Y z ) z Y
(4.107)
2Hyp + Eyp =
Vdy ~ H Ld m|l, ~ La ~
—/ EyH— [;—/ y—‘gH} +a7 [E(2HT+ET)—/ y—g(2HT+ET)]
1 Ly L dy
- |:EMG11 _/x ?MG11:| +/x ?‘AGM (4108)

These relations are valid for either a staple or a straight gauge link structure
(with staple vector v on the light cone in the former case), keeping in mind
that Ap, = 0 and Ag,, = 0 in the straight-link case. Since the GPDs in
these relations by definition are identical in the staple and straight link cases,
subtracting a straight-link instance of (4.107) from a staple-link instance again
yields the relation (4.103) between quark-gluon-quark terms (upon differentiation
with respect to z), and one likewise obtains the analogous relation for Ag,,. A
converse way of stating this is that the terms containing Mg, and Ap, always

conspire such that only a straight-link quark-gluon-quark contribution remains,
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even if (4.107) is formally written for the staple-link case; the same is true for (4.108).

If one disregards the quark-gluon-quark contributions, and the quark mass term in
Eq. (4.108), one obtains generalizations of the relation derived by Wandzura and

Wilczek (WW) in Ref. [15],

1
~ d
By —- [ e -

H_ /1 @ﬁl] (4.109)

y z y?
1 1
- dy ~ H dy
(2Hyp + Eyp)"" = —/m i b —L ;H} (4.110)

isolating the twist-two components of By and (QFNIQT + El;). We can then re-express

Eqs.(4.107, 4.108) as,

Eor = EJW + ES) + EHE (4.111)
By = oy + Ead + B+ En (4.112)

where we defined
E;T = QﬁéT + EéT .

Here, EQL%R and EIQLTIR are the LIR violating terms containing Ap, and Ag,,, respec-
tively, ES}) and E;(;) are the genuine twist three terms containing My, and Mg, ,,

and EIQZL« is the quark mass dependent term.

4.3.5 2, z and 2> Moments

We now consider the x moments for the twist three GPDs entering Eqs.(4.107,4.108).

Integral relations for twist three GPDs were first obtained in Ref.[44; 58] directly
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from the OPE while in this paper we derive them by integrating the x-dependent
expressions found from the LIR and EoM.® It is therefore important to check how the

two approaches correspond to one another. For the vector case we have,

/de2T - —/dx(H+E) = /dx (E2T+H+E) —0  (4.113a)
- 1 1 -
/d:mEgT = —§/dx:v(H+E) - §/d:pH (4.113D)
,~ 1 ) 2 _ 2
dea*Eyr = —3 drz*(H + E) — 3 draH — 3 dea Mp,| (4.113c)
v=0

where one can see that the contributions from Ap, and Mg, cancel in the first
two expressions integrating by parts; it is assumed that the integrands are sufficiently
well behaved at the boundaries for all such integrations. Notice that Eq.(4.113a) is an
extension of the Burkhardt-Cottingham sum rule to the off-forward case. Eq.(4.113b),

taken in the forward limit, is a sum rule for Ji quark angular momentum,
gi 1 A Ji
Jit = 5 ¥+ L, (4.114)
as can be seen by identifying the terms,

) 1 ~ ) ~
J;’:§/dmx(H+E), AEq:/d:cH, Lf:/dxm(EgT—l—H—l—E).

(4.115)

Finally, Eq.(4.113c) is the only one containing a genuine twist three contribution. It
should be noticed that this contribution was surmised to be the same for all helicity

configurations in Ref.[44], while here we see that they are distinct terms.

8Notice the notation difference between Refs.[58; 44; 36] and the classification scheme followed
in this paper [17]: [dxxGy = — [dxx(Esr + H + E).
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In order to gauge the size of the OAM component, one can use data on the twist
two GPDs contributing to the WW definition, and simultaneously extract the twist
three GPDs. Detailed comparisons between the two sets of measurements will allow

us to constrain this quantity.

The axial vector moments are given by,

/dx (E§T+2f{f§T> - —/dxﬁ = /dx (E;T + 20, +ﬁl> =0
(4.116a)
, ~, 1 ~ 1 m ~
dxx (E2T + 2H2T> = -3 dexH — 5 dxH + oYY dx(Er + 2Hr7)
(4.116b)
o ( 1 ~, 1 9 2 2m ~
dx x <E2T + 2H2T> = —3 dxx*H — 3 dxxH + Wi dxx(Er + 2Hr)

(4.116¢)

2
— g/dxx./\/lgn

v=0

Eqgs.(4.116a,4.116b,4.116¢) are also consistent with those found in Ref.[44] and re-
visited in Ref.[60]. In particular, Eq.(4.116a) is an extension of the Burkhardt-
Cottingham sum rule to the off-forward case. Similarly to the vector case, the various
terms in Eq.(4.116b) can be rearranged so as to single out the second moment of a
twist-three GPD, namely the combination 2H), + E4, + H, which in the forward limit
can be interpreted through the LIR in Eq. (4.87) as the longitudinal contribution to

the parton spin-orbit interaction (L.S.),, cf. (4.48),

2(L.S.), = / dzz (E;T 2+ ﬁ) . (4.117)
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One then has, in the forward limit,

1 . - 1
5 / drxH + ;”—A}m‘; = /dm(zﬂgT + By + H) + 5 e, (4.118)

corresponding to the sum rule
2(J.5:)q = 2(L,S.), + 2(5.5.), (4.119)
where the transverse anomalous magnetic moment, x%, and the quark number, e,
Kl = /da: (Br+2Hr),  e,= /dazH (4.120)

have been defined.

The quark mass-dependent term which appears in Eq.(4.116b), technically through
the equations of motion, is due to transverse angular momentum components that
are present for non-zero quark mass. Note that this term is chiral even, being given
by the product of two chiral-odd quantities. We thus find the following partitioning

of the terms representing total angular momentum,

1 ~
2(J.5.)g = 2(J - S)y — (Jr - Sp)] = §/de + ;n—]\}/i% . (4.121)

In the chiral limit, only the longitudinal polarization component is available to the
quarks, and the correlation (J,.S,) is then quantified correctly by helicity-weighting
the correlator yielding .J., cf. (4.115), which converts H + E into H. No contribution
from E appears due to time reversal invariance. In the presence of a non-zero quark

mass, this is modified by the transverse anomalous magnetic moment term, which
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accounts for the fact that also transverse polarization components are available to
massive quarks. Note that one does not have to polarize the proton to observe these

correlations between quark spin and angular momentum.

4.4 LIR and EoM relations involving transverse
spin configurations

The main results of this paper are given by the EoM relations in Eqs.(4.76,4.77), the
LIR relations in Eqgs.(4.86,4.87), and the WW relations in Section 4.3, which were
obtained for longitudinal proton polarization at £ = 0. Most of the LIRs [20], however,
including the original ones [14; 18], were originally derived for the proton helicity flip
case, or for transversely polarized proton configurations. It is therefore interesting
to study the extension to the off-forward case for these helicity configurations. We

obtain the following EoM result for the axial-vector GTMD,

Lo A7 A7 m A7
§G12 =z [HQT — WEQT _W<H+E)_M Hr — 4M2ET —Mg,,, (4.122)
where the genuine twist-three term
MG12
AT TAY AT —Al 1A% A2 - A2 -
_ d2k’ % Bl 7,A A T 3,A T i, A
/ TEUAZ { oor T o M M T M-
(4.123)

has been defined.

Our derivation proceeds in analogy to the steps used in the longitudinally polarized
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case, with a few important differences, as follows. Multiplying the (A’A) = (+—)
component of (4.62b) with (A! 4+ iA?) and the (A'A) = (—+) component of (4.62b)
with (Al — iA?), subtracting these two component equations and contracting with
i€ A7 /(2M AZ) yields, upon inserting the parameterizations in terms of GTMDs,

k’T . AT A% F11 k%A% — (]CT . AT)Z A%
0 = WE Fia + F13—7 + M2AZ G12_—2M2G11

kr - Ar A2 k;%A% — (kr - AT)2
—X —2M2 Ga

Go + —5Go + G
21—1—2]\42 22 + Gz + M2AZ

m [ kr-A A? k2 A2 — (kr - Ar)?
(T TH11+2—A;2H12+H13+ L TMgAT% ) H14)

_ 1 A2V ALBA L (AL L 5 A2 AfDA
SVAT (AT +ia) ML+ (-AT +iaf M) (4.124)

and, upon integration with respect to kr and identifying the corresponding GPDs,

A7 L AL AT ~ m AT ~
O = 4M2E —f— §G12 — 4M2G11 — X (HQT —f— WHQT) —f— M (HT + 2M2HT)
i€’ A 2 1| 2 A2) A q6A TN
—oafAaz | @kt ((A FIA)MEE + (AT A )/\/l_+) (4.125)
T

Finally, eliminating Gﬁ) using Eq. (4.77), we obtain Eq. (4.122).

