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VCG-based Mechanism in Multi-rounds Auction

YANCHEN LIU, University of Virginia, USA

Auction mechanisms are designed to address two fundamental issues: determining the winner of a specific item and establishing the payment
required from the winner. In multi-round auctions where bidders directly report their valuations, as the scenario we study in this paper, the
mechanism must define both the allocation and payment rules to achieve a specific objective, such as maximizing social welfare or revenue. In this
study, we focus on identifying a welfare-optimal allocation strategy that ensures items are assigned to the bidders with the highest valuations
among all participants.

Regarding the payment rule, while the second-price mechanism is optimal in single-round auctions, the dynamic nature of multi-round auctions
introduces a new challenge: ensuring incentive compatibility for every bidder, even when they have complete knowledge of other bidders’ strategies.
In an ideal mechanism, the winner should pay only the second-highest price among the other bidders in a given round, without being influenced
by previous or future rounds. However, a strategic bidder may exploit their knowledge of others’ strategies, potentially causing honest bidders to
experience regret. This regret is defined as the difference in utility when the strategic bidder bids honestly versus when they bid manipulatively,
often at the expense of overall social welfare.

This paper proposes a novel payment rule designed to maximize social welfare with less fluctuation while adhering to the constraints of auction
design theory, defined in previous related work. The proposed mechanism ensures that, even if a strategic bidder has complete information about
other participants, including their valuations and bidding strategies, they are still incentivized to bid truthfully based on their valuation. The
results demonstrate that the mechanism mollifies strategic bidding from all participants, even in the presence of full strategic foresight, thereby

optimizing social welfare and balancing utility across bidders.

ACM Reference Format:
Yanchen Liu. 2025. VCG-based Mechanism in Multi-rounds Auction. 1, 1 (April 2025), 16 pages. https://doi.org/10.1145/nnnnnnn.nnnnnnn

1 Introduction

Auctions have a long history, dating back to the origins of trade. However, the introduction of multi-round auctions for identical
items has revealed incompatibilities between existing payment rules and the goals of incentive compatibility and social welfare
optimization. In this paper, we propose a payment rule based on the Vickrey-Clarke-Groves (VCG) mechanism [5], combined with
a specific allocation strategy, to encourage bidders to submit their true maximum valuations. This approach not only ensures
incentive compatibility but also maximizes social welfare. Notable auction formats include the First-Price Sealed-Bid Auction, the
Second-Price Sealed-Bid Auction, and the All-Pay Auction [1].

With the advent of online platforms, auctions have evolved beyond physical events, enabling broader participation and greater
efficiency. However, this transition has also introduced new challenges, such as increased opportunities for manipulation and
fraud. Exploiting inefficiency in auction protocols or leveraging advanced technological tools, some participants can manipulate
outcomes to their advantage, undermining both fairness and efficiency.

To mitigate these issues, modern auction mechanism design emphasizes three key properties: incentive compatibility, individual
rationality, and computational efficiency. These properties ensure the effectiveness of an auction mechanism by motivating
bidders to truthfully report their valuations rather than manipulating their bids to gain an unfair advantage, even when they
possess complete information about other participants. In the context of single-item auctions, the Second-Price Auction has been
shown as the optimal mechanism for achieving incentive compatibility, as it aligns individual incentives with the optimal social
welfare.

Building on this foundation, this paper investigates the design and analysis of auction mechanisms that preserve incentive

compatibility while addressing the complexities introduced by multi-round auctions and strategic bidding behaviors. By balancing

Author’s Contact Information: Yanchen Liu, University of Virginia, Charlottesville, USA, fty3wb@virginia.edu.

Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation on the first page. Copyrights for components of this work owned by others than
the author(s) must be honored. Abstracting with credit is permitted. To copy otherwise, or republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee. Request permissions from permissions@acm.org.

© 2025 Copyright held by the owner/author(s). Publication rights licensed to ACM.

Manuscript submitted to ACM

Manuscript submitted to ACM 1


https://doi.org/10.1145/nnnnnnn.nnnnnnn

62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
9
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113

114

116
117
118
119
120
121
122

2 Yanchen Liu

individual utility maximization with social welfare stability, this study proposes a novel payment rule that integrates the Vickrey-
Clarke-Groves (VCG) mechanism. The proposed approach enhances the robustness and fairness of auction systems in multi-round

direct revelation auction settings.

1.1 Brief Overview

In this paper, we consider an auction scenario consisting of multiple rounds and multiple participants. The bidding strategy matrix
is predefined and remains fixed throughout the game, implying that participants cannot alter their bids once the auction begins.
Given this specific scenario, we propose an auction mechanism that integrates an allocation rule based on the Kuhn-Munkres
algorithm [10] and a payment rule derived from the Vickrey—Clarke—Groves (VCG) mechanism. The designed mechanism aims to
achieve two primary goals: maximizing social welfare and incentivizing honest bidding among participants, thereby ensuring
incentive compatibility throughout the auction.

