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Abstract
Neonatal jaundice presents a common challenge in newborn care due to elevated bilirubin levels.
Phototherapy, a standard treatment, uses blue light to photoconvert bilirubin into a more water-soluble
isomer, lumirubin, facilitating its excretion. However, existing transcutaneous bilirubinometers often
overestimate bilirubin levels in infants with darker skin tones, potentially leading to unnecessary
phototherapy treatments and adverse side effects that create racial healthcare disparities. To address this, a
novel non-invasive method utilizing bilirubin photoconversion has been proposed and tested by the
previous Capstone team. This method measures bilirubin concentrations by assessing the exponential
decay of absorbance during blue light exposure. A comprehensive study integrating experimental and
computational approaches was conducted to validate this method's efficacy in a more complex and
physiologically relevant system.

Experimental models, including in vitro flow dialysis and computational partial differential equation
(PDE) models, were employed to mimic bilirubin diffusion and photoconversion. The in vitro model
confirmed diffusion and photoconversion mechanisms, while the analytical PDE model successfully
exhibited diffusion out of the control volume and accurately approximated experimental outcomes. This
coupled approach aids the understanding of bilirubin transport from hydrophobic to hydrophilic
environments within the body.

Results showed moderate to good correlation between experimental and theoretical data, with
diffusion-reaction experiments exhibiting the highest predictive capacity. Challenges and limitations
included the physiological accuracy of the experimental setup and literature gaps in the characterization
of bilirubin and lumirubin transport in vivo. Future directions include implementing a system of PDE
equations that integrates bilirubin and lumirubin, incorporating additional factors such as albumin and
skin chromophores into the in vitro experiments for enhanced physiological representation, and additional
validation of the predictive capacity of the analytical model. Overall, this research offers a promising
approach for non-invasive bilirubin measurement, potentially mitigating racial biases in neonatal jaundice
diagnosis and treatment.
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Introduction
Neonatal jaundice, also known as
hyperbilirubinemia, is a common condition
characterized by a yellowish hue in the skin of
many newborns. It is caused by a build-up of
bilirubin in the blood and occurs through two
simultaneous occurrences. First, there is an
increase in bilirubin production due to the higher
breakdown of fetal red blood cells, which is
caused by the shorter lifespan of these cells and
the larger amount of red blood cells in newborns.
Secondly, there is a low capacity for hepatic
excretion due to low levels of the binding protein
ligandin in hepatocytes and reduced activity of
glucuronyl transferase, the enzyme that conjugates
bilirubin to glucuronic acid, allowing it to become
water-soluble. Therefore, unconjugated bilirubin
accumulates in the neonate’s blood, leading to
elevated levels of total serum bilirubin (TSB).
While the mother's liver eliminates bilirubin for
the baby during pregnancy, after birth, the baby's
liver must do this job. However, in some infants,
the liver may not yet be sufficiently mature to
effectively eliminate bilirubin, allowing an
excessive amount of unconjugated bilirubin to
build up in a newborn's bloodstream.1

Roughly 50% of full-term and 80% of premature
infants experience jaundice within their first week
of life.2 Vigilant and precise monitoring of
bilirubin levels is crucial, as untreated or
undetected hyperbilirubinemia can result in serious
complications such as encephalopathy, hearing
impairment, and kernicterus—a lifelong
neurological disorder characterized by various
symptoms including cerebral palsy, impaired
upward gaze, dental enamel abnormalities, hearing
loss, and developmental coordination issues.3

Phototherapy
To prevent the complications of
hyperbilirubinemia, approximately 10% of
full-term and 25% of premature newborns may
require phototherapy, which involves the strategic
use of blue light to decrease TSB.4The
photoconversion of bilirubin in the skin (TcB) into
lumirubin, a more water-soluble and easily
excreted photoisomer, facilitates its removal
through the bile and urine. Unlike bilirubin, which
tends to be stored in fatty tissues, lumirubin is

more soluble in the body's aqueous solutions,
making it easier for the body to eliminate without
relying heavily on the liver, which is not fully
developed in newborns and is a major factor in
hyperbilirubinemia.5

