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Abstract

Novel Quantum Phases in Low Dimensions

by Zhao Zhang

Advisor: Israel Klich and Jeffrey C.Y. Teo

We introduce a continuous family of frustration-free Hamiltonians with exactly solv-
able ground states. We prove that the ground state of our model is non-degenerate
and exhibits a novel quantum phase transition from bounded entanglement entropy
to a massively entangled state with volume entropy scaling. The ground state may be
interpreted as a deformation away from the uniform superposition of colored Motzkin
paths, shown by Movassagh and Shor [80], that has a large (square-root) but sub-
extensive scaling of entanglement. We carry out the same procedure for both integer
and half integer versions of the spin chain, and established upper bounds on the
spectral gap for certain phases of the model.

Time reversal symmetric topological superconductors in three spatial dimensions
carry gapless surface Majorana fermions. They are robust against any time reversal
symmetric single-body perturbation weaker than the bulk energy gap. We mimic
the massless surface Majorana’s by coupled wire models in two spatial dimensions.
We introduce explicit many-body inter-wire interactions that preserve time reversal
symmetry and give energy gaps to all low energy degrees of freedom. We show the
gapped models generically carry non-trivial topological order and support anyonic

excitations.



Chapter I

Introduction

1.1 Scaling of entanglement entropy

Entanglement is a quantum mechanical phenomenon that occurs when particles
are prepared or interact in such a way that the state of each particle cannot be
described independently of the others, even when they are separated far apart. This
‘spooky’ action at a distance, or non-locality, is the reason that quantum mechanics
suffered from severe theoretical skepticism since its early days. At the same time,
entanglement is also responsible for the major speed-up in quantum computation
algorithms compared to its classical counterpart, and certain quantum communication
protocols, such as teleportation, relies exclusively on entangled states|6].

Thermodynamic entropy in classical statistical mechanics quantifies the uncer-
tainty in identifying the exact microscopic configuration of a thermodynamic system
in a macroscopically specified state. In quantum mechanics, on the other hand, the
notion of randomness is inherent, and one of the main source is entanglement. Con-
sider a quantum many-body system with pure non-degenerate ground state |¢)). At

zero temperature, it has vanishing von Neumann entropy

S(p) = =Tr(plnp), (1.1)
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where p = [1) (1| is its density matrix. Now, we divide the system into subregions
A and B, the reduced density matrix ps = Trgp will generally be a mixed state,
which has non-vanishing von Neumann entropy S(pa). This entropy of a subsystem
is defined as entanglement entropy. The main motivations for studying the scaling of
entanglement entropy stemmed from its relation to black hole entropy and holographic
principle, distribution of quantum correlations, numerical simulation, and detecting

topological order of many-body systems[27, 66].

1.1.1 Area law and its violation

In the 1970s, Bekenstein and Hawking set out to study thermodynamic entropy
in black holes. Bekenstein showed that the thermodynamic entropy of a black hole
scales as its area. But it wasn’t until Bombelli in 1986 [13] that entanglement entropy
of the ground state of a free massless field is shown to be proportional to the area
of its boundary. Since then, scaling with the system’s size became of fundamental
importance in studying entanglement entropy in many-body systems. At first glance,
it might be tempting to assume that entanglement entropy should have the same
scaling behavior as that of the thermodynamic entropy, which is an extensive quantity,
which scales with volume. Yet, volume scaling turns out to be highly unusual, and the
entanglement entropy of a ground state typically obeys an area law, or at most one
with a logarithmic correction, despite the fact that it has been shown that the average
entanglement entropy of a random quantum state satisfies a volume law[91, 35, 110].

The reason why area law is common is that interactions between particles in real-
istic Hamiltonians tend to be local, e.g. between nearest and next nearest neighbors.
As a result, low energy states are heavily constrained by locality and only occupy
a small corner in a huge many-body Hilbert space, where a random state will most
likely exhibit a volume-scaling entanglement entropy. In other words, some states in

the Hilbert space are more relevant than others. So for gapped, local Hamiltonians, it
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is suspected that only states with area law scaling qualify as low energy state candi-
dates. Moreover, one can show that starting from these states, only a small manifold
of states in the full Hilbert space can be reached by evolving under a local Hamilto-
nian over a polynomial time of system size[92]. This makes the Hilbert space little
more than a convenient illusion, and we could target the corner of relevant states
directly with a convenient class of states such as tensor network states. Since the
renormalization group (RG) is designed to tell the relevant degrees of freedom from
the irrelevant, it is natural to use RG method on tensor network states[90].

Most known results about area law are in 1-dimensional (1D) systems, where it
means the entanglement entropy is bounded from above by a constant independent
of the system size. In particular, a rigorous theorem on 1D gapped, local spin models
was established by Hastings[48], where locality enters the proof by the existence of
Lieb-Robinson bounds, which is also essential in the proof of exponetial decay of
correlation functions in these models.

While the area law has been shown to apply to a wide variety of gapped systems, its
violations in the ground state of gapless systems have also been illustrated in several
systems. For example, in (1+1)-dimensional conformal field theories, entanglement
entropy has been shown to have logarithmic scaling with the system size[49, 17, 53].
In addition, Fermi liquids also exhibit a logarithmic violation of area law in any
dimension [142; 39]. Recently, more examples have been found that show more severe
violations of the area law in one-dimensional spin systems[51, 42, 125, 96]. However,
these exotic scaling behavior are achieved at the expense of either introducing a local

Hilbert space with very large dimension or sacrificing translational invariance.

1.1.2 (Colored) Motzkin and Fredkin spin chain

In 2012, Bravyi et al. proposed a toy model of spin chain with a frustration free

(FF) Hamiltonian that describes criticality[15]. A frustration free Hamiltonian is a



|1,0,1,1,1,-1,1,0,1,-1,-1,0,0,-1>

(-)cc)ye-0)1y)--)

1 n n+l 2n

Figure 1.1: A spin-1 configuration, and its representation as a set of parentheses
and a Motzkin path.

Hamiltonian H = ) ., Q,, where A is the lattice, such that its ground state is
the common lowest-energy eigenstate of all operator (),,’s. The ground state of their
Hamiltonian, the ‘Motzkin state’, derived its name from the classical combinatorial

problem of counting the number of Motzkin paths of a given length.

Definition I.1. A Motzkin walk (or path) on 2n steps is any path from (0, 0) to (0,

2n) with steps (1, 0), (1, 1) and (1, —1) that never passes below the x-axis.

Pictorially, a Motzkin walk corresponds to a mountain range that is located be-
tween site 0 and 2n. A Motzkin walk naturally encodes a spin-1 state |0y, ...09,)
constructed by assigning for the local spin variables o, = +1,—1 or 0 if the walk
goes up, down, or stays flat at site k. As depicted in Fig. 1.1, Motzkin paths can be
thought of as grammatically allowed choices of arranging left and right parentheses
in a sentence where a right parenthesis is only permitted to be placed if there is an
unpaired left parenthesis to its left. Following the notation of [15], the local spin basis
|1}, |r) and |0) now corresponding to the S* = 41, —1, and 0 states respectively.

The ground state is a uniform superposition of all Motzkin paths is given by

GSH=x Xl (1.2

we{Motzkin walks}

where |w) is a Motzkin walk of size n and AV is the normalization factor. The Motzkin

state is the unique ground state of the frustration-free Hamiltonian imposing only



local constraints,

2n—1

H = 1)l + 1) Un + 3 700, (1.3)

i=1

where projectors acting on spin 7,7 + 1

i1 = | @i 501 + (V) (W50 +10) (05,541,

with

1

V2

1

V2

1

(10r) = [r0)), 16) = 7

|6) (100) = 110)), [} = (100) — [tr}).

The authors in ref. [15] showed that the entropy of half of a Motzkin chain with size
n

1
S = §logn+cn,

where ¢, goes to a constant as n — oo, conjecturing that a power-law scaling of .S can
be achieved by introducing two types of brackets. They also gave an upper bound
on the spectral gap of O(n’%) using variational wave function and a lower bound of
O(n=°W) using more complicated mathematical machinery.

In this context, it is important to point out that, as shown in [79], there are
three distinct regimes for Hamiltonians of 1D spin chains, with a local Hilbert space
of dimension d, whose terms are generic local projectors of fixed rank r: (i) When
r > d?/4, the Hamiltonian is frustrated for sufficiently large spin chains and analytical
as well as numerical work showed that no zero-energy ground states exist, (ii) a regime
where d < r < d?/4 where many zero-energy ground states are allowed analytically
and where numerical investigation suggests that they all carry a large amount of
entanglement, and (iii), a frustration-free regime with r < d where the ground states

can be represented by a matrix product state. The Motzkin path-based models first



[1,0,-1,1,1,-1,1,0,1,-1,-1,0,0,-1> |1,0,-1,2,1,-1,1,0,2,-2,-1,0,0,-1>
(-)yc¢ye-¢ y)--) ( - ) I -[])--)
. ->
P N
M /\/\/ ""\

1 n n+l 2n n n+l

Figure 1.2: Coloring a Motzkin path leads to a higher spin configuration. Repre-
sentations of a spin-2 state as a a set of parentheses and as Motzkin path, where
I,—1< (,) > red and 2, -2 <> [,] <> blue.

introduced in [15] and later with the addition of color in [80] represent a particular
case where the Hamiltonian turned out to be frustration-free for »r = d = 3. For this
reason, the authors in [15] have pointed out that any arbitrarily small deformations
of the projectors in the Motzkin path Hamiltonian will make it generic and thus
throw its ground state into the frustrated regime. In the model presented in this
paper, however, we derive a simple equation that relates the weights of local moves at
different sites of the chain and thus deform the local projectors away from the uniform
case in such a way that frustration-freeness of the Hamiltonian is maintained.

Movassagh and Shor later extended the model by Bravyi et al. to a colored version
of the Motzkin spin chain[80]. They labeled different types of parentheses by adding
a color degree of freedom and restricting their order by adding local projectors in the
Hamiltonian to enforce matching of color between neighboring pairs. In an s-colored
model, where s is the number of colors, the local Hilbert space is (254 1)-dimensional
and spanned by the basis states |0), [I1),..|I*),]r1), ..|r*). Fig. 1.2 depicts a coloring
choice for the Motzkin path in Fig. 1.1 and the associated spin state.

The ground state of the colored Motzkin Hamiltonian is a uniform superposition
of colored Motzkin paths of length 2n. The entropy of a half chain was shown to scale
as log sy/n in the thermodynamic limit. The reason behind the \/n scaling stems from
the fact that the average displacement after n steps of a random walk, represented

in the colored Motzkin model by the number of unmatched colors, scales as /n.
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What Movassagh and Shor failed to realize, however, is that once the color degree
of freedom is added, the uniform superposition in the ground state does not achieve
maximal scaling of entanglement entropy any longer. The possibility that one can
achieve this by enhancing higher mountains in the superposition without sacrificing
frustration freeness at all is, of course, not obvious. In chapter II, I will show rigorously
that it is indeed possible and it turns out and any slight frustration-free deviation
from the Motzkin spin model will change the behavior of its entanglement entropy
and spectral gap dramatically[146].

As is well known for the Heisenberg model, integer and half-integer spin chains

can behave very differently. So it’s worth studying a spin—% version of the Motzkin
models. In fact, corresponding combinatorics problem called Catalan number for

configurations of spin—% chain, Dyck paths, already exists in math literature.

Definition 1.2. A Dyck walk (or path) on 2n steps is any path from (0,0) to (0,2n)

with steps (1,1) and (1,—1) that never passes below the x-azis.

A Dyck walk can be mapped to a spin configuration of a spin-1/2 chain
|o10y ... 09,) With 0 = +1/2 or —1/2 for a (1,1) or (1,—1) kth step respectively.
When each step is assigned a color ¢; from a palette of s colors, | 1) (| {%))
corresponds to a state o, = ¢x/2 (resp. o, = —cx/2). And a colored Dyck walk can,
therefore, represent the spin configuration of any half-integer spin chain. To design
an Hamiltonian whose ground state is a uniform superposition of Dyck paths, one
just need to replace projectors in the bulk in Hamiltonian 1.3 with those that swap

a pair of up-down spins with a single neighboring spin,

Hj = | 1) (11 ®[S)j41,542(S| + 19)5541(S| @ | 1)j2ll |,

where |S; ;) is the singlet state %ﬂ Tl 45 — 1) 45))-[24, 104] Due to the relation

of this operator to Fredkin (controlled-swap) gate, the model is named Fredkin spin
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chain. In Ref.[104], the authors established similar results on Fredkin spin chain in
parallel with those for Motzkin and colored Motzkin chain. In chapter III, we will

improve these results and generalize the model discussed in chapter I1[105, 147].

1.2 Classification of topological phases

Another crucial ingredient of quantum mechanics, besides entanglement, is the
phase factor of wave function. Until the discovery of Aharonov-Bohm effect and
Berry phase, phase factors in quantum mechanics are merely perceived as an auxiliary
degree of freedom to facilitate interference and gauge invariance, as the amplitude
of a wave function appeared to be the only physical observable. Berry phase, on
the other hand, is the gauge invariant phase difference acquired when a quantum
system undergoes an adiabatic evolution in a closed loop in the parameter space of
its Hamiltonian. Because it can be expressed as the integral of local geometrical
quantity in the parameter space, i.e. Berry curvature, it is also called geometrical
phase. Berry phase has a variety of implications in a wide range of areas in physics.
In the context of condensed matter physics, Bloch bands provided a natural platform
for its manifestation as it captures the topological structure of the space of Bloch
Hamiltonians[143].

A timeless theme of condensed matter physics is to understand how large numbers
of particles organize themselves under different conditions and form distinctive phases
of matter. Classical phase transitions result from thermal fluctuations, and the non-
analyticity of free energy. As temperature varies, energy competes with entropy to
decided whether ordered or disordered configuration wins. Quantum phase transi-
tions, however, happens at zero temperature, and are driven exclusively by quantum
fluctuations of the ground state, whose energy is a non-analytic function of some
coefficient of the Hamiltonian in thermodynamic limit. As the coefficient approaches

a critical value, the ground state changes dramatically. For a long time, our under-
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standing of phase transition has been limited to the Landau-Ginzburg paradigm of
spontaneous symmetry breaking, where phases of matter are classified by their under-
lying symmetry. In the past few decades, following the discovery of integer quantum
Hall effect and topological insulators (TIs)[47], it became clear that the classification
by symmetry alone is incomplete and one can have topologically distinct phases char-
acterized by topological invariants within the same symmetry class. These invariants
take integer values and are protected by symmetries against adiabatic deformations
as long as bulk gap remains open, i.e. without a quantum phase transition that in-
volves gap closing and reopening. This kind of topological phases are called symmetry

protected topological (SPT) phases.

1.2.1 Z classification of time-reversal symmetric topological superconduc-

tor

The simplest SPT phases are those of fully gapped free fermionic systems called
topological band insulators (TBIs) including TIs and topological superconductors
(TSCs). The Altland-Zirnbauer’s ten-fold way provide a complete classification of
these systems described by bilinear Bloch-BdG Hamiltonians[5]. In this scheme, topo-
logical invariants are protected by three non-spatial global symmetries, time-reversal
(TR), particle-hole (PH), and chiral. TR and PH symmetry can both square to +1
or —1, or be absent. In addition, their product, chiral symmetry can still be present
when neither of them is, and always square to +1. So the ten-fold way exhausts
all possible symmetry classes in the ensemble of random Hamiltonians. Within each
symmetry class, topologically distinct phases are classified by different bulk topo-
logical invariants in different spatial dimensions such as Chern number or winding
number, as well as number of gapless boundary modes[22].

We now focus on the 7Z classification of non-interacting three dimensional class

DIIT topological superconductors (TSCs)[109, 62, 93]. Candidate materials for this
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class include superfluid 3He-B[127, 7, 23, 83] and copper dopped Bismuth Selinide

Cu,BiySe3[37, 107]. Hamiltonians in this class has TR symmetry 7" with T2 = —1,
PH symmetry C' with C? = 1, and chiral symmetry II with II? = 1. In mo-

mentum space, it has Bogoliubov-de Gennes (BdG) Hamiltonian in Nambu basis

(k) = (e3(K), ¢, (&), ¢ (—k)T, —el(—K)).
1 = [ a0 Hauo 19€(0) (1.4)

By construction, the artificial Nambu doubling requires the matrix Hpggg to satisfy
PH symmetry CHpyq(k)C™' = —Hpys(—k), where the antiunitary PH operator
C = o,7,K, where o, acts on spin and 7, acts on Nambu degrees of freedom. Physi-
cally, this means that excitations at k in the negative energy bands are actually holes
of particles at —k in positive ones. In much the same way as quantum spin Hall
effect can be thought of as two copies of TR breaking quantum Hall, the two copies
of spinless (or spin-polarized) fermions form TR partners so that Hps is TR sym-
metric THpaq(k)T™' = Hpae(—k), where the antiunitary TR operator T = io, K.
The product of PH and TR gives a chiral symmetry that anticommutes with the
Hamiltonian IHpge(k)II = —Hpae(k), with unitary II = —iCT = 7, which says
that the filled and empty bands are symmetric with respect to the zero energy band.

To capture the topological structure of the Bloch bands, we define a projection

operator onto the ground state of the system
Pll)= Y |ua(l0)(ua(k)l, (1.5)
acfilled bands

and the ‘Q) matrix’

Q(k) = 1 — 2P(k), (1.6)
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with the properties QT = @, and Q% = 1. The @ matrix is a convenient simplification

of the Hamiltonian as it has only two constant eigenvalues +1 and can be obtained
from the Hamiltonian by continuously deformation without closing the gap. Hence
it’s also called the ‘flat band Hamiltonian’. As chiral operator sends a filled band
to empty band, we have IIPII = 1 — P, and IIQII = —(@. The presence of a chiral
symmetry now allows us to bring the () matrix into block off-diagonal form in the
chiral basis

R 17

q¢'(k) 0

Since @) is unitary, its off-diagonal block ¢(k) defines a map from the Brillouin zone
to a space of unitary matrices with additional constraints imposed by PH and TR
symmetries. In three dimension, the homotopy group of this map is isomorphic to the
group of integers Z. Topologically distinct phases in this symmetry class are classified
by the winding number

v =g [Tl da(k) (1.9

In field theory, this winding number arises from the quantum anomaly of chiral
symmetry, which originates from the Jacobian for the chiral transformation of the
path integral measure for fermions[141]. There, an Atiyah-Singer index theorem can
be proven[57]

ng—ng =V, (1.9)

where np 1, respectively denotes the number of eigenstate of the Dirac operator with
vanishing eigenvalue with positive and negative chirality eigenvalues. Here, in the
presence of a boundary, the translational invariance in its normal direction is bro-

ken, so that component of the momentum should be replaced by a derivative in the
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Hamiltonian. One can then solve differential equations to find gapless excitations
localized at the boundary. These zero modes are required by Nambu doubling and
PH symmetry to be their own Hermitian conjugates, i.e. Majorana fermions. What’s
nontrivial about these surface Majorana modes is that the correspondence between
the net chirality of them and the bulk topological number protect them against sym-
metry respecting perturbations, including disorder. In other words, they are immune
to Anderson localization, which says quantum states tend to be localized in the pres-
ence of strong impurities. This means that the system cannot be discretized and
lattice version of the theory can only live on the boundary of a topological bulk.
Historically, Anderson delocalization was hypothesized to be the defining property of
TI/TSC, and one can identify topological phases in the ten-fold way by capturing the
low-energy physic with effective field theory, non-linear sigma models (NLoMs), and

adding topological terms such as Wess-Zumino-Witten (WZW) terms[109].

1.2.2 Collapse of Z classification under interaction

SPT phases can exist in the presence of interactions, where one can have both
fermionic and bosonic (spin) SPT phases. Interaction generally has two effects on
topological phases. First, it allows for new topological phases that requires inter-
actions, such as the Haldane phase of spin-1 Heisenberg antiferromagnetic chains.
Second, it can reduce the non-interacting classification for certain symmetry classes,
and change the boundary physics.

Recently it has been shown that under strong many-body interaction, as the
surface state of 16 copies of a TSC can be gapped without breaking time reversal
symmetry or introducing surface topological order[32, 74, 130, 111, 56, 95, 141]. This
suggests the many-body extension allows a continuous path that connects 16 copies
of a TSC to a trivial s-wave superconductor in three dimensions without breaking

symmetry or closing the bulk gap. This reduces the Z classification of TSC in the
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single-body BCS description is reduced to Zjs. In fact, the surface Majorana modes
of any TSC can be gapped without breaking symmetries. However, there would
generically be a residue topological order, unless N is a multiple of 16, that allows
non-trivial anyonic excitations to live on the surface[32, 74]. As a result, these three
dimensional (3D) bulk systems are still topologically distinct from a trivial state.
Similar phenomena were also seen in topological insulators[38, 100, 78, 94] in three
dimensions and topological superconductors[61] in one dimension. Many-body inter-
actions allow the surface Dirac mode of a topological insulator to acquire an energy
gap without breaking time reversal or charge conservation symmetries. However a
non-trivial surface topological order would be left behind.[128, 75, 20, 14] This in-
dicates the bulk insulator still carries a non-trivial Z, symmetry protected topology
(SPT) even in the many-body framework. On the other hand, the Z classification of
time reversal symmetric BDI superconductors in one dimension breaks down to Zg in

the presence of strong interaction[33, 34, 121, 21].

1.2.3 Intrinsic topological order

Symmetry protection is not an absolute requirement for distinct topological
phases, systems with intrinsic topological order can be topologically distinct even
in the absence of symmetry. Examples of systems with intrinsic topological order
include fractional quantum Hall effect and Kitaev’s toric code. Intrinsic topological
orders are characterized by robust finite ground state degeneracy, non-local bulk ex-
citations with fractional quantum numbers and fractional statistics and topologically
protected gapless boundary excitations. These features have generated tremendous
amount of interest in applications to topological quantum memory|[25], fault-tolerant
quantum computation[85], and perfect conduction devices.

The key difference between SPT phases and states with intrinsic topological order

lies in the entanglement. We define an equivalence relation between states that can be
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connected to each other with local unitary transformations. SPT phases are all equiv-
alent to a direct product state. We call them short-range entangled (SRE) states, and
all the other states long-range entangled (LRE) states. States with different intrin-
sic topological order are therefore characterized by different patterns of long-range
entanglement, which cannot be transformed into each other with local unitary trans-
formations. Long-range entanglement can be captured by topological entanglement
entropy, defined as the constant part v of entanglement entropy S = aL+~v+O(L™1).

The universal properties of the low-energy physics of LRE systems are described
by an effective theory called topological quantum field theory (TQFT). A fundamental
characteristic of TQFT is the quantum dimension d, of its quasiparticles excitations,
anyons, which is 1 for Abelian anyons and > 1 for non-Abelian anyons. It is related

to the topological entanglement entropy by

v = logD, (1.10)

D= [ & (1.11)

is called the total quantum dimension of the theory[30]. Quasiparticles in a TQFT

where

are in one-to-one correspondence with the primary fields of a conformal field theory
(CFT) defined on its edge. The quantum dimensions can be found from fusion rules
among anyons, which correspond to operator product expansion (OPE) of primary

fields in CFT,
o X Oy =Y N (1.12)

The fusion coefficients NJ, can be expressed in terms of the modular S matrix trough

Verlinde formula
5757 S¢
D= (1.13)
0
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The modular S matrix can be derived from the invariance of the partition function
under modular transformation that exchanges space and time. The problem of finding
anyon structure of a topological order is then reduced to computing the partition
function, which is the sum of characters, in the representation theory of a central-
extended symmetry algebra.

