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Chapter 1

Introduction

Magnetism was discovered by the ancient Chinese and ancient Greeks in the

early years of human civilization. However, its microscopic mechanism was

not fully understood until the 20th century when Heisenberg explained fer-

romagnetism by considering it an effect of quantum mechanics. Heisenberg

constructed a model that incorporated exchange interactions between local-

ized spins, in which the exchange interaction is led by the Coulomb interac-

tion coupling with the Pauli exclusion principle. The model is given by the

following Hamiltonian:

H =
1

2

∑
ij

JijSi · Sj, (1.1)

where Jij are the exchange couplings between spins. Evidently, the negative

values of J would lead the ground state of the system to be ferromagnetic. On

the other hand, it was first pointed out by Louis Néel that a positive value

of J could lead the system to be antiferromagnetic. In an antiferromagnetic

state, the nearest neighbor spins are anti-parallel to each other. This can be
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illustrated by a Heisenberg model with nearest neighbour exchange J on a

simple cubic lattice. The system is bipartite: it can be separated into two

non-overlapping sublattices in which spins of one sublattice have the nearest

neighbors from the other sublattice. The ground states of the system are two-

sublattice antiferromagnetic states, where spins from one sublattice have same

directions while the spins from the other one point oppositely. The model has

a symmetry that these states are unique up to global spin rotations.

1.1 Frustrated Magnetism

However, nowadays there are a type of magnets which can possibly evade the

antiferromagnetic order. They are posing much higher challenges than the

simple anti-ferromagnetism both in theories and in experiments. These so-

called frustrated magnets are named in contrast to the conventional ordered

”unfrustrated” magnets. Frustrated magnetism refers to competing interac-

tions that cannot be simultaneously satisfied [1, 2], and it was first introduced

by Wannier in the 1950s. Wannier showed a 2-dimensional Ising system with

triangular lattices that has a large degeneracy of ground states, as exemplified

by three spins antiferromagnetically coupled to each other on an equilateral

triangle. Frustrated magnets attract extensive interest because they can pos-

sibly destruct the antiferromagnetic order. These systems tend to have many

low-frequency modes. The excitations can reduce the ordered moment effec-

tively and they are thermally occupied at low temperature. Moreover, the

frustration could lead to many different kinds of classical ground states and
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could suppress the Néel temperature TN to zero, where the Néel temperature

describe a temperature limit at which a paramagnetic state transfers into an

antiferromangetic state, or vice versa.

As a way of evading antiferromagnetic order, frustration has been widely

studied in models with competing nearest neighbor (NN) and next nearest

neighbor (NNN) interactions. A well-known example is the competition be-

tween NN J1 and NNN J2 antiferromagnetic exchange couplings in bipartite

lattices (figure 1.1 (left and center)). When the ratio J2/J1 < 0.5, neighboring

spins are anti-parallel, forcing the second nearest neighbors to be ferromag-

netic and resulting in frustration of interaction J2. On the other hand, for

J2/J1 > 0.5, neighboring spins are parallel, leading the second nearest neigh-

bors to be antiferromagnetic and resulting in frustration of half of J1 interac-

tions. The special point J2 = J1/2 is particularly interesting since alternative

classical states are degenerate and thus the frustration is maximized [3].

Besides the models of the J1-J2 type, there is another intriguing kind of

frustrated magnetic system in which the structure alone can destabilize the

antiferromagnetic order. This is called geometrical frustration. To give an

illustrative example of geometrical frustration, consider the structure depicted

in figure 1.1 (right). The system has classical Heisenberg spins at vertices of

two neighboring triangles with nearest neighbor antiferromagnetic interactions.

The ground states of the system are the configurations where co-planar spins in

each triangle have a relative angle of 2π/3. In this case, the relative rotations

of the spin planes of the two triangles about the axis, which is aligned in the

orientation of the common spin, lead to an accidental degeneracy in the ground
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J2

J1

J2

J1

Figure 1.1: (left and center) J1-J2 model shows ground state spin configura-
tions for conditions: J2/J1 > 0.5 on the left and J2/J1 < 0.5 on the right.
(Right) Heisenberg spins at the vertices of two connecting triangles.

states.

If we extend the features of this simple system of two corner-sharing trian-

gles to a periodic lattice, we can construct frustrated clusters on non-bipartite

lattices made of corner-sharing arrangements. In these clusters, local mag-

netized moments have exchange interactions equal in between and they are

located at the vertices connecting triangles. A typical example of these clus-

ters is the kagome lattice (1.2 (left)). If we extend the similar concept to 3-

dimensional lattice, we could build pyrochlore lattice made of corner-sharing

tetrahedrons (1.2 (right)). Both types of examples contain a macroscopic

number of triangular loops, are representative platforms for highly frustrated

magnets. Their ground state degeneracy scales exponentially with the system

size. The frustration is so severe that spins remain disordered at temperatures
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Figure 1.2: (left) Kagome lattice. (Right) Pyrochlore lattice. The figure is
extracted from the book Introduction to Frustrated Magnetism [4].

well below the exchange energy scale and a macroscopic degeneracy develops

in the classical ground state [4, 5, 6, 7, 8].

The most distinguishable feature of frustrated magnets is perhaps their

abnormal dependence on of magnetic susceptibility on temperature T of χ.

Consider the Curie-Weiss law:

χ−1 ∝ T −ΘCW (1.2)

where the Curie-Weiss constant ΘCW distinguishes the sign and strength of in-

teractions. For unfrustrated magnets, χ−1 usually has a linear relation against

T at high temperatures, and a sharp cusp in χ−1 would appear at the temper-

ature TN ∼ ΘCW . The cusp indicates that the system releases a large amount

of entropy, and that it is transiting from a paramagnetic state to a magnetic

ordering state upon cooling. However, for frustrated magnets, such a sharp

cusp would not be observed in systems, since they do not form a conventional

long-range magnetic order even at temperatures below ΘCW . The paramag-

netic phase survives and becomes highly correlated at temperatures T ≪ ΘCW .
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Figure 1.3: χ vs T, the critical behavior of frustrated magnets.

Nevertheless, the spin ordering, or freezing, may possibly appear at a lower

temperature TC , which will result in a large value of the ratio f := ΘCW/TC

(1.3). A large value of this operational definition f suggests that the system

has local degrees of freedom that fluctuate without the system leaving the

ground state.

In short, frustrated magnets can have macroscopic ground state degener-

acy and suppresses long range order. In this thesis, we will study a new type

of frustration with the anisotropic exchange. Also named as Γ interaction,

this new type of frustration is shown to play an important role in compounds

such as RuCL3. Microscopically, the Γ interaction originates from spin-orbit
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coupling, and is often viewed as the symmetric counterpart of the antisym-

metric Dzyaloshinski-Moriya interaction. Our research has as one of its foci

this so-called Γ model. Previous study on the model demonstrated a thermal

order-by-disorder in the system leads to a phase transition into a new spin

liquid phase, that has a hidden long range flux order. Our goal in this study

is to continue the investigation of the flux order when an external field is ap-

plied on this system, until a new magnetic ordering is observed in the high

field. We further explore behaviors of the system when thermal fluctuation,

accompanied with the external field, lifts the O(2) symmetry of the mean field

magnetic order, wherein we observe a Kosterlitz–Thouless phase transition.

Our study also focuses on a system with disordered exchange interac-

tions. Systems of this type has randomly distributed, rather than periodically

arranged, exchange interactions. The interplay of disorder and frustration

therein may lead the system to exotic states such as spin glass from spin liq-

uid. Spin liquid has strong fluctuations that prevent the system from forming

long range order at temperatures as low as zero.

By introducing a quenched disorder, magnets with well-defined orders in

ground states may have frustrated pairwise interactions. When the disorder is

big enough to shatter the coherent propagation of ordering through the system,

a glass transition emerges in the system. However, for geometrical frustrations,

magnets could form spin liquid order if the frustration were somehow maxi-

mized. With the introduction of quenched disorder, the flat energy surface of

the frustrated magnet would be replaced by a rugged energy landscape. Spins

in the system simultaneously freeze at a temperature below the typical energy
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variation in such an energy landscape. This temperature is defined as Tf .

In our study, we consider the disorder in interactions in the disordered J1-J2

system as a possible origin of spin glass, and investigate how does it spur the

glass transition of the system in low temperature.

1.2 Machine Learning Assisted Studies of Mag-

netic Systems

Machine learning is a fast advancing technique that has reshaped many indus-

tries. Due to the ability of deep neural networks to learn both patterns and

mapping between raw data and desired quantities, users are able to extract

essential information from large amounts of complex data, which previously

would have been unfeasible. Not surprisingly, machine learning has entered

such fields of physics research as density functional theory (DFT), structure

identifications, quantum molecular dynamics [9, 10, 11, 12, 13, 14], etc. For

example, DFT computations rely on an expensive self-consistent field proce-

dure of the Kohn-Sham (KS) equation to extract the functional derivatives

of exchange correlation energy. An alternative approach could use a neural

network (NN) to directly approximate energy functionals from atomic con-

figurations, thus bypass the costly self-consistent computation cycles of KS

equations [15, 16].

During the past decades, machine learning techniques have been applied

for structure identifications and energy estimations in numerous models, rang-

ing from simple Ising model to Hubbard model and topology models [17]. In
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their pioneering work, Carrasquilla and Melko, Convolutional Neural Networks

(CNN) were employed to study the Ising model, and successfully showed CNN

can accurately predict extensive physical parameters such as energy density

and phase transitions [18]. In their model, the way NN learn the mapping

between the system configuration and physical parameters is relatively prim-

itive that entire configurations of Ising systems need to befed into NN as as

training samples. Despite the machine learning’s tremendous success in those

physics studies, scalability could be a limiting factor preventing the progress

in such area. In these studies, the trained neural networks cannot be applied

for the predictions on arbitrary system sizes. This is because in these neu-

ral network models, optimized weights and biases work exclusively for a fixed

number of input nodes corresponding to the complete system configuration. If

a prediction needs to be made for a different system size other than training

samples’, the neural network must be rebuilt according the size of system. In

other words, these neural network models do not possess a scalability for the

same physical systems in different sizes.

Similar problems have been encountered in the studies of Ab-Inito molecu-

lar dynamics. Behler and Parrinello proposed a new neural network framework

to deal with configurations of different sizes. The main idea underlying the

framework is to constitute the total energy E of the system as a sum of con-

tributions of each atom Ei [16]. The key concept relating to the reason of

summing over local energy contributions is locality. In short, the principle

of locality states that an object is directly influenced only by its immediate

surroundings. Thus when the locality is relatively small, the neural network

15



is more possible to learn the global parameters by local segments of system

configurations. Moreover, to better describe the energetically relevant local

environment of each atom, a series of descriptors are introduced to transform

the Cartesian coordinates of each atom into a set of symmetry functions values

in the framework. The purpose of implementing descriptors is to respect the

permutation symmetry such that the total energy is invariant with respect to

interchange of spins, as well as to the translational and rotational symmetries.

These symmetry functions (descriptors) values are then sent into the NN as

training samples. The framework provides a so-called subnet Si for each atom,

which would yield the energy contribution Ei after being optimized. All of the

subnets share the same values of weights and biases to ensure permutation

symmetry. Through the repeated computations on the training dataset in

this way, the neural network model can learn the mapping between the local

structures relevant to each atom and the total energy related to the whole

system. In this way, the neural network can be transferable to predict energy

for systems of arbitrary sizes.

Also, study in chemical science used a similar scheme to apply neural net-

works to Ising system configurations. Their model sliced the configurations

of Ising systems into square shape segments that are considered to cover the

locality of desired quantities, such as energy density. The neural network was

then trained repeatedly with these square segments as input until the total

energy of the system is summed. Similarly, the neural network trained with a

certain size of Ising system configuration can be applied to predict systems of

arbitrary sizes. This so called Extensive Deep Neural Network (EDNN) takes
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advantage of length scale embedded in training data, but it does not learn

lengthy scale an does not clarify what impact is followed by such applications

[19].

Since the scalability rests on the foundation of an appropriate treatment

of locality, an interesting question arise so: how does locality, or the length

scale, influence the performance of the neural network? Evidently, prediction

accuracy deteriorates when the size of input data becomes smaller. One may

speculate that the prediction accuracy would break down when the size of input

fails to contain the correlation length. Therefore, it is necessary to perform

a numerical investigation to elucidate how the correlation length impacts the

prediction accuracy. In our study, we define the size of square segmental input

to be the focal length and use it as a measurement of correlation length.

In this study, we investigated the various scenarios of Ising systems where

convolutional or fully connected neural networks can be applied. We found a

systematic deviation around the phase transition point in the curve of energy

prediction compared with energy values extracted from Monte-Carlo simula-

tion. A neural network performing well in lower and higher temperatures may

overestimate or underestimate the energy density around the phase transition

due to the rapidly increase in correlation length. In order to explain such the

deviation, we investigated the relation between NN’s accuracy of phase classi-

fications and sizes of focal length. Finally, we carried out a quantitative study

that attempted to find the power law decay relation between focus size and

phase predicting accuracy.
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1.3 Thesis Layout

The thesis consists of topics listed in the following content, and the theis is

laid out in this order:

Honeycomb-lattice Γ Model in a Magnetic Field. We show that a magnetic

field in the high-symmetry direction lifts the macroscopic classical ground-

state degeneracy of the honeycomb Γ model and induces a long-range mag-

netic order. An intriguing
√
3 ×

√
3 magnetic order is selected by magnetic

field for the antiferromagnetic interaction. We also show that, at high fields,

the breaking of the ground-state Z6 symmetry is through two Berezinskii-

Kosterlitz-Thouless transitions that enclose a critical XY phase.

