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INTRODUCTION

Let G be a semisimple simply connected algebraic group over a field k of charac-
teristic p > 0. We also assume p # 2. Consider G-mod, the category of rational
G-representations. Let R be the root system of G. Let U; be the Lusztig quan-
tum group associated to the root system R, over a field K of characteristic zero,
specialized at a root of unity ¢ € K. Consider Us-mod, the category of finite dimen-
sional weight Us-modules of type 1. The two cases are closely related if the root of
unity ¢ has the order equals to p. The modules in the two cases have weights in the
same weight lattice X; they are both highest weight categories with the poset X
of dominant weights (note, however, that G-mod does not have projectives and has
enough (infinite dimensional) injectives, while U;-mod has both enough injectives
and projectives); the standard modules in two cases, indexed by the same highest
weight v € X, have the same character x(v) given by Weyl’s formula; we have, in
both cases, the linkage principle involving the affine Weyl group action; the trans-
lation functors between two orbits are defined in the same way and share similar
properties in the two cases; the standard modules in both cases have certain filtra-
tions satisfying a sum formula (Jantzen filtration); the Frobenius kernel G; and the
small quantum group u provide infinitesimal versions (G;7T-mod and ng—mod) of
G-mod and U;-mod. General theories including most of these can be found in [16,
I1] for the algebraic group representations and in [4] or [16, IT.H] for the quantum
group representations. In case p is large enough, the infinitesimal versions of G-mod
and Us-mod are even described using a common combinatorial category (Andersen-
Jantzen-Soergel [2]), which implies that the multiplicities of an irreducible module in
a standard module (hence the irreducible characters) in the two cases are the same if
the weights involved are small.

For general p, we have a better understanding on the quantum case than on the

algebraic group case. Since the Kazhdan-Lusztig correspondence (see §1.5)) provides,
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under little restriction on p, an equivalence between Us-mod and a certain subcate-
gory of the affine Lie category O, most of what is known for the affine Lie algebra

representations directly applies to the quantum case. On the affine Lie algebra side:

(1) The characters of the irreducible modules are calculated in terms of the
Kazhdan-Lusztig polynomials P, ,(t) associated to the affine Weyl group.
(Kashiwara-Tanisaki [17, [I8] and Kazhdan-Lusztig [21])

(2) We have a standard Koszul grading. (Shan-Varagnolo-Vasserot [40])

By (1), the characters for the irreducible Us-modules in a regular orbit are explicitly
expressed as follows. Writing regular weights as w.\ with A in the top antidominant

(p-)alcove C~ and w in the affine Weyl group W,

(0.0.1) chLe(wA)= Y (=1)"@7WP, ,(~1)x(y.\),

yAEXT

where L¢(w.)\) is the irreducible Us-module of highest weight w.A € X.
The formula (0.0.1)) (the Lusztig character formula) also give a homological inter-
pretation of the Kazhdan-Lusztig polynomials as the dimensions of Ext between a

standard module and an irreducible module

(0.0.2) > dimExty (Ac(y.A), Le(w )" = £/, (171,
n=0

and between irreducible modules

(0.0.3) Zdlm Bxty (Le(yA), Le(w )" = Y #H@=2Gp, =P, ™),

n=0 zeWy

for all y. A\, w.A € XT. (The weight \ is still regular.)

The regular condition in is not a real restriction, because applying the trans-
lation functor to the formula provide irreducible characters in the orbit of a
singular weight p with no difficulty. However, we cannot do the same for the homolog-

ical formulas ((0.0.2)), (0.0.3)) because the degree information adds much uncertainty



5

in putting the regular formulas together. This can be done using the grading result
(2) above. We do this in Part [l The result proves a conjecture of Parshall-Scott
([36, Conjecture II1]) and is similar to the finite dimensional semisimple Lie algebra
result of Soergel [41].

How about the algebraic group case? We don’t have (1) in the algebraic group
case in general (see for more discussion). We need two significant restrictions,
even in the regular case, when interpreting the Kazhdan-Lusztig polynomial: The
weights need be small, the prime p needs be large. We don’t know, in particular,
the dimensions of Ext spaces between arbitrary irreducible G-modules. A possible
solution is to consider the “reduction mod p” from the quantum case to the algebraic
group case (see §1.3). If one replaces the irreducible modules in the homological
formulas , by appropriate reduction mod p modules (and, of course,
replace Exty, by Exte), then the formula, for all (regular) weights, is shown in [I]
to be valid for p > 0. This gets rid of the “small weights” restriction. A conjecture
of Parshall-Scott ([36, Conjecture II]) is that this should work for any p (under the
Kazhdan-Lusztig equivalence), which will get rid of the other restriction. “One half”
of this conjecture follows from Proposition [12.2]

Note here that there still remains the problem of “translating” the regular result
to singular blocks. In fact, [36, Conjecture II] has no restriction on the singularity
of the weights. Similarly to the quantum case, this will follow from the regular
formula if we have an analogue of (2) for the algebraic group case. This is related to
[36, Conjecture I], where a particular associated graded algebra of a finite dimensional
(quasi-hereditary) algebra A, where A-mod is equivalent to a subcategory (truncation
by a finite poset ideal) of G'-mod, is conjectured to be “(standard) Q-Koszul”. (We
explain this sentence in §4.2])

Now we consider a p"-th root of unity ( instead of a p-th root of unity. Everything

in the previous paragraphs makes sense since we can still reduce mod p from the



quantum side to G -mod. This reduction mod p method, in fact, is not new and was
studied by Lin in [25]. Part [[IIjconcerns the reduction mod p from quantum groups at
p"-th roots of unity. We check that the r > 1 analogues of the conjectures above are
not true. We also prove that the extensions in Us-mod reduces mod p to extensions
in G-mod. To be more precise, the dimension of Ext" in G between reduction mod
p modules is greater than the dimension of Ext™ between the corresponding modules
in U;-mod. As a corollary, we obtain a result similar to that of Franklin [14] on the
maps between standard modules.

The thesis starts with a preliminary part (Part I), where we explain our settings ({1}
and , ; review the translation functors in ; discuss the Lusztig conjectures
(§3.2) and the Parshall-Scott conjectures (§4]) we have mentioned in the introduction.



Part [. Preliminaries

We assume that p is an odd prime.

1. THE REPRESENTATION CATEGORIES

This section introduces the main categories appearing in the thesis and explain

how they are related.

0
. Uemod ({TZT) Klrcomes, U (4T3)
(s —

(~]<-mod ( %

G-mod(§1.1])
FicUure 1. Character map with the two protagonists in the middle

1.1. The algebraic group case. Let G be a semisimple simply connected algebraic
group over a field k of characteristic p. We also assume that G is defined and split
over F, C k. Fix a maximal (split) torus 7' C G and a Borel subgroup B D T in G.
Let R be the root system of GG, X be the set of simple roots, R* the set of positive
roots, X = X (7T') be the set of weights, X = X+ (T') be the set of dominant weights.
A general theory for the algebraic group G and its representations is well explained
in [16] I1].

Our interest is on G-mod, the category of rational G-modules. The category G-
mod is abelian, has enough injectives, and is a highest weight category in the sense of
Cline-Parshall-Scott [6] with the infinite poset (X, 1). (See for the ordering 1.)
For each v € Xt we denote the standard object of highest weight v by A(~) (which
is the Weyl module often denoted by V' (7)), the costandard object by V(v) (which
is the induced module and is denoted by H%(y) in [16]), the simple object by L(7),
and the tilting object by X (7).
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1.2. The quantum case and the integral case. Let R be a semisimple simply
connected (finite classical) root system as in §1.1} Let (—, —) be a scalar product on
X(T) ®z R such that the smaller one among the integers (o, «) for « € R is 2. The
quantum enveloping algebra U, = U,(R) is defined over the function field Q(v) by

generators E,, F,, K., K;! (o € X)) and relations
K,K,=1=K,'K,, K,Ks=KsK,,
K, EsK' = v P Ey,

KaFgK;1 = Ui(a’B)FB,

K,— K;!
EaFﬂ - FﬁEa = (5aﬂm
1—aap _1 -
5% [ o] e <o
s=0 - o
1-ang _1 -
Sy BT RE =,
s=0 - -

where d, = @ (which can be 1,2, or 3) and a5 = (8,a") = (’fl’j) for a, B € 2.

The coefficients in the last two relations are defined as follows. Set for each a@ € X

and n € Z
vnda _ v—nda
e = pda — p—da

and define the Gaussian binomial coefficients for (n € Z and) m € Zsq as

T

-

Letting U? denote the subalgebra of U, generated by {KZ'}, U the subalgebra

if m >0 and

generated by {E,}, U, the subalgebra generated by the {F,}, we have the triangular



decomposition

(1.2.1) U, ®aw Us ®aw U — U,

mult

induced by the muliplication in U,.
The algebra U, has an integral form U, over & := Z[v,v™!]. Tt is defined as the
a/-subalgebra of U, generated by the elements K=! and the v-divided powers

[n)s “ Il

E™

for n > 0, where [n], = [n]o[n — 1]a -+ - [1]a- It is shown in [26], 28] that U,, also has a
presentation by generators and relations compatible with the presentation for U,. In

particular, the triangular decomposition ([1.2.1]) restricts to U/, giving
U, @y Uy @y Ul 5 Uy.

Now, given an .7-algebra %, one can take the tensor product U, ®, % to define the
quantum group over 4.

Let r be a positive integer and ( € C be a primitive p"-th root of unity. Then
specializing v to ¢ will give quantum algebras U, ® Z[(] and U, ® Q(() at the
root of unity (. For our purpose of relating the quantum group representations to
G-mod, a modification on the base rings is necessary: Instead of considering the
above specializations, we take the quantum algebras over a discrete valuation ring
O with the maximal ideal (7), so that the residue field &'/(7) is isomorphic to a
field k of characteristic p and the quotient field of & is a field K of characteristic
zero. Such a triple (K, 0, k) is called a p-modular system. For example, we take
the localization & := Z[(]-1) in C. (If we don’t want to start with taking some
¢ € C, we can set this up as follows. Consider the localization .27,_;, and let

O = y_1p)/(L+v+---+0v" ). Then the image of v in & is a primitive p’-th root
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of unity, which we rename to (. In this case, the residue field k& of & is the prime field
[F,, and the quotient field K of & is contained in C.

We denote by U¢ the quantum group U, ®qu) K = (U, @use Q(()) @q(ey K thus
obtained. The integral form Uy will be denoted by ﬁg.

1.2.1. The quantum case. The quantum case in this thesis refers to Us-mod, the
category of finite dimensional weight Uc-modules of type 1. We say a (weight) U,-
module M has type 1 if the central elements K?" act on M as an identity. The weight
lattice X (U?) for Uc-mod is identified with the weight lattice X (7') of G, whence we
write X for this common weight lattice. Then U;-mod is a highest weight category
with the poset X* of dominant weights. We denote its standard objects by A¢(y),
costandard objects by V¢(), simple objects by L¢(7), and tilting objects by X¢(7)
where v € X, Another important point is that U,, and hence Uy, is a Hopf algebra.
Thus, Us-mod has a tensor product. A general theory for U, is developed in [4]. See

also [1J.

1.2.2. The integral case. The integral version of the category Us-mod is ﬁg—mod,
the category of finitely generated (over &) weight (74—modules of type 1. As in the
algebraic group case and the quantum case, the highest weights of highest weight
modules are indexed by the dominant weights. Also as in the two cases, we have a

tensor product of ﬁc-modules using the Hopf algebra structure of ﬁg.

1.3. Reduction mod p. We explain how the integral case provides a direct connec-

tion between the representation theory of G’ and that of U;. Recalling
Ue/({Ka = 1}aes) ©0 k = Dist(G)

from [28], we see that a module M in ﬁg—mod “reduces mod p” to a module M @y k

in G-mod. (Note here that K, acts as 1 on the type 1 module Mk)
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We first relate the standard and costandard modules in G -mod and U;-mod. An
O-submodule M of a Us-module M is called an admissible lattice if M is O-free, (74—
invariant and K-generates M (i.e., M®y K M). The admissible lattice M has a
decomposition into weight -free modules such that Mv ®e K = M, for each v € X.
Choose a minimal admissible lattice ﬁg(fy) in A¢(y). This is done simply by picking
a highest weight vector v in A/(y) and letting KC(’y) = (747). For the costandard
modules, we dualiz this to take an admissible lattice 64(7) in V¢(vy) rather than

dealing with the problem of what is a maximal lattice. Then we have

Ak = Ac(w), Ve)k = Ve(v).

and

Ac(7)k = A(y), Ve = V(7).

(Write Mg == M ®y K, My := M ®¢ k for an &-module M.) So far we don’t get
any new G-modules. The irreducible Us-modules will give rise to the new modules of
our interest. Let’s do that.

Take a minimal admissible lattice Zgﬁn(fy) in L¢(7y) and its dual Z?ax(”y) in L¢(7)

(Note that L¢(7) is self-dual if we take the “7-dual”. See footnote (1)) Then define

A (y) i= (L2 (), rea(7) = (L)

These modules are not irreducible in general. In fact, they can be pretty big, as we

see in the second sentence of the following observation.

Proposition 1.1. Let v € XT. There is a surjective map A(y) — AX(y) (in
G-mod) for all r € N. It is an isomorphism if A¢(7y) = Le(y) (in U -mod).

