Testing General Relativity with
Gravitational Waves from Compact Binaries

Nan Jiang
Changchun, Jilin, China
B.S. Physics, Jilin University, 2017

A Dissertation presented to the Graduate Faculty
of the University of Virginia in Candidacy for the degree of
Doctor of Philosophy

Department of Physics
University of Virginia
April 2023

Professor Kent Yagi
Research Advisor

Professor David Nichols

Professor Gia-Wei Chern

Professor Phil Arras
GSAS Representative



Abstract

Since the first detection of the gravitational wave (GW) event GW150914 by the
LIGO and Virgo Collaborations in 2015, over 90 transients have been observed. In
addition to the typical binary black hole (BBH) events demonstrated by GW150914,
there are other types of events, namely binary neutron star mergers (e.g., GW170817)
and neutron star-black hole binary events (e.g., GW200105, GW200115), which pro-
vide additional perspectives for the examination of gravitational theories. Further-
more, using X-rays, the Neutron Star Interior Composition Explorer (NICER) has
enabled the measurement of the mass and radius of an isolated neutron star, which
means that testing gravity in the strong field regime could now be applied to not only
black hole dynamics but also to neutron stars and black hole-neutron star interac-
tions. This thesis focuses on analyzing the profiles of neutron stars analytically and
studying tests of gravity using GW events associated with neutron stars and black
holes.

Before employing neutron stars to test General Relativity (GR), we study analyti-
cal properties of these astrophysical objects. Universal relations have been discovered
that are insensitive to the equation of state (EoS) of neutron stars, and they have
important applications for probing fundamental physics, such as nuclear and gravi-
tational physics. However, there is a lack of analytic works on universal relations for
realistic neutron stars, which hinders a better understanding of universality. In this
thesis, we focus on the universal relations between the compactness (C'), the moment

of inertia (), and the tidal deformability (related to the Love number), and derive an-
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alytic, approximate I-Love-C relations. In order to construct slowly-rotating/tidally-
deformed neutron star solutions, we first derive an analytic model of the static and
isolated neutron star interior. We introduce an improved analytic model based on the
Tolman VII solution that includes an additional parameter to have a better match
with density profiles obtained numerically. The improvement is by a factor of 2~5
and this additional parameter can also be fitted in an EoS-insensitive way in terms of
the stellar mass, radius, and central density. Using this improved analytic profile, we
solve for the slowly-rotating and tidally deformed neutron star profile through per-
turbation theory. Our results mathematically demonstrate the O(10%) EoS variation
in the I-C and Love-C relations and the O(1%) variation in the I-Love relation that
have previously been found numerically.

Next, we explore the prospects of probing potential non-GR effects in the prop-
agation of GWs emitted by binary neutron star (BNS) mergers. Previous tests of
this kind relied on an electromagnetic (EM) counterpart to compare with the GW
signals. However, we propose an alternative approach that uses BNS mergers without
EM counterparts to investigate modified GW propagation through the tidal effects.
This method measures the redshift with the tidal Love number, which is linked to
the intrinsic masses of the neutron stars. By combining the redshifted mass measure-
ment with the tidal information, we can break the degeneracy between the redshift
and the intrinsic mass to extract the former. We consider multi-band observations
using both ground-based and space-based interferometers over a 3-year observation
period. Our results show that such multi-band observations with tidal information
can more stringently constrain a parametric non-Einsteinian deviation in the lumi-

nosity distance (arising from modified friction in the GW evolution) compared to
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relying solely on EM counterparts, by a factor of a few. We also map the constraint
on the GW propagation parameter to bounds on parameters in various beyond-GR
gravity theories.

In our next project, we investigate how neutron star-black hole (NSBH) GW
events set a more stringent bound on a particular modified theory of gravity, Einstein-
dilaton-Gauss-Bonnet (EAGB) gravity. We show that the leading order correction to
the evolution of the GW phase, originating from the scalar dipole radiation, is in-
versely proportional to the fourth power of the total mass of the system. As a result,
smaller total mass systems would give a more significant contribution to this correc-
tion. Moreover, the scalar dipole radiation scales with the square of the difference
in the scalar charges for two bodies in a binary. Thus, (stellar-mass) NSBH binary
systems are well-suited to impose further constraints on EAGB gravity. Our analysis
yields a stronger bound on the EAGB parameter agp than that obtained by combin-
ing selected BBH systems from the GWTC-1 and GWTC-2 catalogs. Furthermore,
we improve upon this analysis by including higher order corrections up to the second
post-Newtonian order in phase evolution, and we find that there is roughly a 10%
improvement on the bounds.

In the final chapter, we present our ongoing work on speeding up the parameter
estimation for beyond-GR parameter inference for BBH signals using neural networks.
Standard methods used to estimate their source parameters employ computationally
expensive Bayesian inference approaches (e.g. the Bayesian inference performed in
the project mentioned in the previous paragraph takes ~ a day to finish). Here,
we intend to use conditional variational autoencoder to perform the task, and we

have succeeded in four-parameter estimation for BBH GW signals. The addition of
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non-GR modification to the training samples remains in progress.
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Chapter 1

Introduction

For over a century, Einstein’s theory of GR has been a resounding success in ac-
curately predicting various astrophysical phenomena that continue to be observed
to date. Despite its success, the theory has been subjected to numerous attempts
to disprove it or consider it only part of a more comprehensive theory of nature.
However, none of these attempts have been able to provide statistically significant
evidence of deviations from GR. Nevertheless, many open questions remain that arise
from observations and theories. These questions encompass topics such as the unifi-
cation of GR and quantum mechanics [2-7], the origin of the accelerated expansion
of the universe [3,6-8], the origin of the missing mass in galaxies found through e.g.
galactic rotation curves [2-5,9] and the matter-antimatter asymmetry in the present
universe [2,4|. A standard solution for explaining the accelerated expansion of the
universe and the missing mass in galaxies is to introduce the unknown matter, namely
dark energy and dark matter. Another solution is to modify the gravity sector by

going beyond GR. Various theories of gravity have been proposed to address these
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open questions, ranging from modifications to GR to entirely new theories. These
proposed theories have the potential to explain the unresolved issues in astrophysics
and cosmology. Many of these theories reduce to GR in the weak-field environment
like our solar system, while may become active in the extreme-gravity regime where
the gravitational fields are strong, nonlinear, and highly dynamical, precisely where
GW observations can probe.

GW is a propagating disturbance in the fabric of spacetime, resulting from the ac-
celeration of massive objects in the universe, such as colliding BBH or binary neutron
star (BNS) mergers. A historic detection of GWs was made on September 14, 2015,
by the Laser Interferometer Gravitational-wave Observatory (LIGO) in Hanford and
Livingston. The GW event is known as GW150914 [10] and consists of a merger of a
BBH. Another milestone observation was made in 2017 when LIGO and Virgo Collab-
oration (LVC, Virgo came online in 2017) detected GW signals from a coalescing BNS,
known as GW170817 [11]. This event marked the dawn of multi-messenger astronomy
as not only GW signals but also their associated EM counterparts were detected [12].
Recent updates of the GW catalog (GWTC-3) [13-16] reports, in total, 90 GW events
from BBH, BNS, and NSBH mergers (see [17-19] for the previous catalogs). These
events have been used to obtain implications on astrophysics, cosmology, nature of
black holes (BHs), and nuclear physics (see studies on e.g. population properties of
compact objects [20], Hubble tension [21], stochastic GW background [22], black hole

spectroscopy [23], EoS of neutron stars (NSs) [24,25], and possible mode instabilities
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driven by NS tidal effects [26-28|). Recently, the worldwide network of GW detec-
tors has expanded to include the Kamioka Gravitational Wave Detector (KAGRA)
detector [29], and it is currently preparing for its upcoming fourth observing run (O4).

Although current tests of GR under extreme gravity conditions have not found
any evidence beyond GR, the field of GW astronomy shows great promise, especially
as it is still in its early stages. While the engineering design and sensitivity of the
current observing runs by the LVC are remarkable, they are still hampered by the
noise. Nevertheless, due to the overwhelming successes on the GW front, several
funded and proposed GW detectors are being developed/planned. Besides upgrades
to existing detectors, the "third generation" interferometers, such as the Cosmic Ex-
plorer (CE) [30] and the Einstein Telescope (ET) [31], are planned to be built at
sites that are different from the LVC ones and are expected to have sensitivities up
to ~100 times greater than current detectors. Furthermore, space-based laboratories,
such as the Laser Interferometer Space Antenna (LISA) [32], TianQin [33,34], the
Deci-Hertz Interferometer Gravitational wave Observatory (DECIGO) [35], and B-
DECIGO [36], are in progress and will have sensitivities to GWs in sub-Hz frequency
bands. Ground-based detectors, sensitive to high GW frequencies, can largely probe
non-GR effects for stellar-mass BBHs, as they become more active at high relative ve-
locities. Conversely, space-based detectors that operate at low frequencies are better
suited to probing low-velocity effects. With such a promising future in observational

GW astrophysics, the chance of discovering deviations from GR is increasing.
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This thesis mainly focuses on testing GR with GWs from compact binaries in-
volving NSs and BHs. The thesis consists of five main projects: (1) construction of
improved analytic modeling of the NS interior [37|, (2) proposing analytic I-Love-C
relations for realistic NSs [38], (3) probing modified GW propagation through tidal
measurements of BNS mergers [39], (4) constraining EAdGB gravity from NSBH GW
events [40], (5) performing Bayesian inference on beyond-GR parameters in BBH GW
signals with the use of machine learning techniques. We will first provide motivations
for each of the above projects and will then summarize the key findings in 1.1.

Before using NSs to test GR, we need to understand properties of NSs within GR.
Let us first introduce the motivations for the construction of the improved analytic
modeling of NS interiors. NSs are unique astrophysical objects for studying fun-
damental physics, in particular strongly-interacting many-body systems in nuclear
physics [41]. NSs consist of matter with densities that can reach up to several times
the nuclear saturation density in their inner cores, which are difficult to access with
terrestrial nuclear experiments. Thus, they offer natural laboratories to probe nuclear
matter EoS (the relation between pressure and energy density) that is difficult to ac-
cess with ground-based nuclear experiments [42-44]. One way to extract the internal
structure information is to measure the NS mass and radius independently [45-47],
though current measurements may contain large systematic errors. For example, the
X-ray payload NICER at the International Space Station recently measured the mass

and radius of a pulsar to ~ 10% accuracy [48-53], which has been used to constrain
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the EoS and measure nuclear matter parameters [53-58]. Mass measurements of
heavy NSs also help to constrain the EoS [59-61]. Another way to probe the internal
structure is to measure the tidal deformabilities of NSs via GWs. The first BNS event
detected, GW170817, favors softer EoSs [11,62,63] that tend to produce NSs with
smaller radii and maximum masses. GW170817 can also be used to infer nuclear
parameters around the saturation density [64,65]. NSs are also useful to probe GR,
as evidenced by binary pulsar [66,67] and GW [12,68] observations.

In order to connect NS observables (masses, radii, tidal deformabilities, etc.) to
the internal structure, one needs to construct NS solutions by solving the Einstein
equations with a given EoS. Most of such solutions are constructed numerically due to
the complex nature of the field equations. Having said this, analytic solutions to the
Einstein equations exist that can mimic realistic NS solutions. One simplest example
is a solution with a constant density (Schwarzschild interior solution) [69]. Analytic
solutions for modeling more realistic stars include Buchdahl [42,69,70] and Tolman
VII [42, 71, 72| solutions. The latter is stable for a large range of compactness |73]
and its geometric structures were studied in [74,75].

Analytic NS solutions are useful to have a better understanding of NS physics.
NS quasinormal modes and associated universal relations have been investigated in
detail with the Tolman VII solution [76-78]. An analytic constant density solution
with anisotropic pressure [79] was used to study how universal relations between

moment of inertia (/), tidal Love number, and quadrupole moment (@), and hence
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[-Love-Q relations, approach the BH limit [80]. These analytic solutions for NSs
can also be useful to examine non-GR theories. For example, constant density and
Tolman VII solutions were used to investigate how stellar scalar charges vanish in
string-inspired theories of gravity [81].

Next, we consider constructing analytic I-Love-C relations for realistic NSs. There
are several other important global observables of NSs besides mass and radius (and
their ratio gives the stellar compactness C') that are useful for probing nuclear physics.
Moment of inertia I is expected to be measured from future observations of the double
pulsar system [82]. A useful constraint on the EoS can be made if I can be determined
up to about 10% [83]. Tidal deformability (related to the tidal Love number), which
is a linear response of an object’s quadrupole moment to the external tidal field, is
encoded in GWs from BNS mergers [84,85]. GW170817 provides a first measurement
of the tidal deformability [86], which has been used to constrain the EoS and nuclear
matter parameters [63,87-98|.

Unlike the mass-radius relation, which depends strongly on the underlying EoS,
there exist universal relations among certain NS observables that do not depend sen-
sitively on the stellar internal structure (see e.g. [99,100| for recent reviews). One
example is among the moment of inertia I, the tidal Love number (or the tidal
deformability), and the quadrupole moment Q, which are commonly known as the
[-Love-Q relations [101,102|. The relations are universal, with an EoS-variation of

~ 1%. Similar relations were discovered among tidal parameters in gravitational
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waveforms from BNSs, known as the binary Love relations [103,104]. These relations
can be used to break degeneracies among parameters in GW signals, enhancing the
measurability of the tidal effects directly related to the EoS [86]. The relations have
many other interesting applications, including astrophysics, gravitational physics, and
cosmology [101-106]. Reference [107] proposed emergent, approximate symmetry re-
lated to isodensity contours inside NSs as a possible origin of the universality. Refer-
ence [108] proposed that the universality is due to the realistic EoSs being “close” to
the incompressible, constant density one, which agrees with the picture of [107] since
the approximate symmetry becomes exact in the incompressible limit.

Most of the works on NS universal relations focused on numerical calculations,
though there is a limited number of works within the analytic framework. The amount
of universality in the I-Love relation was analytically explained in the Newtonian limit
by comparing the n = 0 and n = 1 polytropes [101,102|. Reference [1] derived the
analytic, I-Love relation for constant density stars that is applicable to both the
Newtonian and relativistic regimes. The authors studied the relation between the
moment of inertia and compactness (the I-C relation) and that between the tidal
deformability and compactness (the Love-C relation) in terms of a series expansion
in compactness. The authors then eliminated the compactness to find the analytic I-
Love relation. Since constant density stars are more appropriate for describing quark
stars, what is still missing is the analytic, I-Love-C relations for realistic NSs and

study analytically the amount of the EoS-variation in these relations.
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After completion of works on NSs and their properties, we next explore a novel
approach to probe modified GW propagation through tidal measurements of BNS
mergers. The first BNS GW event LVC detected, GW170817, serves as a standard
siren to probe cosmology, in particular measuring the Hubble constant [109-111]. This
constant is inferred from the independent measurement of the luminosity distance and
the redshift of the source. The former is measured from the GW amplitude, while the
latter is obtained by identifying the host galaxy through EM counterpart observations.
Another important application of GW170817 is to test GR. GW170817 has been used
to probe the modified dispersion relation of GWs. For example, the comparison of
the arrival time difference between GW and EM wave signals placed a bound on the
fractional difference in the propagation speed of GWs with respect to the speed of
light to be one part in 107> [12].

Standard sirens like GW170817 can also probe other aspects of the modified GW
propagation, in particular the modified friction term in the GW evolution. This in
turn modifies the GW amplitude from its GR counterpart, and thus the luminosity
distance measured with GWs may differ from that measured through EM observa-
tions. Alternatively, one can use the luminosity distance and redshift measurement
of standard sirens to probe both cosmology and modified GW propagation. This has
been demonstrated for future GW observations with advanced LIGO with its design
sensitivity, ET, and LISA [112-115|, assuming that the luminosity distance is mea-

sured through GWs while the redshift is obtained from that of the host galaxy that
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is identified through EM counterparts. If there are no associated EM counterparts,
one can still use such GW sources as “dark sirens” to probe cosmology and gravity by
taking their correlation with galaxy catalogs [116,117|. One example of “dark sirens”
is the second BNS event, GW190425 [118], found in the third observing run by LVC,
but no EM counterpart is confirmed yet. In our research, we examined a distinc-
tive method of utilizing this “dark sirens” as a means of investigating the modified
propagation of GWs through tidal effects in BNS system.

Next, we switch gears and explore tightening constraints on a specific beyond-GR
theory of gravity, EAGB gravity, using NSBH mergers. As already mentioned, GW
events are also ideal sources to probe strong/dynamical fields of gravity [68,119-122]
that are difficult to access through other experiments/observations, including table-
top and solar system experiments, or binary pulsar and cosmological observations. For
example, they have been used to probe the mass of the graviton [119-121], scalar-
tensor theories (Brans-Dicke theory, those with scalarization phenomena proposed by
Damour and Esposito-Farése, screened modified gravity, and the time dependence of
the scalar field) [120,123,124], light axion fields sourced by NSs [125], and dynamical
Chern-Simons gravity [120,126-129])

Scalar Gauss-Bonnet (sGB) gravity [130-133] is another theory beyond GR that
has been studied extensively. In the action, a dynamical scalar field is coupled to
a Gauss-Bonnet (GB) invariant (consisting of a certain combination of curvature-

squared scalars) with a coupling constant oy that has a dimension of length squared.
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Depending on what kind of coupling one considers, one recovers a shift-symmetric
theory (linear coupling) [134, 135|, EAGB gravity [136-139] (exponential coupling)
motivated by string theory and inflation [140, 141], and a theory admitting sponta-
neous scalarization of BHs and NSs (quadratic coupling is an example) [142-145].

EdGB gravity has been constrained by GWs from BBHs, together with other
astrophysical constraints from a BH low-mass x-ray binary (LMXB) and NS obser-
vations. The current upper bound on the coupling constant ,/agg is ~ lkm. For
example, Perkins et al. [127] combined bounds on /ags from 6 selected BBH events
from the GW catalogs GWTC-1 and GWTC-2 and found the bound /ags < 1.7km.
These GW bounds are obtained by taking into account the leading correction to the
gravitational waveform phase that enters at —1 post-Newtonian (PN) order relative
to GR due to the scalar dipole radiation [120,134]. In our work, we not only further
constrain the upper bound on /a¢p with newly detected NSBH events, but also in-
vestigate how inclusion of higher PN order (beyond -1 PN) corrections to the phase
influence the bound.

In our most recent project, we started training a neural network to perform a GW
data analysis in theories beyond GR. As introduced in the previous project, gain-
ing insight into fundamental physics from GW data requires intensive computational
modeling and data analysis to reduce the data and extract relevant model param-
eters. Performing these analyses, and in particular, testing the predictions of GR

with GWs, requires computationally expensive and time-consuming Bayesian statis-
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tics [146,147] and stochastic sampling techniques (such as MCMC [148,149] or nested
sampling [150,151]) to infer a posterior probability distribution that encodes all the
properties of the source. In this process, an involved likelihood function must be
evaluated O(107)-O(108) times. As the number of parameters used to describe the
source increases, the larger parameter space requires the likelihood to be evaluated
more frequently, further slowing down the process. This is particularly problematic
for testing GR with GWs, because many additional parameters beyond those in GR
must be introduced to parametrize the deviations from GR that can appear in the
GWs. For the large number of parameters that appear in some extensions of GR, the
standard random sampling techniques of the likelihood function become computa-
tionally prohibitive. For instance, in our last project on constraining EAGB gravity,
each Bayesian inference (with one more EAGB parameter to infer) performed on the
strain data takes approximately a day to finish. Thus, there is a strong need to speed
up the inference procedures for beyond-GR theories.

Over the course of recent years, machine learning has emerged as a prominent
tool in GW research. The employment of these machine learning models has demon-
strated considerable potential in the domains of signal identification [152-154|, the
categorization of anomalous transients [155|, the enhancement of Bayesian sampling
methodologies [156], and in particular, the speed-up of parameter estimation for GW
data analysis [157-160]. In [158], one type of neural network has been shown to de-

crease the analysis time by a factor of 10° for simulated GW data from BBH in GR.
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Our main goal in this project then is to build off these initial successes in GR and
to train a neural network to perform a GW data analysis in theories beyond GR.
With these machine-learning techniques, we aim to study a wider range of theories
than in previous research. This will give a more accurate representation of how well
beyond-GR theories can be constrained with GWs. It will also provide a more effi-
cient framework for searching for deviations from GR that may begin appearing in
the data once current (and future) detectors begin operating with a sufficiently im-
proved sensitivity that some of the subtle effects currently hidden in the noise begin

to emerge from these instrumental backgrounds.