Disordered J1-J2 Model. We present a numerical study of the disodered

J1-J2 system. In the study, we find a glass transition of the disordered J1-J2

system modeled for a special compound at Tf = 0, and derive corresponding

critical exponents. Moreover, we conduct simulations to construct its dynamic

structure factor, in which a coexistence of spin-wave like dispersion and non-

coherent excitations can be observed. We further explain spin-wave excitation

by the Halperin-Saslow theory.

Machine learning Phases of Matter on Ising Model. In the study, we present

a transferable machine learning framework that can be applied to analyze

system configurations of arbitrary sizes for a certain kind of physics model. The

neural network model can make accurate predictions of extensive parameters

such as phase, energy and etc. We show the neural network used in this

research has a limitation that systematic deviations of the energy prediction

results are found around the phase transition temperature. We further infer
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the limitation is related to the locality of these extensive parameters. Finally,

we extract a critical exponent to describe the collapse of phase prediction

accuracy curves over the input focus sizes.

19



Chapter 2

Gamma Model Subjected to an

External Field

Frustrated interactions in Mott insulators with unquenched orbital degrees of

freedom have aroused our great interests. A salient feature of this type of

systems is that orbital exchange interactions are highly directional, as rep-

resented by quantum compass or quantum 120◦ models. Expressing the or-

bital variables in terms of pseudo-spins, this anisotropy suggests that different

spin-components are involved in exchange interactions along different spatial

directions. Recently, a new type of frustration emerges, in which interaction-

energy between neighboring pairs along different orientations cannot be simul-

taneously minimized. Lattice geometry contributes to the orbital frustration

through its interplay with the anisotropic orbital exchange, instead of the loop-

induced frustration for conventional geometrically frustrated magnets. Indeed,

several highly frustrated orbital models are defined on bipartite lattices. More-
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over, similar to geometrically frustrated systems, large accidental degeneracy,

sometimes of macroscopic scale, results from orbital frustration.

Magnetic frustration that involves anisotropic exchange coupling has re-

cently attracted enormous research interests. These materials often contain

4d or 5d transition metal elements, and are Mott insulators with strong spin-

orbit coupling. In these compounds, the localized spin and orbital degrees of

freedom are entangled to each other by the relativistic spin-orbit interaction.

The resultant composite degree of freedom, which can be viewed as an effective

spin variable, preserves the orbital character and is spatially highly anisotropic.

One particular example is the spin-1/2 Kitaev model with Ising-like interac-

tions involving different spin components on the three distinct nearest-neighbor

bonds on the honeycomb lattice. Such anisotropic spin-spin interactions are

frustrated as evidenced by the macroscopic ground-state degeneracy in the

S 7→ ∞ classical limit. Remarkably, the spin-1/2 Kitaev model is exactly

solvable and exhibits a quantum spin-liquid ground state with fractionalized

excitations. Originally proposed as a toy model for fractionalized excitations

and topological quantum computing, it was later pointed out that Kitaev-type

exchange interaction can be realized in 4d transition metal compounds such

as A2IrO3 (A = Li, Na) and RuCl3. However, other spin-spin interactions,

including the isotropic Heisenberg exchange, compete with the Kiatev interac-

tion and often destabilize the spin liquid phase. There has been a considerable

amount of efforts devoted to the study of general anisotropic pseudo-spin in-

teractions in spin-orbital coupled Mott insulators.

The recent renewed interest in such systems was partly generated by the
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advent of Kitaev materials [20, 21, 22, 23]. Originally proposed as a toy

model for fractionalized excitations and topological quantum computing [24],

it was later pointed out that Kitaev-type exchange interaction can be realized

in d5 transition metal compounds such as A2IrO3 and RuCl3 [25, 26, 27].

The possibility that Kitaev materials might host the elusive quantum spin

liquids has generated a flurry of experimental efforts on related compounds

and their characterizations. However, other spin-spin interactions, including

the isotropic Heisenberg exchange, compete with the Kitaev interaction and

often destabilize the spin liquid phase. Considerable efforts have thus been

devoted to the study of general anisotropic pseudo-spin interactions in spin-

orbit coupled Mott insulators [28, 29, 30, 31, 32, 33].

2.1 Γ Model and its Hamiltonian

In particular, the anisotropic exchange, also called the Γ interaction [34] is

shown to play an important role in compounds such as RuCl3. The Γ model

on the honeycomb lattice is defined as [35, 36, 37]

H = Γ
∑
γ

∑
⟨ij⟩∥γ

(Sα
i S

β
j + Sβ

i S
α
j )−H ·

∑
i

Si, (2.1)

where (α, β, γ) are permutations of (x, y, z). We have also included the Zee-

man coupling to a magnetic field H = Hn̂ in the n̂ ∥ [111] direction. The

honeycomb Γ model is a highly frustrated spin system which supports a novel

classical spin-liquid ground state [35]. The extensive degeneracy associated

with the classical ground state is characterized by an emergent global O(3)
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rotational symmetry and a local Z2 gauge-like symmetry [35]. While the local

Ising-gauge symmetry cannot be spontaneously broken [38], the continuous

O(3) degeneracy is lifted by quantum or thermal fluctuations [35, 36]. Inter-

estingly, the spontaneous breaking of the O(3) symmetry actually corresponds

to a breaking of lattice translation symmetry. Through the order-by-disorder

mechanism, fluctuations thus induce a sharp phase transition below which

an exotic spin liquid with a hidden
√
3 ×

√
3 plaquette order emerges as the

semiclassical ground state [36].

In this paper, we study the effect of magnetic field on the semiclassical

honeycomb Γ model. The large degeneracy of frustrated magnets renders them

susceptible to perturbations brought about by the magnetic field. Indeed,

novel field-induced phases such as magnetization plateau and even spin liquid

have been reported in both geometrically frustrated magnets [39, 40, 41, 42,

43, 44, 45, 46, 47, 48] and Kitaev spin models [49, 50, 51, 52, 53, 54, 55, 56, 57,

58, 59, 60]. In our case, the extensive ground-state degeneracy of the classical

Γ-model is lifted by field along the high-symmetry [111] direction. For the

ferromagnetic case with Γ < 0, the polarized state with spins aligning with

the field direction is selected by the field since this particular ferromagnetic

state happens to be one of the ground state of the zero-field Γ model [35].

2.2 Stability analysis

The antiferromagnetic Γ model, on the other hand, remains frustrated in the

presence of magnetic field. To obtain the structure of possible field-induced
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0

<latexit sha1_base64="3dqwk8DyvUfvF2jYNcv9Rt3UeXE=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCsjrsoamERsLGMaD4gOcLeZi5Zsrd37O4JIeQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZF6aCa+N5387K6tr6xmZhq7i9s7u3Xzo4bOgkUwzrLBGJaoVUo+AS64Ybga1UIY1Dgc1weDv1m0+oNE/koxmlGMS0L3nEGTVWevDcSrdU9lxvBrJM/JyUIUetW/rq9BKWxSgNE1Trtu+lJhhTZTgTOCl2Mo0pZUPax7alksaog/Hs1Ak5tUqPRImyJQ2Zqb8nxjTWehSHtjOmZqAXvan4n9fOTHQdjLlMM4OSzRdFmSAmIdO/SY8rZEaMLKFMcXsrYQOqKDM2naINwV98eZk0Kq5/6Z7fX5SrN3kcBTiGEzgDH66gCndQgzow6MMzvMKbI5wX5935mLeuOPnMEfyB8/kDVc6NKg==</latexit>

0.2

<latexit sha1_base64="rSI3s1o9V8DGA8R84yBax5Y98gY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgddxpUAuLgI1lRPMByRH2NnvJkr29Y3dOCCE/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXphKYdDzvpzCyura+kZxs7S1vbO7V94/aJok04w3WCIT3Q6p4VIo3kCBkrdTzWkcSt4KRzczv/XItRGJesBxyoOYDpSIBKNopXvPrfbKFc/15iB/iZ+TCuSo98qf3X7CspgrZJIa0/G9FIMJ1SiY5NNSNzM8pWxEB7xjqaIxN8FkfuqUnFilT6JE21JI5urPiQmNjRnHoe2MKQ7NsjcT//M6GUZXwUSoNEOu2GJRlEmCCZn9TfpCc4ZybAllWthbCRtSTRnadEo2BH/55b+keeb6F+75XbVSu87jKMIRHMMp+HAJNbiFOjSAwQCe4AVeHek8O2/O+6K14OQzh/ALzsc3WNaNLA==</latexit>

0.4

<latexit sha1_base64="z7Cf0gjfuD2Y8WRnTs9Pjv7X5VA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgddypRAuLgI1lRPMByRH2NnvJkr29Y3dOCCE/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXphKYdDzvpzCyura+kZxs7S1vbO7V94/aJok04w3WCIT3Q6p4VIo3kCBkrdTzWkcSt4KRzczv/XItRGJesBxyoOYDpSIBKNopXvPrfbKFc/15iB/iZ+TCuSo98qf3X7CspgrZJIa0/G9FIMJ1SiY5NNSNzM8pWxEB7xjqaIxN8FkfuqUnFilT6JE21JI5urPiQmNjRnHoe2MKQ7NsjcT//M6GUZXwUSoNEOu2GJRlEmCCZn9TfpCc4ZybAllWthbCRtSTRnadEo2BH/55b+keeb6Vff87qJSu87jKMIRHMMp+HAJNbiFOjSAwQCe4AVeHek8O2/O+6K14OQzh/ALzsc3W96NLg==</latexit>

0.6

<latexit sha1_base64="j+EOtwAQC4UChC2LvuN1BiuHOIk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgddypaAqLgI1lRPMByRH2NnvJkr29Y3dOCCE/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXphKYdDzvpzCyura+kZxs7S1vbO7V94/aJok04w3WCIT3Q6p4VIo3kCBkrdTzWkcSt4KRzczv/XItRGJesBxyoOYDpSIBKNopXvPrfbKFc/15iB/iZ+TCuSo98qf3X7CspgrZJIa0/G9FIMJ1SiY5NNSNzM8pWxEB7xjqaIxN8FkfuqUnFilT6JE21JI5urPiQmNjRnHoe2MKQ7NsjcT//M6GUbVYCJUmiFXbLEoyiTBhMz+Jn2hOUM5toQyLeythA2ppgxtOiUbgr/88l/SPHP9S/f87qJSu87jKMIRHMMp+HAFNbiFOjSAwQCe4AVeHek8O2/O+6K14OQzh/ALzsc3XuaNMA==</latexit>

0.8

<latexit sha1_base64="BjoW3HXVxSt1TtkesGXaaAkyU2c=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2KWlgEbCwTMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDf1W0+oNI/lgxkn6Ed0IHnIGTVWqnu9UtmtuDOQZeLlpAw5ar3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aETcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU1442dcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03RhuAtvrxMmucV76pyUb8sV2/zOApwDCdwBh5cQxXuoQYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB3trjLc=</latexit>

1
�4

<latexit sha1_base64="Kj65eNIBgp7i+hNknPs6elR9xSM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRSUMFDwYvHKvYD2lA220m7dLMJuxuhhP4DLx4U8eo/8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LRzNO0I/oQPKQM2qs9HBe7ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n80unZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTN8mfa6QGTG2hDLF7a2EDamizNhwijYEb/HlZdK8qHjVyvV9tVy7yeMowDGcwBl4cAk1uIM6NIBBCM/wCm/OyHlx3p2PeeuKk88cwR84nz/qgIz1</latexit>

�2

<latexit sha1_base64="pzAMbMkWKjfsOb/rU4M/GuXu0PU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbAbAip4CHjxGMU8IFnC7KQ3GTI7u8zMCiHkD7x4UMSrf+TNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRrczv/WESvNYPppxgn5EB5KHnFFjpYeLSq9YcsvuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5pVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDKn3CZpAYlWywKU0FMTGZvkz5XyIwYW0KZ4vZWwoZUUWZsOAUbgrf88ippVspetXx9Xy3VbrI48nACp3AOHlxCDe6gDg1gEMIzvMKbM3JenHfnY9Gac7KZY/gD5/MH53iM8w==</latexit>

0

<latexit sha1_base64="cx0lZfKaBCwZJQr6xnUFttgr/vY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoIKHghePLdhaaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3jVDFssVjEqhNQjYJLbBluBHYShTQKBD4E49uZ//CESvNY3ptJgn5Eh5KHnFFjpabbL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEV37GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9WrV62atUr/J4yjCCZzCOXhwCXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD3srjLo=</latexit>

2

<latexit sha1_base64="Ylnw3M764aqcwbxPtFSizhj1cZM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgAoeAl48JmAekCxhdtKbjJmdXWZmhRDyBV48KOLVT/Lm3zhJ9qCJBQ1FVTfdXUEiuDau++3kNja3tnfyu4W9/YPDo+LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH47u5335CpXksH8wkQT+iQ8lDzqixUqPSL5bcsrsAWSdeRkqQod4vfvUGMUsjlIYJqnXXcxPjT6kynAmcFXqpxoSyMR1i11JJI9T+dHHojFxYZUDCWNmShizU3xNTGmk9iQLbGVEz0qveXPzP66YmvPanXCapQcmWi8JUEBOT+ddkwBUyIyaWUKa4vZWwEVWUGZtNwYbgrb68TlqVslct3zSqpdptFkcezuAcLsGDK6jBPdShCQwQnuEV3pxH58V5dz6WrTknmzmFP3A+fwB+M4y8</latexit>

