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Abstract

For a prime p, a cyclic-by-p group G and a G-extension L|K of complete discrete
valuation fields of characteristic p with algebraically closed residue field, the local
lifting problem asks whether the extension L|K lifts to characteristic zero. In this
thesis, we characterize Dj-extensions of fields of characteristic two, determine the
ramification breaks of (suitable) Dj-extensions of complete discrete valuation fields
of characteristic two, and solve the local lifting problem in the affirmative for every D,-
extension of complete discrete valuation fields of characteristic two with algebraically
closed residue field; that is, we show that D, is a local Oort group for the prime 2.
Furthermore, we characterize (Qg-extensions of fields of characteristic two, determine
the ramification breaks of (suitable) @s-extensions of complete discrete valuation
fields of characteristic two, and, by solving the local lifting problem in the negative
for a family of Qs-extensions of complete discrete valuation fields of characteristic
two with algebraically closed residue field, show that neither Qg nor SLy(Z/37Z) is an
almost local Oort group for the prime 2.
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Chapter 1

Introduction

For a prime p, a cyclic-by-p group G and a G-extension L|K of complete discrete val-
uation fields of characteristic p with algebraically closed residue field, the local lifting
problem (see Problem 1.2.4) asks whether the extension L|K lifts to characteristic
zero (a notion whose precise definition we shall provide in Section 1.2). In this thesis,
we consider the local lifting problem for cases in which the prime p = 2 and the group
(G is a non-abelian group of order eight. For the case G = D, the dihedral group of
order eight, we answer the local lifting problem in the affirmative in all cases; that is,
we show that Dy is a local Qort group for p = 2. For the case G = (Jg, the quaternion
group of order eight, we exhibit a family of extensions that do not lift to characteristic
zero; the existence of this family suffices to show that neither Qg nor the special linear
group Slo(Z/37) is an almost local Oort group for p = 2, a notion we shall define in
Section 1.2.

1.1 The Global Lifting Problem

The local lifting problem, as stated above, is (upon reformulation) a natural local
correlate to the global lifting problem, which may be stated as follows:

Problem 1.1.1 (Global Lifting Problem). Suppose that Y is a smooth proper curve
over an algebraically closed field k£ of positive characteristic p, and that ¢+ : G —
Autg(Y) is a faithful action of a finite group G on Y by k-automorphisms. Do
there exist a finite integral extension R of the Witt ring W (k), a flat relative curve
Y — Spec R and a faithful action 7 : G — Autp(Y) such that

1. ?ka%’Y, and
2. the action 7 on Y reduces to the action ¢ on Y?

Remark 1.1.2. The Witt ring, or ring of Witt vectors, W (k) of k is the unique com-
plete discrete valuation ring, necessarily of characteristic zero, with uniformizer p and

residue field & [Ser79].

2010 Mathematics Subject Classification: 14H37, 12F10 Primary; 13B05, 14B12 Secondary.



Remark 1.1.3. If R is a finite integral extension of W (k), then, since W (k) is a com-
plete discrete valuation ring, the valuation of W (k) extends uniquely to R. Thus R is
itself a complete discrete valuation ring; moreover, since k is algebraically closed, the
residue field of R is k. The projection map R — k thus provides k with the structure
of an R-module, and gives meaning to the expression Y x g k in Problem 1.1.1.

If, for a particular Y and ¢, the global lifting problem for that curve and action is
answered in the affirmative, then we say both that ¢ lifts to characteristic zero and
that Y (with G-action ¢) lifts to characteristic zero. Moreover, we say that ¢ and Y
(with G-action 7) are, respectively, lifts of ¢ and of Y (with G-action ¢) over R.

Definition 1.1.4. A finite group G is an Qort group for an algebraically closed field
k of characteristic p if every faithful G-action on every smooth proper curve over
k by k-automorphisms lifts to characteristic zero. If G is an Oort group for every
algebraically closed field of characteristic p, then G is an Qort group for the prime p.

The following theorem is a consequence of Grothendieck’s results on tame lift-
ing, to wit, of Exposé XIII, Corollaire 2.12 in [GR71], and implies that there is no
obstruction to lifting in the tame case. For an exposition, see [Wew99].

Theorem 1.1.5 (Grothendieck). Suppose that G is a finite group with order prime
to p. Then G is an Qort group for p.

Furthermore, in [SOS89], Oort, Sekiguchi and Suwa proved the following:

Theorem 1.1.6. For all m such that p t m, the group Z/pmZ is an Oort group for
p.

1.2 The Local Lifting Problem

Let k be an algebraically closed field of positive characteristic p, let Y be a smooth
proper curve over k, and let ¢ : G — Autg(Y') be a faithful action of a finite group
G on Y by k-automorphisms. For every point P of Y, the action ¢ induces a faithful
action tp by k-automorphisms of the inertia group Ip of G at P on the complete local
ring of Y at P. Since this complete local ring is necessarily isomorphic to a power
series ring over k in one variable, the induced action ¢p prompts the local lifting
problem.

Problem 1.2.1 (Local Lifting Problem). Suppose that a finite group G has a faithful
action ¢ : G — Autg(k[[t]]) on the power series ring k[[t]] by k-automorphisms. Do
there exist a finite integral extension R of the Witt ring W (k) and a faithful action
i : G — Autg(R][[T]]) on the power series ring R[[T]] such that

1. T reduces to t under the canonical map R — k, and
2. the action 7 reduces to the action ¢?

Analogously to the global setting, we say that ¢ lifts to characteristic zero if such
an action ¢ exists, and that 7 is a lift of ¢.



Definition 1.2.2. Let G be a finite group. If every faithful G-action on the power
series ring k[[t]] by k-automorphisms lifts to characteristic zero, then G is a local Oort
group for k. If G is a local Oort group for all algebraically closed fields of characteristic
p, then G is a local Oort group for the prime p.

Remark 1.2.3. Any faithful G-action by k-automorphisms on a power series ring k[[t]]
over k induces a Galois extension k[[t]]¥ — k[[t]] of complete discrete valuation rings
with Galois group G. As shown, e.g., in Chapter IV of [Ser79], the Galois group
of any finite Galois extension of complete discrete valuation rings with algebraically
closed residue field is a cyclic-by-p group, that is, a group isomorphic to P x Z/mZ,
where P is a p-group and m is prime to p. We shall thus, in discussing local Oort
groups for p, consider only cyclic-by-p groups.

If G = (o) is a cyclic group of order m, where p { m, then it is relatively simple
both to describe and to lift faithful actions ¢ : G — Autg(k[[¢]]). By Kummer
theory, for any such action ¢, there exists a uniformizer ¢’ of k[[t]] = k[[t']] such that
¢(0)(t') = (mt’, where (, is a primitive mth root of unity. Moreover, if R = W (k)[(n],
then the action ¢ : G — Autz(R[[T"]]) given by ¢(0)(T") = (T” does define a lift to
0.

In most cases, especially those in which p | |G|, both describing and lifting faithful
actions is rather more difficult. If G is a cyclic group of order p, then the assignment

t N

does induce an automorphism of k[[t]] of order p, and hence a faithful action ¢ of
|G|. While Theorem 1.1.6 implies that this action ¢ does lift to characteristic zero,
attempting to lift ¢ via the automorphism of R[[T"]] induced by the assignment T'
T/(1 —T) fails, for this automorphism is not of order p. If p | |G|, and G is not a
cyclic group of order p, then it is difficult even to give explicit examples of actions ¢
in terms of power series.

To obviate this problem, we use the Galois extension of complete discrete valuation
rings induced by a faithful G-action by k-automorphisms on k[[¢]] to reformulate the
local lifting problem as follows.

Problem 1.2.4 (Local Lifting Problem, Galois Theory Reformulation). Let A be a

finite Galois extension of k[[t]] with Galois group G. Do there exist a finite integral
extension R of the Witt ring W (k) and a G-Galois extension A of R[[T]] such that

1. E®Rk%A, and
2. the Galois action on A over R[[T]] reduces to the Galois action on A over k[[t]]?

If such an A exists, we say that the extension A|k[[t]] lifts to characteristic zero,
and, by analogy, that the corresponding extension Frac(A)|k((t)) of complete discrete
valuation fields lifts to characteristic zero, as well.

The close connection between the global and local lifting problems is manifest in
the presence, in this setting, of a local-to-global principle, proven by Garuti in [Gar96].



Theorem 1.2.5 (Local-to-Global Principle). Let Y be a smooth proper curve over
k, let v be a faithful action of a finite group G on Y by k-automorphisms, and let
P;,1 <1 < N, denote the points of Y ramified under .. Then v lifts to characteristic
zero if and only if, for each point P; of Y, the induced action vp, on the complete local
ring of Y at P; lifts to characteristic zero.

Remark 1.2.6. If P is not a ramification point of ¢, that is, if the inertia group of G
at P is trivial, then the induced action ¢p lifts to characteristic zero trivially.

In [CGHO8], Chinburg, Guralnick and Harbater proved a close relation between
Oort groups and local Oort groups.

Theorem 1.2.7 (Theorem 2.4 in [CGHO8]). Let G be a finite group. Then G is an
Qort group for k if and only if every cyclic-by-p subgroup of G is a local Oort group
for k.

Moreover, for cyclic-by-p groups, Oort groups for k& and local Oort groups for k
coincide.

Theorem 1.2.8 (Theorem 2.1 in [CGH17]). Let G be a cyclic-by-p group. Then G
is an Qort group for k if and only if G is a local Oort group for k.

1.3 Known Local Lifting Results

We now rehearse several of the more significant and salient known results concerning
the local lifting problem. Let k be an algebraically closed field of characteristic p,
let K = k((t)) be the field of Laurent series over k, and let vx denote the discrete
valuation of K corresponding to k[[t]]. Moreover, let G be a cyclic-by-p group (so
that G = P x Z/mZ, where P is the unique p-Sylow subgroup of G, and m { p).

Definition 1.3.1. As in Definition 1.2.2, we define G to be a local Oort group for k
if every faithful G-action by k-automorphisms on the power series ring k[[t]] lifts to
characteristic zero. Moreover, we define G to be

(1) a weak local Oort group for k if at least one faithful G-action on kl[[t]] by k-
automorphisms lifts to characteristic zero, and

(2) an almost local Oort group for k if every sufficiently ramified faithful G-action by
k-automorphisms on k[[t]] lifts to characteristic zero; i.e, if there exists an integer
N such that every faithful G-action ¢ on k[[t]] for which vk (¢p(o)(t) —t) > N
for all o € P lifts to characteristic zero.

From Theorems 1.1.5 and 1.1.6, any cyclic group of order not divisible by p? is a
local Oort group for p. Moreover, Green and Matignon proved in [GM98] that, for m
such that p{m, the group Z/p*mZ is local Oort for p, Bouw and Wewers in [BW06]
proved for odd p that the dihedral group D, is local Oort for p, and Pagot in [Pag02]
proved that Dy = Z /27 x 7Z/27 is local Oort for 2.



In 2014, Obus and Wewers in [OW14] and Pop in [Popl4] jointly resolved the
QOort conjecture, that is, they proved that every finite cyclic group is local Oort for p.
Finally, Obus has proven, in [Obul5] and [Obul6], respectively, that Dy is local Oort
for 3, and that A, is local Oort for 2.

On the other hand, in [CGH11|, Chinburg, Guralnick and Harbater used two
obstructions to local lifting, the Bertin obstruction, introduced by Bertin in [Ber98],
and the Katz—Gabber—Bertin obstruction, or more succinctly, the KGB obstruction),
introduced in [CGH11], and showed that these obstructions prevent all but a few
classes of cyclic-by-p groups from being either local Oort or almost local Oort. To
state their results, we need the following definitions.

Definition 1.3.2. The group G is a Bertin group (resp. KGB group) for k if the
Bertin (resp. KGB) obstruction vanishes for every faithful G-action on k[[t]] by k-
automorphisms. Moreover, G is an almost Bertin group (resp. KGB group) for k if
the Bertin (resp. KGB) obstruction vanishes for every faithful G-action on k[[t]] by
k-automorphisms that is sufficiently ramified (in the sense of Definition 1.3.1).

Theorem 1.3.3 (Chinburg, Guralnick, Harbater). The group G is a Bertin group for
k if and only if G is a KGB group for k, which holds if and only if G is isomorphic
either to a cyclic group (of any order) or to a dihedral group of order 2p™, or (for
p = 2) isomorphic either to Ay or to the generalized quaternion group Qam of order
2™ for some m > 4.

Theorem 1.3.4 (Chinburg, Guralnick, Harbater). The group G is an almost Bertin
group for k if and only if G is an almost KGB group for k. Moreover, if G is an
almost Bertin group for k, then G is either a Bertin group for k, or p =2, and G is
isomorphic either to the quaternion group Qg or the special linear group SLo(Z/37).

Since every local Oort group for k is an Bertin group for k, and every almost local
Oort group for k is an almost Bertin group for k£, Theorems 1.3.3 and 1.3.4 imply the
following corollary.

Corollary 1.3.5 (Chinburg, Guralnick, Harbater). If G is a local Oort group for k,
then G is isomorphic either to a cyclic group (of any order) or to a dihedral group
of order 2p™, or (for p = 2) isomorphic either to Ay or to the generalized quaternion
group Qom of order 2™ for some m > 4. If G is an almost local Qort group for k, then
G is isomorphic either to a cyclic group (of any order) or to a dihedral group of order
2p", or (for p = 2) isomorphic either to one of the groups Ay, Qs and SLy(Z/3Z), or
to the generalized quaternion group Qom of order 2™ for some m > 4.

In [BW09], Brewis and Wewers introduced a further obsruction, the Hurwitz tree
obstruction, and showed that this obstruction prevents the generalized quaternion
groups from being local Oort groups for k£ when p = 2.

Combining all of the foregoing results together, we see that the groups whose status
as local Oort groups is open are, save the known local Oort group Dy, precisely the
dihedral groups of order 2p™ for n > 1. Moreover, the groups whose status as almost
local Oort groups is open are, save the known local (and hence almost local) Oort



group Dy, precisely the dihedral groups of order 2p™ for n > 1, and (for p = 2), the
groups Qs and Sly(Z/37Z), As noted above, in this thesis we shall prove (for p = 2)
that Dy is a local Oort group for k, and that neither Qg nor SLy(Z/37Z) is an almost
local Oort group for k.

It should be noted that D, differs from Dy in having no tame subextension and
from D5 in being non-abelian. To prove that D, is indeed local Oort, we shall employ
the ‘method of equicharacteristic deformation’ used both by Pop in [Pop14]| and by
Obus in [Obulb] and [Obul6]; that is, we shall make equicharacteristic deformations
such that the ramification breaks of the local extensions on the generic fiber of the
deformation are, in a suitable way, smaller than those of the original extension. Us-
ing induction, we shall thus be able to reduce the problem to a particular class of
extensions with small ramification breaks, defined by Brewis in [Bre08] as the super-
simple D4-extensions. Since, in the same paper, Brewis proves that all supersimple
Dy-extensions in characteristic two lift to characteristic zero, we shall accordingly
have completed the desired proof.

To show that neither Qs nor SLy(Z/3Z) is an almost local Oort group for k, we
shall exhibit a family of QJg-extensions whose Bertin obstructions all fail to vanish.
As this family will contain arbitrarily highly ramified extensions, we shall conclude
that ()g is not an almost Bertin group, and hence not an almost Oort group, for k.
To extend this result to SLy(Z/3Z), we then extend a subfamily of this family of
extensions to exhibit a family of SLy(Z/37Z)-extensions whose Bertin obstructions all
fail to vanish.

Remark 1.3.6. The field k, which in this chapter has consistently denoted an alge-
braically closed field of positive characteristic, will denote a field throughout this
thesis, but we shall not always assume that £ is algebraically closed. For the conve-
nience of the reader, we here note that the sections and subsections in which we do
not require k to be algebraically closed are Sections 2.1, 2.2, 4.2 and 5.1, and Subsec-
tion 4.1.1. We do, however, insist that k& be algebraically closed in Subsections 4.2.1
and 5.1.1. In Section 2.1, k£ need not have positive characteristic; in Section 2.3 and
Chapter 3, the notation does not occur at all.



Chapter 2

Preliminary Definitions and
Background

In this chapter, we shall introduce a few definitions and provide some necessary
background information. All of the results in this section are well known; nevertheless,
we provide proofs of a few results, as their proofs are somewhat difficult to find in
the literature.

2.1 Higher Ramification Groups

Let k be a field, either of characteristic zero, or of positive characteristic p. We do not
insist in this section that k be algebraically closed. Moreover, we let A be a complete
discrete valuation ring with residue field k, let K = Frac(A) be the corresponding
complete discrete valuation field, let L be a finite Galois extension of K such that the
residue field of L is separable over k, let B be the integral closure of A in L, and let G
be the Galois group of L over K. Since A is a complete discrete valuation ring, and
B|A is finite, the ring B is also a complete discrete valuation ring. By Proposition
II1.12 in [Ser79], there exists an element x € B such that B = A[z]. Moreover, if L
is a totally ramified extension of K, that is, if the residue field of L is equal to k,
then we may and do assume that x is a uniformizer of B. We now define a function
ig : G — Zso U {oo} such that ig(c) = vp(o(x) — z), where vy, denotes the discrete
valuation of L corresponding to B.

Definition 2.1.1. For all real numbers j > —1, the jth lower ramification group of
LIK is
G]:{O'EG|Zg(O')Z]+1}

The filtration of G given by the lower ramification groups has the following prop-
erties, given in Proposition IV.1 and Corollary 4 to Proposition IV.7 in [Ser79].

Proposition 2.1.2. The ramification group G_1 = G, and Gq is equal to the inertia
group of LIK. If char k = 0, then Gq is a cyclic group, and G = {Id.}. Moreover,
if char k = p, the following statements all hold.



(1) Gg is a cyclic-by-p group; i.e., Go = P x Z/mZ, where P is the unique p-Sylow
subgroup of Gy, and m is prime to p.

(2) Gi=P
(3) G, ={ld.} for sufficiently large n.

Remark 2.1.3. The fixed field L% is the maximal unramified extension of K in L,
and the fixed field L is the maximal tamely ramified extensions of K in L. The
higher ramification groups G; (for j > 2) provide some indication as to how badly
ramified the wildly ramified extension L|L is.

Remark 2.1.4. Suppose that K has characteristic p, and that L|K is a totally ramified
extension. Then k has characteristic p as well, B = k[[z]], and G; = P, where P is
the unique p-Sylow subgroup G. If ¢ : G — B = kl[[z]] denotes the Galois action of
G on B, then, for any positive integer n, the statement that vi(¢(o)(z) —x) > n for
all o € P, as used in Definitions 1.3.1 and 1.3.2, is equivalent to the statement that
G, =P.

Now let N C L be a subextension of K inside L, and let H = Gal(L|N). The
following proposition relates the ramification groups of L|N to those of L|K.

Proposition 2.1.5 (Proposition IV.2 in [Ser79]). For all real numbers j > —1,

If N is a normal extension of L, we must introduce the upper ramification groups to
give an analogous result for the ramification groups of N|K. We may define the upper
ramification groups by re-indexing the lower ramification groups using the Herbrand
function ¢ : [—1,00) — [—1, 00), which we define such that

Y ify<0
¢(r) = . :
fo oG] G dz ity>0

We observe that f(u) = 1/[Gy : G,] is a positive decreasing left-continuous piece-
wise linear function on [0,00), and that thus ¢ is itself an invertible (increasing)
left-continuous piecewise linear function on [—1, 00). The Herbrand function converts
the ‘lower numbering’ of the lower ramification groups into the ‘upper numbering’ of
the upper ramification groups.

Definition 2.1.6. Let ¢ = ¢~ !. For all real numbers j > —1, the jth upper ramifi-
cation group of L|K is '
G7 = Gy()-

Proposition 2.1.7 (Proposition IV.14 in [Ser79]). Suppose that N is a normal ex-
tension of K, so that H is a normal subgroup of G. For all real numbers j > —1,
(G/H); = (G;H)/H.

We suppose henceforth that L|K is totally ramified, that k& has positive character-
istic p, and that G is a group of order p™; i.e., suppose that G; = G. In this context,
we make the following definitions.



Definition 2.1.8. For all 1 <7 < n, the ith lower ramification break ¢; of G is
max{v | |G,| > p"T 7"}
and, similarly, the ith upper ramification break u; of G is
max{v | |G"| > p" T}
Definition 2.1.9. The sequence of ramification groups of L over K is the finite
sequence (G"),.
Remark 2.1.10. Since Gy, = G" for all ¢, the sequence of ramification groups of L
over K can also be written as (Gy,)" ;.

Proposition 2.1.11. The first lower and upper ramification breaks of L|K are equal;
i.e., uy = {1. Moreover, for all 2 < i <n,

(1) wj —uj—q = p_(i_l)(&' — 1),

(2) wy=p "Vl + (p—1) Zp 05, and

i—1
3) i=p = (p—1)> Py,
j=1

Proof. Since G = G, for all z < /4, the equation u; = ¢; holds. Moroever, for
all 2 < i < n, the index [G : G.] is equal to p*~! for all ¢, ; < z < {; hence
Uy — Uj—1 = ¢<£z) — (b(&,l) = p_(i_1)<£i — &',1) for all 2 S /) S n. Therefore,
ui:Z(uj—uj,l)—i-ul Zp ]1 E—fj 1)+€1
Jj=2 Jj=2
-1

Z —G=1) p ) —p(11€1+ —1) ijﬁ

and
f Z(f —Ej 1 +€1 Zp] —Uj_1)+ul
=2
i—1 i—1
= p' "t + Z(p]_1 —puj=ptu; — (p—1) Zp’_luj. O

j=1 j=1
Remark 2.1.12. Though Definition 2.1.1 implies that each lower ramification break /;
must be an integer, the upper ramification breaks u; need not all be integers.

