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Abstract

For a separable unital C*-algebra 21 and a separable McDuft II;-factor M, we show
that the space Hom,, (2, M) of weak approximate unitary equivalence classes of unital
x-homomorphisms 2l — M may be considered as a closed, bounded, convex subset of
a separable Banach space — a variation on N. Brown’s convex structure Hom(N, RY).
When 2l is nuclear, Hom,, (2, M) is affinely homeomorphic to the trace space of 2, but
in general Hom,, (2(, M) and the trace space of 2l do not share the same data (several
examples are provided). We characterize extreme points of Hom,, (2, M) in the case
where either 2 or M is amenable, and we give two different conditions — one necessary
and the other sufficient — for extremality in general. The universality of C*(Fy) is
reflected in the fact that for any unital separable 2, Hom,, (2, M) may be embedded
as a face in Hom,,(C*(F), M). We also extend Brown’s construction to apply more
generally to Hom(2(, MY). Finally, we return to the context of Hom(N, R¥) and
examine the properties of finite dimensional minimal faces in that setting.

The connection between algebraic and convex geometric concepts is the main
theme of this thesis, and in studying this connection we uncover some new purely

operator algebraic insights.
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Chapter 1
Introduction

The purpose of this thesis is to introduce and investigate a convex structure on the
space Hom,, (2, M) of equivalence classes of x-homomorphisms from a unital separa-
ble C*-algebra 2l to a separable McDuff II;-factor M. Placing a tractable structure
on equivalence classes of homomorphisms between operator algebras is no new idea
(e.g. Ext(2A)). In fact, N. Brown presented a convex structure on the typically non-
separable space Hom(N, RY) of unitary equivalence classes of x-homomorphisms from
a separable II;-factor NV into the ultrapower of the separable hyperfinite II;-factor R¥
in [§]. In this thesis, we extend the scope to C*-algebras and replace the approxima-
tion mechanism of Brown’s construction — the ultrapower — with the mechanism of
weak approximate unitary equivalence, allowing us to consider separable target al-
gebras. The result is a separable adaptation, Hom,,(2(, M), of Brown’s Hom(N, RY)
that still retains a convex structure. We also exhibit a convex structure on a gener-
alization, Hom (2, MY), of Brown’s Hom(N, RY). There are interesting connections
(and disconnections) between algebraic concepts (e.g. traces, ideals, commutants) and

concepts associated with convex geometry (e.g. affine maps, faces, extreme points).



These interactions are explored through both general theorems and specific examples.
The uninitiated reader will be able to find preliminary definitions and examples

of the concepts discussed in this introduction in Chapter [2]

Definition. For a C*-algebra 2 (reviewed in and a IIj-factor N (reviewed in
§2.2), let Hom,, (2, N) denote the space of unital *-homomorphisms 20 — N modulo
the equivalence relation of weak approximate unitary equivalence (reviewed in .
We let [7] denote the equivalence class in Hom,, (2, N) of 7 : A — N. As explained
in Definition [3.0.1] the space Hom,, (2, N) can be naturally metrized in a way similar

to that of Definition 1.2 of [§].
The foundation of this thesis is the following theorem.

Theorem [3.1.6, If M is a separable McDuff II,-factor, then Hom,, (2, M) may be

considered as a closed, bounded, convex subset of a separable Banach space.

As discussed in a II;-factor M is McDuff if and only if M = M ® R, where R
denotes the separable hyperfinite II;-factor (see Example . We establish the
above theorem by showing that Hom,, (2, M) satisfies the axioms for a “convex-like
structure”as in Definition 2.1 of [§]. The authors of [I1] showed that these axioms
characterize a closed, bounded, convex subset of a Banach space (convexity will be
reviewed in .

It is natural to ask why we restrict to McDuff targets. The main reason is the



existence of isomorphisms o), : M ® R — M with the following property:
OMz © (ldM &® 1R) ~ ldM

(~ denotes weak approximate unitary equivalence). Given 7 : 2 — M, such an
isomorphism gives oy o (7 ® 1) € [r]. So we can always find a representative whose
relative commutant unitally contains a copy of R. As we will see from Definition
[3.1.4] the operation of taking a convex combination of [m] and [mo] in Hom,, (A, M)
is obtained by slicing each representative oy o (m; ® 1g) and o7 0 (79 ® 1g) by com-
plementary projections of the form oy, (1) ® p1) and ops(1y ® po) respectively, with
both projections contained in both relative commutants. In this way, the structure
of a McDuff factor always provides us with representatives whose relative commu-
tants contain the same copy of R and thus have an interval’s worth of projections in
common. Also, allowing any McDuff factor as a target algebra maintains enough gen-
erality so that technical embeddability obstructions do not arise. In fact, requiring a
McDuff target is not so much of an obstruction. Thanks to N. Ozawa, we have Theo-
rem Which says that for any separable I1;-factor N we may consider Hom,, (2(, N)
within this convex context by stabilizing the target algebra to obtain a homeomorphic
embedding of Hom,, (2, N) as a closed set inside the convex Hom,, (2, N ® R).

As mentioned above, Hom, (2, M) is a variation of the object of study
Hom(N, R¥) in N. Brown’s paper [§] (reviewed in §2.8). A major distinction be-
tween these two objects is that Hom,, (2, M) is always separable (Proposition

whereas Hom(N, RY) is either nonseparable or trivial. So by studying Hom,, (2, M),



we have the advantage of studying a separable object.
The space Hom,,(2(, M) has a connection with the trace space of 2. Let T'()

denote the trace space of 2; as defined in §2.1]
TEA) :={r e A |7(ly) = 1,7(a"a) = 7(aa™) > 0 Va € A} .

Let [r] € Hom, (A, M) be the equivalence class of 7 : 2 — M and 7, denote the

unique faithful tracial state on M. There is a well-defined, affine map given by
[7] = Tapom

(see Definition {4.1]). We can think of 7p,07 as being a trace in T'(2() that “lifts through
M " and injectivity of this map means “liftable traces remember their homomorphisms

2

(up to weak approximate unitary equivalence).” The following theorem shows that in

the nuclear case, this map is very well-behaved (nuclearity will be reviewed in §2.6)).

Theorem If A is nuclear, then for any McDuff M, Hom,, (A, M) is affinely

homeomorphic to T'(A) via [r] — Tpr o .

In English, this theorem says: for a nuclear 2, all traces on 2l lift through M and
remember their homomorphisms. So in this case Hom,, (2, M) serves as a different
perspective from which we may study the trace space of 2, and on the other side of
the coin, T'() gives insight into understanding Hom,, (2, M) in general. We notice
how this compares with Ext(2() — when 2 is nuclear, we get that Ext(2() is a group

(see [2]). Some nontrivial work had to be done to show that there are algebras 2



for which Ext(2() is not a group (see [I] and [23]). So as in the program of Ext(2l),
it is natural to ask: is Hom,, (2, M) always the same as T'(2)? We present several
examples in offering various negative answers (an algebra with forgetful traces,
and an algebra with so many traces that they cannot all lift through one M). These
examples are encouraging in that they show that the collection of {Hom,, (A, M)},,
as M varies over the McDuff factors contains information different from 7'(21). Notice
that we would not get much information if we examined this connection in the context
of Hom(N, RY) because any II;-factor N has a unique tracial state. Thus, for every
(7] € Hom(N, RY) we get Tpu o = 7.

We go further to show that the class of algebras 2l such that for every McDuft M
Hom,, (A, M) is affinely homeomorphic to T'(2() via [7] — 7o is precisely the class of
algebras 2 for which given any T € T'(2), the weak closure of the GNS representation
induced by T (see is hyperfinite — a class strictly larger than nuclear algebras,
see Example [2.6.13] This leads us to a characterization of hyperfiniteness stated in
our context of weak approximate unitary equivalence in McDuff factors: a separable,
tracial, RY-embeddable von Neumann algebra N is hyperfinite if and only if for
every separable McDuff II;-factor M, any two embeddings 7w, p : N — M are weakly
approximately unitarily equivalent.

We turn to consider the convex geometry of Hom,,(2(, M). In Proposition 5.2
of [8], Brown showed that given [r] € Hom(N, RY), [r] is extreme if and only if

7(N) N RY is a factor. We would like to adapt this characterization to our separable



situation. The analogous statement is not available in our context because the relative
commutant of the image of a *-homomorphism is not in general well-defined under
weak approximate unitary equivalence—see Example 2.6.60 We have the following

necessary condition for [rr] to be extreme.
Theorem [5.1.1] If [1] € Hom,, (A, M) is extreme then W*(mw (1)) is a factor.

The converse of the above theorem holds when 2 is nuclear by Theorem [4.1.2] Also,
when M = R, the converse holds for general 2. However, the converse of this theorem
fails in general.

Since our domains are unital separable C*-algebras, we have access to nontrivial
ideals. Using the contravariance in the first argument, we show that for a closed
two-sided ideal J of A, Hom,, (2(/J, M) is a face of Hom,, (2, M). A statement like
this is meaningless in the setting of Hom(N, RY) because I1;-factors are simple. The
observation that any unital separable C*-algebra is a quotient of C*(F,) translates

into the following surprising fact.

Theorem m For any unital separable C*-algebra A, Hom,, (A, M) is a face of

Hom,,(C*(Fy), M).

We also discuss ultrapowers (see §2.4) in considering Hom(2(, MY): the space
of all unital *-homomorphisms A — MY modulo unitary equivalence. This is an
obvious generalization of Hom(N, RY) and also supports a convex structure. We

extend Brown’s characterization of extreme points to apply to Hom (2, MY): [r] €



Hom (2, MY) is extreme if and only if 7(2) N M“ is a factor. We observe that
Hom,, (2, M) may be embedded into Hom (A, MY) via [r] — [7Y] where 7 denotes
7 followed by the canonical constant-sequence embedding of M into MY. This is a
strict inclusion in general, but we observe that Hom,, (2, M) = Hom(2(, M¥) in the
nuclear case. This embedding yields the following sufficient condition for extreme

points.
Theorem [6.1.13 If 7 (1) N MY is a factor, then [r] is extreme in Hom,, (A, M).

The converse holds in the case when either 2l or M is amenable. It is unknown if
the converse of Theorem holds in general. It would hold if one could show
that in general, Hom,, (2, M) embeds as a face of Hom (2, M%), and it is known that
Hom,, (2, R) embeds as a face of Hom(2(, R¥). As a consequence of the characteri-
zations of extreme points in the amenable cases, we get an equivalence of two purely
algebraic statements with no reference to Hom,, (2, M) (see Corollary and The-
orem . This discussion of relative commutants in ultrapowers along with a
helpful comment made by S. White leads us to the following new characterization of

the hyperfinite 1I;-factor.

Theorem [6.1.8. Let N be an embeddable separable II-factor. The following are

equivalent:
1. N =R;

2. For any separable I1;-factor X and any embedding m : N — XY, m(N) N XY is



a factor;

3. For any separable II,-factor X and any embedding w : N — XY, the collection
of tracial states {T(w(x)-) : x € N*,7(x) = 1} is weak-x dense in the trace space

of m(N) N XY,

Notice that this is a strengthening of Corollary 5.3 in [§].

We will also discuss some interesting questions regarding the structure of
Hom(N, RY). Given [r] € Hom(N, R¥) we let F; denote the minimal face in
Hom(N, RY) containing [r]. The following theorem further demonstrates the con-
nection between geometric properties of Hom (N, RY) and algebraic properties of the

underlying operator algebras.
Theorem Let the embedding m: N — RY be given.
1. If dim(Z(r(N)' N RY)) = n < oo then Fiy is an n-vertex simplex.

2. If ¢ € ty[m]| + -+ + tp[m,] where 0 < t; < 1 and [m;] is an extreme point for

every 1 < 7 <mn, then

e(N) N R = &7 m;(N) NR“.

3. dim(Fiy) + 1 = dim(Z(7(N) N RY)).

Propostion 5.2 of 8] is the case where dim(Fjy) + 1 = dim(Z(r(N)' N RY)) =1. In

order to prove this theorem, we use a sort of RY-version of Schur’s lemma.



This thesis is organized as follows.
Chapter [2| Preliminaries: This chapter is devoted to introducing and reviewing

S

the necessary definitions and concepts used throughout this thesis. §2.1|reviews some

basic definitions, properties, and examples regarding C*-algebras. In §2.2] we cover

some facts about von Neumann algebras. §

reviews tensor products in both the
context of C*-algebras and the context of von Neumann algebras. We review some
introductory material on ultraproducts of certain operator algebras in §2.41 In
we will discuss some background material regarding approximate unitary equivalence.
gives an (extremely brief) overview of nuclearity in the context of C*-algebras
and hyperfiniteness in the context of von Neumann algebras. In §2.7 we give a short
discussion on the convexity and some of its accompanying notions in the context of
functional analysis. We will review some results concerning Hom(N, RY) from [§] in
2.8

Chapter [3| The Space Hom, (2, M): We provide all of the initial definitions
for Hom,, (2, M). The convex structure of Hom,, (2, M) is introduced and verified in
§3.1 We briefly discuss some surface-level functoriality in

Chapter [4 Connection to the Trace Space: Here we introduce the relation-
ship between Hom,, (2, M) and T'() as mentioned above. In §4.1| we establish the
fact that the relationship is a bijection when 2l is nuclear, and we show that traces

remember their homomorphisms when M = R. We then discuss in several exam-

ples showing that Hom,, (2, M) is not the same as T'() in general. These examples
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include the “forgetful trace”and “too many traces”examples mentioned above. In
we record our alternative separable characterization for separable tracial hyperfinite
embeddable von Neumann algebras.

Chapter [5| Convex Geometry: We take a closer look at some of the convex
geometry of Hom,, (2, M). In §5.1] Theorem [5.1.1] gives a necessary condition for
extremality, and we provide an example showing that its converse is false in general.
In we show that quotients of 2 give rise to faces in Hom,, (A, M).

Chapter |§| Ultrapower Situation: In we generalize Hom(N, RY) by con-
sidering the space Hom (2, M¥). We extend the characterization of extreme points
in Hom(N, RY) to a characterization in Hom(2(, M¥). This provides a sufficient con-
dition for extreme points in Hom,, (2, M) in general. We give a characterization of
R in Theorem [6.1.8] The embedding Hom,, (A, M) C Hom(2A, M¥) is defined and
discussed. In we present a characterization of extreme points in Hom,, (2, M) in
the case where all traces of 2 give a hyperfinite GNS construction. In we present
a characterization of extreme points in Hom,, (2, R).

Chapter 7| More on Hom,, (2, M): In this chapter we present some more in-
teresting facts about the structure and dynamics of Hom,, (2, M). In we ad-
dress the stabilization of non-McDuff target algebras. We show in Theorem [7.1.7]
that for any separable II;-factors Ny and Ny, Hom,, (2, N;) embeds homeomorphi-
cally into Hom,, (2, N; ® Ns) as a closed subset. So in particular, Hom,, (A, N) C

Hom,, (A, N ® R). In it is shown that when a coassociative comultiplication on
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2 exists (e.g. 2 a compact quantum group), we can define an affine-distributive,
associative product on Hom,, (2, R).

Chapter [8| Simplices in Hom(N, R¥): In this chapter we explore more of the
structure of Hom(N, RY). In particular, we focus on analyzing finite dimensional
minimal faces of Hom(N, RY). An RY-version of Schur’s lemma is proved on the way

to establishing Theorem
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Chapter 2
Preliminaries

We review here some basic definitions, properties, and examples of the key elements

relevant to this thesis.

2.1 ("-algebras

We will start with C*-algebras. The books [37], [15], [10], and [46] contain helpful
introductions to this subject. Let H be a (complex) Hilbert space with inner product
(-|-), and let B(H) denote the space of all bounded linear operators on H. A bounded
operator T' : H — H is one such that for any vector & € H, there is a constant
C € [0,00) such that ||T¢]| < C|[¢|| where || - || is the Hilbert space norm given by

1€]]? = (€]¢). We can define a norm on B(H) given by

Tl = sup [|T€]].

§eH,|[¢]|<1

Definition 2.1.1. A (complex) C*-algebra is typically defined in one of the following

two equivalent ways.

e (Spatial) Let H be a Hilbert space. A norm closed, *-closed subalgebra 2 C
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B(H) is called a C*-algebra. (A subset X C B(H) is *-closed if x € X = z* €
X where x — z* is the adjoint operation on B(H). A *-closed subalgebra is

often referred to as a *-subalgebra.)

e (Abstract) A (complex) algebra 2 is a C*-algebra if it is a Banach *-algebra (2
is in addition a complete normed linear space with submultiplicative norm and

involution *) that satisfies the C*-identity: ||z*z|| = ||z||* for every x € 2.

It is a well-known theorem of C*-algebras that any abstract C*-algebra can be con-
cretely realized as a norm closed *-subalgebra of B(H) for some Hilbert space H.

A C*-algebra is called unital if it contains a multiplicative identity.

Example 2.1.2. The following are some of the first examples of C*-algebras that an

introductory course would cover.

1. For n € N the algebra of n xn matrices with complex entries, denoted as M, is a
C*-algebra. The involution * is the operation of taking the conjugate transpose.

These algebras are unital.

2. Given a locally compact Hausdorff topological space X, the algebra Cy(X) of
complex-valued continuous functions on X vanishing at oo is an abelian C*-
algebra. In fact, thanks to the Gelfand transform, any abelian C*-algebra takes
the form of Cy(X) for some locally compact Hausdorff space X. Cy(X) is unital

if and only if X is compact. These abelian C*-algebras are completely identified
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by the underlying topological space, so it is a shared philosophy that the study

of general C*-algebras is the study of non-commutative topology.

3. Given any Hilbert space H, B(H) itself is a C*-algebra. If H,, is n-dimensional,

then B(H,) = M,,. These algebras are unital.

4. Given T' € B(H) for a Hilbert space H, we can consider the C*-algebra gener-
ated by T denoted C*(T"). This is the smallest C*-subalgebra of B(H) contain-
ing T'. Or more explicitly, it is the norm closure of the algebra of *-polynomials
without constant terms in 7" (finite linear combinations of finite products of T
and 7). More generally, given an n-tuple of operators 71, ...,T,, € B(H), one

can analogously define C*(77,...,T,). These algebras are not unital in general.

Definition 2.1.3. Let 2 and B be C*-algebras. A x-homomorphsim m : 2 — B is

a well-defined map satisfying the following properties.

o (linear) For A € C,z,y € A, 7(\x +y) = Ar(x) + 7(y).

e (multiplicative) For z,y € A, n(zy) = n(z)7(y).

e (x-preserving) For z € A, w(z*) = w(z)*.

If 2l and B are unital, then 7 : A — B is a unital *-homomorphism if in addition

to the three properties above, m(1y) = 1.

Definition 2.1.4. We now define several different properties elements of a C*-algebra

can have. Let 21 be a C*-algebra.
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An element a € 2 is called a contraction if ||a|| < 1. The set of all contractions

in 2 will be denoted 2A<;.

An element a € 2 is called normal if a commutes with its adjoint. That is,

a a=aa .

An element a € 2 is called self-adjoint if a = a*. The set of all self-adjoint

elements in 2 will be denoted 2052

An element a € 2 is called positive if there is some b € 2 such that a = b*b.

The set of all positive elements in 2 will be denoted 2A*.

An element p € A is called a projection if p = p* = pZ.

An element v € 2 is called a partial isometry if v*v is a projection.

If 2 is unital, an element v € 2 is called an isometry if v*v = 1; and v is called

a coisometry is vv* = 1.

If 2 is unital, an element u € 2 is called a unitary if u*u = vu* = 1. That is, a
unitary is both an isometry and a coisometry. The set of all unitary elements

in 2 will be denoted U (2A).

Example 2.1.5 (Group C*-algebras). We take the time now to explain how to con-

struct C*-algebras out of groups. Such C*-algebras are crucial to the subject and pro-

vide many rich examples. We first present the left-regular representation of a discrete

group. Let T be a discrete group and let £2(T") be the collection of square-summable
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complex-valued functions on I'. That is f € ¢*(T) if and only if Z If(9)]? < co.
gel
This naturally makes ¢%(T") a Hilbert space with a canonical orthonormal basis given

by {04}, where d is the indicator function on the set {g}. We now define a group

homomorphism from I" into the unitary group of B(¢*(T")). Let
AT — UB((T)))

be given by
A(g)(0n) = bgn-

It is a direct exercise to check that for every g € I', A(¢) is indeed a unitary operator

on (?(T"). Furthermore, one can check that given f € (?(T') and g,z € T, we have

M9 (H)) = flg™ ).

We we let C§(I") be the C*-algebra generated by the unitaries {\(g)}. That is,

CA(I) = C*({M9)}ger) € BEA(I)).

We call C5(T") the reduced group C*-algebra of I'. In the literature, C5(I") is sometimes
written as C¥(I).
There is also a full group C*-algebra of I, denoted simply by C*(I"), given by the

C*-closure of image of the direct sum of all unitary representations of I'.

Another useful notion is the spectrum of an element of a C*-algebra. Regardless
of whether or not a C*-algebra is unital, one can write down the definition of the

spectrum. The non-unital case requires some technicalities, and since this thesis is
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concerned exclusively with unital C*-algebras, we only provide the definition for the

unital case.

Definition 2.1.6. If 2l is a unital C*-algebra and a € 2, then the spectrum of a is
given by

sp(a) :={A € C: (a— A1) is not invertible }.

For any a € 2, sp(a) is compact, nonempty, and contained in {z € C: |z| < ||a||}.
If a is self-adjoint, then sp(a) C R; if a is positive, then sp(a) C [0,00); if p is a
projection, then sp(p) = {0, 1}; if u is a unitary, then sp(u) C {ew 0<0< 27?}.
Let us now turn to discuss some functional analysis of C*-algebras. This subject
is indeed deep and interesting on its own, but here we will only introduce the concepts

pertinent to this thesis.

Definition 2.1.7. A continuous linear functional f on a C*-algebra 2 is a continuous

linear map f :2A — C. The set of all continuous linear functionals on 2 is called the

dual of 2 and denoted 2A*.

e A continuous linear functional f is called positive if for any a € A, f(a) > 0.

e A continuous linear functional f is called faithful if for any a € 2, f(a*a) = 0 if

and only if a = 0.

e A positive continuous linear functional f is called a state if f(1) =1 (there are
states on non-unital C*-algebras, but for our context, this definition works).

The set of all states on 2 is denoted S(A).
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e A positive continuous linear functional f is called a tracial state if it is a state
and f(ab) = f(ba) for every a,b € A. The set of all tracial states on 2 is

denoted T'(2A).

Example 2.1.8. e Let 2 be a C*-algebra and let H be a Hilbert space such that
A C B(H). Let &,n € H be vectors. Then we can define the following linear

functional f given by
f(A) = (Ag]n)

where (-|-) is the inner product on H. If £ =, then f is positive. Furthermore,

if ||€]] = 1 then f is a state. Such a state is called a vector state.

e The normalized trace on M, is a tracial state. The normalized trace is given by

for (aij) € Mn

e Let X be a compact Hausdorff space. Then given any measure ;1 on the Borel o-
algebra on X, the map f — [ fdu is a positive continuous linear functional. If
w(X) =1, then f +— [ fduis a tracial state. By Riesz Representation, any con-
tinuous linear functional on C'(X) can be expressed as integration against some
signed measure. So continuous linear functionals may be considered morally as

non-commutative integrals.

Notice that if 2 is a unital C*-algebra and T € T(2(), then T “ignores”unitary



19

conjugation. That is, for x € 2 and u € U(A),

T(uzu*) = T(xu*u) = T(x).

We now describe a construction that shows how any abstract C*-algebra may be
realized concretely as a norm closed *-subalgebra of B(H) for some Hilbert space H.
This construction can be found in [I5]. Let 2 be a C*-algebra and let f € S(2(). Let

N :={ae: f(a*a) = 0}. One can show that N is a left ideal of 2. So consider

the positive definite sesquilinear form on /N given by

(@ +Nly+N)y = fly"z).

This is an inner product on 2/N, making /N into a pre-Hilbert space. Let Hy be the
completion of /N under the norm induced by the inner product. We can now define
a x-representation 7y : 2 — H; in the following way. Let a € A and 2 + N € A/N,
then 7¢(a)(z +N) = ax +N. This operation naturally extends by continuity so that
7(A) is truly an operator in B(Hy), and moreover, 7y is a *-homomorphism. This
construction is called the GNS construction named for Gelfand, Naimark, and Segal.
The representation 7 is called the GNS representation associated to f. To concretely
realize an abstract C*-algebra, one takes a direct sum of all GNS representations
for every f € S().