We take the “r-dual” as in [16, 11.2.12]. The action of G on the dual module is twisted by the
antiautomorphism 7 : G — G that swaps the positive roots and the negative roots. See [16, 11.1.16]
for details on 7. Alternatively, we can use a linear dual in defining the maximal lattice as follows.
Since the linear dual of V(+y) is isomorphic to A(—wgA), where wy is the longest element in the finite

Weyl group W, we can let V() to be the dual of A(—wgy) in A¢(—woy).
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Proof. We may assume that Zgﬂin(y) = [7@ where 7 is the image of a highest weight
vector v in A¢(y) under the surjective map A¢(y) = L¢(7y). We also take zc(y) =

(741}. Now the map

A(y) —» I (y)

given by v — v induces the desired surjection
A() = A()

if we apply the exact functor — ®» k. The second claim is trivial. 0

Corollary 1.2. Forv € X, we have
A(y) = AF(y) = L(7)

and

L(7) = Viea(7) = V(7).

Proof. By Proposition and its dual, it is enough to check that A™*d(~) and V7 _,(7)

are not zero. But they arise from (nonzero) O-free lattices, hence cannot be zero. [

1.4. The affine case. Let g = gx be the Lie algebra associated to R. It contains a
Cartan subalgebra b, and a Borel subalgebra b D §. The affine Kac-Moody algebra g
is defined as g = (g ® K[t,t7']) ® Kc @ Kd. We do not give the multiplication here
but refer to [5, Ch.18]. Its (affine) Cartan is § = b & Kc ® Kd and the affine Borel
isb=bo g R tK[t] ® Kc & Kd. The category O for g is defined to consist of the
g-modules that are weight and locally b-finite. We denote this category O by O. The
algebra g is defined as g = [g,g]. We have g = g ® K[t,t7!] ® Kc. Denoted by O is
the category O for g.

The category O, as well as O, is a highest weight category (as in [6]). Since the

(integral) weight lattices X , for g and X for g are different from the weight lattice X
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for G and Uy, the highest weights for O, O live in different posets X +, X+ Therefore,
it should not be confusing if we denote the standard, costandard, irreducible objects
in O by A(®),V(v),L(®) with v/ € X+, the standard, costandard, irreducible
objects in O by A(Y"), V(+"), L(v") with ~" € X*. Though the notation is not very
satisfying for the moment, the distinction between the different cases becomes more
transparent when we replace 7' by 7 in and 7" by 7 in Part II (both defined in

terms of v € X).

1.5. Kazhdan-Lusztig correspondence. We quote Tanisaki’s summary in [42] of
Kazhdan-Lusztig’s work and refer the reader to the references therein. Consider Oy,
the category O for g at the level d, i.e., the full subcategory of O consisting of the
modules on which the central element ¢ acts as d € Q.

Let D be 1 for type A, D,,, E,; 2 for type B,,C,, Fy; 3 for type G5. Let g be the
dual Coxeter number, that is, the integer g — 1 is the sum of all coefficients of the

highest short root. The KL-functor
JOZ‘I : O,l/QD,g — Ug—mod

was defined by Kazhdan and Lusztig in [22] 23] 24]. Here [ = p” is the order of (.
It is often an equivalence of categories. In that case, .%#; maps standard, costandard,
irreducible modules to the standard, costandard, irreducible modules of the same
index (see [42] Theorem 7.1]). To be more precise, note that any v € X determines
v = v+ dx, a weight for O4, where y is the dual of the central element c. Fixing
d = —1/2D — g the standard, costandard, irreducible objects in O, are indexed by X

and denoted efficiently by A(%), V(7), L(7). If .%; is an equivalence, then we have

FIAMT) =Ac),  FAVA) =Vc(),  FAL7)) = Ld).

The following terminology will be useful.
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Definition 1.3. A positive integer [ is KL-good (for R) if the KL-functor .%; is an

equivalence of categories.

Some known conditions for [ to be KL-good are found in [42]. For type A, there
is no restriction. For other simply laced cases, [ is KL-good if it is greater than or
equal to 3 for D, 14 for Eg, 20 for E7, and 32 for Eg. In non-simply laced cases,
[ is KL-good above a bound depending on the type, but they are not known. See
also [27, Conjecture 2.3|, which suggests there is always an equivalence between the

quantum case and the affine case.

2. THE LINKAGE PRINCIPLE AND TRANSLATION FUNCTORS

2.1. Linkage on the weights. We have identified the weight lattices for the alge-
braic group case, the quantum case, and the integral case. This subsection defines
the affine Weyl group action and linkage classes on the common weight lattice X.
Consider the R-space X ®z R. For o € R and m € Z, denote by s, the reflection
with respect to the hyperplane in X ®7 R defined by the equation (A, a¥) = m. That
is,
Sam(7) =7 — ({(v,2”) —m)a

for v € X ®z R. Let W be the finite Weyl group of R. It is the reflection group

generated by the simple reflections:
W = (54 = a0 | @ € )
For any [ € 7Z, we define the affine Weyl group W; to be
Wi = (Sam | @ € R, meZ)=IZR xW.

Remark 2.1. The affine Weyl group in the quantum case (defined in [1]) is, in fact,
slightly different. Let [, :=

PRI d(i, =) for each o € R, where d, = (O‘éo‘). Then the affine
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Weyl group for the qunatum case is defined as
WDJ = <3a,mla ’ o€ R, m € Z)

Since we assume that | = p" is odd, we have s, 1, = Sam €xcept the case where
p = 3 and « is a long root in type G5. We denote this affine Weyl group by W,
(abusing notation in the Go situation above) in the thesis. See [15, §2.4.3] for a

remark regarding the dual root system.

Let p be the sum of all fundamental weights, or equivalently, p is the half sum of
all positive roots. We almost always shift the action of W, on X ®z R by p, that is,

we use the dot action given by

wy=w(y+p) —p

for w e W,y € X @z R.

The standard (antidominant) l-alcove is by definition
'C-i={yeX®,R| —l<{(y+pa’y<0forallac R}
We call each w.!C~ an (I-)alcove. We call each set of the form

F={yeX®@zR|l(ng—1) <{y+p,a”) <lIn, for all a € R} (F),

(y+ p,a”) =In, for all a« € R (F)}

an (I-)facet, where RT™ = R} (F) U R (F). Then the closure w.!C~ = w.!lC~ (for any
w € W)) is a union of facets and is a fundamental domain for the Wi-action. Given
v € X ®z R, there is a unique facet F' such that v is contained in the upper closure

r , where we define the upper closure of F' as

F={yeX®zR|l(ng—1) <{y+p,a") <Ing for all a € R} (F),
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(y+ p,a") =In, for all « € R} (F)}.

We write a weight v (i.e., an element of X) as w.\ for some w € W, and a unique

Xin !C, :=1C~ N X. (A more correct notation for this will be X7, but !C;, looks
better.) We call a weight v = w.\ regular if A € '{C~. We call v € X singular if it is
not regular. If v is dominant, the orbit containing v is represented by this A € {C~.
(X is not in X, but it does not matter.) The choice of w € W, is unique if and only

if X is regular. If \ is regular, this identifies X+ N W;.\ with the subset
WH={weW |wre X"}

of W,. For a general weight \, we have preferred representatives. Recall that W is
generated by the subset S;, which we choose to correspond to the simple reflections
through the walls of !{C~. Furthermore, (W;,S;) is a Coxeter system which has a
natural ordering and a length function [ : W, — Z. Let I := {s € S} | s.A = A},
Wr = (W) == {w € W; | wA = A}, and let W! = (W;)! be the set of shortest
coset representatives in W;/W;. Then for w € W;*, we have w € WY if and only if
w.A € ﬁct Now define

W) =W nwt.

We identify W;*()\) with the set of dominant weights in the orbit of A. The uparrow
ordering of X7 is defined to agree with the Coxeter ordering of W; (restricted to
W,H (X)) when restricted to W;"(A).A € X . (There is no order relation between two
weights from two different W, orbits.) See [16], 11.6, 8.22] for more discussions on this.

We call  subregular if X belongs to a codimension one facet in ‘{C—. The existence
of a regular weight is equivalent to [ > h, where h is the Coxeter number. For the

existence of subregular weights, we have the following elementary fact.

Proposition 2.2. [16, 11.6.3] Suppose a reqular weight exists, and l is not 30 if the
type of R is Eg; not 12 if Fy; not 6 if Gy. (These are the Coxeter numbers.) Then
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any wall of 'C~ contains a weight, that is, for any s € S; there exists v € X with
Staby, (v) = {e,s}. This is the case, for all types, in particular, if | > h is a prime

POWeEr.

2.2. The orbit decomposition. Now we consider the categories G -mod, U;-mod,
and ﬁg-mod. Take | = p when we are in the algebraic group case. Take [ = p” when
we talk about the other two cases. By the linkage principle [16 I1.6], [4, §8], the
G-modules and Us-modules decomposes into the submodules (which are summands)
whose composition factors have highest weights in the same Wj-orbits. Using our

notation, we can write this as the decomposition

G-mod = P (G-mod)[W;* ().1]

nercy,

and

Uc-mod = @ (Ue-mod)[W;* (1).4.
pelCy
(Given a highest weight category C with a poset A and an ideal ' <A, we set C[T'] to
be the Serre subcategory of C generated by the irreducibles in {L(7)},er. See §4.1
for more details.) We call the category summand (G -mod)[W;* (11).u] the orbit of p

in G-mod (similarly for orbits in U, -mod).

2.3. Translation functors. We simultaneously define the translation functors on
G -mod and U;-mod. Denoted here by C’ is either G-mod or U;-mod. To specify
and emphasize the tensor structure, we say here that we are taking either (C’', ®) =
(G'-mod, ®y) or (C',®) = (Uc-mod, ®k). Let C, be the orbit C'[W;"(u).u] for each
e @. Set [ = pif C' = G-mod and | = p" if C' = U;-mod. When denoting the
distinguished objects in C’, we use the notation with not subscripts (the algebraic

group notation). For example, by A(y) we mean A(7) if ' = U, -mod. We have the
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projection
Y /
pr,:C —C,

of C' to the orbit of u. Now fix two weights A\, u € @. The translation
Ty :C, — C)

is defined as

(2.3.1) T = pr,(— ® A(v)),

where v is the unique element in W(u — A) N X*. (We can of course define the
translation to be an endofunctor on C’ as TY' = pr,(pry(—) ® A(v)). This is what

Jantzen [16, I1.7] does. The translation functors in the quantum case appear in [4].)

Remark 2.3. Replacing A(v) by L(v) or V(v) in (2.3.1)) yields the same translation
functor. In fact, (2.3.1) only depends on the extremal weights of A(v).

The translation functors form adjoint pairs (7%, T/f) and (T/;\, T}'), are exact, and
preserve projectives (if exist) and injectives.
The functors T3 and T :‘ are better studied in case p is in the closure of the facet

containing A. Assume that this is the case. We keep this convention throughout the

thesis. Set
(2.3.2) I={se S |sA=X}, J={seS|su=u}

Then W; = Staby,(X), W; = Staby, (1) are the Coxeter subgroups (parabolic sub-
groups) in W, generated by I and J respectively. Our convention can now be expressed

simply as I C J.

Proposition 2.4. Let y € W' (n). In particular, y.u is in the upper closure of the

facet containing y.\.
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(1) T{A(yz.\) = A(yz.p) = A(y.p), for any x € W.
(2) T)A(y.p) has a A-filtration whose sections are exactly A(yxz.\) where each

x € Wy /Wy occurs with multiplicity one, and we have
hd(T)A(y.p)) = L(y.A).

(3) T{'L(y.\) = L(y.p), and TXL(yz.\) = 0 for any nontrivial element x €
W, /Wi,
(4) [T)L(y.p) - L(y.N)] = W, /Wi, and we have

hd(T:L(y.,u)) = L(y.\), SOC(T:\L(y.Iu)) = L(y.\).

(5) T¥X (ywy.\) = X (y.p)®Wr/Wil where wy is the longest element in W.

(6) T2 X (y.p) = X(ywy.\), where wy is the longest element in W.

Proof. See 16| 11.7.11, 7.13, 7.15, 7.20] for (1)-(4) and [16, II.E.11] for (5),(6). They
are stated and proved in the context of algebraic groups, and some of them are less
general. But all of them are proved in the same way for the quantum case and in the

generality of the statement. 0

3. THE LUSZTIG CONJECTURES

3.1. Weyl’s character formula. Consider the group algebra Z[X] of X. It has a
basis {e(7)},ex with the multiplication e(vy)e(y’) = e(y +4/). For v € X, the Weyl

character

 Ypew det(w)e(wy +wp) Y, oy det(w)e(w.y)
(3.1.1) X(7) = e = S e tw 0]

is defined as an element in the fraction field of Z[X]. This element, while written as

a fraction, belongs to Z[X]. We have for each w € W and v € X,

(3.1.2) X(wy) = det(w)x(7)-
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If v € X, the formula (3.1.1)) gives the characters of standard and costandard

modules in many module categories, including G -mod and U -mod. That is, we have
(3.1.3) chA(7y) = ch V(7) = ch A¢(y) = ch Ve(7) = x(7).

See, for example, [10, 11.5.10].

3.2. Lusztig’s character formula. Let P,, € Z[t,t7'| be the Kazhdan-Lusztig
polynomial defined for each z,y € W,. The polynomial P,, is, in fact, in Z[t*].
Assume for the moment that A € 'C;. As conjectured by Lusztig, the characters of

irreducible Us-modules in the orbit of A are given by the Lusztig character formula
(3.2.1) ch Le(wA) = 3 (=10 p, L (<1)x(y.0),
yEWlJr

assuming [ is KL-good. This follows from the Kazhdan-Lusztig correspondence since a
similar character formula in the affine case is proved by Kazhdan-Lusztig [21], Lusztig
[29] and Kashiwara-Tanisaki [17, [18]. See [16, II.H.12] for details and more references.