Existing Measurement Methods
Neonatal jaundice monitoring and diagnosis
currently depends on two approaches. The gold
standard involves directly measuring TSB by
taking venous or heel stick blood samples.
Although accurate, this procedure is painful,
invasive, and carries significant health risks,
including a higher likelihood of hospital-acquired
infections, particularly in newborns.6 Additionally,
heel pricks pose risks such as accidentally
puncturing the heel bone or causing joint issues,
which could lead to cartilage and bone damage.
Furthermore, to continually monitor TSB levels
and observe fluctuations, healthcare professionals
often need to repeatedly prick newborns in the
same spot, further complicating the healing
process in a patient group already susceptible to
infections due to their underdeveloped immune
systems.7

As an alternative approach to minimize these
health risks, transcutaneous bilirubin screening
measures TcB levels non-invasively. Non-invasive
transcutaneous bilirubinometry employs a
handheld bilirubinometer, which emits specific
light wavelengths into the skin and analyzes the
reflected light's spectrum. The variations in this
spectrum are dependent on the wavelengths of
light absorbed by various skin components,
including bilirubin, hemoglobin, and melanin, and
the degree of light absorption by the skin serves as
an indicator of bilirubin concentration.8 These
non-invasive measurements offer a quantitative
assessment of the risk for infants who may
develop severe jaundice or bilirubin
encephalopathy, facilitating timely clinical
decisions, especially in regions with limited access
to traditional laboratory tests.9

The Limitations of Current Transcutaneous
Bilirubinometers
Currently, non-invasive transcutaneous
bilirubinometers often overestimate bilirubin
levels in neonates with darker skin tones,
characterized by higher cutaneous melanin
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concentrations, reducing the effectiveness of TcB
screening in this racial group.10 This issue arises
from a significant overlap in the absorption spectra
of bilirubin and melanin, as illustrated in Figure 1.
Notably, melanin's absorption is particularly
prominent near the peak absorbance of bilirubin,
which is the optimal wavelength for detecting or
monitoring bilirubin concentration. Moreover,
melanin's absorption is consistently higher than
bilirubin at various points across the spectra.
Consequently, higher cutaneous melanin levels can
effectively obscure variations in bilirubin
absorption, making it more difficult to accurately
assess bilirubin concentrations in the skin.11,12 This
overlap commonly leads to an overestimation of
TcB, as most bilirubinometers misinterpret the
increased absorption as indicative of higher
bilirubin levels.8

The overestimation of bilirubin levels poses
several risks, primarily increasing the chances of
neonates receiving phototherapeutic treatment for
jaundice. Although this therapy has historically
been deemed safe, recent research has brought to
light potential side effects that were previously not
fully understood. These adverse effects encompass
short-term consequences, including disturbances in
the neonatal thermal environment, water loss,
electrolyte imbalances, disruptions in liver
function, alterations in the newborn's circadian
rhythm, and interference with early-stage
maternal-infant interactions. Moreover, specific
studies have hinted at the possibility of long-term
consequences, such as the development of
melanocytic nevi, skin cancer, allergic diseases,
and retinal damage.13 Given the issue of TcB
overestimation in neonates with darker skin tones,

their heightened likelihood of receiving
phototherapeutic treatment points to an
unintentional introduction of racial bias into
bilirubinometers. The racial bias inherent in the
current approach for obtaining accurate
transcutaneous bilirubin readings
disproportionately affects these individuals,
restricts their access to equitable healthcare, and
contributes to larger issues of racial health
disparities on a global scale

Overview of Solution and Prior Work
A novel method for a non-invasive and skin-tone
inclusive bilirubin quantification method has been
proposed by a prior capstone group that takes
advantage of the photoconversion capacity of
bilirubin. Bilirubin photoconverts into the
photoisomer lumirubin under blue light, which has
a different absorbance spectrum. By continuously
illuminating one location with blue light, the
photoconversion of bilirubin can be measured with
optical absorbance measurements at 460 nm, the
peak absorbance wavelength of bilirubin. As the
absorbance of bilirubin decreases exponentially,
due to the photoconversion and movement of
lumirubin out of the tissue, the steady state of the
concentration decrease, shown as the asymptote of
absorbance at 460 nm over time, can be used to
calculate the initial concentration of bilirubin in
the skin as shown in Figure S1 and Figure S2.

