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On almost strong approximation property in
reductive algebraic groups

Abstract

We investigate a slight weakening of the classical property of strong approxima-
tion, which we call almost strong approximation, for connected reductive algebraic
groups over global fields with respect to special sets of valuations. While nonsimply
connected groups (in particular, all algebraic tori) always fail to have strong approx-
imation — and even almost strong approximation — with respect to any finite set of
valuations, we show that under appropriate assumptions they do have almost strong
approximation with respect to (infinite) tractable sets of valuations, i.e. those sets
that contain all archimedean valuations and a generalized arithmetic progression
minus a set having Dirichlet density zero. Almost strong approximation is likely to
have a variety of applications, and as an example we use almost strong approxima-
tion for tori to extend the essential part of the result of Radhika and Raghunathan
(cf. |22, Theorem 5.1]) on the congruence subgroup problem for inner forms of type
A,, to all absolutely almost simple simply connected groups.
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Introduction

The goal of this thesis is to develop new results on strong approximation property
for reductive algebraic groups and apply them to the congruence subgroup problem.
While strong approximation in semi-simple simply connected groups has been one
of the main tools in the arithmetic theory of algebraic groups since its inception,
here we establish (under appropriate assumptions) a slightly weaker property that
we term almost strong approzimation for (connected reductive) nonsimply connected
groups where strong approximation in the classical situation never holds.

More precisely, let G be a connected linear algebraic group defined over a global
field K. Given a nonempty subset S of the set V¥ of all inequivalent valuations
of K, we let Ak (S) denote the ring of S-adeles of K (cf. Definition [1.1.15]), and
then let G(Ag(S)) denote the group of S-adeles of G, equipped with the S-adelic
topology (cf. Definition 2.1.3). The group of K-rational points G(K) admits a
diagonal embedding G(K) — G(Ak(95)), the image of which is usually identified
with G(K) and called the group of principal adeles of G. One says that G has strong
approzimation with respect to S if the diagonal embedding is dense, in other words,

(s

G(K) - G(Ag(S)) where =9 denotes the closure in the S-adelic topolog.

'For the context, we recall that the diagonal embedding K < Ax(S) has discrete image if
S = o, and dense image for any nonempty S (cf. Lemma . Thus, no nontrivial linear
algebraic group G can have strong approximation for S empty — which is the reason why we always
assume that S # @ here, while the additive group G = G, does have strong approximation for
every nonempty S.



Strong approximation in algebraic groups has been studied extensively since 1930s
in the works of M. Eichler, M. Kneser, and other. For finite S, a criterion for
strong approximation in reductive groups was obtained first by V.P. Platonov [I3]
in characteristic zero and later by G.A. Margulis [I1] and G. Prasad [16] in positive
characteristic (see [14, Theorem 7.12| for the precise statement). The “necessary”
part of this criterion implies that GG never has strong approximation for any finite S
unless it is simply connected, and in fact in the nonsimply connected case the index
[G(Ak(S)) : W(S)] is always infinite.

In this thesis we consider sets S that contain VX and a generalized arithmetic
progression minus an arbitrary set having Dirichlet density zero — we call such sets
tractable. We then prove that for any connected reductive group GG defined over a
number field K and any tractable set S the quotient G(Ag(S)) /W(S) is in fact
finite provided that a certain technical condition holds for the generalized arithmetic
progression involved in the description of S. Since one cannot guarantee in the
general case that this quotient is trivial (which would mean that G has strong
approximation with respect to S in the classical sense), we introduce the following
terminology: we say that an algebraic K-group has almost strong approximation

(ASA) with respect to a subset S C VE if the index [G(Ax(9)) : G(K)(S)

| is finite.

In order to give precise statements, we need the following definitions.

Definition A Let L/K be a finite Galois extension and let C be a conjugacy class
in the Galois group Gal(L/K). A generalized arithmetic progression P(L/K,C)
is the set of all v € V/* := VK \ VX such that v is unramified in L and for
some (equivalently, any) extension w|v the corresponding Frobenius automorphism

Frp/k(wlv) lies in C.

In this thesis, we will not differentiate between (finite) primes of a global field

and the corresponding nonarchimedean valuations. Under this convention, the gen-



eralized arithmetic progression P(L/Q,C,), where L = Q((,) is the mth cyclotomic
extension of Q and C, with (a, m) = 1 consists of the automorphism o, € Gal(L/K)
defined by 04(¢n) = (5, coincides with the set Py, of rational primes p satisfying
p = a(mod m) (see section for the detailed argument), hence the terminology.
We also refer the reader to section for the notion of Dirichlet density dx(P) of
any set P of primes of K and its basic properties. Recall that finite sets of primes
have Dirichlet density zero, however it is easy to construct infinite sets of primes
with density zero for any K, and in fact for a given nontrivial finite extension K/Q

the set of all primes of K that have relative degree > 1 over QQ has density zero (see

section [1.2.4]). We are now ready for

Definition B A subset S C VX is tractable if it contains a set of the form VX U

(P(L/K,C)\ Py) where P, is a subset with 95 (Py) = 0.

Here is our main result on almost strong approximation for connected reductive

groups.

Theorem A For a connected reductive algebraic group G defined over a number
field K, we let T = Z(G)° (resp., H = [G,G]) denote the maximal central torus
(resp., the mazimal semi-simple subgroup) so that G = TH is an almost direct
product. Set E = PM, where P/K is the minimal splitting field of T and M/K
s the minimal Galois extension over which H becomes an inner form of a K-split

group. Then for any tractable set of valuations S containing a set of the form

VEU(P(L/K,C)\ Py) such that for some o € C, we have

O'|(EQL) :idEﬂL7 (1)

the closure G(K)(S) is a finite index normal subgroup of G(Ak(S)), and thus G has

———(S
almost strong approximation with respect to S. Furthermore, the quotient G(AK(S))/G(K)( )



is abelian and its order divides a constant C({,n,r) that depends only on { = rank

of G, n=[L: K], and r = number of real valuations of K.

We note that if GG is a semi-simple K-group which is an inner form of a K-split
group, then the condition in the theorem is trivially satisfied, so we obtain the

following.

Corollary A Let G be a semi-simple K-group which is an inner form of a K-
split group. Then for any tractable set S C VX, the group G has almost strong

approximation with respect to S.

On the other hand, it is important to point out that the condition cannot
be omitted in the general case. To demonstrate this, in section we construct
an example of a nonsimply connected semi-simple group that fails to have almost
strong approximation for a tractable set S that does not satisfy .

The proof of Theorem [A]involves several stages that rely on different techniques.
First, using results of class field theory and Chebotarev density theorem, we handle
the case of quasi-split tori (see Theorem. We then present an arbitrary K-torus
T as a quotient of a quasi-split one, and, using some cohomological computations
involving the Nakayama-Tate theorem, prove that provided holds the quotient
T(Ak(S)) /m(s) is finite of order dividing a constant C'(d,n) that depends only
ond=dim7 and n = [L : K], see Theorem [3.1.3 and (3.5)).

For an arbitrary reductive K-group G = T'H having nontrivial semi-simple part
H, we first consider the special case where H is simply connected — see Proposition
[3.2.7] and then reduce the general case to the special case by using constructions
and techniques from the theory of algebraic groups.

Being available for not necessarily simply connected groups, almost strong ap-

proximation is likely to expand the range of applications of the classical property



of strong approximation, many of which can be found in [I4]. As an example of
a new application, we present here a result on the Congruence Subgroup Problem
(CSP). We refer the reader to section for a discussion of the CSP, specifically
for the notion of the congruence kernel, Serre’s Congruence Subgroup Conjecture
and available results. Among recent developments one can mention a uniform (i.e.,
requiring no case-by-case considerations) proof [20] of the triviality of the congru-
ence kernel C*(G) for an absolutely almost simple simply connected algebraic group
G over a global field K with respect to a set of valuations S C V¥ that contains VX
and almost contains a generalized arithmetic progression but does not contain any
nonarchimedean valuation v such that G is K,-anisotropic — among other things,
this result provides an additional evidence for Serre’s conjecture. Subsequently,
Radhika and Raghunathan [22] showed that the result remains valid for anisotropic
inner forms of type A, (i.e., for norm one groups G = SL; p associated with central
division K-algebras) for a larger class of sets S that basically coincides with our
tractable sets. Using our results on almost strong approximation for tori, we have

been able to extend the result of [22] to all types.

Theorem B Let G be an absolutely almost simple simply connected algebraic group
defined over a global field K, and let M /K be a minimal Galois extension over which
G becomes an inner form. Assume that the Margulis-Platonov conjecture (MP) (cf.
holds for G(K). Let S C VE be a tractable set containing a set of the form
VEU(P(L/K,C)\ Py), where

o|(M N L) =idynL for some o € C, (2)

and does not contain any nonarchimedean v for which G is K,-anisotropic. Then

the congruence kernel C°(Q) is trivial.



It should be noted that in the cases where Serre’s congruence subgroup conjec-
ture remains open, this theorem is the best result available at this point. As we
already pointed out, for inner forms of type A,,, Theorem [B]is due to Radhika and

Raghunathan, and now we would like to transcribe it for outer forms of this type.

Corollary B Let G be an absolutely almost simple simply connected outer form of
type Ay, i.e. G = SU,(D,h), the special unitary group of an n-dimensional non-
degenerate T-hermitian form h over a division algebra D of degree d whose center
M is a quadratic extension of K and the involution T of D satisfies M™ = K, with
{ = dn — 1. Assume that (MP) holds for G(K). Let S C VE be a tractable set
containing a set of the form VE U (P(L/K,C)\ Po) where o|(M N L) = idynr
for some o € C, and does not contain any nonarchimedean v for which G is K,-

anisotropic. Then C°(G) = {1}.

Two comments are in order. Since (MP) is known for inner forms of type A,, (see
[25], [29]), no assumption on the truth of (MP) was needed in [22]. Second, since
[22] deals only with inner forms, holds automatically in their situation, while
in the general case we need to assume in order to apply our results on almost
strong approximation.

The structure of this thesis is as follows. In Chapter 1, we familiarize the reader
with all the necessary background from algebraic number theory. First, in section
we discuss the ring of adeles and the group of ideles together with their basic
properties. Section|l.2|starts with the statements of two important results from class
field theory (cf. Theorem and Theorem and then we discuss the basic
properties of the Hilbert symbol in the context of the Artin map. Next, we state
Dirichlet prime number Theorem, Chebotarev density theorem and define the notion

of a generalized arithmetic progression. Section is devoted to the investigation



of almost strong approximation for the multiplicative group of a field. We first
examine several examples and then show that under some natural assumption, the
multiplicative group satisfies almost strong approximation (cf. Proposition .

Chapter 2 provides an overview of algebraic groups (most importantly algebraic
tori) and group cohomology. In section , we introduce all the relevant definitions
from the theory of algebraic groups including the notion of the group of adeles of
an algebraic group. Then in section we study algebraic tori together with their
groups of characters and co-characters. The most important result of this section is
the equivalence between the category of tori and the category of finitely generated
Galois modules without Z-torsion (cf. Theorem . The purpose of section
2.3 is to provide all the necessary machinery of group cohomology. The two main
results here are: Nakayama-Tate theorem (cf. Theorem and Hasse local-
global principle (cf. Theorem .

In Chapter 3 we prove the main results of this thesis. The goal of section [3.1] is
to establish almost strong approximation for quasi-split tori over a global field (cf.
Theorem and then extend it to all tori using group cohomology (cf. Theorem
. In section we consider arbitrary reductive group G = T'H over a number
field written as an almost direct product of its maximal central torus 7" and its
maximal semi-simple subgroup H. The strategy is to first establish Theorem[A]in the
case where H is simply connected (cf. Proposition and then apply the classical
criterion for strong approximation to H (cf. [I4, Theorem 7.12]). Combining this
with ASA for tori (Theorem applied to T, this yields Theorem |[A|in the case of
simply connected H. The case of general semi-simple H is then handled by using its
universal cover (cf. Lemma together with some cohomological techniques and
Hasse local-global principle (cf. Theorem . Next, we construct an example of

an absolutely simple adjoint group, which is an outer form of a split group, that does



not have almost strong approximation with respect to a tractable set of valuations
for which the condition (T]) fails (cf. Theorem[3.2.6). Finally, in section [3.3|we review
the required material dealing with the congruence subgroup problem, summarize the
approach to proving the triviality of the congruence kernel developed in [20], and

then apply our Theorem to prove Theorem [B]
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Chapter 1

Algebraic number theory

1.1 Adeles and ideles

1.1.1 Valuations and global fields

Let K be a number field, i.e. a finite extension of Q. One of the classical objects of
study in algebraic number theory is the ring of integers of K, which will be denoted
by Ok. It is well-known that O is a free Z-module of rank n = [K : Q]. Moreover,
Ok is a Dedekind domain (cf. |2, Ch. I, §2, Proposition 1]) and consequently, one can
show that any nonzero prime ideal in Ok has a unique factorization as the product
of powers of prime ideals. This property is a generalization of the fundamental
theorem of arithmetic, which states that any integer has a unique (up to associates)
factorization into a product of powers of prime numbers. It should be noted however,
that unlike in the case of Z, the factorization of elements of Ok into irreducibles is
not unique in general. Therefore, O does not have the same arithmetic as Z. This
difference motivated many problems in number theory and can be measured by the
ideal class group of K, defined as follows. Any Og-submodule a of K such that

xa C Ok for some nonzero x € Ok is called a fractional ideal. The product of two



11

fractional ideals a,b C Oy is defined as the Og-submodule in K, generated by all
products xy for x € a,y € b. One shows that the set of fractional ideals of K with
this operation becomes a group, which we denote by Zx. The ideals of the form O
for some x € K* are called principal fractional ideals, and the set of all such ideals is
a subgroup of Zx, which we denote by Pg. The quotient group Cl(K) = Zx /Pk is
called the ideal class group of K. We may now recall the statements of two theorems

from algebraic number theory, which will be later relevant for us:
Theorem 1.1.1 (FINITENESS OF THE CLASS GROUP) The group Cl1(K) is finite.

Proof. Cf. [12, Ch. I, §6, Theorem 6.3]. O

The order of the group CI(K) is called the class number of K denoted by h(K),
therefore Theorem [I.1.1will often be referred to as the finiteness of the class number.
We will provide an alternative proof of finiteness of class number using the group
of ideles in section [[.1.3] Moreover, the factorization into prime elements in O is

unique precisely when the class number of K is one.

Theorem 1.1.2 (DIRICHLET’S UNIT THEOREM) The group of units Oy is finitely
generated of rank r + s — 1, where r is the number of real embeddings of K and s is

the number of conjugate pairs of complex embeddings of K.

Proof. Cf. [12, Ch. 1, §7, Theorem 7.4]. O
Some indications on how to prove Dirichlet’s Unit theorem will be given in section
1.1.3. We may now introduce the notions of absolute value and valuation for a field

K.

Definition 1.1.3 An absolute value on a field K is a map | - |: K — R satisfying

the following conditions for all x,y € K:

(1) || = 0 if and only if z = 0,
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(2) |zyl = || - |yl,
(3) |z +y| < x|+ |yl

Any absolute value |- | on K endows K with the metric d(z,y) = |z — y|, which
makes K into a topological field. Two absolute values | - |, |- | on K are equivalent
if they induce the same topology on K. One can show that two absolute values
| |1, - |2 are equivalent if and only if |- |; = | - |$ for some real number o > 0 (cf.
[10, Ch. XII, §1, Proposition 1.1}).

An absolute value || is called nonarchimedean if the following ultrametric triangle

inequality holds for all x,y € K:

|+ y| < max{|z], [yl}.

Otherwise, || is archimedean. Clearly, the ultrametric triangle inequality is stronger
than the usual triangle inequality (3) in Definition[1.1.3] Observe that on every field
K one can define the trivial absolute value by setting |0] = 0 and |z| = 1 for any
x € K*. Clearly, the trivial absolute value induces discrete topology on K. In the

next example we describe the nontrivial absolute values in the case when K = Q.

Example 1.1.4 The usual absolute value on Q, denoted by | - |, is archimedean.
For each prime p we can define the p-adic absolute value |-|, as follows. Any rational
number z € Q* can be written as x = p” - a/b with a,b,r € Z, b # 0, and p{ a - b.
Then we set

T

2], :==p

It is easy to check that |-, is a nonarchimedean absolute value. The only nontrivial
absolute values on Q (up to equivalence) are | - | and | - |, for each prime p. This

result is known as Ostrowski’s Theorem (cf. [15, Ch. 1, §1.1.2 | Theorem 1.1]).
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Depending on the context we will also use the additive analogs of absolute values

called valuations

Definition 1.1.5 A waluation on a field K is a map v: K — RU {oco} such that
(1) v(z) = oo if and only if x = 0,
(2) v(zy) =v(x) +v(y) for all x,y € K,
(3) v(z+y) > min{v(z),v(y)} for all z,y € K.

A valuation v is called discrete if the value group v(K™) is a discrete subgroup of R,
hence v(K*) ~ Z. Any valuation v on a field K gives rise to an absolute value | - |,
by setting

||y = @

for a fixed real number ¢ > 1. It is clear that the induced topology on K is inde-
pendent of the choice of ¢ and that the absolute value associated to a valuation is

non-archimedean. We define the p-adic valuation v, on Q by

where z = p" - a/b with a,b,r € Z, b # 0 and p t a - b. Similarly to absolute values,
one can define the notions of the trivial valuation and equivalence of valuations (cf.
[34, Ch. 12, §12.2]).

Some of the techniques used to understand the arithmetic properties of algebraic
groups involve number theoretic tools associated with valuations such as adeles and

ideles. These notions can be defined over a slightly larger class of fields than number

fields:

Definition 1.1.6 A global field is a field, which is one of the following two types
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(a) Number field: a finite extension of Q (case of characteristic zero),

(b) Global function field: a field of rational functions of an irreducible algebraic
curve over a finite field, or equivalently, a finite extension of F,(t), where IF,(¢)
denotes the field of rational functions in one variable over the finite field I,

with ¢ elements (case of positive characteristic).

Every global field comes with a natural family of (discrete) valuations. In char-
acteristic zero, these valuations are associated with primes, and in positive charac-
teristic - with closed points of the relative curve. Another special feature of global
fields is that every such field can be realized as the field of fractions of a Dedekind
domain and it satisfies the product formula (see section [1.1.3).

For any valuation v on a field K, we denote by K,, the completion of K with
respect to the corresponding absolute value | - |,. One constructs K, as a quotient
of the commutative ring of all Cauchy sequences in K (with respect to the topology
induced by |- |,) by the ideal of all sequences converging to 0. An important conse-
quence of this construction is that K, is a complete space with respect to |- |, which
contains K as a dense subspace. The reader may want to consult [8, Ch. II, §2]
for more details regarding the construction and properties of completion. If K = Q
then K, equals either the field of real numbers Q. := R if | - |, = | - | or the field
of p-adic numbers Q,, (cf. [12, Ch. II, §1|) for some prime p if |- |, = | - |,.

If L is a finite extension of a number field K then any absolute value | - |, on K
may be extended to L. In other words, there exists an absolute value |- |, on L such
that |z|, = |z|, for any z € K. We denote this relation by w|v and we say that w
lies above v. For a detailed procedure of extension of absolute values, we refer the
reader to [12, Ch. II, §8] and [I5, Ch. 1, §1.1.2|.

If K is any field then we write VX to denote the set of all equivalence classes of

valuations of K. For simplicity, the elements of VX will also be called valuations (or
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places). The set VE is the union of the set of all archimedean valuations VX and
the set of all nonarchimedean valuations VfK . Observe that if K is a number field
then VX is the set of all extensions of | - [ to K and V/* is the set of extensions
of | - |, for all prime numbers p. Furthermore, if K = Q then due to Ostrowski’s
theorem, the set VfQ may be identified with the set of all rational primes, denoted
by P. The unique archimedean valuation of Q will be denoted by the symbol co so
that V© will be routinely identified with U {oo}.

If K is a number field then the archimedean valuations of K correspond to
embeddings of K in R or in C, and are called real or complex valuations, respectively.
The description of completions corresponding to the nonarchimedean valuations of
a number field K is more involved. Any v € VfK is an extension of some p-adic
valuation v, with K,/Q, a finite extension. The field Q, is locally compact, so K,
is also locally compact with respect to the topology induced from | - |,.

A field K is called local if it is complete with respect to a nontrivial discrete
valuation v and has finite residue field (cf. [12, Ch. II, §5]). Topologically, a local
field is a Hausdorff locally compact non-discrete totally disconnected topological
field. The archimedean fields R and C are by convention also considered to be local.

The classification of local fields is given by the following theorem
Theorem 1.1.7 Any local field K is one of the following:
(a) K is archimedean, and K ~ R or K ~ C,

(b) K is nonarchimedean with char(K) =0, and K is a finite extension of Q, for

some prime p,

(¢) K is nonarchimedean with char(K) = p, and K is a finite extension of the
field of Laurent series in one variable F,((t)) for some prime p. In this case,

there is a (non-canonical) isomorphism K ~TF,((t)) where q is a power of p.
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Proof. Cf. [12, Ch. II, §5, Proposition 5.2]. O
Given any field K with a discrete valuation v, we define the valuation ring of v

by
0, = {a e K,

m@g1}

It is known that O, is a local principal ideal domain with unique maximal ideal

po={ackK,

Mh<1}

called the valuation ideal of v. In particular, O, is a Discrete Valuation Ring (cf.

[12, Ch. I, §11, Definition 11.3]). Observe that the group of units in O, equals

mnz1}

The quotient k(v) = O, /p, is a field called the residue field of v. For example, the

v

OX:{aEKv

valuation ring of Q, is the ring of p-adic integers Z, (cf. [12, Ch. II, §1]) with the
corresponding valuation ideal pZ, and the residue field being the finite field with p
elements, denoted by I,.

Returning to the general case, if K, is a field that is complete with respect to
some discrete valuation v, then the ideal p, is principal and any generator 7 of p,
such that v(mw) > 0 is called a uniformizer. It follows from the description of O
that if 7 is a fixed uniformizer then any element z € K can be written in the form

x = 7*u for some k € Z and u € O). This furnishes a continuous isomorphism

K ~7xOy.
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One can show that O, is a compact group and

O) ~ u(K,) x Z,

(2

where n = [K, : Q,] and u(K,) is the group of all roots of unity in K, (cf. |15, Ch.
1, §1.1.2]). Therefore,
K; =7 x u(K,) x Z,.

For example, if p is an odd prime then
Q) ~ZxF; xZ,

(also see [30, Ch. II, §3.2, Theorem 2]).

There are two important notions related to field extensions, called ramification
index and residue degree. Let us first introduce these concepts locally, namely for
fields that are complete with respect to a nonarchimedean valuation. Let L, /K, be
a finite extension of degree n and let I', = w(LY), T, = v(K ) be the corresponding
valuation groups. The index e(w|v) = [, : '] is finite and we call it the ramification
index of w with respect to v. Let B, be the valuation ideal of w and [(w) = O,, /B,
be the corresponding residue field. The index f(w|v) = [I(w) : k(v)] is finite and we
call it the residue degree of w with respect to v. We have the following formula (cf.
[15, Ch. 1, §1.1.2]):

e(w|v) - f(w|v) = n.

The extension L, /K, is called unramified if e(w|v) = 1 and ramified otherwise.
Now let L/K be an extension of a global fields with [L : K] = n. Then for any
vE VfK and any extension w of v to L, we define the ramification index e(w|v) and

the residue degree f(w|v) as the ramification index and residue degree of L, /K,,
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respectively. One can show that if wq, ..., w, are all the extensions of v to L then
we have the following formula (cf. [12, Ch. II, §8, Proposition 8.5] and [15, Ch. 1,
§1.1.2]):

<

) ewilv) - f(wilv) = n.

We say that v splits completely in L if we have e(w;|v) = f(w;|v) = 1 for all
¢ = 1,...,r. Another important property is that both ramification indices and

residue degrees are multiplicative in towers (cf. [15, Ch. 1, §1.1.2 and §1.1.3]).