Another important notion associated with C*-algebras is that of a completely
positive map. First we must establish some notation. let ¢ : A — ‘B be a linear map

from a C*-algebra 2 to a C*-algebra 9B. Let M, (2() denote the C*-algebra of n x n
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matrices with entries from (. For n € N, we let ¢(™ : M,,(A) — M,,(B8) be the n x n

amplification of ¢ given by

o™ ((aiz)) = (w(aig))-

Definition 2.1.9. Let 2 and B be C*-algebras. A linear map ¢ : A — B is called

completely positive if for every n € N, ™ is positive. That is, for every n € N,

™ (M, (A)F) C M,,(B)".
Example 2.1.10. e Any x-homomorphism is completely positive.

e Any positive linear functional is completely positive. More generally, any posi-

tive linear map with abelian domain or range is completely positive.

2.2 von Neumann Algebras

We next turn to von Neumann algebras. Again, the books [37], [15], [10], and [46]
contain valuable information on this subject. In order to discuss von Neumann alge-
bras, we must first discuss some more topologies on B(H). Given a countably infinite
dimensional Hilbert space H, B(H) has several distinct modes of convergence. We
have already mentioned the norm topology in discussing C*-algebras. There are six
other distinct topologies of interest that one can place on B(H). See Section I1.2 of
[46] for a description and discussion of these topologies. For the sake of this thesis, we
will discuss only the weak and the strong topologies. We will define these topologies

by describing what convergence means for each topology respectively.



21

Definition 2.2.1. e We say that a sequence {7, } in B(H) converges to T €

B(H) weakly if for every £, € H we have

(Tn&ln) — (T€|n) .

The topology induced by this convergence is called the Weak Operator Topology,

abbreviated WOT. This convergence is often denoted as

T =WOT- lim T,.

n—o0

e We say that a sequence {T,} in B(H) converges to T' € B(H) strongly if for
every £ € H, we have

T, — TE.

The topology induced by this convergence is called the Strong Operator Topol-

ogy, abbreviated SOT. This convergence is often denoted as
T = SOT- lim T,.
n—oo
The following definition will seem very unrelated to Definition [2.2.1]
Definition 2.2.2. Given a subset S C B(H), the commutant S’ of S is given by
S''={AeB(H): AX =XA VX e S}.

Let S” := (S'), and so on.

Thanks to the following deep and celebrated theorem by John von Neumann, these

two notions are fundamentally related.
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Theorem 2.2.3 (Double Commutant Theorem, [37],[48]). Let M be a *x-closed, unital

subalgebra of B(H). Then the following are equivalent.
1. M =M";
2. M s weakly closed;
3. M 1is strongly closed.

We can now define a von Neumann algebra.

Definition 2.2.4. A x-closed, unital subalgebra M of B(H) is a von Neumann algebra
if it satisfies the equivalent conditions in Theorem [2.2.3] von Neumann algebras are

sometimes referred to as W*-algebras.

Remark 2.2.5. Tt is a quick exercise to see that norm convergence implies both WOT
and SOT convergence. In particular, this shows that von Neumann algebras are
norm-closed. So von Neumann algebras are C*-algebras. In fact, it was shown in [41]
that a von Neumann algebra can also be characterized as a C'*-algebra that is a dual

Banach space.

Example 2.2.6. e For any Hilbert space H, B(H) itself is a von Neumann alge-

bra. In particular, for any n € N, M,, is a von Neumann algebra.

o Let (X, M, u) be a measure space. Then L>®(X, u) is a von Neumann algebra.
One can represent L>(X, u) as multiplication operators on the Hilbert space

L2(X, 11). Any abelian von Neumann algebra takes this form. So, in comparison
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with the C*-algebra situation, it is a shared philosophy that the study of von

Neumann algebras is the study of non-commutative measure theory.

e If M is a von Neumann algebra and S C M is a subset of M, then we let W*(S)
denote the von Neumann algebra generated by S. One can view W*(S) C M
as the smallest von Neumann subalgebra of M containing S. W*(S) can be
obtained by taking the WOT-closure of the algebra of *-polynomials with entries

from S.

e Asin the C* case, given a discrete group I, one associates to I' a von Neumann

algebra. The group von Neumann algebra of T' is given by ({)\(g)}gep)” C
B(¢*(T)) where A : T — U(B(¢*(T"))) is the left-regular representation as defined
in Example Group von Neumann algebras provide important and deep

examples in the theory of von Neumann algebras.

If M C B(H) is a von Neumann algebra, and H is a separable Hilbert space, then

we say that M is separably acting.

Definition 2.2.7. Given a von Neumann algebra M, the center of M, denoted Z (M)
is given by

ZM):={z€M:zx=xzVxr e M}.
Clearly, Z(M) =M N M'.

Definition 2.2.8. A von Neumann algebra M is called a factor if the center of M

is isomorphic to C.
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Definition 2.2.9. A von Neumann algebra M is called finite if there is no partial

isometry v such that v*v = 1;; but vo* # 1.

Example 2.2.10. e M, is a finite factor.

e For H an infinite dimensional Hilbert space, B(H) is factor, but it is not finite.

All von Neumann algebras are classified by types: I, II, and III. For the sake of
brevity, we will not define these types in generality. See Section V.1 of [46] for full
definitions. We will primarily be concerned with factor von Neumann algebras of
type II that are also finite. Such factors are called type II;-factors. We define a type

I1;-factor as follows.

Definition 2.2.11. A type I;-factor is an infinite dimensional factor von Neumann

algebra that is finite in the sense of Definition [2.2.9

We can equivalently define a II;-factor to be an infinite dimensional factor von Neu-
mann algebra that admits a unique faithful tracial state. If N is a II;-factor, then
we typically denote this unique tracial state as 7y or just 7 when no confusion may
occur.

If N is a II;-factor, then we may use its unique tracial state 7 to define a norm

on N. The so-called trace norm, denoted || - ||2, is given by
|z]l2 = V7 (27 2).

While N is not complete with respect to || - ||z, we have on bounded subsets of N that

|| - [|2-convergence coincides with SOT convergence. If N is separably acting, then N
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is separable with respect to the topology coming from || - ||2. For this reason, we will
sometimes simply use the word separable in place of separably acting in the context
of II;-factors.

It can be shown that a von Neumann algebra is generated by its projections.
Thus, the theory of projections in von Neumann algebras is important to the subject
as a whole. A fundamental notion associated to projections is Murray-von Neumann

equivalence.

Definition 2.2.12. Let M be a von Neumann algebra. Two projections p,q € M are
Murray-von Neumann equivalent in M if there is a partial isometry v € M such that

p =v*v and ¢ = vv*. This equivalence relation is sometimes denoted as p ~ N ¢.

Example 2.2.13. o If M = B(H), then the Murray-von Neumann equivalence

class of a projections is completely determined by the rank of the projection.

e If M is a Il factor, then Murrray-von Neumann equivalence is completely deter-
mined by the value of the trace on the projections. That is, for two projections
P,q € M, p ~\yn ¢ if and only if 7(p) = 7(q) where 7 is the unique tracial state

on M.

We now present some constructions of I1;-factors.

Example 2.2.14. 1. (The hyperfinite II;-factor) Consider the algebraic direct

limit @ of the sequence of algebras {M»} with connecting maps ¢, : Man —
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Mam (n < m) given by

a 0
@(n-&-l)n(a) =
0 a

and if m > n+1, then ©,n = Om@m—1)0" 0 Pmt1)n- S0 Q is the infinite nested

union of the matrix algebras Man; that is,

Q - U,iolezn .

Each My admits a unique faithful tracial state 7,, (the normalized trace), and
since T, © Ymn = Tn, these traces induce a trace 7 on (). In particular, if x € @,
then x € Myn for some n, so 7(z) = 7,(x). Since all the 7,,’s are faithful, we

have that () with positive-definite inner product (:|-)_ given by

(zly), == 7(y"7)

is a pre-Hilbert space. Let H be the Hilbert space obtained by taking the
completion of () with respect to the norm induced by the inner product (:|-). .
As in the GNS construction, we can view () as a unital x-subalgebra of B(H)
by having it act (densely) on H by left multiplication. Then we let R = Q"
be the weak closure of () in this representation. Since each 7, is the unique
faithful tracial state on My., we get can extend 7 by continuity to be the
unique faithful tracial state on R. Thus R is an infinite dimensional factor

von Neumann algebra with a unique faithful tracial state 7. This II;-factor R

is known as the hyperfinite II;-factor. See for a definition of hyperfinite.
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Murray and von Neumann showed that up to isomorphism, there is only one

separable hyperfinite II;-factor.

2. (Group II;-factors) If T' is a group such that every non-trivial conjugacy class
is infinite (an infinite conjugacy class or i.c.c. group), then L(T') is a II; factor
with trace given by 7(x) = (¥0c|de) 2y €8 ' = Fn(n € {2,3,---,00}) the
free group with n letters, [' = S, the group of finite permutations of N, or
['=SL(n,Z). It can be shown that L(Ss) is hyperfinite. So L(S«) = R from
(1) above. Historically, L(Fs) was the first II;-factor shown to be distinct from

R ([30]).

2.3 Tensor Products of Operator Algebras

The operation of taking a tensor product of C*-algebras or von Neumann algebras
has been a topic of intense study for many decades. The following treatment of the
topic can be found in Chapter 3 of [10].

Let 2 and B be C*-algebras. We begin by taking the algebraic tensor product
24 ® B which is given by the following universal property. For any vector space Z
and any bilinear map o : 2 X B — Z, there is a unique linear map ¢ : A © B — Z
such that for every a € A and b € B,5(a®b) = o(a,b). The algebraic tensor product
2A ® B is a x-algebra, but it has not been topologized by any sort of norm—it is the

linear span of the simple tensors. It turns out that we have options when it comes to
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choosing a C*-norm (one satisfying ||z*z|| = ||z||?).

Definition 2.3.1 ([I0]). The largest C*-norm we can place on 2 ® B is called the

mazximal C*-norm || - ||max. Given z € 20 ©® B, define
||| max = sup {||7(z)|| : 7 : A ® B — B(H) a (cyclic) *-homomorphism}

where 7 : X — B(H) is a cyclic *-homomorphism if there is a vector £ € B(H) such
that {m(2)¢ : x € X} is dense in H. Let A ®pax B denote the completion of A © B

with respect to || - ||max-

Definition 2.3.2 ([I0]). On the other side of the coin, the smallest C*-norm we can
place on AOB is called the spatial or the minimal C*-norm ||-||min. Let 7 : A — B(H)

and o : B — B(K) be faithful representations. Given > a; ® b; € A ® B, define

1D i @ billmin = 1Y _ 7(a;) ® o(b3)|| Bz

where tensor products of Hilbert spaces and of representations can be made precise.

The completion of 2 ® B with respect to || - ||min is denoted A @i, B.

Example 2.3.3 ([10]). For any n € N and any C*-algebra 2 we have that A®,;,M,, =

A D ppae M, = M, (2).

When dealing with tensor products of von Neumann algebras, there are fewer

choices.

Definition 2.3.4 ([10]). Let M C B(H) and N C B(K) be von Neumann algebras.

The von Neumann algebraic tensor product M&@N is defined to be the von Neumann
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algebra generated by

M® N = {in@)yi:neN,xiEM,yiEM}CB(H®K)

i=1
where the tensor product of two operators on the tensor product of two Hilbert spaces

can be made precise.

We will primarily be dealing in tensor products of separable II;-factors. Given

two IIi-factors Ny and N, we can describe N;®N, as follows. Let
(NiONy)<p :={z € NyO N, C BIH®K) : ||z]| <7}.

Then we have

where the trace on Ny ® Ns is given by 7 = 7 ® 75 where 7; is the unique tracial state
on N;,1=1,2.

This convex structure presented in this thesis makes use of a class of II;-factors
called McDuff 11;-factors. Before giving a definition of a McDuff II;-factor, we need

a preliminary definition.

Definition 2.3.5 ([29]). Let N be a II;-factor. Let [z,y] := 2y — yx denote the
commutator of x and y. A bounded sequence {tx} C N is called a central sequence
in NV if

[k, #][l2 = 0
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for every x € N. A central sequence {x;} C N is called a hypercentral sequence in N

if for every central sequence {t},
[|[sk, te]ll2 = 0.

Definition 2.3.6 ([29]). A IL;-factor M is called McDuff if M contains a central

sequence that is not hypercentral.

Example 2.3.7. Let {(N,,7,)} be a sequence of II;-factors. The infinite tensor
product M := ®7 2, N, is a McDuff II;-factor. To see this, we must find a non-
hypercentral central sequence. Let a,,, b, € N,, be contractions such that ||[ay, b,]||]2 >

1
3 for every n. Then clearly,

{1N1 ®- - ® 1y, , ®an®1Nn+1 ®,,,}OO
and

{1N1 ®--®1y,_, ®b, @ 1Nn+1 Q- }00
are non-hypercentral central sequences.

In [29], McDuff proved the following celebrated theorem giving a structural charac-

terization of McDuff II;-factors.

Theorem 2.3.8. [29] A separable II;-factor M is McDuff if and only if M = M®R

where R denotes the separable hyperfinite I1;-factor.

Remark 2.3.9. In the remainder of the thesis, we will simply use the notation M ® N

when discussing the von Neumann algebraic tensor product of II;-factors.
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2.4 Ultraproducts

In operator algebras, ultraproducts and utlrapowers play the dual roles of being useful
tools for proofs and being interesting objects on their own. We will see both roles in
this thesis. There are many publications regarding this subject; for a few, see [19],
1200, [21], [38], [5], [29], and [12]. This section is meant to give the basic definitions
needed in order to discuss ultrapowers. We will mainly be pulling from the material

in Appendix A of [10].

Definition 2.4.1. Let I be a set. An ultrafilter on I is a nonempty family i of

subsets of I that satisfies the following properties:
1. (nontriviality) 0 ¢ U;

2. (finite intersection property) if Iy, [y € U, then there is a J € U such that

J C IyNIq;
3. (directedness) if Iy € U and Iy C I; C I, then [} € U;
4. (maximality) for any Iy C I, either o e U or I\ Iy € U.

If U satisfies (1) and (2), it is called a filter base. If U satisfies (1), (2), and (3), it

is called a filter.
It helps if one considers the elements of an ultrafilter I/ to be the “large”subsets of I.

Example 2.4.2. e For any set I, the principal ultrafilter generated by iy € I is

the family of all subsets which contain 7.
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e Let I = N. The cofinal filter base on N is the collection of all subsets of the
form {n € N:n > N} for some N € N. There is a general theorem that says
that given a filter base U’ on I, there is an ultrafilter & on I which contains
U'. A free ultrafilter on N is an ultrafilter which contains the cofinal filter base.

Free ultrafilters cannot be principal too.

Remark 2.4.3. While our definition of an ultrafilter works for general sets, in this

thesis, we will exclusively discuss free ultrafilters on N.

Ultrafilters can be used to describe convergence. Next, we define what it means

to “converge along an ultrafilter.”

Definition 2.4.4. Let X be a topological space, and let U be a free ultrafilter on
N. A sequence {z,} in X is said to converge along U if for any open set in A C X,
the set {n € N:x, € A} is a member of ¢. The limit point of this convergence is
denoted

T
or

lizgn T,

We are now ready to define the tracial ultraproduct of II;-factors. Fix a free
ultrafilter & on N, and let {M,,} be a collection of II; -factors with tracial states 7,.

Let H M, denote the algebra of norm-bounded sequences (z,) such that z,, € M,
neN
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for every n € N. Let NL({Q) be given by

NP = {(xn) e [[ M. lim [|, > = 0}

neN

where ||z,||3 = 7.(z}x,) is the respective trace norm. It can be shown that NZE,Q) is a

norm-closed ideal of H M,,. So we define the tracial ultraproduct of {(M,,1,)} to be

[T = (T M) /N

neN

If M,, = M for every n, then we call [ [, M, the tracial ultrapower (or just ultrapower
when the context is clear) of M and denote it as MY. We denote a coset (x,,) + NL(,Q)
as (x,)y. The ultraproduct H M, is a II; factor with trace 7¥((x,)y) := liLr{n Tn(Tn);

u
and MY is a II;-factor with trace 79((z,)y) := libr{n T(2y).

Example 2.4.5. Let {k(n)} be an increasing sequence of natural numbers. One can

follow the exact same construction as above with M,, = M) and 7, = try,) (where

tr,, is the unique tracial state on M,,) to obtain the ultraproduct HMk(”)‘ If R
u

denotes the separable hyperfinite IT;-factor, it turns out that RY =2 H M ().
u

Given an element x € H M, a lift of x is a sequence (z,) € H M, such that
u neN
x = (z,)y. The following proposition is very useful in that it shows that we can

lift certain properties of elements. This proposition follows from a theorem due to

Hadwin and Li in [26] which appears in as Theorem [2.6.15]

Proposition 2.4.6. Let {(M,,7,)} be a collection of II;-factors. If x € HM" is
u
[normal, self-adjoint, positive, unitary, a projection, or a partial isom-

etry], then there is a lift (x,) € H M, of x such that for each n,z, is [normal,
neN
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self-adjoint, positive, unitary, a projection, or a partial isometry] respec-

tively.

2.5 Approximate Unitary Equivalence

The notion of weak approximate unitary equivalence is central to the work in this
thesis. Some publications regarding this topic are [47], [2], [24], [25], [16], [44], and
[45]. We present some background on the topic in this section. Much of the initial
discussion is pulled from [15].

Two operators S, T € B(H) are unitarily equivalent if there is a unitary U € B(H)
such that T'= USU*. In this case, T" and S are philosophically the same operator: if
one chooses an orthonormal basis {{;} on B(H ), then the matrix representation of S
with respect to {&;} will be exactly the same as the matrix representation of T" with
respect to the orthonormal basis {U¢;}. The unitary orbit of an operator T' € B(H)
is given by

U(T) :={UTU" : U unitary} .

Unitaries in B(H) encode the symmetries of H. So morally, two operators sharing a

unitary orbit operate the same way on different rotations of the Hilbert space.
Unitary equivalence of operators implies the exact same observable data (evalua-

tions of the form (T'¢|n)) associated to those operators. In [I5], the situation that two

operators have the same observable data is described as “no finite set of measurements
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determined by vectors can distinguish the two operators.” There is in fact a weaker
equivalence relation on operators that implies that there is no difference between the
operators in terms of observable data. We say that two operators S,T € B(H) are
approzimately unitarily equivalent (denoted S ~, T') if there is a sequence of unitary

operators U, such that

T — U,SUZ|| — 0.

Note that being approximately unitarily equivalent is the same as sharing a norm-
closed unitary orbit.
We will sometimes use the following notation. Given a unitary U € B(H), let
Ad(U) denote the map
Ad(U) : B(H) — B(H)
given by

Ad(UY(T) = UTU",

Example 2.5.1. Approximate unitary equivalence is a strictly weaker relation than
that of unitary equivalence. Let H be a separable infinite dimensional Hilbert space.

Fix an orthonormal basis {¢;}. Let S € B(H) be the operator with its {£;} matrix



representation given by

N[ =

=

2i—1

Let U,, € B(H) be the unitary with its {{;} matrix representation given by

I

0 0 1
1 0
P, =
0.
00 1 0
Thus,
1
on—1
1
1
2.
U,SU;: = 1
b=
1
2n+1
1
2n+2
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So we see that

N |

U, SU; =T :=

=

But it is clear to see that S and T are not unitarily equivalent because S has trivial
kernel and T has a one-dimensional kernel.

Let A be a C*-algebra, and let p, o : 2l — B(H) be *-representations of 2. We say
that p and o are approximately unitarily equivalent (p ~, o) if there is a sequence of

unitaries {U,} C B(H) such that for any a € 2,

pla) = lim U,o(a)U;

n—oo

where the limit is taken in the norm topology. By changing the topology in which the
convergence occurs, we can define weak approximate unitary equivalence as follows:
p and o are weakly approximately unitarily equivalent (p ~,, o) if there are two

sequences of unitaries {U,,} and {V,,} in B(H) such that for every a € 2,

o(a) = WOT- lim U,p(a)U;

n—oo

and

p(a) = WOT- lim V,o(a)V,".

n—o0
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The equivalence relations [approximate unitary equivalence|] and [weak approx-
imate unitary equivalence] are in fact equivalent to one another. This fact is a
consequence of the Weyl-von Neumann-Berg-Voiculescu theorem. The general non-
commutative version of the theorem first appeared in [47]. It appears as Theorem

I1.5.8 in [15] and reads as follows.

Theorem 2.5.2. Let 2 be a separable C*-algebra, and let o and p be non-degenerate
representations of A on a separable Hilbert space H (o(A)H and p(A)H are dense in

H). Then the following are equivalent.

1. 0 ~4p

2. 0 ~wa P

3. rank(o(a)) = rank(p(a)) for every a € 2.

Arveson provides a nice survey of these results in [2]; and Hadwin showed in [24] that
this theorem holds for non-separable representations.

In the last decade or so, there has been growing interest in approximate unitary
equivalence in von Neumann algebras rather than in B(H). In [44], Sherman dis-
cusses the closures in various topologies of unitary orbits of normal operators in von
Neumann algebras. In [16], Ding and Hadwin investigated a version of the Weyl-von
Neumann-Berg-Voiculescu theorem where the target of the representations is a von
Neumann algebra M instead of B(H). Of course, in this context the unitaries im-

plementing the (weak) approximate unitary equivalence of the representations must
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come from M rather than B(H). For the Ding-Hadwin version of the Weyl-von
Neumann-Berg-Voiculescu theorem, the notion of rank must be replaced with that of
M -rank: the Murray-von Neumann equivalence class in M of the range projection.
Though [I6] deals in much more generality, we will discuss some of the results of
the paper in the context where 7, p : 2l — M are unital x-homomorphisms from a
C*-algebra 2 to a finite factor von Neumann algebra M. One of the main questions
addressed in [16] is: “What are the C*-algebras for which the notions of equal M-
rank, approximate unitary equivalence, and weak approximate unitary equivalence
(or a sub-pair) are equivalent?” Before reporting some of the results from [16] we first
mention that in the context of considering a finite factor von Neumann algebra as a

target, the notion of M-rank can be simplified as follows.

Proposition 2.5.3 ([16]). Let 2 be a C*-algebra, let M be a finite factor von Neu-
mann algebra with unique tracial state 7, and let 7w, p : A — M be unital

x-homomorphisms. Then (M — rank) om = (M — rank) o p if and only if Tom = Top.

A C*-algebra 2 is called approximately homogeneous or AH if 2 is the C* direct
limit (see [49] or [40]) of algebras of the form M,, ® C'(X). The class of AH algebras

admits the following version of the Weyl-von Neumann-Berg-Voiculescu theorem.

Theorem 2.5.4 ([16]). Let A be a C*-algebra, let M be a finite factor von Neumann
algebra with unique tracial state 7, and let w,p : A — M be unital *-homomorphisms.

If A is AH, then the following are equivalent.
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1. 7y p;
2. T ~wa P
3. Tom=Top.

In we define and discuss the class of so-called nuclear C*-algebras. Nuclear
algebras are also well-behaved under this analysis in that if 2 is nuclear, M is a
finite factor von Neumann algebra with unique tracial state 7, and m,p : 2 — M are
s-homomorphisms then 7 ~,,, p if and only if 7 o7 = 70 p (see Theorem . In
general, it is unknown if ~, is the same as ~,,, in the context of representations of
C*-algebras in finite factor von Neumann algebras.

In this thesis, we will study weak approximate unitary equivalence of unital *-
homomorphisms from a unital separable C*-algebra into a separable II;-factor von
Neumann algebra N. In this context, one can define weak approximate unitary

equivalence using the trace norm as follows.

Definition 2.5.5. Given a unital separable C*-algebra 2 and a separable II;-factor
N, two unital x-homomorphisms m,p : A — N are weakly approximately unitarily

equivalent if there is a sequence of unitaries {u,} C U(NN) such that for every a € 2,

Tim [[(a) — wypla)uug] | = 0

where ||z||3 = 7(2*x) for 7 the unique tracial state on N. For the rest of the thesis,

we will simply denote weak approximate unitary equivalence with the symbol ~. We
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sometimes use the abbreviation w.a.u.e. for weak approximate unitary equivalence.
It will be useful to keep the following equivalent formulation of this definition in mind.
For m,p : 2 — N, m ~ p if and only if for every finite subset F' C A<; and every

e > 0 there is a unitary v € U(N) such that
|Iw(a) — up(a)u’|lz < e
for every a € F.

