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ABSTRACT

Black hole simulations have become increasingly relevant and necessary with the imaging from the

Event Horizon Telescope of M87 and Sgr A* and polarization images from the Imaging X-ray Polarime-

try Explorer. Building off of Athena++ modifications made by previous students, and the previous

geokerr and ipole codes by Dexter & Agol (2009) and Mościbrodzka & Gammie (2018) respectively,

the polarization results were examined closely and found to be erring. A re-implementation of the

parallel transportation methods by Dexter (2016) showed the same polarization, meaning the original

method wasn’t wrong and there was some other error, likely in the initialization and interpretation

of the black hole. Intensity was consistently correct across black holes, but the polarization fraction

showed behaviour at higher energies that was inconsistent with what Schnittman & Krolik (2009)

found, and inconsistent with theory. Polarization angle was less drastic in error, but could still be seen

with anomalous behaviours at higher energies. It is likely the problem lies in how the Stokes vectors

are being computed as their individual magnitudes aren’t consistent with what they should be, and will

need to be revisited, along with the initialization of the black hole problem since photon wave vectors

mostly matched when implementing different methods. This thesis is submitted in partial completion

of the requirements of the BS Astronomy-Physics Major.
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1. INTRODUCTION

Spin effects are short range, as opposed to effects from

mass, and so are more difficult to measure. These two

parameters are of particular interest as the physics of

stationary black holes are completely specified by the

mass and spin in general relativity, assuming negligible

electric charge. Observations of X-ray intensity and po-

larization from the accretion disk of a black hole can be

used to verify model accuracy for well constrained black

holes, and to further infer the spin from fitting the model

to observational data.

Recent images released of the M87 black hole and Sgr

A*, as published by The Event Horizon Telescope Col-

laboration et al. (2019, 2022), allows for the comparison

between observational data and radiative models of the

general relativistic magnetohydrodynamics (GRMHD)

involved with black holes. In addition, the measure-

ments of the polarization done by the Imaging X-Ray

Polarimetry Explorer (IXPE) allows the computational

models for polarization to be refined to the point of re-

liably being able to determine the spin of black holes

from the measured polarization of radiation from their

accretion disks, as per one of the scientific goals of the

IXPE mission.

The framework of Athena++ was used and expanded

upon by previous students for the calculation of the ra-

dial coordinates of photon impact and the α and β im-

pact parameters, with numerical methods for parallel

transporting the polarized radiation based on the GR-

TRANS code by Dexter (2016) and the quasi-analytical

methods of the ipole code by Mościbrodzka & Gam-

mie (2018). GRTRANS uses the Kerr metric to parallel

transport a photon’s polarization basis along a geodisc

to calculate polarization; ipole parallel transports a co-

herency tensor and evolves the Stokes parameters.

Our version of the Athena++ framework uses Monte

Carlo simulations to calculate individual photon param-

eters at discrete points in contrast to the continuous

curves currently used in GRTRANS and ipole. This al-

lows for more flexibility in the choice of photon ener-

gies and further implementation for other objects with

similar polarizing properties such as X-ray binaries and

luminous accretion flows.

While the radiation emitting from the accretion disk

thought to be unpolarized, the spacetime near a black

hole is curved causing the light to become polarized to
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an observer. Accounting for effects like beaming, lens-

ing, and frame-dragging by use of general relativity and

the Kerr metric is needed to calculate the polarization

accurately.

2. METHODS

Previous results of this code (see: Rohr (2020),

Phillips (2021)) were examined and used to create inten-

sity spectra and polarization fraction and angle spectra

by integrating over the individual images, each gener-

ated for a single energy, to get these spectra as functions

of frequency. The spectra were created for a variety of

spins and camera inclination angles, as in Figures 7, and

8. Comparison to the spectra of Schnittman & Krolik

(2009) shows that our polarization differs from theirs.

Since other people have confirmed their results, we came

to the conclusion that our polarization was being calcu-

lated incorrectly. The intensity spectra was consistent

with the verified results.