Eq. (4.122) is a direct, off-forward GPD extension of the well-known relation involving
the polarized twist three PDF gr, the kr-moment of the TMD ¢y7 and transversity,
hy [14], as can be seen by identifying, in the forward limit, H); — gr, Hr — hq, and

Gi2 = gir,

1 m ~
0= §g§T) (x) — xgr(z) + Mhl(x) + xgr () (4.126)

Note that our definition of the ky-moment X differs from the one in Refs. [43; 14]

by a factor of 2. The intrinsic twist-three contribution can be given explicitly in terms
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of quark-gluon-quark correlators as,

. 1
1Gr(0) = 17 / Pk (Mié M2 MEY - iM%ﬁ)

= MG12|AT:0
ATZO

(4.127)

This simplified form for Mg, in the Ay = 0 limit is obtained from (4.123) by

considering approaches to the Ay = 0 limit along both the A! and the A? axes.

The EoM relation (4.122) is accompanied by a corresponding LIR, which one obtains
in complete analogy to the treatment in Sec. 4.3.2 by considering the appropriate

decompositions into amplitudes A%, cf. Section 4.7. For straight gauge links, one has

d 4P+

- = d*kr a2 Ve [(k P — 2 P?) (A% 4+ 2A%)
2A2 A
+ AT A(];T r)° Afg] (4.128)
T
as well as

H = 2P+/d2 /dk (Agf; PMk P(A?S+A)>

(4.129)
A2 _ P2 (kr - Ar)? — k2A2
(4.130)
leading to the LIR
1dGY) , A A
5 Hy — B = (14 15 H+ Ac,, (4.131)

where Ag,, = 0 in the straight-link case, but in the presence of a staple link with
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staple direction v on the light cone, cf. the analogous discussion in Sec. 4.3.3, one has
the genuine twist-three contribution

4

Ac, = dz

(MG12 - MG12|U:0) (4'132)

This LIR is likewise an off-forward generalization of a well-known structure function
relation; setting Ar = 0 in (4.131) directly yields

1d @
deng

() = gr(z) — g1(x) — gr(z) (4.133)

in which the genuine twist-three contribution is given in terms of quark-gluon-quark

correlators as

N d
gT(x) = % (MG12 - MG12|1):0) (4134)

Ar=0

By using the same techniques as in Section 4.3, eliminating the term containing G,

we obtain the following relation,

2 2 1. 2
HéT_ﬁEéT — (1_‘_&)/ @H+ﬂ[l (HT_ A7 ET)

4M?2 4M?2 y M |z 4M?2
td A2 A2 1 Yd
_/ y_?;(HT—LlMTQET)} +4MTQ {E(H+E)—/ y—Z(HJrE)]
M 'd Ld
+ {%—/ y—g/\/lgu] —/ ?yAGu,. (4.135)

Notice that this relation reduces in the forward limit to the one for the polarized

structure functions, g; and gr [43], namely, taking Hy, — gr = g1 + g9, H — g, and
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Hp — hy, as well as taking into account (4.127), (4.132) and (4.134),

1dy

m [ 1 Ld ~ Ly Vdy
gr = —a+ — (_hl_/ —gfﬁ) + <9T—/ _y9T> +/ —ygT (4.136)
y M \z s Y 2 Y s Y

T

Taking moments of (4.135) in x, one obtains,

/d:z::v (H;T —
/dxx2 (HéT —

Af
4M2 EQT)

AT

AZ
4M2 EéT)

A?p 77 Ar—0 / 7
(1+W)/dx]{ s /dx<H2T—H>

/dx g2 =0 (4.137a)

1 A2, ~ A2
5 (1+4M2>/dzme—|—8M2/d:p(H+E)

m A?

— Hr — —LF 4.1

1 A2T 2717 A2T
§(1+4M2>/d:m H+m/dxx(H+E)
2m A2,

2
i Hr — E z
W] dzxx ( T T) ; /dxa:',/\/lc12 -

(4.137¢)

Eq.(4.137a) is the off-forward generalization of the original Burkhardt-Cottingham

sum rule; similarly, Eq.(4.137b) is the generalization of the Efremov-Leader-Teryaev

sum rule [61],

/ d {gT(x) _ %gl(x)} —0 (4.138)

which is valid in the chiral limit, m — 0, whereas Eq.(4.137¢) in the forward and

chiral limits reduces to?,

[ aos? orte) - o)

1
=2dy . (4.139)

2
= g/dxx/\/lgm

UZO,ATIO

9Note that definitions of dy in the literature vary by a factor of 2.
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d, which incorporates quark-gluon-quark correlations, is one of the few quantities
where these effects can be obtained unambiguously from inclusive polarized scatter-
ing experiments ([62] and references therein). One can write explicitly the helicity

structure of Mg, as,

1
dz = m/dm /dsz (MU 42 4 i = im2)

(4.140)

v=0,A7=0

A relation involving the GTMD F}5, the imaginary part of which in the forward limit
is (minus) the Sivers function f [17], is obtained by considering the combination
(A —iA?) times the (A'A) = (—+) helicity component added to (A + iA?) times
the (A’A) = (+—) helicity component of Eq. (4.62a) and multiplying by A?/MAZ,

k303 — (kr - Ar)? 1
i (F23 + T TM2(AT% T) F24) + W (A%«Glg +k’T : ATG12>

k%AQT — (kr - AT)2 A’
Fiy +
M2AZ OMAZ

((Al —IAYMPS + (Al + m?)Mﬁ) —0

(4.141)

In the forward limit, Eq. (4.141) is a relation between purely imaginary quantities.
This follows from the fact that, for A = 0, the real parts of all GTMDs entering
Eq. (4.141) except for Gio vanish [17]; on the other hand, G2 is multiplied by Ar.
As a consequence, also the real part of the genuine twist three term vanishes for
A = 0. Turning therefore to the imaginary part, in the forward limit, one has the
TMD identifications F§, = fr and Fg, = fi [17]. Integrated over kr, the term in
the first parenthesis thus combines to [ d*krfr = 0 [23]. One is therefore left with

the following kp-integrated relation involving the Sivers function fi% in the forward
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1(1 o(1
leS ) = _F12( ) - MFIZ‘AT:O (4142)

where the quark-gluon-quark term

Ai

EE)
M, "IMAZ

/koT ((Al —IAHYMET, 4 (AT + z‘A2)M15_) (4.143)

has been introduced. Eq. (4.142) indicates a correspondence of Mp, to the well-
known Qiu-Sterman term 7,(z,z) in the forward limit. Indeed, in analogy to the
discussion surrounding Eq. (4.104), a compact expression for My, can be obtained
in the fully integrated case. Approaching the Ap = 0 limit either along the A% = (

axis or the A! = 0 axis, one has
1 1
Mrilag—o = =iz / Phr(MEZ2+ MEY) = / Php(M>S — M>3) (4.144)

Considering, for example, the form given in terms of /\/ljl\,i, and integrating with

respect to x, one can insert (4.72) and obtain the Sivers shift

1
() = 1 [ dg?
1

= gU —— 1dS<P,Sl|1/_J(O)’y+U(O,SU)F+2(SU)U<SU,O)¢<O)‘P,Sl>
2P+ |,

(4.145)

after having converted the states from the helicity basis to a spin quantization axis
in 1-direction, and having used a rotation by 7 in the transverse plane to combine
terms associated with spin in the +1-directions. The case of spin in the 2-direction

can be treated analogously. One thus obtains the standard Qiu-Sterman form [37] in
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the forward limit. For Ap # 0, My, is an off-forward/generalized analogue of the

Qiu-Sterman 7T, (x, x) term.