1.1 Executive Summary

We now move on to explaining the primary outcomes of this thesis briefly. A more
in-depth summary of each project can be found in the concluding section of each

chapter on the project.

1.1.1 Improved analytic modeling of neutron star interiors

We summarize the improved analytic modeling of NS interiors in this section. To
establish a connection between measurable observables, it is essential to develop an
accurate analytic model of the NS interior. Although the Tolman VII solution, which
depends solely on two parameters such as mass and radius, provides a solution for

static and isolated NSs, it does not perfectly correspond with numerical solutions. In
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this work, we present an enhanced analytic model based on the Tolman VII solution.
Our proposed model incorporates an additional parameter to improve the agreement
between the analytic density profile and numerically obtained results. This new
parameter can be accurately determined based on the central density, radius, and
NS mass in an EoS-insensitive manner. Our investigations reveal that the new model
provides a more precise representation of realistic profiles compared to the original
Tolman VII solution, with a factor of improvement ranging from 2 to 5. The original
Tolman solution and the improved model are summarized in Table 1.1. Detailed

descriptions of how to obtain those expressions are presented in Chap. 2.
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1.1.2 Analytic I-Love-C relations for realistic neutron stars

In this section, we summarize the construction of the analytic I-Love-C relation in
this thesis. We first constructed the analytic I-C and Love-C relations by perturbing
the original Tolman VII solution to introduce slow spin and weak tidal deformation.
We then solve the perturbed Einstein equations in terms of a series expansion in
compactness order by order. After resumming the series via Padé method as done
in [108] for constant density stars, we found the normalized moment of inertia I =

I/M? and tidal deformability A = \/M?® as

P Yo Cg'f)cj
Iy = R (1.1)
20350, dCi
- 16
A= E(l_Zc)2[2+QC(yR_1)_yR]

/{2€C[6 — 3yr + 3C(5yr — 8)]
+4C*[13 — 11yg + C(3yr — 2) + 2C*(1 + yr)]

+3(1 —2C)?[2 — yg + 2C(yr — 1)]In(1 — 20)},

(1.2)
with,
Z?:o Cﬁ'/\)cj
YR, Tol = W, (1-3)
i=0 &

where the coefficients ¢; and d; are given in Table 1.2. We also present these analytic

relations in a supplemental Mathematica notebook [161]. Here, the subscript “Tol”



Chapter 1. Introduction 15

stands for the original Tolman VII solution.

Figure 1.1 compares these analytic relations with numerical ones for NSs with
realistic EoSs and the analytic one for constant density stars. Observe that the
analytic relations for the Tolman VII model can accurately describe the realistic
relations. We can see the analytic curves are very close to the numerical fit in [99],
with fractional differences ~ 1% for the I-C curve and several percents for the Love-
C curve. Observe also that the former is much more accurate than the one for
constant-density stars which, again, is more appropriate for quark stars. We next
constructed the I-Love relation semi-analytically for the original Tolman VII solution
by eliminating the compactness from the I-C and Love-C relations, which accurately

models the numerical results.
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Original

Tolman

pTol - %(1 - §2>

M, = RC (3¢3 — 3¢°)
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Improved

Tolman
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Mimp = 4Tp.R? (% — %55 + aT_1§7)
e = I s

_ eiATOI Pc tan ¢imp 1 2
Pimp = 107 7+ 15 (38 = 5) o,

+ G(I_O‘)pc
167(10—3a)p, R2—105

__ vimp 1 2 5 5e~*Tol
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3[105-+ 167 R2p. (3a—10)]2

e N, [ 2(10—304)R\/67rpc(15—167rpCR2):|
P = _

187(10—3a)p, RZ—315
1 1 5 2
+3 log <6 T\ s 3)

2
cn cn
o =ag+ a; <_pcR2> +a2 <_pcR2>

Table 1.1: Summary of the original Tolman solution (top) and the improved model
(bottom), with & = r/R where R is the stellar radius. We present the energy density
p, the interior mass function m, the (¢,¢) component of the metric (= —gy), and
the pressure p. The (r,7) component of the metric is related to m as

Grr =€ = (1 —2m/r)~

! Fitting coefficients ag, a1, as and n in « are summarized

in Table 2.2. The (R, p.) parameterization of the original Tolman solution (with p,.
representing the energy density at the stellar center) is obtained by setting the
stellar compactness as C = (87/15)R?p,., while the (R, M) parameterization of the
original Tolman solution (where M is the stellar mass) and the improved Tolman
model uses C = M/R. We stress that A = —In(1 — 2m/r) entering in piy,, and @imp

is Ap, and not Ajpp.



Chapter 1. Introduction

17

Coeflicient Value
T
cé ) 0
o 4
Cl 7
C(f )  4475212734657724923440
2 3819744665891770040271
C(f ) 52512054644310254173804264
3 119920883785672120414308045
I
di 1
d(f ) _ 52610171361202024028
1 16535691194336666841
d(f ) 7315710780062174885366
2 2662246282288203361401
d(f ) _ 24682764601232290703083888
3 47294805204849932715288765
C(7\) 75974923394
0 756262478125
0(5\) 37520415660320803457514031332847380947962712
1 4113772401871789717923024281035002577115625
C(/_\) 959692101525501001392591086078567807004592397
2 0214850180192808968147574389518405772739000
A
dyV 1
d(f\) 125977972708997462470931885904739
1 1673725935459728881079142766212
d(i) 11560237280939583134679473198513569
2 70296489289308613005323996180904

Table 1.2: Coefficients cl@, dz(-f) in Eq. (1.1) and cg;\), dV in Eq. (1.3).

)
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Figure 1.1: Approximate, analytic I-C relation (top) and Love-C relation (bottom)
for the original Tolman VII model (solid) and constant-density-star model [1]
(dotted-dashed), both in Padé resummed form. We also present those for realistic
EoSs representing soft (AP4), intermediate (MPA1), and stiff (MS1) EoS classes.
We can see a clear improvement in the accuracy of the Tolman-VII curves over the
constant-density ones in both panels. For comparison, the numerical fits in [99] are
plotted in cyan.

We also derived the analytic I-C/Love-C and semi-analytic I-Love relations for
the modified Tolman VII model [162]. By varying the density profile parameter «
that corresponds to varying the EoS, we successfully obtained the 10% EoS-variation
in the I-C and Love-C relations while 1% EoS-variation in the I-Love relations, which
agree with previous numerical findings [99,101,102,163,164]. This suggests that the

origin of the universality in the I-C and Love-C relations for realistic NSs (that are
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quite different from those for constant-density and quark stars) can be attributed to
the fact that the energy density profiles inside realistic NSs can be approximated by

the Tolman VII one (a simple quadratic function).

1.1.3 Probing modified GW propagation through tidal effects
in binary neutron star mergers

We here present a brief summary of our findings in probing modified GW propagation
through tidal effects in BNS mergers. We first compute the measurability of the BNS
redshift with GW observations alone, and find that multi-band observations between
ground-based (ET) and space-based (DECIGO) GW detectors improve the accuracy
by ~ 50% compared to the case with ET only. Next, we show the bound on =
that controls the amount of friction in the modified GW propagation in a model-
independent way. Figure 1.2 presents such a bound against the fraction g, of BNS
events within the redshift range of z = [0.1, 2] whose redshift is identified through EM
counterparts. We choose a representative case of n = 2.5 (the parameter n determines
the redshift dependence of the modified GW propagation) and SLy EoS. Observe that
the addition of BNSs without EM counterparts improves the bound by a factor of a
few in the case of ET alone, and the bound further improves if one uses multi-band
observations. Although the figure is only for n = 2.5, we find that the bound on
Zp is insensitive to the choice of n. Lastly, we map the bound on =y to parameters

in specific non-GR theories. In the case of a scalar-tensor theory, for example, the
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relevant parameter can be constrained to a level of ~ 1072.

SLy n=2.5
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Figure 1.2: Measurability of the modified GW propagation parameter =, as a
function of the fraction aey,, of the events with redshift identification through EM
counterparts. We show results for (i) using only BNS events with EM counterparts
(“EM” as in Eq. (4.37), as done in previous literature) and (ii) combining BNS
events with and without EM counterparts (“GW+EM” in Eq. (4.38)). We consider
observations with ET alone and multi-band observations (with an observation time
of 3 yrs for the latter). We use SLy EOS and set n = 2.5 in Eq. (4.3). The vertical
dashed line at aem = 2 x 1073 corresponds to the typical fraction of BNSs with EM
counterparts [165]. Observe that the addition of BNSs without EM counterparts
improves the measurability from those with EM counterpart by a factor of a few.

1.1.4 Constraints on EAGB gravity from Black Hole Neutron

Star binary GW event

In this section, we summarize our works on constraining EdGB gravity from GW

events. In particular, we use two new NSBH binaries (GW200105 and GW200115).
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LMXB NS GW (BBH) GW (NSBH) (this work)

01-02 01-03 GW200115 combined

5.6 [126] | 1.7 [127]
Vaon [km] | 1.9 [131] | 1.29 [166] | 1.85 [167] | 4.5 [168] 1.33 1.18
4.3 [169] | (0.4) [168]

Table 1.3: Astrophysical bounds on EdGB gravity. We show bounds from a LMXB,
NSs (~ 2M NSs), GWs from BBHs, and NSBHs (this work). The one in brackets
comes from GW190814 assuming that it is a BBH, which has some uncertainty. For
NSBH, we present the bound from GW200115 and that by combining NSBHs
(GW200115, GW200105, and GW190814; assuming the last one as a NSBH is a
conservative choice) and BBHs from [127].

We also consider GW190814, which is consistent with both a BBH and a NSBH
binary. Adopting the leading PN correction and carrying out a Bayesian Markov-
chain Monte Carlo (MCMC) analyses, we derive the 90% credible upper bound on the
coupling constant of the theory as \/agps S 1.33 km for GW200115, whose consistency
is checked with an independent Fisher analysis. This bound is stronger than the bound
obtained in previous literature by combining selected BBH events in GWTC-1 and
GWTC-2 catalogs. We also derive a combined bound of \/ags S 1.18 km by stacking
GW200105, GW200115, GW190814, and selected BBH events. In order to check the
validity of the effect of higher PN terms, we derive corrections to the waveform phase
up to second PN order by mapping results in scalar-tensor theories to EAGB gravity.
We find that such higher-order terms improve the bounds by 14.5% for GW200105
and 6.9% for GW200115, respectively. Such a finding is consistent with the analysis
in [127]. The constraints on EAGB gravity obtained from our work and previous

papers by others are summarized in Table 1.3.
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1.1.5 Machine learning enabled test of beyond-GR gravity

In this section, we summarize our recent progress in using neural networks to per-
form tests of GR with GWs. Currently, we are still in the stage of reproducing the
training results shown in previous literature [158| within the framework of GR. We
tested our model on 4-parameter (the primary mass my, the secondary mass ms, the
coalescence time ¢, and the luminosity distance d;,) BBH signal parameter estimation.
We achieved approximately 100 times speedup compared to the traditional Dynesty
sampler. The posterior distributions we obtained from the neural network model are
more centered around the injected values of the simulated strain data. However, the
neural network still has trouble mimicking the shape of the posterior distribution
given by traditional sampling methods. As our next step, we will combine additional
components, normalizing flows, to the current network to increase the flexibility of

the network, as suggested in [160].

1.2 Organization and conventions

Let us present a brief outline of this thesis. Chapter 2 and 3 focus on the analytic
description of NSs. Specifically, chapter 2 presents an improved analytic modeling of
the NS interior, which serves as a prerequisite of the next chapter. In chapter 3, we de-
rived analytic, approximate I-Love-C relations for NSs with various EoSs. Chapter 4

discusses the measurement of beyond GR effect in the propagation of GWs through
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tidal effects in BNS mergers. In chapter 5, we derive bounds on EAGB gravity with
NSBH GW events and check whether including higher order PN corrections affect the
inference results. Chapter 6 presents our recent progress on training neural networks
to perform Bayesian inference on BBH signals and some improvements we plan to
implement. At the end of each chapter, there is a concluding section that emphasizes
the significant findings of the respective chapter. Certain intricate technical aspects
are presented in the Appendices for the sake of clarity and concision. We use the

convention G' = ¢ = 1 throughout the thesis.
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Chapter 2

Improved Analytic Modeling of
Neutron Star Interiors

2.1 Introduction

In this chapter, we construct an improved analytic modeling of NS interiors. We begin
by comparing the Tolman VII solution with numerical solutions. The density profile
among these solutions were investigated in [42]. Here, we also study the profiles for
the interior mass, gravitational potential and pressure. For a 1.4M, NS with the
AP4 EoS (a soft EoS consistent with the LVC tidal measurement [11,62,63]), the
density and mass profiles for the Tolman solution match with the numerical ones
with a typical error of ~ 10%.

The main goal of this project is to find an analytic model of the NS interior that can
more accurately describe the realistic solution obtained numerically than the original
Tolman VII solution. The latter models the density to be a quadratic function of the
radial coordinate r. We here introduce an additional parameter « to allow the density

to be a quartic function of r. We find an approximate universal relation among this
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additional parameter and the stellar mass M, radius R and central density p. that is
insensitive to the underlying EoS. The final expression is a three-parameter solution
in terms of M, R and p.. The price one has to pay by introducing the additional
parameter is that the density profile is slightly more complicated than the original
model, and we could not find an exact analytic solution to the Einstein equations.

Having said this, we managed to find an approximate, three-parameter solution
that can more accurately model realistic profiles than the original Tolman VII solu-
tion in most cases. For example, the density and mass profiles of a 1.4M, NS with
the AP4 EoS now agree with the numerical ones within an error of ~ 1%. Regard-
ing other masses and EoSs, the new model can more accurately model numerical
results compared to the original Tolman solution by a factor of 2-5. The new model
outperforms the original one, especially for softer EoSs with a relatively large mass
(> 1.5Mg). The accuracy of the new model can be improved further if we use a fit
for « that is specific to each EoS, though the improvement from the case with the
universal-« fit is not so significant.

The remaining of this chapter is organized as follows. In Sec. 2.2, we review the
original Tolman VII solution, while in Sec. 2.3, we present our new model. In Sec. 2.4,
we compare the two models and show that the new model has better agreement with
numerical solutions than the original model in most cases, especially for softer EoS.

We conclude in Sec. 2.5 and give possible directions for future work.
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2.2 Tolman VII solution

We begin by reviewing the original Tolman VII solution [71]| that can mimic static

and spherically symmetric NSs [42]. We use the metric ansatz given by
ds® = —e’dt* + e dr? + r*(d6* + sin® 0dg?). (2.1)

Here, v and A are functions of r only. We assume matter inside a NS can be modeled

by a perfect fluid whose stress-energy tensor is given by

Tw/ = (p + p)u,uuu + PAuv, (22>

where u* is the four-velocity of the fluid while p and p represent the matter energy
density and pressure respectively.
Substituting Eqgs. (2.1) and (2.2) into the Einstein equations, one finds indepen-

dent equations as |71]

d (e =1 d (e M/ v, d (e
° < v =0 2.3
dr( r? )+dr(2r)+e dr(Qr) ’ (2.3)

where a prime denotes a derivative with respect to r and

2m
A=1-, 2.6
e . (2.6)
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To close the system of equations, one normally chooses an EoS that relates p as a
function of p.
Instead of choosing an EoS, Tolman specified e to be a quartic function of r.

This leads to the energy density profile of

pTol(T) = pc(l - 52)’ (27)

where £ = r/R with R representing the stellar radius and p. being the central energy
density. The subscript “Tol” refers to the quantity in the original Tolman solution.
Substituting this into Eq. (2.5) and integrating over r with the boundary condition
m(0) = 0, one finds

3 5

M (1) = 47p, (% - #) . (2.8)

pe can be expressed in terms of the stellar mass M = m(R) as

1M

e = . 2
Pe= g (2.9)
Substituting this back into Eqgs. (2.7) and (2.8), one finds
15M ,
Prar(T) L&), (2.10)
Mpa(r) = M (gg?’ - g§5> : (2.11)

e~ is given by a quartic polynomial in terms of ¢ as

e = 1 —¢g? (53¢ (2.12)
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81
= 1— —R?%*p.£%(5— 3¢ 2.13
where
M 8t _,
= _ g2, 2.14
C 7 =P (2.14)

is the stellar compactness.
With these expressions at hand, Tolman [71] analytically solved for v and p. First,

Eq. (2.3) can be integrated to yield
evral(n) — CT cos? Gy, (2.15)

with

]_ 5 _)\Tol
¢Tol — C’ZI‘QI . 5 log (52 ~ 24 € )

1 5 3e~ATol
o Tol _ — 2 Y R
= GTgle (5 6 \ 87TR2pc> ' (2.16)

The integration constants C7*' and C3°" are determined from the boundary conditions

2M
eI/Tol(R) — 1 — ?7 pTol(R) = 07 (217)

with pr, given by Eq. (2.4). One finds

o= 1= (2.18)

Co°' = arctan L%—llo 1—l— L-ac
2 = 31-20)  2%\6" "V 3¢ |

(2.19)
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and
T ———1 V3Cet T ——C5—32
Dol 5 an G, ( &9 . (2.20)

The above solution is the so-called Tolman VII solution.

Figure 2.1 presents the normalized energy density and pressure profiles of a 1.4M
NS with the AP4 EoS for two different parameterizations of the original Tolman
solution. For reference, we also show realistic profiles obtained numerically. Regarding
the energy density profile, observe that the (R, p.) parameterization more accurately
models the realistic profile near the stellar center. This is because the central density
is a free parameter that we can choose to be the value that matches the one with the
numerical calculation. On the other hand, the (R, M) parameterization works better
in the intermediate regime of the star. We found a similar feature for the m profile,
as it is obtained simply by integrating p over a volume, as in Eq. (2.5).

Regarding the pressure profile, the (R, M) parametrization works better through-
out, and we found a similar feature for the v profile. This is because p is obtained
from v (see Eq. (2.4)), which is determined from the boundary condition at the stellar
surface in terms of R and M (Eq. (2.17)). Thus, the (R, M) parameterization allows
one to match v at the surface perfectly with the numerical value. This suggests that
perhaps the (R, M) parameterization has more advantage than the (R, p.) one, except

near the center of the p and m profiles.
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Figure 2.1: Energy density (top) and pressure (bottom) profiles for the original
Tolman solution with two different parameterization. We choose R = 11.4km and
either p. = 9.9 x 1014g/cm? or M = 1.4M,. We also present the numerical solution
with the AP4 EoS and p, = 9.9 x 10'g/cm? that corresponds to M = 1.4M, and
R = 11.4km.
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2.3 Improved Tolman VII modelling

We here propose an improved model which has three free parameters (M, R, p.). We

begin by introducing an additional term to Eq. (2.7):

(1) = pe [1 = a€ + (a — 1)¢"] (2.21)

with a constant a.. The coefficients are chosen such that pi,,(R) = 0. The original

Tolman solution is recovered in the limit &« — 1. m and A now become

]l « a—1
e = Amp.R3E = — =24 ——¢t 2.22
Mimp 7T,0R§<3 5£+ 7 5)7 (2.22)
1 « a—1
“Aime = 1 —87R*p. (= — &€+ ——¢&). 2.23
e TR p 3 5€+ - 3 (2.23)

2.3.1 Choice of «

Before deriving the improved expression for v and p, let us see how we can express «
in terms of M, R and p.. One way to determine this is to use M = myy,(R), which

yields

5(—21M + 167 R%p,.)
= : 2.24
“ 247 R3p, (224)

However, we find that a more accurate modeling is obtained by fitting Eq. (2.21)
to the true density profile obtained numerically for various EoSs and p.. We adopt
eleven realistic EoSs with different stiffness, as summarized in Table 2.1. These EoSs

all support a 2M; NS [60]. We consider fits for a in terms of M, R and p. given by

c" ¢\’
o = ap + a (ﬁ) + as (,OCRQ) , (225)
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where C = M/R and the fitted coefficients ag, a1, as and n for each EoS are summa-
rized in Table 2.2.