We conclude this section by discussing weak approximate unitary equivalence of
unital *-homomorphisms into an ultraproduct of Il -factor von Neumann algebras.
The following theorem from [45] can be seen as an advertisement for working in an

ultraproduct /power rather than the original root algebra.

Theorem 2.5.6 ([45]). Let 2 be a separable unital C*-algebra, {(M,,7,)} be a col-
lection of I -factors, and m,p : A — H M, where U is a free ultrafilter. Then © and
u

p are weakly approximately unitarily equivalent if and only if m and p are unitarily

equivalent (there exists u € U(H Mn> such that for every a € A, m(a) = up(a)u*).
u

Remark 2.5.7. Theoremwas originally stated for an ultrapower MY as the target,
but the argument easily applies to the more general case with an ultraproduct as the
target. This theorem says that in an ultraproduct, approximate unitary equivalence of
homomorphisms on separable algebras is the same as exact unitary equivalence. This

is an attractive property because it allows one to avoid any (annoying) technicalities
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involving the approximation arguments intrinsic to the subject of weak approximate

unitary equivalence.

2.6 Amenability and W.A.U.E.

In this section, we will discuss the relationship between weak approximate unitary
equivalence and operator algebras which can be nicely approximated by finite dimen-
sional algebras. On the von Neumann algebras side of things, such algebras are called
hyperfinite; and for C*-algebras, such algebras are called nuclear. The term amenable
is often used in place of either of these terms. We will define these properties and dis-
cuss how they relate to weak approximate unitary equivalence. The results discussed
in this section are well-known. We record them here for the sake of completeness.

Let us first give a definition of a hyperfinite von Neumann algebra.

Definition 2.6.1. A separably acting von Neumann algebra M is called hyperfinite if
there is an ascending sequence A; C Ay, C --- C M of finite dimensional subalgebras
such that their union UA,, is weakly dense in M. (For non separably acting von

Neumann algebras, replace “sequence”’with “net.”)

Thanks largely to the celebrated 1976 paper [13] by Connes, this property is equivalent

to the following properties:

e M is injective: any completely positive map from a unital self-adjoint closed

subspace of a unital C*-algebra 2 to M can be extended to a completely positive
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map from A to M. (see [34])

e M has property P of Schwartz: Say M acts on the Hilbert space H. For any
T € B(H), the weak closure of the convex hull of the unitary orbit of 7" contains

an element of M'. (see [43])

e M is semi-discrete: the identity map idy, : M — M is a weak pointwise limit

of maps that factor through finite dimensional algebras. (see [17])

Recall that an embedding is a unital trace-preserving injective *-homomorphism.
Let M, denote the algebra of n x n matrices with complex entries. This first lemma is
fundamental to the relationship between amenability in operator algebras and weak

approximate unitary equivalence.

Lemma 2.6.2. Let N be a I1-factor. For any n € N, any two embeddings m,p :

M,, — N are unitarily equivalent.

Proof. We must show that there is a unitary u € U(N) such that for every a €

*

M, m(a) = up(a)u*. For 1 < i,j7 < n, let e;; denote the matrix unit with a 1 in

1
the ij-entry and zeros everywhere else. Consider m(ej;), a projection of trace — in
n

N. The projection p(eq;) also has trace % Since the value of the trace completely

determines Murray-von Neumann equivalence classes of projections in a II;-factor,
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we have that m(ej1) ~myn p(e11). Let v € N be a partial isometry such that
”Uik?)l = 7T<€11)
and

viv] = ple).
We will now define partial isometries vs, ... v, € N with vjv, = m(eg) and vgvy =

plexr) for every 2 < k < n. For every 2 < k < n, put

vk := plepr)vrm(err)-
Then

vpvr = T(ep1)vyplener)vim(ers)
= m(er1)vip(err)vim(eir)
= m(eg1)viv1vi0 T (E18)
= 7(er1€11€11)

= 7(ekt);
and

vpvy, = plerr)vim(erner ) viplenr)
= pex)vim(ern)vyp(er)
= p(ex1)vivivivyp(enr)
= p(€k161161k)

= p(exr)-
Now set

3
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It is an easy observation that v is a unitary in N. It will suffice to show the unitary

equivalence on matrix units, because the matrix units generate M,,. Fix 1 <14,5 < n.

Then

uﬂ(ez’j)u*=< UZ)ﬂ@ij)( Uk)

= m(ea)vip(enee)vim(e;)

= m(eqa)vip(eir)vim(er )

= (e )vivivivim(er;)

= 7T(6i1€11€1j)

= 7(e;). =
From Lemma [2.6.2] we get some nice consequences fairly quickly.

Proposition 2.6.3. Let A be a finite dimensional von Neumann algebra, let N be
a II-factor, and let m,p : A — N be x-homomorphisms. Then the following are

equivalent.
1. m and p are unitarily equivalent;
2. Tom=Top.

Proof. This follows from the facts that (1) any finite dimensional von Neumann al-
gebra is a finite direct sum of matrix algebras and (2) for any projection p € N, the

corner algebra pNp is still a II;-factor. O
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Proposition 2.6.4. Let M be a separable finite hyperfinite von Neumann algebra, let
N be a 1L -factor, and let m,p : M — N be x-homomorphisms. Then the following

are equivalent.

1. m and p are weakly approrimately unitarily equivalent;
2. Tom=Top.

Proof. (1 = 2): The fact that the trace is || - ||2-continuous and ignores unitary
conjugation makes this implication obvious.

(2 = 1): We will use the finite-subset formulation of weak approximate unitary
equivalence to prove this direction. Fix ¢ > 0, and let z¢,..., 2z, € M. Because M is
hyperfinite, there is a finite dimensional von Neumann subalgebra A C M such that

there are elements vy, ...,y, € A with

() = wwnlla < 5

and

3

p(wx) — m(yn)|l2 < 5

for every 1 < k <n.
Consider the homomorphisms
la: A= N
and

p‘AZA—>N.
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By assumption, 7 o 7|4 = 7 0 p|4. So by Proposition [2.6.3| there is a unitary u € N

such that 7|4 = Ad(u) o p|a. Thus we have for every 1 < k <n,

|| (z) = up(ep)u[le < |w(zr) = 7(ye)ll2 + [lw(yr) = wolye)u™]s
+ [Jup(ye)u” — up(y)u’|2
= [lm(ex) = w(ye)ll2 + (17 (yn) — wp(ye)u|l2
+ o) — p(z)ll2
= [lm(ax) = w(y)lla + [lo(yr) — p(zk)]l2

<=z -+

DO | ™
DN ™

This gives the following corollary.

Corollary 2.6.5. Any unital endomorphism m : R — R is approximately inner (i.e.

weakly approzimately unitarily equivalent to the identity endomorphism).

Example 2.6.6. It is easy to see that the II;-factor R ® R is hyperfinite. So by
uniqueness, we have that R® R = R. Let ¢ : R® R — R be an isomorphism.
Consider the map idg® 1g : R — R® R given by idg ® 1g(z) = z® 1g. By Corollary
, we have that eo (idg ® 1g) ~ idg. The relative commutant of a homomorphism
m:A— Bisgiven by {b € B :br(a) = m(a)b, Ya € A} and is denoted by m(A)' N B.
It is clear that if 7 and p are unitarily equivalent, then 7 and p have isomorphic (via

a unitary) relative commutants. This example shows that w.a.u.e does not preserve
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the isomorphism class of relative commutants. Indeed, because R is a factor, we have

that idg(R) N R = C, but (eo (idg ® 1g))(R) N R = R.

A finite tracial von Neumann algebra N is called embeddable if there exists an
embedding (unital, trace-preserving, injective *-homomorphism) = : N — RY. In
[27], Jung gave a fundamental characterization of a separable tracial finite hyperfinite
embeddable von Neumann algebra. We will discuss this characterization in §4.3] but

it is worth mentioning here.

Theorem [4.3.1] ([27]). Let N be a separable tracial finite embeddable von Neumann

algebra. The following are equivalent.
1. N is hyperfinite;
2. any two embeddings 7,p: N — RY are unitarily equivalent.

In §4.3, we show how we can rephrase this characterization in a separable context.
In gaining separability, we must pass to the weaker equivalence relation of weak

approximate unitary equivalence.

Theorem Let N be a separable tracial finite embeddable von Neumann algebra.

The following are equivalent.
1. N is hyperfinite;

2. for any McDuff II;-factor M, any two embeddings w,p : N — M are weakly

approximately unitarily equivalent.
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Now we move to discuss amenability in the context of C*-algebras.

Definition 2.6.7. [I0] A C*-algebra 2 is nuclear if there is a sequence of matrix
algebras M, ,,) and completely positive maps ¢, : J — My, and ¥, : M) — A

such that v, o ¢, approximates the identity idy : 2l — 2. That is, for every a € A,

Jim [[4, 0 (@) — al| = 0.

This can be interpreted as the C*-version of the semidiscrete property mentioned
above. The original definition of nuclearity is in the context of tensor products. A

C*-algebra 2 is nuclear if for any other C*-algebra B,
Q[ ®min % = Q[ ®max SB

There is also a C*-version of hyperfiniteness called approximately finite dimensional
or AFD (2 is AFD if it is the norm closure of an increasing union of finite dimensional
subalgebras). Unlike the von Neumann case, being AFD and being nuclear are not
equivalent. The class of nuclear algebras strictly contains the class of AFD algebras.

The following lemma is a useful characterization of nuclearity.
Lemma 2.6.8 ([10]). Let 2 be a C*-algebra. The following are equivalent.

1. A is nuclear;

2. A is semidiscrete (as a von Neumann algebra);

3. A is hyperfinite (as a von Neumann algebra).
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Proposition 2.6.9. Let 2 be a separable unital nuclear algebra, and let T' be a tracial
state on A. Let mr be the induced GNS representation associated with T'. Then wp(2L)”

1s hyperfinite.

Proof. Let M = 7p(A)”. By Lemma II1.2.2 of [46], the double dual 2** surjects
onto M. Since 2 is nuclear, we get that 2A** is hyperfinite. It is an easy exercise
to show that the homomorphic image of a hyperfinite von Neumann algebra is itself

hyperfinite. So M is hyperfinite. O]

In particular, Lemma [2.6.8] and Proposition [2.6.9] can be used to prove the following
theorem from [I6] relating traces on nuclear C*-algebras to weak approximate unitary
equivalence—a major piece the argument for Theorem from The proof we

present for the following theorem is different from the one appearing in [16].

Theorem 2.6.10 ([16]). Let A be a separable unital nuclear C*-algebra and let N be
a separable II;-factor. If m,p: A — N are unital x-homomorphisms, then Tom = Top

if and only if m and p are weakly approximately unitarily equivalent.

Proof. As argued before, the reverse implication is obvious.

(=): Consider the algebras W*(m(2l)) and W*(p(2()). Since 2 is nuclear, both of
these algebras are hyperfinite by Proposition [2.6.9 The assumption that 7om = 70p
gives that the map

p o WHm(R)) = W (p(A))
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SOT-densely defined by

p(m(a)) = pla),a €
is a well-defined *-isomorphism. So we have the maps idyw+(r@y),  : W*(7(A)) = N
are such that 7oidy«(xmy) = T7o@. And by Propostion[2.6.4, since W*(7(2)) is hyper-
finite, we have that idy @) and ¢ are weakly approximately unitarily equivalent.

It then follows that m ~ p. ]

The main property of nuclear algebras at play in this discussion is the fact that all

of their traces give hyperfinite GNS constructions. Consider the following definition.

Definition 2.6.11 (Definition 3.2.1, [7]). A trace T' € T'() is called uniform amenable
if there exists a sequence of unital completely positive maps ¢, : %4 — My, such

that
lim || n(ab) = @n(a)pn(b)|l2 = 0
for all a,b € A, and

lim ||~ 1) © gl [ae = 0

where || - ||o~ is the natural norm on the dual of 2. Let UAT(2() denote the set of all

such traces.

We have the following fact about uniformly amenable traces thanks to Theorem 3.2.2

of [7].
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Theorem 2.6.12 ([7]). Let 2 be a separable unital C*-algebra, and let T' be a tracial
state on A. Let mp be the induced GNS representation associated with T. Then

T € UAT) if and only if mp(A)" is hyperfinite.

So according to Theorem [2.6.12] the result of Thorem [2.6.10] applies to any algebra

2 such that 7'(A) = UAT().

Example 2.6.13. The class of algebras for which T'(2) = UAT(2) is strictly larger
than the class of nuclear algebras. Dadarlat’s example of a non-nuclear subalgebra
of an AF-algebra in [I4] is an example of a non-nuclear algebra whose tracial GNS

representations are hyperfinite.

Because weak approximate unitary equivalence becomes exact unitary equivalence
in an ultrapower (when considering a separable subalgebra), we can write an ultra-

power version of Theorem [2.6.10 The following theorem appears in [45] and is an

immediate corollary of Theorems [2.5.6| and [2.6.10]

Theorem 2.6.14 ([45]). Let A be a separable unital C*-algebra such that T'(A) =
UAT(R), and let N be a separable I -factor. If w,p : A — NY are unital *-

homomorphisms, then T om = 7 o p if and only if m and p are unitarily equivalent.

The following theorem originally appeared in Hadwin and Li’s paper [26] and naturally
follows Theorem [2.6.14]in that Theorem [2.6.14] can be used to give a proof much more

concise than the original.
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Theorem 2.6.15 (Theorem 4.10, [26]). Let {M;} be a collection of II;-factors with
traces ;. If A is either countably generated hyperfinite von Neumann algebra or
a separable unital C*-algebra such that T'(A) = UAT(A), then for any unital *-
homomorphism

W:Q{—)HMZ-
u

there exist unital x-homomorphisms ; : A — M; such that for every a € U,

m(a) = (mi(a))u

and

Ty O©m = T; OT;
for every i where 1, denotes the trace on the ultraproduct.

In particular, homomorphisms from separable nuclear C*-algebras into ultraproducts

of 1l -factors lift to coordinate-wise *-homomorphisms.

Proof. Let m: 2 — H M; be given. Let T' = 1, o w. Since T induces a hyperfinite
u
GNS construction, we can find unital *-homomorphisms p; : 2l — M, so that T =
7; o p;. By uniqueness of GNS constructions we have that 7 and (p;),; both have
hyperfinite images then using Theorem , we get that m and (p;);, are unitarily
equivalent. Let u be a unitary in HMZ such that 7 = u(p;)yu*. We may write
U

u = (u;)y where each u; is a unitary in M;. Then we have m = (u;p;uf)y. So put

™ = u;p;u;, and we are done. O
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2.7 Convexity

In this section, we will briefly review some concepts and results concerning convexity

in a functional analytic setting. Most of this material can be found in [37].

Definition 2.7.1. 1. Let V be a linear space (e.g.vector space, topological vector
space, Banach space, Hilbert space, C*-algebra, von Neumann algebra, ...). A
subset C' C V is called convez if for any t € [0,1], 2,y € C we have tx+(1—t)y €
C. In plain English, a set C' is convex if any average of any two elements in C'

remains in C.

2. Let C be a convex subset of a linear space V. A convex subset I’ of C' is called

a face if for any ¢t € (0,1),tx + (1 — t)y € F implies that z,y € F.

3. Let C be a convex subset of a linear space V. An element z € C' is called an
extreme point if {z} is a face of C. That is, for any ¢t € (0,1),tz + (1 — )y =

z = x =y = z. The set of extreme points of C' is sometimes denoted as 0.(C).

4. Given a subset S of V', the convexr hull of S is the smallest convex subset of V'
that contains S, denoted conv(S). It can be obtained by taking the collection
of all convex combinations of elements from S. If there is a topology on V, it

is sometimes useful to consider the closed convex hull conv(S) of S in V.

5. Let C, D be two convex sets. A map ¢ : C' — D is called affine if for any

tel0,1),z,y € C.o(tr+ (1 —t)y) = tp(r) + (1 —t)p(y). Affine maps preserve
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convex combinations.

Example 2.7.2. 1. A solid disc is convex, but just the boundary circle is not.

The real line R is convex.

2. Any edge of a solid square is a face. The diagonal line connecting two non-
adjacent corners of a square is not a face. The real line R as a subset of itself

is a face.

3. Any corner of a solid square is an extreme point. Any point on the boundary

circle of a solid disc is an extreme point. The real line R has no extreme points.
4. In R?, the convex hull of (0,0),(1,0), and (0,1) is a solid right triangle.

5. Let C be the closed line segment in R? between (0,0) and (1, 0), and let D be the
closed line segment in R? between (0,1) and (1,3). Then the map ¢ : C' — D

given by ¢(z,0) = (z,2z + 1) for x € [0, 1] is affine.

Naturally, as the linear space increases in complexity, studying the convex geome-
try of its convex subsets can become more difficult—faces and extreme points become
harder to find and identify. The following theorem is invaluable when exploring con-

vexity in the context of functional analysis.

Theorem 2.7.3 (Krein-Milman Theorem, [37]). Let V' be a topological vector space,
and let K be a compact conver subset of V. Then K = conv(0.(K)). That is, a

compact convex subset is the closed convex hull of its extreme points.
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This theorem is true in more generality than the version presented here, but
the present version is sufficient for the purposes of this thesis. One of the major
consequences of the Krein-Milman Theorem is that if K is a compact convex subset,

then K is guaranteed to have extreme points.

Example 2.7.4. Let 2 be a unital C*-algebra. The space of tracial states T'(2)
is convex and compact under an appropriate topology. Thus, by the Krein-Milman
Theorem, T'() is the closed convex hull of its extreme points. In particular, if 7'(2()
is nonempty, then there exist extreme tracial states. It can be shown that an extreme

tracial state 1" gives rise to a GNS representation 7 such that 7r(2)” is a factor.

2.8 Survey of Hom(N, RY)

Let N be a separable embeddable II;-factor. We let Hom(N, RY) denote the set of -
homomorphisms 7 : N — RY modulo unitary equivalence. Given a *-homomorphism
7 : N — BY we let [r] denote the unitary equivalence class of w. In [8], it was
shown that a convex structure can be placed on Hom (N, RY). That is, one can take
averages of unitary equivalence classes of embeddings of N into RY. The purpose
of this section is to go over the construction of and basic properties concerning the
convex structure on Hom(N, RY) established in [8].

The topology of Hom (N, R¥) can be described as pointwise ||+||o-convergence along

representatives. More precisely, [r,] — [r] in Hom (N, RY) if there are representatives
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7!, € [m,] such that for every z € N, ||n,(x) — m(z)||2 — 0. This can be metrized as

follows. Let {x,} be a generating subset of the unit ball of N and define the metric

d on Hom (N, R¥) to be

amo) = it (3 golinten) - up(wn)u'|B)"

In the appendix of [8], it is shown that if N 2 R then Hom(N, R¥) is not second
countable in this topology.
We start with a technical proposition that is fundamental in the structure and

analysis of Hom(N, RY). The following proposition appears as Proposition 3.1.2 of

8.

Proposition 2.8.1. Let p,q € RY be projections of the same trace, M C pRYp
be a separable von Neumann subalgebra and ¢ : pRYp — qRYq be a unital *-
homomorphism. Assume there exist projections p;,q; € R,i € N with 7(p;) =
7(q;) = 7(p) for every i € N such that (p;)y = p and (¢;)y = q, and there exist
x-homomorphisms ¢; : p;Rp; — q;Rq; such that ¢ = (p;)y. Then there exists a par-
tial isometry v € RY with v*v = p and vv* = q such that p(x) = vrv* for every

ze M.

This proposition will be used several times in Chapter [8, We will say that such a
homomorphism ¢ lifts to fiberwise or coordinatewise homomorphisms. Let o : R ®
R — R be an isomorphism, and to allow an abuse of notation, let o : (R®@ R)Y — RY

also denote the induced isomorphism between ultrapowers. As a consequence of
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Proposition [2.8.1] we get the following fact.

Proposition 2.8.2. Let m : N — RY be given. Then [r] = [o(1 ® 7)] where o(1 ®

m)(2) = o1 ().

The following definition provides one of the ingredients for the convex structure on

Hom(N, RY).

Definition 2.8.3. Let p € RY be a projection such that p = (p;)y where p; is a
projection in R with 7(p;) = 7(p) for each ¢ € N. An isomorphism 6, : pRYp — R is

called a standard isomorphism if it lifts to coordinate-wise isomorphisms p; Rp; — R.

Before exhibiting a convex structure on Hom (N, R¥), Brown had to establish in
[8] what it means to have a convex structure outside of the context of linear space.
Brown gave five axioms in Definition 2.1 of [§] that should be expected of a bounded

convex subset of a linear space.

Definition 2.8.4. [§] If X is a complete bounded metric space, then X has a convez-

like structure if

L. (commutativity) t121 + - - - +tp@n = ta)Ta(1) + - + tam)Tam) for every permu-

tation o € S,,.

2. (linearity) if 1 = T2 then tll'l -+ tgl’g + t33§'3 + -+ tnxn = (tl + tz)ﬂ?l + tgi[)g +

ot T,

3. (scalar identity) if ¢; = 1 then t;xq + - - + t, 2, = 2.
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4. (metric compatibility) d((t12z1 + - - + tpay,), (zr + -+ thx,)) < C Y|t — 1t

and d((tlxl + -+ tnl’n), (t1y1 + 4 tnyn)) S Ztid([m, yz)

5. (algebraic compatibility)
s(Ytew) + (0= 9)( D thz) = D stars + (1= )
i=1 o —

i=1

where Z1,...,Zn, Y1, Yn, 215, 2m € X and 0 < ty,.... 1, ), ...t
n n m

Lot STwith Y =) t=>» t/ =1
i=1 i=1 i=1

Remark 2.8.5. The notation using the “+7sign of course needs to be made precise
because a priori, X may not have any notion of a “sum.”To do so, let X™ be the
n-fold Cartesian product and let A,, denote the set of probability measures on the
n-point set {1,...,n} with the ¢;-metric. Then for each n € N and u € A, there
is a continuous map 7, : X" — X that satisfies the above axioms when we set the

notation as
’y,u(xla s 7xn> = /’L(l)xl + M<2>$2 +ee /,L(n)f,lfn

In [11], Capraro and Fritz showed that closed bounded convex subsets of Banach
spaces are characterized by these axioms defining a convex-like structure. That is,
any complete bounded metric space with a convex-like structure can be realized as a
closed bounded convex subset of a Banach space.

We are now ready to define convex combinations in Hom(N, RY).
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Definition 2.8.6. Given [ry],...,[r,] € Hom(N, RY) and 0 < t,...,t, < 1 with

> t; =1, we define

t[m] + -+ T = [9;11 om 4 -+ +9;n1 o Ty]

where 7(p;) = t; for every 1 <i <n and 6, is a standard isomorphism.

Remark 2.8.7. Thanks to Proposition|2.8.1] this operation is well-defined. Proposition

2.8 1l can also be used to show that
ti[m] + - tome] = [o(pr @ M) + -+ - + 0 (pn @ )]

where py,...,p, are projections with traces ty,...,t, respectively and o o (p; ®

m)(2) = 0 o (pr @ mi()).

Theorem 2.8.8 ([8]). (Hom(N, RY),d) is a complete metric space with a convez-like

structure with convex combinations defined as in Definition
The next concept is very useful in studying the convex geometry of Hom (N, RY).

Definition 2.8.9. Let 7 : N — RY be given. For a projection p € 7(N)' N RY, we
define the cutdown of ™ by p to be the map 7, given by m,(x) = 6,(pm(x)) where 0,
is a standard isomorphism. It can be shown that [m,] is independent of the choice of

the standard isomorphism.

The following proposition records important facts regarding this operation of taking

a cutdown.
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Proposition 2.8.10 ([8]). Let 7 : N — RY be given.

1. Let p e 7(N) N RY be a projection. If u € RY is a unitary, then

[mp] = [(Ad(w) o T)upu]-

2. For any projection p € RY,

7] = [o(1 © T)oen)]-

3. (a) Gen any p € 7(N)' N RY, [r] = 7(p)[mp) + 7(p")[mpr].