The topological order of a gapped symmetric surface of a topological insulator
or superconductor was deduced mainly using vortex condensation or other topologi-
cal field theory techniques. They do not specify the microscopic many-body surface
gapping interactions that give rise to these exotic surface states. A pioneer work
that addressed this issue was done by Fidkowski and Kitaev in Ref.[33] where they
constructed explicit time reversal symmetric 4-fermion interactions that give an en-
ergy gap to eight boundary Majorana zero modes of a 1D TSC. Another insightful
work was published by Mross, Essin and Alicea in Ref.[81] where they mimicked the
surface Dirac mode of a topological insulator using a coupled wire model and wrote
down explicit symmetric gapping interactions that lead to different gapped or gapless
surface states.

Sliding Luttinger liquids[88, 28, 124, 114, 82] and coupled wire constructions[55]
are immensely powerful in building two dimensional topological phases. They model
2D systems by arrays of coupled 1D chains, where interaction effects are more con-
trolled and better understood. This theoretical technique has been frequently used
in the study of fractional quantum Hall states[55, 117, 64, 73, 103], anyon models[89,
115], spin liquids[71, 41], (fractional) topological insulators[86, 65, 101, 102, 72, 70,
106] and superconductors[77, 112].

In chapter IV, we imitate the surface Majorana modes of a 3D topological su-
perconductor using a coupled Majorana wire model, construct explicit 4-fermion in-
teractions that lead to a finite excitation energy gap, and study the residue surface

topological order.
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Chapter II

Deformed Motzkin Spin Chain

The deformation to increase/decrease entanglement entropy starts with the obser-
vation that Motzkin paths that reach a substantial height in the middle of the chain
can contribute significant color correlations between the chain halves. The idea is
illustrated in Fig. 2.1.

Remarkably, a suitable wave function, containing a superposition of colored
Motzkin paths which prefers steep paths can be obtained as a frustration free and
non-degenerate ground state of a Hamiltonian which is translational invariant in
the bulk. Unfortunately, none of the ingredients in this statement are immediate.
A generic change of the Hamiltonian presented in [80] may very easily either break

frustration freeness or the non-degeneracy condition nor will it increase entanglement.

<> - < > > >

m=0

Figure 2.1: Motzkin paths require color correlations between the color of an up step
and the color of the first step going down at the same height. The Motzkin path
reaching height m = 5 in the middle (left panel) contains more color correlations
between the halves of the chain than a path of height m = 0 (right panel). Favoring
higher paths leads to more entanglement.
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Thus, we also need to show that we can do so in a way that the weight of these high
paths is large enough as to overcome the contribution from more typical paths that

reach height y/n at the middle of the chain

2.1 A Frustration-Free Deformation

Theorem I1.1. The Hamiltonian

2n—1
H = |r)(rly + D) Uon + > T, (2.1)

=1

defined on (C3)®*" with
I ji1 = | PP 501 + [W)(Wj541 +[©)(Oj 541,
where

@) 5541 = cos @y 1]00)j 11 — sing; 1]10); 511,
[W)jg41 = o8y 1]0r) 5541 — sing); 1 |r0)j 41,

[©)j41 = €080, 1]00)11 — sin b, 1[lr);;

15 frustration free and has a unique ground state with zero energy provided ;, ¢;, 0; €

(0,7/2) satisfy relations

7 1
—,...,2n— —. 2.2
Snl—g (22)

[\CR GV
DO | Ot

tan 6; cot ¢; = tan 6,1 tan; 1, 1= =, =,

We first prove the uniqueness of the ground state (GS) first assuming the Hamil-
tonian is frustration free, and then show that the Hamiltonian is indeed frustration

free under condition (2.2).
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Remark: When some of the angles equal an integer multiple of /2, the Hamilto-

nian is still frustration free, but may have a degenerate ground state.

Proof. (Uniqueness of GS) We look for a frustration-free ground state that will be
annihilated by each of the terms in the Hamiltonian (3.1). We define the following

R, L, F moves and their inverses:
R L F
|10) == tan ¢|0l), |0r) == cot|r0), |lr) = tan|00). (2.3)
R-1 L1 -1

We first note that if a ground state wave function contains a particular spin con-
figuration (a “walk”), then the ground state wave function must contain as well a
superposition of all states which can be obtained from it by the set of moves (2.3).

Indeed, at each neighboring two sites, the local spin state can be one of the nine
possible configurations in {|ll),|rr),|rl),|0l), [l0),|0r), |r0), |00),|lr)}, the first 3 of
which are annihilated by the projectors II individually. The rest must form pairs
sin ¢|01) + cos ¢|10), sin ¥|0r) + cos ¥|r0), and sin 8]00) + cos ]ir) to be annihilated by
|D) (D], | W) (], and |O) (O] respectively. Each of these superpositions corresponds to
mixing between states related by the moves R, L, and F'.

The process of generating additional walks starting from a given one is ‘mixing’
in that it can keep going on and on until all Motzkin walks are included in the
superposition. To see this we construct the following procedures of relating Motzkin
walks to the ‘flat” mountain, i.e. the string of spins 000...0: If the highest peak of
the current mountain is of the type l0-- -7 (i.e. a plateau), then keep applying L and
R moves until it becomes [r (i.e. a hill), otherwise use the F' operation on the hill.
Note that there are multiple choices of combinations of L and R moves that can be
applied to make a mountain completely flat (See Fig. 2.2.) Given any Motzkin walk,

we can represent it by a sequence of consecutive moves applied to it to get to the flat
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Figure 2.2: Iterative procedure to flatten a mountain to the ground, where steps 2
and 3 can be interchanged.

mountain, e.g. |M;) = M;|000...0) = (F}, -+ R, Li,L;;)~*000...0). So any two
Motzkin walks are related by |My) = MoM; | M;).

Similarly, it is easy to see that any walk which crosses below zero, or that does
not return to zero at the end of the chain, can be transformed by the R, L, F' moves
and their inverses into a walk that violates the boundary projectors. Therefore if a
zero energy ground state does exist, then it will be the unique superposition of all

Motzkin walks with weights determined by the tuned projectors. O

It remains to be examined whether the aforementioned freedom in choosing the
sequences of moves may result in ambiguities in the relative weights between Motzkin
walks. It turns out that the tuning conditions (2.2) suffice to guarantee that a super-
position of Motzkin walks can be written without ambiguities in the relative ampli-
tudes. It can be seen from an observation of the local moves involving three adjacent
sites illustrated in Fig. 2.3. The two ways to get |000) from |l0r) will give the same
relative weight if and only if the mixing angles at two neighboring junctions satisfy

the relation (2.2). The global version of this statement holds as well:

Proof. (Frustration Freeness) A plateau of width d, (that is, the number of 0 spins),
is generated by one hill (or F~! move) and d R™! and L~! moves. (See Fig. 2.4.)
Once the location of the hill is chosen, R~ (L~!) only acts on its left (resp. right),
and whether acting an R~! on the left first or an L™! on the right first doesn’t affect
the weight. So the weights are completely determined by the location of the hills that

plateaus originate from at each level. The weights of the same plateau generated by
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7 1+ 1
1
L'H—l R’L
) i+ 1 1 i+ 1
cot Y1 tan ¢;
E; Fipy
) i+1

cot ;11 tan 0; = tan ¢; tan 6,41

Figure 2.3: Two different sequences of moves to relate local state |000) to |I0r), and
the relative weights of each state involved.

h h+1 W=h+2

(b)

Figure 2.4: Different sequences of L, R, F' moves to get a hill (solid) from a
starting plateau (dash dot) with intermediate plateaus after each move (dash).
(a) Two different sequences of moves Ry_1Lp1LproLnysRy—oLpiaLpis and
Lpy1LpyoRy 1 LpysLpyaLpy s Ry, o with the same location of hill always give the
same relative weight. (b) A sequence of moves with hill location different from
those in (a) could generically give a different relative weight, except when rela-
tion (2.2) is satisfied.
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hills at location h and A’ are related by

h—1

tan 6; cot ¢; , ,
h) = ') =m(h'). 2.4
) =TT oo gy () = k) (2.4

Therefore the weight of each mountain is an invariant of the sequence of moves chosen
to construct it from the flat mountain.

Furthermore, if two mountains are related directly to each other without passing
through the flat mountain, by a sequence of N moves, then each move in the sequence
can be viewed as either a ‘piling’ move away from the flat mountain or a ‘flattening’
move towards it. So the intermediate mountains generated in this sequence each have

definite weight my, ms, mgs, ..., and the relative weight between these two mountains

A _ mAT My Ty (2.5)

is an invariant. It follows that the relative weights between any two Motzkin walks are
well-defined and conditions (2.2) is sufficient for Hamiltonian (3.1) to be frustration

free. OJ

2.2 The Colorful Model

Below we incorporate the colors in our model, and pick a particular, translationally
invariant choice for the angles in Eq. (2.2), cot ¢; = tanty; = t. For simplicity, we
further let cot; = t. Now, all three moves R~!, L™ and F~! in (2.3) change the
weight of a Motzkin path by a factor of ¢ and increase the area below the mountain
by exactly one unit. So the weight of each mountain is simply determined by the area
below it. Thus, the weight of each mountain compared to the flat Motzkin path is
given by t4(®) The result is a ground state where the Motzkin paths are exponentially

weighted according to the area under paths, rather than a uniform superposition.
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Theorem I1.2. The following Hamiltonian, acting on a 2n sites of a spin-s chain

2n—1 2n—1
H(S,t) = Hboundm‘y + Z H]]+1 S, t —I— Z HCTOSS (26)

7 ]+1

where

s

Hboundary(s) = Z(‘Tk><rk‘l + ’lk><lk|2n)a

a1 (s,t) = Y (P NRE) 01 + [T (W) ]j01 + 1O WO j541),

25 (s) = 7 I b,
k£k!
with
1
k _ 1 Ry _ gk
05(1)) = ——— (|1"+*) — t]00)),

]

14 ¢2

has a unique zero energy ground state

|GS) =

z| -

> ), (2.7)

we{s—colored
Motzkin walks}

where A(w) denotes the area below the Motzkin walk w, and N is a normalization

factor.

A caricature of the resulting ground state is shown in Fig. 2.5.
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1
NZM |

Colored

Motzkin
paths

Figure 2.5: A caricature of the ground state of our model.
2.3 Entanglement Entropy

In the Schmidt decomposition of the ground state (2.7), the coloring of the un-
paired spins in the second half of the system is completely determined by those the

first half (see Fig. 2.1). The Schmidt decomposition is written as:

n

’GS> = Z \/pn,m Z |CO,m,z>1..n ® |Cm,0,a‘c>n+1..2n7 (28>
m=0 ze{IL12. Is}m

where |C, ) is a weighted superposition of states in {0,u',...,u*,d, ..., d*}" with

p excess down moves, g excess up moves and a particular coloring = of the unmatched

up moves, such that (GS|(|CA’07m7x>1_,n ® |C’m,o7j>n+1_2n) # 0, and T is the coloring in

the second half of the chain that matches x. The decomposition gives the Schmidt
Mr%,m(&t) lth

number p, (s, t) =

Mym(s,t) = 22: s' Z AW N = z”: smMim. (2.9)
] i m=0

Here D, ,,; =“1st half of Motzkin walks with ¢ paired spins stopping at (n,m)”.
Notice that the extra factor of two in the exponent of ¢ is there so that the |C’p7q7$)
and |C,,z) form an orthonormal basis. The entanglement entropy of the half chain

in the ground state is given by

Sn(s,t) = — Z " Dpm (S, 1) 10g D (5, ). (2.10)

m=0
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(0,0) (k,0)(k+1,0)

Figure 2.6: Three representative paths of different heights at position k to gener-
ate a path that ends with height m at position k£ + 1. The increments in the area
below the paths are the areas sandwiched between two vertical lines, which are
m + %, m,m — % respectively for red, green and blue paths.

To study the asymptotic scaling of S, (s,t) with the system size when ¢ # 1, we

note the following recursion relations of M, ,,, as a function of m:

My ppr = 2F My, (2.11)
M1 = "My + My, (2.12)
M1 = S My gr + 2" My g + 27 My (2.13)
My 10 = stMyq + M. (2.14)

These can be easily seen from the possible ways to arrive at a particular destination
and the increment of the area below each path as illustrated in Fig. 2.6. The third
equation above is valid for 0 < m < k.

Starting from the seed value My, = 1, by using the recurrence relations repet-
itively, one can calculate the values of M, ,,, and Schmidt numbers for any m and
calculate the entanglement entropy S,. To get a better handle on the type of distri-
bution the relations lead to, we find it convenient to view the recursion evolution as a
process of increasing/decreasing m while n is viewed as discrete ‘time’. We will show
below that for large enough n, the distribution associated with the M, ,, essentially

propagates ballistically (as a function of n), with very little spread. This property
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will establish that the typical height at the middle of a 2n chain scales linearly with

n.
Before exhibiting the proof, we need to develop a few preliminary steps. We
encode the distributions M, ,, as coefficients of wavefunctions defined on the set

|m),m =0,1,2,... as
m=0

We define the following ‘shift” and ‘height’ operators, which we will use in describing

the ‘evolution’ of the distribution M,, ,, as function of ‘time’ n.

Sm)=|m—1), |-1)=0; (2.16)

H|m) = m|m). (2.17)

Explicitly, t**,S, ST act on |M,,) as follows.

EHIMy) = My mt™™m), (2.18)
m=0
S|Mn> - Z Mn,m|m - 1> - Z Mn,m+1|m>7 (219)
m=1 m=0
STIMp) = My a|m). (2.20)
m=0

As remarked above, we aim to show that for large enough n, |[M, 1) o« STIM,,),
describing essentially ballistic propagation with no spread. For the recurrence relation

(2.14) to be satisfied, we require

M1 = (m|Migr) = st Hm + 1M,) + 7 (m| M) + 77 Hm — 1| M,,)

— <m’8t27{+18 + t27—l 4 t2H718T|Mn>.
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Therefore,
1
| Mogr) = 2 (stS + 1 + ;ST)W”) (2.21)
Using the relations,
S = 172851, (2.22)
ST = 28127, (2.23)
we have
1
R (stS 4+ 1 + ?ST) = (st™ @RS £ 1 4 2RISR (2.24)
and
1
M) = [PH(stS + 1+ ;ST)]”MAO) (2.25)
= K[ (st™®* 8 + 1 4 £7181)0), (2.26)
k=1

where K denotes ordering the multiplications in the product such that factors with
greater k value is on the right. It is now evident that the factors in the product above

are dominated by the ST term for large k, giving us “ballistic” evolution with n.

2.3.1 Extensive entropy for t > 1,s > 1

Lemma II.1. Let m* be such that sup,, M, = My m+, then ANy < n, such that

when t > 1, m* € [n — 2Ny, n].

Proof. Let
M) =K ] (st7®* IS +14+718h)0). (2.27)

k=Np+1
Note that

DL 4 st CRNS | <4 CRY R = g (2.28)
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so that:

|st= kDS 41 4 #218H|, < t2P71(1 + ¢)
we thus have

£~ k=01 GV ALY — | — Ny < [Tienya(ee+1)—1< e2k=No+1 % ]

4—4Ng st?+12No+1 4, 2No+3 4—2Np 3st3 +—2Ng

=e -1 —1l<e A — 1= f(s, )"

— 1.

The first inequality on the left follows from noting that |n — Ny) appears in
¢~ 2k=nor1 D) ALY Y with coefficient 1, and is exactly canceled. We have also used

that  + 1 < e*. Next,

No
[t 2k DAY — K T (st 2 DS + 4D 4 8hn — No)Jy
k=1
No
éHIC H(st72(2k71)8 + tf(Qkfl) + ST)Hl Ht_ Zk:NO-H(?k—l) ’M/n> . ’n . N()) Hl
k=1
+—2Ng o +—2Ng ZNO t—2Ng
<(f(87t) _1) H(1+Ck) < (f(S,t) - 1>6 k=1 < (f(87t> - 1)f(5,t)
k=1
Let
No
M, = (m|K JJ (st DS + 6D 1+ Sh|n — Ny), (2.29)
k=1

then clearly M), ,, = 0 for m <n — 2Ny. If we choose

0 fls,t) < 25,
Mo = log logf L () +1) (2.30)
— S é = —  otherwise,
then
17| M.,,) Z M, m)|ly <1 =M, <supM,,,. (2.31)

m=n—2Ny
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Therefore Im* € [n — 2Ny, n], such that M, ,,» > M,, ,,, for all m. H

Lemma II.1 shows that the peak of the M,, ,, distribution is always within a finite

distance from n. Essentially, the bulk of the distribution travels with velocity 1.

Theorem I1.3. In the state (2.7), whent > 1, the entanglement entropy of sites 1...n,
1s bounded below as S,, > nlog s+ const. for all n, where const. is an n independent

constant.

Proof. We separate a linear term from S, as follows (below we supress the n index

in M, )

2
Sn==2m=05 PmlOgZM—mMz>

- = Zm:o Smpm log sm]\r/?gl
_ S smpmlog s = Y "l _y(n — ) log s

n—Ilpr2
= nlog S — IOgS Zl 0 Z/%l (232)

Taking m* such that sup,, M, ,,, = M, ,,» and using lemma III.1, we see that

nlM2 n nlMQ . n
§j I < —mz_snm§:s-lz
m 2 m 2
S smME, < sm M2, -

S $2N0+1
< §2No Z sl < g*Vo Zs‘ll = 5
1=0 1=0 (s—1)
Therefore, the remainder term on the right hand side of (3.28) is bounded. ]

2.3.2 Bounded entropy for ¢t < 1

When t < 1 we expect the Motzkin paths with the lowest area to be exponentially
preferred. In particular, the flat Motzkin path that has zero area has a vanishing con-

tribution to entropy, and thus we expect the entanglement entropy to be substantially
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reduced. In fact, it turns out that the for any value ¢ < 1 the entropy is bounded,

independently of the size of the system 2n:

Theorem II.4. When 0 <t < 1,s > 1, there exists a constant C(s,t) independent

of the system size n, such that for any n, S, < C(s,t).

Remark: Note that theorem holds both for the colored and uncolored case s = 1.

For the theorem to hold, the exponential growth in contribution to entropy from
the possible colorings of higher paths should be overwhelmed by the exponential price
in area. Technically, we need the quantities M?2 to decrease faster than the rate s™
grows in order to make p,, decrease exponentially.

To highlight this feature we first define

- . M?
Mn,m = S?Mn,m s ﬁn,m = n# (233)
Zm:o MEL,m
Substitution into (?77?) gives the relation
Mn—l—l,m - \/§t2m+1Mn,m+1 + tzmMn,m + \/gtzm_an,m—lu (234>

for m € [1,n — 1].

To prove the entropy is bounded, we need the following lemmas.

Lemma 1I1.2.

M2y, > M7 (2.35)



Proof. From (3.22), we have

(Mopir) = KT (st~ @08 41 4 124181 |0)

= KT (st~ DS + 1 4 12181 (st~ DS + 1 4 ¢20+181)|0),

= |M,) + K HZ:l (St—(%—l)s +14+ t2k—1ST)(St7(2n+1)S + t2"+18T)|0>.
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(2.36)

The last term on the RHS of the equation contains non-zero contributions for all

states |m), with m = 0,..n 4+ 1, and we have:

M1 m > My,

Mn+1,m > ]\Zlnm Ym >0,n> 1.

And the Lemma follows.

Next we establish the following bound on py, ,:

Lemma I1.3.

Dnm < 9stim=2,

Proof. By definition of py, ,,, and the recursion relation (3.30),

MQ
Prm = = =
Zm:O M?%,m

- (\/§t2m+1Mn71,m+1 + t2mMn71,m + \/§t2m_an,17m,1)2
ZZ’L:O Mg,m

= t4m(\/§tMn_l’m+l + Mn_lvm + \/Et_lMTL—l,m—l)2

227,:0 M’r%,m

< t4m (3\/§t71ma'l’{t2Mn—1,m+17 \/LgMn—l,ma Mn—l,m—l})2

B Z;:O Mg,m

< 9t4mﬁma‘r{M3,m+1’ M'r%,mv Mw%,m—l} < 9t4m£.

t* Yoo M, £

(2.37)
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Lemma III.2 was used in the last line. O]
We now have the ingredients to prove theorem I1.4:

Proof. (Theorem II.4) Using Lemma II1.3 we see that when

log(&£L2)
> = |25’ 1 2.38
= o [4logt}+’ (2.38)
we have
1
Prm < 95t < — (2.39)

e

It is easy to check that the function —zlog(x) is monotonically increasing when
x € (0,1), in other words, for m > my,

Te

1 9
Pom < 95t < = = —P, nlogPum < —9st4m’2(log(t—28) +4mlogt). (2.40)
e

Therefore

S, = — i Dn.m 10g P + log s i DnmM

mo 0o 0o
< — Z Drm 108 D — Z 9gtim=—2 ( log(%) + 4mlogt) + log s Z 9st™m2m

1 9stimot2 9 18stdmo+2 1—-thH)+1
_ Mo+l 9s Og(_s)_ s (mo( )+ 1)
e 1—¢ 2 (t* — 1)
9st?
-1

2logt

logs = C(s,t),

where we used sup,¢q 1) —xlog(x) = e~ ! for entropy terms with m < my in the last

inequality. O
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S-n. = O(l) S‘n = \/ﬁ S‘n. > n 10{-’; 8
s> 1 + >
| t
t=1
|
|
s=1 4 >
S.=0(1) S, log(n) S, =0(1) ¢

Figure 2.7: Entanglement entropy of the first n sites in a chain of 2n sites for vari-
ous phases of the colored and uncolored area-weighted Motzkin state.

2.4 A novel quantum phase transition

The abrupt change in scaling of entanglement entropy proven above, combined
with previous results shown in ref. [15, 80] can be summarized in the phase diagram
in Fig. 2.7. Additional evidence can be drawn from sudden change in scalings of
spectral gap. In the next chapter, we will rigorously prove for the deformed Fredkin
chain upper bounds on the scaling of gap for £ > 1, s > 1 phase and t > 1, s = 1 phase,
showing both of them vanishes in the thermodynamic limit. The same argument goes
for the deformed Motzkin chain. Besides, numerical studies in ref. [12] shows that
the t < 1 phase appears to be gapped, in agreement with our conjecture based on the
t — 0 limit.

We call this phase transition a novel quantum phase transition out of the following
considerations. On one hand, it happens at zero temperature and is a result of
coefficient in the Hamiltonian changing near a critical value. On the other hand, the
ground state itself does not go through and abrupt change, and no level crossing is
involved, falling out of the definition of quantum phase transition given in chapter
. In addition, while bounded entanglement entropy usually indicate a non-vanishing
spectral gap, our t > 1,s = 1 with bounded entanglement entropy will be shown to

be gapless in the next chapter.
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Chapter III

Deformed Fredkin Spin Chain

In this chapter, we apply the idea from the previous chapter to a half-integer
spin version of the Motzkin model, called Fredkin spin chain. In addition, we further
explore the degrees of freedom in frustration free deformation of the Hamiltonian.
Inspired by the more mathematically inclined proof given in ref. [68], and numerical
results in ref. [12], we give a rigorous and intuitive prove on scalings of the spectral

gap omitted in the previous chapter.