Lusztig has also conjectured that the characters of irreducible G-modules of small

highest weights are given by the same formula, that is,

(3.2.2) chL(wA) = Y (=1 P, ,(~1)x(y.\).

+
yeWw,;

By “small highest weight”, we mean w.\ is in the Jantzen region
Cian = {N € XT| (N +p,a) <plp—h+2), Va € R}.

This condition arises from the difference between the Steinberg tensor product theo-

rems in the quantum case (with » = 1) and in the algebraic group case. Compare

(3.2.3) L(vo + p71) = L(70) © L(pm) = L(70) © L()™
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and

(3.2.4) L¢(yo + 1) = Le() © Le(Im) 2 Le(7o) @ V ()M,

where y9 € X7 :={y € X | (y+p,a") <, Yaell}, v € XT. (Herel =p.) We
need to explain the terms: The Frobenius twist —[* for G is equivalent to the map
f + f? on the coordinate algebra k[G]. (See [16, 1.9,11.3].) The Frobenius twist —
for U, (see [16, II.H.6]) is of a different nature because it is a map between U, and
U(g) the universal enveloping algebra of the Lie algebra g = g. Since the field K is
of characteristic zero, the Weyl module V' (7,) for g is irreducible and has the Weyl
character x(v).

One now sees that the irreducible characters need to be different for the two cases
when v; above is such that ch L¢(71) # x(71)(= ch A¢(71)). The Jantzen region is
where the weight ~; is in the bottom dominant alcove, which is an obvious sufficient
condition for A¢(71) = Le(711) = Ve(v1). The tensor product theorem (3.2.3), how-
ever, provides all irreducible G-characters if we know the irreducible G-characters in
the region Xj.

The Lusztig conjecture for the algebraic group case is proved for p > 0 by Andersen-
Jantzen-Soergel [2] (explicit but very large bounds later given by Fiebig [13]). But
for smaller (yet, possibly, very large) primes, the Lusztig conjecture has many coun-
terexamples found by Williamson [43]. Riche-Williamson [39] then formulate a new
conjecture, which they prove for type A. We don’t state here the new conjecture
which involves the p-Kazhdan-Lusztig polynomials.

For singular weights, one can use the translation functor from a regular orbit to

a singular orbit. Applying the exact functor T} to (3.2.1), (3.2.2)), Proposition

(1) provides the irreducible character formula for a general dominant weight w.u
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(u €1C—, w e W, (1)) as an alternating sum of the regular character formula:

(3.2.5) ch Le(w.pe) Z Z TP w(=1)x(y. 1)

yeW," (u) T€WI

(3.2.6) chL{wp) = D > (=1 P (= Dx(y.p)

yeW, () *€WI

The formulas (3.2.5)), (3.2.6) are, therefore, valid whenever (3.2.1)), (3.2.2)) are valid.

4. FINITE DIMENSIONAL ALGEBRAS

4.1. Highest weight categories with finite posets. Given a highest weight cat-
egory C" with poset A, a truncation C = C'[I'] by a poset ideal ' C A is defined to be
the Serre subcategory of C’ generated by {L(v) | v € I'}. Its objects are those with

composition factors of the form L(y), v € I'. The category C satisfies
(4.1.1) Exts(X,Y) = Extg (X, Y)

for XY € C by the general theory of highest weight categories [6, Theorem 3.9].
This justifies our (abuse of) notation Exté(X,Y) := Extg(X,Y) when XY € C =
G-mod[I'] for some 'AX™, Exty (X,Y) := Ext¢(X,Y) when X, Y € C = Uc-mod([I],
etc.

It is also a general fact from Cline-Parshall-Scott [6] that the highest weight cate-
gory C with the finite poset I is equivalent to A-mod, the category of finite dimensional
modules over some finite dimensional algebra A. Another way to say that C = A-
mod is a highest weight category is to say that A is a quasi-hereditary algebra. We
apply this to the case ' = G-mod and U;-mod. Let I' < X be finite. There is a
finite dimensional (quasi-hereditary) k-algebra A such that A-mod is equivalent to
(G-mod)[I']; there is a finite dimensional K-algebra A. such that A.-mod is equivalent

o (Us-mod)[I']. We denote the standard, costandard, irreducible A-modules (resp.,
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Ac-modules) by the same notation as when we are in G'-mod (resp., U, -mod). Trun-
cation with a finite ideal further provides finite dimensional projective A-modules
which did not exist before we truncate. We denote by P(7) the projective cover of
L(vy) in A-mod and by I(v) the injective envelope in A-mod of L(v) with v € T.
Similarly, P.(y) and I;(y) denote projective and injective As-modules. (These exist
already in U, -mod.)

The Kazhdan-Lusztig correspondence identifies the algebra A, with a certain finite
dimensional algebra arising in a similar way in the affine case. In the affine case, we
have standard Koszulity (of the finite dimensional algebras associated to truncations
of the affine category O) as proved by Shan-Varagnolo-Vasserot [40]. The standard
Koszul grading then is carried over to the quantum case to grade the algebra A; (see
37, §6]).

We want to relate the two algebras A and A¢ as we did in §1.2.2] §I.3] The integral
case corresponds to an algebra A which is a free #-module of finite rank. We can

and do choose the algebras A, ﬁ, A¢ so that

(4.1.2) A¥A®yk  and A Y A®, K,
where the 0-algebra A corresponds to (NJC. For example, take A. as a quotient of the
algebra U, and let A be the image of (~]< in Ac. We also see that A-modules reduces

mod p to A-modules as ﬁc-modules reduced mod p to G-modules.

By §2.2] we have

(4.1.3) A= P 4, Ar = @Ag‘.

= T
nerCy, puerCy,

Here it should be clear what the algebra summands are: For example, A*-mod is
equivalent to (G -mod)[I' N W,,.u]. The translation functors in G-mod and U, -mod

give translation functors for A-mod and A;-mod.
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We may assume that I' is chosen to make the poset ideal of A*-mod compatible

with that of A*-mod for any two weights A, u € »C;. By compatibility we mean that
the translations between A*-mod and A*-mod satisfy Proposition . For example,
we take I' to satisfy ' N W, A = {w. A | w € W w < vwp} for some v € W (p) :=
W+ N WY, where wy is the maximal element in the finite Weyl group W. Letting \
be regular, I' is determined by this condition, so we may assume this to be the poset

ideal we use.

4.2. Forced grading and three conjectures of Parshall-Scott. The setting
enables us to define a new graded algebra associated to the algebra A. We
introduce some of Parshall-Scott’s works on this “forced grading” method. The forced
grading comes from the natural grading on A¢, where ( is a p-th root of unity. The

definition goes as

grA = EB (ANrad” AC/ZH rad”*! Aoy

neZZO

In other words, grA is the associated graded of the filtered algebra A, where the
filtration is {F, = (ANrad” A¢)r}. We emphasize here that we do not know whether
the algebra A itself is graded (i.e., grA = A). By the decomposition (4.1.3)), the
forced graded algebra grA decomposes into grA* where A runs through the weights
in PC—.

We restrict ourselves to the case r = 1, (i.e., ¢ is a p-th root of unity) and assume
that p is KL-good in this subsection. (All three conjectures from [36] does assume

this.)

4.2.1. The first conjecture of Parshall-Scott in [36] expects grA to be standard Q-

Koszul.
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A positively graded finite dimensional k-algebra B is called Q-Koszul if the grade

zero part By is quasi-hereditary and
(4.2.1) exts (A%(y), Vo(7/'){m)) =0 for all 7,7 € T unless n = m,

where I" is the poset for the highest weight category B-mod, extp(—,—) is the Ext
in the category of graded B-modules, A%(y) (resp., V(7)) is the standard (resp.,
costandard) By-module of highest weight v € T viewed as a graded B-module con-
centrated in grade 0, and (m) is the grade shift by m € Z. A positively graded

quasi-hereditary algebra B is called standard Q-Koszul if it satisfies

extB(A(y), Vo(y')(m)) =0 for all 4,4 € T unless n =m,
(4.2.2)

extB (A (), V(¥)(m)) =0 for all 4,7 € T unless n = m,
where A(7) (resp., V(7)) is the standard B-module whose head (resp., socle) is in
grade 0. Note that the grade zero part of a positively graded quasi-hereditary algebra
is quasi-hereditary. A standard Q-Koszul algebra is Q-Koszul. A standard Koszul
algebra is standard Q-Koszul; a Koszul algebra is Q-Koszul. (For Koszul and standard
Koszul, We use the definitions that require the algebra to be finite dimensional.) We
refer the reader to [36] for further discussion.

Assuming ) is regular and p > 0, the standard Q-Koszulity of grA* is proved
in [35]. As another nontrivial example, the forced grading on the Schur algebra
S(5,5) for p = 2 is standard Q-Koszul [36, §6]. The standard (resp., costandard)
modules in (grA*)p-mod are the reduction mod p modules A™(v) (resp., Viea(7)).
More generally for p > 2h — 2, [32] proves that (grA?)y is quasi-hereditary (the
reduced modules playing the role of standard/costandard modules in the highest

weight category (grA*)p-mod), where X is still regular. In fact, what [32] proves is
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that the algebra
grAt = @(Z)‘ Nrad” Aé/ﬁA Nrad™*! Aé)

n>0

is integral quasi-hereditary. See [38, Corollary 3.2].
4.2.2. The second conjecture [36, Conjecture II] says:

dimg Exty (Ac(w.A), Le(y.-A)) = dimy, Extg(A(w.A), Viea(y-A)),
(4.2.3) dimg Exty (Le(w.A), Ve(y.A)) = dimy, Ext?(A™ (w.\), V(y.)\)),

dimje Extp (Le(w.)), Le(y-A)) = dimy Extg (A (w.X), Viea(y-))),

where \ € @ and w,y € W;F(A). Here A™%(w.)\) is an abbreviation for Aj™(w.\)
and V,.q(w.)\) is an abbreviation for V},(w.\).

The conjecture is, in fact, stated in terms of the finite dimensional algebras in [30],
Conjecture I1] (that is, the Ext-spaces are Exty, Ext,  in [36]), and is closely related
to the forced grading on the algebra A. If p > 0, then the conjecture is proved by
Cline-Parshall-Scott [9]. The condition on p, as one expects, comes from the Lusztig

conjecture on algebraic groups.

4.2.3. Then, the third conjecture [36, Conjecture III] provides explicit formulas for
the left hand sides of (4.2.3)):

> dim Extyy (Ac(yA), Le(w )" = Y (=1)@de@-1ip,

n=0 zeWy

S dim Extyy (Ac(y-A), Le(w )" = Y (=1)@g@-tip,

n=0 zeWy

S dimg Extyy (Le(w), L(y )t = 3 (1)@ @0w20p, B,

n=0 2EWT(N)
z,x' Wy
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for y,w € W (A), where P, (t) = P,

y7w

(t71). Rather than discussing it further here,

let us move on to Part II where we prove the conjecture.



28
Part [I. Ext computations in the quantum case

We are now in the quantum case. Though the setting of the thesis is | = p",

everything in this part works for any (KL-good) integer ZE|

5. KAZHDAN-LUSZTIG THEORY IN REGULAR BLOCKS

We start the part with recalling some known facts in regular blocks. Suppose [ is
KL-good for the root system R. A consequence of is the dimension formula for
certain cohomology in a regular block.

Let P, € Z[t,t™'] be the Kazhdan-Lusztig polynomial associated to z,y € W,.
Take A € 'C;;. Then we have

(5.0.1) > dim Ext} (Ac(y.A), Le(w )" = @@ P, ,

n=0
for all y,w € WT(A\)(= W', since A is regular). The bar on the polynomial is the
automorphism on Z[t, ¢~ '] that maps ¢ to ¢ 1.

The formula follows from the Lusztig character formula by a chain
of equivalent conditions [16], II.C], independently to the KL-good assumption.

While the character formula in singular blocks readily follows by translating from a
regular block (see , the homological information does not translate easily between
regular and singular orbits. This is because we cannot determine how to “sum” the

formula (5.0.1). We need a certain parity vanishing property to make it work.

6. MORE ON THE TRANSLATION FUNCTORS

We prove some more properties of the translation functors that are important in
the proof of Theorem [8.10L Most statements (all except the last proposition) in this

section are valid both in the algebraic group case and in the quantum case for any

2Note that [4] assumes that [ is an odd prime power, but the restriction is unnecessary since we have
the linkage principle for all [ [I]. See also [I5), §2.5].
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positive integer [. We drop the subscript ¢ from the notation whenever that is the

case.

Proposition 6.1. Let A\, v, € 'C;, be such that v is contained in the closure of the
facet containing X\, and p is contained in the closure of the facet containing v. Then

for any y € W+, THA(y.p) = TITY A(y.p).

Proof. Let I,.J as in . We may assume that y € W7,

Consider the tilting module X (yw;.\). We check that T)A(y.u) and T)Ty A(y.p)
are both submodules of X (yw;.A). Since A(y.u) is a submodule of the tilting module
X(y.p), by exactness of translation T)A(y.u) is a submodule of T} X (y.u). But
T7X(y.p) is isomorphic to X (yw;.A) by Proposition (6). For the same reason
T)T/A(y.p) is a submodule of T)T X (y.ir). The latter is isomorphic to X (yw,.\),
applying Proposition (6) twice.