4

<latexit sha1_base64="OBFv3WkAsrw9ahtIw4uY7abKjR0=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIpqOCh4MVjBfsBbSib7aRdu9mE3Y1QQn+BFw+KV3+TN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZQ2Nre2d8q77t7+weFRxT1u6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByN/c7z6g0T+SjmaYYxHQkecQZNVZ6qA8qVa/mLUDWiV+QKhRoDipf/WHCshilYYJq3fO91AQ5VYYzgTO3n2lMKZvQEfYslTRGHeSLQ2fk3CpDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg6yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2G9eG4K++vE7alzW/XrupNm6LMMpwCmdwAT5cQQPuoQktYIDwAm/w7jw5r87HsrHkFBMn8AfO5w8WwYuU</latexit>

�4

<latexit sha1_base64="Kj65eNIBgp7i+hNknPs6elR9xSM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRSUMFDwYvHKvYD2lA220m7dLMJuxuhhP4DLx4U8eo/8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LRzNO0I/oQPKQM2qs9HBe7ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n80unZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTN8mfa6QGTG2hDLF7a2EDamizNhwijYEb/HlZdK8qHjVyvV9tVy7yeMowDGcwBl4cAk1uIM6NIBBCM/wCm/OyHlx3p2PeeuKk88cwR84nz/qgIz1</latexit>

�2

<latexit sha1_base64="pzAMbMkWKjfsOb/rU4M/GuXu0PU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbAbAip4CHjxGMU8IFnC7KQ3GTI7u8zMCiHkD7x4UMSrf+TNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRrczv/WESvNYPppxgn5EB5KHnFFjpYeLSq9YcsvuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5pVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDKn3CZpAYlWywKU0FMTGZvkz5XyIwYW0KZ4vZWwoZUUWZsOAUbgrf88ippVspetXx9Xy3VbrI48nACp3AOHlxCDe6gDg1gEMIzvMKbM3JenHfnY9Gac7KZY/gD5/MH53iM8w==</latexit>

0

<latexit sha1_base64="cx0lZfKaBCwZJQr6xnUFttgr/vY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoIKHghePLdhaaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3jVDFssVjEqhNQjYJLbBluBHYShTQKBD4E49uZ//CESvNY3ptJgn5Eh5KHnFFjpabbL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEV37GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9WrV62atUr/J4yjCCZzCOXhwCXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD3srjLo=</latexit>

2

<latexit sha1_base64="Ylnw3M764aqcwbxPtFSizhj1cZM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgAoeAl48JmAekCxhdtKbjJmdXWZmhRDyBV48KOLVT/Lm3zhJ9qCJBQ1FVTfdXUEiuDau++3kNja3tnfyu4W9/YPDo+LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH47u5335CpXksH8wkQT+iQ8lDzqixUqPSL5bcsrsAWSdeRkqQod4vfvUGMUsjlIYJqnXXcxPjT6kynAmcFXqpxoSyMR1i11JJI9T+dHHojFxYZUDCWNmShizU3xNTGmk9iQLbGVEz0qveXPzP66YmvPanXCapQcmWi8JUEBOT+ddkwBUyIyaWUKa4vZWwEVWUGZtNwYbgrb68TlqVslct3zSqpdptFkcezuAcLsGDK6jBPdShCQwQnuEV3pxH58V5dz6WrTknmzmFP3A+fwB+M4y8</latexit>

4

<latexit sha1_base64="OBFv3WkAsrw9ahtIw4uY7abKjR0=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIpqOCh4MVjBfsBbSib7aRdu9mE3Y1QQn+BFw+KV3+TN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZQ2Nre2d8q77t7+weFRxT1u6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByN/c7z6g0T+SjmaYYxHQkecQZNVZ6qA8qVa/mLUDWiV+QKhRoDipf/WHCshilYYJq3fO91AQ5VYYzgTO3n2lMKZvQEfYslTRGHeSLQ2fk3CpDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg6yLlMM4OSLRdFmSAmIfOvyZArZEZMLaFMcXsrYWOqKDM2G9eG4K++vE7alzW/XrupNm6LMMpwCmdwAT5cQQPuoQktYIDwAm/w7jw5r87HsrHkFBMn8AfO5w8WwYuU</latexit>

kx

<latexit sha1_base64="ekOMuyftKp10j00OYaMgjYmFtiQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjxWtB/QhrLZbtqlm03YnYgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89iPXRsTqAScJ9yM6VCIUjKKV7sf9p3654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6R1UfVq1eu7WqVez+Mowgmcwjl4cAl1uIUGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9mxI3k</latexit>

ky

<latexit sha1_base64="M3V0HQdq0BEneK4duGX9dgFOGz4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4r2g9oQ9lsJ+3SzSbsboQQ+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dkpr6xubW+Xtys7u3v5B9fCoreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7czvPKHSPJaPJkvQj+hI8pAzaqz0MBlkg2rNrbtzkFXiFaQGBZqD6ld/GLM0QmmYoFr3PDcxfk6V4UzgtNJPNSaUTegIe5ZKGqH28/mpU3JmlSEJY2VLGjJXf0/kNNI6iwLbGVEz1sveTPzP66UmvPZzLpPUoGSLRWEqiInJ7G8y5AqZEZkllClubyVsTBVlxqZTsSF4yy+vkvZF3bus39xf1hqNIo4ynMApnIMHV9CAO2hCCxiM4Ble4c0Rzovz7nwsWktOMXMMf+B8/gBoSI3l</latexit>

<latexit sha1_base64="W6x2pMfq+Q3DhNxeyBKRbzPVlvc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vjw0mNF+wFtKJvtpF262YTdjVhCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+WDmSToR3QoecgZNVa6H/ef+qWyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbSqFe+qUr27LNfqeRwFOIUzuAAPrqEGdWhAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AFnlo3n</latexit>

kx

<latexit sha1_base64="b7QGpN0sZ0AqCgSGZrgwNIZv8Dw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeClx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD5PBdFCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophrd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqt51tXZ/Vak38jiKcAbncAke3EAdGtCEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AFpGo3o</latexit>

ky

(a)

<latexit sha1_base64="6MbQTxc2wXJ6/FqWh3Y9p1DF/mw=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBahXkJSI21vRS8eK9paaEPZbDft0s0HuxuhhP4ELx4U8eov8ua/cZNWUNEHA4/3ZpiZ58WcSWVZH0ZhZXVtfaO4Wdra3tndK+8fdGWUCEI7JOKR6HlYUs5C2lFMcdqLBcWBx+mdN73M/Lt7KiSLwls1i6kb4HHIfEaw0tJNFZ8OyxXLbDqW02igjDi1ek7O62dNG9mmlaMCS7SH5ffBKCJJQENFOJayb1uxclMsFCOczkuDRNIYkyke076mIQ6odNP81Dk60coI+ZHQFSqUq98nUhxIOQs83RlgNZG/vUz8y+snym+4KQvjRNGQLBb5CUcqQtnfaMQEJYrPNMFEMH0rIhMsMFE6nZIO4etT9D/p1kzbMZvXtUrrYhlHEY7gGKpgQx1acAVt6ACBMTzAEzwb3Hg0XozXRWvBWM4cwg8Yb58eJ425</latexit>

<latexit sha1_base64="CoXXYS7UOhz9XYF/+HG5osuIK0Y=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxRqCXRxhKjIAlcyN6yBxv29i67cybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+WMwvpn5j09cGxGrB5wk3I/oUIlQMIpWuq+y83654tbcOcgq8XJSgRzNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6Rdr3kXtfpdvdK4zuMowgmcQhU8uIQG3EITWsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8weNX41R</latexit>

(c)
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Figure 2.1: (a) Density plot in k-space of the minimum eigen-energy of the
fluctuation interaction E2. The dashed line marks the boundary of the first
Brillouin zone. (b) Monte Carlo simulation results at temperature T = 0.01Γ
showing the field dependence of

√
3 ×

√
3 magnetic order N√

3×
√
3, plaquette

flux order Φ√
3×

√
3, and magnetizationM . (c) The static structure factor of the

intermediate state from Monte Carlo simulation at H = 2Γ and T = 0.01Γ.
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order, we investigate the stability of the polarized state at large H.We expect

at high field limit H = 4Γ, all spins are polarized to the direction parallel

to the unit vector n̂ = ê = 1√
3
[1, 1, 1]. Here we define two unit vectors êa =

(êx + êy − 2êz)/
√
6 and êb = (êy − êx)/

√
2, where êx, êy and êz are three unit

vectors in the three cubic axes. Evidently êa, êb and n̂ constitute an orthogonal

basis. Evidently, spins will de-polarize from n̂ direction once the field decreases

to a certain level. By the definitions of êa and êb, we can decompose the spin

field as:

Si =
√

1− |σi|2n̂+ σa
i ea + σb

ieb (2.2)

where ea = (ex + ey − 2ez)/
√
6 and eb = (ey − 2ex)/

√
2. Therein, each

component of the spin can be expressed as:

Sγ
i =

1√
3

√
1− |σi|2 +

√
2

3
σi · tγ (2.3)

where tx = (1
2
,−

√
3
2
), ty = (1

2
,
√
3
2
), and tz = (−1, 0). Without loss of general-

ity, we assume the magnitude of S to be 1. Expand the spin interaction Sα
i S

β
j

to second order in σ:

Sα
i S

β
j =

1

3

(
1− 1

2
|σi|2 −

1

2
|σj|2

)
+

√
2

3

(
σi · tα + σj · tβ

)
+

2

3
(σi · tα)

(
σj · tβ

) (2.4)
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and,

Sα
i S

β
j + Sβ

i S
α
j =

2

3

(
1− 1

2
|σi|2 −

1

2
|σj|2

)
−

√
2

3
(σi + σj) · tγ

+
2

3

[
(σi · tα)

(
σj · tβ

)
+
(
σi · tβ

)
(σj · tα)

]
(2.5)

The external field term is approximated as:

H ·
∑
i

Si =
∑
i

(
1− 1

2
|σi|2

)
(2.6)

Now we expand the Hamiltonian of Γ model subjected to a magnetic field to

the form in terms of the forms derived above:

H = Γ
∑
<ij>x

(
Sy
i S

z
j + Sz

i S
y
j

)
+ Γ

∑
<ij>y

(
Sx
i S

z
j + Sz

i S
x
j

)
+ Γ

∑
<ij>z

(
Sx
i S

y
j + Sy

i S
x
j

)
−H ·

∑
i

Si

(2.7)

where γ = x, y, and z denote the three distinct NN bonds of a honeycomb

lattice. Insert these expressions into the Hamiltonian of Gamma model. Note
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that the linear terms vanish in lattice summation.

H = (Γ−H)N − (Γ−H)
∑
i

|σi|2

+
2

3
Γ
∑
<i,j>

∑
γ

[
(σi · tα)

(
σj · tβ

)
+
(
σi · tβ

)
(σj · tα)

] (2.8)

The summation of last term in x-bond:

∑
<ij>x

[(σi · ty) (σj · tz) + (σi · tz) (σj · ty)] (2.9)

=
∑
<ij>x

[(σ1(r) · tz)(σ2(r + dx) · ty) + (σ1(r) · ty)(σ2(r + dx) · tz)] (2.10)

=
∑
r

[
tmy t

n
zσ

m
1 (r)σ

n
2 (r + dx) + tmz t

n
yσ

m
1 (r)σ

n
2 (r + dx)

]
(2.11)

where m,n ∈ {a, b}. The third term summation in equation (5) over x, y, z is

∑
r

∑
α={x,y,z}

[
tmβ t

n
γσ

m
1 (r)σ

n
2 (r + dα) + tmγ t

n
βσ

m
1 (r)σ

n
2 (r + dα)

]
(2.12)

Here the spin deviations σi are treated as classical variables. We analyze

the eigenmodes of the classical Hamiltonian. Insert the Fourier expression of

σi =
1√
N

∑
k σs(k)e

ik·ri to diagonalize the Hamiltonian above, the Hamilto-

nian becomes:

H = E0 +
∑
k

S∗
kHkSk (2.13)

where E0 = NΓ − NH, where N is the number of unit cells, and Sk =
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(σa
1k, σ

b
1k, σ

a
2k, σ

b
2k) and

Hk =



ϵ 0 gaak gabk

0 ϵ gabk gbbk

gaa−k gab−k ϵ 0

gab−k gbb−k 0 ϵ


(2.14)

The matrix elements are

ϵ = H − 2Γ (2.15)

gmn
k =

2

3
Γ
∑
α

(
tmβ t

n
γ + tmγ t

n
β

)
eik·dα (2.16)

gaak = −2

3
Γ

(
eik·dx + eik·dy − 1

2
eik·dz

)
(2.17)

gbbk = −Γeik·dz (2.18)

gabk = gbak =
1√
3
Γ
(
−eik·dx + eik·dy

)
(2.19)

where the three vectors dx = (1
2
,− 1

2
√
3
), dy = (−1

2
,− 1

2
√
3
) and dz = (0, 1√

3
))

play the functions of connecting nearest neighbors in honeycomb lattice. As

is shown in figure , the magnetic instability starts at the k8 points when the

external field decreases, and λmin(k) has minima at K points. This suggests

that the magnetic instability grows at the corners of the Brillouin zone.