3.1 Multi-parameter Hamiltonian and ground state

Following the method in the previous chapter, we introduce a parameter t that
deforms the Fredkin Hamiltonian of [24, 104] while remaining frustration free. The

Hamiltonian is given by:

H(s,t) = Hp(s,t) + Hx(s) + Ha(s), (3.1)
where
2n—1 s
Hp(s,t) = Y (I@5® 05| + 0552 ) (¢552) (3.2)

j=2 ci1,c2,c3=1
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Hy(s) = ST D ey | TR | (3.3)

+5 Leeat ([ 1545) — [P (545 | = 02 DL (3:4)

and

Hy(s) = >y (1D U5 1+ 115,) (15, D). (3.5)

The projectors in Hr are defined using:

C1,C2,C; 1 C c
‘(b i) = L+ |ta, ]2 |T 1T]+1 J+2> ta ’T ’ J+1TJ+2 ) (3.6)
7.]
C1,C2,C ]- c1 C;
|955) = Wi e |T Vi ]+2> B, Hg diie)) (3.7)
7]

with the condition that ¢? = ¢ ,.

The Fredkin gate projectors in Hp allows a pair of 1| neighboring spins (with
the same color enforced by the first term in Hy) to move freely around its left or
right third neighbor and still appear in the ground state superposition, but now with
a different probability amplitude. The second term in Hx ensures that otherwise
identical Dyck paths with different coloring have the same weight. And the boundary
term Hy (together with the Fredkin projectors) penalizes paths that go below 0 at
any point along the chain. Notice that analogous to [146], the simplest choice is
a parameter t = t4, = tp being the same in the two projectors of Hp is the one
employed in [105, 122], but is only a subset of the parameter space that leaves the

Hamiltonian frustration free. More generally, we introduce parameters ¢4 and t?,

for the two projectors in Hp. Then any set of {tjA,th } that satisfies the condition

tA = tﬁq for all j’s would guarantee the Hamiltonian to be frustration free !. The

=4

I'Note that there is no parallel condition t 1
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/NN NN
(1) = ()

Figure 3.1: Different ways of “fattening” a hill must have the same amplitude.
Note that the colors have been interchanged during the procedure, this, however,
is not an obstruction as all colorings appear with the same amplitude.

point is illustrated in Fig. 3.1. In particular, we may specify a Hamiltonian with a
. . . A
frustration-free ground state by picking any set of the ¢;' parameters.
We now want to characterize the ground state of the system. First, let us denote
h(l) to be the height of the Dyck path after step [, that is, for a spin configuration

|w) describing a Dyck path,

> D didw) = h)w), (3:8)

c=1 j=1

where o#

. 1s the Pauli matrix giving £1 if spin j is in state 15 or |j, respectively.

The height function is illustrated for a generic Dyck path in Fig. 3.2. To find the
relative amplitude of this spin configuration as compared with the lowest possible
spin configuration, we use successively the Fredkin moves to | 11)) — ta| T41) to
"flatten” the hill. The process is described in Fig. 3.3. In this way, the weight of each
Dyck paths is related to the weight of the lowest height, | T41J ... 1}) path. Note that
we have suppressed the color index in this treatment since, as mentioned above, in
the ground state superposition all admissible colorings should appear with the same
amplitude.

The amplitude of a given Dyck path in the ground state of the model is thus given

by counting the number of ”diamonds” associated with each tj‘, and can be written
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Figure 3.2: A spin configuration corresponding to a colored Dyck path and the cor-

responding height function h(l).
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Figure 3.3: The “flattening” of a hill and it’s amplitude. Starting from the left, we
reduce the first by using the Fredkin move | 11]) — ¢4| 1J1). This process is

repeated for each peak until the lowest height hill is achieved.



in the form:

1 n-

GS) = 7 S iz 5 og(t 1) ). (3.9)
we{s—colored
Dey{ck walks}

where [z] is the integer part of  and N is a normalization factor. In the case where

t;‘ = t, the ground state can be simply related to the area under the path as:

1 L At
GS) = 47 > eAWw), (3.10)

we{s—colored
Dyck walks}

3.2 Entanglement entropy

In this section, we employ the simplest choice of parameters which is translational
invariant t4 = tg = t everywhere. When ¢ = 1, the entanglement entropy of the
ground state scales as logn for s = 1 and as y/n for s > 1 [24, 104]. The reason our
deformation with the extra parameter can further increase the scaling of entropy is
because when a spin is moved around its neighboring 1] pair, it is separated from
its own partner paired in the same color, which is the first unpaired down spin to its
right (or up spin to its left). This way, when a pair of spins required to be in the
same color are shifted to different subsystems of the chain, they become a source of
entanglement entropy between the two subsystems. Tuning the parameter ¢ to favor
higher paths in the ground state superposition will now enhance the more substantial
contribution from those with more unpaired spins in one subsystem. To put this in a
mathematical way, we decompose the ground state into tensor products of states in

the left and right halves of the chain.

|GS> = Z \/pn,m Z |é’0,m,:c>1,...,n ® |ém,0,£>n+1,...,2na (31]—)
m=0

ZE{1112,... o}
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where |CA’p’q7x> is a weighted superposition of spin configurations with p excess
4, q excess T and a particular coloring = of the unmatched arrows, such that
(G’S|(|CA’07m7x)1,m7n ® |é‘m70,f>n+17,,,,2n) # 0, and 7 is the coloring in the second half of

the chain that matches x. The decomposition gives the Schmidt number

M2, (s,t)
nan(8,t) = —F 7 3.12
punls ) = 2 (3.12)
where
My m(s,t) = 572" > AW, (3.13)
we{lst half of Dyck
walks stopping at (n,m)}
Na(s,t) =) s™M?,(s,1). (3.14)

m=0
And the entanglement entropy of the half chain in the ground state is given by

n

Su(s,t) == " Pan(s,)10g Prm (s, 1). (3.15)

m=0

To study the behavior of M,,,, as a function of m, we observe that they satisfy

the following recurrence relations,

1
My g1 = t"72 My g,
Mys1m = sthr%Mka + tm’%Mk,m,l, for 0 <m < k, (3.16)

1
Mk+170 = st2 Mk,l-

Notice that the M, ,,, is only non-vanishing for m’s of same parity as n.
From these relations, we can see that for large enough ¢, M,, ,, will be monotoni-
cally increasing as we increase m by increments of 2. Paths with height in the middle

O(n)

scaling as O(n) will contribute more to the entanglement entropy from the s pOs-

sible colorings of unmatched spins. In particular, the half chain entanglement entropy
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will also scale linearly with system size n. In the next subsection, we give a rigorous
proof that this is true in the thermodynamic, and that this critical phase of large

entanglement spans the entire half line ¢ > 1.

3.2.1 t>1,s> 1 phase: Volume scaling of entropy.

In this section we repeat the steps taken in the previous chapter to prove volume
scaling for weighted Motzkin walks, with a few modifications. For arbitrary ¢t > 1,
the non-zero entries of M,, ,, are not necessarily monotonic in terms of m, but we can
still show that for a given n, M,, ,, reaches its maximum at some m = m*, within a
finite distance away from m = n independent of the system size n itself. This is not
obvious in the step-by-step recurrence relations, but becomes clear as we take into
account the accumulated effect of the evolution of the coefficients M, ,,, with respect
to n. To see this, we summarize (3.16) in the following operator formalism.

As in the previous chapter, we represent the distributions of Mj, ,,, as components

of the state at ‘time’ k£ during the ‘evolution’ in a basis spanned by |m), m =0, 1,2, .. ..
M) =" Mymlm), My =0if m > k. (3.17)
m=0

We we define ‘shift’ and ‘height’ operators to describe the ‘evolution’ of the the states
|My) as

S|m) =|m —1),8|0) = 0; (3.18)

H|m) = m|m). (3.19)
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One can check that the recurrence relations (3.16) translate to

(MIMis1) = Myprm = st™ 2 (m + M) + 772 (m — 1JMy,)

:(m|8tﬂ+%8 + tH_%ST|Mk>,

which gives us:

Mis) = (s VES + %swwm. (3.20)

Using the commutation relation
1
(VIS + %ST) = (st~ 2§ 4 (b2 ghykH (3.21)

we keep moving the t** operators all the way to the right until it disappears when

acting on |0) we obtain:

IM,) = [t (sVLS + \2 )" M) = ]!_[1 (st *= 28 + tk-2.8h)|0). (3.22)
Here K denotes ordering the multiplications in the product such that factors with
greater k value are on the right. For ¢ > 1 the factors in the product above are
dominated by the ST term for large k. In other words, at some point during the
evolution, the distribution of M,, starts shifting at velocity 1 to the right along the m
axis without much spreading. For a larger ¢, this happens shortly after the evolution
starts, while for smaller values of ¢, it takes longer to reach this stable propagation.
In any case, as we show below, the maximum of M, ,, is a within finite distance away

from m = n.

Lemma III.1. Let m* be such that sup,, My = My =, then 3Ny < n, such that

when t > 1, m* € [n — 2Ny, n|.
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Proof. Let
M) =K T (s700s + t=hsho), (3.23)
k=Nop+1
Note that
~3) || st B2 S|y < st7273) = ¢, (3.24)
so that:

st~ =28 + th~2St||, < th~2(1 + ¢)
we thus have

= Zhesasa C DA — i — Nobll < Tl (e 1) — 1 < EFmmn s -1

st t— 2Ny

=1 1= fs, )70 — 1.

The first inequality on the left follows from noting that |n — Ny) appears in
¢~ 2= (k |J\/l’ ) with coefficient 1, and is exactly canceled. We have also used

that z + 1 < e*. Next,

No
[t~ Zi= =2 M) — KT [(st72F28 + ST — No)llu
k=1
No .
<[IK H(St”(kﬁ)‘? + SHu [t~ Zr=ror1®=2) | M) — In — No)ly
k=1
—Np o —Np No —Np
<(f(s,t)" " —=1) H(l +op) < (f(s,0)7° = DeXrmrey, < (f(s,0) 0 = 1) f(s,t).
k=1
Let
No
M, = (mIKT](st*72)8 + ST)n — N), (3.25)
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then clearly M), ,, = 0 for m <n — 2Ny. If we choose

0 flst) < 152,
No= log 108U (s:)+1) (3.26)
— —'ﬁg el otherwise,
then
||t_7|/\/l Z My m)lly <1 =M, <supM, .. (3.27)
m=n—2Ny m
Therefore Im* € [n — 2Ny, n], such that M, ,,,» > M, ,, for all m. O

This allows us to prove the linear scaling of the entanglement entropy.

Theorem III.1. In the state (3.10), when t > 1, the entanglement entropy of half
of the chain is bounded from below by S, > nlogs + C(s,t), where C(s,t) is an n

independent constant.
Proof. We separate a linear term from S, as follows (below we supress the n index

in M, ,):

Sp = 8" Pmlogs™ = > 1 §"pm10g(s™pm) > D o S Pmmlog s

n—l
=> oS 'pui(n—1)logs =nlogs —logs> . Ozn%l (3.28)

Taking m™* such that sup,, M, ,,, = My, - and using lemma III.1, we see that

g ZM2 n s IMTQn* - n B
ZZ,OmM2 ZmMQ I=s ;Sll

m/

2N0+1

< Vo Zs Il < g?No Zs’ll = 1)
8 —

Therefore, the remainder term on the right hand side of (3.28) is bounded. O
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One can see from the proof that the factor of s is already enough to make the

scaling of entropy linear, and all that is required for p,, is that it doesn’t destroy this

exponential dependence on m.

3.2.2 t <1 and any s: Bounded entanglement entropy.

Contrary to the case studied above, when t < 1, we expect Dyck paths with smaller

areas below to be exponentially preferred in the ground state superposition. But this

time, for the entropy to reflect the predominance of lower path, where less mutual

information between the two subsystems can be stored, the behavior of p,, needs to

not only be decreasing exponentially with m, but also fast enough to overcome the

exponential increasing s™ factor. Considering that, we define

5 M?
m ~ n,m
Mn,m =852 Mn,m y Pnom = n 9

Zm:(] Mn,m .

Substitution into (3.16) gives the following relations,

Mk+1,k+l = \/Etk+%Mk,k,
Misrm = /3™ Mymis + "5 o), 0 <m < k,
MkJrl,O = \/gt%Mk,l
To prove the entropy is bounded, we need the following lemmas.
Lemma I11.2.

“r2 “r2
Mn+2’m>M

n,m*

(3.29)

(3.30)

(3.31)
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Proof. From (3.22), we have

(Misz) = K[ (st7 0728 + 528N (st 2)S 4+ 8Ty (st~ (42 S 4 1742 81 o),

=

k

Il
—

=

K

1
(st F 28 + b2 8h)[s2 2D S? 4 (1 4 )+ 21 52| 0)
k

Il
—

~ | —

= s(t+ )IMy) + K [ (st7*DS + 728N 272D 82 4 2D S 1] )
k=1

The last term on the RHS of the equation contains non-zero contributions for all

states |m), with m = 0,1,...,n 4+ 2, and we have:

Mo m > My,

]\an+2,m > Mmm Ym >0,n>1.

Next we establish the following bound on py, ,:

Lemma III1.3.
2

P < 36;3—21?4’". (3.32)

Proof. By definition of p,,,, and using the recursion relation (3.30) twice conse-

qutively,

32t4m[t2Mn—2,m+2 + (t + %)Mn—lm + t_ZMn—2,m—2]2
ZZ@ZO M’r%,m

< S2t4m [3 max{t2Mn—2,m+2a (t + %)Mn—Q,ma t72Mn—2,m—2}]2

- 277;:0 M'r%,m

2 2 2 2 2
S 363_t4mma‘r{Mn,m+2’Mn,m7 n,m—2} < 36%t4m

t2 Z:"LZO M’r% m

Pnm =

Lemma II1.2 was used in the last line. O
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We now have the ingredients to prove the boundedness of entropy.

Theorem II1.2. When 0 <t < 1,s > 1, there exists a constant Cy(s,t) independent

of the system size n, that for any n, S, < Cy(s,t).

Proof. Using Lemma II1.3 we see that when

log(gﬁ 2)
= | =2290%¢s77 ]_ .
m > mo [ T ]+ , (3.33)
we have
1
Prm < 36—t4m <= (3.34)

It is easy to check that the function —zlog(x) is monotonically increasing when

x € (0, %), in other words, for m > my,

1 3652
Pam < 36 t4m S = —pumlogiam < 36 t4m(1 g tf ) + 4mlogt).(3.35)
e
Therefore
Sn = - Z ﬁn,m logﬁn,m + lOg S Z ﬁn,mm
m=0 m=0
=, 365> 3652
< — anmlogpnm - Z t—2t4m(log( " ) —|—4mlogt)
m=0 m=mo+1
=, 365>
+ log s Z t2
m=0
1 36s%tmot2 3652 144g%¢Amo+2 1—¢4 1
<m0+ o log i ) — i (1m0 )+ >logt
e 1—t4 2 (t* —1)?
36522 |
——logs
(=17
ECO(S, t),

where we used sup,¢ 1) —zlog(r) = e~ ! for entropy terms with m < my in the last

inequality. ]
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Notice our proof here does not rely on the fact that s > 1, and it applies to the

s = 1 case as well.

3.3 Scaling of the Spectral Gap

3.3.1 Super-exponential Upper bound in the ¢t > 1,5 = 1 Phase

Since entanglement entropy is a measure of correlation in the system, a high
entanglement entropy indicates that the system is highly correlated and also a gapless
spectrum (in the thermodynamic limit) [48, 8]. As our model at ¢t > 1, s > 1 exhibits
linear scaling of entanglement entropy, we expect the spectral gap to be also decreasing
faster with system size than the t = 1. Here, we give variational proof that the spectral
gap for t > 1,5 > 1 decreases exponentially with a square of the system size.

Just as the linear scaling of entanglement entropy results from the prominence of
the higher weighted paths in the ground state superposition, gaplessness can be shown
by truncating lower weighted paths at the price of softly violating the superposition
required to make the projectors in the Hamiltonian vanishing. To do so it is convenient

to define a ‘prime walk’ as follows:

Definition III.1. A prime Dyck walk is a Dyck walk that is always above the x-axis,

except at the endpoints.

By this definition, a Dyck walk is either prime or a concatenation of prime walks
(Fig. 3.4 exhibits a Dyck walk in solid line made of two prime walks and one in
dashed line made of three prime walks).

To construct a low energy variational excited state, we start with an auxiliary
state that projects out all the walks in the ground state superposition whose longest

prime walk has a length smaller than n + 1. That is, define:

P, ~ = {s-colored walks containing a prime walk of length [ > n } | (3.36)
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and P, . = the complement of P, ~ . Our auxiliary state is defined as:

A1/* S A |y), (3.37)

wGPn,>

For t > 1 higher walks are favored rendering the auxiliary state largely overlapping
with the ground state and therefore unqualified as a low energy excitation state.
However, the color degree of freedom allows us to make this state orthogonal to the
ground state by permuting the color of the last down move (or equivalently the first
up move) in the longest prime walk. This way, all walks in the new superposition have
one pair of spins with unmatched colors, and consequently orthogonal to all paths in
the ground state. The choice of the ‘n+1" threshold on the cut-off of longest prime
walk length eliminates the potential ambiguity in the location of the color permutation

so that each path in the superposition has exactly one pair of unmatched colores.

Theorem II1.3. The spectral gap of the t > 1,s > 1 phase has an upper bound of

2(45)™ ,—n2/2
1+¢2 t s,

Proof. We define a new state [£) as:

=27 3 4 P ), (3.3%)

wEPn,>

where N* is the new normalization factor and the operator P sends the color ¢ of the
last down move of the longest prime walk to ¢ + 1 mod s and leaves everything else

unchanged. Because of the color imbalance we immediately have:
(€1GS) =0, (3.39)

and |€) can be readily used as a variational wave function to bound the gap from

above .
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v

Y
n+1

Figure 3.4: An representative walk in the superposition of |£) that crosses the
threshold of the cut-off when acted on by the operator (¢| _ 1212, ) —

| T D (b 1= b 1)
Let us compute the variational energy associated with the [€) state. First we note

that:

as each non-matching color pair is separated by at least n sites (while Hy is only
sensitive to nearest neighbor violations). The same goes for most of the projectors in
Hp just the way it works in the ground state.

However, in Hp, we have also non-zero contributions coming from walks w that
are one ”Fredkin” move away from leaving the set P,, >. In other words, this happens
when the first (second) projector in Hr in Eq. (3.1) acts on the left (resp. right)
endpoint of the longest prime walk and changes its length from n + 1 to n — 1 (the
kind of which is absent in the superposition). For instance, applying the projectors

on ¢,—1.5 (Eq. (3.7)) to the prime walk w corresponding to the one in Fig. 3.4 gives:
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1
112 (w|(t] $Z—1Tz Z+1>_| sz—li?z 2+1>)(<$2—1T2$Z+1 |t_<sz—1¢?z 1 )|w) = 11
(3.41)
and
112 (w'|(t| %—1& 2+1> — | TZ—NZ ;+1>)(< 2—1T2 lr)z+1 it — Z—ﬁz 1 )|w) =0,

(3.42)
with w’ is any other walk in the |) (i.e. any other walk in P, ).

We can now estimate the variational energy due to such paths. The number of
these paths that will go from P, - to P, - when applying a Fredkin projector is very
roughly bounded from above by 2%"s" (which is the total number of walks). On the
other hand, the probability amplitudes of a path that has a prime walk length of
exactly n+1 or n+2in P, -, are penalized by their area differences from the highest
weighted one, i.e. the shaded area in Fig. 3.4, by a factor smaller than /4 We
therefore have the following upper bound:

2(48)” t_n2/2

3.43
1+ ¢2 ( )

(ElH|¢) <

Thus we have proved an upper bound of exponential of square of system size on the

spectral gap when ¢t > 1,s > 1. O
Remark: The overall factor 2 above comes from possibility of modifying the prime

path on the left or on the right.

3.3.2 Exponential Upper Bound in the ¢t > 1,5 = 1 Phase

As has been discussed in the previous subsection, a bounded from above entangle-
ment entropy is expected to be a strong indicator of the existence of a non-vanishing

spectral gap. Yet that intuition fails in the t > 1, s = 1 phase of the Motzkin spin
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Figure 3.5: Two representative walks in ()_5. The light blue one can be shifted
in the direction of the orange arrow to become the dark blue one with a relative
weight increase of ! corresponding to the area of the shaded regions.

chain. The numerical results in [12] showed the ¢ > 1,s = 1 Motzkin chain is gapless
despite the boundedness of its entanglement entropy. Here we prove the Fredkin chain
counterpart of this phenomenon, which can be readily adapted to the Motzkin chain.

We follow the same strategy we used to construct low energy excitation state
from the t > 1, s > 1 phase, only now we don’t have the luxury of taking advantage
of color degrees of freedom to ensure the orthogonality to the ground state. Fortu-
nately, there’s still a degree of freedom we haven’t fully exploited yet, namely the
z-component of the total spin, or the net up spin of the chain, which can be non-
vanishing when the boundary terms in the Hamiltonian is violated. To construct a

low energy excitation due to this, we define

(Q)—o = {walks that starts from (0,0), ends at (2n, -2) and never pass below x=-2.}

Notice a Fredkin move acting on a walk in ()_» always gives another walk in Q)_,.

Theorem II1.4. The spectral gap of the t > 1,s = 1 phase has an upper bound of

t7n+1
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Proof. We define an excited state

1
== 1240 ), (3.44)
weQ—2

where N* = (>

wEQ 2 tA®))z2 is the normalization factor. |n) is clearly orthogonal
to the ground state as they have different total spins. Since |n) only violates the
boundary term in the Hamiltonian, after being acted on by H, only paths starting
with a down move will survive. To get an estimate on the amplitude of the paths
left, we point out that by rearranging the first down step to the last, (or equivalently
shifting along the arrow in Fig. 3.5,) we get another walk in ()_sof area 2n — 2 bigger.

Therefore,

A(w)

(| H|n) = iy : (3.45)

which gives an upper bound on the spectral gap. O
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Chapter IV

Coupled Wire Model of Majorana Surfaces of

Topological Superconductors

In this chapter, we introduce the single-body coupled Majorana wire model at
the beginning of section 4.1. A review on the so(N); WZW CFT will be given
in section 4.1.1 and 4.1.2 as well as in appendix A, B and C. In section 4.2, we
will construct time reversal symmetry 4-fermion interactions that will open up an
excitation energy gap. The discussion will be decomposed into the even and odd N
cases in section 4.2.1 and 4.2.2 respectively. In the even case, the gapping Hamiltonian
will match the O(r) Gross-Neveu model[43, 145, 138, 113] and we will show an energy
gap in section 4.2.1.1 by (partially) bosonizing the problem. The gapping potential
for the odd case will rely on a conformal embedding and relate to the Zamolodchikov
and Fateev Zg parafermion CFT|[29, 144]. This will be discussed and reviewed in
section 4.2.2.1, 4.2.2.2 as well as in appendix D. The symmetric gapping interactions
will correspond to non-trivial surface topological orders. This will be discussed in
section 4.3 where we will present the class of 32-fold periodic topological G states.
In section 4.4, we will describe alternative gapping interactions that would lead to

even more possibilities.
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4.1 Coupled wire construction of surface Majorana cones

. R r ( N /4 2
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Figure 4.1: (Left) Coupled wire model (4.3) of N gapless surface Majorana cones.
(Right) Fractionalization (4.33) and coupled wires construction (4.37) of gapped
anomalous and topological surface state.