The previous capstone group demonstrated a
proof-of-concept for the use of photoconversion to
estimate initial bilirubin concentration in a
simplified system. First, they sought to better
understand the photoisomerization of bilirubin. To
relate absorbance to concentration, they
photobleached three different bilirubin-only
solutions at varying concentrations. Absorbance
was measured at regular intervals over 200
minutes, and an exponential decay curve was fitted
to the absorbance measurements at 460 nm for
each solution. The exponential decay took the
form of Equation S1. They defined the initial
amount coefficient of the fitted equation as the
alpha value (α), which represents the change in
absorbance if the solution is photobleached
infinitely, with the assumption that after an infinite
time all bilirubin would be photoconverted and
would have minimal absorbance at 460 nm. They
defined the delta value as the difference between
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the initial (Abst=0) and final (Abst=end) absorbance
measurements, shown in Equation S2. Linear
standard curves for the alpha values and delta
values of the different bilirubin-only solutions
were created to quantify the relationship between
change in absorbance and initial concentration.
The linear standard curves for the alpha and delta
values each had an r2=0.997, indicating a good fit.

To determine the effect of melanin on the use of
photoconversion to measure initial bilirubin
concentration, solutions of high melanin/high
bilirubin, high melanin/low bilirubin, low
melanin/high bilirubin, and low melanin/low
bilirubin were made. The high and low
concentrations for both melanin and bilirubin were
informed by the physiological range for each
compound. All of the solutions were continuously
exposed to blue light and allowed to
photoisomerize over the span of 200 minutes and
absorbance at 460 nm was measured periodically
to capture the exponential decay of absorbance as
the solutions were photobleached, shown in Figure
S1 and Figure S2. Using the alpha and delta linear
standard curves, initial concentrations were
predicted for each condition and error was
calculated between the predicted and measured
initial concentrations. The overall average percent
error of both the alpha and delta value predictions
of concentration was 9.44% ± 10.3%, with no
difference in accuracy for the high melanin
solutions. Overall, this work indicates that using
the decreasing absorbance values at 460 nm from a
continuously photoisomerized site can predict
initial bilirubin concentrations with reasonable
accuracy, regardless of melanin concentration.14

While this work demonstrates proof-of-concept for
this method, it was performed in cuvettes, with
only bilirubin photoconversion causing the
decrease in absorbance at 460 nm. This system is
highly simplified and does not seek to represent
other physiological mechanisms of bilirubin
movement, such as diffusion from blood to skin.
This work also used a basic buffer as the solution
in which bilirubin and melanin were dissolved,
which is not representative of the hydrophobic
environment within the skin where bilirubin
accumulates in jaundice. Additionally, while they
also created an analytical Ordinary Differential
Equation (ODE) model showing the relative

change in concentration of bilirubin photoisomers
during photoconversion over time, it only
represented the chemical reaction that leads to
bilirubin concentration decrease and it did not
include a spatial component. This capstone project
seeks to provide further validation of the method
of using absorbance values during
photoconversion to determine initial bilirubin
concentration in a more complex and
physiologically relevant system. This coupled
computational and in vitro experimental system
accounts for both diffusion and reaction within a
hydrophobic control volume that simulates
multiple mechanisms of bilirubin movement
within the skin.