Hamiltonian is η-invariant. At high magnetic field, spins in zigzag order

will change into
√
3×

√
3 order through a first-order transition until they are

fully polarized by the external field. The lowest eigen-mode energy shown

in Fig. 2.2 exhibits six minima at the corners of the Brillouin zone (BZ),
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Figure 2.2: Contour plot of minimum eigenvalue of Hk, showing minimum at
K points QK =

(
4π
3a
, 0
)
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indicating that the most unstable mode has a wave vector k∗ = (4π
3a
, 0), where

a is the lattice constant of the honeycomb lattice. This ordering wave vector

corresponds to the
√
3 ×

√
3 periodic structure in real space. Consequently,

as the magnetic field is lowered below some critical value, the polarized state

becomes unstable against the development of the
√
3 ×

√
3 magnetic order.

From the analytical solution of the minimum mode energy at the K-point,

εk∗ = H − 4Γ, the instability condition εk∗ = 0 gives an upper critical field

Hc2 = 4Γ.

This conclusion is verified by our classical Monte Carlo simulations, for

example, the magnetization curve at a low temperature T = 0.01Γ (|Γ| is set

to 1 in the simulation), shown in Fig. 2.1 (b). At small magnetic field, the

plaquette-ordered spin liquid remains stable up to some critical fieldHc1, above

which the flux order parameter Φ√
3×

√
3 drops abruptly. The magnetization M

increases linearly in this intermediate regime until spins are fully polarized at

H ≳ Hc2 = 4Γ. Fig. 2.1(c) shows the static structure factor of the intermediate

state, which exhibits six peaks at the corners of the BZ in addition to the

central peak at k = 0 due to the field-induced finite magnetization.

2.3 Ground State Configuration

We next determine the structure of the
√
3 ×

√
3 state. The six inequivalent

spins in the extended unit cell form an 18-dimensional representation of the

little group of the K-point. The relevant magnetic order parameters, which

can be obtained by examining the irreducible representations, can be very
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Figure 2.3: (a) The magnetic ground state of antiferromagnetic Γ-model in
a [111] field. (b) Relative orientation of the six sublattice spins in the

√
3 ×√

3 magnetic order shown in panel (a). The complex spin structure can be
described by two sublattice order parameter mA and mB shown in panel (c).

complicated. Our direct energy minimization, however, finds a rather sim-

ple magnetic structure which can be described by a Néel order parameter.

Generalizing parametrization of spins in the special
√
3 ×

√
3 ground state

of the zero-field Γ-model [36], we introduce two sublattice order parameters

mA = (a, b, c) and mB = (a, b, c). The six sublattice spins of the tripled unit

cell, as labeled in Fig. 2.3, can be expressed as

S1 = S(a, b, c), S2 = S(b, c, a), S3 = S(c, a, b),

S1 = S(b, a, c), S2 = S(a, c, b), S3 = S(c, b, a). (2.20)

31



Remarkably, with this parametrization the energy of the complex
√
3 ×

√
3

order is given by

E/N = ΓS2mA ·mB − 1

2
HSn̂ · (mA +mB), (2.21)

which is exactly the same as the energy of the spin-flop state of a bipartite

antiferromagnet [61, 62, 63]. To obtain the ground state, we introduce the

magnetization vector M and a “Néel” vector L that characterizes the disparity

of the two sublattices:

M = (mA +mB)/2, L = (mA −mB)/2. (2.22)

In the classical ground state, these two order parameters satisfy the conditions:

M2 + L2 = 1, and M · L = 0. The energy in Eq. (2.21) is minimized when M

and L are parallel and perpendicular to the field direction, respectively. The

magnetization of the minimum-energy solution is M = H/4SΓ. The upper

critical field obtained from the condition M = 1 of fully polarized spins is

Hc2 = 4ΓS, consistent with that derived from the stability analysis.

In terms of the order parameters, the energy per spin, E/N = ΓS2(M2 −

L2)−HSn̂ ·M, is invariant under rotation of the Néel vector around the field

direction. As the Γ model itself does not possess such rotation symmetry,

this accidental O(2) degeneracy is expected to be lifted when quantum or

thermal fluctuations are taken into account. We first consider the quantum

order-by-disorder mechanism and outline the linear spinwave calculation for

the spin-flop state shown in Fig. 2.3(b). To this end, we write the Néel vector as
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L = L(cosΘ ê1 + sinΘ ê2), where L =
√
1−M2, and ê1,2 are two unit vectors

perpendicular to the field direction introduced above; see Fig. 2.4(a). In the

ground state, the six sublattice spins defined in Eq. (2.20) can be expressed as

Sr = Sη̂z
+,r and Sr = Sη̂z

−,r (r = 1, 2, 3), where the quantization axes are

η̂z
±,r = ±L [cos (Θ + ωr) ê1 + sin (Θ + ωr) ê2] +M n̂.

Here ± corresponds to A/B sublattice, respectively, and ωr = 0, 2π
3
, 4π

3
for

r = 1, 2, 3, respectively. One can introduce an orthogonal triad of unit vec-

tors for each sublattice by defining η̂x
±,r = ∓[sin(Θ + ωr)ê1 − cos(Θ + ωr)ê2]

and η̂y
±,r = η̂z

±,r × η̂x
±,r. For convenience, we use Ki = (si, ri), where si =

±1 and ri = 1, 2, 3, to denote the magnetic sublattice of site-i. Using the

Holstein-Primakoff transformation, we write the spin operator at site-i as

Ŝi ≈
√
2S

(
âxi η̂

x
Ki

+ âyi η̂
y
Ki

)
+ (S − â†i âi)η̂

z
Ki
, where âxi = (âi + â†)/2, âyi =

(âi − â†i )/2i, and â†i (âi) are the on-site magnon creation (annihilation) op-

erators. Substituting the Ŝi operator into Eq. (2.1), we obtain the following

magnon Hamiltonian

Ĥ = ESF + 2ΓS
∑
i

â†i âi +
∑
⟨ij⟩

x,y∑
µν

âµi Mµν
ij â

ν
j , (2.23)

where ESF = −N(ΓS2 + H2/8Γ) is the energy of the spin-flop state, the

coefficient Mµν
ij = 2Sη̂µ

Ki
· Γij · η̂ν

Kj
, and Γij is the Gamma-interaction matrix

on ⟨ij⟩ bond.

The magnon Hamiltonian is then diagonalized using Fourier and Bogoli-

ubov transformations. Figs. 2.4(c) and (d) show the spinwave spectrum ωn(k),
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Figure 2.4: (a) Néel vector L = L(cosΘ ê1 + sinΘ ê2) associated with a
hexoagon; here ê1 = (êx + êy − 2êz)/

√
6 and ê2 = (êx − êy)/

√
2 are two

unit vectors perpendicular to the [111] field direction. (b) Zero point energy of
magnons as a function of angle Θ for magnetization M = 0.5. The spinwave
spectra at Θ = 0 and π/6 are shown in panels (c) and (d), respectively.
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where n = 1, · · · , 6 is the band index, along high-symmetry directions of the

BZ for two different angles Θ = 0 and Θ = π/6, respectively. In both cases, a

pseudo-Goldstone mode [64] is obtained at the center and corners of the BZ,

which can be attributed to the O(2) symmetry combined with a Z3 symmetry

associated with the
√
3×

√
3 order. The different spectra also means that the

quantum zero-point energy, given by the sum E0 =
∑

n,k ωn(k)/2, depends on

the orientation angle Θ of Néel vector. As shown in Fig. 2.4(b), the zero-point

energy exhibits six minima at Θ = mπ/3, where m is an integer, indicating

that these six orientations, related by the hexagonal symmetry of the Γ-model,

are favored by quantum fluctuations.

2.4 Order by Disorder

At non-zero but low temperatures the accidental O(2) degeneracy is also lifted

by thermal order by disorder, which selects the same six-fold degenerate ground

state, as confirmed by our Monte Carlo simulations. However, the O(2) sym-

metry is restored at further elevated temperatures and persists within a finite

window, giving rise to a critical XY phase. Indeed, field-induced XY criticality

in the spin-flop state of 2D bipartite antiferromagnets has been reported for

both classical and quantum spins [65, 66, 67, 68, 69, 70, 71]. As the Néel

order in the spin-flop state is forced to lie in a plane perpendicular to the field

direction, the magnet effectively becomes an XY system.

For the Gamma model, a local Néel vector can be defined for each hexagon,

for example Lx = Sx
1 − S

y

1 + Sz
2 − S

x

2 + Sy
3 − S

z

3, and so on for the y and z
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Figure 2.5: (a) Schematic diagram showing ordering of local Néel vectors Lα ∼
(cosΘα, sinΘα) associated with shaded hexagons representing a local magnetic
unit cell. (b) A snapshot of L-vector at H = 2Γ and T = 0.1Γ. The histogram
of the L vectors at temperatures (c) T = 0.01Γ, (d) T = 0.1Γ, and (e) T =
0.2Γ.

components; see Eq. (2.20). These local Néel vectors behave as XY spins at

low temperatures in the spin-flop state of the Γ model. A snapshot of the

hexagonal L-vectors at T = 0.1Γ is shown in Fig. 2.5(b). Importantly, the

low-temperature behaviors of the Gamma model can be described by a fer-

romagnetic XY model subject to a six-state clock anisotropy. The breaking

of the Z6 symmetry in this model is known to go through two Berezinskii-

Kosterlitz-Thouless (BKT) transitions which enclose an intermediate critical

XY phase [72, 73], a scenario that is confirmed in our Monte Carlo simulations.

As demonstrated by the histogram of local Néel vectors at three different tem-

peratures shown in Fig. 2.5(c)–(e), an O(2) rotational symmetry emerges in the
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intermediate critical phase where the spin-spin correlation decays algebraically

with distance.

2.5 Monte-Carlo Simulations and Phase Dia-

gram

The various thermodynamic phases obtained from Monte Carlo simulations

are summarized in the magnetic field H versus temperature T phase diagram

shown in Fig. 2.6(a). Depending on strength of the magnetic field, the Γ model

follows two different routes to reach the
√
3 ×

√
3 magnetic order. While the

high-field scenario is through two BKT transitions described above, at small

magnetic fields, the system undergoes a crossover and two phase transitions

to reach the
√
3 ×

√
3 magnetic ground state. As temperature is lowered be-

low the exchange energy scale, the magnet first enters a classical spin liquid

regime with short-range correlation [35]. This is followed by another spin liquid

with
√
3 ×

√
3 ordering of plaquette fluxes through a continuous phase tran-

sition [36]. Upon further lowering the temperature, the plaquette spin liquid

phase stabilized by its configurational entropy gives way to the energetically

favored magnetic ground state via a first-order transition.

Despite both having the same wave vector, the ordering of hexagonal fluxes

is incompatible with that of spins, which is why the transition between them

is of first-order. It is also instructive to understand this discontinuous tran-

sition from the viewpoint of spin orientations. The ordering of the fluxes is

accompanied by the alignment of spins toward the cubic x, y, z directions due
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Figure 2.6: (a) Schematic phase diagram of the classical Γ model obtained
from Monte Carlo simulations. The various phases are: (I) spin liquid with
hexagonal flux order that breaks the lattice translation symmetry. (II) Long-
range

√
3×

√
3 magnetic order with a tripled unit cell. (III) Critical XY phase

with an emergent O(2) symmetry of Néel vectors. (IV) Classical spin liquid
with short-ranged correlation that is smoothly connected to high-T paramag-
net and the polarized state at high field. (b) the transition from the plaquette
spin liquid to the

√
3 ×

√
3 magnetic order resembles a spin-flop transiton in

bipartite antiferromagnet with weak anisotropy.

to order-by-disorder [35, 36]. Notably, the Néel order parameter can still be

used to describe the “opposite” orientations of the two sublattices in the anti-

ferromagnetic case, although no long-rang spin order develops because of the

emergent Ising pseudo-gauge symmetry. The order-by-disorder mechanism at

small fields thus effectively induces a cubic anisotropy for the Néel vector:

Ecubic = −D(L4
x+L4

y +L4
z). The competition between this anisotropy and the

zeeman coupling to magnetic field leads to a first-order transition similar to

the well-studied spin-flop transition [61]; see Fig. 2.6(b).

To summarize, we have uncovered a novel field-induced magnetic ground
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state in the antiferromagnetic honeycomb Gamma model. This complex mag-

netic order with a tripled unit cell is a spin-flop state in disguise, and can

be described by a hidden Néel order parameter. Moreover, we show that the

first-order transition between the low-field spin liquid with an effective cubic

spin anisotropy and the high-field magnetic order resembles the spin-flop tran-

sition in a bipartite antiferromagnet. Although our semiclassical analysis only

applies to large-spin Gamma model, it is likely that this magnetic order is

stabilized at high magnetic field even for quantum spin-1/2. A related intrigu-

ing question is what happens to the ground state of spin-1/2 Gamma model,

which seems to be a gapless spin liquid that is proximate to a zigzag order [74,

75], in the presence of magnetic field. Also of interest is the effect of other

exchange interactions on the spin-flop state of the Γ model reported here. Our

work sheds a new light on the nature of complex magnetic structures in such

frustrated spin-orbit systems.

39



Chapter 3

Numerical Study of Double

Perovskite Sr2CuTe1−xWxO6

The states of many types of frustrated magnetism models still form a magnetic

long-range order when the temperature reaches even much lower than ΘCW .