(b) If [w] = t[p1] + (1 — t)[p2] then there is a projection p € 7(N) N RY with

trace t such that [p,] = [m,] and [ps] = [m,.].

4. Let p,q € m(N) N RY be projections with the same trace. Then the following

are equivalent.

(a) [mp] = [m]

(b) p and q are Murray-von Neumann equivalent in w(N) N RY.

With Proposition [2.8.10] established, we can now present Brown’s characterization of

extreme points in Hom(N, RY).

Theorem 2.8.11 ([8]). Given 7 : N — RY, [n] is extreme in Hom(N, RY) if and

only if (N)' N RY is a factor.
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Proof. (=): We will show that any two projections in m(N)' N RY are Murray-von
Neumann equivalent if and only if they have the same trace. Assume let p,q €
7(N) N RY be projections with 7(p) = 7(¢q) = t. By part (3a) of Proposition [2.8.10),

we have

7] = tlmp] + (1 = )[my]

= tlmg] + (1 = )[mge].

And since [r] is extreme, [m,] = [7] = [7,]. And by part (4) of Proposition p
and ¢ are Murray-von Neumann equivalent in 7(N) N RY.

(«): Assume [7] = t[p1] + (1 — t)[p2]. Then by part (3b) of Proposition [2.8.10} there
is a projection p € w(N)' N R¥ with trace ¢ such that [p] = [m,] and [ps] = [m,1]. Let
q € m(N) N RY be a projection with trace ¢ such that [r] = [m,] (this is possible by
parts (1) and (2) of Proposition [2.8.10). Since 7(N)' N R¥ is a factor, then p and ¢

are Murray-von Neumann equivalent. Thus, [p1] = [7,] = [7,] = [7]. And similarly,

7] = [p2]. N

Brown follows this characterization with a quick corollary that follows from Theorems

4.3 1l and 2.8.111

Corollary 2.8.12 ([8]). R is the unique (embeddable) separable II,-factor with the

property that every embedding into RY has factorial commutant.

We will show generalizations of Theorem [2.8.11] and Corollary [2.8.12] in Chapter [6]

See Theorems [6.1.4] and 6.1.8
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This completes the overview of the basic facts about Hom (N, RY) established in
[8]. We should mention that in [9], for N a separable II;-factor, Brown and Capraro
constructed a real Banach space that naturally contains Hom(N, M¥). This space is
constructed by applying the Grothendieck construction to a cancellative semigroup
structure on the space of *-homomorphisms of N into amplifications of MY. Also,
in [35] and [36], Panescu exhibits and investigates a similar convex structure on the
space of sofic representations of a given sofic group. These variations are interesting
on their own, but examining such things is not within the scope of this thesis.

Chapter 8 will return to the context of Hom (NN, R¥) and call upon many of the

definitions and results laid out in this section.
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Chapter 3
The Space Hom,, (2, M)

Unless otherwise noted, 2l will denote a separable unital C*-algebra, N will denote a
separable II;-factor, M will denote a separable McDulff II;-factor, and R will denote
the separable hyperfinite II;-factor.

We consider the topology of pointwise convergence (of equivalence classes) for
Hom,, (A, N). That is, for [r,], [1] € Hom,, (A, N), [r,] — [n] if there are representa-
tives 7/ € [m,] such that 7/ (a) — m(a) under the || - [|-norm for every a € . This

topology can be metrized in the following way.

Definition 3.1. For [r], [p] € Hom,, (A, N), let {a,} be a countable generating set in

A<, and define the metric (same as in Definition 1.2 of [§])

o0

(el 1o) = it @1 sl m(an) —uplau|) (3.0.1)

-

ueU(N —
This is quickly seen to be a metric that induces the topology described above. We
note that the objects of study in [§] are typically not second countable with respect

to the corresponding metric, but in our situation we have the following fact.

Proposition 3.2. Hom,, (2, N) is complete and separable under the metric d.
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Proof. Completeness follows from an argument identical to one found in the proof of
Proposition 4.6 of [§].

For separability under d, let (N<;)Y/ ~ denote the set of all sequences in the unit
ball of N modulo the equivalence relation given by {z,} ~ {y,} if there is a sequence
of unitaries {u,} C U(N) such that for every n we have z,, = lim,, u,y,u; where the
limit is taken in the || - ||o-norm. Let [{x,}] denote the equivalence class of {z, } under

this equivalence relation. Consider a metric d’ on (N<;)Y/ ~ given by

(. ) = 0t (3 smlon = waa'|B)

We claim that (N<;)/ ~ is separable under d’.
Let {m,} be || - ||-dense in N<;. Fix e > 0 and [{z,}] € (N<;)V/ ~. Let K € N

be such that

and let f:{1,..., K} — N be such that

1 e2
o [Tn = mywlls < 5= V1 <n < K.

For such a K and f, put {zx rn} C N<; with

M (n) if 1<n<K
2K, fm =
My if n>K

where K’ = max{f(n): 1 <n < K}.
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Then we have

[e.9]

d'({za}], Horsnd))* < D 2%Hﬂcn = 2x.fnll3

n=1
Ko |
= Z 2Tn||ﬂl?n — 2K fnll3 + Z 2TnH~"Un — 2K fnll3
n=1 n=K-+1
g2 g2
K- — 4 — =¢2
< 5K + 5 15

Thus d'({zn}], {2 10 }]) <e.

So

(ke IEeNf:{L... . K} =Ny = |J {l{zxsall}

K=1f{1,. ,K}—>N
is dense and countable. Thus (N<;)Y/ ~ is separable under the metric d'.

By fixing a generating sequence {a, } in A<y, we get the metric d on Hom,, (A, N) as
defined in ([3.0.1)). We can consider the metric space (Hom,, (2, N),d) as a subspace of
the metric space ((N<1)Y/ ~,d') by identifying 7] € Hom,, (%, N) with [{r(a,)}] €
(N<1)N/ ~. Since subspaces of separable metric spaces are separable, the proof is

complete. 0

Remark 3.3. This metric is not canonical-it depends on the choice of the generating
sequence. It will sometimes be useful to choose our generating sequence to be a

sequence of unitaries (always possible in a unital C*-algebra)-see Theorem [7.1.7]

We will see later in Example that Hom,, (2, M) is not necessarily compact.
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3.1 Convex Structure

We now turn to define a convex structure on Hom,,(2(, M) for M McDuff. In [§]
Brown uses certain isomorphisms between corner algebras pRYp and RY to define
a convex structure. We take a slightly different approach in order to define convex

combinations in Hom,, (2, M). We must first introduce some terminology.

Definition 3.1.1. For a McDuff II;-factor, a regular isomorphism o : M @ R — M
is an isomorphism such that o o (idy; ® 1g) ~ idy; where (idy; ® 1g)(z) = z ® 15 for

x € M. Denote the set of regular isomorphisms of M as REG(M).

Proposition 3.1.2. Let M be a McDuff 11, -factor.

1. REG(M) # 0.

2. Any two reqular isomorphisms oy, sy 2 M @ R — M are weakly approximately

unitarily equivalent.

3. The following are equivalent.

(a) For every isomorphism v : M @ R — M,v € REG(M);

(b) Inn(M) = Aut(M). (The closure is in the point-|| - ||z topology).

Proof. (1): We will construct an isomorphism oy, : M ® R — M such that idy ~
oy(idy ® 1g). Let v : M ® R — M and € : R® R — R be isomorphisms. By

Corollary 2.6.5] any unital endomorphism of R is approximately inner. We apply this
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fact to the map e o (idg ® 1g) : R — R getting that e o (idg ® 1g) ~ idg. Let
oy =vo(idy®e) o (v ®idg)
and consider

on(idy @ 15) = vo (idy ®€) o (v ®@idg) o (idy ® 15)

=vo(idy®e o '®lg)
=vo (idy ®e€) o (idy ®idg ®idg) o (v ' @ 1)
=vo (idy ®e€)o (idy ®idr ® 1g) oyt
=vo (idy ® (co(idg ® 1g))) ov™?
~vo (idy ®idg) ov™
= id .

(2): From Definition we have that o)} ~ idy ® 1 ~ s,/ Then it is a straight-

forward exercise to see that this implies that oy ~ s)y.

(3): (a = b): Let « € Aut(M), and let v : M ® R — M be an isomorphism. Define

1

Vo := a o v. By assumption and part (2), v ~ v,, or equivalently, v= ~ v71. So we

get
a=Qqovovr
=Vs0V

~ Vy OV,
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(b = a): Let v: M ® R — M be an isomorphism, and let ¢ € REG(M). Then

voo ! € Aut(M). Thus

voo lmidy =vt~ot

:V_lNidM(glR

= v € REG(M). O

Remark 3.1.3. In Theorem 8 of [42], Sakai gave an example of a McDuff factor
(®zL(F3)) that fails condition (3b) of Proposition [3.1.2l Also, by Corollary 3.3 of
[13], the McDuff factor L(F2) ® R also fails condition (3b) of Proposition [3.1.2l So it

is nontrivial for us to restrict to regular isomorphisms in this thesis.

For w : )l — M and p a projection in R, let T®p : A — M ® R be given by
(m @ p)(a) = m(a) ® p as similarly described in Remark [2.8.7 We now define convex

combinations in Hom,, (A, M).

Definition 3.1.4. Given [r], [p] € Hom,, (2, M) and ¢ € [0, 1] we define
tlr] + (1 = 8)[p] = [on (7 @ p) + oar(p @ p)] (3.1.1)

where p € P(R) with 7(p) =t and oy : M ® R — M is a regular isomorphism.

Compare Definition with Remark[2.8.7] Clearly, this definition extends to taking
convex combinations of n equivalence classes. The following picture is helpful in

visualizing this operation.
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TP 0
tirl+ (1 —t)[p] — |om

0 |[p@p*
where the block decomposition corresponds to the decomposition via 1,; ® p and

1y @ pt.

Proposition 3.1.5. The formula (3.1.1) is well-defined. That is, for oy and sy
regular isomorphisms, p,q € P(R) with 7(p) = 7(q) = t, and [m] = [ma], [p1] = [p2),

then
(o (M1 ® p) + oar(pr @ )] = [sa(m2 @ q) + s21(p2 ® ¢7)].
Proof. By Proposition [3.1.2] (2) we have
[oar(m2 ® q) + o (p2 ® ¢7)] = [sar(m2 ® ¢) + 500 (p2 © ¢ (3.1.2)
Let v,w € R be partial isometries such that
v'v = p, vt =q,
wrw = pt, ww* =q .
Then u := oy (1y ® (v + w)) is a unitary with
om(m @ p) 4+ on(ps @ p-) = u* (o (ma @ q) + om(p2 ® ) )u. (3.1.3)

Let {u,},{v.} CU(M) be such that

m(a) = lirrln upmo(a)u,

n’

pr(a) = limv, po(a
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for every a € 2. Let w,, = op(u, ® p) + oar(v, ® pt). Then {w,} C U(M) with
om(m @ p) +om(pr ©pt) = lim wy (o (T @ p) + o (P2 ®ph))w;,. (3.1.4)

So by (3.1.4), (3.1.3), and (3.1.2)) respectively we have

[oa(m ®@p) + om(pr @ pt] = [oa(m2 @ p) + orr(p2 @ ph)]
= o (2 ®q) + ou(p2 @ ¢)]

= [sar(m2 @ q) + sar(p2 © ¢)]. O
We are now ready to prove the following theorem.

Theorem 3.1.6. With convex combinations defined as in Definition
Hom,, (A, M) satisfies the axioms of Brown’s convex-like-structure (Definition 2.1 of
[8]). Therefore, by Proposition [3.9 and the main result of [11], Hom,, (2, M) may be

considered as a closed, bounded, convex subset of a separable Banach space.

Proof. Given [m],...,[m,] € Hom, (A, M) and 0 < ¢;,...t, < 1 such that > ¢, =1,
we must show that Hom,, (2, M) is complete under d and that Definition satisfies

the following axioms.

1. (commutativity) ti[m] + - - + t,[mn] = ta@)[Ta@)] + - + taw) [Tam)] for every

permutation o € S,,.

2. (linearity) if [m] = [mo] then ty[m] 4 to[me] +t3[ms] + - - -+ tp[mn] = (t1 +t2)[m1] +

t3[ms) 4+ - 4 tp[mn].
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3. (scalar identity) if ; = 1 then t;[m ] + -+ + t,[m,] = [m].

4. (metric compatibility) d((t1[m]+- - -+tn[m]), (G [m]+ -+t (1)) < C |-t

and d((tr[m] + -+ -+ talmal), (Wlm1] + -+ ) < 22 td([m], [7]).

5. (algebraic compatibility)
s(Xttml) + (1 =9 (1) = X stlml + 31— )l
i=1 j=1 i=1 j=1
We have completeness by Proposition [3.2] Metric compatibility follows from an
argument identical to the one found in Proposition 4.6 of [§].

Commutativity and scalar identity are automatic.

We check linearity. That is, if [m;] = [m2] then
tl[ﬂl] + tQ[’iTQ] + -4 tn[ﬂn] = (tl + tz)[’ﬂ'l] + -+ tn[ﬂ'n].
By definition, for o,; a regular isomorphism, we have that

tm] +to[m] + -+ talmn] = [om(m @ p1) +op(m @ pa) + -+ + 1, @ Py
= [O-M(ﬂ-l ® (pl +p2)) + 4wy ®pn]

= (t1 + to)[m] + - - + tu[mn).

We next check algebraic compatibility. That is, for 0 < ¢;,#%,s < 1 with St =

>t =1, then

s(Zti[mD +(1— 3)(2%[#;]) = Zsti[m] - Z(l — s)ts[m].
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We have that

s(Zti[mD +(1— s)(Zté[wé])

= s[ZUM(Wi@)Pi)] +(1 _S)[ZUM(W;@)Z?;)}
— [ZUM(0M<7Ti ® pi) ® ps) + ZUM(UM(W} ®p;) ®p1—s)]

— |oulon @idp) (Y m@pi@p,+ Y 7 @p@p,)|

for projections ps, p1—s, i, 0; € P(R) with 7(p,) = s, 7(p1-s), T(pi) = ti, 7(p}) =

with p;_s = 1 —ps, the projections {p;} pairwise orthogonal, and the projections { p;}

pairwise orthogonal.

From Definition we know that o} is weakly approximately unitarily equiv-
alent to idy; ® 1z. Also eo (1gr ®idg) is weakly approximately unitarily equivalent to
idr because it is a unital endomorphism of R. So we get the following equivalences

with respect to weak approximate unitary equivalence.

(idy ® €) o (o)} ®idg) ~ (idy ®€) o (idy ® 1z ® idR)
=idy ® (o (1p ® idR))
~idy ® idg
= idyer

It follows that
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Thus we get that
S(Zti[m]) (1 s)(zt;[n;])

= :UM((UM@)de)(Zm@pi@ps+Z7T;®p;‘®p1—8>>]
- }m((idM@e)(Zm®pi®ps+2ﬁ®p3®p1*3)>}
= [P oulm®pi®p)) + Y oul(r @ v @ pio)]

= Z sti[mi] + Z(l - S)t;‘ [W;]

since the operation is well-defined. O

3.2 Functoriality

A sx-homomorphism ¢ : 20 — 9B induces an affine map ¢* : Hom, (B, M) —
Hom,, (A, M) given by

™ ([r]) = [m o]
Proposition 3.2.1. The induced map ¢* is well-defined, continuous, and affine.

Proof. Well-Defined: Let [7] = [p] € Hom,, (B, M). So there is a sequence of unitaries

{u,} € M such that p(b) = lim,, u,7(b)u’ for any b € B. Thus, for a € 2, we have

that p(p(a) = lim, u,m(@(a))us. Therefore ¢*([x]) = [r o ¢] = [po @] = @*([p]).

Continuity is just as quick to see.
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Affine:

" (tr] + (L= 1)[p]) = ¢ (loar(r @ p) + oar(p @ p™)))
= [(ou(r ®@p) + om(p@p™)) o ]
= [ou((rop)@p) +oul(poy) @p)]
= tlrow]l+ (1—t)poy]
= to"([7]) + (1 = 1)¢" ([p])- O
The chain rule and preservation of identity are obvious observations; so we see that

Hom,, (-, M) is a contravariant functor from the category of C*-algebras to the cate-

gory of affine metrizable spaces.

Example 3.2.2. We exhibit an injective homomorphism ¢ such that ¢* fails to be

surjective. Consider ¢ : C @ My — C & Mj given by

a b 0
a b
A D —AD | d 0
c d
0 0 X

By Lemma [2.6.2| we know that up to unitary equivalence, x-homomorphisms from
finite dimensional algebras into II; factors are completely determined by their induced
traces. Therefore the induced map ¢* : Hom,, (C & M3, M) — Hom,,(C & My, M)
may be understood as ¢* : T(C & Mj) — T(C & My) where given f € T(C & Mjs) we
have ¢*(f) = f o . Since both algebras have two summands, both trace spaces are

the two-vertex simplex (i.e. the unit interval). The fact that ¢* is affine allows us to
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only check the images of the extreme points (endpoints) under ¢* in order to see the

image ¢*(T(C @ M3)). One endpoint of T'(C @ M) is the trace

fi(A @ (ai)) = A

a b
go*(fl)<)\69 ) =\
c d

The other endpoint of T'(C & Mj) is

We see that

f2(A @ (ai;)) = trs(aiy)

where trs is the (unique) normalized trace on M. We get that

a b 1 9 a b
QO*(]CQ) )\ (&) == g)\ + gtrg
c d c d

where try is the normalized trace on My. So the image ¢*(7'(C @ Mjy)) is the convex

hull of ¢*(f1) and ¢*(f2). From this it is clear that the extreme trace

a b a b
AD — try
c d c d

does not lie in the image ¢*(7(C & M3)). Hence ¢* is not surjective.
On the other hand, we have the following fact.

Proposition 3.2.3. If ¢ is surjective, then ¢* is an affine homeomorphism onto its

1mage.



7

Proof. We must show that ¢* is injective and that (p*)~! is continuous on
¢*(Hom,, (B, M)). Showing that ¢* is injective is a simple exercise and will be left

~! assume that ¢*([m,]) = ¢*([7]) in

to the reader. To show the continuity of (¢*)
Hom,, (A, M). This is the same as saying |7, o ¢] — [7 0 ¢]. We will demonstrate
that [m,] — [7]. Let 7, € [m, o ¢] be representatives such that 7, (a) — 7(p(a)) in M
under the trace norm. Since 7, € [m, o ¢] we get that ker(¢) C ker(v,) for every n.

Thus by isomorphism theorems, we can write ~,, = d,, o ¢ for some x-homomorphism

On : B — M for every n. For b € 9B, we have that b = ¢(a) for some a € 2; thus

On(b) = 0n(p(a)) = m(a) = m(p(a)) = m(b).
It remains to show that [d,] = [m,] for every n. Fix n; there exists {ug(n)} C U(M)

such that for every a € 2,

ur(n)yn(@)ux(n)® = ma(p(a)).
Let b € B, and let a € 2 be such that (a) = b. Then
uk(n)on (D)ur(n)” = ur(n)dn(p(a))ur(n)”
= u(n)ya(a)u(n)”
= Ta(p(a)

= mu(b). O

Similarly, a unital x-homomorphism ¢ : M; — M, between McDuff factors M,

and M, also induces a map

Y, : Hom,, (A, My) — Hom,, (2, M>)
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given by 1, ([7]) = [¢ o 7).
Proposition 3.2.4. The induced map 1), is well-defined, continuous, and affine.

Proof. The fact that v is a unital x-homomorphism guarantees that 1, is well-defined.
Continuity is also routine.
To show that v, is affine, we will show that for [r], [p] € Hom,,(2(, M;) and for a

projection p € P(R) we have

[W(oa (T @ p) + o, (p @ p )] = [oar, (0 0 ™) @ p) + oas, (10 0 p) @ pT)]

or

[Woou(m@p+p@pH)] =[om 0 (¥ Rid)(T@p+p&pH)]

Here oy, and oy, are regular isomorphisms.
Thus it suffices to show that 10, ~ oar, © (1 ®@idg); or equivalently, ot 0t) ~

(¢ ®1idg) o 01\_411' Since oy, and o)y, are regular isomorphisms,

0&12 ot ~ (idp, @ 1g) 09
=9y ®lg
= (¢ ®idg) o (idp, ® 1g)
~ (Y @idg) o o O
One can easily see that Hom,, (2, -) satisfies the chain rule and preserves identities;

so Hom,, (2, ) is a covariant functor from the category of McDuff II; factors to the

category of affine metrizable spaces.
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Chapter 4
Connection to the Trace Space

Given [r] € Hom,, (2, M), we can assign to it a trace on 2 in the following natural

way.

Definition 4.1. For a separable unital tracial C*-algebra 2l and a McDuff factor M,
let oo ar) : Homy, (A, M) — T'(A) be the map given by a ) ([7]) = 7as o where 7y
is the unique tracial state of M, and T'() denotes the trace space of 2 (see Definition

2.1.7).

Proposition 4.2. For any separable unital tracial C*-algebra A and McDuff factor M
the map o ary : Homy, (A, M) — T'() is well-defined, continuous (from the d-metric

to the weak-+ topology), and affine.

Proof. That g, is well-defined and continuous follows from the continuity of 7.

To see that oy ap is affine, let [7], [p] € Hom,, (A, M) and ¢ € [0,1]. Then for a € A
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and p € P(R) with 7(p) = ¢, letting « stand for a(g ) we have
a(tla] + (1 = t)lp])(a) = alon(r @ p+ p @ p*))(a)
= 7(om(n(a) @ p)) + 7(oar(p(a) @ p*))
=tr(m(a)) + (1 —t)7(p(a)) (4.0.1)

= (ta([x]) + (1 = t)a([p]))(a).

Where (4.0.1)) follows from the fact that 7(op(-®p)) is a trace on M that evaluates to

t at 17, and thus by the uniqueness of trace, we get that 7(op (- @ p)) =ty (-). O

4.1 Nuclear and Hyperfinite Cases

In this section, we investigate the cases in which ag ) is an affine homeomorphism

for every McDuff M. We first prove a technical lemma.

Lemma 4.1.1. Let w7 : A — M be x-homomorphisms for k € N and consider the

x-homomorphisms

(mu : A — MY and 74 :2A — MY

given by
(mi)u(a) = (mu(a))y  and  7(a) = (7(a))u
where U is a free ultrafilter on N. If (m},)y is unitarily equivalent to 7, then there is

a subsequence {k;} such that [my,| — [n] in Hom,, (A, M).
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Proof. Let u = (ug)y € U(MY) be such that for every a € 2,
(m(a))u = (urmr(a)ug)u-

Let {a;} C A< be dense in the unit ball of A. Put

4= {k N (@)t — 7(as)][s < %}

1<i<j
We have A; € U for every j. Pick ky € Ay, and for j > 1, pick k; € A, N {k > k;_1}.

We claim that for every a € A<y,
g, s (@)uy, — 7(a)

as j — o0o. Fix a € A<, and € > 0. LetiENbesuchthat||a—ai||<2 Let J €N

1
be such that ¢ < J and 7 < % Then for j > J, since k; € A;, we have

gy (aesg, — w(@)lla < g, (@), — g (), o

[l g (@i)uy, = m(ag)lls + [[m(a;) = w(a)ll2

o, 1l ¢
4777
< €
Since Ad(ug,) o mx; € [my,], this gives [my,] — [7]. O

Theorem 4.1.2. If 2 is nuclear, then o) s an affine homeomorphism for any

MecDuff M. In particular, Hom,, (2, M) is affinely homeomorphic to T(2).
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Proof. Injective: When 2l is nuclear we have

(a(l]) = a(lp])) & (Tom=T0p)

& ([] = [p]). (4.1.1)

Here (4.1.1)) follows from Theorem [2.6.10]

Surjective: By Proposition [2.6.9, every trace of 2 gives a finite hyperfinite GNS
closure, and it is well known that in this case every trace lifts through R C M. Thus
Q) 18 surjective.

Bicontinuous: Let 7,, — T in T'(A). Let [m,] = &@M)(Tn) and [r] = a(_giM)(T).
We must show that [m,] — [r]. We will show this by appealing to the following
standard topological fact: for a sequence {a,}, if every subsequence {an(k)} has a
sub-subsequence {an(kj)} converging to a, then {a,} converges to a. Let {[ﬂ'n(k)]} be

a subsequence of {[m,]}. Now consider the homomorphism (7, )y : A — MY where

U is a free ultrafilter on N. By the convergence of the induced traces, we get that

Tagut © (Tn(k) ) = Tagu © .