Results
In Vitro Flow Dialysis Model
First, a calibration curve for bilirubin in octanol
was created to relate absorbance measurements to
concentrations (see Figure S3). The linear range
obtained from the calibration curve was
approximately .001 to .01 mg/mL, and the
estimated detection limit was 0.0004 mg/mL,
which was estimated from the x-intercept. For the
diffusion-only experiments (n = 3), a slight
decrease in absorbance over time was seen as
compared to the experiments containing
photoconversion reactions with blue light. For the
reaction-only (n = 3) and diffusion-reaction (n = 3)
experiments, an exponential decay curve was fitted
based on the computational model. A plot of the
diffusion-only, reaction-only, and
diffusion-reaction curves with mean and error bars
can be seen in Figure 2.

Figure 2:Mean absorbance with error bars for
diffusion-only, reaction-only, and
diffusion-reaction experiments (n = 3 for each
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experimental condition). The error bars represent
the standard error of the mean.

Computational Model
First, the behavior in concentration produced by
the pdepe solution matches with the numerically
approximated solution of Equation 1 calculated
using the pdepe solver in MATLAB. The results
from the MATLAB pdepe solver are shown in
Figure 3.

Figure 3:MATLAB pdepe solution matches with
analytical solution of diffusion-reaction equation

Both temporal and spatial slices demonstrate an
overall decrease in bilirubin concentration, shown
in Figure S4. This indicates that bilirubin
concentration is non-uniformly dispersed into
adipose tissue as a result of diffusion and
photoconversion.

To investigate the predictive power of the PDE
model, the theoretical data was compared to the
experimentally collected data. Initially, to test the
accuracy of the theoretical equations in
demonstrating bilirubin behavior in vitro, the
experimental data was compared to Equation 3 &
5 for diffusion-only, reaction-only, and
diffusion-reaction experiments.

For each experimental condition, the average of
the three trials were plotted against the
theoretically calculated data points. The majority
of the experimental data points for the
diffusion-only condition did not fall within the
95% confidence interval of the regression model,
as shown in Figure 4. The r2 value for the
experimental data and the model was found to be
0.03. An ANOVA test was completed using an F
statistic to compare the experimental data and

theoretical values and returned a p-value of 0.18,
meaning that the exponential, or theoretical, fit
does not describe the data well. This proved to be
not significant at the 95% level. The
diffusion-only model exhibited the least amount of
predictive capacity out of the three experimental
models.

Figure 4: Diffusion-only experimental data
compared to a theoretically calculated curve with
95% confidence intervals

For the reaction-only experiments, more data
points were observed to fall in the 95% confidence
interval, as shown by Figure 5. The r2 value for the
experimental data and the model was found to be
0.6. This indicates that there is a moderate
correlation between the data and the model. An
ANOVA test was completed and returned a
p-value of 2.085*10-12, indicating that there was a
good fit between the model and the data for the
reaction-only experiments. This proved to be
significant at the 95% level.

Figure 5: Reaction-only experimental data
compared to a theoretically calculated curve with
95% confidence intervals
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Notably, there are a similar amount of data points
that fall within the 95% confidence interval for the
diffusion-reaction experimental data compared to
the other experimental conditions, as shown in
Figure 6. The r2 value for the experimental data
and the model was found to be 0.73, exhibiting
moderate correlation. An ANOVA test was
completed and returned a p-value of 2.92*10-17,
indicating that the exponential fit captured the data
especially well. This proved to be significant at the
95% level.

Figure 6: Diffusion-reaction experimental data
compared to theoretically calculated with 95%
confidence intervals

Finally, the experimental data was compared to the
solution generated by the MATLAB pdepe
solver.20 This solution was derived from Equation
2. As shown in Figure 7, the experimental data
was plotted against the PDE calculated solution,
with one standard deviation error bars at each
experimental point. It is important to note that the
experimental points were averaged across the three
trials related to diffusion-reaction. An ANOVA
test was performed and returned a p-value of
2.29*10-13. This indicates that there was a good fit
between the experimental data and the model, and
that there is some degree of predictive capacity.
This proved to be significant at the 95% level.