For convenience, if L|K is totally ramified, and G has order p, we shall use the
term conductor to denote the unique ramification break of G. This agrees with the
usage of, e.g., Bouw and Wewers in [BWO06]; others, such as Garuti in [Gar02] define
the conductor to be the unique ramification break of G plus one.
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2.2 Artin—Schreier Theory

Let K be a field of characteristic two, fix an algebraic closure K8 of K, and let
o K¥8 — K%& denote the Artin-Schreier additive group homomorphism, which is
given by the assignment

F—F+F

on K& For the moment we do not insist that K be a complete discrete valuation
field. For any element F'in K, we denote by [F] the image of F'in K/p(K), and define
two elements F} and Fy of K to be Artin-Schreier-equivalent over K if [Fy] = [F}].
By Artin—Schreier theory, @ induces a map

¢ : K — {L|K separable | degy (L) =2} U{K}
given by the assignment ®(F) = K[p~!(F)] for all F € K.
Proposition 2.2.1. Let Fy, Fy € K. Then [Fi] = [Fy] if and only ®(F)) = ®(Fy).

Proof. Suppose [Fy] = [Fy]. Then there exists a € K such that a® + a = F + Fs.
Thus ! (F) + a) = o' (F3), and hence ®(F}) = ®(Fy).

Now suppose ®(F)) = O(Fy) # K. (If ®(Fy) = K, then [Fi] = [Fy] = 0.) Let
aj,ay € O(F)) such that p(a;) = Fy and p(ay) = F, and let o be the unique
non-trivial element of Gal(®(F;)|K). Then p(a; + ay) = Fy + F,, and

olag +ag) =0(ag) +o(az) = (a1 + 1)+ (g + 1) = a1 + as.
Hence oy + as € K, and [Fi] = [F}]. O

For our purposes it will suffice to consider the case in which K is a complete
discrete valuation field, i.e., in which K = k((¢)) for some field k of characteristic
two. Accordingly, we suppose for the remainder of this subsection that K is such a
field.

Lemma 2.2.2. Fvery Artin—-Schreier class of K contains an element in the polyno-
mial ring k[t™']. In particular, for any element F = Y ons_n ant" of K,

> ant”] :

—N<n<0

[F] =

Proof. Note that, for all n > 1, the equation

apt" = <Z a2jt2j"> 2 + Z aZ ¥

j=0 j=0

implies that [a,t"] = 0. Thus
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Definition 2.2.3. An element ) .y a,t" of K is in standard form over K with
respect to t if each coefficient a,, is zero unless n is both negative and odd.

Proposition 2.2.4. Suppose that Fy and Fy are distinct standard form elements of

Proof. Since F; and Fy are distinct, I} + F5 is a non-zero standard form element of K.
Thus the valuation vg (Fy+ Fy) = — deg, 1 (F1 + F3) is odd and negative. Since, for all
a € K, the valuation vk (a? + a) = 2vk(a) if vg(a) < 0, no element of p~(Fy + F3)
is in K. Thus [F} + F5] # 0; i.e., [F1] # [F3). O

If the residue field k of K is algebraically closed, then Definition 2.2.3 obviates one
difficulty associated with the equivalence relation defined above — that, in general,
it may not be possible readily to select a canonical element from each Artin—Schreier
equivalence class of K. In particular, the following proposition holds.

Proposition 2.2.5. Suppose k is algebraically closed. Then every Artin—Schreier
equivalence class of K contains precisely one standard form element of K.

Proof. By Proposition 2.2.4, it suffices to show that every element of K is Artin—
Schreier-equivalent over K to a standard form element of K. Let F'=}_ oy a,t" €
K. Lemma 2.2.2 implies that

[F] =

> ant”] :

—N<n<0

Moreover, [ag] = 0 since k is algebraically closed. Finally, if 1 < 2m < N, and m is
odd, then

|:a,2£mt_2£mi| = |:<a,22m)2_e t_m] .
Thus F' is Artin—Schreier-equivalent over K to a standard form element of K. O

Remark 2.2.6. If k is not algebraically closed, not every Artin—Schreier equivalence
class need contain a standard form element. For example, if k& = Fy, then [1] # [0]
over K; hence the class [1] contains no standard form element in K.

The conductor of a non-trivial extension associated to an element whose degree
in ¢! is both positive and odd may be computed from this element as indicated in
the following proposition. In particular, the conductor may be computed from any
associated non-zero standard form element of K.

Proposition 2.2.7. Let F' € K, and let f = deg,—1 F'. Suppose that f is both positive
and odd. Then ®(F) = K[p~'(F)] is a totally ramified degree two extension of K
whose conductor is f.

Proof. Let o € ®(F) such that o® + @ = F. Note that then ve(m(F) < 0 since
v (F) = —f < 0. Since

U¢(F)(F) = min{2v¢(F)(a), U@(F)(a)},
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it follows that ver)(F) = 2ver) (). Thus vepy (F') is even. Since vg(F) = —f is
odd, the ramification index of ®(F') over K is 2; thus, ®(F) is totally ramified over
K.

To determine the conductor of ®(F) over F, let 7 = at/*Y/2 and observe that
vo(py(m) = 1; d.e., that 7 is a uniformizer of ®(F'). Let g(T") be the characteristic
polynomial of 7 over K. Since ®(F) is totally ramified over K, the different Dar)|K
of ®(F') over K is generated by ¢'(7) by Lemma II1.3 and Corollary 2 of Lemma I11.2
in [Ser79]. Since o 4+ o = F, the relation 72 + t/*1/2x = Ft/*1 holds. Thus

g(T) = T% + tUTVPT 4 pe/+h,

and ¢'(T) = tY*+/2. Hence Dg(pyx = (¢'(7)) = (£)U+Y/2. Since va(r)(t) = 2, the
valuation ve(r)(De(r)x) = f+1. By Hilbert’s different formula (see Proposition 2.3.3
in Section 2.3), it follows that the conductor of ®(F') over K is f. O

To determine the ramification behavior of Artin—Schreier extensions not associated
to any element whose degree in ¢~ is both positive and odd, we introduce the following
definition.

Definition 2.2.8. An element F' € K is in minimal-degree form over K with respect
to t if the degree in ¢~! of F' is minimal among the degrees in ¢~! of elements in [F.

Remark 2.2.9. Lemma 2.2.2 implies that every Artin—Schreier class of K contains an
element in minimal-degree form over K with respect to t, and that no element in
minimal-degree form has negative, finite degree in ¢!

Proposition 2.2.10. Let F' be an element in minimal-degree form over K with respect
tot, let f = deg,—1 F, and let kp denote the residue field of ®(F) = K[p *(F)] The
following statements all hold.

(1) If f = —o0, then ®(F) = K.
(2) If f =0, then kp is a degree two separable extension of k.

(3) If f is positive and odd, then ®(F') is a totally ramified degree two extension of
K whose conductor is f.

(4) If f is positive and even, then kp is a degree two inseparable extension of k.

Proof. Note that Proposition 2.2.7 directly implies statement (3), and that statement
(1) is clear.

To prove statements (2) and (4), we suppose henceforth that f is a non-negative
even number, let F' =37 . ;a,t", and let @ € ®(F) such that o +a = F.

First suppose f = 0. Then F' € k[[t]]. Hence « is an integer in ®(F'), and
a® + a = ay, where & € kp is the image of a under the canonical projection map to
Kp. Since F'is in minimal-degree form with respect to ¢, it follows that & ¢ k. Thus
kr = k[a] is a degree two separable extension of k; i.e., statement (2) holds.
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Now suppose f > 0, and let o/ = t//?a.. Then

(@) +t/2 =t/ + tha =t/ F =Y " t,_pt" € k[[t]];

n>0

as such, o/ is an integer in ®(F'), and (@')* = a_;, where @’ € kp is the image of o
under the canonical projection map to kp. Since F' is in minimal-degree form over K
with respect to ¢, it follows that & ¢ k, for, if @ were in k, then [a_;t~f] = [@/t7/2]
over K, and F' would not be in minimal-degree form. Thus kp = k[d'] is a degree
two inseparable extension of k; i.e., statement (4) holds. ]

Propositions 2.2.7 and 2.2.10 together imply the following corollary.

Corollary 2.2.11. Any element of K whose degree in t=' is positive and odd is in
minimal-degree form over K with respect to t. In particular, any element of K in
standard form is also in minimal-degree form.

2.3 Degree of the Different

Let K be the field of fractions of a discrete valuation ring A with maximal ideal m,
let L be a finite étale algebra over K, i.e., a finite product of finite separable field
extensions of K, and let B be the integral closure of A in L.

Definition 2.3.1. Let D g4 = [~ B;" denote the different of B over A. Then the
degree of the different dpja of B over A is the length of B/®p4 as an A/m-module.

Remark 2.3.2. This definition agrees with that used in [GM98], [Bre08] and [Obul7].
Note that the sum > " n; does not always give dpj4, though this is the case if, for
all 1 <i < mn, the residue field B/B;B is equal to A/mA.

Suppose that A is an equal characteristic complete discrete valuation ring of char-
acteristic p, that L is a Galois field extension of K, and that the extension B/BB
over A/mA of residue fields is separable (where 3 is the maximal ideal of the com-
plete discrete valuation ring B). In this case, the degree of the different dp4 is given
by v (Dpja), where vy, is the discrete valuation on L defined by B. The following
proposition, a restatement of Proposition IV.4 in [Ser79], thus gives a formula for the
degree of the different in terms of the lower ramification groups of G = Gal(L|K).

Proposition 2.3.3 (Hilbert’s Different Formula). The equation

o0

L (Dpa) =D (G- 1)

7=0
holds

Proposition 2.3.3 has the following corollary.
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Corollary 2.3.4. Suppose that L|K is totally ramified, and that G is a group of order
p". For all1 <i<mn, let {; denote the ith lower ramification break of L|K. Then

dpa=(p—1)> p"li+p"—1

=1

o0

Proof. By Proposition 2.3.3, dpja = Z (|Gj| —1). Thus
=0
n—1 Z%iz1
5B|A_Z Gl =1 +> Y (1G] -1)

1=1 j=¢;+1

n—1
1)+ S = 1) (e — )
i=1
n—1

i=1

=(p—1)>_ pli+p" -1 O
=1
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Chapter 3

Non-Cyclic Galois Extensions of
Degree Eight of Fields of
Characteristic Two

3.1 D,-Extensions as Galois Closures of Non-Gal-
ois Extensions

In this section we shall realize Dj-extensions of fields of characteristic two as the
Galois closures of (two-level) towers of Z/2Z-extensions. Throughout the section,
let K be a field of characteristic two, let K2 be a fixed algebraic closure of K, let
M C K8 be a separable extension of K of degree two, and let N C K*#& be a
separable extension of M of degree not exceeding two. Note that then there exist
F,G,H € K and ¢,r,s € K8 such that

F+q=F 1rP?4+r=G¢+H and s*+s=0,

and such that M = K[q] and N = M|r]. Moreover, there exists o € Gal(K8|K)
such that ol is the unique non-trivial element of Gal(M |K).

Lemma 3.1.1. The equation
(qs)* +qs =Gq+ Fs* =Gq+ Fs+ FG
holds.
Proof. Note that
(qs)*+qs = ¢*s* +qs* +qs* +qs = q(s* +5) + (¢ +q)s* = Gq+ Fs* = Gq+ Fs+ FG.
O

Lemma 3.1.2. [G] = 0 over M if and only if either |G] = 0 over K or |G| = [F]
over K.
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Proof. Suppose [G] = 0 over M. Then there exist a, f € K such that

G=(ag+p)?+aqg+ 8=+ +aqg+p
=g+ F)+aq+ 2+ = (> +a)g+o®F + >+ 5.

Since G € K and M = K]|q], it follows that a* + o = 0. Thus either @ = 0, in which
case [G] = 0 over K, or « = 1, in which case [G]| = [F] over K.

Now suppose either that [G] = 0 over K, or that [G] = [F] over K. If [G] = 0
over K, then [G] = 0 over M. If [G] = [F] over K, then [G] = [F] = 0 over M since
¢ +q=F and g€ M. O]

Lemma 3.1.3. The following three conditions are equivalent:
(1) [Gg+ H] =0 over M.
(2) [G] =0 over K and [H] = [F's*] over M.
(3) [G] =0 over M and [H| = [F's?] over M.

Proof. ((1) = (2)) Suppose [Gq + H] = 0 over M. Then there exist o, € K such
that
Gq+H=(aq+ )" +ag+B=(a"+a)g+a’F + 5"+ 5,

as above. Hence, since G, H € K, it follows that G = o® + o and H = o®F + 3 + B.
Therefore, [G] = 0 over K, and either & = s or v = s + 1.

First suppose a = s. Then H = Fs* + 3% + 3, and hence [H] = [F's?] over K.
Thus [H] = [F's*] over M as well.

Now suppose @ = s + 1. Then

H=(s+1?*F+3+3=Fs+F+3*+3,

and hence [H] = [F's?> + F| over K. Thus, over M, [H] = [Fs* + F] = [Fs?] + [F] =
[Fs?].
Therefore, in both cases, [H] = [F's?| over M. Thus [H] = [F's*] over M.

((2) = (3)) Since K C M, this implication holds a fortiori.

((3) = (1)) Finally, suppose that [G] = 0 over M and that [H] = [F's*] over M.
By Lemma 3.1.1, (¢s)? +¢s = Gq+ F's*. Since [G] = 0 over M, it follows that s € M
and that ¢s € M = Klg|. Thus, over M,

0=1[(g5)* +qs] = [Gq+ Fs’] = [Gq] + [Fs*] = [Gq] + [H] = [Gq+ H]. O

Lemma 3.1.4. Suppose that N is a degree four extension of K. The following four
conditions are equivalent:

(1) N is a Galois extension of K.
(2) o(N)=N.
(3) [0(Gq+ H)| = [Gq+ H] over M.
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Figure 3.1

(4) [G] =0 over M.

Remark 3.1.5. The situation described in Lemma 3.1.4 may be visualized as in Fig-
ure 3.1.

Proof. Recall that o[y, is the unique non-trivial element of M.

Suppose that ¢(N) = N. Since ol is non-trivial, o|y is non-trivial. Let 7 be
the unique non-trivial element of Gal(N|M). Then 7(N) = N, and 7|y is trivial.
Thus oy # 7|a; as such, o|y and 7 are distinet non-trivial K-automorphisms of N.
Hence N is Galois over K, and conditions (1) and (2) are equivalent.

Moreover, since |y, is non-trivial, o(q) = ¢ + 1. Thus o(Gq+ H) = G(q +
1)+ H = Gq+ G + H. Therefore, [0(Gq+ H)| = [Gq + H| over M if and only if
|Gq+ G + H] = [Gq + H| over M, which holds if and only if [G] = 0 over M. Thus
(3) and (4) are equivalent.

Note now that (o(r))* + o(r) = o(r®> + 1) = 0(Gq + H). Thus [0(Gq + H)] =
[Gq + H] over M if and only if M[o(r)] = M[r] = N, which holds if and only if
o(N) = N. Hence (2) and (3) are equivalent.

Therefore, conditions (1) through (4) are equivalent, as claimed. O

Proposition 3.1.6. The following statements, exactly one of which applies, all hold:
(1) If [G] = 0 over K and [H] = [F's*] over M, then N = M.

(2) If [G] = 0 over K and [H] # [Fs* over M, then N is a Galois extension of K,
and Gal(N|K) 2 Z/27 x 7.]27.

(3) If|G] = [F] over K, then N is a Galois extension of K, and Gal(N|K) = Z/4Z.

(4) If[G] # 0 over M, then N is not a Galois extension of K, and Gal(N|K) = Dy,
where N denotes the Galois closure of N over K.

Proof. To prove (1), suppose that [G] = 0 over K and that [H] = [F's?] over M. Then,
by Lemma 3.1.3, [Gg+ H| = 0 over M. Thus r € M, and hence N = M[r] = M.

To prove (2), suppose that [G] = 0 over K and that [H] # [Fs?] over M. By
Lemma 3.1.3, [Gqg + H] # 0 over M; as such, N # M. Thus N is a degree four
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extension of K. Since [G] = 0 over M, Lemma 3.1.4 implies that N is a Galois
extension of K. Moreover, since [G] = 0 over K, it follows that s € K. Thus

(r+qs)*+(r+qs)=r*+r+(gs)P+qs=Gq+H+Gq+Fs*=H+ Fs* € K,

where the second equality follows by Lemma 3.1.1. Since [H]| # [F's?] over M, [H +
Fs% # 0 over M. By Lemma 3.1.2; it follows that [H + Fs?] # 0 over K and that
[H + F's?] # [F] over K. Hence K[r + gs] is a degree two subfield of N that is not
equal to M = Klg|. Thus Gal(N|K) = Z/27 x Z/27.

To prove (3), suppose that [G] = [F] over K. Then [G] # 0 over K, and so
[Gq + H| # 0 over M by Lemma 3.1.3. Thus N is a degree four extension of K.
Since [G] = [F] = 0 over M, Lemma 3.1.4 implies that N is a Galois extension of
K. Moreover, since [G] = [F] # 0 over K, it follows that s € M\ K, and hence that
o(s) = s+ 1. Furthermore, since

(c(r)?+(o(r) =0(Gqg+ H)=Gq+ H+G=(r+3s)*+(r+s),

either o(r) = r + s, or o(r) = r + s+ 1. In either case, one easily verifies that
o?(r) = r + 1. Therefore 02|y is not trivial, and Gal(N|K) = Z/4Z.

To prove (4), suppose that [G] # 0 over M. Then [G] # 0 over K, and hence N #
M by Lemma 3.1.3. Thus N is a degree four extension of K; hence, by Lemma 3.1.4,
N is not a Galois extension of K. Moreover, Gal(N|K) is isomorphic to a subgroup of
S, and contains an index two (normal) subgroup, viz. Gal(N|M), which itself contains
a subgroup of index four in Gal(N|K) that is not normal in Gal(N|K). The only
group satisfying all these conditions is Dy, so Gal(]v |K) = Dy. O

Lemma 3.1.7. Let F',G',H' € K, and let ¢',r',s' € K8 such that (¢)> +¢ = F",
(r"?+7r" = G'¢d + H, and (§)* + s = G'. Also, let M' = K|q']. Suppose that
[F] = [F'] over K, i.e., that M' = M. Then [Gq+ H] = [G'¢' + H'| over M if and
only if [G] = [G'] over K, and [H| = [H'+ G'(¢+ ¢') + F(s + §')*] over M.

Proof. Note that [Gq + H] = [G'¢' + H'] over M if and only if
G+ H+Gqd+H])=[(G+G)q+G(q+d)+H+H]|=0

over M. Since [F] = [F'] over K, the element ¢ + ¢’ is in K. Thus, by Lemma 3.1.3,
N’ = N if and only if both [G+G'] = 0 over K, and [G'(¢+¢ )+ H+H'] = [F(s+5')?]
over M; i.e., if and only if both [G] = [G'] over K, and [H| = [H'+G'(q+¢' )+ F(s+5")?]
over M. O

Proposition 3.1.8. Let F'.G' H' € K, and let ¢',r',s' € K& such that (¢)? +¢ =
F',(r")?+1r" =G'q +H, and (s)? + s = G'. Also, let M' = K[¢'] and N' = M'[r’].
Then

(1) M" =M and N' = N if and only if [F| = [F'] over K, |G| = [G'] over K, and
[H|=[H'+G'(q+¢)+ F(s+')? over M.
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(2) M" = M and N' = o(N) if and only if [F] = [F'] over K, [G] = [G’] over K,
and [H = [H' + G'(¢+¢) + F(s+ §')* + G| over M.

Proof. As noted in Lemma 3.1.7, M’ = M if and only if [F] = [F'] over K. This
statement will be used without citation henceforth.

To prove (1), suppose that M’ = M. Then N’ = N if and only if [Gq + H] =
|[G'q' + H'] over M. By Lemma 3.1.7, this holds if and only if [G] = [G'] over K and
[Hl=[H +G'(q+q)+ F(s+ §)?*] over M. Statement (1) now follows.

To prove (2), suppose that M’ = M, and note both that o(N) = MJo(r)], and
that (o(r))> + o(r) = 0(Gq+ H) = Gg+ H + G. Then N’ = ¢(N) if and only
if [G¢g+ H + G| = [G'¢ + H'] over M. By Lemma 3.1.7, this holds if and only if
|G] = [G"] over K and [H] = [H'+ G'(¢+¢) + F(s + ¢')* + G] over M. Statement
(2) now follows. O

3.2 Ds-Extensions of Fields of Characteristic Two

Let K be a field of characteristic two, let K2 be a fixed algebraic closure of K, and
let L C K®# be a Galois extension of K such that Gal(L|K) = Dj.

Proposition 3.2.1. There exist F,G,H € K, and q,r € K*#& such that ¢* + q=F,
r>+r=Gq+ H, and L 1is the Galois closure over K of K|q,r].

Proof. Note that D4 contains a subgroup of index two containing a non-normal sub-
group of index four. Thus there exists a non-normal degree four subfield L’ of L over
K containing a degree two subfield K’ of L. Then there exist F € K and ¢ € K
such that ¢> + ¢ = F and K|[q] = K'. Hence there exist G, H € K and r € K*# such
that 7> +r = Gg+ H and L' = K'[r] = K|q,r]. Since L' C L is not Galois over K,
it follows that L is the Galois closure of L' = K{q,r] over K, as desired. n

Proposition 3.2.2. Suppose that F,G,H € K, and q,r,s € K& such that ¢* + q =
F,r+r=Gq+ H and s* + s = G, and L is the Galois closure over K of K|q,r].
Then

(1) the degree two subfields of L are Klq|, K[s] and K[q + s],
(2) the unique degree four normal subfield of L is K|q, s],

(3) the two non-normal degree four subfields of L containing K|q| are K[q,r] and
Klg,r+ s,

(4) the two non-normal degree four subfields of L containing K|s| are K[s,r + qs]
and K[s,r 4+ qs + q|, and

(5) L =K]|q,r,s].