And by Theorem [2.6.14] we get that (m,))y is unitarily equivalent to 7. So by

Lemma {4.1.1} there is a sub-subsequence {n(k;)} such that [m,x;)] — [7]. O

Example 4.1.3. Theorem 3.10 of [3] says that for any metrizable Choquet simplex
A, there exists a simple unital AF algebra % such that 7'(8) is affinely homeomorphic
to A. Combining this fantastic result with Theorem tells us that any (separable)

metrizable Choquet simplex A can arise as Hom,, (B, M) for some (separable) B.
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We now work to characterize the algebras 2( for which o g ) is an affine homeo-

morphism for every McDuff M.

Definition 4.1.4. Let

TA, M) :={e T(A): there exists 7 : A — M such that T =1y, o7} .

For T € T(A, M), we say “T' lifts through M.”

Theorem 4.1.5. For any 2, the map ory @ Hom, (A, R) — T(A) is always a
homeomorphism onto its image. In particular, Hom, (A, R) = T(A, R) (affine home-

omorphism,).

Proof. Let m, p: % — R be unital x-homomorphisms such that cq g ([7]) = a,r)([p])-
We must show that [7] = [p].

Consider the following map

Wi (A)) = W (p())

densely defined by

p(m(a)) = pla).
The assumption that 7 o7 = 7 o p gives that all the x-moments in 7(2() agree with
those of p(2(). So this is a well-defined *-isomorphism. In fact, ¢ : W* (7 (2A)) —
W*(p(A)) € R is an embedding. Now W*(m(21)) C R is hyperfinite, so Proposition

2.6.4| gives that ¢ ~ idyw=(r@)). Thus [7] = [p], and a@ g is injective.
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It remains to show that 04(911, R) is continuous on T'(A, R). We proceed similarly

to the bicontinuous part of the proof of Theorem . Let T,, — T in T(, R) in
the weak-*x sense. And let m,, 7 : 2 — R be such that rom, =T, and Tonr =T.
Let {n(k)} be a subsequence. Consider (m,))y and 7 for a free ultrafilter ¢ of N.
By assumption, Tru o (Tpm))u = 1. So by the uniqueness of the GNS construction,
W* () Ju () = W*(x4(2A)) is hyperfinite. As above in the proof of the injectivity

of ), the fact that Tgu o (T )u = Tru o T gives that the map
b W (T Ju () — W (4(21)) € RY

given by
(T Ju(a)) = 7(a)

is an embedding. Thus, by Theorem 1w ((m, (20 18 unitarily equivalent to
. It follows immediately that (7, x))y is unitarily equivalent to 74, Then Lemma
4.1.1] tells us that there is a sub-subsequence {n(k;)} such that [m,,)] — [7]. So we
have shown that for any subsequence {[m,u)]} of {[m,]} there is a sub-subsequence

{[mnwpn]} C {[mnek)]} such that [m,u,] — [7]. Thus
oz(;[l’R) (T,,) = [mn] — [7] = Q&R)(T). O

From Theorem we have that Hom,, (A, R) = T'(, R) as convex sets. Note
that by Theorem [2.6.12) T'(2, R) = UAT(2(). We can now give our characterization

theorem.
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Theorem 4.1.6. The following are equivalent:
1. oy is an affine homeomorphism for every McDuff M ;
2. a,ry s an affine homeomorphism;
3. aq,R) 18 surjective;
4. UATR) =T, R) =T(2A).

Proof. The implications ((1) = (2)) and ((2) = (3)) are obviously true.

The observation that o g gy (Hom,, (A, R)) = T'(A, R) = UAT(2) shows the equiv-
alence ((3) < (4)).

It remains to show ((4) = (1)): If M is such that o) is not injective, then
there are homomorphisms

mp: A =M

such that 73y o™ = 73y 0 p but [7] # [p]. Then by Theorem we have that
Tom ¢ T(A R) — a contradiction. So a(g, ) must be injective for every M. If M
is such that g is not surjective then there exists 7' € T'(2() such that 7" does
not lift through A; thus T' cannot lift through R either. So again T'(2, R) # T'(2)
— a contradiction. So g ) must be bijective for every M. To show that oz(_gll’ )
is continuous for every M, we use the assumption that T'(2() = T'(2, R) along with

an argument identical to the justification of the continuity of 04(;11 ) 0 the proof of

Theorem [4.1.5 O
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Thus, the class of algebras 2 for which (g s is an affine homeomorphism for all
McDuff M is exactly the class of all 2 such that for any trace 7" € T'(), the GNS
representation of 2 induced by T has a hyperfinite von Neumann closure. Recall that
in Example [2.6.13] we noted that this class of algebras is strictly larger than that of

nuclear algebras.

4.2 Examples

By Theorem we know that aqg ) can be both injective and surjective. The
following examples will demonstrate that the other three cases where one or both
properties fail are possible. This suggests that Hom,,(2(, M) is a rich object with

deep and interesting subtleties.

Example 4.2.1. “Forgetful Trace.” This example shows that a(g ) is not always
injective — confirming that Hom,, (2, M) carries information different from that of
T'(A). The strategy of this example also reveals the usefulness of non-approximately
inner automorphisms of McDuff factors. Let M be a McDuff factor with a non-
approximately inner automorphism ¢ (e.g. M = ®zL(IFy) satisfies this property as
mentioned in Remark [3.1.3)). Let 2 be a separable, || - ||o-dense C*-subalgebra of M.

Let m: A — M be the identity inclusion, and let p = ¢ o . Then we claim

TMOP=TpMOT,
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but

(7] # [p).

Since 73 o ¢ is also a trace on the II; factor M, we have 7y = 7py o . Then
v (m(a)) = v (e(m(a))) = Tar(p(a)). Now suppose for the sake of contradiction that
[7] = [p]. Then there is a sequence of unitaries {u,} in M such that for every a € 2
we have

lim (@) — wym(a)u | |> = lim| (@) — wpau | = 0.

Then the || - ||2-density of 7(2() = 2 C M implies that for every z € M we have
lim [[o(2) = unauy[l2 = 0

meaning that ¢ is approximately inner — a contradiction.
If we further insist that 2 has a unique trace (by throwing in enough unitaries via
Dixmier approximation — see Lemma [4.2.3)), then this is an example of a (g ) failing

to be injective while remaining surjective.

Example 4.2.2. By Proposition 3.5.1 of [7] we have that T'(2, R) is a weakly closed
subset of T'(). It is not true in general, however, that T'(, R) is weak-* closed in
T(A). By Remark 4.1.7 of [7] if " is a non-amenable, residually finite, discrete group
(e.g. TF,) then the T(C*(T"), R) is not weak-* closed. So for 2 = C*(I') where T
is a non-amenable, residually finite, discrete group, we have that oy gy fails to be

surjective while remaining injective. Furthermore, Hom,, (2, R) is not compact: if it
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were, then by continuity oy g)(Hom, (2, R)) = T'(A, R) = UAT() would also be

weak-* compact and thus weak-x closed — a contradiction.

For the next example, we will need the following lemma which is most likely known
to experts. We include a proof for the sake of completeness. We thank N. Brown for

suggesting the proof of the following lemma.

Lemma 4.2.3. If Y s a separable von Neumann subalgebra of a II; factor X with
ly = 1y, then there is a separable II; factor M contained unitally in X that contains

Y:YCMCX.

Proof. This proof will heavily rely on Dixmier’s approximation theorem: For N a

finite von Neumann algebra and z € N then we have
conv {uzu*|lu e U(N)} N Z(N) ={T(x)}

where T is the unique center-valued trace, and the closure is in the norm topology.
We will recursively construct an increasing sequence {Y;}:°, of separable subal-
gebras of X and claim that M = W*(U2,Y;) is the desired factor. Let Yy = Y.
We will assume that Y; has been constructed and go about constructing Y;.;. Let
{y(i,5)};2, C (Yi)<1 be weakly dense in (Yi)<;. By Dixmier, for any j and for
any k € N there are unitaries u;(7,7,k), ..., Un@ k) (3,7, k) € U(X) and scalars

a1 (i, 5, k), ., Qi (3,5, k) € (0,1) with "% a, (i, 4, k) = 1 such that

1S i Byuglis g Kyt d)uplis 3. K)° = (oG, )| < -

n(,L?]?k)
p=1



89

Then we let
Y;-&-l = W*(Y; U (U;il Uzozl {ul(iajv k)? B ’un(i,j,k)<i7j7 k)}))

Let M := W*(U,Y;). To show that M is a factor we will show that it has
a unique unital trace (given by restriction of the unital trace 7 on X). Let T be
a unital trace on M and let m € M<;. It will suffice to show that for any ¢ >
0,|T(m) — 7(m)| < e. Fixe > 0. Let K € N be such that & < e. And let
i(m), j(m) be such that y(i(m), j(m)) € Yiim) with |T'(m)—T(y(i(m),j(m))| < 5 and
|7(m) — 7(i(m),j(m))| < § (guaranteed by the weak continuity of both traces).

For brevity let

y = yli(m), j(m)), up = up(i(m), j(m), 3K),

oy = ay(i(m), j(m), 3K), n = n(i(m), j(m), 3K)

and consider

1) = )] = [ (3 o) ~ )

< ‘ Z QpUpY iy, — T(y)[H
p=1
1
3K
£
< g
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Thus we have

JE,5.¢
3 3 3
g 87
and we are done. O

Definition 4.2.4. We say that a tracial von Neumann algebra N is embeddable if

there exists a trace-preserving unital embedding 7 : N — RY.

Example 4.2.5. “Too Many Traces.” This example will provide an algebra 2l such
that oy ) simultaneously fails injectivity and surjectivity for some M. This idea
was suggested by N. Brown. Let N be an embeddable separable non-hyperfinite IT;-
factor. Let 7, p : N — RY be two embeddings that are not unitarily equivalent (this is
guaranteed by Theorem[4.3.1). Let Y := W*(r(N)Up(N)), and let X = R¥. We have
that the separable algebra Y is contained in the (nonseparable) II; factor X; so by
Lemma [4.2.3] there is a separable II; factor M such that Y € M C X. We claim that
7w and p are not weakly approximately unitarily equivalent in M. If they were weakly
approximately unitarily equivalent in M then they will also be weakly approximately
unitarily equivalent in RY; but then by Theorem we have that m and p are
unitarily equivalent in RY — a contradiction. Consider 7 ® 1z, p® 1z : N - M ® R.

By Theorem [7.1.4] since 7 and p are inequivalent, we have that 7 ® 1z is not weakly
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approximately unitarily equivalent to p ® 1g (be assured that the proof of Theorem
does not depend on this example).
Now let & = C*(Fy). And let ¢ : C*(F») — N be a s-monomorphism with

weakly dense image as guaranteed by Proposition 3.1 of [6]. Let 7 and p be given by
7=(m®1g)o(:C*"(Fp) = N> M®R

and
p=(p®1g)o(:C*(Fs) > N - M ® R.

A

Then we clearly have that [7] # [p] but aw@ mer)([7]) = a@ mer)((0])-

Another consequence of Proposition 3.1 of [6] is that A = C*(F) enjoys the
property that for any McDuff factor S there is a trace Ts € T'() such that 7y ()" =
S (where mpy is the GNS representation corresponding with Ts). By [32], there is
no separable universal II; factor, and so we can conclude that there is no separable
universal McDuff factor. So let S be such that S does not embed into M @ R. Then
we have that Ts € T'() as described above does not lift through M ® R. Thus
Ts ¢ a@ mer) (Hom, (A, M ® R)). So we have that ay mer) is neither injective nor

surjective.
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4.3 An Alternative Characterization of Hyperfinite-

ness

Investigating the connection between weak approximate unitary equivalence and
preservation of a given trace has led us to a characterization of a finite tracial em-
beddable hyperfinite von Neumann algebra that we believe to be new.

A result of Jung gives a characterization of hyperfiniteness using embeddings into

RY. We state it as follows.

Theorem 4.3.1 (Lemma 2.9, [27]). A separable tracial embeddable von Neumann
algebra N is hyperfinite if and only if any two embeddings w, p : N — RY are conjugate
by a unitary in RY.

The characterization we present in the following theorem frames Jung’s result in
terms of embeddings into separable algebras — removing (most of) the ultrapower
language from the characterization. This characterization may be known to experts,

but we have not seen it in the literature.

Theorem 4.3.2. Let N be a separable tracial embeddable von Neumann algebra.
Then N is hyperfinite if and only if for every separable McDuff I, -factor M, any two

embeddings w,p: N — M are weakly approximately unitarily equivalent.

Proof. (=): This follows directly from Proposition [2.6.4]
(«): The argument here is similar to the one found in Example 4.2.5, Assume that

N is not hyperfinite. Then Jung’s result says that there exist two embeddings 7, p :
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N — RY such that m and p are not unitarily conjugate. Let Y := W*(7(N) U p(N)).
Then by Lemma there is a separable II;-factor My C RY containing Y. Just as
in Example 4.2.5] we may argue that m and p are not weakly approximately unitarily
equivalent in My. And by Theorem (whose proof does not rely on this result),
we have that T® 1z : N — My ® R is not weakly approximately unitarily equivalent

to p®1g: N — My® R. So putting M := My ® R, we are done. O

Remark 4.3.3. Jung’s approach to the characterization in [27] hinges on the concept
of tubularity: a condition on neighborhoods of unitary orbits of the microstate spaces
for the generators of the algebra. We remark here that this concept of tubularity
was preceded a decade earlier in [25] by Hadwin’s concept of dimension ratio. The
dimension ratio is a quantity associated to the self adjoint generators of a tracial C*-
algebra. This dimension ratio quantifies tubularity in the sense that the dimension
ratio of the generators is 0 if and only if the generators are tubular. See [27] and [25]

for the relevant definitions and theorems.
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Chapter 5

The Convex Geometry of
Hom,, (2, M)

In the first part of this chapter we discuss a necessary condition for extreme points of
Hom,, (A, M). A complete characterization of extreme points remains open, and thus
the question of existence of extreme points in Hom,, (2, M) is also open. In Chapter
[6] we provide characterizations for extreme points in broad cases. The second part
of this section discusses a natural relationship between quotients of 2 and faces of
Hom,, (A, M). The discussion there provides a sufficient condition for the existence

of extreme points.

5.1 Factorial Closure

We now proceed to establish a necessary (but not sufficient: see Example |5.1.2)
condition for extreme points in Hom,, (2, M). Although relative commutants are not
well-defined under weak approximate unitary equivalence in general, it is easy to see

that the von Neumann closure of the image of a s*-homomorphism is well-defined
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under weak approximate unitary equivalence up to x-isomorphism. We state the

necessary condition for extreme points as follows.
Theorem 5.1.1. [If [r] € Hom,, (A, M) is extreme, then W*(n (1)) is a factor.

Proof. Using the isomorphism Hom,, (A, M) = Hom,, (A, M ® R) we will show that
if 7] € Hom, (A, M ® R) is extreme then W*(7(2)) is a factor. We will argue
by contrapositive and assume that W*(7(2)) is not a factor. Then there exists a
nontrivial central projection z € W*(w(2)). In particular 0 < 7(z) < 1. We will now
construct inequivalent *-homomorphisms p; and p, using z and z* in the following
way. Let p € R be a projection such that 7(p) = 7(z). Let opgr: M @ R® R —
M®R,0p : M®R — M, and € : R® R be regular isomorphisms. Let v,w € MQR®IR

be partial isometries with

v = oy r(2), v =1y ® 1 ®p,

wrw = oy p(2), ww* =1y ® 1x @ pt.

We have v + w € U(M ® R® R). Let Ad(u)(z) = uau*. For ¢ € {p,p*}, let
T, : ¢Rq — R be an isomorphism. We are now ready to define p1,p2 : %A = M ® R

by the following formulas.

pi(a) = (idy @ €) o (idy ® idr ® T,,) 0 Ad(v + w) 0 o35 p(27(a))

pa(a) = (idy ®€) o (idy ®idg ® T,") 0 Ad(v + w) 0 03/ p(z 7 (a)).
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By construction, we have [p1], [p2] € Hom,, (A, M ® R).

We claim that we will be done if we show the following two statements are true:
1. If t = 7(2) then t[p1] + (1 — t)[p2] = [7].

2. [pa] # [7].

Indeed, if these two statements hold, then [r] is not an extreme point.

(1): By definition, we have that

tlpa] + (1 = 8)[p2] = [omer(pr @ p+ p2 @ ph)].
And we have
pi(a)@p= ((idM®R ®@p)o (idy ®e)o (idy ®idg ® Tp)) o Ad(v+w) o 0;41®R(27T(a)).
Notice that
((idper®@p)o(idy®e)o(idy ®idp®T,)) = idy® f, : M@ (R@pRp) - M@ (R®pRp)

where

fp=(dr®p)oeo(idpg®T,): R® pRp - R® pRp

is a unital *-homomorphism. Thus we have

fo(x) = lijm a;ra;

where a; € U(R ® pRp). Note that aja; = aja; = 1g ® p. So we have

*
J

((idyer ®@p) o (idy ®€) o (idy @ idg ® Tp)) (y) = 1i?ﬂ(lM ® a;j)y(ly @ a;)*.
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Similarly,
pa(a)@pt = ((idmer ®pT)o(idy ®e)o (idM®idR®TpL)) o Ad(v+w) 00;41®R(zl7r(a)),
and there is a sequence {b;} C R® R with bjb; = b;b; = 1® p* such that
((idper @ ph) o (idy ®€) o (idy ® idr ® Tpr)) (y) = li;m(lM @ b;)y(1y ® b;)*.
We now have that (1 ® a; + 1) ® b;) is a unitary for every j and so

p1(a) ® p+ pa(a) ® p-

=lim Ad(1y ® aj + 1y @ b;) 0 Ad(v + w) 0 03/ (27(a) + 27 (a))
J

=lim Ad(1y ® aj + 1y @ b;) 0 Ad(v + w) 0 o35 p(7(a)).
j
Thus,

[tlp1] + (1 = t)[p2] = [omer(pr @ p+ p2 @ p)]
= [omer © Ad(v +w) 0 03/ p 0 7]
= [oMeR © TygR © )

= [n].

So (1) has been verified.

(2): To show that [r] # [p1] we will exhibit an element x with ||7(z)||2 # ||p1(2)||2-

J1 —
—1t. Let x € 2 be such that ||7(z) — (1 — 2)||]2 < e.

NG

Let € > 0 be such that € <
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Then we have

lzm(@)]]2 = [lzm(z) + 2(1 = 2)]]2

= [[2(m(x) = (1 = 2))[[2

(5.1.1)
< 2]l (z) = (1= 2)]l2
<€
and
[|7(@)]]2 = [[(z(2) = (1 = 2)) + (1 = 2)[|2
> [[(1 = 2)[[2 = = (z) = (1 = 2)]l2 (5.1.2)
>vV1—-t—e.
Let ¢ : 2(M ® R)z — M ® R be given by
¢ = (idy ®€) o (idy ® idr ® T,) 0 Ad(v + w) 0 03y -
So p1(x) = p(zm(x)). If [r] = [p1] then there exists a sequence of unitaries {u,} C

U(M ® R) such that

Tim (), = p(2) = plen(z)).

So we have the following equation of norms
7 (@)lle = I lim wnm(z)us[l> = [[e(zm(2))]|2-
Then according to (5.1.2]) we have on one hand

|m(@)]]2 > V1=t —¢,
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while on the other hand, by (5.1.1]) we have

3

1
[lp(zm ()2 = %Ilm(xﬂb <7

This gives the following implications

m_&«%:mqw%)g

V=1

= —<e
1+ 2L
v1—t
This last line is a contradiction to the assumption that ¢ < ——. So we can
Vi
conclude that [rr] # [p1], and this completes the proof. O

Example 5.1.2. In this example, we will show that the converse of the above the-
orem does not hold in general. Let M be a McDuff factor with an automorphism
B € Aut(M) \ Inn(M). As in Example we may consider the nonhyperfi-
nite McDuff factor ® L(Fy); the fact that the inner automorphisms are not dense
in the automorphism group of M is the main player in this argument. Let 2A be
a dense C*-subalgebra of M. Let p; = idy be the identity inclusion of 2 in M,
and let p; = B o p;. Then from Example we have that [p1] # [p2]. Thus
(7] = 3[p1] + [p2] is not an extreme point in Hom,, (A, M). Let p be a projection in
R so that 7(p) = 3, and thus o (p1 ® p+ p» @ p*) is a representative of [r]. We will
show that W*((p; @ p+ p2 @ pH) () = W*(A) = M, and thus giving an example of

a non-extreme point with a factorial closure of its image. Consider the map

A= (P @p+ py@ph)(A)
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given by

p(a) = pi(a) @ p+ pa(a) @ p*

=a®p+ Ba)®p.

The map ¢ is clearly a bijective x-homomorphism. The following computation shows

that ¢ is also isometric with respect to || - ||2.

le(a)|l3 =7((a®p+ B(a) ® pr)*(a®p+ B(a) @ pT))
=7(a*a®p+ Bla*a) @ p*)
1 1

= §T(a*a) + 57’(&*@)

= |lall3-

Evidently, ¢ extends to an isomorphism between M = W*(2() and W*((p1 @ p+ p2 ®

pH)(RL)).

While the converse of Theorem fails in general, if we combine Theorem [4.1.2
with the observation that a trace is extreme if and only if it gives a factorial GNS
construction, then the converse holds in the nuclear case. Thus we have the following

theorem characterizing extreme points of Hom,, (2(, M) when 2 is nuclear.

Theorem 5.1.3. If 2 is nuclear, then [x] € Hom,, (A, M) is extreme if and only if

W*(m(R1)) is a factor.

We will extend this characterization in §6.2] and we will see in that this charac-

terization of extreme points in Hom,, (2, M) holds for a general 2 when M = R.
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5.2 Quotients

We have access to quotients of C*-algebras; this access is unavailable in the setting
of [§ because II; factors are simple. Given a x-homomorphism h : A — M, let
qn - A — A/ker(h) be the canonical quotient map; and let h : A/ker(h) — M be the

natural x-homomorphism that makes the following diagram commute.

\/

2A/ker(h

In particular h = h o q,. The map g, induces a map ¢} : Hom,, (A /ker(h), M) —

Hom,, (A, M) (see Proposition [3.2.1)) with

g, ([h]) = [h o qu) = [h]. (5.2.1)

Definition 5.2.1. A singly exposed face of a closed bounded convex subset C' of a
Banach space is a face that can be described as {z € C': h(z) = M} where h: C' — R

is a continuous affine functional and M = max {h(z) : x € C}.

Definition 5.2.2. Given a € 2, we define a natural continuous affine functional f,

on Hom,, (A, M) given by f,([7]) = m(7(a)).

We leave it to the reader to check that this satisfies the definition of a continuous

affine functional.
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Lemma 5.2.3. Let J QA be a closed, two-sided ideal, and let q : A — A/J be the
canonical quotient map. Then we have that ¢*(Hom,(A/J, M)) is a singly exposed

face of Hom,, (A, M).

Proof. Without loss of generality, assume that .J is generated by {a,},—, C (J );1

Put

a ;= f: Q%an.

n=1

Consider f_,. By the positivity of 75y we get that f_,([r]) < 0 for every [n] €

Hom,, (2, M). It is a quick observation to see that
¢" (Hom,,(2A/J, M)) = {[r] € Hom,, (A, M) : f_.([x]) = 0}. O

The quotient map ¢ : A — 2(/J is surjective, so by Proposition we get
that ¢* is a homeomorphism onto its image. Thus we may regard Hom,,(2/.J, M)
as a face of Hom,, (2, M) by identifying it with its image ¢*(Hom,,(2(/J, M)). So
every quotient of A gives a face of Hom,, (2, M). Conversely, by Example [{.1.3] any
metrizable Choquet simplex arises as Hom,, (2(, M) for some simple AF-algebra; so in
this situation, no nontrivial face of Hom,, (2, M) is induced by a quotient of 2.

We can use this discussion to give a sufficient condition for the existence of extreme

points in Hom,, (2, M).

Theorem 5.2.4. If 2 has a finite nuclear quotient, then Hom,, (A, M) has extreme

points.
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Proof. 1t 21/J is finite and nuclear, then Hom,(A/J, M) = T(A/J); and thus

Hom,, (2(/J, M) has extreme points. An extreme point of a face is extreme. ]

If we combine Lemma [5.2.3] with the observation that any 2 is a quotient of

C*(Fy), we get the following theorem.