1.1.2 The ring of adeles

The goal of this section is to construct a topological ring Ag(S) associated with a
global field K and any nonempty subset S C V¥, which will allow us to formulate
the strong approzimation theorem for a global field (cf. Theorem [L.1.16). As a
starting point, let us state a property, called the weak approrimation, which holds
for any field K" and will be used later in the analysis of the reciprocity map of global

class field theory

Theorem 1.1.8 (WEAK APPROXIMATION THEOREM) Let K be a field and let S
be a finite set of pairwise inequivalent valuations vy, ..., v,. Set Kg = [[;_, K,,.
Then the diagonal embedding K — Kg has dense image, where we consider Kg with
the product topology. More explicitly, given € >0 and 1 € K,,,...,z, € K,,, there

exists x € K such that

|z — x]y, <€

foralli=1,... 7.
Proof. Cf. [10, Ch. XII, Theorem 1.2.]. O

The ring of adeles of a global field K is a number-theoretic object that takes into

account all valuations of K at once. The usual direct product [], ..« K, is not a
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locally compact space. Thus, instead of taking the (full) direct product, we will use

a more general construction called the restricted product

Definition 1.1.9 Let {X;};c; be a family of topological spaces indexed by a set [
and for each i € I, let U; be an open subset of X;. The restricted product of {X;}ies

with respect to {U;}ier is defined as:

H/(de Ui) = {(xi)iel < HXi

el i€l

x; € U; for almost all i € I},

with topology given by the following basis of open sets

B::{HVi‘ViCXi is open for all 7 € I and V; = U; for almost alliel},

iel
where for almost all means for all but finitely many.

Let us examine how the usual direct product topology and the restricted prod-
uct topology are related. For each ¢ € I there is a natural continuous projection

/
IoR | | . I(Xi, U;) — X; and as sets, we always have the inclusions
1€

[Tv: c [T x.00).

el il

/
However, the restricted product topology on H EI(XZ-, U;) is not the same as the

subspace topology it inherits from the product H X;. In fact, the restricted product
z‘e‘I | /
has more open sets. For example, the set H U, is open in H ~ (X, U;), but unless
i€l el
U; = X, for almost all ¢ € I, it is not open in HXi’ The restricted product
icl
generalizes the direct product, and the two topologies coincide precisely when U; =
X; for almost all ¢ € I. For example, product topology and restricted topology

coincide if the indexing set [ is finite. Observe that the restricted product is fully
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determined once we specify the U; for all but finitely many ¢ € I. In other words, if

U; = U] for almost all ¢ then

H/(Xian) = H/(Xian,)‘
iel iel
For a more detailed exposition of restricted product we refer the reader to |2, Ch.
I1, §13|.
In this thesis, we are mostly interested in restricted products of locally compact
topological spaces {X; }ic; with respect to a family of open subsets {U; };c; such that
U; is compact for almost all 7 € I. The key result for restricted product in this case

is the following

Proposition 1.1.10 Let {X;}ier be a family of locally compact topological spaces
and for each v € I, let U; be an open subset of X;. Assume that for almost alli € I,
the set U; is compact. Then the restricted product HliE[(Xi, U;) is a locally compact
space.

Proof. Let X = H/iEI(X,-, U;) and for any finite subset J C I, put X := qu X
H U;. Since all X; are locally compact, so is the product H X;. On the othzeer hand,

iel\J icJ
almost all U; are compact so by Tychonoff’s theorem, their product is compact.

Thus, X is a locally compact space. Since the sets X; with J C I a finite subset,
form an open cover of X, it follows that X is locally compact. O
The restricted product construction allows us to define the ring of adeles of a

global field

Definition 1.1.11 Let K be a global field. For any v € VX we put O, := K,.
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The ring of adeles A of K is defined as the following restricted product

Ak = [[ (K., 0,).

veVE

By definition A is a subring of the product [, .« K, and it comes together with

the topology, given by basic open sets of the form

HWUX H O,,

veS’ veVE\ S/

where S’ C V¥ is a finite subset and W,, C K, is an open subset for each v € S’. The
restricted product topology on A is called adelic topology. An important example

of an open subring of Ak is the subring of integral adeles Ak , defined by

Note that the restricted product topology on Ag , coincides with the usual product
topology. By Proposition|1.1.10, Ag is locally compact. Next, we have the following

lemma:

Lemma 1.1.12 There is a diagonal embedding K — Ay, and it restricts to K> —

A%

Proof. Here we only show the argument for K = Q but the result holds for any
global field (cf. [2, Ch. II, §14]). Let x € Q and let us write + = m/n with m and
n coprime integers. Let n = p"* - ... - p;* be the prime factorization of n. Then for
any prime p outside of the finite set {p1,...,p¢}, we have |z|, <1, so x € Z,. This
shows that the diagonal map Q — Ag is well-defined. It is also injective because

for each prime p we have the embedding Q — Q,. By applying the same argument
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to 27!, we see that in fact |z], = 1 for almost all primes p, so x € Z) . Thus, the
diagonal embedding Q — Ag induces Q* < Ag. More generally, for any global
field K, we still have the diagonal embedding K* < A% (cf. [2, Ch. II, §16]). The
group of units Ay of Ax will be studied in greater detail in the next section. O

The image of any a € K under the diagonal embedding K — Ag is called
the principal adele corresponding to a and will be denoted by (a) or simply by
a. The image of K under this embedding forms a subring of Ak, called the ring
of principal adeles, which we routinely identify with K and it has the following

important property
Lemma 1.1.13 K is discrete in Ag.

Proof. Let us first explain the argument for X' = Q. Consider the following neigh-

borhood of zero in Ag

(- pa) e

peP
If 2 € QN W, then x € Z, for all p, and therefore x € Z. At the same time,
x € (—%, %), so x = 0. Thus, QN W = {0}, and therefore Q is discrete in Ag. O
Now let K be a number field and let us show that K is discrete in Ag. There is

a topological isomorphism

I 5~ K @gR,

veVE
(cf. [12, Ch. II, §8, Proposition 8.3] and [14, Ch. 1, §1.1.2]). Since the ring of
integers Ok of K is a free Z-module of rank n = [K : Q], we may fix a Z-basis
w1, ...,wy, of Og. Then the corresponding vectors wy ® 1,...,w, ® 1 are R-linearly
independent in K ®q R. This means that Ok becomes a complete Z-lattice (cf. [12]
Ch. I, §4, Definition 4.1]) in K ®qg R, hence is discrete in K ®g R. Thus, Ok is

discrete in ], o« Koy, so there exists a neighborhood of zero @ C [], .y« K, such
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that Ox N = {0}. Then we consider the following neighborhood of 0 in Ag

W =Q x H O,.

K
vGVf

Ifx € KNW then x € QN Ok, and hence x = 0, proving discreteness. For the
proof in the case of an arbitrary global field see [2, Ch. II, §14, Theorem]|. U

We will now examine the behavior of the ring of adeles under the base change.
Let K be a global field. The canonical embedding K — Ag makes Ag into a
K-vector space. For any finite separable extension L/K, we may naturally view

Ag ®g L as an L-vector space. We have the following:
Proposition 1.1.14 Let L be a finite separable extension of K. There is an iso-
morphism of topological rings

ALZAK@)KL

that makes the following diagram commutative

L —— K®glL

J |

AL é AK R L
where the vertical maps are the natural embeddings.

Proof. Here we only briefly sketch the proof and for more details we refer the
reader to [2, Ch. II, §14, Lemma|. The tensor product Ax ®y L is isomorphic to
the restricted product H/ evK(K” ®k L,O0, ®o, Or). Explicitly, each element of

Ag ®k L is a finite sum of elements of the form (a,), ® x, where (a,), € Ax and
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x € L and the required isomorphism is given by:

Ar Qg L — I]T(A%(gkjL,C%CgoK(OL)

veVE
(ay)y @ T > (ay, @ T),.

On the other hand, we have A = H/ Ly, Oy). Since K, @k L ~ Hw|v Ly,

weVL(
and O, ®o, O ~ Hw|v0w (cf. [12, Ch. II, §8, Proposition 8.3] and [12, Ch. II,

§8, Exercise 4]), we obtain the isomorphism of topological rings:

AK RK L~ H, (Kv XK L, Ov ®(9K OL) ~ H (Lw,Ow) ~ AL-

veVE weVL

Observe that the image of x € L in Ag ®x L via the canonical embedding of L into
Agx®gLisl®r=(1,1,1,...)®x, whose image (x,z,...) € Ay is equal to the image
of € L under the canonical embedding of L to its adele ring A;. 0

The formulation of strong approximation requires the following truncated version

of the ring of adeles

Definition 1.1.15 Let K be a global field and let S C VX be a nonempty subset.

Then we define the ring of S-adeles Ak (S) as the restricted product

Ax(S)= [[ (5.,0.).

veVE\S

Alternatively, one can define Ay (S) as the projection of Ax onto [],cyx\g Ko By

definition, any basic open set in Ax(S) is of the form

H W, X H 0.,

ves’ vEV K\ (SUS)
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where S’ C V& \ S is a finite subset and W, C K, is an open subset for each v € S’
The topology defined in this way will be referred to as S-adelic topology. We have
the induced diagonal embedding K < Ag(S) and one may ask if its image is dense
in Ag(S) considered with the S-adelic topology. Observe that if S was the empty
set, then Ak (S) equals the (full) ring of adeles Ak, but the diagonal embedding
K — Ay has the image which is discrete and closed (cf. Lemma so it
cannot be dense. However, as we will see, the situation changes completely if S is
nonempty. If the canonical embedding K — Ag(S) has dense image, we say that
K satisfies strong approxzimation property with respect to set S (the reader may also
want to compare this with Definition . It turns out that this property holds

for any global field as long as .S is nonempty:

Theorem 1.1.16 (STRONG APPROXIMATION THEOREM) Let K be a global field
and let S C VE be any nonempty subset. Then K satisfies strong approzimation
with respect to S. In other words, the diagonal embedding K — Ag(S) has dense

mage.

Before proceeding with the proof, let us make a few remarks about the statement
of the theorem. For any finite S we have Ax = Ag(S) x [],cq K. Written out
in terms of any basic open set, strong approximation is equivalent to the following.
Given any finite subset S’ C V¥ disjoint from S with elements z, € K, for each
v e S, and € > 0, there exists x € K such that |z — z,| < € for all v € 5" and
v € O, for all v € VE\ (SUS’). Therefore, weak approximation follows from
strong approximation by forgetting the S-components and weakly approximating
x, for each v € §’. For weak approximation, we only require a finite number of
conditions to hold with no control of the valuations v € VX \ S. By contrast, in
strong approximation, we have specified conditions at all v € V& \ S: approximation

for v € S’ together the integrality for the valuations in VX \ (SU S").
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Proof of Theorem [1.1.16, We will only sketch the proof of Theorem in the
case S = VX where the result follows from the Chinese Remainder Theorem. In
particular, this shows that strong approximation has arithmetic nature. The reader
may want to see |2, Ch. II, §15, Theorem| for the proof of strong approximation
theorem in the general case.

First, let us show that the image of the embedding Oy — HverK O, is dense.
We need to show that for any finite subset S’ C VfK and any nonempty open sets

W, C O, for v € 5, the open set

H W, X H O,
ves’ veVE\S
intersects Q. Without loss of generality, we may assume that each W, is an open

ball, namely it is of the form
W, = {x € 0,z = a,(mod pU”)}

for some a, € O, and some integer d, > 1. Then what we need to show is that there

exists a € Ok satisfying
a = a,(mod p?) for all v € S

Since Ok is dense in O,, we can assume that a, € Ok, and then the existence of
such a follows from the Chinese Remainder Theorem. Now, given any a € Ag(5),

one can find nonzero a € O such that aa € [[, o Op. This means that aa belongs

veS’

to the closure of Og. Then a belongs to the closure of é(’)K, and in particular to

the closure of K. Thus, K is dense in Ag(S5). O

Corollary 1.1.17 We have Ag = Ag oo + K.
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Proof. Indeed, let S = VE and a € Ag(S). Then a+ HUGVfK O, is an open subset of

Ak (S), so by Theorem [1.1.16| it must intersect K. Thus, Ag(S) = Hueva O, + K.

Taking pullbacks we obtain our claim. (l
Proposition 1.1.18 The quotient Ak /K is compact.

Proof. As we saw earlier, O is a complete lattice in [], ., x K, ~ K ®gR, so there

exists a compact subset Q C ], .« K, such that [ ., x K, = Q4+ Og. Then

be=brt K= ([ Kox [T 0)+K=(2x [] 0)+K

veVE UGVK vEVK

Since 2 x HvEVfK O, is compact, our claim follows. O

1.1.3 The group of ideles

We shall now examine the group of units of Ak, called the group of ideles

Definition 1.1.19 We define the group of ideles I of K as the restricted product

!/
Ix = ] (57, 0).
veVE
For almost all v € VfK , the groups O) are compact, so Proposition |1.1.10| implies
that I is a locally compact topological group. By definition, I has a basis of open

sets of the form

Hva H o),

veS’ veVE\S/
where S’ C V& is a finite subset and W, C K is an open subset for each v € S’

The restricted product topology on I will be called idelic topology. An important
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example of an open subgroup of Ik is the group of integral ideles I o, defined by

Ineo = ] K5 x ] O5-
veVE vEVfK

Note that the restricted product topology on I o, coincides with the usual product
topology. Observe that algebraically, I coincides with Ay but the topology on Ik
is not the topology induced from Ag. In fact, the subspace topology does not make

[k into a topological group. We illustrate this in the following example

Example 1.1.20 Let K = Q and let us consider the sequence z(p) = (2(p)q)qePuioc}
in Ag defined by

1 if
o(p), = qF#p

p ifg=p
Clearly, z(p) € Ig for all p, and z(p) — 1 in Ag. On the other hand, x(p)~' does

not converge to 1 in Ag, because given the open neighborhood

w=Rx ][]z,

q€eP

of 1 in Ag, all terms of the sequence z(p)~' lie outside of W. This means that the

1

inversion map x — 2~ is not continuous in the induced topology.

As we saw in the proof of Lemma[1.1.12] we have the diagonal embedding K> <
[x. Since the topology on I is stronger than the topology induced from A and K
is discrete in Ak, we deduce that K* is a discrete subgroup of Ix and we call it the
group of principal ideles. Any element of this subgroup (called the principal idele)
corresponds to some a € K* and will be denoted by (a) or simply by a.

In contrast to the case of adeles where the quotient Ay /K is compact, the

analogous quotient I /K> is noncompact. The group Ix/K* will be denoted by



29

Ck and called the idele class group of K.

Let us sketch the proof of noncompactess of Cx for K = Q. Recall that
we denote by | - | the usual (archimedean) absolute value on Q, and for every
rational prime p, we write | - |, for the p-adic absolute value on Q, defined by
|z|, = p~%® where v,(z) = r if z = p" - a/b and p { a - b. Consider the continuous
homomorphism v: Ig — Ry given by v((z,),) = [« |7plp- First, observe that v

is well-defined since for almost all primes p, we have |z,|, < 1. For any x € Q* the

following product formula holds

H |I|p: 1,

pePU{co}

(cf. |12 Ch. II, §2, Proposition 2.1]) so v factors through Q* and induces the
homomorphism 7: Ip/Q* — R-g. Since 7 is surjective and R+ is not compact, we
have that 7(Ig/Q*) is not compact and therefore Ip/Q* is not compact either. For
arbitrary global field K, one can also consider normalized valuations (cf. |2, Ch. II,

§7, Definition|) and the homomorphism
V. ]IK —>R>0 (11)

(3311)1)'_> H ‘xv‘vv

veVE
to prove that Ix /K™ is not compact (cf. [2, Ch. II, §12, Theorem|).
Let K be a global field. We define the group of ideles of K with content one, ]I(I?
as the kernel of the map v in . It follows from the product formula that ]1&?
contains K*. The main result of reduction theory for the group of ideles, which is

important for class field theory, is the following

Theorem 1.1.21 Let K be a global field. The quotient ]1%)/}(X s compact.
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Proof. Cf. [2, Ch. II, §16, Theorem)|. O

One can derive from Theorem [1.1.21] the Dirichlet’s Unit Theorem (see Theorem
and the finiteness of the class number (see Theorem [1.1.1)). For the proof of
Dirichlet’s Unit Theorem relying on the compactness of H%) /K>, we refer the reader
to [2, Ch. II, §18, Theorem|. Here we will see how compactness of ]Ig? /K> implies

the finiteness of the class number. We need the following lemma

Lemma 1.1.22 Let K be a global field. The class group C1(K) is isomorphic to the

quotient I/ K1k .

Proof. Recall that we denote by Z the group of all fractional ideals of K. For any

v E VfK , we denote the prime ideal p, VO by p(v). There is a group homomorphism
PK - ]IK — IK

(7)o = H p(v)v(xv),

veVk

where p, denotes the valuation ideal in the valuation ring O,. According to the
definition of the group of ideles, we have v(z,) = 0 for almost all v € VfK , so that
the product is actually finite and the map pg is well-defined. Since any fractional
ideal decomposes uniquely as the product of powers of prime ideals we see that pg
is surjective. Observe that ker px coincides with I . On the other hand, px(K*)
equals the subgroup of principal fractional ideals Pg. Thus, px induces the claimed
isomorphism

HK/KX]IKpo ~ IK/PK = CI(K)

O
Proof of Theorem m The subgroup Ik o C Ix is open, so the product K*If

is also an open subgroup of . Thus, the quotient I /K *If o is a discrete group.
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On the other hand, for v as in , we have v(J[,cyx KY) = Rso implying
that Ix = ]I%)]IK,OO. This means that the canonical homomorphism ]Ig) J/K* —
I /K*lk is surjective. Since H%) /K> is compact by Theorem we con-
clude that Ix/K*Ik o is compact. But a topological group which is simultaneously

discrete and compact must be finite. U

Remark 1.1.23 Conversely, assuming the finiteness of the class number and Dirich-
let’s Unit Theorem one can derive the compactness of ]Ig)/ K*. Let us first show
this for X' = Q. Since the class number of Q is one, we have Ig = Q*[g . Since

Q* C ]IS ), we deduce that

1
1Y) = Q* (I NIY).

On the other hand, we have |z|, = 1 for any x € Z, so

Tgoo NG = {£1} x [ 2,

peP

which is compact, and therefore ]I(S ) /Q* is also compact.
Now let K be an arbitrary global field. Since the quotient I/ K>k o ~ CI(K)

is finite, it is enough to prove the compactness of
1 X x (D) X
(I N K g oo) /K™ ~ (I Nk oo) /(K™ Nlkoo).

It is easy to see that Ik ., N K* = Oj. Furthermore, since |z|, = 1 for any x € O,

we deduce that

I NIke = | [ KEX0T | < | T] 02|,

veVE UEVfK
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and therefore

53 K
IV N Tk oo) /(KX NIgog) o < [ ox.
K

Thus, the compactness of this quotient is equivalent to the compactness of ( [Levr KN
]Ig)) /O%, which is equivalent to the Dirichlet’s Unit Theorem (cf. |2, Ch. II, §18,
Theorem]).

Our next goal is to extend the field norm to the group of ideles. Let L/K be
a finite extension of global fields. As we saw earlier, for a fixed v € VE, we have

L®yg K, ~]],,, Lw, which results in the following formula for the norm

wlv

Ny (@) = [ [ Newx, (x) (1.2)

wlv

(cf. [I5, Ch. 1, §1.1.2]). This formula supports the following way of extending
the norm map Ny/x: L — K to a map Np/x: Ay — Ag. Namely, given z =

(Tw)weve € A, we define

Npjk(r) = <H Ni,/x, (xw))

veVE
wlv

It is easy to see that Ny x(Ar) C Ag. It also follows from that the map
Np,i takes principal adeles in Ay to principal adeles in Ag, and in fact coincides
on principal adeles with the usual norm map. Since norm of a unit is a unit, we
see that Np,x(I;) C Ix. Consequently, Ny k induces a map on idele class groups
Npk: Cp — Ck.

Similarly to the case of adeles one can define truncated ideles and these will be

more relevant for us later
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Definition 1.1.24 Let K be a global field and let S C V¥ be a subset. We define

the group of S-ideles I (S) as the restricted product

(S = [[ (k7,0

veVE\S
It follows from the definition that any basic open set in [x(S) is of the form
H W, x H oy,
ves’ veVE\(SUS')

where S’ C VK \ S is a finite subset and W, C K is open for each v € S’. The
restricted product topology on Ix(S) will be called S-idelic topology. We have the
induced diagonal embedding K* < Ix(S) and one may ask whether it has dense

image. This question will be studied in greater detail in section [I.3]

1.2 Class field theory

1.2.1 Statements of key results from class field theory

In this section we state two fundamental results of global class field theory — the
fundamental isomorphism of class field theory and the existence theorem. Let K be
a global field and let L/K be a finite (not necessarily abelian) Galois extension with
Galois group G = Gal(L/K).

Theorem 1.2.1 (FUNDAMENTAL I[SOMORPHISM OF CLASS FIELD THEORY) There

1s a natural isomorphism

¢L/K: HK/KXNL/K(]IL) — Gab,
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where G* denotes the abelianization G/|G,G] of G.

Proof. Cf. [2, Ch. VII, §5.1, Theorem (B)], |2, Ch. VII, §5.4] and [2, Ch. VII,
§11.3, p.197]. O

The isomorphism 1,k is called the Artin map and some indications on how to
construct it will be given in section Observe that if L/K is abelian, then ¢k
implements an isomorphism between I /K* Ny k(Iz) and G. The naturality of the
isomorphism v,k means that it behaves well with respect to towers of extensions.
More precisely, if K C L C M is a tower of abelian extensions, then the following

diagram commutes

YK

li]\/[L leL

I/ K* Ny (In) —2%5 Gal(L/K)
where 77, is the canonical quotient map that exists due to the inclusion IV, x(Iy) C
Nik(Ir), and jag is the canonical quotient map from Galois theory given by re-
striction of automorphisms (cf. [2, Ch. VII, §5, Theorem 5.1(C)]).

Observe that for any finite Galois extension L/K we have Ix/K*Np k(1) =
Ck/Nik(Cr). A subgroup D C Ck is called a norm subgroup if there exists a
finite abelian extension L/K such that D = Ny x(Cr). It follows from Theorem
that every norm subgroup is of finite index. Furthermore, for every v € VE
and w|v we have that the norm subgroup N, /k, (L)) C K is open. Moreover,
almost all v € V/* are unramified in L, and then N, /k, (OF) = OF (cf. [32, Ch.
V, §2, Proposition 3|). It follows that Np,x(I;) C Ix is open and consequently

Np/k(Cr) C Ck is open. Conversely, we have the following:

Theorem 1.2.2 (EXISTENCE THEOREM) FEvery open subgroup N C Cyk of finite
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index is a norm subgroup. In fact, there exists a unique abelian extension L/ K such

that NL/K(OL) = N.

Proof. Cf. |2, Ch. VII, §5, Theorem 5.1(D)]. O
These results of class field theory imply that the assignment L +— N,k (CL)
yields an inclusion reversing correspondence between all abelian extensions of K

and all finite index open subgroups of Ck.

1.2.2 Construction of the Artin map via the reciprocity law

While the construction of the Artin map can be done for any finite Galois extension,
here we are mainly interested in the case of finite abelian extensions. In section [1.2.3]
we will specify further to quadratic extensions and provide an alternative description
of the Artin map in this case, using the Hilbert symbol. The main tool we need for
the construction of the Artin map in the general case, is the Artin reciprocity law (see
Theorem [1.2.3). Let K be a global field and let L/K be a finite Galois extension
with G = Gal(L/K). If v € V} and w is some extension of v to L, we denote
the corresponding Frobenius automorphism by Frp /i (w|v) or simply by Fr(w|v) if
the underlying field extension L/K is clear from the context. If we consider a
different extension w’|v, then Fr(w|v) and Fr(w'|v) are conjugate in G = Gal(L/K).
Furthermore, if L/K is abelian, we have that Fr(w|v) = Fr(w’|v), in which case the
Frobenius automorphism Fr(w|v) is independent of the choice of the extension w|v,
and therefore will be denoted simply by Fr(v). For the construction and a more
detailed study of the Frobenius automorphism, we refer the reader to [2, Ch. VII,
§2].