Remark 3.2.3. The situation described in Proposition 3.2.2 may be visualized as in
Figure 3.2.
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L = K]Jq,r, s]

=

K[s,r + gs] K[s,r +qs+q| Klq, 5] Klg,r + 5]

R B )

K[s] Klg + s]
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Figure 3.2: Subfields of L over K

/

Proof. Let o € Gal(L|K) such that 0|k is non-trivial. Then the non-normal degree
four subfields of L containing K|[q| are K|[q,r] and o(K[q,7]). Since (r+s)?+(r+s) =
Gq+H+G =o(Gq+ H), it follows that o(K|q,r]) = Klq,r+ s]. Statement (3) now
follows immediately.

To prove (1), (2) and (5), note that, since K|q, ] and K{[q, 7+ s| are both subfields
of L, it follows that s = r + (r + s) € L. Moreover, since K|[g,r] is not Galois over
K, [G] # 0 over K[q] by Lemma 3.1.4. Hence K|[q,s] = KJq|[s] is a degree four
extension of K. Since 0(G) = G, it follows by Lemma 3.1.4 that K|[g, s] is a Galois
extension of K. Statement (2) now follows, and, since K[q], K[s], and K[q + s] are
the three degree two subfields of K|q, s, so does (1). Finally, since K{q, s] and K{q, r]
are distinct degree four subfields of L, L = K{q,, s; i.e., (5) holds.

To prove (4), recall that (¢s)? + ¢s = Gq + Fs + FG by Lemma 3.1.1. Thus
[Gq+ H] = [F's+ H + FG| over K|g, s|. Since [G] # 0 over K|q], [F] # 0 over K[s].
As such, since F's+ H + FG = (r + qs)*> + (r + gs), it follows that K[s,r + gs] is
a non-Galois degree four subfield of L by Proposition 3.1.6. Hence the non-normal
degree four subfields of L containing K[s| are K[s,r 4 ¢s] and 7(K[s,r + gs]), where
7 € Gal(L|K) such that 7|gs is non-trivial. Since

(r+qs+q°+(r+qs+q =Fs+H+FG+F=1(Fs+ H+ FG),

it follows that 7(K[s, 7+¢s]) = K[s,r+¢s+q]. Statement (4) now follows immediately.
O]

3.3 Non-Cyclic Galois Extensions of Degree Eight
over 7 /27 x 7./27-Extensions

Let K be a field of characteristic two, let K8 be a fixed algebraic closure of K, and
let N C K& be a Galois extension of K such that Gal(N|K) = Z/2Z x 7Z/27. Note
that then there exist Fy, Fy € K, and qo, q1 € K*# such that ¢2+qo = Fo, ¢ +q1 = F1,
and N = Klqo, q:]. Finally, let ¢o = qo + q1, and let Fy, = Fy + F}.
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L= K[QO) q1, 5]
Goqo+Gi1q1+H
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K

Figure 3.3: Subfields of L over K

Lemma 3.3.1. The three degree two subfields of N over K are Klqo|, K|q] and
Kg].

Proof. Since N = K{qo, ¢1], it follows that Klg] and K|g] are distinct degree two
subfields of N. Moreover, go = go+q1 € N, and ¢3+q2 = ¢ + Qo+ ¢ +q = Fo+ F =
F, € K. Hence K|qg] is a degree two subfield of N. Since K[qo] and K[q;] are distinct
degree two subfields, K|g] is distinct from both. O]

Lemma 3.3.2. Let L C K™ be a degree two Galois extension of N such that L|K
is a Galois extension. Then there exist Go,G1, H € K such that L = N|[s], where
s € K& such that s> + s = Goqo + G1q1 + H.

Proof. Since N = K|qo, 1], there exist A, B,C,D € K and a € K such that
a’* +a = Aqyq + Bqo + Cq1 + D = (Ago + C)q1 + Bgo + D

and L = N[a]. Moreover, since L|K is Galois, L|K|qg] is Galois; hence [Agy+ C] =0
over N = K|qo][¢:] by Lemma 3.1.4. Applying Lemma 3.1.3 to the tower of fields
N D Klq] 2 K, it follows that [A] = 0 over K. Hence there exists a € K such that
a? 4+ o = A. Therefore, over N,

[Agor] = [0*qoq1 + agoqi] = [ (g5 + Fo)(qf + F1) + aqoa]
= [0 q; + agoq + P (@G Fy + qi Fo + FoFy))]

== [ 2 ((qo + F())Fl + (Q1 + Fl)FO -+ F()Fl)]

= |

0]
062F1qO + 042F0q1 + a2F0F1].

Let now Gy = B+a?Fy, G1 = C+a’Fyand H = D+a?FyF;, and let s € K2 such
that s>+s = Goqo+G1q1 + H. Since a € K, it follows that [Agoq + Bgo+Cqy + D] =
[Gogo + G1g1 + H] over N. Thus L = N|[s] by Proposition 2.2.1. O

Remark 3.3.3. The situation described in Lemma 3.3.2 may be visualized as in Fig-
ure 3.3.
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Proposition 3.3.4. Let Gy, Gy, H € K, let s € K& such that s> +s = Goqo +
Giqy+ H, and let L = N|s|. Then L|K is Galois if and only if |G| = 0 over N and
|G1] =0 over N.

Proof. Suppose first that N = L; i.e., that [Gogo + G1q1 + H] = 0 over N. Then
L|K is Galois. Moreover, [Gy] = 0 over N by Lemma 3.1.3 applied to N|K][g], and
[G1] = 0 over N by Lemma 3.1.3 applied to N|K[q;]. Hence the statement holds in
this case.

Now suppose that N # L. Note that then L|K is Galois if and only if L|K|[g;]
is Galois for all ¢ € {0,1}. For each i € {0,1}, Lemma 3.1.4 implies that L|K{qg] is
Galois if and only if [G1_;] = 0 over N. Thus L|K is Galois if and only if both [G]
and [G4] are trivial over N. O

Proposition 3.3.5. Let L C K8 be an extension of N of degree at most two such
that L is Galois over K. Then there exist Gy € {0, Fo, F1, Fy}, G1 € {0, }, H € K,
and s € K8 such that s> + s = Goqo + G1q1 + H, and L = N|s].

Proof. Observe that, by Lemma 3.3.2, there exist Gy, G} and H' € K, and s’ € K
such that (s')? + s = Gyqo + Giq1 + H', and N = L[s'|. By Proposition 3.3.4,
[Gy] = [G] =0 over N.

Let X = {0, Fo, F1, F5}, and let i € {0,1}. Applying Lemma 3.1.2 to N|K|g;]
and then (twice) to K[g;||K implies that there exists C; € X such that [G}] = [C}]
over K. Thus there exists a; € K such that o? + a; = C; + G. By Lemma 3.1.3
applied to K|q]|K, it follows that [(G}+ C;)q + a2 F;] = 0 over K|[g;]. Therefore, over
N = Klqo, q1],

[Gogo + Ghqr + H') = [Coqo + Crqn + afFy + o Fy + H').

Note that either Cy € {0, F}}, or that C; € {Fp, F5}. First suppose that Cy €
{0, F1}, and let Gy = Cy, Gy = Cy, and H = o2Fy + o}F, + H'. Then L = N[§] =
N{[s], where s € K& such that s? + s = Goqo + G1q1 + H.

Now suppose that C; € {Fp, F»}, and let Go = Cy + Fy, G; = C1 + Fp, and
H=a2Fy+aiF + H + FyFy. By Lemma 3.1.1, (qoq1)* + qoq1 = Fiqo + Foqi + FoFy.
Thus, over N,

[Coqo + Crqn + OéSFo + OZ%F1 + H'] = [Gogo + Fiqo + Giq1 + Foqy + H + FoFy]
= [Goqo + Giq1 + H].

Hence L = N[s'] = N|[s], where s € K*# such that s> + s = Goqo + G1q1 + H. O

Lemma 3.3.6. Let L, Gy, G1, H and s be as in Proposition 3.3.5. Then L = N if
and only if Go =0, G1 =0, and [H] = 0 over N.

Proof. Note that, by Proposition 2.2.1, L = N if and only if [Goqo+G1¢1 +H| = 0 over
N. Moreover, if Go = 0, G; = 0, and [H] = 0 over N, then [Goqo+G1q1+H| = [H] =0
over N.

Suppose that [Gogo+G1g1+ H] = 0 over N. Lemma 3.1.3 applied to the extension
N = K|ql[q1] over K|[qo] implies that [G;] = 0 over K|go]. Thus either [G1] = 0 over
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K, or [G1] = [Fy] over K by Lemma 3.1.2. Since G; € {0, F1} by hypothesis, it
follows that G; = 0, and that [Goqo + G1q1 + H| = [Goqo + H].

To show that Gy = 0, we now apply Lemma 3.1.3 to the extensions N|K][q]
and N|K[qz]. The former application implies that [Go] = 0 over K|[q]; the latter
implies that [Go] = 0 over K[gz]. Thus [Go] = 0 over K[q| N K[g] = K. Since
Gy € {0, Fy, Fi, F»}, it follows that Gy = 0, and hence that 0 = [Goqo + H| = [H]
over N. O

Proposition 3.3.7. Let L, Gy, G, H and s be as in Proposition 3.3.5. Then the
following statements, exactly one of which applies, all hold:

(1) If Gy =0, Gy =0, and [H] =0 over N, then Gal(L|K) = Z/27 x Z]2Z.
(2) If Gy =0, Gy =0, and [H] # 0 over N, then Gal(L|K) = (Z/27)>.

I

(3) If Gy = Fy, and Gy = 0, then Gal(L|K) = Z/AZ x Z./2Z, and Gal(L|K[q))
7,)27. % 7.)2Z.

12

(4) If Gy =0, and Gy = Fy, then Gal(L|K) = Z/AZ x Z/27Z, and Gal(L|K|q])
7.)27. % 7.)2Z.

I

(5) If Go = Fy, and Gy = Fy, then Gal(L|K) = Z/AZ x Z/2Z, and Gal(L|K|[gs])
7.)27 x T/ 2.

6
(7
(
(

) If Gy = Fi, and G =0, then Gal(L|K) = Dy, and Gal(L|K|gs]) = Z/AZ.
)
8) If Gy = Fi, and Gy = Fy, then Gal(L|K) = Dy, and Gal(L|K|q]) = Z/AZ.
)

If Gy = Fy, and G1 =0, then Gal(L|K) = Dy, and Gal(L|K|q1]) = Z/47.

9) If Gy = F,, and Gy = Fy, then Gal(L|K) = Qs.

Proof. Statement (1) follows directly from Lemma 3.3.6. Moreover, if the conditions
of any one of the statements (2) through (9) applies, then Lemma 3.3.6 implies that L
is a degree eight extension of K. Accordingly, to prove these statements, we suppose
henceforth that L is a degree eight extension of K.

Note that, since L|K has degree eight, for each i € {0, 1,2}, the extension L|K[g;]
of degree four has Galois group isomorphic either to Z/2Z x Z/2Z or to Z/4Z. Fur-
thermore, to determine the isomorphism class of Gal(L|K), it suffices to determine
the number N of elements ¢ € {0, 1,2} for which Gal(L|K|¢]) = Z/4Z:

if N =0, then Gal(L|K) = (Z/27)3;
if N =1, then Gal(L|K) = Dy;

if N =2, then Gal(L|K

if N =3, then Gal(L|K) = Qs.
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Proposition 3.1.6 applied to L|K[qo] implies that

727, x 7.]27 it |G1] = 0 over K
Gal(L|Kgo) = § 220X B2 10 ol 5
Z7]AZ if [G1] = [F1] over K|qo)
Similarly, Proposition 3.1.6 applied to L|K|q] implies that
2.)27 x 7.]27 it |Go] = 0 over K
Gal(L|K[q]) = / /2 1G] ver Kla] (3.2)
Z]AZ if [Go] = [Fo] over K|qi]

Moreover, since Goqo + Giqs + H = (Go + G1)qo + G192 + H, Proposition 3.1.6
applied to L|K|gs] implies that

Z)2Z x Z)2Z it |Gy + G1] = 0 over K|q)]

7.]AZ if [Go+ G1] = [Fy] over K|g] (3:3)

Gal(L|K|g)) = {

The proposition now follows by applying, for each case, the isomorphisms (3.1),
(3.2) and (3.3) to determine Gal(L|K) in that case. For example, if Gy = F,, and
Gy = F, then [G1] = [F1] over K|q], [Go] = [F»] = [Fo] over K|q], and [Go + G4] =
[Fy + Fy| = [Fy] over K[go]. Isomorphisms (3.1), (3.2) and (3.3) then imply that
Gal(L|K[g]) = Z/AZ for all i € {0,1,2}. Thus Gal(L|K) = Qs; i.e., statement (9)
holds. The seven statements remaining follow similarly. ]

3.4 (s-Extensions of Fields of Characteristic Two

Let K be a field of characteristic two, let K8 be a fixed algebraic closure of K, and
let L C K*# be a Galois extension of K such that Gal(L|K) = Qs.

Proposition 3.4.1. There exist Fy, Fy, Fy, H € K and qo, ¢, q2, s € K& such
that g = qo + qu, ¢ + ¢ = F; for alli € {0,1,2}, s> + s = Figo + Faq1 + Foga + H,
and L = Klqo, ¢1, s|.

Proof. Let N C L be the unique degree four subextension of L|K. Then Gal(N|K) =
7.)27 x 7./27.. Hence there exist Fy, [} € K, and qp, ¢ € K*# such that ¢2 +qo = F,
@ +q =F,and N = K[q, q1].

Now let ¢o = qo + q1, and let Fy, = Fy+ Fy. Then ¢3 + g2 = Fy, as well. Moreover,
by Propositions 3.3.5 and 3.3.7, there exist H € K and s € K& such that s? + s =
Fyqo+ Fiqy + H, and L = N|s| = K{qo, ¢1, s]. Since

Foqo+ Fqy + H = Foqy + Foqe + Frige + Figo + H
= Fqo + Faqn + Foge + H,

the proposition follows immediately. n

Proposition 3.4.2. Suppose that Fy, Fy, F», H € K and qo, ¢1, ¢2, s € K8 such
that ¢ = qo + q1, ¢; +qi = F; for alli € {0,1,2}, s> + s = Fiqo + Foqu + Fogo + H,
and L = Klqo, q1,s]. Then
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L= K[QO)QMS]

Fi1qo+F2q1+Foqe+H

K[qOJ Q1]

\
/

K[Qo] K[Ql] K[Qﬂ
x P Fs

Figure 3.4: Subfields of L over K

(1) the degree two subfields of L are K|q], K|q:] and K|gs],

(2) the unique degree four subfield of L is K|qo, q1].

Remark 3.4.3. The situation described in Proposition 3.4.2 may be visualized as in
Figure 3.4.

Proof. Since L = K|qo, q1, |, and L is a degree eight extension of K, the field L =
K[qo, 1] is a degree four extension of K. It follows that (2) holds, and that K{[go] and
K|[q1] are distinct degree two extension of K. Thus Klg] = Klqo+ ¢1] is a degree two
extension of K that is both distinct from K|[g] and K[q;], and contained in K|qq, ¢1]-
Statement (1) now follows. O
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Chapter 4

D,-Extensions of Complete
Discrete Valuation Fields of
Characteristic Two

4.1 Preliminary Results

4.1.1 Passage to Algebraically Closed Residue Field

Let k be a (not necessarily algebraically closed) field of characteristic two, let K =
k((t)) be the field of Laurent series over k, and let k! denote a fixed algebraic closure
of k, and let K& denote a fixed algebraic closure of k. The following proposition,
adapted from exercises in Serre [Ser79], allows us to reduce computations of ramifica-
tion breaks of totally ramified Galois extensions of complete discretely valued fields
to the case in which the fields have algebraically closed residue field.

Proposition 4.1.1. Let k((s)) € K¥# be a finite totally ramified Galois extension of
k((t)), let T = Gal(k((s))|k((t))), and let L be the compositum of k((s)) and k¥8((t)).
Then

(1) L is a Galois extension of k™8((t)),
(2) L =k"8((s)),
(3) the canonical homomorphism
® : Gal(L[k™5((1))) — Gal(k((s))[k((¢)))
giwen by restriction is an isomorphism, and
(4) (")) =T, and ®(T}) =T, for all i > —1,
where ' = Gal(L|k™8((t))).



27

Proof. Let n = [k((s)) : k((t))]. We observe that, since k((s)) is a totally ramified
extension of k((t)), the degree of the characteristic polynomial of s over k((t)) is
n. Thus k((s)) = k((t))[s], and hence L = k¥5((¢))[s]. Since k((¢))[s] is a Galois
extension of k((t)), it follows that L is a Galois extension of k*8((t)), and that the
restriction homomorphism ® : Gal(L|k*8((¢))) — Gal(k((s))|k((t))) is indeed defined.

To prove statement (3), we note that ® is injective since L is the compositum
of k((s)) and Gal(k((s))|k((t))), and that the fixed field k((s))™? is equal to £ =
k((s)) N k¥e((t)). Since k((t))|k((s)) is totally ramified, E|k((s)) is totally ramified,
and so vg(t) = [F : k((s))]. Moreover, vg(t) = 1 since t is a uniformizer both in
k((t)) and in k¥2((t)). Hence [E : k((s))] = 1. Therefore, k((s))™?® = k((t)), and ®
is surjective. Statement (3) now follows.

To prove statements (2) and (4), we observe that statement (3) implies that
vr(t) = [L : k8((¢))] = n = vgs)(t). It follows that the restriction of the dis-
crete valuation vy on L to k((s)) is precisely the discrete valuation wvys)) on k((s)).
Thus v (s) =1, and L = k((s)). Moreover, since ® is given by restriction, it follows
that ®(o)(s) —s = 0(s) — s for all 0 € I'". Hence vy(0(s) — 5) = vg((s))(P(0(s)) — 5)
for all 0 € I'". Statement (4) now follows by Definition 2.1.1. O

Corollary 4.1.2. The sequences of the lower and of the upper ramification breaks of
the extension k™8((s))|k™8((t)) are equal, respectively, to the sequences of the lower
and of the upper ramification breaks of the extension k((s))|k((t)).

4.1.2 Ramification Breaks and Conductors of Degree Four
Extensions

In this subsection, we maintain the notation of the previous subsection, and insist
moreover that the residue field k£ of K = k((t)) be algebraically closed. This guaran-
tees that every finite extension of K is totally ramified over K. We begin with two
lemmas, both adapted from Lemme 1.1.4 in [Ray99], for Z/27Z x Z /27 extensions.

Lemma 4.1.3. Let Ky and K be distinct Artin—Schreier extensions of K, and let K3
be the unique degree two subfield of K1 Ky distinct from both Ky and Ky. Moreover, let
c1, c2 and c3 denote the conductors over K of Ky, Ky and Kj, respectively. Suppose
that ¢; < co. Then

1) 3 =co,

2) the conductor of K1Ky over Ky is 2co — ¢q.

4

the sequence of lower ramification breaks of K1Ko over K is (c1,2c5 — ¢1), and

(1)
(2)
(3) the conductors both of K1Ko over Ky and of K1Ky over K3 are ¢y,
(4)
(5)

the sequence of upper ramification breaks of K1Ko over K is (cq,¢a).

Remark 4.1.4. The situation described in Lemma 4.1.3 may be visualized as in Fig-
ure 4.1.
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Figure 4.1: Conductors in Lemma 4.1.3 (¢; < ¢3)

Proof. Note that, since K; and K, are distinct, K7 K5 is an Artin—Schreier extension
both of K and of Ks.

Let I' denote the Galois group of K7 K5 over K, and let Hy, Hy and H3 denote the
subgroups of I' consisting of those elements of I' fixing K, Ky and K3, respectively.
To prove statements (5) and (1), we observe that, by Proposition 2.1.7, (I'/H;)" =
I"H;/H; for all i > —1,5 € {1,2,3}. Thus each of the conductors ¢; of T'/H; is
an upper ramification break of K; K, over K. Since ¢; < co, the sequence of upper
ramification breaks of KiK, over K is (¢p,¢2); i.e., statement (5) holds. Hence
FiHl/Hl = (P/Hl)l =1 for all 7 > C, and [V = Hy for all ¢; < ¢ < ¢y. Thus
(T'/H3)" =T"Hs/Hs = T'/Hy for all i < cy; as such, c3 = cs.

To prove statements (2) and (3), we consider the sequence of lower ramification
breaks of K1 K5 over K. The application of Proposition 2.1.11 to the corresponding se-
quence (¢, ¢9) of upper ramification breaks of K7 K5 over K implies that this sequence
is (c1,2c — ¢1), i.e., that statement (4) holds. Thus I'; = H; for all ¢; < i < 2¢y — ¢4.
Since, by Proposition 2.1.5, (H;); = I'; N H; for all i > —1,j € {1,2,3}, it follows
that
H.

j 1fz§cl

1 ifi >¢

H1 ifiSQCQ—Cl

(F1) ! {1 if i > 2 — ¢

for j € {2,3}; i.e., that the conductor of K K5 over K is 2¢3 — ¢1, and the conductors
both of K1K5 over Ky and of KK, over K3 are c;. O

Lemma 4.1.5. Let Ky and Ky be distinct Artin—Schreier extensions of K, and let
c1 and ¢y denote the conductors over K of K1 and K», respectively. Moreover, let K3
be the unique degree two subfield of K1Ky distinct from both K; and Ks, and let c3
be the conductor of K3 over K. Suppose that ¢; = co. Then

1) c3 < ¢y,

2) the conductors both of K1 Ky over Ky and of K1Ky over Ky are c3.
4) the sequence of lower ramification breaks of K1Ko over K is (c3,2¢; — c3), and

(1)
(2)
(3) the conductor of K1Ky over Kz is 2c3 — ¢y,
(4)
()

the sequence of upper ramification breaks of K1Ks over K is (cs,c1).
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Figure 4.2: Conductors in Lemma 4.1.3 (¢; = ¢3)

Remark 4.1.6. The situation described in Lemma 4.1.5 may be visualized as in Fig-
ure 4.2.

Proof. Let I' be the Galois group of K1 K5 over K, and let Hy, Hy and Hs denote the
subgroups of I' consisting of those elements of I" fixing K7, Ky and K3, respectively.