Figure 7: Analytical PDE model successfully
integrates diffusion and reaction within one
standard deviation to recreate in vitro conditions

Discussion

Significance & Innovation
To allow for noninvasive, skin tone inclusive,
bilirubin measurement, alternate approaches with
varying applications have been developed. Novel
mobile applications, including Bilicam and
neoSCB, have been created to allow for bilirubin
screening. Bilicam uses images of the sternum as
well as a calibration card to estimate TSB using
machine learning. NeoSCB uses images of the
sclera of the eye taken with and without flash to
measure sclera chromaticity, and pilot studies have
shown a good correlation with TSB values.15

Although these applications have shown
preliminary success, they are primarily designed to
be used as a screening tool outside of the clinical
setting. Other skin tone inclusive solutions to
measuring bilirubin concentration include an assay
that also takes advantage of the photoconversion
ability of bilirubin, but in reverse. This solution
uses reverse blue light photoconversion of
lumirubin excreted in urine into bilirubin along
with the fluorescent protein UnaG.16 However, this
method is primarily designed to be used as an
assay, not a point of care device. In contrast to
these alternative noninvasive, skin tone inclusive
bilirubin measurements, the innovative method
described above can be further developed to be
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integrated into a device that can be used in clinical
settings to monitor bilirubin concentration more
continuously.

The in vitro model, designed to replicate
bilirubin transport in the body, showcased
consistency with the mass-transport ODEs,
effectively demonstrating both diffusion and
photoconversion. Additionally, the analytical
PDE model successfully portrayed diffusion out
of the control volume, aligning well with the
expected solution. The analytical PDE model
also successfully approximated experimental
data, with the predicted data falling within one
standard deviation of the experimental data. This
illustrates that the model can successfully
predict diffusion and photoconversion
concentration profiles of bilirubin, which aids in
the understanding of its movement from
hydrophobic environments such as octanol or fat
to hydrophilic environments such as water or
blood. These models not only advance our
comprehension of bilirubin transport in a
well-characterized system but also hold promise
for informing clinical strategies aimed at
mitigating neonatal jaundice-related
complications.

Challenges and Limitations
One challenge encountered was the literature
gap in the quantification of the mechanisms of
bilirubin and lumirubin movement between the
bloodstream and the fat within the skin. The
relative rates of the diffusion of bilirubin into the
skin and the photoconversion reaction to remove
bilirubin in vivo are not well characterized.
Determining the relative rates of bilirubin
entering and leaving the control volume is
critical to the success of using bilirubin
photoconversion to determine initial
concentration, because if bilirubin is
accumulating in the control volume faster than it
is being photoconverted, this method will not
accurately measure initial concentration because

an asymptote of absorbance at 460 nm will not
be reached. To overcome this challenge, a more
physiologically accurate in vitro model is needed
to quantify bilirubin and lumirubin movement.

One limitation of the in vitro model is the use of
octanol to simulate fat in the skin and water to
simulate blood flow. Although octanol is
hydrophobic and has a well characterized
partition coefficient with water, there are
structural differences between the use of a
hydrophobic liquid and the inhomogeneous layer
of adipocytes and extracellular matrix
components of subcutaneous layers. Similarly,
water is an extremely simplified analog of whole
blood. In addition to erythrocytes and white
blood cells, there are circulating proteins and
other molecules in blood that could impact the
diffusion of bilirubin out of the blood that are
not represented by water. An important protein
for bilirubin transport, albumin, was also not
included, so the physical model only accounted
for unconjugated bilirubin movement.

One limitation of the computational model is the
reliance on the diffusion-reaction in vitro model
that is not completely physiologically
representative for the diffusivity and reaction
rate parameters in vivo. This means that the
model results are specific to the in vitro
experimental setup described in the methods and
are not more broadly representative of bilirubin
movement in vivo. Additionally, for
diffusion-only experiments, in vitro experiments
had large experimental variability and did not
have a statistically good fit with what the
diffusion-only ODE would predict, which has
implications for the value of free diffusivity used
in the analytical model. This value was derived
from the assumption that the diffusion-only
ODE solution would adequately describe the
experimental data, allowing the parameters of
that fit to be used to calculate free diffusivity.
However, since the diffusion-only ODE was not
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a statistically good fit with the experimental
data, other estimates of diffusivity may be
needed.