Let L be a finite abelian extension of a global field K with Galois group G =
Gal(L/K). Recall that for any v € V<, we denote by p(v), the prime ideal p, N Ok.

Fix a finite subset S C VX that contains VX and also all v € VfK that are ramified
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in L (the set of v € V/* that ramify in L is always finite — see [2, Ch. 1, §5, Corollary
2|). Let Z% be the subgroup of the group of fractional ideals Zx generated by the
prime ideals p(v) for v € VX \ S. Note that Z2 is a free abelian group on this set.

We can then define the following map

o7 I = G
p(v) — Fr(v).

For any o € G there exist infinitely many v € VX \ S such that ng*Lq/K(p(v)) = o,
so the homomorphism ¢§ K 7 — @ is surjective. There is a natural continuous

homomorphism

Setting Qbf/K = ¢€/K o p7-, we obtain a continuous homomorphism zﬁ‘Lq/K: Ig(S) —
G. Our goal is to extend it to a continuous homomorphism 7/ : Ix — G. The
extension procedure relies on the reciprocity law, and in fact, if one assumes the lat-
ter, then the extension can be shown to be unique. We will see several formulations
of the reciprocity law, but all of them have to do with the values of ¢¥ /x on certain

principal ideles.

Theorem 1.2.3 (RECIPROCITY LAW) Let L/K be a finite abelian extension of
global fields and let S C VE be a finite subset containing VX and all v € VfK that
ramify in L. Then there exists € > 0 such that if a € K* and |a — 1|, < & for all

v EeS, then

Vir((@)®) =1
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where (a)® € Ig(S) denotes the principal idele corresponding to a.

Proof. Cf. [2, Chapter VII, §3, 3.3|. O
It is worth mentioning that the Artin reciprocity law implies the classical quadratic
reciprocity law (cf. [3, Ch. 5, §3]). For the statement and different proofs of
quadratic reciprocity law, we refer the reader to [30, Ch. I, §3.3, Theorem 6| and
[28, Ch. VI, §6.5].
We will now assume the reciprocity law and show that the continuous homomor-
phism z/)f K- Ix(S) — G can be extended uniquely to a continuous homomorphism

Yk Ig — G such that ¢k (K*) = 1. We start with the obvious decomposition
]IK = ]IK(S) X ng(,

where Kg = [],cq Ky Given x € I, we will write it as z = 125 with 2° € Ig(9)
and zg € K§. In particular, we will write a principal idele (a) € I for a € K* as

(a) = (a)®(a)s. We want ¢,k ((a)) =1, so
1= 4rx((a)*(a)s) = Yr/x((@)¥ )/ ((a)s),

and therefore, we must have

Vryx((@)s) = Yrc((@)®) 7 =07k ((@)®) 7.

On the other hand, by weak approximation theorem K* is dense in K§ (cf.
Theorem . So, if 9,k is continuous, then it is unique. To prove the ex-
istence, suppose x € K§. Then again using weak approximation, we have that
there exists a sequence a, € K* such that a, — = in K. Let ¢ > 0 be as in

the statement of Theorem [1.2.3] Then there exists a positive integer N such that
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|am/a, — 1], < € for all myn > N and all v € S. Then wf/K((am/an)S) =1,
so Y /K((am)s) =7 /K((an)s ). The inverse of this common value is by definition
VYrr(x), e, Yrr(x) = @/JLLQ/K((an)S)*l for n sufficiently large, where a,, € K* is
any sequence such that a, — z in K ¢ - It is not difficult to see that ¢,k defined this
way, gives a continuous homomorphism K — G. Indeed, if @, — 2 and b, — v,

then a,b, — ry. We can choose N so that for n > N we have
Gryr(@) = 97 (@n)®) Y Uy (y) = 07k ((0a)°)
and ¢r/k (2y) = U7 i ((anbn)®). But

¢€/K((anbn)s) = ¢€/K((an)s>¢€/K<(bn)S)

for all n > N, implying that 11,k (zy) = Yk (2)Yr/k(y). Now it is enough to
prove the continuity at 1. In fact, let us consider the following neighborhood of 1 in

Kg

W ={(@)o e [T |leo =1l <},
veS

where ¢ is as in Theorem We claim that ¢, (W) = {1}, which will prove the
continuity. If z € W and a,, is a sequence in K* with a,, —  then a, € K*NW
for sufficiently large n, which in view of the reciprocity law yields 7 / w((a,)®) = 1.
On the other hand, we have that v /x(x) = wf/K((an)S)_l for all sufficiently large
n. It follows that ¢ k() = 1, as required. Thus, ¢k is continuous on K.
Furthermore, 9?7 /i is continuous on Ix(S) because it is trivial on [],cyx\g Oy
Thus, vp/kx: g — G, defined by 9 /k(x) = ¢€/K($S)1/JL/K($S) is a continuous

homomorphism satisfying the following two conditions:

(1) Y K extends WE/K



39

(2) Yr/k(K*) ={1}

If we assume the reciprocity law, then such an extension is unique. Furthermore,
one can show that kery k is exactly equal to K* Ny k(Ir) (cf. [2, Ch. VII, §5.1,

Theeorem (B)]) which together with the construction of 1k yields

Corollary 1.2.4 Let L/K be a finite abelian extension of global fields. Assume
that v € VfK is unramified in L and K C K* Ny (11), where we routinely identify
K with its image ,(K)) via the natural embedding t,: K, — . Then L splits

v

completely at v, i.e. L, = K, for any w|v.

Proof. Our assumption implies that 17k (¢, (K )) = {1}. On the other hand, by the
construction of ¢y /x, we have ¢k (1, (7)) = Fr(v), for any uniformizer 7, € K.

So, L, = K, for any w|v. O

1.2.3 The Hilbert symbol and Artin map for quadratic ex-

tensions

In this section we introduce the Hilbert symbol together with its basic properties
in the case of local and global fields. Hilbert symbol will be used to provide an
alternative construction of the Artin map in the case of quadratic extensions. Let

IC be a local field.

Definition 1.2.5 For any a,b € K£*, we define the Hilbert symbol (a,b)x of a and

b, relative to IC by:

+1 if 22 — ay?® — bz? = 0 has a nonzero solution (z,y, z) € K3,
(aa b)/C =
—1 otherwise
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In this section, we will write (a,b) for (a,b)x when the field K is clear from the
context. From the definition, we see that the Hilbert symbol defines a map K*/ 0% x
IC* /K** — {£1}. The basic local properties of the Hilbert symbol are given by the

following two propositions

Proposition 1.2.6 Let a,b € K* and let £L = K(v/b). For (a,b) = 1 it is necessary

and sufficient that a € Ngjc(LX).
Proof. Cf. |30, Ch. III, §1, Proposition 1]. O
Proposition 1.2.7 The Hilbert symbol satisfies the following formulas:

(1) (a,b) = (b,a) and (a,c*) =1,

(2) (a,—a) =1 and (a,1 —a) =1,

(3) If (a,b) =1 then (ad’,b) = (d’,b),

(4) (a,b) = (a,—ab) = (a, (1 —a)b).

In all these formulas a,a’,b,c are arbitrary elements of K but we assume that

a # 1 whenever the formula contains the term 1 — a.

Proof. Cf. [30, Ch. III, §1, Proposition 2]. O

Theorem 1.2.8 The Hilbert symbol is a nondegenerate bilinear form on the Fy-

vector space K* /K.

Proof. Cf. [30, Ch. 111, §1, Theorem 2]. d

In order to construct the Artin map for quadratic extensions we will also need
two global properties of the Hilbert symbol, namely the product formula and the
existence of rational numbers with given Hilbert symbols. Let K be a global field.
For any v € V& and any a,b € K*, we write (a,b), to denote the (local) Hilbert

symbol of a and b, considered as elements of the completion K.
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Theorem 1.2.9 (PrRODUCT FORMULA FOR HILBERT SYMBOL) For any a,b €

K>, we have

H (a,b), = 1.

veVE

Proof. Cf. [30, Ch. III, §2, Theorem 3]. O

Theorem 1.2.10 Let a € K*, and assume we are given €, = +1 for allv € VK

such that the following three conditions hold:

(1) For almost allv € VX, we have €, = 1,

(2) HUGVK €y = 17
(3) For each v € VE, there exists v, € K} with (a,x,), = &,.
Then there exists © € K* such that (a,x), = &, for all v.

Proof. Cf. [30, Ch. III, §2, Theorem 4]. O

We may now provide another description of the Artin map for quadratic exten-
sions, which will be used later in section Let K be a global field and let
L = K(v/d) with d € K*\ K**. Define a map

\IJL/K: HK — {:I:l}

(o) = ] (d20)o-

veVE
We note that d and x, are units for almost all v, which implies that (d,z,), = 1
for almost all v, so the above product is actually finite and ¥y is well-defined.

Moreover, we have the following

Proposition 1.2.11 ¥k induces an isomorphism Ly /K* Ny (Ip) ~ {£1}.
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Proof. Since d € K* \ K**, there exists v € V¥ such that d € KX\ K)*, and
then by the nondegeneracy of (x, %),, we can find z, € K with (d, z,), = —1. This
shows that Wy k is surjective. The product formula for the Hilbert symbol implies
that K* C ker Wy x, so K*Np/k(Ip) C ker Uy k. Conversely, suppose (), € Ix
belongs to ker Wy, k. Set e, = (d,z,), for v € VE_ These numbers satisfy all the
assumptions of Theorem [1.2.10} so there exists # € K* such that

(d7 x)v =& = (d7 xv)v
for all v € VK. Since the Hilbert symbol is bilinear we have that

(d, 27 wy)y = (d, 271 (d, 2)y = (d, 2% 1) (d, 20)y = (d, 2)o(d, 2,,), = €2 = 1.

v

By Proposition we have that 7'z, € Np,/k, (L)) where w|v. Moreover,
1z, € OF for almost all v, and then 7'z, € Np, /K, (Oy). Thus, 27 (x,), €

Np/k(Ir), and (z,), € K*Np/k(I1) as claimed. O

1.2.4 (Generalized) arithmetic progressions and density the-

orems

In this section, we discuss two important density theorems: Dirichlet Prime Number
theorem on primes in arithmetic progression and its generalization to arbitrary global
fields due to Chebotarev, known as Chebotarev Density theorem. Recall that we
denote by P the set of all rational primes. For any two relatively prime positive
integers m and a we denote by P, the set of all rational primes p such that
p = a(mod m), namely P,y consists of primes in arithmetic progression. Dirichlet

showed that the set Py, is infinite by using the following notion of density
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Definition 1.2.12 Let P C P be an arbitrary subset. The Dirichlet density of P

is defined as the following limit (if it exists)

AP) = lim Lpep P
s 1+ ZPE]P ps
It is known that for any s > 1 the series ZpEIF’ p~® converges and that ZPE[P P — 0
when s — 17 (cf. [30, Ch. VI, §3.2, Corollary 1| and [30, Ch. VI, §3.2, Corollary
2]). Consequently, every finite set of primes has density zero. Dirichlet established

the precise value of density of Py

Theorem 1.2.13 (DIRICHLET PRIME NUMBER THEOREM) Let a and m be two

positive relatively prime integers. Then

0 (]P)a(m) ) = ﬁ

where ¢ denotes the Euler totient function. In particular, the set Py, is infinite.

Proof. Cf. [30, Ch. VI, §4.1, Theorem 2]. O

However, it should be noted that one can construct many examples of infinite
sets with zero Dirichlet density. In fact, let Q2 be any set of primes p; < py < ...
such that > % p; ! < 00. For example, one may take p; such that p; > 2° for each

i >1sothat > pi' < 3% 277 =1 < co. Then we have

: cali’
2(Q) = lim El’e—ﬂi -
s—1t ZpEIP’p $
Chebotarev proved a vast generalization of Theorem [I.2.13] which applies to
arbitrary global fields; however the statement requires a more general notion of

density, which will also be referred to as Dirichlet density
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Definition 1.2.14 Let K be a global field and let P C VfK be a subset. The
Dirichlet Density of P is defined to be the following limit (if it exists)

> N(p,)™

T veEP
DK(P) - slir{{r Z N(pv)_s’

K
vEVf

where N (p,) denotes the norm of the ideal p,, i.e. the cardinality of the residue
field k(v) = O, /p..

It is clear that the notion of density in Definition [1.2.14] generalizes the one in
Definition [1.2.12] One can show the following two facts (cf. [12, Ch. VII, §13]):

(1) The series ), v N (p,)~* (hence also the series Y, » N (p,)~* for any subset
P C V{) converges for s > 1,

s—1t

(2) We have ZUGVfK N(p,)™® —— o0, and consequently every finite set has

Dirichlet density 0.

It should be noted that for arbitrary global fields one can also construct infinite sets
with zero Dirichlet density zero. A very well-known example of such a set is the set
of all primes of any number field K which have relative degree > 2 (cf. [12, Ch.
VII, §13|). For example, let K = Q(i) and consider the set

0= {w € VfK ‘ w|v, with p prime such that p = 3(mod 4)}

For any prime p such that p = 3(mod4) there exists a unique valuation w € VfK such
that w|v,. Then f(w|v,) = 2 and if we denote by p the ideal of Ok corresponding
to w then N'(p) = |O/p| = p>. Thus, for s > 1, we have

D NE = Y, pF<) n¥<x

peQ p=3(mod 4) n>1
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Hence 0, (Q2) = 0.

Theorem 1.2.15 (CHEBOTAREV DENSITY THEOREM) Let K be a global field and
let L/K be a finite Galois extension with G = Gal(L/K). Fiz a conjugacy class C
in G. Let P(L/K,C) be the set of all v € VI such that v is unramified in L and
for some (equivalently, any) extension w|v the Frobenius automorphism Frp g (wv)

lies in C. Then

C
w(P(L/K.C) = I
In particular, P(L/K,C) is an infinite set.
Proof. Cf. [12, Ch. VII, §13, Theorem 13.4]. O

Let us now explain the connection between the Dirichlet Prime Number theorem
and the Chebotarev Density theorem. Let K = Q and let L = Q((,,,) be a cyclotomic
extension with (,, a primitive mth root of unity. It is well-known that Gal(L/Q) ~
(Z/mZ)* and this isomorphism is given by sending the class of any integer a which is
relatively prime to m to the automorphism o,: L — L, 0,((n) = (2 (cf. [10, Ch. VI,
§3, Theorem 3.1]). We claim that the set P(L/Q, {0,}) coincides with the arithmetic
progression Py,), where we routinely identify VfQ with P. In fact, by definition
P(L/Q,{o,}) consists of all those p € P which are unramified in L and for some
w|vy, we have Fry o(wlvy) = 04. Thus, p € P(L/Q, {o,}) if ptm (cf. [2 Ch. III, §1,
Lemma 6]) and Fry o(w|v,)((m) = ¢%. On the other hand, Fry, jgo(w|vy)((n) = ¢, (cf.
[2, Ch. VII, §3.4, Proposition|). Thus, (¢, = (%, which is equivalent to p = a(modm)
because p { m. This shows that P(L/Q,{0a}) = Pagm). Hence the sets of the form
P(L/K,C) generalize the sets of prime numbers in arithmetic progression P,y and
we recover all the IPy(,,) precisely in the case of cyclotomic extensions. The sets of the
form P(L/K,C) are central to this thesis and the observation that they generalize

usual sets of primes in arithmetic progressions motivates the following definition
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Definition 1.2.16 Let K be a global field and let L/K be a finite Galois extension
with G = Gal(L/K). Fix a conjugacy class C in G. A generalized arithmetic
progression P(L/K,C) is the set of all v € V/* such that v is unramified in L and

for some (equivalently, any) extension w|v the Frobenius automorphism Fr(w|v) lies

inC.

We will derive one important consequence of Theorem [1.2.15] We let Spl(L/K)
denote the set of all nonarchimedean valuations of K that split completely in L. We
will only use this notion when L/K is a finite Galois extension. Then Spl(L/K)
consists precisely of those valuations v € VfK , which are unramified in L and
Frp/k(wlv) = idy for some (equivalently any) extension w|v. By Chebotarev’s Den-
sity Theorem, Spl(L/K) has Dirichlet density 1/n where n = [L : K|. In particular,
Spl(L/K) is an infinite set. Moreover, for any subset Py C Spl(L/K) of density
zero, the set Spl(L/K) \ Py still has density 1/n.

Given any two subsets A, B C VfK , we will write ACB if A\ Py C B for some

subset Py C A with 0x(Py) = 0 and in that case we say that B almost contains A.

Proposition 1.2.17 Let K be a global field and let L and M be finite Galois ex-
tensions of K. Then the inclusion L C M is equivalent to Spl(M/K)CSpl(L/K).

Proof. 1t is clear that L C M implies the inclusion Spl(M/K) C Spl(L/K). This
follows from the multiplicativity of the ramification index and the residual degree
(cf. |15, Ch. 1, §1.1.2 and §1.1.3]). In particular, we have Spl(M/K)CSpl(L/K).
Conversely, suppose that Spl(M/K)CSpl(L/K), i.e. Spl(M/K)\ Py C Spl(L/K)
for some Py C Vi with 95 (Pg) = 0. Assume that L ¢ M, and set E = LM. Then
E/M is a Galois extension and E # M, so we may choose o € Gal(E/M) \ {idg}.

By Chebotarev’s Density Theorem we can pick v € VfK \ Py which is unramified in
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E and for which Frg/x(w|v) = o for some extension w|v. Set u := w|y;. Then
Fryyk(ulv) = oy = idw,

implying that v € Spl(M/K) \ Py. On the other hand, o|., is nontrivial, meaning
that v does not split completely in L. This yields a contradiction. U

It should be noted that while we will not use Proposition directly, a similar
argument used in its proof, will be used in the proof of almost strong approximation

for the multiplicative group of a field (cf. Proposition [1.3.7).

1.3 Almost strong approximation for the multiplica-

tive group of a field

1.3.1 DMotivating examples

Let K be a global field and let S € VX be any nonempty subset. We saw that
the additive group of K satisfies strong approximation property with respect to
S, namely the diagonal embedding K < Ag(S) has dense image in the S-adelic
topology (cf. Theorem . This is no longer true, however for the multiplicative
group of K. In other words, the induced diagonal embedding K* < Ix(S) may
not have dense image in the S-idelic topology. In this section we consider several
examples that, on the one hand, motivate the property of strong approximation and,
on the other hand, exhibit some constraints on the situations where this property

can be expected to hold. Recall that the group of S-ideles [ (.5) is a locally compact
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topological group and admits a basis of open sets consisting of sets of the form

[Tw.x II o (1.3)

ves’ v¢S'US

where S’ C VE \ S is an arbitrary finite subset, and W, C K are arbitrary
open subsets for v € S’. In particular, Ix(S) has the following distinguished open

subgroup

us) = [ o

veVE\S
It follows from Lemma that for a number field K and S = VX the index
[ (VE) : K>XU(VE)] (with K* embedded in Ix(S) diagonally) equals the class
number h(K) of K, hence is always finite. Thus, for any S D VX the index [Ix(.5) :
K*U(9)] is finite, and is equal to one if h(K) = 1. The intersection E(S) :=
U(S) N K* will be called the group of S-units, and as U(S) is open in Ix(S5), we
conclude that the index of the closure [Ix(S) : W(S)] is finite if and only if the

()

index [U(S) : E(S) "] is finite, where —(*) always denotes the closure in the S-idelic

(S) =S

topology. Moreover, if K%~ = Ix(S) then E(S) - U(S), and the converse is
true if h(K) = 1. Similar remarks are valid also in the function field case, but we
will not formulate them here since in our examples we will stick to the number field
case.

After these preliminaries, we are ready to test strong approximation for K when
K = Q. To simplify the notation, for any subset S C V© we will write I(.S) (resp.
A(9)) rather than Ig(S) (resp. Ag(S)). If S = {vs}, where vy denotes the unique
archimedean valuation of Q, then E(S) = {£1}, and hence the index [U(S) : m(s)}
is infinite, so the index [I(S) : @(s)] is also infinite. Now, let S = {v }U{v2} where
g is the dyadic valuation of K = Q, in which case E(S) = (—1,2) is already infinite.

Set (Q = Py(s), which is infinite by Dirichlet’s Prime Number Theorem. For every
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¢ € Q we have E(S) C ZX*;

+%; in other words, E(S) is contained in the kernel of the

canonical continous surjective homomorphism

us) — [Jzs/zy, (1.4)
q€Q

(S)], hence also [I(S) : @(S)], are infinite.

implying that the indices [U(S) : E(S)
It is easy to see that this result extends to any subset S of the form S = {v.} U
{vpy, ..., vp, } for any finite collection of primes py,...,p,: one simply needs to take
Q) = Piwp,..p,) in the above argumentﬂ. On the other hand, an argument of this
type cannot be implemented whenever S is infinite, which raises the question if K*

always has strong approximation for S infinite. The following example shows that

this is not the case.

x
Example 1.3.1 For a prime p > 2 and any integer x not divisible by p, we let (—>

p
denote the corresponding Legendre symbol. As above, it is enough to construct two

infinite disjoint subsets P = {p1,ps,...} and @ = {q1,¢q, ...} of Py such that

(73> =1 forall pe P, g€ Q. (1.5)
q

Indeed, then for S = {v} U{v, |p € P}, the group E(S), which is generated by —1
and all primes p € P, is contained in the kernel of the map (1.4]), making the index
I(S) : ] infinite.

We construct the required sets P and ) inductively. Pick an arbitrary p; € Py

(e.g., one can take p; = 5) and choose ¢; € Py so that ¢; = 1(mod p;) (e.g., take

!This argument can be extended even further to arbitrary global field K and any finite set
S C VX using Dirichlet’s Unit Theorem and Chebotarev’s Density Theorem — cf. [26, 2.2] for
details in the number field case.



20

¢; = 11). Then using quadratic reciprocity we obtain

OROROR

Suppose that we have already found p1,...,p, and ¢q1,...,q (¢ > 1) such that

(&) —1 forall 4,j=1,....0.
g

Now, choose pi1 € Py(4) to satisfy pey1 = 1(mod gy - - - qo), and geq € Py to satisfy

qo+1 = 1(mod py - - - peyq). Then

(@): <l) —1lfor j=1,...,¢, and (pi ): (q‘“) = (i> =1fori=1,... (+1
qj qj dr+1 Di Di

by quadratic reciprocity, as required. Observe that from our construction it follows

that p, > p{~! for all £ > 1, which implies that the set of primes P has Dirichlet

density zero.

We will now turn to an example of a special set of primes having positive Dirichlet
density (that comes from an arithmetic progression) for which K* does have strong

approximation.

Example 1.3.2 Let S = {vo} U {v,|p € Py} We will now show that multi-
plicative group of K = Q has strong approximation with respect to S. As we noted
above, due to h(Q) = 1, it is enough to show that the subgroup E(S), which is
generated by —1 and all primes p € Py(4), is dense in U(S). Since sets of the form

(1.3) constitute a basis of open sets for the S-idelic topology, it is enough to show



ol

that every set of the form

r

=1 qEP\(P1(4)UP)
where P = {p1 = 2,pa,...,p,} C P\ Py is a finite subset, and a; > 1 and a; are
integers with (a;,p;) = 1 fori =1,...,r, intersects E(S). Set ¢ = 1 if a; = 1(mod4),
and € = —1 if a; = 3(mod4), so that ea; = 1(mod4) in all cases. Using the Chinese

Remainder Theorem, we can find ¢ € Z satisfying

¢ = ea;(mod p) fori=1,...,r,

¢ = 1(mod 4).

Next, by Dirichlet’s Prime Number Theorem, there exists a prime p = ¢(mod 4p{* - - - p&r).

=7t

Then ep € E(S) NU. This completes the proof of the fact that E(S) - U(Ss).