The EoM relations presented so far in either the longitudinal or transverse proton
polarization cases allow us to decompose specific twist-three GPDs into a linear com-
bination of a twist-two GPD, a quark-gluon-quark correlation, the k2 moment of a
twist-two GTMD and a mass term in the axial-vector case. The k7 moment of the
GTMD can be eliminated using the LIRs. The resulting relations, when integrated
over x, are analogous to the relations provided by Kiptily and Polyakov in [44]. Note,
however, that not all EoM relations are of this form; in general, also other GTMD
moments besides k2 moments appear in the EoM relations that we have not discussed
in detail in this work. For instance, one finds a relation in which the GTMD G35 con-
tributes to the EoM weighted by (k7 - Ar). Moreover, that EoM relation cannot have
a LIR counterpart within the twist two and twist three sectors, since (G13 is the only

GTMD in those sectors which contains the invariant amplitude AS, cf. Section 4.7.

4.5 Explicit form of quark-gluon-quark terms

Consider a staple-shaped gauge link U connecting the space-time points y and 3’ via

three straight segments,

y+v y'tv
U = Pexp (—ig/ da:“A,Ax)) P exp —ig/ dat A, (z)
y y+v

!

-Pexp (—z’g /y dx“A,Ax)) (4.146)
U1(0, 1)Us(0, 1)U5(0,1) (4.147)
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which each can be parametrized in terms of a real parameter ¢ as

Ui(a,b) = Pexp <—ig/abdtv“AH(y+tv)> (4.148)
b

a.t) = Pexp (ig [t~ pP Ayl + oo ) (1149)
b

Us(a,b) = Pexp (—z’g/a dt(—v“)AM(y'—i—v—tv)) (4.150)

The four-vector v describes the legs of the staple-shaped path. The parameterization
includes the special case v = 0, in which the staple degenerates to a straight link
between y and 3’ given by Uy(0, 1), whereas U; = Uz = 1. In the following, U; given
without an argument means U; = U;(0, 1).

The goal of the following treatment is to evaluate

8U1 8U2

0 , .
(6yV — ZgAy(y)> U= (a_yV — ng,,(y)Ul) U2U3 + Ula_yVUg (4151)

(note that Uj is independent of y). Consider first 9U;/0y”. The derivative of the

path-ordered exponential, cf. (4.148), is

oU,
oy

= /01 ds Uy (0, s) [—igv"0, A, (y + sv)| Ui (s, 1) (4.152)

This can be recast by the following integration by parts. Noting that

%Ul(o,s) = UL(0, 5)(—ig)v" Au(y + sv) (4.153)
iUl(s,l) = igv"Au(y + sv)Ui(s, 1) (4.154)

ds



93

it follows that

UligAu(y + U) - ZgAV(y>U1

_ /0 dsd% 0100, 8)ig A, (y + 50)Us (5,1)] (4.155)

1
/ ds [U1(0, s)(—ig)v" Au(y + sv)igA,(y + sv)Ui(s, 1)
0
+U1(0, 5)igA, (y + sv)igo" A, (y + sv)Ui(s, 1)
+U1(0, 5)igv'0,A, (y + sv)Uy (s, 1)]

1
= igo# / 05 U0, 5) [Fo (y + 50) + 0,4, (y + 0)] s (s,1)
0

having introduced the field strength F,, = 0,4, — 0,A, —ig[A,, A,]. Adding the
left- and right-hand sides of (4.152) to the initial and final expressions in (4.155),

respectively, as well as subtracting UyigA,(y + v) from both sides, finally yields

1
(8(3” — igAl,(y)> Uy = igv“/ ds Uy (0, s)F (y+sv)Ui (s, 1) =UyigA, (y+v) (4.156)
0

The term 0U,/0dy” can be treated analogously; the resulting expressions are slightly

more involved, since, in this case, also the line element in U; depends explicitly on v,
cf. (4.149):

oU,
oy

/0 dsUy(0, 5)(—ig) [~ Au(y + v+ s(y — 1))

+(y = )" 0 Auly + v+ sy —y))(1 = 5)] Ua(s, 1) (4.157)
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Noting, in analogy to above,

LU(0,9) = U0, 5)(-ig)(y/ ~ )" Auly + v+ 5/ ~ ) (4.15%)
U5 1) = gl —yV Ay + o+ sl — ) Uals 1) (1.150)
one has
—igA,(y +v)Us
_ /0 dsd% (0, 8)igAu(y + v + (' — ) (1 — )Us(s, 1)] (4.160)

+

/ s [00(0,5)(—ig) (5 — u) Auly + v+ 55/ — 1)

igA,(y +v+ sy —y)(1 — s)Us(s, 1)

Uz(0, s)igA,(y + v+ s(y' —y)(1 = s)ig(y’ — )" Au(y +v + sy —y))Ua(s,1)
Ua(0,5)ig(y' — 9" BuAuly +v -+ 5/ — ))(1 - 5)Uals,1)

Ux(0, 5)igA,(y +v + sy — y))Us(s, 1)]

i [ ds00,9) (0= 90 =) (Fuly +0 500/ =)

Ay +v+s(y —vy) — Ay +v+sy —y) Ua(s, 1)

Adding the left- and right-hand sides of (4.157) to the initial and final expressions in

(4.160), respectively, as well as adding igA,(y + v)Us to both sides, finally leaves

oU,
oy

= ig/o ds Uy(0, 8)(1—s)(y =)' Fl(y+v+s(y —y))Us(s, 1) +igA,(y +v)Us

(4.161)

Inserting (4.161) and (4.156) on the right-hand side of (4.151), one finally obtains an
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expression in which only field strength terms remain,

( 83” - igAy(y)) u =
igU /0 ds Us(0,8)(y — y)! Fl(y +v + s(y" — y))(1 — 5)Us(s, 1)Us

1
+ ig/ ds Uy (0, s)v"F,(y + sv)Ui (s, 1)UsUs (4.162)
0
In complete analogy, one obtains for the adjoint term,

%
U( 0 —i—iAy(y’)) =

aylu

1
iglh / ds Us(0, s)(y — 9)" Fru(y + v+ s(y — y))sUa(s, 1)Us
0

1
—UlUgig/ dsUs(0, $)v"F,,(y' + v — sv)Us(s, 1) (4.163)
0

4.6 Integral relation for the construction of LIRs

The construction of LIRs is based on the integral relation (4.90) for amplitudes A

depending on the integration variable k via Lorentz invariants as A = A(k- P, k?, k-A),

d K2A2 — (kp - Ar)?
@/d%T/dk 87 = (hr - Ar) X[A:2] =

A%
2 A2 . 2
/koT/dk‘(k.P—xPQ)X[A;x]+/d2kT/dk_kTAT A(’;T A1) %—f[/x;x]
(4.164)

where X'[A; 2] is a linear combination of amplitudes A in which the coeflicients, aside

from containing the invariants k- P, k% and k- A, may have an explicit z-dependence.

To see this relation, it is useful to handle the dependences of the amplitudes A on the
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invariants k- P, k? and k- A by introducing new variables embodying these invariants,

1
o = 2k-P=aP*4+2k Pt =k = 5P (o0 — xP?) (4.165)
T = k*=20—2*P* k3 (4.166)
O'/ = kZ'A:—kZT'AT:—|]€T||AT|COS¢ (4167)

Note again that the present treatment is for vanishing skewness, in which case P? =

M? + A2 /4. Examining the two terms on the right-hand side of (4.164), they take

the form
L o= /d2kT/dk; (k- P— 2PY)X[AQ2k - Pi2 k- A): ] (4.168)
= 8P+ dadea/ dk‘z/ dg 0(1 — xo + 2> P? + k3)6(0" + kr - A7)
(o — 20P*)X[A(0,7,0"); 2]
= 4]13+ dodrdo’ 0(zo — 2?PHO(A%(x0 — T — 2°P?) — o).
_ 2
e X[A(s.7.0'):2]
VAZL(xo — 7 — 22P%) — 0"
2 A2
L = / 42k / di~ FrBT AfT Ar)’ %X[A(Qk Pk k-A);z]  (4.169)
T

= 4P+ dodrdo’ / dkT/ dpd(r — xo + 2> P? + k3)6(0" + kr - Ar)

ox
X i 2 A .
kT sin ¢—ax[ (o,1,0"); 2]

1
= 5p7 dodrdo’ 0(xzo — 7 — 22 PHO(A%(x0 — T — 2° P?) — 0'?)

