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ABSTRACT. Let R be a commutative ring with identity. For n > 2, we let E,(R) denote the
subgroup of the special linear group SL, (R) generated by all elementary matrices, and for an ideal
J of R we let E, (R, J) denote the normal subgroup of E,(R) generated by the elementaries that
are congruent to the identity matrix modulo J. The goal of this dissertation is to establish several
results asserting that in certain situations the groups E, (R) and E, (R, J) have finite width with
respect to their natural generating sets. In particular, it is shown in Chapter II that if R is a ring
of algebraic S-integers with infinitely many units, then E2(R) (which in this case coincides with
SL2(R)) has width < 9 with repect to elementary matrices. This result yields bounded generation
of SL2(R) in the case at hand, as an abstract group. The results of Chapter III apply to the ideals
J in an arbitrary Noetherian ring R for which the quotient R/J is finite. We show that if E,,(R) has
finite width with respect to elementaries, then every element in E,, (R, J?) is a product of a bounded
number of elementary matrices congruent to I,, modulo J. Assuming further that R satisfies Bass’s
stable range condition, we derive from this result that the normal subgroup of E,(R) generated
by a given matrix subject to some conditions, has finite index and finite width with respect to the
union of the conjugacy classes of the matrix and its inverse.
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CHAPTER 1

Overview of Groups with Bounded Generation,
and Facts from Alg. Number Theory

I.1. Statements of the main results

The focus of this work is the property of bounded generation of special linear groups over
commutative rings, as well as of their natural subgroups associated to the ideals of the ring, with
respect to their natural generating sets.

Definition. Let I be an abstract group with a symmetric generating set 7. (Recall that T is
symmetric if T = T~'.) Then
e [ has finite width with respect to T if there exists an integer m so that every element of I’
is a product of no more than m elements from 7. The smallest such m is called the width
of I' with respect to T'.
e I' has bounded generation if furthermore we can take T' to be a finite union of cyclic
subgroups of G. This is equivalent to the existence of finitely many elements ¢1,...,95 € I’
so that I' can be decomposed as a product of the cyclic subgroups:

I'={(g1)- - (ga), where (g) is the cyclic subgroup generated by g.

In this case, the smallest such integer d is called the degree of bounded generation.

We refer the reader to Subsection 1.3.1 for examples of groups with bounded generation.

Let k£ be a number field, S be a finite set of places of k containing all the archimedian ones.
Let Oy, be the ring of integers of k, and O = Oy, g be its ring of S-integers (see Subsection 1.4.1 for
precise definitions). It is known (cf. [Va]) that if the group of units O* is infinite, then the group
SL2(0) of unimodular matrices over O is generated by the set of elementary matrices. Our first
main result asserts that it actually has finite width with respect to this set.

THEOREM 11.3.6. (cf. [MRS]) If 0% is infinite, then SLa(O) has width < 9 with respect to the set
of elementary matrices.

This theorem implies bounded generation of SLy(0), and completes a long line of research in this
direction — see Subsection 1.3.2 for a historical survey. Furthermore, it yields a bound on the width
of SL,(0) for all n > 2, which is independent of the discriminant of k. More precisely, we have

COROLLARY 11.3.7. Assume that the group O* is infinite. Then for n > 2, the width of E,(O)
with respect to the set of elementary matrices is < %(3722 —n)+4.

The above theorem is established in Chapter II. The goal of Chapter III is to use the finiteness of
the width obtained in Theorem II.3.6, in order to establish the finiteness of the width of F,, (0, J)
with respect to F,(0,J). It turns out that the methods of Chapter III apply not only to rings of
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6 I. (BG) AND BACKGROUND FROM ANT

S-integeres of number fields, but also to all commutative Noetherian rings R over which E,,(R) has
finite width with respect to the set of elementary matrices — but, for n > 3. Let F, (R, J) be the set
of elementary matrices whose entry different from that of the identity matrix is in J, and &, (R, J)
the set of E,, (R)-conjugates of matrices in F,(R, J). Let F,,(R, J) and E, (R, J) denote the groups
generated by the sets F, (R, J) and &, (R, J), respectively. Then the first section of Chapter III
proves:

THEOREM II1.1.6. Let R be a Noetherian ring, and let n > 3. Assume that E,,(R) has finite width
with respect to €,(R). Then for any ideal J C R satisfying [R : J] < oo:

(a) En(R,J) has finite width with respect to €,(R,J);

(b) there exists an integer N, so that E, (R, J?) is contained in the product of N copies of Fn(R,J),
namely Fn(R, J)N;

(c) [En(R) : Fp(R, J)] < 00;

THEOREM II1.1.13. With the above setup:
Fn(R,J) has finite width with respect to F, (R, J).

When R is the ring of S-integers of a number field, then R is Noetherian, and every (non-zero)
ideal J satisfies [R : J] < co. Therefore, the above theorem applies.

A ring is said to satisfy the stable range condition SR,, (due to Bass, cf. [B, P. 14]) for n > 1,
if for any n elements ay,...,a, € R which are coprime (i.e., a;R + ... + a,R = R), there exist
elements b1,...,b,—1 € R so that the elements «; := a; + b;a, for i =1,...,n— 1 are also coprime.
The second section of Chapter III applies to rings which also satisfy this stable range condition, and
shows that in this case, the normal subgroups E, (R, J) of SL,(R) have finite width with respect
to conjugacy classes of a given matrix and its inverse.

ProposiTION II1.2.7. Suppose R is a commutative ring which satisfies the stable range condition
SR,—1. Fizx B € SL,(R), and for i = 1,...,n, let J; be the ideal generated by the off-diagonal
entries of C;(B); let J = J1 + ...+ J,. Then:

(a) E1n(J1) C C%.
(b) Eqn(J) C CE".

Combining this result with Theorem III.1.6, we obtain the following:

THEOREM I1I1.2.1. Suppose R is a Noetherian ring which satisfies the stable range condition SRy,_1,
and for which E,(R) has finite width with respect to €,(R). Suppose we are given a (non-diagonal)
matrix A € SL,(R). Let C4 be the union of the conjugacy class of A and the conjugacy class of
A=Y, Let J be the ideal generated by the off-diagonal entries of A. If [R: J] < oo, then the normal
group generated by A has finite width with respect to C4.

The structure of the current chapter is the following. The next section introduces notations,
which will be used throughout this work. Section 1.3 deals with groups having bounded generation.
In Subsection 1.3.1, we give examples and non-examples of bounded generation. In Subsection
1.3.2 we outline a brief history of research on bounded generation, and in Subsection 1.3.3 we list
some applications of bounded generation. Section 1.4 is devoted to results from Algebraic Number
Theory, which will be used in Chapter II. Subsection 1.4.1 discusses splitting of primes in finite
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extensions of number fields, Subsection 1.4.2 focuses on abelian extensions, introducing the Artin
map, and Subsection 1.4.3 recalls a few results related to the proof of the m-th power reciprocity
law.

I.2. Notations

Let R be an arbitrary ring. A (two-sided) ideal J of R is said to be of finite index if [R : J] < oo.
For the sake of consistency, for an arbitrary g,h € R, we let [g, h] denote ghg~th~1L.

A ring R is said to satisfy Bass’s stable range condition SR,, (cf. [B, P. 14]) for n > 1, if for
any n elements ay,...,a, € R which are coprime (i.e., a;R+ ...+ a, R = R), there exist elements
bi,...,bp—1 € R so that the elements «; := a; + b;a, for i = 1,...,n — 1 are also coprime. For
example, whenever R is a commutative ring, and n is the Krull dimension of Spec R, then for any
finite R-algebra A, the ring GL(A) satisfies the stable range condition SRy, ;1.

2.1. Important subsets and subgroups of SL,,(R). For given ideals J, J' C R, a subset T' C R,
and integers 1 < i # j < n, we define the following:

Ei;(T) is the set of elementary matrices {E;j(c) | @ € T'}.
Fn(R,J) is the union . U Ei;j(J); En(R) = Fn(R, R).

(R,
j<n
F,(R,J) is the subgroup of SL,(R) generated by F,(R,J); E,(R) = F,(R, R).
En(J,J)={BAB™' | B€E,(J),A € F(R,J)};

E,(J,J') is the subgroup of SL,,(R) generated by &,(J, J');

In particular, E, (R, J) is the normal subgroup of E,(R) generated by (R, J).

2.2 Field Theory For a field k, we let kP denote the maximal abelian extension of k (in a fixed
algebraic closure of k). Furthermore, p(k) will denote the group of all roots of unity in k; if (k)
is finite, as is the case when k is a number field, then we let p denote its order. For n a positive
integer prime to char k, we let (,, denote a primitive n-th root of unity.

If we are given a prime number p, we can write any integer n in the form n = p® - m, for some
e > 0, where p | m. We then call p¢ the p-primary component of n.

2.3 Algebraic Number Theory

Let k be a number field, i.e. a finite extension of Q. Then the set V¥ of all valuations on k is a
union of the set of archimedian valuations, denoted Volg, and the set of non-archimedian valuations,
denoted ka (cf. Subsection 1.4.1). The ring of integers of k is denoted O, and more generally for
a finite subset S of V* containing V£, O = Ok,s will denote the ring of S-integers of k£ — namely,
the set

Ors={a€k|v(a) <1 foraloveVF\Sh
Note that Oy = Opyx. Then the nonzero prime ideals of Oy g are in a natural bijective corre-

spondence with the valuations in V* \ S. For any v € VE we let k, denote the corresponding
completion; if v € Vk then O, will denote the valuation ring in k, with the valuation ideal p, and
the group of units Uv = 0 if v ¢ S, then p, will denote the corresponding prime ideal of Oy, g
(note that p, = O Npy). Conversely, for a nonzero prime ideal p of O or of O, we let v, € VF\ S
denote the corresponding valuation.

Next, suppose we are given a nonzero ideal a of 0. Generalizing Euler’s ¢-function, we set

¢(a) = [(0/a)”].



8 I. (BG) AND BACKGROUND FROM ANT

Also, since O is Dedekind, we can uniquely write any ideal a as a = p{*---p2r; and then, we set
V(a) = {p1,...,pr}. For a given a € k*, we define V(a) = {v € ka | v(a) # 0}; for example, if
O = Op,g, then V(a0) =V (a)\ S.

Finally, we would like to define ideles. The adele ring V}, is defined as the restricted product of
the k, with respect to their rings of integers O,. Namely,

Vi = {i = (iv)jev+ | iv € Ky, for all v,i, € O, for all but finitely many v}

The multiplication and addition on Vj are defined componentwise. The basis for the topology on
Vi, consists of

H Iy | Ty is open in k, for all v, and T, = O, for all but finitely many v
veVE

The set of units V,* is not necessarily a topological group when endowed with the subset topology,
since inversion is not necessarily continuous. Instead, we give to V,* the subset topology of the
injection of V;* into Vj x Vj, sending i, + (iy,i,!). The ideles Jj, are defined to be V,* with this
topology, which makes Ji a topological group.

There is an embedding of £* into Vj, sending = — i(x), where i(z), = x for all z. If x is written
as © = a/b with a,b € O, then the only places v where i(z), ¢ O, are those in v € V(b); so the
adele i(z) € Jy for all € k*. Therefore, we identify £* as a subgroup of Jj.

1.3. Background on groups with bounded generation

3.1 Examples and non-examples of groups with bounded generation.
It is trivial to see that every group I' with bounded generation is finitely generated; it will
follow from the following lemma that the converse holds if I" is abelian.

LEMMA 1.3.1. Let G be a group, and H a subgroup. If H is of finite index in G and has (BG), or
if H is normal and both H and G/H have (BG), then G also has (BG).

PROOF. Since in both cases we assume H has (BG), we can write H = (hy) - (hy,), for some
h; € H. Similarly, if [G : H] < oo, we can write G = g1H U goH U ... U g, H with g; € G; it G/H
has (BG), we can write G/H = (g1) - - - (gn), with g; € G/H. In the latter case, for each ¢ let us fix
gi € G so that g;H = g;H. Therefore, in both cases we have G = (g1) - - - (¢n) - H, which implies

G =(g91) " (gn) - (hm) -+ (M),
as desired. (]

Furthermore, non-abelian groups can also have bounded generation.
LEMMA 1.3.2. Every finitely generated nilpotent group has bounded generation.

PrOOF. If T' is nilpotent, then there is a filtration ' = T’y > T'y > ... > I, = {e} for some m,
where I';4 is defined to be the commutator [I';,T']. Since I', = {e} obviously has (BG), the result
will follow by induction from Lemma I.3.1, once we show that each factor I';_;/I'; has (BG). Since
each quotient I';_1 /T'; is Abelian, it suffices to show it is finitely generated. We do this by induction
on i.
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So suppose T is generated by {g1,...,gan}; then T'g/T'y is also finitely generated by the images
of the g;’s, showing the claim for ¢ = 1. Now, suppose ¢ > 1. By the induction hypothesis, suppose
I';_1/T; is generated by {¥1,...,9n}; for each j < N fix a preimage v; € I';_1 of 7;. We claim
that I';/I";41 is generated by the images of T := {[gj, ] | j < M;k < N} in I';/T41. Now we
know a priori that I'; is generated by {[g,7] | ¢ € ['i—1,7 € I'}. It remains to show how to write an
arbitrary [g,7] as an product of the [g;,vx]’s. First, suppose 7,6 € I';_1 and € € I, or vice versa.
Then using the identity [y, g] = [g,7] ™!, we have:

* [’7& 6] = 7[57 6]’771[77 ] [77 [5 6“ [67 6][ ] [ ?6] [57 6] = [% E] [5’ d (mOd Fi—l-l)v
e bl =7 el = [ Lleq]] 62 = [0 3] = [, d = (mod Tysa),
Now if we are given an arbltrary l9,7] € [Ti—1,T] =T, we can write
T
s wnd v =L
k=1 =1
Then, the above identities imply that

= H H Gjr> V)™ (mod Tigq).

Therefore, I';/T';+1 is finitely generated. As explained above, this implies that
O

While it is fairly easy to come up with examples of groups with bounded generation, proving
that a group does not have bounded generation is more difficult. We start with the standard
(non-)example.

NON-EXAMPLE. The free group F, does not have bounded generation for r > 1.

ProOOF. If T' has bounded generation, then we can write I' = (g1)--- (gn) for some n. Then
|IT/T"™| < n™ for all m > 0: in particular, I'/T" is finite for all m. On the other hand, when I is
the free group F, of rank r, the quotient I'/T"™ is called the Burnside group B(r,m) (cf. definition
of I'(r,m) in [NA3, P. 669]). Furthermore, the solution to Burnside’s problem was shown to be
negative by P. Novikov and S. Adjan (cf. [NA1], [NA2], and [NA3]), by showing that the Burnside
group B(r,m) is infinite for all » > 1, and odd m > 4381. This implies that [, cannot have bounded
generation for r > 1. See [T] for a direct argument. O

The above example can be used to show that some other groups do not have bounded generation,
via the following partial converse of Lemma 1.3.1.

LEMMA 1.3.3. Suppose I' has bounded generation, and H < T is a subgroup of finite index. Then
H also has bounded generation.

PRrROOF. Suppose that v1,...,vn € ' are the elements such that
I'= () (ym)-

First, we note that it suffices to assume that H is normal. Since otherwise, we can let H' be
the kernel of the left multiplication action of I" on the coset space I'/H, which, as a kernel, is a
normal subgroup. Since left-multiplying the identity coset by any element outside H will result in
a non-trivial coset, then H' is contained in H. Furthermore, since G/H 1is finite, and the set of
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elements fixing each coset is of finite index in I', then H' = ﬁ/ gHg ™! is also of finite index in T,
gel'/H

and therefore in H. Since H' C H, the (BG) property of H' will by Lemma 1.3.1 imply the (BG)
property of H.
So assume that H is normal, and let » = [I" : H]. Then the set
Ai={y'... 7 |0<e <rforj=1,...,i}
is finite for ¢ = 1,...,m; and therefore, each of the sets
Mj; = U (g7 y9)") for1<i,j<m
geEA;
is a union of finitely many cyclic groups. Since [[' : H] = r, and each of the cyclic groups comprising
M; ; is generated by r-th powers, then M;; is contained in H for all 7, j. Set M; = H;':1 M; ;.
Furthermore, let us define the set L; := A; - M; for all i = 1,..., m. The strategy of the proof
is to show that if h € L;_1, then h-~]* € L; for all n. Since every element g € I' can be written as
g =" ymm this will imply that L, = T'. But, H C L,,, = A,;, - M,,, and since M,, C H, then
HC (AyNH)- My, CH. Now A,,, N H is a finite set, and M,, is a finite product of finite unions
of cyclic subgroups of H. This will imply that H = (A,,, N H) - M,,, has bounded generation.
First we show that if we are given h € L;_; and an integer e; = ¢, + ¢!/, where 0 < e} < r and
r | €, then we have h-~;* € L;. This is because writing h = h' - h" € A;_1 - M;_1, we obtain
i € E € (A TGP G\
hoogt =h Ryt = b (R )
Since b/ € A;_1 and 0 < e; < r, then i/ - %.e; € A;. Since "' € M;_1 = H;;ll M;i—1and 0 <e] <r,

—el ‘ i— . 4 .. .
then v; “h"y;" € szll M;,;. Furthermore, since r | e/, we have v;* € (7/) C M;,;. This implies

that h")/iei EAZH;;II MJJMZJZLl ]

COROLLARY 1.3.4. If H is a subgroup of G of finite index, then H has (BG) if and only if G has
(BG).

Now, we will apply Lemma 1.3.3 to show
COROLLARY 1.3.5. The group SLo(Z) does not have bounded generation.

PrOOF. Consider the homomorphism ¢ of the free group Fy = (z,y) to SL2(Z) sending x — E12(2)
and y — E91(2). By Lemma 1.3.3, it suffices to show that Im(¢) is free, and that Im(¢) is of finite
index in SLo(Z). That it is free is usually proved by showing that its action on the hyperbolic plane
is free; however, there is a more elementary argument. For ¢ > 0, let H; be set of images of all
words of length ¢ which start with x, and H] be set of images of all words of length ¢ which start
with y.

Clearly, [(I2)11] > |({2)12]; a simple induction argument shows that for any A € H,,, if n is even
then [(A)11] > |(A)12|; otherwise |(A)12| > |(A)11]. Consequently, one shows by induction that for
each A € H,,, max(|(A)11],|(A)12]) > n, implying A # I when n > 0; similarly, I ¢ H, for n > 0.
This means that the only way to map an element of Fo to the identity matrix is, if it is the trivial
word. This implies that Im(¢) is free.

On the other hand, the elements o := E12(1) and 3 := Ea1(—1) generate SLy(Z). Let @ and j3
be the images of a and 3, respectively, in PSLy(Z). Then they satisfy the identities

af’a =572 and Ba’ft=a"2
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Let H be the image of ¢ in PSLy(Z); the above implies that H is normal. One readily checks that
{I2,a, 8,08, Ba, aBa = Bap}

forms the full set of representatives of PSLa(Z)/H, so [PSLa(Z) : H] = 6. (In fact, H is precisely

the kernel of the map PSLy(Z) — SL2(Z/2Z).) Since [SLa(Z) : PSLa(Z)] = 2, then the index of

Im(¢) in SL2(Z) is at most 12. Since Im(¢) is free, and the order of —Is is 2, then —Is ¢ Im(¢),
and the index of Im(¢) in SL2(Z) is equal to 12. O

While it was straightforward to show that finitely generated nilpotent groups have bounded gen-
eration, in fact bounded generation is not restricted to nilpotent or solvable groups. As outlined
next, many Chevalley groups, which are non-solvable, also have bounded generation.