To look further into this a recreation of Dexter’s 2016

methods was created, since his results have been veri-

fied, however we continued to use the radius coordinate,

and impact parameters α and β from each photon from

our modified Athena++ code since that has been well

tested. This allows for a comparison between results

and determines more of where our code errs.

The path of emitted photons affected by curved space-

time are assumed to be geodesics in the Kerr metric and

are calculated with the geodesic Equations 1.

dxµ

dλ
=kµ (1a)

dkµ

dλ
=− Γµ

αβk
αkβ (1b)

Γα
βγ =

1

2
gαδ(gδβγ + gδγβ − gβγδ) (1c)

Following the execution in Dexter (2016), photons in

the comoving frame are transported between a camera

at inclination µ0 = cos θ0 normal to the disk plane at

the boundary of the simulation to the point of impact

at θ = π/2. The dimensionless constants of motion for

a given α and β are then given by

l = −α
√
1− µ2

0
(2a)

q2 = β2 + µ2
0(α

2 − a2), (2b)

with the additional parameter a that specifies the black

hole spin; l is the z-component of the angular momen-

tum, and q2 is Carter’s constant.

The photon wave vector kµ, defined by Equations 3,

and Walker-Penrose constants, defined by Equation 5, in

the Kerr metric partially describe the polarization basis

fµ. Correcting the form of kr that appears in Dexter

(2016),

kt =
1

ρ2
[
−a

(
a sin2 θ − l

)
+

(
r2 + a2

)
∆

(
r2 + a2 − al

) (3a)

kr =−
sr ∗ r ∗

√
R(r)

ρ2
(3b)

kθ =− sθ
ρ2

√
M(θ)

sin2 θ
(3c)

kϕ =
1

ρ2

[
−a+

l

sin2 θ
+

a

∆
(r2 + a2 − al)

]
(3d)

where

M(θ) =q2 +
(
a2 − q2 − l2

)
cos2 θ − a2 cos4 θ (4a)

R(r) =r2 + (a2 − q2 − l2) + 2
[
(a− l)2 + q2

]
r−1

− a2q2r−2
(4b)

ρ2 =r2 + a2 cos2 θ (4c)

∆ =r2 − 2r + a2 (4d)

The direction is specified by signs sr and sθ, here un-

derstood as sr = sθ = 1, and

K1 − iK2 =(r − ia cos θ)
{
(ktfr − krf t) + a sin2 θ(krfϕ

− kϕfr) −i[(r2 + f2)(kϕfθ − fϕkθ)

−a(ktfθ − kθf t)] sin θ
}

(5)

Two sets of initial K1 and K2, found by the asymp-

totic form of equation 5, were used in order to com-

pute the polarization components in the tetrad frame

for the two basis vectors ϕ̂0 and θ̂0; they are given by
K1 = −γ, K2 = −β and K1 = −β, K2 = γ, where

γ = −α − a sin θ0. The covariant metric components,

gµν , are calculated as

gtt =− 1

ρ2∆

[(
r2 + a2

)2 − a2∆sin2 θ
]

(6a)

gϕt =
−2ar sin2 θ

ρ2
(6b)

grr =
ρ2

∆
(6c)

gθθ =ρ2 (6d)

gϕϕ =
Σsin2 θ

ρ2
(6e)

where

Σ = (r2 + a2)2 − a2∆sin2 θ (7)



3

The components of fµ can then be calculated in the

tetrad frame using gµν alongside the polarization basis

constants γ and δ.

