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1. Introduction

Let I" and A be two countable discrete groups with free probability measure-preserving
actions I'~ (X, ) and A~ (Y,v) on standard probability measure spaces (X, u)
and (Y, v), respectively. An orbit equivalence (OE) for the actions is a measurable
isomorphism 0 : X — Y such that §(I'z) = Af(x) for almost every x € X. In this
case, the two actions are called orbit equivalent. Two groups are said to be orbit
equivalent if they admit orbit equivalent actions. Singer [[l] showed that for two
free probability measure preserving actions I' ~ (X, ) and A~ (Y, v), being orbit
equivalent is equivalent to the existence of an isomorphism L>®(X) x ' = L>®(Y) x
A which preserves the Cartan subalgebras L>®(X) and L>®(Y). Orbit equivalence
theory saw some development in the 1980s (see [2, B, 4]), and has been an area of
active research over the last two decades (see [5, 6]). These advances in part have
been stimulated by the success of the deformation/rigidity theory approach to the
classification of II; factors developed by Popa and others (see [, 8, 9]).

The study of orbit equivalence can be motivated also from an entirely different point
of view, being a measurable counterpart to quasi-isometry of groups. Gromov [[10]
introduced measure equivalence (ME) for countable discrete groups as a measurable
analogue of quasi-isometry and since then this notion has proven to be an impor-
tant tool in geometric group theory with connections to ergodic theory and operator
algebras. Two infinite countable discrete groups I' and A are measure equivalent if
there is an infinite measure space (€2, m) with commuting, measure-preserving actions
'~ (2,m) and A ~ (2, m), so that both the actions admit finite-measure fundamen-
tal domains Y, X € €, that is, m(Y), m(X) < oo and

Q= |yw=|]x
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The space (£2,m) is called an ME-coupling between I and A, and the index of such a
coupling is
m(X)

[T Alg = )’

Notably, measure equivalence was used by Furman in [11, 12] to prove strong rigidity
results for lattices in higher rank simple Lie groups. ME relates back to OE because
of the following fact, observed by Zimmer and Furman: for two discrete groups I'
and A, admitting free OE actions is equivalent to having an ME-coupling of index
1. Moreover, for OE groups, an ME-coupling can be chosen so that the fundamental

domains coincide [12, Theorem 3.3].

If X C Q is a Borel fundamental domain for the action I' ~ (€2, m), then on the
level of function spaces, the characteristic function 1x gives a projection in L>(£2, m)
such that the collection {1,x} er forms a partition of unity, i.e., Z’)/EF Lx = 1L
This notion generalizes quite nicely to the non-commutative setting, and using this,
Peterson, Ruth, and Ishan, in [13], defined a fundamental domain for an action on
a von Neumann algebra I' n? M is a projection p € M such that Z'yef o,(p) =1,
where the convergence is in the strong operator topology. Using this perspective
for a fundamental domain they generalized the notion of measure equivalence by

considering actions on non-commutative spaces.

Definition 1.1 ([L3]). Two countable discrete groups I' and A are von Neumann
equivalent (VNE), written I' ~ g A, if there exists a von Neumann algebra M with a
faithful normal semi-finite trace Tr and commuting, trace-preserving actions of I' and
A on M such that the I'- and A-actions individually admit a finite-trace fundamental
domain. The semi-finite von Neumann algebra M is called a von Neumann coupling

between I' and A.



Like ME, vNE is stable under taking the direct product of groups. But neither ME nor
vINE is stable under taking free products. For instance, since any two finite groups are
ME (and hence vNE), and amenability is preserved under both ME and vNE, one gets
that Z /27«7 /27 (amenable) is neither ME nor vNE to Z/3Zx*7 /27 (non-amenable).
However, as suggested in [[14, Remark 2.28], and proved in |15, Pyg6], stability under
taking free products hold if one requires the additional assumption that groups are
ME with a common fundamental domain. In other words, OE is stable under taking
free products. This raises a natural question: Is vNE, with common fundamental
domain, stable under taking free products? We obtain an affirmative answer to this

question and introduce the following definition.

Definition 1.2. Two countable discrete groups I' and A are said to be von Neumann
orbit equivalent (VNOE), denoted I' ~ynoE A, if there exists a von Neumann coupling

between I' and A with a common fundamental domain.

The relationship between Orbit Equivalence, Measure equivalence, von Neumann
Orbit Equivalence and von Neumann Equivalence for groups are as follows:

I'~or A == T ~ynoE A

J J

~yp A =——= T ~pneg A
It has been shown that amenability and property (T) are preserved under all of the
four equivalence relations. The graph product and the free product of the groups are
preserved under orbit equivalence but not under measure equivalence. We will show
that the free product of the groups and the graph product of groups is also preserved

under von Neumann orbit equivalence.

Theorem 1.3. IfI';,A;, i = 1,2 are countable discrete groups such that I'; ~,NoE

Ai, 1= 1,2, then Fl * Fg ~yNOE A1 * AQ.



Remark 1.4. We suspect that the notion of vNE with coupling index 1 should be
equivalent to the notion of vNE with common fundamental domain. However, we are

unable to prove it at this point and leave it as an open problem.

Green [16], in her Ph.D. thesis, introduced graph products of groups, another impor-
tant group theoretical construction. If G = (V| E) is a simple, non-oriented graph
with vertex set V' and edge set E, then the graph product of a family, {I', },ev, of
groups indexed by V' is obtained from the free product *,cy ', by adding commuta-
tor relations determined by the edge set E. Depending on the graph, free products
and direct products are special cases of the graph product construction. Adapting
the ideas of [15], Horbez and Huang [17, Proposition 4.2] proved the stability of OE
under taking graph products (see also [18]). To further explore the study of graph
products within the context of measured group theory, we would like to draw the
reader’s attention to the article [19]. In this thesis, we also prove the stability of

vINOE under taking graph products.

Theorem 1.5. Let G = (V, E) be a simple finite graph. Let T' and A be two graph
products over G, with countable vertex groups {T',} ey and {A,}ev, respectively. If

I’y ~ynog Ay for every v € V', then I ~,noE A.

In attempting to prove the above theorems, if one tries to adapt the techniques from
one of [[15, 17, 18], an immediate problem is presented by the lack of “point perspec-
tive” in the theory of von Neumann (orbit) equivalence. The lack of any natural
non-commutative analogue of the notion of OE/ME cocycles, or that of measured
equivalence relation can be considered as a few problems presented by the lack of
point perspective. This often leads one to consider genuinely new techniques and

different alternatives (see e.g., [13, 20, 21, 22]). To overcome this obstruction, we
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introduce the notion of von Neumann orbit equivalence for tracial von Neumann al-
gebras that is “compatible” with vNOE of groups (see Theorem @), and prove the
analogues of Theorems @ and at the level of tracial von Neumann algebras.

The notion of von Neumann equivalence admits a generalization in the setting of
finite von Neumann algebras [13, Section 8], and relates to vNE for groups as follows:
' ~ng A if and only if LT ~,ng LA [13, Theorem 1.5]. In parallel to this, one
might attempt to define two tracial von Neumann algebras to be vNOE if they are
vNE and admit a “common” fundamental domain, and identify a correct meaning
of “common”. However, we take a slightly different approach, and motivated by the
recently defined notion of measure equivalence of finite von Neumann algebras by

Berendschot and Vaes in [23], we introduce the following definition.