To construct explicit many-body interactions that can remove the gapless surface
degrees of freedom, we turn to an anisotropic description of surface Majorana fermions
using an array of coupled fermion wires (see figure 4.1). The horizontal wires are
labeled according to their vertical positiony = ..., —2,—1,0,1,2,... and each carries
N chiral (real) Majorana fermions 9, = (¢;,...,%]}’) which propagate only to the
right (or left) if y is even (resp. odd). The number of flavors N here is going to be
identified with the net chirality of the surface Majorana cone. Time reversal symmetry
is non-local in this model as it relates fermions on adjacent wires that propagate in

opposite directions,

N N
T (Z aawg> T = (=1 iy (4.1)
a=1 a=1

Similar to the symmetry of an antiferrormagnet, here time reversal on the single-
fermion Hilbert space squares to a primitive translation up to a sign, 72 = —fy for
fy the vertical lattice translation y — y + 2 that relates nearest co-propagating wires.

In the many-body Hilbert space,

T2 = (-1)"t, (4.2)
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where (—1)f is the fermion parity operator whose sign depends on the eveness or
oddness of fermion number.

We mimic N copies of surface Majorana cones by the coupled wire Hamiltonian

[e.o]

Ho= > ivd—1)"h) 0utp, + ivyipy b, 1 (4.3)
y=—00

where the N-component Majorana fermion 1 disperses linearly (for small k,) with
velocities vy, v, along the horizontal and vertical axes (see figure 4.2). By applying
(4.1), we see THoT ! = Hy and the coupled wire model is therefore time reversal
symmetric. Moreover, H, has continuous translation symmetry along x and discrete
translation along y — y + 2. The alternating sign in the first term of (4.3) specifies
the propagating directions of the wires. Projecting to the k, = 0 zero modes along the
wires, the second term in (4.3) effectively becomes a 1D Kitaev Majorana chain[61]
which has a linear spectrum for small k,. More explicitly, by using the Nambu basis
b = (cp,en N7 for o = 32, eFemth)cs(z) the Fourier transform of the Dirac
fermion ¢(x) = (¢35, ;(x) + )3, (x))/2, the coupled wire Hamiltonian (4.3) can be

expressed as Ho = ) . SLHgdG(k)ﬁk, where the BAG Hamiltonian is given by
HY (k) = 20k, 7y + vy [~ sink,7, + (1 — cos k,)7.] (4.4)

for —oo < k; < oo and —7 < k, < 7. It has a linear spectrum near zero energy and

momentum as shown in figure 4.2.

Figure 4.2: The energy spectrum of the coupled Majorana wire model (4.3)
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We notice in passing that if the time reversal operation in (4.1) was defined with-
out the alternating sign (—1)Y, it would sqaure to a different sign 72 = +i, in
the single-fermion Hilbert space and the vertical term in (4.3) would need to be
modified into Zy ivy(—l)yw,/)gv,by 41 in order to preserve the symmetry. This would
correspond to an alternating Majorana chain in the y-direction, where the gapless
Majorana cone would be positioned at k, = 7 instead of 0 and would still be pro-

tected by Kramers theorem as 77 _ = e’

v = —1. This scenario is actually equivalent
and related to the original by a gauge transformation (v, Yay+1, Yay+a, Yayr143) —
(Vays Yays1, —Vay+2, —Vay+1+3), and therefore the sign of 72 is unimportant in this
problem. Nevertheless we will stick with previous convention defined in (4.1) in the
following discussions.

The chirality N of the coupled Majorana wire model (4.3) is set by the chiral
central charge c = N/2 along each wire. This quantity is defined by the difference of
central charges[26] between right and left moving modes, and determines the energy

w2 k%
6h

(thermal) current I ~ c_ T? flowing along the wire in low temperature[54, 18,
60, 69]. In general, a Majorana wire carrying Ng right moving fermions and Np
left moving ones has the kinetic Hamiltonian H = vy’ @ b, where §, = [Ly, @
(—1n, )]0, acts on the (Ng + Np)-component real fermion 1. In (4.3) we consider
the simplest case when (Ng, Ni) = (N, 0) for y even or (0, N) for y odd.

A chiral 1D system violates fermion doubling[87] and can only be realized as an
anomalous edge of a gapped 2D bulk[126, 97, 60]. The coupled Majorana wire model,
(4.3) or figure 4.1, must therefore also be holographic and living on the surface of a 3D
bulk superconductor. This can be modeled by a stack of alternating layers of spinless
P £ip, superconductors (see figure 4.3(a)). The interwire backscattering in (4.3) can
be generated by bulk interlayer electron tunneling and pairing that are not competing

with the intralayer p+ip pairing. Time reversal (4.1) extends to the three dimensional

bulk by relating fermions on adjacent layers. The coupled Majorana wire model can
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also live on the surface of a 3D class DIII topological superconductor where each
chiral Majorana mode is bound between adjacent domains with opposite time reveral
breaking phases ¢ = £7/2 (see figure 4.3(b)).[116, 95] The discrete translation order
along the y-axis perpendicular to the wire direction can be melted by proliferating
dislocations (see figure 4.3(c)). With continuous translation symmetry restored, time
reversal symmetry becomes local with 72 = —1 and the coupled Majorana wire model

(4.3) recovers the surface Majorana cone (??) in the continuum limit for small .

5 =2

TSC (DI

Figure 4.3: Coupled Majorana wire model on the surface of (a) a stack of alternat-
ing p, £1ip, superconductors, and (b) a class DIII topological superconductor (TSC)
with alternating TR breaking surface domains. (c¢) A dislocation.

The non-local time reversal symmetry (4.1) actually provides a weaker topological
protection to gapless surface Majorana’s than a conventional local one. For instance
in section 4.2, we will show that the N = 2 coupled Majorana wire model can be
gapped by single-body backscattering terms without breaking time reversal, leaving
behind a surface with trivial topological order. This reduced robustness stems from
the half-translation component in the antiferrormagnetic time reversal. In the BdG

description (4.4), the time reversal operator takes the momentum dependent form

1 iky 1 — etky
Tk:( +26 T, i 26 TZ>/C (4.5)

for K the complex conjugation operator. It commutes with the BAG Hamiltonian
T HYyo(k) = HSyq(—k)Ti as well as the particle-hole (PH) CTy = T xC, for
C = 7,K the PH operator. In the continuum limit or for small k,, T" ~ 7,K

agrees with the conventional local time reversal operator and protects a zero en-
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ergy Majorana Kramers’ doublet. The BdG Hamiltonian has a chiral symmetry

M HYyo (k) = —HRyq(k)I, for IT, = iCTy the chiral operator. It can be used to

assign the chirality of a Majorana cone by an integral winding number

1
n=— Tr [a(k) "' Vih(k)] - dl (4.6)
27TZ CE(kO)

locally around a loop C. (ko) € away from the zero mode at ko. Here h(k) is the elliptic

operator

h(k) = P Hpge (k) B (4.7)
for Pf = (Pki)2 the two local projectors diagonalizing the chiral operator Il =
e~ */2(P — P7). However, as time reversal squares to T3 T = —e™v, which is

the eigenvalue of the primitive translation —fy at momentum k, so does the non-
symmorphic chiral operator 112 = e, The two chiral branches II, = e /2
switch across the Brillouin zone when k, — k, + 27. As a result, a global winding

number can only be defined modulo 2.

4.1.1 The so(N); current algebra

We notice the coupled Majorana wire model (4.3) has a SO(NN) symmetry that
rotates the N-component Majorana fermion ¢y — Ol‘j@Dz. Consequently, there is
a chiral so(N) Wess-Zumino-Witten (WZW) theory[136, 139] or affine Kac-Moody
algebra at level 1 along each wire. Here we review some relevant features of the so(N);
algebra, which are well-known and can be found in standard texts on conformal field

theory (CFT) such as Ref.[26].
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The so(NN); currents have the free field representation

J(z) = 2w< 2)Tt7p(2) Zwa (4.8)

where the t#’s are antisymmetric N x N matrices that generate the so(N) Lie alge-

7+ is the complex space-time parameter, and (4.8) is

bra (see appendix A), z = e
normal ordered. The coupled Majorana wire model carries currents that propagate
in alternating directions (see figure 4.1) so that J/(z) are holomorphic for even y and

Jyﬁ (Z) are anti-holomorphic for odd y. Focusing on an even wire, from the operator

product expansion (OPE)

V()Y (w) = +... (4.9)

the so(N); currents obey the product expansion

5 if
8 B8 16
JP(2)J7(w) = T wp +Z — S0 (w) + (4.10)
where fz,5 are the structure constants of the so(IN) Lie algebra with [tﬂ,tﬂ =
s fast® (see appendix A). The Sugawara energy momentum tensor (along a single

wire) is equivalent to the free fermion one[40]

1

T(2) = 5=y 36) = 5 00 (411)

for J = (J?) the current vector and 1 = (¢!, ...,9") the N-component real fermion.
The energy momentum tensor defines a chiral Virasoro algebra and characterizes a

chiral CFT. It satisfies the OPE

c_/2 N 2T (w) +8wT(w)

T(2)T(w) = (z—wy ' (z—w)? ”— w

T (4.12)
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where the chiral central charge c. = N/2, loosely speaking, counts the conformal
degrees of freedom on the Majorana wires and is proportional to the energy current|54,
18, 60, 69] and entanglement entropy(3, 50, 16] carried by the wire.

Excitations of the N-component Majorana wire transform acording to the SO(N)
symmetry. They decompose into primary fields and their corresponding descendants.
A primary field Vy = (V! ..., V%) is a simple excitation sector that irreducibly
represents the so(NN); Kac-Moody algebra.

d tﬁ

PV (w)=—3 B sy 4 (4.13)

s:lz_w

where A labels some d-dimensional irreducible representation of so(N) and tf is the
d x d matrix representing the generator t* of so(IN). For example it is straightforward

to check by using the definition (4.8) and the OPE (4.9) that the Majorana fermion

¥ = (¢1,... ") is primary with respect to the fundamental representation, i.e.
N8
JP () (w) = — ab_qpb o 4.14
()9 (w) ;Z_ww (w) + (4.14)

From (4.11), space-time translation of a primary field V is governed by

h)\ 8wV)\(U))
T(z)V = — =V _— 4.15
EVAw) = Vi) + 222 (4.15)
where the conformal (scaling) dimension is given by
o)
= —— 4.1
a 2(N —1) (4.16)

for _2/5 tftf = O)\14xq the quadratic Casimir operator. For instance Q,, the

quadratic Casmir eigenvalue for the fundamental representation, is N — 1 (see ap-
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pendix A) and therefore the fermion ) has conformal dimension hy = 1/2. This

agrees with the OPE (4.9) by dimension analysis.

There are extra primary fields other than the trivial vacuum 1 and the fermion .
The spinor representations (see appendix A) o, for N odd, or sy and s_, for N even,
also correspond to primary fields of so(/N);. Their conformal dimensions can be read

off from their quadratic Casmir values (A.7), and are

N
ho = — R = 4.1
o 16’ st ( 7)

N
16
Unlike the infinite number of irreducible representations of a Lie algebra, the extended
affine so(N); algebra only has a truncated set of primary fields {1, 0,9}, for N odd,
or {1,sy,s_,9}, for N even.

These so(NN); primary fields take more explicit operator forms after bosonization

and can be found in appendix B and C.

4.1.2 Bosonizing even Majorana cones

In the case when N = 2r is even, the N Majorana (real) fermions on each wire

can be paired into r Dirac (complex) fermions and bosonized[140, 36]

' 2j=1 | a2 _
o= Y ﬁwy ~ \}%exp (i) (4.18)

where gg;, ey (52 are real bosons on the y*™ wire, and the vertex operator in (4.18) is

normal ordered. The bosons obey the equal-time commutation relation

3.3 )] =im(-1y9 5,6 sgn(a’ ~ 2

+ dyysen(j — j') +sgn(y — y) (4.19)
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where sgn(s) = s/|s|] = £1 for s # 0 and sgn(0) = 0. The first line of (4.19) is

equivalent to the commutation relation between conjugate fields
[ag(x), Dl ()| = 2mi(=1)¥8,, 67 §(2 — o) (4.20)
and is set by the “p¢” term of the Lagrangian density
Lo = % > Z(—1)ya$;£;at$g,. (4.21)

The second line of (4.19) guarantees the correct anticommutation relations between
Dirac fermions along distinct channels. The alternating signs (—1)Y in (4.20) and
(4.21) specify the propagating directions along each wire, R (or L) for y even
(resp. odd). Eq.(4.19) is symmetric under time reversal (4.1), which sends

TIT ' = (-1’ TET ' =dl,, +my. (4.22)

Yy Y

We notice time reversal, in this convention, flips the fermion parity as it interchanges
between the creation and annihilation operators.

The entire coupled Majorana wire Hamiltonian (4.3), when N = 2r is even, can
be turned into a model of coupled boson wires. The total Lagrangian density is a

combination
EZEO—’HZEO—('HH—FHJ_) (4.23)

where the Hamiltonian density H = H; + H. consists of the sliding Luttinger

liquid[88, 28, 124, 114, 82] (SLL) component along each wire

M=V Y Y 0.600.0] (4.24)

y=—o00 j=1
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and the backscattering component between wires

", =V, i i(—nycos (242,12 (4.25)

y=—o0 j=1

200 1y =) — s (4.26)
The SLL Hamiltonian (4.24) contains the (normal ordered) kinetic term izbg&ripy =
i(cl0pcy+cy0xcl) in (4.3) as well as possible forward scattering terms like the density-
density coupling (cl¢,)(clc,). The interwire backscattering Hamiltonian (4.25) is iden-
tical to the second term i’ﬁglpyﬂ = i(cleyn + cyczﬂ) in (4.3). This can be derived
directly by applying the bosonization (4.18) and the Baker-Campbell-Hausdorff for-
mula ei9ve= %+t = ¢i(@y—dur1)+00.Pu411/2 | The alternating sign (—1)¥ in (4.25) is crucial
to preserve time reversal symmetry (4.22), which relates T219; 1 /2T_1 = 219; 132 — T
The r sine-Gordon terms in (4.25) between the same pair of adjacent wires mu-

tually commute

21

y+1/2

(2), 207, /Q(a;')] —0 (4.27)

and share simultaneous eigenvalues. If there was a single pair of counter-propagating
wires, these potentials would have pinned (219@ 11/2(®)) = (2n + y)m between the two
wires. However, they compete with the sine-Gordon terms between the next pair of

wires due to the non-commuting relation

[219i+1/2(x)’ 27%4_3/2 (37/)]

—omi(—1)Y [e(j )+ 60— x)} (4.28)
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where the unit step function 0(s) = 0 when s < 0, or 1 when s > 0. In other words,

297 . . .
the vertex operators e“"v+1/2 produces fluctuations to adjacent pairs,

Y . od
e 1219y+1/2(m) 219;+3/2<x/)61219y+1/2(a:)

=207 3 o (7') + 2m(=1)"0(a' — ). (4.29)

The uniform backscattering strength V,, as protected by time reversal (4.1), exactly
balances the competing potentials so that the Hamiltonian H = H + H, remains

gapless.

4.2 Gapping surface Majorana cones

The previous section describes the gapless surface Majorana fermions of a 3D
topological superconductor using a coupled wire model (4.3). It consists of an array
of chiral wires, each of which carries N flavors of Majorana fermions co-propagating
in alternating directions (see figure 4.1). Together with uniform backscattering in-
teractions between adjacent wires, the model captures N surface Majorana cones
with linear energy dispersion about zero energy and momentum (see figure 4.2). In
this section we construct explicit fermion interactions that introduce an excitation
energy gap to the surface Majorana cones while preserving time reversal symmetry.
Generically, this leaves behind a fermionic surface topological order, which will not
be discussed until the next section.

We begin with the simplest case when there are N = 2 chiral Majorana chan-
nels along each wire and correspond to two surface Majorana cones. As eluded in
section 4.1, due to the non-local nature of time reversal, the coupled wire model
can be gapped by single-body backscattering terms without violating the symmetry.
Although this cannot be applied to a conventional topological superconductor with

local time reversal, this model demonstrates the idea of fractionalization, which can
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be generalized to the many-body interacting case and subsequently lead to surface
topological order. The Hamiltonian H = Ho+ Hyp. consists of the original model (4.3)

with two fermion flavors 1, = ( ;, 1/15) and the inter-flavor backscattering

Moo = iu Yy 2, (4.30)

y=—00

which is symmetric under the time reversal (4.1), T : ¢y — (=1)¥¢y5,,. The BdG

Hamiltonian Hpqag (k) = H3yq (k) + HRSq (k) is the combination of (4.4) and

HESG(k) =—1[(1 —cosky)o,7, + (1 + cosk,)o,T,

o

—sinky (0,7, + 0.7,)] (4.31)

which is symmetric under T in (4.5). The energy spectrum depends on the relative
strength between the two interwire couplings iv, (1@1@ 41 —i-w;w; +1) and Ww;%g 41 (see
figure 4.4). When u = 0, the two Majorana cone coincide at zero momentum. A finite
u separates the two until they have traveled across the Brillouin zone and annihilate
each other at k, = m when v > 2v,. Once an energy gap has opened up, the BdG

Hamitonian has a unit Chern invariant

Ch = 21 dk, / dk, Tr (Fio) = 1 (4.32)
T J - —m
where Tr(Fx) = Tv ((Ok, uit|Ok, u) — (Ok,uit| Ok, uk)) is the Berry curvature con-

structed from the two occupied eigenstates uj,ui below zero energy of Hpgc(k).

The coupled Majorana wire model thus behaves like a chiral p + ip topological
superconductor[127, 97]. However the single-body Hamiltonian does not possesses
a topological order in the sense that it does not support anyonic excitations. For
instance the ¢ — —v¢ Z, symmetry is global and m-vortices are not quantum

excitations of the model but rather introduced as classical extrinsic defects.
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Figure 4.4: Energy spectrum of the N = 2 coupled Majorana wire model with inter-
flavor mixing.

This example relies on a simple decomposition of the degrees of freedom along
each wire, N = 2 = 1+ 1. The two Majorana fermions w;,w; are backscattered
independently to adjacent wires in opposite directions. Unlike the intra-flavor cou-
plings vy (Ve .y + Uyaby ), inter-flavor terms suth 7, | freeze independent degrees
of freedom and they are not competing with each other. It is useful to notice that
the decomposition breaks the SO(2); symmetry described in section 4.1.1, and as a
result the so(2r); CFT along each wire splits into a pair of chiral Ising CFT’s.

We can now generalize this idea to all N, but with many-body interwire interac-
tions. From now on, unless specified otherwise, we turn off all single-body scattering
terms. For instance, the vertical velocity now vanishes, v, = 0, in the kinetic part H,
of the coupled wire model (4.3). First we seek a decomposition of the so(N); degrees
of freedom along each wire (see section 4.1.1) into a pair of identical but independent

sectors (also see figure 4.1)
so(N)1 2 Gy x Gy (4.33)
where Q’Jj\[] are the Kac-Moody subalgebras

so(N/2 for N even
Gy = (N/2) (4.34)

s0(3)3 x so (852), for N odd
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to be discussed below. This fractionalization has to be complete in the sense that the

Sugawara energy-momentum tensor exactly splits into
Too(ny, = gt T T, < (4.35)
In particular the central charge divides
c_ (so(N)1) =2c_ (Gn) = c_ (Gy) + c— (Gy) (4.36)

and there are no degrees of freedom left behind. Using the subalgebra current oper-
ators J gt which are quadratic in ¥’s, we construct the four-fermion backscattering
interaction
[e.e]
+1
Hie =1 ), T4 T (4.37)

9%
y=—00

R,— L,
Gn gy

o
2y’ —1 2y’ 2y’ 2y’ +1
=u § N S AN CCAO
N 9N
e

for u positive, and R, L labels the propagating directions of the currents. This is

pictorially presented in figure 4.1 and 4.5.

. ISISSS.

Figure 4.5: Interwire gapping terms (4.37) (green rectangular boxes) between chiral
fractional gf]’i, Qﬁ,’i sectors (resp. ®, ®) in opposite direction.

In this section, we design the fractionalization (4.33) of so(/N); for all N and
show that the backscattering interactions (4.37) open an excitation energy gap with-

out breaking time reversal. In CFT context, (4.33) is also known as a conformal
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embedding[26, 11, 108, 10]. When N = 2r is even, there is an obvious decomposition

s0(2r), D so(r)] x so(r)] (4.38)
where the “+7 sector contains !,...,9" while the “~” one contains the rest
Pt o7 In section 4.2.1, we review how the J ,,r - J ,)r interactions

contribute an energy gap. This is a direct application of the well-studied O(N)
Gross-Neveu problem[43, 145, 138, 113] in 1D. In the discrete limit, this is related
to the Haldane O(3) antiferrormagnetic spin chain[44, 45], the Affleck - Kennedy -
Lieb - Tasaki (AKLT) spin chains[1, 2] and the SO(n) Heisenberg chain[120, 119, 4].
When N is odd, the splitting (4.33) is less trivial. We will make use of the level-rank

duality[26, 84, 76]

so(n?); 2 so(n), x so(n), (4.39)

which comes from the fact that the tensor product SO(n) ® SO(n) is a Lie subgroup
in SO(n?). In particular, we will demonstrate the simplest case in section 4.2.2 when
n = 3. The division of so(9); can subsequently be generalized to so(N); for all odd
N effectively by writing N = 9+ 2r. This sets Gx = s0(3)3 x so(r); in (4.33) and the

corresponding interwire backscattering interactions (4.37).

4.2.1 Gapping even Majorana cones

We begin with the coupled Majorana wire model (4.3) (or figure 4.1) with N = 2r
chiral fermion channels per wire and corresponds to the same number of gapless
Majorana cones. Similar to the previously shown N = 2 case, the gapless modes can
be removed using simple single-body backscattering terms. We however are interested

in finding gapping interactions that would support surface topological order as well.

In section 4.1.1 and appendices B, C, we described the so(N); WZW theory, which
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along the y*™® wire is generated by chiral current operators (4.8)
T8 = (—1)Yir)apl. (4.40)

We take the alternating sign convention (—1)Y so that under time reversal,
TR T = éi? We consider two subsets of generators, so(r){ containing
J@b for 1 < a < b<r,and so(r); containing J@ for r +1 < a < b<2r. As they
act on independent fermion sectors, the two sets of operators commute or equiva-
lently their operator product expansions (OPE) are trivial up to non-singular terms.
Moreover the Sugawara energy-momentum tensor (4.11) for so(NN); completely splits

into a sum between

T 2r
1 a a 1 a a
,‘Tso(r)Ir = _5 qub a¢ ) Tso(’r); - _5 Z ¢ 81/1 . (441)
a=1 a=r+1

This ensures all degrees of freedom in so(2r); are generated by tensor products be-
tween those in the so(r)f sectors. Precisely this means any so(2r); primary field is a
fusion channel of the OPE of certain primary field pair in so(r)] and so(r);. Thus as
long as the gapping terms independently freeze both sectors, they remove all gapless
degrees of freedom.