3.2 Previous results on bounded generation of linear groups. The quest to validate bounded
generation of non-solvable Chevalley groups has a considerable history. It has been known that if
the ring of S-integers O = Oy, g has infinitely many units, then the group I' = SL,,(0O) is generated
by elementary matrices for any n (see [Va] for n = 2, and [BMS] for n > 3). However, the
question of whether the width with respect to elementary matrices is actually bounded has yielded
many papers giving a partial answer. The first result in this direction was given by G. Cooke and
P. J. Weinberger [CW], who established that the width equals 5, assuming the truth of a suitable
form of the Generalized Riemann Hypothesis, which still remains unproven.

The subsequent research initially focused on bounded generation of SL,, for n > 3. The first
unconditional proof of bounded generation of special linear groups was given by D. Carter and
G. Keller [CK1], who showed that SL,,(0) for n > 3 is boundedly generated by elementary matrices
for any ring O of algebraic integers. O. I. Tavgen [T] was able to generalize their proof to most
(regular and twisted) Chevalley groups of rank > 1; note that these results again do not apply to
SLy. The first unconditional proof which proved the bounded generation of SL2(Oj g) in all cases
where it holds was given by D. Carter, G. Keller and E. Paige in an unpublished preprint; their
argument was streamlined and made available to the public by D. W. Morris [MCKP)]. Around this
time, also I. V. Erovenko and A. S. Rapinchuk [ER] also were able to establish bounded generation
of S-arithmetic subgroups of some isotropic, but not necessarily split or quasi-split, orthogonal
groups. Furthermore, A. Heald [He] was able to establish bounded generation of special linear
groups over certain quaternion algebras, and also of special unitary groups over some rings.

Soon after Carter and Keller’s paper [CK1], B. Liehl [L2] applied some of their techniques to
show (BG) of SLa(Oy,s), under heavy restrictions on k. After this result, no new results appeared,
until [LM] (see also [M]) showed using analytic tools, that SLy(Oy g) has a width of at most 5 for
an arbitrary k, essentially by proving that Artin’s Primitive Root Conjecture holds in this case;
however, this result required that |S| > max(5,2[k : Q] — 3). The argument in [MCKP] finally
proved (BG) of SLa(Oy,g) for an arbitrary k and S. However, it was based on model theory, and
provides no explicit bound on the number of elementary matrices required; besides, it uses difficult
results from additive number theory. In [Vs]|, M. Vsemirnov proved Theorem I1.3.6 for O = Z[1/p]
using the results of D. R. Heath-Brown [Hb] on Artin’s Primitive Root Conjecture (in a broad
sense, this proof develops the initial approach of Cooke and Weinberger [CW]); his bound on the
number of elementaries required is < 5. Subsequently, B. Sury re-worked the argument from [Vs]
to avoid the use of [Hb] in an unpublished note. These notes were the beginning of the work which
led to our proof of Theorem II.3.6 in the general case (cf. [MRS]). It should be noted that our
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proof used only standard results from number theory, and is relatively short and constructive with
an explicit bound which is independent of the field k and the set S. This, in particular, implies
that Theorem I1.3.6 remains valid for any infinite S.

Next, it should be pointed out that the assumption that the unit group O* is infinite is necessary
for the bounded generation of SLy(0), hence cannot be omitted. Indeed, it follows from Dirichlet’s
Unit Theorem [CF, §2.18] that O* is finite only when |S| = 1 which happens precisely when S is
the set of archimedian valuations in the following two cases:

1) k= Q and O = Z. In this case, as shown in Corollary 1.3.5, the group SL9(Z) is generated by
the elementaries, but has a nonabelian free subgroup of finite index, which prevents it from having
bounded generation.

2) k = Q(v/—d) for some square-free integer d > 1, and Oy is the ring of algebraic integers
integers in k. According to [GS], the group I' = SL2(O4) has a finite index subgroup that admits an
epimorphism onto a nonabelian free group, hence again cannot possibly be boundedly generated.
Moreover, P. M. Cohn [Co] showed that if d ¢ {1,2,3,7,11} then I' is not even generated by
elementary matrices.

The upper bound on the number of factors required to write every matrix in SL,(0) as a
product of elementaries given in [CK1] is 2(3n? — n) + 68A — 1, where A is the number of prime
divisors of the discriminant of k. In particular, this estimate depends on the field k. Using our
Theorem I1.3.6, one shows in all cases where the group of units O is infinite, this estimate can be
improved to %(3712 —n) 44, hence made independent of k£ — see Corollary 11.3.7. The situation not
covered by this result are when O is either Z or the ring of integers in an imaginary quadratic field,
as outlined above. The case O = Z for n > 3 was treated in [CK2] with an estimate 3(3n?—n)+ 36,
so only in the case of imaginary quadratic fields the question of the existence of a bound on the
number of elementaries independent of the field k remains open.

From a more general perspective, Theorem I1.3.6 should be viewed as a contribution to the
sustained effort aimed at proving that all higher rank lattices are boundedly generated as abstract
groups. Given the implications of (BG) described in Subsection 1.3.3, we would like to point out
the following consequence of Theorem I1.3.6.

COROLLARY L.3.6. Let O = Oy_g be the ring of S-integers, in a number field k. If the group of units
O is infinite, then the group I' = SLo(O) has bounded generation.

3.3 Properties and applications of groups with bounded generation. The interest in
bounded generation of a group stems from the fact that while being purely combinatorial in nature,
it is known to have a number of far-reaching consequences for the structure and representations
of a group, particularly if the latter is S-arithmetic. See §1.4 for definitions of terms used in this
section.

One application is to representation rigidity. Suppose I is an arbitrary finitely generated group,
and fix an arbitrary set of generators I' = (v1,...,7,). Then we have a surjection from the free
group F, = (z1,...,x,) to I sending 1 — ~,; let N be the kernel of this map. Then for a
fixed integer d > 1, any d-dimensional complex representation p of I' can be defined by specifying
the image of the generators (p(71),-..,p(7)) € GLg(C)"; conversely, any r-tuple (M, ..., M,) €
GL4(C)" corresponds to a representation of I' if and only if these elements satisfy the relations
w(My,...,M,)=1€T for all w € N. Therefore, the set

Ry(D) = {(My, ..., M,) € GLg(C)" | w(Mj, ..., M,) =1 for all w € N}
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will parametrize all the d-dimensional complex representations of I'. It is an affine algebraic va-
riety called the representation variety of d-dimensional representations of I'. Up to a biregular
isomorphism, this variety is independent of the generators {v1,...,7-} of I' (cf. [PR2, 2.4.7]).

Furthermore, there is a natural conjugation action of GL4(C) on R4(I'). The orbits under
this action correspond to equivalence classes of representations. Then the categorical quotient of
R4(T") under this action is an algebraic variety, called the character variety [PR2, 2.4.7) of T,
denoted X4(I'). The elements of X4(I') are in a bijective correspondence with the Zariski closures
of the GL4(C)-orbits under the conjugation action; furthermore, the closure of each orbit contains
a unique fully reducible representation. Therefore, X (I") parametrizes the set of d-dimensional
complex completely reducible representations of I'. Then, a group I is defined to be semisiply rigid
(a.k.a. SS-rigid) when the dimension of X4(I") is O for all d > 1. This is equivalent to the existence
of at most finitely many equivalence classes of complex completely reducible representations in each
dimension.

There are several obstructions to a group being SS-rigid. First, if the abelianization I'* is
infinite, then the fact that T is finitely generated implies that T has a free factor, say corresponding
to v € I'. This means for each d > 1 and each M € GL4(C), the map v +— M can be extended to a
representation of I', thereby resulting in infinitely many equivalence classes of complex completely
reducible representations of I' in each dimension — meaning that I' is not SS-rigid.

The group SLy(Z) is an example of a group whose abelianization is finite, of size 12. However,
it has a finite-index subgroup H, namely the one generated by the elementary matrices E;2(2)
and Eg1(2) (cf. Corollary 1.3.5), and therefore X,,(H) has a positive-dimensional subvariety in each
dimension. One shows that after inducing these representations to SLg(Z), at most finitely many
will be in the closure of any given orbit, and therefore there will be infinitely many classes of
representations in X, (SLy(Z)) for a large enough n. Again, we see that SLy(Z) is not SS-rigid.
Applying analogous reasoning using induced representations, one shows that if A C I' is a finite-
index subgroup with an infinite abelianization, then again I' is not SS-rigid.

Therefore, the finiteness of the abelianization of I', and of abelianizations of all of its finite-
index subgroups, are necessary for I' to be SS-rigid. However, it is not sufficient. The group
SL3(Z[z]) is a Kazhdan group [EJ], and therefore the abelianizations of it and of all its finite-
index subgroups are finite. On the other hand, when we are considering the three-dimensional
representations SL3(Z[z]) — GL3(C), the element x can be sent to any element of C, which will
yield infinitely many closed orbits in dimension 3, and therefore imply that the group SL3(Z[x]) is
not SS-rigid. Rapinchuk ([R]; see also Appendix A in [PR2]) showed that there is a number of
additional conditions, so that any group I satisifying one of them in addition to the above necessary
conditions, will be SS-rigid. If ' is boundedly generated, then it satisfies one of those additional
conditions; so as long as the abelianizations of I' and of all its finite-index subgroups are finite, I'
will be SS-rigid.

Another application of bounded generation is to the Congruence Subgroup Problem. Let G
be an algebraic group over a number field k, S be a finite subset of V* containing VX, and let
O = Op,5. Fix a k-defined embedding G — GL,,. Then, we define Gy, to be the set of k-rational
points (i.e., G N GL,(k); cf. [PR2, §2.1]), and Gp to be G N GL,(0).

For any (non-zero) ideal a of O, we define the congruence subgroup of modulus a to be

G(0,a):={g€ Gy | g = I,(mod a)}.
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Since all non-zero ideals of O are of finite index, it is straightforward to see that the index
[Gp : G(O,a)] is finite. The Congruence Subgroup Problem asks whether every finite-index normal
subgroup contains some congruence subgroup.

Serre proposed a way of looking at this problem, in terms of topologies on Gy. Define the
S-arithmetic topology 7, on Gy by letting the set of finite-index normal subgroups of Gy comprise
the basis of neighbourhoods of the identity. Similarly, the S-congruence topology 7. on Gy is
defined by letting the set of all congruence subgroups of Gy comprise the basis of neighbourhoods
of the identity. Choosing a different k-defined embedding of G yields a different Gg; however, one
can show that the topologies 7, and 7. are independent of the embedding. One can then complete
G with respect to both 7, and 7.; these completions are denoted G% and G° , respectively. Then,
since T, is finer than 7., we have a natural map G5 > GS , which can be shown to be a surjection.
The kernel of this surjection is called the S-congruence kernel of G.

Section I11.2 contains a proof of Bass’s result that, if G = SL,(0O), where O is a ring satisfying
Bass’s stable range condition SR,_1, then every normal subgroup contains the group E, (0O, a), for
some ideal a of O — which is also of finite index in G(O, a) in case a is of finite index in O. In this
case, the S-congruence kernel is the quotient Jim (G(0,a)/E,(0,a)), where the limit is taken over
all (non-zero) ideals of O.

A positive answer to the Congruence Subgroup Problem is equivalent to the topologies 7,
and 7. being equivalent, meaning that the S-congruence kernel is trivial. For many applications,
the finiteness of the S-congruence kernel is just as good as triviality. Lubotzky, Platonov, and
Rapinchuk ([Lu], [PR1]) were able to show that if the group Gg, 5 has bounded generation, then
under certain easier-to-check assumptions, the S-congruence kernel is finite. The exact statement
is:

THEOREM 1.3.7. Let k be an algebraic number field, G an absolutely simple simply connected al-
gebraic group over a number field k, and T be the set of (non-archimedian) places where G is
ky-anisotropic. Let S be a finite set of places, containing the infinite ones. Suppose G = Go, 4 has
bounded generation, and S NT = (. If the Margulis-Platonov Conjecture holds for Gy, then the
S-congruence kernel is finite.

The Margulis-Platonov conjecture says that for all non-central subgroups N < Gy, there exists a
normal open subgroup W H Gy, so that N = Gy NW. This conjecture has been shown to hold
in many cases(cf. [PR2]). veT

We note that combining bounded generation of SL(O) with the results of [Lu], [PR1], one
obtains an alternative proof of the centrality of the congruence kernel for SL2(O) (provided that
O* is infinite), originally established by J.-P. Serre [S1].

A third application of bounded generation is to the Commensurator-Normalizer Property. If I is
a higher-rank S-arithmetic group, such as SL3(Z) or SLo(Z[1/p]) where p is a prime, then Margulis’s
Normal Subgroup Theorem states that any non-central normal subgroup A C I is of finite index.
Zimmer was interested in studying the generalization of this phenomenon to commensurated groups.
Two subgroups A; and Ag of an abstract group G are commensurable with each other (denoted
Ay ~¢ Ap), if the index [A; : A; N As] is finite for ¢ = 1,2. Then for an abstract group G containing
I', we say that A C G is commensurated by I if YAy~ ~, A for all vy € T.

It is clear that the exact statement of Margulis’s N.S.T. is no longer true for commensurated
subgroups. For example, already over Z, we have I' = SL3(Z) is commensurated by SL3(Z[1/p]);
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nevertheless, it is neither central nor of finite index. However, in this case, Z[1/p] is a localization
of Z.

This phenomenon generalizes to other algebraic groups. Let G be a simple algebraic group, k
be a global field, and S be a finite set of places containing the infinite ones. Aslong asI' ~. G, g,
then any group I' ~. Gok’ & for VO]’“O C S8’ C S already is commensurated by I' — even though it
is of infinite index in I' when S” # S. Zimmer conjectured that these are the only (infinite) ones.
Shalom and Willis (cf. [SW]) used bounded generation to show that Zimmer’s conjecture holds for
the Chevalley groups I' = SL2(0O) having (BG).

One other application of bounded generation is to calculating the Kazhdan’s constant of special
linear groups. Suppose G is a topological group, and (7, H) is a continuous unitary representation
of G. For a subset K C G and ¢ > 0, we say that a vector v € H is (K, ¢)-invariant if

l|m(g)v —v|| <e-]||v|| forall g€ K.

Then G is said to have Property (T) is there exists a compact K, and ¢ > 0, so that every
representation with (K, e)-invariant vectors contains some non-zero G-invariant vector. In this
case, this € is called a Kazhdan constant for GG. For any integer n, number field k, and a finite
set of places S containing the infinite ones, Burger [Bu| was able to compute a Kazhdan constant
for SL,,(O,s) when n > 3. Shalom [Sh] followed Burger’s proof by computing a Kazhdan constant
when K is the set of elementary matrices, using the bound on the width of SL, (O, s) with respect
to elementary matrices in his proof.

1.4. Brief review of algebraic number theory

4.1. Splitting of primes in Galois extensions. Let L be a number field, i.e. a finite extension
of Q, and R a (non-zero) subring. Recall that an element o € L is said to be integral over a ring
R if it is a root of a minimal polynomial over R. An equivalent condition is, that R[«] is contained
in some finitely generated R-module. Using this equivalent condition, one shows that the set of all
elements of L integral over R is a ring. This ring is called the integral closure of R in L. When
the ring R coincides with its integral closure, then we say that R is integrally closed in L; a ring is
said to be integrally closed if it is integrally closed in its fraction field. For example, Z is integrally
closed.

In each number field L, the integral closure of Z is the smallest (non-zero) integrally closed
subring, and is called the ring of integers of L, denoted Or. It is a free Z-module of rank equal
to the index [L : Q].

One distinguishing property of Z is that each of its elements has a unique factorization as a
product of prime elements. Arbitrary rings of integers Oy, no longer have this property, since they
can have irreducible elements which do not generate a prime ideal; however, they satisfy a weaker
condition — every ideal of Oy, has a unique decomposition as a product of prime ideals. Noetherian
integrally closed rings satisfying this condition are called Dedekind (cf. [Hu, P. 405]). Thus for a
Dedekind ring, unique factorization is equivalent to being a principal ideal domain.

THEOREM L.4.1. [ZS, Ch. V, §1] If L is a number field, then the ring of integers Oy, is a Dedekind
Ting.

The fact that each ideal has a unique factorization into prime ideals implies that every prime
ideal is maximal. This would mean that any two prime ideals are comaximal, and the Chinese
Remainder Theorem applies:



16 I. (BG) AND BACKGROUND FROM ANT

THEOREM 1.4.2. Suppose ni,...,n,. are pairwise comazximal ideals of a ring R, and let a be their
product. If the index [R : a] is finite, then there is a ring isomorphism

R/a— & R/u,.
=1

PROOF. First, we note this ring homomorphism is well-defined, since if a = b(mod a), then a =
b(mod n;) for all 7. Since the ideals n; are pairwise coprime, then the converse is also true, so this
ring homomorphism is injective. Finally, it is surjective, since the index of a in R is finite and equal
to the product of the indices in R of the n;’s. U

When this theorem applies, it allows us to replace congruences modulo powers of prime ideals
with a single congruence modulo their product. And conversely, if we are given a congruence modulo
an arbitrary ideal a of O, then since Oy, is a Dedekind ring, the ideal a has a unique factorization
as a product of prime ideals, say a = p{'---p¢». The Chinese Remainder Theorem then implies
that solving an equation modulo a is equivalent to solving it modulo pi* for each i = 1,...,n.

In order to determine this factorization, however, we need to know the set of prime ideals of
Or. It is known that for each (non-zero) prime ideal p of Oy, the ideal pNZ is always a (non-zero)
prime ideal of Z. Since the set of (non-zero) prime ideals of Z is the set of pZ for each prime number
p, the problem of finding the set of all prime ideals of O reduces to the problem of determining
for each Z-prime p how the ideal pOQy, splits as a product of prime ideals.

More generally, suppose k C L are number fields; in this case we have Op C Op. For every
prime ideal p of O, the ideal pO; will have a unique decomposition as a product of prime ideals
of O, say

pOL = mi(‘ﬁl/%’)m;(mﬁp) o ;Bi(‘ﬁr/P)'

The exponents e(*B;/p) are called rami fication indices.
Suppose L/K/k is a tower of field extensions, and let us fix one such ;. Let p be the prime of
Ok lying below 3;. We observe that we can write

pOx = peP/P) . Q with Q coprime to p, and
pOL = mf(%/ﬁ) - with Q' coprime to ;.

Then e(p/p) and e(P;/p) are the intermediate ramification indices. Since also we have
pOr = Sﬁf(%/m - q with g coprime to J;,
then the ramification indices are multiplicative, meaning they satisfy

e(Ri/p) - e(p/p) = e(Bi/p)

A prime p is said to be unramified in L if all of the indices e(P;/p) for i = 1,...,r are 1. It is known
[FT, Thm. 22] that a prime number p is ramified in L if and only if it divides the discriminant
of L/Q, and so there are only finitely many such primes. Because the ramification indices are
multiplicative, the only primes of O which can be ramified in L, are those lying above a Z-prime
ramified in L, and so again all but finitely many Og-primes are unramified in L.

Since PB; is a prime ideal of Oy, the quotient O /; is a field, called the residue field. Since L
is a number field, Oy, /9; is finite. Similarly, Ox/p is a finite field. Then the index [Or/F; : Ok /p]
is also finite; it is called the residual degree, and is denoted by f(B;/p). For a tower of field
extensions, the residual degree is by definition also multiplicative. The ramification indices e(33;/p)
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and the residual degrees f(*B;/p) do not need to equal each other for i = 1,...,r; however, they
satisfy the formula
(1) > el Bi/p)f(Bi/p) = [L: k.

i=1
However, when the extension L/k is Galois, then the Galois group Gal(L/k) acts transitively on
the set of B;’s [CF, Prop. 2 of §1.10]. Consequently, for a given p, all the e(§3;/p)’s must be equal;
their value will be denoted simply e; similarly, all the f(*B;/p)’s equal the same value, which is
denoted f. In this case, the formula (1) simplifies to become e - f-r = [L : k] = |Gal(L/k)|.