Future Work
To make the system more physiologically relevant,
it would be useful to implement a system of PDE
equations related to bilirubin and the photoisomer,
lumirubin. This would allow for a more accurate
representation of the mechanisms that occur
during phototherapy. Both PDE equations would
consider the same spatial and temporal
components that the current bilirubin PDE
equations account for. This would provide insight
on the relationship between bilirubin and
lumirubin in the measurement of bilirubin
concentration. A layer of complexity would also
be added to the model that represents the true
nature of bilirubin transport processes due to
photoconversion.

More validation of the predictive capacity of the
analytical model would further solidify the
potential for implementation in a non-invasive
bilirubin measurement device. The current system
that has been developed is fairly simple and would
require a higher degree of complexity before use
in the clinical setting. Simultaneously, there should
be more robust testing and validation of the model
to ensure a higher degree of accuracy.

For the in vitro model, the next immediate step
would be incorporating bilirubin and albumin into
the dialysate. Given the hydrophobic nature of
unconjugated bilirubin, its transport in plasma
relies heavily on albumin binding. By introducing
a continuous flow of bilirubin and albumin into the
dialysate, we can achieve greater complexity and
physiological accuracy in our experiments.
Moreover, to further validate the inclusivity of this
method, the integration of skin chromophores such
as melanin and oxyhemoglobin into the in vitro
experiments would be crucial. This would not only
enhance the model's representation of diverse skin

tones but also bolster its relevance in clinical
contexts.

Materials and Methods
In Vitro Physical Model
To create the calibration curve for bilirubin, a
concentration of bilirubin in octanol of 0.01
mg/mL was created and serial dilutions were
created to form the range of concentrations used to
create the curve seen in Figure S3. A
concentration of 0.01 mg/mL was chosen because
this was calculated to be the maximum solubility
of bilirubin in octanol. This was calculated with an
estimate of the solubility of bilirubin in water of
100 nM.17 Using an estimated logP partition
coefficient of 3.22 for bilirubin from an online tool
provided by the Virtual Computational Chemistry
Laboratory18, the solubility in octanol was
calculated to be 0.01 mg/mL. Absorbance
measurements for the calibration curve and all
experiments were collected using a NanoDrop
One. A standard volume of 2 μL was taken for all
samples run in the NanoDrop. Values of
absorbance at the peak of 460 nm were used.

In order to make concentrations of bilirubin in
octanol for the experiments, 1 mg of bilirubin was
added to a tube containing 2 mL of octanol and 2
mL of water. The mixture was shaken well and
allowed to settle for a few minutes so undissolved
bilirubin would fall from the octanol. 1 mL of
octanol was removed from the tube and transferred
to a 1.5 mL microcentrifuge tube. The octanol
with bilirubin was centrifuged at 14,000 rpm for 4
minutes to collect undissolved bilirubin at the
bottom of the microcentrifuge tube. The solution
used for experiments was then taken from the
octanol with care not to take any undissolved
bilirubin at the bottom of the microcentrifuge tube.

For the reaction-only experiments, 1 mL of
dissolved bilirubin in octanol was added to a
disposable cuvette. Blue light was shone on the
cuvette at a distance of 85 mm and 3
measurements were taken every 5 minutes for 90
minutes. The 3 samples were averaged per time
point to account for potential errors in pipetting,
which was done for the diffusion-only and
diffusion-reaction experiments as well.