We introduce a metric termed regret [8], defined as the difference between the best possible utility a strategic bidder could
achieve and the utility obtained through honest bidding. To evaluate the performance of our mechanism, we conduct a simulation
comparing it with the sequential second-price mechanism, which is optimal for single-round auctions. The results, illustrated
through diagrams and datasets included in the appendices, demonstrate that our mechanism effectively eliminates regret, thus
encouraging truthful bidding behavior. Furthermore, due to the properties of the Kuhn-Munkres algorithm, the mechanism ensures

the maximization of social welfare.

1.2 Related Literature

Significant prior research has been conducted to optimize auction mechanisms and systems across various scenarios. Some studies
emphasize cryptographic aspects [2], while others aim to achieve equilibrium within auction systems [4]. Building upon concepts
discussed in the textbook Algorithmic Game Theory by Noam Nisan et al [6], our work specifically addresses sealed-bid strategies
with the objective of maximizing social welfare. Maximizing social welfare constitutes one foundational approach to mechanism
design, alongside revenue maximization.

Additionally, the work on the FedEx Problem by Amos Fiat et al [3]. offers valuable insights into resource allocation efficiency.
Inspired by their multi-round scenario, our study similarly investigates sequential allocation rules. Furthermore, chapter 7 of
Algorithmic Game Theory [6] introduces the VCG mechanism as an effective payment rule that ensures incentive compatibility,
thereby encouraging bidders to bid truthfully. And the preliminary knowledge of this mechanism would be illustrated in detail in
the following section.

Although our mechanism design focuses on auctions with a predefined and fixed value matrix, the approach is broadly applicable
to payment rules for various resources, including blockchain-based scenarios. Notably, the research conducted by Mallesh M. Pai
et al [7]. explores blockchain mechanisms for dynamic transaction fees, highlighting a pertinent area for future exploration.

From an algorithmic perspective, our current method incurs a computational complexity of O(n®) due to exhaustive enumeration.
Optimizing the performance through linear programming techniques [9] represents a promising direction for future research to

enhance algorithmic efficiency.

1.2.1  VCG mechanism. The Vickrey-Clarke-Groves (VCG) mechanism is designed based on the reported participant profile v,
which represents the private information disclosed by each participant in the game. By collecting and processing these participant
profiles, we define the function x as the allocation rule, also referred to as the alternative determination function. This function

takes the reported profiles as input and determines the available alternatives a, formally expressed as:
a = x(v). (1)

To illustrate the definition of alternatives, let A denote the set of all available alternatives when all agents participate in the
mechanism. For any agent i, we define A~/ as the set of alternatives available when agent i is not present. A specific alternative
a; € A represents a particular arrangement or allocation of the resource being managed.

For example, in a time-slot allocation scenario, the set A consists of all available time slots, and the mechanism selects a specific
time slot a; for allocation. In an auction scenario as we focus on in this paper, we define g; as the outcome in which the i-th bidder
wins the auction and receives the item. The set of alternatives in an auction is given by:
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VCG-based Mechanism in Multi-rounds Auction 3

A={ay,as...,am}, meNT (2)

where a; represents the allocation of the item to bidder i. The feasibility of each trade depends on the participating agents,
as only those who place bids are eligible to win the item. More concretely, a; signifies that the item is assigned to bidder 1, a
means that the item is assigned to bidder 2, and so forth, up to a,,, where the item is assigned to bidder m. To further declare our
alternatives space, the mechanism is designed based on deterministic allocation rule, where A € {0, 1}" and Z?zlai =1, in the
example above. Obviously, A~/ C A.

Definition (VCG mechanism). Given reported valuation profile 4 = (91, ..., 0,), where 0;(i € [1,n]) is a function that maps
alternatives to real number, representing the value that agent i assigns to each alternative, the Vickrey-Clarke-Groves (VCG)

mechanism on a set of alternatives A is defined by:

e achoice x(0) € argmaxge4 Y ien 0i(a), with selected alternative a* = x(9)
e apayment rule t;, where the payment by agent i is
H@) = ) aah- Y dj(a),
JeN\{i} JeN\{i}
with a~ € arg max 4 2 jen\(i) 9j(a), where A7! is the set of alternatives when i is not present.

Ties can be broken arbitrarily when choosing a* or a™* (for any i).