For the remainder of this section, we will assume that the extension L/k is Galois. Let B
denote the fixed prime B;; then the set of all elements of Gal(L/k) which fix B forms a subgroup
of Gal(L/k), called the decomposition group G(*B). Since there are r ideals {B1,...,B,} above p,
and the Galois group acts transitively on this set, then |G(B)| = |Gal(L/k)|/r = ef. Let L = Op /B
be the residue field of L, and k = O /p be the residue field of k. Suppose that k is isomorphic
to the finite field F,, where ¢ is a power of a prime. Since L is a finite extension of K, then L is

isomorphic to F 4, for some d > 1, so we have a canonical surjection

G() = Gal(L/k) S Gal(L/k) = Gal(F /F,).

The kernel of the above map ¢ consists of the elements that fix L = Op /%!, and is called the
inertia group of B, denoted I(B). Since the map is onto, and the degree of the extension L/K
equals to f, then d = f, and the size of I(P) is |Gal(L/K)|/f = e, which is the ramification index.
Therefore, the ideal p is unramified in L precisely when the inertia group is trivial.

The inertia group has further subgroups, called the higher ramification groups, which are ob-
tained by looking at elements which act trivially on Oy /9" for various A > 1, and which control the
type of ramification that occurs; however, since we always avoid ramified primes in our arguments,
we will not discuss the inertia group here.

So let us assume that p is unramified in L; then the inertia group is trivial, and so the map ¢ is
an isomorphism. From field theory, we know that the extension of finite fields F 4 /I, is cyclic, so
G('B) is generated by a single element — namely, the pre-image of (z +— x7) € Gal(F/F,). When
restricted to the residue fields, this generator sends x 4+ to z? +B; its image in Gal(L/k) is called
the F'robenius automorphism of f over p, denoted Fry,/,(B(p). So for example, when the prime p
splits completely in L, then G(B) is trivial; therefore, the Frobenius Fry, /. (B(p) acts on L trivially,
so equals the identity element of Gal(L/k). The converse is also true, since if G(3) is non-trivial,
then so must be its generator.

The Frobenius automorphism possesses functorial properties. For example, if L/K/k is a tower
of field extensions and p is the prime of O lying below ‘B, then Fry /. (p|p) = Frr, /1 (Bp) |k, since
the generator of a Galois group over a bigger field still is a generator when restricted to a smaller
field.

For any other prime 3’ above p, there exists an element 6 € G/G(P), so that for any o € G
in the left coset of & in G/G(B), we have o() = P’. Then o~ ! takes x + P to o~ () + B,
Frp,,(Blp) sends o~ H(x) + P to o~ H(a9) + P, and o takes o~ (27) + P back to 27 + P'; so the
composition oFry, /k(‘mﬁ)a*l is the Frobenius automorphism Fry, /,(%'|p). Conversely, if we are
given a conjugate p := 7Fry /(B|p)7 ! for 7 € Gal(L/k), then we know that () is an ideal of O;
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then similarly p = Fry /. ((7%)[p). Therefore, the set of the Frobenius automorphisms Fry, /1, (%;/p)
comprises a conjugate class of Gal(L/k).

For a given rational prime p, the factorization of pOp is determined by the action of the
Frobenius automorphism Fry q(p) on L. More generally than just over Q, the following lemma
would allow us, given an extension of number fields L/k and a prime P of Oy, lying above a prime p
of O unramified in L, to determine the decomposition field LE®) of L — i.e., the maximal subfield
of L in which p splits completely. Then for an Abelian extension, the number of extensions of v,
to VI will match the degree [LE®F) : k].

LEMMA 1.4.3. S~uppose F/k is a Galois extension of number fields. Let p be an ideal of Oy unramified
in F, and let P be an ideal of O lying above p. Then p splits completely in F if and only if
Frp/,(Blp) is trivial.

In particular, suppose p is a prime of O unramified in L O F, and ‘B is a prime of Of, lying
above p. Since Frp, ;. restricted to F' is Frpy, then the decomposition field F = LE®) will be the
largest subfield of L fixed by Frp, ;. (Bp).

Now, let us return to the problem of solving a congruence modulo an ideal a of Of. As stated
above, if the unique prime decomposition of a is a = p* ---pg”, then by the Chinese Remainder
Theorem, solving an equation modulo a is equivalent to solving it modulo p;* for each i = 1,...,.
Because the exponents e; can be quite large, it is often helpful to use Hensel’s Lemma to speed up
solving an equation (mod p;*). Hensel’s Lemma states that:

LEMMA 1.4.4. Let k be a number field, O its ring of integers, and p a prime ideal of O . If we
are given f(x) € Oglz], let f'(x) be its (formal) derivative. If there is an integer n > 0 so that
a € Oy is a solution to f(x) = 0(mod p?"~1), but f'(a)) £0(mod p"), then for each integer m > 0
the equation f(x) = 0(mod p™) has a solution o, € Oy so that o, = a(mod p).

Therefore, once an equation has a solution modulo a congruence, with its derivative not sat-
isfying another congruence, Hensel’s Lemma provides an algorithm to find a solution (mod p}"*)
for each m > 1. To allow topological tools to apply to produce a solution modulo a congruence,
the existence of such a solution can be recast as a distance in a metric induced by a valuation,
on a certain local field, which is the completion of £ with respect to the topology induced by this
valuation. We will now introduce valuations.

Definition. A valuation over a field k is a multiplicative homomorphism v : £ — R>( satisfying
(a) the triangle inequality (i.e., v(a + b) < v(a) 4+ v(b)), and

(b) v~1(0) = {0}.

Two valuations are said to be equivalent if the topology induced by them is the same. A valuation
is said to be trivial if the topology induced by it is the discrete topology. Within each equivalence
class, normalizing any valuation yields a canonical representative of that class; for instance, the
representative of the class with the trivial valuation satisfies v(z) = 1 for all  # 0. Since all valu-
ations will be equivalent to a normalized valuation, the question of finding all valuations becomes

the question of finding the set of all the non-trivial normalized valuations. For a field k, this set is
denoted V*. A valuation is called non-archimedian if it satisfies

v(a + b) < max(v(a),v(b)) for all a,b € k;
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otherwise, it is called archimedian. The set of non-archimedian valuations is denoted ka, and is in
one-to-one correspondence with the set of prime ideals of Of; the set of archimedian valuations is
denoted VE.

For each valuation, we can complete k with respect to that valuation. When k = Q, the set V;@

consists of a valuation v, for each Z-prime p, When k = Q, the set V}@ consists of a valuation v, for
each Z-prime p, which satisfies v,(p) = 1/p and vp(¢q) = 1 for all (non-zero) integers ¢ coprime to
p; the completion of Q with respect to v, is Q,, = Q. The set ch consists of the single valuation
Voo, defined by v (g) = |g|; the completion of Q with respect to vy is @, = R. Then over the
integers, the equation a = b (mod p®) is equivalent to the condition v,(a — b) < p~¢, in the p-adic
topology on Q.

Before discussing how to complete a general number field L with respect to its valuations, we
would like to show how to find the set V' for a general number field L. When restricted to Q, each
valuation w : L — R becomes a valuation v of Q; then the image w(L) is contained in v(Q,), and

we can factor w as L — Q, — R. So in order to determine the set of all valuations of L, it suffices
to show the set of all homomorphisms L — @, for all v € VQ. By the Primitive Element Theorem
[FT, 1.16], we know that L can be written as Q(«) for some element «. Let f(z) be the minimal
polynomial of & over Q. This is a polynomial of degree [L : Q], and splits as a product of irreducible
factors f(z) = fi(x)--- fu(z) over Q,. Then each of the irreducible factors f;(x) yields a distinct
valuation, as follows. If we let Q, be the algebraic closure of Q, and g(z) be one of the linear
factors of fi(z) over Q,, then the map o — Ng, /0, (q(a)) can be extended to a homomorphism
L — Q,, which as above leads to a valuation L — R.

As a special case, to find all archimedian valuations of a number field L, we will apply the above
process to v = vs. Then each of the roots of f(z) in C leads to an embedding L — C, meaning
that there are [L : Q] distinct homomorphisms from L into C. An homomorphism is called a real
valuation when the corresponding root of f(x) lies in R; if ¢ : L — C is a homomorphism which
is not a real valuation, then ¢ composed with complex conjugation yields another homomorphism
L — C, meaning that homomorphisms which are not real valuations will come in pairs. In this
case, the valuation obtained from this homomorphism will be called a complex valuation, obtained
by composing it with the norm map N¢ g; in particular, both homomorphisms in a given the pair
will yield the same valuation. Therefore, setting r to be the number of real valuations and 2s to
be the number of other homomorphisms L — C, we obtain r + 2s = [L : Q], but |[VL| =7 +s.

Now, let us return to the question of completing a number field L with respect to a valuation
v € VI If v is a real valuation, then L, = R; if v is a complex valuation, then L, = C. Otherwise,
v is a non-archimedian valuation, of the form vy, for some ideal °B; lying above a prime number p.
Then the completion L, of L with respect to this valuation will be a finite extension of Q. Since
Qy is already complete, its valuation v}, has a unique extension to L,; this will determine the values
of v on L. More precisely, for each a € B; \ B? we will have v(a) = p~V/e(Pi/p)  Since each integer

b€ pOr \ p?Or is in %f(mi/p), then we will have v(b) = p~! for each such b, and therefore vy, is
indeed an extension of v, to L.

Using the above tools, we would like now to end this section with a proof of Lemma 1.4.3, and
also show how to rephrase Hensel’s Lemma in the language of valuations, so that its proof is given
in [CF, II.C].
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ProoF oF LEMMA 1.4.3. Let L be a finite extension of F', 8 be a prime of L lying above ‘i?, and
o = Frp ,(Plp). Fix an extension & of o to an element of Gal(Lgy/kp). Since L/k is Galois, we

know that p splits completely in F' if and only if the residual degree of ‘i?/p is one. This means
that the residue fields of k and F' are the same, and is equivalent to the completion kj, coinciding
with the completion Fq~3. So it suffices to show that ¢ acts on F' trivially if and only if Fq~3 = ky.

Suppose that ¢ acts on F' trivially. Then in particular, o fixes the residue field of F. But,
we know that o acts on the residue fields by sending = — %, where ¢ is the size of the residue
field of k; so every element of the residue field is a root of the polynomial z? — x, and therefore
|OF/B| = ¢. This implies Fy = F,, and so Fy = ky. Conversely, if Fy = kp; then by definition
that the Frobenius o fixes k — so ¢ fixes k, = Fq} and therefore also F. Since o is a restriction of
o, then o also fixes F. O
PrROOF OF HENSEL'S LEMMA 1.4.4. The lemma in [CF, II.C] states that

LEMMA 1.4.5. Let k be a field complete with respect to the non-archimedian valuation | |, and let
f(X) € 0[X],
where O C k is the ring of integers for | |. Let ag € O be such that

|f(ao)] < |f' (o) %,
where f'(X) is the (formal) derivative of f(X). Then there is a solution of

fla) =0, o — aol < [f()[/1f'()].

Its proof gives an algorithm for how to find the «;, in a more general setup; we will only show
that with our setup, their conditions there are satisfied.

The k in [CF, I1.C| should be the completion K,,, and the ag should be our a. Let w be the
value of vy(s) for s € p\p?. Then the condition f'(a) £0(mod p™) but f(a) = 0(mod p>*~1) means
that vy (f(a)) > w™ L, but vp(f(a)) < w? ! < w? 2 = (w"1)2 Then the Lemma of [CF, II.C]
guarantees a solution in K,,, which implies a solution (mod p™) for all m. The last statement
follows since vy (f(a))/vp(f' (@) < w21 jw™™ = w™. O

4.2. Artin map for abelian extensions. Now, let us look closer at what happens for abelian
extensions of k, for a fixed ideal p. Let L/k be an abelian (Galois) extension, and S C V* a finite
set containing VX and the valuations that ramify in L/k. Fix a prime ideal p of Oy, so that vy & 5.
Then the set of Frobenius automorphisms Fr(B|p), as P ranges over the set of ideals of O, lying
above p, is a conjugate class of Gal(L/k). However, since we assumed that Gal(L/k) is abelian,
then the Frobenius is actually unique, independent of the choice of B; we refer to it as Fry, /. (p) for
short.

The Frobenius possesses some functorial properties as L varies. As explained above, if K is an
intermediate field between k and L, then the restriction of Fry /. (p) to K is the Frobenius Frg /4, (p).
Also, if L can be written as a product of two subfields L; and Lo with L1 N Ly = k, then the
isomorphism map

Gal(L/k) = Gal(L1/k) x Gal(Ly/k)
sends
Frpi(p) = (Frp, /i (p), Fro, /i (p)),
since an element is a generator of Gal(L/k) if and only if it generates both Gal(L;/k) and Gal(La/k).
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Now, let L be the maximal abelian extension of k& (in a given algebraic closure). The resultant
inertia field L/® will be the maximal abelian extension of k unramified at p, and will be denoted
E™ (p). In this case, the fuctorial properties of the Frobenius automorphism allow us to define a
map from the set of all finite extensions of k which are a subfield of k™" (p), to their Galois groups,
sending a field L where p is unramified, to the Frobenius Fry /,(p). This map is called an Artin
symbol; the image of a field L under this map is denoted (p, L/k).

Above we listed properties of (p, L/k) for a single prime ideal p of Ok, as L varies over the
finite sub-extensions of k™ (p). Let us now reverse the procedure: fix an abelian extension L/k,
and consider all finite primes p of Oy, unramified in Or. For each v € ka , define the element i(v)
to be the idele with the components

i ={ &0l

Ty , UV =0

For an arbitrary S C V¥, define J,;9 to be the set of ideles j € Ji satisfying j, = 1 for all v € S.
When S consists of VX and the set of finite valuations whose primes are ramified in L/k, we can
define the Artin map on J,f via

as : JP — Gal(L/k)

i=() = J[ (0o L/k)-oli)

veVHE\S

We would like to extend the Artin map to a map ayy, : Jp — Gal(L/k), defined over all the ideles.
This extension will follow by linearity if we can define it on the set of i(v), where p, is ramified in
L/E, and also on all ideéles i whose i,-component is 1 for all v except some v € Volg.

It turns out that there is only one way to extend ay if we wish to make the Artin map
continuous when the Galois group is endowed with the discrete topology. More generally, let .S be
a finite set of places, outside which definition of the Artin map is known. For a given x = (x), € J,
let x° denote the idele satisfying
<5 = { 1 ,vesS ‘

Xy , V&S

Then we can write x = x° - x1, where x° € J,f, and (x1), = 1 for all v € Ji \ S. By assumption,
aL/k(xS) is already defined; therefore, to define ay ,(x), it suffices to define ay . (x1). Now,

S

xl_1 € Ji, and by the Weak Approximation Theorem, we can find a sequence of a,, € k*, so that
v(an —x7*') — 0 for all v € S. We define

(2) apk(x1) = Jim ark((anx1)”).

To show that this map is independent of the choice of the sequence a,,, we use a theorem from class
field theory.
Definition. Suppose G is a topological group. A homomorphism ¢ : J;f — (G is admissible if for
each neighborhood N of the identity 1 € G, there exists ¢ > 0 such that ¢((a)®) € N whenever
ac€ K*andv(a—1) <eforallves.

It is a highly non-trivial theorem, which is equivalent to Artin’s Reciprocity Law, that the Artin
map is admissible (cf. [CF], §§VI1.4,10). Suppose that also v(b, — x; ') — 0 for all v € S; write
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cn = by 1; then since inversion of ideles is continuous, we have v(c, —x;) — 0; thus,
v(an /by — 1) = v ((an — A x D (en —x1 4+ x1) — 1) =
v ((an —x7 M) (en — x1) + (an —x7 x1 + (en —x1)x; P +1-1) <

max (v(an — x; 1) (e, — x1),v(an —x7 ) - v(x1),v(en — x1) - v(xfl))

Since the former factor in each product goes to 0, then v(ay/b, —1) — 0 for all v € S. Then, the
fact that the Artin map is admissible implies that oy /,(an/b,) = e for n high enough. This means
that the choice of oy, /i, (x1) is independent of the sequence a,,. Then, the formula

apk(x) = apk(x®) - app(x1),

allows us to extend the Artin map to all of J;. Computationally, we have
apk(x) = lim ark((anx)®).

Next, we would like to point out that the image of a norm of a field under the Artin map
corresponds to the restriction onto its Galois group. But first, an accessory lemma.

LEMMA 1.4.6. Suppose L/k is an abelian extension. Then k* C Ker ar/k-
PROOF. When x € k, then x~! € k; take a,, = x~! for all n in the definition in (2). Then,
. S . S .
apE(x) = 1}1_{{.10 ark((anx)”) = nh_{go ark((1)7) = 7}1{{)106 =¢€
O

LEmMA 1.4.7. Suppose K C L C M are finite abelian extensions of k. Then the following diagram
commutes:
T 2 Gal(M/K)
Nge/k d b ;
Ji 18 Gal(L/k)

where  1s the restriction to L.

The proof consists of verifying details we have not introduced, and is therefore only sketched here.
The above diagram commutes when x € J f; almost by definition (cf. Proposition VII.4.3 in [CF));
it commutes when x € K because ay/ i (K) and ay,/;(k) are both the identity element by Lemma
1.4.6. Consequently, it commutes on Jfg - K, which is a dense subset of Jx. Since ay;/x and ay,
are continuous, the above diagram is then commutative on all of Jx.

Taking K = L and M = L, Lemma 1.4.7 implies that oy, (Ny .(J1)) = e. Combining this fact
with Lemma 1.4.6, we obtain that:

COROLLARY 1.4.8. Ny /i(JL) - k™ C Ker ay, .

It is a deep result from Class Field Theory [CF, VIL.5.1(B)], that the above containment is
actually an equality. Then, identifying £* with the (discrete) subgroup of principal ideles in J,
define C}, to be the quotient Ji/k*. Then, we obtain an injective homomorphism

Jk/Ker OrL/k = Ck/NL/kCL zpiék Gal(L/k:),
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where 9y, ;. is the homomorphism obtained by projecting ay . onto the quotient of Ji by Ker ar, /.
Taking K = k in Lemma 1.4.7 and taking the quotient by the kernel, the map N/, becomes the
projection map, which will be called j. Then, we obtain that:

COROLLARY 1.4.9. The following diagram commutes:

Ci/NaiCar 4" Gal(M/k)

Jd e
Co/NpjCr "4 Gal(L/k)

PROOF. The only new thing to verify is, that j is well-defined. This follows since N/ (Cur) =
Nz /k(Nar/p(Cumr)) € Npji(Cr). O

4.3. m-th power reciprocity law.
Suppose one needs to check whether an integer a is a square modulo a prime number p. Rather
than computing the list of all squares of residue classes, we can simply compute the power residue

symbol
<a> = o 25 (mod p).
p

LEMMA 1.4.10. a is a square modulo p if and only if (a) =1.
p

_ 2 a . 2,(%(%)) N
PROOF. If a = ¢ (mod p) for some ¢, then | — ) will equal ¢ 2/ = 1. Conversely, the group
p

(Z/p)* is the multiplicative group of a field, and therefore cyclic; let ¢ be a primitive root modulo
p. Then, if a?®2)/2 = 1(mod p), then a must be an even power of ¢, say ¢** = a. Then a = (c*)?
(mod p), proving the converse. O

A key reason the converse is true is, because the group (Z/p)* is cyclic. More generally, we
will prove in Chapter II that

LEMMA 1.4.11. For all n > 1 and odd primes p, the group G = (Z/p™)* is cyclic.
In particular, we can use the power residue symbol to compute not only whether an element is

a square modulo p — but in fact for any m dividing ¢(p), a will be an m-th power (mod p) if and
only if the power residue symbol
a 2(p)
<) :=a m (mod p)

p
is congruent to 1. More generally, for any integer m, we can determine whether a is an m-th power
(mod p™) as follows:
e ¢ is an m-th power (mod p") if and only if whenever a power ¢° of a prime ¢ divides m, a is
a ¢°-th power (mod p").
e If ¢ # p and ¢? is the highest power of ¢ dividing ¢(p), then a is a ¢°~th power (mod p") if

and only if
f[g*=<]
5. -
P/ g
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where [ ] means we round up if ¢~ is not an integer (i.e., if d < e).

e The case ¢ = p is more difficult, and is covered in §1.3 of [BMS]; since there are only finitely
many primes p so that p = ¢ for some ¢¢ | m, we avoid such primes in our argument.