The backscattering interactions (4.37) couples the so(r); sector on the y™ wire

with the so(r)] sector on the (y + 1) one. They can explicitly written as

Huo=u Y S wrtorigl b, (4.42)

y=—00 1<a<b<r
Firstly, the interactions are time reversal symmetric as (4.42) is unchanged by vy —
(—=1)¥¢g, . Secondly, it breaks the O(2r) symmetry to O(r)* x O(r)~. The symmetry
breaking can be facilitated by forward scattering within wires that renormalizes the

+

velocities differently between the so(r)i sectors. Eq.(4.42) is also a combination
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allowed by the chiral O(r) symmetry

g (O gh, e <O(—1)y+1>:¢£+b’ (4.43)

b 7Y’

where O is a r xr orthogonal transformation matrix. The chiral symmetry only allows

L J‘Ti + between adjacent wires. Instead of (4.42), another

) o(r){
possibility would be its mirror image with summands w;wzw;f{iﬁ;f{ This competes

: y
cross couplings JSO(T

with the original, but as long as mirror symmetry is broken and their strength is
asymmetric, an energy gap will open. In the following we will ignore the mirror
image by assuming it is weaker.

Next we notice that the four-fermion interaction (4.42) is marginally relevant when
velocity v, is uniform. The dimensionless coupling strength u follows the renormal-

ization group (RG) flow equation

du 9
o +an(r — 2)u (4.44)

when length scale renormalizes by | — e*l. This can be verified by applying the RG

formula among marginal operators[19]

% = —27 % Cl"" GimGn, (4.45)
where C7"" is the fusion coefficient of the OPE O,,0,, = C7""O; + ... between op-
erators in the perturbative action S = [drdz )", ¢mOm. In the current case, the
fusion coefficient OO = —2(r — 2)O + ... can be evaluated simply by applying the
Wick’s theorem of fermions, for O = — Zy’mb w;“zﬁ;*bzﬁ; sz +1- The plus sign in
(4.44) shows the interacting strength grows at weak coupling. To show that the
backscattering (4.42) indeed opens up a gap, we first focus on a single coupled pair

of counter-propagating so(r); channels (see figure 4.5).
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4.2.1.1 The O(r) Gross-Neveu model

Here we concentrate on a particular set of backscattering terms in (4.42) at say
an even y. We relabel w;*a = ¢% and ¢y, = 97, for a = 1,...,r. The interaction
between the y'" and (y + 1) wire is identical to that of the O(r) Gross-Neveu (GN)

model[43, 145, 138, 113]

Hon = —5 (bp - 1)’ (4.46)

where the minus sign is from the fermion exchange statistics ¥%y%isyt =
—p%p%epat . This GN model is known to have an excitation energy gap for
> 2.

For even r = 2n > 2, the Majorana fermions can be paired into Dirac ones and

subsequently bosonized (see section 4.1.2), ¢, = (1/1?%]/ P R/L)/ V2 ~e ¢R/L for
7 =1,...,n. Using
Y-, = Z w(e) + () Te], ~ ZCOS (2¢) (4.47)
Jj=1 j=1

for 207 = ggﬁ — ggjL (also see (4.26)) are mutually commuting variables, the GN

interation (4.46) takes the bosonized form

Han ~ uz 6935;%&55% —u Z Z coS (2@j1 + 2@j2)
j=1

NnFje *
=u Z &rgg%ax%i —u Z cos (¢ - 20) (4.48)
j=1 acA

where 20 = (20',...,20") and « are roots of so(2n) (see (A.8)). The first term
renormalizes the velocity V in (4.24) as well as the Luttinger parameter. We assume
Vi >> wu so that the first term can be dropped. The remaining sine-Gordon terms

are responsible for gapping out all low energy degrees of freedom. Firstly the angle
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parameters mutually commute and share simultaneous eigenvalues. The ground state

minimizes the energy by uniformly pinning the ground state expectation value (GEV)
(207 (z)) = ﬂmf)}, mfb €Z. (4.49)

We notice in passing that the following subset of sine-Gordon terms

I=1

—chos (a; - 20) = —chos [Z Kij(¢h — gbi)]
=1 J=1
= —u Z cos (n] K®) (4.50)
=1
using the simple roots a; in (A.9), is already enough to remove all low energy degrees

of freedom. Here Kj; is the Cartan matrix (A.12) of so(2n) that appears in the

Lagrangian density
1 T
27

forK=K®(—K)and ® = (¢, ¢, ), and ¢ is related to ¢ by the basis transformation

(B.13). For instance, the n vector coefficients n; = (e, e;) in (4.50) form a null basis
nfKn; =0 (4.52)

and guarantee an energy gap according to Ref.[46]. The remaining GN terms in (4.48)
are compatible with (4.50) as they share the same minima.
There are constraints on the GEV m{b in (4.49). In order to minimize — cos(a-20)

in (4.48), (a - 20) must be an integer multiple of 27. This restricts uniform parity
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among mfb so that the sign in the fermion backscattering amplitude

(Uh()0f (x)) = (ch(z)cp(2))
~ <ei29"<w>> = (—1)™. (4.53)

does not depend on fermion flavor j. This is not the only non-zero GEV as 1 is not
the only primary field in so(2n);. The backscattering of spinor fields Vi, = cic$/2

(B.24) corresponds to the two GEV’s
(VE@VEL(@)T) = (e500) = emmes/2 (4.54)

where € = (e1,...,¢,) for ¢; = £1, and the overall sign Hj g, is positive for the even
spinor field sy, or negative for s_. Here the GEV (4.54) does not depend on the
choice of e. This is because given € and €’ with the same overall parity [[e; =[] of
g -0 and &' - O differ by some combination of « - 20, which takes expectation value
in 277.

There are extra constraints between m,, and m,, from the fusion rules of the

primary fields of so(2n); (see (B.25) and (B.26)). Firstly, s+ X ¢ = sz requires
Mms, =ms_ +2my mod 4Z. (4.55)

Take the highest weights €3 = (1,...,1) and €® = (1,...,—1) for instance. €} -© =

e’ - @ + 20" imples m,_ (€%) = m,_(€%) + 2m}}. Lastly the fusion rules

1, for n even
S+ X Sy (4.56)

v, for n odd
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requires the GEV’s to obey

(=1)™s= =1 for n even

(4.57)
(—=1)"™+ = (=1)™» for n odd

for similar reasons.

The GN model therefore has four ground states when r = 2n > 2. They are
specified by the quantum numbers (i) m,, = 0,1,2,3 modulo 4 when n is odd, or (ii)
ms, = 0,2 and m,_ = 0,2 modulo 4 when n is even. The rest are fixed by (4.55)
and (4.57). Quasiparticle excitations are trapped between domain walls or kinks

separating distinct ground states[138, 113, 31]. For example, the vertex operator

VI (zo) = e ®r(®0)/2 of an even spinor field creates a jump in the GEV (4.53)
<V5T (l’o)TeiQGj(I)‘/Sf ($0)> _ (_1)mgb+9(x0—:c) (458)

because of the Baker-Hausdorff-Campbell formula and the commutation relation from

(4.19)
[z@f (),€% - plxo)/2] =i (B(zo—2) —n+j—1) (4.59)

for 6 the unit step function 6(s) = 0 when s < 0, or 1 when s > 0, and mip =
my+mn—j+1. In general, the primary fields V! = ei€%r and Ch = ¢i¥r corresponds

to the domain walls of m_ :

%r (mgiJrnH(acgfx))

s e

<Vi (xO)Teiei.@(x)Vsi (x0)>

%r (m’Si +(n—2)0(=zo —x))

(ViR (o) e OOV () )

e

(ch(ao) €0 () ) = T (a0 (1.60)
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Now we move on to the odd r = 2n + 1 > 1 case. First we pair the first 2n
Majorana fermions into n Dirac ones and bosonize them similar to the previous even
r case. This leaves a single unpaired Majorana fermion 97, L Dropping terms that

only renormalizes velocities, the GN model (4.46) takes the partially bosonized form

Hon ~ —u Z cos (o - 20)

aeAso@n)

—u [; cos (207)

WRYL (4.61)

where the first line is identical to the even r case (4.61) and is responsible for gapping
out first 2n Majorana channels. Projecting onto the lowest energy states and taking

the GEV (cos(207)) = (—1)™¢, the interacting Hamiltonian becomes
Haon ~ —2n(n — 1)u — nu(—1)" iR} (4.62)

which is identical to the continuum limit of the quantum Ising model with transverse
field after a Jordan-Wigner transformation. The remaining Majorana channel v}, /1 18
gapped by the single-body backscattering term. The sign of the mass gap nu(—1)"*
determines the phase of the Ising model. We take the convention so that a negative (or
positive) mass with my =1 (resp. my, = 0) corresponds to the order (resp. disorder)
phase.

Like the previous case, the fermion backscattering amplitude (4.53) is not the
only ground state expectation value. From (C.5) appendix C, the Ising twist field of
so(2n + 1); can be written as the product V, = = ®/257 where € = (e1,...,en) for

g; ==+l and 0, = af{fil is the twist field along the last Majorana channel. There
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are three possible GEV for the backscattering

<VR(x)VL(x)T> = <ei€'e(”")aﬁ(x)az(a€)> (4.63)

0  for the disorder phase

+1 for the order phase

Here we choose the convention so that oro takes the role of the spin operator o
in the Ising model and its non-trivial GEV’s in the order phase specify two ground
states | ) and | |).

Again, quasiparticle excitations are trapped between domain walls separating dis-
tinct ground states[138, 113, 31]. For example a twist field V.2 (or VF) sits between
the order to disorder phase boundary where the quantum number m,, flips from 1 to 0,
or equivalently the fermion mass gap in (4.62) changes sign. This is because the twist
field V. (zy) introduces a flip in boundary condition ¥g(xo+) = —1r(7o—) and corre-
sponds to a change of sign in front of the fermion backscattering iy r1r,. Alternatively,
this can also be understood by identifying V, as a Jackiw-Rebbi soliton[52] or a zero
energy Majorana bound state between a trivial and topological superconductor[61] in
1D.

Next a 1 — | domain wall of opposite signs of the GEV (4.63) in the order phase
traps an excitation in the fermion sector . This can be seen by equating the order
Ising phase to a 1D topological superconductor[61], where the two Ising ground states
corresponds to the even and odd fermion parity states among the pair of boundary
Majorana zero modes. Adding (or subtracting) a fermion therefore flips the parity as
well as the GEV in (4.63). We notice this domain wall interpretation of excitations

is consistent with the non-Abelian fusion rule

oxo=1+1. (4.64)
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The trivial fusion channel corresponds to the annihilation of a domain wall pair such

as

|---TT§;TT--->MI---TT---> (4.65)

order disorder yder

while the fermion fusion channel corresponds to joining the pair of “order - disorder”

domain walls into a kink

fusion

M Ee W) S ) (4.66)

order disorder order
4.2.1.2 The special case: so(4); = su(2); X su(2);

The case when r = 2 requires special attention. The O(2) GN model (4.46) is a
gapless Luttinger liquid because its bosonized form (4.48) contains no sine-Gordon
terms and the rest only renormalizes velocities and the Luttinger parameter. As a
result the fractionalization (or conformal embedding) so(4); 2 so(2); x so(2); of wires
with NV = 4 Majorana channels does not lead to a gapped theory. Instead we turn to
an alternative fractionalization so(4); = su(2)] x su(2); that only applies for N = 4.

The four Majorana 1y along each wire can be paired into Dirac channels C; =
(1, —I—Mﬂg)/\/i = ¢ and c = (i, +u/);1)/\/§ — ¢, It will be more convenient if we
express the bosons in the new basis using the simple roots of so(4): ¢! = ¢' — ¢* and

¢? = ¢! + ¢?. Unlike when r > 2, these bosons decouple in the Lagrangian density
(4.21)

oo

2
Ly = % > (—1)y;2az¢;at¢; : (4.67)
=1

y=—o00
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This is equivalent to the fact that the Cartan matrix K,,4) = diag(2,2) is diagonal

so that the Lie algebra splits into the product su(2)™ x su(2)~ of isoclinic rotations,
each with Cartan matrix Ky,o) = 2.

The su(2); current generators are given by S!(z) = iv/20¢'(z) and SL(z) =
(SI£iSI)/v2 = ¢, and they satisfy the OPE

0ij n iV 2

(2 —w)?

Sf(z)S8! (w) = Sh(w) + ... (4.68)

Z—Ww

for I =1,2 =+, —. The su(2)] sector is completely decoupled from the su(2); one
as the OPE S/!(2)S?(w) is non-singular. They completely decomposes all low energy

degrees of freedom as the energy momentum tensor splits into

1
50(4)1 - § 8¢J (469)
j=1
2
== 007(2)0¢"(2) = Ty + Touge;
J=1
The gapping Hamiltonian is
Mo =u > S-S}, (4.70)
Yy=—00
= 2u Z qub;@xgblljﬂ — 2cos (4@y+1/2) ,
Y=—00
40,119 = 2¢; 29 (4.71)

y+1 + ¢y+1 + Q% - ¢Z'

The first kinetic term of the interacting Hamiltonian only renormalizes velocities
and the Luttinger parameter. The second sine-Gordon term involves four-fermion
interactions and is responsible for the energy gap as it back-scatters the su(2); sector

on the y' wire to the su(2)] sector on the (y + 1) one. It pins the ground state
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expectation value (GEV)

<6z‘29y+1/2(a:)> = (—1)™ (4.72)

which characterizes the two distinct ground states. Like the previous cases, quasipar-
ticle excitations are kinks in the GEV. The fundamental excitation can be created
by the vertex operator V, = ei‘z’?lﬁl, which is the semionic primary field in the su(2);

sector along the (y + 1)™ wire.

4.2.2 Gapping odd Majorana cones

We now move on to the case when there are N = 2r 4+ 1 > 3 chiral Majorana
channels on each wire in the coupled Majorana wire model (4.3) (of figure 4.1). It
corresponds to an odd N number of Majorana cones on the surface of a 3D topological
superconductor. The chiral degrees of freedom along each wire are described by a
so(N); WZW theory, which is going to be fractionalized into the pair Gy x Gy
according to (4.34). The Gy sector along the y™ wire will then be back-scattered
onto the Gj; sector along the (y + 1) one by the current-current interaction (4.37),
which will introduce an energy gap.

Unlike the even N case where so(IN); can simply be split into a pair of so(N/2)’s,
here the decomposition is less trivial but leads to more exotic surface topological order.
We begin with the particular case where 9 Majorana channels can be fractionalized

into
50(9)1 D s0(3)3 X s0(3)3 (4.73)

essentially by noticing that the tensor product SO(3) ® SO(3) sits inside SO(9). The

two so(3)3 WZW sectors carry decoupled current generators. They can then be back-
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scattered using the current-current interaction (4.37) onto adjacent wires in opposite
directions (also see figure 4.1 and 4.5).

For a general odd N > 9, one can decompose the Majorana channels into N =
9+ (N —9). The first 9 channels can be fractionalized by (4.73), which we will discuss

in detail below, and the remaining even number of channels can be split using the

N-9
2

)1 X S0 (H)l. In the case when

previous method, namely so(N — 9); = so ( 5

N is smaller than 9, one can add 9 — N number of non-chiral Majorana channels
to each wire. These additional degrees of freedom can be interpreted as surface
reconstruction as they do not violate fermion doubling[87] and are not required to
live on the boundary of a topological bulk. Now each wire consists of 9 right (or left)
propagating Majorana channels and 9 — N left (resp. right) propagating ones. We
still refer the remaining even channels by so(N — 9); except now the negative N — 9
signals the reverse propagating direction of these Majorana’s.

The s0(9); and so(N — 9); sectors can then be bipartitioned independently. The
fractionalization of a general odd number of Majorana channels is summarized by the

sequence
s0(N); 2 s0(9); x so(N —9); 2 G x Gy (4.74)

for gfg = 50(3)3 X so (%) The “+” and “—” sectors can now be back-scattered

r
independently using (4.37) onto adjacent wires in opposite directions. This removes

all low energy degrees of freedom and opens up an energy gap.
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4.2.2.1 The conformal embedding s0(9); 2 so(3); x so(3);

As a matrix Lie algebra, so(3) is generated by the three anti-symmetric matrices

Y= (Exa Eya EZ)

olo
=
com

[e>Nenlan)
N———

They can be embedded into so(9) by tensoring with 13, the 3 x 3 identity matrix, on

the left or right
TT=3¥1;, X =13 (4.75)

We denote s0(3)* = span{X], ¥, X5} to be the two mutually commuting subalge-

bras in so(9).
Recall the free field representation (4.8) of the so(9); WZW current generators
JP = ipet? 4P /2 for t# an antisymmetric 9 x 9 matrix, the so(3)5 current generators

are given by the substitution of ¢°:

i

Joo@z(2) = 51/1“(2)232 °(2) (4.76)
for z =™ and J = (J,, J,, J,). Written explicitly,

T = ), I = i 7 )
J;- — i(¢13 + ¢46 + ¢79)’ Jy— — ’L.<77ZJ17 + 77Z)28 + 77Z)39)

TF =@ g 0", =iyt "+ %)
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for ¢ = %), Using Wick’s theorem and the OPE ¢?(2)?(w) = 6% /(2 —w) +. . .,

it is straightforward to deduce the so(3); WZW current relations

35ij 1 iSijk

J(2) I (w) = JE(w) + ... (4.77)

(z—w)? z-—w

and Jli(z)JfF(w) is non-singular, for i,j = x,y, z and ejx the antisymmetric tensor.

The so(3)s current relations (4.77) differs from the so(3); ones (4.10) by the co-
efficient 3 of the most singular term. This sets the level of the affine Lie algebra.
The so(3); WZW theory is identical to su(2)g by noticing that the structure factor
of su(2) is fix = V2 (see (4.68) and Ref.[26]). The su(2) current generators thus
need to be normalized by Ssu(2)6i =+/2] so(3)E SO that

ot VI )+ 47)

S (2)S; (w) =

Z—Ww

where the coefficient 6 of the most singular term sets the level of the su(2)¢ affine Lie
algebra.

The Sugawara energy momentum tensors are the normal ordered product

1
T50(3)§t (Z) = §J50(3)§E(z) ) Jso(S)ét (Z) (479)

Written explicitly in the fermion representation (4.76) and using the normal ordered

product

V()0 ()Y ()0 (2) = ¥ (2)00° (2) + 9" (2)0¢" (2) (4.80)
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the energy momentum tensor takes the form

9

T2 (2) = —3 S 08000 (2) F 10u(2) (4.81)

a=1

Oq/,(Z) — w1245 _'_w1278 +w4578 +¢1346 +w1379

+w4679_'_w2356+¢2389+¢5689 (482)

for ¢abed = h(2)y?(2)y(2)1%(2). The four-fermion terms in Oy cancel when com-
bining the “+” sectors, and therefore the energy momentum tensor (4.11) completely

decomposes

so(9 = 3 Z ¢aa,¢}a = 3)4 + Tso(3)§' (483)

Moreover, as the OPE between Jso(s); and Jso(3)g is non-singular, so is the OPE
between TSO(?)); and Tso(3)3_' Each sector carries half the total central charge of 9

Majorana channels
Cso(3)§t - 9/4 (484)

The primary fields of so(3); = su(2)¢ are characterized by half-integral “angu-
lar momenta” s = 0,1/2,...,3.[26] Each primary field V, = (V,5, V5Tl .. V¥)

S

irreducibly represents the WZW algebra

S

Si() V™ (w) = Z_lw SO SV W)+ (4.85)

for i = x,y,z and S? the su(2) generators in the spin-s matrix representation. We
label the seven primary fields by greek letters V, = 1, a4, v+, B, f, each has conformal
dimension hy = s(s + 1)/8 (see table 4.1). In particular 1 = Vj is the vacuum and

f = V3 is Abelian and fermionic with spin 3/2.
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Vs‘l 4 T+ p - a— f
s |0 172 1 3/2 2 5/2 3
he |0 3/32 1/4 15/32 3/4 35/32 3/2
de |1 V24+vV2 14vV2 V4+202 1+vV2 V2+vV2 1

Table 4.1: The “angular momenta” s, conformal dimensions hs and quantum di-
mensions ds of primary fields V of s0(3); = su(2)s.

The rest of the primary fields are non-Abelian. They obey multi-channel fusion

rules

Vo xV,=> NV, (4.86)
where the fusion matrix element N{, = 0,1 is determined by the Verlinde
formula[123]

Ny =3 —S;S (4.87)

S/

and the modular S-matrix[26]

1 2 1)(2 1
Suu = Lgin | TEH D2+ ) (4.88)
2 8
which is symmetric and orthogonal. Explicitly, the fusion rules are given by
fxlea fX’YiZVan fXO./i:Oé:F, fXB:B
YeXve =147 +7-, oaxXar=1+74
BxB=14+v+v+f (4.89)

ar Xy =a+08, fXyr=ar+a +f

o X B =74 +-
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The quantum dimension d, of the primary field V, is defined to be the largest eigen-
value of the fusion matrix N, = (N 52 ) It coincides with the modular S matrix

$S1

element Sys/Spo and respects fusion rules so that

daydy, = N3, ds. (4.90)
They are listed in table 4.1.

4.2.2.2 Zg parafermions

We first study the simplest odd case when there are 9 Majorana cones mimicked
by the coupled Majorana wire model (4.3) with 9 chiral Majorana channels per wire.
Now that we have bipartite the degrees of freedom according to the two 30(3)3t WZW
current algebras in (4.76), they can be backscattered independently to adjacent wires

in opposite directions (see eq.(4.37) and figure 4.1). As the so(3); sector completely

decomposes from the so(3); one, the current backscattering J zo_(é); . Jzo(3)3+ between
Y Lyl

the (y — 1)™ and y'" wire does not compete with the next pair Jso(3)3_ @)

The current-current interaction consists of four-fermion terms and is marginally
relevant. This can be seen from the RG equation (4.45) using the operator product
expansion (JV - J¥+t1)2 ~ +J¥ . J¥T1 (Recall the time reversal symmetric convention
(4.40) and that JYJY ~ i(—1)¥J¥.) To see that the interaction indeed opens up an
excitation energy gap, it suffices to focus on a single pair of wires with the Hamiltonian

Hint = UJR . Jﬁo(?,); (491)

50(3)5

where R/L labels the counter-propagating directions along wire y and y + 1.