Final Goal. The goal for this paper is to design an auction mechanism to maximize the social welfare, which could be defined
as follow:
Given reported valuation profile 6 = (41, .. .,9,) and the allocation function x, we define the social welfare by summing the utility

for each participants:
o the utility for participant;:
ui = u(x(9),6;,1:(9)) = x(9) X 0; — £;(9)

e social welfare is the summation of the utilities for all participants(including the seller, represented by ug = EI_;(9)):

Z?:()ui = er-l:lx(lj) X 0; — Zyzlti(ﬁ) + 2?21 ti(0) = Z;’zlx(é) X 0

In the VCG mechanism regarding auction scenario, agent i pays the opportunity cost imposed on the other agents; i.e., the amount
by which the total reported value of others is reduced as a result of selecting alternative a* compared to the alternative a~* that
would be selected otherwise. When a* = a~%, agent i is said to be non-pivotal and makes no payment; otherwise, agent i is said to
be pivotal on the decision and we may have t;(3) # 0.

The VCG mechanism to sell a single item is just the Second-Price-Sealed-Bid(SPSB) auction.

1.3 Auction Scenario

Assuming there is a running auction consisting of m rounds, to allocate the identical but multiple items to a series of bidders
N ={1,..,n} (m,n € N), and each bidder has their intrinsic value vector 9; = {v;,, v,,...v;,, } Vi, € R* forallk € {1,2,...,m},
i € N) for bidder i in m rounds. It is worth to note that generally speaking, the valuation for the same item would be decreasing as
the time goes up, which is constrained by:

Vip 2 Vi, 2 ... 2 Vi,

We use a matrix V = [6;'—6; e, 6;] € N™X1 {4 denote the set of intrinsic values for all bidders, which contains all maximum

values that bidders could offer for a specific item in each round. For the scenario of the auction in this paper, we narrow the
allocation rule to be sealed direct and deterministic revelation, which means the bidder has boolean variables in each round, where
0 means losing and 1 means wining, and in each round, there exists one and only one winner, whose alternative variable is 1,
while other bidders’ variable are all 0. Other than that, the allocation rule derives based on the intrinsic value matrix gave before
the beginning of the auction, which means all bidding values have been assured and fixed before the first round begins, while no
new bidders would enter the auction, so the number of participants is fixed.
As the auction mechanism designer, the information known is the bidding values, which are denoted by a n-tuple b; =
Manuscript submitted to ACM
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4 Yanchen Liu

{bs,, by, ..., by, }for bidding value in t-th round. Therefore, there is a matrix B € RmXn

recording all bidding values, which
is used by designer to allocate the item to the winner in each round. In the scenario we discuss in this paper, the matrix B is fixed
before the first round starts, until the whole auction finishes. Moreover, because the items are all identical but repetitive for all

rounds, the winner for round ¢t won’t participate the rounds after ¢, which holds:

m
ZAU <1, Vie{l,...n)
=

n

ZAi,st Vie{l,....,m}
i=1

nxm

Based on the matrix B, the goal of the mechanism is to determine the allocation rule set A € [0, 1] , where 1 denotes the

bidder wins and 0 denotes that he doesn’t, through which to maximize the social welfare:
WELFARE =V x A

After determining the allocation to each winner, the paym ent rule P; = Payment(B, A) (i € [1,n]) is a function based on bidding
value matrix B and allocation matrix A.
In our hypotheses, we assume that every bidder is myopic and selfish. So they will only design their bid strategy B. ; to maximize
their personal utility u;:

Uuj = ZTleﬁ X Aij - P;

1.4 Mechanism Design Constraints

Every rational auction mechanism should satisfy the following prerequisites: Allocative Efficiency, Incentive Compatibility and
Individual Rationality. The definitions are demonstrated as following:
Definition (Allocation Rule). The mechanism ensures that the allocation A* € A maximizes the total value across all bidders.

This is achieved by solving the optimization problem:
A" = arg max (VxA),

This guarantees that the resources are allocated to those who value them the most, thereby maximizing social welfare.
Definition (Incentive Compatibility). The VCG mechanism incentivizes bidders to truthfully report their valuations. For
each bidder i, the utility achieved by reporting their true valuation v; is at least as great as the utility achieved by reporting any

other valuation 9;. Mathematically, this property is expressed as:
ui(bi = 05, b-i) > ui(bi # v, b-y),

where v_; represents the valuations of all other bidders. This property ensures truthful bidding as the optimal strategy.
Definition (Individual Rationality). The VCG mechanism guarantees that the participation for each bidder is better than
they are not, ensuring their participation in the auction is rational. Specifically, if a bidder doesn’t participate, there is no payment

for him. For bidder i, this condition is given by:
2;":1Vj,~ X Aij -P; > ZS."zlvﬁ XAi_ji =0

where P; is the payment made by bidder i. This implies that no bidder is worse off by participating in the auction.