Definition 1.6. Let (A,74) and (B, 1) be tracial von Neumann algebras. We say
that A and B are von Neumann orbit equivalent, denoted A ~,nor B, if there exists a
tracial von Neumann algebra (Q), 79), a Hilbert A ® @) — B-bimodule H, and a vector
¢ € H such that

L. ((a®@x)&, &) = Tala)Tg(x), and (y&b, &) = 1(y)TE() for every a € A, z,y € Q,
and b € B.

2. Span((A® Q)§) = H = Span(Q¢B).

We prove in Proposition @ that vINOE is indeed an equivalence relation. We should
remark that, in the above definition, H can also be considered as an A — B ® Q°P-
bimodule satisfying conditions analogous to the two mentioned in the definition. This
essentially is the reason for the symmetry of vNOE, even though the definition seems

asymmetric at first. To prove transitivity, inspired by [23, Lemma 5.11], we establish



an equivalent characterization of vNOE in Theorem @, and show in Theorem @
that T ~exor A if and only if LT ~yxor LA. Since L(I' A) 2 LT % LA, Theorem

follows from the following theorem, which we prove in Section B

Theorem 1.7. If A;,B;, i = 1,2 are tracial von Neumann algebras such that

A; ~wNoE Bi, i = 1,2, then, Ay x Ay ~yxoE B1 * Bs.

Similar to free products, one also has that the group von Neumann algebra of a graph
product of groups is isomorphic to the (von Neumann algebra) graph product of the
group von Neumann algebras, and hence Theorem follows from the following

theorem, proved in Section @

Theorem 1.8. Let G = (V, E) be a simple finite graph. Let A and B be two graph
products over G, with tracial vertex von Neumann algebras {A,},ev and {By}oev,

respectively. If A, ~ynog B, for every v € V', then A ~ ok B.

Remark 1.9. Since graph product over a totally disconnected graph, i.e., a graph
with no edges, gives free product, Theorem follows from Theorem . However,
we include a proof of Theorem [1.7 for two reasons. Firstly, the notation is less involved
compared to the proof of Theorem @ Secondly, if a reader prefers the base case for
the induction (on number of vertices) in the proof of Theorem @ to be a graph with

two vertices instead of one, then that base case is justified.

In Proposition , we show that vNOE tracial von Neumann algebras are vNE in
the sense of [13]. We should remark that vNE does not imply vNOE in general.

In the final section, we obtain a partial analogue of Singer’s theorem [[l] for OE in the
setting of vNOE of groups. As noted in [[13, Example 5.2], if I" and A are countable

discrete groups with trace-preserving actions I' ~ (A, 74) and A~ (B, 7g) on tracial
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von Neumann algebras (A, 74) and (B, 7g), respectively, and if  : B x A — A x T is
a trace-preserving isomorphism such that 6(B) = A, then I" ~ynor A. As a partial

converse to this, we prove the following theorem.

Theorem 1.10. IfT" and A are countable discrete groups such that ' ~yxog A, then
there exist tracial von Neumann algebras (A,74), (B,Tg), trace-preserving actions

I'~A, A~ B, and a trace-preserving isomorphism 0 : B x A — A x T'.

2. Preliminaries

2.1. Von Neumann algebras: Definition and Examples

Let H be a Hilbert space and B(H) be the algebra of all bounded linear operators
on H. The strong operator topology on B(H) is the topology generated by the basis

consisting of sets of the form

U861, 60 6) = {y € B(H) : l(z —y)&ll < e,5 = 1,....n},

for x € B(H)&1, ..., & € H,and € > 0. We can also define the weak operator topology
on B(H) as the topology generated by the basis consisting of sets of the form

U(z; &1, o &nymy eomin i €) i={y € B(H) : |{(x —y)&;,m;)| <€,7=1,...,n},

for x € B(H), &1,y &0y ooy € H, and € > 0. From an analytic perspective, we
describe what it means for a net to converge in these topologies. Let (x;);c; be a net

in B(H), then (z;);c; converges to x € B(H) in the strong operator topology if
lim [|(z —2;)¢]| =0 V§ € H
1— 00

, and x;e; converges to x in the weak operator topology (WOT) if

lim ((x — z;)&,m) =0 V&, n € H.

1—>00



Definition 2.1. A von Neumann algebra M on a Hilber space H is a *-subalgebra of
B(H) which contains the identity and is closed in the strong operator( or, equivalently

weak operator) topology.

Example 2.2. Let H = C", we get that the the n by n matrices M, (C) is a von

Neumann algebra.

Example 2.3. Let (X, Q, 1) be a measure space, it follows that L= (X, 1) C B(L*(X, i)

is a von Neumann algebra.

There is also a more algebraic way to define von Neumann algebra. Again we let M
to be a x-subalgebra of B(H), and we define the commutant of M, denoted M’ is the
set

M ={x e B(H):zy=yxVye M}

We say that M is a von Neumann algebra if M = M"” where M" is the double

commutant of M. We show that the two definitions coincide.

Theorem 2.4. (Bicommutant theorem): Let M € B(H) be a unital subalgebra, we
have that

MSOT _ MWOT _ M”,

wor
C M"”. Here we

refer to Theorem 2.1.3 in [24]. ]

Proof. The proof usually goes by showing M” C M M

We also would like to introduce Kaplansky density theorem as a usful tool. For the
proof of this Theorem please refer to Theorem 2.3.1 in [24].

Theorem 2.5. (Kaplansky density theorem): Let A be a x-subalgebra of B(H), then

mSOT _ (XSOT

)1, where (A)y is the operator norm unit ball of A.
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2.2. tracial von Neumann algebra

Definition 2.6. A von Neumann algebra M is tracial if it admits a linear functional

7: M — C which is

1. positive: 7(z*z) >0, for all z € M

2. faithful: 7(z*z) = 0, for some z € M, implies that x =0

3. tracial: 7(zy) = 7(yx) for all x,y € M.

4. normal: 7 is weak operator topology continuous on the unit ball of M.

Example 2.7. M, (C) is a tracial von Neumann algebra with the regular trace.

2.3. Standard form

Let (M, ) be a tracial von Neumann algebra, then it admits a natural representation
on a Hilbert space. This representation is a special example of the Gelfand-Naimark—

Segal construction.

Given the trace 7, we can define a inner product on M:

(z,y) =T(y" ).

We use L*(M) to denote the Hilbert space completion of M with respect to this
norm. For z € M, we use the Z to denote z as an element in L?(M). The standard

representation of a tracial von Neumann algebra M is the representation w, : M —
B(L*(M)) where

—

m-(2)) = Ty
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for x,y € M. We identify x with 7,z and we write x£ for m, 2 for simplicity. Addi-
tionally, we view M as a dense subspace of L*(M,7) by identifying x with z1.

Consider the operator J : & — *, it is an antilinear isometry from M onto itself. We
notice that

17213 = l|lz*]13 = 7(22”) = tr(z*z) = |12]|3.

It then follows that J extends to an antilinear surjective isometry of L?(M). We call
J the canonical conjugation operator on L*(M). One of the main features of the

standard representation of M is that it makes M®° isomorphic to its commutant.

We view 7, (x) as the operator of multiplication to the left by x and to denote it by
L,. The range of L, denoted by L(M)(in B(L*(M)), is {L, = 7, (x)|z € M}, which
is M. Similarly, let R, denote the extension of the operator which sends g to yz. We
notice that x — R, gives an embedding of M into B(L*(M)). We use R(M) to
denote the range of R (also in B(L*(M)).

Theorem 2.8. Let (M, 1) be a tracial von Neumann algebra and J be the operator

described as above. We have JMJ = M’ .

For the proof of this theorem we refer to Chapter 7 of [24].