This procedure can be generalized to rings of S-integers of arbitrary number fields. Let k£ be
a number field, and O = Oy g be the ring of S-integers of k. Recall that for an arbitrary ideal p
of O, we defined ¢(p) to be the size of (O/p)*; then, once an ideal p satisfies O/p = Z/p and p is
an odd prime, Lemma 1.4.10 applies the above proof works to show that for any prime p satisfying
O/p = Z/p and integer m dividing ¢(p), if p | 20 then a given element a € O is an m-th power
(mod p) if and only if a®®/™ = 1(mod p). Using Hensel’s Lemma 1.4.4, this happens if and only
if a is an m-th power (mod p") for all n. We will call a prime p of O Q-split if it satisfies the
conditions to make this argument work: namely, if p is a non-dyadic prime satisfying O/p = Z/p
(cf. Chapter II).

Thus far, our definition only allows us to view the power residue symbol as a residue class
modulo p. However, in order to do meaningful computation using the power residue symbol, we
need to be able to view it as a root of unity in k. In order to do so, we now introduce the Hilbert
symbol.

Let m be an integer dividing u(k), and L = k(%/a). We will now use the Artin map we
introduced in subection 1.4.2 in order to introduce local Artin maps for each v € V¥, as follows. If
we let i, be the composition of the canonical injections k* — k) — Ji, then we get a diagram of
the form

(3) k- g 2 Gal(L/k)

The composition oy, 04y is the local Artin map ¢,. This is the map which comes from the local
class field theory for L, /k,, where w is the valuation of L above v. Since the product of all of the
iy’s corresponds to the injection k™ — Ji, then for all b € k™ we can decompose ay ; as

(4) ap®) = [ vu(),
veVk
a product of the local maps 1), (b).

Suppose we are given a prime ideal p of Op. Then for each b € k*, 1,,(b) is an element of
Gal(k(%/a)/k). The extension k(%/a)/k is a cyclic extension of degree dividing m, and so each
element of the Galois group has order dividing m. In particular, 1,,(b) acts on %/a by multiplying
with some m-th root of unity. The value of the Hilbert symbol is defined to be equal to that root.

More precisely,
<ab) _ Yy (b)(Wa)
P Jm Va

To show that the Hilbert symbol is well-defined, we need to show that it does not depend on
the choice of /a. This is because two such roots differ by ¢ for some n > 1; and, by assumption,
Gm € k, 50 1y, being an automorphism of k(%/a)/k, must fix (]},

For an archimedian prime v, if v is complex, then k, is algebraically closed, so for all b € k
we have kv(%) = k,, and therefore 1, is the trivial automorphism, and the value of the Hilbert
symbol is 1. On the other hand, if v is real, then m = 2. In this case, if v(a) > 0, then \/a € ky,
and so k(y/a), = k,, meaning that again the Hilbert symbol must be trivial. Otherwise, k(v/a),/ky

is an extension of degree 2; in this case, for v(b) > 0, we have b = (v/b)?, so the above argument
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shows that 1, (b) must act trivially on k(y/a), and the Hilbert symbol is again trivial. Finally,
Gal(k(v/a)y/ky) # {e}, and the image under 1), of the open subgroup of k, consisting of the set of
b such that v(b) < 0 acts non-trivially on /a; this means that whenever b € k satisfies v(b) < 0
and v(a) < 0, the Hilbert symbol is equal to (,, = —1.

For non-archimedian primes, a tool which is frequently used to identify the value of the Hilbert
symbol is, the fact that the Hilbert symbol is bilinear, and satisfies the Steinberg relation. But
first, we need a technical lemma.

LEMMA 1.4.12. Suppose m | u(k), and we are given a,b € k* so that a + b € k™. Then for all

primes p € V¥, a,b =1.
PRrROOF. Let € be a fixed m-th root of a, and 8 € O be an element so that a + b = ™. To show
that € is fixed by v, (b), we will show that b € Ny /,(k(€)) C Ker(ay(e)/i). Since 1y, = ty 0 (o) /i
(see (3)), this will imply that 1y, (b)(%/a) = %/a, so the Hilbert symbol is trivial.

Now the map o — o(€)/e is an isomorphism of Gal(k(e)/k) with ug, for some d = |Gal(k(e)/k)|
dividing m; as shown when defining the Hilbert symbol, this map is independent of the choice of
%/a. Then

Ni@mB—e =[] (8- e

CEpa
Setting {21, ..., 2y a4} to be a set of coset representatives of y4 in ji,,, we know all z; are in k, and
S0 H?i/ld(ﬂ — z;i€) € k(€). Therefore,
m/d
Ny | [[B—ze) | = J[ B—20)=B"—€™=(a+b)—a=0b,
=1 ZE€Um
completing the proof. O

LEMMA 1.4.13. For a valuation v € V¥, letp = p,. Then the Hilbert symbol is bilinear, and satisfies
the Steinberg relation
<a, 1— a)
=1.
P m

PROOF. To show bilinearity, we have to show that for arbitrary a,a’,b,b’ € k*, we have

(a,b) (a’,b) <aa’,b> (a,b) (a,b’) (a,bb')
= and = .
So let a,a’,b € kX be fixed, L = k({/a,V/a’), and 9 be the 1, map for the extension L/k. Then
by Lemma 1.4.7, for each b € k({/a), we know 9 (b)|myq) is the ¥y, (b) map in Gal(k(¥/a)/k), and

for each b € k(Va'), we know ¢(b)\k(w) is the 1, (b) map in Gal(k(¥a')/k). With these notations,
bilinearity in the first component follows since

, /
(““p’b> Vad = (Vaa)*® = (/a)P® {a)r® = <“l;b> <a£b> Vaa'.

Bilinearity in the second component follows since the local Artin map is a homomorphism. Namely,

() soe- () (] ()
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The third equality follows since Hilbert symbols are in p,,, which is fixed by Gal(k(/a)/k) 3¢ (V).
Finally, the fact that
<a, 1-— a>
=1
P m

follows from Lemma 1.4.12, since a + (1 —a) =1 € k™. O

The group generated by elements of k? subject to the relations of bilinearity and the Steinberg
relation is called the Milnor’s K-group Ks(k) (cf., [M, P. 40]). As a consequence, all the identities
that hold in K»(k) are also satisfied by Hilbert Symbols. One of these identities we will use is,

) (%), - (%),

For a direct proof of this identity, see [M].

COROLLARY 1.4.14. If v € V¥, and p = p,, then there is a homomorphism from the Milnor’s
a,b

P

Now, in order to utilize the m-th power reciprocity formula, we would like to connect the Hilbert
symbol with the power residue symbol introduced earlier. Suppose that p is a prime ideal of O so
that vy, ¢ V(1) US, and we are given a,b € k* satisfying vy(a) = 0 and v,(b) = 1. Then 1), (b) will
be the Frobenius automorphism Fry /) /,(p), and therefore we will have

a’b m m v m
( : ) Va = Ya" " = Fryym i (0) (V)

This definition is independent of the exact choice of b. Since the minimal power n so

/

b n n
<a, ) = 1 matches the minimal power n’ so <§> = 1, then we can identify

| =) -()

in this case. Using linearity in the second factor, we obtain that for arbitrary b € k*, we have

(-6,

Next, for the case vy(a) = vy(b) = 1, we have vy(—ab™!) = 0, so the above argument, in conjunction
with bilinearity of the Hilbert symbol and Lemma 1.4.12, shows

(), - (5, 50, - (55, - (),

Finally, using bilinearity, it is straightforward to check that whenever v, ¢ V(1) U S, the following
formula holds for the Hilbert symbols:

(CL, b) (—]_)vP (a)vp (b)avp (b)b—vp (a)
P I p m'

K-group Ky (k) into p(k), sending (a,b) —

m
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The definition of the Artin map for the p’s satisfying v, € V' (1)US was given using the density of
J ,f -k* in J; and therefore for those primes, the Hilbert symbol does not have a simple definition in
terms of the power residue symbol. Even though the exact value is hard to determine, the following
product formula still holds:

b
LEMMA 1.4.15. For any a,b € k>, H (a, ) =1.
veVk Po /m

PROOF.

11 <“’b) (Va) = | T ¢u(0) | (Va) = ar(myayu(b)(Va) = e(Va),

veVE Pu veVE

implying the result. The last equality follows from Lemma 1.4.6 since ay (k) = e for all finite
abelian extensions L/k. O






CHAPTER II

Algebraic Number Fields

Introduction
The goal of this chapter is to prove the following theorem, and a few of its refinements:
THEOREM I1.3.6. Let O = Oy g be the ring of S-integers in a number field k, and assume that the

group of units O* is infinite. Then every matriz in SL2(O) is a product of at most 9 elementary
matrices.

The proof of these results requires the use of an algebraic result about abelian subextensions
of radical extensions of a general field — namely:

PRroOPOSITION II.1.1. Let n > 1 be an integer prime to char k, let u(k), denote the set of x € k
such that 2P" =1 for some integer o # 0, and let u € kX be such that u ¢ u(k),k** for all primes
p | n. Then the polynomial x™ — u is irreducible over k, and for t = {/u we have

k(t) Nk = k(t™) where m =

[T gcd(n, |w(k),))

pln

with the convention that if |p(k),| = oo, then ged(n, |u(k)y|) is simply the p-primary component of
n.

We start our chapter with the proof of this result.

One of the key notions in this chapter is that of a Q-split prime: we say that a prime p of a
number field k is Q-split if it is non-dyadic and its local degree over the corresponding rational
prime is 1. In §I1.2, we establish some relevant for us properties of such primes (see Subsection
I1.2.1) and prove for them in §I1.2.2 the following refinement of Dirichlet’s Theorem from [BMS].

THEOREM 11.2.3. Let O be the ring of S-integers in a number field k for some finite S C V*
containing VE. If nonzero a,b € O are relatively prime (i.e., a® + bO = O) then there exist
infinitely many principal Q-split prime ideals p of O with a generator m such that 7 = a (mod bO)
and m > 0 in all real completions of k.

Subsection §II1.2.3 is devoted to the statement and proof of the Theorem II.2.7, which is another
key number-theoretic result needed in the proof of Theorem I1.3.6. In §II.3, we prove Theorem
I1.3.6 and Corollary 1.3.6 (from the introduction). Next, in §I1.4 we correct the faulty example
from [Vs] of a matrix in SLo(Z[1/p]), where p is a prime = 1(mod 29), that is not a product of
four elementary matrices — see Proposition I1.4.1, confirming thereby that the bound of 5 in [Vs]
is optimal.

29
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II.1. Abelian subextensions of radical extensions.

In this section, k is an arbitrary field. For a prime p # char k, we let p(k), denote the subgroup
of u(k), consisting of elements satisfying 27" =1 for any d > 0. If this subgroup is finite, we set
A(k), to be the non-negative integer satisfying |u(k),| = p**)»; otherwise, set A(k), = co. Clearly
if p(k) is finite, then p = ]_[p p*®)r For a € kX, we write {/a to denote an arbitrary root of the
polynomial ™ — a.

The goal of this section is to prove the following.

ProposITION II.1.1. Let n > 1 be an integer prime to char k, and let u € k* be such that
u & pu(k)p(k*)P for all p | n. Then the polynomial x™ — u is irreducible over k, and for t = {/u we

have
n

[ scd(n, p*®r)’

pln

k(t) Nk = k(t™) where m =

with the convention that ged(n, p™) is simply the p-primary component of n.

We first treat the case n = p® where p is a prime.

PropOSITION I1.1.2. Let p be a prime number # char k, and let u € k™ \ p(k)p(k*)?. Fiz an
integer d > 1, set t = »/u. Then

k(t) NE™ = k(") where v = max(0,d — A(k),).
We begin with the following lemma.

LEMMA I1.1.3. Let p be a prime number # char k, and let u € k> \ p(k)p(k*)P. Set ki = k(¥/u).
Then

(i) [k1 : k] = p;
(i) pu(kr)p = p(k)p
(iii) None of the ¥/u are in p(k)p(ky )P.

PRrROOF. (i) follows from [La, Ch. VI, §9], as u ¢ (k*)P.

(ii): If A(k), = oo, then there is nothing to prove. Otherwise, we need to show that for
A = A(k)p, we have (,n1 ¢ k1. Assume the contrary. Then, first, A > 0. Indeed, we have a tower
of inclusions k& C k((p) C k;. Since [k; : k] = p by (i), and [k(p) : k] < p — 1, we conclude that
[k(Cp) s k] =1,1e. ( €k.

Now, since (,x+1 ¢ k, we have

(7) k1 = k(Cir) = k;(q/g?).

But according to Kummer’s theory (which applies because (, € k), the fact that k(¢/a) = k(D)
for a,b € k* implies that the images of a and b in k*/(k*)P generate the same subgroup. So,
it follows from (7) that ’LLC]Z; € (k*)P for some i, and therefore u € p(k),(k*)P, contradicting our
choice of w.
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(iii): Assume the contrary, i.e. some p-th root ¢/u can be written in the form¢/u = (aP for some
a € ki and ¢ € p(ky)p. Let N = Ny, /it ki — k™ be the norm map. Then

N(/u) = N(Q)N(a)".
Clearly, N(¢) € p(k)p, so N(¥/u) € p(k)p(k*)P. On the other hand, N(¢/u) = u for p odd, and
—u for p = 2. In all cases, we obtain that u € pu(k),(k*)P. A contradiction. O

A simple induction now yields the following:

COROLLARY I1.1.4. Let p be a prime number # char k, and let v € k* \ p(k),(k*)?. For a fized
integer d > 1, set kg = k(»/u). Then:

(i) [ka: k] = p%;
(i) p(ka)p = p(k)p, hence A(ka)p = A(k)p.
Of course, assertion (i) is well-known and follows, for example, from [La, Ch. VI, §9].

LEMMA II.1.5. Let p be a prime number # char k, and let u € k* \ p(k),(k*)P. Fiz an integer
d>1, and set t = p\d/ﬁ and kg = k(t). Furthermore, for an integer j between 0 and d define
l = k(tpdﬂ) ~ k(&/u). Then any intermediate subfield k C £ C kq is of the form ¢ = {; for some
j€{0,...,d}.

PROOF. Suppose we are given such an /; it follows from Corollary II.1.4(i) that [kq : £] = p’ for
some 0 < j < d. Since any conjugate of ¢ is of the form ( - ¢t where de = 1, we see that the norm

: d

Ni,/e(t) is of the form Cot?’, where again ¢} = 1. Then {y € u(kq)p, and using Corollary I1.1.4(ii),
we conclude that ¢y € k C £. So, t* € ¢, implying the inclusion l3—; € L. Now, the fact that
[kq : £q—;] = p’ implies that ¢ = £4_;, yielding our claim. O

PROOF OF PROPOSITION I1.1.2. Set A = A(k),. Then for any d < A the extension k(%/u)/k is
abelian, and our assertion is trivial. So, we may assume that A < co and d > A. It follows from
Lemma I1.1.5 that £ := k(t) Nk®" is of the form ¢4_; = k(t"") for some j € {0,...,d}. On the other

hand, ¢4_;/k is a Galois extension of degree p?J, so must contain the Galois conjugate Cpd—i "
of "~ implying that Cpa—i € Lq—j. Since Ly =~ k( »/u), we conclude from Corollary I1.1.4(ii)

that d—j < A, i.e. j > d— \. This proves the inclusion £ C k(t?"); the opposite inclusion is obvious.

PROOF OF PROPOSITION II.1.1. Let n = pi*---p%s be the prime factorization of n, and for
i=1,...,sset n; =n/p;". Let t = {Yu and t; = t" (so, t; is a p;’-th root of u). Using again [La,
Ch. VI, §9] we conclude that [k(t) : k] = n, which implies that

(8) [k(t) : k(t;))]=mn; forall i=1,...,r

Since for K := k(t) N k*" the degree [K : k] divides n, we can write K = K7 - -- K, where K; is an
abelian extension of k of degree pf ‘ for some f; < ;. Then the degree [K;(t;) : k(¢;)] must be a

power of p;. Comparing with (8), we conclude that K; C k(¢;). Applying Proposition I1.1.2 with
d = «;, we obtain the inclusion

Vi i
(9) K; C k:(tfi ) = k(tmpz7 ) where ~; = maX(O, Qj — )\(k‘)pi)~
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It is easy to see that the g.c.d. of the numbers n;p/* fori=1,...,s is
n
m = .
1 ged(n, p*®r)
pin
Furthermore, the subgroup of k(t)* generated by rpr! yees ,t"spzs coincides with the cyclic sub-

group with generator ™. Then (9) yields the following inclusion
K=K, K, Ck(t™).

Since the opposite inclusion is obvious, our claim follows. ]

COROLLARY I1.1.6. Assume that p = |u(k)| < co. Let P be a finite set of rational primes, and

define
p=u-I]r
peP
If we are given u € k> such that
u ¢ p(k)p(k*)P forall pe P,

then for any abelian extension F of k the intersection
E:=Fnk (“\/ﬁ g#,)
is contained in k ({/u, ().

Proor. Without loss of generality we may assume that (,» € F, and then we have the following

tower of field extensions

E (W, Go) < B () € k(. Gu).
We note that the degree [k: (“\'/ﬁ, Cu’) k (W, Cu’)] divides HpeP p. So, if we assume that the
assertion of the lemma is false, then we should be able to find to find a prime p € P that divides the
degree [E (/u) : k ({/u, ()], and therefore does not divide the degree [k (4/u, (/) : E ({/u)]. The
latter implies that ®/u € E ({/u). But this contradicts Proposition II.1.1 since E ({/u) = E-k ({/u)
is an abelian extension of k. g

I1.2. Results from Algebraic Number Theory
1. @-split primes. Our proof of Theorem I1.3.6 heavily relies on properties of so-called Q-split
primes in O.

Definition. Let p be a nonzero prime ideal of O, and let p be the corresponding rational prime.
We say that p is Q-split if p > 2, and for the valuation v = v, we have k, = Q,.

For the convenience of further references, we list some simple properties of Q-split primes.

LEMMA I1.2.1. Let p be a Q-split prime in O, and forn > 1 let pp: O — O/p™ be the corresponding
quotient map. Then:

(a) the group of invertible elements (O/p™)* is cyclic for any n;

(b) if c € O is such that pa(c) generates (O/p?)* then py(c) generates (O/p™)* for any n > 2.
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PROOF. Let p > 2 be the rational prime corresponding to p, and v = v, be the associated valuation
of k. By definition, k, = Qp, hence O, = Z,. So, for any n > 1 we will have canonical ring
isomorphisms

(10) O/p" = O0u/by = Zp/p"Lp ~ L/p"L.

Then the isomorphisms in (10) are compatible for different n’s. Since the kernel of the group
homomorphism (Z/p"Z)* — (Z/p*Z)* is contained in the Frattini subgroup of (Z/p"Z)* for
n > 2, the same is true for the homomorphism (O/p™)* — (O/p?)X. This easily implies (b).
Finally, (a) follow from the fact that:

LEMMA 1.4.11. (Z/p™)* is cyclic for all prime numbers p and positive integers n.