[A(o,7,0"); x]

xo—T1—x2P?2 0?2 0X

AZ A% Ox

where in each case, in the first step, the integration variable £~ has been substituted
by o according to (4.165), and two representations of unity have been introduced

enforcing the identifications (4.166) and (4.167); also the kp-integration has been
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cast in polar coordinates. In the second step, the angular integrations have been

carried out using

27 9
/0 dp6(o’ + kr - Ap)sin®¢ = T2AzZ [k2AZ — 02 O(k3 AL — o) (4.170)

21 2
dopd(o’ +kr - A = ———  9(k2AL — 5" 4.171
/0 ¢ ( T T) \/m (T T ) ( )

followed by the integration over k%. Consider now the left-hand side of (4.164). It is
of the same form as (4.169), except for containing X" instead of X /Jx, and for the

overall derivative with respect to x. Thus, in view of the last line of (4.169), it reads

d 1
;- 2 / L 2P A2 2P _ 2
ot dodrdo’ 0(xo — 7 — x°P*)0(AL(xo — 7 — 2°P%) — 0™%)
rxo—T1—x*P? o
: — —X[A; 2] (4.172)
\/ A7 AL
1
= opr dodrdo’ §(xzo — 7 — 22 PHO(A%(x0 — T — 2° P?) — 0'%)

ro —T1 —x2P?2 o2
(o — 22P?) — —X[A4; 2]
AZ A7

1
+topr dodrdo’ 0(zo — 7 — 22 P*)§(A%(xo — 7 — 2° P?) — 0'?)

(o — 2xP2)\/A2T(Jw — 1 —122P?) — 0?X[A; 2]

1
+——— [ dodrdo’ 0(zo — 7 — 2*P?)0(AF (o — 7 — 2°P?) — 0?)

2P+
_ 2 o p2D2 2
. 1 o — 2zP X[A: 1] + To TQxP_JTa_X[A;x]
2\/AL(zo — 7 — 22P?) — 0" A7 A% Oz
(4.173)

The last term corresponds to I; + I5; to see (4.164), it thus remains to argue that
the first two lines in (4.173) yield no contribution. In the first term, the J-function

sets x0 — 7 — 2?P? = 0, and therefore the rest of the integrand is proportional
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to 6(—c"?)v/—c”2, which vanishes for any ¢’. In the second line in (4.173), the J-
function sets the quantity in the square root to zero, AZ(zo — 7 — 2> P?) — 0% = (.
It should be emphasized that these properties hinge on the sin? ¢ weighting of the
kr-integral, cf. (4.169). Without this weighting, it is not clear that the two terms
do not contribute, and the LIR could potentially be modified by boundary terms.
The possibility of corrections through boundary terms in LIRs not weighted by sin? ¢
has also been noted in [43]. Note furthermore that no pathology arises in the limit
A7 — 0; this limit merely generates d(¢’) distributions in the integrands, as is clear
from inspecting (4.170) and (4.171), which are the source of the superficially singular
dependences on AZ. One can retrace the above derivation analogously in the Ar = 0

limit, with (4.164) continuing to hold.

4.7 GTMDs in terms of A amplitudes

To relate GTMDs to A amplitudes, one equates the k~ integrals of the GPCF pa-
rameterizations (4.16) and (4.17), for pr = + and p = i, a transverse vector index, to
the corresponding GTMD parameterizations (4.19), (4.21), (4.25), (4.27). Complete
correspondence between the structures is achieved by eliminating terms in the GPCF

parameterizations containing o?~. This can be effected using the Gordon identity
— AH
0=U(p,N) (7 + ia“”P,,) U(p,A) . (4.174)

For purely longitudinal P and transverse A, this allows one to substitute

Z'O.i+P2 Az
o 7) U(p, A) (4.175)

Uy, N)io"" PTU(p,A) =U®p, N) (—
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and furthermore implies Uo™~U = 0; moreover, in combination with ich~® =

1 _pvpo : :
—5€"P70,, it also yields

igit~S P2

O, Nyio' P U 8) = T ) (T

A
In addition, it is useful to contract the twist-three equations, which carry a transverse
vector index, with the two available transverse vectors k7 and A7 in order to extract
the full information from the equations. The following relations result:

For the twist-two vector GTMDs as functions of the A amplitudes, one obtains:

F, = 2P* / k™ [Af—l—mAg ;”AA;(AH AF)] (4.177)
Fi, = 2P" / dk~ [AF (4.178)
Fy = 2P+/dk [A +P k_xp2(A§+xA§)] (4.179)
Fy = 2P* / dk~ + zA]] (4.180)



F21

F22

Fyg

2P " / dk~ {Ag
2P / dk~ {Ag —

2P+/dk
2P+/dk
2P+/dk
2P+/dk

2
T AT

2M?

T
2

P. k—xPQ[

P-k—axP?

—A5F

AF]
rA?
2M?

A+

For the twist-three vector GTMDs as functions of the AF amplitudes:

TAF:|

(kr - Ar)? —

AT

M2

x P? Pk

P k—xP2

bt Ar
[4]

M?2

2P+ / dk~ [Ag +
2P / dk~ [Ag —

2P+ / dk™ [A? -

P2
2P+ / dk™ — M2 (A + 2 AS)]

2Pt / dk~

2P+ / dk™ [—A?7+

i

kT ' AT
M?2

1{32
M2

TAQF—

k2
|:kT : AT
Ay +

AG + 2 A

G
19
|

AG 4+ 1 AG)]
P> —k-P

M2

P D)
[45]

AL+ Aﬂ}

AT 4 F
i

For the twist-two axial vector GTMDs as functions of the A amplitudes:

(AC + fog>]
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(4.181)
(4.182)
(4.183)
(4.184)
(4.185)
(4.186)
(4.187)

(4.188)

(4.189)
(4.190)
(4.191)

(4.192)

(4.193)
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For the twist-three axial vector GTMDs as functions of the AY amplitudes:

Gy = 2P / dk~ [kgMAQTA% QAA;T Agg] (4.194)
Gy = 2P / dk~ [MAG Ag—Qk—]\igAG kz ATA%]@ 195)
Gy = 2P+ dk‘ { kTMﬁ(Z)T AICTQ)A%Ag‘Q} (4.196)
Goy = 2P+ dk‘ {Agﬂw ATA%} (4.197)
Gos = 2P / dk‘ [AO Agg} (4.198)
Gos = 2P+ dk;‘ [A3+ AQGQ} (4.199)
Gy = 2P* / dk~ :'““P MP k[Aﬁ)] (4.200)
Gy = 2P" / dk% [AS)] (4.201)

Combining these relations with ones expressing GPDs in terms of kp-integrals over

GTMDs, as given in [17], one can also obtain the GPD combinations relevant for the
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developments in this work in terms of the A amplitudes. In particular,

kr - A
H+E = /d%T 2< TN TF12+F13) (4.202)

= 2pt / APk / dk~

kr- A k — xP2
-2<T TA§+A§+M(A§+33A§))

A2 M?

(4.203)

H = / Pk G (4.204)
— 2p+/d2 /dk: ( AS + Mk P(A%erA ))

(4.205)

Eyp = / Pky (—2)<kTA2ATF27+F28) (4.206)

= 2P+/d2 /dk

kr - A kr - A k2 N?
(= 2)( Y Taf 4 af + B A?W - TAF)

(4.207)

~ kr - Ar
EéT + 2H£T = /ko‘T 2 < TA2 G21 + G22) (4208)

= 2Pt / d?k / dk~
kr - Ap)? — K303

xP?—k-P (
(kg g ek )

(4.209)
. AL A2 (kr- A k2 A2
Hp — 4MT By = / Pl (G23 Mz( r (TA)%) T TG24> (4.210)
i . 2 A2
— 2P+/d2kT dkiMQ (—A?7— (kT Aj\’ZZA2 k‘ ATA%>
T

(4.211)
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4.8 The axial vector parameterization

We outline here the steps used to obtain the GPCFs that parametrize the completely
unintegrated quark-quark correlation function for a straight-line gauge link in the ax-

ial vector case. They parallel the steps followed in [17]. We use the Gordon identities:

_ B o e
" _ : 4.212
U~HU U B + ZM} U ( )
—[A*  gorP
0 = U|— U 4.213
|2M - M } ( )
. - 'Ay 5 r P 5
UyiPU = T 2]\1 erM7 } U (4.214)
— :P“”y5 iotAAP
0 = U U 4.215
| M * 2M ( )
The € identity :
gaﬁeul/po _ guﬁeavw + gVﬁeuaPU + gPBEMVaU + g"ﬁel“’/)a (4.216)
The o identity :
Sy 71 751 1 nvpo
o = 5" 00 (4.217)

A complete parameterization of the axial vector Dirac bilinear can be obtained by

treating all possible Dirac currents one after another:

1. Vector current [U(p', N')y*U(p,A)]: Using the Gordon identity in eq.(4.212) all

vector currents can be replaced by scalar and tensor currents.