Remark 2.9. Since JzJ§ = Jry* = Jry* = jz*, we can identify JM.J with R(M).
So the theorem above can also be interpreted as L(M)" = R(M).

Proposition 2.10. Let (M, 7y) be a tracial von Neumann algebra and let A be a
x—subalgebra s.o. dense in M. Let (N,7y) be an another tracial von Neumann
algebra and ¢ : A — N be a trace preserving, that is, Ty o ¢ = Tp; *x-homomorphism.

We can extend ¢ to a trace preserving x-homomorphism from M to N.

11



Proof. Without loss of generality, we can just assume ¢(M) is WOT dense in N. Since
if we can extend ¢ to a trace preserving s-homomorphism from M to WWQT, then
we can just compose this extended map with the embedding and we get the desired
extended trace preserving x-homomorphism from M to N. Let us use B to denote

¢(M). Since ¢ is trace preserving, we have

(a1, a2)r2(amy) = (P(a1), @(a2)) 2(N.7y)-

Along with the completeness of L*(A, 7)) and L*(N, 7y), it follows that there exists
a unique unitary operator U : A6 B2 such that Ula = ¢. Since A, B are WOT
dense in M, N, it follows that Al _ L3*(M, o), Bl — L?(N,7y). Therefore, we
define the normal *-homomorphism QNS : M — B(L*(N,1y)) given by x — UzU*.
Since ¢(z)¢ = UzU*(€) = ¢(x)(€) for all z € A and & € L*(N, 7y), ¢ agrees with ¢
on A.

2.4. Group von Neumann algebra

Next, we introduce a type of very important von Neumann algebra called group von
Neumann algebra. Let T’ be a discrete group, and let £2(T") be the square summable

functions of I'. Consider the left regular representation A : I' — B(¢*(T)) :

[A(9)€](h) = &(gh),

where ¢ € (2(T'),h € T'. Similarly, we have the right regular representation p : I' —
B(3(T)) :
[p(9)€](h) = &(hg).
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The operators A(g) are unitary operators with A(¢g)* = A(¢g™!). Let
CIAND)] = {Z agA(g)lay € C, and F' C I is a finite subset.},
ger
then C[\(')] is a x—subalgebra of B(L?T).

Definition 2.11. The group von Neumann algebra for I is defined as [)\(T)]SOT,

denoted as L(T").

Similarly, we can define R(I") to be the SOT closure of linear span of p(I'). We have
L") = R(I).

Remark 2.12. We use 4, to denote the vector A(7)d. € ¢*(T") where e is the identity

element in I'. For any z € L(I'), we write 26, = ) 2,0, where z, = (24, 0,)
and is called the Fourier coefficients of x. By using u, to denote A(y), we write

T =) cr T4U, where where the convergence holds in the || - |o.

Lemma 2.13. Let M be a von Neumann algebra and ¢ be a state on M. Suppose
A C M is a unital, weak*-dense x-subalgebra. If p(xy) = ¢(yx) for all x,y € A, then

¢ s tracial on M.

Proof. Let x,y € M, then, by Kaplansky density theorem, there exist nets (x;) €
A, (y;) € A such that z; — z, y; — y in WOT and ||z;|| < ||z||, |v:]] < |ly||. Since

multiplication is separately continuous in WOT, we have

¢(zy) = lim lim ¢(zy;) = lim lim ¢(y;z;) = lim o(yz;) = o(yz).
1—00 j—00 1—00

1—00 J—00
]

Proposition 2.14. Consider the linear functional T : L(I') — C defined by 7(x) =
(x0e,00). We find that this T is a faithful normal trace on L(T).
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Proof. A state is normal if it is WOT-continuous on the unit ball. Given z in L(I") and
x; WOT converging to x, it follows that ((x; —x)d., d.) converges to 0. Therefore, T is
normal. By the previous lemma, it suffices to show that 7 is tracial on a WOT dense
s-subalgebra. Since T(ugup) = T(ugn) = (Ughle, dc) = (Ign, 0c) = (Ong, 0e) = T(unuy),
7 is tracial. Now we assume 7(z*z) = 0, then it follows that (zd.,xd.) = 0. Thus,
we get xd, = 0. For any g € T, since zd, = zp(g~')(d.) = p(g~*)(xd,) = 0, it follows
that 7 is faithful. ]

2.5. Crossed product

Let (A, 7) be a tracial von Neumann algebra and Aut(A) be the group of automor-
phisms. Consider the group homomorphism o : G — Aut(A) such that Too = 7. Let
A[G] denote the algebra whose elements are finitely supported sums Zg agug with

ay € A. We then define the product and involution to be
(a1ug)(agun) = a104(az)ugn, (auy)* = og-1(a")ug-1.

Consider the Hilbert space H = L*(A,7) ® [*(G). We have a map from A[G] to
B(#) defined by azuy(§ ® 05) = (aoy(€)) ® dgn. (Notice that if you have a G acting
on a tracial von Neumann algebra (A, 7) by o4, then you can extend this action to
an action a, of G on L?*(A) by defining o, (2) = o,z. This is called the Koopman

representation).

Definition 2.15. The SOT closure of A[G] in B(H) is called the crossed product of
the action of G on A, and it is denoted A x G.

Proposition 2.16. Given a tracial von Neumann algebra (A,T4) and a trace pre-
serving homomorphism o : G — Aut(A). We can define a trace T on A x G where

7(z) = (1 ® 6,1 ® 6,).

14



Proposition 2.17. With the same setting above, we would like to introduce some

useful facts about A x G.

1. For any x € A X G, there exits a unique sequence (x,) in (*(G, M) such that

z(1®6.) =3, (x,1) ®9,
2. Forx € Ax G, we have *(1 ® 6,) = >y Jg:r;;,l(i ® 0e)-
3. 1®36, is cyclic and separating for A x G

Proposition 2.18. Given a tracial von Neumann algebra (A,T4) and a trace pre-
serving homomorphism o : G — Aut(A). We can define a trace T on A x G where

m(x) = (21 ®0.,1 ® 6.).

Proof. We will focus on showing 7 is tracial and faithful. From the previous facts, we

have

(2yl ® 6,1 ®6,) = (Yl ® b, 21 ® 6.

_ Z (Yol ® 0, on(xy 1)1 @ bc)
— Z o(@h 1) r2a)

= gm(ag(%l)yg)

= Zm(ygag(:vgfl))

= Zm H(Yg)zg-1)

~ ~

= (yrl ® ¢, 1 ® 6).

15



As for faithfulness, it follows from:

(2*21 @ 60,1 ®6.) = (21 ® 0., 21 ® be)
= Z(a:gi ® 0., xpl ® Je)

g,h
= Z<$ga iUh)L2(A)
g

= Z Ta(Ty7y)

2.6. Conditional expectation

Definition 2.19. Let M C B(H) be a von Neumann algebra and 1y € N C M a
von Neumann subalgebra. A conditional expectation from M to N is a linear map

E : M — N satisfying

1. E(a) =afor all a € N,
2. E(axb) = aE(x)b for all a,b € N and z € M
3. E(x) > 0 whenever z > 0.

Theorem 2.20. Let (M, 1) C B(H) be a tracial von Neumann algebra and 1,y € N C
M a von Neumann subalgebra. Then there exists a unique conditional expectation

Eyx : M — N satisfying T o Exy = 7. Moreover, Ey is faithful.