PROOF. When n = 1, the group (Z/p)* is cyclic, since it’s the multiplicative group of a field.
Namely, if the exponent of (ZP)*, call it e, is less than p — 1, then ¢ — 1 has p — 1 > e solutions
in the Unique Factorization Domain (Z/p)[z], contradiction.

To show Z/p"*! is cyclic for an arbitrary n, we must show that (Z/p"*!)* has an element of
order p"(p — 1). Consider the map of reduction modulo p

T (Z/p") = (Z/p)*
g + g(modp) "
Then (Z/p)* has a primitive root of order p — 1; the order of all its pre-images will be divisible by
p— 1. Since p — 1 is coprime to p”, in order to find a primitive root of (Z/p"*1)* it suffices to find
an element of order p™.

Now the kernel of 7 consists of elements that are congruent to 1 modulo p, therefore 1 + pZ.
The order of Ker 7 is p™, so it is a p-group. Let h € Ker 7 be so h £1(mod p?). To show the order
of h is p™, it suffices to show RP" #1. Now we can write h = 1 + pa + p? with a, 8 € Z, where
p | a. Then we will have

R =1 +pa-p"t 4P =1+ ap(mod p"Th).

Since p | a, then A?"~ " #1(mod p"™t!). Therefore, the order of h is p™, which implies that (Z/p"+1)*
has a primitive root.

O

Let p be a Q-split prime, let v = v, be the corresponding valuation. We will now define the
level ,(u) of an element v € O and establish some properties of this notion that we will need
later.

Let p > 2 be the corresponding rational prime. The group of p-adic units U, = Z; has the
natural filtration by the congruence subgroups

U =1+p'Z, for i€N.
It is well-known [PR2, 1.1.3] that
U, = C x UV
where C' is the cyclic group of order (p — 1) consisting of all roots of unity in Q,. Furthermore,

the logarithmic map yields a continuous isomorphism [Ug) — pin, which implies that for any
u € U, \ C, the closure of the cyclic group generated by w has a decomposition of the form

(u) =C" x U
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for some subgroup ¢’ C C' and some integer ¢ = ¢,(u) > 1 which we will refer to as the p-level of
u. We also set £p(u) = oo for u € C.

Returning now to a Q-split prime p of O and keeping the above notations, we define the p-level
ly(u) of u € O as the the p-level of the element in U, that corresponds to v under the natural
identification O, = Z,. We will need the following.

LEMMA 11.2.2. Let p be a Q-split prime in O, let p be the corresponding rational prime, and v = v,
the corresponding valuation. Suppose we are given an integer d > 1 not divisible by p, an element
u € OF of infinite order having p-level s = ly(u), an integer ng, and an element ¢ € O, such
that u™ = ¢ (mod p®). Then for any t > s there exists an integer ny = ns (mod d) for which
u™ = ¢ (mod pt).

Proor. In view of the identification O, = Z,, it is enough to prove the corresponding statement
for Z,. More precisely, we need to show the following: Let v € U, be a unit of infinite order and
p-level s = Uy(u). If c € U, and ng € Z are such that u = ¢ (mod p®), then for any t > s there

exists ny = ng(mod d) such that u™ = ¢ (mod p'). Thus, we have that u" € CUZ(;S), and we wish to

show that
u™ - (ud) ﬂ CU](Dt) # 0.
Since cUl(ot) is open, it is enough to show that
(11) u™ -+ (ud) () UP # 0.
But since £,(u) = s and d is prime to p, we have the inclusion (ud) > UI(,S), and (11) is obvious. [

2. Dirichlet’s Theorem for Q-split primes. We will now establish the existence of Q-split
primes in arithmetic progressions.

THEOREM 11.2.3. Let O be the ring of S-integers in a number field k for some finite S C V*
containing VE. If nonzero a,b € O are relatively prime (i.e., a® +bO = O) then there exist
infinitely many principal Q-split prime ideals p of O with a generator ™ such that 7 = a (mod bO)
and m > 0 in all real completions of k.

The proof follows the same general strategy as the proof of Dirichlet’s Theorem in [BMS] — see
Theorem A.10 in the Appendix on Number Theory. First, we will quickly recall some basic facts
from global class field theory (cf. §I.4 or [CF, Ch. VII]) and fix some notations. Let J; denote
the group of ideéles of k with the natural topology; as usual, we identify k* with the (discrete)
subgroup of principal idéles in Ji. Then for every open subgroup U C Ji of finite index containing
k* there exists a finite abelian Galois extension L/k and a continuous surjective homomorphism
ar/k: Jr — Gal(L/k) (known as the Artin map; see subsection 1.4.2 for details) such that

o U= Ker aL/k = NL/k(JL)kX,

e for every nonarchimedean v € V¥ which is unramified in L we let Frj, /k(v) denote the Frobe-
nius automorphism of L/k at v (i.e., the Frobenius automorphism Fry /. (w|v) associated to
some (equivalently, any) extension w|v) and let i(v) € Ji be an idéle with the components

i<v>vf={1 vEY

T , vV =0

where 7, € ky is a uniformizer; then ay /,(i(v)) = Frp ,(v).



11.2. RESULTS FROM ALGEBRAIC NUMBER THEORY 35

For our fixed finite subset S C V¥ containing V¥, we define the following open subgroup of Jj:

US = Hk}:; X H Uv.

veS veVE\S

Then the abelian extension of k corresponding to the subgroup Ug := Ugk™ will be called the
Hilbert S-class field of k and denoted K throughout the rest of the paper.

Next, we will introduce the idelic S-analogs of ray groupsLet b be a nonzero ideal of O = Oy g
with the prime factorization

(12) b=py’ - pi",

let v; = vy, be the valuation in V¥ \ S associated with p;, and let V(b) = {v1,...,v;}. We then
define an open subgroup

Rs(b):= [[ k5 x JI®D*x [[ vi™,

veS\VF veVE veVFk\S

where V,,k is the set of real valuations, k; is the subgroup of positive elements, and Ué”“’” is the
congruence subgroup of U,, modulo bU,. More precisely, if v ¢ V(b) then U5”(b>) = U,, and for
v=uv; € V(b), Uir® = Uﬁni), the congruence subgroup of U,, modulo py:.

We then let K (b) denote the abelian extension of k corresponding to Rg(b) := Rg(b)k* (“ray

class field”). (Obviously, K (b) contains K for any (nonzero) ideal b of O.) Furthermore, for a given
c € kX, we let jy(c) denote an idele with the following components:

. c , veV(b),
Jb(c)”:{ 1, veV(b).

Then 6y: k* — Gal(K(b)/k) defined by ¢ — o (p)/x(Jo(c)) ! is a group homomorphism.

The following lemma summarizes some simple properties of these definitions.
LEMMA 11.2.4. Let b C O be a nonzero ideal.

(a) If a nonzero c € O is relatively prime to b (i.e. cO+b = 0) then 0y(c) restricts to the Hilbert
S-class field K trivially.

(b) If nonzero c1,co € O are both relatively prime to b then ¢; = ca (mod b) is equivalent to
(13) pry (Jo(c1)Rs (b)) = pry (jo(c2) Rs(b))

where pry: Jp — H k) is the natural projection.
veV(b)

PROOF. (a): Since c is relatively prime to b, we have jy(¢) € Ug. So, using the functoriality
properties of the norm residue map, we obtain

0o (0)| K = agee)k(o(¢) THE = agyi(in(c) ™ = idx
because jy(c) € Us C Us = Ker agy, as required.

(b): As above, let (12) be the prime factorization of b, let v; = vy, € V¥ \ S be the valuation
associated with p;. Then for any ¢, co € O, the congruence ¢; = ¢y (mod b) is equivalent to

(14) c1 = cp (mod py?) forall i=1,...,t
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On the other hand, for any v € ka and any uy, us € Uy, the congruence u; = ug (modpl?) for n > 1
is equivalent to

(75} Uqgn) = UQUqgn),

where Uén) is the congruence subgroup of U, modulo p?'. Thus, for (nonzero) c¢1,co € O prime to
b, the conditions (13) and (14) are equivalent, and our assertion follows. O

We will now establish a result needed for the proof of Theorem I1.2.3 and its refinements.

ProroOSITION I1.2.5. Let b be a nonzero ideal of O, let a € O be relatively prime to b, and let F' be a
finite Galois extension of Q that contains K(b). Assume that a rational prime p is unramified in F
and there exists an extension w of the p-adic valuation v, to F' such that Frpq(w|vp)| K (b) = Oy(a).
If the restriction v of w to k is not in S UV (b) then:

(a) kv = Qp;
(b) the prime ideal p = p, of O corresponding to v is principal with a generator w satisfying

m=a (mod b) and m > 0 in every real completion of k.

(We note since v is unramified in /' which contains K (b), we in fact automatically have that

v g V(b))

PROOF. (a): Since the Frobenius Fr(w|v,) generates Gal(F,,/Q)), our claim immediately follows
from the fact that it acts trivially on k.

(b): According to (a), the local degree [k, : Qp] is 1, hence the residual degree f(v|v,) is also
1, and therefore

Fr(w|v) = Fr(w|v,) 1) = Fr(wlv,).
Thus,
g vk (i(v)) = Fr(wlv)| K (b) = 6p(a) = axm)/ms(a)) ™,
and therefore
i(v)jo(a) € Ker ag(p),x = Rs(b) = Rs(b)k™.
So, we can write
(15) i(v)jo(a) =rm with r € Rg(b), m € k™.
Then
7= i(0) Go(a)r ).

Since a is prime to b, the idele jy(a) € Us, and then jy(a)r—! € Us. For any v’ € VF\ (SU{v}), the
v'-component of i(v) is trivial, so we obtain that = € U,,. On the other hand, the v-component of
i(v) is a uniformizer m, of k, implying that 7 is also a uniformizer. Thus, p = 7O is precisely the
prime ideal associated with v. For any real v/, the v'-components of i(v) and jy(a) are trivial, so 7
equals the inverse of the v’-component of r, hence positive in k,/. Finally, it follows from (15) that

pry(Jo(a)) = pry(Jo(m)r),
so m = a (mod b) by Lemma I1.2.4(b), as required. O
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PROOF OF THEOREM I1.2.3. Set b = O and 0 = 6y(a) € Gal(K(b)/k). Let F be the Galois
closure of K(b) over Q, and let 7 € Gal(F/Q) be such that 7|K(b) = 0. Applying Chebotarev’s
Density Theorem (see [CF, Ch. VII, 2.4] or [BMS, A.6]), we find infinitely many rational primes
p > 2 for which the p-adic valuation v, is unramified in F', does not lie below any valuations in
SUV(b), and has an extension w to F' such that Frp/g(wlv,) = 7. Let v = w|k, and let p = p,
be the corresponding prime ideal of O. Since p > 2, part (a) of Proposition I1.2.5 implies that p is
Q-split. Furthermore, part (b) of it asserts that p has a generator 7 such that 7 = a (mod b) and
m > 0 in every real completion of k, as required. [l
We will now prove a statement from Galois theory that we will need in the next subsection.

LEMMA I1.2.6. Let F/Q be a finite Galois extension, and let k be an integer for which F' N Q2 C
Q(Cx). Then F(Cs) N Q* = Q(¢k)-

Proor. We need to show that

(16) [F(Ge) = F(¢) Q™) = [F(G) = Q(G)]-
Let
G = Gal(F(¢)/Q) and H = Gal(F/Q).
Then the left-hand side of (16) is equal to the order of the commutator subgroup [G, G], while the
right-hand side equals
[F: FNQCk)] = [F: FmQab] = |[H, H]|.

Now, the restriction gives an injective group homomorphism

Y: G — H x Gal(Q(¢)/Q).
Since the restriction G — H is surjective, we obtain that ¢ implements an isomorphism between
[G,G] and [H, H| x {1}. Thus, [G,G] and [H, H] have the same order, and (16) follows.
O

3. Key statement. In this subsection we will establish another number-theoretic statement which
plays a crucial role in the proof of Theorem I1.3.6. To formulate it, we need to introduce some
additional notations. As above, let u = |u(k)| be the number of roots of unity in k, let K be the
Hilbert S-class field of k, and let K be the Galois closure of K over Q. Suppose we are given two
finite sets P and @ of rational primes. Let

W=u-1l»
peEP
pick an integer A > 1 which is divisible by p and for which K N Q?® C Q(¢y), and set
N=Xx]]e¢
q€Q

THEOREM I1.2.7. Let u € O* be a unit of infinite order such that u ¢ pu(k),(k*)P for every prime
p € P, and let q be a Q-split prime of O which is relatively prime to N'O. Then there exist infinitely
many principal Q-split primes p = 70 of O with a generator m such that

(1) for each p € P, the p-primary component of ¢(p)/u divides the p-primary component of
the order of u (mod p);

(2) w(mod q?) generates (0/q?)*;
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(3) ged(e(p), ') = A.
PROOF. As in the proof of Theorem I1.2.3, we will derive the required assertion by applying Cheb-
otarev’s Density Theorem (see [CF, Ch. VII, 2.4] or [BMS, A.6]) to a specific automorphism of
an appropriate finite Galois extension.

Let K(g?) be the abelian extension K(b) of k introduced in Subsection I1.2.2 for the ideal
b = g% Set

Ly = K(®)(Cv), La=k (gw, ’W) , L=1I1Ly and £=LiN Ly

Then
(17) Gal(L/k) = {O’ = (0'1,0'2) S Gal(Ll/k;) X Gal(Lg/k) ’ 0’1’5 = O'Qw}.
So, to construct o € Gal(L/k) that we will need in the argument it is enough to construct appro-

priate o; € Gal(L;/k) for i = 1,2 that have the same restriction to £.

LEMMA I1.2.8. The restriction maps define the following isomorphisms:

(1) Gal(Li/K) = Gal(K(42)/K) x Gal(K ((x)/K);

(2) Gal(K (Cx)/K (¢r)) ~ Gal(Q(n)/Q(6) ~ [T Gal(@(¢er) /Q(Gr))-
qe@

PROOF. (1): We need to show that K(q%) N K(¢y) = K. But the Galois extensions K (q?)/K and
K(Cv)/K are respectively totally and un-ramified at the extensions of vq to K (since q is prime to
A'), so the required fact is immediate.

(2): Since K(¢y) = K(¢\) - Q(¢x), we only need to show that

(18) K () NQCx) = Q(¢h)-
We have
K(()NQ(Gy) € K(G)NQ™ =Q(6)
by Lemma II1.2.6. This proves one inclusion in (18); the other inclusion is obvious. g
Since q is Q-split, the group (0/g?)* is cyclic (by Lemma I1.2.1(a)), and we pick ¢ € O so that
c (mod g?) is a generator of this group. We then set
01 =0g(c) € Gal(K(q%)/K)

in the notations of Subsection I1.2.2 (cf. Lemma II1.2.4(a)). Next, for ¢ € @, we let ¢¢@ be
the g-primary component of A. Then using the isomorphism from Lemma I1.2.8(2), we can find
of € Gal(K(¢y)/K) such that

(19) a1(Cx) = ¢ but 0 (Ce+1) # Cpe+r forall g € Q.

We then define 0; € Gal(L;/K) to be the automorphism corresponding to the pair (o},07) in
terms of the isomorphism from Lemma I1.2.8(1) (in other words, the restrictions of o1 to K(q?)
and K (Cv) are o] and of, respectively).

We fix a p/-th root 4/u, and for v|u’ set {/u = (”\//E)M/V (also denoted v~ ). To construct
o9 € Gal(La/k), we need the following.
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LEMMA I1.2.9. Let o¢ € Gal(¢/k). Then there exists oo € Gal(La/k) such that
(1) o2l = op;
(2) for any p € P, if p?®) s the p-primary component of p then

—(d(p)+1) —(d(p)+1)
P (up > # uP )

and consequently either Jg(de(p)+1) # de(p>+1 or o2 acts nontrivially on all p®) Ttk roots
of u.

PROOF. Since L;/k is an abelian extension, we conclude from Corollary I1.1.6 that

(20) 0Ck({/u, () C k.

On the other hand, according to Proposition II.1.1, none of the roots ®/u for p € P lies in k2P,
and the restriction maps yield an isomorphism

Gal (k( W/, Gur) [k (¢, ) ) = TT Gat(k (%7, Gu) /B (Y, G ).
peEP
It follows that for each p € P we can find 7, € Gal (k ( W/, CM/) /k ({*/ﬂ, Cu’) ) such that

—(d(p)+1) —(d(p)+1) —(d(a)+1) —(d(a)+1)
Tp<up : ):gp-up : and Tp(uq ! )zuq ! for all ¢ e P\ {p}.

Now, let 69 be any extension of g to Lo. For p € P, define

1. & upf(d(le) _ up*(d(le)
x(p) = 0 . & LD ” yp~ O
Set
09 = 50 . H Tg((p).
peP
In view of (20), all 7,’s act trivially on ¢, so o2|¢ = G9|¢ = og and (1) holds. Furthermore, the
choice of the 7,’s and the x(p)’s implies that (2) also holds. O

Continuing the proof of Theorem I1.2.7, we now use o1 € Gal(L1/k) constructed above, set g =
o1|¢, and using Lemma I1.2.9 construct oo € Gal(La/k) with the properties described therein. In
particular, part (1) of this lemma in conjunction with (17) implies that the pair (o1, 02) corresponds
to an automorphism o € Gal(L/k). As in the proof of Theorem I1.2.3, we let F' denote the Galois
closure of L over Q, and let 6 € Gal(F/Q) be such that 6|L = o. By Chebotarev’s Density Theorem,
there exist infinitely many rational primes p > 2 that are relatively prime to A’ -y’ and for which
the p-adic valuation v, is unramified in F', does not lie below any valuation in S U {vy}, and has
an extension w to F' such that Frp/q(w|v,) = . Let v = wl|k, and let p = p, be the corresponding
prime ideal of O. As in the proof of Theorem I1.2.3, we see that p is Q-split. Furthermore, since
oK (g%) = 0,2(c), we conclude that p has a generator 7 such that = = ¢ (mod g*) (cf. Proposition
11.2.5(b)). Then by construction 7 (mod q?) generates (0/q?)*, verifying condition (2) of Theorem
I1.2.7.

To verify condition (1), we fix p € P and consider two cases. First, suppose J((pd(p)+1) =+ Cpatp)+1-
Since p is prime to p, this means that the residue field O/p does not contain an element of order
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pip)+1 (although, since p is prime to p, it does contain an element of order u, hence of order
p?P)). So, in this case ¢(p)/p is prime to p, and there is nothing to prove. Now, suppose that

0(Cpam+1) = Cpaw+1. Then by construction o acts nontrivially on every pd®P)+1_th root of u, and

therefore the polynomial XP*P* _ 4 has no roots in ky,. Again, since p is prime to p, we see from

Hensel’s Lemma 1.4.4 that u (mod p) is not a p?®*1-th power in the residue field. It follows that
the p-primary component of the order of u (mod p) is not less than the p-primary component of
o(p)/p™®), and (1) follows.

Finally, by construction ¢ acts trivially on () but nontrivially on ¢, for any ¢ € (). Since p is
prime to )\, we see that the residue field O/p contains an element of order A, but does not contain
an element of order g\ for any ¢ € ). This means that A | ¢(p) but ¢(p)/\ is relatively prime to
each ¢ € @, which is equivalent to condition (3) of Theorem I1.2.7. O

I1.3. Proof of Theorem II1.3.6

First, we will introduce some additional notations needed to convert the task of factoring a
given matrix A € SLy(0) as a product of elementary matrices into the task of reducing the first
row of A to (1,0). Let

R(O) = {(a,b) € 0% | a® + bO = O}
(note that R(0O) is precisely the set of all first rows of matrices A € SLy(0)). For A € O, one defines
two permutations, e4(A) and e_ (), of R(O) given respectively by
(a,b) = (a,b+ Aa) and (a,b) — (a+ Ab,b).