Such EoS-specific fits for v are useful only if one wishes to model the NS interior
solution accurately for the EoSs presented in Table 2.2, and perhaps it would be more
useful if we have a single, universal fit for « that is valid for any EoSs. The top panel
of Fig. 2.2 shows a against C"/p.R* with n = 0.903 for various EoSs. Indeed, the
relation seems to be universal in the sense that it is insensitive to the choice of EoS.
Based on this finding, we created a single fit, again using Eq. (2.25), that is valid for
all 11 EoSs considered here. The fitting coefficients are summarized in Table 2.2.

The bottom panel of Fig. 2.2 presents the fractional difference between each data
point and the universal fit. Observe that the fit is valid to 10% accuracy for any EoSs.
Note that as one increases the central density, each sequence reaches a maximum value
for C"/p.R? and starts to turn around. This leads to the fact that the fractional
difference from the fit being larger for larger C"/p.R?. In such a region, there can be
two different values for « for a fixed C"/p.R? (again due to the turn-over), and thus

it becomes more difficult to fit the relation.

2.3.2 Improved Analytic Expressions for v and p

Next, we look for the expressions for v and p. The price we have to pay for adding
the additional term in Eq. (2.21) is that we are no longer able to solve Eq. (2.3)
analytically. Thus, we find an approximate solution instead.

Let us first derive the improved expression for v. We begin by approximating A in
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EoS class Members

soft AP4 [170], SLy [171], WFF1 [172], WFF2 [172]
intermediate | ENG [173], MPA1 [174], AP3 [170], LS [175]

stiff Shen [176], MS1 [177], MS1b [177]

Table 2.1: Eleven realistic EoSs considered in this work. They are categorized into
three different stiffness classes [178|.

Eq. (2.3) with the original Tolman VII expression Ay, and not the improved version

Aimp- The solution for v to this equation then has the same form as Egs. (2.15)

and (2.16):
e/ime (") = O™ 082 gy, (2.26)
with
Gimp = O3 — l1og (52 _2y ﬂ) : (2.27)
2 6 81 R?p.

Though the integration constants C}™ and Cy™ are different from the original ones

CT" and CJ°" as we improve the boundary conditions:

2M
el/imp(R) — 1 _ ?7 ﬁlmp(R> = O . (228)

These yield

- 2p,(10 — 30)2(15 — 167 R?
cim (1_26){1+87Rpc(0 3a)?(15 GWRpC)}

3[105 + 167 R2p.(3c — 10)]2
(2.29)
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Figure 2.2: (Top) « (characterizing the density profile in the improved Tolman
model in Eq. (2.21)) as a function of C"/p.R?* with n = 0.903 for 11 realistic EoSs.
Different colors correspond to different classes of EoSs in Table 2.1 (soft in red,
intermediate in green and stiff in blue). We also present the fit in a black solid curve
given by Eq. (2.25) with the coefficients given in the last row of Table 2.2. (Bottom)
Relative fractional errors between numerical results and the fit. Notice that the
relations are nearly EoS independent, with an EoS-variation of 10% at most.

2(10 — 3a)R+/67p, (15 — 167p, R?)
487(10 — 3a)p R? — 315

1 1 ) 2
—1 - — — = |. 2.30
+2 ©8 (6 * 8mp.R? 3) (2:30)

Cy"™ = arctan [—

Next, we derive the improved expression for p. Using Eq. (2.4), the pressure for

the improved model is given by

1 [y [V 1 1
Dimp = 5 el — 4 = ) = . 2.31
Pimp 8T {e < r + 7"2) 7‘2] (2:31)



Chapter 2. Improved Analytic Modeling of Neutron Star Interiors 36

EoS aop ay ao n R-squared
AP4 3.90061 -1.67716 0.112974 0.884655 | 1.000000
SLy 4.08125 -1.94944 0.190047 0.898685 | 1.000000

WFF1 3.49902 -1.24206 0.01264  0.871133 | 0.999996
WFE2 5.00228 -2.70395 0.347978  0.88916 | 0.999998

AP3 3.99892 -1.75538 0.133497 0.881961 | 1.000000
MPA1 3.84739 -1.58061 0.0919565 0.879148 | 0.999999
ENG 0.438372 1.28922 -0.506597 0.874422 | 0.999733
LS 4.18945 -2.20875 0.288819  0.920735 | 1.000000
Shen 4.05847 -1.92481 0.187936  0.906579 | 0.999998
MS1 3.74656 -1.51608 0.0612786 0.911464 | 0.999909

MS1b 3.95158 -1.69133 0.114453 0.891669 | 0.999914
universal | 3.70625 -1.50266 0.0643875  0.903 0.998772

Table 2.2: Fitted coefficients of a in Eq. (2.25) for each realistic EoS. We also
present a universal fit for o that is valid for all the realistic EoSs considered here,
within an error of 10%. The last column shows the R-squared value that gives a
statistical measure of how good the fit is. It is the coefficient of determination

defined by R? =1 — M, in which «; represents the numerical data, f; is the
y Zi(at_fZ) .
predicted value from the model and & is the mean of the numerical data.

However, we found that Eq. (2.31) gives the central pressure that is ~ 20% off from
numerical results. Moreover, the pressure becomes negative near the surface, which
is unphysical. These points can be remedied by changing A, to A, in Eq. (2.31)
and shifting the overall profile by a constant such that the pressure reduces to 0 at

the surface:

_ L T s (Pap() 1Y 1
Pimp = 87 |:€ r +T2 7“2

LT ey (Vimp(B) 1 1
87 [e R ®R) ®
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B e olp tan Gimp 1 9
Ve m T e

+ 6(1 — a)pc
167(10 — 3a)p R? — 105

(2.32)

We note that the set (pimp, Mimp; Vimp, Pimp) 1S only an approximate solution to the
Einstein equations. Having said this, (pro, Mo, Vimp, Pimp) forms an exact solution
to the Einstein equations, just like (oo, Mool V1o, Do) Lhe difference between these
two sets of exact solutions originates simply from different boundary conditions. The

former uses Eq. (2.28) while the latter adopts Eq. (2.17).

2.4 Comparison between the original and improved
Tolman models

Let us next compare the original and improved Tolman models against numerical
results. We first study the radial profiles of various quantities for a fixed mass and

EoS. We then consider root-mean-square errors (RMSEs) for various masses and EoSs.

2.4.1 Radial Profiles

We begin by considering radial profiles similar to Fig. 2.1. Top panels of Fig. 2.3
present the p, m, v and p profiles of a 1.4M NS with the AP4 EoS for two different
Tolman solutions and the improved model, together with the numerical results. Here,
we use the universal fit for . The bottom panels show the fractional error of each
analytic model from the numerical profiles.

Observe how the new model generally improves the original solution. For example,

the p and m profiles of the improved model more accurately describe the numerical
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results over the original Tolman solution. Indeed, the former can fit the realistic
profiles within an error of ~ 5% in most regions of the star. On the other hand, the
v and p profiles of the improved model are comparable to the original one, though
the former is still better than the latter near the stellar center. Both the original and
new solutions can model the realistic profiles within an error of ~ 1% (~ 10%) for

the v (p) profiles.

2.4.2 Root Mean Square Errors

The results presented in the previous subsection were specific to one example NS.
How do they change with different masses and EoSs? To address this question, we
introduce a relative RMSE, which is a measure of the error of the analytic model from

the numerical results throughout the star:

fOR [ynum(r) - ymodel<r)]2 dr

(relative RMSE) = =
f() ygum(r)dr

)

(2.33)

with y = (p, m, v, p).

Figure 2.4 presents the relative RMSE for p, m, v and p against the NS mass. We
show the relative RMSEs for the 11 EoSs in terms of three models (the original Tolman
solution parameterized by (R, M), the improved Tolman models with the universal
a and with the EoS-specific «). Observe that in most cases, the improved models
have a clear improvement over the original one in terms of accurately describing

realistic profiles. This is more significant for soft EoSs (that are more preferred from
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GW170817), as in the case of the AP4 EoS, where the accuracy improves up to a
factor of ~ 5 for p and m.

To compare the new models against the original one more directly, we show in
Fig. 2.5 the ratio between the difference and sum of the relative RMSEs for the im-
proved (with the universal o) and original Tolman models. The new model more
accurately describes numerical profiles than the original one if the ratio is negative.
Notice first that the energy density profile can be better modeled by the new approxi-
mate solution for all EoSs and masses considered here. The situation is similar for the
interior mass profile, except for the LS and Shen EoSs. Regarding the gravitational
potential () and pressure profiles, the new model performs better, especially for soft
EoSs with NS masses larger than 1.5M.

The accuracy of the new model can be improved further by adopting the EoS-
specific fit for «, as can be seen from Fig. 2.6. In this case, the m and v profiles
for the new model are always better than the original ones, with exception only for
high-mass (above ~ 1.8M) NSs with a few EoSs. The p profile has been improved
also, though there are some mass ranges (very low mass around 1-1.2M, and very
high mass above 1.8M) where the original Tolman model performs better. Having
said this, the accuracy of the new model is higher than the original one, even for the

pressure profile in most of the EoSs and the mass range.
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2.5 Conclusion

In this work, we explore a method to improve the accuracy of the original Tolman
VII solution in modeling numerical solutions. We modified the original expressions
by introducing a higher-order term in the density profile. We also succeeded in
representing the additionally introduced parameter « in terms of M, R, and p. in an
EoS-insensitive way. The accuracy can be further improved if one uses an EoS-specific
fit for . We summarize the expressions for the new model in Table 1.1.

By comparing our results with the numerically solved solutions for 11 different
EoSs, we showed that our improved model agrees better with the numerical results
than the original Tolman solution. The relative RMSEs for the improved (original)
Tolman solution are roughly 10% (20%) for energy density, 4% (10%) for the interior
mass, 2% (10%) for the gravitational potential and 10% (40%) for pressure. The
improvement is significant, especially for softer EoSs that are more preferred from
GW170817.

Future work includes improving the proposed model further. For example, one
may come up with a more appropriate density profile that can correctly capture its
behavior close to the stellar surface. One can also try to find different ways of finding
approximate solutions to the Einstein equations that will improve the modeling. The
model presented here does not apply to stellar solutions whose density does not vanish
at the surface, such as quark stars and self-bound stars [179]. It would be interesting

to construct analytic interior models appropriate for these kinds of stars. One could
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also try to improve other analytic solutions, such as the one found by Buchdahl [69,70]
which was compared against realistic NS solutions in [42].

Yet, another possible avenue is to extend the analysis presented here to more real-
istic NSs with rotation or tidal deformation. The first thing one can try is to assume
these effects are small and treat them as perturbations to the solution presented here.
If one can construct such solutions analytically, one can extract global quantities like
the stellar moment of inertia, tidal Love number, and quadrupole moment, among
which universal I-Love-Q) relations are known to exist [100,180-182]. Such analytic
study may help understand the origin of the universality. The next chapter will be
devoted to exploring the universality between I, Love, and compactness with the

analytic tool developed in this chapter.
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Figure 2.3: (Top) Profiles for energy density p using the universal fit for « (top left),
interior mass m (top right), v (related to the gravitational potential) (bottom left)
and pressure p (bottom right) for the original Tolman VII solution in terms of

(R, pe) or (R, M) and the improved Tolman VII solution. The values of p., M and
R are the same as those in Fig. 2.1. We also present the numerical result with the
AP4 EoS and M = 1.4M,,. (Bottom) Fractional errors from the profile obtained
numerically. Observe that the new model works better than the original Tolman
solution, especially for the p and m profiles.
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Figure 2.4: The relative RMSE (defined in Eq. (2.33)) of p (top left), m (top right),
v (bottom left) and p (bottom right) for the original Tolman solution with the

(R, M) parameterization (top panel), the improved model with the universal «
(middle panel) and the improved model with the EoS-specific o (bottom panel) as a
function of the NS mass, using 11 EoSs with different stiffness in different colors as
in Fig. 2.2. Observe how the improved models more accurately describe the realistic
profiles (by having smaller relative RMSESs), especially for soft EoSs.
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Figure 2.5: The normalized relative RMSE difference between the original Tolman
solution and the improved model with the universal a. We show the results for p
(top left), m (top right), v (bottom left), and p (bottom right) using the 11 EoSs
with different stiffness. The new model has an improvement over the original one if
the normalized relative RMSE difference is negative (orange shaded region).
Observe how the improved model more accurately describes the realistic profiles
than the original Tolman solution in most cases.
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Figure 2.6: Similar to Fig. 2.5 but with the EoS-specific fit for . Observe how the
new model further improved from Fig. 2.5 by using such EoS-specific fit over the
universal one.



Chapter 3

Analytic I-Love-C relations for
realistic neutron stars

3.1 Introduction

Tolman VII solution [41,71] is a useful, analytic model of non-rotating realistic NSs.
This is a two-parameter (mass and radius) solution to the Einstein equations, in which
the energy density profile inside a star is approximated by a quadratic function in a
radial coordinate. In [162]|, we improved this model further by extending the energy
density profile to a quartic function. We introduced a phenomenological parameter
« to more accurately capture the realistic energy density profiles. We found that
this modified Tolman VII model has improved accuracy for describing the metric and
pressure or energy density functions over the original Tolman VII solution by a factor
of 2-5.

In this chapter, we construct analytic, I-Love-C relations for realistic NSs by
extending non-rotating solutions for the modified Tolman VII model to slowly rotating

or tidally-deformed configurations, which allows us to extract the moment of inertia

46
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and tidal deformability. We treat the rotation or tidal deformation to be a small
perturbation and keep only to leading order in such a perturbation. This is a good
approximation since e.g. the rotation of the primary pulsar in the double pulsar
binary is much smaller than the break-up rotation. Following [1|, we find a series-
expanded solution for the moment of inertia and the tidal deformability in terms of
compactness. We then eliminate the compactness to find the I-Love relation for the
modified Tolman VII model applicable to realistic NSs. Varying the phenomenological
parameter « within a reasonable range for realistic NSs allows us to analytically
estimate the amount of the universality in the I-Love-C relations.

The organization of the rest of the chapter is as follows. In Sec. 3.2, we briefly
introduce what original and modified Tolman VII solutions are. In Secs. 3.3 and 3.4,
we describe how we construct the analytic I-C and Love-C relations, respectively, and
compare them against numerical relations for realistic NSs and analytic relations for
constant-density stars. We also analytically estimate the amount of universality in
these relations. In Sec. 3.5, we present the results of the semi-analytic I-Love relation.
In Sec. 3.6, we use our analytic findings to present a possible origin of the universality
for the I-C and Love-C relations. In Sec. 3.7, we conclude and give possible directions

for future work.

3.2 Modified Tolman VII solution

Here, we briefly review the original Tolman VII [71] and modified Tolman VII [162]

solution of a static, isolated, and spherically symmetric NS in the interior region. The
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related expressions given in Chap. 2 are repeatedly presented in this chapter for a
more consistent and smooth flow of delivery of derivation.

In the original Tolman VII solution [71], the energy density profile is given by

pTol(é-) = pc<1 - 52) (3'1>

Modified Tolman VII model [162] introduces an additional term to Eq. (3.1) with
a free parameter « in order to capture the variation in the energy density profile

among different EoSs:

Pmod(§) = pe [1 —af’ 4 (a - 1)54] : (3.2)

Figure 3.1 presents a obtained by fitting a numerical energy density profile with
Eq. (3.2) for various EoSs' and compactness. Observe that a ranges in o €[0.4,1.4]
when C €[0.05,0.35]. We will vary « within this range in later calculations.

The remaining equations modified from the original Tolman VII one are as follows.

1 —1
Mmoa(§) = Amp R3¢ (= — S22 et | (3.3)
3 5 7
1 —1
emetl® = 1 - 87 R*Ep, (5 -2+ O‘Ta“) : (3:4)

with the subscript “mod* representing the quantities in the modified Tolman solution.

The expressions for v and p are then adjusted to be

!The 11 EoSs considered here are the same as those in [162], which all support NSs with their
mass above 2Mg.
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Figure 3.1: The parameter « introduced in the density profile of the modified
Tolman VII model (Eq. (3.2)) against the compactness C for 11 realistic EoSs. The
red, green, and blue dots represent soft, intermediate, and stiff EoSs respectively.
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el/mod(ﬁ) — C{nOd COS2 ¢m0d7 (35)
e ol tan Gmoa 1 . o 6(1 — a)p,
mo = 15 3 - 5 |
Pmod(£) \/mT R TN 167(10 — 3a)p. R* — 105
(3.6)
with

1 5 | be= Aol
_ mod - 2 e
¢mod(§) C'2 9 lOg (5 6 87TR2pc> ) (37)

8T R%*p.(10 — 3a)?(15 — 167 R?p,.)
cmed = (1-20)41 © ° 3.8
! ( ) { * 3[105 + 167 R2p.(3cr — 10)]2 ’ (3:8)
2(10 — 3a)Ry/67p, (15 — 167p.R2) | 1 1 5 2
Cmod _ t _ ¢ ¢ | _ _—
2 arctant [ 487(10 — 3a)p,R? — 315 T8\ s T\ s 3
(3.9)

Notice that the above solution is parameterized by (C, R, p. and «). We can

further eliminate p, from the condition M = mjy, (1), which yields

B 105C
~ 8TR2(10 — 3a)

Pe (3.10)

Using this in the modified Tolman VII expressions, we obtain a three-parameter
(C, R, a) (or equivalently (M, R, «)) model which will be used in the following calcu-

lations.
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3.3 Moment of inertia

3.3.1 Formulation

One can extract the moment of inertia I from the asymptotic behavior of the time-
spatial component of the metric at infinity for a slowly rotating NS. For simplicity,

we consider uniform rotation. The metric ansatz is given by
ds® = dsi — 2Q(1 — w)r? sin® Odtde, (3.11)

where ds? is the non-rotating part of the line element in Eq. (2.1), Q is the constant
stellar angular velocity and w is a function of r (or £). Substituting this ansatz into

the Einstein equations, one finds an equation for w as [183]

d [ ,.dw 3 dj
— — 48°—=w =10 3.12
with the boundary condition
dw
w =1, — =0, 3.13
|f‘)0 df £s0 ( )

and j(§) = eA/2,
Let us next look at the exterior solution. Integrating the equation in the exterior

region (with j(§) = 1), one finds

Wext(r) =1 — —. (3.14)

The closed form of I can be obtained easily from the differential equations and its

boundary conditions above, which is [183]
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de. (3.15)

. ST RS /1 & (p + p)e” N/,
3 Jo -

3.3.2 Analytic Solutions

We now find an analytic solution to Eq. (3.12) for the modified Tolman VII solu-
tion. Unfortunately, we were not able to find an exact solution. Instead, we apply
a post-Minkowskian recursive perturbation method adopted in Chan et al. [1] for
incompressible stars to derive an approximate, analytic solution for w and 1.

We begin by defining

o) =1-w(§), (3.16)

and expanding @(§) and j(&) in power series of C:

D(6,C) =Y ()L, jEC) = > qalE)Cn. (3.17)

Here @, (§) and j,(&) are functions of £ only while N corresponds to the order of the

expansion that we keep. In the Newtonian limit (C — 0), one finds

Jo(§) =1, @o(§) = 0. (3.18)

Having the above series expansion at hand, we can solve the differential equation.
Namely, we substitute Eq. (3.17) into Eq. (3.12) and solve the latter for @&, order by

order in powers of C. We can then derive the series expansion of the dimensionless
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moment of inertia from Eq. (3.15) as

I

I N
— anC”_z. (3.19)
M3 n=0

The series starts with C~2 since I oc M R? in the Newtonian limit. I is given in terms

of @ as
WR

I'=2cs

Wr=w(E=1). (3.20)
Figure 3.2 shows how the [-C series converges as one increases the order of expansion.
Observe that the expansion to sixth order in compactness can accurately describe the
numerical relation. Since the expressions for I,, are lengthy and not illuminating, we
show them in a supplemental Mathematica notebook [161].