1.5 Potential Problem
In our hypothesis, there exists a strategic bidder i who obtains a crystal ball, which could reveal all bidding information:
(VLB

where V™1 means the intrinsic valuation matrix without the i-th column, and respectively B~ means the bidding matrix without
the i-th column, before the auction starts. Bidder i is able to adjust his bidding strategy B.; to maximize his utility u;. Other than

the strategic bidder i, to simplify the scenario, all other bidders are honest bidders, which means they would bid their real value in

Manuscript submitted to ACM
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VCG-based Mechanism in Multi-rounds Auction 5

each round. Thus we have:
vi=p™
Based on the hypothesis we give above, the strategic bidder might impair the overall social welfare in order to maximize his own
utility if he has the crystal ball and know all information before.
Example To illustrate the problem we are trying to define, consider the example provided in Table 1, where bidders A, B, and C

participate in a three-round auction. Suppose bidder A, as a strategic bidder, the mechanism adopts SPSB payment rule:

o If bidder A bids honestly and wins in the first round, their utility is u = v4 — second-highest bid = 22 — 18 = 4.
WELFARE = 22 + 12 + 8 = 42.

o If bidder A delays their win to the second round, their utility becomes u = v4 — second-highest bid = 15 — 10 = 5.
WELFARE = 18 + 15 + 8 = 41

o If bidder A delays their win to the third round, their utility becomes u = v4 — second-highest bid = 10 — 0 = 10.
WELFARE = 18 + 10 + 10 = 38

This example demonstrates how strategic bidding can impair the social welfare, contravene to the constraint of Incentive
Compatibility. A robust auction mechanism must, therefore, address these challenges by satisfying all of the constraints to

maintain the stable social welfare.

Table 1. Example of Multi-Round Auctions

Bidder | 1st Round | 2nd Round | 3rd Round
A 22 15 10
B 18 12 7
C 15 10

Other than the impair to social welfare, simply implementing sequential second price payment rule in the scenario of multi-round
auction would introduce regrets, which would be experienced by the strategic bidder due to his dishonest bidding strategy.
Definition (Regret). The regret is defined by the difference between the maximum utility the bidder could achieve and the utility
if he bids honestly, given the fixed bidding strategies from all other bidders. We first define b; which represents the m elements
bidding vector for bidder i in this multi-round auction, and A* represents the optimal allocation given every b;. V_; represents the
true value matrix other than bidder i which is fixed when we calculate the regret for bidder i solely. Matrix V' is the same as matrix
V_i when bidder i bids his true value, as b; = v;. P; represents the payment that bidder i needs to pay. So, the regret for bidder i
could be defined as:

Regret; = arg rr%)a_lx uj (bi, A", V_i, P;) — uj(A™, V, ),

It’s worth noting that the regret is always positive, because any rational person would bid honestly to reach zero regret if there is

no spaces to earn more utility.

2 Mechanism

In any auction mechanism design, there are two key components to be determined: who wins and how much the winner should
pay, corresponding to the two mechanism rules, allocation rules and payment rules. In this section, we will illustrate our rules in
detail.

2.1 Allocation Rule

Based on the constraints and goals defined in section 1, in order to reach the highest social welfare, which is the summation of all
winner’s utilities and the seller’s utility, we run the KM algorithm which derives from Hungarian algorithm, to generate the
maximum social welfare and the allocation rule which could achieve the maximum utility by giving a cubic matrix.

Initially, KM algorithm is to output the minimum cost in bipartite graph, using dept first search or breadth first search algorithm
on a square matrix. Ifm # n, we pad the deficient line(or row) with 0, making sure it is square. And then, we transfigure the matrix
B to be C=-B, which leads to output to be the maximum instead of the minimum but the same allocation strategy. Here is the

Manuscript submitted to ACM



6 Yanchen Liu

306 overall scheme for KM algorithm and the pseudocode in 1
307

308 KM Algorithm

w Input: Bidding matrix B = [b;;] € R™*"

310

311 Output: Maximum Social Welfare SW and allocation matrix A = [a;;] € {0, 1}
312

313

:14 Algorithm 1 Kuhn-Munkres (Hungarian) Algorithm for Maximum Weight Matching
316 Require: Bidding matrix B = [b;;] € R™*"

317 Ensure: Allocation matrix A = [g;;] € {0, 1}"*™ and maximum social welfare SW
318 1: Pad B with zeros to make it square if m # n

. Construct negative matrix C = -B
: Subtract the minimum of each row from all elements in that row
: Subtract the minimum of each column from all elements in that column
: repeat
Cover all zeros in the matrix using a minimum number of horizontal and vertical lines
if number of lines equals matrix size then
An optimal allocation is possible
else
Find the smallest uncovered element, subtract it from all uncovered elements, and add it to elements covered twice
end if
: until an optimal allocation is found
: Use the zero positions to construct the optimal allocation matrix A
: Compute SW = 3; ; ajj - bji