Theorem 5.2.5. For any A, an affinely homeomorphic copy of Hom,, (A, M) appears

as a face of Hom,,(C*(Fu), M).

Remark 5.2.6. Theorem [5.2.4] guarantees that Hom,, (C*(F ), M) has extreme points.
Also, when we take Example [4.1.3] into account, this property enjoyed by
Hom,,(C*(Fy, M) is very similar to one characterizing property of the so-called
Poulsen simplex: A metrizable Choquet simplex S is the Poulsen simplex if and
only if S contains every metrizable Choquet simplex as a face and for any two faces
Fy and F5 with dim F} = dim F, < oo there is an affine homeomorphism ¢ of S onto
itself with o(F7) = F». The Poulsen simplex was originally defined to be a metriz-
able Choquet simplex whose extreme points are dense. See [39] and [28] for more

information.
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Chapter 6

Ultrapower Situation

6.1 The Space Hom(2(, MY)

Let U denote a free ultrafilter on N.  We now take the opportunity to extend
Brown’s construction of the convex structure on Hom(N, RY) to a convex structure on
Hom (2(, MY): the space of unital x-homomorphisms 2 — MY modulo unitary equiv-
alence (M is still a separable McDuff II;-factor). This space has the same metric as

its predecessor. For oy, : M ® R — M a regular isomorphism, we let
(o) (M @ R — MY

be given by

(o20)"((x:)u) = (onr ()
There is a natural way to embed M into MY as cosets of constant sequences: x €
M — (z)y € MY. Also, as in Remark 3.2.4 of [], there is a natural embedding of
MY @ R4 in (M @ R)“. So for v € MY and y € RY, the expression (o3 )" (z @ y)

makes sense once we consider z ® y € (M ® R)¥ via this natural embedding. We can
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now define convex combinations in Hom(2(, M%) in a way similar to Definition [3.1.4]

Definition 6.1.1. For [n], [p] € Hom(2, M) and t € [0, 1], define

tlr] + (L= 1)[p] = [0% (7 @ (D) + p © (P )us))] (6.1.1)

where oy : M ® R — M is a regular isomorphism and p € R is a projection with
T(p) = t.

We leave it to the reader to check that this convex combination is well-defined and
satisfies the axioms of a convex-like structure (the proofs are analogous). This gener-
alization of Hom(N, RY) from [§] also retains the characterization of extreme points.
One can see this by following the same reasoning as in [8] and looking at “cut-downs” of

homomorphisms by projections in the relative commutant.

Definition 6.1.2. For technical reasons, we consider homomorphisms 7 : 2 — (M ®
RM. Givenm: A — (M ®@ R, let ¢ € w(A) N (M @ R)¥ be a projection. We now
define the cut-down

Ty A — (M@ R

of by q. Let p € R be a projection in R with 7(p) = 7(¢). Let v € (M ® R® R)“

be a partial isometries such that
vy = (0ham) (@), v = (1®1@plu.
Let 0, : pRp — R be an isomorphism. Then we let

() == (O'Z(’IM®R)) o (idy ®idr ® 6,)% o (Adw) o (UZ(”M®R))—1((]7T(.)).
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Proposition 6.1.3. Using the above definition of cut-downs, one can verify the fol-

lowing six statements.
1. [my] is independent of choices made in the definition
2. For a unitary u, [m,] = [(Adu o T)uqu]

3. (a) Gen any q € () N MY, [1] = 7(q)[mq] + 7(q) [y ].
(b) If [7] = t[p1] + (1 — t)[pa] then there is a projection q € w(A) N MY with
trace t such that [p1] = [mg| and [ps] = [m,1]. In particular, since for any
t € (0,1),[r] = t[x] + (1 — t)[n] then we have that for any t € (0,1) there

is a projection ¢ € w(A)' N MY with 7(q) = t such that [7] = [r,].

4. Given projections qi,q2 € m(A) N MY with 7(q1) = 7(q2), we have that [r,,] =

[74] if and only if q1 is Murray-von Neumann equivalent to gy in w(2) N MY.
5 m(R)' N (M@ R is diffuse.

6. A finite diffuse von Neumann subalgebra A C MY is a factor if and only if for

projections p,q € A, 7(p) = 7(q) = p is Murray-von Neumann equivalent to q.

Proof. Proof of (1): To show this, we must show that [r,] is independent of choice
of o(mgr), Up, v, and p. The independence of choice of o(ygr) follows from the
combination of the fact that any two regular isomorphisms are weakly approximately
unitarily equivalent with Theorem [2.5.60 Once p is selected, the independence of

choice of 60, follows from the combination of the fact that any endomorphism of
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R(Z= pRp) is approximately inner with Theorem , and the independence of choice
of v is clear. It remains to show that [r,] is independent of the choice of p. Let p,p’ € R
be projections with 7(p) = 7(p’) = 7(¢). Then there exists a partial isometry y € R
such that y*y = p and yy* = p’. Let v be the partial isometry in the definition of
7, according to the choice of p, and let v" be the partial isometry in the definition of
7, according to the choice of p’. By Proposition m, there exists a unitary a € RY

such that
Ad(1®1®a)o (idy ®idg ® 0,4 0 Ad((1 ® 1 ® y)y)(z) = (idy ® idg ® 6,)" ()
for every x € Ad(v) o (645r) (¢ 7(2A)). So we have
sy © (idy @ idi © G 0 Ad(0) © (0H0) " g(a))

= 0{(er) °Ad(101®a)o(idy ®idr®6,) 0 Ad((1018y)u) 0 Ad(v) o (0(ier) " (g7 (x))

which is unitarily equivalent by the independence of choice of the partial isometry

established above to
OJ(/{M@)R) o <1dM ®idgr ® ep/)u o Ad(v’) o (az(/{M@R))*l(qW(iL'))

by the selection of y.

Proof of (2): We have
(Ad(u) o W)uqu*(') = O'Z(/{M®R) o (1dM ®idg ® Qp)u o Ad(v) o (J%{M®R))—1<uqu*uﬂ(-)u*)

where p and v are appropriately chosen per the definition of a cut-down. Let v/ :=
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(0{her)) " (1), Then we have
(Ad(u) o T)ygus(+) = O'Z(/{M®R) o (idy ®idgr ® Qp)u o Ad(vu') o (UZ(’{M®R))—1(q7T(-))-
Note that

(vu) v’ = v *vrou = u’*((a(MM®R))_1(uqu*))u’ = (UZ(”M®R))_1(Q)

and

v/ (vu)* = v =0t = (10 1Qp)y.

So by part (1),
7] = [(Ad(w) © T)ugur].

Proof of (3a): We have, for appropriately chosen p € R and v,w € RY per the

definition,

Ty = Hhsom © (idyr ®1dg © 6, 0 Ad(v) 0 (%)~ 0 (g - )
and

Tyl = UZ(/{M®R) o (idy ® idg ® 6,2 )" o Ad(w) o (Uile@R))_l o (q* - m).

Also,
7(q)[mg] + 7(q) 7] = [0(uer) (T © (P)u + 7gr @ (07 )u)].
For this argument, we must specify our choice of o(ygr). Let ogr) = idy ® € where

€: R® R — R is a *-isomorphism. The possibility for this choice of o(ygr) is the
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reason for working in M ® R rather than M. Now, observe that

(o) (Tq @ (Pu)

= 0o © (idy @ idg @ p) o7,
— OJ(/{M(X)R) (o] (ldM ® ldR ®p)u @) OJ(/{M(X)R) (@) (ldM ® ldR ® Hp)u

= O'Z(/{M®R) o (idy ® ((idg ® p) o€ o (idg ® Qp)))u o Ad(v) o (UZ(JM®R))_1 o(q-m).
Note that
(idrp®p)oeo(idp®b,): (1@p) (RO R)(1@p) = (1@ p)(R® R)(1®p)

is a unital *-homomorphism. So by Proposition [2.8.1} there is a partial isometry
v € (M ® R® R such that v*v' = vv* = (1® 1 ® p)y and (idy ® ((idgp @ p) o€ o

(idp ® 6,)))"(2) = v'zv™ for every x € Ad(v) o (0{}gp) " © (¢ - m)(A). Thus,

UZ(/IM®R) (mq @ (PIu) = UZ(4M®R) o Ad(v') o Ad(v) o (0'(MM®R)>71 o (q-m).

Similarly, there is a partial isometry w’ € (M @ R ® R)“ such that w™*w' = w'w™ =
(1®1®ph)y and (idy ® ((idg ® pt) o €eo (idg ® 0,0)))4(z) = w'zw™ for every

x € Ad(w) o (UZ(JM®R))_1 o (gt m)(A). And so

OZ(/{M®R) (Tgr ® (pL)u = U(“M@R) o Ad(w') o Ad(w) o (Uz(/{M@R))_l o(q-m).

Therefore,

e (Tq ® (D)u + Tr @ (P )u)
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= J(MM®R) o Ad(v") o Ad(v) o (O-%[M®R))_1 o(q-m)

+ UZ(’{M®R) o Ad(w") o Ad(w) o (UZ(JM(@R))_I o (qL -

= o AW + ) 0 (Ad(W) © (0Hhy0m) ™ o (g )

+ Ad(w) o (J(UM®R))’1 o (gt )

= ot o Ad(v' +w') o Ad(v +w) o (6¥,0p) o (¢-7+q" - 7)
(M®R) (M®R) q q

= 0{yrer) © Ad(V +w') 0o Ad(v +w) o (0(jer) o

Proof of (3b): Suppose [7] = t[p1] + (1 — t)[p2]. Then for p € R with 7(p) = ¢, we
have
] = [UZ(/{M®R)(p1 ® (P)u + p2 @ (P)u))-

Let ¢ = OZ(/{M@)R)(,Ol @ (p)u + p2 @ (pH)u), and let u € RY be a unitary such that
7 = Ad(u) o . By construction, we have that J(UM®R)(1 ®@1® (p)u) € C(A)YNRY. So

we can consider the cutdown of ¢ by o)qp (1@ 1@ (ply) :

Cot

(M®R)

(1R11(P)y) — Oz(/{M(X)R) @) (ldM & ldR &® ep)u o Ad(l)
© (UZ({M®R))_1 ° (O-Z(/{M®R)(1 ®1® (pu) - ¢)
= UZ(/{M®R) o (idy ® idg ® 6,)" o (p1 @ (p)u)

= (idy ® (€0 (idr ® 6,) o (idr @ p))) o p1.
Again, by Proposition [2.8.1} there is a unitary v € (M ® R) such that

(idy ® (o (idg ® 6,) o (idg ® ) (x) = vav*
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for every x € py (). Thus,
[PI] = [CUZ(’G\4®R)(1®1®(I))U)]
= [(Ad(W) 0 Tty (1616000)
= [WU*U%’M®R>(1®1®(]))M)U]'

The same argument works for the complement.

Proof of (4): Let p € R and vy, v, € RY be appropriately chosen such that

Mgy = O-%{M(X)R) o (ldM ®idg ® Hp)u o Ad(’Ul) o (OJ(/{M®R))_1 o (ql . 7'(')
and

Tgs = O(arer) © (idy ® idr ® 6,)" 0 Ad(v2) 0 (0{iygr) " 0 (g2 - )

(«<): Assume there is a partial isometry z € 7(A)' N (M ® R} such that 2*z = ¢

and zz* = ¢o. It follows that
zqim(a)z" = gom(a)
for every a € 2. Then

Tgp = U(“M@R) o (idy ®idg ® 6,)" 0 Ad(v,) o (OJ(/{M®R))_1 o(qa )
= O-Z(/{M@)R) @) (ldM X ldR & (gp)Z/l o Ad(Ug) @) <O-Z(/{M®R))71 o) Ad(z) o) (ql . 7T>
- U%{M®R) o (idy ®idr ® 62?)“ © Ad(“ﬂ”%[M@R))fl(Z)) © (O.Z(/{M@)R))il o(q - ).

By part (1), it suffices to show that

(2(0(uer) ™ () (v2(0(har) " (2) = (ouer) ™ (@)
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and
(v2(0lhrary) ™ (2)) (V2(0{har) ()" = 1@ 1@ (p)u.

Indeed,

(a(0hrem) ™ (2))" (2(0(har) " (2) = (0(uer) ™ (2)V302(0(er) " (2)
= (0{wer) " ()0 (uar) " (@2)(0(uer) " (2)
= (0{uer) " (2"@?)
= (0{uer) (@)

and

*

(U2(OJ(/{M®R))_1(Z))(U2(UZ(/{M®R))_1(Z))* = (U2(U%{M®R))_1(Z))(UZ(IM®R))_1(Z*>U2
= U2UI(/{M®R))71(Q2>U;

Therefore, by the independence of choice established in part (1), we have that [r,,] =

[7g2]-
(=): Assume that [7,,] = [7,]. Let v € (M ® R) be a unitary such that 7, =

Ad(u) o 7,,. That is, for appropriately chosen p € R and vy, v, € (M ® R® R,
olisr) © (idy @ idg ® 6,)% 0 Ad(vr) © (0{4sem) ™" © (@1 - 7)

= Ad(u) o UZ({M®R) o (idy ® idg ® 6,)% o Ad(vy) 0 (JZ(”M@R))_l o (gqq - ).
Let

u' = oo © Ad(v3) © (idy ® idr © 6,") © (ofyem) " (u).
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(Note that u*u’ = w'u™* = ¢o.) So this gives
UZ(/{M®R) o (ldM ®idg ® 9;;)” o Ad(vl) o <OJ(/{M®R))_1 o (ql . 7T)

= JZ(’{M®R) o (idy ®idgr ® Hp)u o Ad(vq) o (JZ(”M®R))—1 o Ad(u') o (gy - ).

Then

¢ ™ = 0{yer) © Ad(v]) o (idy ®idr ® 0,1 o (6{yer) ' © 0luer)
o (idy ® idg ® 6,) 0 Ad(vs) o (0{igr) " © Ad(w) o (g2 - )
= UZ(/{M@)R) o Ad(v7) o Ad(vz) o (OJ(/{M®R))_1 o Ad(u) o (g2 - )
= U(MM@)R) © UZ(/{M(X)R))_I © Ad(“?M@R)(UIUZ)U,) o (qg - )

= Ad(al(“{M®R)(v’fvg)u') o (qq - ).
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So taking z = U(MM®R) (vivg)u' will give z*z = ¢ and zz* = ¢;. Indeed,

22 = U0 g r) (Vsv1V U )0
= u"0{hem (13(1® 1® (p)u)v)u
= u" g’
=42
and

22 = U(L’M®R)(vag)u'u’*07M®R) (vyv1)
= UZ({M(@R)(UTU?)(]?OJ(/{M@R) (v301)
= U?M@R)(Uf(l ®1® (p)u)v1)
=1

Proof of (5): We will show that 7(2)’ N (M ® R)Y has no minimal projections. Let

p e m(A) N (M ® R be a nonzero projection. Let u € (M ® R)¥ be a unitary such

that U?M (x ® 1) = uzu* for every x € W*(w(A) U {p}). Let ¢ € R be a nonzero

®R)

projection with 7(¢) < 1. Then we have
0lror (P ® @) < 0lirern (P @ 1).
And clearly,
Horom(p © ) € oy o (& V@Y N (M @ R = Ad(wr(@)' N (M & R,

Thus,

wolher (P ® @u € T(A) N (M @ R)
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is a projection with
x U * U _
U (\er) (P ® Qu < U o er (p® 1)u = p.

So p cannot be minimal.

(6) is well-known. O
With the above proposition established, we have the following theorem.

Theorem 6.1.4. The equivalence class [r] € Hom(2A, MY) is extreme if and only if

m(A)' N MY is a factor.
Proof. (=): Assume [r] is extreme. Let qi,¢o € () N (M & R)" be projections
with 7(¢q1) = 7(g2). Then by part (3a) of Proposition we have that
(7] = 7(@)[mq,) + 7(gi) gy ]
= 7(2)[7q) + 7(g2) [Ty -

And since [r] is extreme, we have that [7] = [7,] = [74,]. And so by part (4) of
Proposition [6.1.3 ¢; is Murray-von Neumann equivalent to ¢, in ()’ N (M @ R).
Thus by parts (5) and (6) in Proposition |6.1.3, 7(21)' N (M @ R)* is a factor.

(«<): Assume that 7(2)' N (M ® R)* is a factor. Let

(7] = tlpr] + (1 = 1)[p2]

with t € (0,1). By part (3b) of Proposition we have that [p1] = [m,] and

[p2] = [m,1] for a projection ¢ € ©(2)' N (M ® R)" with 7(q) = t. Also by part (3b)
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of Proposition there is a projection ¢’ € n(A) N (M ®@ R with 7(¢') =t and
(7] = [7]. Since m(A)' N (M @ R)" is a factor, we have that ¢ and ¢’ are Murray-von
Neumann equivalent in 7(20) N (M @ R)%. So by part (4) of Proposition we

have
(1] = [mq] = [mg] = [m]
and similarly

[02] = []. O

Remark 6.1.5. The existence of extreme points in Hom(2(, M¥) remains an open
problem. The existence of extreme points in the context of Hom(N, R¥) as in [§] is a
well-known open question. The most recent work done on this question can be found
in [12].

Given any McDuff M and any separable finite hyperfinite factor N, we have that
any embedding of N into MY is unique up to unitary equivalence by Theorem .
That is, Hom(N, MY) is a single point. Combining this observation with the above

theorem gives the following consequence.

Corollary 6.1.6. For any McDuff M and any finite hyperfinite factor N, any em-
bedding ™ : N — MY has the property that its relative commutant 7(N) N MY is a

factor.

Thanks to an observation by S. White, a more general version of the above corollary

is available. In particular, we do not need to require that M is McDuff.
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Theorem 6.1.7. For any separable II,-factor X and any separable finite hyperfinite
factor N, any embedding m : N — XY has the property that its relative commutant

7(N) N XY is a factor.

Proof. Throughout this proof we will abuse notation by letting 7 denote both the
trace on N and the trace on X“. The proof of this theorem essentially follows from
Lemma 3.21 of [4]. The lemma says, among other things, that the collection of tracial
states

{r(n(z):):x € NT,7(z) =1}

on m(N)'NXY is weak-x dense in the trace space of 7(N)' NXY. For any fixed x € N*
with 7(z) = 1, Dixmier approximation gives that for any € > 0, there exist unitaries

Uty ..., Uy € U(N) and numbers 0 < Ay, ..., A\, <1 with > A; =1 such that

n
H E /\jUjZL‘U,;—]_NH<€.
Jj=1

Note that for such an x € N, 7(w(z)-) = 7(7(3_; Ajujzuj)-).

We will now show that m(N)’ N X¥ is a factor by showing that it has a unique
normalized trace (in particular, the trace induced by the unique trace on X¥). Let
T be a tracial state on 7(N)' N XY. Fix § > 0 and y € 7(N)' N XY with ||y|| < 1. By

Lemma 3.21 of [4] there is an x, € N* with 7(x,) = 1 such that

[7(5) — ~(x(a, )| < 3.

For such an z,, let uy,...,u, € U(N)and 0 < Aq,..., A, <1 with Zj)\j = 1 be such
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that
Hz/\u]xy 1NH<—

Then we have
)T(ﬂ(; Ay )y) = 7(y)| = T(w(; Mgz =1 )y) |

‘W(ZJ: Ay — 1 )|

|20 g =1 ol

IN

IN

A
M|

Thus,

IT(y) = 7)| < |T(y) = 7(xl@, )] + Ir(x(,)y) — 7(0)
= |T(y) = 7(n(a,)y)| + |7 (way )y) = ()|

< 0. O]

The case where N = X = R is already well-known, but we have not seen the statement
as it appears above in the literature. A similar discussion does appear in Section 2
of [38] (in particular Theorem 2.1 and Conjecture 2.3.1). There, Popa addresses
bicentralizers in ultraproduct von Neumann algebras, while we are concerned with
relative commutants (centralizers).

Corollary 5.3 of [§] says “R is the unique separable II;-factor with the property

that every embedding into RY has factorial commutant.” Theorem leads us to
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the following stronger version of Brown’s statement.

Theorem 6.1.8. Let N be an embeddable separable II-factor. The following are

equivalent:

2. For any separable I1;-factor X and any embedding m : N — XY, m(N) N XY is

a factor;

3. For any separable II,-factor X and any embedding ™ : N — XY, the collection
of tracial states {T(w(x)-) : x € NT,7(x) = 1} is weak-+ dense in the trace space

of m(N) N XY,

Proof. ((1)= (3)): This follows from Lemma 3.21 of [4].
((3)= (2)): This follows from the proof of Theorem [6.1.7]

((2)=- (1)): This follows from Corollary 5.3 of [§]. O

The characterization in Theorem of extreme points in the ultrapower case
reveals some information on extreme points in the separable Hom,, (2, M) setting.
Using the canonical constant-sequence embedding of M into MY we get the following

map.
Definition 6.1.9. Let

By : Homy, (A, M) — Hom(A, MY)
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be given by
B ([7]) = [7¥]

where 7 (a) = (7(a))y for a € 2A.

Proposition 6.1.10. The map Ba ) s a well-defined affine homeomorphism onto

1ts 1mage.

Proof. That B ar is continuous and affine is an easy check. Well-defined and injec-
tive follow from Theorem 3.1 of [45].
It remains to show that if S ([mn]) = Baan([7]) in Hom(A, MY) then [r,] —

[7] in Hom,, (2, M). So suppose that

That means that there exists homomorphisms ¢,, € [(7,)] such that

¢nla) = (1)“(a)
for every a € 2 in the trace norm on RY. Now for n fixed, ¢, € [(m,)¥] means
that there is a unitary u, € U(RY) such that o, (a) = u,m,(a)u’. Without loss of
generality, say that u, = (un;)u. So we have that ¢, (a) = (unjmn(a)us, ;)u-

We follow an argument similar to the one found in the proof of Lemma [£.1.0]
Let {a;} C A< be dense in the unit ball of 2. Recursively construct a sequence
of positive integers {Ny} in the following way. Let N; € N be such that for every
n > Ny,

1

llon(ar) —m(a1)]]2 < 3
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Let Ny > Nj be such that for every n > Ny and i = 1,2

1

l|lon(ai) — m(a;)]]2 < 1

In general, let N > Nj_1 be such that for every n > Ny and 1 < < k

1
n(Qi) — i)ll2 < 57
len(a) —m(a)llz < o
For Ny <n < Npypand 1 <7 <k, let
L(n, i) = [[en(a;) — m(as)||l2 = lm [|up ;7m0 (as)uy, ; — m(as)] |2
j—=U

By our construction, we have 0 < L(n,i) < ﬁ By definition

. . . 1
{j : ‘||un7j7rn(ai)un’j||2 — L(n,2)| < %} cu.

And since

| . o | ) |
{3 Mgt lle = 2] < 5} € {5 lungmata, — n(ell < 1}

we get

. . 1
{] : ||un,j7rn(ai)un’j —7(a;)|]2 < E} ceu.

So for Ny < n < Niy1, the intersection
. . 1
A, = ﬂ g Humﬂrn(ai)uw —7(a;)|]2 < T
1<i<k
is in the ultrafilter ¢, and hence is nonempty. Pick j(1) € A; and for n > 1, let

jn) € A,N{j > j(n— 1)} (also nonempty since it is an element of the ultrafilter I/).
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Let v, = up jn). We will now show that for a € A<y, v,m,(a)v; = 7w(a). Fix

e > 0. Let ¢/ € N be such that ||a — ay|| < Z Let k € N be such that ' < k and
1
T < g. Let n > Nyi; thus n € [Ngie, Ngiey1) for some ¢ > 0. Then
jmye () 45 lummaladun; —w(alls < o b
; K " k+c
1<i<k+c
So we have

|lonma(@)or, = m(a)lls < [[onmn (@), — vnmn(an)opllz + [[onma(as) vy, — m(an)lls +

|7 (air) = m(a)l2

€ . €
< 1 + |’u”:j(n)7rn(ai')un,j(n) — m(ai)|l2 + 1
- € L 1 . IS

4 k+4+c 4
< e.