We present in the top panel of Fig. 3.3 the approximate, analytic I-C relation for
the modified Tolman VII solution. For comparison, we also show the approximate,
analytic relation for incompressible stars [1| and the relations for some representative
realistic EoSs. Observe that the new analytic relation can beautifully approximate
the numerical relation for the realistic FoSs. Observe also that the relation for in-
compressible stars found in [1] does not provide an accurate description for realistic
NSs?. The new relation found in this chapter gives us the first analytic expression for
the I-C relation for realistic NSs other than the fits in e.g. [99, 184, 185].

The bottom panel shows the fractional difference of the modified Tolman VII

relation from the original one. Notice that when we vary « within the range for

2The relation for incompressible stars can accurately describe the relation for quark stars [99].
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Figure 3.2: (Top) I-C relation for the original Tolman VII solution with different

orders of series expansion in C. (Bottom) Fractional differences between the curve
obtained numerically and the analytic one at each expansion order. Observe that
the analytic relation converges as we increase the order.
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realistic EoSs, the analytic relation varies by ~ 10%. This amount agrees with that
of the EoS-variation in the relation for realistic NSs in the middle panel (see also [99]).
Thus, the new relation provides us with an analytic explanation for the amount of

universality in the I-C relation.
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Figure 3.3: (Top) Approximate, analytic I-C relation (up to sixth order in the series
expansion in C) for the modified Tolman VII solution with five representative values
of a. For comparison, we also show the numerical relation for three representative
realistic EoSs, namely AP4 (soft), MPA1 (intermediate), and MS1 (stiff). The
dotted-dashed line represents the relation for incompressible constant density stars
in [1]. (Middle) Relative fractional difference of the I-C relation for the realistic
EoSs from that for the original Tolman solution. (Bottom) Relative fractional
difference for the modified Tolman VII relation from the original one. Observe that
the EoS-variation is kept under 10% for both realistic EoSs and modified Tolman
VII relations, in agreement with that for realistic EoSs in Fig. 15 of [99].

Let us investigate further the EoS-variation in the I-C relation using the new
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analytic I-C relation. Expanding I,, about o = 1 (the original Tolman solution), we

find

Iy = 0.286[1 — 0.105(a — 1) + O(ar — 1)?]
I, = 0.323[1 — 0.100(cx — 1) + O(ar — 1)7]
I, = 0.462[1 4+ 0.258(a — 1) + O(a — 1)?]
I3 = 0.732[1 + 0.403(a — 1) + O(a — 1)
Iy = 1.226[1 + 0.545(cc — 1) + O(a — 1)

Is = 2.132[1 + 0.688(a — 1) + O(a — 1)?].

This shows that the o dependence on the leading contribution to I (I) is ~ 10%
(because the relative coefficient is 0.105), and similar for I;. This analytically explains
the origin of the O(10%) EoS-variation in the relation. On the other hand, the «
dependence becomes larger as we increase n in I,,, though such contributions are

higher order and do not affect the relation much.

3.4 Tidal Love number

3.4.1 Formulation

In this section, we present the calculation of the tidal deformability or the tidal Love
number due to tidal deformation. For example, a primary NS in a binary acquires

tidal deformation due to the tidal field created by a companion star. Such an effect
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is characterized by the dimensionless tidal deformability, which is defined as

A

A=0E

—%8 = gkgc—? (3.21)

Here () and £ are the tidally-induced quadruple moment and the external tidal field
and k, is the tidal Love number defined by ky = (3/2)(A/R%). To calculate Q and &,
we follow the formulations and conventions established in [84]. We begin with the

metric ansatz,

ds® = ds? — [ho(edt? + erdr?)
—1r2 Ky (dO* + sin? 0 dg*)|Yam (0, 6), (3.22)
where ho(r) and Kj(r) are quadrupolar tidal perturbations while Yy, are spherical

harmonics. Substituting this into the Einstein equations, one can derive a second-

order differential equation for hy as [84]

&y +y° +ye 1+ 4rER*(p — p)]

6 d
— {5% — 4me’ R? {5p+ 9+ (p +p)£ﬂ + 1/2} & =0,
(3.23)
where
¢ dh
y= h—Qd—;, (3.24)

and the prime represents a derivative with respect to £&. The initial condition is given

by y(£ = 0) = 2. Solving the above equation, one can find A using Eq. (3.21) as in



Chapter 3. Analytic I-Love-C relations for realistic neutron stars 58
Eq. (1.2) with yr = y( = 1) [84,186].

3.4.2 Analytic Solution

We now study analytic expressions for hy (or y) and the tidal deformability. Similar
to the case of the moment of inertia, we were not able to solve Eq. (3.23) exactly for
the modified Tolman VII model. Thus, we follow the same procedure as before and
consider series expansion in C.
We begin by expanding y as [1]
N
y(£,C)~ Y ya(é)Cn, (3.25)
n=0
where each coefficient y,, is a function of £ only. Substituting this expansion into
Eq. (3.23) and looking at order by order, one can derive differential equations for
Yn. Unlike the case of the moment of inertia, we were not able to find analytic exact

solutions to these equations for the modified Tolman VII model®. Thus, we further

expand y,, about £ =0 as

=

Un(€) = Yy, (3.26)

k=1

where yffk) is now a constant while K is the expansion order in terms of £. We

expand Eq. (3.23) in powers of both C and &, find algebraic equations for y,(fk) order
by order, and solve them. We show y,,(£) expanded up to 12th order in £ (K = 6) in
the supplemental Mathematica notebook [161].

Figure 3.4 compares the analytic relations between A and C (the Love-C relations)

3For the original Tolman model, 4o can be solved exactly in terms of hypergeometric functions,
though the differential equation is too complicated to be solved for y; and higher.
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for the original Tolman solution at different expansion order in C against the numerical
relation. For the former, we fixed K = 6 for the £ expansion. Unlike the I-C case in
Fig. 3.2, the series does not converge. We found that the sound speed squared (dp/dp)
in Eq. (3.23) becomes inaccurate as one goes to higher order in C. The analytic
relation is given in series expansion in C, thus the approximation becomes worse in a
large C region. In this section, we keep up to 3rd order in C (N = 3 in Eq. (3.25)) and
12th order in ¢ (K = 6 in Eq. (3.26)) that most accurately approximates the correct
numerical relation. When deriving the I-Love relation, we will use the relation up to

6th order in C as we will explain in more detail in Sec. 3.5.
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Figure 3.4: Similar to Fig. 3.2 but for the Love-C relation. Observe that the series
does not converge in this case, and the third-order expansion gives the most
accurate result.
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Figure 3.5: Similar to Fig. 3.3 but for the Love-C relation. The analytic relations
for the modified Tolman model have been kept up to 3rd order in C. Observe that
the EoS-variation is kept under O(10%) for both modified Tolman VII and realistic
EoSs, in agreement with that for realistic EoSs in Fig. 15 of [99]
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The top panel of Fig. 3.5 presents the analytic Love-C relations for the modified
Tolman solution, together with those for the realistic EoSs and the one found in [1]
for constant density stars. Observe that similar to Fig. 3.3, the analytic relation
for the modified Tolman solution can accurately describe the results for the realistic
EoSs while that for constant density stars fails to do so. The bottom panel shows the
fractional difference in the Love-C relations between the modified and original Tolman
solutions. Observe that the amount of the variation in « is of order 10%, consistent
with the EoS-variation in the Love-C relation for realistic EoSs in the middle panel
(see also [99)]).

Similar to the I-C case, we can investigate further the amount of the o (or EoS)
variation in the Love-C relation by expanding the analytic solution about the original

Tolman solution. To achieve this, we first expand A as

N
Ar Y e (3.27)
n=0
We then expand further each coefficient ), about a = 1 and find

Ao = 0.204[1 — 0.186(cx — 1) + O(ar — 1)
A = —1.274[1 — 0.090(cc — 1) + O(a — 1)?]
Ay = 2.749[1 + 0.082(cc — 1) + O(ar — 1)?]
A3 = —2.281[1 + 0.420(a — 1) + O(a — 1)?]

Ay = 3.199[1 + 0.013(ar — 1) + O(a — 1)?]
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A5 = —13.001[1 — 0.108(a — 1) + O(a — 1)?]

A = 19.282[1 + 0.161(a — 1) + O(a — 1)?].

This expansion shows that the fractional « variation is only of order 10% or less for
most of the coefficients, which again is consistent with the amount of EoS variation in
the Love-C relation in Fig. 3.5. This gives us an analytic explanation for the amount

of EoS variation in the relation.

3.5 I-Love Relation

Now that we have calculated the moment of inertia and tidal deformability, we can
construct semi-analytic relations between these two quantities based on the modified
Tolman VII solutions.

One can derive the I-Love relation (I as a function of \) semi-analytically based
on the analytic I-C and Love-C relations by parametrically plotting I and X. Namely,
we choose one C and plot a point in the I-Love plane using the above two analytic
relations. We then change C and repeat the procedure to find the I-Love relation.
This is semi-analytic in the sense that we are not providing a closed-form expression
of I in terms of .

Regarding the Love-C relation, we found that the expansion to sixth order in
C gives us a more accurate semi-analytic I-Love relation than that with the 3rd-
order expansion, which is counter-intuitive given that the 6th-order Love-C relation

is less accurate than the 3rd-order one. This behavior arises because the amount
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of inaccuracy in the 6th-order Love-C relation partially cancels with that in the I-C
relation, producing a more accurate I-Love relation. For this reason, we will use the
sixth-order Love-C relation for constructing the I-Love relation.

The top panel of Fig. 3.6 presents such semi-analytic I-Love relations for the
modified Tolman VII model. In most regimes, observe that the a-variation shown
in the bottom panel is of O(1%) at most. This reproduces the amount of the EoS-
variation in the I-Love relations for realistic NSs shown in the middle panel and also
found in [99,101,102]. The « variation becomes slightly larger when I and )\ are
smaller, though this is due to the fact that the sixth order Love-C relation becomes
less accurate in the large C regime.

One can also obtain an approximate but completely analytic I-Love relation by
first inverting the Love-C relation for C and substituting it to the I-C relation. For

inverting the Love-C relation, one can find a series-expanded solution of the form

G,
n=0

with the coefficients a,, that is a function of a. The analytic I-Love relation obtained
in this way, however, is not very accurate, at least up to the (sixth) order that we
have worked on. We found that the variation in a can be O(10%) or larger, and one
may need to increase the order of the expansion to find a more accurate relation,
which we leave for future work.

One can improve the semi-analytic model further by resumming the series-expanded
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Figure 3.6: (Top) Similar to Fig. 3.3 but for the I-Love relation. The semi-analytic
modified Tolman VII model is constructed by keeping the analytic I-C and Love-C
relations up to 6th order in C. Observe that the EoS-variation is kept around 1% for
both realistic EoSs and the modified Tolman VII model.
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I-C and Love-C (or the ygr expression to be more precise) relations using Padé ap-
proximant. Such Padé expressions for the modified Tolman solutions are lengthy and
not very useful, while we managed to derive a simple form for the original Tolman
solution. The results are given in Eqgs. (1.1)—(1.3) in chapter 1, and the relations are
show in Fig. 1.1. For the Padé resummation, we found that the 3rd order expansion
of y(C) provides a more accurate, semi-analytic I-Love relation (to be discussed in the
next paragraph) than the 6th order expansion. This is why the Padé resummation is
of order (3,3) for the I-C relation, while is of order (2,2) for the Love-C relation.
The top panel of Fig. 3.7 presents the semi-analytic I-Love relation for the original
Tolman solution using the Padé expressions for the I-C and Love-C relations. For
comparison, we also present the Padé-resummed relation for constant density stars [1]
and realistic NSs using all 11 EoSs considered in Fig. 3.1. The middle (bottom) panel
shows the relative fractional difference between the relation with each EoS and the
constant-density (Padé-resummed original Tolman) model. Observe that the original
Tolman relation always agrees with the realistic models within an error of 1% and
gives a more accurate description than the constant density case, especially in the
large compactness (small \) regime. Comparing the bottom panel of Fig. 3.7 with
the middle panel of Fig. 3.6, one sees that the former slightly has a smaller fractional
error, and thus the Padé resummed I-Love relation indeed proves us a more accurate

result than the series-expanded one.
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Figure 3.7: (Top) Semi-analytic, Padé-resummed I-Love relation for the original
Tolman VII solution, together with the analytic relation for constant density
stars [1] and numerical results for realistic EoSs. (Middle) The relative fractional
difference of the relations for the realistic EoSs from the analytic one for constant
density stars. (Bottom) Similar to the middle panel but for the Tolman VII
relation. Observe that the Tolman VII model maintains universality with an
EoS-variation of less than 1% for the whole range of .
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3.6 Possible origin of the universality

We now try to connect our analytic calculations to the possible origins of some of
the universal relations. Regarding the I-Love-Q relations, Ref. [107] showed that the
universality is related to approximate self-similarity of isodensity contours inside NSs,
and this self-similarity becomes exact for constant-density stars. Similarly, Ref. [108§]
demonstrated that the origin of the universality can be attributed to the fact that
realistic EoSs for NSs are “similar” to constant density EoSs, which is consistent with
the findings in [107|. Unfortunately, these explanations do not apply to the I-C and
Love-C relations, since NSs and constant density stars do not share the universality.

Here, we aim to obtain some insight into the possible origin of the I-C and Love-
C universal relations based on our analytic calculations presented in the previous
sections. The original Tolman VII solution is a two-parameter model characterized
by the stellar mass and radius and, thus, can explain any mass-radius relations for
NSs. Yet, we found that there are unique I-C and Love-C relations for the Tolman
VII solution that agree well with those found numerically with realistic EoSs. The
underlying assumption in the Tolman VII solution is that the energy density profile
inside a star follows a quadratic function in the radial coordinate (Eq. (3.1)). All of
this suggests that one can attribute the origin of the I-C and Love-C universality to
the fact that the energy density profile for NSs roughly follows a quadratic function.

Figure 3.8 presents the energy density profiles for realistic NSs, together with real-

istic white dwarfs, Tolman VII quadratic model, and constant density stars. Observe
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Figure 3.8: The normalized energy density profiles of NSs and white dwarfs,
together with quadratic (original Tolman VII solution) and constant density models.
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Eq. (3.1) (whereas constant density stars and white dwarfs do not) can be
interpreted as a possible origin of the I-C and Love-C universality.
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that the NS profiles can be approximated well with the quadratic model, while white
dwarfs and constant-density stars have different profiles. Universal relations for white
dwarfs have been studied, e.g. in [187-189], which showed that they were quite differ-
ent from the NS ones. The modified Tolman VII model that we also considered in this
work accounts for the difference between the realistic NS profile and the quadratic
one. As shown in the previous sections, we managed to recover the O(10%) EoS-
variation analytically. Figure 3.8 together with these analytic calculations support
our claim that one possible origin of the universality for the I-C and Love-C relations
is due to the fact that realistic NSs follow more or less the quadratic energy density

profile and the deviation can explain the amount of the EoS-variation in the relations.

3.7 Conclusion

In this chapter, we derived analytic I-C, Love-C, and semi-analytic I-Love relations
based on the modified Tolman VII model. We used series expansion in compactness
to solve differential equations and found approximate expressions for the moment
of inertia and tidal deformability. Varying the modified Tolman VII parameter «
that enters the energy-density profile, we analytically showed the 10% EoS-variation
in the I-C and Love-C relations, and the 1% EoS-variation in the I-Love relation
that are consistent with the amount found numerically [99]. Our analytic relations
more accurately describe the relations for realistic NSs than the constant density
model [1] (more appropriate for quark stars [99]), especially for the I-C and Love-

C relations. Our analytic relations are comparable to the fitted relations in their
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accuracy [99], and the former is based on a theoretical founding while the latter is
phenomenological. Based on these analytic findings, we pointed out that a possible
origin of the I-C and Love-C relations may be due to the energy density profile for
realistic NSs approximately following a quadratic function. This can explain why
the constant-density stars deviate from the NS branch in these relations. Such an
origin is different from that for the universality in the I-Love-Q relations discussed
in [107,108].

Let us comment on a few possible directions for future work. Ome possibility
includes improving the analytic results presented here. For example, one could try
a different expansion in ¢ or C for the Love-C relation, such as that in [190] for
constant density stars. One could then try to construct a more accurate inversion
of the relation, so that an accurate, analytic I-Love relation can be derived. An-
other avenue includes deriving similar, analytic expressions for multipole moments,
such as quadrupole and octupole, so that one could construct, analytic, I-Love-Q
relations [101,102] and “no-hair” relations [191-193] for NSs. One could also derive
analytic expressions for multipolar tidal deformabilities and construct analytic mul-
tipole Love relations [194]. Such studies may further extend our knowledge of the

origin of these universal relations.



Chapter 4

Probing modified GW propagation
through tidal effects of BNS

4.1 Introduction

In this chapter, we study an alternative approach of using standard sirens without EM
counterparts to probe the modified GW propagation through the tidal effects of BNSs.
This idea was first proposed in [195] within the context of probing cosmology with
GW observations alone. The authors in [195] realized that the tidal deformability that
characterizes tidal effects in a BNS depends on the intrinsic mass, so together with
the measurement of the redshifted mass, one can infer the source’s redshift provided
that one knows the nuclear matter EoS a priori.

We here apply the above methodology to tests of modified GW propagation (or
modified GW friction) to study how much improvement one gains from the case
where one uses only BNSs with EM counterparts. We follow [112,113] and work in a
generic modified GW parametrization (=g, n), where = represents the ratio between

the luminosity distance measured by GW and EM signals at large z while n denotes

71
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the redshift dependence on the ratio. Such a generic parametrization has a known
mapping to theoretical constants in some specific non-GR theories [113|. We carry out
a Fisher analysis to derive projected bounds on =, for various n with ET and multi-
band GW observations. The latter is a joint observation between ground- and space-
based interferometers [196-203]. Here, we focus on multi-band observations between
ET and DECIGO [204, 205]. B-DECIGO, the scientific pathfinder of DECIGO, is
planned to be launched in the 2030s [205], while DECIGO is expected to be launched
at a later time.

The organization of the rest of the chapter is as follows. In Sec. 4.2, we briefly
introduce the formalism of how the modified luminosity distance is parameterized and
the mapping between this theory-agnostic parametrization and constants in specific
non-GR theories like scalar-tensor theories and phenomenological models. In Sec. 4.3,
we will explain how to estimate uncertainties of the redshift measurement for a BNS
event without EM counterpart from the tidal effect in the gravitational waveform.
Section 4.4 describes the Fisher analysis for parameter estimation on the redshift and
non-GR parameters. We present our results on the measurability of the redshift,
modified GW propagation parameter, and theory-specific parameters in Sec. 4.5. In

Sec. 4.6, we give concluding remarks and describe avenues for possible works.

4.2 Modified Luminosity Distance

GW sources can be used as standard sirens to probe cosmology from the relation

between the luminosity distance dj, and the redshift z [206-208|. Such sources can also
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be used to probe gravity, since the above relation not only depends on cosmological

parameters but also on the underlying gravitational theory.

4.2.1 Formalism

One can, in particular, probe generic theories that modify the Hubble friction term

in the propagation equation of GWs [112]':
WA+ 2H[L + anr(n)]iy + k2 ha = 0. (4.1)

Here h, is the metric perturbation (or GW amplitude) in the Fourier domain with
A = +, X representing the plus and cross polarization modes, a prime representing
the derivative with respect to the conformal time 7, kg, is the wave number, H = d’/a
with a denoting the scale factor, and «y,(n) is the modified friction term. The above
equation reduces to the one in GR when «aj; = 0. The friction term modification
affects the GW amplitude, which can be absorbed into the luminosity distance. This
leads to a difference in the luminosity distance measured through GWs d%" (z) and

EM waves d™(z) as follows [112,211]:

05 (2) = d(2)exp [ /O T ow(2) dz] | (4.2)

A useful parameterization has been proposed in [112] as

d%W(Z) 1-— E()
L =)+ . 4.3
e Ty 4

n general, the last term on the left-hand side of Eq. (4.1) can acquire non-GR corrections that
modify the propagation speed of GWs and/or add a mass to the graviton, and an anisotropic stress
source term may arise on the right-hand side (see e.g. [209,210]).
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Here = corresponds to the constant ratio of the luminosity distance in the limit
2z — oo while n shows the redshift dependence of the ratio. GR is recovered when
Zo — 1 and this is the case when z — 0. Such a parameterization allows us to treat
the modification in the luminosity distance measurement from GWs in a generic way,
and at the same time to map the modified GW propagation parameters (Zp,n) to

theoretical constants in known gravitational theories beyond GR.