Now note that T)A(y.u) and T)TyA(y.uu) have A-filtrations with the same set of
sections, i.e, for each x € W1 = W! N Wj the section A(yx.)\) appears exactly once.
It remains to show that there is only one submodule in X (yw;.\) which has such a
A-filtration.

We first determine which standard modules appear in a A-filtration of X (yw,.\).
The module X (y.u) has a A-filtration exactly one of whose sections is isomorphic
to A(y.p). Any other A(z.u) appearing in the filtration satisfies z < y. Translating
to the A block gives the multiplicities of all A(y) in a A-filtration of T} X (y.u) =
X(ywy.A) in terms of the A-multiplicities of X (y.u). By Proposition [2.4(2), the
multiplicity of A(zz'.\), for each 2/ € W; N W in a A-filtration of X (yw;.\) is
the same as the multiplicity of A(z.u) in a A-filtration of X (y.u). Since A(y.u) %
A(z.p) implies zZW,; NyW,; = 0, we have in that case A(ya’.\) 2 A(zz”.\) for all
za' € 2W; # yW; > za”. Therefore, each A(yax’.\) for 2’ € W;NW! appears exactly
once in the A-filtration of X (yw;.\).
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Suppose M, M’ are two submodules of X (yw;.\) which have A-filtrations with the
same set of sections {A(yz.A)},ew1. The proposition is proved if we show M = M".

The weight yw ;.\ is maximal in M, M’ and X (yw;.\). Also, yw;.\ appears with
multiplicity one in all three modules. Hence M and M’ contains the unique submodule
of X(ywy.\) isomorphic to A(yw;.\). Then M/A(yw;.\) and M'/A(yw;.\) are
submodules of X (yw;.\)/A(yw;.\). Here, each ywys.\ for s € J is maximal with
multiplicity one. In this way, we can show that M N M’ has a A-filtration with
sections {A(yz.A)}pewr. So M = M. O

Composing two opposite translation functors, we get an endofunctor TST/(‘ :Cy —
C\. In a special case where \ is regular and p is subregular, the functor T:‘Tf is
commonly called the s-wall crossing functor and denoted by O, where s is the unique
nontrivial stabilizer of p.

Let A be regular, and consider the module T,T{'A(y.)). By Proposition .(2),

there is a filtration

TIT{A(yA) =VoD ViD= DV, =0
such that V;/Viy1 = A(yz;.A). Then {zg =e,--- ,x,} = W;/W}. Since
(6.0.1) Exts (A(v), A(V)) =0 for v £ v/,

we can arrange the filtration in a way that {(z;) < [(x;41) holds. Now consider the
subfiltration

TIT{A(yN) =Uy DU D--- DUy =0

of {V;} where the i-th section contains all A(yz.\) with I(z) = i. Using (6.0.1) again,

we have

Z(I):i,IGWJ/W[
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For example, if W;/W/ is the symmetric group Ss, then the filtration is illustrated in

the following picture.

Uo A(y-N)

Ur A(ys\) Alyt.\)

U2 A(yst\) Ayts.\)

Us A(ysts.\)

The filtration {U;} is maximal, in some sense, among the filtrations of T)T{'A(y.\)
whose sections are direct sums of standard modules. To say in what sense it is so, we

prove the following lemma.

Lemma 6.2. Let A € 'C, =!'C~NX, u € E, and J be as in (2.3.2). Then
O:A(y.)\), whenever defined, is a subquotient of T:‘TA”A(y.)\) for anyy € Wt x €
Wy, s e J.

We actually state and prove the lemma more generally. The only difficulty it adds
is notational. We generalize the s-wall crossing functors to define the facet crossing
functor @5\ = le\Tf with I, J as in . This is compatible with the wall crossing
functor notation as 4 = @?s}. This notation is useful here because there are many
different facets in play. In the other sections we will go back to using T;)T;f . Note
that the functor ©7, is defined for J' C J \ I if and only if there exists a weight v
such that {s € S; | s.v = v} = I UJ". For the wall-crossing functors as in Lemma

[6.2] this is always the case by Proposition 2.2

Lemma 6.3. Let \,pu, I C J as in (2.3.2). For any J' C J\ I, y € W, the module
©5,A(y.\), whenever defined, is a subquotient of O, | A(y.\) = TyT{A(y.A).
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A less formal but more illustrative way to state the lemma is to say that the facet
crossings of a standard module are realized in a deeper facet crossing (of the same
standard module).

We provide a simple example as another illustra-
tion. Let R be of type A, I = 0 and J =
{s,t} < S (i.e., X\ regular, pu subsubregular). Then
for any y € WY, the module T)T{A(y.\) has six A-
sections. They are A(y.\), A(ys.\), A(yt.\), A(yst.\),
A(yts.\), Aysts.\) = A(ytst.\). The lemma shows
that ©,A(y.\) = O;A(ys.\), O:A(y.\) = O,A(yt.\),
O:;A(yt.\) = O;A(yts.\), ©,A(ys.\) = O;A(yst.\), O;A(yst.\) = O;A(ysts.\),
O, A(yts.\) = ©,A(ytst.\) are subquotients of T)TYA(y.\).

Proof of Lemma[6.3. Suppose ©7, is defined, that is, there is a weight v such that
{se€ S |sv=v}=TUJ. Since A(y.v) is a subquotient of T/ A(y.u), T)A(y.v) =
©,A(y.\) is a subquotient of T)T”A(y.xs). But by Proposition T)TYA(y.p) is
isomorphic to T2 A(y.u) = O 1Ay ). O

Let A, p, J be as in (2.3.2]) with X regular (that is, I = ().

Corollary 6.4. Let y € W (u). Then © ;A(y.\) = T)TYA(y.\) has a filtration each

of whose sections is isomorphic to O;A(yx.\) for some s € J, x € Wj.

Proof. By Proposition 2.2 for any s € J the functor O, is defined on C. We can

construct a desired filtration using Lemma [6.2] O

The following corollary explains the “maximality” of the filtration U;.

Corollary 6.5. We have for all i

(6.0.2) hdU; = € Lyz.n).
l(z)=i, zeW
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Proof. By construction, the head of U; contains all L(yx.\) for [(x) =i, € W;. This
shows the “D” part. Since the head of any ©;A(y) is irreducible, Lemma [6.2] shows
that it does not contain anything other than those irreducibles. This shows that the

inclusion “D” is an equality. O

In the quantum case when [ is KL-good, we further have the following. It requires

the Lusztig conjecture and its consequences.

Proposition 6.6. For each i, we have

(1) U; C rad’ T)TY Ac(y.N);

(2) rad U; = rad™ T)T{ A (y.A) N Us.
In other words, the submodule U; of Uy = Tl;\Tf\‘AC(y.)\) has its head in the i-th radical
layer rad’ TXTY Ac(y.A)/ rad™ TOTY Ac(y.A) of TXTY Ac(y.\).

Proof. This is clear by Corollary (6.5 and the fact that the A¢-sections in TQT/(L Ac(y.N)
extends at their heads, that is,
603 Exty, (Ac(yas.A), Ac(yz.N)) < Ext} (Le(yws.\), Ac(yz. )
5 Ext[lJC(LC(yxs.)\), L¢(yx.N)),
where s € J, xs < x € W;. Here the first isomorphism is induced by the nonzero map
A¢(yxs.N) = L¢(yrs.\) and is a consequence of the Lusztig character formula. See [7,
Theorem 4.3]. The second isomorphism is induced by the nonzero map A¢(yxz.\) —
L¢(yx.)\) and is a general fact, which also tells us that the Ext spaces in are
one dimensional. See for example [16, 11.7.19 (d)]. Jantzen’s proof for G-modules
works the same for Us-modules.
We provide, nevertheless, a more formal proof. We prove (1), (2) together by
induction on 7. If 4 = 0, then
(1) Up = TPTY Ac(yA) = rad’ T) T A (y.0);
(2) rad Uy = rad T, T\ A¢(y. ) = rad Ty T A (y.A) N Up.
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Now suppose (1), (2) is true for i —1. By Corollary[6.5 we have U; C rad U;_;. And
induction hypothesis U;_1 C rad’ T)T{' A¢(y.A) implies rad U;—y C rad™ T Ac(y.\).
Thus (1) holds for U;. The inclusion rad U; C rad"** TYTY Ac(y.A) N U; in (2) now
follows from U; C rad’ T)T} A¢(y. ).

For the other inclusion in (2), suppose for contradiction that
rad U; 2 rad™ T,;\Tf\‘AC(y.)\) NU;.

This means that there is a surjective map f : U; = A¢(yz.A) for some x € W; whose
restriction to U; N rad™! T,;\T/’\‘ Ac(y.A) is still surjective. We call the restriction f’.
Now recall the Ac-filtration {V;} of T2T{'Ac(y.A). Take j to be such that V; = U.
Pick s € J with xs < x. We may assume that (switching the order of the filtration if

necessary) there is a short exact sequence
0—=>U, =V, = Vi1 = Ac(yzrs.\) = 0,

and by Lemma there is a surjective map ¢ : V;_1 = ©,A¢(yx.\) whose restriction
to U; is the map f. By , there is a map h : ;A (yxz.\) - N, where N
represents a nontrivial element in Extbc(LC(ya:s.)\), L¢(yx.\)), and the restriction of
h to the submodule A/(yz.\) C O,A;(yz.A) has image (isomorphic to) L¢(yz.\).
Thus h o g is surjective and h o f, ho f’ have image L;(yz.A) C N. But this implies

that the map h o g induces the following two surjective maps
Vioy Nrad T)T{ Ac(y.\) = N/L¢(yx.))

and

Vion Nrad ™ TOT{ A (y.A) — N/L¢(ya.N),

which is a contradiction. This proves (2) for U; and completes the induction step. [
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7. GRADING AND PARITY VANISHING

This section is devoted to proving some lemmas in a more general setting of graded
and ungraded highest weight categories and their derived categories. To apply these
lemmas to U; -mod, just let the length of the weight w.u (w € W', u € @) be the

integer I(w). We call w.p even if I(w) is even, odd if [(w) is odd.
7.1. Parity vanishing. Let D be a triangulated category.

Definition 7.1. Let A, B be classes of objects in D.

(1) We say A is (left) B-even (respectively, B-odd) if Hom% (X, Y) = 0 for all odd
(resp., even) n and all X € A, Y € B. Then A is said to have (left) B-parity
if it is either (left) B-even or B-odd.

(2) We say A is right B-even (resp., B-odd) if Hom% (Y, X)) = 0 for all odd (resp.,
even) n and all X € A, Y € B. Then A is said to have right B-parity if it is

either right B-even or right B-odd.

Note that A is B-even if and only if B is right A-even. In case A = {X}, B ={Y},
we simply say that X is Y-even if Homjp,(X,Y) = 0 for all odd n.

Proposition 7.2. Let
X X - X"—

be a distinguished triangle in D. If X' and X" are Y -even, then X is Y -even. If X'
and X" are Y-odd, then X is Y -odd. The same is true for right Y -parity.

Proof. This is obvious applying Hom(—, Y") and Hom(Y, —) to the distinguished tri-

angle. 0
Definition 7.3. Let A be a class of objects in D. We define the even closure of A as

FA:={X €D | X is A-even}.
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Similarly we define the right even closure as
AF .= {X € D| Ais X-even}.
For an object Y € D, we set £Y := E{Y} and Y := {V'}E.

Remark 7.4. We identify a class A with the full subcategory of D with objects in A.
Though E—, —F are not functors, their images are to be seen as full subcategories of
D. By definition the closures are strict subcategories (i.e., a subcategory such that all
objects isomorphic to one of its objects belong to it) that contains 0. By Proposition

[7.2] they are also closed under extension.

Proposition 7.5. Let A C B be classes of objects in D. We have

The same relations hold for the right closure.

Proof. (1), (2), (3) are immediate from the definition, and (4) follows from (3). O

It is not true in general E(AF) = (EA)E. An easy example is found when D a
derived category of a highest weight category: Take A to consist of a single standard
object.

The proof of the following proposition is left to the reader.

Proposition 7.6. Let D, D' be triangulated categories and A be a class of objects in
D, B be a class of objects in D'. Let L : D — D’ be a functor and R : D' — D be its
right adjoint. Then

(1) (LA)E = R7(A").

(2) E(RB) = L™("B).
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Example 7.7. Consider D = D*(Ug-mod). Let F be a facet in IC~ and A € F N X.
Suppose 1 is a weight in F'\ F. Let M € (U;-mod)[W;".u] € D. If T)M € &R
(defined in §7.2)), then M = 0.

This is proved as follows. By Proposition and Proposition below, we have

(TNE)" = (T) 7 ((&)F) = (T) €™

But since

TYA(y-N)[Uy) + 2m] = A(y.p)[l(y) + 2m],
TYA(ys \)[(y) + 1+ 2m] = A(y.p)[l(y) + 1 + 2m)]

fory € W7, s € J\ I, m € Z, all shifts of A(y.u) for all (dominant) y.u belong to
TYEE. So if T:‘M € & then Hom™(A(y.u), M) = 0 for all n, which implies M = 0.