However, there is a type of frustrated magnets that behaves randomly, such

that their spins stay dynamical at zero temperature. One of these intriguing

frustrated magnets is the quantum spin liquid (QSL). QSLs do not develop

any long range order at any temperature in any local order parameter. They

are highly entangled states that exhibit many unique features involving their

topological characteristics. One of these characteristics is that elementary

excitations of the state are like fractions of an electron[76]. These exotic prop-

erties of QSLs enable a possible application of topological computing. Since

it was proposed theoretically by Anderson, there has been many experimental

efforts focusing on geometrically frustrated magnets, in the expectation that
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the induced competing interactions can lead to the spin liquid state.

However, several studies indicate that for some promising QSL candidates,

such as NiGa2S4, α-RuCl3, their spins will undergo a transition such that they

will freeze when temperature descends to a certain point. Such a transition

is called a glass transition. The ’freezing’ temperature is defined as Tf . Akin

to spin liquids, directions of spins in spin glasses remain random in very low

temperature even though they do not rotate anymore.

The spin glass concept was first introduced to describe diluted magnetic

alloys, such as AuFe and AgMn, in which nonmagnetic metal is diluted by mag-

netic impurities. When ions of magnetic metal (such as Mn, Fe) are mixed into

nonmagnetic noble metals (such as Au, Cu, Pt) in small doses, the impurity

spins inside the alloy interact through a mechanism called Ruderman-Kittle-

Kasuya-Yosida (RKKY) exchange. The RKKY theory introduces an indirect

exchange coupling in which conduction electrons create a correlation energy

between two nuclear spins by interacting with the nuclear spins through hy-

perfine interactions [77, 78, 79]. The corresponding Hamiltonian is written

as:

H(Rij) =
Ii · Ij
4

|∆kmkm|2m∗

(2π)3R4
ijℏ2

· [2kmRij cos(2kmRij)− sin(2kmRij)],

where Rij is the distance between ions of impurities Ii is the nuclear spin of

atom i, m∗ is the effective mass of electrons, and ∆kmkm are the elements in

a matrix which represents the strength of the hyperfine interaction. This dis-
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tance term can determine the sign and magnitude of the RKKY interactions,

resulting in a competition between ferromagnetic and antiferromagnetic in-

teractions inside the alloy. Combining with spatial disorder, the mechanism

provides conditions for forming a spin glass state.

Later, Edwards and Anderson came up with a model to extend the concept

of spin glass to regular lattice systems [80]. Their model assumes that spin

interactions are short-ranged and, that their signs are randomly assigned. In

the model, the Hamiltonian between two spins is formulated as Hij = JijSi ·

Sj, where Jij is a randomly assigned number for interaction. Since then,

extensive numerical simulations based on this model have been undertaken in

order to investigate the presence of a finite-temperature glass transition for

Heisenberg-like spins, and exponents in the corresponding universality class

are well extracted [81].

3.1 J1-J2 Antiferromagnetic System

We have discussed the basic concepts of the J1-J2 system in the introduction.

But before we move on to the details of the disordered J1-J2 system, the J1-J2

model needs to be discussed in detail first.

The J1-J2 Heisenberg model is a simple magnetic system that can well

demonstrate many 2D frustrated magnet phenomena, such as classical degen-

eracy, order by disorder, and so on. The model can particularly help us to

understand the competing interactions in frustrated magnetism as well as the

origin of the spin liquid in 2D lattice systems. Here we start our discussion
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with the classical ground state of a translation invariant Heisenberg model on

a square lattice. The model is defined as the following equation:

H = −J1
∑
<ij>

Si · Sj − J2
∑

<<ij>>

Si · Sj, (3.1)

where J1 is the nearest neighbor interaction and J2 is the next nearest neighbor

interaction (through the diagonal of the square). Usually the classical ground

states of such a translation invariant Heisenberg model on a Bravais lattice can

be found by minimizing system energy by alternating expressions of a planar

helix as S⃗(r) = e⃗1 cos(q · r) + e⃗2 sin(q · r) into the model, such that the pitch

q would minimize the model’s Fourier transform J(q):

J(q) =J1(cos(qx) + cos(qy))

+ J2(cos(qx + qy) + cos(qx − qy)).

Alternating the ratio of J1/J2 shows there are two ground states for the classi-

cal J1-J2 Heisenberg model: Néel antiferromagnetic order (NAF), and colum-

nar antiferromagnetic order (CAF). The difference in microscopic view can be

explained as following: when J2 < 0.5J1, J(q) has a single minimum at (π, π)

corresponding to NAF; when J2 > 0.5J1, the J(q) has two minima appearing

in (π, 0) and (0, π) respectively. As for the case J2 ≃ 0.5J1, the ground state

is highly degenerate. J(q) would have lines of minima around the edges of

the Brillouin zone. The zero-temperature quantum corrections to the sublat-

tice magnetization have great divergence at this point. The approximation of

large S usually overestimates the stability of magnetic phases, hence breaking
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down at the point is a strong evidence suggesting the existence of quantum

disordered phases [82]. The disordered J1-J2 Heisenberg model does not have

fixed J terms. Instead, the values of nearest neighbor interactions and next

nearest neighbor interactions are determined by the specific neighboring spin

pairs. Several studies indicated that disorder in frustrated magnetism could

lead QSLs into spin glass states [83, 84, 85]. The next step for us to investigate

the glass transition in a disordered J1-J2 system.

3.2 Double Pervovskite Compound SrCuTe1−xWxO6

The double perovskite compounds SrCuTe1−xWxO6 provides an excellent stage

for researching the disordered J1-J2 Heisenberg model, and it is also a possi-

ble candidate for quantum spin liquids. In this compound, Cu ions are sepa-

rated by nonmagnetic Te and W cations in B-site ordered AB’B”O compounds

SrCuTeO6 and SrCuWO6 respectively, and the magnetic coupling is a result

of the superexchange mechanism. The compound can be modeled to a nearly

ideal square lattice disordered J1-J2 system. Therein, the Cu cations can be

modeled on a 2-dimensional square lattice in the xy plane, while diamagnetic

B” cations dominate the superexchange pathways between Cu cations. By

manipulating the ratio of numbers of Te and W ions in the system, one can

alter the ratio of nearest neighbor J1 and next nearest neighbor J2 exchange

interactions. Thereby the system can show various behaviors including of Neel

antiferromagnetism, frustrated magnetism and columnar antiferromagnetism.

B” cations Te and W ions are randomly distributed in the compound, result-
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ing in a disorder in magnetic coupling that suppresses the magnetic order.

When the tungsten ratio x in the range |0.1 ∼ 0.7|, the system will behave like

frustrated magnets. When the ratio J2/J1 reaches around 0.4 ∼ 0.5, magnetic

frustration is expected to be maximized and a QSL ground state may emerge

in the system.

It is rather difficult to find the freezing temperature for most of spin glass

candidates, since Tf is usually very small. Similarly, earlier experimental re-

searches on SrCuTe0.5W0.5O6 did not observe any evidence for the existence

of freezing temperature. The compound exhibits strong antiferromagnetic in-

teractions and a corresponding ΘCW is found at -71K. A neutron scattering

study show a spin-wave like dispersion exhibited by the dynamics spin cor-

relations in the QSL phase [86]. Moreover, a µSR study found that the spin

correlations in this system remains entirely dynamical at temperatures as low

as 19 mK [87]. However, a recent study presented the evidence of the freezing

temperature, and a discovered Goldstone-like modes at very low temperatures

[88].

Since the existence of glass transition in the compound SrCuTe0.5W0.5O6

has now been confirmed, and since these exotic forms of complex order break

SU(2) symmetry and support Goldstone modes, we can investigate the phe-

nomena by semi-classical (spin-wave-like) numerical approximations.

In this study, we shall first present a study based on a series of Monte-

Carlo simulations in order to search for glass transitions in the disordered

J1-J2 system on a 2-dimensional square lattice. Then we shall present a nu-

merical Landau-Lifschitz dynamics study for the system showing that a long
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range spin-wave dispersion that survives the incoherent excitation even in the

frustrated region of disordered J1-J2 system.

3.3 Monte Carlo Simulations

Conventionally, the disordered J1-J2 Heisenberg model is described by the

Hamiltonian:

H = −
∑
NN

J
(1)
ij SiSj −

∑
NNN

J
(2)
ij SiSj (3.2)

where each NN exchange coupling J
(1)
ij randomly distributes in [J1−∆(1), J1+

∆(1)], and each NNN exchange coupling J
(2)
ij randomly distributes in [J2 −

∆(2), J2 + ∆(2)] with constant ∆s. The commonly used distribution for J

values is a Gaussian distribution: Pij =
1√
2πJ2

exp
(
−J2

ij/2J
2
)
, where J is the

variance and the mean is zero. The energy scale is chosen to suffice |Jij|2avg = 1.

However, the material Sr2CuTe1−xWxO6 gives us a realistic way to con-

struct the disordered J1-J2 system. In the specific J1-J2 system for the com-

pound, the values of a specific exchange J1 and J2 between two spins randomly

distribute in the system such that J
(1)
ij ∈ {Ja, Jb, Jc} and J

(2)
ij ∈ {Jd, Je}. Since

the value for interaction in the vertical direction Jz is considered to be too

small to impose serious influence on elements in the square lattice defined on

the xy plane, the compound can be treated as an effective 2-dimensional square

lattice model. In this study we assume Te and W atoms are perfectly ordered

such that each Cu2+ cation is surrounded to two Te6+ and two W6+ ions. As is

shown in figure 3.1, there are three types of NN (Ja, Jb, and Jc) and two types

of NNN (Jd and Je) exchange couplings. Since the exchange coupling between
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Ja Jb Jc

Jd Je

Cu W

Te

Figure 3.1: Spin-1/2 square lattice disordered J1-J2 scheme and NN and NNN
exchange interactions in Sr2CuTe1−xWxO6. In the periodic lattice setting,
tungsten and tellurium ions are randomly distributed in the system by the
constant probability x. J1 type disordered bonds are determined by two neigh-
boring W and/or Te ions. J2 type disordered bonds are determined by the W
or Te ion in between.
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Exchange couplings
QC INS

Ja 0. 0.
Jb 7.38 7.6
Jc 0.68 1.02
Jd 8.33 8.5
Je 0.05 0.6

Table 3.1: Heisenberg exchange couplings obtained from ab-initio MR-DDCI
calculations (QC) and inelastic neutron scattering (INS) experiments for
Sr2CuTeO6 and Sr2CuWO6 . All values are given in meV.

Cu cations is only determined by the binary choice of its corner element (Te or

W), we can simplify the model to a lattice of Cu cations with its upright corner

element (Te or W). To simulate the random distribution of tungsten atoms in

the compound, we designed a function to randomly assign the upright corner

element of each Cu ion in the system with the probability corresponding to

the tungsten/tellurium ratio. For example, for Sr2CuTe0.7W0.3O6, there is a

30% probability the atom will be tungsten. Thus the proportion of tungsten

atoms in the systems might not be exactly 30%. Then we can set the disor-

der bonds between Cu spins by its corner element and corner element of the

nearest neighbor. After the disorder bonds are set in the program, a standard

Metropolis-Hasting algorithm based on local updates is used to sample spin

configurations once the thermal equilibrium is reached.

The values of Heisenberg exchange couplings Ja, Jb, Jc, Jd and Je used

for Monte-Carlo simulations in this study are acquired from ab-initio MR-

DDCI calculations (QC) and inelastic neutron scattering (INS) experiments

for Sr2CuTeO6 and Sr2CuWO6 [89, 90]. Their values are shown in the table

3.1.
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3.4 Glass Transition at Zero Temperature

According to Edwards and Anderson [80], if spin glass transition exists, there

would exist a type of orientations of the spins that yields the minimum of

potential energy, and the type of orientations suffice < Si >= 0 such that the

system is neither in ferromagnetic nor in antiferromagnetic states. Also the

system does not need to be unique. The central point of the argument is that

if two observations are made for one particular spin Si with a long time period

in between, there exists a non-vanishing probability such that two spins are

pointing in the same direction: q =< S
(1)
i · S(2)

j ≯= 0.

The spin glass transition, when there is no external field and when it is ap-

proached from a relatively high temperature, can be signalized by a divergence

of the spin glass susceptibility, which is defined by:

χSG(k) =
1

N
[
∑
i,j

⟨SiSj⟩2T ]average (3.3)

where the items in ⟨ ⟩T denotes a thermal average and [ ]average denotes the

average over different disordered runs. In an infinite system, the susceptibility

is supposed to follow the following relation:

χSG(k) ∼ (T − TC)
−γ, (3.4)

where TC is the transition temperature and γ = (2− η)ν. ν and η suffice the

universality class for Ising model, in which η denotes the power law decay of

the correlation at TC , and ν is the exponent of the spin glass correlation length
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ξ for T ≳ TC .

G2(rij) := [< SiSj >
2
T ]average ∼

f(rij/ξ)

rd−2+η
ij

(3.5)

and ξ diverges by the relation:

ξ ∼ (T − TC)
−ν . (3.6)

Now rewrite the Edwards-Anderson spin-glass order parameter as:

q = [⟨Si⟩2T]average ∼ (TC − T )β, (3.7)

where β = (d − 2 + η) · ν/2 and d is the dimension of the system. Since for

the 2D glass order transition, the transition temperature TC = 0, there is only

one independent static exponent ν we need to extract.