4.2.2 Mapping to Scalar-tensor Theories and Phenomenolog-
ical Models

In this work, we consider scalar-tensor theories and phenomenological models as spe-

cific examples [113].

4.2.2.1 Horndeski Theories

Let us first review scalar-tensor theories. We consider, in particular, theories within
Horndeski theories [212], which are most general scalar-tensor theories with field
equations containing up to second-order derivatives (see e.g. [213] for a recent review).

The action is given by [113]

S:/d4x\/—_g

Z L+ ‘Cm(g/wa ¢m)] (4'4)

with Lagrangian densities

Ly =Gs(¢, X),

L3 =G3(¢, X)O0,
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Ly =G4(9, X)R — 2G4x(¢, X) [(D9)* — (V. V,0)?]
L5 =G5(¢p, X)G,, V'V + %Gg)x(gzﬁ, X)

x [(B¢)° = 30¢(V,.V.,0)* +2(V,.V.,0)°] ,

where ¢ is the scalar field, X = 0,00"¢, R and G, represent the Ricci scalar and
Einstein tensor in the Jordan frame metric g,,. Gi(¢, X) are arbitrary functions of ¢
and X and G;x = 0G;/0X. The matter field ¢, in the Lagrangian density for matter
L, is minimally coupled to gravity. Given that GW170817 placed a stringent bound
on the propagation speed of GWs ¢y, [12,214], we consider G4x = 0 and G5 = const.,
which guarantees that cg, = 1 [215-217].

The correction to the Hubble friction term is related to G4 through the effective

Planck mass M.g as

_dln M%

am = dlna ’

Mz = 2G,. (4.5)

The modified GW propagation parameters are given by [113]

Meﬂ‘<0) QNr0
N — 4.
T et (4.6)

5o = li
07 BN M (2)

where o is apy at the present time.
As an example of Horndeski theories, we consider f(R) gravity, where the Einstein-
Hilbert action is modified with R — R + f(R) for an arbitrary function f. G, then

becomes

Gy = Mg, (4.7)



Chapter 4. Probing modified GW propagation through tidal effects of BNS 76

where Mp is the Planck mass that is related to the effective Planck mass as Mp =
lim, .. Meg(2). fr = f'(R) and a prime represents a derivative with respect to R.

For such a model, =y and n are given by

— 1
S0 = v1+fR0%1+§fR0> (4.8)

~ f_R)
n o~ (fR . (4.9)

where the subscript 0 corresponds to the present value. In particular, we consider
a model proposed by Hu and Sawicki (HS). =y and n for the HS f(R) gravity are
given in Table 4.1 where 7 is a positive integer and €2, is the matter energy density
parameter.

f(R) gravity is a special case of Brans-Dicke theory [218]. G4 and G5 in the latter

theory are given by

5
©-

Ga(¢)

(4.10)

[\

and Gy = —U(¢) + Xw(¢)/¢p, where w is the Brans-Dicke function and U is the scalar
field potential. The theory reduces to f(R) gravity when w = 0. The mapping of

(Z0,n) to Brans-Dicke theory is given in Table 4.1, where d¢y = ¢g — 1.

4.2.2.2 Phenomenological Models

The second model we consider is a phenomenological parameterization on aj,; moti-
vated by a time-varying effective Planck mass M.g. We consider two different param-

eterization for o :
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Non-GR Model =0 —1 n
n+1)Q
HS f(R) [219] 1 fro e
designer f(R) [220] —0.240%75B,  3.10%2
Brans-Dicke [218| 10¢0 %
power law «yy [221] S0 n
: a 30
DE density ap [221,222]  — 5580 — o
power law Mg [223] 10 n

Table 4.1: Mapping of the modified GW propagation parameters (=g, n) to
parameters in scalar-tensor theories (top) and phenomenological models for ay; or
the effective Planck mass Mg (bottom) [113].

(i) power law:

ay = apa”; (4.11)
(ii) dark energy density:
Q
A = Ao A(a), (412)
Qa0

where €2, is the dark energy density parameter.

Once again, =y and n for these models are summarized in Table 4.1.
In Appendix A, we review other models within Horndeski theories and phenomeno-

logical classes, and give the mapping to (Z,n) in Table 4.1.
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4.3 Redshift Inference through tidal effect

To probe gravity from the luminosity distance-redshift relation in Eq. (4.3), one needs
an independent measurement of dy, and z. The former is measured from the amplitude
of GWs while the latter is more challenging to measure as it typically degenerates with
the mass. If a BNS event has an associated EM counterpart, one can use the redshift
information of the host galaxy, which has been used for GW170817 to measure the
Hubble constant [207] and also to give future forecasts on testing the modified GW
propagation [112]. However, BNS events with EM counterparts are expected to be
rare, with a fraction of only ~ 1072 or so [165].

An alternative method to measure the redshift with GW observations alone is to
use the tidal effect [195]. Such an effect in BNS is characterized by tidal deformabilities
or Love numbers that depend on the intrinsic (source-frame) masses of NSs. Together
with the redshifted mass measurement, one can break the degeneracy between the
redshift and the mass to extract the former. This method requires one to know the
nuclear matter EoS a prior: which still has relatively large uncertainties. One may
use future GW observations of nearby BNS sources (z < 0.1) with EM counterparts
to determine the EoS, and use those of BNSs with large z to probe the modified GW
propagation [195,224].

Let us explain this tidal method in more detail by taking NRTidalv2 [225,226|

as an example. The tidal contribution to the GW phase in the frequency domain is
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given by
Yr(x) = ——/iegx5/2P(x), (4.13)

where x = (7M., f)'/? with M, = (1+2)M is the total redshifted mass with M repre-
senting the intrinsic total mass, 7 representing the symmetric mass ratio mamp/(ma+
mp)? and f is the observed GW frequency. P(z) is a Padé-resummed function given
by,

3/2 3

P( ) 1+ T+ ng/QZE + 7121}2 + n5/2x5/2 + nsx
€Tr) =
1+ dlx + d3/2$3/2 + d2x2

Y

(4.14)

where the coefficients can be found in [225]. kg is related to the tidal Love number

k as

. (4.15)

Reff = =&

5 (1 + 12ﬁ) <&)5k‘4 + (A & B)

Xa Ca

Here, subscript A and B denotes the two component stars, X4 = m4/M and the
compactness is given by Cy = ma/R4 with the stellar radius R4. Since k depends
on the intrinsic stellar mass instead of the redshifted one, the tidal effect can be used

to extract the redshift information from a GW observation alone.
4.4 Fisher Analysis

In this project, we carry out a parameter estimation based on a Fisher analysis [227],

which is valid for sources with sufficiently large signal-to-noise ratios (SNRs). We
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perform two different Fisher calculations, one for the redshift estimate and another
for the modified GW propagation parameter estimate. Below, we will explain each

of these Fisher analyses in turn.

4.4.1 Redshift Estimate

The first step is to estimate the measurability of the redshift by using template
gravitational waveforms of BNSs, which we take as the (non-spinning) IMRPhenomD-
NRTidalv2 waveform [225,226,228,229|. It consists of the IMRPhenomD waveform
for point-particle binaries with an updated tidal effect added to the phase. The

waveform £ in the frequency domain can be written as
h(f) = A(f)e ), (4.16)
where A is the IMRPhenomD amplitude? while ¢ is the phase given by?

O(f) = Ypp(f) + U (f)- (4.17)

Here 9y, is the (non-spinning) point-particle term that is taken from the IMRPhe-
nomD waveform while vr is the tidal contribution given in Eq. (4.13) that is pa-
rameterized by the Love number k. In our analysis, we use the tidal deformability

A = (2/3)R°k, which is a function of the NS mass m. It is convenient to Taylor

2The NRTidal waveform also has a tidal correction to the amplitude, though the tidal effect is
mostly determined from the phase and thus we do not include such effects in the amplitude for
simplicity.

3In this work, we include the tidal phase only in the inspiral part of the IMRPhenomD phase,
though we have checked that our results are unaffected even if we include the tidal phase also in the
intermediate portion of the waveform.
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expand A(m) about a fiducial mass mg as [195,224]

A= Ao+ Ai(m—mg) + O[(m —myg)?

= X+ Mm+ O(m —myp)?, (4.18)

where \; are the Taylor coefficients about mq while 5\0 = X0 — A\ymp and :\1 = A
One can compute the measurability of parameters §° from a Fisher matrix as
follows. We first assume that the detector noise is stationary and Gaussian. Then,

the probability distribution of #° becomes also Gaussian as
) 1 ) A~ ) A
7 R A T _ O J _ QI
p(6") o< exp { ZFZJ (0 0) (0 0 )} : (4.19)

where #' are the maximum likelihood parameters. I';; is the Fisher matrix defined as

Fnign 8Z Eaj il
flow S n (f )

where 0; = 0/96" while S,, is the noise spectral density. Jhigh and fiow are the high

and low frequency cutoffs to be discussed later.

I (4.21)
A

where A is the label of each detector. Finally, the 1o root-mean-square error on 6; is

given by

In Fig. 4.1, we present S, for ET and DECIGO, together with the GW spectrum
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for GW170817 and a BNS with (1.35,1.35)M, at z = 1. For ET, we choose the low

and high frequency cutoffs in the Fisher matrix in Eq. (4.20) as

li)li;r) = 1HZ7 f}fg? = min<f15007 fcont)7 (423)

where

1
Jisco = —63/27TMZ7 (4.24)
is the frequency at the innermost stable circular orbit (ISCO) while feont is the (red-

shifted) contact frequency of two NSs and is given by

1 M
cont — a2 4.2
feont 2321(14z) V R? (425)

for an equal-mass BNS with R representing the stellar radius. For an NS with a soft
(stiff) EoS, the radius is relatively small (large), and fisco < feont (fisco > feont). On

the other hand, for DECIGO, we choose the low and high cutoff frequencies as

o5 _ 0933 1M, 5/8 lyr 3/8HZ
low ' Mz Tobs ’

faan = 100Hg, (4.26)

where M, = M,n*/ is the redshifted chirp mass, T, is the observation time and
fiED) corresponds to the (redshifted) frequency at Ty before coalescence.
Let us now explain parameters #° specific to our analysis. We use the sky-averaged

waveform and the parameters are given by

0" = (InM., 0, te, de, InA, Inz) . (4.27)
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Figure 4.1: The noise spectral densities for ET [230] and DECIGO [35]. We also
present the GW spectrum for GW170817 and a BNS with (1.35,1.35)M, at z = 1.
For each GW spectrum, we show the frequency at ISCO and that at 1yr, 3yr, and
5yr before coalescence.

Here n = mymy/M? is the symmetric mass ratio with individual masses m 4, and t.
and ¢. are the coalescence time and phase respectively. The amplitude parameter A
is given by A = MY /(\/30r% 3d5"), which corresponds to the leading, sky-averaged
amplitude in the frequency domain without the frequency dependence [231]. We
assume the tidal parameters Mo and )\; are known a priori from BNSs with z < 0.1
(we discuss how the imperfect knowledge of the EoS affects the measurability of the
redshift in Appendix C). Regarding fiducial values for Fisher analyses, we choose
my = mg = mg = 1.35Mg, t. = 0, ¢. = 0, and vary z or d}". Fiducial values for :\0
and \are summarized in Table C.1 in Appendix C for three EoSs as representatives

of soft, intermediate, and stiff classes: SLy [232], MPA1 [233] and MS1 [234].
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4.4.2 Parameter Estimation for Modified GW Propagation

We now move on to explaining the second Fisher analysis for estimating the measur-
ability of cosmological parameters and the modified GW propagation parameter. We

consider a spatially-flat Universe and work on the following four parameters [112]:

pi = (IHH(),IIIQM,U}Q,E()) . (428)

Here Hy is the Hubble constant, €2, is the matter-energy density parameter at present
time, wy is the EoS parameter for dark energy [235,236]* while =, is the modified
GW propagation parameter in Eq. (4.3). The luminosity distance measured by EM

observations depends only on the first three parameters in Eq. (4.28) as

™ (2) = (1+ 2) OZ % (4.29)

with the Hubble parameter given by

H(z) = Hoy/Qu(1+2)% + (1 — Qup)(1 + )30+,
(4.30)
We can construct a Fisher matrix to estimate the measurability of the parameters

p' by studying how In d$" depends on each of these parameters and comparing it with

a measurement error on Ind}". Combining information from multiple events, we can

4The EoS for dark energy is given by Ppr = woepr where Ppr and epg are the pressure and
energy density of dark energy.
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write down the Fisher matrix as [224]

F = 3 (OIndE [9) (@m0

i (Ad5)?,

(4.31)

a a

Here a labels each BNS while A = (gw, em) labels whether the redshift is measured
from GWs through the tidal effects or from EM counterparts. (Aln diw)%A) is the

total error on Ind3" given by

" " Olnd® . \*
(Alndf)?yy = (Alndj )zw—l—eA( 82L AZ)

+(AInds"): (4.32)

lens »

with € = 1 and € = 0. The first term on the right-hand side is the measurement
error on Ind$" through GWs, the second term is due to the measurement error on

the redshift, while the last term is due to the gravitational lensing given by [237|
(AInd8™)jens ~ 0.05z. (4.33)

The first two terms are computed from I';; in the previous subsection, either with ET
alone or with the multi-band observations. For BNSs with redshift identified from
EM counterparts, the measurement error on the redshift is typically negligible and
we drop the second term in Eq. (4.32) (i.e. €m = 0) for such cases.

In this work, we follow [224| and assume that all BNSs are identical except for

their redshifts. Under this assumption, one can turn the summation in Fj; into an
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integral as

2max (Ands” /Op; ) (OInds”™ /Op;
Fi(jA):/ 4 ( L(/Alnll(iw)%;/ IR ()i (4.34)

We choose the minimum and maximum redshifts (zyin and zpax) as zmim = 0.1 and
Zmax = 2. This is because we use BNS sources with z < 0.1 (with EM counterparts) to
determine the NS EoS while the SNR becomes too small for detection when z > 2 5.

R(z) is the distribution of BNS mergers which is given by [239]

4tr?(2)nps(2)
== obs» 4.
RE = Hon e = (4.35)
in which 1y = 107Mpc " yr~! [240] is the current BNS merger rate, r(z) is the

comoving distance, and

1422 (2<1)
s(z) = : (4.36)

56—-2) (1<z<5)
shows the redshift evolution of the merger rate. We show the BNS merger rate within
each redshift bin and the accumulated merger rate up to a given redshift in Fig. 4.2.
Unlike the multiband GW observations of stellar-mass BBHs with ground-based
detectors and LISA whose rate is much lower than that with ground-based detectors
alone [196], the rate for joint detection of GWs from BNSs with ET + DECIGO is

comparable or even higher than ET alone. This is because the signal-to-noise ratio

(SNR) of BNS GW detection with DECIGO is higher than that of ET, as can be seen

°The SNR for a sky-averaged BNS at z = 2 with ET is 4.5 which may be smaller than the
detection threshold SNR, though the latter may be reduced if we have additional information from
DECIGO for multi-band observations (see e.g. [238] for related work).
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Figure 4.2: The BNS merger rate per unit redshift (R(z)) and the accumulated
number of events up to a given redshift (f; R(z)dz) as a function of z.

from Fig. 4.1. Thus, DECIGO can detect GW signals from BNSs whose signals can
also be detected with ET. Moreover, since DECIGO will be able to give a precursor
alert to ET, the detection SNR threshold may be lowered (as we explain in footnote 5),
which will increase the rate compared to the case with E'T alone.

Given that various cosmological observations, including cosmic microwave back-
ground (CMB), baryon acoustic oscillation (BAO) and supernovae, measured cosmo-
logical parameters with some errors, one can impose prior on such parameters for our
Fisher analysis. For simplicity, we impose Gaussian priors with standard deviation
021- for each parameter. The Fisher matrix for BNSs with redshift identification due

to EM counterparts is given by,

frlem) _ aemﬂ(;m) +

v

(4.37)
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Here aipy, is the fraction of total BNSs with which the redshifts are identified through
their EM counterparts [165]. One can further add BNSs whose redshift is identified

through the tidal measurement of GWs as

5o

FEF) - (1 — g ) B 4 e FE™ 4 (4.38)
ij em)g; em='j; 02
(Upz‘)
The 1-0 root-mean-square error on p’ can be estimated as
Ap' =\ (F)s. (4.39)

We end this section by describing the fiducial values and priors for p’. For the
former, we use Hy = 67.64km s 'Mpc™!,Qy = 0.3087,wy = —1,Z, = 1. This
corresponds to the ACDM model in GR with the first two parameter values being the
best-fit values from CMB, BAO and supernovae observations [112]. For the prior, we
use [112]

(02,00, Ot 11y Oty ) = (00,0.0535,0.018,0.039), (4.40)

which is obtained from the same datasets as those for the above fiducial values.
4.5 Results

We now present our main results. We first show the measurability of redshift with
GW observations. We next use this to compute the measurability of the modified
GW propagation parameter =, and cosmological parameters. We finally map the
projected bounds on = to those on example theories within the Horndeski class and

example phenomenological models.
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Figure 4.3: The fractional uncertainty of the redshift as a function of the source
redshift with ET and multi-band GW observations (with a 3-yr observation for the
latter). We present the results for SLy (soft) [232], MPA1 (intermediate) [233] and
MS1 (stiff) [234] EoSs. Notice that the uncertainty is insensitive to z and is larger
for softer EoSs.

4.5.1 Redshift Inference

We begin by showing the measurement accuracy of z with GW observations using ET
and multi-band (ET + DECIGO) detections in Fig. 4.3 for the three representative
EoSs. Observe that the redshift can be measured to O(10%) and is insensitive to the
BNS redshift. Notice also that the measurability of z increases as the EoS becomes
stiffer. This is because the NS radius becomes larger, and the tidal effect in turn
becomes stronger. We further see that the multi-band detection improves the mea-
surability of z from the case with ET alone by ~ 50%. The result for ET in Fig. 4.3

is consistent with that in [195]. The difference originates from using e.g. different
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point-particle waveforms (IMRPhenomD v.s. Taylor F2) and tidal effects (5 and 6PN

v.s. NRTidal fit).
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Figure 4.4: Various sources of the luminosity distance measurement uncertainties in

Eq. (4.32) as a function of the BNS redshift. We use the SLy EoS and assume
multi-band observations (with a 3-yr observation time). Notice that the redshift

uncertainty dominates the error budget throughout.

Before showing bounds on =, let us first present in Fig. 4.4 different errors on the

luminosity distance (Eq. (4.32)) in the second Fisher matrix F;;. We chose SLy EoS

and the multi-band observation. Notice that the error propagated from the redshift

measurement in Fig. 4.3 dominates the other two errors (direct measurement of d%"

from GWs and the lensing) for both ET alone and multi-band observations. On the

other hand, when there is an EM counterpart, the error from redshift is negligible

and it is the lensing (direct luminosity distance measurement) error that gives the

dominant contribution for multi-band (ET alone) observations.
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4.5.2 Constraints on GW propagation parameter =

Having the redshift measurability at hand, we next present the measurability of the
modified GW propagation parameter =y. Figure 1.2 in executive summary Sec. 1.1.3
presents such a measurement error on =, for n = 2.5 against the fraction a., of
the redshift identification of BNSs through EM counterparts for ET and multi-band
observations. We show the results using BNSs with EM counterparts only (whose red-
shifts are identified), and combining BNSs with and without the counterparts. We
chose the SLy EoS and an observation time of 3 yrs for DECIGO in the multi-band
observations (see Appendix B for how the results change with a different choice of
EoSs and observation time). Notice first that the addition of BNS events without
EM counterparts improves the measurability of =y from the case with EM counter-
parts alone by a factor of a few. Notice also that for the combined case, BNSs with
EM counterparts have a noticeable contribution when e, = 0.1 for ET alone and
Qem 2 0.01 for multi-band observations (where the red curves drop). Furthermore,
when ae, ~ 1 (i.e. most of BNSs have EM counterparts), multi-band observations
significantly improve the bound on = from the case with ET alone. This is because
when g, ~ 1, the error budget in the luminosity distance measurement is different
between ET and multi-band cases as already explained in Sec. 4.5.1 and in Fig. 4.4.