In the next section we will see that for any relatively prime integers a, m and

S = {Uoo } UPy (), the index [I(S) : @(5)] is finite (cf. Proposition |1.3.7)). However,

as we will now show, it is not always equal to one.

Example 1.3.3 Let K = Q, let ¢ € Py(4), and set S = {vo }U{v, |p € P1¢g)}. Then
I(s): Q<) > 1. (1.6)

Our proof will use the Artin map associated with the quadratic extension L =
Q(y/q), and we would like to point out that a suitable generalization of this ap-
proach will play a crucial role also in the proof of Proposition . We let (x, %),
(resp., (%, %)) denote the Hilbert symbol over Q, (resp., over R). If we identify the
Galois group Gal(L/Q) with {£1}, then as we saw in section the Artin map
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U0t g — Gal(L/Q) is given by

(@p)p = (Toos @)oo - H(xpa Q)p-

peP

Then by class field theory for L/Q, the kernel N := ker V¥, o C Ig is an open
subgroup containing Q* and having index two. Let mg: Iy — I(S) be the canonical
projection. Then 7g(N) is an open subgroup of I(S) containing Q*, and to prove
(1.6) it is enough to show that N D kermg as then mg(N) # I(S). For this we

observe that ¢ € @52 for all v € S. This is obvious for v = v, and follows from

1
9-()-)-
p q q
for v = v, with p € Py(y). Let now x = (z,), € kermg, i.e. x, =1 for p € P\ Py(y.

Then

‘IJL/Q((I;) = (Too, @)oo - H (Tp,q)p = 1,

PEP1(q)
proving that N D ker mg. Using the cyclotomic extension Q((,) in place of L in the

above argument, one can show that the index in ({1.6)) can be arbitrarily large.

1.3.2 Almost strong approximation for multiplicative group

of a field

The main takeaway from the examples in the previous section is that the property
that can be expected to hold for the multiplicative group of a field with respect to
arithmetic progressions is not strong approximation in the classical sense but rather
its variation (in fact, a slight weakening) of the latter which in this section we define

only for the multiplicative group of a field but we will define it for arbitrary algebraic
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groups in Chapter 2 (cf. Definition [2.1.7)).

Definition 1.3.4 Let K be a global field and let S C VX be a nonempty subset.
We say that K> satisfies almost strong approximation with respect to S if the index

(S)] is finite.

[]IK(S) . W
Examples in section [1.3.1| motivate our next definition

Definition 1.3.5 Let K be a global field. A subset S C V¥ is called tractable if it
contains a set of the form VX U (P(L/K,C) \ Py) for some generalized arithmetic

progression P(L/K,C) and a subset Py with 0x(Py) = 0.

Now let S be any tractable set in K. The main goal of this section is to prove that
if F'//K is any finite separable extension then under some technical condition (see
(1.7)) we have that F* has almost strong approximation with respect to S, where
S denotes the set of all extensions of valuations v € S to F. We begin with the

following lemma
Lemma 1.3.6 The group ]IF(S')/W(S) is profinite.

Proof. Recall that ]1;3) is the kernel of the surjective homomorphism v: [ — R
given by (2u)w — [[eyr |Zwlw- On the other hand, for any w € V¥ the product
FJ]I;}) is a closed subgroup of Ip. In fact, if w € VI then v(F)X) = Ry and if
w € VfF then v(F)) is a discrete subgroup of Ry so it is of the form {\"}, ¢z for
some \ € R.g (using multiplicative notation). Thus, v(F}) is closed for any w € VI
and Fgﬂ%) = v Y (v(F))) is closed since v is continuous. By product formula, we
have F* C ]IE;), SO Fuf]lg) also contains the closure of F* in Ir. Furthermore,

Ip/ Fufl[%l) is compact. In fact, if w € VI then

Ip/FXI% o~ v(lp) /v(FXIR)) ~ Rug/Rsg



o4

is trivial. On the other hand, if w € V" then
Ip/FXIY ~ p(Ip) fo(FXIW) ~ Roo/{N" bnez ~ R/Z

where the last isomorphism is induced by the homeomorphism log: R-y — R, which
sends {\"},cz to {nlog A},cz ~ Z. There is a natural continuous projection Ip —
I[(S) so the quotient ]Ip(g)/ﬁ(s) is also compact. Since S D VI we deduce that

I#(S) /W(S) is totally disconnected and therefore it is a profinite group. O

Proposition 1.3.7 Let F' be a finite separable extension of a global field K, and let

S C VE be a tractable subset containing a set of the form VE U (P(L/K,C)\ Py)

where Py has Dirichlet density zero. Assume that there exists o € C such that

Then the index [I(S) : W(S)] is finite and divides n = [L : K.
Proof. By Lemma [1.3.6] we may write

=N B,

where B denotes the family of all open subgroups of Iz(S) that contain F*. Every

such subgroup B is automatically of finite index, and it is enough to show that

for every B € B, the index [[5(S) : B] divides m = [FL : F| (%)

as obviously m|n. In fact, consider the map f: B — N defined by f(B) = [[p(S) :
B]. The degree m = [F'L : F] is a uniform bound that does not depend on any B,

so if we prove (x) then one can choose By € B such that f(By) is maximal. Now,
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if B’ is any other subgroup in B then B'N By C By so f(By) < f(B'N By) but

because f(Bp) is maximal, we deduce f(B' N By) = f(By). By iteration, we obtain
=% (5)

f(Npep B) = f(F*7) = f(Bo).

Let mg: Ip — Ip(S) be the natural projection, and set M := 7' (B). Then M

is an open subgroup of Iy containing F'* and having index [Ir : M| = [Ix(S) : B].
By the Existence Theorem of class field theory (cf. Theorem there is an
abelian extension P/F such that M = F*Np;p(Ip). On the other hand, due to
the fundamental isomorphism of class field theory (cf. Theorem , the index
[Ir : N] of the norm subgroup N := F*Npy p(Ipy) divides [FL : F| = m. Thus, it
is enough to prove the inclusion P C F'L as then N C M.

Suppose that P ¢ F L. Pick o € C that satisfies , and using the canonical
isomorphism of Galois groups Gal(F'L/F) ~ Gal(L/(F'N L)), find ¢ € Gal(FL/F)
such that 6|L = 0. Let E be a finite Galois extension of K that contains F', L and

P. We claim that there exists 7 € Gal(F/K) such that
TIFL=¢ and 7|P # idp. (1.8)

Indeed, otherwise the set of all 7 € Gal(E/K) satisfying 7|F'L = &, which is a right
coset of the subgroup Gal(E£/FL), would be contained in Gal(£/P). This would
imply the inclusion Gal(E/FL) C Gal(E/P) yielding the inclusion P C FL that
contradicts our original assumption.

So, fix 7 € Gal(E/K) satistying (1.8). By Chebotarev’s Density Theorem (cf.
Theorem , the set of v € VfK that are unramified in £ and admit an extension
w € V7 such that Frgx(w|v) = 7 has positive Dirichlet density. Since 0x(Pg) =0
by our assumption, such a v can actually be found outside of Py; we then let w

denote the extension of v as above. The fact that 7|L = o implies that v € S,



o6

placing «' := w|F in S. Furthermore, since 7 generates Gal(E,,/K,), the facts that
7|F = idp and 7| P # idp mean that F,, = K, while for «” := w|P we have P,» # F,
(note that u”|u’). On the other hand, since u’ € S, it follows from the construction
of M that we have the inclusion F); C M. But M coincides with the kernel of the
Artin map ¢p/p: Ip — Gal(P/F), so the restriction of ¥p/p to F,; C Ip is trivial.

Since by construction of the Artin map we have

Ypyp(Fy) = (Frppp(u’lu')) = Gal(Pur [ Fur),

we obtain that P,» = F,,, a contradiction. Thus, P C F'L, completing the argument.
O

Finally, observe that Proposition [I.3.7] establishes Theorem [A] of the Introduc-
tion in the case of multiplicative group of a global field. It should be noted that
Proposition also extends [20], Proposition 5.1|, where Py was only allowed to

be a finite subset and not an arbitrary set of density zero.
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Chapter 2

Algebraic groups and cohomology

2.1 Algebraic groups

2.1.1 Definitions and examples

Let F' be an algebraically closed field. In this section we introduce some basic
definitions and results on algebraic groups over F. A linear algebraic group G is a
subgroup of some general linear group GL,, = GL,(F'), which is closed in the Zariski
topology, i.e. G is defined by some polynomial equations. For a general study of
algebraic varieties, we refer the reader to [7, Ch. I|. Both the general linear group
GL,, and the special linear group SL, are examples of algebraic groups. In fact, by

definition,

SL,, = {X e M, (F) ’ det X = 1},

so it is given by a single polynomial equation. It is worth noting that one can realize

GL, as a closed subgroup of SL,,.; by adjoining an additional variable as follows:

GL, = {((xij),y) € M,(F) x F | ydet(z;;) — 1 = o}.
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An important special case of the general linear group is the multiplicative group of
the field F', denoted G,, := GL;.

Since we will later be working with groups of adeles, it is important to mention
a more abstract definition of an algebraic group. An affine algebraic group G is an
algebraic variety with a group structure such that the multiplication map p: GXG —
G, (z,y) — zy and the inverse map ¢: G — G, z +— ! are morphisms of algebraic
varieties. It is well-known that the notions of linear and affine algebraic groups are
equivalent (cf. [I, Ch. I, §1, Proposition 1.10] and [, Ch. II, §8.6, Theorem)]).
In this thesis we will be only interested in linear algebraic groups. For a detailed
treatment of algebraic groups using the affine approach, we refer the reader to [7,
Ch. II] and [1} Ch. 1.

A map f: G — G’ between two algebraic groups G and G’ is called a morphism
of algebraic groups if it is a morphism of algebraic varieties, which is also a group
homomorphism. A morphism of algebraic groups that has an inverse (morphism), is
called an isomorphism of algebraic groups. An important example of a morphism of
algebraic groups is the determinant map det: GL,, — G,,. Since in this thesis we will
only work with linear algebraic groups, the word linear will often be omitted. Clearly,
any closed subgroup of an algebraic group is an algebraic group. Another important
example of an algebraic subgroup of GL,, (apart from SL,) is the orthogonal group
defined by

0, = {X e M, (F) ‘ XX! = X'X = In},

where I,, denotes the n by n identity matrix. The ring of reqular functions of GL,,
is given by

F[GLn] = F[:Clla L1253y Tyny det(xij)*l].

Furthermore, one defines the ring of regular functions of an algebraic group G C GL,
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to be F[GL,]/Z(G), where Z(G) is the ideal of all regular functions in F[GL,] that
vanish on G.

Let K C F be any subfield. Our main case of interest in this thesis is when K
is either a number field or more generally a global field. We say that an algebraic
group G C GL, is defined over K (or that G is a K-group) if the ideal Z(G) is
generated by

Z(G) N K[z11, 712, - -+ T, det(zi5) 7]

(cf. [15, Ch. 2, §2.1.1|). For any algebraic group G C GL,, we define the group
of K-points G(K) of G as G(K) = G N GL,(K). Suppose that G is a K-group.
Then for any field extension L/K, we define the group of L-points of G as the set of
points in GL,,(L) that satisfy all the equations defining G. For example, the group

of L-points of SL,, equals
SL, (L) = {X e M, (L) ‘ det(X) = 1}.

If a morphism f: G — G’ of two K-groups G C GL, and G’ ¢ GL,,, can be
defined by polynomials with coefficients in K then we say that f is defined over K
(or fisa K-morphism). If f: G — G’ is a K-morphism of algebraic groups then for
any field extension L/K, we have an induced continuous map fr: G(L) — G'(L)
on the level of L-points. For any algebraic group G its irreducible components
are exactly its connected components (for the Zariski topology) (cf. [7, Ch. II,
§7.3, Proposition|). The connected component of the identity in G, denoted by G°,
is an open and closed normal subgroup of finite index in G (cf. [7, Ch. II,§7.3,
Proposition, (a)]). Most algebraic groups considered in this thesis, are connected, so
that G = G°.

An algebraic group G is called diagonalizable (over F') if there exists a faithful
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representation p: G — GL,, for which the group p(G) is conjugate to a subgroup of
the group of the diagonal n by n matrices. Any connected diagonalizable algebraic
group is called an algebraic torus (see Definition for an equivalent characteri-
zation). Note that the simplest example of a torus is the multiplicative group G,,.
Tori are among the most important examples of algebraic groups in this thesis and
they will be studied in greater detail in section [2.2]

For any abstract group G one defines the derived series D"(G) of G for all n > 0
inductively by

DY(G) =G, D"(G) = [D"(G),D"(G)),

where [D"(G), D"(G)] denotes the commutator subgroup of D"(G). We say that G
is solvable if D*(G) = {1} for some n. While the notion of solvable group comes
from abstract group theory, here it will only be considered in the context of algebraic
groups. We refer the reader to [I, Ch. I, §2.4] for a careful study of solvable groups
in the context of algebraic groups.

Until the end of this section let us assume that F' has characteristic 0 and K C F
is any subfield. Let G be an algebraic K-group. A maximal connected solvable sub-
group B of G is called a Borel subgroup. Any two Borel subgroups of G are conjugate
(cf. |33, Ch. 6, §6.2, Theorem 6.2.7(iii)]). The group G does not necessarily have
a K-defined Borel subgroup. A K-group for which there exists a K-defined Borel
subgroup is called K-quasi-split. For example, the group of all invertible upper
triangular matrices in GL,, is a Borel subgroup.

An algebraic group G C GL,, is called unipotent if all of its elements are unipo-
tent, i.e. for any g € G there exists a positive integer k such that (¢ — I,,)¥ = 0. An

example of a unipotent group is the additive group of F, denoted by G,. This group
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admits the following matrix representation

Go = { b € GLao(F) |z € F}.
0 1
More generally the group of upper unitriangular matrices, i.e. upper triangular
matrices which have only ones on the diagonal, is unipotent.

Let G be an algebraic group. The maximal connected solvable normal subgroup
of G is denoted by R(G) and we call it the radical of G. The maximal connected
unipotent normal subgroup of G is called the unipotent radical of G and we denote
it by R,(G). We say that G is reductive if R,(G) = {1} and that G is semi-simple if
R(G) = {1}. Observe that any semi-simple group is automatically reductive. The
main example of a reductive (resp. semi-simple) group is GL,, (resp. SL,). Clearly,
if G is connected then G/R(G) is semi-simple and G/R,(G) is reductive. The key

structure result for reductive groups is the following
Theorem 2.1.1 Let G be a reductive group. Then

(1) The radical R(G) is the connected component T' = Z(G)° of the center and T

18 a torus,
(2) The commutator subgroup H = [G, G| is a semi-simple group,

(3) G is an almost direct product TH of T and H, i.e. T N H is finite.

Proof. Cf. [15, Ch. 2, §2.1.10, Theorem 2.8]. O
Furthermore, if G is defined over a subfield K C F' then H is also defined over

K. An important instance of Theorem is that GL,, is an almost direct product

of G,, and SL,, with G,,, N SL,, being the group of nth roots of unity, denoted .
Any surjective morphism of algebraic groups f: G — G’ with finite kernel is

called an isogeny. For example, the product map G,, x SL,, — GL,, is surjective
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and has kernel equal to u,, so it is an isogeny. A connected noncommutative alge-
braic group G is called (absolutely almost simple) if it does not have any nontrivial
connected normal subgroups. Any semi-simple group is an almost direct product
of finitely many absolutely almost simple groups (cf. [15, Ch. 2, §2.1.13, Proposi-
tion 2.11]). A connected algebraic group G is called simply connected if any isogeny
f: N — G, with N connected, is an isomorphism. For example, SL,, and the special
unitary group SU,(q) associated with a nondegenerate Hermitian form ¢ (cf. [15]
Ch. 2, §2.3.3]) are both simply connected, while GL,, is not simply connected. If
any isogeny f: G — N, with N connected, is an isomorphism then we say G is
adjoint. For a more detailed exposition of algebraic groups, we refer the reader to

[7, Ch. I, §7.1 - §7.5] and [I5, Ch. 2, §2.1 - §2.3].

2.1.2 The group of adeles

In this section we introduce the adele groups and discuss their basic properties. Adele
groups play a crucial role in the arithmetic theory of algebraic groups. We saw that
standard results of number theory such as finiteness of class number and Dirichlet’s
Unit Theorem can be expressed in terms of ideles. Similarly, some arithmetic results

about algebraic groups can be described using the language of groups of adeles. Let

K be a global field.

Definition 2.1.2 Let G be an algebraic group over K. Fix a K-embedding G —

GL,. As before, for any v € VE we set O, := K,. Now for each v € VE we set

G(O,) == G N GL,(O,).

We define the group of adeles G(Ak) of G over K to be the following restricted
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product in both set-theoretic and topological sense

Glax) = [] (G(K.).G(0,)).

veVE

It follows from the construction that G(Ag) is a locally compact topological group

that has the basis of open sets of the form

[Tox JI ¢,

ves’ veVE\S

where S’ C V& is a finite subset and 2, C G(K,) is an open subset for each v € S’
(with respect to the topology induced by the valuation v). It follows from Lemma
that the group G(K) admits a diagonal embedding G(K) — G(Ag), the
image of which is called the subgroup of principal adeles of G. Observe that since K
is discrete in A (cf. Lemmall.1.13)), the subgroup G(K) is also discrete and closed
in G(Ag).

Just as in the case of the ring of adeles, we will be mainly interested in the groups

of truncated adeles, which we define as follows

Definition 2.1.3 Let G be an algebraic group over K and let S C V¥ be any

subset. We define the group of S-adeles of G as the restricted product

Gax(S) = [ (G(K.).G(O.)

veVE\S

so it has a basis of open sets of the form

[Toax I ¢,

ves’ veVE\(SUS’)

where S’ C VX \ S is some finite subset and €2, C G(K,) is an open subset for each
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veds.

For example, if K = Q, S = {vs} and G = SL,,, then

SLu(Ax(9)) = [ (SLa(@,). SLu(Z,)).

pEP

Let f: G; — G35 be a K-morphism of two algebraic groups G; and G,. For each
v € VE there is an induced continuous map fx,: G1(K,) — Go(K,), which gives

rise to the product map

I fx: [I 6i50) = [ Ga(55).

veVE veVE veVE

The restriction of [ .y« fx, to G(Ag) will be denoted by fa,. In fact, for any
subset S C V| one can restrict fy, further to G(Ak(S)) and we will denote this
restriction by f,(s). The next proposition states that fa, (s) preserves the S-adelic

points of G

Proposition 2.1.4 Let f: Gy — G5 be a K-morphism of two K-groups G and G,.
Then

Jar()(G1(AK(S))) € Ga(Ak(95))
and the map fa, (s): G1(Ag(S)) = G2(Ak(S)) is continuous.

Proof. Cf. [15, Ch. 5, §5.1, Lemma 5.3|. O

The map fa,(s) will be called the adelization of f with respect to S. One of
the most important results on adelization that we will need in proofs in Chapter
3 states that adelization of any surjective morphism of algebraic groups is always

open. More precisely we have the following
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Proposition 2.1.5 Let S C VE be any subset and let m: G1 — Gy be a surjective

morphism of connected algebraic groups. Assume ker 7 is connected. Then
m(G1(Oy)) = G2(Oy)

for almost all v € VE\ S, and thus the corresponding map ma,.(s): G1(Ak(S)) —
G2 (Ak(S)) is open.

Proof. Cf. [14, Ch. 6, §6.2, Proposition 6.5|. O
The classical property of strong approximation for an arbitrary algebraic group

defined over a global field K is defined as follows

Definition 2.1.6 Let G be an algebraic K-group and let S C VE be any nonempty
subset. We say that G satisfies strong approzximation property with respect to S if
the image of G(K') under the diagonal embedding G(K) — G(Ak(S)) is dense.

Observe that if we denote by G(K)(S) the closure of the image of G(K) in G(Ak(S))
under the diagonal embedding then strong approximation for G with respect to S
is equivalent to the equality
7 S)
) = G(Ak(5)).
In this thesis we are interested in a slightly weaker property than strong approxi-

mation, called almost strong approximation, defined as follows

Definition 2.1.7 Let G be an algebraic K-group and let S C VX be a nonempty
subset. We say that G has almost strong approzimation with respect to S if the
index

G(Ak(3)) : GE)"™
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is finite.

For example, multiplicative group G,, has almost strong approximation over K = Q
for any set of the form S = {voo} U {v,|p € Pypmy} with a and m relatively prime
integers (cf. Proposition but it does not have almost strong approximation
with respect to any finite set S — see examples in section [I.3.1] As we observed in
the previous section, the multiplicative group G,, is the simplest example of one of
the most important classes of algebraic groups in this thesis, namely algebraic tori
which will be discussed in greater detail in the next section.

The “necessary” part of the classical criterion for strong approximation implies
that if G is a nonsimply connected group then the index [G(Ag(S)) : m(s)}
is always infinite, whenever S is finite (cf. [I4, Theorem 7.12]). This applies, in
particular, to any nontrivial algebraic K-torus 7', where one can actually show that
the quotient T'(A(S)) /W(S) is a group of infinite exponent for any finite S
(cf. |26, Proposition 2.1]). On the other hand, it was shown in |20, Theorem 5.3|
(see also [18, Theorem 3|) that the exponent of the quotient T'(Ax(S)) /m(s)
becomes finite if S contains VX and contains all but finitely many valuations in
a generalized arithmetic progression that satisfies one technical condition (which
cannot be omitted). In this thesis we consider more general sets of valuations S,
namely tractable sets (cf. Definition and we will prove that for a K-torus T’

earEan

and any tractable set S the quotient T'(Ax(S))/T(K) ) is in fact finite provided

that the same technical condition as in [20, Theorem 5.3| holds for the generalized

arithmetic progression involved in the description of S (cf. Theorem [3.1.3)).

S
( )] < oo then there exists a

Remark 2.1.8 Observe that if [G(Ag(5)) : G(K)

———(SUW)

finite subset W C V& \ S such that G(K) = G(Ag(SUW)), ie. G has

strong approximation with respect to (S U W). Indeed, as usual we may assume
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that S O VX, Since G(K)(S) is open in G(Ag(S)), we can find a finite subset

Wy C VE\ S for which

GE s Il G

veVE\(SuUWq)

Now, let {glG(K)(S), . ,th(K)(s)} be a system of coset representatives of G(Ag(5))

by G(K)(S), where ¢/ = (¢7), € G(Ag(S)) for each j = 1,...,t. Then there exists

a finite subset Wy C V& \ S such that
¢ €G(O,) forall j=1,...,t andall v e VE\ (SUW,).

t
Set W = W; U W,. Then projecting G(Ag(S)) = U ng(K)(S) to G(Ag(SUW)),
j=1

we obtain G(Ax(SUW)) = GE)

, as required. This observation justifies the

term “almost strong approximation.”

Finally, it should be noted that the notions of the space of adeles and strong ap-
proximation property can be studied for an arbitrary algebraic variety X over K (cf.
[15, Ch. 5, §5.1]), however in this thesis we will only consider strong approximation

in the context of algebraic groups.

2.2 Algebraic tori

2.2.1 Tori and restriction of scalars

In this section, we introduce algebraic tori and construct an important class of
examples called quasi-split tori, obtained by a general construction called restriction

of scalars. Let F' be an algebraically closed field.
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Definition 2.2.1 An algebraic group T such that 7' ~ G¢, (over F') for some integer

d > 1, is called algebraic torus.

As we observed earlier tori can be equivalently characterized as exactly those
algebraic groups which are connected and diagonalizable over F' (cf. section .