First we further decompose the so(3); WZW theory by the coset construction|26]

50(3)3 _ su(2)g
s0(2)3 u(1)g

s0(3)s = u(l)s x “Zs", “Zg’ = (4.92)
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where “Zg” refers to the Zg parafermion CFT model by Zamolodchikov and Fateev[29,

144]. This is done by noticing that SO(3) (or equivalently SU(2)) contains the
Abelian subgroup SO(2) (resp. U(1)) of rotations about the z-axis, and on the CFT
level, the so(2); WZW sub-theory of so(3);3 (resp. u(1)g C su(2)) can be bosonized
and single-out. To do this we first group three pairs of Majorana fermions into three

Dirac fermions on each chiral sector

4 _ Yrt+ iR 2 _ Yrt iy 3 _ YRt ik
R — \/§ ) R — \/5 ) R — \/§
oYLt 2 Yt iV @ YLt
V2 V2o V2
and bosonize
. 1 ~
c7R/L ~ _lo exp (WE/L) (4.93)

for j = 1,2,3. The so(2); subalgebra in the R and L sectors are generated by the J

and J© currents operators in (4.76)
JE = -3i0¢%, JF = 3i0¢); (4.94)

where the boson field of the “charge” sector is the average

Pryp + Oryr + Phsr

The “neutral” sector is carried by the three boson fields
Qb?%’;L = %%/L - ?%/L (4.96)

which are not independent as ¢%! + ¢72 + ¢%3 = 0.
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It is straightforward to check that the “charge” and the “neutral” sectors com-

pletely decouple from each other. For instance, the Lagrangian density decomposes

1R/ ~. ~
Lrir = Tor 8x¢'}%/Lat¢iz/L (4.97)
=1
(_1)R/L p p : o, 0,
= Tonr 38$¢R/Lat¢R/L + Z ax¢é/Lat¢é/L
j=1
where the remaining fermions ;% ¢?%" are suppressed, and (—1)% = 1, (=1)* =

—1.

The Lagrangian density (4.97) involves more degrees of freedom in 30(9)?/ " than
just so(3)s"” or so(3)5". Therefore, a priori, it is not obvious that this p — o de-
composition is a splitting of so(3)3, and in fact it is not. Only the charge sector
qbf%/L is entirely belonging to so(3)s"~ or so(3)s". To show this, we go back to the
energy-momentum tensor Tso(S)f,)t in (4.81), say for R movers.

T or+(2)=

1
s0(3)] Toopoy(2) F 70u(2) (4.98)

where the total energy-momentum tensor in partially bosonized basis is

3
1 ,] 0,J
Loy = =5 3064000 + Y 067067

j=1
+ PROVE + VROVR + VROUR (4.99)
and the operator O, defined in (4.82) is now
18 o
Oy = —3003007 + 5 > 067067 (4.100)
j=1

— 2i [cos (¢}'%’1 - qb}f:f) i + cos (¢21 - ¢?€3) i

+cos (67" — ¢F°) V5] -
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Eq.(4.100) is deduced by substituting the fermions by the boson fields (4.93), whose
OPE can be found in (D.1,D.2,D.3) in appendix D. For instance, the factor of i
in (4.100) is a result of mutually non-commuting ¢°?. More importantly, ¢?, ¢°
and %% are completely decoupled. As the “charge” sector ¢4, only appears in
T35~ it belongs entirely in s0(3)s". Similarly ¢/ belongs entirely in so(3)s".

The “Zg” energy-momentum is defined by subtracting the decoupled “charge” sector

from so(3)s.

1 1
Loy = g2z = —5300,00, (4.101)

R
TZG = Tso(3)

R (R
== D UROVR — 3 D 00 06
a="7 j=1

SO

i o,1 0,2 o,1 0,3
_§[COS(¢R = 05 ) v +cos (6F — OF") Ui
+cos (05 — 6%°) ¥
and similarly for the L movers.
The remaining current operators Jx = (J, £ iJ,)/v/2 of s0(3); in the R sector

and so(3); in the L sector (see eq.(4.76)) now split into “charge” and “neutrual”

parafermion components
T = V3T R (4.103)
where the Zg parafermions are given by the combinations

Uy = (eid’?w; + R S 4 ei‘f’%’?’w%) (4.104)

Sl =Sl

., 0,1 . 0,2 . 0,3
Uy = S (] 4+ BNy + )
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for U} Unlike the ¢7’s, here the “neutral” Zg

R/L = \IIR/L and V7, = v

T
R/L R/L’
parafermions Wy, belongs entirely in so(3)5"~ or so(3)5". This is because J** and

b L both completely sit inside the so(3)3’s as seen above. Otherwise one can verified

this by computing the OPE with the energy-momentum tensor (4.99) explicitly

5/6 OV g(w)
L= (2)Urlw) = =g Walw) + 205 +
” 1/6 L DeFi?r(w)
+igh(w) __ Figh (w) -
Tso(s)f*(z)e R = = w)ze RO 4 P +... (4.105)

SO

and Tso(3)§,+(z)\I/R(w) and T (3)§,+(z)eﬂ¢’%(w) are both non-singular. Similar OPE
hold for the L sector. The primary fields (4.104) generate the rest of the Zg
parafermions (see (D.5) in appendix D) and they obey the known Zg structure by
Zamolodchikov and Fateev[144].

4.2.2.3 Gapping potential

Now that we have further decomposed the so(3)F currents in each wire into

so(2)3 = U(1)¢ and Zg parafermion components (see eq.(4.103)), the current-current

backscattering interaction (4.91) between a pair of wires takes the form of
Hint = u0p 20,07 + 3u | L RWLT, 4 hoe|. (4.106)

The first term only renormalizes the velocity of the boson in the so(2)3 sector. The
second term is responsible for openning an excitation energy gap. It extracts a Zg
parafermion ¥ and a quasiparticle ’*” from the so(3); sector on the y'" wire and
backscatter them onto the so(3); sector along the (y + 1) wire. This freezes all low

energy degrees of freedom and the ground state is characterized by the Zg expectation
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value (GEV)

<\If;(x)\1/L(a;)> ~ —ei{OR@)—0L@) — 2mim/s (4.107)

for m an integer.

Like the O(N) Gross-Neveu model we discussed in section 4.2.1.1, quasiparticle
excitations here also manifest as kinks or domain walls between segments with differ-
ent GEV’s. The primary fields o, v+, 8 of the chiral so(3); WZW theory in table 4.1

decompose into components in the “Zg” and so(2)3 sectors.

ap = (o] x [, a_ = [o5] x [e7"?]
v = o] x (€], - = [ou] x [e7]
B = [o3] x [/ (4.108)

where 0, are primary fields in the chiral Zg parafermion theory so that oftc} take
the roles of the order parameters of the Zg model[29, 144]. They satisfy the exchange

relations
U(z)oy(2') = oy(2)) ¥ (x)e 260 =) (4.109)

for R sector, and similar relations hold for the L sector with the Zg phases conjugated.
Therefore adding the operators a4 (z), v+ (z), B(x) to the ground state create kinks of
different hights in the GEV (4.107)

(ol (20) Wh(w) Wy (@) (o) ) ~ €F (ri200es0)
(7L (@0) W (@)W (@) s (o) ) v €T OrE20lemo0)

(B (o) W)W (2)B(z0) ) ~ €t 300ea0) (4.110)
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where 0(s) = (s/|s| + 1)/2 is the unit step function.

The fermionic supersector f in so(3)s (see table 4.1) consists of operators that

admit free field representations. Again we focus on the 30(3)3R’_ sector. The operators

I L

Vf:l:? — 62F2i¢p\If:F, VfiS — e:FSid)P

span a s = 3 representation of the affine so(3)3 Lie algebra, where =™ = ¥%=™ are
the Zg parafermions satisfying the OPE U (2)U™ (w) ~ (z — w)~™™/3¥m+"" (see
appendix D for explicit definitions). From (4.109), they create a kink to the order

parameter (b) = (8r(z)BL(z))
(V(20) Br(z)BL(z)Vi(xo)) = (b)(—1)") (4.111)

in the order phase.

The gapping potential can now be generalized to an arbitrary odd number of Majo-
rana channels per wire. Using the decomposition (4.74), the N Majorana channels are
first split into 9+ (N —9). The first 9 channels are fractionalized into so(3)3 x so(3)5

N-9 N-9

while the remaining N — 9 can be split into so(852)] x so(#52)] because N — 9 is

even. The interwire current backscattering (4.37) takes the form

(4.112)

Hiw = u Jvoo_Lgutt gy _ L gutt
t yzz_oo so)y Tso@®)5 T Tso(Nz2) [ Tso( M2 7

where different terms act on completely decoupled degrees of freedom. They also gap

out alllow energy degrees freedom as the energy-momentum tensor of the CF'T along
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each wire decomposes

TSO(N)1 - Tso(g)l + TSO(N—9)1 (4113)

= Loy + ooy T Loy + T 000y

using (4.83) and the fact that

m+n

Tso (m+n)1 — — 5§ Z waawa = ‘|’ Tso(n) (4114)

4.2.3 Gapping by fractional quantum Hall stripes

so(N)TF ¢ = N/2 9, Gy
_ — = T
N . ) Ic_—N/4 va ! S(?(f\“r)f P | y Gk |
s0(N); c- - - = A r
—‘—‘Ci__—,?r = N so(N)F ) |S°(N)1‘ cE |
e iy e GE 1 Jg g, > < ==, J.0), Jow
so(N)y ) iRl - = 1Py /ALD |50(N)1 GL ]
—’—r__c_ié—f — e ﬁﬂ/
5 ) o
so(N)¥ ) e ' R |
(a) —F—m—— < = (b) =

Figure 4.6: Gapping N surface Majorana cones by inserting (2 + 1)D Gy stripe
state and removing edge modes by current-current backscattering interaction.

Previously, we designed interwire interactions that gap all Majorana modes with-
out breaking time reversal symmetry. Here we provide an alternative where each
chiral Majorana wire is gapped by backscattering onto the edges of two topological
stripes sandwiching the wire (see figure 4.6). The topological stripes could be frac-
tional quantum Hall states for instance. Similar construction has been proposed to
describe surface states of topological insulators[81].

First we consider inserting between each pairs of Majorana wire a (2+1)D topolog-
ical state. It supports chiral boundary modes which move in a reverse direction to its
neighboring Majorana wire. As adjacent wires have opposite propagation directions,
the chiralities of the topological states also alternates. This alternating topological

stripe state can be regarded as a surface reconstruction of the 3D topological super-
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conductor. It preserves the antiferrormagnetic time reversal symmetry (4.1), which
relates adjacent topological stripes by reversing their chirality. Unlike the coupled
Majorana wire mode, the topological stripe state itself is a pure (2 + 1)D time re-
versal symmetric system and is not supported by a (3 + 1)D bulk. It has a gapless
energy spectrum that is identical to N surface Majorana cones and is carried by the
interface modes between stripes (see figure 4.6(b)). However the topological stripe
state also carry non-trivial anyonic excitations between wires. This distinguishes it
from the coupled Majorana wire model and allows it to exist non-holographically in
a pure (2 + 1)D setting.

The Majorana modes along the chiral wires then can be backscattered onto the
boundaries or interfaces of the topological stripes by current-current couplings. In
order for the boundary or interface modes to exactly cancel the Majorana modes
along each wire, the topological stripes must carry specific topological orders. We

take a GGy topological state

SO(r), for N = 2r
Gy = (4.115)

SO(3)3 X, SO(r);, for N =9+ 2r

so that its boundary carries a Gy Kac-Moody current, for Gy the affine Lie algebra of
Gy defined in (4.34). G¥ and G% denote stripes with opposite chiralities. The (2 +
1)D Gy topological state itself can be constructed using a coupled wire construction
similar to that in Ref.[117, 58] and will not be discussed here.

There are two ways the Majorana modes can be backscattered onto the topological
stripes. The first is shown in figure 4.6(a). The N Majorana modes along each chiral
wire is bipartite into a pair of WZW theories Gf; x Gy, according to (4.33). Each WZW
theory is identical to the CFT along the boundary of an neighboring topological stripe

but propagates in an opposite direction. It can be then be gapped out by the current-
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current backscattering
wir tri
Hing = udg,© - Jsnge. (4.116)

Alternatively, one could first glue the topological stripes together (see fig-
ure 4.6(b)) so that the line interface sandwiched between adjacent G& and G% states
hosts a chiral so(N); CFT. The stripes can then be put on top of the Majorana wire
array so that each interface is sitting on top of a wire with opposite chirality. The

current-current backscattering
Hine = udiny, - T (4.117)

between each Majorana wire and stripe interface gaps out all low energy degrees of

freedom.

4.3 Surface topological order

In the previous section, we described how a coupled Majorana wire model, which
mimics the surface Majorana modes of a 3D bulk topological superconductor (TSC),
can be gapped by interwire current-current backscattering interaction without break-
ing time reversal (TR) symmetry. In this section, we pay more attention to the topo-
logical order and the anyon types[137, 36, 134] of gapped excitations. The ground
states are time reversal symmetric and there are no non-vanishing order parameters
that breaks time reversal spontaneously. There is a finite ground state degener-
acy that does not depend on system size. This signifies a non-trivial topological
order[131, 132, 135].

The surface topological order can be inferred from bulk-boundary correspondence[133,

98, 99, 60]. There is a one-to-one correspondence between the primary fields of the
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TR breaking
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TR symmetric
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Figure 4.7: Chiral interface (highlighted line) between a time reversal breaking
gapped region and a TR symmetric topologically ordered gapped region.

TR symmetri

qeys [ea13ojodoy Vo

ipped surface

Figure 4.8: The G topological order of a quasi-2D slab with time reversal sym-
metric gapped top surface and time reversal breaking gapped bottom surface

CFT along the (1+1)D gapless boundary and the anyon types in the (24 1)D gapped
topological bulk. The conformal scaling dimension or spin h = hr — hy, of a primary
field corresponds to the exchange statistical phase § = 2™ of the corresponding
anyon. The fusion rules of primary fields are identical to that of the anyons. And

the modular S-matrix of the CFT at the boundary equals the braiding S-matrix[60]

Sab =5 D de g (4.118)

in the bulk, where the non-negative integers Ng are the degeneracies of the fusion

rules

axb=>) Nge (4.119)
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between anyons, and the total quantum dimension D = /), d2 quantifies topo-

logical entanglement[63] and can be evaluated by knowing the quantum dimensions

day > 1 of each anyon a by solving the fusion identities
dadp =) NSy de. (4.120)

On the surface of a topological superconductor, where there are no boundaries,
the (2 + 1)D topological order corresponds to a (1 + 1)D interface that separate the
time reversal symmetric topologically ordered domain and a time reversal breaking
domain. This interface hosts chiral gapless modes (see figure 4.7). This geometry can
be wrapped onto the surface of a slab where the TR symmetric and breaking domains
occupy the top and bottom surface of a 3D bulk (see figure 4.8). The quasi-2D system
has an energy gap except along its boundary which is previously the interface that
carries the Gy WZW CFT. The bulk-boundary correspondence then determines a
bulk G'y topological order on the quasi-2D slab.

Wires in the trivial TR-breaking domain are gapped by non-uniform current

backscattering

2y—1 2
HTbereaking = Z AJsg(N)l ) Jsg(N)l
Yy

2 2y+1
+ 6Jsg(N)1 . Jsg(N)l (4.121)

or single-body fermion backscattering perturbation

HTR—breaking - Z Z'AQPQTy,Il/ng + i5¢§y¢2y+1 (4122)

Y

to the coupled Majorana wire model (4.3), for A > § and 4, = (¢;,...,%}). This

violates the antiferrormagnetic time reversal symmetry (4.1) and leads to a gapped
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surface with trivial topological order. This TR breaking half-plane is put side by side

against a TR symmetric gapped half-plane, where the N Majorana channels per wire
is fractionalized into so(N); 2 G x Gy, for Gy previously defined in (4.34). Each
Gy sector is then paired with the adjacent one on the next wire and are gapped by
current-current backscattering J e J Gt The interface between the TR-symmetric
and TR-breaking regions leaves behind one single unpaired fractional Gy channel.
This can be regarded as a 2D analogue of the fractional boundary modes in the
Haldane integral spin chain[44, 45] and the AKLT spin chain[1].

As eluded in the introduction, when the coupled wire model involves only current-
current backscattering interaction, it is a boson model where the bosonic current
operators, rather than Majorana fermions, are treated as fundamental local objects.
It is therefore more natural for us to use the current backscattering Hamiltonian
(4.121) instead of the fermionic single-body one (4.122) to introduce a time reversal
breaking gap. In this case, m-fluxes are deconfined anyonic excitations realized as
m-kinks along a stripe where there is no energy cost in separating a flux-antiflux pair.
If the fermionic TR-breaking Hamiltonian (4.122) were used instead, m-fluxes would
be confined on the bottom layer and Majorana fermions would become local. We
however will mostly be focusing on the former bosonic case, although the fermionic
scenario may be more realistic in a superconducting medium.

The bulk-interface correspondence depends on the orientation of the time reversal
breaking order. In eq.(4.121), if the backscattering tunneling strengths are reversed
so that 0 > A, figure 4.7 will need to be shifted by y — v + 1 and all propagating
directions will need to be inverted. As a result, the interface CF'T will also be reversed
to its time reversal partner Gy — Gy. This will flip the spins of all primary fields
ha — hz = —h, and conjugates all exchange phases 0, — 0z = 0.

An interface with a particular orientation therefore corresponds to a time reversal

breaking topological order. This is also apparent in the slab geometry in figure 4.8
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where the TR breaking order on the bottom surface can have opposite orientations.
Unlike the conventional case on the surface of a topological superconductor where
time reversal is local, here time reversal involves a half translation y — y + 1 and
relates a stripe gapped by J, - Jif, | to its neighbor J;,, -J,,. As anyonic excitations
are realized as kinks or domain walls that separate distinct ground states along a
stripe, time reversal non-locally translates anyons on an even stripe (green) to an
odd one (red) or vice versa (see figure 4.7). However an interface with a particular
orientation can only correspond to anyons on stripes with a particular parity. For
example the bulk-interface correspondence in figure 4.7 singles out anyons on even
stripes gapped by J,, - J ;ry +1- There is therefore no reason to expect the anyon theory

would be closed under time reversal.

4.3.1 Summary of anyon contents

r even r odd
x [1 ¢ sy S_ 1 v o
de |1 1 1 1 11 V2
ex 1 —=1 671'1'7“/8 67ri7"/8 1 -1 ewir/S

Table 4.2: The exchange phase 0y = e*™= and quantum dimensions of anyons x in
a (24 1)D SO(r), topological phase.

The interface carries chiral gapless degrees of freedom, which are captured by the
Gy WZW theory whose primary fields corresponds to the anyon content of the TR

symmetry gapped surface. For even N = 2r, the surface carries a
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topological order summarized in table 4.2. Its anyonic excitations obey the abelian

fusion rules

Y xYPp=1 s xX=sg (4.124)
1, for r =0 mod 4

S+ X S =
Y, for r =2 mod 4

for r even, or the Ising fusion rules

YxYp=1, Yxo=0, ocxo=1+7 (4.125)

for r odd. Eq.(4.124) and (4.125) follows directly from the fusion properties of the
primary fields in the so(r); Kac-Moody algebra (see section 4.1.1 and appendix B
and C). The exchange phase (also known as topological spin) 6, = €?™= can be
read off from the conformal dimension hy of the primary field Vi in so(r); that
corresponds to the anyon type x. Again we extend r to negative integers by defining

SO(—r)1 = SO(r); to be the time reversal conjugate of the SO(r); topological state.

x |1 oy T+ g V- o f
de |l V24+v2 14+v2 VA+2V2 1+v2 V2+v2 1
- 3421 . 1542 . S342r
9)( 1 ™56 6’L7T/2 e 6 67171‘/2 ™6 -1
T even
x |1 ay T+ s V- o f
de |1 V2+v2 14+4vV2 VA+2v2 14+4v2 V2+v2 1
S 15427 . 3+42r . S 15427
ex 1 ™ 6 67,71'/2 e 16 6—1,71'/2 e™i 16 -1
r odd

Table 4.3: The exchange phase 0y = e*™= and quantum dimensions of anyons x in
a (2+1)D SO(3)3 X, SO(r); topological phase.

For odd N = 9+ 2r, the Gy WZW CFT at the interface corresponds the TR

symmetric gapped surface that carries a topological order given by the relative tensor
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product

where the fermion pair b = ¥s0(3), X ¥so(), is condensed. The concept of anyon

3
condensation[9] will be demonstrated more explicitly later in section 4.3.2. The topo-
logical state carries seven types of anyons and are summarized in table 4.3. For
instance, the anyon structure matches the primary field content of the so(3); WZW

theory (see table 4.1) when r = 0. The quasiparticle fusion rules of Gy are similar to

the so(3)s ones in (4.89)

YexX e =147 +7-, ax X =9+ (4.127)

BxB=1+v+v-+f Bxrr=ar+a_+p

except the following modifications that dependent on r = (N —9)/2.

)
1474, forr=0mod4

f+74, forr=1mod 4
Qi X oy = i (4.128)

f+v-, forr=2mod 4

\ 1+~_, forr=3mod4

ay + 3, for r even
ar X Y+ =
a_ + 3, forr odd

This quasiparticle spin and fusion structure will be shown later in section 4.3.2. The

braiding S-matrices of the Gy states are summarized in appendix E.
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The Gy sequence extends the sixteenfold periodic anyon structure[60, 59, 118§]

SO(r +16); = SO(r); to a periodic class of thirty two topological states

Gnis = Gy (4.129)

This seemingly contradicts the sixteenfold prediction of topologically ordered surface
states from Ref.[32, 74, 130, 111, 56, 95, 141]. This is due to the non-local nature of the
“antiferromagnetic” time reversal symmetry in the coupled Majorana wire model. On
the other hand, in general there are multiple possible gapping potentials that leads to
distinct topological order. For instance, we will show in a subsequent section that for
N = 16, there is an extended Ejg symmetry or an alternative conformal embedding
that would allow a different set of gapping terms but would forbid all electronic
quasiparticle excitations.

The thirty two topological states here follow a Zs, tensor product algebraic struc-

ture

Gy, By Gy, = G, in, (4.130)

where certain maximal set of mutually local bosons from Gy, and Gy, are pair

condensed in the relative tensor product. We will discuss this in more detail below.

4.3.2 The 32-fold tensor product structure

We first explain the relative tensor product that defines the Gy topological state
in eq.(4.126). We begin with the tensor product state SO(3); ® SO(r); which
consists of decoupled SO(3); = SU(2)s and SO(r); topological states. The pri-
mary fields of the su(2)s WZW CFT are labeled by seven half-integral “spins”
s =0,1/2,1,3/2,2,5/2,3 and are summarized in table 4.1 and eq.(4.89). These

correspond to the anyon structure of the (2 + 1)D SO(3); topological state. The
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topological order of SO(r); is well-known[60] and was summarized earlier in this sec-
tion. For instance, “spin” 3 corresponds to the BdG fermion quasiparticle f, and the
half-integral “spins” 1/2, 3/2 and 5/2 are m-fluxes that give a —1 monodromy phase
of an orbiting fermion.

In the coupled Majorana wire model where there are N = 9+2r Majorana channels
per wire, the gapping term explicitly seperates the first 9 and final 2r channels and the
current backscattering potential does not mix these two sectors. This model would
therefore give a decouple SO(3)3 ® SO(r); topological state. However, there could be
additional local time reversal symmetric terms, such as intrawire forward scattering
il and iy, that mixes the two sectors and condenses the fermion pair b =
fso@); @ Ysow),- In fact, fermion pair condensation is natural in a superconducting
medium where the ground state consists of Cooper pairs. The condensation of the
bosonic anyon b results in the confinement of certain quasiparticles that have non-
trivially monodromy around it.[9] These includes all the 7 fluxes 1/2, 3/2 and 5/2
in the SO(3)3 sector, s+ (or o) in SO(r); for r even (resp. odd), as well as the
tensor product 1/2 ® 1, 3/2® 1, 5/2 @9, 1 ® s4, 2® sy and 3 ® s+ (or 1 ® o,
2 ® o and 3 ® 0). The remaining anyons are local with respect to the boson b
and survive the condensation, but certain pairs are identified if they differ only by
the boson condensate, a x b = a. This includes 3 = ¢, 1 ® ¢y = 2, 2y = 1,
1/2®s;. =5/2® s and 3/2® s, =3/2® s_ foreven r, or 1/2® 0 =5/2® o for
r odd. Special care has to be taken for the tensor product 3/2 ® o when r is odd.