As for Monte-Carlo simulations, the thermal averages can be replaced by

time averages from two identical disorder realizations of the system with the

same set of interactions. The double replica technique can also accelerate the

simulation [bose19]. Thus in our Monte-Carlo simulations, spin glass order

parameters at the wave vector k are defined as:

qαβEA(k) =
1

N

N∑
i=1

µ
α(1)
i µ

β(2)
i exp(ik · ri) (3.8)

In the equation, α, β = x, y, z are the spin components and (1) and (2) denote

two disorder simulations with identical settings. ⟨· · · ⟩ denotes thermal average
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over elongated time and [· · · ] denotes different disorder averages.

χSG(k) = N
∑
α,β

[⟨|qαβEA|⟩] (3.9)

As is discussed earlier, χSG would diverge as the lattice size L → ∞. Of

particular interest to us is the χSG ≡ χSG(k = 0). Furthermore, the correlation

length ξ is defined as follows:

ξ =
1

2 sin kmin

2

(
χ(k = 0)

χ(kmin)
− 1

)1/2

(3.10)

where kmin = 2π
L
(1, 0, 0). In the case that the glass transition should be

continuous in real life, the ratio ξ/L is closer to a university value characteristic

of the critical point when L approaches infinity.

It is important to make sure that the results obtained from MC simulation

can describe equilibrium fluctuation correctly. Because spin dynamics are often

accompanied by frustrations and disorders, the length of these simulations

usually have logarithmic time dependence, thus it must be conducted over a

prolonged time period. Not only that, result states are quenched in disorder,

and therefore averaging a large number of independent samplings would be

necessary in order to sample fluctuations, and thus, to get relatively accurate

results.

In our simulations for finding the glass order, the tungsten ratio is set

to 0.3, which falls in the frustrated magnetism areas of the disordered J1-J2

model. For ensuring the correctness of our results, at a given temperature,

systems from 50 different disordered initial states were sampled and in each of
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Figure 3.2: Finite size scaling plot of the spin glass susceptibility. The transi-
tion temperature is at TC = 0.
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Figure 3.3: The dimensionless spin glass correlation length.
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these systems, 5,000 samplings for thermal averaging were captured.

The algorithm in simulations mainly follows the Eq. 3.8 and Eq. 3.9. The

result of the extensive Monte-Carlo simulation is shown in figure 3.2. It is

noteworthy that the size dependence of χSG is as expected, namely that χSG

gets larger as the system size L increases. Evidently when the temperature

approaches to zero (TC = 0), the χSG tends to approach infinity. The finite

size scaling collapse of χSG gives us the value of νSG = 1.0± 0.1. In addition

to it, we observe that correlation length also scales with νSG(fig. 3.3). The

result agrees with the result of a previous study on 2D disordered Heisenberg

model [91], which has the results νSG = 1.0± 0.15.

3.5 Landau Lifshitz Dynamics

The next step is to investigate the dynamical behaviors of the spin glass. In

order to do it, we employ the semi-classical Landau-Lifshitz dynamics (LLD)

technique [92]. In past decades, LLD has proved itself to be a very useful

tool for studying the dynamic structure factor of various classical spin liquid

systems. Here we are going to use LLD technique to investigate the disordered

J1-J2 system as is exhibited in the compound SrCuTe1−xWxO6.

In this study, we first conducted MC simulations to prepare initial states

in thermal equilibrium for T > Tf , where Tf is TC discussed in sec 3.4. Then,

we use energy-conserving LLD equation to calculate trajectories of spins Si(t)

over time. Finally, we use real space correlator ⟨Sα
i (t)S

β
j (0)⟩ to compute the

dynamic structure factor Sαβ(k, ω), in which α, β are the space components
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!. The equation of motion, describing precession of each
spin around its local exchange field, is

dSi

dt
¼ "JSi #

X

j

Sj; (2)

where sites j are the nearest neighbors of i. The global spin
rotation symmetry of Eq. (1) implies conservation of total
spin in the dynamics.

Before presenting results from a molecular dynamics
study of Eq. (2), we consider an analytically tractable
stochastic model for the dynamic behavior. It is known
that static spin correlators for the classical Heisenberg
model are well described by those for n-component spins
in the large n limit [6,7]. Building on this, we set out to
endow the n ¼ 1 model with appropriate dynamics. First
we recall some details of the static model. Taking the
second form of the Hamiltonian in Eq. (1), a single spin
component in the large n limit has the unnormalized
probability distribution e""E with

"E ¼ 1

2

X

i

#s2i þ
1

2
"J

X

!

l2!; (3)

where now l! ¼ P
i2!si is the sum of ‘‘soft’’ spins ("1<

si <1) on tetrahedron !. The spin length is constrained
by the Lagrange multiplier #. For " ! 1, the second term
in Eq. (3) enforces all the l! to be zero. The interaction
term written directly in terms of the spins is 1

2"J
P

ijðAij þ
2$ijÞsisj, where Aij is the adjacency matrix for the pyro-
chlore lattice. We call the combination Aij þ 2$ij the
interaction matrix. Its eigenvalues v%ðqÞ are labeled by
wave vector q and a band index% 2 f1; 2; 3; 4g. Two bands
are flat [v1;2ðqÞ ¼ 0] and two (% ¼ 3; 4) are dispersive.
Requiring hs2i i ¼ 1=3 to mimic behavior of a single spin
component in the Heisenberg model, # ¼ 3=2þOðT=JÞ
for T ' J. We denote the Fourier transform of the spin
variables si by s

a
q, where a is a sublattice index, and define

the sublattice sum sq ¼ P4
a¼1 s

a
q. Transforming from saq to

the basis (denoted by tildes) that diagonalizes the interac-
tion matrix gives collective spin variables ~s%q . We want to
introduce time dependence and calculate the dynamic cor-
relation function Sðq; tÞ ¼ hsqðtÞs(qð0Þi, and its time
Fourier transform, the dynamic structure factor Sðq; !Þ,
measured using neutron scattering.

There are many choices of dynamics which reproduce
any given equilibrium distribution. To approximate Eq. (2)
we demand a local dynamics that conserves the total spin.
We can ensure this by requiring the spin on each site to
satisfy a local continuity equation. We introduce spin
currents on bonds of the pyrochlore lattice, which have
drift and noise terms. We take the drift current on a bond
linking two sites to be proportional to the difference in the
generalized forces @E=@si at the sites. This favors relaxa-
tion towards a configuration that minimizes E; the thermal
ensemble is maintained by noise which has an independent

Gaussian distribution on each bond. These assumptions
lead to the dynamical equations for the soft spins

dsi
dt

¼ !
X

l

"il
@E

@sl
þ &iðtÞ; (4)

where the matrix " is the lattice Laplacian (for a lattice
with coordination number z, "il ¼ Ail " z$il). The corre-
lator of the noise &iðtÞ at site i, h&iðtÞ&jðt0Þi ¼ 2T!"ij$ðt"
t0Þ, has an amplitude fixed by the requirement of thermal
equilibrium. The only free parameter in the model is the
rate !, which sets a time scale for dynamical processes.
The Langevin equation (4) is straightforward to solve in
the diagonal basis. It gives the correlation function

h~s%q ðtÞ~s'"qð0Þi ¼
$%'T

Jv% þ #T
e"!ð8"v%ÞðJv%þ#TÞt: (5)

The dynamic correlation function is then

Sðq; tÞ ¼
X4

%¼1

g%ðqÞh~s%q ðtÞ~s%"qð0Þi; (6)

where the structure factors g%ðqÞ are formed from the
eigenvectors of the interaction matrix. They satisfy the
sum rule

P4
%¼1 g%ðqÞ ¼ 4.

For completeness we present their explicit forms here. In
the notation of [7], where cab ¼ cosðqaþqb

4 Þ and cab ¼
cosðqa"qb

4 Þ with Q ¼ c2xy þ c2xy þ c2yz þ c2yz þ c2xz þ c2xz "
3 and defining P ) ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þQ
p

, the eigenvalues of the inter-
action matrix are v1;2 ¼ 0 and v3;4 ¼ 4* 2P. Further
defining s2a ) sin2ðqa4 Þ and cðabÞ ) cab þ cab, the g%ðqÞ
are for the degenerate flat bands

g ) g1 þ g2 ¼ 2" 4

3"Q
½cðxyÞs2z þ cðyzÞs

2
x þ cðzxÞs

2
y,

and for the dispersive bands

g3;4 ¼ 2" 1

2
gð1- 2P"1Þ - P"1ð2" cðyzÞ " cðxzÞ " cðxyÞÞ

which indeed satisfy g1 þ g2 þ g3 þ g4 ¼ 4.
We now examine the implications of this model for T '

J, emphasizing the features (i)–(iii) mentioned in our in-
troduction. From the exponent in Eq. (5) we obtain a
characteristic time for decay of correlations. (i) In the
vicinity of q ¼ 0 only the coefficient g4ðqÞ is nonzero
and so behavior is controlled by the fourth band whose
decay rate is ("1 ¼ 8!Ja2q2 þOðq4Þ, where a is the
pyrochlore site spacing; from this we identify the spin
diffusion constant in this model as D ¼ 8!Ja2, indepen-
dent of T. (ii) At a generic wave vector where g1 and g2 are
nonzero, most of the spectral weight is in the flat bands,
with decay rate ("1 ¼ 8!#T, independent of q; in an
approximation where only the flat bands contribute, this
implies the dynamic structure factor factorizes as
Sðq; !Þ ¼ SðqÞfð!Þ, a possibility noted in [6]. (iii) On
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The stochastic model is microscopic and its main ingre-
dients are a conservation law and the pyrochlore lattice
structure. A long wavelength description is provided by the
mapping to flux fields [7,8] and it is interesting to see how
the dynamics translates under this mapping. Taking the low
temperature, small q limit, the correlators for the contin-
uum flux fields Bðq; tÞ implied by the stochastic model are
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This result can be derived from a Langevin equation for the
continuum flux fields in which the ‘‘monopole density’’
$ ¼ r &B obeys a continuity equation @t$þr & j ¼ 0,
with monopole current density

j ¼ 8!"TB# 8!Ja2r$þ %ðtÞ: (8)

Here, the second term is the usual diffusion current arising
from a density gradient, while the first describes response
to an entropic force. This response involves a drift current
of the magnetic charge density $ in the field B that mimics
electrical conduction in electrodynamics and is responsible
for the flat relaxation rate. Related results have been ob-
tained recently in a study of dynamics in spin ice, repre-
sented by the Ising antiferromagnet [15]. In this case
monopoles are discrete and it has been argued that purely
diffusive dynamics are insufficient to explain observations
and a full description must include the network of Dirac
strings between monopoles, which are essentially entropic,
as well as dipolar interactions [15]. In spin ice, dipolar
interactions lead to Coulomb-law forces between mono-
poles. By contrast, in Eq. (8) Coulombic forces appear
purely entropically.

In summary, we have considered wave vector and fre-
quency resolved dynamics of the classical pyrochlore anti-
ferromagnet. The relaxational behavior is well captured by
a stochastic model that conserves total spin. Spin diffuses
with a diffusion constant independent of temperature, and
entropic forces drive currents to relax configurations with a
rate independent of wave vector and inversely proportional
to temperature.
This work was supported in part by EPSRC Grant

No. EP/D050952/1.
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panel: ! ¼ 2:5J; black circle is centered on a pinch point.
(b) Section along path segment P 1 (see text).
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structure. A long wavelength description is provided by the
mapping to flux fields [7,8] and it is interesting to see how
the dynamics translates under this mapping. Taking the low
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This result can be derived from a Langevin equation for the
continuum flux fields in which the ‘‘monopole density’’
$ ¼ r &B obeys a continuity equation @t$þr & j ¼ 0,
with monopole current density

j ¼ 8!"TB# 8!Ja2r$þ %ðtÞ: (8)

Here, the second term is the usual diffusion current arising
from a density gradient, while the first describes response
to an entropic force. This response involves a drift current
of the magnetic charge density $ in the field B that mimics
electrical conduction in electrodynamics and is responsible
for the flat relaxation rate. Related results have been ob-
tained recently in a study of dynamics in spin ice, repre-
sented by the Ising antiferromagnet [15]. In this case
monopoles are discrete and it has been argued that purely
diffusive dynamics are insufficient to explain observations
and a full description must include the network of Dirac
strings between monopoles, which are essentially entropic,
as well as dipolar interactions [15]. In spin ice, dipolar
interactions lead to Coulomb-law forces between mono-
poles. By contrast, in Eq. (8) Coulombic forces appear
purely entropically.

In summary, we have considered wave vector and fre-
quency resolved dynamics of the classical pyrochlore anti-
ferromagnet. The relaxational behavior is well captured by
a stochastic model that conserves total spin. Spin diffuses
with a diffusion constant independent of temperature, and
entropic forces drive currents to relax configurations with a
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Figure 3.4: Numerical scheme of Landau-Lifshitz dynamics.

of the initial states.

The dynamics of the classical spins can be described by the LLD equation

as is shown in follows:

dSi

dt
= −Si ×

∂H
∂Si

(3.11)

where Bi = − ∂H
∂Si

is the molecular field acting on the spin Si, and H is the

Hamiltonian of the disordered J1-J2 system. Dissipation terms, like Gilbert

damping, are not included in the equation since we focus on the un-damped

oscillations of the excitations. Time-domain Fourier transform is employed

to calculate the excitation energies from these oscillations. Here we use a

half-explicit algorithm to realize the LLD equation in computer programs.