Suppose that c3 > ¢; = ¢o. Then, as in Lemma 4.1.3, I = H; and I = H,
for all ¢; = ¢y < i < ¢3. Since Hy # H,, it follows that c3 < ¢;; i.e., that (1)
holds. Moreover, if ¢3 < ¢, then statements (2) through (5) follow directly by the
application of Lemma 4.1.3 to the extensions K3|K and K;|K.

Now suppose that ¢z = ¢;. Since, for each j € {1,2,3}, the upper ramification
group (I'/H;)" = I"H;/H; is non-trivial for all —1 < i < ¢; = ¢;, and trivial for all
t > c¢j = c;. Hence, for all > —1,

1 ifi>¢
Since ¢3 = 2¢3 — ¢ = ¢, statements (2) through (5) now follow. O
Lemmas 4.1.3 and 4.1.5 together imply the following proposition.

Proposition 4.1.7. Let Ky and Ky be distinct Artin—-Schreier extensions of K, and
let ¢1 and co denote the conductors over K of Ky and Ks, respectively. Moreover, let
K3 be the unique degree two subfield of KKy distinct from both K1 and Ko, let c3 be
the conductor of Kz over K, and let X = {c1,ca,c3}. Then

(1) for alli € {1,2,3}, the conductor of K1Ky over K; is 2max X + min X — 2¢;.

(2) the sequence of lower ramification breaks of K1Ky over K is (min X, 2max X —
min X), and

(3) the sequence of upper ramification breaks of K1 Ks over K is (min X, max X).

Proof. Note that statement (2) follows directly from the fourth statements of both
Lemma 4.1.3 and Lemma 4.1.5, while statement (3) follows directly from the fifth
statements of both Lemma 4.1.3 and Lemma 4.1.5.

To show statement (1), let ¢ and j be distinct elements of {1,2,3}. If ¢; > ¢;,
then ¢; = max X, and the conductor of K;K; over K; is ¢; = min X = 2max X +
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min X — 2¢; by Lemma 4.1.3 applied to the extensions K;|K and K;|K. Similarly,
if ¢; = ¢;, then ¢; = max X, and the conductor of KK over K; is ¢; = min X =
2max X + min X — 2¢; by Lemma 4.1.5 applied to the extensions K;|K and K;|K.
Finally, if ¢; < ¢;, then ¢; = min X, and the conductor of KK, over K, is 2¢; — ¢; =
2max X —min X = 2max X +min X — 2¢; by Lemma 4.1.3 applied to the extensions
Kle and KJ|K ]

Now let F,G,H € K and ¢,r,u € K& such that
C+q=F 1rP*+r=Gq+H and u’+u=H;
and let f = deg,—1(F), g = deg,—1(G) and h = deg,—1 (H).

Proposition 4.1.8. Suppose that f and g are both positive and odd, and that h is not
both positive and even. The conductor of K[q] over K is f. Moreover, the conductor
of K|q,r] over K|q| is 2max{f + g,h} — f.

Proof. Since the degree in t=! of F is both odd and positive by hypothesis, the
first claim follows immediately by Proposition 2.2.7. For the second claim, note that
vk[g(F) = —2f, where vgg denotes the discrete valuation of the field Kg], since Kq]
is a totally ramified extension of K. Thus vk (q) = —f, and vk (Gq) = — (29 + f).

Let ¢, denote the conductor of K[q, u] over K|g], and let C,, denote the conductor
of Klgq,r + u| over K|[q|. Since v,(Gq) = —(2g+ f), and 29+ f is odd, C, =29 + f
by Proposition 2.2.7. Similarly, the conductor of K|u] over K is h.

First, suppose that 2 < 0. Then vgg(H) > 0 > —(29 + f) = vk[q(Gq). Hence
vk(g(Gq + H) = —(2g + f); since 2g + f is odd, it follows by Proposition 2.2.7 that
the conductor of K|q,r] over K|q| is 2g + f = 2max{f + g,h} — f.

Second, suppose that 0 < h < f. If h < f, then ¢, = h by Lemma 4.1.3 applied to
the extensions K[u]|K and K|¢||K. If h = f, then ¢, < h by Lemma 4.1.5 applied to
the extensions Ku||K and K{q||K. In either case, ¢, < h < f <29+ f = C,. Hence
the conductor of K{q,r] over Klq| is 29+ f =2(f +g) — f = 2max{f + g,h} — f by
Lemma 4.1.3 applied to the extensions K{q,r + u||K[q] and K|[q,7]|K]q].

Finally, suppose that f < h. Then ¢, = 2h — f by Lemma 4.1.3 applied to the
extensions K|g||K and K[u]|K. Since f, g and h are all odd, 29 + f — (2h — f) =
2(f4+g—h) #0; hence C,, = 2g + f # 2h — f = ¢,. Thus the conductor of K|g,r]
over K[q] is max{2g + f,2h — f} = 2max{f + ¢g,h} — f by Lemma 4.1.3 applied to
the extensions K|[q,r + u]|K[q] and K]|q,r]|K][q]. O

Remark 4.1.9. The situation described in the proof of Proposition 4.1.8 may be visu-
alized as in Figure 4.3.

Remark 4.1.10. Proposition 4.1.8 has the following corollary, which also (essentially)
follows from a known result (see, e.g., [Gar02]) on ramification breaks of Witt vectors.

Corollary 4.1.11. Suppose that F' = G (so that K|q,r| is a Z/4Z-extension of K
by Proposition 3.1.6). Then the conductor of Klq,r] over K[q] is 2max{2f,h} — f.
Moreover,
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Klg,r] Klq,r + u] Klq,u]
2max{f+g,hN C"/ ‘ \
Klq] Kq +u] Klu
K
Figure 4.3

(1) the sequence of lower ramification breaks of K|q,r| over K is (f,2max{2f, h} —
/), and

(2) the sequence of upper ramification breaks of K[q,r] over K is (f,max{2f, h}).

4.2 Standard and Odd Form D,-Extensions

Having described the structure of Dy-extensions over all fields of characteristic two, in
this section we restrict our attention to complete discrete valuation fields of character-
istic two, and parametrize and classify D4-extensions of complete discrete valuation
fields of characteristic two with algebraically closed residue field. To this end, let k
be a (not necessarily algebraically closed) field of characteristic two, let K = k((¢))
be the field of Laurent series over k, and let K*# denote a fixed algebraic closure of
K.

Definition 4.2.1. A triple (F,G, H) of elements of K is a standard form triple if
each of F';, G and H is a standard form element of K with respect to t.

Definition 4.2.2. Let L C K®# be a Galois extension of K such that Gal(L|K) < Dj.
The extension L over K is generated by standard form elements if there exists a
standard form triple (F,G, H) such that L is the Galois closure of KJq,r], where
g, € K¥& such that ¢> +gq=F and > +r = Gq+ H.

Remark 4.2.3. By Proposition 3.1.6, Gal(L|K) = D, unless FF =0, G =0, or F = G.
If Gal(L|K) = Dy, we say that L is a Dy-standard form extension of K.

The standard form triple (F, G, H) may be considered a sort of ‘canonical form’
for a Dy-standard form extension of K, though any given D,-standard form extension
is associated not to one triple, but to several.

Definition 4.2.4. A triple (F,G, H) of elements of K is a Dy-odd form triple if
(1) each of deg, 1 F', deg, -1 G and deg, 1 (F + G) is both positive and odd, and

(2) deg,—1 H is not both positive and even.

Definition 4.2.5. Suppose that L is a D4-Galois extension of K. The extension L
over K is a Dy-odd form extension of K if there exists a Dy-odd form triple (F, G, H)
such that L = K]|q,r, s], where ¢,r, s € K& such that ¢*+q = F, that r?+r = Gq+H,
and that s> + s =G.
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4.2.1 Parametrization of D,-Extensions via Standard Form
Elements

Suppose now that k is algebraically closed, and that L is an extension of K such that
Gal(L|K) = D,.

Proposition 4.2.6. There exist F,G,H € K = k((t)) in standard form with respect
tot, and q,r € K& such that ¢> +q = F,r> +r = Gq + H, and L is the Galois
closure over K of Klg,r].

Proof. By Proposition 3.2.1, there exist F',G’, H' € K, not necessarily in standard
form, and ¢,r', s € K& such that (¢)> +¢ = F', (r')? +1r' = G'¢ + H', and
(§)? + s = @, and such that L is the Galois closure over K of K[q¢',r']. Since k
is algebraically closed, by Proposition 2.2.5 there exist unique elements F,G € K =
k((t)) in standard form such that [F] = [F'] and [G] = [G], respectively, over K. Let
q,s € K¥8 such that ¢*> + ¢ = F and s?> + s = (. Since

@+d)P+@+d)=(P+q) +((¢)?+d)=F+F,

and since [F] = [F'] over K, it follows that ¢ + ¢’ € K. Similarly, s + s’ € K, and
thus H + G'(¢+ ¢') + F(s + ') + G € K as well. Therefore, there exists H € K in
standard form such that [H] = [H'+ G'(q + ¢') + F(s + §')%] over K[q] = K[¢']. Let
r € K8 such that r>+7 = Gq+ H. Then K[q,r] = K[¢,7'] by Proposition 3.1.8. [

Note that, by Proposition 3.2.2, L = K]g,r,s]. Proposition 3.2.1 thus has the
following corollary:

Corollary 4.2.7. The extension L is a Dy-standard form extension of K.

As noted above, the standard form triple (F, G, H) is not unique; indeed, in this
case any given Dy-extension of K is associated to eight distinct standard form triples,
which are enumerated in the following proposition.

Proposition 4.2.8. Let L' C K*& be another Galois extension of K such that
Gal(L'|K) = Dy, and let F', G', H' be standard form elements of K (with respect
to t) such that L' is the Galois closure of K|q',7'], where ¢',7" € K& such that
(@) +¢ =F and (r')* + 1" = G¢ + H'. Then the fields L' and L are equal if and
only if one of the four following conditions holds.

(1) F'=F, G =G, and [H'] = [H] over K|[¢].
(2) FF=F,G =G, and [H'| = [H + G| over K|{|
(3) FF=G, G =F, and [H'| = [H + FG] over K[{].
(4) F

4 =G, G =F, and [H'| = [H + FG + F] over K[{].
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Proof. Note from Proposition 3.2.2 that L' and L are equal if and only if K[¢/, '] is
equal to one of the four non-normal degree four subfields K|q,r|, K[q,r + s, K[s, 7+
qs|, K[s,7 4+ qs + q| of L.

By Proposition 3.1.8, K[¢,r'| = K|q,r] if and only if condition (1) holds, and
K¢ ,r'] = K|[g,r + 5] if and only if condition (2) holds. Similarly, since (r + ¢s)* =
Fs+ H + FG by Lemma 3.1.1, K[¢,7'] = K|[s,r + ¢s] if and only if condition (3)
holds, and K|[¢',r'] = K|s,r + gs + ¢ if and only if condition (4) holds. O

Corollary 4.2.9. Let K be the set of standard form elements of K, and let G be
the set of Galois extensions of K contained in K*# whose Galois group over K is
isomorphic to Dy. Furthermore, let D = {(¢,v,n) € K> | ¢ =0 ory =0 ory = ¢},
and define ® : K3\D — G such that, for all (¢,7v,n) € K3\D, ®(d,7,n) is the Galois
closure of K[k, p|, where k,p € K& such that k*> + K = ¢ and p>+p = vk +1n. Then
® is surjective.

Remark 4.2.10. By Lemma 3.1.2, each condition in Proposition 4.2.8 corresponds to
two pre-images under ® of any given element of G. Thus the surjection ® is, in fact,
eight-to-one.

4.3 Computation of Ramification Breaks

Let L be a Dy-extension of K. In this section, we shall, under the continued sup-
position that the residue field k of K is algebraically closed (so that L|K is totally
ramified), compute the ramification breaks of L over K. By Corollary 4.2.7, L is a
Dj-standard form, and hence a Dj-odd form, extension of K.

Accordingly, we let (F,G, H) be a Dy-odd form triple corresponding to L|K; let
[ = deg,-1(F), g = deg,—1(G), h = deg,~1(H), and d = deg,~:(F + G); and let
q,r,s € K*8 such that ¢> + ¢ = F, that »> +r = Gqg+ H, that s> +s = G. By
Definitions 4.2.4 and 4.2.5, the degrees f, g and d are all both positive and odd, the
degree h is not both positive and even, and L = Klg,r, s|. We do not insist that the
triple (F, G, H) be a standard form triple.

The degrees d, f,g and h suffice to determine the lower and upper ramification
breaks of the extension L of K.

Lemma 4.3.1. Let ¢, and ¢y denote the conductors over K of K|q] and K|[s], respec-
tively, and let ¢, denote the conductor of K[q,r] over K[q]. Then ¢, > 2¢s + ¢,.

Proof. Observe that, by Proposition 2.2.7, ¢, = f, and ¢, = ¢g. Moreover, ¢, =
2max{f + g,h} — f by Lemma 4.1.8. Thus

¢ =2max{f+g,h} —f>2(f+9)—f=29+f=2c+c,

U

Proposition 4.3.2. Let ¢,, ¢s and c,s denote the conductors over K of K|ql, K[s]
and Klq + s], respectively, and let ¢, denote the conductor of Klq,r] over K|q].
Then the lower ramification breaks of L over K are {; = min{cy s, ¢ Cs}, o =
2max{cyys, Cqy s} — min{cyys, ¢4, ¢5} and

U3 = 2¢, + 2¢, — 2max{cyts, Cq, €} — Min{cyts, ¢q, s}y
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and the upper ramification breaks of L over K are wuy = min{cgys,Cq, st U =
max{Cyrs, Cq, Cs} and uz = (cg+¢,) /2.

Proof. Let ¢f, denote the conductor of L over K]g, s|, let C; denote the conductor of
K]lq, s] over K[q], and let I" = Gal(L|K). By Proposition 3.2.2, K{q, s| is the unique
normal degree four subfield of L; thus, Gal(L|K[g, s]) is the only normal subgroup of
I of order two. By Proposition IV.1 in [Ser79], I'; is a normal subgroup of I" for all i.
In light of Proposition 2.1.5, it follows that ¢3 = ¢y. Similarly, by Proposition 2.1.7,
u; and wug equal the first and second upper ramification breaks of Klg, s|] over K,
respectively.

To determine u; and us, we observe that, since K|q, s] is a Z/27Z x Z/2Z-extension
of K, the sequence of upper ramification breaks of K|[q, s| over K is

(min{cgys, ¢, Cs }y max{cyis, ¢q, 5 })

by Proposition 4.1.7. Thus uw; = min{cgis,¢q, ¢}, and us = max{cyis,¢q, ¢} By
Proposition 2.1.11, it follows that ¢; = u; = min{c,s, ¢, ¢s}, and that o, = 2us—uy =
2max{cyss, g, s} — min{cyys, ¢4, Cs -
To compute ¢35 (and ug), we note that either ¢, or ¢, is equal to max{c,ys, ¢4, ¢s},
and that thus
max{Cyts, Cq, Cs } + Min{cyps, ¢q, Cs} < €q + C5

Therefore, by Proposition 4.1.7,
Cy = 2max{cyyis, ¢q, s} +min{cgys, ¢4, s} — 2¢,
< 2(max{cyys, g, Cs} + min{cgps, ¢q, Cs}) — 2¢,
< 2(cq + ¢5) — 2¢4 = 2cs.

Moreover, by Lemma 4.3.1, ¢, > 2¢, + ¢,. Thus ¢, > Cj; hence
U3 =c, =2¢, — Cy = 2¢4 + 2¢, — 2max{cyys, ¢q, ¢} — min{c s, ¢q, s}
by Lemma 4.1.3. Therefore,
ug =401+ (o —01)/24 (b3 — la) /4 = l3/4 + Lo /4 + {12

= (2¢, + 2¢, — 2max{cy4s, ¢q, s} — min{cyys, ¢qy Cs}) /4
+ (2max{cyts, Cg; Cs } — min{cyts, ¢g, ¢s}) /4 + min{c s, ¢q, 5 }/2
= (Cq + Cr)/2’

the first equality holding by Proposition 2.1.11. m
Applying Proposition 4.1.8 to Proposition 4.3.2 yields the following corollary.

Corollary 4.3.3. The lower ramification breaks of L over K are {1 = min{d, f, g},
Uy =2max{d, f,g} — min{d, f, g} and

l3 =4max{f + g,h} — 2max{d, f,g} — min{d, f, g},

and the upper ramification breaks of L over K are u; = min{d, f, g}, us = max{d, f, g}
and uz = max{f + g, h}.
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4.4 Characterization of Sequences of Ramification
Breaks

In this subsection, we once again suppose that £ is algebraically closed. By Corol-
lary 4.2.7 it follows that every Dj-extension of K is a Dy-standard form extension
of K. Moreover, by Proposition 4.2.8, every Dj-extension of K has a standard form
triple (F”, G', H') satisfying the additional condition deg,—1 F’ < deg,—1 G'.

Suppose Gal(L|K) = D,. Recall that we have defined (in Defintion 2.1.9) the nth
element of the sequence of ramification groups of L over K to be Gal(L|K)", where
u; denotes the ith upper ramification break of L|K. We now define the sequence of
ramification groups of L over K to be a Type I sequence if the sequence’s second
element is isomorphic to Z/27Z x Z/2Z, to be a Type II sequence if the sequence’s
second element is isomorphic to Z/47Z, and to be a Type III sequence if the sequence’s
second element is isomorphic to Z/27Z. Note that in all cases, the second ramification
break is strictly smaller than the third; thus the sequence’s third element is always
isomorphic to Z/27Z.

The type of the sequence of ramification groups of the extension L over K informs,
to a large extent, which of the equicharacteristic deformations in Section 6.1 may and
will be applied to the extension L. Moreover, the type of an extension’s sequence of
ramification groups affects the possible sequences of lower and of upper ramification
breaks of that extension significantly. In this subsection, we consider (in the case
where £ is algebraically closed) the relation between the type of an extension’s se-
quence of ramification groups and the sequences of lower and of upper ramification
breaks of that sequence exhaustively.

Let C denote the set of triples (F,G’, H') of standard form elements of K such
that F’, G’ and 0 are pairwise distinct, and let ® denote the surjection from C to the
set of Dy-extensions of K defined in Corollary 4.2.9.

Lemma 4.4.1. Let (o, 8,7) € (Z7)? such that a is odd, a < 3, B is odd, v > a+ 3,
and vy is odd if v ¢ {a + B,28}. Also, let G =P, let

Cat ™ ifa=p e
. o t=7 if v is odd
F=tB 4t ifa<Bandy=28, andlet H= o ,
, 0 if v is even
e if o < B and v # 26

where (3 € k is a primitive cube root of unity. Then (F,G,H) € C, and the sequence
of upper ramification breaks of the Dy-extension ®((F,G, H)) of K is («, 8,7).

Proof. Since o and S are both odd, F', G and H are all standard form elements of
K. Since F, G and 0 are pairwise distinct, it follows that (F, G, H) € C.

Let f = deg,—1(F), g = deg,~1(G), h = deg,—1(H), and d = deg,—1(F + G). Then
f < B = g. Hence the sequence of upper ramification breaks of L = ®((F,G, H)) is
(u1, u2,u3) = (min{d, f}, g, max{f + g, h}) by Corollary 4.3.3. Thus uy = g = .

Suppose o = 3. Then F +G = ((3 + 1)t7* = (3t *, and d = f = g = a. Hence
u; = «, and ug = max{a + 3, h}. Moreover, a = (3 implies that ~ is odd if and only
if v > a+ . Thus uz = 7.
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Now suppose that a < (, and that v = 2. Then F + G = t~“. Hence d = «,
f=g=p,and h =0. Thus u; = min{a, 8} = «, and uz = max{23,0} =25 = ~.

Finally, suppose that o < 3, and that v # 23. Then F' + G =t~ % +¢~*. Hence
f=a and d = g = . Thus u; = min{e, 5} = a, and vz = max{a + [, h}.
Moreover, v # 23 implies that v is odd if and only if v > a4+ 8. Thus uz = ~. ]

Proposition 4.4.2. Let (a,3,7) € (Z1)3. Then («a, B,7) is the sequence of upper
ramification breaks for a Dy-extension of K if and only if o is odd, o < 3, B 1s odd,
v > a+ B, and vy is odd if v ¢ {a+ 5,28}. Moreover, if M is a Dy-extension of K
with sequence of upper ramification breaks (o, B,7), then

(1) M has a Type I sequence of ramification groups if v < 20;
(2) M has a Type II sequence of ramification groups if « < 3 and v = 23;

(3) M has a Type I or a Type II sequence of ramification groups if a < [3 and
v > 20;

(4) M has a Type 111 sequence of ramification groups if and only if a = 5.

Proof. Since @ is surjective, the triple (a, 3,7) is the sequence of upper ramification
breaks for a D4-extension of K if and only if there is a triple in C whose image under
® has (o, 8,7) as its sequence of upper ramification breaks. Lemma 4.4.1 provides
such a triple in C if (o, 3,7) satisfies the conditions of the unnumbered claim of the
proposition.

To prove the converse, let (F,G, H) € C, and let f = deg,—.(F'), g = deg,-1(G),
h = deg,—1(H), and d = deg,—: (F +G). By Proposition 4.2.8, we may and do assume,
without loss of generality, that f < g. Then the sequence of upper ramification breaks
of L=®((F,G,H)) is (u1,us, u3) = (min{d, f}, g, max{f + g, h}) by Corollary 4.3.3.
Moreover, it follows that f, d and g are all both odd and positive, that h is either both
odd and positive or equal to —oo, that d = g if f < ¢, and that d < f if f = ¢g. These
conditions imply that wu; is odd, that u; < ug, that us is odd, and that usz > uy + us.

Suppose first that f < g =d. Then uy; = f < g = uy. Hence the second element
of the sequence of ramification groups of L over K is Gal(L|K|q|) = Z/27 x Z]2Z;
i.e., L has a Type I sequence of ramification groups. Moreover, uz = max{u; +us, h}.
Thus ug is odd if ug # uy + us.