8



In order to model the transport of bilirubin
between blood and skin, a flow dialysis unit was
used which can be seen in Figure S5. The unit
consists of 3 plastic pieces: a bottom piece with
two posts meant to guide the fit of the other two
pieces, a middle piece that creates an oval shaped
chamber with the bottom piece and has
attachments for inflow and outflow of water and
five holes on its top, and a top piece that contains
five holes that create five wells. The dialysis
membrane is placed between the middle and top
pieces and o-rings are placed around each of the
five holes to create a seal. The whole unit is
clamped externally to make it watertight.

For diffusion-only experiments, 400 μL of
bilirubin dissolved in octanol was added into one
of the wells and 3 samples were taken every 5
minutes for 90 minutes. 400 μL was chosen as the
sample volume because the wells have a maximum
volume of 500 μL.

For diffusion-reaction experiments, the
experimental setup using the flow dialysis unit can
be seen in Figure 8.

Figure 8: Diagram of the flow dialysis
experimental setup for diffusion-reaction
experiments.

Bilirubin dissolved in octanol filled the sample
well and DI water was used for the dialysate.
Octanol was chosen as the solution to represent the
fat in the skin because it is hydrophobic and is
used as a component in the n-octanol-water
partition coefficient. By using octanol and water in
the experiment, the transport of bilirubin can be
better understood using our understanding of
partition coefficients. The water was pumped
through the flow dialysis unit using a peristaltic

pump. The sample well and diffusion chamber
were separated by a dialysis membrane with a
molecular weight cutoff of 10,000 Da. The blue
light was held stationary at 85mm directly above
the sample well using a custom 3D printed fixture.
For experiments with blue light, only well 3 was
used to ensure consistent and direct application of
the blue light. The flow dialysis unit was placed on
a magnetic stirrer which spun a stir bar at 1000
rpm inside the diffusion chamber to ensure the
water in the chamber was well mixed.

Analytical PDE Model
Using conservation of mass, a Partial Differential
Equation (PDE) that includes both diffusion and
chemical reaction terms was created, shown in
Equation 1. Steady state was not assumed. The
control volume was established as a well in the
flow dialysis chamber and did not include the
dialysis membrane, which is why free diffusivity,

, is used in the diffusion term of the PDE. The𝐷
𝑖𝑗

equation was only applied to one spatial
dimension, the length of the well, L. The reaction
term, R, was assumed to be first order, as
represented by Nii et al., with the change in
concentration being a product of the reaction rate,
, and the concentration of bilirubin.19𝑘

To make the model easily scalable, Equation 1 was
converted into a dimensionless form, shown in
Equation 2. The dimensional concentration was
divided by the initial concentration ( ), shown in𝐶

0
Equation 2.1. The dimensional distance was
divided by the length of the well, shown in
Equation 2.2. The Fourier number was used to
define dimensionless time, shown in Equation 2.3.
Dimensionless definitions were substituted into
Equation 1 to derive Equation 2.
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𝑖𝑗
∂2𝐶

∂𝑥2 + 𝑅 [Eq. 1]

∂𝐶*

∂𝑡* = ∂2𝐶*

∂𝑥2* − 𝑘( 𝐿2

𝐷
𝑖𝑗

)𝐶* [Eq. 2]

𝐶* = 𝐶
𝐶

0
[Eq. 2.1]

𝑥* = 𝑥
𝐿

[Eq. 2.2]



The solution to Equation 2 was solved and
visualized using the PDE solver pdepe in
MATLAB.20 The initial condition was , which𝐶

0
was equal to one in the dimensionless model. The
boundary conditions were defined to be
concentration equal to zero at the bottom boundary
of the well and flux equal to zero at the top of the
well. The left boundary condition was based on the
assumption that there was no amount of bilirubin
outside of the well. The right boundary condition
assumed that the concentration of bilirubin at the
membrane was essentially zero due to the large
dilution when it entered the water-only dialysate
and the convection that removed the bilirubin after
it crossed the membrane.