Next, Fig. 4.5 presents the measurability of =y against the index n in the luminos-
ity distance ratio expression (Eq. (4.3)) for a multi-band observation with combined

BNS events (both with and without redshift identification through EM counterparts)
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for Qtem = 2 x 1073 6. We show the results for the three representative EoSs. Notice
first that the measurement error of =, is mostly insensitive to n and varies only by
~ 20%. Notice also that the error decreases for stiffer EoSs (MS1), which is consistent

with the measurement error of z in Fig. 4.3.

o, =0.002
— SLy
— MPAI1
— MSI1
1071 ]
SO )
[1]
4 i ]
| | |
1 2 3 4
n

Figure 4.5: Measurability of =, against the index n in the modified GW luminosity
distance in Eq. (4.3) for three representative EoSs. We consider a multi-band
observation with combined BNS events with and without EM counterparts. We fix
the fraction of BNSs with EM counterparts as cem = 2 x 1072, The observational
time is 3 years. Observe that the measurability is not very sensitive to the choice of
n.
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Figure 4.6: (Top) Projected bounds on parameters in the HS f(R) gravity (| frol)
and Brans-Dicke theory (|d¢|) as a function of the fraction aey, for redshift
identification through EM counterparts. We present the bounds for the following
two cases: (i) GW observations of BNSs with ET where the sources’ redshifts are
identified through EM counterparts only (dashed), and (ii) multi-band GW
observations of BNSs whose redshifts are identified through either EM counterparts
or GW tidal effects (solid). For each case, we show the bounds for two choices of the
positive index n. We assume 3-year observations and the SLy EoS. The dashed
vertical line at aie, = 2 x 1073 [165] corresponds to an example value for the
fraction of BNSs with redshift identification. (Bottom) A similar bound on the
phenomenological ay models in Egs. (4.11) and (4.12).
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4.5.3 Mapping to Horndeski Theories

Finally, we consider mapping the bounds on the modified GW propagation parameter
Zo to those on scalar-tensor theories and phenomenological models. The top panel
of Fig. 4.6 shows bounds on the HS f(R) gravity |fro| and Brans-Dicke theory |d¢y|
as a function of a., for various choices of the positive integer n. Observe that the
addition of BNSs with redshift identification through tidal measurements and the use
of multi-band observations improve the bounds on these theories from the case with
ET observations of BNSs with EM counterparts by a factor of 2-10. Observe also
that the bounds are insensitive to a variation in 72, especially for the multi-band case.

Similarly, the bottom panel of Fig. 4.6 presents bounds on a9 in the two phe-
nomenological models mentioned in Sec. 4.2.2.2. Notice that the amount of improve-
ment on the bounds with the addition of BNSs without EM counterparts and multi-
band observations is similar to those on scalar-tensor theories in Fig. 4.6. Notice also
that the variation in 7 is larger for this case than that for scalar-tensor theories in

the top panel.

4.6 Conclusion

In this chapter, we considered using GWs from BNS mergers both with and without

EM counterparts to probe a modified GW propagation effect in the amplitude due

6The fraction cem = 2 x 1072 is derived for short gamma-ray bursts assuming that 2% of them
points to us and only 10% of them can have measurable redshift due to noisy spectrum, dimming
at high redshift, etc. [165]. This fraction can be larger for other sources, such as kilonova, or if we
take into account off-axis emission.
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to a modified friction in the tensor perturbation evolution. For the events without
EM counterparts, we use the tidal information to break the degeneracy between
the redshift and the mass [195]. We found that by including BNSs without EM
counterparts and using multi-band GW observations between ET and DECIGO, one
can improve the measurability on the modified GW propagation parameter =, by
a factor of a few compared to the case with ET observations of BNSs with EM
counterparts that has been studied previously. We further mapped these projected
bounds on = to those on specific non-GR theories and phenomenological models.
For example, we found that a parameter in an f(R) gravity can be constrained to
|frol < 1072 These findings show the impact of using the tidal information and
multi-band observations to probe a modified GW propagation (or modified friction)
effect entering the waveform amplitude.

We end by presenting possible directions for future avenues. One could improve
the analysis here by carrying out a Bayesian parameter estimation study (instead of
a Fisher analysis) and drawing BNSs from a population model to allow for different
parameters (like masses). One should also relax the sky-averaged assumption and
account for sky location and orientation of a BNS. This could be important given
that there was a strong correlation between the luminosity distance and the inclina-
tion angle for GW170817 [62]. However, in Appendix D, we carried out an additional
analysis by relaxing the sky-averaged assumption for DECIGO and showed that in

most cases, the measurement error for the luminosity distance is still smaller than
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that from the redshift measurement. This suggests that the result presented here
with the sky-averaged analysis should not change much for multi-band observations,
even if one accounts for the correlation. It would be also important to take into
account systematic uncertainties due to imperfect knowledge of the EoS and certain
universal relations may help to break the degeneracy among various tidal param-
eters 63,104, 182,241, 242|. Lastly, one could also attempt to combine the tidal
method presented here with other approaches that do not require EM counterparts,
such as correlating dark sirens with galaxy catalogs [116,243,244] or using the known

NS mass distribution [245,246].
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Chapter 5

Constraints on EdGB gravity from
black hole-neutron star GW events

5.1 Introduction

In this chapter, we derive new bounds on EdGB gravity through GWs from NSBH
binaries. Some forecasts on constraining the theory with such systems were made in
[247] based on a Fisher analysis. The authors showed that the existing bounds can be
improved further for NSBH binaries with a sufficiently small BH mass. We here derive
new bounds through a Bayesian analysis using GW200105 and GW200115 [248]. We
also consider GW190814, which is consistent with BBH or NSBH, and find bounds on
EdGB gravity for the BBH and NSBH assumptions separately. We perform Bayesian
inference to analyze the above events by adopting IMRPhenomXPHM waveform [249-
251] (a phenomenological inspiral-merger-ringdown waveform for precessing BBHs in
GR) as our base GR waveform and include EAGB corrections to the inspiral phase.
We set a high frequency cutoff as fiign = 0.018/M [252] (for the total mass M in a

unit of second) on the strain data, since the EAGB modifications to the waveform
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within the PN expansion is only valid for the phase at the inspiral stage. We also
carry out independent Fisher analyses for cross-checking the results.

We improve previous analyses by deriving and including EdGB corrections to the
waveform phase to higher PN orders. Recently, Shiralilou et al. [253,254] derived the
waveform valid to 1PN order higher than the leading tensor/scalar non-dipole and
scalar dipole emission respectively. We update this by taking the waveform in scalar-
tensor theories (in the Jordan frame) valid to 2PN relative to the leading for each
of dipole and non-dipole contributions [255]. We apply a conformal transformation
in scalar-tensor theories to go from the Jordan frame to the Einstein frame, find the
mapping between the scalar fields in scalar-tensor theories and EAGB gravity, and use
the scalar charges for BHs and NSs in the latter theory. We checked that this correctly
reproduces the leading —1PN correction in EAGB gravity known previously [120,134].

This chapter is organized as follows. We first review EAGB gravity and corrections
to the waveform phase in Sec. 5.2. We next explain in Sec. 5.3 two methods of data
analysis adopted in this work, namely Bayesian inference through MCMC and a Fisher

analysis. In Sec. 5.4, we present our results and conclude in Sec. 5.5.
5.2 Einstein-dilation Gauss-Bonnet gravity

Let us first review EdGB gravity within the context of sGB theory and explain cor-

rections to the gravitational waveform from GR.
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5.2.1 Theory

We begin by presenting the action for sGB gravity [130-133]:

5= [ o735 = 5V + acaf (O1R%n| + S (5.1

Here g is the determinant for the metric g,,, R is the Ricci scalar, ¢ is a scalar field,
Qg 18 the coupling constant between the scalar field and the metric, S,, is the matter

action, and

Rén = RuopR"7" — 4R, R + R?, (5.2)

is the GB invariant. f(¢) is an arbitrary function of the scalar field that determines
how it is coupled to the metric. EAGB gravity is realized by choosing f(¢) = e™7¢
for a constant . As shown in [256,257], this theory can be written in a second-order,
hyperbolic form that is well-posed for numerical relativity evolution within a range
of parameter space.

String theory predicts even higher-order curvature terms in the action that we do
include in the analysis. To justify this and treat the theory as an effective field theory,
we work in the small coupling approximation scheme (or reduced-order scheme) where
we assume that the GR contribution is dominant and handle EAGB corrections as

small perturbations. In particular, we define a dimensionless coupling constant

_ 16ma?,

(=g, (53)

where L is the characteristic length of the system and assume ¢ < 1. This technique
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has been used to find scalar charges of compact objects [81,134,258]|, corrections to
the GW phase at the inspiral stage [134], and to carry out numerical simulations of
BBH mergers [259).

Let us study the theory within the small coupling approximation scheme in more
detail. We perturb field equations in ag and solve them order by order. Then,

¢ = O(agp) and one can expand f(¢) in small ¢ as:

f(@) = f(0) + f'(0)¢ + O(¢7) . (5.4)

The first term is a constant and this does not change the field equations from the
GR ones as the GB invariant is a topological term and can be rewritten as a total
derivative. Thus, the leading effect comes from the second term where the scalar field
is linearly coupled to the GB invariant. For this reason, we consider the following

action in this work:

R 1
S = /d4$\/ —g lm—w — §(V¢)2 + aGB(bR%}B + Sm, (55)

where we have absorbed f/(0) into a¢p. In this theory, BHs can have non-vanishing
scalar charges [81,134] while NSs do not [258|.

Current astrophysical bounds on /agp are summarized in Table 1.3 in the execu-
tive summary section. Besides these, one could use electromagnetic radiation emitted
by gas or stars orbiting BHs. For example, simulations of the reflection spectrum of
thin accretion disks with present and future X-ray missions show that current mis-

sions cannot distinguish BHs in GR and those in sGB gravity, while next-generation
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missions may be able to distinguish them [260]. Another possibility is to use Solar
System experiments, though they are weaker than the astrophysical bounds in Table
1.3 by six orders of magnitude [131,261] as the curvature of spacetime in the vicinity

of the Sun is much smaller than that of BHs and NSs.

5.2.2 Gravitational Waveforms

We next find EAGB corrections to the gravitational waveform phase. Given that most
of the signal-to-noise ratios (SNRs) for GWs from NSBHs and (small mass) BBHs
come from the inspiral portion, we focus on the inspiral stage in our analysis. The
leading correction to the phase at the inspiral stage enters at —1PN order due to the
scalar dipole radiation and was derived in [131]. Some of the higher PN corrections
were recently derived in [253,254]. Here, we identified even higher PN corrections
using the waveforms in scalar-tensor theories [255] (see Appendix E for details of the
derivation).

Within the stationary phase approximation [262,263|, the waveform in the Fourier

space is given by:

hf) = A(f)exp i W(f)],  W(f) = Per(f) +0U(f). (5.6)

Here A(f) is the amplitude, Wqy is the GR phase, and the EAGB correction to the

phase ¥ (up to O(a?,)) is given in a form

2
oV = ZCS\I’iPN = % Z c vt (5.7)
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Here v = (mM f)Y/? is the relative velocity of the binary constituents with GW fre-
quency f and the total mass M = mj 4+ msq, where m; and my are the masses of the
primary and secondary objects of the system. The coefficients ¢; up to 2PN order can
be found in Appendix E. We note that corrections at 1.5PN and 2PN terms contain

terms that have not been computed yet and are thus not fully complete.

5.3 Data Analysis

In this project, we carry out two independent analyses to find constraints on /ogg.
The first method is an MCMC analysis based on Bayesian inference by using the
publicly-available GW data. The second method is a simpler Fisher analysis that
can be used to obtain rough bounds on /agg to cross-check the results from the first
method.

Which GW events shall we consider? Since the EAGB corrections to the phase
are proportional to a2, /M*, such corrections become larger for systems with smaller
total masses. If the data is consistent with GR, this translates to a stronger bound on
EdGB gravity. Furthermore, the leading scalar dipole radiation is proportional to the
square of the difference in the scalar charges between two objects. This means that
we expect to find stronger bounds on /gy for systems with smaller mass ratios (¢ =
ma/my < 1). For these reasons, we will consider the two NSBH events, GW200105
and GW200115, from O3a, (whose total masses are 10.9M and 7.1M, and mass
ratios are 0.22 and 0.26, respectively [248,264]). We also employ GW190814 [265]

whose mass ratio is small (0.11) and the secondary mass is mg &~ 2.6 M. The system
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is consistent with both BBH and NSBH, though the probability of an NS with 2.6 M,
may be small [266-268]. Given the uncertainty in the nature of the secondary object,
we consider both possibilities of GW190814 being a BBH and an NSBH. We also use
GW151226, a BBH with a relatively small mass, to check our results against those

found previously [126,127].

5.3.1 Bayesian Inference

To unveil the basic information of compact binary systems behind GW events, one
usually makes use of a reliable method — Bayesian inference [269,270]. According to
the Bayes’ theorem, a posterior probability p(?|d, H) on parameters 9 from data d

under a given hypothesis H is given by:

pd|9, H) p(I|H)  p(d]I,H) p(I|H)

p(dd, H) = p(d|H) - [ d¥ p(d|9,H) p(9|H)

(5.8)

Here p(d|¥,#) is the likelihood function while p(®¥|#) is the prior on 9. With a
stationary Gaussian noise, the log-likelihood function log p(d|¥, H) can be expressed

as:

log (], H) = log & — 5 3™ (ds — hi(9)ldi — hu(9)). (59)

where the index k refers to different detectors and log @ is the normalization factor
while dy and hg(¥) are the data and waveform templates from given detectors. The

inner product between complex functions a and b is defined as:

fhigh a* &
(a(t)[b(t)) = 2 /f ()b (fg;( f)( LACON (5.10)
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Here x refers to a complex conjugate, S, (f) is the power spectral density (PSD) of
given detectors, fio is the low frequency cutoff of GW data (to be explained later),
and fuign = 0.018/M [252] is the approximate maximum frequency at the inspiral
stage. Notice that fpig, is not a fixed number, but varies among different MCMC
realizations.

For our analysis, the parameters are those in GR plus the EAGB coupling constant

aGB

9= (M> q,ai, az, 917 927 ¢1a ¢27 «, 57¢7 L, ¢ref7tca dL> V aGB) . (511)

Here M = (mimy)3/°/M*'/? is the detector frame chirp mass, ¢ = my/my(< 1) is the
mass ratio, a4 are the dimensionless spin magnitudes while (64, ¢ 4) are the polar and
azimuthal angles of the spin angular momentum of the Ath body, («,d) are the sky
location of the binary (right ascension and declination), 1 is the polarization angle of
GWs with respect to the earth-centered coordinates, ¢ is the inclination angle of the
binary’s orbital angular momentum relative to the detector’s line of sight, ¢, is the
reference phase at the reference frequency, t. is the coalescence time, and dj, is the
luminosity distance.

We find posterior distributions on all parameters 9 for GW events taken from
Gravitational Wave Open Science Center (GWOSC) [271] as follows. We perform
MCMC samplings through the PyCBC package [272,273] and emcee pt sampler [274]
with 500 walkers and 3 temps. We analyze 32s of data for GW200105 and 64 s of data

for GW200115. Regarding the low frequency cutoff, we set fi,w, = 20 Hz except for
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LIGO Livingston for GW200115, where fi,, = 25 Hz was used to avoid some excess
noise localized at low frequency [248]. Regarding priors, we assume a uniform dis-
tribution on \/ags with [0, 5] km for GW200105, GW200115 and GW190814 (BBH),
and [0, 15 km for GW190814 (NSBH). As for spin priors, we adopt isotropic spin
distribution on (64, ¢4) with a high-spin prior on the magnitude, a; and ay < 0.99,
for all of the MCMC analyses.

For the base waveform model in GR, we adopt IMRPhenomXPHM (that is also
used in [168]) from LALSimulation package [275], which is a phenomenological model
in the frequency domain that includes spin precession and higher order multipole radi-
ation modes. As the (I,m) = (3, 3) mode is found to be non-negligible for GW200105,
GW200115, and GW190814 [248,265]|, we include this mode with corresponding EAGB
corrections in these events while we only consider the dominant (I,m) = (2,2) mode
for GW151226. We adopt IMRPhenomXPHM model that was constructed for BBHs.
As for NSBHs, the tidal effects were found to be negligible [248] for the events con-

sidered in this work, and thus it is safe to adopt the same waveform model.

5.3.2 Fisher analysis

We next explain the second method for the data analysis, namely the Fisher infor-
mation matrix (FIM) method [262,276-278|, which is valid when the SNR is large
and the noise is stationary and Gaussian. FIM is previously used and introduced in
Chap. 4. To minimize repetitive referencing, a brief explanation of this technique was

provided.
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We begin by expanding the log-likelihood function at the maximum likelihood

point 9™ for a given hypothesis H:

1
log p(d|9, H) o —3 ; (dy, — hi(9)|dy, — hi(9))
1 . .
x5 ST A9 A (5.12)
k

where A9 = 95ML — 9% is the error of a given parameter relative to the value at the
maximum likelihood point and Fgf) is the FIM evaluated at the maximum likelihood

point ML

) _ [ Oh(9) | Oh(®)
i 99 | 09I

k

9IML

where the inner product is given in Eq. (5.10) with the power spectral density S
for the kth detector. Notice that the elements of FIM are partial derivatives of
the waveform template with respect to given parameters. Similar to the Bayesian
inference, one can introduce a prior to find the posterior distribution on 9. We

follow [279] and impose a Gaussian prior, for simplicity, with a standard deviation

(0)

o, on each parameter. FIM then becomes

1
9

The inverse of the FIM is an estimator of the error covariance matrix ¥;;. The
standard error is the square root of the diagonal elements of the covariance matrix.

For a given parameter 19, the standard error can be expressed as:
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VI(007)2) = /3, Sy = (f‘l)ij . (5.15)

Regarding the base waveform in GR, we follow [120] and use IMRPhenomD instead
of IMRPhenomXPHM that was used for the Bayesian inference analysis (as explained
in Sec. 5.3.1). The former is a simpler version of the latter in the sense that it is valid
only for spin-aligned systems (i.e. no spin precession) and includes only the dominant
mode. This simplification is justified as we only use the FIM analysis to cross-check
the results from the Bayesian inference, which is more robust. Moreover, Perkins et
al. [127] showed that the difference in the waveform models between IMRPhenomPv2
(a precessing model similar to IMRPhenomXPHM but only includes the dominant
mode) and IMRPhenomD changes the bound on /aqg only by ~ 20%. For simplicity,
we use a sky-averaged waveform (and rescale the amplitude so that the SNR matches

with the observed one) and the parameters for this second method are as follows:
9= (M7Q7&17a27¢refatcadlnag;B) : (516)

Notice that we take a2, as our EAGB parameter instead of \/ags. This is because
the former is what enters directly in the waveform and if one chooses to use the
latter, the Fisher matrix becomes singular when we take the fiducial value as agy = 0
(for the fiducial values of other parameters, we use those reported by LVC and set
Gret = t. = 0). We impose a Gaussian prior [279] with the standard deviation of

Oa, = 0q, = 1 and oy, = 7.
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GW200105 GW200115 GW190814 GW151226

combined
NSBH NSBH NSBH BBH BBH
4.19
Fisher 1.55 0.91 7.39 0.90 0.59
(2.51 [127])
0.37 3.43
Bayesian 1.90 1.33 2.72 1.18

(0.4 [168]) (4.4 [127])

small coupl.
4.40 2.94 114 1.27 3.81 —

limit

Table 5.1: Constraints on /s [km| at 90% credible level with Fisher analysis and
Bayesian inference from selected NSBH and BBH events. For GW190814, we
consider both NSBH and BBH possibilities due to the uncertainty in the nature of
the secondary object. These constraints are derived by using the leading phase
correction at —1PN order, which are improved by approximately 7-15% if we
include higher PN corrections. Our results for GW190814 (BBH) and GW151226
are consistent with those found in previous work shown in brackets. The last
column shows the bound by combining posteriors from GW200105, GW200115,
GW190814 (NSBH), and the combined posterior from selected BBHs from GWTC-1
and GWTC-2 catalogs obtained in [127]. The last row shows the upper limits on
/@ that is valid within the small coupling approximation (Eq. (5.17)). Observe
that all the bounds from the Fisher and Bayesian analyses are within these upper
limits, showing the validity of our results.