We will now introduce an important functorial construction, which furnishes
a new class of examples of tori. Let K C F be a subfield and let L/K be any
finite separable extension with [L : K] = r. Let X be an algebraic variety over L.
There is a canonical way to obtain a K-variety from X. If additionally X is a linear
algebraic L-group then the resulting K-variety has a natural structure of an algebraic
K-group. Here we only provide a brief description of this construction but it will be
discussed with all the details in Example below. Assume that X is an affine
variety in the n-dimensional affine space over L and is given by the zero locus of a
collection of polynomials {f;}; with f; € L[xq,...,x,] for each i. We may routinely
identify L™ with an nr-dimensional vector space over K. Choose a basis {aq, ..., .}
of L over K. By expressing each of the variables in terms of that basis z; =
Sy ngé@, we can view each polynomial equation f;(z1,...,x,) with coefficients
in L as r polynomial equations with coefficients in K. The resulting system of
polynomials yields a closed subvariety in K™, which we denote by Ry x(X) and
we have Ry x(X)(K) ~ X(L) (cf. [4, A.5]). The construction we just described
is called the restriction of scalars (or the Weil restriction) of X with respect to
L/K and one can show that it does not depend on the choice of basis up to K-
isomorphism. For a more detailed exposition of Weil restriction, we refer the reader
to |14, Ch. 2, §2.1.2] and to [4, A.5]. Our next example explains both the procedure
of restricting scalars and how it produces an important class of tori called quasi-split

tori

Example 2.2.2 Let L = K(v/d) be a quadratic extension of K and let T' = G,, be
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the 1-dimensional split torus over L. Consider the natural basis {1,v/d} of L over
K and let p: L — My(K) be the left regular representation. By definition, p sends
any element [ of L to the matrix of left multiplication x — lz. Write | = a + bv/d

for some a,b € K and observe that the matrix corresponding to [ is of the form

The torus T is defined by a single polynomial equation f(x1,z2) = z129 — 1 over
L. Now if we write 1 = t(y1,y2) and xo = t(y3,y4) With y1, Yo, y3,y4 € K and plug
into the original equation defining 7" then after equating coefficients we obtain the

system of two equations over K

Y1ys + Yoys = 1

Y1ya + yoyz =0

After solving this system we see that the resulting algebraic group Ry x(T) =

R1/k(Gy,) has the following set of K-points

Re/ic(Gn) (K) = { (41,12) € K2 | (g1, 10) # (0,0) } = Gy (L) = L™,

Furthermore, Ry /x(G,,) is a 2-dimensional K-torus. In fact, if we denote by s the

|H

3

matrix then it is easy to see that for any t(a,b) € R /k(G,,) we have

—
NI— NI

S

1 1 1 1
e R N L N i I
I AT A 0 a—-b/d
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In particular, we see that the torus Ry x(G,,) splits over L but not over K. Al-
ternatively, one can compute the characteristic polynomial of t(a, b) to obtain two

distinct eigenvalues, a + bv/d and a — bv/d.

In our example an explicit computation showed that the group of K-points of
Ri/k(Gy) coincides with the group of L-points of G,,. More generally, if E/K
is a finite separable extension and G is any algebraic E-group then G := Rg/k(G)
is an algebraic K-group such that for any K-algebra A there is a natural group iso-
morphism G'(A) ~ G(A®k E) (cf. [4, A.5] and [I4, Ch. 2, §2.1.2])). In particular,
for the 1-dimensional split E-torus G, and T" = Rg/k(G,,) we have T(K) = E*.
Observe that for any finite separable extension E/K the group Rg/k(G,,) is a K-

torus of dimension [E : K].

Definition 2.2.3 Any finite product of K-tori of the form Rg/x(G,,) where E/K

is a finite separable extension is called a quasi-split K-torus.

To every torus T' = Ry k(G,,) one can associate a subtorus called the norm torus
constructed as follows. Denote by ¢ the restriction of the determinant map to 7.
In other words, we can view ¢ as a K-morphism 7" — G,,,. On the level of K-points
¢ is precisely the norm map px = Np/x : L* — K*. We define the norm torus
associate with the extension L/K to be the kernel of ¢ and denote it by R(LI}K(Gm).

Observe that if L = K (v/d) is a quadratic extension of K then the group R(Ll/)K((Gm)

consists precisely of all matrices t(a,b) such that a® — db* = 1.

2.2.2 G-modules, characters and co-characters of a torus

Let G be a group. We begin this section by introducing the notion of an abstract
G-module but we will be mostly interested in the special case when G is the Galois

group of some (possibly infinite) Galois extension. Then we consider two important
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examples of G-modules associated with a torus, namely its groups of characters and

co-characters.

Definition 2.2.4 Let G be an abstract group. An abelian group A (written ad-
ditively), is a G-module if G acts on A by automorphisms. This amounts to the

following three properties:
(1) 1g-a=a forallae A,
(2) g1(gea) = (1g2)a for alla € A, ¢1,92 € G,
(3) gla+b) =ga+gb forall ge G, a,be A.

Alternatively, one can say that a G-module is a unital module over the integral
group ring Z[G]. For any two G-modules A and B, we say that a map f: A — B is
a G-module homomorphism if it is a group homomorphism, which commutes with

the action of G or equivalently, f is a homomorphism of Z[G]-modules.

The most important examples of G-modules for us are the ones where G is a Galois

group; these are called Galois modules.

Example 2.2.5 Let K be any field and let L/K be a finite Galois extension with
Galois group G = Gal(L/K). Then both the additive group L' and the multi-
plicative group L* are clearly G-modules. Furthermore, it is easy to see that given
a € L, the left multiplication map A\,: Lt — LT, z — ax, is a G-module homo-
morphism if and only if a € K. On the other hand, observe that the squaring map

o: L* — L*, v+ 22, is always a G-module homomorphism.

Let G be a finite (or profinite) group acting on a set A. In the case of profinite
G, we endow A with discrete topology and the action of G on A is called continuous

if the stabilizer of every element of A in G is open. If the action of G on A is
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continuous, then we say that A is a G-set. Furthermore, if A is additionally a group
(possibly nonabelian) and G acts on A by automorphisms then we say that A is
a G-group. Now we will see how Example can be extended to obtain more

examples of G-sets

Example 2.2.6 Let again L/K be a finite Galois extension with G = Gal(L/K).
Fix a polynomial f € Klzy,...,2,|, and consider the set of its zeros in the n-

dimensional affine space over L

Vi(f) = {(al,...,an) eL"| flay,...,a,) = 0}.

For any ¢ € G and any (ay,...,a,) € L™ we have

g- (f(ab ce 7an)) = f(O'(CLl), s 7U(an))a

so G acts on Vi (f) by the rule (o, (a1, ...,a,)) — (c(a1),...,0(a,)), making Vi (f)
into a G-set. More generally, if we have a (possibly infinite) family F = {f,}a
of polynomials f, € Klxy,...,x,], then the set of their common zeros V[ (F) =

nfa@r Vi(fo) in L™ is a G-set.

Let us specialize the construction from Example as follows. Let G =
Gal(L/K) be as above. Consider the nonabelian group GL,(L) and observe that
the rule o - (a;;) = (0(ai;)) for o € G, (a;;) € GL,(L), defines a natural action of
G on GL,(L) by group automorphisms, making GL, (L) into a (noncommutative)
G-group. Now, suppose A C GL,(L) is a commutative subgroup defined by poly-

nomials with coefficients in K. In other words, suppose that there exists a family
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of polynomials F = {f,}a in K[x11,Z12,...,Tn,] such that
A= {(aij) € GLu(L) | fal(ay;)) = 0 for all f, € f}.

Combining this with our considerations in Example we see that A is a G-
module for the natural action described above. To have a more concrete example,

consider the following

Example 2.2.7 Fix d € L* and consider the set M of all matrices of the form

a bd
t(a,b) = € GLy(L). The set M is clearly given by polynomial equa-

b a

tions with coefficients in L and one easily checks that it is an abelian subgroup
of GLy(L). This makes M into a G-module. Observe that if d € L* \ L*’
then M = Ry /g,r(Gn)(L) (cf. section [2.2.1)). Moreover, the determinant map

a bd
> a®—db? yields a G-module homomorphism det: M — L*. We also note

b «a

a bd

that the kernel of this homomorphism given by { € GLy(L) ‘ a?—db* = 1}

b
yields another example of G-module and if additionally we have d € L* \LXQ, then

this G-module is exactly the norm torus R(Ll()\/a)/L(Gm)(L) (cf. section [2.2.1]).

With any algebraic torus 7" one can associate an important group, called the

group of characters defined as follows:

Definition 2.2.8 A character of a torus T is a morphism of algebraic groups
x: T — G,,. The set of all characters of T" is an abelian group under the oper-

ation

(x1 + x2) () == xa(t) - xa(t)

and we denote this group by X (7).
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Note that if T' = G,, then any character y € X (T') is of the form ¢ — ¢* for a unique
integer k. More generally, if T = G% then any character y € X(T) is of the form
(t1,...,tq) — ti* - - -t for unique integers nq,...,nq. Thus, for any d-dimensional
torus T there is an isomorphism of abelian groups X (T') ~ Z¢; in particular, X (T')
is a finitely generated torsion-free Z-module.

Let K be a fixed separable closure of K and let I denote the absolute Galois
group Gal(K /K). If T is K-torus then there is a natural continuous action of ' on
X(T) given by

I'x X(T) = X(T)

(0,x) = 0 X,

where

0 x(t) = 0c,, o x 007 (t)

for any 0 € G,x € X(T) and t € T. Here og,, and or denote the natural maps
induced by ¢ on K-points of algebraic groups G,, and 7', respectively. With respect

to this action X (7") becomes a discrete module over the profinite group I

Definition 2.2.9 An algebraic K-torus 7' is called K-split if there is an isomor-
phism 7'~ G%, defined over K.

It is easy to see that a torus T is K-split if and only if any of the following equivalent

conditions holds
(1) All characters of T are defined over K,

(2) For some (or equivalently any) faithful K-defined representation p: T — GL,,
the group p(T') is diagonalizable over K, i.e. it is conjugate to a subgroup of

diagonal (n x m)-matrices by a matrix from GL,(K),
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(3) The absolute Galois group I' acts trivially on X (7).

Definition 2.2.10 A K-torus T is called anisotropic if it has no characters defined

over K.

For example, if L/K is a finite separable extension then the corresponding norm
torus R(Ll/)K(Gm) is anisotropic (cf. [15, Ch. 2, §2.1.7, Example]).

In general, for any K-torus T one can find a finite separable extension P/K such
that T splits over P, namely T is diagonalizable over P and any such extension is
called a splitting field of T. Observe that a field extension P/K is a splitting field
for a K-torus T is and only if the characters of T" are defined over P. It turns out
that one can always find a finite Galois splitting field. More precisely, we have the

following

Proposition 2.2.11 Let T be a K-torus. There is a finite Galois extension P/K

such that T splits over P.

Proof. Let T be a K-torus of dimension d and let x1, ..., xq be a Z-basis of X (T).
Denote by H; the stabilizer of y; in I' for each ¢ =1,...,d. Set H := ﬂ?zl H;. Since
the action of T' on X(7T) is continuous, each stablilizer H; is an open subgroup.
Thus, H is also an open subgroup of I'. By construction, H acts trivially on X (7'
so it is also a normal subgroup of I'. Since I" is profinite and H is open, we have
[ : H] < co. By Galois theory, the subgroup H corresponds to some finite Galois
extension P/K with P C K and H = Gal(K/P) acts trivially on X (T), so P/K
furnishes the required splitting field for 7T'.
O
In particular, we see that any torus 7" has a minimal splitting field which is a
finite Galois extension of K. An important consequence of this observation is that

any K-torus T admits a decomposition as an almost direct product of a maximal
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anisotropic K-subtorus and a maximal split K-subtorus. More precisely, we have

the following

Theorem 2.2.12 Let T be a K-torus. There exist the largest anisotropic subtorus
T, C T defined over K and the largest split subtorus Ty C T defined over K such

that T is an almost direct product of T, and Ty, i.e. T =T, T, and T,NT, is finite.

For the proof of Theorem in the case of an arbitrary K-torus, we refer the
reader to [I, Ch. III, §8.15, Proposition|. Here we would like to demonstrate how to
find the required decomposition in the special case of a quasi-split torus associated
with a quadratic extension. For this we will need the notion of complete reducibility

from representation theory and Maschke’s theorem

Definition 2.2.13 Let G be an abstract group and let V' be a vector space over
a field K. A representation p: G — GL(V) is called completely reducible (or semi-
simple) if for any G-invariant subspace W C V there exists another G-invariant
subspace W’ C V such that

V=waeW.

Theorem 2.2.14 (MASCHKE) Let G be a finite group. Then every representation
p: G — GL(V) on a finite dimensional vector space V' over a field K of character-

istic not dividing the order of G, is completely reducible.
Proof. Cf. [10, Ch. XVIII, §1, Theorem 1.2]. O

Example 2.2.15 Let L = K(v/d) be a quadratic extension of K with the corre-
sponding Galois group G = Gal(L/K) and let " = Ry x(G,,). Recall that any

a bd
element of T can be represented by a matrix t(a,b) = . First, let us

b a

explicitly describe the group of characters of T. As we saw earlier t(a,b) can be
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a+bVd 0
diagonalized to , which yields the natural Z-basis {x1, x2} of

0 a—bVd
X(T), where x1: t(a,b) — a+bvd and xo: t(a,b) — a—bVd. Set V := X (T) ®2Q,

so that V' is a Q-vector space with natural Galois action of GG via the first component.

Since G is finite, by Theorem we can write
V=Veaw,

where V& denotes the subspace of G-fixed points of V and W is a G-invariant
complement to V. Set X; := VN X(T) and Xy := W N X(T). It is easy to see
that X7 is spanned by x1 + x2 and X, is spanned by x1 — x2. Set T, := ker(x1 + x2)-
Then

T, = {ta,b) € T| (xi + o) (t(a,0)) = 1}
_ {t(a, b) € T | x1(t(a, b)) - xa(t(a, b)) = 1}

=3t(a,b) €T |a®> —b*d=1
{ }

Clearly, T, is an anisotropic K-torus. On the other hand, if we set T := ker(x1 — x2)
then

a 0

T, — {t(a,b) eT ) Yi(t(a,b) = Xg(t(a,b))} - { ‘a e KX},

0 a
which is a K-split torus.

Let us now observe that the natural Galois action on the group of characters is

given by the same formula as the standard action of Galois group on polynomials,
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i.e. it is the usual action on coefficients. If L/K is a Galois extension with Galois
group G = Gal(L/K) and L[zy,...,x,] is the polynomial ring in n variables with
coefficients in L then the standard action of G on L[zy, ..., x,] is defined as follows.

Let o € G and let f(xy,...,2,) =), Ciy.i, @ -+ -ai € Lxy, ..., x,]. Then for

2] 4eeyl
any (aj...,a,) € L™ the action of ¢ on f(ai,...,a,) is given by o - f(ay...,a,) :=
o(f(c~*(as,...,a,))). Observe that this is the exact same formula as for the Galois

action on the group of characters we defined above. It is often called the natural

action on coefficients because we have
o - f(al . ’an) = o'( Z Ci1...in0-_1(a1)i1 e O-_l(an)in> — Z O-<Ci1...in)azf .. ailn‘

Definition 2.2.16 Any free finitely generated Z-module which has a basis that is

permuted by the action of the absolute Galois group is called a permutation module.

For example, the group of characters of a quasi-split torus associated with a quadratic
extension is a permutation module. More precisely, let L = K (\/E) be a quadratic
extension with G = Gal(L/K) = {1,0} and let " = Ry, (G,,). Recall that X (7
has a natural Z-basis {1, x2} where x1(t(a,b)) = a+bvd and x»(t(a, b)) = a—bV/d.
It is easy to see that o permutes x; with xo so X (7') may be identified with the
permutation module Z[G].

More generally, let L/K be any finite separable extension of degree d > 2 and
let T'= Ry k(Gy,). Choose a basis x1, ..., xq of X(T'). Let P be the normal closure
of L over K, so that P is the minimal splitting field of 7. Let G = Gal(P/K) and
H = Gal(P/L). Then G acts transitively on X(7T') and H acts trivially on X (7).

Choose a system of coset representatives o1 H, ..., o04H for G/H. Then we have the
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isomorphism of Z[G]-modules

Z[G/H] — X(T) (2.1)

zd:niaﬂ'l = zd:niai " Xis

i=1 i=1
where n; € Z. In fact, this isomorphism extends to a bijective correspondence
between all permutation modules and all quasi-split tori (cf. [15, Ch. 2, §2.1.7]).

Now let G be an arbitrary algebraic group. We will consider tori contained in

G. Since G has finite dimension, it always has maximal tori. Moreover, any two
maximal tori in G are conjugate (cf. [I, Ch. V, §19, Theorem 19.2]). In particular,
the dimension of a maximal torus in G is well-defined and we call it the (absolute)
rank of G and denote it by rkG. If GG is defined over K then there is always a
maximal K-torus 7 in G (cf. [I, Ch. V, §18, Theorem 18.2]). We say that G
is K-split if there exists a maximal torus 7" C G which is K-split. Observe that
since any two maximal K-split tori in G are conjugate over K, the dimension of
a maximal K-split torus of G is well-defined and we call it the K-rank of G' and
denote it by rkx G. If rkx G > 0 then we say that G is K-isotropic (otherwise G is
K -anisotropic). Clearly, GL,, and SL,, are both K-isotropic groups. An important
example of anisotropic group is SL;(D) which consists of all those elements of a

finite dimensional central division K-algebra D which have reduced norm one (cf.

[15, Ch. 1, §1.4.1]).

For every torus one can define a notion which is dual to the notion of group of

characters, called the group of co-characters

Definition 2.2.17 Let T be a torus. Any group homomorphism G,, — T is called

a co-character of T. The group of co-characters Hom(G,,,T") will be denoted by
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X.(T).

For any ¢ € X,(T) and x € X(T), the composition y o ¢ is a map G,, — G,,,
so it must be of the form (x o p)(z) = 2* for a unique integer k, which we denote by
(p,x). We obtain a well-defined map X,(T') x X(T') — Z, given by (¢, x) — (¢, X),
which can easily be seen to be nondegenerate. This map, called the natural pairing
(of characters and co-characters) allows to identify X, (7') with Hom(X (T"),Z).

We will now compute explicit formulas for the dual bases of co-characters of a
quasi-split torus associated with a quadratic extension and the corresponding norm

torus.

Example 2.2.18 Let L = K(v/d) be a quadratic extension of K and let T =
Ri/k(Gy). Let {x1,x2} be the natural basis for X(T') that we saw earlier. We
construct a dual basis {x}, x5} of co-characters G,, — T. The map xj must be of

the form u — t(z(u),y(u)). Using the natural pairing, we see that we must have

X1oxi(u) = u' =u=x(u) +y(u)Vd

and
X2 0 Xi(w) = v’ =1 =a(u) - y(u)Vd

This yields two equations with two variables z(u), y(u) and after solving, we obtain

_u+1
=

_u—l

Hence, x; is given by the matrix xj(u) = t(“+!, ;ﬁl) Similarly, one can verify that

d
the conditions x1 o x3(u) = 1 and x2 o x3(u) = w yield the formula for the other

co-character x3(u) = t(*“3, %) For completeness, let us also check that x7 is a
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group homomorphism. For u,v € G,, we compute

u+1 u—l) <v—|—1 v—l) <uv+1 uv — 1

Kt =5 o2 ) (5 S SR

) = xi(uo).
Similarly, x3 is a group homomorphism.

Example 2.2.19 Let L = K(v/d) be a quadratic extension of K and let T =
R(Ll/)K(Gm). Let xo: T — G,, be the character of T" given by xo(t(a,b)) = a +
bvd, where a®> — b*d = 1. The dual co-character xj: G,, — T is of the form
u > t(x(u),y(u)) for some functions x(u), y(u). The natural pairing and norm one

condition yield the following two equations
Xo o xo(u) =u=z(u) + y(u)\/a

z(u)? — y(u)*d = 1.
After solving for x(u) and y(u), we obtain

w?+1 ut—1

o) = G ) =S

Hence the dual co-character xg is given by the matrix x§(u) = t(%, ;i\_/}i)

Now let T" be any K-torus. Similarly to the group of characters, there is a natural

action of the absolute Galois group I' = Gal(K/K) on X, (T):
I'x X.(T) = X.(T),

(0,0) =0,
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where

(0-@)(t) =oropoag, (1),

for o € I',p € X.(T) and t € T. Finally, the natural pairing is I-invariant, i.e.

(o-p,0-x) = (&, %),
for any o € I', ¢ € X.(T') and x € X(T'). In fact, we have

tlrerX) = (0 x) o (- 9)(t)
= (0e,.x07") © (orpog, )(t)
= 06, (x 0 @)og . (t)
= 05,0 (0.()/)
= 0g,, 0 0g.. (tex)

t<‘p’X> .

2.2.3 Equivalence of categories

In this section we state and explore the equivalence between the category of tori and
the category of Z-torsion free finitely generated Galois modules. This fact will be

crucial for proofs of our results about tori in Chapter 3.

Theorem 2.2.20 Let C be the category of K-tori split over a finite Galois extension
P/K with Galois group G = Gal(P/K) considered with K-morphisms and let D
be the category of Z-torsion free finitely generated Z[G]-modules with G-equivariant
homomorphisms. Then ®: C — D giwven by T +— X(T) defines a contravariant
equivalence of categories and V: C — D given by T — X.(T) yields a covariant

equivalence of categories.
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Proof. Cf. [1, Ch. III, §8.12, Proposition| and [7, Ch. 16, §16.2].
O
Let us begin by showing how the equivalence of categories ®: C — D can be used

to compute the character module of a norm torus corresponding to a quasi-split torus
RL/K<Gm)

Example 2.2.21 Case 1: L/K quadratic extension

Let L = K(v/d) be a quadratic extension of K with G = Gal(L/K) and let
T = Ry/k(Gy,). By definition of the norm torus associated to 7', we have the

following short exact sequence of tori
1 — R(LI}K(Gm) TG,y — 1,

where N denotes the restriction of the determinant map to 7. Using the contravari-
ant equivalence of categories ®: C — D, the norm map N: T — G, corresponds
to a homomorphism of Z[G]-modules, N#: X (G,,) — X(T). After identifying
X(G,,) ~ Z and X(T) ~ Z|[G], we see that the map N# is uniquely determined
by the value on generator 1 € Z. In fact, for any ¢t € T(K) ~ L*, on the level of

K-points we have

N#(L)(8) = 1o Niyie(t) = xalt) - x2(t) = (xu + x2)(8) = Troyw(t),

where Ny is the norm map and Try/x denotes the trace map.

Case 2: L/K arbitrary separable extension

Let L/K be any finite separable extension of degree > 2 and let ' = R/ x (G,y).
Let P be the minimal splitting field of 7. There is an isomorphism X (T") ~ Z[G/H]
of Z[G]-modules where G = Gal(P/K) and H = Gal(P/L) — see (2.1). Then

the norm map N: T — G,, corresponds to the augmentation map N#: Z —
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ZIGIH], 1 — > ,cggH. Hence X(R(Ll/)K(Gm)) ~ Z[G/H]/ZE as Z[G]-modules,
where { = > o gH.

Let us now illustrate how the equivalence of categories above allows us to classify

all tori which split over a quadratic extension:

Remark 2.2.22 Let L/K be a quadratic extension with G = Gal(L/K) and let
T be a K-torus which splits over L. Since X(7') is finitely generated Z[G]-module

which has no Z-torsion, it can be written in the form:
Z* x Z[G]" x I°,

where I is the kernel of the augmentation map Z[G] — Z and a, b, ¢ are uniquely
determined nonnegative integers (cf. [15, Ch. 2, §2.2.4]). Since T splits over L,
using the equivalence of categories (cf. Theorem [2.2.20f), we see that 7' must be

isomorphic to

(Gun)* % (Reyic(C))’ (R (Gra))”
In particular, for K = R and L = C this yields full classification of all R-tori.

For the general construction of the inverse functor D — C, we refer the reader
to [1, Ch. III, §8.12, Proposition| and |7, Ch. 16, §16.2]. Here we will show in
an example how one can recover the structure of a torus from its character module
using Hopf algebras. If G is a linear algebraic group then one can reformulate the
group axioms for G as a set of conditions on its affine algebra K[G]. More precisely,

the multiplication map m: G X G — G corresponds to co-multiplication

A: K[G] = K[G x G] ~ K[G] ®k K[G]
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fe) gioh

if f(zy) = >, 9:(x)hi(y). If we view the identity element 1g of G as a morphism

e: {1} — G, then the corresponding co-unit is given by
e: K[Gl| - K

f= f(le).