Suppose second that d < f = ¢g. Then u; = d < g = us. Hence the second element
of the sequence of ramification groups of L over K is Gal(L|K|[q + s]) = Z/AZ; i.e.,
L has a Type II sequence of ramification groups. Moreover, ug = max{2us, h}. Thus
us > 2us, and ug is odd if ug # 2us.

Suppose third that d = f = ¢g. Then u; = g = uy. Hence the second element
of the sequence of ramification groups of L over K is Gal(L|K|q, s|) = Z/2Z; i.e., L
has a Type III sequence of ramification groups. Moreover, us = max{2uy, h}. Thus
us > 2ug, and ug is odd if ug # 2us.

Note that in all cases, uz is odd if ug ¢ {u; + ug,2us}. The unnumbered claim
of the proposition now follows. Moreover, statement (4) holds since u; < uy in
the first and second cases and u; = wus in the third case. Since us > 2uy in the
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second case and 2uy > ug > uj + up implies that u; < ug, statement (1) holds as
well. Finally, statements (2) and (3) both hold since ug is odd in the first case if
ug > U1 + ug, and since there is no restriction in either the first or the second case on
us if uz > 2ug > uy + us, save that in both cases uz must be odd. O

The following proposition is the precise analogue to Proposition 4.4.2 concerning
the lower ramification breaks of Dy; accordingly, we omit its proof.

Proposition 4.4.3. Let (a,b,c) € (Z")3. Then (a,b,c) is the sequence of lower
ramification breaks for a Dgs-extension of K if and only if a is odd, a < b, a = b
(mod 4), ¢ > 4a+0b, and b = ¢ (mod 8) if ¢ ¢ {4a+b,2a + 3b}. Moreover, if M is a
Dy-extension of K with sequence of lower ramification breaks (a, b, c), then

(1) M has a Type I sequence of ramification groups if ¢ < 2a + 3b.
(2) M has a Type Il sequence of ramification groups if a < b and ¢ = 2a + 3b.

(3) M has a Type I or a Type II sequence of ramification groups if a < b and
c > 2a+ 3b.

(4) M has a Type III sequence of ramification groups if and only if a = b.
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Chapter 5

()s-Extensions of Complete
Discrete Valuation Fields of
Characteristic Two

5.1 Standard and Odd Form ()s-Extensions

Let k be a (not necessarily algebraically closed) field of characteristic two, let K =
k((t)) be the field of Laurent series over k, let K% denote a fixed algebraic closure
of K.

Definition 5.1.1. Let L C K®# be a Galois extension of K such that Gal(L|K) <
Qs. The extension L over K is generated by standard form elements if there exists
a standard form triple (Fy, Fi, H) such that L = Klqo,q1,s|, where F, € K and
90, q1, G2, 5 € K such that

(1) @ =q +aq,
(2) ¢? +q; = F; for all i € {0,1,2} (so that F, = Fy + F}), and
(3) s* 4+ 5= Fiqo+ Foq1 + Fogo + H.

Remark 5.1.2. By Proposition 3.3.7, Gal(L|K) = Qs unless F; = 0 for some i €
{0,1,2}. If Gal(L|K) = Qs, we say that L is a Qg-standard form extension of K.

The standard form triple (Fy, F1, H) may be considered a sort of ‘canonical form’
for a Qg-standard form extension of K, though, as in the D, case, any given (Qg-
standard form extension is associated not to one triple, but to several.

Definition 5.1.3. A triple (Fy, F1, H) of elements of K is an Qg-odd form triple if

(1) each of deg,1 Fy, deg,—1 F and deg,—1 F» is both positive and odd, and

(2) deg,: H is not both positive and even,

where FQ = Fo + Fl.
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Definition 5.1.4. The Galois extension L over K is a (g-odd form extension of K
if, firstly, Gal(L|K) = Qs and, secondly, there exists a Qg-odd form triple (Fy, Fy, H)
such that L = K|qo, q1, 5], where Fy € K and qo, q1, q2, s € K8 such that

(1) g2 =qo+a,
(2) ¢? 4+ q; = F; for all i € {0,1,2} (so that F, = Fy + F}), and

(3) 52+S = qug—l—Fqu +FOQ2+H.

5.1.1 Parametrization of (Js-Extensions via Standard Form
Elements

Suppose now that & is algebraically closed and that L is an extension of K such that
Gal(L|K) = Qs.

Proposition 5.1.5. The extension L is a Qg-standard form extension of K; that
is, there exist Fy, F1, Fo, H € K = k((t)) in standard form with respect to t, and
Q0,q1, G2, 8 € K8 such that ga = qo + q1, that (¢;)* + q; = F; for all i € {0,1,2} (so0
that Fy = Fy + Fy), that s> + s = Fiqo + Faqy + Foge + H, and that L = K|qo, q1, 5]

Proof. By Proposition 3.4.1, there exist F{, F|, Fy, H € K, not necessarily in stan-
dard form, and ¢}, ¢}, ¢5, s’ € K& such that ¢, = ¢} + ¢}, that (¢})> + ¢, = F/ for all
i € {0,1,2}, that

() + 5" = Flgy + Fyqy + Foh + H' = Flgy + Fyq, + Folgo + ¢) + H'
_ F/ql + F/q/H/
- £ 240 141 ’

and that L = K|q(, ¢, s']. Since k is algebraically closed, by Proposition 2.2.5 there
exist unique elements Fy, F; € K = k((t)) in standard form such that [Fy] = [Fj]
and [Fy] = [F]], respectively, over K. Let I, = Fy + Fj, and note that then F, is
the unique element in standard form such that [Fy] = [F}] over K. Moreover, let
Q,q1, ¢2 € K™ such that ¢» = qo + q1, and ¢> + ¢; = F; for all i € {0, 1,2}.

Let ¢ € {0,1,2}. Then, since

(@ + ) + (0 + a)) = (@ + @) + ((@)* +q;) = F + F,
and [F;] = [F]] over K, it follows that ¢; + ¢, € K. Therefore,
H'+ Fi(q + a1) + Fi(a + @1)* + Fy(ao + a) + Fo(a2 + ¢3)° € K.
Thus there exists H € K in standard form with respect to ¢ such that
[H] = [H'+ F(q +q) + Fi(q + a1)* + F3g0 + g0) + Folaz + a5)]

over K.
Let s € K& such that

s+ s = Fiq+ Foqi + Foge + H = Foqo + Fiqi + H.
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Note that Klq}] = Klq] since [Fi| = [F]] over K. Therefore, by Proposition 3.1.8,
L = Klq1][4), s'] = Kla1][qo, s| = K[qo, q1, s] if and only [Fy] = [F}] over K[q:], and

[Fiqi + H] = [F{¢, + H' + F3(q0 + q0) + Fo(qz + ¢5)°]

over K[QO: (11] :
Since [Fy] = [Fj] over K, it follows a fortiori that [Fy] = [F3] over K[q1]. Moreover,
by Lemma 3.1.7 applied to the tower K[qo, 1] 2 K|[q:] 2 K of fields,

[Fa] = [Fid, + Fi (o + @) + Fi(a+ap)°)
over K[q|. Hence

[Fiqy + H] = [Fign + H' + F{(q1 + ¢)) + Fi(q + 41)° + Fy(q0 + a5) + Fo(ge + ¢5)°)]
= [Flq, + H + Fy(qo + ) + Fo(g2 + ¢4)*]

over K[q|. Therefore, L = K{qo, ¢1, s| by Proposition 3.1.8. ]

As noted above, the standard form triple (Fpy, Fy, H) is not unique; indeed, in this
case any given (Jg-extension of K is associated to twenty-four distinct standard form
triples, which are enumerated in the following proposition.

Proposition 5.1.6. Let L' C K*& be another Galois extension of K such that
Gal(L/|K) = Qs, and let F§, F|, F5, H' be standard form elements of K (with re-
spect to t) such that L' = K|q), q,, s'], where ¢}, ¢}, ¢, s' € K& such that ¢y = q) +q},
that (¢))> + q; = F; for all i € {0,1,2} (so that Fy = Fj+ F}), and that (s')*> + s =
Flqy + F3q¢) + Fidy, + H'. Then the fields L' and L are equal if and only if one of the
siz following conditions holds.

1) F} = Fy, F| = Fy, and [H'] = [H] over K|q, q1]-
2) Fy=F,, F| = Fy, and [H'] = [H] over K|[q,, ¢,].

F) = Fy, F| = Iy, and [H'] = [H] over K|q), q}].

)
)

4) Fy = Fy, F| = Fy, and [H'] = [H + FoFi] over K|q, ¢}].
) Fy=Fy, F| = Fy, and [H'] = [H + Fo ] over K|q(, ]
)

Fy=F,, F| = Fy, and [H'] = [H + FoF1] over K|q}, ¢].

Proof. Observe that, by Proposition 3.4.2, L' and L are equal if and only if both
Klao, ¢1] = Klap, 1], and [Fiqo + Foqu + Foge + H] = [Fiqy + Fyqy + Fogy + H'] over
K|qo, q1]. Moreover, since K|qo,q1] and K|q},q)] are both Z/27Z x Z/2Z-extensions
of K, the two extensions are equal if and only if both extensions contain the same
set of degree two subextensions of K, i.e., if and only if {K|q], K|q1], K|ge]} =
{Klg), K[di], K[g5]}- Since, for all ¢ € {0,1,2}, both F; and F] are standard form
elements of K, it follows by Proposition 2.2.5 that K|[qo, ¢1] = K[q}, ¢;] if and only if
{Fo, I, 2} = {F, FY, 3}
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Suppose henceforth that K[qo,q1] = KJq(,q1]. It suffices to show that [Fiqgo +
Foqi + Foge + H] = [Flq, + F3q) + Figh, + H'] over K|qo, q1] if and only if one of the
six conditions listed in the proposition holds. To show this, it is convenient to let
i,j € {0,1,2} such that F{ = F; and F| = Fj. Then either j = ¢+ 1 (mod 3) or
j=i—1 (mod 3).

First suppose that j = i+1 (mod 3). Then F|q+ Faqy+ EF}¢5 = Fiqo+ Faq1+ Fogo.
As such, in this case, [F|q,+ F3q) + Fyg5+H'| = [Fiqo+ Foqi + Foga+ H| over K|qo, ¢1]
if and only if [H'] = [H] over K|qo, ¢1], i-e., if and only if one of conditions (1) through
(3) holds.

Now suppose that j =¢—1 (mod 3). Then

Flqy + Fyqy + Fody = Fige + Foqu + Faqo
= Figa + Fiq1 + Fag1 + Foqo + F1qo
= Fiqo + F2q1 + Foga + Foqr + Fiqo.
By Lemma 3.1.1, [Fyq; + Fiqo] = [FoFi] over K[qo,q1]. Hence
[Flqy + Fyd) + Fogsy + H') = [Figo + Faqu + Foge + FoFy + H'.

Therefore, in this case, [Fqy, + F3q, + Figh + H'] = [Fiqo + Faqi + Foge + H| over
K|qo, 1] if and only if [H'] = [H + FoFi] over Klqo, q1], i.e., if and only if one of
conditions (4) through (6) holds. O

Corollary 5.1.7. Let IC be the set of standard form elements of K, and let G be the set
of Galois extensions of K contained in K& whose Galois group over K is isomorphic
to Qg. Furthermore, let D = {(¢o, ¢1,m) € K3 | ¢do = 0 or ¢y = 0 or ¢g = ¢1}, and
define ® : K3\D — G such that, for all (¢o, ¢1,n) € K3\D,

(¢, 7,1) = Klro, k1, 0],
where kg, k1,0 € K™ such that k3 + ko = ¢o, K + K1 = ¢1, and
0 4+ 0 = 1o + (do + ¢1)k1 + do(ko + K1) + 1.
Then ® is surjective.

Remark 5.1.8. By Lemma 3.1.2 (applied twice), each condition in Proposition 5.1.6
corresponds to four pre-images under ® of any given element of G. Thus the surjection
® is, in fact, twenty-four-to-one.

5.2 Computation of Ramification Breaks

Let L be a (Qg-extension of K. In this section, we shall, under the continued suppo-
sition that the residue field k of K is algebraically closed, compute the ramification
breaks of L over K. By Proposition 5.1.5, L is a Qg-standard form, and hence a
(Qg-odd form, extension of K.
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Accordingly, we let (Fy, Fi, H) be a Qg-odd form triple corresponding to L|K;
let fo = deg;—1(Fo), fr = deg,-1(F1), fo = deg,—i(Fo + F1), h = deg,-1(H), and
d = deg,—1 (FoFy + FAFy + FyFy); and let Fy € K, and qo, q1, 42, S € K®# such that
G2 = Qo + qu, that ¢? + ¢; = F; for all i € {0,1,2} (so that F, = Fy + F}), and that
s+ s = Fiqo + Fyq1 + Fogo + H. Finally, we let N = K|qo, ¢1], and, for all £ € Z, we
let ¢ denote the unique element of {0, 1,2} such that £ = ¢ (mod 3).

By Definitions 5.1.3 and 5.1.4, the degrees fy, fi and f> are all both positive and
odd, the degree h is not both positive and even, the degree d is either equal to zero
or congruent to 2 (mod 4), and L = K|qo, q1,s|. Moreover, we can and do assume,
without loss of generality, that fo = min{ fo, f1, fo}. Then f; = f5 by Lemma 4.1.3.

The degrees fy, f1 and h suffice to determine the lower and upper ramification
breaks of the extension L of K if fy < f1, but not do suffice if fy = fi. In determin-
ing these ramification breaks, it is convenient to let ¢, denote the conductor of the
extension L over K{qo, ¢1].

Lemma 5.2.1. The lower ramification breaks of L over K are {1 = fy, lo = 2f1 — fo,
and U3 = cr,, and the upper ramification breaks of L over K are uy = fo, us = f1, and

uz = (cp + fo)/4+ f1/2.

Proof. Let T' = Gal(L|K). By Proposition 3.4.2, N = K{qo, ¢1] is the unique degree
four subfield of L; thus, Gal(L|N) is the unique subgroup of T" of order two. By
Proposition IV.1 in [Ser79], I'; is a (normal) subgroup of I' for all 4. In light of
Proposition 2.1.5, it follows that /3 = ¢;. Similarly, by Proposition 2.1.7, u; and us
equal the first and second upper ramification breaks of K|[qo, ¢1] over K, respectively.

To determine u; and ug, we note that, since N is a Z /27 x Z/27Z-extension of K, the
sequence of upper ramification breaks of N over K is (min{ fo, f1, fo}, max{ fo, f1, f2})
by Proposition 4.1.7. Thus u; = min{ fy, f1, fo} = fo, and us = min{ fy, f1, fo} = fi1.
By Proposition 2.1.11, it follows that ¢; = u; = fy, that lo = 2uy — uy = 2f1 — fo,
and that uz = us + (3 — ¢2)/4. Hence

ug =up + (b5 — br) /4 = fr + (cp — 2f1 + fo) /4 = (co + fo) /4 + fr/2. u
For each i € {0,1,2}, let s; € K®® such that s? + s; = Fj;41y¢;, and let ¢; denote
the conductor of Klqo,q1,s;] = Nls;] over N. Moreover let w = so + $1 + $2 (S0

that w? +w = Fiqo + Foqi + Foge), and let ¢, denote the conductor of N[w] over N.
Finally, let u € K& such that u?> + v = H, and, if [H] # 0 over N, let ¢, denote the
conductor of K{qo, q1,u] = N[u] over N.

Lemma 5.2.2. Suppose [H| # 0 over N. If h < fi, then ¢, < 2h — min{h, fy}.
Moreover, if h > f1, then ¢, = 4h —2f1 — fo.

Proof. Let C, denote the conductor of K{g,u] over K[g], and let C; denote the
conductor of N over K|q]. Since fy < fi = f2, Proposition 4.1.7 implies that
Ci=2fi+ fo—2fi=Jo

First, suppose h < fi. Let Cy denote the conductor of K[q; + u] over K, and let
(5 denote the conductor of K[qi, gy + u] over K|g]. Then

Cy = 2max{h, fi,Co} + min{h, fi,Co} — 2f1 = 2f1 + min{h, f1,Co} —2f1 <h
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Figure 5.1

by Proposition 4.1.7 applied to the tower of extensions K[q;,u] 2 Klq] 2 K. Futher-
more, applying Proposition 4.1.7 to the tower of extensions K|qo, q1,u] 2 N 2O K|[q]
implies that
Cy = 2 maX{C'u, Ol, 03} + min{C’u, Cl, Cg} — 201

=2 maX{C’u, Cl} + min{C’u, Cl; Cg} — 2C1

< 2max{Cy, C} + min{C,, C;} — 2C

< 2max{h, fo} + min{h, fo} — 2/,

= 2(max{h, fo} + min{h, fo}) — min{h, fo} —2f,

= 2(h+ fo) — min{h, fo} — 2fo = 2h — min{h, fo}.

Second, suppose h > fi. Then C, = 2h — f; by Lemma 4.1.3. Hence
Cu>2fi—fi=f1 = fo=Ch.

Therefore, ¢, = 2C, — C; = 4h — 2f; — fo by Lemma 4.1.3. O

Remark 5.2.3. The situation described in the proof of Lemma 5.2.2 may be visualized
as in Figure 5.1.

Lemma 5.2.4. The conductor ¢y = 6f1 — fo, and co = co = 3fo + 2 f1.

Proof. Let i € {0,1,2}. By Proposition 3.1.6, the Galois closure of K|g;, s;] over K is
a Dy-extension of K. Moreover, by Proposition 3.2.2, K[g;, g1y, si] = N[s;] is the
Galois closure of K|g;, s;] over K. Therefore, since N is the unique normal degree
four subfield of N|s;| over K, the conductor ¢; is, as in Proposition 4.3.2, equal to the
third lower ramification break of N|s;] over K. By Corollary 4.3.3, this break is

dmax{f; + f+1y, 0} — 2max{ fo, fi, fo} — min{fo, f1, fo} = 4(fi + fu+1y) — 2/1 — fo.
Hence
co=4(fo+ f1) —2fi — fo=3fo +2f1,
c1 =4(f1+ fo) = 2f1 — fo=6f1 — fo, and
co =4(f2 + fo) — 2f1 — fo=3fo + 2/1. O



44

Corollary 5.2.5. The conductor ¢, < 6f1 — fo. If fo < f1, then ¢, =6f1 — fo.

Proof. Let i € {0,1,2}. By Propositions 2.2.5 and 2.2.7, there exists a element ¢;
of N in standard form over N (with respect to some uniformizer 7 of N) such that
ci = —un(¢s), and [Fiy1yq;] = [¢5] over N. Then ¢ + ¢1 + ¢9 is also in standard
form, and

[Fiqo + Faq + Foga] = [po + ¢1 + ¢2]

over N. Hence

cw = —UN(¢o + @1 + ¢2) < —min{un(¢o), vn(d1), vn(P2)} = max{cy, c1, c2}-

By Lemma 5.2.4, ¢co = ¢o = 3fo +2f1 =6f1 — fo—4(fr — fo) = c1 —4(f1 — fo). Since
fo < fi, it follows that ¢,, < ¢; = 6f1 — fo.

Now suppose that fy < fi. Then ¢; > co = ¢o, and so vy (1) < vn(Po) = vn(P2).
Thus

cw = —UNn(¢o + @1 + ¢2) = —vn(¢1) = 1 = 6f1 — fo. L
Proposition 5.2.6. Suppose that fo < fi. Then ¢, = 4max{2f;,h} —2f1 — fo.

Proof. Suppose [H] = 0 over N. Then L = N[s] = N[w] by Proposition 2.2.1.
Moreover, it follows via Lemma 3.1.2 that h < f;, Thus ¢, = ¢, = 6f1 — fo =
4max{2f1, h} - 2f1 - f().

Now suppose that [H| # 0 over N. Note then that A is both odd and positive,
and that, since [Fiqo + Foqi + Foge + H] = [Fiqo + Foq1 + Fogo] + [H], it follows
that ¢, < max{cy,c,}, and that ¢, = max{c,,c,} if ¢, and ¢, differ. Moreover,
cw = 6f1 — fo by Lemma 5.2.4 since fy < fi.

First, suppose that h < f;. Then ¢, < 2h — min{h, fo} by Lemma 5.2.2. Hence

cy < 2h —min{h, fo} <2h <2f1 <6f1 — fo = cu.

Thus Cr, = 6f1 — f() = 4max{2f1, h} — 2f1 — fo.
Second, suppose that h > f;. Then ¢, = 4h—2f; — fo by Lemma 5.2.2. Therefore,

cw—cu=(6f1 — fo) —(4h—=2f1 — fo) =81 —4h =4(2f —h) #0
since h is odd. Thus
cr, = max{cy, ¢, } = max{6f, — fo,4h —2f1 — fo} = dmax{2f1,h} —2f1 — fo. O
Applying Lemma 5.2.1 to Proposition 5.2.6 yields the following corollary.

Corollary 5.2.7. Suppose fo < fi. The lower ramification breaks of L over K are
Uy = fo, lo =2f1 — fo, and {3 = 4max{2f, h} — 2f, — fo, and the upper ramification
breaks of L over K are uy = fo, ug = f1, and uz = max{2f;,h}.
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5.2.1 Computation of Ramification Breaks in f, = f; Case

Having computed the ramification breaks of L over K in the case in which fy < fi, we
now compute the ramification breaks of L over K in the case in which fy = f;. These
computations require that the triple (Fy, F1, H) be a standard form triple, not merely,
as we have so far assumed, a (Jg-odd form triple. Accordingly, we assume henceforth
that (Fy, Fy, H) is indeed a standard form triple corresponding to the extension L|K.
By Proposition 5.1.5, such a triple must exist.

As we mentioned in the introduction to Section 5.2, the degrees fy, fi and h do not,
in this case, invariably suffice to determine the ramification breaks of L over K; rather,
we must consider the degrees (in t71) of F}+(3Fy and of Fy+(3Fy as well, where (3 € k
is a fixed primitive cube root of 1. Let m = min{deg,—1 (F} +(3F), deg,—1 (F1+ (3 Fp)},
and, for convenience, let n = fo(= f1). We seek a formula for the ramification breaks
of L over K in terms of m, n, and h.