5.4 Results

5.4.1 Leading Correction

We now present our results. Constraints on /ags from various GW events with
Bayesian and Fisher analyses are summarized in Table 5.1'. Here, we only included

the leading —1PN correction to the waveform phase. Observe that the bounds from

INotice that there are some differences in Bayesian and Fisher analyses, such as the waveform
modeling (PhenomXPHM vs IMRPhenomD), sGB parameter (y/a g vs aZ,) and its prior (uniform
vs Gaussian). This may explain why Fisher bounds are weaker than the Bayesian ones in some cases.
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the two analyses for each GW event agree within a factor of ~ 3. Since the phase
corrections are derived within the small coupling approximation, we need to check
whether the bounds presented here satisfy this approximation. Following [127], we
require

2

167r0;§f <0.5, (5.17)

where m is the smallest length scale in the binary. We choose m = mgy (the mass
of the smaller BH) for BBH while m = m; (the mass of the BH) for NSBH?. We
present in Table 5.1 the upper limit on ,/ags that satisfies the above bound. Notice
that all the Fisher and Bayesian bounds satisfy the small coupling approximation
and thus are reliable. Notice also that our Fisher and Bayesian results for GW151226
and GW190814 (BBH) are consistent with those in [127,168]>. Our results are also
roughly consistent with the forecast made in [247] for bounds on /ags with NSBHs
derived through a Fisher analysis. For example, the bound for a BH mass of 8\
and an SNR of 8 (similar to GW200115 where the BH mass is 5.7M and an SNR of
11.4 [248]) was found to be /oGy < 0.4km with advanced LIGO’s design sensitivity
which has a slightly different shape for the noise curve than that with O3 detectors.

The most stringent constraint comes from GW190814 (BBH) though the event is

still consistent with NSBH and thus such a bound may not be robust. The reason why

the bound on /agg is stronger for BBH than NSBH for GW190814 can be understood

2For simplicity, we use the mass estimates found by LVC assuming GR while Ref. [127] used the
median values of the masses from posterior distributions including /agg.

3Perhaps a small discrepancy in the results for GW190814 (BBH) is due to the fact that we vary
the coalescence time ¢, in our Bayesian inference while it seems that Ref. [168] fixed this parameter
(at least the posterior distribution on this parameter is not shown in Appendix A of [168]).
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Figure 5.1: Posterior probability distributions for /oy from selected GW events.
We also show an upper bound on /ags at 90% credible level for each event as

vertical lines, which indicates the result is consistent with GR. The posteriors are
found by including only the leading EAGB correction to the phase at —1PN order.

as follows. First, notice that the leading correction to the phase is proportional to
(m2sy — m3s1)?/M* (see Eq. (E.7)). Second, let us consider the case m; > my for
simplicity. In this case, we find ¢_; o 1 for BBH while ¢_; o< ¢* for NSBH (the scalar
charge s, is 0 for an NS). Thus, the EAdGB correction can be much larger for BBH
than NSBH.

Besides constraints from the events GW151226 and GW190814 (BBH) which have
already been derived in the previous works [127,168|, we here derived bounds from
NSBHs (GW200105, GW200115, and GW190814) for the first time. We present
the posterior distributions for /agp for these events in Fig. 5.1. The bound from

GW200115 is \/ags S 1.33km, which is stronger than the bound obtained in [127]
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by stacking several BBHs from GWTC-1 and GWTC-2 catalogs (y/ags S 1.7km).
Observe that the posterior distributions are quite different from Gaussian centered at
Ve = 0, which partially explains the difference between the Fisher and Bayesian
results (see also TABLE II, FIG. 2, and FIG. 3 in [127]).

Furthermore, we derive combined bounds by multiplying normalized posterior his-
tograms on /agp” from GW200105, GW200115, GW190814 (with the NSBH assump-
tion that gives us a more conservative bound), and combined BBH bounds in [127].
We found a stringent bound of /ags < 1.18km through the Bayesian analysis as

shown in Table 5.1 and Fig. 5.1.

5.4.2 Effects of Higher PN Corrections

We next study the effect of higher PN corrections to the waveform phase by including
PN corrections up to 2PN as presented in Appendix E. Perkins et al. [127] carried
out a similar analysis though such higher PN corrections were not available at that
time. Thus, the authors considered three different ways to parameterize the unknown
OPN correction (which is 1PN higher than the leading —1PN correction) based on the
functional forms at 1PN order in GR and the leading —1PN EdGB corrections. They
then marginalized over such a parameter and concluded that higher PN corrections
do not affect the results much and the bounds derived with the leading correction are
robust. We check this outcome by using explicit forms of the higher PN corrections

in EAGB gravity.

4This corresponds to the second method discussed in Sec. IIIE of [127] for obtaining combined
bounds.
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Figure 5.2: A comparison of the posteriors on /agg from the leading —1PN
correction and those including higher PN corrections (up to 2PN) for GW200105
(top) and GW200115 (bottom). Observe that the 90% upper bounds on /a, are
improved by 14.5% for GW200105 and 6.9% for GW200115, respectively.
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Figure 5.3: Posterior probability distributions for the EAGB coupling constant
V/@ag, the chirp mass M, and the mass ratio ¢ from GW200105 (left) and
GW200115 (right). We compare the marginal posterior distributions for the case
with the leading EAGB correction at —1PN order (blue) and the case including
higher PN orders up to 2PN (orange). The purple-shaded regions indicate the
posterior probabilities of the latter case, and the solid lines represent the 90%
credible regions for the two cases. The vertical dashed lines show the one-sided 90%
confidence interval for |/ags and the two-sided 90% credible intervals for M and gq.
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Figure 5.2 presents posteriors on \/agg for GW200105 and GW200115 with and
without higher PN corrections, while Fig. 5.3 shows corresponding corner plots on
V@cp, M and ¢. Notice that the inclusion of the higher PN corrections does not
affect the posteriors much, especially for GW200115. The 90% credible upper bound
on /agg improves from the case with the leading correction by 14.5% for GW200105
and 6.9% for GW200115 respectively. These findings are consistent with those in [127]
and a very recent work [280] that investigated the improvement one obtains when

including higher PN order terms.

5.5 Conclusion

In this chapter, we derived bounds on EAGB gravity using GWs from NSBH binaries.
Using the leading PN correction, we found /ags < 1.33km as a 90% credible limit
from GW200115, which is stronger than the bound in [127| found by combining
selected BBHs from GWTC-1 and GWTC-2 catalogs. We also derived combined
bounds by stacking posterior distributions on /agg from GW200105, GW200115,
GW190814 and the combined posteriors from selected BBHs in [127], and found
Vs S 1.18km. We further derived higher PN corrections in the waveform phase
up to 2PN order from the results in scalar-tensor theories [255]. Using these, we
improved bounds on /agp for GW200105 and GW200115 from the case with leading
PN correction alone by 14.5% and 6.9% respectively.

The analysis carried out here can easily be extended to probe other theories of

gravity. We looked at constraining dynamical Chern-Simons gravity [281|, which



Chapter 5. Constraints on EAGB gravity from black hole-neutron star GW events116

is a parity-violating quadratic gravity whose leading PN correction to the phase is
derived in [282]. Similar to the case with BBHs [120, 126, 127], we were not able to
find meaningful bounds that satisfy the small coupling approximation. For future
work, one could consider e.g. sGB gravity with the coupling function f(¢) oc ¢* or

f(¢) o< 1 — e %" that admits spontaneous scalarization of BHs [142,144].



Chapter 6

Tests of gravity with GWs through
machine learning

6.1 Introduction

In this chapter, we investigate accelerating the Bayesian inference (especially for the-
ories beyond GR) on GW strain data, facilitated by the use of neural networks.
Machine-learning techniques, particularly artificial neural networks, are a promising
avenue for enabling this necessary speed-up in the analysis. Neural networks, which
are flexible function approximators, can be trained to optimize a loss function by
tuning millions of parameters using stochastic gradient descent. These networks can
approximate extremely complex functions, and since functions can parametrize con-
ditional distributions, neural networks can be used to model posterior probability
distributions for physical parameters from GW data. After training these networks
on GW data, they can be run on new data to produce accurate estimates of the pos-
terior probability distributions in a fraction of the time a stochastic sampler would

take. There have recently been several efforts to speed up parameter estimation by
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using such neural networks within GR [157-160].

One key observation made in the field [157,158,160| is that, while the network
is able to learn posterior distributions, it is not necessary to obtain posterior sam-
ples during training. By applying Bayes’ rule, training of a neural network can be
done using only samples from the prior and the likelihood. This method, known as
the likelihood-free inference, does not require any likelihood evaluations, making it
a faster and more efficient approach compared to those that do require these evalu-
ations. This technique is especially useful in cases where it is time-consuming and
computationally expensive to derive posterior samples and evaluate the likelihood.
A very promising approach of the likelihood-free inference is achieved by introducing
a latent variable and performing a variational Bayesian inference, implemented by
using the variational autoencoder framework [283,284|. Gabbard et al. [158] first
applied a conditional variational autoencoder (CVAE) to GW parameter estimation
and successfully reproduced results from classic sampling methods with significantly
less time.

Our main goal in this project is to build from these initial successes in GR and
to train a neural network to perform GW data analysis in theories beyond GR. With
these machine-learning techniques, we expect to be able to explore a larger parameter
space of these theories than those considered by most previous studies. This will give
a more accurate representation of how well beyond-GR theories can be constrained

with GWs. The new analysis will also provide a more efficient framework for searching
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for deviations from GR that may start to appear in the data once current (and
future) detectors begin their operation with a sufficiently improved sensitivity that
some of the subtle effects currently hidden in the noise begin to emerge from these
instrumental backgrounds. Our work is still underway, with the latest objective of
reproducing the GR inference results presented in [160].

This chapter is organized as follows. In section 6.2, we describe the basic neural
network model, CVAE, for the parameter estimation. In section 6.3, we discuss some
preliminary results we found with CVAE and the model’s drawback. In section 6.4, we
briefly discuss how to tackle this drawback through the use of normalizing flows [160].

We will also summarize our current progress and future directions in this section.

6.2 Conditional Variational Autoencoder (CVAE)

Variational autoencoders (VAEs) have emerged as one of the most popular approaches
to unsupervised learning of complicated distributions and were shown to perform well
when applied towards high-resolution synthetic image generation [285], computational
imaging inference [286], predicting future from static images [287] and so on. The
"C" added in front of "VAE" stands for "conditional", which means that the output
conditions on certain latent distributions are modelled by Gaussian distributions. A
CVAE can learn a compressed representation (or latent space) of high-dimensional
data such as images, audios, or texts. However, in addition to the data, a CVAE
can also take a set of conditions as input, allowing it to generate samples that are

conditioned on specific attributes or characteristics. As a variational inference tech-
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nique, CVAE is well-suited for function approximations and promises faster results

than current sampling approaches.

6.2.1 Loss Function

For all neural network models, the central goal of their training is to minimize a
pre-defined loss function, characterized by the features we wish the network to learn.
Let us first begin by discussing the construction of loss functions in CVAE suitable
for posterior inference of a GW strain data.

As mentioned in Chapter 5, the objective of GW parameter estimation is to as-
certain the physical parameters responsible for generating the detected strain data in
the detectors, which is achieved through Bayes’ theorem. Assuming a prior distribu-
tion p(x) of system parameters x, and strain data y conditioned on z has a likelihood

model p(y|z), the posterior distribution would be

ply | 2)p(z)

() (6.1)

plr|y) =

The goal for CVAE is to generate a distribution ry(x | y) that is equal to the true
posterior distribution p(x | y) given by a Bayesian sampling. This goal can be achieved

by minimizing the cross entropy, defined as,

Hpr) = / dz p(z | ) logra(x | 9). (6.2)

This quantity becomes minimum when the two distributions are equal. To be more

specific, we wish to make 7r4(z | y) as similar as possible to the target for all possible
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measurements y, which makes the target loss function to be

H=—E,, [ [ dovte | 1ogmte )|, (6.3)

where Ep,)[-] represents taking the expectation value over the distribution of y. Then,
by converting the expectation value into an integral weighted by y and using Bayes’

theorem, we have

H=— / drp(z) / dyp(y | ) logro(z | 1), (6.4)

where p(z) is the prior distribution on = and p(y | x) is the likelihood.
In CVAE, the distribution ry(z | y) is constructed through a latent variable z [286]

as

e [9) = [ dero, (| wra(a | 5.2) (©5)

Here rg, (2 | y) is called the encoder network, while rg,(x | y, 2) is the decoder network
(A1 and 6y represent the trainable parameters in the networks). It has been shown
in |288] that simply minimizing H over #; and 6, is an intractable problem, and
a network cannot be trained to directly perform the task. A recognition function
4s(2 | ,y) is needed to derive an evidence lower bound (ELBO) for the loss function.
Thus, instead of minimizing the loss function, we will minimize the ELBO instead.
Before we derive the ELBO for H, let us first define the Kullback-Leibler (KL)

divergence. This divergence is a type of statistical distance that measures how one
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probability distribution is different from a second, reference probability distribution.
Then we could write the KL-divergence between the recognition function and the

distribution r¢(z | x,y) as

KLGs(e Lol Lol = [ dsante [ ton (B2 (o)

As derived in [158], the quantity logrg(x | y) could be written in terms of a KL-

divergence and an ELBO term as follows,

ogra(e | ) /dzq¢(z o) [log (7’92(1’ |y, 2)re, (2 | y)> +log (M)}

4(2 | 2,9) ro(z [ 2, y)

= ELBO + KL [g4(2 | ,y)lro(2 | z,y)].
(6.7)

Since the KL-divergence is non-negative, we have
logrg(x | y) > ELBO . (6.8)

The ELBO term could be further expressed as a reconstruction loss term L and

another KL-divergence between g4 and 74,

L KL

. .

H<- / dzp(x) / dyp(y | ©)[Eqgy i) 10870, (x | 2,9)]—KL [gs(z | 7, 9)|| | 7o, (2 | 9)]]-

(6.9)

In practice, Eq. (6.9) could be approximated as a sum over a batch of N, draws from

the prior p(x), the likelihood p(y | ) and the recognition function gy.

Ny,
1
HS+ > [=logro, (@n | 20, yn) + KLgo (2 | 2, yn) 76, (2 [ yn)]] (6.10)

n=1
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in which the reconstruction cost L measures how well the decoder predicts the true
signal parameters x, and the KL-divergence cost measures the similarity between the

distributions modelled by the encoder and recognition networks.

6.2.2 Model Configuration

The CVAE model configuration employed in this project adopted the model used
in [158]. We will give a brief overview of this model in this section. There are
three components consisting CVAE, encoder network ry,, decoder network ry,, and
recognition network gs. The structure of the training process is also represented
graphically in figure 6.1.

The vector input for the multichannel (each channel represents a different GW
detector) 1-dimensional time-series data y is first processed by the encoder network
rg,. The input passes through a sequence of one-dimensional convolutional and fully
connected layers, output parameters (means, log-variances, and component weights)
of a diagonal n,-dimensional Gaussian mixture model in the latent space. The reason
for using this mixture model representation stems from the multi-modal nature of
GW posterior distributions. By utilizing this flexibility, the encoder network could
try to represent the time-series data as belonging to several potential latent space
regions. In this project, we first choose the number of modes in the latent space to
be M = 4, since we intend to start from 4-parameter inference. The dimension of
the latent space adopted the choice in [158|, which is n, = 10. Note that there are

limitations to this flexibility and the network needs to be improved by adding more
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Figure 6.1: Configuration of the CVAE neural network training process. The
recognition network receives both noisy GW signals y and their corresponding true
parameters x as inputs, while only ¥ is fed to the encoder network. The recognition
network outputs a latent space representation ¢,(2 | x,y), and is compared with
encoder output distribution ¢, (2 | y) using the KL-divergence, which forms one
component of the total cost function. One sample z, from the ¢, latent space
representation is generated and passed to the decoder network 7y, together with the
input data y. The output of the decoder represents a distribution in the physical
parameter space, from which the other cost component L is computed by evaluating
this distribution at the location of the injection input z.
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features.

The recognition network, g4, exhibits similarities with the encoder network, with
only two notable distinctions. First, the network takes the time-series input y and
the true injection parameters x as inputs. Note that only the input y undergoes those
convolutional layer processing. Following the final convolutional layer, which flattens
the output, the x injection parameters are appended. The resulting compound time-
series data or feature space, along with the true signal parameters, undergoes further
processing via the remaining fully-connected layers. Secondly, the network output
specifies a single-modal diagonal n,-dimensional Gaussian. These parameters include
n, means and log-covariances. This is because the g4 distribution is conditional on
the true injection values, so it would contain information on which mode in the latent
space a particular time-series should belong to.

The decoder network ry, shares an identical structure to that of the encoder net-
work, differing mainly in their respective outputs. In particular, the decoder output
represents the parameters governing an n,-dimensional distribution in the physical
parameter space (n, denotes the number of physical parameters we intend to infer).

The encoder, decoder, and recognition networks are trained simultaneously. The
encoder takes time-series y as input and outputs a set of variables p,., which defines a
Gaussian mixture distribution in the latent space. At the same time, the recognition
encoder takes both y and the injection parameters x and outputs an uncorrelated

uni-mode Gaussian distribution defined by p,. A sample z, is then drawn from the
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distribution ,, and is passed to the decoder ry,, along with y. The decoder outputs
a set of parameters i, that define a distribution in the physical space. As for the loss
function, 1) the KL-divergence is computed between the encoder output distribution
r,(2 | y) and recognition output ¢,(z | z,y). Note that in this case, since 14, (z | y) is
not Gaussian, the KL-divergence could not be computed analytically. A single Monte
Carlo sample integration is used to compute the KL-divergence, and an average is
taken over the batch of input data; 2) the first term in the loss function, called
reconstruction loss, is computed by evaluating the probability density given by g,
at the true x training value. Same with the KL-divergence, the average is taken over
the batch of the input data. The two loss components are summed, and all trainable
parameters are updated according to the gradient of the loss with respect to these
network parameters.

As for the testing procedure, we only keep the encoder and decoder components.
A test sample y, independent of training sets, will be fed into the encoder, from which
a latent distribution parameterized by p,, will be obtained. We then repeatedly draw
samples z,, from the latent distribution and feed these samples along with the original
y data into the decoder. For each latent space sample input, the decoder outputs a
distribution in the physical parameter space, and a random z realization will be
drawn from this distribution. Each x realization corresponds to a latent space sample

Zr,- A histogram of these x realizations would give us the final posterior distribution

ro( | y).
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6.3 Training Results

As the first step before using CVAE to infer non-GR parameters in GW strain data,
we need to reproduce the training results shown in previous literature [158] within
GR, which is a BBH signal parameter estimation, to make sure our code works in GR.
For this benchmark analysis, we assume four parameters (within GR) are unknown:
the component masses my, ms, the luminosity distance d;,, and the time of coalescence

t.. Each parameter has a uniform prior with fixed ranges shown in Tab. 6.1.

Parameter name symbol min  max
primary mass [M)] my 35 80
secondary mass [Mg)] Mo 35 80
luminosity distance [Gpc] d, 1 3
time of coalescence [s] te 0.65 0.85

Table 6.1: Prior boundaries used in the BBH signal parameters for the CVAE
training and testing.

We use a sampling frequency of 1024 Hz and a duration of 1 second time series
signal, with a minimum cutoff frequency to be 20 Hz. The waveform template model
is IMRPhenomPv2 [289]. We used a total of 10° training samples to cover the BBH
parameter space we wish to perform inference on. Every time a training sample is
used, a random Gaussian noise realization is given to make the network adapt to noisy
strain data. We chose a batch size of 512 with a learning rate of 107, and trained
the CVAE network for 490 epochs. In figure 6.2, we used a test case to show how

CVAE’s performance improved as training epochs increase. This is more obvious for
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the primary mass and time of coalescence inferences, while for secondary mass and
luminosity distance, the improvement in performance is not significant.