Proof. Let L*(N,7|y) be the Hilbert subspace of L*(M,7) and we denote them as
L?(N) and L*(M) respectively for simplicity. Let ey denote the orthogonal projection
from L2(M) to L*(N). We have that ex(}M) C N(This is non trivial, for proof please

16



refer to section 9 of [24]). Let Ey be ey restricted to M by identifying M with M.
For x € M,b € N, we have that

Where ey is the projection to the subspace orthogonal to N and (4) follows because
b* is inside N. Thus, it follows 7 o Ey = 7. The E is faithful because if E(x*x) =
T(E(z*x)) = 7(z*z) = 0, then = 0. Normality follows from 2.5.11 of [24].

Now we want to show that such conditional expectation is unique. If E is another

conditional expectation such that 7o F =7, for x € M and b € N we have

7((z — E(2))b) = 7((E(x — E(x))b) = 0.

—

This shows that z — F(z) is orthogonal to the subspace N , Therefore, F is indeed

the orthogonal projection from M to N. [

Example 2.21. Let G ~ M be a trace preserving group action of G on the tracial
von Neumann algebra M. We can view M as a subspace of M x G by identifying
x € M as zu.. Then En(d 0, cqTguy) = ., where Ey is the conditional expectation

from M x G to M.

Example 2.22. Let (M, 7y), (N, 7y) be two tracial von Neumann algebras. Let E)y;
be the conditional expectation from M®N to M. We have Ey(z ® y) = 7(y)z for
x € M and y € N.
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2.7. Free product and amalgamated free product of von Neumann algebras

We would like to introduce the definition of free product of tracial von Neumann

algebra. We will start with the definition and then existence of such algebras.

Definition 2.23. Let M;, M, be two von Neumann subalgebras of a tracial von Neu-
mann algebra (M, 7). We say that M;, M, are free with respect to 7 if 7(x129 . .. x,) =
0 whenever z; € My, with ky # ko # --- # k,, and 7(x;) = 0 for all i. We say that
two elements ai,as of M are free with respect to 7 if the von Neumann algebras
they generate are free. We will say that an element x5 - - - x; of the algebraic free
product M *,5 My is an alternating centered word with respect to 7 if x; € My, with

ki # ko # -« % kn, k; € {1,2}, and 74, (z;) =0 for all 1 < i <n.

Proposition 2.24. Let My, My be two von Neumann subalgebras of the tracial von
Neumann algebra (M, T) that are free with respect to 7. We have that T is uniquely

determined by its’ restrictions to My and M.

Proof. Since the linear span of x1x5...x, where x; € My, and ky # ko # --- # k,, is
WOT dense x-subalgebra of M and 7 is normal, it suffices to prove that 7(zyzy . .. z,)
is uniquely determined for such element. We will prove by induction. It is clearly
true for n = 1. Now we assume that the statement is true for all 1,2,...,.n — 1. For
x; € My,, we can write x; = 7(x;) + z; where z; = z; — 7(x;), and we observe that

T; € My, and 7(z;) = 0. By plugging in we have that

T(r129. .. xn) = 7((T(21) + 77) . .. (T(20) + 7)) (1)
=T7(A+ (017 ... 7,)) (2)
=T7(4) (3)
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where A is the summation of the terms that only involves at most n — 1 many z; and
equation (3) is true because each 7(z;) = 0. By the induction hypothesis we have
7(A) is uniquely determined by its’ restriction to My and M. Therefore, the desired

conclusion follows.
O

Proposition 2.25. Let (My, 1), (Ms, 1) be tracial von Neumann algebras. There is,
up to isomorphism, one triple (M, T), ¢1, ¢2) where T is a normal faithful tracial state

and ¢; - M; — M,i = 1,2, are homomorphisms, satisfying the following properties:
1. ;=1o¢; fori=1,2;

2. ¢1(My), po(Ms) sit in M as free von Neumann subalgebras with respect to T and
M is generated by ¢1(My) U ¢po(Ms).

Proof. Let (M, Tar), (N, Tn) be two tracial von Neumann algebras that satisfies both
of the criteria. We would like to show that they are isomorphic. Let ¢; : M; — M
and o; : M; — N the trace preserving inclusions for i = 1,2. Let M and N be the
x-algebras generated by ¢1 (M) Upo(Ms) and @1 (M7)Upa(M,) respectively. Consider
the map f from M to N sending ¢;(x) = p;(x) for x € M;. Fory = ¢y, (x1) ... ¢, (x,)
for x; € My,, we have f(y) = ¢, (21)... ¢k, (z,). We can extend this to linear
combinations of such y and it follows that f is indeed a x-homomorphism from M
to N. We would like to show that this map is well defined. Let Y; and Y5 be two

expressions for y. From previous proposation, we have
T Pk, (1) - - Ok () = T (8, (1) - - P (T0))-
It follows that
0=7a((Y1 = Y2)" (Y1 = V2)) = 7w ((f (Y1) — f(Y2))"(f (1) — f(¥2))).
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Since 7y is faithful, we get f(Y1) = f(Y2).
Lastly, since f is trace preserving, it follows that f extends to a trace preserving

isomorphism from M to N by Proposition . O]

Definition 2.26. Let (M, ), (Ms, 75) be tracial von Neumann algebras that satisfies
and ((M,7), ¢1, ¢2) be such that it satisfies the conditions (i) and (ii) of the previous
proposition. We define (M, 7) to be the free product of (M, ) and (M, 7). We
denote M as My x Ms.

Example 2.27. We consider the free product of (L(G1), 1) and (L(G2), 72). One can
check that L(G x G) satisfies the condition 1 and 2 of Proposition . Therefore,
it follows that (L(Gy * Gs),7) is isomorphic to (L(G1),71) * (L(Ga), 72).

Next we would like to introduce the amalgamated free product of two tracial von

Neumann algebras.

For i = 1,2, let (A;,7;) be finite von Neumann algebras, @) C A; be a common von
Neumann subalgebra, and F; : A; — @ be faithful, normal conditional expectations.
The amalgamated free product (A, E) = (A1, E1)*g(As, Es) is a pair of a von Neumann
algebra A generated by A; and A, and a faithful normal conditional expectation E :
A — @ such that A; and A, are freely independent with respect to E: E(ajay---ag) =
0 whenever a,, € A, with n; € {1,2,},E,,(a;) = 0 and ny # ny # -+ # ng. An
element ajas - --ap € A will be called an alternating centered word with respect to F

if a,, € A, with n; € {1,2}, E,,,(a;) = 0 and ny # ng # - -+ # ny.

For the construction and further details on (amalgamated) free products, we refer the

reader to [25, 26, 27, 28].
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2.8. Graph product

Let G = (V,E) be a simple graph with the vertex set V and the edge set F C
VxV\{(v,v) : v € V}. We assume that the graph G is non-oriented, i.e., (v,w) € E
if and only if (w,v) € E. For a vertex v € V, we let lk(v) denote the set of all vertices
that are connected to v by an edge, i.e., lk(v) = {w € V : (v,w) € E}; and we let
st(v) = lk(v)U{v}. If U C V, then the full subgraph of G with the vertex set U is the
graph with U as the vertex set and v, w € U are connected by an edge if and only if
(v,w) € E. Abusing the notation slightly, we will use lk(v) and st(v) to denote the

full subgraph of G with vertex sets lk(v) and st(v), respectively.