After condensation, the fusion rule of a pair of 3/2 ® o becomes

(3/200)x(3/2®0)=(0+1+2+3)®(1+7)

=04+0+1+14+2+2+3+3 (4.131)
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which has two vacuum fusion channels and indicates that 3/2 ® o cannot be a simple

object. This leads to the decomposition
3200=a; +a_ (4.132)

where a4 are simple anyons with identical exchange statistics but opposite fermion

parity oy X f = ax and obey the fusion rules (4.128).

1 oy 7 B - o f
reven |0 1/2® s, 1 3/2®s: 2 5/2®s, 3
rodd |0 (3/2®0); 1 1/2®c 2 (3/2®0)- 3

Table 4.4: Identification of the seven anyon types in table 4.3 as tensor products.

We summarize the identification of the seven anyon types in Gy = SO(3); K,
SO(r); as tensor products in table 4.4. This explains the exchange statistics and

quantum dimensions of the quasiparticles in table 4.3

Oazb = ablp, dagp = dadp (4.133)

with the exception of the non-simple object 3/2® ¢ in (4.132) where each component
o carries half of its dimension. The fusion rules in (4.127) and (4.128) are explained

by the tensor product

(a; ® by) X (a2 ® by) = (a3 X a3) ® (by X by) (4.134)

except in the odd r cases where again the non-simple object 3/2 ® 0 = ay + a_
requires special attention.

The fusion rules (4.128) of ay in the odd r cases are fixed by modular invari-
ance. The braiding S-matrix (4.118) is determined by fusion rules and quasiparticle

exchange statistics. On the other hand fusion rules can also be determined by the S-
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matrix using the Verlinde formula (4.87).[123] Moreover one can define the T-matrix
according to the quasiparticle exchange statistics

Tab = 5ab9a (4135)

which corresponds to the modular T-transformation in the CFT along the boundary.

As a consequence they satisfies the SL(2;Z) algebraic relation[60]

(STT)? = e2mic-/582 (4.136)
where c_ = cg — cg, is the chiral central charge of the corresponding CFT along the
boundary

9 r N
c_(Gn) = c_(s0(3)3) + c_(so(r)1) = 1 + =1 (4.137)

These put a very restrictive constraint on the allowed topological field theory and fix
the fusion rules (4.128) for ae. when 7 is odd. The braiding S matrices can be found
in appendix E.

The relative tensor product structure of the sixteenfold SO(r); sequence itself can

also be understood using anyon condensation

SO(r1)1 B, SO(ra)1 = SO(r1 +7r2)1 (4.138)

where the fermion pair ¢; ® 1y is condensed. This can be verified by a similar
condensation procedure as the one presented above. For instance, if v and ry are
both odd, the tensor product o; ® o9 will become non-simple after condensation

and decompose into a pair of abelian w-fluxes, s, + s_, with identical exchange
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statistics but opposite fermion parities s1 x ¢ = sy and are related by an anyonic
symmetry[59, 118].

Next we move on to explaining the general relative tensor product structure (4.130)
of the 32-fold Gy states. Eq.(4.138) describes the cases when both N; and Ny are
even, i.e. Gon, Xy Gop, = Gopyyor,- A similar anyon condensation procedure that

defined the relative tensor product SO(3); X, SO(r); above would prove that
GN X’b SO(T‘)l = GN+27» (4139)

for N odd, where the fermion pair b = fg, ® ¥so(), is condensed.
When both Ny = 9 + 2r; and Ny = 9 4 2ry are odd, each of the two Gy, =
SO(3)3 Xy, SO(r;); theories contains seven anyon types 1,a%,~%, 8, fi. The tensor

product state G, ® G, contains three non-trivial bosons

b={by,bs,b_} ={f' @ 7L ®+2,7L @42} (4.140)

as 7+ have conjugate exchange phases ¢,, = £i. Moreover, these bosons are mutually
local. Firstly, by have trivial monodromy around by as 74 are local with respect to the
fermion f. Secondly, as there are bosonic fusion channels by x by =14+by +b_+ ...
and by X by = by + by +b_ + ..., by are local among themselves because their
mutual monodromy phases are trivial. We first condensed the Abelian fermion pair

bo = f'® f%. The resulting theory contains the following set of (non-confined) anyon

types

(4.141)

R R A ke e ke
Gy, Xy, G, = <

Od}i_C(_QH Oéi_@Q_a aiﬁa 61053-7 5152

where some anyon types are identified by the by condensate, such as f = f! = f?

and 7192 = ~41~% x by, and are therefore not listed. Next we condense the non-
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Abelian boson by = v;~2, which is already equated with b_ = by x by. The general

condensation procedure of a non-Abelian boson was proposed by Bais and Slingerland
in Ref.[9]. In the present case, it begins with the fusion theory F of Gy, Xy, Gy,
that only encodes the associative fusion content but neglects the braiding structure
of the anyons. As the boson b, is condensed, it decomposes as b, = yiy> =1+ ..,
which now contains the vacuum channel 1. This reduces the fusion theory F into a
new fusion theory F’, where the certain anyons in (4.141) become non-simple objects
and decompose into simpler components while others are identified by the boson
condensate. This new fusion category F' contains the non-confined anyons in the
resulting state as well as confined non-point-like objects.

We start with the first line of anyons in (4.141), which are all local with respect
to the fermion f. The semion 7! is self-conjugate as 71 x 7% = 1+~% +~2. However

2

72 is now also an antiparticle of 41 since v} x 72 = b, =1+ ... also contains the

vacuum channel. The uniqueness of antipartner guarantees the identifications

WwER=Y, -=9=9 (4.142)

which obey the usual fusion rules v+ x v+ =14+ v4 +7_- and f X v+ = v¢. This in

turn determines the decomposition of the non-Abelian boson

by =74V = Xy =147 +1- (4.143)

which is consistent with the boson quantum dimension d,, = di = 14 2d,. Moreover

the non-Abelian fermion also decomposes

YE = v Xy = F+re +- (4.144)
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Next we move on to the second line of anyons in (4.141), which are 7w fluxes with
respect to the fermion f. From the original fusion rules (4.127), (4.128) and the

identification (4.142), (4.143) and (4.144), the 7 fluxes satisfy the fusion rules

(ala?) x (ala?)

L+ f+ 2y + 29, for r1 4+ ry even
=9 1+1+v +7 +2y, forr;+72 =3 mod 4 (4.145)
f+ 4y + 37, for 11 + 75 =1 mod 4
(@'8%) x (') = 1+ 1+ f+ f+4dy; + 4y (4.146)
(B'8%) x (B'8%) = AL + [ + 27+ +27-) (4.147)
(aiad) x (ayf®) =1+ f +3y4 + 37— (4.148)
(o) x (B'B%) =141+ f+ [ +4y +47- (4.149)

for N1 =9+ 27”1 and N2 =9+ 27”2.

These show a!'3? and 3!5% must be non-simple because their corresponding fusion
rules contain multiple vacuum channels. The decomposition of 3'/3? is simplest and
applies to all r1, ro

B'8% =alad +ala® (4.150)
where ol a® = ala? x f. For instance, it is straightforward to check that this
decomposition is consistent with the fusion rules. o 5% and o! 52 are clearly identified
as they differ only by the Abelian boson by = f1f2. We therefore will simply denote

them as o!/3%2. Moreover, one can show that o!% and B'a? are also identified after

the condensation of the non-Abelian boson 7172 =1+ ~4 + v_ in (4.143). This can
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be verify by equating the fusion equations (o' 8?) x (v172) = (a'%) X (14 v+ +7-).

The decomposition of a!3? = f'a? depends on the parity of r; + 7.

When 71 + 5 is even, the pair fusion rule for ol o2 allows it to be simple since
there is a unique vacuum channel. Moreover as the pair fusion rule is unaltered by
the addition of a fermion f, it is identical to (a}a?) x (ala?). This shows a}a?

conjugates and therefore identifies with o2, which is self-conjugate.

a'a’ = alal =alal. (4.151)

In this case, a!$? is decomposed into
a'f? =0+ a'a? (4.152)
where we introduce the Ising anyon o that obey

oxo=14+f oxf=o0 (4.153)

o x a'a? =7+ +7v7-, O0X7yp= ala?

The decomposition (4.152) is consistent with the fusion rules (4.148) and (4.146). The
reduced fusion category after condensing the boson (4.143) is therefore generated by

the following simple objects

Fowen = (L, 0,72, a'a®) (4.154)

when 7; + 7y is even. It has the fusion rules (4.153) together with 7. x a'a? =

o+ 2ala’.
When 71 475 is odd, we need to further separate into two cases. When r{ 47y = 3

mod 4, the fusion rule of a pair of ala? in (4.145) forbids it to be simple. It
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decomposes into

aLal =s;+yp or sp+ - (4.155)

where sy are Abelian anyons that satisfy the fusion rules

S XSy =1, s X f=55 Sy Xyr="71 (4.156)

and the fermion parity v+ in (4.155) depends on (r1,72) = (0,3) or (1,2) mod 4 but
is unimportant for the current discussion. The decomposition (4.155) is consistent
with the fusion rule (4.145). In this case, the fusion rules (a}a?) x ('(?) in (4.148)

requires a different decomposition of a!? than (4.152).

o' =+, (4.157)

The reduced fusion category after condensing the boson (4.143) is therefore generated

by the following simple objects

Fy= (L1, f,54,72) (4.158)

when r; + ro = 3 mod 4.
When rq +ro = 1 mod 4, the fusion rule (4.145) again forbids a2 to be simple.

Moreover as the vacuum channel is absent, it is no longer self-conjugate but instead

2

1

is conjugate with ol o since it has opposite fermion parity and (ot a?) x (afa?) =

141+ 3vy +v-. We decompose

ala? =s; +g; (4.159)
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where sy are Abelian anyons and ¢4 are non-Abelian objects that satisfy

Se XSy =1f SgXf=sgr gr=74XS5L. (4.160)

The decomposition of a!3? also needs to be modified

a'BP=g, +g_. (4.161)

One can check that these decompositions are consistent with the original fusion rules.
The reduced fusion category after condensing the boson (4.143) is therefore generated

by the following simple objects

1= (L fose,74, 94) (4.162)

when 7 + o = 1 mod 4.

Not all objects in the reduced fusion theories F_ .,

1 and Fj in (4.154), (4.162)
and (4.158) are non-confined anyons in the new topological states. Some may be
non-local with respect to the boson b, (4.143) and are therefore not point-like objects
when b, is condensed. They are equipped with a physical string or branch cut that
extends. The anyon theory, which encodes both fusion and braiding information, after
condensation excludes these confined extended objects. To determine which objects
in the reduced fusion categories F’ are non-confined anyons, we look at the possible
monodromy around the condensed boson b, . Suppose a; ® a; and b; ® b, are anyons

in the tensor product state Gy, X, G, (4.141) that are related by the fusion rule
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by X (a1 ® ag) = by ® by + ..., the monodromy under this fixed fusion channel is[9]
b ay ®a be &y Q’g:az
\ é é
Q — Wé‘& W.,‘E;’ — 9b1®b2 — 9b1®b2 (4 163)
< 9b+ Oa, 20, Oa,2as
b; ® by by @ by

as by is a boson with ¢, = 1. In other words trivial monodromy simply reqires the
invariance of exchange statistics upon an addition of the boson.

Given any simple object x in the reduced fusion category F’ in (4.154), (4.162) or
(4.158), it may be lifted to multiple anyons in the tensor product state Gy, K, G, in
(4.141) in the sense that it belongs in distinct decompositions a; ® as = x4+ ... and
b; ® by = x+.... For instance, 74 are components of the boson v; 72 =144 +7_
as well as the fermion vi7% = f + 74 + - (see (4.143) and (4.144)). If x is an
object not confined by the boson condensation, then its exchange statistics should be

independent from the choices of lift

Ox = Qal®32 = 8b1®b2 (4164)

since the monodromy (4.163) should be trivial. Otherwise, the object x has to be
non-point-like and extended as it does not have well defined statistics. For example
since 4+ belongs to the decomposition of a non-Abelian boson and fermion, they have
to be confined objects after condensation.

The relative tensor product Gy, X, Gy, with the condensation of the set of bosons

b (4.140) contains non-confined anyons in the reduced fusion categories F

even’

Fi and
Fiin (4.154), (4.162) and (4.158). For example when 71 4175 is even, the simple object
ata? in (4.154) is confined and is not an anyon because it can be lifted into a3 and

(3%, which have distinct statistics, in (4.152) and (4.150). When r; + 75 = 1 mod 4,
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the simple objects g4 are also confined because they belong in o' 5% and o o4 , which
have different spins, in (4.161) and (4.159). This shows Gy, X, G, is generated by

the non-confined anyons

1, f,o), forry+ry even
Gy By Gy, = L fr0) e (4.165)

(1, f,s4), forry+ryodd

The exchange statistics of o and s are determined by that of their lifts. For instance,
60 _ 80(162 _ Qa‘gﬂ _ 67ri9+ré+T2 _ em'(Nl—i—Ng)/lG (4166)
using table 4.3 when r{ 4 ry is even. This shows

(4.167)

N+ N
Gy, B, Gy, = SO (%)
1

when both N; and N, are odd and concludes the 32-fold tensor product algebraic

structure of the G -series.

4.4 Other possibilities

In the previous sections, we proposed time reversal symmetric interactions that
gap the coupled Majorana wire model and lead to a Gy topological order (see
eq.(4.123) and (4.126)). The interwire current-current backscattering interactions
depend on a particular fractionalization, so(N); 2 Gy X Gy, of the N Majorana
channels per wire. However, in special cases, we have already seen that alternative
decompositions exist and correspond to different gapping interactions and topologi-
cal orders. For example, at the beginning of section 4.2, we showed when there are
even Majorana channels per wire, the model could simply be gapped by a single-

body backscattering potential (see (4.30)) and have trivial topological order. This
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is consistent with the Z, classification of gapless Majorana modes protected by the
“antiferromagnetic” time reversal symmetry (4.1). Another example was given in
section 4.2.1.2 for the special case when there are N = 4 Majorana channels per
wire where the decomposition needs to be changed into so(4); 2 su(2); x su(2);.
The resulting gapped state carries the SU(2); semion topological order instead of
Gy = 5S0(2);.

Moreover the sixteenfold classification of topological superconductors (T'SC) with
the presence of interaction[32, 74, 130, 111, 56, 95, 141] suggests the 32-fold G y-series
could have redundancies. On the other hand, the Z4 classification of T'SC is based on
the canonical local time reversal symmetry, which is fundamentally different from the
non-local “antiferromagnetic” time reversal considered in this manuscript. The Zss
structure of surface topological order could be an artifact of such unconventional time
reversal symmetry. Nonetheless, here in section 4.4.1 and 4.4.2, we discuss altenative

gapping interactions when N = 16 that removes all electronic quasiparticles.

4.4.1 Consequence of the emergent Fs when N = 16

We design alternative interwire backscattering terms in the coupled wire model
(4.3) with N = 16 Majorana channels per wire. They open a time reversal symmetric
energy gap among 16 surface Majorana cones with the same chirality. In general, these
terms can also apply when the number of chiral Majorana channel per wire is larger
than 16 by acting on a subset of channels. We begin with the bosonized description
presented previously in section 4.1.2, where each wire consists of an 8-component
chiral U(1) boson ¢ = (¢!, ..., %) that bosonizes the complex fermions ¢; = (Yoj—1+
ihe;) V2 = exp(i& ). This theory is special because it carries non-trivial bosonic
primary fields, which can condense. For example the two spinor representations s4
correspond to bosonic primary fields of so(16); with conformal dimension hs, = 1

(see eq.(4.17)). In particular we will focus on the even sector s, . It consists of vertex
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operators
‘/;i e 628(’5/27 e = (81;~--,€8) (4.168)

(see eq.(B.24)) for e; = £1 with &1 ...e3 = +1. The 128 = 27 number of combinations
naturally matches with the dimension of the even spinor representation of so(16) (see
appendix A). These Vi, are related to each other through the OPE with the raising
and lowering operators E® = ¢ia® = ¢i(£6'+6") of 50(16); (see (B.8) in appendix B).
The 128 lattice vectors /2 extend the 112 roots a of so(16) to the root lattice of
the exceptional simple Lie algebra Eg with size 240.[26] The unit dimensional vertex
operators V7 themselves can be regarded as raising and lowering operators that
enlarge the so(16); current algebra to Eg at level 1. This extends the current algebra

of each wire
80(16)1 g (Eg)l (4169)

and is intimately related to the fact that the surface state can be gapped out without

leaving electronic quasiparticles which are non-local with respect to the boson s, .
The gapping strategy is to condense primary fields in the bosonic sector s, be-

tween adjacent wires. This is facilitated by interwire backscattering interactions that

bipartite the emergent Fjg symmetry.

P

Eg D s0(8)f x so(8)7 (4.170)

P

However, these so(8); subalgebras are distinct from the ones in the decomposition
s0(16)1 2 s0(8)1xs0(8);. In particular, we will see that they do not support electronic

primary fields ¢; = ¢’ Out of 128 € lattice vectors in (4.168), there is a (non-unique)
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maximal set of 8 orthonormal vectors €y, ..., &)
1 1
—E(m) " =E€(m) = 20mn- 4.171
25( ) 25( ) ( )

ST A (4.172)

| | 1-1-11 11 1 -1

From (4.19), they give 8 mutually commuting bosons €(,) - ¢, /2 per wire

1
€(m) * ¢y(x7t)7 §€(n) : ¢y/($/,t)

N —

= 2700, (—1)Y0sgn (2’ — ) (4.173)

up to a constant integral multiple of 27i.
We separate the 8 vectors into two groups ST = {en),€(2),€@3),€w)} and S~ =
{e),€6):€(7), €)}. They defines the two s0(8)F subalgebras in Eg, whose roots lie

in the root lattice of Eg orthogonal to ST respectively. One could pick the simple

roots

~+ ~+ ~+ ~+
a; =e1)/2, a; =e1+e, a, =e3+es, o =e;+eg

a; =€5)/2, a;, =e; —e, @, =€, —e3, A, =€ — €5
so that their inner product recover the Cartan matrix of so(8)

2 —1 -1 -1
& .at =Ky, Kz(:i% 3 8) (4.174)
-1 0 0 2

while opposite sectors decouple &7 - ai =0.
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The new gapping potential is constructed by backscattering the two decoupled

s0(8)F currents to adjacent wires in opposite directions.

1nt =u Z Jy Jerl){r (4175)

However not every terms can be written down as 4-fermion interactions. In particular

Hine contains interwire s, quasiparticle backscattering

8 el
£j
VEVyH + h.c. ~ cos ( E i gz57 y+1> (4.176)

Jj=1

for €5, €} = +£1, that condenses pairs of s, ’s along adjacent wires and confines all elec-

tronic excitations. The so(8)F WZW CFT carries three emergent fermionic primary

fields
& = oxp { (% £ -4 % <z38)] (4.177)

for p = 1,2,3. All of which have neutral electric charge and even fermion parity
with respect to the original electronic operators c; = ¢’ This is because the E;,t’s
are invariant under the U(1) gauge transformation P — ¢+ ¢. As a result, the
interaction (4.175) corresponds to a gapped S/O\(_Egl topological order but contains no

electron-like anyon excitations. Lastly we notice that this matches with the surface

topological order of a type-II topological paramagnet.[129, 111]

4.4.2 Alternative conformal embeddings

The fractionalization so(9); 2 so(3); ® so(3)s in 4.2.2.1 is the corner stone for
the construction of symmetric gapping interactions when there is an odd number of

Majorana species. However, this is not the unique decomposition. In general when
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the number of Majorana channels is a whole square, the wire can be bipartitioned
into so(n?); 2 so(n), ® so(n),.[26, 11, 108, 10]

For instance, this provides yet another alternative when N = 16 where each wire
is fractionalized into a pair of so(4)4 = su(2)4 x su(2)4. The so(4)F current operators
can be constructed in a similar fashion as those in the so(3)F case, J = %Efbw“wb
for ¥ = ¥ ® 1, and ¥~ = 1, ® 3 where ¥ are antisymmetric 4 x 4 matrices
generating so(4). After introducing the current-current backscattering interactions

y+1
_-J 4

Jzo(4) Syt the surface would carry a SO(4); = SU(2)4 x SU(2)4 topological

)
order. Each SU(2)4 theory contains five anyon types j = 0,1/2,1,3/2,2 with spins
h; = j(j +1)/6. The SO(4), topological state does not carry fermionic excitations,
and therefore, like the previous example in 4.4.1, this gapping potential also removes
all electronic quasiparticle excitations.

The gapped symmetric states for N odd are not unique either. For example, the

decomposition s0(25); 2 so(5); @ so(5)s leads to a surface SO(5)5 topological order
which is inequivalent to G5 = SO(3)3 K, SO(8);.
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Chapter V

Conclusions and Outlooks

In chapter I, we reviewed two important features of quantum many-body physics,
entanglement and topology. We explained the motivation for studying the properties
of scaling and classification respectively for these two concepts, both for theoretical
consideration and potential applications. We then give an overview of the latest
developments in related research directions and showed how our ideas to further
improve those results are natural next steps.

In chapter II and III, we introduce a simple one dimensional spin model that
features a state-of-the-art violation of the area law of entanglement entropy, resulting
in a novel quantum phase transition in the meantime. Although we have acquired
analytical results on both entanglement entropy and spectral gap, we are still far
from understanding the order in the ground state or having a description for the low
energy excitations. In addition to these obvious future directions, we mention a few
others.

First, the commutation restriction observed in the proof of frustration freeness
is interesting in itself, and one can explore whether similar extensions/deformations
would work for other Hamiltonians written as sum of projectors, and if so, whether
the same type of phase transition would occur. Second, while we have shown how

to construct a multi-parameter deformation, we have only studied entropy and gap
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for a uniform parameter t. This choice keeps the chain translationally invariant,
however, no momentum space arguments were involved in the analysis. A more
general treatment will have to contend with the distribution of the ¢4 parameters.
Third, the nature of the quantum phase transition is unclear. To study the transition,
as well as thermal effects, more detailed information about the density of states near
the ground state is crucial. In particular, it would be very interesting to explore
a possible field theoretic description in the continuous limit. Finally, it would be
worthwhile to establish a proof on the gap in 0 <t < 1 (for any s) phase observed in
the numerical results given in ref. [12].

In chapter IV, we constructed a coupled Majorana wire model in (2 + 1)D that
imitates the massless Majorana modes on the surface of a topological superconduc-
tor. This model had a non-local “antiferromagnetic” time reversal symmetry and
consequently was Zs classified — rather than 7Z in the class DIII TSC case — under the
single-body framework. Despite the difference, this model adequately described the
surface behavior of a TSC when the number N of Majorana species was odd, and it
was worth studying and interesting in and of itself.