By Lemma 5.2.1, to find such a formula, it suffices to compute ¢y, in terms of
m, n and h. The chief difficulty in the computation of ¢ is the computation of
the conductor ¢, of N[w] over N. Since fy = fi, Corollary 5.2.5 provides only an
upper bound, not a precise value, for ¢,,. Therefore, instead of considering, as above,
the conductors ¢y ¢, and ¢y to determine ¢,,, we shall determine ¢,, more directly. In
particular, we shall exhibit an element of N that is both Artin—Schreier equivalent over
N to w? +w = Fiqy + Fbq1 + Fygo and of odd valuation over N. By Proposition 2.2.7,
—c,, 1s equal to the valuation of this element, which valuation is, as desired, a function
of m, n and h. Having determined c,,, we shall, as in Proposition 5.2.6, compare c,,
and ¢, to determine cy..

To find this desired element of N, we shall first define a particular element r of
odd valuation over N as a K-linear (not necessarily as a k-linear) combination of ¢
and ¢;. The element r is an Artin—Schreier root of a K-multiple of ¢q; we shall exploit
this property of r to write Fiqo + Foq1 + Fogo as a polynomial of degree six in r (with
coefficients in k[[t]]). We shall then split the sixth-degree term of this polynomial into
two separate terms. One of these terms will have a valuation of smaller magnitude
than that of the original term; the other will be a square over N. Finally, we shall
replace the square term with its square root, show that the resulting element of N,
which is necessarily Artin—Schreier equivalent over N to Fiqo + F2q1 + Fyge, has odd
valuation over N, and give this valuation in terms of m, n and h.

Lemma 5.2.8. The degree m either is an odd positive integer no greater than n, or
1s equal to —oo. Moreover,

(1) either deg,—1 (F| + (3Fy) = n, or deg,—1(Fy + (3F,) =n, and
(2) degt_l(FoFl + F1F2 + FQF()) =n-+m.

Proof. Note that, since deg,-1 Fy = deg,—1 F1 = n, the degrees both of F; 4+ (3F{ and
of Fy+(2Fy are no greater than n. Hence m < n. Moreover, since Fy and F; are both
standard form elements of K with respect to ¢, the elements Fy + (3Fy and F} + (2 F
are as well. The unnumbered statement of the proposition now follows.
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To show statement (1), we observe that (Fy + (3Fp) + (Fy + (3 Fy) = Fy + Fy = Fy.
Thus max{deg, 1 (Fy + (3Fp), deg,—1 (F1 + (3Fp)} > deg,1 F» = n. Since deg, 1 (F +
CiFy) < n for each i € {1,2}, statement (1) now follows.

To show statement (2), we note that

(Fy + GF)(Fy + GFy) = FT + (G + Q) FoFy + F
= F1F5 + FoFy + FoFy + FoF, + FyFy
= Foll + F1F5 + FyFy.

Hence deg,+(FoFy + F1 Iy + FoFy) = deg, 1 (F1 + G Fp) + degy (Fy + (3Fp) = n+m
by statement (1). O

Lemma 5.2.9. The inequality 3n < ¢, < 5n holds.

Proof. To prove the upper bound on c¢,, we note that ¢, < 6f; — fo = 5n by
Lemma 5.2.5.

To prove the lower bound, we note that N[w] is a Qs-extension of K by Proposi-
tion 3.3.7. Hence N|w] is a Z/4Z-extension of K|[g]. Moreover, the conductor of N
over K[q| isn by Lemma 4.1.5. It follows by Proposition 2.1.7 and by Corollary 4.1.11
that the sequence of lower ramification breaks of N{w]|K{q] is (n, 2 max{2n, h} —n).
Moreover, by Proposition 2.1.5, ¢, is equal to the second lower ramification break of
N[w]|K[gq]. Thus ¢, = 2max{2n,h} —n > 4n —n = 3n. O

We now introduce further notation. For each i € {0,1,2}, let A; = t"F;. Note
that, for each i € {0,1,2}, the element F; is a standard form element of K with
respect to ¢ of degree —n, and hence A; is a degree zero element of k[[t?]] C K.
Therefore, for each i € {0,1,2}, the element B; = /A, is a degree zero element of

k(]

BBy

B
Lemma 5.2.10. Let 1 = qi + oo Then1® +r = o, and vy(r) = —n.
BO AO
Proof. Note that
A
G +q=AtT" = A—l(AOt‘”)
0
B, \> A
— _1 2 _1 _1
A (qo + q0) (BOQ()) -+ Aoqo
(B, N B (B A
= By do B, qo0 By A qo-
Moreover,
&+é _ BiBy+ A Bi(By+Bi) BBy
BO AO N AO o AO - AO :
Thus

B, A BB
2 _ 1 1 _ bib
re4r= (_Bo + _A0> qo A qo-
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To show that vy(r) = —n, we observe that N|K is a totally ramified Galois
extension of degree four. Hence vy (Fy) = 4vg (Fy) = —4n. Since n > 0 and ¢2 + qo =
Fy, it follows that 2uy(qo) = vy (Fp), and that vy(go) = —2n. Moreover, By, By and

Ay all have valuation 0 over K, and hence over N. Thus vy (B;‘B2 q0> = —2n as well;

since 12 4+ 1 = BlBQqO, it follows that 2uy(r) = —2n, and that vy (r) = —n. O

Observing that r is an element of N with odd valuation, we shall now write
Fiqo + Foq1 + Foga = t7"(A1qo + Aagi + Aoge) as a polynomial in 7. We begin with
two lemmas.

Lemma 5.2.11. The equation

Ao 4 B()B1 + B1B2 + B2B0 2 I 1

£ =
A Ay A1 A, " T BB,
holds.
Proof. Note that
Ao,
o 5.5, (r"+r)
by Lemma 5.2.10. Thus
2 Aj
At ™ =Fy=qy + q = AA(T +T)+BB(T +7)
A2 4 AO 0 AoBlBQ 9 AO
A, (A1A2 A4, )r BB
A A
B2 BB
=, A, (B BB g

B A Ay
By(B, + By) + B, B
= a4t aa Bo(Bit Bo)+ BiBy)r? +BlB2

Hence

A
U n ByB, + BBy + BQBOTQ n 1 .
A1 A A1 Ay BB,

Lemma 5.2.12. The equation

tT" =

A A Aoy =
190 + A2q1 + Aoge B, B, B, B,

holds.

Proof. By Lemma 5.2.10, gy =

B
3132 (r?* +7), and ¢, = E(l)qo + 7. Thus

7B1 AO 9 7BO 9 BO B 7BO 9 By
ql—EO(BlBQ>(r +r)+7‘—§2r+ B2+§2 r=—r"+—=r.




48

B B
Moreover, g2 = qo + q1 = (—1 + 1> o +1 = ﬁ% +r, and so
0

By
By Ay 5 By, By B By 5, B
‘12—37)(3132)“ =\ B e ) TR TR
Therefore,
Ay AyBy AoBy
Aiqgp = A 2 e i
190 1<B132> (7” +7’) B2 re 4+ B2 T,
B B
A2q1 = AQ <—07’2 + —17’) = BQB()TQ + BlBQT, and
B, B,
By By AoBy By A
Aggy = Ag | =12 + =2 )| = 292 4 222
042 0(817" +Bl’f’) Bl e+ Bl T
Hence
AyB AyB AyB B A
A1Q0+A2Q1+AOQ2=<%1+B2B()+ 0 0)T2+( 0 1+B1Bz+ 2 0>r
2 1 2 1
~ AgAy + BoB1Aj + B2AOBOT2 . ApAr + A1 As + AQAOT
- B1B2 B1B2
_ By(ByA; + B1 Ay + BQAO)TQ n ApAy + A1 Ay + AQAOT -
BlBQ BlBQ '

Proposition 5.2.13. The equation
Fiqo+ Foqi + Foqa = (ar* +br? +cr)(dr? +er) = adr® 4 aer® +bdr* 4 (be + cd)r® + cer?

holds, where

_ A, _BBiABB BBy ]
n A1A27 N A1A2 ’ N BlBQ,

a

BO(BOAl + BlAQ + BQA0> o — A[)Al + A1A2 + AQAO

d=
B, By ’ BBy

PTOOf. Observe that quO +F2Q1 +FOQ2 = t_n(AlqO +A2(J1 +A0(]2) By Lemma 5211,
t" = ar*+br?+cr. By Lemma 5.2.12, A,qy+ Asq1 +Aogs = dr?+er. The proposition
now follows. O

Lemma 5.2.14. The statements
on(@) =0, o) =2n—2m,  ox(0)=0,  vx(d)>0

vy(e) = 4n — 4m, vy (aer®) = —n — 4m, vy (bdrt) > —2n —2m

all hold.
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Proof. Recall that A; and B; are degree zero elements of K for all ¢ € {0,1,2}. Thus
vy (A4;) = vn(B;) = 0foralli € {0,1,2}; hence vy(a) = vy(Ag) —vn(A1) = vn(As) =
0, vy(c) = —vn(B1) —vn(B2) =0, and

UN(d) = UN<B[)) + UN(B[)Al + BlAQ + BQA()) — UN(Bl) — ’UN(BQ)
= UN<BOA1 + BlAQ + BQA()) 2 0.
1\/[OI'GOV€I'7 note that, since A()Al + A1A2 -+ AQA() = th(FOFl + F1F2 + FQFQ),
UK(AoAl =+ AlAQ + AQA()) = UK(t2n(F0F1 + FlFQ + FQFO))

=2n — degtfl(FoFl + F1F2 + FQF())
=2n—(n+m)=n—-m

by Lemma 5.2.8. Thus

UN(G) = UN<A0A1 + AlAQ =+ AQA()) — UN<Bl) — UN(BQ) = 47?, — 4m,

and
un(b) = vn(BoB1 + B1By + By By) — vy (A1) — vn(As)
= vy <\/A0A1 FAA, T A2A0> = (4n — 4m)/2 = 2n — 2m.
The last two statements of the lemma now follow by Lemma 5.2.10. O

Lemma 5.2.15. Define a, b, ¢, d and e as in Propostion 5.2.18 and Lemma 5.2.14.
There exist Dy, Doy € k[[t]] such that d = Dy + Dy, that Dy is a square in k[[t]], and
that vy (Dgy) > 4n — max{2m,n} + 4.

Proof. We observe that
t=t""" =" art + b+ er) = at™ et L ot ety

by Lemma 5.2.11, and that vy (t) = 4vk(t) = 4 since N|K is a totally ramified Galois
extension of degree four. Therefore, by Lemma 5.2.14,

oy (at™ ) = vn(a) + (n 4+ Doy (t) +doy(r) = 4(n+ 1) — 4n = 4,
and
on(t — at" ™) > min{vy (b) + on (") +un (r?), on(e) + v () +on (1)}
=min{2n —2m +4(n+1) —2n,4(n+ 1) — n}
= 4n — max{2m,n} + 4.

Furthermore, since vy (d) > 0, there exist d; € k (for i > 0) such that d = Y .2, d;t".
Thus

d= Z dit" = Z d; (at™ et 4 (t — at”“r‘l))i
i=0 i=0
— Z Z d; (;) (at"™ )= — atty

=0 £=0

— idi(athrl?A)i atn+1 4 i
1=0

i=1 (=1

7

dz( ) athrl 4)z K(t _ atn+1r4)€fl
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Let Dy = Y 2o di(at"™ ), and let Dy = d — D;. We note that vy (at™™'r?) =
4 > 0, and that

oy (t — at™ ) > 4n — max{2m,n} +4 > 2n +4 >0,

the second inequality holding by Lemma 5.2.8. Therefore, vy ((t —at"™1r4)=1Dy) > 0,
and
un(D2) > un(t — at”+1r4) > 4n — max{2m,n} + 4.

To show that D; is a square in k[[t]], we observe that t™+1/2 ¢ K since n is odd,
and that vy (t™+1/292) = 2 > 0. Therefore, since k is algebraically closed, and d; € k
for all + > 0, the formal series

n+1)/2,.2 '
Z Vi <BlB2t ' )

is an element of k[[t]]. Moreover, since a =

T A2 by definition,

(Z N (311032 n+1>/zrz)i)2 -y (\/d— (Bi;?tmn/g 2) .)2

i=0
[ee} Ao 7 [e's} .

= d; —t"+1r4> = di(at™ ™" = Dy.0O
=0 (AlAQ ; ( ) 1

Proposition 5.2.16. The conductor ¢,, = n + 2max{2m,n}.

Proof. Recall that Fiqo+ Faqy + Fogo = adr® +aer® +bdr* + (be + cd)r3 + cer?, and let

2
Dy, D, € k[[t]] as in Lemma 5.2.15. Since a = (B]f%2> and D, is a square in k[[t]], it

follows that [adrS] = [a(Dy 4+ Do)r®] = [aDar® + /aD;73] over N. Therefore,

[Fiq0 + Foqi + Fogo] = [GDQTG + aer® + bdr* + (be +cd+\/ aD1> rd + cer2]

over N, and ¢, < —wpn (aD2r6 + aer® + bdr* + (be +ed + \/aDl) r3 + C@TQ). By
Lemma 5.2.14, vy (aer®) = —n — 4m, and vy(bdrt) > —2n — 2m. Moreover, since
V' Dy € K[[t]] by Lemma 5.2.15,

I ((be +cd+ \/ aD1> 3+ cer2) > —3n
by Lemma 5.2.14. Finally, vy(aDor®) > —2n — max{2m,n} + 4 since vy(Dy) >

4n — max{2m,n} + 4 by Lemma 5.2.15.
First suppose that 2m > n. Then

vy (aer®) = —n —4m < —3n < vy ((be + cd + \/aD1> 4 cer2> ,

on(aDar®) > —2n —2m +4 > —n — 4m + 4 > vy(aer®), and
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vy (bdrt) > —2n — 2m > —n — 4m = vy (aer®).

Hence ¢, = —vy(aer®) =n + 4m = n + 2max{2m,n}.

Now suppose that 2m < n. (Note that 2m # n since n is odd.) Then vy(aer®) =
—n —4m > —3n, and vy(aDyr®) > —3n +4 > —3n, and vy (bdr*) > —2n — 2m >
—3n. Thus ¢, < 3n. By Lemma 5.2.9, ¢, > 3n as well. Hence ¢, = 3n = n +
2max{2m,n}. O

Proposition 5.2.17. The conductor c¢;, = 4max{3/2n,n+ m,h} — 3n.

Proof. Note that, by proposition 5.2.16
Cw =N+ 2max{2m,n} = max{n + 4m,3n} = 4max{3n/2,n + m} — 3n.

First, suppose that [H] = 0 over N. By Lemma 4.1.3 (applied twice), it follows
that h < n. Moreover, N[s] = N[w], and hence

cp = ¢y = 4max{3n/2,n +m} — 3n = 4max{3/2n,n +m,h} — 3n.

Second, suppose that [H]| # 0, and that h < n. Then ¢, < 2h — min{h,n} < 2h
by Lemma 5.2.2, and so ¢, = 4max{3n/2,n +m} —3n > 3n > 3h > ¢,. Thus
cr = ¢y = 4max{3n/2,n+m} — 3n = 4max{3n/2,n+ m,h} — 3n.

Third, suppose that h > n. Then ¢, = 4h — 3n by Lemma 5.2.2. Thus

cr, = max{cy, ¢, } = max{4max{3n/2,n +m} — 3n,4h — 3n}
= 4max{3n/2,n+m,h} — 3n

if ¢, # ¢y d.e., if h # max{3n/2,n + m}. Since both h and n are odd integers,
h # 3n/2. Moreover, since m is odd by Lemma 5.2.8, h # n + m. The proposition
now follows. O

Applying Lemma 5.2.1 to Proposition 5.2.17 yields the following corollary.

Corollary 5.2.18. The lower ramification breaks of L over K are {1 = n, {5 = n,
and 3 = 4max{3n/2,n+m,h} — 3n, and the upper ramification breaks of L over K
are uy = n, ug =n, and uz = max{3n/2,n+m,h}.

We now combine the results of Corollaries 5.2.7 and 5.2.18 into a general propo-
sition giving the ramification breaks of L over K in all cases. In this proposition,
we remove the assumption that fo = fi, but continue to insist the (Fy, Fi, H) is a
standard form Qg-triple.

Lemma 5.2.19. Suppose fo < fi. Then m = fi.

Proof. For each i € {1,2}, deg,~1((4Fy) = fo < fi = deg,—1 F;. Thus deg,— (F} +
CiFy) = fy for each i € {1,2}. Hence m = fi. 0

Proposition 5.2.20. The lower ramification breaks of L over K are {1 = fy, {3 =
2f1 — fo, and {3 = 4max{3f/2, f + m,h} — 2f1 — fo, and the upper ramification
breaks of L over K are uy = fy, us = f1, and uz = max{3f1/2, fi + m,h}.
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Proof. Suppose fo < fi. Then Lemma 5.2.19 implies that f; +m = 2f; > 3f;/2.
Moreover, by Corollary 5.2.7, the upper ramification breaks of L over K are u; = fy,
us = f1, and uz = max{2f;, h} = max{3f,/2, fi + m,h}.

Now suppose fo = f1. Then the upper ramification breaks of L over K are u; = fo,
us = f1, and ug = max{3f1/2, fi + m,h} by Corollary 5.2.18. The proposition now
follows. O]

5.3 Characterization of Sequences of Ramification
Breaks

In this subsection, we continue to suppose that k is algebraically closed. By Propo-
sition 5.1.5 it follows that every Qg-extension of K is a QJg-standard form extension
of K. Moreover, by Proposition 5.1.6, every (Qg-extension of K has a standard form
triple (F{, F|, H') satistying the additional condition deg, 1 F{, < deg, 1 F}.

Suppose Gal(L|K) = (Q)s. Recall that we have defined (in Defintion 2.1.9) the nth
element of the sequence of ramification groups of L over K to be Gal(L|K)", where
u; denotes the ith upper ramification break of L|K. We now define the sequence of
ramification groups of L over K to be a Type I sequence if the sequence’s second
element is isomorphic to Z/47, and to be a Type II sequence if the sequence’s second
element is isomorphic to Z/2Z. Note that in all cases, the second ramification break is
strictly smaller than the third; thus the sequence’s third element is always isomorphic
to Z/27.

Asin the D, case, the type of an extension’s sequence of ramification groups affects
the possible sequences of lower and of upper ramification breaks of that extension. In
this subsection, we consider (in the case where k is algebraically closed) the relation
between the type of an extension’s sequence of ramification groups and the sequences
of lower and of upper ramification breaks of that sequence exhaustively.

Let C denote the set of triples (F{, F|, H') of standard form elements of K such
that F{, F| and 0 are pairwise distinct, and let ® denote the surjection from C to the
set of Qg-extensions of K defined in Corollary 5.1.7.

Lemma 5.3.1. Let (o, 3,7) € (Z1)? x (1/2)Z" such that a is odd, o < 3, 3 is odd,
v >38/2, v >2Bifa< B,y €Zify>35/2, and v is odd if v > 2[. Also, let
Fo = t_a, let

At ifv=20
Fi = Gt P+t if v £ 2B and v is even ,
(gt™F if v is odd or vy & 7

where (3 € k is a primitive cube root of unity, and X is an element of k\FF4, and let
t™7  if v is odd
- ?f 7 850 '
0 if v is even or vy & 7

Then (Fy, F1, H) € C, and the sequence of upper ramification breaks of the Q-
extension ®((Fy, F1, H)) of K is (o, B,7).
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Proof. Since o and S are both odd, Fy, F} and H are all standard form elements of K.
Since A ¢ Fy, the elements Fy, F} and 0 are pairwise distinct; as such, (Fy, F1, H) € C.
Now let fo = deg,—1(Fp), f1 = deg,—1(F1), h = deg,—1(H), and let

m = min{degtfl(Fl + CgFo), degtfl(Fl + CS?FO)}

Then fy = «a, and f; = [ unless «v is even and not equal to 2. Moreover, if ~ is
even and not equal to 2/3, then v < 23; hence —y + 8 > —f, and f; = . Thus f, =
a < B = fi in all cases; therefore, the sequence of upper ramification breaks of L =
O((Fo, F1, H)) is (u1,u2,u3) = (fo, f1, max{3f1/2, fi + m,h}) by Proposition 5.2.20.
Hence u; = fy = a, and uy = f1 = 5.

First, suppose a < 3. Then deg,—: (F1+(iFy) = max{a, 3} = [ foreachi € {1,2}.
Hence m = 3, and f; + m = 2. Thus ug = max{23,h}. Moreover, in this case
v > 243, and 7 is odd if and only v > 23. Hence uz = 7.

Second, suppose that o = 3, and that v is odd. Then F}+(3Fy =0, and H =t7.
Since v > 3/3/2, it follows that us = max{35/2,v} = .

Third, suppose that a = [, and that v is not odd. Then H = 0, and us =
max{35/2, 5 + m}.

If v = 20, then Fy + (i Fy = (A + )t~ for each i € {1,2}. Since A ¢ Fy, it follows
that m = (8, and that ug = max{3/5/2,25} =25 = ~.

If v # 23, and 7 is even, then v < 23, and F} + (3Fy = t 7P, Hence m = v — 3,
and ug = max{35/2,v} = .

Ify ¢ Z,ie., if y=33/2, then Fy + (3Fy = 0. Hence m = —oo, and ug = 33/2 =
. 0

Proposition 5.3.2. Let (o, 3,7) € (Z7)* x (1/2)Z*. Then (o, 3,7) is the sequence
of upper ramification breaks for a Qg-extension of K if and only if o is odd, o < 3,
B is odd, v > 3B8/2, v > 2B ifa < B,y € Z if v > 3B3/2, and v is odd if v > 20.
Moreover, if M 1is a Qg-extension of K with sequence of upper ramification breaks
(e, B,7), then

(1) M has a Type I sequence of ramification groups if a < (3, and
(2) M has a Type II sequence of ramification groups if o = 3.