7.2. Parity vanishing in a highest weight category. Let C be a highest weight
category with a finite poset A of weights. It has standard objects A(\), costandard
objects V(A), irreducible objects L(A) for A € A. We sometimes call the objects in C
modules. Let us also assume that Ende(L()\)) is one dimensional for all A € A. Take
the bounded derived category D(C). An object in C is identified via the obvious
inclusion C — D’(C) with an object in D°(C) concentrated in degree 0. Note that for
X,Y € C, we have Extg (X, Y) = Hompe ¢y (X, Y[n]). We omit the subscripts and use
the notation Hom"(—, —) = Hompyc)(—, —[n]).

We further assume that the set A is equipped with a length function [ : A —
Z. Set & to be the full subcategory of D°(C) whose objects are the direct sums
of VIA[I(A) + 2m] for A € A, m € Z. Then &; is defined inductively as the full
subcategory of D?(C) such that

X € & & 3 a distinguished triangle X' — X — X" — with X' € §_,, X" € &,.
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Set € to be the union |J; &. This is by construction a subcategory of £ defined

in [7], whose defining condition is
X € & < 3 a distinguished triangle X' — X — X" — with X', X" € £,

with & = E. In fact, it is implicit in (the proof of) the recognition theorem [7, (2.4)

Theorem] that £f = €. We make it explicit.

Proposition 7.8. Let A be a class of objects in D*(C). Then the following conditions

are equivalent.

(1) AcC &R

(2) AcCE.

(3) For each X € A, we have Hom"(A(N), X) = 0 for all X € A and all integers
n # (X)) mod 2.

Proof. 1t is enough to consider the case in which A consists of a single object X.
The implications (2) = (1) = (3) are clear. (3) = (2) is the only nontrivial step.
Although it is proved in the proof of [7, (2.4) Theorem|, we provide a full proof
because it contains an important construction.

Suppose Hom"(A(N), X) = 0 for n # [(A) mod 2. Let Yy = X. We show that
we can construct Yy, - -+ ,Y; € DY(C) inductively. It is enough to show that we can
find a distinguished triangle Y;11 — Y; — V(\;)[n;] — such that (i) n; = [(\;) mod
2; (ii) the cohomology H*(Y;s1) has composition factors with lower highest weights
compared to the composition factors in H*(Y;) (the meaning of this condition will
become clearer in the course of the proof); (iii) Hom"(A(X), Y;41) = 0 forn =1(\)+1
mod 2. Pick a maximal weight \; among the highest weights of the composition factors
in H*(Y;). Say it is in H™(Y;). Since \; is maximal, by universal property of V(\;),
there is a nonzero map from H™(Y;) to V();). This map lifts to a morphism from

Y; to V(\;)[n;] in the derived category D?(C). So we get a distinguished triangle
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Yii1 = Y — V(\)[n] —. Since we took a map to V(\;) whose preimage contains a

composition factor of H*(Y;) isomorphic to L(}\;), we have
[H* (Vi) : LON)] < [H*(Y3) : LA,

and all the other differences between H*(Y;) and H*(Y;;1) involve only the compo-
sition factors in V(\;)/L(\;) which only has weights lower than );. Thus we have
the condition (ii). Since Hom"(A()\;),Y;) = 0 for n = [(\;) + 1 mod 2, the n; should
satisfy the condition (i). Finally (i) and the right A(\)-parity of Y; implies (iii). O

Remark 7.9.

(1) In fact, the construction of the distinguished triangle in the proof does not use
the right A(X)-parity of X. The same induction in the proof works removing
the conditions (i), (iii). This shows that all complexes are filtered by shifts of
costandard modules. A complex belongs to the category £ when there appear
the “correct shifts” only. For example, let C be (a truncation of) G-mod or U,-
mod with [ > h. So 0 is a regular weight, and L(0) = A(0) = V(0). Denoting
by s the reflection through the upper wall of C', we have short exact sequences
0 — L(0) — A(s.0) — L(s.0) - 0 and 0 — L(s.0) — V(s.0) — L(0) — 0
of Us-~modules in the orbit of the weight 0. Then A(s.0) is not in £F, even up
to shifts, because both V(0) and V(0)[—1] appear when one applies the above

construction of distinguished triangles:
V(0)® V(0)[—1] = L(0) ® L(0)[-1] =2 Y] — Yy = A(s.0) = V(s.0) —,
V(O0)[-1] =Y, =Y, — V(0) —,

0=Y; =Y, —» V(0)[-1] —.

(2) If the Y;, A;, n; are as in the proof, the character of X is given by ¥;(—1)"[V(\;)].
By (1) this is true for any X € D°(C). Then X is in £¥ if and only if there is no
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cancellation in the character formula. In the example above, V(0) and V(0)[—1]
cancel each other in characters, hence are invisible in the character formula.

The construction of “realizations” in the proof can be used in describing birth
and death of extensions. Suppose N € £% and Y, is a sequence of distinguished
triangles as above that realizes N. Then the “difference” between each adjacent
terms in the sequence {Hom*(M,Y;)}; is Hom®*(M, V(A;)[m;]). Further descrip-
tion involves many uncertainties, since usually do not know Ext®*(M, V(X)) or
the induced maps between Ext spaces. But, for example, if M = A()\), then
we know everything: {Hom®(M,Y;)}; increase at i in degree m; when \; = \.
More generally, suppose M has a A-filtration such that no A()\) appears in
the filtration more than once. (We are thinking of the wall-crossing module
T)TYA(N) in G-mod or in Uc-mod.) Then Hom®(M, V(\;)[m,]) is zero ex-
cept in degree 0 where it is either zero or one dimensional. Once we know
these homomorphisms, we can find Hom®(M,Y,,), ---, Hom®(M,Y,) succes-
sively. The first terms Hom®(M,Y;) are 0 until we reach the first ¢ = i such
that Hom(M, V();)) = Hom®(M,V()\;)) = Hom™ (M, V()\;)[~m;]) is nonzero
(we know that X\;;, = y.A); then the nonzero map from V; to V();) adds a
dimension to Hom®(M,Y;,) at degree m;,; then Hom®(M,Y;) is isomorphic to
Hom®(M,Y;11) until we reach the second i = ¢; such that Hom(M, V(\;)) #
0; this time the nonzero map from V; to V()\;,) either adds a dimension to
Hom*®(M,Y;,) at degree m;, or subtract a dimension from Hom®(M,Y;,) at de-
gree m;, + 1; and it goes on. That is, Hom®*(M,Y;) changes, by dimension one,
in one degree, precisely at such i’s. Whether it adds an extension or it kills one

depends on the maps in the long exact sequence

— Hom™ (M, Y;) — Hom™ (M, V(\;)[—=m;]) — Hom™* (M, Y},1) — .
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If the second map is nonzero and the third map zero, Hom®(M,Y;) increases at
degree m;. If the third map is nonzero then Hom®(M,Y;) decreases at degree
m; + 1 (we are going from i + 1 to 7). These two are the only possibilities since

Hom™ (M, V(A;)[—m;]) cannot have dimension more than one.

We are mostly interested in the case in which A in Proposition [7.8| is the set
{LN)[I(N)] | X € A}. We say that M € C has parity if it has L-parity for any
irreducible L € C. This is equivalent to M having a parity projective resolution, i.e.,

a projective resolution P, such that
P()\) is a direct summand of P, = i = [(\) 4+ € mod 2,

where € is either 0 or 1 (depending on M). Then {L(A)[I(\)] | A € A} C EFNERif
and only if all standard modules have parity. (The € in a parity projective resolution
of A()) is determined by the equality € = [(\) mod 2.) Following [7], we say that C
has a Kazhdan-Lusztig theory if the set {L(A)[I(A\)] | X € A} is contained in £F (and
EL . but the two conditions are the same under duality).

In the case of Us-modules, each L(w.\)[l(w)] for A € 'C; does belong to EF N EX.
(The length function we use in defining £ and £ is, of course, the usual length
function on W;.) This follows from Proposition and (5.0.1) (and its dual), since
P, , is a polynomial on ¢*.

Letting D = D(C), the recognition theorem can be formulated in our notation

from as follows.
Proposition 7.10. We have
(ENE=ER and E(ER) = £F.

An immediate consequence of this (and Proposition is that £ &L are closed
in the sense that (E(E%))E = £ and E((EL)E) = &L,



42

7.3. Linearity and parity. In this section, we consider positively graded highest
weight categories. Let C be a highest weight category as in §7.2] Identify C with
the category of (finite dimensional) A-modules for some (finite dimensional quasi-
hereditary) algebra A. What we assume now is that A is a positively graded algebra
and Ay is semisimple. We let C be the category of graded A-modules. So we have the
“forget the grading” functor F : C — C with F (1) = F. Here (1) is the grade shift
defined by (M (1))! = M*~! where M’ denotes the grade i component of M € C.

We call a graded module M € C a (graded) lift of M € C if F(]\//.T) = M. For any
irreducible L(\) € C, let Z(/\) € C be the irreducible of highest weight A concentrated
in grade 0, let A(\) be the lift of A(A) whose head is L(\), let %()\) be the lift of
V(A) whose socle is L(A), let P(X) be the projective cover of L(A) in C, and let ()
be the injective envelope of L(A) in C. Of course, P()) lifts P(\) and T(\) lifts I()).

Recall that M € C is called linear if it has a projective resolution P = P, such
that the head of P_; is homogeneous of grade 4, in other words, ext™(M, E(/\)<Z>) =
0 unless ¢ = n for any A € A. We call such a projective resolution a linear projective
resolution. By definition, C is Koszul if each irreducible E()\) is linear for any A\ € A.
It is standard Koszul if each standard module K(A) for A € A is linear and each
costandard module is colinear, i.e., has an injective resolution I, such that the socle
of I; is homogeneous of grade —:. If C has a duality, then the condition on costandard

modules follows from the one on standard modules.

Compare the following with Proposition [7.2]

Proposition 7.11. Suppose there is a short exact sequence
0—-M-—>M —M"—0

inC. Suppose M', M" are linear. If M is concentrated in grades > 1, then M(—1) is

linear.
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Proof. Let P, P, P" € Db(é\) be minimal projective resolutions of M, M’ M" respec-

tively. Automatically, P’, P"” are linear. There is a distinguished triangle
P—P —P'— P[] —.

Positivity of grading and the assumption on M implies that the degree n term of P,
of P is generated by grade n + 1 or greater. By linearity, the kernel of P" — P” in
degree n should be generated by grade n, but the image of P — P’ is in grades n + 1
or greater. This shows that the map P — P’ is zero (in each degree). So we have a

short exact sequence
0— P — P"— P[1] = 0.
It follows that P[1] is linear, and so is P(—1) = P[1][-1](—1). Hence M(—1) is

linear. U
Corollary 7.12. Suppose there is a short exact sequence

0—>M-—>M —M —0
mn é\, and M', M" linear. If M is concentrated in grades > 2, then M is 0.

Proof. By Proposition m, there is a surjective map Fy — M where F, € C is
generated by its components in grade 1. Since M is concentrated in grades > 2, the

image of the map Py — M is zero, and hence M = 0. 0

There are analogues of the categories £8, £ for DY(C). The category £F (denoted
by £F in [36]) is defined as the union of £F where EF is defined inductively as follows.
Set %R to be the full subcategory of Db(CA) whose objects are the direct sums of
V(N {m} for A € A, m € Z. Here {—} is the shift defined as {1} = (1)[1]. Then we

~

define (SA'ZR to be the full subcategory of D°(C) such that

X € EF & 3 a distinguished triangle X’ — X — X" — with X’ € £F, X" € .
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The dual category EL is defined dually. There is also a version of the recognition

theorem (Proposition [7.8]), which is proved in a similar way.

Proposition 7.13. [36, Theorem 3.3] Let X € DY(C). Then

Xeélse Homgb@(ﬁ()\),X<m>) # 0 implies m =n (for all X € A).

Thus, standard Koszulity (and its dual) is equivalent to that £F (and E-) contains
all irreducibles in D° (6) We can combine EF and EF to define a category studied in

[8]. We will call it £ =& N EE, where we view Eft

gr’

following [8, §1.3]. Let &%,

a subcategory of Db(CA), pulling back via the forgetful functor. Thus Ego consists of

direct sums of V(A){I(A) +2m}, m € Z, A € A. The category EX is the union of all

ER,, where £ff ; is inductively defined as

X € &L, < 3 a distinguished triangle X' — X — X" —

with X' € £, |, X" € £f .

gri—1»

Using this, the notion of a graded Kazhdan-Lusztig theory is introduced in [§]: C is
said to have a graded Kazhdan-Lusztig theory if £F contains {L(A){I(A) +2m} | X €
A,m e Z}.

We have the third recognition theorem.

Proposition 7.14. [§, Theorem 1.3.1] Let X € D*(C). Then
X e EgRr & Homgb@(ﬁ(k),X(m)) # 0 implies m =n and n = 1(\) (for all X € A).

This shows that £ = F~'&% N ER where F is the forgetful functor from Db(é\)
to D¥(C) induced by the forgetful functor from C to C. Therefore, C has a graded
Kazhdan-Lusztig theory if and only if C has a Kazhdan-Lusztig theory and is standard

Koszul.
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We conclude the section by presenting a relation between linearity and parity. It

will apply to the quantum case.

Proposition 7.15. Suppose we have Exts(L(A1), L(X2)) = 0 whenever [(A) = 1(\y)
mod 2. If M € C has a linear lift M e (?, then M has parity. In particular, standard

Koszulity implies a Kazhdan-Lusztig theory.