319
320
321
322
323
324

325

R A A

326

—_
<

327

-
ja

328

—_
N

329

Jun
w

330

—
e

331

332
333
334
2.2 Payment Rule

336 The amount that the winner need to pay derives from VCG definition, which is the externality(or opportunity cost) that the winner
7 causes due to his winning. The payment value p; refers to the amount that bidder i needs to pay:
338

m n m  n
339 —i *
340 pi= Z Z Oer X Qe =~ Z Z Ue,r X Ay ¢ ®3)

" c=0 r=1,r#i c=0 r=1,r#i
* *

342 a,., €A" =ar max V-A 4
342 r.c gAe[O,lJ"X"’ 4
343 . . . B
344 a;le A" =arg max VAT (5)

’ A’iE[O,l]("’UX’"
345
346 In equation 1, it follows the principle of VCG: what the winner needs to pay is that the summation of values for the rest bidders
347 minus the social welfare if the winner is not present from the round he wins to the end. Also the outcome about the allocation

) comes from the section 2.1, generally speaking, it derives from the specific allocation matrix that could maximize the current
” social welfare based on specific scenario. For example, A~! means the allocation matrix when bidder i is not present, while A*
351 means the allocation rule that maximizes the social welfare in the scenario when bidder i is present.

352 Example To comprehensively demonstrate the new payment rule in specified multi-rounds auction scenario, we consider the
same example provided in Table 2, where the same bidders X, Y, and Z participate in a three-round auction and their values for

each rounds are shown in the table 2. To help denote the meaning for each part in the Equation 3, we define:

m n
- -i
357 S = Z Z Uer X Gy c

358 c=0 r=1,r#i

359 m n

360 S;F = Z Z Ve X af’c
361 =0 r=1r#i

362 Winners for each should pay:

363
ot o After running KM algorithm on table 2, the winners for this three-rounds auction are bidder X for round 1, bidder Y for

365 round 2 and bidder Z for round 3, which leads to the social welfare to be 42, maximum.
366 Manuscript submitted to ACM



367
368
369
370

384
385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427

VCG-based Mechanism in Multi-rounds Auction 7

o Bidder X is the pivotal bidder and wins in round 1 because removing X from the alternative set A (denoted as A™X, which
consists only of bidders Y and Z in round 1) would change the outcome to Y winning instead (Because when removing
bidder X from this game and only considering bidder Y and bidder Z for round 1 and 2, the maximum social welfare is
achieved by assigning the item to bidder Y for first round and bidder Z for the second round). This indicates that X’s
presence directly influences the result. The 5] = 18 + 10 = 28 and the S} = 12 + 8 = 20, so how much X needs to pay in
round 1 is 28 — 20 = 8.

o Similarly, if X wins in the first round, Y is the pivotal bidder in round 2 for the same reason described above. How much Y
needs to pay is (22 + 10) — (22 + 8) = 2.

e In the final round, because there are no other bidders to compete, to maximize the social welfare, Z needs to pay
nothing and he could win this round and get the item without any compensation. So the expected social welfare is
WELFAREF = 22 + 12 + 8 = 42.

This example illustrates how the new payment rules operate and determines the amount each winner must pay in each round
under a specific scenario. We will further state and prove additional advantages of this mechanism compared to the previous SPSB

mechanism in a multi-round auction setting.

Table 2. Example of New Payment Rule

Bidder | 1st Round | 2nd Round | 3rd Round
X 22 15 10
Y 18 12
Z 15 10

2.3 Property Proof

As we cited before, the VCG mechanism needs to satisfy three properties in section 1.4. Now, we can prove the properties: incentive
compatibility, allocation-efficient, and individual rationality.

Proof. Consider agent i with valuation vector &;, and fix the reports V=/ of others. For incentive compatibility, consider a
misreport v’;, with 9; # ¢';. Define allocation function x(V), which outputs the allocation matrix A based on the valuation
matrix, and p;(V) function, which outputs the price that bidder i needs to pay. Let A* = x(ﬁi,V_i), Al = x(z;’ i,V_i), and

A~i= argmaxy ¢ (o 1}(n-1xm V~i. A,. We have the difference between utilities:

0 - AL = pi(0, V) = (075 - Al = pi (@1, V7T))

6i- A" +S! - S} - (6'1--A’:,l-+5;.—s;)) @

max (6 Ayi+5]) = (- A +5]) 2 0
AEAnXm

Here, inequity 4 follows from canceling out mutual terms and writing out the optimal choice rule of the VCG mechanism
(used to select A*), and the result is weakly positive since A’ € A™ ™. Allocation efficiency follows immediately from incentive
compatibility, since the choice rule maximizes total reported value.