Since (Ad(vy,) o m,) € [my,], we have [m,] — [r]. Thus S r) is an affine homeo-

morphism onto its image. O]

We can also define a map gy : Hom (A, M¥) — T'(2) analogous to ay a) in

the following way.
Definition 6.1.11. Let

g an - Hom(2A, MY) — T(2)
given by

d(m’M)([W]) = Tpyu OT

where 7yu is the unique normalized trace of MY.



123

The maps a(g,ar) and (g ar) relate naturally to one another via the map B ar).

In particular, we have that the diagram

QM
Hom,, (A, M) aAD T(2A)
B Ao, (6.1.2)
Hom (2, MY)

commutes.
It is natural to ask “is B ever surjective?”The answer is: sometimes. The

following example will show that B ) is not surjective in general.

Example 6.1.12. This example will show that Hom(2(, M%) can strictly contain
Hom,, (A, M); or in the notation of Definition , B can fail to be surjective.
Let &4 = C*(F,) and M = R. Furthermore, let N be a non-hyperfinite separable
embeddable II;-factor. By Proposition 3.1 of [6], 2 can be embedded into N (say via
¢ : 2 — N) such that it is weakly dense in N. Consider the map ¢* : Hom(N, RY) —
Hom (2, R¥) given by
¢ ([x]) = [w o pl.

Just as in Proposition [3.2.1] ¢* is well-defined, continuous, and affine. It is not hard
to see that (* is additionally injective. Now, by Theorem A.1 of [§], we know that
Hom (N, RY) is nonseparable. So, since ¢*(Hom(N, RY)) C Hom(2l, RY), this means

that Hom (2, RY) is nonseparable. On the other hand, Hom,, (2, R) is separable. So
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by cardinality considerations,
Bear) (Hom,, (A, R)) € Hom(2A, RHY).

With this embedding B(s 1) established, we immediately get a sufficient condition

for extreme points in Hom,, (2, M).

Theorem 6.1.13. Form : 2l — M, if 7 (A)'NMY is a factor, then [r] € Hom,, (A, M)

18 extreme.

The converse of the above statement would be true if we can show that in general
By (Hom,, (A, M)) is a face of Hom(2, M¥). This question comes down to asking if

the cut-down of a constant-sequence homomorphism

is itself a constant-sequence
homomorphism. In the case where M = R, the answer is yes. That is, we have the

following theorem.
Theorem 6.1.14. B ) (Hom, (A, R)) is a face of Hom(2A, RY).

Proof. Let [r] € Hom,, (2, R) be given, and suppose for t € (0,1) and [p1],[p2] €
Hom(A, RY) that B r)([7]) = [7] = t[p1] + (1 — t)[p2]. We must show that [p;] €
5@[73) (Homw(ﬁ, R)) for i = 1, 2.

Because the map (g ) is affine, we have that

aa,r) ([7]) = tagr) ([p1]) + (1 — £)dar) ([p2])-

Since 7] € Hom,, (2, R), we have that d g ([7]) € UAT(A). And from [7] we know

that UAT(2) is a face of T'(A). Thus, we have that & g)([p;]) € UAT () fori = 1,2.
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By the uniqueness of the GNS construction, this implies that W*(p;(2l)) is hyperfinite
for i = 1,2. Thus, for i = 1,2 there exists an embedding ; : W*(p;(2)) — R. Then

consider the maps

(rrop1) : A= R
and

(’Ygopg) A — R.
Theorem immediately shows that B r)([vi 0 pi]) = [ps] for i = 1,2. O

We now give an example of a face in Hom,,(C*(F,), M) that does not come from

an ideal (cf. §5.2)).

Example 6.1.15. Let M = R, and let ¢ : C*(F,) — R be an injective
s-homomorphism such that ((C*(F«)) is weakly dense in R as provided by Proposi-

tion 3.1 of [6]. Then we consider
M C*(Fy) — RY.

Consider R C RY via the constant embedding. Since ¢ has a dense image in R, we
get that

M(C*(Fy)) N RY = R'n RX.
It is well-known that R’ N RY is a factor. Thus ¢(¥(C*(F.,))' N RY is a factor, and by

Theorem [6.1.13] we get that [(] is extreme. So {[¢]} is a face of Hom, (C*(F), R)

that does not factor through a quotient map.
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6.2 Extreme Points in Hom, (2, /M): Amenability

in First Argument

We first note the following theorem.

Theorem 6.2.1. If T(A) = UAT() then for any McDuff M,
Hom,, (A, M) = Hom(A, M¥)
via By In particular, if A is nuclear, then Hom,, (A, M) = Hom(2, MY).

Proof. By Proposition it suffices to show that By ) is surjective. We will let
7 denote the unique tracial state on both M and M¥. Let 7 : 2l — MY be given.
Let T € T() be given by T'= 7 om. Since T' € UAT(2l), thereis a p : A — M so
that T = 7 o p. Now, consider p : 2 — M¥. Since the images of 7 and p are both
hyperfinite, the argument from Theorem gives that m ~ p. By Theorem [2.5.6]

we get that 7 and p are unitarily equivalent. Thus B ) ([p]) = [04] = [7]. O

With the notation introduced in Definition [6.1.11], we have the following corollary

to Theorem [6.2.1]

Corollary 6.2.2. If T'(A) = UAT(), then for any McDuff M, Hom(2, MY) = T(A)

via Qg ar)-

So we can immediately observe the following characterizations of extreme points

in 7'(2A) and Hom,, (A, M) when T'(2() = UAT ().
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Corollary 6.2.3. Let 2 be such that T'(A) = UAT().

1. T € T() is extreme if and only if (1) N XY is a factor where 7 : A — XY

is a lift of T through XY for any separable I, -factor X.
2. The following are equivalent.

(a) [r] € Hom,, (A, M) is extreme;

(b) 74 (A) N MY is a factor;

(¢c) W*(m(20)) C M is a factor.

Note that the equivalence between (2b) and (2¢) is a purely algebraic statement with

no reference to Hom,, (2, M).

6.3 Extreme Points in Hom, (2, M): Amenability

in Second Argument

A satisfying characterization of extreme points is also available when we shift our
amenability assumption to the second argument of Hom,, (2, M). We state this in

the following theorem.

Theorem 6.3.1. Let A be a (not necessarily nuclear) separable unital C*-algebra.

Then given a x-homomorphism m : A — R, the following are equivalent.

1. [n] € Hom, (A, R) is extreme;
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2. W*(rm(2A)) C R is a factor;

3. () N RY is a factor.

Proof. ((1) = (2)): This is just Theorem [5.1.1]

((2) = (3)): We have that
RO W*(r() 2 W*(x*(@®l) c R c R

and

W @) N RY = 74(A)' N RY.

And since the factor W*(7w(21)) C R must be separable, finite, and hyperfinite, Corol-

lary or Theorem implies that 7% (2()’ N RY must be a factor.

((3) = (1)): This is just Theorem [6.1.13] O

Again, notice that the equivalence of (2) and (3) is a purely algebraic statement.

Remark 6.3.2. In Example 6.4(2) of [21], the existence of a locally universal separable
IT;-factor S was established. This S has the property that any separable II;-factor
embeds into SY. Tensoring S with R preserves this property, so we may assume that
S is McDuff. Therefore, we may consider the convex structure Hom(N, S¥) for any

separable II;-factor N without any additional embeddability assumptions.



129

Chapter 7
More on Hom,, (2, M)

7.1 Stabilization

The “McDuffness”of the codomain of 7 : 2 — M allows us to coherently define
the convex structure on Hom,, (2(, M). Only considering McDuff codomains seems to
provide some restrictions on our theory and collection of examples. Unfortunately,
without a tensor factor of R in the target, it is unclear how to define a convex structure
on Hom,, (A, N) for a non-McDuff V.

A natural way around this obstruction is to stabilize a given non-McDuff codomain.

That is, given a non-McDuff factor N and a *-homomorphism
m:A— N,
we compose 7 with the embedding
dy®1p: N - N®R.
Using the notation from §3.2] this composition induces the map

(idy ® 1g)« : Hom,, (™A, N) — Hom, (A, N ® R).
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That is,
(idy @ 1g)«([x]) = [(idy © 1r) o 7] = [r @ 1]
where
(1 ®1g)(a) = m(a) @ 1.

It turns out that (idy ® 1g). is well-defined and injective:
(TR 1g~pR1g) & (1~ p).

Well-defined is a clear observation. Showing that (idy®1g). is injective is not obvious
at all. The author would like to thank N. Ozawa for suggesting the proof of Theorem
7.1.4] First we need the following fact established by Haagerup in Section 4 of [22]

concerning the notion of d-related n-tuples of unitaries.

Definition 7.1.1 ([22]). Let N be a II;-factor. For n € N and 6 > 0, two n-tuples
(ug,...,u,) and (vq,...,v,) of unitaries in N are §-related if there is a sequence

{Clj} C N with

Za;aj =1= Zaja; (7.1.1)
J J

such that for every 1 < k <mn,

> lajur — val3 < 6. (7.1.2)

J

We say that {a;} is a sequence that witnesses that (uq,...,u,) and (vi,...,v,) are

o-related.
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Theorem 7.1.2 ([22]). Let N be a II;-factor. For every n € N and every e > 0,
there exists a §(n,e) > 0 such that for any two §(n,c)-related n-tuples of unitaries
(ug,...,up) and (vy,...,v,) in N, there exists a unitary w € N such that for every
1<k<n

[|wug — vpwl|s < e.
Next we establish the following lemma.

Lemma 7.1.3. Let Ny and Ny be separable II-factors, and let (uy,...,u,) and
(v1,...,0,) be two n-tuples of unitaries in Ny. Fiz § > 0, and let z € N1 @ Ny
be a unitary of the form

Z:Z&j®bj
j=1

where {b;} C Ny is an orthonormal basis in L*(Ny). If z is such that for every

1<k <n,
|[2(up @ 1n,) — (v @ 1n,)2][3 < 6,
then (uy,...,u,) and (v1,...,v,) are 6-related. Furthermore, {a;} is a sequence that
witnesses that (uy, ..., u,) and (vi,...,v,) are d-related.
Proof. 1t suffices to show that {a;} is the sequence that witnesses that (uq,...,u,)

and (vy,...,v,) are é-related. First we show that the summing condition (7.1.1)) is
satisfied. This is a consequence of the fact that . a; ®b; is a unitary. Let E; be the

canonical normal conditional expectation

E12N1®N2—>N1®61N2
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onto the first tensor factor. So on simple tensors, Eq(z ® y) = 2 ® 7(y). So we have

1=E(z"2)

= El < Z a;f,aj ® b;(/bj>

33

= Z aya; @ 7(b5b;)
V]

= Zajaj ® 1.
J

Thus ;aja; =1 and by a symmetric argument, > a;aj = 1.

To check ([7.1.2)), fix 1 <k < n and observe

2

> = D7 ((aue = vnay) " (a5 — nay))

J J

= ZT(((aj’Uk — vpay)* (azuy — Ukaj)) & b;,bj)

7

- T((Z(ayuk — vkay) ® bj’>*<2<aju’“ — Ukty) @ bj))

J J

QiU — VrQy

= |[2(ur @ 1n,) — (0k ® 1)z 5

< 0. O

Theorem 7.1.4. Let Ny and N, be arbitrary separable II-factors. Given
x-homomorphisms m,p : A — Ny, consider m @ 1n,,p @ 1y, : A = Ny ® Ny. If

TR 1y, ~ p® 1y, then m ~ p.
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Proof. Because a unital C*-algebra is generated by its unitaries, it suffices to show
that for any € > 0 and any set of unitaries uy,...,u, € 2, there exists a unitary

w € N such that for every 1 < k < n,
lw (ur) — p(ur)wllz <e.

Fix ¢ > 0 and unitaries uq, ..., u, € 2. Let d(n,e) > 0 be such that if (vy,...,v,)

and (vi,...,v)) are d(n, €)-related n-tuples of unitaries in Ny, then there is a unitary

’n

w € Nj such that for every 1 < k < n,
||[wop — vw||a < e

as guaranteed by Theorem [7.1.2] Thus we will be done if we show that (7(w), ...,
m(uy,)) and (p(u1),. .., p(uy,)) are d(n, e)-related.

Since 7 ® 1y, ~ p ® 1y,, we can find a unitary z € Ny ® Ny such that for every
1<k <n,

[l2(m(ur) ® 1wv,) = (p(ur) ® 1n,)2ll5 < d(n, ).

By standard approximation arguments we may assume that

Z = Z CLj ® bj
j=1
where {b;} C N; is an orthonormal basis in L*(N;) (guaranteed by Gram-Schmidt).

Then by Lemma we have that (m(uq),...,7m(u,)) and (p(uy),...,p(u,)) are

d(n, e)-related. O
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We can also use the proof strategy from Theorem to provide an alternative proof
to Corollary 3.3 in [I3]: Let N; and Nj be separable II; factors, and let 6; € Aut(1V;),
i =1,2. Then 0; ® 0 € Aut(N; ® N,) is approximately inner if and only if #; and 6,

are both approximately inner.

Example 7.1.5. It is well-known that L(IFy) has non-approximately inner automor-
phisms (e.g. exchanging generators). Let § be such a non-approximately inner au-
tomorphism of L(IFy). Let ¢ : C(Fy) — L(IF3) be the canonical embedding, then we
have

=1 [FoL=:p.

Then by Theorem we have that [T®1g] # [p®1g]. Since Hom,, (C}(F2), L(F2)®

R) is convex, there is at least an interval’s worth,
{tlr@1r]l + (1 =t)p®1p] : t € [0,1]},
of inequivalent x-homomorphisms of C*(FFy) into L(IFy) ® R.

For the next theorem, we will use the following standard fact about complete

metric spaces.

Proposition 7.1.6. Let (X, d) and (Y,d') be complete metric spaces. If p : X =Y

satisfies the following conditions
1. p 18 continuous,

2. s injective,
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3. {¢(x,)} is Cauchy in d' = {x,} is Cauchy in d;
then ¢ is a homeomorphism onto its image and p(X) is closed in'Y .
Theorem 7.1.7. For any two separable II;-factors N1 and N, the map
(idn, @ 1, )« : Homy, (A, Ny) — Hom,, (A, N3 ® N»)
is a homeomorphism onto its image, which is closed in Hom,, (A, Ny ® Ns). In par-
ticular, we may consider Hom,, (2, N1) as a closed subset of Hom,, (A, N1 @ Ns).

Proof. Let {uy} be a sequence of unitaries that generate 2. As in Remark [3.3]
we can use these unitaries to define metrics dy, and dy,gn, on Hom, (A, N;) and

Hom,, (A, N1 ® Ny) respectively. That is,

(1) = _int (3 gllom) - plue)ol )’
and
vl o) = _int (3 glemtus) - plun)alf)

Theorem shows that (idy, ® 1y, )« is injective, and (idy, ® 1, )« is continuous
by Proposition(3.2.4, Now, by Proposition|7.1.6] it suffices to show that if {[m, ® 1n,]}

is Cauchy in dy,gn, then {[m,]} is Cauchy in dy,. Fix ¢ > 0. Let J € N be such

that k;rl 5ok < % By Theorem |7.1.2| there is a 5(], \/L2_J> such that for any pair

of 6<J, L>—relauted n-tuples of unitaries (wy,...,wy) and (w},...,w’;) in N; there

V2J

is a unitary v € N; such that for every 1 < k < J,
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or

2

ﬁ.

|lvwg — wioll; <
Now let K € N be such that for n,m > K we have

5 J _&
) \/7
dN1®N2([7Tn ® 1N2]7 [Wm ® 1N2])2 < ( 22J2J>

We will show that for any n,m > K,dy, ([7,], [7m]) < €. Fix n,m > K. From the
definition of dy,gn, there is a unitary z € Ny ® Nj of the form z = Z a; ® b; with

j
{b;} an orthonormal basis in L?(N,) such that

’ 5(J), =
> %HZ((W,I ® 1) (ur)) — (T ® 1) (ug))2[[5 < %

So, for 1 < k' < J we have

%Hz((m ® 1) (ur)) = (T ® 1) (unr)) 2|3

Therefore for every 1 < k < J,

=m0 © L) (1)) = (0 & L) i)z 113 < 25<J2—T> <o 757)

Thus by Lemma we have that (m,(u1),...,m(uy)) and (7, (uq), ..., mm(uy)) are

o (J, L)—related. By Theorem [7.1.2] there is a unitary v € N; such that for every

V2J

1<kE<J,

62

J— 2 —
o (ur) = T (w)vl]z < 55
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So to complete the proof we observe that

([, [rn))? < 3 s lloma ) — ol
k=1

T
= ﬁHmn(uk) — T ()0 [3
=1
+ ) ﬁHWn(uk)—?Tm(uk)UHg
k=J+1
g2 g2
<J. 4
2J + 2
= g2, O

Therefore, if N is an arbitrary separable II;-factor, we may consider Hom,, (2, N) as

a closed subset of the convex set Hom,, (2, N ® R).
Example 7.1.8. When 2 is such that UAT(2() = T'(A), Hom,, (A, N) = T'(A); so
(idy ® 1g)«(Hom, (A, N)) = Hom, (2, N ® R).

Example 7.1.9. If N is a non-hyperfinite solid II;-factor, for example L(IFy) or
L(Z? x SL(2,Z)), then all of its subfactors are also solid, see [31] and [33]. Non-
hyperfinite solid factors are prime. So we know that N ® R does not embed into N.
Thus, if we let 2 be a separable dense C*-subalgebra of N® R with a unique trace, then
Hom,, (2(, N') is empty, but Hom,, (2, N ® R) is nonempty. Such a dense monotracial
C*-subalgebra exists by applying the argument found in Lemma [4.2.3| except all W*’s
should be replaced with C*’s and all instances of “weak”with “norm.” Therefore, in
contrast to the situation of Example [7.1.8] we have that (idy ® 1g).(Hom, (A, N))

is empty.
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It would be interesting to know more about the way Hom,, (2, N) sits inside
Hom,, (A, N @ M) for M McDuff and 2 such that UAT() # T'(). In particu-
lar, it would be nice to find an example of a separable II;-factor N and a separable

C*-algebra 2 such that Hom,, (2, V) fails to be convex.

7.2 A Product

Remark 7.3 at the end of [§] suggests a way to define a product on Hom(N, RY) when
there exists a comultiplication on 2. We show here that we can also define a product
on Hom,, (2(, R) under the same assumptions. Before restricting ourselves, we discuss

this idea in more generality. We can define a binary operation in the following way.

Definition 7.2.1. Given C*-algebras 2 and B and McDuff II;-factors M and N, we

define the binary operation

e : Hom,, (2, M) x Hom,, (B, N) — Hom,, (A @i, B, M @ N)

to be given by

(] @ [p] = [7 @ p].

Proposition 7.2.2. The map e 1is well-defined, jointly continuous, and

affine-distributive on both sides—that s, the following equations hold.
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(tm] + (1 = )[ma]) @ [p] = t([mi] @ [p]) + (1 = t)([m] ® [0]),

7] & (slpa] + (1 = 8)[pa]) = s([x] @ [pa]) + (1 = s)([7] @ [p2])

Proof. Well-defined and continuous is routine.
We will show one side of the affine-distributive claim, and the other side will follow

by a symmetric argument. We show that
[(on @idn)(m @p@p+m@p ®p)] = [oyen(m @ p@p+m@p@pH)]

for o); and opgn regular isomorphisms.
Let 2 : M ® N® R — M ® R® N be the canonical isomorphism from the
commutativity of tensor products. Define syjon : M @ N® R — M Q@ N by syen =

(o ®1idy) 0 2. Then we have that

Siteny = 27 ' o (0y) ®@idy)
~ .@71 e} (ldM X 1R X ldN)

= idyen ® 1g.
So by Proposition m (2), spen ~ Open- SO we get

[(om @1dN) (M @p R p+ T @p @ p)] = [Smen(TI @ pRp+ T @ p& pT)]

:[0M®N(W1®p®p+ﬂz®0®pl)]- [
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Example 7.2.3. In the case that 2 and B are nuclear, e is simply the tensor product

on traces.

Now, if there is a unital x-homomorphism 7 : 2l — A @i, A then we may use the

functoriality discussed in to define a product on Hom,, (2, R) as follows. Let
o, : Hom, (A, R) x Hom,, (A, R) — Hom,, (2, R)

be given by

o, =€, 07 00
where ¢ : R ® R — R is an isomorphism. That is,
[7] & [p] = e o (@ p) 0 9]

We remark that e, is independent of the choice of e.
We do not have a priori that e, is associative. However, if we further assume that

v A = A @min A is coassociative, then we do get that e, is associative.
Definition 7.2.4. A x-homomorphism v : A — A @i, A is coassociative if
(idy ®7) 0y = (y ®ida) 0 7.

Proposition 7.2.5. If v : A — A @ A is a coassociative x-homomorphism, then

e, 1$ associative.

Proof. We must show

[m1] @ ([m2] @ [m3]) = ([m1] & [m2]) & [ms]. (7.2.1)
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That is

[oro (m ® (oro (T2 ®@m3) 07)) 0] =[oro ((0r 0 (T ® M) 07) ®T3) 07,

where o is a regular isomorphism. (We can take or = € if we like.)

We have

O'RO(7T1®<O'RO(7T2®7T3)O’)/))O’)/

=opo((opoog' om oidy) ® (ggo (m @ m3) 0 7)) 0y

=ogo(or®0g) o (05 om) ® (T2 @ m3)) o (idy ®7) 0y

~opo(or®ap)o (1 ® 1p) ® (1 @ m3)) o (idy ® ) 05 (7.2.2)
=oro(0r®oR)o((m ®1g) ® (M @ m3)) o (y ®idy) 0y (7.2.3)
~opo(or®og)o ((m ®m) @ (m3® 1g)) o (y ®idy) oy (7.2.4)
~0Ro (0r ®0oR) o (11 @ m)® (0 0m3)) o (y®ida) oy (7.2.5)

=ogro ((opo(m ®@m)oy) ®ms) 0.

Here (7.2.2) and ([7.2.5)) follow from the fact that og is a regular isomorphism, and

(7.2.3)) follows because 7y is coassociative. To verify ([7.2.4)) we consider (m ® 15) ®

(my ® m3) as an element of R®*. Note that since all *-endomorphisms of R are

approximately inner, we have that og(idg ® 1g) ~ idg ~ ogr(lg ® idg). Thus we
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have idg ® 1 ~ 1 ® idg and
(1 ®1R) ® (M @ m3) =T @ (1gp ® T2) ® T3
~ T ® (me® 1) @ Ty
= (m ®m) ® (1g ® m3)
~ (M ® ) ® (13 ® 1R),
verifying . So has been demonstrated, and the proof is complete. O

Example 7.2.6. If 2 is a compact quantum group (cf. [50]) and we take vy to be the

comultiplication A (denoted as ® in [50]), then we are in the situation of Proposition

(2.5

Example 7.2.7. If 2 is a nuclear compact quantum group with comultiplication A
and tracial Haar state it can be shown that under this product, the representative of
the Haar state behaves as a zero. That is, if [H] € Hom,, (2, R) is a lift of the Haar

state through R, then for any [7] € Hom, (A, R), [H] ea [7] = [7] ea [H] = [H].

We go a bit further to observe that in the case that 2l is a compact quantum group
with comultiplication A, Hom,, (2, M) can be seen to behave as a sort of right (or

left) Hom,, (2, R)-module with the action given by
o% =(op)ro0A*oe

where o), is a regular isomorphism. That is, for [r] € Hom, (2, M) and [p] €
Hom,, (A, R) we have

7] oX (0] = [oas 0 (T ® p) 0 Al
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Remark 7.2.8. It would be interesting to study the algebraic properties of this product.
Can we find examples where e, is not associative? In the associative case, how do

powers [m]™ behave? How do faces react to this product?

This approach should extend painlessly to the object Hom(2l, M¥) using the re-

sults from Chapter [6]
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Chapter 8

Simplices in Hom(N, RY)

In this chapter, we will work in Brown’s original context from [§] (see for a brief
survey). Let N be a separable II;-factor, and let R denote the separable hyperfinite
I1;-factor. We denote by Hom(N, RY) the collection of unitary equivalence classes
of *-homomorphisms N — RY where U is a free ultrafilter on the natural numbers.
We let [rr] denote the equivalence class of the *-homomorphism 7 : N — RY. Tt was
shown in [8] and [I1] that Hom (N, R¥) can be considered as closed bounded convex

subset of a Banach space.