2. Axial vector current [U(p', A")y*v°U(p,A)]: Using the Gordon identity in
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eq.(4.214) all axial vector currents can be replaced by pseudoscalar and pseudotensor

currents.

3. Pseudoscalar current [U(p', A')y°U(p, A)]: Using eq.(4.215) and contracting with

P# all pseudoscalar currents can be replaced by pseudotensor currents.

4. Tensor current [U(p', A")o*U(p, A)]: Using the o identity in eq.(4.217) all tensor

currents can be replaced by pseudotensor currents.

5. Pseudotensor current [U(p/, A')a"~°U(p,A)]: All possible pseudotensor currents

are of the form
U@, N)o"y°U(p, ), U, N)a"o"+*U(p, A) (4.218)

where a,b and ¢ can be any of the vectors P,k and A.

6. Scalar current [U(p’, A")U(p, A)]: There is only one possible scalar current

[

W@e“PkA (4.219)
A useful relation that can be derived by multiplying the Gordon identity eq.(4.213)
by the e identity eq.(4.216) and using eq.(4.217) is

© v P HvPA

[P P P
0=U Mia”’”f + MiUpH’Y5 + Mia‘“”f — 1 Wi

U (4.220)
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Contracting with PYk?, PYA? and k¥ A* :

_ [P~ P? k-P nPkA

0 = U Mm”ﬂf + Mia’“w + 72’0“1’75 — 1'62 i } U (4.221)
_[pn P2 P-A

0 = U -MiO'PA’}/5 + M@'JA“75 + 71'0“]375] U (4.222)
_ [P~ Pk P-A

0 = U Mwmf + 7@'0@75 + TWW} U (4.223)

Using these relations, we can eliminate currents o**~°, ¢®#~> . On the other hand,

contracting with P*kY AP :

P
i Uic"*y°U (4.224)

P?_ P k—
0= MUia’“A75U + 7U@'<;M’75U +

which allows us to eliminate c**~°a#. The parameterization can thus be written as :

’ uu Uic"yU Uic™*PU
WrP = e AT ¢ T AG 4+ S (PRASG + AS + ARAG)
U‘ PA SU
+ 27T (PRAS, + KAS, + APAG) (4.225)

M3

4.9 The Forward Limit

To derive the decomposition of the distribution functions in terms of GPCFs, we

%B . We show below how, in the forward limit, this
T

come across terms like
term transforms into 75 B. This is also useful for deriving the equation of motion

relations at the kp integrated level in the forward case.

In the off forward case,

ij AJ
x € Arn

/ Plrdk™ [k (k1A — kaA)B] ~ = / Ikrdk™ [(k1As — koA1)*B] - (4.226)
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For the forward case, first we Fourier transform (FT) to by space,

/ Phrdk™ [K (ki Ag — ko) B] 55 / Phordk™ {k (1@1% - kQ%) B} (4.227)
where,
B= / ?;f; At B (4.228)
and multiplying by €75}, and integrate over by
/ d*by [eij@k; (kli — k:?i) B] = k2B (4.229)
ob? ob!

The integral in by is a Fourier transform back into momentum space with Ar — 0.
This trick is also useful for taking deriving the EOM relations in the forward limit
involving GPDs with an explicit A coefficient. Consider a GPD F. In the off forward

case, the manipulation looks like,

EINLE — eMEIATNALF = ALF (4.230)

In the forward case, we take the Fourier transform with respect to Az, multiply by
€MmeIpm and integrate over by which is equivalent to an inverse Fourier transform

back to momentum space with Ar = 0.

O r o F (4.231)

ij AJ im _ijim
eVALF — €™Me bT@bi
T
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4.10 The Chiral Odd Sector

The study presented in the previous sections can be extended to the chiral odd sector
as well. Unlike the chiral even case, there are no GTMDs such as Fj4 or (G1; that
contain entirely new information which is not already available in a GPD or TMD.
In other words, all leading twist GTMD either transform to a TMD in the forward
limit or enter the description of a GPD when integrated over kr. The only LIR we
find is an off forward extension of the previously known LIR between hllL(l), h, and
hy. The parameterization of GPCF's in the straight gauge link case used for deriving
the LIR is as follows,

[iapuys] — Z'epaPA i Z'epaPk o Z'EpokA o
WAA’ = (5up51/0 - 5up5,ua) U(p A ) Ve Al + WAQ + WA?’
1oL A5 P P : Pk, 5 0.0
o s aH 0T (K g APy iocth~S (PPET
+ i AT+ <MA5 +MA6>+ e ( o Al
PPAT . KPAT L\ ioPAy (PR . PPAT
t e WA9) + = e At e Al
kP A
+ WA{Q)} U(p, A). (4.232)

The possible equations of motion for the chiral odd case that involve a k% moment

are,
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- k Ar)2 N 1 .
—QZHé o /dszMHN + EH YV /dzk‘T (MZ_:_’Y A _ Mz*_'ﬁA) —0

M2AZ M
(4.233)
Fr x Ag)? 1
cH, + / d2py Fr X A1) 7;\;2 AQT) Hi = 5o / Phy (Mff +Mf_5) =0 (4.234)
T
kr x Aq)?
|

&7 Phy [(A1 CIAIMYE (A, +¢A2)Mff] — 0. (4.235)
In the above, M} 4" are defined similar to (4.63a) and (4.63b). In order to obtain
the equations of motion in the chiral odd sector, I' is taken as y* or y7® unlike the
chiral even case where it was taken as io"™y°. In the forward limit, Hﬁ) is the Boer
Mulders function. Like in the case of the Sivers function, for £ = 0, H 1(? does not
correspond to an LIR. Hi7 in the forward limit is h{; for which the LIR between hfL(l)
and the PDFs h; and h; has been derived previously (Mulders and Tangerman)

1(1
dh; M

=hy—h 4.236
I 1= h (4.236)

hy is the chiral odd twist two PDF describing transversely polarized quarks in an
unpolarized proton whereas hy is the chiral odd twist three PDF describing the
quark operator icT " in a longitudinally polarized proton.hi; is a TMD describ-
ing transversely polarized quarks in a longitudinally polarized proton. The LIR in
the off-forward case is

dHY A2

= Hp — Er— H 4.2
dx Tyt 2 (4.237)
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A—0

Hi: 220, H,2h,  Hr 22k (4.238)

To derive the LIR, we write the GTMD H;; in terms of GPCF's

k Ar)?
Hﬁ) — /d%Tdk—MHN

M2PAZ
2P 2 _(]{]TXAT)2 H k}P—LIZ’PQ H
= o ) TR A (S e
M3A 2p? '‘Ar\? P2
= /dadea’ T\/:CU—T— xM2 — <UMT) (AE,H—Q:WA%LI)
(4.239)
1) 3 2
= —dljn = /dadrda' M A > {(% - %) Af
’ 2\fa0 — 7 - 5~ (i)
o aP?\? 2 P? o Ar\?\ P2 I
+ ((5‘@) —<M—T— Ve —< i > ez |
(4.240)

Writing H} in terms of the GPCFs given in (4.251) using o, 7 and ¢’ we have

i M3A p?
i, = / dodrdo’ r [QAf T AF _ (f _ ) A?’}
9 . 22P?2 (o'Ap)? 2 2 M?
L0 =T — ( M )

(4.241)

Comparing equations (4.240) and (4.241), we see we need to cancel out A? and add

components to A and AZ. Looking at equations (4.245) - (4.248) we see that the

2
combination Hp — fTTQET works. This is obtained by subtracting A2 /4M? times
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(4.245) from (4.247). Hence, the LIR is,

dHY
dx

AT
AM?