For individual rationality, and still with A™ = x(9;, V~i), we have

b AL = pi(0, V) =0 - A =0 AL+ 8] - S7 —bi- A}

= max (6 Ai+S;) - (ai A7 +5;) )
> max (5-A7 +8]) - (60 AT +57) 2 0. ©)
A-igAn-1)xm ” ”

where in equation 5, we write out the choice rule of the VCG mechanism (used to select A*), the inequality 6 follows from
Aln=Dxm ¢ AnXm 54 the result is weakly positive since A~ e A(n=1)xm
For the auction scenario in this paper, we have 9; ~A:ii = 0(zero value for no trade), and rationality provides ¢; ~Af:l.—p,~ (6, V7 20,
so that the payment is no more than the value from trade.
Manuscript submitted to ACM
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8 Yanchen Liu

3 Simulation

To verify the optimization for the new proposed mechanism, we focus on eliminating the regrets defined in section 1.5. The
primitive motivation is due to the existence of regrets, the strategic bidder is motivated to bid untruthfully to gain more profits,
which would impair the social welfare. So in order to make sure multi-rounds auction impels each bidder bids honestly, the new

mechanism must satisfy the properties of VCG mechanism, mentioned at section 1.4.

3.1 Example for simulation

To better understand what should be done in the simulation, we are going to illustrate an example in this section. See the same

value matrix as before, the table 3. Assuming bidder X is strategic—meaning they are aware of the bidding strategies of others

Table 3. Example of Simulation

Bidder | 1st Round | 2nd Round | 3rd Round
X 22 15 10
Y 18 12 7
Z 15 10

(represented by rows Y and Z in this example)—they may choose to bid untruthfully. Specifically, X might intentionally lose in
early rounds and aim to win in a particular round that maximizes their utility. The result we need to observe is the strategic
bidder’s regret, through the VCG-combined mechanism and the sequential second price(SSP) mechanism.

SSP Mechanism Each round follows a second-price auction format, meaning the highest bidder wins but pays the amount of the
second-highest bid among the left bidders.

(1) X wins on round 1. X bids [10°,0,0], X needs to pay 18, utility U = 22 — 18 = 4.

(2) X wins on round 2. X bids [0, 1010, 0], X needs to pay 10, because bidder Y wins at the first round. So, utility U = 15—-10 = 5.

(3) X wins on round 3. X bids [0, 0, 1010], X needs to pay 0, because bidder Y and Z all win at previous rounds. So, utility
U=10-0=10.
If X bids honestly, his utility would be 4, winning at round 1. So the regrets for X using SSP in this auction scenario would
be Regretx =5—-4=1.

VCG-combined Mechanism

(1) X wins on round 1. X bids [109,0,0], X needs to pay (18 + 10) — (12 + 8) = 8, utility U = 22 — 8 = 14.

(2) X wins on round 2. X bids [0, 1012, 0], X needs to pay (18 + 10) — (18 + 8) = 8, utility U = 15 — 2 = 13.

(3) X wins on round 3. X bids [0,0, 10'°], X needs to pay (18 + 10) — (18 + 10) = 0, utility U = 10 — 0 = 10.
If X bids honestly, his utility would be 14, winning at round 1. So the regrets for X using SSP in this auction scenario
would be Regretyx =14 — 14 = 0.

Given this example, we can find that the VCG-based mechanism effectively eliminates regrets, no matter at which rounds the

strategic bidder would win. We run a python simulation to verify this result.

3.2 Code Simulation

In order to verify the approach for VCG-combined mechanism, we design a simulation to compare the regrets of the new mechanism
and the SSP mechanism. In general, we consider an auction scenario with n = 20 bidders and m = 20 rounds. The valuation matrix
V is generated such that each entry v; j ~ Uniform(0,1). In each mechanism simulation, we focus on each bidder and let him be
the strategic bidder, finding his highest utility by manipulating his bidding strategy and calculating his regrets in this auction,
while others are honest. Finally, we will compare the average regrets of VCG-based mechanism and SSP mechanism, over 10 times
simulation, in the line charts, and sort the regrets in the plot in descending order, to help understand the optimization of regrets.
For the full simulation code, visit the GitHub repository: resource
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3.3 Result Analysis

We present both the plots and data as averages over 10 simulation runs. The average regrets are sorted in descending order in the

following plots. For more data output, please check Appendices A 5 and B 5.