We also used the same test case to compare with the results given by Dynesty [151]
sampler in Bilby [290], which is shown in figure 6.3. In the Dynesty sampling, we
used five walkers in the sampling process. We extract 2000 samples from the posterior
on the 4 physical parameters for the trained model and Dynesty sampler. CVAE is
more efficient in producing the posterior distribution, which has an approximate 100
times speedup compared to the Dynesty sampler. For the posterior distribution for
parameters my, ms and t., we can see that the distributions given by the neural
network are more inclined to center around those true injection values, while also
maintaining a tighter constraint on some of the target variables, e.g. m; and mso.

While CVAE has achieved reasonable results compared to the benchmark meth-
ods, there are some issues that need to be resolved. One significant problem is that
CVAE’s posterior distributions tend to exhibit a Gaussian-like behavior, whereas ac-
tual sampling results demonstrate clear signs of non-Gaussian features. This issue
stems from minimizing the KL-divergence during training. Specifically, when com-
puting the KL-divergence, we compare a multi-modal Gaussian mixture distribution
generated by the decoder network with a uni-modal Gaussian distribution generated
by the recognition network. The multi-modal feature of the mixture distribution is
expected to capture the non-Gaussian aspect of the true distribution. However, dur-

ing training, the KL-divergence collapses quickly to a very small value (approximately
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Figure 6.2: Corner plot showing 2 and 1-dimensional marginalized posterior
distributions for one example test case with increasing training epochs. The true
injection value is given in orange lines.
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Figure 6.3: Similar to Fig. 6.2, but this time the comparison is between CVAE
results and the benchmark sampling results using Dynesty.
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1079), leading to a high suppression in the multi-modal feature and resulting in only
one mode in the mixture dominating the distribution. We are currently working to

address this issue and will discuss a possible improvement plan in the next section.

6.4 Future directions: CVAE with normalizing flows

Green et al. [160] proposed a novel approach to enhance the flexibility of modeling
GW parameter estimation posterior distributions. Specifically, they introduced a
combined model that integrates normalizing flow [291-293] with CVAE. The incorpo-
ration of normalizing flow within the model framework offers a more comprehensive
strategy for achieving a flexible variational inference of posteriors over latent variables.

Let us first briefly introduce the concept of normalizing flows here. Normalizing
flows refer to a type of transformation applied to probability densities that involve
a sequence of invertible mappings. By repeatedly applying the rule for change of
variables through this sequence, the initial density "flows" through the mappings,
ultimately resulting in a valid probability distribution. This property of obtaining
a valid probability distribution through a sequence of invertible mappings is what
characterizes the "normalizing" aspect of this type of flow. A normalizing flow rep-
resents the distribution in terms of a mapping fy4 : u — 0 from simpler distributions.
Figure 6.4 shows a more detailed description of how this certain mapping works. The
mapping fy is invertible and has a simple Jacobian determinant, which makes the dis-
tribution ¢(f|d) to have fast sampling and density evaluation. Thus, one could start

from a simple standard normal distribution and obtain a more complex distribution
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Figure 6.4: A diagram showing how normalizing flow works.

by applying a normalizing flow.

Green et al. first came up with the application of normalizing flow to the model-
ing of GW posterior distributions in [160]. By integrating normalizing flows within
the encoder, decoder, and recognition networks, they significantly enhanced the ver-
satility of CVAE, thereby introducing the autoregressive CVAE. As in [158], they
experimented with the new network on BBH waveforms with added noise drawn from
a stationary Gaussian distribution with a fixed power spectral density. The autore-
gressive CVAE effectively modeled the multimodality present in ¢, posterior distri-
bution, a characteristic unattainable by CVAE alone. This breakthrough has proven
extremely valuable in addressing the challenges noted in the preceding section, and

our ongoing work involves the integration of this normalizing flow component within
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our CVAE framework.

In conclusion, this project is still an ongoing endeavor, with considerable progress
yet to be made before the CVAE network can be effectively utilized for parameter es-
timation beyond GR. The successful implementation of CVAE for the four-parameter
estimation of BBH signals within the GR framework has demonstrated acceptable
precision and enhanced efficiency. Our next step is combining the normalizing flows
into the current CVAE to accurately capture multi-modal characteristics, as exhib-
ited by traditional Bayesian sampling techniques. The pursuit of this objective is

currently underway in our research.
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Appendix A

Additional Scalar-tensor Theory and
Phenomenological Model

In this appendix, we present the mapping between the modified GW propagation
parameters (Zg, n) to additional scalar-tensor theories and phenomenological models,
and present future projected bounds on these theories/models through tidal measure-

ment of BNS mergers. The mapping is summarized in Table 4.1.

e Designer f(R) gravity [220]: Other than the HS model, an interesting f(R)
gravity model includes the designer model that exactly reproduces the standard
cosmological expansion history. The model is characterized by the Compton

wavelength parameter

Hf],% —0.76
By = — IR | &~ 910" . Al
0 H(1+ fr)], o (A1)

The top panel of Fig. A.1 presents the bound on |By| with GWs from BNSs
using a three-year observation of a multi-band network as a function of aey.

We used n = 2.34, which is close to n = 2.5 in Fig. 1.2 and thus follows the
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Figure A.1: Similar to Fig. 4.6 but for the bounds on the Compton wavelength
parameter |By| in the designer f(R) gravity (top) and |2, | in the power law Mg
formalism (bottom).
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same trend. Observe that the bounds on By increases by a factor of 2 — 5 if we

add BNS events without EM counterparts.

e power law Myg: On top of the phenomenological models for a;;, we consider a
phenomenological model on the effective Planck mass Mqg. As an example, we

consider a simple power law model for M2 given by [223]

1 _
My = g (1 +Qa”), (A.2)

where €2, and n are constant parameters. a;; in this model is given by

'FLQ+aﬁ_1
=—. A.
37 1+ Q,an (A.3)

Using the mapping in Table 4.1, we present in the bottom panel of Fig. A.1
the projected bounds on |Q, | for BNSs with and without EM counterparts for
various n. Observe that the addition of BNSs without EM counterparts improve
the bound by an order of magnitude for small o, and 7. On the other hand,

the improvement is by a factor of a few irrespective of n when aey, ~ 1.



Appendix B

Observation time and EoS
dependence on A=

In this appendix, we carry out some additional investigations on the measurability
of Zy with multi-band GW observations. Figure B.1 presents how AZ, depends on
the observation period. Notice that the observation time has the most significant
effect when a.,, ~ 1. For this case, the error on the luminosity distance measurement
is dominated by the lensing that is independent of the observation time. Moreover,
the prior on the second Fisher matrix Fij in Eq. (4.37) is less important and the
measurability scales with To;l/ % since the number of BNS events increases linearly with
Typs (see Eq. (4.35)). On the other hand, for smaller ey, the prior on Fj; becomes
more important and the above scaling breaks down. Notice also that the observation
time has a larger effect on the case with all BNSs (with and without EM counterparts)
than BNSs with EM counterparts only. This is because for the former, the error on
the luminosity distance measurement is dominated by the redshift uncertainty, and a

longer observation time helps more to break the degeneracy between the redshift and
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other parameters.

Figure B.2 presents A=, with multi-band observations for the three representative
EoSs. For the case with BNSs with EM counterparts alone, EoS only affects the first
Fisher matrix fij through the maximum frequency cutoff. Since the effect is small, we
only consider the SLy EoS for this case. Notice that the measurability of =y improves

as we make the EoS stiffer. This is as expected from the measurability of the redshift

from Fig. 4.3.
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Figure B.1: Measurement errors on the modified GW propagation parameter =, as
a function of aey, for three different observation periods. We consider BNSs with
redshift identified from EM counterparts only (blue), as well as those with redshift
identification by EM and GW observations (red). We fix n = 2.5, choose the SLy
EoS and consider multi-band observations.
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Figure B.2: Similar to Fig. B.1 but showing how AZ, varies with EoSs. We fix
Tons = 3yrs and n = 2.5.
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Appendix C

Inclusion of \y and )\

In this appendix, we study how the imperfect knowledge of the EOS may affect the
measurability of the redshift. For this, we include \g and \; into a search parameter

set 0 in Eq. (4.27) for the first Fisher analysis:
i (mMz,n,tc,gzﬁc,lnA, 1ni0,1nxl,1nz> . (C.1)

For simplicity, we follow [227,294] and assume a Gaussian prior with standard devi-

ations T%, and o5, The effective Fisher matrix now becomes

= A Oij
A o

To give an example, we consider a prior for Mo and \; that corresponds to mea-
suring them through a network of LIGO Hanford /Livingston and Virgo (HLV) shown
in Table C.1 that is taken from [224]. Following this reference, we assume that all
BNSs with z < 0.1 detected through such a network has EM counterparts and can be
used to measure Ao and \;. This is somewhat optimistic, though the authors in [224]

found that the measurability of these tidal parameters do not change much even if
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SLy MS1
pessimistic optimistic pessimistic  optimistic

(30 BNSs) (384 BNSs) | (30 BNSs) (384 BNSs)

Ao 4.46 12.41
o3, 0.039 0.014 0.029 0.009
M -1.99 -3.35
o5, 0.025 0.0125 0.019 0.009

Table C.1: Values of Ay [10%0gem?s?], Ay [(10%0gem?s?/M,)] and their standard
deviations for Gaussian priors for SLy and MS1. The priors are taken from the
results of two cases under the detection of HLV in Section 5.4 in [224], the
pessimistic case with 30 BNSs and the optimistic case with 384 BNSs.

one only uses BNSs with z < 0.05.

Figure C.1 presents the measurability of the redshift for multi-band GW observa-
tions, where Mo and )\, are included in the search parameter for Fisher analyses for
the SLy and MS1 EoSs. We consider a pessimistic (optimistic) case with 30 (384)
detected BNSs with z < 0.1 for a 3-yr observation. For reference, we show the result
without Ao and ); in the search parameter set from Fig. 4.3. Notice that the uncer-
tainty in the EoS affects the measurability of the redshift only for BNSs with low z.
Moreover, such an uncertainty on the EoS will be reduced if one uses ET instead of
LHV. We thus expect the effect of imperfect knowledge of the EoS to be small, and

neglect them in the main text.
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Figure C.1: The measurability of the redshift with multi-band GW observations for
the case where (i) the EoS is known a priori and (ii) Ao and )\; are obtained from a
network of HLV observations [224]. For the latter, we consider both pessimistic (30
BNSs) and optimistic cases (384 BNSs) for 3-yr observations. We show the results

for SLy (soft) and MS1 (stiff) EoS.



Appendix D

Degeneracy between luminosity
distance and binary orientation

In this appendix, we estimate the amount of degeneracy between the luminosity
distance and binary orientation for multi-band observations. Since the measurability
of the luminosity distance for the multi-band observation is mostly determined by
observations with DECIGO (due to its high SNR and a large effective baseline of
1AU), we focus on the latter for simplicity. The binary inclination varies over time
due to the motion of DECIGO, and thus it is useful to work in a barycentric frame
(centered at the Sun) [231,295-297]. In such a frame, we can describe the sky location
of a BNS by (0, ¢;) and the direction of its orbital angular momentum as (6z, ¢y).

Following [297], we perform a new Fisher analysis with search parameters given by!

0" = (InM., 1, te, de, A, 0y, 65,01, 61) , (D.1)

'In this appendix, we do not include z since we focus on DECIGO which is insensitive to the
effect close to merger. This does not affect the luminosity distance measurement since the amplitude
parameters are mostly uncorrelated with the phase parameters.
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and we take into account the motion of the detectors. We use a restricted PN wave-
form where we only consider the leading Newtonian contribution for the amplitude
while we include up to 2PN order in the phase. We carry out a Monte Carlo simu-
lation in which we consider 10®> BNSs at z = 1 with the angle parameters randomly

drawn from a uniform distribution in cosfy, ¢s, cosfy and ¢ [231,296,297].

DECIGO, 3yr, z=1

030"
025}

020f

probability

0.15)
0.10}

0.05)

o

0.000 ]
00 0.1 02 03 04

A(ln d; &%)

Figure D.1: Histogram for the probability of the luminosity distance measurability
with DECIGO for at z = 1 whose sky location and orientation are randomly
distributed. The black dashed vertical line shows the measurability with the
sky-averaged case. Notice that most of the binaries have the fractional error of less
than 10% even if we account for the degeneracy between d}" and binary orientations.

Figure D.1 presents the distribution of the luminosity distance measurability for a
3-yr observation with DECIGO for BNSs at z = 1. For comparison, we also show the
measurability when we use a sky-averaged waveform as done in the main part of this
work, which roughly agrees with the blue solid curve in Fig. 4.4 at z = 1 (suggesting

that the error is indeed determined from the DECIGO measurement for multi-band
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observations). Notice that although the sky-averaged analysis underestimates the
error, the measurement error is below 10% for most of BNSs and thus does not
exceed the error on the luminosity distance from the redshift measurement. This
shows that the bound on =; for multi-band observations found in Chap. 4 through
the sky-averaged analysis will not be affected much even if we include the effect of

binary sky location and orientation.



Appendix E

EdGB Corrections to Gravitational
Waveforms

In this appendix, we explain how to map the waveform (for non-spinning BBHs) in
scalar-tensor theories [255] to that in EAGB gravity. The former is valid to 2PN order
higher than the leading for each of tensor and scalar emission.

The waveform in scalar-tensor theories is derived in the Jordan frame, while EAGB
gravity is in the Einstein frame. Therefore, we first turn the former into the Einstein
frame. This can be realized by using the mapping provided in Appendix A of [255].
After this transformation, the waveform is given in terms of the scalar charge a4 and
its derivative B4 for the Ath body.

The next step is to find these charges in EAGB gravity and substitute this into
the waveform. We can compute these following [298] which uses a slightly different

convention for sGB gravity:

1

S =—
167

N [R (V) + aen () REg | + S (E.1)

One can perform the following rescaling in the scalar field ¢ and the identification of
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the function f(y) to recover the action in Eq. (5.5):

v 1er
2

flp) =2V16mp, ¢= ¢. (E2)

From this, a4 and 4 for a non-rotating BH to leading order in agyp are given by:

_ OJGBJ?/(SDO) vV 16T
2

BE — = , E.3
A 2m? ) (E3)
2 p 2 2
BH _ C\“/(;Bf (900) _ _3277-@@13 (E 4)
A 2m? m? '

where ¢ is the asymptotic value of the scalar field ¢ at infinity. When substituting
these into the waveform expression, the terms with 4 enter at O(ad,) and are

negligible. For a4, we add the spin dependence as:

i — ~ V1bmsaags ’ (£.5)

m3
where the spin dependent factor is given by: [120, 258|

1 — 2 1 2
V XA + XA ) (E6)

X4

SA:2

This reduces to s5% — 1 in the limit x4 — 0. For NSs, of® = O(a2,) and is negligible
while %° has not been computed. Though we expect the aqs dependence to be the
same as BH and ignore such terms in the waveform.

Using these charge expressions in the dominant harmonics (¢ = m = 2) of the
waveform and keeping only to O(a?,), EAGB corrections to the waveform can be

expressed as in Eq. (5.7) with the coefficients given as follows:
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5 (misy —m3si)’

T8 pMr (E7)
o 57 (659 + 7281) (m2sy — m2s1)” _ bmsisy (E8)
O 43008 5 M* 16 73 ‘
7572 (m2sy — m3sy)?
. _ . bom (m2sy 4+ m2s1)” (535 + 924n)
LT 48384 n5 M4
251 (m2sy — m2s1)” [12497995 11 (my — ms) (m2sy + m2s:) N 15407 1657?
576 n° M* 1016064 2M (m3sy — m3s) 1440 16 |7
(E.10)
2,2 2..)2 2 GB
- 6 3
C15 = %(m1325 ?281) - ?32 35 ; (E.11)
M 1 321
om 5.2 5.2 2
2 = 53 IR AT (ms3 + m3si) (—4341025 + 65553264n — 684432n°) .
+nM? (miss + m3sy) (20044511 + 655532641 — 6844321°)
2 5 2 1‘5f403
+ 541° M° 5155 (12952549 — 193102561 — 366128n%) | — T (E.12)
n

Here n = mymy/M? is the symmetric mass ratio while f$® and f® represent our
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ignorance of the correction to the tensor non-dipole emission in EAGB gravity at
1.5PN and 2PN orders'. Recently, Bernard et al. [299] published their work on
deriving 1.5PN order correction to GWs in scalar-tensor theory, which in our context,

the f$B in Eq. (E.11) is found to be,

321251500
GB _ 122 3
As Eq. (E.13) shows, the term related to f$B actually enters the waveform at O(a?*)

when one also takes into account the o factor in Eq. (5.7). The above corrections can

be mapped to the parameterized post-Einsteinian (PPE) framework [169,300,301] of

o0 = Z BrPEyTHTE (E.14)
with
042
BT = i (E.15)

The leading —1PN term (c_; or 877®) derived here agrees with those found in [120,
134].

Figure E.1 presents each PN correction term in the phase against the GW fre-
quency f for GW200115, together with the leading GR term. We chose \/agp =
1.33km that is the 90% credible limit found through our Bayesian inference in Table
5.1. Notice that the EAGB corrections are subdominant to GR by at least an order
of magnitude. Notice also that the leading EAGB correction at —1PN order domi-

nates higher PN contributions at f < 200Hz and the latter becomes only important

1We have replaced f£T in [255] to (aZgy/M*)fEE for i = 3, 4.
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Figure E.1: Comparison of EAGB corrections to the phase entering at different PN
orders as a function of the GW frequency. We also present the leading phase in GR
and the contribution from all of the EAGB corrections combined. For each
contribution, we show the phase relative to that at a reference frequency chosen to
be 20Hz. We chose (my, mq) = (5.9,1.4) M, and (x1, x2) = (0.31,0), corresponding
to GW200115, and /ags = 1.33 km that is the 90% credible limit found through
our Bayesian inference (see Table 5.1).

when the frequency becomes high (though the noise becomes larger as the frequency
becomes higher), which explains why higher PN corrections do not affect the bound
on /age much. It is interesting to note that for f 2 200Hz, the EdGB phase is
dominated by the contribution at 1.5PN order, though the phase is still incomplete
at this order (we have set the unknown contributions f§® and f{® to 0 in Fig. E.1).

Let us comment on up to which PN order the above waveform corrections are
complete. The aqy dependence in the above corrections enter only through the scalar

charges a4. There are other contributions to the waveform where o appears explic-



Appendix E. EdGB Corrections to Gravitational Waveforms 152

itly, though such contributions enter at 3PN order and are negligible for our purpose
2. For non-spinning binaries, they are complete up to 1PN order. The expressions
at 1.5PN and 2PN include currently unknown f§® and f;® but they also have other
missing contributions, such as the scalar dipole radiation at 1.5PN and 2PN orders
(which correspond to 2.5PN and 3PN relative to the leading —1PN contribution) and
the correction to the binding energy or Kepler’s law at 3PN that couples to the —1PN
dipole radiation and enter at 2PN in the waveform. For spinning binaries, the wave-
form is complete only up to OPN order, as the effect of spins are only included through
the scalar charges a 4. Missing contributions include e.g. a spin-orbital coupling in

the binding energy at 1.5PN order that couples with the leading dipole radiation to

enter at 0.5PN in the waveform.

We end by comparing the OPN corrections found here with different functional
forms considered in [127]. Using Egs. (E.7) and (E.8), the OPN correction to the

phase can be expressed as:

659 + 728nv25\1j_1PN 57 5159 %v_s ‘

OWopn = E.16
PN 96 16 Mo (E-16)
The first term is similar to one of the functional forms considered in [127]:
5
SRS — (743 4 9241)y u? 6V _py (B.17)

756

%We count the PN order in powers of v/c while Shilarirou et al. [253,254] counts in powers of
1/c. With the latter counting, the agp dependence other than scalar charges enters at 1PN.
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where 7 is a constant that does not depend on binary parameters, u = (7 M f)/3
and the n dependence is taken from that in the phase at 1PN order in GR. The n
dependence in the two expressions, however, are different. The second term in Eq.

(E.16) is similar to another functional form considered in [127]:

2
Wiy Y = 16%%%‘5, (E.18)

though, again, the expressions are different. This is because, if one maps the second
term in Eq. (E.16) to Eq. (E.18), v depends on binary parameters through 7 and

SA.
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