= Hp — Er — H). (4.242)

The GPCF expansion for the twist 2 case is,

[io.i+'y5] +

B ) P L (A 1A o A + (200 )

2A(IL‘P2—]€P)—Z]€TXAT
M2

L oAALAH ( ) (ki AT 1 ALAY

+ ZL’A%A?) (51\/\/

p+
M

2069 (AA +iAy)

e (ALAY + kLAY + 2 AT AL

2(6;1 + iAS; il \J ~
AM(Sn + iAG) AT — & (ZP (521]; iA0) | €A “;ﬁ; + 2A2)> Al

_ 2P2(k51 + ZAkQ) I Z]{?T X AT<AA1 + ZAQ)
M3 2M3

(K AT+ ALAL + AL AR
2P (A1 +iAA,)
M3

(4.243)

The GPCF expansion for the twist 3 case is,
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2Ak - P

AT AN ALY — Al

[iaJr"Ys] . [ 4Z]€T X AT
AN - o T

OAn

k-P—xP? (20 (xP*—k-P) ikp x Ap A
M M2 M2 7

QZ(AAl + ZAQ)/{ZT X ATAH 2P2(/€1 + ZA]CQ)
M?2 3T M3

ik'T X AT(AAl + ZAQ) k-P— l’Pz H 2P2(A1 + ’LAAQ) H
2M* Mot M? Ao 0-a-
(4.244)
The twist two GPDs in terms of GPCFs are,
Er + QﬁT =
_ ko - AT (k’T X AT)Q
T T
(4.245)
B —
7/{ZT'AT I{J'P—Z’Pz ]{ZT'AT
2 H H H H H
4pt /d krdk AZ Ay + A + e AZ A7 + A + 2 A
(4.246)
AV
Hr + e Hy =
A2 kp - AT (]{ZT X AT)Q
2Pt / Plrdk~ =L (AH + L T Al :L'AH) +2A0 — gl - L2l
M2 1 A% 2 3 4 5 MQA% 7

(4.247)
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Hr
2P / d*kpdk—2A% — %A{f - %‘fiﬂ (A? + b A'%ATAg + xAgf)
% (A{g + %Aﬁ + :cA{é) : (4.248)
The twist three GPDs in terms of GPCFs are,
H, 2P+ / koTdk—mP:\;#Agf - %Agf - AZ + U“T;\}—fTPAgf
(4.249)
E, = —4pP* / Phpdi- 2k P ]\_ﬂk Y A'QTATAgf + Al — (kr X Ag)” ;\}fT)QAg
(4.250)
H) 2P+ / d*krdk—2A8 — kM—ngf - %#Af (4.251)
E! APt / Phpdi- L ‘(=P 12\4; k- P) (kT A'QA LAl +A{{)) . (4.252)
T

4.11 Equation of Motion relations in the Chiral

Odd Sector

We derive the possible equation of motion relations connecting twist two GTMDs

with twist three GPDs and a genuine twist three term M, all chiral odd (except

the mass term which gets multiplied by a chiral even function). Unlike the chiral

even case where we obtained two possible cases, symmetric and anti-symmetric, by

sandwiching the equation of motion multiplied with I' = o'"~® between the quark

fields, in the chiral odd case, we have two options for the operator we use in the

correlator I' = 4t and I' = 4" and two options, symmetric and anti-symmetric,
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for each. To obtain the realtions, we start with the template written in terms of
WETWH, W[[\ifj\iwsl, WAW,Z], W/[\i,UAlQVS], W/[\l,]A, the mass term, in the anti symmetric cases,
multiplying W}g,pﬂ or WI[C,X} and MXR’,L"S or MEfA’S. Next, we take the proton
helicity combinations that lead transverse momentum dependent functions which are
meaningful when integrated over kr, that is they connect to a GPD or are of the form
of a k% moment of a twist two GTMD. The combinations that we use are denoted as
2((++) £ (——)) which means we are taking the sum or the difference of the template
equation involving W} ,, for (A = A’ = —) case and the (A = A’ = +) case. For the
proton helicity flip case, we need to multiply by a factor of the form A; £ iA, before
taking the sum and difference. For instance 1 [(A —iAg)W_y + (A; + ilo) W, _]
denotes that we take the template equation for the case (A = + = —A’), multiply it
by A; —iAy and add it to the (A = — = —A’) case multiplied by A; 4+ iA,. We list

the possible relations below.

4.11.1 ~"° Anti Symmetric

. o A+
—EWR T = iR T + TWA@ +mWIT - MUY =0 (4.253)

Taking the difference of proton helicities 3((++4) — (——))

k‘2 k?T . AT m 1 +45 A4 +45 4
—$H28 — MTQHH + A—%ng + MGM - m <M1+ﬁ/ - Mz_’y ) = O

(4.254)

Integrating over kr,
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~ (k}T X AT)2 m ~
= —wH, — / e VT A v
1
—517 [ @ (M _ Mfff‘) —0. (4.255)

Proton helicity flip, 3 [(A1 — i) W_ + (A; + ig) W, _]

9 k:2 kr - Ap A?p
—x(kp - ArHog + A7 Hop) — kyp - Ap | His + WHM + Wﬂm + WHMS
m, . ey
+ (A3 G+ k- ArG) + 5 [(A1 — iAYMT

M (Al + ZAQ)M'W—_’YE‘A] =0

(4.256)

Integrating over kr,

= aEyro Al Az / dkr [(A1 — A MTA <A1+m2)M1*J5A] =0 (4.257)

4.11.2 ~" Symmetric

i 774 iod A+
ikt Wl el S Whn - MLS=0 (4.258)

Summing proton helicities 3((++) + (——))

1tk x A kr - Ap (k- A
a:(H21+%H24> + TMQT ( TA2 TH11+H12)

kTXAT

_l’_—
MPAZ

Hyy — M5 4 Mf_s) =0 (4.259)

2M<
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Integrating over kp ,

kp x Ar)? 1 + +
xHy + /d2k3T—( ?\42A52FT> Hy — m/koT (MLrS +szs> =0 (4.260)

Proton helicity flip, 3 [(A1 — iAg)W_ i — (Ay 4+ iAs) W, _]

2

A? A
x (—TTHm + kr - ArHap + A%H%) - 2—]\;2<k%H11 +kr - ApHy,)
1

-5 [(Al —iAYMTE = (AL +id)MTS =0 (4.261)

kr x Ar)? 1 : + : *
By / a2k T STenes | HM—FT/ Phr (81— Do) MU — (Ay +ib) M| =0

(4.262)
4.11.3 ~*+° Symmetric
Ai iot
e TTWLA”S] — MUY =0 (4.263)

Taking the difference of proton helicities §((++) — (——))

kr - A A? 1 +.5 .5
—1FEs + ZMZ,THN?]\; His = 5oz (Mlﬁ S oM S) =0 (4.264)
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Integrating over kp

AT
AM?

N ~ 1
—wHy+ o Br = o / Py (ML = M%) —0 (4.265)

Proton helicity flip, 3 [(A1 — iAg)W_ + (Ay + iAg) W, _]

A? kr - Ar)? k- A A?
—a(kp - ArEas + AT Ear) + TT (H13 + %HM + %Hw + MEH16>
1 : 5 , 5
—5 (A1 =B MI (A +id) MY S} —0 (4.266)

Integrating over kr,

- 1 5
R / Phr [(A1 —iB) M 1 (A i) M| = 0 (4.267)
T

4.11.4 ~' Anti symmetric

1

A+ . Az i
W — W — i SEW R TA_0 (4.268)

Summing proton helicities 3((++) + (——))
kr - Ap

1 A? m 1
—xFo +§ (WHM + MEHU) +MF11 “oM (MI;A + MZJ:A> =0 (4.269)
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Integrating over kr,

Az ET m 1 2 At A ytA
—xHy + e (HT+ 7) + MH_ m/d ko <M++ + M’ > =0 (4.270)

Proton helicity flip, 3 [(A1 — iAg)W_ i — (Ay 4+ iAs) W, _]

kr - Ar 1
< Eo +2 ( A2 L By + E23)> + o (kr - ArHy + AL Hyo

kp x Ar)? - Ag
+2< TZQ T) .H14+2M2H13) ( 11+2< F12+F13)>
T
1
“oAZ [(Al — D) M — (A + iAg)/\/ll,A} =0 (4.271)
T

Integrating over kr,

1 (A2 m
—QZEQ + 5 (M2HT + 2HT) + ME

1
a7 | @ (A1 = i) M — (A + it MI | =0 (4.272)
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Chapter 5

Reconstructing Parton
Distribution Functions from

Lattice QCD moments

Electromagnetic interactions probe the Fourier transform of the quark-quark cor-
relation function measuring the light cone distance traveled by the struck quark
during the interaction. The small distance behavior of the latter can be determined
by the first few moments calculated on the lattice while the large distance behavior,
exceeding the proton size, is regulated by Regge behavior.We use this characteristic
dependence of the correlation function to extract the x dependence of the v and d

quark distributions functions in the proton.