These permutations will be called elementary transformations of R(0Q). For (a,b), (¢,d) € R(O) we

will write (a,b) = (c,d) to indicate the fact that (c,d) can be obtained from (a,b) by a sequence
of n (equivalently, < n) elementary transformations. For the convenience of further reference, we
will record some simple properties of this relation.

LemMA I1.3.1. Let (a,b) € R(O).

(1a) If (¢,d) € R(O) and (a,b) = (c,d), then (c,d) = (a,b).

(1b) If (¢, d), (e, f) € R(O) are such that (a,b) = (c,d) and (c,d) = (e, f), then (a,b) e (e, f)-

(2a) If c € O such that ¢ = a(mod bO), then (c,b) € R(O), and (a,b) = (c,b).

(2b) If d € O such that d = b(mod a0), then (a,d) € R(O), and (a,b) = (a,d).

(3a) If (a,b) = (1,0) then any matriz A € SLy(O) with the first row (a,b) is a product of < n + 1
elementary matrices.

(3b) If (a,b) = (0,1) then any matriz A € SLa(O) with the second row (a,b) is a product of < n+1
elementary matrices.

(4a) If a € O% then (a,b) = (0,1).
(4b) If b € O then (a,b) = (1,0).

1
=
1
=

PrOOF. For (la), we observe that the inverse of an elementary transformation is again an ele-
mentary transformation given by [e+()\)]™! = ex(—A), so the required fact follows. Part (1b) is
obvious.
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(Note that (1) implies that the relation between (a, b) and (¢, d) € R(O) defined by (a,b) = (c, d)
for some n € N is an equivalence relation.)

In (2a), we have ¢ = a + A\b with A € O. Then

O+ b0 = a0+ b0 =0,
so (¢,b) € R(O), and ey () takes (a,b) to (¢,b). The argument for (2b) is similar.

(3a) Suppose A € SL2(0) has the first row (a,b). Then for A € O, the first row of the product
AE12(N) is (a,b+ Aa) = ey (N)(a,b), and similarly the first row of AEg;(A) is e—(A)(a,b). So, the
fact that (a,b) = (1,0) implies that there exists a matrix U € SLy(O) which is a product of n
elementary matrices and is such that AU has the first row (1,0). This means that AU = Eg;(z) for
some z € O, and then A = Eg1(2)U ! is a product of < n + 1 elementary matrices. The argument
for (3b) is similar.

Part (4a) follows since e_(—a)e4 (a™ (1 —b))(a,b) = (0,1). The proof of (4b) is similar. O

Remark. All assertions of Lemma I1.3.1 are valid over any commutative ring O.

COROLLARY 11.3.2. Let q be a principal Q-split prime ideal of O with generator q, and let z € O be
such that z(mod q%) generates (0/q?)*. If we are given an integer ty and an element of R(O) of
the form (b,q"™) with n > 2, then there exists an integer t > to such that (b, q") =Y (24, q").

PRrROOF. By Lemma I1.2.1(b), the element z(mod ™) generates (0/q™)*. Since b is prime to g, one

can find ¢ € Z such that b = 2!(mod ¢q"). Adding to ¢ a suitable multiple of ¢(q") if necessary, we
can assume that ¢ > to. Our assertion then follows from Lemma I1.3.1(2a). O

LEmMMA I1.3.3. Suppose we are given (a,b) € R(O), a finite subset T' C Vf, and an integer n % 0.
Then there exists o € O and r € O such that V(o) NT =0, and (a,b) RN (ar™.b).
PROOF. Let h; be the class number of k. If for each v € S\ V£ we let m, denote the maximal

ideal of O, corresponding to v, then the ideal (m,)" is principal, and its generator 7, satisfies
v(my) = hy and w(m,) = 0 for all w € ka \ {v}. Let R be the subgroup of £* generated by m, for

v e S\ VE; note that R C 0. We can pick r € R so that a’ := ar™ € ). We note that since a

[o o))

and b are relatively prime in O, we have V(a’) NV (b) C S.
Now, it follows from the Strong Approximation Theorem that there exists v € Oy such that

v(yb) > 0 and v(yb) = 0(mod nhy) forallve S\ VE,
and v(yb) =0 for all ve V(a)\S.

Then, in particular, we can find s € R so that v(ybs™!) =0 for all v € S\ V. Set
v i=ysteOand v :=4'be Oy

By construction,

(21) v(t) =0 forall veV(d)u(S\VE),

implying that b’ € O and V(a') NV (d') = 0, which means that @’ and V' are relatively prime in Oy.
Again, by the Strong Approximation Theorem we can find ¢ € O such that

v(t) =0forveTNV(d) and v(t) >0 for v e T\ V(d).
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Set @« = a’ 4+ tb' € O. Then for v € TNV (a') we have v(a’) > 0 and v(tb') = 0 (in view of (21)),
while for v € T'\ V(a’) we have v(a’) = 0 and v(tb’) > 0. In either case,
v(a) =v(d + ') =0 for all v € T,
i.e. V(a) N T = (. On the other hand,
a+7r"ty'b=r"a + ") = r"a,

which means that (a,b) = (ar™,b), as required.

Recall that we let p denote the number of roots of unity in k.

LEMMA I1.3.4. Let (a,b) € R(O) be such that a = a.-1* for some o € Oy, and r € O where V() s
disjoint from S UV (u). Then there exist ' € O and infinitely many Q-split prime principal ideals

q of O with a generator q such that for any m = 1(mod ¢(a’O)) we have (a,b) 2 (a,qg"™).

PROOF. The argument below is adapted from the proof of Lemma 3 in [CK1]. It relies on the
properties of the power residue symbol (in particular, the power reciprocity law) described in
[BMS, Appendix on Number Theory]. We will work with all v € V¥ (and not only v € V¥ \ 9),
so to each such v we associate a symbol (“modulus”) m,. For v € ka we will identify m,, with the

corresponding maximal ideal of O (obviously, p, = m,0 for v € V*\ §); the valuation ideal and

the group of units in the valuation ring O, (or Oy, ) in the completion k, will be denoted m, and
U, respectively. For any divisor v|u, we let
m, /,

be the (bi-multiplicative, skew-symmetric) power residue symbol of degree v on k; (cf. [BMS,
z,y

m, /,
a v-th power in k,* (in particular, if v is either complex, or is real and one of the elements x,y is
positive in k,) or if v is nonarchimedean ¢ V(v) and z,y € U,. It follows that for any x,y € k*,

p. 85]; see Subsection 1.4.3 for details). We recall that = 1 if one of the elements z,y is

we have xn’1y> =1 for almost all v € V¥, Furthermore, we have the reciprocity law (cf. Lemma
(
1.4.15): Y
T,y
v /v

Now, let p = p{*---pS» be a prime factorization of pu. For each ¢ = 1,...,n, pick v; € V(p;).
According to [BMS, (A.17)], the values

:,U7
(y) for x,y € Uy,
mw pfi

cover all p;‘-th roots of unity. Thus, we can pick units u;,u} € U, for i =1,...,n so that

i /
Wi Wi\ _ Ce
m e; pil7
(% pil
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a primitive p;’-th root of unity. Then

L Wi, U
(23) Cu = H ( m,, )pfi

i=1
is a primitive p-th root of unity. Furthermore, it follows from Hensel’s Lemma (cf. Lemma 1.4.4)
(or, from the Inverse Function Theorem) that we can find an integer N > 0 such that

(24) 14+ al c kX" forall ve Vip).

We now write b = St# with 8 € O and t € O*. Since a,b are relatively prime in O, then so
are «, 3, hence V(a) N V(B) C S. On the other hand, by our assumption, V(«) is disjoint from
SUV(u), so we conclude that V' («) is disjoint from V(8) UV (u). Applying Theorem 11.2.3 to the
ring O we obtain that there exists 8’ € Oy having the following properties:

(1)1 b:= p'Oy is a prime ideal of Oy and the corresponding valuation vy ¢ S UV (u);

(2); B/ > 0 in every real completion of k;
(3)1 B/ = B(mod aOy);
(4); for each i = 1,...,n, we have
f" = ul(mod mvi), and
B’ = 1(mod wy) for all v € V(p;) \ {vi}.
Set b’ = p't*. Tt is a consequence of (3); that b = b'(mod a0), so by Lemma 11.3.1(2) we have
(a,b) RN (a,t'). Furthermore, it follows from (4); and (24) that §'/uj € (k)", so

/
<Ul’l8 ) - <Ul’ Z> < 5
= 2} = (..
My, /, My /, P

Since ¢, defined by (23) is a primitive p-th root of unity, we can find an integer d > 0 such that

B ,,8/ a, B/ n 'LLgl,IB/
(25) 1_< ) ¢t = < . >M. H<m )p:i.

=1

By construction, vy ¢ V() UV (1), so applying Theorem I1.2.3 one more time, we find o/ € Oy,
such that

(1)2 a:= 'O is a prime ideal of O and the corresponding valuation vq ¢ S UV (u);

(2)2 & = a(mod b);

(3)2 o/ = uf(modml)) fori=1,...,n.

Set @’ = o/r#. Then /O = /0 is a prime ideal of O and o’ = a(mod v'0), so (a,b) = (a',b).

a/j/B/

my

k) or v € Vf \ (V()uV(B)UV(w). Since the ideals a = o/Of and b = f'Oy, are prime by

construction, we have V(o) = {v,} and V(8') = {vp}. Besides, it follows from (24) and (4); that
/ /

Now, we note that ( ) = 1 if either v € V£ (since ' > 0 in all real completions of
“w

for v € V(p;) \ {vi} we have 8’ € kX", and therefore again = 1. Thus, the reciprocity law

v/
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(22) for o/, 8" reduces to the relation

/”3/ O/,ﬁl n a/’B/
@ (), (50), TS0 )
¢ Ju b Hooi=1 Mo; Jy

2

It follows from (2)2 and (3)2 that

!l / ! Ql d pf
<a,ﬁ):(a,ﬁ) and (O“B>:<u“ﬁ> forall i=1,...,n.
b Iz b I Wi/ b Iz

Comparing now (25) with (26), we find that

(22)- (2] -
a M_ a u_'

This implies (cf. [BMS, (A.16)]; or, (5) and (6)) that " is a p-th power modulo a, i.e. 5/ = v#(moda)
for some v € Of. Clearly, the elements a’ = o'r* and ~t are relatively prime in O, so applying
Theorem I1.2.3 to this ring, we find infinitely many Q-split principal prime ideals q of O having a
generator ¢ = yt(mod a’Q). Then for any m = 1(mod ¢(a’O)) we have

" = ¢ = p't* = b/ (mod d'0),

so (a’, V) = (a’,¢"™). Then by Lemma II.3.1(1b), we have (a,b) 2 (d',g"™), as required. O

The final ingredient that we need for the proof of Theorem I1.3.6 is the following lemma which
uses the notion of the level fy(u) of a unit u of infinite order with respect to a Q-split ideal p
introduced in Subsection I1.2.1.

LEMMA 11.3.5. Let p be a principal Q-split ideal of O with a generator w, and let u € O* be a unit
of infinite order. Set s = ly(u), and let 6, \, and m be positive integers satisfying § | X | ¢(p), and
m = 0(mod ¢(p*)/A\). If b € O is a 0-th power (mod p) and is prime to 7, while v := X/ divides

the order of u(mod p), then for any integer t > s there exists an integer ny for which
(f,6™) 2 (xt,u™).

PROOF. Let p be the rational prime corresponding to p. Being a divisor of A, the integer ¢ is
relatively prime to p. So, the fact that b is a d-th power (mod p) implies that it is also a d-th
power (mod p®). On the other hand, it follows from our assumptions that Am = dvm is divisible
by ¢(p®), and therefore (™) = 1(mod p®). But since v is prime to p, the subgroup of elements
in (O/p®)* of order dividing v is isomorphic to a subgroup of (O/p)*, hence cyclic. So, the fact
that the order of u(mod p), and consequently the order of u(mod p*), is divisible by v implies that
every element in (O/p®)* whose order divides v lies in the subgroup generated by u(modp®). Thus,
b™ = us(mod p®) for some integer ns. Since p is Q-split, we can apply Lemma I1.2.2 to conclude

that for any t > s there exists an integer n; such that o™ = u™t(mod p*). Then (7, b™) = (mt, u™)
by Lemma I1.3.1(2). O

We will call a unit u € O* fundamental if it has infinite order and the cyclic group (u) is a
direct factor of O*. Since the group O* is finitely generated (Dirichlet’s Unit Theorem, cf. [CF,
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§2.18]) it always contains a fundamental unit when it is infinite. We note that any fundamental
unit has the following property:

u ¢ pu(k)p(k*)P for any prime p.
We are now in a position to give the proof of the main theorem of this section.

THEOREM IL.3.6. Let O = Oy g be the ring of S-integers in a number field k, and assume that the
group of units O is infinite. Then every matriz in SLo(O) is a product of at most 9 elementary
matrices.

PROOF. We return to the notations of Subsection I1.2.3: we let K denote the Hilbert S-class field
of k, let K be its normal closure over Q, and pick an integer A > 1 which is divisible by p and for
which KNQ# C Q(¢y). Furthermore, since O* is infinite by assumption, we can find a fundamental
unit v € O*. By Lemma I1.3.1(3), it suffices to show that for any (a,b) € R(O), we have

(27) (a,b) = (1,0).
First, applying Lemma 11.3.3 with 7' = (S \ V£) U V(1) and n = p, we see that there exist a € O,
and r € O such that

V()N (SUV(p) =0 and (a,b) = (ar*,b).
Next, applying Lemma I1.3.4 to the last pair, we find ¢’ € O and a Q-split principal prime ideal
q = ¢O such that vy ¢ SUV(X) UV (¢(a'O)) and (art,b) 2 (d',g"™) for any m = 1(mod ¢(a’O).
Then
(28) (a,b) = (d,¢"™) for any m = 1(mod ¢(d'0)).

To proceed with the argument we will now specify m. We let P and @) denote the sets of prime
divisors of A\/u and ¢(a’O), respectively, and define X' and p’ as in Subsection I1.2.3; we note that
by construction q is relatively prime to X'. So, we can apply Theorem I1.2.7 which yields a Q-split
principal prime ideal p = 70O so that v, ¢ V(¢(a’O)) and conditions (1) - (3) are satisfied. Let
s = ly(u) be the p-level of u. Condition (3) implies that

1 = ged(g(p)/A, N'/X) = ged(d(p) /A, ¢(a'0)),
the last equality holding because A’/ is the product of all prime divisors of ¢(a’O). It follows that
the numbers ¢(p®)/A and ¢(a’O) are relatively prime, and therefore one can pick a positive integer
m so that
m = 0(mod ¢(p®)/\) and m = 1(mod ¢(a’0)).
Fix this m for the rest of the proof.

Condition (2) of Theorem I1.2.7 enables us to apply Corollary I1.3.2 with z = 7 and ¢y = s to
find ¢ > s so that (a/, ¢"™) Y (mt, g*™). Since P consists of all prime divisors of A/, condition (1)
of Theorem II.2.7 implies that A/ divides the order of u(modp). Now, applying Lemma I1.3.5 with
§ = p and b = g#, we see that (7t g*™) =N (mt,u™) for some integer n;. Finally, since u is a unit,
we have (7!, u™) 2 (1,0). Combining these computations with (28), we obtain (27), completing
the proof. ]

COROLLARY I1.3.7. Assume that the group O* is infinite. Then for n > 3, any matriz A € SL,,(0)
18 a product of < %(3n2 —n) + 4 elementary matrices.
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PROOF. Suppose we are given A € SL,(0). The case n = 2 is a direct consequence of Theorem
11.3.6. The case of general n will follow by induction, if we can show that 3n — 2 operations can
reduce A to a matrix of the form

These 3n — 2 elementary operations consist of the following:

e 1 elementary operation to ensure that the first n — 1 entries of the last row are
coprime. This elementary operation will be of the form B = AE,;(r), where r is as follows.
Let a be the ideal generated by ang,...,ann—1. Then the » € O can be any element satisfying
V(r)NV(ap) =0 and V(a) \ V(an1) € V(r). To show that the first n — 1 entries of the last row
of B are coprime, it suffices to show V(an1 + ran,) = V((B)n1) does not intersect V(a).

Now, for a fixed v € V(a), if v ¢ V(ayn1), then by construction v € V(r), which implies that
v & V(an1 + rany). On the other hand, since A € SL,(0), we know that

(V(an) NV (a)) NV (any) = l@ V(ani) = 0.

Therefore, if we are given v € V(an1) N V(a), then v ¢ V(an,); by construction, v ¢ V(r), and so
the fact that v € V' (ay1) implies that v ¢ V(an1+ran,). Thus, in either case we have v ¢ V((B)n1),
and therefore V(a) NV ((B)n1) = 0, as desired.

e n — 1 elementary operations to ensure that the last entry is 1. Let b; ; denote (B);;.
Since the above construction implies that b, 1, ..., b, n—1 are coprime, we can find Aq,..., A1 € O
so that

>\1bn,1 +...+ )\nflbn,nfl =1- bn,n-

This means C := B - H?;ll Ein(\i) has the (n,n)-th entry equal to by + (1 — bypn) = 1.

e n — 1 elementary operations to ensure that all off-diagonal entries of the last row
are 0’s. With the above notation, D := C - [["2]' (—b;,») will satisfy this condition.

e n — 1 elementary operations to ensure that all off-diagonal entries of the last
column are 0’s. Let d; ; = (D);j. Then E : H?;ll(—dm) - D will satisfy this condition.

Then clearly, the matrix F is of the desired form, and 3n — 2 elementary operations were used
to transform A into E. O

PrROOF OF COROLLARY I.3.6. Let

.Hla d NN 10
er: 0 1 and e_: « o 1

be the standard 1-parameter subgroups. Set U = e4(0). In view of Theorem II.3.6, it is enough
to show that each of the subgroups U' and U~ is contained in a product of finitely many cyclic
subgroups of SLy(0). Let hy be the class number of k. Then there exists t € O* such that v(t) = hg
for all v € S\ V£ and v(t) = 0 for all v € V¥\ S. Then O = O4[1/]. So, letting Uy = ex(04) and

h = ( (t) S—l ), we will have the inclusion

U* C (W)U (h).
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On the other hand, if wy,...,w, (where n = [k : Q]) is a Z-basis of O then

Uy = {ex(wr)) -+ {ex(wn)),
hence
(29) U*  (h)ex(wr)) -+ (e (wn))(h),
as required. (Quantitatively, it follows from the proof of Theorem I1.3.6 that SLy(0) = U~ Ut --- U~

(nine factors), so since the right-hand side of (23) involves n + 2 cyclic subgroups, with (h) at both
ends, we obtain that SLy(0) is a product of 9[k : Q] + 10 cyclic subgroups.) O

I1.4. Example

For a ring of S-integers O in a number field &k such that the group of units O* is infinite, we let
v(0O) denote the smallest positive integer with the property that every matrix in SL2(0O) is a product
of < v(0) elementary matrices. So, the result of [Vs] implies that v(Z[1/p]) < 5 for any prime p,
and our Theorem I1.3.6 yields that v(O) < 9 for any O as above. It may be of some interest to
determine the exact value of v(O) in some situations. In Example 2.1 on p. 289, Vsemirnov claims

that the matrix
5 12
M = < 12 29 >

is not a product of four elementary matrices in SLa(Z[1/p]) for any p = 1(mod 29), and therefore
v(Z[1/p]) = 5 in this case. However this example is faulty because for any prime p, in SLa(Z[1/p])

R S N TN EE))

However, it turns out that the assertion that v(Z[1/p]) = 5 is valid not only for p = 1(mod 29) but
in fact for all p > 7. More precisely, we have the following.