The algorithm preserves the spin length at every time step and energy values

remain conserved with time, independent of time length or size of time steps
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in the simulation. In the simulation, we used square lattice sizes of L = 90 and

L = 120. Time step is set to be ∆t = 0.001 and total time length T = 2000

are used in setting.

Through MC simulations, we acquire the system states Seq
i in thermal

equilibrium. Then we use them as the initial spin configurations for the LL

simulations. From these initial states, the program can compute the space-

time Fourier transform:

S(k, ω) =
1

N

∑
i

∫ T

0

Si(t)e
ik·rie−iωt

dt (3.12)
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Figure 3.5: Dynamic structure factor against k values on the high symmetry
path Γ-X-M -Γ. For the tungsten ratio x = 0.1, the plot shows the co-existence
of the spin-wave-like excitation and non-coherent excitations.

The dynamic structure factor is computed by S(k, ω) = |S(k, ω)|2. The

results are exhibited in two ways: (1) the dynamic structure factor over the

high symmetry path Γ → M → K, and (2) the powder average over the

one or several more planes along with the reciprocal vector R spanning the

lattice. As is shown in 3.5, the structures of coherent quasi-particle dispersion
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can be seen at high energies for S(k, ω) at low temperatures for the systems

with three different tungsten ratios (0.1, 0.3 and 0.5). The spin-wave-like

dispersion shown in figure 3.5 (left) for the setting W ratio = 0.1 is likely

the remaining antiferromagnetic dispersion, while the spin-wave-like dispersion

shown in figure 3.5 (right) for the setting W ratio = 0.5 is likely the remnant of

columnar antiferromagnetic order from the J2 dominating case. Interestingly,

low energy incoherent excitations are very strong. In the plot of tungsten ratio

W ratio = 0.1, the strength of the incoherent excitation even overshadows the

dispersion lines radiating from the low energy area in the M point (3.5 (left).

To highlight the dispersion relation, we manipulated the data by times the

dynamics structure factor by ω and ω2: S ′′(k, ω) := ω ·S(k, ω) and S ′′(k, ω) :=

ω2 · S2(k, ω). The dispersion relation originating from the low energy area in

M point can be clearly seen in the diagram 3.6.

The coexistence of spin-wave-like excitation and incoherent excitations can

be observed more clearly in the cross sectional kx - ky plot of the dynamics

structure factors. We used the spin configurations of 120 × 120 to conduct

the LLD calculations, and plotted the kx-ky cross sections of S(k, ω) in the

energy level ω = 0, 10, and 20 respectively. In the energy region ω = 10 (figure

3.7), we can see that even in a tungsten setting as low as 10%, the spin-wave-

like dispersion is displayed as excitations forming in the shapes of circles,

accompanied by strong incoherent excitations. We choose three points on the

high symmetry path to illustrate the strength of incoherent excitations in low

energy area, as shown in figures 3.8 and 3.9. It is interesting to see that high

energy spin-wave-like dispersion survives the strong incoherent excitations.
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Figure 3.6: Highlighted dynamic structure factor against k values on the high
symmetry path Γ-X-M -Γ, simply by multiplying S(k, ω) by ω or ω2. Evidently
the spin-wave-like excitations can be traced back to Γ point at low energy
levels.

The nature of the incoherent excitations can be explained by the Halperin-

Saslow theory. Halperin and Saslow (HS) pointed out that a system with static

moments can support low-energy hydrodynamics modes [93, 94, 95]. Since spin

glass order can be treated as a presence of static moments in the ground state,

and also, since the spins in glass order have zero magnetization, for such kind

of systems, HS theory predicts that there exists linearly dispersing modes such

that ω = vk, with velocity v = γ
√

ρs/χ, where χ is the spin susceptibility and

ρs is the spin stiffness. Such a dispersion relation tells us the density of states,

and consequently the dynamical susceptibility χ′′(ω) = [1− exp −ω
kBT

] ·S(ω), in

the low energy region have a linear relation with energy level ω.
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Figure 3.7: (left to right) Plots of cross sections on the kx-ky plane showing
the structure of spin dynamics structure factor in a L = 120 square lattice
with tungsten ratio = 0.1, 0.3 and 0.5 at fixed energy levels ω = 0, ω = 10
and ω = 20, from bottom to top respectively.
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Figure 3.8: Dynamic structure factor against energy level ω values at the
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Figure 3.9: Dynamic structure factor against energy level ω values for two k
vectors around the (k = π, π) on the high symmetry path.
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Chapter 4

Machine learning phases of

matter: Scalability and

limitations

As was discussed in the introduction, since system configurations of magnetic

systems can be technically treated as or be reconstructed to 2D or 3D images,

there is no surprise they can be processed in a similar fashion of how images

being processed today — by using the machine learning techniques, especially

neural networks, desired features can extracted in a moment of blinkering.

Normally, extensive physics quantities can be seen as such features. In this

chapter, we focus on how to use machine learning techniques to deal with

locality of these extensive physics parameters.

In order to deal with locality appropriately, we constructed a special pur-

pose machine learning framework. Figure 4.1 presents a schematic diagram
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exact value

Figure 4.1: (a)Configurations are sliced into non-overlapping segments — fo-
cuses before being added descriptors and sent into NN. Then focuses will be
used to train the NN. The neural network will back-propagate only until the
results from all focuses of the configuration have been considered. (b) For
the application of NN to large systems, the focuses are selected from the con-
figuration with random cut points. The predicting result is an average over
predictions of these selected focuses.

for our framework. The framework’s purpose is to translate a system con-

figuration of a specific physics model into a numerical value(s) representing

extensive parameters such as energy density and binary output referring to

specific phases. The framework consists of three basic components: the first

component cuts each system configuration into equal length non-overlapping

segments (4.1 (a)); the second component adds descriptors to these segments

with respect to the symmetry group relating to the particular model; the last

component is the NN that uses the previously processed data segments as

training data and then aims to use the model for predicting desired physical

quantities. The goal of the framework is to use the NN for predictions on

various lattice models, with only a moderate amount of adaptions of the NN
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models. We will discuss the functions of each part in details in the following

paragraphs.

4.1 Data Pre-processing and Descriptors

Before training neural network to learn the features of spin configurations,

we need to pre-processed datasets according to the geometry of the physics

model. We used a method similar to the EDNN to enable the NN to learn the

features of whole system configuration of the particular model. As is shown

in figure 4.1(a), configurations were cut into non-overlapping segments with

focal length f (the side length in most cases), and we defined each of them as

focus. The shape of focuses is determined by the type of Bravais lattice of the

model that the NN is being applied. For example, the model will cut square

lattice Ising system configurations into square focuses, as is hown in figure 4.2.

In this case, each spin in the system is referred as σj, pointing up or down.

Evidently, we can acquire focuses in a number to the order of L2/f 2 from one

single system configuration with lattice length L. Then the cut focuses will be

added descriptors before being sent into neural network.

The next step is to add descriptor on to each of focuses. Here we continue

to use the Ising system as example. A descriptor is used to construct effective

coordinates {Gl} from focuses from the specific system configurations {σj} up

to a cutoff to the focus size, where these feature variables {Gl} are input to

the NN which predicts the specific physical quantities at the output [96, 97,

98]. Since the physical quantities of the system, such as phase and energy
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<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>" <latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#

<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"

<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"
<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#

<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"
<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#

<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#
<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#

<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"

<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#
<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"

<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#

<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"
<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#

<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>" <latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"
<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#

<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#

<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"

<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit># <latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"
<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"

<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"

<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"

<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>" <latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"
<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit># <latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>" <latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>" <latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"

<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>" <latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"
<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>" <latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit># <latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"

<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit># <latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>" <latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"
<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>" <latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"

<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"
<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"

<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"

<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"

<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#
<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#

<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#
<latexit sha1_base64="3AlgOcjF1sQoKBHOx4UVjHu/CcU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7APboWTSTBuaSYYkYylD/8KNC0Xc+jfu/BvT6Sy09UDgcM495N4TxJxp47rfTmFldW19o7hZ2tre2d0r7x80tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLR7cxvPVGlmRQPZhJTP8IDwUJGsLHSY7cvxwIrJce9csWtuhnQMvFyUoEc9V75y4ZJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVOCIaj/NNp6iE6v0USiVfcKgTP2dSHGk9SQK7GSEzVAvejPxP6+TmPDaT5mIE0MFmX8UJhwZiWbnoz5TlBg+sQQTxeyuiAyxwsTYkkq2BG/x5GXSPKt6l9Xz+4tK7SavowhHcAyn4MEV1OAO6tAAAgKe4RXeHO28OO/Ox3y04OSZQ/gD5/MHAbeRJQ==</latexit>#

<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"

<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"

<latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>" <latexit sha1_base64="gBgyzhqgzNPbLN1QAfUAXZfNwf8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnJbDJkdmadhxKW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eUcqaN7397S8srq2vrhY3i5tb2zm5pb7+hpVWE1onkUrUirClngtYNM5y2UkVxEnHajIY3E7/5SJVmUtybUUrDBPcFixnBxkmtjk2xUvKpWyr7FX8KtEiCnJQhR61b+ur0JLEJFYZwrHU78FMTZlgZRjgdFztW0xSTIe7TtqMCJ1SH2fTeMTp2Sg/FUrkSBk3V3xMZTrQeJZHrTLAZ6HlvIv7nta2Jr8KMidQaKshsUWw5MhJNnkc9pigxfOQIJoq5WxEZYIWJcREVXQjB/MuLpHFaCS4qZ3fn5ep1HkcBDuEITiCAS6jCLdSgDgQ4PMMrvHkP3ov37n3MWpe8fOYA/sD7/AFxBJA+</latexit>"
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Figure 4.2: Machine learning model for phase classification or energy predic-
tion of two-dimensional Ising model. Descriptors are added to datasets to
respect the corresponding symmetry group.
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density, are invariant under a operation of the lattice symmetry group, the

goal of the effective coordinates {Gl} is to provide a neighborhood environ-

ment information that is constant under the same operation, such as rotate 90°

around z-axis of the center. First of all, the standard procedure that decom-

pose the spin configuration {σj}, a high-dimension reducible representation of

the lattice information, is transforming it into a basis that consists of the irre-

ducible representations (irreps), where this basis’s matrix that represents the

spin configuration {σj} is decomposable and automatically block-diagonalized

due to the lattice geometry. In accord, this basis will be transformed with the

formula given in the character table of point group.

Instead of the power-spectrum and bispectrum, we introduce a descriptor

modified from the bispectrum method that is calculated by the reference basis

functions fΓ
ref. By averaging each {σj}’s surrounding in the particular con-

figuration, we can compute the reference basis functions so that they are less

sensitive to the small variation in the neighborhood spin configurations. Then,

we can define the effective coordinates {Gl} as {ηΓr }, where ηΓr = fΓ
ref · fΓ

r .

In summary, our whole procedure can be simplified as the following for-

mula:

{σj} → {fΓ
r } → {ηΓr }

For example, figure 4.3(a), the four sites are the 33rd nearest-neighbors to the

center, and they can be decomposed by: 4 = A1⊕B2⊕E in the discrete lattice

symmetry group D4. The irreps basis are:
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fA1 = σ1 + σ2 + σ3 + σ4

fB2 = σ1 − σ2 + σ3 − σ4

fE = (σ1 − σ3, σ2 − σ4)

While in the figure 4.3(b), these eight sites Ising variables are the 4th nearest

neighbor and they can be readily decomposed through: 8 = A1 ⊕ A2 ⊕ B1 ⊕

B2 ⊕ 2E The corresponding irreps basis are:

fA1 = σ1 + σ2 + σ3 + σ4 + σ5 + σ6 + σ7 + σ8

fA2 = σ1 − σ2 + σ3 − σ4 + σ5 − σ6 + σ7 − σ8

fA3 = σ1 + σ2 − σ3 − σ4 + σ5 + σ6 − σ7 − σ8

fA4 = σ1 − σ2 − σ3 + σ4 + σ5 − σ6 − σ7 + σ8

fE1 = (σ2 − σ3 − σ6 + σ7, σ1 + σ4 − σ5 − σ8)

fE2 = (σ1 + σ2 − σ5 − σ6, σ3 + σ4 − σ7 − σ8)

Figure 4.3: The examples of a block of the Ising configuration {σj} that are
used to generate block-diagonal representations of theD4 point group of square
lattice. (a) This four sites are the 3rd nearest-neighbor to the center. (b) This
eight sites are the 4th nearest-neighbor.

Once the dataset is altered to the extent that the related symmetry group

is fully respected, we can finally move on to the step of training neural net-
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works for predicting desired physical quantities. The aforementioned EDNN

approach, and our method here, can both be seen as variants of the batch

training method widely used in the machine learning area. Batch training is

the practice that divides the dataset into several equal length sub-datasets

(batches), and that only updates model after all training samples in one batch

have been evaluated. By contrast if the NN model is updated right after

each time a training sample has been evaluated, such practice uses a so-called

stochastic gradient descent. The main purpose of batch training is to mini-

mize training error by acquiring a smoother gradient descent curve. Therefore,

choosing batch size is a balancing act between maximizing prediction accuracy

and training speed. We use batch training for gradient descent but each batch

only consists of focuses from only one system configuration, so the contribu-

tions of these focuses can be evaluated with the training label associated to the

configuration. Thus, we can force the NN to learn the structural characteristics

of this physics model under the same specific conditions.