Definition 8.1. Let F,) denote the minimal face in Hom (N, RY) containing (7. Fi
is obtained by intersecting all faces in Hom(N, R¥) that contain [r]. Let dim(Fi)
be the dimension of the minimal face, given by the smallest n such that Fj, affinely
embeds into R™; if there is no such n, then we say dim(Fj;) = co. As a convention,

dim(Fjy) = 0 if and only if Fi; = {e} is a singleton.

The work of this chapter builds upon the results of [8] in order to further establish
a connection between the convex geometry of Hom (N, RY) and the algebraic data of

the embeddings of N into RY. In particular, given 7 : N — RY, we will examine the
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relationship between Fin and the relative commutant m(N)' N B¥. The work of this

chapter culminates in the following theorem.
Theorem 8.2. Let the embedding © : N — RY be given.
1. If dim(Z(r(N) N RY)) = n < oo then Fiy is an n-vertex simplex.

2. If ¢ € ty[m]| + -+ + ty[m,] where 0 < t; < 1 and [m;] is an extreme point for

every 1 < 7 <mn, then

e(N) N R = a7 m;(N) NR“.

3. dim(Fjy) + 1 = dim(Z(x(N) N RY)).

This theorem is a generalization of Theorem [2.8.TT}-different from the generalization
given by Theorem [6.1.4-in the sense that Theorem gives part (3) of Theorem
in the case where dim(Fjy) + 1 = dim(Z(x(N)' N RY)) = 1. As mentioned
before, the question of existence of extreme points in Hom(N, RY) is an equivalent
formulation of a well-known open question (given any separable I1;-factor N, is there
an embedding 7 : N — RY such that 7(N)' N RY is a factor?). Theorem [8.2| informs
us about the convex geometry of Hom(N, RY) and thus gives us deeper insight into

this open question. In particular, we have the following corollary.
Corollary 8.3. The following are equivalent.

e There is an embedding 7 : N — RY such that m#(N)' N RY is a factor.
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e There is an embedding p : N — RY such that Z(w(N) N RY) is finite dimen-

stonal.

8.1 Proof of Part (1) of Theorem (8.2

From now on, fix 7 : N — RY. To allow an abuse of notation, let o : (R® R)Y — RY
denote the isomorphism induced by an isomorphism o : R ® R — R. The following
Proposition shows that given a cutdown 7, of 7, it is always unitarily equivalent to a
cutdown of m by a projection of smaller trace. This can be considered as a rescaling

propostion.

Proposition 8.1.1. Let p be a projection in w(N)' N RY. Then for any nonzero

projection Q € RY, we have

[mp] = [0(1 @ T)oep] = [0(1 ® T)s@ep)-

Proof. To show the first equality, by Proposition there is a unitary v € RY so
that o(1 ® 7)(z) = uau* for every x € W*(w(N)U{p}). Then by Proposition [2.8.10}
we have

[mp] = [(Adu 0 T)upur] = [0(1 @ 7)o 1p)-

For the second equality, we will appeal to the fact that we can take 0,qggp =
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o0 (fg ®80,) oo for any projection @' (see Definition 3.3.2 in [§]). Thus we have

(1 ® )o(Qep) = Uo(qep) (0(Q @ p)o(l @ m))
= Oo(gep) (0(Q @ pr))
=00 (0g® )00 (0(Q @ pr))
=00 (b ®6,)(Q @ p7)
= 0(1® 0,(pm))
=oo(1®b,) o0 (o(1®p)o(1®))
= Osp1ep)(c(1®p)o(l ®T))

= 0(1®m)o(10p): .

The next proposition addresses convex combinations of cutdowns.
Proposition 8.1.2. Let p,q € m(N) N RY be projections with T(p) = 7(q).

tmp] + (1 = )[mg] = [0(1 ® T) (o(5@p)+o(S L 20))]
for any projection S € RY with 7(S) = t.
Proof. By Example 4.5 of [§] we have that

tmp] + (1 = t)[mg] = [0(S @ ) + 0(ST @ 7))
for any projection S € RY with 7(S) = t. So we must show

(01 ® Mo(senotsen] = [0S ® m) +0(S* @ )]
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By definition
(1 ® 7)o (sep)+o(Steg = Vo(sep)+o(siag(0(S @ pr) + o(ST @ qr))

and

o(S@m) + (ST @m) =0(S @ 0,(pr)) + o (ST @ 0,(qm)).

Now note that,

B 7(S) - 7(p)
(0 (s0p)+o(s- 0 (0(S @ p)) = 7(0(S®p) + (ST ®q))
_ 7(S) - 7(p)
7(p)

Let p' = 0, (sep)+o(steg(0(S @ p)) and consider
Y p RYp — o(S®1)RY0(S ® 1)
given by

. -1
Y=o0o0 (S ® ld) © 90(S®p) © 90(3®p)+a(SL®q) p' RUp’*

Let u € RY be a unitary such that for every a € N,

o(1® by(pr(a))) = uby(pm(a))u’

as provided by Proposition [2.8.2]

So, for a € N we have

V(0 (sep)+o(siag(@(S @ pr(a))))
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— 00 (S ®id) 0 b5 (05 © pr(a))
=00(S®id)ooo (s ®0,) o0 (o(S® pr(a))) (8.1.1)
=oco(S®id)ooo(fs®6,)(S ®pr(a))
= 0o (S®id)(o(1 @ b,(pn(a))))
— o(S @ o(1® b,(pm())))
— oS ® b (pr(a))u)
=o0(S®u)o(S®0,(pr(a)))o(S @ u*)
where follows from the fact that 0,(sgy = 00 (05 ® 0,) o o L
Evidently, ¢ is a unital *-homomorphism that lifts to coordinate-wise homor-
phisms. Then by Proposition there is a partial isometry v € RY such that
vio =pov* =o(S®1), and P (z) = vav* for every
T € Uy (sep)+o(steg(0(S @ pr(N)))
(a separable subalgebra). Therefore, for every a € N,
o(S@u)o(S @ b,(pm(a)))o(S © u") = P (0nsep)+ostay(0(S ©pr(a)))
= V0,(s0p)+o(staq(0(S @ pr(a))v”.
It follows that
V(S © u)o(5  b,(pm(a)))o(S © U = bysspyo(si o (015 © pr(a).
Let v" := v*0(S®u). Then v"v' = o(S ® 1) and v'v"™ = 0,(5gp)+o(sL0q (S @p). Thus

Vo (S ® 0,(p(a)))0" = Op(sep)+a(stan (0(S @ pr(a)))
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for every a € N.
Similarly, there is a partial isometry w’ € RY with w™*w’ = ¢(S+®1) and w'w™ =

O (s@p)+o(5-0qg)(0(ST @ q)) such that
w'o (St @ Oy (gm(a)))w™ = 00 (s2p)+o(SLaq) (0(S* @ qr(a)))

for every a € N.

Thus, if ' = v' + w’ then v is a unitary such that
u'(0(S @ Oy(pr(a))) + o (ST @ O4(gm(a))))u”
= Oy (sep)o(siag (0(S @ pr(a)) + o(ST @ gr(a))). O

Note that thanks to the rescaling Proposition [8.1.1] the requirement that p and q

have matching traces in Proposition [8.1.2]is not an obstruction at all.
Proposition 8.1.3.
Fiqy = {[m] : p € ®(N)' N R, a nonzero projection}
Proof. C: We will show that
A:={[r,] :pem(N)NRY, aprojection ,p+#0}
is a face. Then this inclusion will hold due to minimality of Fi. By Proposition m
we have that A is convex. Now if ¢[p1] + (1 — t)[pe] = [m,]. So we have
(7] = () [mp] + (0[]

= t7(p)lpr] + (1 = )7 (p)[p2] + 7(p) [y ].
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by Proposition [2.8.10, Also by Proposition [2.8.10f we have that [p;] = [m,] for

g € m(N)' N R for i = 1,2. So indeed, A is a face. Thus F; C A.
D: By Proposition [2.8.10, we have that 7(p)[m,] + 7(p*)[r,.] = [7] € F}y for any
p € m(N) N RY. And since Fi is a face, we have that [r,] € Fy for any p €

T(N) N RY. 0
Proposition 8.1.4. If Z(n(N) N RY) is separable then
1. Z(o(1®@7)(N)YNRY) =0(C® Z(r(N)' N RY)).

2. If z is a minimal central projection in Z(m(N)' N RY) then o(1 ® 2) is minimal

in Z(c(1®m)(N) NRY).

Proof. (1): We have that X := W*(x(N) U Z(7(N)' N RY)) is separable. So by
Proposition [2.8.1} there is a unitary u € RY such that for every x € X, o(1 ® z) =

uzuw®. It follows that
o(1®7)(N) NRY = Ad(u)(x(N)' N RY).
So we have

Z(ec(1®7)(N) N RY) = Ad(u) Z(x(N)' N RY)

=o(1® Z(r(N) N RY)).

(2): Let u be as in the proof of part (1). Then since z € Z(7(N)' N RY) is minimal,

it follows that (1 ® z) = uzu* is minimal. O
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The following lemma shows that in the case that the center of the relative commu-
tant of 7 is finite dimensional, there is a number 0 < ¢y < 1 such that every element

of Il may be expressed as a cutdown of 7 by a projection with trace .

Lemma 8.1.5. Let Z(n(N)' N RY) be finite dimensional with minimal central pro-

jections z1, ..., zn, and let to < min{7(z1),...,7(z,)}. Then

Fiy = {[m) : p € 7(N) N R, a projection ,7(p) =t}
Proof. Let q € m(N) N RY be a projection and let t' = 7(q). Put

Ay = {[ﬂp] :pen(N)Y NRY, aprojection ,7(p) = to} .

t
Assume that ¢ > to. Let Q € RY be a projection with 7(Q) = t_(’]’ and let u € RY be
a unitary such that o(1 ® z) = uzu* for every z € W*(r(N) U Z(n(N) N RY)), then

by Proposition [8.1.1],

[7q] = [0(1 ® T)o(@ug)] = [Turo(@ogyul € Aty-

t
Now let ¢ < ty. Let p € m(N)' N RY be a projection such that 7(pz;) = t—?T(qu-)

t
for every 1 < ¢ < n. That is, the center-valued trace of p is a t—?—scaling of the

center-valued trace of ¢q. Clearly, 7(p) = to. Let Q € RY be a projection such that

t/
7(Q) = o By Proposition [8.1.4] the minimal central projections in o(1®m)(N)' NRY
0
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are {o(1 ® z;)},_,. Observe that for every 1 <1i < n we have

T(0(Q®@p)o(1® 2)) = 7(0(Q ® pz))

=7(Q) - 7(pz:)

t t
- ?T(qzi)
= 7(q)

=7(0c(1®q)o(l® z)).

Thus ¢(Q ® p) is Murray-von Neumann equivalent to o(1® q) in o(1 @ 7)(N)' N RY.

By Propositions [2.8.10] and [8.1.1] we get that

(M) = [o(1 @ T)o109)]
=[o(1® 71')U(Q(Esvpﬂ
= [0(1® m)o10p)]

= [’ﬂ'p] c Ato- ]
We are now sufficiently prepared to prove part (1) of Theorem [8.2]

Proof. (of part (1) of Theorem|8.2)) We will show that if Z(7(N)'NRY) is n-dimensional

with n < oo then Fj is affinely isomorphic to the n-vertex simplex given by

X, = {(xl,...,xn):()gxigto Vlgign,in:to}.

i=1

By Lemma 8.1.5, we may identify Fj; with

Ay = {[m,) i p € 7(N)' N RY, a projection ,7(p) =to}.
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Consider the map
oAy — Xy
given by
p([mp]) = (r(pz1), ..., 7(p2n))

where z1, ... 2, are the minimal central projections of 7(N)' N RY. Proposition
ensures that ¢ is well-defined and injective. Given any (z1,...,z,) € X, it is
well-known that there is a projection p € m(N)'NRY such that (7(pz1),...,7(pz,)) =
(21, ...,x,); thus, ¢ is surjective. It remains to show that ¢ is affine. Since W*(7(N)U
Z(m(N) N RY)) is separable, there is a unitary v € RY so that o(1 ® x) = uxu* for
every € W*(m(N) U Z(r(N)' N RY)) as in Proposition [8.1.4f Now, by Proposition

B.12
t[ﬂp] + (1 - t) [Wq] = [‘7(1 ® W)a(sc@p)w(SL@q)] = [Wu*(o(5®p)+U(SJ-®Q))U]

where S € RY is a projection such that 7(S) = t. Furthermore, for every 1 <i < n,

we have that

(' (o(S @ p) + (S @ ))uz) = 7((0(S ® p) + o(S* @ q))uzu)
=7((a(S@p) +0(ST @ q))o(1® 2))
= 7(0(S ® pz)) + T(0(S* ® )
= 7(8) - 7(pz) + 7(SH) - T(gz)

=t1(pz) + (1 — t)71(qz).
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So

o(tlmy) + (1 = t)[mg)) = o([Tur (o(S2p)+o(SLoq)u]

= ty(m]) + (1 = H)e([my)). 0

8.2 A Form of Schur’s Lemma for RY

Before we establish part (2) of Theorem we must prove an intuitive yet difficult
lemma. Since Lemma addresses intertwiners of unital representations of N in
RY, we can consider this as a sort of RY-version of Schur’s lemma. An argument simi-
lar to the argument presented in Lemma [8.2.1] appears in [18]. Thanks to Nate Brown
for a helpful discussion regarding this lemma and to Stuart White for suggesting the

proof of this lemma.

Lemma 8.2.1. Let [n],[p] € Hom(N, RY) be extreme points. If there is a nonzero
r € RY such that w(a)x = zp(a) for every a € N (that is, x intertwines ™ and p),

then [r] = [p].

Proof. Let # = v|z| be the polar decomposition of z (here |z| = (z*z)2). We first
claim that v also intertwines m and p. Note that z*z € p(N)' N RY and so |z| €

p(N) N RY. Thus we have for every a € N

m(a)vlz| = vlz|p(a)

= vp(a)|z].
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So for every a € N, m(a)v = vp(a) on range|x|. Also, v*v is the projection onto

range|x|, and thus v*v € W*(|z|) C p(N)' N RY. Thus, for every a € N,

Consider the set
S:={w:w e RY a partial isometry and 7(a)w = wp(a), Va € N}.
By above, S is nonempty. Define the following partial order on S:
v<w e w'y =v(e vt =vvw).

Let w; < wy; < ws < ... be an increasing chain of elements in S. We will show that
this chain has an upper bound. To do this we will show that {w,} is || - ||o-Cauchy.
Note that {7(w}w,)} is a monotone, bounded sequence of real numbers, so it is a

convergent sequence. Let n < m; by the definition of the ordering,

*

T(whwy,) = T(w,w)

and

T(wiwy,) = T(w,w)).
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Thus,
[lwn = w2 = 7((wn — W) (wn — wyn))
= 7(Wiw, — W W, — W Wy, + Wi W)
= T(wpwn) — T(wawy) — T(Wnwy,) = 7(wp, wn)
= 7(wwy,) — T(wiw,).
And since {7(w}w,)} is convergent, this shows that {w,} is || - ||>-Cauchy. So let w

be the || - ||o-limit of {w,}. Clearly w € S and w is an upper bound of the chain
wy; < wy < ---. So by Zorn’s lemma, there is a maximal (with respect to this
ordering) v € S.

Assume by way of contradiction that v is not a unitary. Then 7(v*v) < 1. Also
note that v*v € p(N)' N RY. Let p € p(N)' N RY be a nonzero projection orthogonal
to v*v and such that 7(p) < 7(v*v). Let w € p(N)' N B¥ be such that w*w = p
and ww* < v*v (this is possible because p(N)' N R is a factor). Note that for every

a€ N

which implies that (vw)(vw)* € 7(N) N RY. Now let y € 7(N)' N RY be such that
y*y = (vw)(vw)* and yy* < 1 —vv* (this is possible becuase 7(N)' N RY is a factor).
Now consider

v + Yyvw.
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First note that

lyow|[; = m(w"v"y yow)

= 7(w*v vww v vw)

= 7(w*v vw)

so v # v + yvw. Next, we see that v + yvw € S: for every a € N,
m(a)(v + yow) = 7(a)v + w(a)yvw
= wvp(a) + yr(a)vw
= vp(a) + yvp(a)w
= vp(a) + yvwp(a)
= (v + yvw)p(a).
Lastly, we observe that
(v + yow)v*v = v + yowv*v
= v + yrww wv*v
=v+0,

so v < v + yvw in the ordering on S. So maximality of v implies that v = v + yovw,

but this is absurd because yvw # 0. So v must be a unitary, and so ™ ~ p. O
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Next we record the following easy lemma. This is essentially a scaled version of

Lemma R.2.11

Lemma 8.2.2. Let p,q € RY be mutually orthogonal projections with (p) = 7(q). Let
(7], [p] € Hom(N, RY) be distinct extreme points. If x € (p+ q)BY(p + q) intertwines
0, om and 6" o p, then = 0.

p

Proof. We are assuming that for every a € N,
0, (m(a))(p+ Q)z(p+q) = (p+ Qz(p + 9)0; " (p(a)). (8.2.1)
Then by (8.2.1) we have

prp = pb, (1) (p+ q)z(p + q)p
=plp+Q)z(p+ )0, (1)p
=p(p+q@)z(p+ q)gp

= 0.
And similarly, grqg = 0. So x = pxq + qrp. Thus, for every a € N

0, (m(a))(pzq) = 0," (m(a))(prq + qup)

= (pzq + qzp)d, " (p(a))

= paql;* (p(a)).
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Let v € RY be a partial isometry such that v*v = p and vv* = ¢. Then for every

a € N,

m(a)0,(prqu) = 0,(0, " (7(a))(prq)v)
= 0,(pql, " (p(a))v)
= 0,(pqu)0,(v*0,  (p(a))v).

Notice that 6, o Ad(v*) 0 6! : RY — RY is a unital *-homomorphism that lifts to

homomorphisms fiberwise. So by Proposition we have that

0,(v* 0, (p(-))v ~ p(-).

Thus 6,(prqu) intertwines 7 and 6, o Ad(v*) 0 6," o p ~ p. So by Lemma m,
0 = 6,(pzqu). Since 6, is an isomorphism, we get that 0 = prqu. Then multiplying
on the right by v* yields

0 = prquv™ = pxq.

By taking adjoints, one can show in an identical way that qzp = 0. Thus z =0. [

8.3 Proof of Parts (2) and (3) of Theorem 8.2

Now we are ready to prove part (2) of the Theorem.

Proof. (of part (2) of Theorem
We prove this part of the theorem in the case where n = 2. All other cases are

direct generalizations of this one. So we must show that if [7], [p] € Hom(N, RY) are
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distinct extreme points and if ¢ € t[r] + (1 — t)[p] for 0 < ¢ < 1, then
O(NYNRY = 1(NYNRY @ p(N) nRY.

We will further subdivide the problem into two cases.

k N —k
Case I: t is rational. Let t = N for positive integers k and N. Then 1 — ¢ = N

k
Let p € RY be a projection such that 7(p) = N Without loss of generality, let
@z@ljloﬁ—l—egfop.

1
Let p1, ..., pr < p be mutually orthogonal projections with 7(p;) = e and let v € RY

be a partial isometry with v*v = vv* = p such that
k
—1 —1
0, om=Ad(v)o <Z€m ow).
i=1

1
Similarly, let g1, ...,qy_ < p™ be mutually orthogonal projections with 7(g;) = N

and let w € RY be a partial isometry with w*w = ww* = p* such that
N—k
Ggfop:Ad(w) o (Z@;jl op).
j=1
Fix x € o(N)' N RY. Tt will suffice to show that z = pzp + ptapt. Observe that
k
p=> vpv’
i=1

and

N—k
1 *
p = E wq;w .
Jj=1
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So we get that

k N-—k
prpt =) > (vpiv”)w(wgw”)
i=1 j=1
and
k N-—k
prap =) Y (wguw)z(vp®).
i=1 j=1

Next, we claim that for every 1 < i < kand 1 < j < N — k, (vp;v*)z(wg;w*)
intertwines U(@ljil om)v* and w(Hq_j1 o p)w*. For every a € N, we have by assumption

that z¢(a) = p(a)z. Expanding z gives the following equation

k N-k N—k
(pxp )Y (wp)a(wgw) + 0> (wgyw*)z(vpw®) + prpl) :
i=1 j=1 i=1 j=1
k N—k
(Z IO w9q_1(p(a))w*>
i=1 j=1
N—k

Multiplying the above equation on the left by vp;v* and on the right by wg;w* yields
(vpiv")z(wgw*) (Wl (pa))w”) = (v6,* (m(a))v") (vpiv*)z(wgw”)

as claimed. Then by Lemma we have that (vp;v*)x(wg;w*) = 0. Similarly, one
can show that (wgjw*)r(vp;v*) = 0 for every 1 < i < kand1 < j <N —k. So
Tr = prp + pprL.

k k+1
Case II: t is irrational. Fix N € Nand let 1 < k£ < N —1 be such that N <t< L

N
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Let p € RY be a projection with 7(p) =t and let
:9;107T+9;jop.

1
Let p1,...,pk, 0 < p be mutually orthogonal projections such that 7(p;) = N for

k 1
1<i<kand7(p) =t— N(< N), and let v be a partial isometry with v*v = vo* = p
such that
0 om = Ad(v (ZQ om+0; o7r>
Similarly, let ¢i,...,qy—r—1,§ < p™ be mutually orthogonal projections such that

1 k
7(gj) = N forevery 1 <j < N—Fk—1and 7(q) = % — t; and let w be a partial

isometry with w*w = ww* = p* such that
1

N—k—
0;top=Ad(w)o (D 0, 0p+0;"0p).
7=1

Fix z € p(N) N RY with ||z|| < 1. As before, it will suffice to show that z =

prp + prrpt. By an argument identical to the one in Case I, we have that
N—k—1 k N—k—1
> (opiv® )z (wgw*) = (wgw*)z(vpv*) = 0.

=1 gj=1 =1 gj=1

So

pap = pr(wqw*) + (vpv*)z(p" — wqw®)

and

prap = (wgw*)zp + (p- — wiw*)z(vpv*).
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Thus,

F = wqw)|lz + || (wgw)zp||2

lpap™ + praplls < [lp(wqw”)|lz + ||(viv*)a(p
+|(p" = wqw)z(vpe”)|l2

< [lwquw™|[2 + [[vpv*]|2 + [[wgw*||2 + [lvpv*|ls
1
< 44/ —.
V N

Since N € N was arbitrary, this shows that pzpt + ptap = 0. Thus, z = pzp +

plapt. ]

Proof. (of part (3) of Theorem This statement follows from (1) and (2). Let
dim(Z(m(N)' NR")) = n. If n < oo, then by (1) we have that F}, is an n-vertex sim-
plex and thus dim(F}-) = n—1. If n = oo but dim(F},) < oo, then [7] is an average of
finitely many extreme points. And this would imply by (2) that dim(Z(7(N) N RY))

is finite—a contradiction. So we must have dim(F},) = oo. O

The following corollary indicates a sort of linear independence between extreme

points.

Corollary 8.3.1. The convex hull of n extreme points in Hom(N, RY) is always an

n-vertex simplez.

So for example, the convex hull of four extreme points cannot be a square—it must be

a tetrahedron.
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Example 8.3.2. In Corollaries 6.10 and 6.11 of [8], Brown exhibits II;-factors with
the property that for such a II;-factor N, Hom(N, RY) has infinitely many extreme
points with a cluster point. So for such a II;-factor N and any n € N, by Theorem
, there is a face in Hom(N, RY) taking the form of an n-vertex simplex. Given
a sequence of extreme points [r,] € Hom(N, R¥) such that [m,] — [], it would be

interesting to have a description of

conv({[ma]}nzy U A{[]}).

Remark 8.3.3. An interesting property of a simplex is that the convex hull of any
finite number of extreme points is a face. Although Hom (N, RY) is rarely a simplex,
in the cases where extreme points exist, it is a consequence of Theorem that

Hom(N, RY) shares this property.

Remark 8.3.4. The content of this chapter was in the context of Hom(N, R¥) in order
to address the structure of that well-known object. At no point was it used that NV is a
I1;-factor, so all of the results in this chapter apply to Hom (2, RY) for any separable
unital C*-algebra 2. Though it would require even more technical notation, it is
reasonable to expect that these results extend even further to Hom(2(, M¥) for any

separable unital C*-algebra 2l and any separable McDuff IT;-factor M.
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