PDFs and GPDs have, so far, not been computed directly in lattice QCD because
they involve non-local light-cone correlation functions evaluated at real time
(Minkowski time): in a nutshell lattice QCD calculations of PDFs are hampered

by the breaking of rotational symmetry which is introduced when using discretized
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Euclidean space-time.

Local operators giving the Mellin moments of PDFs and GPDs can be evaluated
on the lattice. However, calculations are practically feasible only for the first few
moments. For the higher moments operator mixing with lower dimension operators
occurs which introduces divergences enhancing the errors associated with the renor-
malization procedure [63]. Therefore, a reconstruction of PDFs from its moments

is ridden with uncertainty due to the moments series truncation at n & 2, 3 [1; 64; 65].

An alternative method was proposed by Ji, Large Momentum Effective Theory
(LaMET), where the correlation functions are evaluated at equal-time, or for
space-like intervals [49]. These functions, named quasi-PDFs, can then be computed
directly on the lattice. In the limit of infinite proton momentum (P, — o) the
light-cone PDF's are, in principle, recovered through a matching procedure, where
a matching factor is derived which connects the regularization schemes for the
quasi-PDF obtained on the lattice and the light cone PDF, respectively. The
matching factor is calculated perturbatively. While the calculation of quasi-PDF's
has been addressed by several lattice groups [66; 67; 68| for both the unpolarized and
transversely polarized distributions, various complications have emerged concerning
the treatment of the matching factor (see discussion in [69; 70]), and, more recently,
the possible role in the lattice evaluation, of power divergent operator mixing terms

which would require a specific non-perturbative renormalization [71].

A more recent idea introduces pseudo-PDFs P(x, z?) that generalize the light-front
PDF's onto space-like intervals [72]. Pseudo-PDFs correspond to Fourier transforms of

“Generalized” Toffe-Time [73] Distributions (GITDs) M((kz), 2?), which are obtained



by taking the original Toffe-time distributions (ITDs) [74], M((kz),0) = M(z7,0)
off the light-cone. The quantity 2% is chosen to be the interval 23 < 0, so as
to enable direct lattice evaluations of the GITDs and their connection to PDFs
[75].  Pseudo-PDFs present the advantage that they have the same 1 < x < 1
support as PDFs, and that their 27 dependence for small 22 obeys standard
renormalization group equations, thus providing a substantial simplification of the
matching procedure. In the hypothesis that the GITD’s (kz) and z2 dependence
factorizes, the matching onto observable PDFs, given by the Fourier conjugates of
the ITDs, M((k2),0)), is then obtained by taking the ratio M((pz),23)/ M0, 23).
M(0, 23) is the rest frame distribution. A clear connection between the infinite

momentum frame (light-cone) PDFs and rest frame PDFs has been shown in [75] by

numerically displaying the apparent (kz) and 23 factorization of available lattice data.

Spurred by both the general question of evaluating the impact of lattice QCD on
global PDF and GPD analyses [76], and by the pivotal new role Ioffe-time might
play, in this paper we present a quantitative analysis of the spatial dependence
of the correlation function merging information from lattice QCD moments and

phenomenology.

ITDs have been introduced and evaluated in Ref.[74]. A proof of principle that
ITDs could be used to evince both nucleon and nuclear PDFs from lattice QCD
moments and other phenomenological information was provided in Refs. [77; 78; 79].
In particular, it was shown that ITDs are characterized by two distinct regimes,
for small and large longitudinal distances, z~, respectively. At small 27, an almost
linear behavior ensues that reflects the PDFs Fourier transform’s behavior, Taylor

expanded around z~ = (0, whereas the large 2z~ behavior is dominated by the
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Fourier transform of the low x, power-like, Regge-type behavior of the PDF. These
two distinct behaviors in 2z~ can be smoothly matched onto one another in the
intermediate region of z~. The I'TDs characteristic features are even more striking in
the description of the nuclear structure functions, from the low x nuclear shadowing

region to the EMC effect [78; 79].

While at the time of the analysis in Refs.[74; 77] it was only possible to make an
educated guess, although insightful, of the PDFs behavior, it is now possible to
conduct a fully quantitative analysis based on the availability of different sets of
lattice results for both PDFs and GPDs [64; 3; 80; 81; 82]. Similarly the analysis of
Ref.[77] we reconstruct the PDFs using different sets of lattice moments and Regge
behavior. We are, however, able to provide quantitative limits for our analysis given
by error bands that reflect both the error on lattice moments and the theoretical

error due to extrapolations in the intermediate z~ regions.

After showing that a quantitative reconstruction of PDFs is feasible, if moments up
to at least n = 3 are known, we extend our loffe-time analysis to GPDs. An ITDs
analysis presents several appealing features: most remarkably, it reflects physical
features concerning both the skewness and ¢ dependence of GPDs that can now be

evaluated fully quantitatively, with a controllable error, rather than guessed at.

5.1 Reconstructing PDFs and GPDs

The off forward quark-quark correlation function in momentum space is defined as

the Fourier transform of the quark fields matrix element between proton states with
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Figure 5.1: The Fourier transform to z~ space of the d valence CT10 PDF. We see
that adding more moments allows us to predict the Fourier transform over a larger
range in z~ space.



123

Fourier of d
0.8 l T
0.7 -

T
fft sin |
Regge 2055 — -

0 5 10 15 20 25 30

Figure 5.2: The large z~ behavior of the distributions is determined primarily by the
Regge part of the PDF.

momenta and helicities p, A and p’, A’,

1 [dz .+
F[{‘/A(,I,C,t) = 5/?6233;7"'2
<L A B O TUO,2) () | P4y

(5.1)

where, I' = 4, yTs5,i0™, and the choice of four-momenta is defined with p along
the z = 23 axis, A = p/ — p; the quark light-cone momentum is k™ = zp*, and we

omitted the scale dependence for simplicity (see e.g. Ref.[17]).

We take the gauge link equal to one in light cone gauge, v*, and the unpolarized

forward case for simplicity. This defines the distribution f,
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fe) = 5[ G e | 5 O) v (=) | )

2 2T
1 dZ_ =
I ixpTz —
2/ o e fi(z7) (5.2)

The spatial coordinates take on a physical interpretation once we consider Eq.(5.2)
in the context of the deep inelastic scattering process described in terms of Feynman

diagrams, where the struck quark undergoes a hard scattering.

Y+qg—v+4¢.

The numerator of the quark propagator in the reaction is described by (f + q), where
q is the large momentum transfer. The struck quark (at an initial distance z = 0),
with large momentum ¢, travels along the light-cone direction for a distance, z, and
is then reabsorbed in the target proton. The distance between these two events is
what characterizes the deep inelastic scattering process. One has to be precise about
the coordinates, namely there are two longitudinal distances that enter the hadronic

tensor, given by

(gz) =q 2 +q 2" —aqr 21
In a DIS process, we can choose ¢~ — oo large corresponding to the small distance

scale 2™ & 0, and simultaneously finite ¢* = zP* and 2.

Figure 5.1 illustrates the various features of the coordinate space sine and cosine
components. As we can see, we get fairly close match with the actual Fourier

transform of the PDF for small z using only a few moments. As shown in Figure5.2,
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The 2~ distributions for different (a) upper and (b) lower cut off values
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Figure 5.4: We introduce a 15% error in the 2~ distributions (left) for (a) 0 < 2~ < 1
and (b) 1 < 2= < 5. The resulting error on the PDF is shown on the right.
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Figure 5.6: PDFs using the first three lattice moments calculated by Detmold et al.
(a) and using first four moments (b). Adding more moments brings the reconstructed
curve closer to the actual PDF.
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the large z portion of the Fourier transform is fixed by a function of the form z=¢

and is primarily governed by the small x Regge behavior. This type of coordinate

space behavior was first pointed out in the Braun Mankiewicz paper.

To understand more about which range of x impacts which part of the Fourier trans-
form in z we introduced cut-offs in x above or below which the PDF was taken to
be zero and performed the Fourier transform of the cropped function and studied
the behavior in z space. Our results are presented in Fig.5.3. To study the same
concept, we try a slightly different approach in Fig.5.4. By introducing an error in
only certain regions in z, we study how the error propagates in the inverse Fourier
transform where we obtain the PDF. We see that while uncertainity in the transition
region between the small z and large z regions might produce a significant effect, the

error in the large z mainly leads to oscillations.