The inverse map ¢: G — G, corresponds to co-inverse map
o: K[G] — KI[G]

f=alf),

where (o(f))(x) = f(c(x)) = f(z™'). The co-associativity, co-identity and co-inverse

axioms in K [G] can be written in terms of the following three commutative diagrams

K[G] 9k K[G] ®x K[G] <22~ K[G] ®x K[G] K[G] +—=2— K[G] ok K[G]
1®4 TA 1®4 TA
K[G) ®x K[G] < 2 K[G] K[G] @k K[G] +—2— K|[G]

K[G] +—Z  K[G) @k K|G]

15a] Ja

K[G] 9k K[G] +—2— K[G]
Any algebraic variety G is uniquely determined by its affine algebra K[G], so in
order to define a structure of an algebraic group on GG, we only need to specify maps

e, A, o such that the three diagrams above commute. This makes K[G] into a Hopf
algebra with identity (cf. [I, Ch. 1, §1.5] and [7, Ch. II, §7.6])
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Example 2.2.23 Let G = G,,. Then K|[G] = K|[t,t7!] and the maps A, ¢, are

given by the formulas A(t) =t ®t, e(t) = 1 and o(t) = t~*. Observe that

(A1) oAt)=(A®1)(tt) =ttt =(1®A) o A(t).

One can similarly verify the commutativity of the other two diagrams. More gen-
erally, if G = GL,, then K[G] = K|[z11, ..., ZTnn, det(z;;) "] and one can show that
the maps e(z;;) = i, Azy) = D2k @ xg; and o(xy;) = (—1)" det(a;;)~" -

det((@x)rzjii) endow K[G] with a Hopf algebra structure (cf. [7, Ch. II, §7.6]).

Let us show how one can construct the inverse of the functor ®: C — D in a
specific example. More precisely, we will illustrate how one can recover the mul-
tiplicative structure on a quasi-split torus 1" associated with a quadratic extension
entirely from its character module X (7). The argument uses the Hopf algebra
structure on K[T] and we show by explicit computation that it is compatible with

multiplication in 7.

Example 2.2.24 Let L = K(v/d) be a quadratic extension with G = Gal(L/K)
and let ' = Ry (G,,). Recall that any element of 7" can be represented by a matrix

t(a,b) and one easily checks that multiplication in 7" is given by

t(al, bl) : t(ag, bz) = t(CLlCLQ + bled, a2b1 + albg). (22)

Let {x1, x2} be the usual basis of X (7). Since G acts in a natural way on both L
and X (T), there is a natural action of G' on the group algebra L[ X (T")]. We will see
that the subalgebra of G-fixed points L[X (T)]¢ is the required algebra, namely its
Hopf algebra structure allows us to recover the multiplicative structure on 7' given

in (2.2).
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First, let us show that L[X(T)]¢ = Ko, 8] where o = ¥3X2 and §§ = oA
Clearly, a, 3 € L[X(T)]®. Any element in L[X(7)] is a finite sum of the form
u = 3, isolay + bi;Vd)xix, with ag;,b; € K. We may regroup the terms of
u according to the rule that we put together all the terms with the same sum
of indices 7 4+ 5. Let us show by only considering the linear terms, i.e. the case
i+ 7 < 1 that any u € L[X(T)]¢ belongs to Ko, 3]. It will be clear from our
computation that the argument generalizes to higher order terms. In fact, let u =

(ago + booV/d) + (ayo + b1gVd) x1 + (ao1 + bo1vV/d)x2 be an element of L[ X (T)]¢. Then

o(u) = u. By equating the coefficients we obtain the system of equations

(

gy — boo\/a = agy + boo\/a

ayp — 510\/3 = ao1 + 501\/6_5

\&01 - 501\/a =ay + blo\/C_i

which yields byg = 0, a19 = ap1, b1o = —bo1. Thus, u = ago+a10(x1 +X2)+b10\/a(X1 -
X2) = ago + 2a19cr + 2db1pS which is an element of K|a, .
Now

0(t(a,)) = 3x1(ta, b)) + 5 xa(t{a,)) = 5(a+ W) + 5 (a — bVd) = a

and similarly 8(t(a, b)) = b. Observe that for any character y on 7" we have A(y) =

X ® x. In fact,

A(x)(g, h) = x(m(g, h)) = x(gh) = x(g)x(h) = (x ® x)(g, h).

Thus, from the Hopf algebra structure on L[X (T')]%, we obtain that A(q) = XX 4

X222 and A(B) = X;L\Ziﬁl - X;Lff. On the other hand, from the Hopf algebra structure
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on K[T] that comes from multiplication in 7', we must have A(a) = a®@ a+d5® 3
and A(f) =a® [+ ® a (cf. Example [2.2.23)). It remains to check that we have

indeed an equality. In fact,

+

X1 @ X1 X2® X2
Ala) = 5 5

1 1
:Z(Xl®X1+X1®X2+X2®X1+X2®X2)+1(X1®X1—X1®X2—X2®X1+X2®X2)

X1+ Xz X1+X2+d'X1—X2 X1 — X2

= & (%9
2 2 2Vd 2V/d

=a®Ra+df®

Similarly, we obtain A(S) = X;L\}%“ — X;L\le =a® [+ [ ®a. Thus, we recovered the
multiplicative structure on the torus 7" from the Hopf algebra structure on L[ X (T)]9,

as claimed.

We will end this section with one more application of our equivalence of cate-
gories. The functor ¥ in Theorem can be used to show that any torus may be
covered by a quasi-split torus in the sense of certain exact sequence of tori. While
the existence of this sequence is well-known, here we establish an explicit upper
bound on the dimension of the tori appearing in that sequence. We will need the

following definition

Definition 2.2.25 Any integral-valued function ¢(d) defined on integers d > 1 is
called super-increasing if for any 1 < d; < dy we have that ¥ (dy)[1(dz), i.e. ¥(dy)

divides ¥(dy).
The equivalence of categories ¥ can be used to obtain the following

Proposition 2.2.26 Let T be a torus of dimension d defined over an arbitrary field

K, and let P be the minimal splitting field of T. Then there is an exact sequence of
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K-tori and K-defined morphisms

1T — Ty 5T —1,

where Tp is a product of d copies of Rp/k(Grm) (hence quasi-split), and dimT; <

A(d), with X being an explicit increasing function on integers d > 1.

Proof. Let G = Gal(P/K). Being a free abelian group of rank d, the group of co-
characters X, (T) = Hom(X(7),Z) can be generated by d elements as Z[G]-module,

and therefore there exists an exact sequence of Z[G]-modules of the form

0—=Y — Z[G]* — X.(T) = 0.

Using the functor ¥ from Theorem we obtain the corresponding exact se-

quence of K-tori and K-morphisms

1=Ty — Ty —T —1,

with X,(T7) = Y and X.(Tp) = Z[G]". Then Ty ~ Rp/k(G,,)?, and it remains to
estimate dim 7} in terms of d. We have X (T) ~ Z¢ as abelian groups, and hence
the action of G on X (7T') gives rise to a representation G — GL4(Z). Furthermore,
the fact that P is the minimal splitting field of T" implies that this representation is
faithful, i.e. G is isomorphic to a subgroup of GL4(Z). It follows from the reduction
theory for arithmetic groups (cf. [I5, Theorem 4.9]) that GL4(Z) has finitely many
conjugacy classes of finite subgroups, so there is an integer v(d) depending only on
d such that the order of every finite subgroup of GL4(Z) divides v(d). In fact, one
can give an explicit bound v(d) by using Minkowski’s Lemma (cf. [I5, Ch. 4, §4.8,

Lemma 4.63]), according to which for any prime p > 2, the kernel of the reduction
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map p,: GL4(Z) — GL4(Z/pZ) (in other words, the congruence subgroup of level
p) is torsion-free, and consequently, the order of every finite subgroup of GL4(Z)

divides |GL4(Z/pZ)|. Using p = 3, we see that one can take

d—1

v(d) = |GLu(Z/32)| = ] [ (3" = 3" (2.3)

=0

(obviously, this function is super-increasing). Since the order of G divides 7(d) we
have that

dim 7Ty = dim Ty — dim T = (|G| — 1)d,

so one can take \(d) := d(y(d) — 1). O
Similarly one can use the contravariant functor ® in Theorem [2.2.20 to show
that any torus 7' may be embedded into a quasi-split torus. In other words, we have

the following

Proposition 2.2.27 Let T be a torus defined over an arbitrary field K, and let P
be the minimal splitting field of T'. Then there is an exact sequence of K-tori and
K-defined morphisms

1 =T —Ty—T —1,

where Ty is a quasi-split torus, and both tori T' and Ty split over P.

Proof. Cf. [15, Ch. 2, §2.1.7, Proposition 2.2|. O

2.3 Cohomology

2.3.1 Cohomology groups in lower dimensions

We start this section by introducing cohomology groups in dimensions 0 and 1.

Next, we prove a few finiteness results for H!. These facts will be used in proofs in
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Chapter 3. Let G be an abstract group and let A be a G-module. We let A denote
the subgroup of G-fized pointsin A, i.e. AY ={a € A|ga = a for all g € G} and set
HO(G,A) := A%, Tt is clear that for any G-module homomorphism f: A — B we
have f(A%) C BY. In other words, the correspondence A — H(G, A) = AY defines
a functor, called the functor of G-fixed points from the category of G-modules to
the category of abelian groups. The introduction of higher cohomology groups is

motivated by the analysis of exactness properties of this functor. More precisely, let
0-A5BL =0

be an exact sequence of G-modules and G-homomorphisms. Then the induced

sequence

0 A % BG4 6

is also exact. We express this by saying that the fixed point functor is left-exact.
However, the sequence 0 — A% & B¢ B 06 5 0 is not necessarily exact, namely
the fixed point functor is not right-exact in general. In fact, consider the following

example

Example 2.3.1 Let G = Gal(C/R). We then have the following exact sequence of

G-modules and G-module homomorphisms
x 12~
1= —-C* —=C* =1,

where ps = {£1} and [2] denotes the squaring map. After passing to G-fixed points,

we obtain the sequence

1%/@—>RX[—Q]—>RX—>1,



92

which is not exact because the image of R* in the squaring map [2] equals R* =

R>0 # RX.

The cohomology groups H'(G, -) are introduced precisely to fix the non-exactness
of the functor H%(G,-). Let G be a group and A a G-module. A function f: G — A

is called a 1-cocycle if it satisfies the following condition

f(9192) = f(g1) + 91f(g2), forall g1, € G.

The set of all 1-cocycles is denoted by Z'(G,A). A function f: G — A is called
a 1-coboundary if there exists a € A such that f(g) = ga — a for all ¢ € G. The
set of all 1-coboundaries is denoted by B'(G, A). Observe that both Z'(G, A) and
B'(G, A) are subgroups of the abelian group F''(G, A) of all functions f: G — A

with the standard operation given by

(f1 + f2)(9) = filg) + fa(9),

where fi, fo € F1(G,A). Tt is easy to check that there is an inclusion B*(G, A) C
ZYG,A). We define H'(G, A) to be the quotient group Z'(G,A)/BY(G,A). For
example, if G acts trivially on A then Z'(G, A) = Hom(G, A) and B'(G, A) = {0},
so H'(G, A) = Hom(G, A).

Next, let us discuss functoriality of cohomology. Let G be any group. Then any
map «: A — B gives rise to the post-composition map o': F'(G, A) — FY(G, B),
namely a!(f) = ao f for any f € F!(G, A). Furthermore, if A and B are both
G-modules and « is a homomorphism of G-modules, then one easily checks that
o' (ZYG,A)) C ZH(@G, B) and o (B'(G, A)) C B'(G, B).

As was mentioned earlier, one motivation for introducing cohomology groups is

to fix the problem of nonexactness of the functor of fixed points. More precisely, we
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have the following:

Proposition 2.3.2 Let 0 - A 5 B % ¢ 5 0 be a short ezact sequence of G-
modules and G-homomorphisms. Then there exists a homomorphism 6: C¢ —

HY(G, A) of abelian groups such that the sequence
0= AS & BG 2 06 5 gy, A) %S BHY(G, B) 25 HY(G, 0)

18 exact.

Proof. Here we will only construct § and check the exactness at H'(G, A). Let
c € CY Since f is surjective, there exists b € B such that S(b) = c. Define
f: G — Bby J?(g) = gb—b. Then

B(f(g9)) = B(gb—0b) = g(B(b)) — B(g9) = gc —c=0.

Since « is injective, for each g € G there exists a unique f(g) € A such that
alf(g) = f(g) We claim that the resulting function f: G — A belongs to
ZY(@G, A). Indeed, for any g, h € G, we have

a(f(gh)) = f(gh) = (gh)b—b= f(g) + gf(h) = a(f(g) +gf(h)).

So, a(f(gh) — (f(g) + gf(Rh))) = 0, and therefore f(gh) = f(g) + gf(h), since a is
injective. Thus, f € Z*(G, A). We define §(c) = f + BY(G, A) € H'(G, A). Note
that b € B such that (b) = ¢ is not unique, so we need to make sure that the
cohomology class d(c) is well-defined, i.e. does not depend on the choice of b. Let

b € B be another element such that S(0') = ¢. Then (V' — b) = 0, so there exists
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a € A such that & = b+ a(a). Then for the corresponding function f’, we have

filg) =gt/ =t = (gb—b) + alga — a) = f(g) + alga — a).

Then f'(g) = f(g)+ (ga—a) for all g € G. This means that f and f’ define the same
class in H'(G, A). Tt remains to verify the exactness at H'(G, A). By construction,
for ¢ € CY, the image d(c) is the cohomology class given by f € Z'(G, A) such that
a(f(9)) = flg) = gb—b. Thus, a*(6(c)) = 0, proving the inclusion im § C ker o',
Conversely, suppose that for f € Z'(G, A), we have f := o!(f) = ao f € B, B),

i.e. there exists b € B such that f(g) = a(f(9)) = gb— b, for all ¢ € G. Put

c = p(b) € C. Observe that for any g € G, we have

ge = gBb) = Bgb) = B+ a(f(g))) = B(b) = ¢,

so ¢ € CY Thus, 6(c) = f + B(G, A) and kera! C im 4.
O
The homomorphism ¢ in Proposition is called the connecting homomor-
phism or the coboundary map. It should be noted that the long exact sequence in
Propositioncan be further extended to higher cohomology groups H'(G, A), H'(G, B)
and H'(G,C) for all i > 2 (cf. [14, Ch. 1, §1.3.1]) and [6, Ch. 17, §17.2, Theorem
21]. The following example illustrates an explicit computation of the coboundary

map:

Example 2.3.3 Let G = Gal(C/R) = {1,0}, where o is the nontrivial automor-

phism and consider the exact sequence from Example

1%/@—>(CXE>(CX—>1.
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After taking G-fixed points, we obtain the sequence

1 s — R By RX S gY@, 1) — HY(G,CX) — HY(G,C).
Note that we may identify HY(G,us) ~ ps via f — f(o). Let ¢ € R* and let
b = \/c. Tt follows from the construction of § that §(g) = g(y/c)/+/c for any g € G,
so f(o) = a(y/c)/\/c € {£1} and § can be viewed as the sign homomorphism.

Now let G be an abstract group and let A be a G-module. There are some
situations when elementary group theory properties allow us to say more about

H'(G, A). For example, we have the following result:
Proposition 2.3.4 Let G be a finite group of order n. Thenn annihilates H'(G, A).

Proof. Let f € Z'(G,A). Then for any g,h € G we have f(gh) = f(g9) + gf(h).

Taking the sum over all h € GG on both sides yields

> flgh)=nf(9)+9>_ f(h).

heG heG

Set a = ), f(gh). Then a = nf(g) + ga, so nf(g) = g(—a) — (—a) and nf €
BY(G, A). Thus, n annihilates H*(G, A) as claimed. O

Corollary 2.3.5 Let G be a finite group of order s and let A be a G-module which
can be generated by r elements as an abelian group. Then H'(G, A) is finite of order

dividing s"=1).

Proof. The finiteness of H'(G, A) is well-known (cf. |27, Ch. 10, Theorem 10.29]),
but since no explicit estimate for the order has been recorded, we will redo the

entire argument. The group H'(G, A) is a quotient of the group of 1-cocycles
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ZY(G, A) which in turn is a subgroup of the group F'(G, A) of functions satisfy-
ing f(1) = 0. Clearly, F!(G, A) ~ A*~! can be generated by < r(s — 1) elements
as an abelian group, and hence the same is true for Z'(G, A). On the other hand,
s = |G| annihilates H'(G, A) by Proposition [2.3.4 making the latter a quotient
of Z1(G, A)/sZ (G, A). The above estimate on the number of generators yields
that Z'(G, A)/sZ (G, A) is finite of order dividing |(Z/sZ) V| = s"¢~Y  and the
required fact follows. u

As a very important special case of Corollary [2.3.5] we obtain an explicit estimate
on the order of H'(G, X(T)), where T is any d-dimensional K-torus with minimal
splitting field P and G = Gal(P/K) that only depends on d. More precisely, we

have the following

Corollary 2.3.6 There exists an explicit integral-valued super-increasing function
(d) defined on integers d > 1 such that for any d-dimensional torus T, the group
HY (G, X(T)) is finite of order dividing ¥ (d).

Proof. Let v(d) be as in (2.3). The character group X (7') can be generated by d
elements as Z[G]-module and as we saw in the proof of Proposition , the order
of G divides 7(d), which is a super-increasing function. Thus, applying Corollary
2.3.5] we see that the function

¥(d) = (@)

meets our requirements. ]

Corollary 2.3.7 Let(d) be as in the Corollary. Then for every d-dimensional
K-torus T and any finite Galois extension F/K that splits T, with Galois group
G = Gal(F/K), the order of H'(G, X (T)) divides 1(d).
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Proof. Indeed, since P is the minimal splitting field of 7', we have the inclusion
P C F, and then G = G/H where H := Gal(F/P); in fact, H is the kernel of the
natural action of G on X (7). The inflation-restriction sequence (cf. [2, Ch. 4, §5]|)

yields the following exact sequence

Inf

0— HYG, X(T)) 2% HY(G, X(T)) 2=

= H'(H,X(T)).

Since X (T') is torsion-free, we see that H'(H, X (T')) = Hom(H, X (T)) is trivial, so

the inflation map yields is an isomorphism, and our claim follows from Corollary

2.3.6 O
In the proofs in Chapter 3 we will need different variants of Hilbert’s Theorem

90, which in its original form only treats the case of multiplicative group of a field

but it can be generalized to several other groups, including quasi-split tori.

Theorem 2.3.8 (HILBERT’S THEOREM 90, CLASSICAL FORM) Let L/ K be a cyclic
extension. Then any element a € L™ such that Np k(a) =1, is of the form o(b)/b

for some b € L*.
Proof. [0, Ch. 14, §14.2, Exercise 23|. O

Theorem 2.3.9 (HILBERT’S THEOREM 90, COHOMOLOGICAL FORM) Let L/K
be any (possibly infinite) Galois extension with Galois group G. Then H*(G, L*) is

trivial.

Proof. |15, Ch. 2, §2.2.2, Lemma 2.17]. O

Let K be any field and let K denote some fixed separable closure of K. For
any Gal(K /K)-module A we will simply write H!(K, A) to denote the cohomology
group HY(Gal(K/K), A).
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Theorem 2.3.10 (HILBERT’S THEOREM 90, FORM FOR QUASI-SPLIT TORI) Let

K be any field and let T be a quasi-split K-torus. Then H'(K,T) is trivial.

Proof. Cf. [15, Ch. 2, §2.2.3, Lemma 2.21|. Since cohomology is functorial, we
may assume that 7' = Rg/k(G,,) for some finite separable extension F/K. By
Shapiro’s Lemma (cf. [0, Ch. 17, §17.2, Proposition 23|) there is an isomorphism
HYK,T)~ H'(E,G,,). On the other hand, H'(E, G,,) is trivial by Theorem [2.3.9]
O

2.3.2 One consequence of Nakayama-Tate theorem

In this section we will combine Corollary with the Nakayama-Tate theorem
(cf. Theorem to derive an arithmetic result that we will need for proofs in
Chapter 3 (cf. Corollary . Let T be a torus defined over a global field K,
let F'/K be a finite Galois extension that splits 7', and let G = Gal(F/K) be the
corresponding Galois group. We let K[T| (resp., F[T]) denote the coordinate ring
of T over K (resp., over F); recall that F[T] is naturally identified with the group
algebra F'[X(T')] and that this identification is compatible with Galois action. For

any F-algebra B we have

T(B) = Homg o (K[T], B) >~ Homp_a,(F[T], B) ~ Hom(X (T'), B*).

Moreover, if G acts on B by semi-linear transformations, then the identification
T(B) ~ Hom(X(T), B*) is compatible with the action of G. We recall that the adele
ring A is equipped with a semi-linear G-action via the identification Ap ~ Ax Q@ F
(cf. Proposition [I.1.14). Then the natural map of G-modules T'(F) — T(Ar) gets
identified with the map Hom(X(T"), F’*) — Hom(X(T),Ir) induced by the diagonal

embedding F* — Ip. Now, we let Cr = Ip/F* be the idele class group of F' and
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set Cp(T) := Hom(X(T),Cp) with the standard G-action. Since X(7T') is a free

abelian group, the exact sequence
1=-F —Ip —Cpr—1
induces an exact sequence of G-modules
1 - T(F) — T(Ap) — Cp(T) — 1. (2.4)

The corresponding cohomological exact sequence contains the following fragment

HY(G,T(F)) BN HY (G, T(Ap)) — HY(G,Cp(T)). (2.5)
Proposition 2.3.11 In the exact sequence , the cokernel coker 0 is finite of
order dividing ¢(d) (the function from Corollary[2.3.6).

The necessary tool to prove Proposition , is the Nakayama-Tate Theorem (cf.
Theorem . In order to state this theorem, we need to introduce the notion of
Tate cohomology.

Let G be a finite group, and let A be a G-module. We define the trace map
Trg: A — A by Trg(a) = Y cpga. It is easy to see that Trg(A) C A9 and
wg C ker Trg, where wg is the submodule of A generated by elements of the form
ga — a for all g € G and a € A. Then the ith Tate cohomology group I:Ii(G,A) is

defined as follows.

HY(G,A) := H(G, A) for all i > 1,
H(G, A) .= A%/ Trg(A),

H G, A) = (ker Trg) Jwe,
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H™(G,A) = H;_1(G, A) for all i > 2,

where H;(G, A) denotes the ith homology group (cf. |27, Ch. 1, p. 20]). It turns out
that Tate cohomology retains all the basic properties of the usual cohomology. In
particular, any short exact sequence of G-modules and G-module homomorphisms
0 - A— B — C — 0 induces the following long exact sequence of groups which is

infinite in both directions:
...— H(G,A) = H(G,B) = H(G,C) - H™(G,A) — ...

(|14, Ch. 6, §6.3]).
The long (Tate) cohomology sequence induced from (2.4]) contains the Tate co-
homology groups H(G,Cp(T)), which can be further described via the following

theorem

Theorem 2.3.12 (NAKAYAMA-TATE) Let K be a global field. Then for any integer
i and any K-torus T with a splitting field P and Galois group G = Gal(P/K), there

1 an isomorphism

H'(G,Cp(T)) ~ H* (G, X(T)).

Proof. Cf. [35, Ch. 4, §11.3 , Theorem 6| and [14, Ch. 6, §6.1]. O
Proof of Proposition |2.3.11. Due to the exact sequence ({2.5)), the cokernel coker ¢
embeds into H'(G, Cr(T)). On the other hand, the Nakayama-Tate theorem (with

i = 1) furnishes an isomorphism
H'(G, Cr(T)) =~ H'(G, X(T)).