Proof. Let P, be a linear projective resolution of M. Then P; — P, ;1 maps the head
of P;, which is in grade —, to the second radical layer of P;;;. Then by Lemma
below, P; and Py, have opposite parity. In other word, P, is a parity resolution of
M. Let L be any irreducible object in C. Then Exts(M, L) = Home(P-,, L) can
be nonzero only when P_,, and L have the same parity, thus M has L-parity. The
claim follows. The last sentence of the Proposition is obtained by taking M to be a

standard module. O

8. KOSZULITY AND SINGULAR KAZHDAN-LUSZTIG THEORY

Let for J C S; and y,w € W’/

Pl = Z (=)@ P,, ..

zeWy

This is called a parabolic Kazhdan-Lusztig polynomial [10], 20].

Our goal is to show that the formula

(8.0.1) > dim Exty (A (y.p), Le(w.p))t" = t'@= @ pJ

n=0
holds for all € ICy, y,w € WH(u), where J = {s € S, | s.u = p}. Assuming
that [ is KL-good, it is enough to prove the formula (8.0.1]) in O at the negative level

d= —1/2D — g. Recall that we let ¥ = v + dx. Identifying the affine Weyl group for

U¢ with the one for g as in §1.5 we have w.ji = wp.
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To apply [40] more easily, we bring the formula into @. Given a weight 1 = pu+ kx
for g, we fix a weight

p=p+ kx +bd

for g, where § is the imaginary part and b is some number we don’t care as long as
it makes { lie out of the critical hyperplanes. Recall that the integral Weyl group of
¢ € H* (resp., H*) is defined to be generated by the simple reflections corresponding
to the simple roots a such that (a,«) divides 2(§ + p, «), where (—,—) is a non-
degenerate bilinear form on E* (resp., H*) extending one on h*. Since 1 lies out
of the critical hyperplanes, the integral Weyl group of i is isomorphic to W, as a
Coxeter group, and is denoted by W, for convenience. (We can also use the (Coxeter)
ordering on W (u) as the poset ordering in the affine cases. See [33, Appendix I].)
By [33, Corollary 3.2] and the preceding footnote in [33], the orbit of 1z in O (i.e., the
truncation O[W;.zu] of O, which is a direct summand) is isomorphic to the orbit of 1z in
O™. Here O is the full subcategory of O consisting of the modules whose composition

factors are of integral dominant highest weight (dominant for the subalgebra g).

In this setting, the formula (8.0.1]) is equivalent to

(8.0.2) > dim Extf (A(y.fi), L(w. )" = -0 pT

n=0

for p € E, y,w € W(p).
Applying the truncation of highest weight category (§4.1)) to ¢’ = O, it is enough
to prove (8.0.2) in C = O[] for a finite ideal I" containing y.fi, w.[i.

8.1. Koszul grading and parity vanishing. We assume in this subsection that
the level d is an integer. This is in order to use the result of [40]. We also assume
that [ > h. We see in (the proof of) Theorem below that these restrictions are

not necessary for our result.
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Let C5, C; be truncations of X and p orbits as in [40, §3.4]. That is, there is some
v € W, which we do not keep track of, such that C; = O*[A] where A = {wX €
W+ | w < v}. And Cj is similarly defined. (In the notation of [40], C; =" O?ﬁ
and Cj :”Of”]’_.) We assume that A is regular. Then we have the following result of

Shan-Varagnolo-Vasserot.

Theorem 8.1. [40, Theorem 3.12, Lemma 5.10] The categories Cs, Cy are standard
Koszul. Letting CAX, C/\ﬁ be the corresponding categories of graded modules, there is
a graded translation functor Y/j} : é\X — CA,; which lifts the (ungraded) translation
functor TY : C; — Cy. (See [40, Proposition 4.36] and the remark below.) That is,
F 07/1} = TV o F where F' is the functor (on both CAX and CA,;) that forgets the grading.
The functor 7/? satisfies ﬁ‘z(wX) = L(w.i) forwe W’.

Remark 8.2. The condition “d+ N > f” in [40, Lemma 5.10] or a similar condition
in [40, Proposition 4.36] says that the difference between the level of i and the level
of A is less than the dual Coxeter number g. (The dual Coxeter number is denoted
by N in [40]. The numbers d, f in [40] are such that —d — N and —f — N are the
levels of the weights.) But to use the translation in [19], as the beginning of the
proof of |40}, Proposition 4.36] does, a different assumption on the weights is required:
Given two integral affine weights v, £ of (not necessarily the same) negative levels, the

translation

Tfi@y%@g

from the orbit of v in O (called O,) to the orbit of £ in O (called Q) as in [19] §3]
is defined as

T} = pre(— ® L(w))

3We need neither fix the level d nor assume [ > h, as the translation functors can move the level. But
we make this assumption anyway, because it is easy to take care of the restriction on d altogether
when we treat the case of non-integer d. See the proof of Theorem [8.10}
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when there exist a weight w € PTNW,({—v) where P is the set of integral dominant
(affine) weights for g and W, is the (affine) Weyl group of g (see [19, §2 ,3]). Since
w € P*, the irreducible module L(w) is integrable, and we are in the situation very
similar to the algebraic group case or the quantum case. (See also Remark ) The
requirement, which is equivalent to £ — v € W,P™, is different from and not implied
by the condition “d+ N > f”.

We can instead construct the desired translation in two steps as follow. As in [40],
it is enough to define a translation 7% : O, — O where v is a regular (antidominant
integral) weight. Then we can restrict, as usual, to truncated categories (having finite
poset ideals) to view the functor as Tj : C, — C¢ and take T¢ : C¢ — C, to be its
left adjoint. Let p := p + gx be the “affine p”. Then, given any integral weight &
in the closure of the antidominant alcove, the weights £ + np, v + np are integral
for each n € Z. They are dominant if n is sufficiently large. Take such an n. Now
¢ — (—np),v — (—np) € PT C W,P* defines the translations Tfnﬁ and 77, 5. Note
that v and —np are in the same facet, the antidominant alcove. This implies the
translation functor 17,5 is an equivalence (see for example [19, Propositions 3.6, 3.8]
and the comparison theorem [31, Theorem 5.8], or see [33, §6]). We fix an inverse
and call it 7,". Since T, is an inverse of a translation functor, it behaves just
like a classical translation functor. Finally, let TS := Tfnﬁ o T;™. The functor T§
has all the properties that the classical translations have. Therefore, the rest of [40,

Proposition 4.36, Lemma 5.10] works.

Let
T:‘ :Cp — G5
be a left adjoint of Y/;} Its existence follows from the adjoint functor theorem because

we are dealing with finite number of irreducible objects and End(L) = K for each

irreducible L.
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We want the translation functors in Theorem for g (restricted to O) to agree
with the translation functors for Us-mod via the Kazhdan-Lusztig correspondence.
To avoid discussing this problem, we redefine the translation 7} : C§ — Cﬁ to be
F(TY) and T : C§ — C§ to be F(T})), where the category C§ is the truncation of
U¢-mod by the ideal corresponding to the poset of C5 and Cf; is the truncation by the
ideal corresponding to the poset of C;. Then everything we need from §6|is still true
by the same proof using the basic properties in [40, Proposition 4.36]. We denote
Extz(—, —) by ext¢(—, —) and Homg(—, —) by home(—, —).

Corollary 8.3. The module T/E\@ﬁ(y/)\\) is linear for any y € W.

Proof. Adjunction gives for all n, 1

-~

exte (TMTA(yN), Lw X)) = extg (TRA(y.X), TEL(w.2)(0))

which is 0 unless n = i by standard Koszulity of C;. Thus 7/’37/’)‘\\‘ ﬁ(yX) is linear. [

Remark 8.4. In fact, a linear projective resolution of i}ﬁ‘ﬁ(yX) = i}ﬁ(gﬁ) is
obtained by applying the translation to a linear projective resolution of ﬁ(yﬁ) Let
P, be one. It is obvious that T/’E\P. is a projective resolution of Eﬁ(yﬁ) For linearity,
we check

TAP(w.fi) = P(w.)).
This is true up to grading shift by [16, I11.7.16], and we only need to check that the

head of T/E‘ﬁ(wﬁ) is in grade 0. But this is the case because
home, (T3P (w.fi), L(2.\){i)) = home, (P(w.fi), L(z.7)(i))

is zero unless 7 = 0.
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Fix y,w € WY where J is associated to p € !{C,. Recall the filtration U; from .

We still denote by U; the g-module %_IUZ- embedded in @. Our new definition of the
quantum translation gives Uy = Tl;\A(y./):). Lemma , and Corollary are still

valid. Using the graded translations, we construct a graded lift of U; starting from
Uy = fﬁ@ﬁ(yX) We have
0— (71'+1 - U, — GB 3(?J$X)<nx> — 0,
€Wy, l(z)=t
for some n, € Z depending on z. In fact, we know what the shifts n, are.
Proposition 8.5. The filtration {U;} of I/E@ﬁ(yX) satisfies the short exact se-

quences

05U —Ui—» P Az —0
€Wy, l(z)=i

for all z.

Proof. Since [70 has an irreducible head, its radical filtration agrees with its grading

filtration by Koszulity. So this follows from Proposition [6.6] O
Corollary 8.6. For all i, U;(—i) € CNX is linear.

Proof. Tt follows by induction on i. The base case is proven in Corollary and
Propositions does the induction step. O

We need the following in order to apply Proposition [7.15]

Lemma 8.7. For u € @ and y,z € W () with l(y) = 1(z) mod 2, we have

Extd, (L(y.fi), L(zfi)) = 0.

Proof. First note that the statement is true for a regular weight A. (For example,
it follows from (5.0.1)), its dual, and [7, Corollary (3.6)].) Also, Koszulity implies

that the radical filtration and the grade filtration of a standard module A(y./)\\) are
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the same. So the grade filtration of A(y.X) has alternating parity. Since ﬁL is exact
and preserves the parity of irreducibles, the module f’f&(yX) = ﬁ(yﬁ) also has a
grade filtration with alternating parity. Hence A(y.i) has a radical filtration with

alternating parity. Now suppose
0— L(zp) = M — L(y.i) — 0

represents a non-trivial element in Extéﬁ(L(y.ﬁ), L(z.;1)). The linkage principle rules
out any possibilities other than the cases z > y or y > 2. We may assume y > z
by duality. Then there is a surjective map from A(y.xz) to M. This contradicts the
assumption that z and y are of the same parity and that A(y.z) has a radical filtration

with alternating parity. 0

We now obtain a key property of the modules U; € C5. Recall that (for a general
highest weight category C) an object M € C is said to have N-parity if ExtZ"™ (M, N) =

0 for all n € Z and is said to have parity if it has L-parity for all irreducible L € C.
Corollary 8.8. For each i, U; has parity.

Proof. This is an immediate corollary of Corollary [8.6] Lemma 8.7, and Proposition
(.15l 0

Example 8.9. Consider the quotient [/J\'l’ = ﬁo/ﬁi of Uy. We have
TMT{A(yR) = Uy —» Up_y = - —» Uy — Up = 0,

where N = [(wy). By Corollary [7{ is not linear, even up to shift, for 1 <i < N,
while U/ = F(U!) has parity if i is odd. (If i is odd, then U; has L-parity opposite of
Uy with respect to any irreducible L. Lemma shows that U] has L-parity.)

8.2. Cohomology in singular blocks. We are ready to prove our main theorem

using that U; has parity. Note that the statement of Corollary does not involve
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any grading. We now forget the grading and prove our main theorem. Recall the

definition

Flw= D (1P,

zeWy

Theorem 8.10. [36, Conjecture III] Suppose | is KL-good for the root system R. Let
uE@andJ:{SESZ | s.u = p}. We have

[e.e]

Z dim Ext’[}C(AC(y.,u), Le(w.p))t" = Hw)=l() pJ

y?w
n=0

for y,w € W,

Proof. As we discussed in the beginning of this section (, this follows if we show
> dim Ext(A(y.fi), L(w )" = 70 p
n=0

for y,w € W.

We first reduce the statement to the case where the assumptions in are satisfied.
If we pick a large integer I’ > h that is divisible by 2D, there is a regular weight P\
and a weight v of level &’ with k' = —1'/2D — g € Z such that the integral Weyl group
of /)\\, v are both isomorphic to Wy and Staby, (V) is isomorphic to Stabyy, (jz) under
the Coxeter group isomorphism (W;,S;) — (Wy,Sy). By Fiebig’s combinatorial
description [12, Theorem 11}, it is enough to prove the theorem for U instead of fi.
The problem of the full category O in [12] and the categories of [40] being different
is treated in [37] E| So we may assume that we are in the situation in

Let A be a regular weight. We translate from \ to [ as in . Corollary and
Proposition show that each U; has parity. In particular it has L = L(w./)\\)—parity,

that is, Extg (U;, L) is zero in every other degree. To be more precise, U; is L-even

In [37], it is similarly shown that Uc-mod is Koszul. Using that we could have worked entirely
in the quantum case to prove the theorem. But then, if [ < h, there is no regular weight we can
translate from, and we will anyway have to use the affine category O to obtain our result for small
(KL-good) I.
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(resp., odd), if and only if @l(@:iwewj A(yxX) is L-even (resp., odd), if and only
if Ujy1 is L-odd (resp., even). Therefore, half the terms in the long exact sequence

induced by applying Homg(—, L) to each short exact sequence

0= U — U — @ A(ya:.X) —0

vanish, and the sequence splits into the short exact sequences

0= Bxt? (Ui, L) » Bxt2( € Alya\), L) = Ext2(U;, L) — 0.