Regret by Bidder (n=20, m=20) with Sequential Second Highest Price Rule Regret by Bidder (=20, m=20), KM-based allocation
~ 025 =
z 2 0.04
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© ©
E £
~ 0.05 =
o o
g g —0.04 4
-4 [-4
0.00
00 25 50 75 100 125 150 175 00 25 50 75 100 125 150 175
Bidder index Bidder (sorted by descending regret)
Fig. 1. regrets for SSP Fig. 2. regrets for VCG-combined

Based on the two line charts, we can find that our new VCG-combined mechanism significantly removes the existence of regrets,
which means even a bidder knows other bidders’ strategies ahead; he cannot earn any profit by bidding untruthfully. In other

words, it satisfies the incentive compatibility, because every bidder could earn his best utility by being honest.

4 Conclusion

In this paper, we proposed an auction mechanism tailored for a multi-round auction scenario, employing principles from the VCG
mechanism. The proposed mechanism, on the one hand, maximizes social welfare by allocating items to bidders such that the
total utility for bidders and sellers is optimized. On the other hand, the payment rule is based on the "externality" each winning
bidder imposes on other participants, ensuring incentive compatibility by preventing bidders from increasing their profit through
dishonest bidding.

We developed a simulation in which bidders act strategically with complete information about others’ valuations prior to the
auction. The simulation measured the difference between bidders’ best achievable utilities through strategic manipulation and
the utilities gained through honest bidding, defined as regret. Results indicated that under a fixed bidding strategy, the proposed
mechanism exhibits zero regret, demonstrating incentive compatibility.

Moreover, based on the characteristics of the KM Hungarian algorithm and the predetermined value matrix, the allocation rule
consistently achieves maximum social welfare. Nevertheless, the proposed auction mechanism is defined within strict constraints,
including a fixed valuation matrix prior to the auction, descending valuations for each bidder across rounds, and a rule limiting

each bidder to at most one round of winning.

5 Future Work

There are also numerous scenarios warrant further exploration regarding mechanism design to address the fundamental questions
introduced earlier: determining the auction winner and calculating the appropriate payments. Specifically, it is important to
investigate whether existing mechanisms remain effective under dynamic conditions, such as multi-round auctions involving
dynamic bidder behavior. Questions arise about how to achieve equilibrium and optimally balance social welfare and individual
utilities when the bidding matrix is unknown at the outset, or when participants are allowed to freely join and exit the auction.
Moreover, in increasingly complex scenarios where bidder participation dynamically fluctuates across auction rounds, the VCG
mechanism may no longer yield optimal results. Consequently, further research is essential to develop alternative mechanism
designs and innovative protocols that effectively address these challenges.

Additionally, there is considerable scope to enhance the efficiency of the algorithm itself. For instance, applying linear programming
techniques, rather than relying on brute-force enumeration methods, could better accommodate more sophisticated constraints.
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Such advancements would enable customization beyond mere value maximization, incorporating more nuanced auction rules and

diverse objectives.
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Full Simulation Output for SSP

Best Deviation Utility per Bidder(Average over 10 simulation)

Sorted Descending

Bidder 18 best deviation utility: 0.269709
Bidder 14 best deviation utility: 0.247023
Bidder 5 best deviation utility: 0.212251
Bidder 12 best deviation wutility: 0.203577
Bidder 16 best deviation utility: 0.197491
Bidder 13 best deviation utility: 0.192834
Bidder 6 best deviation utility: 0.190938
Bidder 10 best deviation wutility: 0.167587
Bidder 7 best deviation utility: 0.176675
Bidder 0 best deviation wutility: 0.140770
Bidder 15 best deviation utility: 0.121511
Bidder 19 best deviation utility: 0.119559
Bidder 17 best deviation wutility: 0.106197
Bidder 1 best deviation utility: 0.104286
Bidder 4 best deviation utility: 0.048915
Bidder 2 best deviation utility: 0.046692
Bidder 8 best deviation utility: 0.056553
Bidder 11 best deviation wutility: 0.024210
Bidder 9 best deviation wutility: 0.011442
Bidder 3 best deviation utility: 0.008193

A.2 Regrets by Bidder (Sorted)

Bidder 18: Regret

0.263190

Bidder 12: Regret = 0.202952
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Bidder 5: Regret = 0.188898
Bidder 14: Regret = 0.186863
Bidder 16: Regret = 0.177810
Bidder 6: Regret = 0.177606
Bidder 13: Regret = 0.153936
Bidder 10: Regret = 0.128006
Bidder 7: Regret = 0.121210
Bidder 0: Regret = 0.118617
Bidder 15: Regret = 0.117602
Bidder 17: Regret = 0.106031
Bidder 19: Regret = 0.064841
Bidder 1: Regret = 0.055536
Bidder 4: Regret = 0.047558
Bidder 2: Regret = 0.013860
Bidder 11: Regret = 0.006625
Bidder 8: Regret = 0.000000
Bidder 3: Regret = 0.000000
Bidder 9: Regret = 0.000000