A word vyvs - - - v, of vertices in V is called reduced if it satisfies the following property:
if there exist £ < [ such that vy = v;, then there is some k < j < [ such that (vg,v;) ¢
E. Let G = (V, E) be a simple graph, (A, 7) be a tracial von Neumann algebra, and
{(Ay, ) : v € V} be a family of tracial von Neumann subalgebras of (A, 7) such that
T|a, = 7, for all v € V. We say that the family {(A,,7,) : v € V'} is G-independent if
the following property holds: if vy - - - v, is a reduced word and aq, ..., a, € A are such
that a; € A,, and 7(a;) = 0, then 7(a; - - - a,) = 0. On the other hand, given a simple
graph G = (V, E) and a family of tracial von Neumann algebras {(4,,7,) : v € V},
there is a unique, up to isomorphism, tracial von Neumann algebra (A, 7), called the
graph product over G of the family {(A,,7,) : v € V'}, and trace-preserving inclusions
©y © Ay = A such that the family {p,(A,) : v € V} is G-independent and generates
A as a von Neumann algebra (see [29, B0]). We denote the graph product (A, 7) of
the family {(A,,7,) : v € V'} by

(A7 7—) = *U€V<Am Tv)'

Given a simple graph G = (V, E), a family of tracial von Neumann algebras {(A4,, 7,) :
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v eV} and a vertex v € V', we let
Ast(v) = *west(v)Awa AV/ = *wGV\{v}Awa and Alk(v) = *welk(v)Aw-

Then, by the unscrewing technique of Caspers and Fima ([30, Theorem 3.26]), there
exists a unique trace-preserving x-isomorphism @ : Ag,) * Ao Ay — ey A, such
that ®[s(,) and ®|4,, are the canonical inclusions Ag ) C A and Ay, C A, respec-
tively. We remark that one can also view A as (A, ® Aw)) * Ay Avry a viewpoint

that will be useful in proving Theorem [1!

Remark 2.28. If G = (V, E) is a simple graph, and {I', : v € V} is a family of
countable discrete groups, then L(¥k,eyTy) = dpey LT, (see [B0, Remark 3.23]).

2.9. Modules over tracial von Neumann algebras

For details on the proofs of the facts collected in this subsection, we refer the reader

to [24, Chapter 8].
Definition 2.29. Given von Neumann algebras A and B,

1. aleft A-module is a pair (H,74), where H is a Hilbert space and 74 : A — B(H)

is a normal unital x-homomorphism.

2. a right B-module is a pair (H,7p), where H is a Hilbert space and 75 : B —
B(H) is a normal unital *-anti-homomorphism, i.e., mg(zy) = mg(y)mp(x) for
all z,y € B. In other words, H is a left B°®-module, where B°P is the opposite

algebra.

3. an A — B-bimodule is a triple (H, 74, 7g) such that (H,7,) is a left A-module,

(H,7p) is a right B-module, and the representations 74 and mp commute.
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For ¢ € H, x € A, and y € B, we will write z€y instead of m4(x)7mp(y)¢ (=
T(y)ma(2)E).

Definition 2.30. Let (A, 74), (B, 7g) be tracial von Neumann algebras and let ‘H be
an A — B-bimodule. A vector £ € H is called

1. tracial if (x€,&) = Ta(x) for every x € A, and (£y, &) = 15(y) for every y € B.

2. bi-tracial if (x€y,&) = Ta(x)715(y) for all z € A,y € B.

3. cyclic Span{zly : x € A,y € B} = H.

Example 2.31. The Hilber tspace L*(M,7)is an example of a M-M bimodule. Its

structure as an M-M bimodule is given by

for all z,y € M,& € L*(M). Notice that 1 € L?*(M) is tracial and cyclic.

Let (@, 7g) be a tracial von Neumann algebra. Given two left (-modules H and K,
we denote by oB(H, K) the space of left Q-linear bounded maps from H into K, that

1s
oBH,K)={T € B(H,K) : T'(z§) = x(T¢) for all x € Q,& € H}.

We set oB(H) = oB(H,H). 1t is straightforward to check that oB(H) = Q' N B(H).
Moreover, gB(H) is a semi-finite von Neumann algebra equipped with a specific
semi-finite trace Tr, depending on 7. Before stating the result that characterizes Tr,
observe that, given S, T € oB(L*Q,H), we have T'S* € oB(H), and S*T € JQJ,
where J : L?*QQ — L2Q is the canonical conjugation operator. The following is a

translation of [24, Proposition 8.4.2] for left )-modules.
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Proposition 2.32. If H is a left Q-module over a tracial von Neumann algebra
(Q, 1), then the commutant oB(H) = Q' N B(H) is a semi-finite von Neumann
algebra equipped with a canonical faithful normal semi-finite trace Tr characterized by

the equation
Te(TT*) = 7o(JT*TJ)
for every left Q-linear bounded operator T : L?*Q — H.

Remark 2.33. Suppose (Q),7g) is a tracial von Neumann algebra and H is a left
@-module. If £ € H is a tracial vector, then the orthogonal projection P : H —
Span(Q¢) lies in oB(H). Moreover, since ¢ is tracial, the operator U : L?*Q —
Span—(Qf) given by Uz = z€,x € () is a unitary. Extending U to an isometry from
L?Q into H in an obvious way and applying Proposition toT = PU : L?’Q — H
yields that Tr(P) = 7(1) = 1.

2.10. Actions on semi-finite von Neumann algebras

For a semi-finite von Neumann algebra M with a faithful normal semi-finite trace Tr,
the set npy, = {x € M | Tr(2z*z) < oo} is an ideal. Left multiplication of M on nry
induces a normal faithful representation of M in B(L?(M,Tr)), called the standard
representation, where L*(M,Tr) is the Hilbert space completion of ny under the
inner product (a,b)y = Tr(b*a).

If ' % M is a trace-preserving action of a countable discrete group I' on M, then I"
preserves the || - ||o-norm on n,. Therefore, restricted to ny., the action is isometric
with respect to the || - |[o-norm and hence gives a unitary representation ¢° : I' —
U(L*(M, Tr)), called the Koopman representation. Considering M C B(L*(M, Tr))

via the standard representation, we have that the action o : I' — Aut(M,Tr) is
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unitarily implemented via the Koopman representation, i.e., for x € M and v € T’

we have o, (r) = o5z0)_, (see [31, Theorem 3.2]).

3. Von Neumann Orbit Equivalence

In this section, we define von Neumann orbit equivalence for tracial von Neumann
algebras and for countable discrete groups. We shall see that groups are von Neumann
orbit equivalent if and only if the corresponding group von Neumann algebras are,
and we conclude this section with the proof that von Neumann orbit equivalent tracial

von Neumann algebras are von Neumann equivalent in the sense of [13].

3.1. Von Neumann orbit equivalence for tracial von Neumann algebras

Theorem 3.1. Let (A, 74), and (B, 7p) be tracial von Neumann algebras. Then the

following are equivalent.

1. There exists a finite von Neumann algebra (Q,7g) and a pointed A® Q — B-
bimodule (H, &) such that§ € H is a cyclic and (bi-)tracial vector for both A® Q-
module structure, and (Q — B-bimodule structure. That is, for alla € A,b € B,

and r € Q,

(a) ((a®@ )&, &) = Tala)7q(2), and (x8b, &) = To(x)75(b); and
(b) Span((A® Q)¢) = H = Span(Q¢B).

2. There exists a tracial von Neumann algebra (Q, 7¢), and a normal *-homomorphism

¢:B— A®Q such that

(a) Egop = 7, where Eg : A® Q — Q is the normal conditional expectation;

and
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(b) Span{zo(b) b e B,z € Q) * = [2(ATQ).