U(x)=i, €W,
They give
f: dim Ext?(U;, L)t" = f: dim Ext? (@)= A (yz.\), L)"
n=0 n=0
—t i dim Extg (U1, L)t"
n=0
for all n.

Putting them together, we get

> dim ExtZ(A(y.A), Lw )" = dim Ext2(T)TEA(y.N), L(w\))t"
n=0

n=0

= ()" dim Ext} (@)= (ya.A), L(w )t

= (=" YD dim Ext?(A(yz.A), Lw\))t"
i {(z)=i n=0

=Y ()@ f: dim Ext?(A(ya\), L(w.\))t"

zeWy

= > () @np,,,
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— ¢lw)=ly) Z (_1)l(fv)pyx w

zeWy

_ fllw)-Uy) B

y7w’
and we are done. O

For the next corollary, we make statements in Us-mod rather than in O or in O in
order to simplify the notation. In particular, U; is in U;-mod again. In Theorem [8.10]
we computed the dimensions of Extf (Us, L(w.))), for w € W*(p). But we don’t

need w to be in W (u):

Corollary 8.11. Fiz an integer i. We have for y € W+ (u) and w € W,
> dimExty (U, Le(w )" =170 Y= (=)@ P, .
n=0 €Wy, l(z)>1

In particular, this polynomial has non-negative coefficients.

Proof. Since all U; have L¢(w.\)-parity, we obtain the formula as in the proof of
Theorem R.10l O

Ifw ¢ W7, then T L¢(w.p) is 0 and Extfy (U, L¢(w.A)) is 0. This shows an identity
in Kazhdan-Lusztig polynomials (which might have been known for any y € W, and
wg W).

Corollary 8.12. Ifw € WH\ W (u) andy € W (u), then
> ()P, =0.

zeW,
8.3. Graded enriched Grothendieck groups. We present another proof of The-
orem . We are still in the setting of . In particular, w € WY. Our plan
is to apply the translation functor ﬁ‘ : €X — é\ﬁ to a sequence of distinguished

triangles that realizes Z(w/)\\) in gR(CAX). Recall the construction in the proof of
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Proposition . Replacing V(XZ)[nZ] by @()\Z){nz}, we obtain the graded complexes
E(wX) =Yy, , Yy =0in ER, Writing \; = wi.x, there is a distinguished triangle

Yiji =Y, — @(le){nl} -

for each 0 < i < N. We know by Lemma and Proposition that n; =
l(w) — l(w;) mod 2. Since the translation functors are exact, applying @ to the
sequence Yy, - -, Yy produce the sequence E(w.,u) = ﬂYO, e ,@YN = 0 of objects

in D° (é\ﬁ) and distinguished triangles
T{Yi = T4Y; = TV (wi ) {ni} —

in D(C;).

Proposition 8.13. We have

forye W/, x € Wj.

Proof. We show only the assertion for ﬁ(yxX) Let {(z) = 7. Recall that

TiL(yw ) = 6,0, Ly ).
Since TY' A(ya:./):) =~ A(y.n) and A(y.z) has only one composition factor isomorphic
to L(y.p), it is enough to show that ﬁ(yx/):) has E(y/):) (1) as its composition factor.
By the Brauer-Humphreys reciprocity, this is equivalent to ﬁ(yxX) (i) appearing in
a A-filtration of ﬁ(yX) But we saw in Proposition that this is true for U
instead of ﬁ(yX), because Koszulity implies that the radical filtration of (70 agrees
with the grading filtration. Since ﬁ(yX) —» ﬁo, and since the kernel of this map has

a A-filtration, this is enough. O
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Writing w; = y;x; with y; € WY, 2; € W uniquely, Proposition tells us that
the distinguished triangles are

T = TRV, = V) {ni} (1) = V(e i) {n — )} —

These are not distinguished triangles in ER. But we know by Theorem that there

exists a sequence Z(wﬁ) = X, , Xa = 0 in EF with distinguished triangles
XjJrl — Xj — V(zjﬁ){m]} — .

Let us compare these two sequence to determine the (unordered) multiset {(z;, m;)}.

Consider the enriched Grothendieck group K = Kf(C;) and the graded enriched
Grothendieck group K® = KZ(C;) defined in [7]. The two sequences provide two
expressions of [L(w.ji)] € K® with respect to the Z[v, v~']-basis {[%(y.ﬂ)]}yewj.
The sequence f{‘Y; provides
(5:3.1) S (1)) [y, ),

0<i<N

and the sequence X; provides

S A

0<j<N'

Let ¢, be the Z-coefficient of [V (y.71)] in the expression, thus
cyn = {7 €0, N[ 2 =y, —m; =n}|.

(Recall that m; are negative integers.) This is the dimension of extg, (ﬁ(yﬂ) (—n), Z(wﬁ))

which is the same as Ext¢, (A(y.n), L(w.pt)) by standard Koszulity.
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The expression (8.3.1]) determines ¢, ,,. It remains to write down the relation ex-

plicitly. We have

=|{i€[0,N]| vi =y, ni —l(x;) = —n, I(x;) even}|
— i€ [0, N]| yi =y, ni —l(x;) = —n, l(z;) odd}|.
Letting ¢, := {7 € [0, N] |yi =y, x; = ¥, —n; = n}|, we can write

Cym = Z (_1)1(@0;,1171(9:)-

Note also that
= |{i € [0, N] |w; = yx, —n; = n}|.

Since we started from the realization Y; of Z(wX), the number ¢, is the dimension

of

-~ ~ -~ -~

extes (A(yzA){(—n), L(w.\)) = Extf, (A(yz.N), L(w.\)).
Combining all this, we obtain the identity

dim Extf, (A(y.7i), = > dimExty O (AyzA), Lw))).

zeWy

This is equivalent to the formula (8.0.1) by the formula (5.0.1). Finally, we transfer

this to the quantum case as in the first proof.

8.4. Ext-groups between irreducibles. Dualizing Theorem .10 we obtain

Z dim Extp (L¢(w.p), Ve(y.p)t" = tl(“’)_l(y)P;’w
n=0

for y,w € W7, Then [7, Corollary (3.6)] combined with the fact that P;, is a

polynomial on ¢? shows that the dimension for Extyy, (Le(w.p), Le(2.pt)) is given as

dim Extp (L¢(w.p), Le(z.p))
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=Y dim Bt (Le(wp), Vely.pn) dim Ext, (Ac(y-p), Le(.p))
i+j=n, yeW+(n)
This is a finite sum as the right hand side is 0 unless y < w, z. We have proved the

following.

Theorem 8.14. Suppose | is KL-good. Let i € E, J={se S |spu=u}, and

w,z € Wt (u). Then we have

ZdlmExtU (Le(w.p), Le(2.0)) Z ¢Hw)H(=)=20 y)ijP;Z.

n=0 yeEW+(p)

9. COHOMOLOGY FOR ¢-SCHUR ALGEBRAS

The above results provide calculations of Ext-groups between irreducible modules
for important families of finite dimensional algebras associated to quantum enveloping
algebras.

Consider first the type A quantum groups U (sl,). Any positive integer [ is KL-good
in this case. As explained in [34] §9], a classical g-Schur algebra over K (or C) with
q = ¢? arises as a truncation of Uc(sl,)-mod by a certain ideal I' of dominant weights.
Thus, Theorem [8.10] and Theorem compute the corresponding cohomology for
g-Schur algebras.

A generalized ¢g-Schur algebra arises in a similar way. In fact, they are the algebras
A¢ = A¢(D) that appear in §4.1when identifying (U -mod)[I'] with A¢-mod (for finite
ideals I' X ™). The algebra A¢(T") is only determined up to Morita equivalence. But,
by abuse of language, it is often called “the generalized ¢-Schur algebra” associated
to I'. This defines the generalized g-Schur algebras for all other types as well. Now,
in any type (assuming [ is KL-good), Theorem and Theorem provide the

corresponding cohomology dimension for the generalized ¢-Schur algebras.
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Part III. Reduction mod p to the algebraic group

case

Let us revisit the conjectures from [36, Conjecture I, Conjecture II] stated in
above. Since [36, Conjecture III] is proved in Theorem for arbitrary KL-good
integers [ = p”, it is natural to ask whether [36, Conjecture I, Conjecture II], or a part
of them, work in this generality. There is, at least, no difficulty in generalizing the
statements: The forced grading is defined using U, (or A¢) where ( is a p"-th root of
unity; the reduced modules A™d(), V,.q(7) are simply replaced by Ard(v), V" (7).

We examine the higher reduced modules A'd(v), V7 (v) (and A(y), V(y)!) in
this part and explore the question above. We answer positively one direction of [36],
Conjecture II] (see in Proposition . Other than this, however, we provide
examples that disprove the r > 1-analogue of the second conjecture as well as some
other r = 1 result in [35].

In this part, ¢ is always a primitive p"-th root of unity for some positive integer r

and an odd prime p.

10. REDUCING MODULES MODULO p

Recall from the reduced modules

and

Also recall

(10.0.1) A(y) = A7) = L(v)



60

and
(10.0.2) L(v) = Via(y) = V(7).

By Proposition [I.T} the first epimorphism and the last monomorphism are isomor-

phisms if y € "C} | where P'C} is the bottom dominant p"-alcove

POt ={y € X®zR |0 < {(y+p,a’) <p forallac R}

We can further compare the reduction mod p modules with another class of well-

known modules. Recall first the Steinberg tensor product theorems for the two cases

(see for the r = 1 case):

(10.0.3) L(yvo+p" ) = L) ® L(,yl)[ﬂ

(10.0.4) Le(vo + ") = Le(vo) © V),

where 79 € X, :={7v € XT | (v +p,a") <p", Yae€lIl}, 1 € XT. (Recall also that
V(71) denotes the Weyl module for g and has the Weyl character x(7;1).) The —"!
is the composition of the Frobenius twist —[! 7 times. We have the third Steinberg

tensor product theorem, regarding reduction mod p modules:

Proposition 10.1. [25] Theorem 2.7] For 7o € X, and v; € X4, there are isomor-

phisms of G-modules

Afned(% + pT%) = Afd(%) ® A(%)[r]7 V:ed(% + pr%) = v?ed(f)/(]) ® V(%)M-

From now on, we always write v € X as v = v + p"v (uniquely) with vy € X,
and 71 € X . Define
AV (7) = L(70) ® A1)
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and

va(V) = L(%) ® v(%)m.

Then Proposition [10.1] gives the following.

Corollary 10.2. For vy € X', we have
AF(y) = AP (y), V(1) = Via().
The modules A" (v) for different r» > 1 form a descending chain
AP(y) = AP (y) = -+ = A (7) = -+

This can be seen from the definition and the tensor product theorem ([10.0.3) as
follows. Write

Y=+ (nt+pr) =000+ "N)+p

with 79 € X,_1, 71 € X1, and 75 € X*. Then we have

APT_I(V) = L(70) ® A(y1 + py2)r ™

= L(70) ® (L(11) ® A(ye)H)r

1%

L(v) ® L(Vl)[r_l] ® A(%)M

12

L(yo+p" ') ® A(ye)

= AP (v)

for each r > 1. The second line follows from combining ((10.0.1) and Corollary [10.2|
The fourth line follows from ((10.0.3]).

There is no obvious relation between the A™*d(y) for » > 1. Instead, we know

the characters of the modules A™d(y) in most (possibly all) cases since ch A™d(v) =
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ch L¢ (7). Let p” be KL-good. For A € PCy,w € Wi,

ch A ()= > (=1)TOP] (—1)x(y.\)

+
yEWpT 7y€Wpr ()‘)

where J = {s € Spr | s.A = A} and v = w.\ (see §3.2)).

We can use the characters to actually show that there is no map between Ad(y)
and A™4(v) in general for r # v’ € Z. For x,x' € Z[X], we say x > X' if x — X' €
Zo|X] and x # x’ otherwise. Whether we require r < r’ or we require ' < r, we can
easily find a case that ch Ad(v) » ch A%4(y). (See §13]) Since they have the same
irreducible head L(v) and

(A7)t L)) = [AF(7) s L)) = 1,

any nonzero map between A4 () and Ar$4(«y) is surjective. So ch A () # ch Ard(~)
implies

Homg (A (v), A(v)) = 0.

11. COMPARING THE JANTZEN SUM FORMULAS

The Jantzen filtration on standard modules A(y) € G-mod is fully discussed in
Jantzen’s book |16l II1.8]. An important consequence of the filtration is the Jantzen
sum formula we state below. We need first to introduce a notation. Let v, be the
p-adic valuation on Z. That is, if n € Z has the form n = p"d with p, d relatively
prime, then v,(n) = r. Recall for & € R and m € Z the (affine) reflection on X ®z R

given by

for v € X @z R.



Proposition 11.1. [16, 11.8.19] Let v € X . There is a filtration
A(y)=V'> Vo

of A() in G-mod such that

(11.0.1) dochVi=>" > s mp)X(Sampy)

>0 a€ERT 0<mp<(vy+p,aV)

where X(Sa,mp-y) s the Weyl character (see and

A(y)/VE = L(y).