Our claim now follows from Corollary 2.3.7] O

We conclude this section with one consequence of Proposition [2.3.11] Let S C
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VE be an arbitrary subset, and let S be the set of all extensions of v € S to F. Then

G acts on Ap(S) ~ Ak (S) @k F through the second factor, making T'(Ax(5)) into

a G-module, with the diagonal embedding F' < Ap(S) yielding a homomorphism

of cohomology groups

0g: H'(G, T(F)) — HY(G,T(Ar(9))).
Furthermore, the projection T(Ap) — T(Ar(S)) defines the top arrow in the fol-
lowing commutative diagram

HY(G,T(Ap)) —— H'(G,T(Ap(5)))

i o

HYG,T(F)) ——— HYG,T(F))

9]

Since T'(Ap(S)) is a direct product factor of T'(Ap) as G-module, v is surjective.
So, Proposition [2.3.11] yields the following.

Corollary 2.3.13 For any subset S C VX, the cokernel coker 03 is finite of order
dividing ¥ (d).

2.3.3 Nonabelian cohomology

In the proof of one of our results in Chapter 3, we use the Hasse principle for semi-
simple simply connected algebraic groups. For this, we need to introduce all the
relevant definitions and properties of nonabelian cohomology.

Let G be a finite or profinite group acting on some group A. Assume that G acts
on A by automorphisms, i.e. g(ab) = (ga)(gb) for all g € G and all a,b € A so that
A is a G-group. Then we define H°(G, A) to be the subgroup of G-fixed points A%,

A continuous map f: G — A is called a 1-cocycle if for any g,h € G we have
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f(gh) = f(g)(gf(Rh)). The set of 1-cocycles will be denoted by Z1(G, A). Note that
ZY(G, A) is never empty as it always contains the trivial cocycle e: G — A given
by e(g) = 14 for all ¢ € G. Two cocycles f and f" are equivalent and we write
[ ~ f"if there exists an element a € A such that f’(g) = a='f(g)(ga) for all g € G.
It is easy to verify that ~ is an equivalence relation on Z'(G, A). We define the
first cohomology set H'(G, A) as the quotient H'(G,A) = Z'(G,A)/ ~. Observe
that if A is abelian then this definition coincides with the definition of H'(G, A) in
section and then H'(G, A) is an abelian group. In general, H'(G, A) is only a
set without any natural group structure. The group H'(G, A) always contains the
equivalence class of the trivial cocycle e: G — A, which we call the distinguished
element of H*(G, A).

If a: A — B is a homomorphism of two G-groups compatible with the G-action,
ie. a(ga) = ga(a) for all g € G,a € A, then we may define Z'(G, A) — Z'(G, B)
sending f(g) to a(f(g)), which induces a morphism of sets with distinguished ele-
ment H'(G,A) — H'(G, B). We say that a sequence of cohomology sets is ezact if
the preimage of each distinguished element is equal to the image of the preceding
map. Note that the distinguished element in the zero cohomology set H(G, A) is
the identity element 1 4.

Let A be a G-group and let B be a subgroup of A that is invariant under the G-
action. There is a natural action of G on A/B, which makes A/B into a G-module.
Thus, we obtain the cohomology set H°(G, A/B) = (A/B)¢ with distinguished
element being the class B. We have the following analog of Proposition in the

nonabelian setting

Proposition 2.3.14 There is a coboundary map 6: H*(G, A/B) — H'(G, B) such

that the following sequence is an exact sequence of cohomology sets with a distin-
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gquished element
1 — H(G,B) — H(G, A) - H°(G, A/B) % H'(G, B) = H'(G,A).  (2.6)

Proof. Cf. [15, Ch. 1, §1.3.2, (1.11)]. O

Now let K be a number field and let G be a simply connected algebraic K-
group. The main example of a cohomology set which will appear in this thesis is
HY(Gal(K/K),G), where Gal(K/K) is the absolute Galois group of K. For sim-
plicity, we will always denote the cohomology set H'(Gal(K/K),G) by H'(K,G).

There is a canonical local-global map for G (cf. [14, Ch. 6, §6.1]):

Oc: H'(K,G)— [[ H'(X.,G).

veVE

We may now state the main result from nonabelian cohomology we need for proofs

in Chapter 3

Theorem 2.3.15 (HASSE PRINCIPLE) Let K be a number field and let G be a

semi-simple simply connected algebraic K-group. Then the map O is bijective.

Proof. Cf. [14, Ch. 6, §6.1 , Theorem 6.6]. O
For a more detailed exposition of nonabelian cohomology, we refer the reader to

[15, Ch. 1, §1.3.2].
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Chapter 3

Almost strong approximation in

algebraic groups

3.1 Almost strong approximation in tori

Let K be a global field. Recall that if S C V¥ is any finite subset, then the torus G,,
does not have almost strong approximation with respect to S (cf. section but
it does have this property with respect to tractable sets S of valuations provided
that the technical condition holds (cf. Proposition [1.3.7). The goal of this
section is to extend Proposition to arbitrary tori, namely we prove that any
K-torus T satisfies almost strong approximation with respect to any tractable set
S under a similar assumption (see ) that relates the minimal splitting field of
T and the generalized arithmetic progression almost contained in S (cf. Theorem

3.1.3). The proof consists of the following two parts:

(1) First, we prove our theorem for quasi-split tori (cf. Theorem [3.1.2)). This
follows from Proposition [I.3.7}

(2) Then we prove the theorem for arbitrary tori by reducing the general case to
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the case of quasi-split tori using Proposition [2.2.26[ (cf. Theorem [3.1.3]).

Let us now illustrate by example that condition (3.4)) cannot be omitted in gen-
eral. More precisely, we show that a torus may not satisfy almost strong approxi-

mation with respect to a tractable set of valuations if (3.4)) does not hold

Example 3.1.1 Let K = Q and let S = {voo} U {v,|p € P3y}. We consider the

norm torus 7' = R(Ll/)Q(Gm) associated with the extension L = Q(i), i* = —1. Then

(5)
]

T(A(S)) : T@"™] = ox. (3.1)

To prove this, we adapt the strategy used in section [I.3.1] viz. we consider the open

subgroup

Ur(S) =[] 7(z,)

PEP\P5 (4
and set Er(S) :=Urp(S) NT(Q). It is enough to show that Er(5) is finite, as then
[U(S) : Er(5)"] = o0, and (3.1) will follow.

Now, let x € E7(S). By the classical form of Hilbert’s Theorem 90 (cf. Theorem
2.3.8), we can write z = o(y)/y for some y € L*, where ¢ € Gal(L/Q) is the
nontrivial automorphism. For p ¢ Py, the valuation v, has a unique extension w,
to L, and we set o, = w,(y). For p € Py(4), however, v, has two extensions w,, w,

(swapped by o), but since x € T'(Z,) we have w,(y) = w, (y) =: a,. Set

a:= Hpo"’ and z:=vy/a.
p#2

Then = = 0(z)/z and by construction w(z) = 0 for all w € V/*\ {w,}. Since the
prime element of Z[i] lying above 2 is (1 + i), we conclude that z = € - (1 +)* with
e € E := {£1, 4} (the unit group of Z[i]) and ¢ € Z. Then z = o(2)/z € E, so

Er(S) = E is finite, as required.
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3.1.1 The case of quasi-split tori

In this section we establish almost strong approximation for quasi-split tori with

respect to tractable subsets S C VX. More precisely, we have the following

Theorem 3.1.2 Let K be a global field and let S C VX be a tractable subset con-
taining a set of the form VEU(P(L/K,C)\ Py) where Py has Dirichlet density zero.
Let T = Rp, )k (Gy) X ... X Rp k(Gyn), where Fy, ..., F, are finite separable exten-
sions of K, be a quasi-split K-torus having dimension d and the minimal splitting

field P. Assume that there exists o € C such that
O'l(PﬂL) :idme. (32)

Then the index [T'(Ag(S)) : T(K)(S)] is finite and divides n", hence also n? where
n=I[L:K].

Proof. Let T; = Rp,/k(Gy) so that T' = Ty x --- x T,. We obviously have an

isomorphism

() () ()
T(Ax(9)/T(K) " =~ Ti(Ax(9))/Ti(K) " x - x T,(Ax(5))/T(K) " (3.3)
For each ¢ = 1,...,r, the (minimal) splitting field P; of T} coincides with the normal
closure of F;, and then P is the compositum of P;,..., P,. Thus, our assumption

(3.2) for o € C implies that the assumption ((1.7)) in Proposition holds true

for F = F; and all : = 1,...,r. As we explained above, the proposition implies
o T g : .
that each of the indices [T;(Ax(S)) : T;(K) ] divides n. In view of 1} the index

[T(Ak(S)) : T(K)(S)] divides n", and hence also n? as clearly r < d. O
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3.1.2 The case of arbitrary tori

The goal of this section is to establish almost strong approximation for arbitrary
tori with respect to tractable subsets S C VX. More precisely, we want to prove the

following

Theorem 3.1.3 Let K be a global field, and let T be a K-torus with the minimal
splitting field P/ K. If S is a tractable set of valuations containing a set of the form
VE U (P(L/K,C)\ Py), where P(L/K,C) is a generalized arithmetic progression
associated with a finite Galois extension L/ K and a conjugacy class C C Gal(L/K),

and Py has Dirichlet density zero, such that
o|(PNL)=idpng for some o €C, (3.4)

the torus T has almost strong approximation with respect to S, with the index

[T(Ak(9)) : T(K)(S)] dividing a constant C(d,n) that depends only on d = dim T

and n = [L : K.

Proof. We will show that the function
C(d,n) :=n" - p(A(d)), (3.5)

where ¢ and A are the functions constructed in Corollary [2.3.6] and Proposition
2.2.20| satisfies the requirements of the theorem. So, let T" be a d-dimensional torus
defined over a global field K with the minimal splitting field P, let G = Gal(P/K),
and let S C VE be a tractable set as in the statement of the theorem. We then let

S denote the set of all extensions of valuations v € S to P.
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We now consider the exact sequence sequence of K-tori
1T — Ty 5T —1,

constructed in Proposition (so, in particular, dim7; < A(d)). The image
of the embedding of abelian groups 7*: X (7') — X(7j) has a complement (since
coker m* ~ X (1) is torsion-free), which gives rise to a P-defined section 1" — T} for
7. It follows that for any P-algebra B, the group homomorphism 7g: To(B) — T(B)
is surjective. Thus, we obtain the following commutative diagram of G-modules with

exact rows:

1 —— Ty(Ap(S8)) —— To(Ap(S)) —— T(Ap(S)) — 1

] ] ] 0

]l —— TY(P) ——— TH(P) ———— T(P) —— 1

where the vertical maps are the natural diagonal embeddings. Since G acts on
Ap(S) ~ Ak (S) ®x P through the second factor, and hence Ap(S)9 = Ak (S), by
passing to cohomology we obtain the following commutative diagram with exact

TOwWS:

To(Axc(S)) —— T(Ax(S)) —2= HY (G, Ti(Ap(S)))

o T @

To(K) —— T(K) —*—— HYG,T\(P))

51

Since Ty = (Rp/x (Gn))?, it follows from Theorem that the index [To(Ak(S)) :

To(K )( )] is finite and divides n?; in particular, Ty(K )( ) is an open subgroup of
To(Ak(S)). On the other hand, by Proposition [2.1.5 the group homomorphism

w: To(Ag(S)) — T(Ag(S)) is open. So, W(TO(K)(S)) is an open subgroup of
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T(Ak(S)) contained in (K)(S), and therefore

Q = T(K) - 7(To(Ax(S))):

Then [Q: T(K )(S)] divides n?, and it is enough to show that [T(Ax(9)) : Q] divides

(A(d)). Using the exactness of the top row in (3.7)), we see that

[T(Ak(S)) - Q] = [B(T(Ak(S))) : BE)],

hence divides [H'(G, T1(Ap(S))) : B(T(K))]. But since Ty is quasi-split, we have
HY(G, Ty(P)) is trivial by Hilbert’s 90 for quasi-split tori (cf. Theorem [2.3.10), and
consequently « is surjective. Thus, the latter index equals |coker fg|, which divides
¥(A(d)) according to Corollary applied to T3 (recall that dim 7} = A(d) and

1) is super-increasing). O

3.2 Almost strong approximation in reductive groups

Let G be a reductive algebraic group defined over a number field K, and suppose
that G = TH, an almost direct product of a K-torus 7" and a semi-simple K-
group H. We first prove Theorem [A]in the special case where H is assumed to be
simply connected (cf. Proposition . The argument in this case has two major
ingredients: the classical criterion for strong approximation (cf. [14, Ch. 7, §7.4,

Theorem 7.12]) and our Theorem [3.1.3] The general case is then reduced to the



110

special case by means of a result stating that any reductive K-group is a quotient of

a reductive K-group as in the special case by a quasi-split torus, see Lemma [3.2.3]

3.2.1 Special case: H is simply connected.

In this case, we have the following more streamlined statement that does not depend
on the rank of H and the minimal Galois extension M of K over which H becomes

an inner form of the split group (cf. [33, Ch. 12, §12.3.7| and |21}, §4, Lemma 4.1]).

Proposition 3.2.1 Let G be a reductive group over a number field K, and suppose
that G = TH, an almost direct product of a K-torus T and a semi-simple simply
connected K-group H. Furthermore, let S C VE be a tractable set of valuations
containing a set of the form VE U (P(L/K,C)\ Py), where Py is a set of valuations

having Dirichlet density zero. Assume that there exists o € C such that
o|(PNL)=idpnr, (3.8)

where P is the minimal splitting field of T'. Then G(K)(S) s a normal subgroup of
G(A(S)) for which the index [G(Ak(S)) : G(K)(S)] is finite and divides 2% -C(d, n)
where d = dim T, n = [L : K], r is number of real valuations of K, and C(d,n) is

the function from Theorem|5.1.5,

For the proof, we consider the exact sequence of K-groups
l1-H—G-5T =1,

where 7" = G/H and 7 is the quotient map. We have H = H; X - -+ X Hy, the direct
product of K-simple groups H;. Since S is infinite, for each ¢ = 1,..., ¢ there exists

v; € S such that H; is K, -isotropic (cf. [I4, Ch. 6, §6.2, Theorem 6.7]). Using the
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criterion for strong approximation (cf. |14, Ch. 7, §7.4, Theorem 7.12]), we conclude

(5)

that H has strong approximation with respect to S, i.e. H(K) =~ = H(Ag(9)).

Then

(G(Ak(S)), G(Ax(S))] € H(Ak(S)) € GRK)™,

implying that G(K )(S) is a normal subgroup of G(Ak(S)). Furthermore,

=7 S)

—(5) GE)) = T'(bk(8))/=(CE)"),

G(AK(9))/G(K) " = n(G(Ak(5)))/m(G(K)

and we have

(5) (5)

|- [T(K) )

[T'(Ax(S)) : 7(GIE) )] = [T"(Ax(S)) : T(K) . 2(GE)™). (3.9)

Lemma 3.2.2 The index [T'(K) : m(G(K))] is finite and divides 29"

Proof. Let VX be the set of all real valuations of K, and let v € V.. Tt follows from
the Implicit Function Theorem that the subgroup 7(G(K,)) C T'(K,) is open (cf.
[15, Ch. 3, §3.1, Corollary 3.7|), hence contains the topological connected component
T'(K,)°. On the other hand, it is well-known that 7” is isomorphic over K, = R to

a torus of the form
(G)® % (Rej(Gn))* X (R (Gun))*

for some nonnegative integers a,b and ¢ (cf. Remark [2.2.22)), and then [T"(K,) :

T'(K,)°] = 2% divides 2¢. Tt follows that for the subgroup

N:= () (T'(K)NT'(K,)"),

veVK

the index [T"(K) : N] divides 29", and it remains to show that N C 7(G(K)).
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For any field extension E/K, we have an exact sequence
G(E) = T'(E) 25 H'(E, H).

Now, let x € N. Due to the exactness of the above sequence for £ = K, we need
to show that the cohomology class & := 0k (z) is trivial. However, for each v € VX,
due to the inclusion 7"(K,)° C 7(G(K,)) and the definition of IV, we have that the

class &, := dg, () is trivial. Thus, £ lies in the kernel of the map

HY(K, H) % T H' (K., H).

veVE

But according to the Hasse principle for simply connected groups (cf. Theorem

2.3.15)), Ay is injective, and hence £ is trivial, as required. O

Since m: G(Ag(S)) = T'(Ak(S)) is open (cf. Proposition [2.1.5) and G(K)(S)

contains its kernel H(Ag(S)), the image 7(G(K )(S)) is closed, hence coincides with
e (9) (s)

m(G(K)) )]
divides 29", On the other hand, due to 1} the index [T"(Ak(5)) : T’(K)(S)]

%, So, it follows from Lemma|3.2.2|that the index [T7(K) " : 7(G(K)

divides C'(d,n). Now, Proposition follows from (3.9)).

3.2.2 [Existence of special covers.

To consider the general case in Theorem [A] we will first establish the existence of
special covers of arbitrary reductive groups that enable one to realize every reductive
group as a quotient of a reductive group with simply connected semi-simple part (=

commutator subgroup) by a quasi-split torus.

Lemma 3.2.3 Let G be a reductive algebraic group over a field K of characteristic

zero, and suppose that G = TH, an almost direct product of a K-torus T and a
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semi-simple K-group H. Let € be the rank of G, and let M be the minimal Galois
extension of K over which H becomes an inner form of the split group. Then there

exists an evact sequence of K-groups
1—Ty— G561 (3.10)

such that

(1) Tp is a quasi-split K-torus that becomes split over M ;

(2) G = TH is an almost direct product of a K-torus T which is 1sogenous to

Ty x T, with dim T = ¢, and a semi-simple simply connected K -group H.

Proof. Choose a K-defined universal cover a: H—H (cf. [15, Proposition 2.27]),
set D =T x H , and consider the K-isogeny 6: D — G obtained by composing
D ' T x H with the product morphism 7' x H — G. Let & = ker 6, and observe
that since the restriction |7 is injective, the projection to H identifies ® with its
image. Now, let H, be the K ~quasi-split inner form of H, and let T be a maximal
K-torus of ]:vIO contained in a K-defined Borel subgroup. Then T} is quasi-split over
K (cf. |5, Exposé XXIV, §3, Proposition 3.13|), becomes split over M (since Hy is
a quasi-split inner form over M, hence M-split), and ¢ admits a K-embedding into
Ty. Set

®={(z,2)eTyxD|zed} and G = (T, x D)/d.

The composite morphism H—>D—GisaK -embedding, and we identify H with
the image of this embedding. Furthermore, G is an almost direct product TH ,
where 7 is the image of Ty x T' C Ty x D in é, and we note that dim7 = £. By
construction, the composite morphism Ty x D - D %+ G vanishes on (AIS, hence

gives rise to a morphism v: G = G. Finally, ker v coincides with the image of Ty x ¢
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in é, which is isomorphic to Tj. 0

Remark 3.2.4 One can choose an embedding of ® into an M-split K-quasi-split
torus Tj in a variety of ways, and for some choices dim 7y may be < rank H. This

will result in choices for G = TH with dim T < .

3.2.3 General case.

Let G = T'H be a (connected) reductive algebraic group defined over a number field
K, let P (resp., M) be the minimal Galois extension of K over which T splits (resp.,
H becomes an inner form of the split group), and set £ = PM. Furthermore, let S C
V& be a tractable set of valuations containing a set of the form VEU(P(L/K,C)\Po),

and assume that there exists ¢ € C such that holds. Set
Clt,n,r) =27 .C(l,n),

where ¢ is the rank of G, n = [L : K|, and r is the number of real valuations of K.

Our goal is to show that G(K)(S)

is a finite index normal subgroup of G(Ak(S)),
with the abelian quotient G(Ax(S)) /m(s) of order dividing C'(¢,n, ).

For this, let us consider the exact sequence (3.10) constructed in Lemma |3.2.3]
Since Ty is K-quasi-split, it follows from Hilbert’s Theorem 90 that v(G(F)) = G(F)
for every field extension F'/K (cf. Theorem , and in particular, v(G(K,)) =
G(K,) for all v € VE\ S. On the other hand, since Ty is connected, we have

v(G(0,)) = G(O,) for almost all v € VE\ S (cf. Proposition [2.1.5). It follows that

v(G(Ak(5))) = G(Ak(9)). (3.11)

Now, G = TH where T is a K-torus of dimension ¢ (= rank of G) which is
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isogenous to To X T', hence has E = PM as its (minimal) splitting field, and H

is a semi-simple simply connected K-group. Since the condition holds, we can
= (5)
apply Proposition|3.2.1|{to conclude that G(K)  is a finite index normal subgroup of

~ ~ = ()
G(Ak(9)), with the abelian quotient G(Ax(S))/G(K)  of order dividing C(¢, n,r).

On the other hand, we have the inclusions

=~ =~ = O e (S)

(G(AK(S)), G(AK(S))] = v([G(AK(S)), G(Ax(9))) € v(G(K) ) c G(K)”,

which imply that G(K )(S) is a normal subgroup of G(A(S)) with abelian quotient.
Furthermore, it follows from (3.11) that v induces a surjective homomorphism of

abelian groups

7 )

G(Ak(S))/G(K)  — G(Ak(S))/GE)”,

and consequently the order of G(Ag(S))/G(K )(S) divides C (¢, n, ), completing the

proof of Theorem [A] O

Remark 3.2.5 The above argument actually shows that for any (connected) reduc-
7S

tive K-group G and any infinite subset S C V¥, the closure G(K )(

subgroup of G(Ak(S)) with abelian quotient G(AK(S’))/G(K)(S).

is a normal

3.2.4 A counter-example to almost strong approximation

Let now GG be a semi-simple algebraic group defined over a number field K, and let
M be the minimal Galois extension of K over which G becomes an inner twist of
a split group, and let S be a tractable set of valuations of K that contains a set of
the form VX U (P(L/K,C) \ Po) in our standard notations. According to Theorem

[A] the condition that guarantees almost strong approximation in G is

ol(MNL)=1idyny for some o €C. (3.12)
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In particular, an inner form of a split group (i.e. when M = K) always has almost
strong approximation for any tractable set S (cf. Corollary .

The goal of this section is to show that condition cannot be omitted in the
general case. More precisely, we will construct an example of an absolutely simple

adjomﬂ outer form that fails to have almost strong approximation for a suitable

tractable set of valuations (for which (3.12) fails to hold).

Let K = Q, L = Q(i) with i> = —1 and let ¢ be the nontrivial automorphism
in Gal(L/Q). For a set S of valuations of K, the corresponding ring of S-adeles
of K will be denoted simply by A(S). Now, fix an odd integer n > 3, and let ¢
denote an arbitrary nondegenerate o-Hermitian form on L"™. Then the algebraic
group G = SU,.(q) associated with the special unitary group of ¢ (cf. [15, Ch. 2,
§2.3.3]) is an absolutely almost simple simply-connected algebraic Q-group that is
an outer form of type A,_; (cf. [15, Ch. 2, §2.1.14] and 33 Ch. 12, §12.3.8]) with
L being the minimal Galois extension of Q over which G becomes an inner form of
the split group. We will be working with the corresponding adjoint group G and
its central Q-isogeny 7: G — G. Note that F := ker7 coincides with R(Ll/)(@(,un)7
where 1, is the group of n-th roots of unity, and will be identified with the n-torsion

subgroup of the norm torus 7" := R(Ll/)Q(Gm). Set

S = {Vso} U{wp |p € Pyay} U {wa}.

Observe that the primes p = 3(mod 4) correspond precisely to the valuations in the
generalized arithmetic progression P(L/Q,{c}), so S is a tractable set containing

{veo } UP(L/Q,{c}), for which (3.12)) obviously does not hold.

1As we already noted, it follows from the classical criterion for strong approximation that a
simply connected semi-simple group always has strong approximation with respect to any infinite
set S.
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Our goal is to prove the following.

(5)

Theorem 3.2.6 We have [G(A(S)) : G(Q) | = oo, and thus G does not have

almost strong approrimation with respect to S.