Proof. Let (H,Q,&) be a triple as in (El) We thus obtain a canonical unitary U: H —
L*(A®Q) such that U(yé) = ¢ for all y € ARQ. Hence we can define a right action
of B on L?(A®Q) by

n-b=U(U*(n)b), for all n € L*(ARQ), b € B.

For b € B, we let p(b) € B(L*(A®Q)) be the operator corresponding to right mul-
tiplication by b. Since H is an A®(Q — B bimodule, and U is A ® Q-linear, so, the
right action of B commutes with the left action of ARQ on L?(A® Q), and hence
p(b) € (AR Q) NB(L*(A®Q)) for every b € B. Since the commutant of ARQ acting
on L*(ARQ) is R(A®Q) we define ¢: B — ARQ as follows: for b € B, ¢(b) is the
unique element in A® @ such that Ryp) = p(b). This is directly checked to be a
s-homomorphism. Moreover, by definition of ¢, we have that n - b = n¢(b), for every
n€ L?*(A®Q),b € B. Since £ is Q-B bi-tracial, we have for all b € B,z € Q that

7o (2)75(b) = (¥€b, &)
= (U*(2)b, U*(1))
= (U(U*(2)b),1)
= (w-b,1)
= (z¢(b),1)
= 7(2¢(b))

where 7 denotes the trace on A® (). Furthermore, since 7 o Eg = 7, we have
7(18(b)x) = T(2¢(b)) = T(Eq(zd(b))) = To(xEq(¢(b))),
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for all x € @Q,b € B, whence it follows that Eg o ¢ = 7. Finally,

Span{x¢(b) : x € Q,b € B’}H'”2 = U(Span{zéb: z € Q,b € B}) = U(H) = L*(ARQ).

Conversely, suppose condition (E) holds, and let H = L*(A®Q), and ¢ = 1. Define a
right action of B on H by b = n¢(b). Then for x € Q,b € B we have

Span{z€ b 2 € Qb€ B} " = Span{zo(b) : z € Qb € B} " = [2(ATQ),
and for 2 € Q,b € B we have
(€ 0,€) = (wp(b), 1) = 7(26(b)) = 7q(2Eq(6(b))) = To(2)75(b).
O

Remark 3.2. Since the operation of taking adjoints is isometric on L*(A® Q), in

condition (E) of Theorem @, one might equivalently require that

Span{o()z b B,z € QF " = L}(AQ).

Definition 3.3. Let (A, 74), and (B, 1) be tracial von Neumann algebras. We say
that A is von Neumann orbit equivalent to B, denoted A ~,nor B, if either of the
two equivalent conditions in Theorem @ is satisfied. If A is von Neumann orbit
equivalent to B, then the triple (H,Q,&) or the pair (Q, ¢) of Theorem @ will be
called a vVNOE-coupling between A and B.

Proposition 3.4. Von Neumann orbit equivalence is an equivalence relation.

Proof. If (A,74) is a tracial von Neumann algebra, then taking Q = C,H = L?(A),
and ¢ = 1 € L?*(A) in condition (m) of Theorem @ shows that A ~ynor A. To

see symmetry, let (A,74) and (B,7p) be tracial von Neumann algebras satisfying
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condition @) of Theorem @, and let H, (Q, 1), and £ € H be as in the condition.
Note that we can view H as an A — B® Q°°-bimodule. Consider the conjugate
Hilbert space H, and the corresponding canonical B® Q°° — A bimodule structure
on H. Then, it is straightforward to check that the triple (H,Q°, &) satisfies (EI) of
Theorem @ and thus, B ~ynog A. To show transitivity, we will use condition (E) of
Theorem @ To this end, let (A,74), (B, 75), and (C,7¢) be tracial von Neumann
algebras. Let Q1,Q, and ¢y : B — AR Qq, ¢ : C' — BR Q4 be as in (E) of Theorem
@. Let Q = Q1 ®Q, and let ¢ : C' — AR (Q be given by

¢(c) = (o1 @idg,)(¢2(c)), c€C,

where ¢1 ®idg, : B& Q2 = A® Q1 ® Q7 is the natural extension of ¢ : B = A® Q.
Let Eg, : ARQ1 — Q1,Eg, : BRQ2 = Qs,and Eg : ARQ1 ®Q2 — Q1 ® Q2 be
normal conditional expectations. Consider the map Eg, ® idg, : AQQ1 ®Q2 —
Q1 ® Q2. Note that Eg = Eg, ® idg,. Therefore,

EQ °o¢p= (EQl ® isz) o ((¢1 ® isz) ° ¢2) = EQz o ¢y = T,

where the second to last equality follows from the fact that the following diagram,

since Eg, o ¢; = 7p, is commutative:

_ ¢1®id _ _
BRQy —2 ATQ,®0Q,

]EQzl l]EQh ®idg,

Q- W Q1 ® Q2

lI-ll2

Now, consider V' = Span{¢(c)z : x € Q,c € C'}
multiplication on the right by elements of Q = Q; ® (). In the light of Remark @,

, and note that V' is invariant under

it suffices to show that V = L?(A® Q), and for this, since V is invariant under right
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multiplication by @), it suffices to show that A® 1 ® 1 C V. Recall that

Span{¢s(c)xs : c € C x5 € Qz}H.”2 =L*(B®Q2) 2 BRQs.

Hence, we have

lI-ll2

Span{(¢1 ®idq,)(¢2(c)(1 ® x2)) 1 c € Ciwz € Q2 2 (d1 ®idg,)(B® Q).

[I-ll2

Since Span{¢;(b)z; : b € B,r1 € @1} = L*(A®Q;) 2 AR Q, the following com-

putation completes the proof.

II-ll2

Vv 2 Span{(¢1 & idQ2)(¢2(C))(:L‘1 X 1'2) ccE 07 T, € th& c QQ}
> Span{(d ® idg, (1 22)(éa(c)) (01 © 1) s c € Cor € Qra € Qo) -
> Span{ (¢ ®1do,) 0@ (@1 ® 1) be B,z1 € Qi)

2A®1IR®IL.

]

Checking Span{¢(b)z : b € B,z € Q} = L*(A®Q) might not be easy in general. How-

ever, the following lemma simplifies verifying it in certain examples.

Lemma 3.5. Let (A, 74), (B, 7T8), and (Q,7q) be tracial von Neumman algebras. Let
¢: B — A®Q be a x-homomorphism satisfying Eg o ¢ = 7, where Eg: AQQ — Q

is the normal conditional expectation. Let V = Span{¢(b)x:b¢€ B,z € Q}H'”2 C
L*(ARQ). Then N ={a € A:a®1 €V} is an SOT-closed subalgebra of A.

Proof. The fact that N is SOT-closed follows from the fact that SOT-convergence in
A implies || -||2-convergence. First note that V' is invariant under left multiplication by
elements of ¢(B) and right multiplication by elements of ). We prove the following

claim, whence the lemma follows immediately.
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Claim: For n € V, and a € N we have that n(a® 1) € V.

Proof of Claim. Given n € V, and a € N, let {z,}n,en C Span{p(b)x : b € B,x € Q}
be such that ||z, — n|l2 = 0. Since a ® 1 is bounded, it follows that

[zn(a ® 1) =n(a @12 < [lzn — nllaflal = 0,

as n — oo. Since V is || - [|o-closed, it suffices to show that z,(a ® 1) € V for all
n € N. To this end, fix n € N, and write =, = Z§:1 o(bj)y; with b; € B,y; € Q.