Let’s denote the right hand side of (11.0.1]) by x(7), and put

Z Z X(Smmprﬁ)-

a€RT 0<mp”™ <(y+p,aV)

We now rewrite the formula (11.0.1]) as

xs(7) = Z Z Vp(mp)X (Sa,mp-7)

a€ERT 0<mp<(y+p,aV)

(11.0.2) = Z ( Z X (Sa.mp-Y) + Z X(Samp2-Y) + -

acRt 0<mp<(y+p,a) 0<mp? <(y+p,aV)

=> xs(n.p")

)
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The reason we do this is that the Jantzen sum formula works for the quantum case,

with a different formula:

Proposition 11.2. [4, §10] Let v € X+, r > 1. There is a filtration of the U:-module

Ac(m)
Am) =V o Ve D
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such that

(11.0.3) Y Vi=xsrr) =Y > X(amr)

>0 a€RT 0<mp” <{(y+p,aV)

and

Ac()/VE = Le(y).
We can draw an observation from these formulas.

Proposition 11.3. For v,7 € X, we have
[Ac(y) « Le(V)] # 0= [Ay) - L(Y)] # 0.

Proof. Suppose [A¢(7) : Le(y)] # 0. Since [Ac() : Le(y)] = [A(y) : L()] = 1, we
may assume that v > /.

By Proposition [11.1} [A(y) : L(7y")] # 0 if and only if ch L(7’) has a nonzero
coefficient when we write x () as a (Z-)linear combination of the characters of the

irreducible G-modules (with non-negative coefficients). In (11.0.2), which says

V) =3 xs00.p"),

each y(7v,p") is also a non-negative sum of irreducible G-characters by Proposition
, since all Ug-characters are also G-characters. Thus, the claim is proved if we
check that ch L(7’) has a nonzero coefficient when we write x;(v,p°) as a linear
combination of the characters of the irreducible G-modules, where e is such that ¢
is a primitive p°-th root of unity. By Proposition and the assumption [A¢(y) :
L¢(v)] # 0, the character x (7, p°) has a positive coefficient for ch L¢(7') when we
write it as a non-negative sum of irreducible Uc-characters. But ch L¢(7'), when

written as a sum of irreducible G-characters, has a nonzero ch L(v') term. O
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Corollary 11.4. For v,v € Xt and r > 1, the module A(v) has a composition
factor L(v") provided that v < v and ~,~" are mirror images under the reflection

through a wall of the p"-facet containing .

Proof. We take the integer r as in the statement. That is, we have v/ = sgppr.y € X
B.np

for an appropriate positive root § and an integer n. Now observe in

=Y D> xX(amyr)

a€ERT 0<mp™ <(y+p,aV)

that only X (sg,,r.7), among the Weyl characters appearing, has a nonzero ch L(sg ,,r.Y)-
term when it is written as a sum of irreducible G-characters. Necessarily, the multi-

plicity [A¢(7) : L¢(7')] is nonzero. Proposition gives the corollary. O

12. REDUCING MORPHISMS MODULO p

We use the reduction mod p procedure to construct many nontrivial elements in

Hom and Ext" spaces for G-mod.

Proposition 12.1. Let M, N € U;-mod and M,]v € (74 -mod be admissible lattices
of M, N respectively. Then for alln >0,

dimy, Exty(My, Ny) > dimg Exty (M, N).
Proof. The short exact sequence
05NIS NN, —0
of ﬁg—modules induces the long exact sequence
0 —>Hom(7<(]\7, N) 5 Homﬁg(ﬂ, N) — Homﬁc(ﬂ, Ni) —

(12.0.1) — Extg, (M, N) 5 Exty, (M, N) — Ext? (M, Ny) —

— Extgjl(M, N) & Ext’(ljjl(l\/[, N) —
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of O-modules, where the map 7 is multiplication by the generator of the maximal
ideal of 0.
We also have

Ext%c(M, N) ®¢ K = Exty, (M, N),

by [1I, (2.9), Theorem 3.2]. Let d, be the (K-)dimension of this space. Thus,
Extgg(ﬂ, ]V) = 0% o T, where T, is a torsion &-module. So the sequence ([12.0.1))

is of the form

o 0% O T, 5 0% @ T, — Extl (M, N;) —
(12.0.2) ‘
— ﬁ@d"Jrl @Tn+1 1) ﬁ@dn+l @Tn—H —

Since O /0 = k, we have
Ext%C(Mv, Np) = k% @ T, /7T, @ ker(Tpyy = Tpsr).
The proof is complete using [11], (2.9), Theorem 3.2], which says

EXt%{ (M, Nk) = Eth(Mk, Nk)

The following is an immediate consequence.

Proposition 12.2. Let 7,7 € X*. We have

1) dimy Extg(A(y),

A(y),

(1) (A(y)
(2) dimy, Ext(A(y)
(3) dimy, Exte (A7),
(4) (A
(5) (A7

A )
A1) 3 di Bt (A
Viea(7)) 2 dimg Extfs (Ac(7), Le(v));
4) dimy, Extgy (A (), V74 (y
): A

5) dimy Extg (A (y

Y

and similar inequalities for the dual modules (replace “A” by “V7).
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The right hand sides of Proposition [12.2] (2)-(5) are known by Theorems [8.10} [8.14]
The “r > 17-analogues of (§4.2.2)) would say that the “>” are actually “=" for (3),
(4). We give some examples in below where this is a strict inequality for r > 1.

Unlike in the other inequalities in Proposition the right hand side in Propo-
sition [12.2) (1) is not known in general. (A result on Ext between two (co)standard
modules in special cases can be found in [30].) Another difference between this case
and the rest is that the left hand side in Proposition [12.2] (1) does not depend on r.

Considering all the cases r > 1 together, we obtain

(12.0.3)
dimy, Ext(A(7), A(v)) = max{dimye Exty (Ac(7), Ac(v)) | ¢ = 1,7 > 1)

We explore some special cases where we can say something about the dimensions
of Extyy (Ac(7), A¢(v')) for the rest of this subsection.
It will be convenient to employ the following convention when writing weights.

Recall that we identify the weight lattices for G’ and for U¢, for any root of unity ¢.

Now write a G-weight v as ¥ = w.A where A € C™NX and w € W,i(A) C Wy, C W,

The following two corollaries have a large intersection with Franklin’s results [14].

Corollary 12.3. Let r > 1 be such that p" > h. Let p € PC™ N X, w € W; cWw,

and s € Spr C W, (So s may not be in Sy). If ws > w, then
Homg (A (w.p), A(ws.p)) # 0.
In other words, there is a nonzero map
A(y) = A(Y)

if ¥ >~ € X and «' is the reflection image of v through a wall of the p"-facet

containing y.
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Proof. First consider the case where y € PC~ N X is regular. The condition on p"
ensures the existence of (a regular and) a subregular weight for U, with ¢ a primi-
tive p"-th root of unity. (See Proposition ) We can, thus, apply the translation

argument [10], 11.7.19] to obtain
Homy, (A¢(w.p), Ac(ws.p)) = K

in the quantum case. The corollary follows from Proposition [12.2] (1).
Now we treat the general weight © € PC™ N X. Again, by Proposition (1), it
is enough to obtain

Homy, (A¢(w.p), Ac(ws.p)) # 0.

Pick a regular weight A € P’C" NX (possible since p” > h) and consider the translation

functor T/{L in Us-mod. We may assume that w € W7, We have
Homy, (A(w.p1), A¢(ws.p)) = Homy, (T{ Ac(w.\), T{ A (ws.N))

=~ Homy, (T, T Ac(w.A), Ac(ws.\))

But the surjection

(see page induces an inclusion

Homp, (A¢(w.A), A¢(ws.\)) — Homy, (T:T/{‘Ac(w.)\), Ac(ws.N)).

The left hand side is nonzero by the regular case done in the first paragraph. 0

Remark 12.4. Since hd A(vy) = L(vy), if there is a nonzero map from A(y) to A(y/)
then L() is a composition factor of A(y'). Thus, Corollary implies Corollary
[I1.4] The same remark applies to Corollary below.
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In fact, we know many more morphisms between standard modules in the quantum

case, from which we can reduce mod p.

Corollary 12.5. Let r > 1 be such that p" > h. Let A\ € PC” N X, s € Sy \ I,

where I = {s € Syr | s.A = A} Forw € Wp(fpr\{s}) NWyr and x <y € Wis \(sp)(=

(Wor)(s,r\{sh), we have
Homg(A(wz.\), A(wy.\)) # 0.
Proof. A nonzero morphism in the quantum case
Ac(wz.A) = Ac(wy.\)

when A is regular is well known or explained in [3, Remark 3.6, Proposition 3.7]. It is
a composition of maps obtained in Corollary and also uses translation functors
in showing that it is nonzero. The proof of Corollary gives the singular case.

Finally, use Proposition [12.2] 0

A very similar proof gives the next corollary.

Corollary 12.6. In the situation of Corollary[12.3, we have
Ext (A(w.p), A(ws.p)) # 0.

Proof. By Propositionm (1), it is enough to show that Ext(l]< (Ac(w.p), Ac(ws.p)) #
0.
The regular case is done by the argument in [16], I11.7.19]. For the singular case, take

a regular weight A in P’C” and consider the translation functor T} of Us-modules.

Then,

ExtIIJC(AC(w.u), Ac(ws.p)) = Extlljc(Tl;\TfAC(w.)\), Ac(ws.\))
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Assuming w € W, there is a short exact sequence
0= M = T T{A(w.)X) = Ac(w.\) — 0,

where M has a A-filtration with sections A¢(wx.)), z € W7\{e}. Taking Homy, (—, A¢(ws.\)),
we have (a part of) a long exact sequence
— Homy, (M, A¢(ws.\))

(12.0.4)

— ExtlUC(AC(w.)\), Ac(ws.\)) — Ext%]c (leTng(w.)\), Ac(ws.\)) —.
Since the head of M is a direct sum of irreducibles of highest weight wt with ¢t € J,
and since wt £ ws for t # s € Sy, the first term Homy, (M, A¢(ws.\)) in (12.0.4)
is zero. The second term Extbc(AC(w.)\),AC(ws./\)) in (12.0.4)) is nonzero by the
regular case considered above. Therefore E:x;t(l]C (T)TY Ac(w.X), Ac(ws.N)) is also not

zero, which proves the claim. 0

Remark 12.7. The condition p” > h in Corollary [12.3] [12.5] [12.6] can be replaced by

the KL-good condition if we transfer the assertions in U, -mod to the affine case via
the Kazhdan-Lusztig correspondence, use the result of Fiebig [12] to move the level,

and then transfer the assertion back to the quantum case. See the proof of Theorem

[R.10] where we do this.

13. TYPE A; EXAMPLES

Let G = SLy. We provide some examples of the » = 2 case which shows that many
nice results for the r = 1 case does not generalize to » > 1. The r > 1 versions of the
“nice results” that are disproved in this section are the following.

(1) If p > 0 and A € PCy, then A(w.)\) for each w € W, has a filtration with
sections of the form A4(y). (The r = 1 case is proved in [37].)
(2) If p> 0 and X € PC7, then Al (w.\) for w € W, has left parity with respect

to all irreducible G-modules, or equivalently, A™d(w.\) € EF, or equivalently,
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we have
Extg(Aﬁed(w.)\), V(y.\) =0 if [(w) —I(y) Zn mod 2.

(The r =1 case is proved in [9]: See §4.2.2])

We take p = 3 to have concrete numbers, but all the examples here work for a
larger p. Note that the condition “p > 0” means, by our convention, “the Lusztig
conjecture for G is true and p > 2h — 2”. Thus, 3 > 0 for SL,.

In this case, the dominant weights are identified with the integers n € Z>(. The
Jantzen region in this notation is defined by the condition n < 8. On the quan-
tum side, we have U, = Uc(sl,) with ¢ a primitive 9th root of unity and U the
corresponding quantum group at a 3rd root of unity.

Let’s consider the regular orbit containing 0 € PC,. The highest weights are
0,4,6,10,12, 16,18, ---. We express the radical filtration of a G-module via the

following notation.
M/rad M =hd M

rad M/ rad* M
rad® M/ rad® M

It is easy to check that

and
AFY(10) = L(10),

while the structure of A(10) is either
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L(10)
(Case 1) A(10) = L(4)

L(6)

L(10)
(Case 2) A(10) = .

L(4) & L(6)

(We cannot have

L(10)

A(10) = L(6)

L(4)

because A(10) —» A™4(10) = L(10) .
L(4)

In either case, A(10) does not have a filtration with sections of the form ALd(v).

We actually know which is the case. Suppose (Case 2) is true. Then, we have
Extg (L(10), L(6)) # 0.

Since the weight 10 is the only one out of the Jantzen region among the weights
0,4,6,10, we have
ExtL(L(a), L(5)) # 0

for every pair of weights a,b € {0,4,6,10} in two adjacent alcoves. Applying [7,
Theorem 5.3] to the category (G-mod)[0,4,6,10], we have ch L(10) = ch L:(10).
This contradicts ch L¢(10) = ch L(10) + ch L(4). Thus, (Case 1)) is the case.
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Now we check that Ad(10) is not in the category £ (see Proposition [7.8). A se-
quence of distinguished triangle constructions of Ad(10) with the standard modules

(see the proof of Proposition and Remark is as follows.

L(4)
A(10) = Yy = AFY(10) = V1 = 1] -,
L(6)
A _ L9 _
6)[1] = Y1 = [1] = Yy = L(4)[1] ® L(4)[2] —,
L(6)

using

We see that the “wrong” shifts A(4)[1] and A(0)[2] appear. In view of the recog-
nition theorem (Proposition , the sequence above of distinguished triangles show
that Extl, (A4(10), V(4)) has dimension one at i = 1,2 and that Extl,(A4(10), V(0))
has dimension one at 7 = 2,3. In particular, the p*-analogue of [36, Conjecture II]

(§4.2.2) is not true.
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