PROPOSITION I1.4.1. Let O = Z[1/p], where p is prime > 7. Then not every matriz in SLa(0) is a
product of four elementary matrices.

In the remainder of this section, unless stated otherwise, we will work with congruences over
the ring O rather than Z, so the notation a = b(modn) means that elements a,b € O are congruent
modulo the ideal nO. We begin the proof of the proposition with the following lemma.

LEMMA I1.4.2. Let O = Z[1/p], where p is any prime, and let r be a positive integer satisfying
p = 1(mod r). Then any matriz A € SLa(0O) of the form

(30) A:( >,a,ﬁEZ

which is a product of four elementary matrices, satisfies the congruence
_ 0 1
A:i(_l 0>(m0dr).

ProOF. We note right away that the required congruence is obvious for the diagonal entries, so we
only need to establish it for the off-diagonal ones. Since A is a product of four elementary matrices,
it admits one of the following presentations:

(31) A = E12(a)E21 (b)E12(c)Ea1(d),

1—p® *
* 1—pf
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or
(32) A= E21 (a)Elz(b)Egl(C)Elg(d),
with a,b,c,d € O.
First, suppose we have (31). Then reducing it modulo b0, we obtain the following congruence:

A=Ep(a+ c)Ey(d) = < 1+d(d“+c) “re ) (mod b).

Looking back at (30) and comparing the (2,2) entries, we obtain that 1 —p® = 1(modb). It follows
that b € O, i.e. b= £p" for some integer ~. Similarly, one shows that ¢ = £p° for some integer 4.

Next, we observe that the signs involved in b and ¢ must be different. Indeed, otherwise we
would have

B , 5 [ *
A =E2(a)Eai (£p")E12(£p° ) E21 (d) = ( « 14t ) )

which is inconsistent with (30). Thus, A looks as follows:

A = E1(0)Ba1 (") Bra (F° ) E21 (d) = ( d(1 _p7*+5) +p° ! 7p1+5) +p ) .

Consequently, the required congruences for the off-diagonal entries immediately follow from the
fact that p = 1(mod r), proving the lemma in this case.
Now, suppose we have (32). Then

A_l = E12(—d)E21(—C)Em(—b)Em(—d),

which means that A~! has a presentation of the form (31). Since the required congruence in this
case has already been established, we conclude that

1 0 -1
A ::|:<1 0 >(mod7“).
But then we have
0 1
AE:i:<_1 O)(mod'r),
as required. n

To prove the proposition, we will consider two cases.

CASE 1. p — 2 is composite. Write p — 2 = 11 - 19, where rq, 79 are positive integers > 1, and
set r =p— 1. Then
(33) r; # £1(modr) for i=1,2.

Indeed, we can assume that ro < \/p — 2. If ro = +1(modr) then 79 F1 would be a nonzero integral
multiple of r, and therefore » < ro + 1, hence p — 2 < y/p — 2. But this is impossible since p > 3.
Thus, 19 # £1(mod 7). Since r; - 79 = —1(mod ), condition (33) follows.

Now, consider the matrix
s ( l—p ri-p >
ro  1—p

One immediately checks that A € SL2(O). At the same time, A is of the form (30). Then Lemma
I1.4.2 in conjunction with (33) implies that A is not a product of four elementary matrices.
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CASE 2. p and p — 2 are both primes. In this paragraph we will use congruences in Z. Clearly,
a prime > 3 can only be congruent to +1(mod 6). Since p > 5 and p — 2 is also prime, in our
situation we must have p = 1(mod 6). Furthermore, since p > 7, the congruence p = 0 or 2(mod 5)
is impossible. Thus, in the case at hand we have

p = 1,13, or 19(mod 30).

If p = 13(mod 30) in Z, then p> = 7 (mod 30), and therefore p® — 2 is an integral multiple of 5.
Set r =p—1and s = (p> — 2)/5, and consider the matrix

B 1_p3 5p3
A_( s 1—p3

Then A is a matrix in SLy(O) having form (30). Note that 5p® = 5(mod r), which is different
from +1(mod r) since 7 > 6. Now, it follows from Lemma II1.4.2 that A is not a product of four
elementary matrices.

It remains to consider the case where p = 1 or 19(mod 30). Consider the following matrix:

A 900 53-899
S\ 17 900 ’

and note that A € SLy(Z) and

Al 900 —53-899
o\ =17 900 '

It suffices to show that neither A nor A~! can be written in the form
(34) E12(a)E21(b)E12(c)E21(d) = ( b d(>|1< + be) C+(1a$ ;;)bc) > , with a,b,c,d € O
Assume that either A or A~! is written in the form (34). Then 1 + bc = 900, so
b,c € {£p", £29p", £31p", £899p" | n € N}.
On the other hand, setting t = b+d(1+bc) and u = c+a(1+bc), we have the following congruences
t = b(mod 30) and u = c¢(mod 30).

Analyzing the above list of possibilities for b and ¢, we conclude that both t,u = £p™(mod 30)
for some integer n. Thus, if p = 1(mod 30) then ¢,u = +1(mod 30), and if p = 19(mod 30) then
t,u = =+1,£19(mod30). Since 17 # +1, £19(mod 30), we obtain a contradiction in either case. (We
observe that the argument in this last case is inspired by Vsemirnov’s argument in his Example
2.1






CHAPTER III

Boundedness results for special linear groups over commutative
rings

In this chapter, we present two results, which establish bounded width of certain subgroups
of special linear groups SL,(R) over an arbitrary commutative ring R, for n > 3. In §III.1 we
consider the subgroups generated by elementary matrices with entries in a finite index ideal of the
ring and generalize in this situation the result of Tavgen [T|, which was originally established over
the rings of algebraic S-integers — see Theorem I11.1.13. In §III.2 we focus our attention on the
normal subgroups of SL,,(R) generated by a given non-central matrix A € SL,(R), when R is a
ring satisfying Bass’s stable range condition SR,_1, and SL,(R) has finite width with respect to
the set of elementary matrices. We will show that if the ideal generated by the off-diagonal entries
of A has finite index in R, then the normal subgroup generated by A has finite width with respect
to the union of the conjugacy classes of A and A~! — see Theorem III.2.1.

ITI1I.1. Subgroups of the special linear group defined by a finite-index ideal.

Let R be a (commutative) Noetherian ring. We say that an ideal J of R has finite index in
R if the quotient (ring) R/J is finite. The goal of this section is to show that the fact that E,(R)
(n > 3) has finite width with respect to £,(R) implies that for all ideals J C R of finite index,
the groups Fy,(R,J) and E, (R, J) have finite width with respect to their natural generating sets
Fn(R,J) and €,(R, J), respectively. For any ideal J C R of finite index, let us fix a set Sy C R of
coset representatives of R/.J, and define

Ry = 1@%@ Ei;(S))

Since S is a finite set, so is R ;. We start with a preliminary result:

LEmMA II1.1.1. Let R be a Noetherian ring, and J C R be an ideal of finite index. Then for all
positive integers m, the m-th power J™ is also of finite index.

ProoOF. We argue by induction on m. For m = 1, the result is true by assumption. So suppose the
result is true for all m < k; so in particular, R/J"’ is finite. Let m = k 4+ 1. Since R is Noetherian,
then the ideal J* is also finitely generated; hence J*/J*+1 is a finitely generated module over the
finite ring R/J, and therefore finite. Since

is finite, this implies R/J**! is also finite. g

LeEmMA II1.1.2. If E,(R) has finite width with respect to €,(R), then for any ideal J C R of finite
indez, [En(R) : En(R, J)] < 0.

51
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PROOF. Let w be the width of E, (R) with respect to the set of elementary matrices &, (R); then
E,(R) =& (R)Y = (En(R,J) - Rp)™.

It follows that the size of the quotient group E,(R)/E,(R,J) is at most that of the finite set

RY. O

ProprosiTION I11.1.3. If E,(R) has finite width with respect to &, (R), then for any ideal J C R of

finite index, En (R, J) has finite width with respect to E,(R,J).

Before proving Proposition I11.1.3, we would like to introduce a result which will be used in the
proof.

LEMMA II1.1.4. Let m be an integer, and let A € €,(R)™. For any ideal J C R of finite index, we
can rewrite A in the form

(35) A=K-L, with Ke®R}, Leé&(RJ)™,

PRrOOF. We prove the lemma by induction on m. When m = 1, then A = E;;(«) for some o € R
and integers i, j. Then (35) is just the standard decomposition

Eij(a) = Eij(B) - Eij(v), with B € Sy, v € J, and B+ =a.
Next, suppose m > 1, and the lemma holds for all matrices in €,(R)™ . Suppose we are given an
arbitrary A € &,(R)™. Write A = Ay - Ag, with A; € &,(R)™ 1, and Ay = E;j(a) € &,(R). Then
we can write and write a = 8+, with § € S; and v € J. By the induction hypothesis, we know
A; = K- Lwith K€ R and L € &, (R, J)™ .
Then

Ej;(B+7) =K

A . .
Eij(B) - (Eij ()1

i(B) - Eij(7)

Ay ‘E; j
K Ei;(8)) - Ei; (7).

et

Clearly, K - E;;(8) € R}, and

(Eij(B) ' LEi;(B)) - Eij(7) € En(R, J)™,

mfl)

(since the first factor remains in &, (R, J) , so our assertion follows. O

PrROOF OF PROPOSITION II1.1.3. Let w be the width of E,(R) with respect to the elementary
matrices; then E,(R) = £,(R)". Now, since R; is a finite set, then there exists an integer M so
that every element of RY NE, (R, J) is in €,(R, J)™. Then for an arbitrary element A € E,, (R, J),
applying Lemma II1.1.4 with m = w we obtain that A can be written in the form (35). Observe
that A and L are in E, (R, J), hence also K is in E,,(R, J); since also K € RY, then K € &,(R, J)M.
This implies that the arbitrarily chosen A is in &€, (R, J)**M; hence, the width of E,(R,.J) with
respect to €, (R, J) is finite. O

To put things into perspective, a result which is to be published implies that if k is an algebraic
number field, S is a finite set of places of k containing the infinite ones, and R = O, g is the ring
of S-integers of k, where the group of units R* is infinite, then for any ideal J C R, the width of
Es(R, J) with respect to E2(R, J) is 6. Using this bound, it is easy to obtain a bound on the width
of E, (R, J) with respect to &, (R, J), via a technique similar to that used to prove Corollary I1.3.7.
However, for some applications, the set €, (R, .J) may be difficult to identify and utilize. We would
like to use this bound to show that €, (R, J?) is contained in a product of finitely many copies of
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the (very explicit) set F,(R,J). Before stating the theorem that provides a bound on this width,
we would like to introduce some notation.

For the remainder of this section, we will assume that n > 3. For fixed integers 1 < i # j < n,
let 8;;(J) := E;i;(J) UE;;i(J), and let S;;(J) be the group generated by 8;;(J). Let Ty;(R,J) be
the set

{BAB™' | A€ E;;(J) and B € S;;(R)},
Tii(R,J) = Tij(R, J)UTj(R, J), and T (R, J) = U Ti(R,J).

1<i<j<n

THEOREM II1.1.5. Assume that n > 3, and J is an ideal of R. Then:
(a> En(Ra J2) - Fn(Rv J);
(b) If E,(R) has finite width w with respect to £,(R) and J is generated by r elements, then

En(R, J?) C Fn(R, J)¢, where d=4r-6Y.
Here is an immediate corollary.

THEOREM II1.1.6. Let R be a Noetherian ring, and let n > 3. Assume that E,(R) has finite width
with respect to E,(R). Then for any ideal J C R of finite index, we have:

(a) En(R,J) has finite width with respect to €, (R, J);
(b) En(R, J?) is contained in a product of finitely many copies of Fn(R, J);
(c) [En(R) : Fp(R, J)] < 0.

PROOF. Part (a) has already been established in Proposition III1.1.3. To prove part (b), we note
that since J is of finite index in R, Lemma III1.1.1 implies that J? is also of finite index in R. So,
part (a) implies that the width of E, (R, J?) with respect to &,(R,J?) is finite. Now according
to Theorem II1.1.5(b), €,(R,.J?) is contained in the product F,(R,.J)¢ for some integer d > 0.
Combining these two facts, we obtain that E, (R, J?) is contained in the product of finitely many
copies of F, (R, J), implying (b).

Finally, since J? is of finite index in R, then Lemma II1.1.2 implies that [E,(R) : E,(R, J?)] <
oo. Combining this with the inclusion E,(R,J?) C F,(R,J) in Theorem III.1.5(a), we obtain
(c). O

Before proving Theorem III.1.5, we first give a preliminary result.
LEMMA IIL.1.7. Let J be an ideal of R, and suppose that A € E;;(J), C € 8k (R)™, and {i,j} #
{k,l}. Then
CAC™! € T, (R, J)*".
PRrOOF. We argue by induction on m. When m = 1, then we have A = E;;(v) for some v € J, and

without loss of generality we can assume C' = Ey(3) for some 8 € R. We will use the following
well-known commutator relations for elementary matrices (cf. [M, P. 39)):

Egj(By) if l=ik#]
(36) [Ex(8),Eij(v)] = ¢ Eu(—B) if k=j1#1
I, RIS
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Using the fact that CAC~! = [C, A]A, we obtain
Bu(B)A it 1=ik#]
CAC™'={ Ey(—B)A if k=j1+#i
A if l#£4,j#k
Clearly, in all cases, CAC~! € F,,(R, J)?. This proves the lemma for m = 1.

Next, suppose that our assertion is true for all C’ € 8§;(R)™, and prove it for C € Sy;(R)
In order to do this, we will write

C = (C1Cy with C4 € Skl(R) and C5 € Skl(R)m.

m—+1

Then

CAC™! = C1(CrAC YO
By the induction hypothesis, C’gAC{l € F,(R,J)?". On the other hand, by the case m = 1, we
have

C1Fn(R, ))CT ' C T (R, J).
This implies that

CAC™" € C1F (R, J)?" O = (C1Fn(R, J)CTH?" C (Fu(R, J)2)?" = Fu(R, J)*",
completing the argument. O
Since there is no simple formula for the commutator [E;;(c), E;;(5)], the proof of Lemma III1.1.7

does not apply to the conjugates CAC™! with A € E;;(J) and C € 8 (R)™ when {i,j} = {k,[}.
Nevertheless, we can prove the following partial analog of the lemma in this case.

LEMMA III.1.8. Suppose that n >3, 1 <i# j <mn, and J is an ideal of R. Let A = E;;(a), where
acJ? and C € 8ij(R)™; choose an integer r so that a can be expressed as

(37) a= Zﬁz‘%’ with 8;,v € J.
=1

Then CAC~' € T, (R, J)?" 4.
Proor. Pick k € {1,...,n} different from 4 and j, and set T = 8;3(J) U 84;(J). Then Lemma
IT1.1.7 applies to each element of T', implying that

CDC™' € F,(R,J)?" forany DeT.

On the other hand, in the above notations, we have

A=Ej(a) = [[EyBiv) = [[[En(B8), Bry(:)] € T,
=1 =1
which implies that CAC~! € F,(R, J)*2". O

COROLLARY III.1.9. In the notations of Lemma III.1.8, assume that J can be generated by r
elements. Then for any A € E;j(J?) and C € 8;;(R)™, we have CAC™! € F,(R,J)?, where
d=4r-2™.

PROOF. Since A € E;;(J?), then we can write A = E;;(a) with a € J2. Our assertion will follow
from Lemma II1.1.8 if we show that a has a presentation (37) of length r. But, if J is generated
by Y1, .., then J? = Jy; + ... + Jv,, implying the result. O
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In order to prove part (a) of Theorem III.1.5, we need to show that &,(R,J?) C F,(R,.J).
According to Lemma IIL.1.8, for any i # j, an arbitrary element of T;;(R,.J?) can indeed be
written as a product of a bounded number of elements from F,(R,J). So, to prove Theorem
II1.1.5, it suffices to show that every element of &, (R, J?) is a bounded product of elements from
{Tij(R,J?) | 1 <i# j <n}. Thisis done in the following statement, which we will state for an
arbitrary ideal J and later use it for J2.

ProposITION I11.1.10. Let A € F,(R,J) and B = By --- By, with By € £,(R) for allt. Then
BAB™' = (C1A1C7 ") -+ (Cam Agm i) with Ay € By, (J) and C; € 8,5, (R)™ for t =1,...,3™,
hence belongs to Ty, (J)3".

PrOOF. We begin the proof with the following computation.

ProposITION III.1.11. Let m>1, and suppose that A€ T;;(R,J)™, B€ Ey(R), and {i,j}#{k,1}.

Then
{In} it {i,j}n{k 1} =0,
[B,A] € W, where W =< Eu(J)Eg;(J) if 1€ {i,j},
Ea(J)En(J) if ke {i.).
PRrROOF. The first case follows immediately from the commutator formula (36). Furthermore, the

second and the third cases are similar, so we will treat only the second case. Our argument is based
on the following commutator identity, which is true in any group:

(38) [x122, 4] = @1 (22, yl2y a1, y).
We also observe that it easily follows from (36) that W is a subgroup normalized by S;;(R) D
Tij(R,J)™. We will first consider the case where m =1, so A € T;;(R,J). Switching i and j if
necessary, we may assume that
A=CAC™! with A€ E;;(J) and C € 8;;(R)* for some £ > 0.

We will prove the inclusion [B, A] € W by induction on ¢. If £ = 0, then [B, A] € E;(J) C W (in
fact, [B, A] = I, if | = j) by (36). Suppose £ > 0. We can then write

C =CCy with C] € SZ](R) and Cy € Sij(R)Z_l.
We have B 3

[B, A] = [B,CAC™"] = C1[C{ ' BCy, CLACT 'O,
and it is enough to prove that X := [C]'BCy, CoAC, '] € W. We have

C;'BC; =Y B where Y = [C]', B] € Ei;(R)by(36).
Then using (38), we obtain
X =Y[B,CoACy Y 1 [Y, CL ACS ).

By the induction hypothesis, [B, CQAO; 1€ W, hence commutes with Y. Similarly, by the in-
duction hypothesis (applied with [ = j), we have [Y, CQAC; '€ W. Thus, X € W, as required,
completing the proof when m = 1.

We will now prove the proposition by induction on m. So, let A € T;;(R,J)™ with m > 1. We
write

A= Ay- Ay with Ay € T;(R,J) and Ay € Ty;(R, J)™ 1,
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noting that A, Ay € S;j(R). Using the commutator relation (38), we obtain
[B,A] = [A, B]™! = (Ai[A2, BJAT A1, B) ™' = [B, 4] A1 [B, Ao] A

Since [B, Ai] and [B, Ag] € W by the induction hypothesis, and W is normalized by S;;(R), we
conclude that [B, A] € W, as required. O

COROLLARY II1.1.12. Let A = CDC~! with D € E;j(J) and C € 8;;(R)™. If we are given
B € Ey(R), then the conjugate BAB™! belongs to T, (R, J)?A if {i,j} # {k,1}, and is of the form
C'DC'~t with C" € 8;;(R)™ otherwise.

PROOF. In the first case, it is a consequence of the identity BAB~! = [B, A] - A and Proposition
IIL.1.11. In the second case, BAB™! = (BC)D(BC)~! and BC € 8;;(R)™"!, so the claim follows
immediately. U

Proor orF ProrosiTiON II1.1.10. We will argue by induction on m. First, let m = 1, so
A € 8;;(J) and B € E(R). If {k,l} = {i,j} then BAB™! itself can serve as one factor in the
required presentation with the other two factors being trivial. If {k, 1} # {7, j} then it follows from
the identity BAB~! = [B, A] - A and Proposition III.1.11 that BAB~! € J,,(R, J)3, meaning that
it has a required presentation with all the C}’s equal to the identity.