As a proof of principle, we show in Fig.5.5 the process of reconstructing the PDF
from a known parameterization. The column on the left most side shows the
reconstruction based on no moments and using only the large z behavior. As we
add more and more moments (calculated using the known parameterization), the
reconstruction gets closer and closer to the actual function shown as a black dashed

curve.

Based on this, we are now ready to use Lattice data to reconstruct the PDF. We can
take the first few moments from Lattice QCD calculations and assume Regge behavior
as suggested from the DIS data to obtain the PDF in coordinate space. Fig.5.6
demonstrates one such reconstruction using moments from [1] and also illustrates the

error generated by using just a few of the moments as compared to the actual Fourier
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Figure 5.7: In (a) the PDF is reconstructed using the first two lattice moments
calculated by Hagler et al. [3]. In (b) we use the third moment as well, however it is
not extrapolated to the actual pion mass.
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Figure 5.8: A comparison of the two reconstructions using moments from Detmold
et al. and Hagler et al.

transform. Fig.5.7 shows a reconstruction using moments from [3]. We provide a
comparison between the reconstructions using moments from Detmold et al. and
Hagler et al. in Fig.5.8.
Points for the analysis:

— we reconstruct using the first few moments from Lattice and fitting the Regge
behavior to the PDF parameterizations

— the functional form in coordinate space is easier because at low z it is given by the
Taylor expansion terms. This does not exist in momentum space. We are using the
fact that it is easier to reconstruct the PDF in coordinate space knowing the moments

than in momentum space.

5.1.1 Extending to GPDs

The moments of GPDs in z give us polynomials in & with coefficients known
as Compton Form Factors. Hence, using the Lattice QCD calculations of the
Compton Form Factors one is able to recreate the z distribution at every £. Per-

forming the inverse Fourier transform, one is able to generate the x £ surface of GPDs.
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GPD H, t = -.1 GeV?2

boobooooooD
F=S NN AT P T PR G =g e

Figure 5.10: The GPD H for u valence quarks at ¢ = 0.1GeV? using the diquark
model parameterization in [2].

Like in the case of PDF's, we first see how well the reconstruction works using a known
functional form of the GPD H (depicted in Fig.5.10). The reconstruction is shown in
Fig.5.9. Next, we use Compton Form Factor calculations from to reconstruct H. This

result is shown in Fig.5.11.
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GPD H, t = -.1 Gev?2

Figure 5.11: Reconstruction of the GPD H for the valence u quarks using Hagler’s
moments from [3].
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Chapter 6

Conclusions and Outlook

We presented the derivation of a set of relations connecting k%-moments of GTMDs
and twist-two as well as twist-three GPDs, known as Lorentz Invariance Relations
(LIRs) and Equation of Motion (EoM) relations. LIRs stem from the Lorentz struc-
ture of the off-forward correlation function. By examining their gauge link structure,
we find that two different types of relations exist: one obtained by considering a
staple-shaped gauge link, where an explicit quark-gluon-quark contribution appears,
and one for the straight gauge link, where this term is instead absent. On the
other hand, the QCD equations of motion yield complementary relations containing
explicit quark-gluon-quark contributions that have a different structure than the
ones in the LIRs. By inserting the LIRs in the equations of motion we can eliminate
the kZ-moments of GTMDs, and obtain relations directly between twist-two and
twist-three GPDs. In the absence of genuine twist-three terms, these relations
represent off-forward generalizations of the original Wandzura-Wilzcek relations

connecting twist-two and twist-three PDFs.

Within our general scheme of constructing LIRs, we focus particularly on ones
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involving the k%-moments of the GTMDs Fy; and Gy, which describe the z-density
distributions of the quark OAM, L., and longitudinal spin-orbit interaction, L.S..

Our detailed study of the kp-dependence of these OAM-related observables provides
physical insight that buttresses previous suggestions in the literature, stemming from

OPE-based integral relations, that partonic OAM is described by twist-three GPDs.

Our results, therefore, represent a step forward in comprehending parton OAM in
the proton, on two accounts. On the one hand, the obtained relations are key to
accessing information from experiment on the missing piece in the proton’s angular
momentum budget: we obtain the z-dependent distribution of OAM through the
GPDs EQT7 H and E. which can be readily measured from various azimuthal angular
modulations in DVCS and related processes.

The new z-dependent expressions written in terms of twist-three GPDs including
the genuine quark-gluon-quark terms bring, for the first time, partonic OAM within
experimental grasp.

On the other hand, taking integrals in x, and using the QCD equations of motion,
one recovers the sum rule relating the second Mellin-Barnes moment of a specific
twist-three GPD combination, here called E'QT + H + FE, to the moments of twist-two
GPDs yielding the combination J, — S,;. Our result is therefore not only consistent
with previous findings hinting at a twist-three nature of OAM [58; 44; 36; 47]: it goes
beyond these predictions by providing a physical link, missing from earlier work,
which explains how OAM is described at twist-three through its connection with the
k2-moment of a GTMD.

The, perhaps, most distinguishing merit of these new relations lies in that they

provide a handle on the dynamical underpinnings of the parton correlations through
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which OAM is generated. OAM is present because of the transverse motion of
partons when they are displaced from the origin. This is described in QCD by a
twist-three parton correlation; the correlation is generated by the Lorentz invariant

structure of the proton matrix elements appearing in the QCD equations of motion.

The LIRs will allow us to directly connect, on the one hand, twist-three GPD
measurements of OAM and spin-orbit correlations, and on the other hand, Lattice
QCD evaluations of GTMDs. The kZ-moment of Fj, has already been accessed in
a preliminary Lattice QCD calculation [41]: GTMD k2Z-moments can be obtained
by generalizing the proton matrix elements of quark bilocal operators used to
study TMDs, namely, by supplementing the transverse momentum information with
transverse position information through the introduction of an additional nonzero
momentum transfer. The calculation in Ref. [41] also includes the gauge connection
between the quarks in the quark bilocal operators, enabling the evaluation of both
the staple gauge link path used in TMD calculations, characterizing Jaffe-Manohar
(JM) OAM, and the straight path yielding Ji OAM. Although this exploration was
performed at the pion mass m, = 518 MeV, its results suggest a sizable difference

between the two definitions.

Our findings provide a perspective for accessing experimentally all terms appearing
in both the JM and the Ji definitions: Ji OAM is given by the Wandzura-Wilczek
component of EQT, which is described in terms of twist-two GPDs, while JM OAM is
given by the sum of these terms and the genuine/intrinsic twist-three contribution,
which we identified as an integral over Apg,,, technically a Lorentz invariance relation
violating term. Such a term may be obtained by a careful analysis of DVCS type

experiments (see e.g. an analogous term in the forward case for the axial vector
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components g;(x) and go(z), [43]).

Our findings extend to other GTMDs: here, we have treated specifically Gy,
encoding spin-orbit correlations, and G1o, the off-forward extension of g7, leading

to a direct measurement of the color force between quarks.

Understanding the role of GTMDs and twist-three GPDs in quark OAM has
initiated a fruitful interaction between phenomenology, theory and Lattice QCD
which we intend to pursue further. In particular, the structure of the underlying
QCD matrix element suggests the study of experimental processes containing two
hadronic reaction planes, one associated with the hadron momentum transfer, and
one associated with the transverse momentum of the hadronized ejected quark. We
envisage developing the description of such two-jet processes to underpin future
experimental efforts to access quark OAM directly from GTMDs. Investigations of
experimental hard scattering processes/observables that measure OAM have started,
and the opportunity to measure OAM using deeply virtual multiple coincidence
exclusive processes will be soon within reach at the new Jlab upgrade and, even
more promisingly, at an upcoming Electron Ion Collider (EIC). Having understood
the mechanisms that regulate quark OAM in the proton paves the way for future

studies of the gluon sector which will be crucial to understand the spin of hadrons.

PDFs and GPDs provide the best window to non perturbative QCD dynamics that
can be extracted in a precise and detailed way from experiment. It is important to
therefore start answering the question of whether lattice QCD can provide an accurate
enough determination of PDFs. This includes understanding both the question of

whether the theoretical errors pertaining to the various extraction methods are under
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control, and whether the accuracy that is (or is predicted to soon be) attainable in
lattice calculations can yield results comparable to the experimental errors. It is also
important to have physical insight on the way the various lattice components, whether
Mellin moments or quasi-PDF's, contribute to PDF's. In this work we attempted to use
the existing lattice calculations of PDF moments and GPD moments to reconstruct
these functions. Why it is that we are able to describe the gross properties of the

proton with such few moments is an open question and a topic of future work.
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