Then,
k

Tn(a®1) = Z o(by)y;(a®1) =Y o(b;)(a® 1)y,

j=1
where, in the last equality, we use that A and ) commute in ARQ. Since we already
noted that V' is invariant under left multiplication by ¢(B) and right multiplication
by @, and a® 1 € V| it follows that z,(a ® 1) € V. ]

Remark 3.6. We do not know if N is a x-subalgebra.

Theorem 3.7. Let A;, B;,i = 1,2 be tracial von Neumann algebras such that A; ~yNoE

Bi,’i = 1, 2. Then, A1 * A2 ~yNOE Bl *x BQ.

Proof. Since vNOE is an equivalence relation, it suffices to show that if A ~,nog B
and if (C, 7¢) is another tracial von Neumann algebra, then A x C' ~,nog B * C. Let
(@, ) be a tracial von Neumann algebra and ¢: B — A®Q) be a *-homomorphism
as in condition () of Theorem @ For tracial von Neumann algebra (C, 7¢), we view
(A+xC)RQ as (ARQ) *o (CRQ). Define o B, C — (ARQ) *q (CRQ) by declaring
that ¢o(b) = #(b)*q1l for b € B and do(c) = Ixgcforc e C. Let Eg : (AxCY®Q — Q
be the normal conditional expectation. Note that Eqo¢ = 75 and Eg|cgq = Tc®idg.

Therefore, if x € B *,, C is an alternating centered word with respect to 7p.c,
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then 50(35) is an alternating centered word with respect to Eg. Hence Eg o 50 =
Tp«c. Oince Eg is trace preserving, it follows that 50 is trace-preserving, and thus
extends to a unique trace-preserving x-homomorphism 5 : BxC — (A®Q) *¢ (CRQ).
Moreover, by continuity we still have Eg o 5 = Tp«c. In light of Remark @, it thus

= Il _
remains to check that Span{¢(z)y:x € BxC,y € Q}‘ - L*((A*C)®Q). To this
lI-I2

end, set V = Span{g(a:)y cx € BxCjy€ @} . Since V is invariant under right

multiplciation by @, to show that V = L2((4 x C)®Q), it suffices to show that
(A*xC)®1 C V. For this, by Lemma @, it suffices to show that V' contains A ® 1
and C®1. That C®1 C V| follows from the fact that 5 takes the copy of C'in BxC'
to the copy of C'in (AxC)®Q), and since Span{¢(b)y : b € B,y € Q}”.H2 = [*(ARQ),
we also have that A1 C V. O

3.2. Von Neumann orbit equivalence for groups

Let I' ~ M be an action of a countable discrete group I' on a von Neumann algebra
M. A fundamental domain for the action is a projection p € M such that the
projections are {o.(p)} er are pairwise orthogonal and Z'yEF o,(p) = 1, where the
sum converges in the strong operator topology. Two countable discrete groups I'
and A are said to be von Neumann equivalent, denoted I' ~ g A, if there exists a
semi-finite von Neumann algebra (M, Tr) with a faithful normal semi-finite trace Tr,
and commuting trace-preserving actions I' »? M and A ~“M such that each action
admits a finite-trace fundamental domain. Such an M is called a von Neumann

coupling between I' and A.

Definition 3.8. Two countable groups I' and A are said to be von Neumann orbit
equivalent, denoted I' ~ynog A if there exits a von Neumann coupling between I' and

A with a common fundamental domain.
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Theorem 3.9. For countable discrete groups I' and A, I' ~ynog A if and only if
LT ~ynog LA.

Proof. First suppose that LT ~ynor LA, and let (H, @, &) be a triple as in condition
(m) of Theorem @ Set A= LI"and B = LA, and consider M = Q'NB(H) = oB(H).
For v € I', let u, € LI be the corresponding unitary and for 7" € B(H), define
0y(T) = u,Tu}. Since LT- and Q-actions on H commute, it follows that M is
invariant under o, for each v € I', and thus we have an action I' ~ 7M. Similarly,
since H is a () — B-bimodule, we have an action A ~*M given by a,(T) = viTvs, s €
N, T € M, where v, € LA is the unitary corresponding to s € A. It is clear that the
actions I' v 7 M and A ~»*M commute. Let Tr be the canonical trace on M given
by Proposition . It follows from the tracial property that both I'~»?M and
A M are trace-preserving actions. Let P € B(H) be the orthogonal projection
from H onto Span—(Qf). It is straightforward to see that P is ()-linear and thus,
P € M. Moreover, it follows from Remark that Tr(P) = 1. Therefore, it only
remains to show that P is a fundamental domain for both I'- and A-actions. To see
that P is a I'-fundamental domain, we first note that, since H = W and

¢ is tracial for the A ® Q-module structure, we have, for a € A, x € Q, that
P((a ® x)§) = ta(a)zg.

Furthermore, if a = Zwer au~ is the Fourier series expansion of a € A, then we recall
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that 74(a) = a., and thus P((a ® z)&) = a.x{. Therefore,
7y (P)((a ® 2)€) = uyPus((a ® z)§)
= u, P ((Z Aglny—14 @ x) f)
gel
= a,(uy @ )€

If we let P, be the orthogonal projection from # onto wu.(Span(Q¢), then it follows
from the above calculation that o, (P) = P,, and it is straightforward to check that the

projections { P, }.er are pairwise orthogonal. Moreover, since H = Span(A® Q)E),
we also get that o, (P) =1 and hence P is a I'-fundamental domain. Since we
also have H = Span(QEB) and ¢ is bi-tracial for the Q — B-bimodule structure, we
observe that, for b € B,z € Q,

P(zéb) = 1p(b)x€.

If b = > ,cpbv is the Fourier series expansion of b € B, then 75(b) = b., and
hence P(x&b) = b.x§. For s € A, let P, be the orthogonal projection from H onto
(Span(Q¢€))vs, then the following calculation show that ag(P) = Ps, {as(p)}sea are

pairwise orthogonal, and hence P is a A-fundamental domain.

as(P)(x€b) = vl Puy <x§ Z btvt)

tex
= v} (bs-12€)

= by—12€Vs-1.

Conversely, suppose I' ~ynog A, and let (M, Tr) be a von Neumann coupling between

I' and A with common fundamental domain p € M for both ' M and A ~ M.
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Let A= LI'B = LAH = L2 (M, Tr) @02(AN),Q = M x A, and £ = p®6,. Let 7
be the trace on M!, which we recall is given by 7(x) = Tr(pzp) (see [13, Proposition
4.2]). Consider the action of LI on H given by

un = (o) ®id)y,  yeTl,neH,

where 09 is the Koopman representation of I' into & (L*(M, Tr)). The action of M"
on H is given by
n = (z ®id)n, re M neH,

and A acts on H on the left by
v = (@ @ M(s))n,  sEANEH,

where Ay : A — U((*A) is the left regular representation, and o : A — U(L*(M, Tr))
is the Koopman representation implementing the A-action. Since the I'- and A-actions
on M commute, the actions defined above make H into a left LT ® (M" x A)-module.

Furthermore, for g € I',s € A, and € M!, we have

((ug @ 05)€, &) = ((ug @ 705)(p ® 6c), p @ O
= (04(zas(p)) ® b5, p ® bc)
= 05 Tr(zay(p)p)
= 05,0, Tr(pp)
= 64.00,.e7 ()

= 7a(ug)Tq(2Vs).