Let now m > 1, and set B’ = By - - - By,. By the induction hypothesis,

B'AB ™' = (C{ALCLTY) - (Cls Ay Co 1)
where each A4; € E;,;,(J) and C} € 8;,;,(R)™ . Then
3m71
BAB™ = [[ Bu(ciAic; By
t=1

We will now analyze each factor in this product. Suppose B € E;;(R). If {3, j} = {4, ji}, then
Bi(CiALCy B = (BiCY) ALYBLCY)™" and By C € 8ij(R)™.
Otherwise, according to Corollary II1.1.12,
Bi(C{A[C{ ) Byt € (R, )X (CLALCTT).

In either case, the term is a product of three factors, each of the form CAC~! with A € Ey(J)
and C € 8;(R)™, and the lemma follows.
O

PrOOF OF THEOREM III.1.5. (a) Since E,(R,J?) is generated by elements BAB™! for
A€ F,(R,J?) and B € &,(R)™, it suffices to show each such element is in F,,(R, J). By Proposition
IT1.1.10, we can write

(39)

BAB™ = (C1ACTY) -+ (Cam Azm Cyit) with Ay € By, (J%) and Cy € 85,5, (R)™ for t = 1,...,3™,

Then Lemma II1.1.8 shows that each (CyA;C; 1) € F,(R, J). This proves that BAB~! € F,,(R, J),
as required.

(b) Suppose we are given an element of €,(R,J?); by definition, it is of the form BAB~!
for some A € F,(R,J?) and B € E,(R). Since we assume that E,(R) = &,(R)", then we can
use Proposition II1.1.10 with m = w to pick a presentation of BAB™! of the form (39). Then it
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follows from Corollary II1.1.9 that each factor C;A;C; ! lies in F,, (R, J)2“*". Then (39) yields that
BAB™' € F,(R, J)%"" as claimed. O
The following theorem is the main result of this section.

THEOREM II1.1.13. Let R be a Noetherian ring, and let n > 3. If E,(R) has bounded width with
respect to E,(R), then for every ideal J C R of finite indez, the subgroup F,(R,J) has bounded
width with respect to F,(R, J).

PROOF. According to Theorem I1I.1.5(a), the subgroup F,(R,J) contains E,(R, J?), which is a
subgroup of finite index in E,(R). By Theorem III.1.6(b), there exists d > 1 such that
E.(R,J?) C F,(R,J)% On the other hand, considering a finite system of coset representatives
of F,(R, J) modulo E, (R, J?), we see that there exists m > 1 such that

F.(R,J) = E.(R, J) T, (R, J)™.
Then F,(R, J) = T, (R, J)4™, as required. O

II1.2. Finite width with respect to a union of conjugacy classes

Let G be an arbitrary group. For an element g € G, we let C, denote the union of the conjugacy

classes of g and of g1, and N, denote the minimal normal subgroup of G containing g. Then

N, = U Cy.
n>0

Therefore, for every h € N, there exists a minimal number n4(h) so that h € Cg’ ™) One can
ask the question of whether the numbers ny(h) are uniformly bounded, as h ranges over Ny. An
affirmative answer to this question is equivalent to N, having bounded width with respect to its
natural generating set C,. Using non-standard models, Morris [MCKP] established an affirmative
answer for G = SL,(0), when O is a ring of S-integers of a number field, and n > 3. These
considerations also played a role, for example, in [ALM].

The goal of this section is to examine the property of having finite width with respect to a
conjugacy class for some normal subgroups of the group G = E,,(R), where n > 3 and R is a ring
satisfying some conditions. Before stating the main result of this section more precisely, we recall
the definition of the stable range condition, due to Bass [B, P. 14].

Definition. Let m > 1. A ring R is said to satisfy the stable range condition SR,, if for any
ai,...,am € R which are relatively prime (i.e., ajR+ ...+ a;, R = R), there exist \q,..., \jp—1 SO
that a1 — AMam, ..., @m—1 — Am_1am, are relatively prime.

THEOREM II1.2.1. Suppose R is a commutative Noetherian ring which satisfies the stable range
condition SRy—1, and for which E,(R) has finite width with respect to €,(R). Fix a (non-central)
matrix A € E,(R), and let J be the ideal generated by the off-diagonal entries of A. If the index of
J in R is finite, then N4 has finite width with respect to C4.

We will prove this theorem using the results of §I1I.1, and the following statement:

ProOPOSITION 1I1.2.8. Suppose R is a commutative Noetherian ring which satisfies the stable range
condition SRy,—1, and for which E,(R) has finite width with respect to €,(R). Fiz a (non-central)
matriz A € E,(R), and let J be the ideal generated by the off-diagonal entries of A. If the index of
J in R is finite, then there exists a constant N, so that Cg contains the group F,(R,J).
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PrROOF OF THEOREM III.2.1 (assuming Proposition II1.2.8). Proposition II1.2.8 asserts that
F,(R,J) C Ny; since N4 is closed under conjugation, then also E,(R,J) C N4. But, Lemma
II1.1.1 asserts that the index [E,(R) : E, (R, J)] is finite; hence, [N4 : E, (R, J)] is also finite. Let
S 4 be a set of coset representatives of Ny /E, (R, J); since it is a finite set and each element s € Sy
is contained in CXS for some integer Nj, then there is an integer N = maxscg, N so that each
element of S4 is in CX . Also, Proposition II1.2.8 provides an integer M so that each element
of F,,(R,J) is in C%; by conjugating we obtain that each element of E, (R, J) is in C% as well.
Combining these facts, we obtain that Ny = C% W U

The remainder of the section is devoted to the proof of Proposition II1.2.8. But first, we would
like to give a survey of the previous work on this topic.

Let n > 3 be an integer, and suppose R is a commutative ring. Fix a non-central matrix A =
(a;j) € En(R), and let J = (aa1,...,an—11) be the ideal generated by the off-diagonal entries of the
first column of A. Bass [B, Lem. 1.2.5] showed that if a,; = 0, then Ey,,(J) C C¥ (with an analogous
result holding when any other off-diagonal a;; is zero). Furthermore, Bass [B, Thm. I.4.2(e)] has
also showed that if a ring R satisfies the stable range condition SR,,_1, then we can find a non-
central matrix B € C%, which has an off-diagonal zero entry in the first column. If we let J’ be the
ideal generated by {(B);1 | i > 1}, then Bass’s argument implies that Ej,(J’) C C. However,
in general the ideals J' and J are different (more precisely, J' = r - J for some r € R, and so
[J : J'] = 00); therefore, the fact that Ey,(J') € CS does not imply that Ey,(J) € CY for any
fixed integer M.

When R is a number ring, then we will always have [J : J'] < oo; in this case, Brenner [Br]
showed that Ej,(J) C C}f”. His argument inherently uses the Euclidean algorithm, and therefore
only works for Euclidean domains.

Let n > 3, and R be an arbitrary (unital) ring. We present a variation of Bass’s argument,
which proves an analogue of Brenner’s result for a more general class of rings R.

Notation. Let us fix n > 3. For a fixed matrix A € M, (R) and 1 < i,j < n, the element a;; is
defined as (A);j. For m=1,...,n, Gy, (A) is the m-th column of A; similarly, R,,,(A) is defined to
be the m-th row of A. Define R= (0 ... 0 1); then R(A) = R- A = R,(A). Let {e1, ..., en}
be the standard basis of Z™ (as column vectors), and {e;; | 1 < 7,5 < n} be the standard basis of
M, (Z).

To start, we will assume that R is a ring satisfying the Stable Range condition SR,_1, and
repeat Bass’s argument for how to obtain a zero entry for some matrix B € C124. Incidentally, this
procedure also makes (B)y, = 1, which is necessary for our argument. The next two lemmas are
extracted from [B].

LEmMMA II1.2.2. Suppose we are given a matriz A € M,,(R), integers ¢ # d and m between 1 and
n, and X € R.

(a) If d # m then Cp(Eca(\)AE}(N) = Crn(A) + Mg ee-
(b) If ¢ £ m then Ry (Bog(NAEL(N)) = R(A) — ameAey -

PrOOF. When A = ¢;; for some 1 <4,j < n, then this follows from [B, Lemma 1.2]; for a general
matrix A, this follows by writing A as a linear combination of the e;;’s. U
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LEMMA II1.2.3. Suppose R satisfies the stable range condition SRy,_1. If A € SL,(R) then there
exists A € SL,(R) so that, writing Cy(AAA™Y) = (f1 - fn)!, we have fiR+ ...+ fu_ 1R = R,
fn=an1, and foR+ ...+ LR equals as1R+ ...+ a1 R.

PRrROOF. From the definition of stable range, there exist Aq,...,A,—1 € R so that
(a11 + Aap1))R+ -+ (ap—11 + An—1a41)R = R.

Let A = H?:_ll Ein(A;). Then by Lemma I11.2.2(a), we see that when i # n, then
(Ejn()\j)AEjn(/\j)_l)il = (A); for any j #i,n,

and therefore

fi = (AAA_l)ﬂ = (Em()\z)AEln()\l_l)) = a;1 + )\iam fOF ;= 1, ey — 1,

il

and f, := (AAAY),1 = an1. Therefore, by the choice of \;, we have fiR+ ... + fn 1R = R;
furthermore, it’s clear that foR + ...+ f, R contains as1 R + ... 4 an1 R because each f; can be

written as a linear combination f; = a;1 + Ajany for i = 2,...,n — 1, and f, = an1. The reverse
inclusion follows for the same reason, since a;1 = f; — \jfn for i = 2,...,n = 1, and a1 = fn.
Therefore, the two ideals are equal. ([l

LEMMA II1.2.4. Assume R satisfies the stable range condition SR,_1, and let A € SL,(R). Then
for each solution (A1,...,A\p—1), all \; € R, to the equation

ALa11 + ..o+ Ap1Gno11 = Anl,
the set of commutators [Ca,E,(R)] C C3 contains a matriz B satisfying R(B) = (0, A1,0,...,0,1).

PROOF. Let D = H'Z;} Eyp(—An), and define a;; to be (A71);5. Then, R(D) = (= A1, -+, —An_1,1),
and D - (a;1 ... an1)’is a column vector, whose last entry is a,; — 22;11 A¢ap1, which equals 0
by choice of {\;}. Now

-1 -1 g - - -1 T, /
ATA :A(In+€12)A = n+(0 Gl(A) 0o ... O)A = n+(a11 anl) -(a21 CLQn).
Then using the above equation, we see that

R(DATA ) =R(D)+R(D - (a11 ... ap1)t-(dhyy ... dby,)) =
=R(D)+(0) - (ay ... ab,)=R(D).

Now clearly, the element B := D[A, T|D~! € [C4,E,(R)]. Let bij = (B);;. Since T-' = 1I,—eio,
we observe that

(40)

(40)

R(D[A,T]) = RIDATA YT 'Y R(DTY) = R(D)-R((0 €(D) 0 ... 0)) =R(D)+\es .

—t

Since the second row of D~ = H?:_ll Eni(N\;) is ezt, then \; eét D7t = \Re(D71) = Aey, and

R(D[A, T)D™Y) = R(DD™Y) + Mes DL=(1 A\ 0 ... 0).

This is the statement of the lemma. OJ
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The next result will make use of writing matrices F' € SL,,(R) satisfying R(F) = (0,...,0,1)
as an affine transformation — namely, in the form F' = (BW), where the notation (BW

block matrix of the form
*>
B | w
—t
(0\1>

where B is an (n — 1) x (n — 1)-matrix, and v is a (n — 1) x l-matrix. It is straightforward to
verify that matrices in this form have the following formulae for multiplication and inversion:

(B|v)(C|w) = (BC|Bw +v)
(Blv)™t = (B~ - B'v)

LEmMA II1.2.5. Suppose A € SL,(R) satisfies any = 1, and let X\ = an1. Then the set of commu-
tators [En(R), A] contains a matriz of the form

) denotes a

—R(4) K1
L+ | O Je4a)=xre.(4) | with s €R, sy € AR.
AR(A) K2

PROOF. Let D 172! Eni(ani) € En(R); then R(AD~) = (0 ... 0 1), so in the above notations,
AD™! = (B ] ) for some matrices B and .
Set E =D~ I(In_ll—e_I)D, and let us compute the matrix [E, A] € [E,(R), A]:

[, A] = [D 1( n— 1|—€1) ,(B|g) ] . —

(D711, —eln D)(B|v)(In- 1161) (B|v)—: _
(D~ 1D+(O|—C‘31 —H)D )(B!Bel +0)(B~| - B~1v) =
(In_e_>1 R( )"')‘en' ( )( n— 1|B€1

The last equality holds since C;(D™1!) —e1 — ey Letting b; = (B)i1 = aj1 — Aain and dj = (D)p; =
anj, we see that [E, A] is a matrix of the form

[E,A] =1, + _jé()D) BE with k1 =bi(1—dy) — (Z?:_QI b; - di) —dy
) - in e e
XRD) | s and ry = A (S5 bi - di ) + Ad,

The statement of the lemma now follows since R(D) = R(A), and B e1 is the first column of B,
which in the first n — 1 entries is C1(A) — ACj,(A). O

LEMMA II1.2.6. Let R be a commutative ring. Suppose A € SLy,(R) satisfies any = 1 and an1 = 0.
Then the subset Cﬁ contains a matriz of the form Ei,(r) for any r in the ideal generated by the
off-diagonal entries of the first column and the last row of A.

PRrROOF. By Lemma II1.2.5, we know the subset [E,(R), A] contains a matrix of the form

—R(A) K1
O with k1 € R and k9 € AR,
C1(A4) — A€ (A) where (B)i1 = aj1 — A\ajp, and X = ap.
AR(A) K2

A=1I,+
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Now by assumption, A = a,; = 0. In this case, the last row of A is just (0 ... 0 1), and
Ci1(A) — AC,(A) = C1(A); furthermore, (A)1; =1 — A = 1. Thus, A is of the form

0 —IR(A) K1
(41) L+| gl O Ci(4) | with s €R.
0/0---0 0

Then Lemma II1.2.2 implies that for any A € R, the following conjugation identities hold for
t=2,...,n—1:

Ein(A)_l A Em()\) = A+ apidern

Eh()\) A Eli()\)_l =A + )\aileln.
Moreover, these conjugates are in the form (41), which means that Lemma II1.2.2 applies to them,
and by further conjugating them we can continue adding multiples of a,; and of a;; to the (1,n)-
entry of the resulting matrix.

Therefore, if we are given r in the ideal generated by the off-diagonal entries of R(A) and C;(A),
then we can express 7 as

n—1 n—1
r= Z AniNi + Z )\;aily
i=2 i=2
and setting
n—1 n—1
F=]]En) - [] Bu(N) € Ea(R),
i=2 i=2

we see that FAF ™1 = A + rey, € [En(R),Ca]. Then
ATYTFAF =AY (A +rern) = (Inoy | CL(ATY) - 7) = I, + res, € Ch.
U

Remark. The above lemma also holds for non-commutative rings, with the same proof, if we take
r to be in the left ideal generated by the off-diagonal entries of the first column of A, or in the right
ideal generated by the off-diagonal entries of the last row of A.

In order to prove the main results of this section, we will need to define for 1 < 4,57 < n
oij = E;ij(1)E;i(—1), which is equivalent to the identity matrix which has the i-th and the j-th
columns switched, and the i-th column multiplied by —1.

ProposITION II1.2.7. Suppose R is a commutative ring which satisfies the stable range condition
SR,—1. Fiz B € SL,(R), and for i = 1,...,n, let J; be the ideal generated by the off-diagonal
entries of C;(B); let J = J1 + ...+ J,. Then:

(a) Eln(Jl) C 0332
(b) Eln(z]) C C3B2n
PRrooF. (a) If (B),1 =0, let A = B; otherwise, apply Lemma II1.2.3 to pick a conjugate A of B so

that a1 R+ ...+ ap—11R = R. In either case, a1 = (B)p1, the ideal generated by {a21,...,an1}
equals Jp, and there is a solution to the equation

(42) )\16L11 + ...+ )\n_lan_l 1 = 0anpi.
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Let us fix one such solution (A1, ..., A,—1), with each A\; € R. Then Lemma I11.2.4 yields a matrix
C € O3 satisfying R(B) = (0 Ay 0 ... 0 1). Since A € Cp, then C4 = Cp, so C € C3. Lemma
I11.2.6 then guarantees that E1,(\) € (C3)* = C§.

Our goal is to show that for every element

n
(43) r= Zaiail € Ji,
i=2
we have Eq,(r) € C¥. First, we treat the case when «a,, = 0. Observe that
n—1
(M +7)an — Man = Z ;a1 - a1,
i=2

so adding the left hand side and subtracting the right hand side from (42), we see that

n—1
(A1 +7)a; + Z(Ai — ja11)Gi1 = Gp.
i=2
This means (A1 + 7, A2 — @2a11,...,\n—1 — ap—_10a11) is another solution to (42). Just as above,

Ein(A1+7) € Cg, and so0 E1,,(r) = E1n (A +7)E1 (M) 71 € CIB6.

And now, we treat the general case. Suppose we are given an element r in the form (43). Let
r = 2?2—21 a;a;1. Then 1’ can be expressed in the form (43) with a,, = 0. The above procedure
then applies to show that E,(r') € CI¥. Furthermore, we can write r = 1’ + ana,1; setting
A =0, 1pAon_1 € Cp, we see that (A"),_11 = —a,1. This means the above procedure applies
to A’ to show that E1,(anan1) € CE¥. Multiplying the above two matrices, we obtain E1,,(s) € C3.

(b) Suppose we are given « € J; write & = a1 + ...+ ay, with a; € J; for each i. Let B; = A, and
foreach i =2,...,n, let B; = UliAO'I_il € C4. Then the ideal generated by the off-diagonal entries
of C1(B;) is equal to the ideal generated by the off-diagonal entries C;(A). Applying Proposition
II1.2.7(b) to the B;’s, we see that Ei,(a;) € C3 for i = 1,...,n. Multiplying these elements
together, we obtain that

Eln(a) = Eln(oq) cee Eln(an) € C?fn
O

ProrosITION II1.2.8. Suppose R is a commutative Noetherian ring which satisfies the stable range
condition SRy,_1, and for which E,(R) has finite width with respect to €,(R). Fir a non-central
matriz A € SL,(R), and let J be the ideal generated by the off-diagonal entries of A. If the index
of J in R is finite, then there exists a constant N, so that C]X contains the group ¥, (R, J).

PROOF. By Proposition I11.2.7(b), we know that Ej,(J) C C3". Since for a fixed o € J all
the elementary matrices {E;j(a) | 1 < i # j < n} are conjugate one to another, it follows that
Fn(R,J) C Cf". Finally, since the index of J in R is finite, Theorem III.1.13 implies that the set
of elementary matrices J,(R,J) boundedly generates F,,(R,.J), say F,,(R,J) = F,(R,J)?. Then
Fo(R,J) C C32mw, 0

We end this work with a result which shows that Proposition II1.2.7 applies to each non-central
subset of SL,,(R) which is closed under conjugation.
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LEMMA II1.2.9. Let R be a (commutative) ring, and A C SLy,(R) be a non-central subset closed
under conjugation. Then A contains a matriz with at least one non-zero off-diagonal entry in the
first colummn.

PROOF. Suppose we are given B € A\Z(SL,(R)). Let us consider two cases: B is diagonal,
and B is not. If B is diagonal, then since it is non-central, there must be some h € 2,...,n so
(B)nh # (B)11. Then Epi(—1)BEp1(1) € A has the (h,1)-th entry equal to (B)p, — (B)11 # 0,
implying the result. Otherwise, it has some non-zero off-diagonal entry, say (B);; # 0 for some
1 <i# j<mn.If j =1 then we are done; otherwise, 01;B01; € A has the (i,1)-th entry equal to
—(B);j # 0, implying the result. O
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