Proof. Since ® is surjective, the triple (o, 3,7) is the sequence of upper ramification
breaks for a D4-extension of K if and only if there is a triple in C whose image under
® has (o, 8,7) as its sequence of upper ramification breaks. Lemma 4.4.1 provides
such a triple in C if (o, 3,7) satisfies the conditions of the unnumbered claim of the
proposition.

To prove the converse, let (Fo, Fi, H) € C, and let f = deg,-1(Fp), g = deg,-1(F1),
h = deg,1(H), and m = min{deg, 1 (Fy + (3Fp),deg,—1 F1 + (3F}. By Proposi-
tion 5.1.6, we may and do assume, without loss of generality, that fy < f;. Then
the sequence of upper ramification breaks of L = ®((Fy, Fy, H)) is (ug,ug, u3) =
(fo, fr,max{3f1/2, fi + m,h}) by Proposition 5.2.20.

Since Fy, Fy and H are all in standard form over K, and neither Fy nor F} is
equal to zero, fy and f; and both odd and positive, and h either is either both odd
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and positive, or is equal to —oo. It follows that u; is odd, that u; < us, that usy is
odd, that ug > 3us/2. Moreover, m either is an odd positive integer no greater than
f1, or is equal to —oo by Lemma 5.2.8. Thus uz € Z if ug > 3us/2, and us is odd if
uz > 2Us.

Suppose that fo < fi. Then uy = fy < fi = uy. Hence the second element of the
sequence of ramification groups of L over K is Gal(L|K|q]) = Z/4Z; i.e., L has a
Type I sequence of ramification groups. Moreover, m = f; by Lemma 5.2.19. Hence
u3 > 2uy. This completes the proof of the unnumbered claim of the proposition.

Now suppose that fo = f;. Then uy = fy = fi = us. Hence the second element of
the sequence of ramification groups of L over K is Gal(L|K[qo, 1]) = Z/27Z; i.e., L
has a Type II sequence of ramification groups. O

The following proposition is the precise analogue to Proposition 4.4.2 concerning
the lower ramification breaks of Dy; accordingly, we omit its proof.

Proposition 5.3.3. Let (a,b,¢) € (Z*)* x (1/2)Z". Then (a,b,c) is the sequence
of lower ramification breaks for a Qg-extension of K if and only if a is odd, a < b,
a=b(mod4),c>a+2b c>2a+3bifa<b b=c (mod8) ifc > a+2b, and
b= c (mod 8) if ¢ > 2a + 3b. Moreover, if M is a Qg-extension of K with sequence
of lower ramification breaks (a,b,c), then

(1) M has a Type I sequence of ramification groups if a < b, and

(2) M has a Type II sequence of ramification groups if a = b.
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Chapter 6

Local Lifting of D ,-Extensions

6.1 Deformations in Characteristic Two

Having determined the ramification breaks of a Ds-extension corresponding to an odd-
form triple of elements, we are now ready to define the equicharacteristic deformations
needed to prove that D, is indeed a local Oort group. Let k be an algebraically closed
field of characteristic p > 0, let K = k((t)) be the field of Laurent series over k, fix an
algebraic closure K& of K, and let L C K®2 be a Galois extension of K with cyclic-
by-p Galois group I'. Furthermore, let A = k[[t]], and let B = k[[z]] be the integral
closure of A in L. Finally, let A = k[[wm,1]], let K = Frac(A), and let S = A[w™!],

where w is an element transcendental over A.

Definition 6.1.1. An equicharacteristic deformation of the I'-extension B over A is
a I'-extension k|[[w, z]] over A such that the Galois action of I on k[[w, z]] over A
restricts to the Galois action of I' on the extension B over A.

Remark 6.1.2. The original extension B over A is the special fiber of the deformation,
while the extension k[[w, 2]][w™!] over S is the generic fiber. One can think of S as
the ring of functions on the open unit disc of k((w)) about t.

Since we shall only be concerned with the case in which p = 2 and I' = Dy,
we assume that p = 2 and that I' = D, henceforth. We shall define the needed
equicharacteristic deformations by deforming, in a few particular ways, a triple of
standard form elements that generates the Dy-extension L of K. Accordingly, let F,
G and H be elements of K = k((t)) in standard form with respect to ¢, and let g,
r, and s be elements of K& such that, firstly, ¢> + ¢ = F, r> +r = Gq + H and
s? + s = G, and, secondly, L is the Galois closure over K of K[q,r]. The existence
of these elements in guaranteed by Proposition 4.2.6. Let f, g, h and d denote the
degrees in t7! of F, G, H and F + G, respectively. Moreover, for 1 < i < 3, let u;
denote the ith upper ramification break of L over K, and let ¢; denote the ith lower
ramification break of L over K.
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6.1.1 Preparatory Lemmas

Let ﬁ, é, and H € K, and let ¢,7,s € K*& such that ¢% + q= ﬁ, P2+ T :§§~I— H.
Also, let o € k[[w]]. Then Siy_,) = k((w))[[t — o]], and Ky—,) = Frac(Su—,)) =
k((@))((t = 0))-

Lemma 6.1.3. There exist a finite extension k((a)) C k((w))™® of k((w)) and el-
ements F'.G" € k((«a))((t — o)) in standard form with respect to t — o such that

[F] = [F"] and [G] = [G"] over k((a))((t = 0)).

Proof. Let F = Y s n Pn(t — 0)", and let G = > ns_n Yult — 0)", where each
coefficient ¢, and each coefficient v, is in k((w)). Define a € k((w))™#® such that
k((a))((t — o)) is the finite extension of k((w))((t — o)) given by appending Artin—
Schreier roots of ¢y and 7y, and, for all d = 2m, m being odd, the 2-th root of ¢_4

and of v_4. Then [¢o] = [yo] = 0 over k((a))((t — 0)), and, for all d = 2°m, m being
odd,

[f_alt — o) =[62,(t —0)™], and [y_a(t — o)™ =2, (t—0) ™)

Hence, as in the proof of Proposition 2.2.5, each of F and G is Artin-Schreier-
equivalent over k((«))((t—p)) to an element in standard form with respect tot—p. [

Let ¢ € k((a))((t — 0))™® such that (¢')* + (¢) = F', let s’ € k((a))((t — 0))™®
such that ()2 + () =G', and let J =G'(¢ +q¢) + F(s'+35)* + H.

Lemma 6.1.4. There exist a finite extension k((o’)) C k((w))™® of k((@)) and

J € k((a))((t — o)) in standard form with respect to t — o such that [J] = [J] over
E((e)((t = 0)).
Proof. The proof of this lemma is entirely analogous to that of Lemma 6.1.3. m

Lemma 6.1.5. There exists a finite extension k((3)) C k((w))™¢ of k((«)) such that
each degree two extension Ko|Ky of fields satisfying

Ly 2 Ko D K1 2 Koy Z R((B)((t — 0)),

where K" denotes the fraction field of k[[5,t]], and L denotes the Galois closure of
K'G, 7], is totally ramified.

Proof. By appending elements to k((a/)) as in Lemma 6.1.3, we generate a finite ex-
tension k((3)) of k((a’)) such that each degree two extension Kj|K; of fields satisfying
E(t_g) DKy DK, D k\’(t_g) is generated by an Artin—Schreier root of an element in
K, with odd valuation. Proposition 2.2.7 then implies that each such extension is a
totally ramified extension of fields. O]

Now let A" = k[[3,1]], let K’ = Frac(A’) (as in Lemma 6.1.5), and let &' = A’[371].
Moreover, let £ be the Galois closure of K'[¢, 7] (as in Lemma 6.1.5), let B be the
integral closure of A’ in £, and let 7 = Blw™].



Corollary 6.1.6. Fach of the factors of the degree eight k\’(t,g)-algebm E(t,g) 1S
both totally ramified over and generated by standard form elements over K';_,

E((O))((E = 0))-

Proof. The first claim of the corollary follows immediately from Lemma 6.1.5. For
the second claim, let 7’ € k((3))((t — o)) such that (r')? +r' = G'¢' + J. By Proposi-
tion 3.1.8, K'[¢, 7] = K'[¢, r']. The second claim of the corollary now follows. ]

Lemma 6.1.7. Suppose that F,G € Al NK = A(z), that F =F (mod @) and that
G =G (mod @). Then Gal(L|K') = D,

Proof. Since Gal(L|K') = Dy, it follows that [F] # 0 over K, that [G] # 0 over K,
and that [G] # [F] over K by Proposition 3.1.8. Since ' = F (mod @) and G = @
(mod @), it follows that F= = F' (mod f3) and G = G (mod f). Hence [F] # 0 over
Algy: [G] # 0 over Ay and [G] # [F] over Alg)- Moreover, S:nce Algy 1s a difcrete
valuation ring (and hence is integrally closed), it follows that [F] # 0 over K', [G] # 0

over K’ and [G] # [F] over K'. Therefore, Gal(£|K') = D, by Proposition 3.1.6 and
by Lemma 3.1.2. O

6.1.2 First Deformation

For the first equicharacteristic deformation, suppose that the sequence of ramification
groups of L over K is of Type I, i.e., that f < d = g. Let F=F G=Gt—w)?,
and H = H{2(t — )2 By Corollary 6.1.6, there exists a finite extension k((5))
of k((w)) such that each of the factors of the degree eight K (t—w)-algebra, E(t =) 18

both totally ramified over and generated by standard form elements over KK (t—w) =
kE((8))((t — w)), where A', K', 8, L, B and T are defined as in Subsection 6.1.1.

Proposition 6.1.8 (First Deformation). The following statements all hold.
(1) Gal(L|K')= D

(2) As a Dy-extension of Dedekind domains, B/(3) over A'/(53) is isomorphic to B
over A.

(3) The Dy-extension of Dedekind domains T over S’ is branched at precisely two
maximal ideals, viz. (t) and (t — w). Above (t), the inertia group is Dy, the
sequence of lower ramification breaks is (1,0 — 4,03 — 4), and the sequence of
upper ramification breaks is (uy,us —2,u3 —2). Above (t —w), the inertia group
is Gal(LIK'[q)) = Z/2Z x Z)2Z, and the sequence of lower ramification breaks
is (1,1).

Proof. To prove statement (1), note that F,G € A(w) = Al N K since (t — @) ™? =

7257 (t'@)?". Note also that ' = F (mod @), and that G = G (mod ). Thus
(1) holds by Lemma 6.1.7.
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To prove (3) for the ideal (¢), consider the completion §’(t) =~ k((B))[[t]] of the
localization Sf,) of &', and note that, over k((8))[[t]], (¢ — w)~? is a unit. Thus
—v( ( F) = f, - (G () = g —2 and —v(t)(f]) = h — 2 (unless H = 0). Since f is
odd, IC’ y[q] is a totally ramified extension of k\’ >~ k((8))((t)) with conductor f
by Proposition 2.2.7. Similarly, k\’(t)ﬂ is a totally ramified extensions of IC’ with
conductor g — 2. Moreover, if f < g —2, —vy (F+G) =g —2. Since (t — ) 2=
w23 (tw1)?", the coefficient of £792 in the Laurent series expansion of G is
not contained in k, whereas the coefficient of ¢t~/ in the Laurent series expansion of
F is contained in k. Thus, if f =g — 2, —v(t)(ﬁ + é) = g — 2 as well. Therefore,
by Proposition 2.2.7, /IC\’(t) [G + §] is ramified over k\’(t) with conductor g — 2. Hence,
by Corollaries 4.1.2 and 4.3.3, the first, second and third terms in the sequence of
upper ramification breaks over (t) are min{g — 2, f} = f = uj, g — 2 = us — 2 and
min{f + g —2,h — 2} = max{f + g, h} — 2 = uz — 2, respectively. Statement (3) for
(t) now follows by Proposition 2.1.11.

To prove (3) for the ideal (¢ — w), note that, over the completion S’ =)

k((B)[[t — @] of the localization Sf, ) of &', t is a unit. Thus —v;- w)(F) 0,
—V(t— w)(é) = —U(t—) (ﬁ—ké) =2, and —vg_ w)(ﬁ) < 2. Since each factor of E(t_w) is
generated by standard form elements over K (t—w), it follows that [F | = 0 over k\’(t,w)
and that thus K’ (t-=) ] = /K\(t,w). Furthermore, the conductor of K’ (t-w)|q, 8] over
’e(t—w) [q] is 1.

Since [F | = 0 over K (t-=): , the fact that each factor of ﬁt =) is generated by
standard form elements over IC’ (t—w) implies that Gq+H is Artin—Schreier-equivalent
over IC (t-=) to an element J in standard form with respect to ¢ — @w. Moreover,
since ¢ ¢ k((9)), —V(t-) (Gq + H) = 2. Thus —V(— w)(J) 1, and the conductor
of k\’(t,w) [q, 7] over K (t-=)[q] is 1. Similarly, —vq_ w)(Gq + G+ H) = 2, and the
conductor of k\’(t_w) [q,7 + §] over /IC\/(t_w) [q] is 1. Statement (3) for (¢ — w) now
follows by Lemma 4.1.5 (and Corollary 4.1.2).

Finally, to prove (2), note that the degree oz of the different of L over K is
40y 4 205 + €5 + 7 by Corollary 2.3.4 (Hilbert’s different formula). Similarly, by (3),
the contribution of (¢) to the degree d7/s of the different of 7' over &' is 4¢; +
2(0; —4) + (03 —4) + 7 = 6k — 12, and the contribution of (t — w) is d7/ s is
2-(2(1)+143) =12 . Thus é;s = Ok — 12+ 12 = 0. Therefore (2) holds by
Theorem 3.4 in [GM9S|. O

6.1.3 Second Deformation

For the second equicharacteristic deformation, suppose that the sequence of rami-
fication groups of L over K is of Type II, i.e., that d < f = g. Let a; denote the
coefficient of ¢t~/ in the Laurent series expansion of F, and let a, denote the coefficient
of t79 in the Laurent series expansmn of G. Let also F = F+apt~ +apt+2(t—w) 2,
G =G+agt ™9 +a,t9%2(t —w) 2, and H = Ht*(t — w)~*. By Corollary 6.1.6, there
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exists a finite extension k(((3)) of k((w)) such that each of the factors of the degree
eight K’(;_)-algebra L;_) is both totally ramified over and generated by standard

form elements over I/C\’(t_w) = k((8))((t — w)), where A", K', §', L, B and T are
defined as in Subsection 6.1.1.

Proposition 6.1.9 (Second Deformation). The following statements all hold.
(1) Gal(L|K') = D,

(2) As a Dy-extension of Dedekind domains, B/(S) over A’'/(B), is isomorphic to
B over A.

(3) The Dy-extension of Dedekind domains T over S’ is branched at precisely two
mazximal ideals, viz. (t) and (t — w). Above (t), the inertia group is Dy, the
sequence of lower ramification breaks is ({1,0y — 4,03 — 12), and the sequence
of upper ramification breaks is (uy,us — 2,u3 — 4). Above (t — w), the inertia
group is Gal(L|K'[G+ §]) = Z/AZ, and the sequence of lower ramification breaks
is (1,5).

Proof. To prove statement (1), note that F, G € A(w) = Al N K since (t — @) ? =
725> (t'w)?". Note also that F = F (mod @), and that G = G (mod ). Thus
(1) holds by Lemma 6.1.7.

To prove (3) for the ideal (t), note that, over the completion &'y = k((8))[[t]] of
the localization Séf) of &', (t —w)~? is a unit. Thus —vy)(F) = f _/% and —v(y) (G) =
g—2,and —vy(H) = h — 4 (unless H = 0). Since f — 2 is odd, K’y [q] is a totally
ramified e}it\enSion of Kty = k((8))((¢)) Xv\ith conductor f — 2 by Proposition 2.2.7.
Similarly, K'(;[3] is totally ramified over K'(;) with conductor g — 2. Moreover, since

d < f =g, it follows that a; = a, and that F + G = F + G. Thus —v(F + G) = d.
Therefore, since f — 2, g —2 and d are all both positive and odd , 1t follows by
Corollary 4.3.3 (and Corollary 4.1.2) that E(t is a field extension of IC ), and that
the first, second and third terms of the sequence of upper ramlﬁcatlon breaks over
(t) aremin{d,f—2} =d=u,g9—2=uy—2and max{f —2+g—2,h—4} =
max{f + g,h} —4 = uz — 4, respectively. Statement (3) for (¢) now follows by
Proposition 2.1.11. R

To prove (3) for the ideal (¢ — w), note that, over the completion &'y o) =

k((B)[[t — @]] of the localization Sf, _, of &', t is a unit. Thus —vy—x)(F) =
— V(¢ w)(G) =2, —V(t—w) (F+G) = —Vt-o)(F+G) =0, and —v;_ w)(ﬁ) < 4. Since
each factor of L, (t—w) 18 generated by standard form elements over KK (t—w), it follows
that [F + G] — 0 over K/ (t-w) and that thus i (t-=)q + 3] = k\(t,w). Furthermore,
the conductor of k\’(t,w) [q] = k\’(t,w) 5] over k\’(t,w) is 1.

Let F’ and G’ denote the elements of /IC\’(t,w) in standard form that are Artin—
Schreier-equivalent to F and é, respectively, and let ¢, s’ € k\’?;g_w) such that (¢')? +
¢ =F and (s)2+5 =G Letalso J=G'(¢ +§)+ F(s +5)2+H € k\’(t,w). Then
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[éq~ + f]] G'q + J] by Proposition 3.1.8. Since L, (t-w) is generated by standard
form elements over X/ (t—w), it follows that J is Artin— Schreler—equlvalent over K/ (t—)
to an element J in standard form with respect to ¢ — .

Let b denote the conductor of K’ (-0, T, 8] = IC (t-=) [, 7] over K'y_[q]. It
follows from Proposition 2.1.5 that the sequence of lower ramlﬁcatlon breaks of
IC( _— ]overlC(t =d] is (1,b). Since vy (F' + F) = 2, —v4_ay(q +§) = 1.
Similarly, —v(—)(s' + §) = 1. Thus

4y (J) =G (¢ +§) + F(s' + 35> + H < 4,

and hence —vy_5y(J) < 3. Since I/C\’(t_w) [q] = I/C\’(t_w) 5], Proposition 2.2.1 implies
that F' = G'. Therefore, b = 2max{1 + 1, —v4_=)(J)} —1 < 5 by Corollary 4.1.11.
Thus the contribution of (¢t — @) to the degree d7+s: of the different of 7" over &’
is 2+ (2(1) + b+ 3) = 2b+ 10 < 20 by Corollary 2.3.4 (Hilbert’s different formula).
Moreover, the contribution of (¢) to the degree d7/s is 401 4+2(ly—4)+ ((3—12) +7 =
drjx — 20 by statement (3) for (¢). Hence d7sr < dpx. By Theorem 3.4 in [GMIS],
drns 2 Opji. Thus d71s = 0k, 204+ 10 = 20, and b = 5. Statement (3) for (t — @)
now follows immediately, and statement (2) follows by Theorem 3.4 in [GM98]. [

6.1.4 Third Deformation

For the third equicharacteristic deformation, suppose that u; = min{d, f} > 1. Let
F=Ftt—-w)?2 G=Gtt—wm) 2 and H= Ht*(t — w)*. By Corollary 6.1.6,
there exists a finite extension k:((ﬁ)) of k((w)) such that each of the factors of the
degree eight K’(t - -algebra L L(t—w) is both totally ramified over and generated by

standard form elements over K’ (t-=) = k((B))((t — w)), where A, K', S, L, B and
T are defined as in Subsection 6.1.1.

Proposition 6.1.10 (Third Deformation). The following statements all hold.
(1) Gal(L|K') = D,

(2) As a Dy-extension of Dedekind domains, B/() over A'/(B) is isomorphic to B
over A.

(3) The Dy-extension of Dedekind domains T over S’ is branched at precisely two
maximal ideals, viz. (t) and (t — w). Above (t), the inertia group is Dy, the
sequence of lower ramification breaks is ({, — 2,05 — 2,03 —10), and the sequence
of upper ramification breaks is (u; —2,us —2,u3 —4). Above (t —w), the inertia
group is Dy, and the sequence of lower ramification breaks is (1,1,9).

Proof. To prove statement (1), note that F,G € Az) = Ag N K since (& — w)? =
t725°> ,(t7tw)®™. Note also that F=F (mod @), and that G = G (mod w). Thus
(1) holds by Lemma 6.1.7.

To prove (3) for the ideal (¢), note that, over the completion §’(t) = k((08))[[t] of
the localization Sf) of &', (¢ — w)~? is a unit. Thus —v(t)(f) = f -2, —v(t)(é) =
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g- 2, and —v (H) =h—4 (unless H = 0) Since f — 2 is both positive and odd,
K (g is a totally ramified extension of IC’ = k((B))((t)) with conductor f — 2
by Proposition 2.2.7. Similarly, K’ (t )[~] is totally ramified over IC’ = k((8)((1))
with conductor g — 2. Moreover, since F+G=(F+®)t—w) 2 it follows that
k\( y[q + 3] is totally ramified over IC’(t) with conductor d — 2. Since f — 2, g — 2
and d — 2 are all both positive and odd, and h — 4 is not both positive and even,
Corollaries 4.1.2 and 4.3.3 together imply that E(t) is a field extension of k\’(t), and
that the first, second and third terms of the sequence of upper ramification breaks
over (t) are min{d — 2,f —2} = min{d, f} —2 = w3 —2, g —2 = up — 2 and
max{f —2+g—2,h—4} = max{f +g,h} —4 = uz — 4, respectively. Statement (3)
for (¢) now follows by Proposition 2.1.11.

To prove (3) for the ideal (¢ — w), note that, over the completion g’(t_w) =
k((8)[[t — =]] of the localization S[,_, of &', ¢ is a unit. Thus —v(t_w)(ﬁ) =2 =

—v(t_w)(é) = —V(-o) (F +G) = 2 and — V(- w)(H) < 4. Since each factor of
E(t @) 18 generated by standard form elements over K’ (t—w), it follows that each of
the conductors of K/ (1 =)l I/C\(t =)[5], and I/C\t =)|q + 3] over I/C\(t ) | is 1. Thus
(cf. Remark 4.2.3) ,C(t =) is itself a (totally ramified) field extension of K/ (==

As in the second deformation, let F’ and G’ denote the elements of i (t—w) D
standard form that are Artin—Schreier-equivalent to F and 6’, respectively, and let
q,s € /C’ ~ = such that (¢')* +¢ = F" and (s)* + s = G'. Let also J=G(q +

q) + F(s +35)?2+H e k\t =). Then GG+ H] = [G'¢ + J] by Proposition 3.1.8.
Since ﬁ(t =) is a Dy-standard form extension of IC t—a), it follows that J is Artin—
Schreier-equivalent over K (t-=) to an element J in standard form with respect to
t— .