The proof is based on the observation that for every open subgroup U of G(A(S)),
we have the inclusion:

=7 S)

GQ)-UDGQ)

So, to prove the theorem it suffices to find a sequence of open subgroups Uy, Us, . ..

such that the products G(Q) - U, are all subgroups of G(A(S)) with the indices
[G(A(Y)) : GQ) - U] — 00 as { — 0. (3.13)

The implementation of this idea requires some preparation.
First, it is known that the quasi-split torus Tj := Ry q(G,,) fails to have strong

approximation with respect to S, and in fact the quotient To(A(S))/Ti 0(@)(3)

has
infinite exponent (cf. [18, Proposition 4]). For our purposes, we need a statement
along these lines for the norm torus 7' = RS/)Q(Gm). We have already seen in
Example [3.1.1) that 7" does not have almost strong approximation with respect to S
but here we will prove a somewhat stronger statement. To formulate it, for every

integer ¢ > 1, we pick a subset II; C P4y of size ¢, and then consider the following

subgroups of T'(A(S)):

ra = [[7@) < [

pEll, PEP 4 \I1;

Al = [ 1@z) < ]I 7)),

pell, PEP (4)\I1,
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where T'(Z,)" denotes the subgroup of nth powers in T(Z,). We note that I'(II;) N
A(I1,) = I'(II,)™ and that the product I'(Il;)-A(Il,) coincides with A := Hp€P1(4) T(Zy).

Lemma 3.2.7 We have
i(Ily) := [T(A(S)) : T(Q) - A(TIy) - T(A(S))"] — 00 as { — ¢
for any choice of 11,.

Proof. Since the class number of L is one, we have

To(A(S)) = To(Q) - Ag where Ay = [] To(Z,) (3.14)
PEPy(4)

(cf. [14, §5.1 and 8.1]). For each p € Py(4), there exists a Z,-defined isomorphism

Ty ~ G,,G,,, with o acting by switching the components, and then T ~ {(¢,t71) |t €

G} It follows that every t € T(Q,) (resp., € T(Z,)) can be written in the form

t = o(s)s™! for some s € Ty(Q,) (resp., € Ty(Z,)), and therefore all elements

t € T(A(S)) are of the form o(s)s™! for some s € To(A(S)). In conjunction with
(3-14), this yields

T(A(S)) =T(Q) - A. (3.15)

In particular, T(A(S))" = T(Q)™ - A", and since A(Il;) D A", we obtain
i(Ily) = [T(Q) - A= T(Q) - A(ILy)] = [A: A(IL) - (T(Q) N A)].
We now observe that since 7'(Q,) = T'(Zy,) for all p € P\ Py(4), we have

I:=T(QNA=TQN][]T(Z) =T(Z) = {1, +i}.

peP
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As A =T(I1,) - A(II,), we now obtain that

[T'(I1,) : T(ITp) N A(II,)]

(M) = [DQL) = D) 0 (T AM)] = s 5 m Am) - T 0 AT

> [[(IT,) = T(IT,)"] /4.

But for any p € Py4n), using a Z,-isomorphism 17" ~ G,,, we have

1T(Zy,) - T(Zy)"| = [Z, : Z;"] = [F, : IF;"] =n
Thus, we get the estimate

i(Il,) > n*/4,

and our assertion follows. O

To prove Theorem [3.2.6 we will apply a variation of techniques developed in |14,
Ch. 8, §8.2] to compute class numbers of semi-simple groups of noncompact type.

We start with the exact sequence of Q-groups and Q-morphisms
15 F G501, (3.16)

which for every extension P/Q gives rise to the coboundary map ¢p: G(P) —
H'(P, F) (cf. Proposition [2.3.2). Applying this to P = Q, and taking the product

over all p € P1(4), we obtain an exact sequence

1 ¢@) 22 1] c@) 222 ] #'@.F). (617)

PEP (1) PEP(4) PEP (1)

We let 7y sy and 14(5) denote the restrictions of II and ¥ to G(A(S)) and G(A(S)),
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respectively. Arguing as in the proof of [14, Proposition 8.8], one shows that

(TT 7e.(G(@))) NGIA(S) = mas) (GAS))),
PEP(4)
which implies the exactness of the following sequence of groups and group homo-

morphisms

GA(S) 22 qa(s) 22 TT H'(@, F). (3.18)

PEPy (4
Lemma 3.2.8 For every open subgroup U of G(A(S)),
(i) The product G(Q) - U is a normal subgroup of G(A(S));

(ii) The map Yacs) induces a group isomorphism of quotients
G(A(9))/(G(Q) - U) = ¥us)(G(A(S))) /1hais) (G(Q) - U).

Proof. We argue as in the proof of [14, Proposition 8.8]. First, as we already

mentioned, since S is infinite, G has strong approximation with respect S, and

therefore G(A(S)) = G(Q) - W&(ls)(U) as Ta(g) is continuous (cf. Proposition [2.1.4]).

Combined with the exactness of (3.18)), this yields

ker ,(5) = Ta(s)(G(A(S))) C G(Q) - U. (3.19)

Since () is a group homomorphism of G(A(S)) to a commutative group, its ker-
nel contains the commutator subgroup [G(A(S)), G(A(S))]. On the other hand, if
the product of two subgroups of an abstract group contains the commutator sub-
group of the group, the product is actually a normal subgroup. In conjunction with
(3-19), these observations imply (i), and then (ii) follows from the third isomorphism

theorem. ]
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Next, we will apply a similar argument to the Kummer sequence for 7"

1 5 F T (3.20)

where [n] denotes the morphism of raising to the nth power. Again, for any field
extension P/Q, we have the coboundary map dp: T(P) — H'(P, F) noting that
ker p = T'(P)". Taking the product over all p € Py(4), and restricting the maps to
T(A(S)), we obtain an exact sequence similar to (3.15):

T(a(S) 5 T(a) 2% T HY@,, F). (3.21)

PEP(4)

Lemma 3.2.9 (i) For any field extension P/Q, the coboundary map ép: T(P) —
HY(P, F) is surjective.

(ii) There exists a finite set of primes 0 such that for all p € P\ Q we have
o, (G(Zy)) = 0q,(T(Zy))-
(iii) Pa(s)(G(A(S))) = dacs)(T(A(S)))-
Proof. (i) In view of the exact sequence
T(P) 22 HY(P,F) - H'(P,T)

that comes from (3.20)), it is enough to show that im w is trivial. By [I4, Ch. 2,
Lemma 2.22|, the group H'(P,T) is isomorphic to P*/Npp/p((LP)*), hence has
exponent < 2. On the other hand, F is a cyclic group of order n, so HY(P, F) is

annihilated by n. Since by our assumption n is odd, the triviality im w follows.
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(ii) Let Q)" be the maximal unramified extension of Q,. It follows from [14, Ch.

6, Proposition 6.4] that there exists a finite subset € C P such that for p € P\ Q we

have F(Q) = F(QY") and
Ui, (G(Z,)) = H'(Q/Qy, F) = bg, (T(Z,).
(iii) For every prime p, we have the exact sequence
G(@Q,) “ H'(Q,, F) — H'(Q,,G).

Since G is semi-simple and simply connected, we have H'(Q,, CNJ) =1 (cf. [14] Ch.

6, Theorem 6.4]), so

pr<G(Qp)) = Hl(@pv F) = 5Qp(T(@p))

in view of part (i). In conjunction with part (ii), this yields our claim. O

Proof of Theorem[3.2.6. Let Q be the exceptional set of primes in Lemma [3.2.9((ii).
For ¢ > 1, pick a subset IIy C Py \ 2 of size £ and set II} := I, U2. We will show

that the open subgroups

U= [] 7, G@))x [ ¢z,
pell; PEP (4)\I1}
satisfy (3.13). Indeed, by construction we have the inclusion 14 (s)(Us) C da(s)(A(I1y)),
and it follows from Lemma [.2.9(i) that ¢g(G(Q)) C do(T(Q)). According to
Lemma [3.2.8) the product G(Q) - U, is a normal subgroup of G(A(S), with the
quotient isomorphic to ¥a.s)(G(A(S)))/Vas)(G(Q) - Uy). The latter admits an epi-
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morphism on
Oa(s)(T(A(5)))/0a(s)(T(Q) - A(ILy)) = T(A(S))/T(Q) - A(I,) - T(A(S))"
(the isomorphism follows from the exact sequence (3.21])). Thus,
[G(A(9)) : G(Q) - U] = u(ILy),

and then (3.13) follows from Lemma [3.2.7

3.3 Application to congruence subgroup problem

3.3.1 Overview of the congruence subgroup problem.

Let G be a linear algebraic group defined over a global field K. Given a subset
S c VE containing VX, we let Ok(S) denote the corresponding ring of S-integers.
First, we fix a faithful K-defined representation ¢: G — GL,, which enables us
to speak unambiguously about the group of Og(S)-points I's = G(Ok(S)) and
its congruence subgroups I's(a) = G(Ok(S), a) for (nonzero) ideals a C Og(S) -
these are defined respectively as ™' (t(G(K)) N GL,(Ok(S))) and ¢ (t(G(K)) N

GL,(Ok(9),a)), where
QL. (O (S), a) = {X € QL. (Ox(S)) | X = I,(mod a)}.

Then I'g(a) is a finite index normal subgroup of I's for any nonzero ideal a, and
the Congruence Subgroup Problem (CSP) for I's in its classical formulation is the
question of whether every finite index normal subgroup of I's contains a suitable

congruence subgroup I's(a). We refer the reader to the surveys [19] and [24] for
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a discussion of various approaches developed to attack the CSP, and of the results
obtained using these techniques. Here we only recall the reformulation of the CSP
suggested by J.-P. Serre [31].

Let N (resp., N¥) be the family of all finite index normal subgroups N C I'g
(resp., of all congruence subgroups I's(a) for nonzero ideals a C O(S)). Then there
are topologies 77 and 77 (called the S-arithmetic and S-congruence topologies) on
the group G(K) that are compatible with the group structure and have N and N
respectively as fundamental systems of neighborhoods of the identity. Furthermore,
G(K) admits completions with respect to the uniform structures associated with

72 and 77 that will be denoted GS and G Since 75 is apriori stronger than 77,

a C
. . . = —95 .
there exists a continuous group homomorphism 7: G° — G, which turns out to
be surjective. Its kernel C*(G) := ker 7 is a profinite group called the S-congruence
kernel. Thus, we have the following exact sequence of locally compact topological

groups

15 C(G) — G5 G — 1. (CSP)

It is easy to see that the affirmative answer to the classical congruence subgroup
problem for I' amounts to fact that the topologies 75 and 77 coincide, which turns
out to be equivalent to C¥(G) = {1}. In the general case, C*(G) measures the
difference between the two topologies. So, Serre proposed to reinterpet the CSP
as the problem of computation of C°(G) (it should be noted that the latter does
not depend on the initial choice of the faithful representation ¢). Furthermore, he
formulated the following conjecture that qualitatively describes C°(G) in the main
case where GG is absolutely almost simple and simply connected and S is finite: if
tke G =Y, coTkr, G > 2 and tkg, G > 0 for allv € S\ VE then C5(G) should be
finite, and if rkg G = 1 then it should be infinite. In fact, if the Margulis-Platonov

conjecture concerning the normal subgroup structure of G(K') holds - see below, the
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finiteness of C¥(G) is equivalent to its centrality (i.e., to the fact that is a
central extension), in which case it is isomorphic to the metaplectic kernel M (S, G)
that was computed in [I7] in all cases relevant to the CSP.

In this thesis, we are interested only in the higher rank part of Serre’s conjecture
which has been confirmed in a number of cases (see [19], [24]). Nevertheless, it
remains completely open for anisotropic groups of types A,, (both inner and outer
forms) and Eg, triality forms of type >°Dy, and some other situations. Some evidence
for Serre’s conjecture in these cases has been generated through the investigation
of CSP for infinite S. More precisely, the truth of Serre’s conjecture combined
with computations of the metaplectic kernel in [17] would imply that C¥(G) = {1}
for any infinite S such that rkg, G > 0 for all v € S\ VX so efforts have been
made to prove this for certain infinite S. In particular, in [20] this was proved
for absolutely almost simple simply connected groups of all types when S contains
all but finitely many valuations in a generalized arithmetic progression, with an
argument not requiring any case-by-case considerations. Subsequently, Radhika and
Raghunathan [22] focused on anisotropic inner forms of type A, (which are all of
the form SL; p for some central division K-algebra D) and extended the result of
[20] to a class of sets S which basically coincides with our tractable sets. We will
use our results on almost strong approximation for tori to prove that C¥(G) = {1}
for all tractable sets S — see Theorem [B] for the precise formulation. We note that
this formulation includes the Margulis-Platonov conjecture (MP) - see |14} §9.1] for

a discussion, which we now recall for the reader’s convenience:

Let G be an absolutely almost simple simply connected algebraic group over a global
field K. Set A = {v e Vi |rtkg, G =0}, and let §: G(K) — G4 = [[,c4 G(Ky)
be the diagonal map. Then for every noncentral normal subgroup N C G(K) there

exists an open normal subgroup W C G 4 such that N = §~*(W). In particular, if
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A = @ (which is always the case if the type of G is different from A, ), the group

G(K) does not have any proper noncentral normal subgroups.

For results on (MP) obtained prior to 1990 — see [14, Ch. IX]|. Subsequently,
(MP) was proved also for all anisotropic inner forms of type A, — see [25], [29],

which explains why no assumption on the truth of (MP) is made in [22].

3.3.2 Proof of Theorem [Bl

Our argument will be an adaptation of the proof of Theorem B in [20]. We will
freely use the notations introduced in the statement of Theorem [B] In particular,
G will denote an absolutely almost simple simply connected algebraic group defined
over a global field K, and S C V& be a tractable set of valuations that contains a set
of the form VX U (P(L/K,C) \ Py) in our standard notations. Furthermore, we let
A = {v € V|rkg, G = 0} denote the (finite) set of nonarchimedean places where
(G is anisotropic as in the statement of the Margulis-Platonov conjecture above. We
will prove Theorem [B| by analyzing the exact sequence written for another
set of valuations S such that VX ¢ S € S and S\ S is finite. First, let S be any
such set, and let

15 05%G) — G5 3 51 (3.22)

be the congruence subgroup sequence for the set S. It easily follows from the
definitions that the S-congruence topology Tf on G(K) coincides with the S-adelic
topology induced by the embedding G(K) < G(Ax(S)). Now, since S is infinite, G
has strong approximation with respect to S, implying that the completion @5 can
be identified with G(A(S)). Next, it is enough to prove that is a central

extension for some S as above. Indeed, using the truth of (MP) and the assumption
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that

ANS =g, (3.23)

one shows that the congruence kernel C(@) is isomorphic to (the dual of) the
metaplectic kernel M (S, G) (cf. [24]). Again, since S is infinite, the results of [17]
imply that M(S,G) = {1}, hence C5(G) = {1}. Since S D § D VX, there is a
natural homomorphism C*(G) — C5(G), which because of (3.23) is surjective (cf.
[23, Lemma 6.2]). So, C¥(G) = {1}, as required.

In order to choose S and establish the centrality of the corresponding sequence
(3-22)), we will use two statements from [20]. To formulate these, we need to intro-
duce some additional notations. Let v € VX, and let T be a maximal K,-torus of
G. We let T™# denote the Zariski-open subset of T' consisting of regular semi-simple

elements (cf. [15, §2.1.11]), and consider the map

oo G(K,) x T"®(K,) = G(K,)

(9,t) — gtg™"

It follows from the Implicit Function Theorem (cf. [I5, Ch. III]) that ¢, r is an open
map, and in particular U (v, T') := ¢, r(G(K,) x T8 (K,)) is open in G(K,). We also
note that by construction there are natural maps G(K) — G° and G(K) — 65 (in
other words, the exact sequence splits over G(K)). In particular, if t € G(K)
is a regular semi-simple element and 7' = Zg(t) is the corresponding torusEL we can

consider ¢ as an element of both G and @S, and then

#(Zgs(1) C Z_s(t) = T(Ax(3))

ZWe note that the centralizer Z(t) is automatically connected since G is simply connected.
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(under the identification of G° with G (Ag(S))). We can now formulate a sufficient

condition (in fact, a criterion) for the centrality of (3.22)).

Theorem 3.3.1 (|20, Theorem 3.1(ii)]) Assume that G(K) satisfies (MP) and that
ANS = @, and suppose that there is an integer m > 1, a finite subset V. C
VEN\ S, and a mazimal K,-torus T, of G for each v € V such that for any element
t € GIK)N[],ep U, T,) (which is automatically regular semi-simple) and the

corresponding torus T = Zg(t), the following inclusion holds:

T(Ax(8))™ C #(Zgs(1)). (3.24)

Then 1s a central extension.

In order to be able to verify condition ({3.24]) using our results on almost strong
approximation, we will need to choose S appropriately. This is done using the

following statement.

Lemma 3.3.2 (|20, Lemma 5.5]) Let G be an absolutely almost simple simply con-
nected algebraic group defined over a global field K, and let M be the minimal Galois
extension of K over which G is an inner form. Furthermore, suppose we are given
a finite subset S C VE and a finite Galois extension L/K. Then there exists a finite
subset V.C VE\'S and mazimal K,-tori T, of G for each v € V such that for any
t € G(K)N[l,ey U, T,), the minimal splitting field Pr of the corresponding torus
T = Zq(t) satisfies
PrnL=MnNL.

We are now in a position to complete the proof of Theorem . Let L/K be the
Galois extension involved in the description of the generalized arithmetic progression

in the statement of the theorem, and let M /K be the minimal Galois extension over
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which G becomes an inner form. Applying Lemma with S = AU VE, we find
a finite subset V. C VE \ S and maximal K,-tori T, of G for v € V' so that for any

te G(K)NU, where U =[], U(v,T,), and the torus T' = Zg(t) we have

veV

PNL=MnNL, (3.25)

where P is the minimal splitting field of 7. Set S = S \ V' (which is obviously
tractable), and let m = C(d,n) (the constant from Theorem with d =tk G
and n = [L : K]. We will now show that the assumptions of Theorem hold
true for this S, so the theorem will yield the centrality of , completing the
argument. Let t € G(K)NU and T = Zg(t). Then for the splitting field P
of T, and therefore o|(P N L) = idpny, for some o € C. Applying Theorem [3.1.3] we

conclude that the index [T(Ag(S)) : T(K )(S)] divides m, and consequently,

T(Ax(S)" c T(K)". (3.26)

On the other hand, since CS (G) is compact, the map 7 is proper, so the image

7(Zz3(t)) is closed in G”. In view of the obvious inclusion Zas(t) D T(K), we get

the inclusion (K)(S) C 7(Zgs(t)), which in conjunction with (3.26]) verifies (3.24

and completes the argument.



List of symbols

g empty set

Z  ring of integers

Q field of rational numbers

Z, ring of p-adic integers

Q, field of p-adic integers

Q," maximal unramified extension of Q,

R field of real numbers

R.( set of all positive real numbers

C field of complex numbers

F, finite field with ¢ elements

k(t) field of rational functions in one variable ¢ over a field k
k((t)) field of Laurent series in one variable t over a field k
K field

char(K) characteristic of K

K separable closure of K

Kt  additive group of K

K> multiplicative group of K

K>*™ subgroup of nth powers of K*

itn  group of nth root of unity in a given field K
Ok ring of integers of K

Ok(S) ring of S-integers of K

N(a) norm of an ideal a of Ok

Tx group of fractional ideals of K

Prx  group of principal fractional ideals of K
CI(K) ideal class group of K

h(K) class number of K

||, p-adic absolute value on Q

|- |oo archimedean absolute value on Q

v, p-adic valuation on Q

Vs archimedean valuation on Q

VE  set of all valuations of K

VE " set of all archimedean valuations of K
Ve set of all nonarchimedean valuations of K

130
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VE set of all real valuations of K

S subset of VE

| -], wv-adic absolute value associated with valuation v
K, completion of K with respect to a valuation v
O, valuation ring of v in K,

p, valuation ideal of v in O,

k(v) residue field of v € V/*

p(v) prime ideal p, N Ok

[L: K] degree of field extension L/K

e(w|v) ramification index of w with respect to v
f(wlv)  residue degree of w with respect to v
H,iGI(Xi, U;) restricted product of {X;};cr with respect to {U;}ier
Ag ring of adeles of a field K

Ak o ring of integral adeles of field K

Ag(S) ring of S-adeles of field K

A(S) ring of S-adeles of Q

[x group of ideles of field K

I (S) group of S-ideles of field K

I(S) group of S-ideles of Q

Ck idele class group of K

Ik o group of integral ideles of K

]Ig) group of ideles of K with content 1

U(S)  distinguished open subgroup [[,cyu\ 5 Oy in Ix(S)

E(S) group of S-units in K, i.e. U(S) N K*

Gal(L/K) Galois group of field extension L/K

Np/k  norm associated with field extension L /K

Trp/x trace associated with field extension L /K

wlv  valuation w lies above valuation v

Frp x(wlv)  Frobenius automorphism for v € V/* unramified in L and wlv
Yk Artin map associated with a finite Galois extension L/K

(a,b)x  Hilbert symbol of a and b relative to K

P set of all rational primes

(a,b) greatest common divisor of integers a and b

atb a does not divide b

a = b(mod m) a is congruent to b modulo m

Pom) arithmetic progression of all prime numbers p such that p = a(mod m)
P(L/K,C) generalized arithmetic progression defined by a Galois extension L/K
and a conjugacy class C C Gal(L/K)

0(P) Dirichlet density of any subset of rational primes P C P

0x(P) Dirichlet density of any subset of valuations P C VfK

¢ Euler totient function

SpI(L/K) set of all v € V{ that split completely in L for a field extension L/K
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ACB  set of valuations B almost contains a subset A C B

[G,G] commutator subgroup of group G

G abelianization of group G

Z(G) center of group G

Z(t)  centralizer of an element ¢ of group G

M, (K) algebra of n by n matrices over a field K

I, identity n by n matrix

X! transpose of a matrix X

G° connected component of linear algebraic group G

GL,  general linear group

SL, special linear group

G,, multiplicative group of a field

O,, orthogonal group

SU,, special unitary group

G, additive group of a field

SLip group of elements of a finite dimensional central division K-algebra D with
reduced norm one

T algebraic torus

Ri/k(G) restriction of scalars of L-group G with respect to field extension L/K
Ri/k(Gm) quasi-split torus associated with field extension L/K

R(Ll/)K(Gm) norm torus associated with field extension L/K

R(G) radical of G

R,(G) unipotent radical of G

[G,G] commutator subgroup of G

G(Ak(S)) group of S-adeles of G

fx map induced on K-points by a morphism f of K-varieties
faxes) adelization of a morphism f with respect to subset S C V&

G(K )(S) closure of the group G(K) diagonally embedded into G(Ag(.5))
X(T) group of characters of T

X.(T) group of co-characters of T'

Z|G] group ring of G over Z

K[G] affine algebra of regular functions of G over K

K[X(T)] group algebra corresponding to character group X (7) of a K-torus
Ck(T) abelian group Hom(X(T), Ck)

A% group of G-fixed points of G-module A

F1(G,A) abelian group of all functions from group G to a G-module A
G,A) set of all 1-cocycles from G to A

G,A) set of all 1-coboundaries of G with values in A

Hom(G, A) set of all group homomorphisms of G with values in A
H'(G,A) ith cohomology group of G with values in A

H;(G,A) ith homology group of G with values in A

H (G, A) ith Tate cohomology group of G with values in A



A set of all valuations v in VfK such that G is K,-anisotropic
I's group G(Ok(S)) of S-integral points of G

[s(a) principal S-congruence subgroup of level a

N5 family of all finite index normal subgroups in I's

N5 family of all principal S-congruence subgroups in I'g

79 S-arithmetic topology

a

S

72 S-congruence topology

G5 S-arithmetic completion of GG

a’ S-congruence completion of GG

C3%(G)  S-congruence kernel of G with respect to S
M(S,G) S-metaplectic kernel of G
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