δ1 =rkt − ra sin2 θkϕ (8a)

δ2 =a2 sin θ cos θkt − a cos θ sin θ(r2 + a2)kϕ (8b)

δ3 =ra sin2 θkr + a cos θ sin θ(r2 + a2)kθ (8c)

γ1 =a cos θkt − a2 cos θ sin2 θkϕ (8d)

γ2 =r(r2 + a2) sin θkϕ − ar sin θkt (8e)

γ3 =a2 cos θ sin2 θkr − r(r2 + a2) sin θkθ. (8f)

fr =
1

N

[
(γ2K1 − δ2K2)(gϕϕk

ϕ + gϕtk
t)−

(γ3K1 − δ3K2)gθθk
θ
] (9a)

fθ =− 1

N

[
(γ1K1 − δ1K2)(gϕϕk

ϕ + gϕtk
t)−

(γ3K1 − δ3K2)grrk
r]

(9b)

fϕ =
1

N

[
(γ1K1 − δ1K2)gθθk

θ−

(γ2K1 − δ2K2)grrk
r]

(9c)

N =(γ2δ1 − γ1δ2)gϕϕk
ϕ − (γ3δ1 − γ1δ3)gθθk

θ

+ (γ2δ1 − γ1δ2)gϕtk
t + (γ3δ2 − γ2δ3)grrk

r
(9d)

Equation 9d is a corrected form of that found in Dexter

(2016). Differentiating which pair of the Walker-Penrose

tensor constant components was used for the two polar-

ization basis vectors in fµ by a subscript, the stokes

parameters can be calculated in the coordinate frame as

the rotation elements

sin 2χ =− 2

(
fθ
0 · fθ

1

)(
fθ
0

)2
+
(
fθ
1

)2 (10a)

cos 2χ =

(
fθ
1

)2 − (
fθ
0

)2(
fθ
0

)2
+
(
fθ
1

)2 (10b)

The major comparisons were made between the two

methods for calculating the photon wave vector kµ, since

both the rotation elements and that which composes

them are functions of kµ.

3. RESULTS

Photon lists were simulated for a variety of spins, 0

and 0.9, and camera inclination angles, 45◦, 60◦ and 75◦.

This allowed for the comparison of results to multiple

other people’s results even if their initial parameters are

ambiguous. It also, incorrectly, shows the effect of spin

and inclination on the observed radiation of accretion

disks.

3.1. Tests

Tests comparing the wave vectors from the Monte

Carlo and Dexter (2016) methods show that they agree

to 0.1%, except for kϕ which has a ±7% disagreement.

While not ideal, even the 7% is unlikely to produce spec-

tra with behaviour completely different from other mod-

els.

3.2. Images with Polarization Direction

The selection of images generated show intensity

that is consistent throughout various literature (Dexter

(2016), Schnittman & Krolik (2009)), with a representa-

tive example being the intensity plot in Figure 1. What

is deviant from prior results are the polarization vectors,

especially as they near the center of the black hole.

Figure 1: Intensity and linear polarisation map of ther-

mal emission from a thin accretion disc, including only

the effects of direct radiation. The black hole has spin

0.9 and an inclination angle of 75◦. The image is log-

scaled with a color scale to resemble previous results of

Schnittman & Krolik (2009) and Dexter (2016).

As an individual simulation, the polarization doesn’t

look so wrong as to be obvious, except that the polar-

ization fraction, visualized as the length of the vectors,

nearest to the innermost stable circular orbit (ISCO) is

larger than expected. Similar results can be seen for

other spins and inclinations. Higher spin exacerbates

the errors, which are only present closer to the ISCO

where higher energy radiation is emitted.

Spin 0 still has incorrect polarization vectors though,

as in Figure 6a, as the polarization fraction is expected

to decrease since each vector is meant to be represen-

tative of the average in that cell. Figures 6 show the
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Figure 2: Plots of the intensity-normalized Stokes pa-

rameters q (left) and u (right) for spin 0.9 and camera

angle 75◦.

Figure 3: Plots of the intensity-normalized Stokes pa-

rameters q (left) and u (right) for spin 0 and camera

angle 45◦.

changes as spin and inclination change. While the polar-

ization angles decrease nearer the ISCO, excluding spin

0.9 and angle 75◦, they do so far more than expected.

What is very unexpected is that the polarization vector

gets longer closer to the ISCO, which while is reason-

able for individual photons, since the images are made

of small averages, the orientation of the vectors should

mean that the magnitude of the polarization vector is

overall smaller. Images of the relevant Stokes param-

eters were also generated in a similar manner so as to

better determine what is incorrect.