Let b denote the conductor of k\’(t_w) [q, 7] over k\’(t_w) [q]. By Proposition 4.3.2
(and Corollary 4.1. 2), it follows that the sequence of lower ramification breaks of
E(t =) over IC’(t =) is (1,1,2b —1). Since —v—c)(F' + ﬁ) =2, —V4-=)(¢ +q) = 1.
Similarly, —v(—)(s' + §) = 1. Thus

4y (J) =G (¢ +§) + F(s' +35)? + H < 4,

and hence —v_z)(J) < 3. Therefore, b = 2max{1l + 1, —v4_=)(J)} =1 < 5 by
Proposition 4.1.8. Thus the contribution of (¢t —w) to the degree 075 of the different
of T"over §"is 4(1) +2(1)+ (2b— 1)+ 7 = 2b+ 12 < 22 by Corollary 2.3.4 (Hilbert’s
different formula). Moreover, the contribution of (¢) to the degree 075/ is 4(¢; —2) +
2(0y —2) 4+ (03 — 10) + 7 = dpjx — 22 by statement (3) for (¢). Hence o715 < 6p)k-
By Theorem 3.4 in [GM98], (57'/‘3/ > 6L\K- Thus 57'/|3/ = 5L|K7 2b + 12 = 22 and
b= 5. Statement (3) for (¢ — @) now follows immediately, and statement (2) follows
by Theorem 3.4 in [GM9S]. O
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6.2 Main Theorem

Having now found various equicharacteristic deformations of D4-Galois extensions
of complete discrete valuation fields of characteristic two with algebraically closed
residue field, we use the ‘method of equicharacteristic deformation’, as used in [Pop14],
in [Obulb], and in [Obul6] to prove that all such extensions lift to characteristic
zero, i.e., that Dy is a local Oort group for the prime two. We begin by using the
deformations of Section 6.1 to reduce to the case of extensions with, in some sense,
small ramification breaks.

6.2.1 Deformation Reductions

In order to use the deformations of Section 6.1 effectively to reduce the cases under
consideration, we shall need to use Theorem 6.20 in [Obul7|, which is reproduced
below as Theorem 6.2.1 for convenience. The argument for this theorem was commu-
nicated orally by Pop, who presented an earlier version of this theorem, peculiar to
the cyclic case, in [Popl4].

Let k be an algebraically closed residue field of characteristic p > 0, let K = k((¢)),
and let G be a cyclic-by-p group.

Theorem 6.2.1. Suppose that k[[z]]/k[[t] is a local G-extension that admits an
equicharacteristic deformation whose generic fiber lifts to characteristic zero after
base change to the algebraic closure. Then k[[z]]/k[[t]] lifts to characteristic zero.

As we shall only require the case in which p = 2, we shall assume that p = 2
henceforth.

Proposition 6.2.2. Let (uy,us,u3) be a triple of positive integers such that there
exists a Dy-extension of K whose sequence of ramification breaks (uy,ug, us). Suppose
that us > 1, and that every Dy-Galois extension of K with second ramification break
over K less than or equal to uy — 2 lifts to characteristic zero. Then every Dy-
Galois extension of K whose sequence of ramification breaks is (uy,us,us) lifts to
characteristic zero.

Proof. Let L be a D4-extension of K whose sequence of upper ramification breaks is
(u1,us,u3). The sequence of ramification groups must be of one of the three types
enumerated in Subection 4.4.

Suppose firstly that the sequence of ramification groups of L is of Type I. By
Proposition 6.1.8, L admits an equicharacteristic deformation whose generic fiber has
second ramification break us — 2 over the ideal (¢) and inertia group congruent to
Z.)27 x 7./27 over the ideal (t — w). By the hypothesis above and [Pag02], the base
change of this generic fiber to the algebraic closure lifts to characteristic zero. Thus
L|K lifts to characteristic zero by Theorem 6.2.1.

Suppose secondly that the sequence of ramification groups of L is of Type II. By
Propostition 6.1.9, L admits an equicharacteristic deformation whose generic fiber
has second ramification break us — 2 over the ideal (¢) and inertia group congruent to
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Z/AZ over the ideal (t — @). By the hypothesis above and [GM98], the base change
of this generic fiber to the algebraic closure lifts to characteristic zero. Thus L| K lifts
to characteristic zero by Theorem 6.2.1.

Suppose finally that the sequence of ramification groups of L is of Type III. By
Proposition 4.4.2, u; = uy. Since us > 1 by supposition, u; > 1 as well. Therefore, L
admits an equicharacteristic deformation whose generic fiber has second ramification
break uy — 2 over the ideal (¢) and second ramification break 1 over the ideal (¢t — w)
by Proposition 6.1.10. Thus the base change of this generic fiber to the algebraic
closure lifts to characteristic zero by hypothesis. Hence L|K lifts to characteristic
zero by Theorem 6.2.1. [

6.2.2 Supersimple Extensions

The propositions of the previous subsection have effectively reduced the proof that
Dy is a local Oort group to showing that every Dj-extension of a complete discrete
valuation field of characteristic two with algebraically closed residue field whose sec-
ond upper ramification break is 1 lifts to characteristic zero. That all such extensions
do, in fact, lift to characteristic zero, is a result of Brewis in [Bre08|, phrased there
in somewhat different language.

Let K be a complete discrete valuation field of characteristic two with algebraically
closed residue field, and let L be a Galois extension of K such that Gal(L|K) = Dj.
Following Brewis, we fix a,b € D, such that Dy = {(a,b | a* = b® = e,bab™! = a?).

Definition 6.2.3 (Brewis). The extension L over K is supersimple if both of the
following two conditions hold:

1. The degree of different of L{**) over L{@*9 is 2.

2. The degree of different of L% over K is 2.

The main result of [Bre08], denoted therein as Theorem 4, is as follows:

Theorem 6.2.4 (Brewis). If L|K is supersimple, then L|K lifts to characteristic
zero.

To rephrase Theorem 6.2.4 in terms of the ramification breaks of L over K, we
shall need the following proposition.

Proposition 6.2.5. The extension L|K is supersimple if and only if the second ram-
ification break of L|K is 1.

Proof. By Hilbert’s different formula (Corollary 2.3.4), L| K is supersimple if and only
if both the conductor of L{®*) over L@*%) and the conductor of L{*¥ over K are equal
to 1. By Lemma 4.1.3 and Lemma 4.1.5, this occurs if and only if all three of the
conductors over K of the degree two subextensions L<a2’b>, L@*ab) and L) are equal

to 1. By Proposition 4.3.2, this occurs if and only if the second ramification break of
L|K is 1. ]

Corollary 6.2.6. Suppose that the second upper ramification break of L over K is 1.
Then L|K lifts to characteristic zero.
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6.2.3 Proof of Main Theorem

We conclude by proving the main theorem of the thesis concerning D4, and by ob-
serving an immediate corollary.

Theorem 6.2.7. The group Dy is a local Oort group for the prime 2. That is, the
following statement holds:

Let K be a complete discrete valuation field of characteristic two with algebraically
closed residue field, and let L be a Galois extension of K such that Gal(L|K) = Dj.
Then L|K lifts to characteristic zero.

Proof. Let us denote the second upper ramification break of L over K. We shall
proceed by strong induction on wuy. By Corollary 4.3.3, uy is odd. The base case
(up = 1) is given by Corollary 6.2.6. Since uy is odd, the induction step is given by
Proposition 6.2.2. Thus L|K lifts to characteristic zero, as claimed. O

By Theorem 1.2.7 (or by Theorem 1.2.8), Theorem 6.2.7 implies the following
corollary.

Corollary 6.2.8. The group Dy is an Qort group for the prime 2.

Remark 6.2.9. One might hope to use the methods used in this paper to prove that
Dg, or more ambitiously, Don for some n > 4, is also a local Oort group for p = 2.
However, there are at present at least two substantial obstacles to such a proof.

Firstly, the calculation of the ramification breaks (and hence the differents) of D,-
extensions of complete discrete valuation fields presented in Subsection 4.3 depends
essentially on the fact that the Galois closure of any non-Galois two-level tower of
7./27-extensions of a field is a Dy-extension of that field. While Dg-extensions do
occur as the Galois closures of smaller field extensions, there is no similarly simple
class of extensions whose Galois closures are invariably Dg-extensions. The situation
for higher dihedral extensions is similar to that for Dg-extensions.

Secondly, the effective use of the ‘method of equicharacteristic deformation’ re-
quires a base case of extensions known to lift to characteristic zero. In the D, case,
the work of Brewis in [Bre08] provided this base. However, neither in the Dg case
nor in any higher dihedral case is any extension in characteristic two known to lift to
characteristic zero.
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Chapter 7

Local Lifting of ()s-Extensions and
SLo(Z/37)-Extensions

Let k be an algebraically closed field of characteristic two. In this chapter, we shall
show that neither Qg nor SLy(Z/37Z) is an almost local Oort group (or even an almost
local Bertin group) for &, and shall rehearse open problems concerning the local lifting
of Qs-extensions and of SLy(Z/37Z)-extensions.

7.1 The Bertin Obstruction

Let K = k((t)) be the field of Laurent series over k let L = k((s)) be a finite Galois
extension of K. Moreover, let I' = Gal(L|K), and let ¢ : I' — Autg(k[[s]]) denote
the canonical Galois action of I" on k[[s]]. As in Subsection 2.1, we define a function
ir : I' = Z>o U {oo} such that

ir(o) = v (o(s) — s)
for all o € I, where vy, is the discrete valuation of L.
Definition 7.1.1. The Artin character ays: G — Z of ¢ is defined such that

a (O’) _ {—ip(()’) if o 7& IdL '
? ZU#IdL iF(O') lfO':IdL

In [Ber98|, Bertin proved a more general, global version of the following local
theorem, which follows the rephrasing in [CGH11].

Theorem 7.1.2 (Théoréme in [Ber98|). Suppose L|K lifts to characteristic zero.
Then there exists a positive integer m and a finite G-set S with non-cyclic trivial
stabilizers such that ay = m - regr — Xxg, where regp is the character of the regular
representation of G, and xs is the character defined by the action of G on S.

In light of Theorem 7.1.2, we say that the Bertin obstruction of ¢ vanishes if such
an m and an S do exist.
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We now let C be a set of representatives of the conjugacy classes of the cyclic sub-
groups of GG, and, for all subgroups H of GG, let 15 denote the trivial one-dimensional
character of H.

Proposition 7.1.3 (Proposition 2.1 in [CGH11]). The following statements both hold.

(1) There exist unique rational numbers by for T € C such that

—Qy = Z bTIndng.

TeC

(2) The Bertin obstruction of ¢ vanishes if and only if by is a non-negative integer

fO?“ all T 7é {Idk[[s]]}.

In the case in which T' is either a dihedral group of order 2p", or (if p = 2) a
semi-dihedral or quaternion group of order 2p”, Chinburg, Guralnick and Harbater
used the characterization of the Bertin obstruction given in 7.1.3 to prove necessary
and sufficient conditions for the Bertin obstruction of ¢ to vanish in terms of the
ramification breaks of extensions L'| K’ such that K C K’ C I/ C L. We provide the
result for I' = Gal(L|K) = Qs below.

Proposition 7.1.4 (Corollary 14.11.c in [CGH11]). Suppose that I' = Qs, and let
Lo C L denote a degree two subextension of K. Moreover, let dy denote the degree of
the different of Lo|K (so that dyg — 1 is the conductor of Lo|K), and define iy and iy
such that the sequence of upper ramification breaks of N|Lg is (ig,i9 + 11). Then the
Bertin obstruction of ¢ vanishes if and only if 11 is even, and i1 > d.

7.2 (Qs-Extensions and SL,(Z/3Z)-Extensions with
Non-Vanishing Bertin Obstruction

Let k be an algebraically closed field of characteristic two, let K = k((¢)), let K’ =
k((t?))and fix an algebraic closure K& of K. In this section we exhibit, for each odd
positive integer n, a Qg-extension N|K whose sequence of lower ramification breaks
is (n,n,3n). Moreover, if 3 { n, the extension N|K’ is a SLy(Z/3Z)-extension. We
observe that it follows that both the local Qg-action corresponding to N|K and the
local SLy(Z/3Z)-action corresponding to N|K’ if 3 1 n have non-vanishing Bertin
obstruction. Hence neither Qg nor SLy(Z/37Z) is, in the sense of [CGH11], an almost
Bertin group for k.

7.2.1 (Qs-Extensions

Let n be an odd positive integer. Moreover, for all i € {0,1,2}, let F; = ¢it™", where
(3 € k is a fixed non-trivial cube root of unity, and let ¢; € K such that ¢>+¢; = Fi.
Finally, let L; = K|[g;| for all i € {0,1,2}, let M be the compositum of Ly, L; and
Ly, and let N = M]|s], where s € K®# such that

s>+ s = Fiq + Faqi + Foga = (st "qo + GGt "1+t "
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Lemma 7.2.1. The field N is a Qg-extension of K. Moreover, the sequence of lower
ramification breaks of N|K is (n,n,3n).

Proof. Note that
s+ 5= Fiqo+ Foqi + Fogo = (F1 + Fo)qo + (Fy + Fo)gn = Fago + Fiqu.

Thus N is a Qg-extension of K by Proposition 3.3.7. Furthermore, by Corollary 5.2.18,
the sequence of lower ramification breaks of N|K is (n,n,4 max{3n/2,n+m} —3n),
where m = min{degt_l(Fl + CgFo),degt—1 (Fl + <§FO)} Since Fl = Cgt_n = CgFD, it
follows that m = —oo, and that the sequence of lower ramification breaks of N|K is
(n,n,3n). O

Lemma 7.2.2. Leti € {0, 1,2} The sequence of upper ramification breaks of N|L; is
(n,2n).

Proof. Let I' = Gal(N|K). Since Gal(N|L;) is a subgroup of Gal(N|K), it follows
by Proposition 2.1.5 that I', N Gal(N|M) = Gal(N|M), for all £ > —1. Therefore,
by Lemma 7.2.1, the sequence of lower ramification breaks of N|L; is (n,3n). By

Proposition 2.1.11, the sequence of upper ramification breaks of N|L; is thus (n,2n).
O

Proposition 7.2.3. Let u be a uniformizer of N, and let ¢ : Qs — Auty(k[[u]]) be
the local Qg-action corresponding to N|K. Then the Bertin obstruction of ¢ does not
vanish.

Proof. Let H = Gal(N|Lg), and define iy and i; such that the sequence of upper
ramification breaks of N|Lg is (ig, o + 41). By Lemma 7.2.2, iy = i3 = n. Thus 4; is
odd. Therefore, by Propostion 7.1.4, the Bertin obstruction of ¢ does not vanish. [

Corollary 7.2.4. The group Qg is not an almost Bertin group for k.

Proof. Let m be an odd positive integer. By Lemma 7.2.1 and Proposition 7.2.3,
there is a (Jg-extension K of K such that

1. the first ramification break of K over K is m, and

2. the local Qg-action corresponding to K over K has non-vanishing Bertin ob-
struction.

By Remark 2.1.4, the first enumerated statement is equivalent to the statement that
vip(o(u) —u) > m for all 0 € Gal(K|K), where u is a uniformizer of K. Therefore,
it is not the case that every sufficiently ramified local Qg-action has vanishing Bertin
obstruction. Thus (g is not an almost Bertin group. O
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7.2.2 SLy(Z/3Z)-Extensions

In this section, we shall use the (Qg-extensions from the previous section to construct
local SLy(Z/3Z)-extensions that correspond to local SLo(Z/3Z)-actions with non-
vanishing Bertin obstruction. To this end, let K,n, L;, M, N, g;, s be defined as in the
previous section, let w = ¢3, and let K’ = k((w)). Then K|K’ is a Galois extension,
and Gal(K|K') & Z/3Z. Moreover, let o : N — K8 be a k-linear embedding such
that 0| is the generator of Gal(K|K') mapping ¢ to (st. Finally, for all ¢ € Z, let ¢’
be the unique element of {0, 1,2} such that £ = ¢ (mod 3).

Lemma 7.2.5. Let i € {0,1,2}. Then either o(q;) = qu—ny o7 0(¢;) = qi—ny +1. In
particular, the following statements both hold.

(1) o(Li) = Li—ny-
(2) The extension L;| K’ is Galois if and only if 3 | n.

Proof. Let i € {0,1,2}. Since o(t) = (3t, it follows that

(0(g:))? +o(g) = o(Gt™) =Gt =" = g8y + -y

Therefore, either 0(¢;) = qi-ny, or 0(¢;) = qu—ny + 1. Hence 0(L;) = Lj—ny.
To prove (2), note that, since L;| K is Galois, L;| K" is Galois if and only if o(L;) =
L;, which occurs if and only if n’ = 0, i.e., if and only if 3 | n. O

Remark 7.2.6. Since M|K has degree four, there are four extensions of 0|k to embed-
dings of M in K®8. Since any such extension is completely determined by its action
on go and ¢, we may and do pick ¢ such that o(qo) = g¢—ny, and o(q1) = qu_ny. In
this case, 0(q2) = q2—ny, as well.

Proposition 7.2.7. The field N is a Galois extension of K'. Moreover, the following
statements both hold.

(1) If 3| n, then Gal(N|K") = Qs x Z/3Z.
(2) If 3t n, then Gal(N|K") = SLy(Z/3Z).

Proof. Note that o|x generates Gal(K|K'), and that N|K is a Galois extension by
Lemma 7.2.1. Therefore, to show that N|K’ is Galois, it suffices to show that o(N) =
N.

Recall that M is the compositum of Ly, L; and Ly. By Lemma 7.2.5, o(L;) =
L;—ny for all i € {0,1,2}. Hence

o(M) = 0(Lo)o(L1)o (L) = Ly Loy Ly = M.
Furthermore, since

S +s=C(t g+ Gt g+t g = Gt "o + G gy + Gt g,
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it follows that

o(s)?+0(s) =o(Gt g+ Gt g + Gt "ge)
— é nt nq _i_Cgfntfnq(l n) _i_Cgfntfnq@ 0y
§+( n)’ n U(n) +C1+ (1-n) t_nQ( +C3+(2 n)’ 4
= 5%+ s,

q(2-ny

the second equality holding by Remark 7.2.6. Thus o(N) = N, and N|K' is Galois.

To prove statements (1) and (2), note that Gal(N|K) is a 2-Sylow subgroup of
Gal(N|K"), and recall that K|K' is Galois. Thus Gal(N|K) is normal in Gal(/N|K’).
Moreover, by Lemma 7.2.1, Gal(N|K) = Q)s. Therefore, Gal(N|K') is a group of order
twenty-four that contains a normal (and hence unique) 2-Sylow subgroup isomorphic
to Qs. Up to isomorphism, the only such groups are Qg x Z/3Z and SLy(Z/37Z).

To distinguish between the groups Qs x Z/37Z and SLy(Z/37Z), we consider the
three order four subgroups of the 2-Sylow subgroup of Gal(N|K’), that is, the sub-
groups Gal(N|L;) for i € {0,1,2}. If Gal(N|K') = Qs x Z/3Z, then each of these
subgroups will be normal in Gal(N|K'), while if Gal(N|K") = SLy(Z/3Z), then each
of these subgroups will not be normal in Gal(N|K’).

Let 7 € {0,1,2}. By Lemma 7.2.5, L;| K’ is a Galois extension if and only if 3 | n.
Hence Gal(N|L;) is normal in Gal(N|K') if and only if 3 | n. Statements (1) and (2)
both now follow. O

Proposition 7.2.8. Suppose that 3 1 n. Let u be a uniformizer of N, and let
¢ : Gal(N|K') — Autg(k[[u]]) be the local SLy(Z/3Z)-action corresponding to N|K.
Then the Bertin obstruction of ¢ does not vanish.

Proof. Note that, since 3 1 n, ¢ is indeed a local Sl(Z/3Z)-action by Proposi-
tion 7.2.7. Let ¢ : Gal(N|K) — Auty(k[[u]]) be the restriction of ¢ from Gal(/N|K’)
to Gal(N|K). By 7.2.3, the Bertin obstruction of ¢ does not vanish. Therefore, by
Theorem 5.1 in [CGH11], the Bertin obstruction of ¢ does not vanish. O

Corollary 7.2.9. The group SLs(Z/3Z) is not an almost Bertin group for k.

Proof. Let m be an odd positive integer. By Lemma 7.2.1 and Proposition 7.2.3,
there is a SLy(7Z/37)-extension K of K’ such that

1. the first ramification break of the (Js-extension K |K is m, and

2. the local SLy(Z/37Z)-action corresponding to K over K has non-vanishing Bertin
obstruction.

By Remark 2.1.4, the first enumerated statement is equivalent to the statement that
vp(o(u) —u) > m for all o € Gal(K|K), where u is a uniformizer of K. Since
Gal(K|K) is the unique 2-Sylow subgroup of Gal(K|K’), it follows that not every
sufficiently ramified local SLy(Z/3Z)-action has vanishing Bertin obstruction. There-
fore, SLy(Z/3Z) is not an almost Bertin group. O
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Remark 7.2.10. The removal of SLy(Z/37Z) and Qs from the list of almost Bertin
groups implies the following proposition.

Proposition 7.2.11. Let G be a cyclic-by-p group, and let k be an algebraically closed
field of characteristic p. Then the following statements are equivalent.

1) G is a KGB group for k.

3

(1)

(2) G is a Bertin group for k.

(3) G is an almost KGB group for k.
(4)

4) G is an almost Bertin group for k.
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