We introduced the 4-fermion gapping potentials in section 4.2. They relied on
the fractionalization or bipartition of the so(N); current along each wire into a pair
of Gy channels (see eq.(4.33) and (4.34)). The two fractional channels then were
backscattered onto adjacent wires in opposite directions. This froze all low energy
degrees of freedom and opened an excitations energy gap without breaking time
reversal symmetry. When N = 2r was even, each wire could simply be split into
a pair of Gy = so(r); channels. The fractionalization was not as obvious when N was
odd. We first made use of the conformal embedding that decomposed nine Majorana’s
into two subsectors, s0(9); 2 so(3)s® so(3)s (see section 4.2.2.1). This division could
be generalized by all odd cases by splitting a subset of 9 Majorana’s into a pair of

s0(3)3 and the remaining even number of Majorana’s into a pair of so(r);. This could
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even be applied when N is less then 9 because each wire could be reconstructed by
adding an arbitrary number of helical Majorana modes with the same number of right
and left movers.

The surface G topological ordered was inferred from the bulk-boundary corre-
spondence (see eq.(4.115)). These topological states followed a 32-fold periodicity
Gn = Gpyys2 and a relative tensor product structure Gy, Xy Gy, = Gy, 4n,. We
presented the quasiparticle types as well as their fusion and braiding statistics prop-
erties. We explained the relative tensor product structure using the notion of anyon
condensation[9]. On a more fundamental level, one should be able to deduce the
topological order without the knowledge of the boundary by studying the modular
properties of the degenerate bulk ground states under a compact torus geometry|[134],
or by directly looking at exchange and braiding behaviors of bulk excitations. In fact
the coupled wire construction provided a fitting model for this purpose. Being an
exactly solvable model, a ground state could be explicitly expressed as entangled
superposition of tensor product ground states between each pair of wires. In the
simplest case when the model is bosonizable, a ground state could be specified by the
pinned angle variables of a collection of sine-Gordon potentials. The bulk excitations
could be realized as kinks between a pair of wires and could be created by vertex
operators. The virtue of a bulk description is that the action of time reversal on
quasiparticle excitations could be examined explicitly, which we have not performed
or addressed here. These issues are beyond the scope of this article and we refer a
more detail discussion to subsequent works.

We noticed that there were alternative ways of fractionalization that led to dif-
ferent gapping interactions and consequently different topological orders. We saw in
section 4.2.1.2 that N = 4 was an exceptional case that requires the special bipartition
so(4); 2 su(2); x su(2); instead of two copies of so(2);. We also saw in section 4.4

that when N = 16, the surface could be gapped by alternative interactions that corre-



120

—_——

sponded to a SO(8); or SO(4), topological order, none of which contained electronic
quasiparticle excitations. Other conformal embeddings so(n?); 2 so(n), ® so(n),
could give rise to multiple possibilities. Our 32-fold topological states, which only
utilized s0(9); 2 so(3)3®s0(3)s, therefore should belong into a wider universal frame-
work. These should be addressed in future works.

We conclude by pointing out that although not explored here, it will be interesting
to study the topological aspects of the phases in the (deformed) Motzkin and Fredkin
spin chains, an the entanglement properties in the topological order of TR symmetric

gapped Majorana surface.
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Appendix A

The so(N) Lie algebra and its representations

The so(N) Lie algebra are generated by real antisymmetric matrices ¢ =

<tg;f)> with entries
NxN
£ = 0305 — 070, (A1)

for r,s = 1,...,N. There are N(N — 1)/2 linearly independent generators since
ts) = —¢07) and ¢ = 0. In the main text, we write the basis labels as 3 = (rs),

for r < s, for conciseness. The generators obey the commutator relation

[0, 450) = 3 foypaymnt "™ (A2)

m<n

where the structure constant is

f('rs)(pq)(mn) :5mr5nq65p - 5mr5np55q
4 BmnsOraBn — OsOrngOrp. (A.3)

The matrix representation (A.1) is referred as the fundamental representation of

so(N) and is labeled by . In general the generators of so(N) can have different
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irreducible matrix representations t(;s) = tf labeled by A. Since the quadratic Casmir
operator
. (A4
B

commutes with all the generators, it must have a fixed eigenvalue Q) that (incom-
pletely) characterizes the irreducible representation A. For instance, the fundamental
representation in (A.1), denoted by v, has quadratic Casmir value Q, = N — 1.
The spinor representation o of so(N) makes use of the Clifford algebral67]
{Vas W} = YaVo + WYa = 204 Where 71, ..., vx are hermitian matrices of dimension
d = 2N/2 for N even or d = 20N~Y/2 for N odd. The so(NN) generators are represented

as the quadratic combination

1 1
(rs) _ = (rs),, _ =
ty” =7 Eb Vatay W = 5% (A.5)

= z'N/2fyl ...7YN cOom-

and satisfy (A.2). When N is even, the parity operator (—1)
mutes with all 5" and the representation is decomposable into 0 = s, & s_, where
sy are 2™/27L_dimensional sectors with (—1)f = £1. The so(IN) generators are then

irreducibly represented by
£ = Pyt Pl (A.6)

where P, are the projection operators onto the fixed parity subspaces. As t&9¢r) =

—(1/4)1, the quadratic Casmir values (A.4) of spinor representations are

N(N —1)
——

o, - NN =1 (A7)

QU: 3
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The complexified so(N) Lie algebra has an alternative set of Cartan- Weyl genera-

tors. It consists of a maximal set of commuting hermitian generators H',..., H", and
a finite set of raising of lowering operators E® = (E~%)', labeled by integral vectors

a=(a',...,;a") € A called roots. The root lattice is given by the set

Aso(?r):{j:eI:teJ:1§]<J§7’}

ASO(??‘-H) = A50(27“) U {:tel 1< < T} (Ag)

where e; are unit basis vectors of R". In particular, there are r simple roots aq, . . . , ;.

that forms a basis for the root lattice. For so(/N) they can be chosen to be

ef—eryq, forI=1,...,r—1
ar =19 e, for  =r and N odd - (A.9)

e._1+e., forl=randN even

The set of roots A consists of integral combinations of the simple roots a =
S _ b ey so that its length is || = v/2, for even N, or || = 1 or v/2, for odd N.
The integer r is the rank of the so(/N) Lie algebra and is determined by N = 2r

for N even or N = 2r + 1 for N odd. These generators satisfy

7 [o% i o o —o 2 - ey
[H',E*] =o'E*, [E*E }:WZQH (A.10)
i=1
BB ifa+BcA
[Eo‘,Eﬂ}oc ot , for a # .
0, if otherwise

The Cartan matrix K = (Kj),«, of the algebra is defined by the scalar product

2a Qg 20kl
K it Banic] g A1l
1] = J|2 Z ETE ( )
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so(2r) is simply-laced in the sense that all roots have identical length and the Cartan

matrix is therefore symmetric

2 -1 0 0
-1 2
Koor) = o . 2 -1 -1 |- (A.12)
-1 2 0
0 -1 0 2

Sometimes it would be convenient to use the Chevalley basis so that the commuting

generators are redefined

T

T > ajH (A.13)

3
o

so that the commutator relations (A.10) becomes

[n', ¥ = £ K, B0, [E* B~ =46"h’. (A.14)
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Appendix B

Bosonizing the so(2r); current algebra

Here we review the bosonization[26, 140, 36] of a chiral wire with N = 2r Majo-
rana fermions, and express the so(2r); current operators in bosonized form. The 2r
Majorana (real) fermions can be paired into r Dirac (complex) fermions and bosonized

into the normal ordered vertex operators

0 () + (o)

d(2) 7

~ exp (z@f (z)) . (B.1)

Here we focus on a single wire, say at an even y, so that all fields depend on the holo-
morphic parameter z = e 7. The r-component boson (7) = (51, e ,q~5”) is governed

by the Lagrangian density
ﬁ—liaaﬂ‘a&—la%& (B.2)
0 — 271' p= x t - 27T x t .
and follows the algebraic relations

[(Ej(x,t), (Ej/(x/,t)] =7 [(ngn(x' —x)+sen(j — j’)] (B.3)
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or equivalently the time-ordered correlation function

~ ~.

(P05 (w)) =~ log(z — w) + Tsan(j ~ 7) (B.4)

for sgn(s) = s/|s| when s # 0 and sgn(0) = 0. Operator product expansions between

unordered vertex operators can be evaluated by eA(?)eB(w) = AR)+BW)H{AEZ)Bw)) ~for

=e
A, B linear combination of the bosons sz . For instance, the vertex operators in (B.1)

reproduce the product expansion of a pair of identical Dirac fermions

F(2) (W) = —— i (w) + ... (B.5)

Z—Ww

and the singular piece is dropped when the product is normal ordered in the limit
z — w. The non-singular sign factor iwsgn(j — j') ensures fermions with distinct

flavors anticommutes
d(2)d (w) = = (w)d(2). (B.6)
The so(2r); currents in the Cartan-Weyl basis can now be bosonized

H(2) = &(2)d(2)] = i0./ () (B.7)

E*(2) = H A (2) = exp (ia . q?)(z))

Jj=1

where a = (a!,...,a") € A are roots of so(2r) (see (A.8)) and the fermion products

are normal ordered. For instance, a has two and only two non-zero entries and £

must be of the form

E%(2) = c(2)5d (2) = 20 (@)% (), (B.8)



127

Combining raising or lowering operators give

pilaed(:)+B-Bw)
(z —w)~B

E%(2)EP(w) = i—*Pe(a, B) (B.9)

where the vertex operator here is again normal ordered and the 2-cocyle is given by

the star product
cle, B) = (~1)*7 = (=1)> 7, (B.10)

As "7, o' is even for all roots, we have the following simplification when interchang-

ing a < 3

(. B)e(B. ax) = (—1)°P. (B.11)

Using the boson OPE (B.4), the product of the two vertex operators above is
singular only when (i) @ = —(, or (ii) a -3 = —1 in other words o + 3 € A. To

summarize, the Cartan-Weyl generators satisfy the product expansion

Hi () H (w) = (Zf—Jw)Q 0 (W) (w) + ...
H'(2) E*(w) = flea(w) T
B (2) B2 (w) ﬁ £ — (B.12)

—%(a-@&b(w))z%—...

E*(2)EP(w) = MEO‘+B(@U) +..., fa-Bg=-1

Z—Ww

For instance, the 2-cocyle coefficient €(c, 3) ensures the OPE between E(z) and
EP(w) commute as the sign in (B.11) when exchanging o <+ B cancels that in

1/(z — w) when switching z <> w.
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In certain derivations, especially when involving quasiparticle excitations, it may
be more convenient to use the Chevalley basis. Here fields are expressed in terms
of non-local bosons ¢ = (¢',...,¢"), which are related to the original ones by the

(non-unimodular) basis transformation
¢ = aig’ (B.13)
=1

using the simple roots a; = (al,...,a%) € Z" (see (A.9) in appendix A). The La-

grangian density (B.2) now becomes

1 r
o= > K10, 00" (B.14)

I,J=1

where K = (K1j),xr = o - oy is the Cartan matrix of so(2r); (see eq.(A.12)).

The current generators are rewritten in the Chevalley basis by

hi(z) = ojH'(2) =i Kp0.¢"(2)
i=1 J=1
EP(2) = EP(z) = exp (ib" K¢’ (z)) (B.15)
where 3 = >, b’a; are roots expressed in integral combinations of the simple ones,

for b = (b',...,b") € Z". The Chevalley generators satisfy the modified current

relations from (B.12)

Bt (2)h (w) = (zlf—lfuy b
hi(2)EP(w) = %Eb(w) +... (B.16)
Eb(z)Efb(w) = ﬁ + Z zi—whl(w) + ...

EP1(2)EP2(w) = By, By) EP1P2 () 4.

Z—Ww
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if bT Kby = —1.

The (normal ordered) energy-momentum tensor can be turned from the Sugawara

form (4.11) to the usual bosonic one

T(z) = ﬁ [; Hi()H () + Y Ea(z)Ea(z)]

acA

= —L08(2) - 98(2) = —509(2) - KO (). (B.17)

Excitations in the CFT can be easily represented by vertex operators

V&(z) = exp (ia- ¢(z)) = exp (iav . c?b(z)) (B.18)
labeled by integral lattice vectors a = (ay,...,a,), or equivalently dual root lattice
vectors ay, = (al,...,al) with rational entries

al, =Y a(K)"a,. (B.19)
1J

The conformal dimension of V# can be read off by the inner product

1 1
hy = 5aTK—la = 5([(—1)”@1@,
1 T 1 i ]
= §avav = 5(5@'@\/(1\/. <B20)

This can be evaluated from definition (4.15) using the energy-momentum tensor

(B.17) and the OPE

0,01(2)ps(w) = —(K ) log(z —w) + ... (B.21)

which is equivalent to (B.4).
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Most vertex operators (B.18) however are not WZW primary and do not represent

the so(2r); Kac-Moody algebra. The OPE with the current generators

hi(2) V2 (w) = L Va(w) + ...

Z—w

EP(2)V3(w) = c2(z — w)*PVarEP () + . (B.22)

a

would match the requirement (4.13) for a primary field only when the exponent of
the singular term is bounded below, i.e. a-b > —1 for all roots 8 = >, b’ a;. Such
lattice vectors a are called weights or Dynkin labels of so(2r) at level 1. When the

exponenet a-b in (B.22) is —1, the vertex operators V2 and V2+&b

are related by the
SO(2r); symmetry and belong to the same primary field sector. For example the unit
vector a = e is the highest weight that generates the fermion sector 1. Applying

lowering operators £E—P to Ve = ¢! gives all 2r Dirac fermions
Vy :spaun{(cj)jE = EiY S 1,...,7‘} (B.23)

which in turn irreducibly represent the so(2r); algebra (see (4.13)) according to the
fundamental vector representation.
The unit vectors a = e,_; and e, generate the two spinor sectors s_ and s,

respectively. Each of them consists of 277! twist fields

V,, =c".. .o (B.24)

= span {exp (z ‘ <_;)sjggj> : H(—l)si = :l:l} .

They irreducibly represent the so(2r); algebra according to the even and odd spinor

representations. These are the only primary fields of so(2r); and their conformal

dimensions are given by hy, =1/2 and h,, =1/8.
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The four primary fields 1,1, s+ obey a set of fusion rules, which are OPE keeping

only primary fields.

Sy X = s¢ (B.25)
1, for r even v, for r even

S+ X S+ y S+ X S . (B26)
Y, for r odd 1, for r odd

For instance, the OPE

ol z o z T
;8 )+2+¢ ( )eil(b (w)

v

s+

(2)c"(w) = e

1 8wt 46T (w) =6 (w)
x (z —w) ze 2

= (z—w) 2V, (w) +... (B.27)
shows s, x ¢ =5s_, and
e ¥ (2= FW)/2 o (4 )T 4 (B.28)

shows s, x s, =1 for r even, or s, X s_ =1 for r odd.
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Appendix C

Bosonizing the so(2r + 1); current algebra

A chiral wire with N = 2r 4+ 1 Majorana fermions can be partially bosonized by
grouping ¥, ... 1?" in pairs to form r Dirac fermions (see (B.1)). This leaves a single
Majorana ¢! behind. In order for the fermions to obey the correct anticommuta-
tion relations, the bosonized complex fermions (B.1) have to be modified by a Klein

factor
C](Z) _ (_1)H€i$j(z) _ eigj(z)+i7rl'[ (Cl)

where (—1)" is the fermion parity operator that anticommutes with ¢* ! and both
IT and 9,11 commute with the rest of the bosons {51. In a non-chiral system, (—1)"
can be chosen to be the combination iy.vg, for 7./ the zero mode of 1&%}1. In the
chiral case, it can be defined by 777, using an additional Majorana zero mode 7.,
that completes the Clifford algebra {~,v,} = 0.

The so(2r+1); current algebra extends the so(2r); algebra by the short roots with
length 1 (see (A.8)). It contains the so(2r); generators Hi = id¢) and E® = e¢io®
(see (B.7) in appendix B), for @ € A2, the long roots with length || = v/2. The

remaining raising and lowering operators with the short roots are represented by the
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normal ordered products
E:I:ej(z) _ G:I:z’ggj(z)d)%-i-l(z). (CQ)

In addition to (B.12), the Cartan-Weyl generators satisfy the current relations
+6%

E*ei(w) + ...
zZ—w

B (2)E% () = — 4~ fi(w) (C.3)

(z—w)? z—w
— 507 ()5 (w)

. ¢27"+1 (w)aw%-i-l(w) 4

Z'751826(ej1 ) ej2)

H'(2)E*% (w) =

FE51en (Z)ESQeJ'Q (U)) = FS1€j; T52€, (fw)

Z—Ww

+ ...

for ji # j» and sy, s, = £1. Moreover, when o - (+e;) = —1, i.e. a £ e; € Ayypa41),

ie(ar, 0;)(~1)% /2

E(2) B (w) = P

Ee (w) + . ..

where €(m,n) = (—1)™" is defined in (B.10).
The (normal ordered) energy-momentum tensor can be turned from the Sugawara

form (4.11) to the usual bosonic and fermionic one

T(z) = m 221]—[2(2)]—]1(2) + Z E*(z)E~%(z)

acA

+Y BB () + B (2)E%(2)

= —00(2) - 9(z) — v ()0 (), (C.4)
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There are only two non-trivial primary fields ¢/ and ¢. The fermion sector ¢ consists
of the 2r Dirac fermions ¢/, (¢/)' in (B.23) as well as the remaining Majorana fermion

1?1 The o sector consists of 2" twist fields

V,=0o'... 0% (C.5)

= span {exp (zi ¥&> o2t s; =0, 1}

=1

which represents so(2r + 1); according to the spinor representation. Their conformal

dimensions are given by h, = 1/2 and h, = (2r + 1)/16.
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Appendix D

Z¢ parafermion model

Here we represent the Zg parafermions using bosonized fields and Majorana
fermions in the so(9); CFT. We focus on a single Majorana wire containing 9 right
moving real fermions. The CF'T is fractionalized using the conformal embedding into
s0(9); 2 s0(3);3 x so(3); (see section 4.2.2.1). Each so(3)s sector is then further
decomposed into so(2)3 x “Zg” using the coset construction “Zg” = so(3)3/s0(2)3
(see section 4.2.2.2). We now provide a more detail description of the Zg parafermion
sector. We will focus on the one in so(3); .

First we pair six Majorana channels into three Dirac fermions and bosonize ¢! =
(@' + it V2 = e, @ = (2 + ") /V2 = ¢ and @ = (0 +i)%)/V2 = &7
The Lagrangian density of the boson fields are given in (4.97). Like the so(N); case,
extra care is required so that the Dirac fermions ¢/ satisfies the appropriate mutual

anticommutation relations. Here we use a slightly different but more convenient



136

convention

(8'(2)¢ (w)) = 6" log(z — w) + 5" (D.1)
0 ifi=j
S9=%1 ifi—j=1mod3

—1 ifi—j=—-1mod3

so that the constant phases S% have a threefold cyclic symmetry. The so(2)3 sub-

theory is generated by the “charged” boson ¢, = (51 + 0%+ 53) /3. It satisfies

(65(2)6,(w)) = — Toa(z — w). (D.2)

The remaining “neutral” bosons ¢/ = 57 — ¢, are linearly dependent ¢} + ¢2+¢2 =0
and obey the OPE

(ehhebw) = = (89 = 3 ) toglc —w) + T8, (D.3)

The “charge” and “neutral” sector completely decoupled so that (¢,(z)¢? (w)) = 0.
Lastly, there are three remaining Majoranan fermions 1"*? in the so(9); theory. They
completely decouple with ¢, and ¢,. Although the vertex e anticommutes with
™89 this has no effect on any of our derivations. More importantly the “neutral”
vertices €% commute with the remaining fermions.

In section 4.2.2.2, we defined the Zg parafermion (4.104)

1

=7

(ei¢},¢7 + €i¢§¢8 + ei¢§¢9> (D.4)
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which is part of the so(3); current (see (4.103)). It generates the rest of the Zg

parafermions

3
1 ok
2 E 12¢5
\Il—\/_l_5[ ¢

J=1

Y (e’id’}’wgg 4 67i¢§w97 X ewiw?s)]

U3 = \/g [i™ — cos (¢g — ¢2) ©° (D-5)
— cos ((b?, — (bi) Y7 — cos (ﬁbi - ¢<1r) ws]

A (VL L (A LI T L |

where 1% = %)® and 1) = ¢)@)%¢)¢. Their conformal dimensions

m(6 —m
fon = O ) o0
as well as the fusion rules
m m’ Cmm’ m+m’
m —m ]'
UV W) = e m
2hgm
X {1—1— Y — )Ty, + ...
CZs

match with the known result by Zamolodchikov and Fateev[144], for 7%, the energy-

momentum tensor (4.102) with central charge ¢z, = 5/4 and

m!m/l(6 —m — m/)!6!

nm \/(m+m’)!(6—m)!(6—m/)!' (D.8)
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Appendix E

The S-matrices of the Gy state

The surface topological orders of the time reversal symmetric gapped coupled wire
model are described in section 4.3. There are thirty two distinct topological states

defined in eq.(4.123) and (4.126), which we repeat here.

SO(r)q, for N = 2r
Gy = : (E.1)
SO(3)3 X, SO(r);, for N =9+ 2r

In this appendix we summarize the modular properties of these states. In particular

we present there braiding S-matrices (4.118)

1 . 0.
Sab = 5 Z chabE (E.2)

which are identical to the modular S-matrix[26] of the Gy WZW CFT. The fusion
matrices N§, that characterize fusion rules a x b =" N§ c can in turned be deter-

mined by S-matrix through the Verlinde formula[123] (4.87)

s Ss S’Ss S’Sss’
Ny, = Y s, (E3)

S/
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The Gy state is Abelian and carries four anyon types 1,9, s,,s_ when N is a
multiple of four. It is non-Abelian otherwise and carries three anyon types 1,, 0
when N is 2 mod 4, or seven anyon types 1,ay vy, 8,7—,a_, f when N is odd. The
quasiparticle exchange statistics fx and quantum dimensions dy are summarized in

table 4.2 and 4.3. The total quantum dimensions D = /> __d2 are given by

2 for N even

2csc(m/8) for N odd

where csc(m/8) = V4 + 2V/2.

The S-matrices of G for N = 2r even are well-known and are given by those of

the SO(r); states.[60, 59]

1L /i1 44

SGN — 1 —1 ¢n —4n 5 fOl“ N = 4n7 (E5)
DGN 1 -1 —i™ ™
1 11 V2

Say = < 11 —\/5) , for N=4dn+2. (E.6)
DGN V2 -v/2 0

The S-matrices for the odd N cases are modification of the Gg = SO(3)3 prototype

(4.88)

S30B)s = %sin [W(ZSI i 18)(282 i 1)} (E.7)

where s; = 0,1/2,1,3/2,2,5/2,3 label the seven anyon types 1, a4, vy, 5,7, a_,

(see table 4.1). For N =9 + 2r mod 32, the S-matrix of Gy is given by

Say = F S([r/2])F " (E.8)
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where [r/2] > r/2 is the smallest integral ceiling of r/2, S¢(n) is the S-matrix when

r = 2n 1s even

8% (1), = "0 S5O (£.9)

5182

and F is the operator that flips the fermion parity of ay <> o and v, <> v_

F = 1 : (E.10)

1
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