Figure 3 shows the Stokes parameters for an equivalent

black hole to Figure 1 and are behaviourally equivalent

to the rotation elements of Dexter (2016). They are ex-

pected to fall between 0 and 1, and sum to 1, but they

fall short; the behaviour across locations does roughly

resemble the expected results if discounting the overall

magnitude. Further images of the intensity and indi-

vidual Stokes parameters for different initial conditions

are near the end for comprehensiveness, though all show

similar behaviours.

3.3. Spectra with Polarization Angle and Fraction

As mentioned, the spectra of intensity and polariza-

tion angle and fraction were computed, giving them as

functions of frequency and shows the overall behaviour

of the polarization. The comparative graphs were made

in the fashion of Schnittman & Krolik (2009).
Figure 5 shows the convergence for different photon

resolutions for both spin 0 and spin 0.9, but the same

camera angle, demonstrating that any errors aren’t on

account of too low of a photon resolution causing incor-

rect cell averaging. This is consistent with spin 0 and

other inclinations as well.

Relativistic effects are strongest nearest to the black

hole, ergo the measured polarization fraction from each

photon is largest there too. When averaging over an area

near the center then, the polarization angle and degree

appear to be lower because of the diverging directions

within a single mesh cell. The Stokes parameters can be

seen as not having a large enough magnitude to correctly

cancel each other out, which is only noticeable nearest

to the black hole because of how small the polarization

is far away.
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Figure 4: Intensity spectra from direct radiation of

photons in the 1e14 to 1e17 Hz band from the accre-

tion disk of black holes with various spins and incli-

nations. The behaviour is as expected and resembles

a blackbody.

Figure 5: Spectra of intensity and polarization of a

spin 0.9 black hole with inclination angle 75◦. The

curves differ only in photon resolution, with pho-

ton counts of 4,096 (blue solid) and 16,384 (orange

dashed).

(a) spin 0, inclination angle 45◦ (b) spin 0, inclination angle 60◦ (c) spin 0, inclination angle 75◦

(d) spin 0.9, inclination angle 45◦ (e) spin 0.9, inclination angle 60◦ (f) spin 0.9, inclination angle 75◦

Figure 6: Plots of intensity with polarization overlaid for thin disk black hole models including only the effects of

direct radiation. The colormap is logarithmic and chosen to be similar to previous results of Schnittman & Krolik

(2009) and Dexter (2016), and the polarization is sampled at a rate of one for every eight intensity pixels. These are

all simulated with a black hole with mass M = Mbh, with the only variables being the inclination angle and spin.
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Figure 7: Polarization fraction from direct radiation

of photons in the 1e14 to 1e17 Hz band from the ac-

cretion disk of black holes with various spins and in-

clinations. Spinning black holes are dashed curves

throughout all figures, and non-spinning black holes

are solid curves.

Figure 8: Polarization angle from direct radiation of

photons in the 1e14 to 1e17 Hz band from the accre-

tion disk of black holes with various spins and incli-

nations.

4. DISCUSSION AND CONCLUSION

Evidently the polarization does not average correctly,

and doesn’t decrease at higher energies near the black

hole, likely because the magnitudes of the Stokes param-

eters that make up the polarization fraction and angle

aren’t the correct magnitude. While the polarization is

incorrect, the intensity is correct and integration shows

a blackbody curve. The consistency between the two

models suggests that the error was implemented into

both and we are doing something wrong in that imple-

mentation, and that both how we set up the problem

and where ambiguity might lie in other’s description of

their initialization.

The Monte Carlo method still allows for a highly effi-

cient way to numerically simulate radiation from black

holes, and while as of now the polarization only accounts

for direct emission, it can be expanded to include re-

flected radiation, which has a noticeable effect on the

polarization of the black hole. It also allows for the us-

age of the code to simulate similar astrophysical objects

that emit polarized X-rays. Having a variety of work-

ing models will be increasingly important to compare

results and interpretation of observations resulting from

both the EHT and IXPE missions.
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