Furthermore, data used for predictions are pre-processed in a similar fash-

ion like the method for training purposes, but there is a small but noticeable

difference: instead of averaging the aggregated sum of contributions of focuses

all over the configuration, the focuses for predictions are randomly selected

with random cutting points from a system configuration (figure 4.1(b)) and

then an average is computed. This is simply to make sure the neural network

can predict with random input form an arbitrarily large configurations.
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4.2 Application to 2D Ising model

As we discussed in the introduction, NNs have been proven their ability to

effectively detect the phase of Ising models. In the time since Carrasquilla and

Melko laid down the ground work, further efforts to exploit machine learning’s

potential on Ising systems have followed [99, 100, 101, 102, 103, 104, 105].

For example, there is a study that a trained neural network to classify phases

of configurations based on their energy levels and magnetization operators.

Another study used the correlation functions defined on each spin as input to

train the neural network. Methods in this area of studies are not just limited to

deep neural networks. Other machine learning models have also been used by

researchers on Ising models. For example, Restricted Boltzmann Machine has

been used to capture the temperature dependence of magnetization, energy

and spin correlations of Ising configurations. Principal Component Analysis

was used as an unsupervised learning method to discover phase transitions

of Ising system, and a Support Vector Machine was employed to learn the

mathematical form of physical discriminators such as order parameters of Ising

systems.

Before we move on the topic of our predictions, it is necessary to briefly

introduce the physics property of Ising model. The Ising model is a binary-

state spin (σ) model with σ = ±1 with a Hamiltonian written as:

H = −J
∑
<ij>

σiσj, (4.1)

where the summations are over the nearest neighbor pairs, and J refers to
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the interaction strength between spins. The basic configuration of an Ising

model is an L × L grid of discrete interacting spins that are either pointing

up (σ = 1) or pointing down (σ = -1). Although the Ising model is easy

to define, its behaviors can be rich. We can set an Ising system to ferro-

magnetic or anti-ferromagnetic simply by manipulating the values of J . A

positive value of J indicates to ferromagnetic and a negative value of J refers

to anti-ferromagnetic. The canonical Ising model defined by periodic boundary

conditions exhibits continuous phase transition around a critical temperature

TC = 2.269. Besides the very particular point at the critical temperature,

configurations of the Ising model are considered to belong exclusively to the

one of two phases. At temperatures below TC , most of spins in the system

would align to each other and the system would behave in an orderly way. On

the other hand, the system would behave in a highly disorderly way, such that

spin-ups and spin-downs are roughly equal in numbers when the temperature

is above TC .

4.2.1 Energy Density Predictions

The specific model designed for energy density prediction is a convolutional

neural network (CNN) model. CNN is a type of neural network based on the

shared-weight architecture of the convolutional filters process input features by

smoothly sliding over the input, and thus provide translational equivariant re-

sponses [106]. This property enables CNN to capture the structural characters

of the images and other 2D/3D objects. In our case, since the configurations

and also the focuses of the Ising system can be treated as monochromatic

69



-2

-1.6

-1.2

-0.8

-2 -1.6 -1.2 -0.8

 

-2

-1.6

-1.2

-0.8

-2 -1.6 -1.2 -0.8

 

-1.2 -0.8-1.6-2

-2

-1.6

-1.2

-0.8

True Energy [ ]J

Pr
ed

ic
te

d 
En

er
gy

 [
]J

focus = 32

-2

-1.6

-1.2

-0.8

-1.2 -0.8-1.6-2

focus = 64

True Energy [ ]J

Figure 4.4: Energy density estimation by NN vs. the exact energy density
extracted from Monte-Carlo simulations.
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images, we can utilize CNN’s advantages to help us better understand the

mapping between local structure and extensive parameters.

Basically, our model consists of two convolutional layers of size c × c and

five fully connected layers, and all the layers employ ReLU to be its activation

function. Activation function is a type of function that allows neural networks

to have the capability to fit nonlinear functions. The convolutional filters

have unit stride and hence preserve the resolutions of the input data. Each

of convolutional layers is followed by a 2× 2 max pooling layer to enhance its

structural characteristics. Each focus would be reduced to the size of (f − c+

1)/2 before being put into the first fully connected layer. The number of input

nodes in the first fully connected layer is proportional to the reduced focus size

with a fixed ratio. The fully connected layers would reduce data exponentially

until the output layer generates a single numerical value. The NN repeats the

preceding procedures until energy contributions from all focuses are averaged,

and a L1 loss function is used to compute the mean absolute error between

the averaged focus contribution and the exact energy density extracted from

Monte-Carlo simulations. Moreover, a standard Adam optimizer is used to

regulate the training process, together with a global learning rate 0.001. In

addition, a dropout layer with dropout probability 0.2 is implemented before

the output layer. Dropout layer is a simple way to prevent the model from

over-fitting the dataset [107]. All those neural networks are trained with same

number of iterations.

Training of the model was executed by a computer hosting multiple graphic

processing units (GPUs). We used the PyTorch library to realize our model
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and to enable the model’s ability to utilize the GPUs in parallel. In the training

process, 40, 000 Ising system configurations of lattice length L = 320 were used

to train the neural network and another 8, 000 Ising system configurations were

used for predictions. These configurations will be used multiple times for all

focus sizes. Ranging from 16 to 80, as for each focus size, there is a number

40, 000 ·L2/f 2 focuses constituting a training dataset for the model specific to

this size. Since focuses from one configuration compose one batch, the total

number of batches will also be 40, 000, and the model will iterate the training

process over all the batches by 40 epoches. Once the training process stabilizes

at a reasonable loss rate, the model is ready to be used for predictions.

For the temperature range T = 2.2 and focus size of 32, the neural net-

work’s prediction accuracy on energy achieves an accuracy of 97.5%, resulting

in a mean square error of 0.012J/L2. As is shown in Figure 4.4, the predic-

tion accuracy improves when the size of focuses increases to 64. For the same

temperature at T = 2.2, the prediction accuracy reaches 99.8% for f = 64. It

is noteworthy that the model tends to overestimate the energy density right

above the critical temperature and to underestimate the energy right below.

This systematic error persists in predictions based on small focuses. For ex-

ample, error is more prevalent in the predictions of f = 32 than in predictions

of f = 64. Evidently, systematic error could limit the NN’s accuracy in pre-

dictions, especially when one uses a small segment of data to predict a system

with large configuration. Hence, we may reckon that, among the abundant

information that f = 64 focus contains that the neural network could learn to

improve its prediction quality, what is the particular on that can help f = 64
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Figure 4.5: Focus’s coverage of correlation length. The system configuration
shown in left is captured at T = 4.2 and the right one is captured at T = 2.27.

prediction reducing the systematic error? The quality that is directly related

to system size is the correlation length of spins.

4.3 Scalability and Correlation Length

Correlation length is the measurement of how much the spins σi and σj at

two sites are correlated, especially when two spins are far apart. A simple

measurement of spin correlation can be written as:

< σj;σj >:=< σiσj > − < σi >< σj > (4.2)

Spin correlation would be zero if all the spins were independent of each other.

This formula is called truncated correlation function and decays exponentially
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as |i− j| → ∞ so < σj;σj >∼ exp (−|i− j|/ξ). The quantity ξ is the length

scale which is called the correlation length. A short correlation length sug-

gests that the distant spins in the system are weakly correlated, and near

spins are strongly correlated. In general, locality is inversely correlated with

correctional length. If larger locality were exist in the system, the correla-

tion length would correspondingly become shorter. Moreover, the correlation

length grows algebraically when temperature approaches the phase transition

and it will approach infinity at the phase transition. As was discussed previ-

ously, the accuracy of the neural network is partly determined by the amount

of information contained in focus, and locality determines how much a physics

quantity is influenced by local neighborhood. Therefore, by using limited size

focuses, NN can predict with enough accuracy when the correlation length in

the system is short enough.

As is shown in figure 4.5, at a temperature close to phase transition (T =

2.27 for the Ising system configuration in figure 4.5(right)), correlations be-

tween spins are strong, and so small-sized focuses cannot contain their inter-

actions. While for a temperature well above the phase transition, (T = 4.2 in

figure 4.5(left)), the spins are only correlated to each other locally, so small-

sized focuses can well contain the information of distant interactions, and thus,

the local structure can well reflect the extensive parameters of the whole con-

figuration. On the other hand, since it is impossible for a NN to learn all

the features of an Ising system in the adjacency of phase transition through

training samples of limited system sizes, the NN would lose a considerable

portion of its accuracy in predictions made for temperatures around the phase
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transition due to focuses’ lack of information of correlation length.

From the perspective of batch training, choosing a smaller size for f results

in more square segments for which the model can parallelize computations

more efficiently. In view of the fact that the learning curve becomes flattened

if the focus size goes beyond the length scale, the choosing of sizes of focuses

and consequently sizes of batches also needs to contemplate focus’s coverage

of correlation length. We chose several focus sizes and examine them in a

naive neural network model to test their coverage of correlation length in a

stochastic training way. Then we conducted a full scale NN test with the range

of these focuses. The sizes of focuses covered in this study are 16, 20, 32, 40

and 80.

4.3.1 Phase Classification Results

The specific neural network model used for phase classifications includes func-

tions and parameters similar to ones used in the energy density prediction

model, including the dropout layer, ReLU functions followed by each layer,

and hyper-parameters such as learning rate. The model consists of one non-

reducing and five reducing fully connected layers. The model will finally out-

puts a single digit, zero or one, of which determines the phase of input systems.

Therein, zero refers that the system is in ferromagnetic order and one refers

that the system is in disordered state, respectively. The neural network repeats

the preceding procedures until contributions from each focus of one single Ising

configuration are averaged and used for calculating loss functions. Since the

samples are assigned one of two labels, we implemented the binary cross en-
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tropy loss function, BCELogits, in our neural network. BCELogits calculates

a value summarizing the average difference between the actual and predicted

probability distribution for predicting class 1. The goal is to minimize this

value. A perfect cross-entropy value is 0. To minimize the loss function, an

Adam optimizer is used to accompany with the loss function. Same as in the

energy estimation model, the dropout layer is added before the output layer

with dropout probability set to 0.2 and global learning rate is 0.001.

Figure 4.6 shows preliminary results of phase predictions, in which we did

not add descriptors to the input focus data. The model has already shown

its distinguishing ability with more than 90% correction rate for temperatures

above 2.5 and below 2.2.

As is shown in 4.7(top), the results show that for any size of focus, the

accuracy of classification results deteriorates rapidly when the temperatures

approach to phase transition from either side. As expected, at a given temper-

ature and for a given arbitrarily large system configuration, the classification

accuracy of NN when using smaller focuses is equal to, or lower than, the

accuracy when using larger focuses. Furthermore, the extent of deterioration

differs depending on the sizes of the focuses. Evidently, the accuracy of clas-

sifications based on small sizes of focuses deteriorates faster than that with

classifications based on larger sizes. The results suggest there may exists a

focus size dependent re-scaling relation and thus the results may have a same

universal physics. Assuming the scenario, we speculate the relation between

focus sizes and the extents of the deterioration of prediction accuracy behaves
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Figure 4.7: Top: Phase prediction results by our fully connected neural net-
work model. Bottom: Scaling collapse of (1−Accuracy) ·Lθ in the form Eq.4.3
with the critical exponent ν = 1.
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in the following way:

(1− Accuracy) · Lθ = F((T − TC) · L1/ν), (4.3)

where F is an universal function, the critical exponent ν relates to the size

of correlations to the temperature.Same as the transition temperature, the

critical exponent ν has been well studied before for 2-dimensional Ising model

and it is accordingly to 1. θ is a new exponent that we introduce to relate the

size of correlations to the sizes of focuses. We infer the new exponent θ from the

behavior of the classification accuracy. The data collapse of (1−Accuracy) ·Lθ

in figure 4.7 (bottom) finally gives the value θ to be 0.11.

In order to further prove the power law decay relation of the classification

accuracy and focus sizes, we measured the width of temperature windows for

difference focus sizes at a given accuracy level. Since the correlation length ξ

can be expressed as:

ξ ∼ 1

|T − TC |ν
(4.4)

from this relation, we can define a linear formula between temperature cut-offs

of the accuracy measurement and scaled focus sizes:

T ∗ = TC ± C · f−1/ν (4.5)

where C is a constant, T ∗ is a customized cut-off temperature. As is shown in

4.8, at the accuracy levels 85% and 90%, the quantity ∆T = 2 · |T ∗ − TC | is

almost perfectly linear to the scaled focus size f−1/ν , which further proves the
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existence of the scale invariant exponent θ.

4.4 Discussion and outlook

In this work we designed a machine learning framework to accurately predict

extensive parameters and we use it to classify spin-model configurations and

to predict their energy density. The framework is scalable that it can predict

systems of arbitrary sizes. The NN model in our framework can estimate en-

ergy density highly accurately. Furthermore, we have illustrated the accuracy
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limitation of phase classifications by using limited size focuses as input. Then

we did a exponent collapse study to investigate the relation of focus sizes and

prediction accuracy. We discovered a new exponent θ to relate the size of

correlations to the sizes of focuses, and numerically proved that the prediction

accuracy is directly influenced by correlation length.

Besides the model’s distinguishing ability over different focuses can also

give use insights about the type of phase transitions. Power law decay of

correlation near criticality is one important property of second order phase

transitions. If we can use this power law decay relation extracted by ML

methods, it may give us an insight of how to determine the type of phase

transition.
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