A.3 Payments

[0.571240738
0.75943183
0.80732757
0.64481174

0.87565699 0.
0.32669583 0.
0.46039659 0.
0.18392491]

A.4 Honest Utilities

[0.02215358
0.01333185
0.00062557
0.00651862

A.5 Regrets

[0.11861677
0.17760578
0.2029515
0.26318993

.04874964 0.
.05546484 0.
.0388983 0.
.05471828]

(= = = =}

.05553628 0.
.12121042 0.
.15393584 0.
0648407 ]

oS o o o

A.6 Value Matrix

[[0.99625751
0.63449884
0.48491263

[0.98070977
0.75117244
0.48606588

09877131 0.
03144834 0.01985273

69006659 0.92891748

0328318 0.00819284
05655251 0.01144245
06016008 0.00390889

01385981 0.

18686301 0.11760216

0.94989236 0.88155512 0.80973563 0.

0.61525675 0.59925995 0.59339435 0.

0.45625778 0.37040375 0.27801747 0.
0.07707959 0.06662472]

0.97750551 0.94771095 0.92891748 0.

0.66070583 0.64696394 0.61846642 0.

0.3078619 0.27812201 0.23819504 0.

74624568
56648216
23954166

92440663
56415635
14323654

0.
0.
0.

0.
0.
0.

70552338
55560709
10950168

91223906
49027708
13100205

.98212642
.51651889
.41457021

00135631
.03958099
.01968138

.04755847
.12800558
.17781009

.27666831
.9503352
.99781164

.02335281
.01758557
.00016646

.18889777
0066247
.10603071
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76042194
64642899
37863881

85804952
43129898
23864318

0.
Q.
Q.

Q.
Q.
0.

71914365
56333653
36847986

75069764
41006359
22000499

0.
0.
0.

0.
0.
0.

69372185
53310802
23238191

61629962
35671552
15100731

[0.90324906 0.84383532 0.77274223 @.
0.68579481 0.67545732 0.65133036 0.
0.49745972 0.44853134 0.39252396 0.
0.14038681 0.06982095]

[0.95449757 ©.92047668 0.86488558 0.
0.60133134 0.58405211 0.58217243 0.
0.32674956 0.30772992 0.2717562 0.
0.10626767 0.06443152]]

B Full Simulation Output for VCG-Combined Mechanism

B.1 Best Deviation Utility per Bidder(Average over 10 simulations)

Sorted Descending

Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder

7 best deviation
18 best deviation
14 best deviation
12 best deviation
5 best deviation
19 best deviation
8 best deviation
11 best deviation
6 best deviation
2 best deviation
9 best deviation
16 best deviation
17 best deviation
0 best deviation
3 best deviation
4 best deviation
10 best deviation
15 best deviation
13 best deviation

1 best deviation

utility =
utility
utility
utility

utility =
utility

utility =
utility

utility

utility =

utility =
utility
utility

utility
utility =

utility =
utility
utility
utility

utility =

B.2 Regrets by Bidder (All Zero)

Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder
Bidder

0: Regret = 0.000
1: Regret = 0.000
2: Regret = 0.000
3: Regret = 0.000
4: Regret = 0.000
5: Regret = 0.000
6: Regret = 0.000
7: Regret = 0.000
8: Regret = 0.000
9: Regret = 0.000
10: Regret = 0.00
11: Regret = 0.00

000
000
000
000
000
000
000
000
000
000
0000
0000

0.456804
0.279492
= 0.274894
0.294274
0.269423

= 0.266434
0.263069
= 0.254799
0.251720
0.244892
0.238888
0.194732
= 0.193343
0.191480

0.180122
0.140122
= 0.132676
= 0.126625
0.124202

0.050014
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Bidder 12:
Bidder 13:
Bidder 14:
Bidder 15:
Bidder 16:
Bidder 17:
Bidder 18:
Bidder 19:

Regret =

Regret =

Regret =

Regret =

Regret =

Regret =

Regret =

Regret =

B.3 Payments

[0.74635034
0.19731336
0.578285
0.17191741

0.25519474 0.
0.46617999 0.
0.03554544 0.

S O O o o o o <

.000000
.000000
.000000
.000000
.000000
.000000
.000000
.000000

0.66007964]

B.4 Honest Utilities

[0.19147958
0.25171952
0.29427379
0.27949212

B.5 Regrets

[0. 0. 0. 0.

0.05001397 0.
0.45680359 0.
0.12420241 0.

0.26643372]

0. 0. 0.

B.6 Value Matrix

[[9.62688592e-01
.93023847e-01
.32930363e-01
.58096532e-01
.64921657e-02
.41315821e-01
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