The free diffusivity and reaction rate parameters
were obtained from fitting mass balance ODEs for
diffusion-only and reaction-only to diffusion-only
flow dialysis experiments and reaction-only
experiments. The solution of the mass balance
ODE for diffusion-only is shown in Equation 3.
This equation was fit to the experimental data to

solve for , with kp representing a mass
−𝑘

𝑝

𝑙
transport coefficient that accounts for the
hindrance of the membrane and l representing the
thickness of the membrane. The hydrated
membrane thickness was measured to be 85μm.

The free diffusivity was related to kp by Equation
4. In this equation T is the tortuosity of the
membrane, which was assumed to be 1.1. ε is the
porosity of the membrane, which was assumed to
be 0.8 based on literature measurements of a
dialysis membrane with a similar composition.21 β
is the partition coefficient, which is calculated in
Equation S3 in the appendix using lambda, which
is the ratio of the solute diameter and the
membrane pore diameter, shown in Equation S4 in
the appendix. The solute diameter was estimated
with an empirical estimation, shown in Equation

S5 in the appendix.22 The solute radius was
calculated to be 1.22 nm. The membrane used has
a pore diameter reported by the manufacturer as
4.8 nm.23 ωr is the differential hydrodynamic drag,
which is calculated from Equation S6 in the
appendix. The solution of the mass balance ODE
for reaction-only is shown in Equation 5. This
equation was fit to the reaction-only experimental
data to obtain the reaction rate used in the model.

The model inputs were k, Dij, a distance mesh, and
a time mesh. The distance mesh input for the
model was a vector that was the same length as the
experimental results that was equally spaced from
0 to L. Measurements were taken of the well of the
flow dialysis chamber, which had a diameter of 0.9
cm and a length of 0.88 cm. The boundaries of the
time mesh input for the model were informed by
the length of time of the physical experiments after
being converted into dimensionless time using
Equation 2.3. The time mesh was an equally
spaced vector from zero to the final dimensionless
time value and was also the same length as the
experimental results. The model outputs a
three-dimensional visualization of the solution as
well as a matrix of concentrations at each distance
and time point.

To compare the spatial and temporal results from
the PDE model with the solely temporal
experimental results, the average predicted
concentration of each time point computed by the
analytical model was calculated. Each well in the
physical experiments was assumed to be well
mixed. First the solution matrix was multiplied by
the experimental initial concentration to make it
dimensional. Then, the area under the
concentration v. distance profile for each point of
the time mesh was computed to obtain a total
mass. Finally, the total mass for each time point
was then divided by L to obtain an average
concentration of the well at each time point. The
predicted average concentration of the well was

10

𝑡* =
𝑡𝐷

𝑖𝑗

𝐿2
[Eq. 2.3]

𝐶(𝑡) =  𝐶
0
𝑒

−
𝑘

𝑝

𝑙 𝑡 [Eq. 3]

𝐷
𝑖𝑗

= Τ
εβω

𝑟
𝑘

𝑝
𝑙 [Eq. 4]

𝐶(𝑡) =  𝐶
0
𝑒−𝑘𝑡 [Eq. 5]



then plotted against the experimentally measured
concentration.

End Matter
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Supplemental Figures

Figure S1: Photoconversion of high bilirubin
solutions at high and low melanin concentrations.14

Figure S2: Photoconversion of low bilirubin
solutions at high and low melanin concentrations.14

Figure S3: Bilirubin calibration curve with 95%
confidence intervals

Figure S4: Spatial and temporal slices generated
from the MATLAB pdepe solver show a decrease
in concentration profile across both dimensions
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Figure S5: Image of the flow dialysis unit used for
diffusion-only and diffusion-reaction experiments.

Supplemental Equations

+c𝐴(𝑡) =  α𝑒−𝑏𝑡 [Eq. S1]

delta = Abst=0 - Abst=end [Eq.S2]

β = (1 − λ)2 [Eq. S3]

λ = 2𝑎
𝑑

[Eq. S4]

𝑎 = 3𝑀𝑊
4πρ𝑁

𝑎

[Eq. S5]

ω
𝑟

= 1 − 2. 1λ + 2. 09λ3 − 0. 95λ5 [Eq. S6]
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