Thus, it follows that £ is tracial for the left LT'® (M" x A)-module structure. For a
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fixed s € A, we have

Span{(u, ® xvs)¢ : g € I',x € MV} = Span{o,(zas(p)) ®ds: g € ',z € M''}

= Span{za,(o4(p)) ® ds : g € ',z € M}

)
)
= Span{a,(as-1(z)o,(p)) ® 05 : g€ ',z € MI'}
= Span{a;(yo,(p)) ®ds: g€ T,y € MI}

= (a) ® Aa(s))(Span{yo,(p) ® 6. : g € T,y € MT})

= L*(M, Tr) ® Cd,,

where the last equality follows from the fact that Span{zo,(p):g €T,z € MV} =
L*(M,Tr) [, Proposition 4.2]. Therefore, we have

Span((A® Q)§) = Span{(u, @ zv5)§ : g € ',z € M, s € A}
= Span(L2(M, Tr)@Cés: s € A) =H

Finally, the right action of LA on H given by
s = (id®pa(s™))n,  seAneH,

where py : A — U(L?A) is the right regular representation, makes H into a @ — LA-

bimoudle. For z € MY, and s,t € A, we have

<$’Us(p X 56)/Ut7p & 66) = <xas(p) X 5st>p & 56) = 5s,e5t,eTr(pxp> = TQ(x/Us)TB(’Ut)?

and hence, ¢ is a tracial vector for the () — B-bimodule structure. We recall from
the proof of [, Proposition 4.2], that, since p is A-fundamental domain, we have a
direct sum decomposition L*(M,Tr) = > _, L?*(M, Tr)a(p). Thus, to show that
Span(QEB) = H, it suffices to show that, for s € A, Span{zvlv, : v € MUt € A} =
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L?(M, Tr)a,(p) ® £2A. To this end, fix s € A and note that

Span{zvs(p ® dc)vy : € € MUt € A} = Span{a(a,-1(2)p) ® 0 : x € MVt € A}

= (a? @ Ar(s))(Span{yp @ 6, : y € MT,t € A})
= (af @ M (9))(LA(M, Tr)p @ £*A)
= L*(M, Tr)a,(p) @ (*A

3.3. Relationship to von Neumann equivalence

Definition 3.10 ([13]). Let A and B be tracial von Neumann algebras and let M
be a semi-finite von Neumann algebra such that A C M and B°® C M.

1. A fundamental domain for A inside of M consists of a realization of the stan-
dard representation A C B(L?*(A)) as an intermediate von Neumann subalgebra
A C B(L?*(A)) € M. The fundamental domain is finite if finite-rank projections

in B(L?(A)) are mapped to finite projections in M.

2. M is a von Neumann coupling between A and B if B°® C A’ N M and each

inclusion A C M and B°? C M has a finite fundamental domain.

Definition 3.11 ([13]). Two tracial von Neumann algebras A and B are von Neu-

mann equivalent, denoted A ~,Ng B, if there exists a von Neumann coupling between

them.

Proposition 3.12. Let (A,74) and (B,7g) be tracial von Neumann algebras. If
A ~yNOE B, then A ~yNE B.
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Proof. Suppose (H,Q,&) is a triple as in condition (lil) of Theorem @ As in the
proof of (El) implies (E) in Theorem @, let U : H — L*(A® Q) be the unitary such
that U(xz€) = & for all z € A®RQ, and let ¢ : B — A® @ be the x-homomorphism
obtained therein. Let M = Q' N B(H) = B(L*(A)) ® Q°°. We will show that M is
a von Neumann coupling between A and B. It is clear that the inclusion A C M
has a finite fundamental domain. We recall that the argument used in defining ¢,
shows that we have an inclusion B°® C M and moreover, since the left A- and right
B-actions on H commute, we have that B°® C A’NM. Thus, it only remains to show
that the inclusion B°® C M has a finite fundamental domain. To this end, note that,
we can also view H as an A — B® Q°P-bimoudle, and ¢ is tracial and cyclic for the
right B ® Q°P-module structure. Thus, by the same construction as above, we get an
inclusion B C Q°*' N B(H) = B(L*(B)) ® Q. Since M = QN B(H) = Q' NB(H),
we get that the inclusion B°® C M admits a finite fundamental domain and hence

A ~yNE B D

4. Graph product and von Neumann orbit equivalence

We now turn to prove Theorem @, and prove the following stronger Theorem.

Theorem 4.1. Let G = (V, E) be a simple finite graph. Let A and B be the graph
products over G of tracial vertex von Neumann algebras {(A,,7a,) : v € V} and
{(By,7B,) : v € V'}, respectively. For a subset U C 'V, we set Ay = *yev Ay, and
similarly, By = YyeuBy. There exist a tracial von Neumann algebra (Q,7g) and a

x-homomorphism ¢ : A — B ® @ such that the following hold:

1. ¢ satisfies condition (@) of Theorem ;
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2. ¢(Ay) € By ®Q for any subset U C V' ; and

[I-ll2

3. Span{é(y)r :y € Ay, z € Q} ~ = L*(By ®Q) for any subset U C V.

In particular, A is von Neumann orbit equivalent to B.

Remark 4.2. Note that condition (2) of the theorem automatically implies that
Egu o ¢ = 7a,, where Eq y is the conditional expectation from By ® () onto Q. In-
deed, if Eq is the conditional expectation from B ® @ onto @, then Eqy = Eq|p, 50
Ta, = Tala,, and Ego¢ = 74. In particular, (2) and (3) together imply that the pair
(@, @) is a vNOE coupling between Ay and By for any subset U C V.

Proof of Theorem B We proceed by induction on the number of vertices in the
graph. The statement is true for a graph with only one vertex. Suppose the theorem
is true for graphs with |V| — 1 vertices. Fix a vertex v € V and set V' = V' \ {v}.
Since A, ~ynor By, there exist a tracial von Neumann algebra (Q1,7g,) and a *-
homomorphism ¢, : A, — B, ® Q; satisfying condition (B) in Theorem @ More-
over, by the induction hypothesis, we also have a tracial von Neumann algebra
(@2, Tg,) and a x-homomorphism ¢, : Ays — By ® ()3 satisfying (1)-(3) in the state-
ment of the theorem. In particular, we have that ¢o(Akw)) € Bikw) ® @2 and that
Spar{@a(y)7 : ¥ € Angey, @ € Qo) " = L*(Biy @ Q).

Recall that we have the following decompositions of A and B as amalgamated free

products:
A= (A, ® Aww)) * 4y, Avr, B = (B, @ Bi)) *By., Bv',

Set @ = (1 ® Q2 and let 7 be the trace on (). We now construct a s-homomorphism
¢ (Ay ® Aikw)) * a4,y Avr = (By @ Bikw) ® Q) 5, 5o (Bv ® Q).
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For x € A,,y € Aj), and z € Ay, we define

Pz @y) = (91(2) @ d2(y)) * 1,
$(2) = 1% 4a(2),

where ¢, : Ayr — By @ Qo ® Q is given by ¢o(2) = ¢a(2) ® 1g,,z € Ays. Note that
¢ is well-defined since ¢o(Ay) € By ® @2, and hence QEQ(AU/) C By ®Q for any
subset U C V.

Let ]EBIk(v)®Q : B®Q — By ®@Q and Eay 1 A = Ak be the normal conditional
expectations. We show that E By ®Q © ¢ = pokEy,,, by showing that an alternating
centered word with respect to Eu, , gets mapped to an alternating centered word
with respect to EBm@@Q under ¢. Let 1 ®@y € A, ® Ak be a simple tensor such
that EAIk(ﬂ)(':U ® y) = 0. Since EAIk(u)’Av®A|k(v) = 74, ®idy,,, it follows that either
Ta,(x) =0o0ry=0. If Eg, : B,® Q1 — @ is the normal conditional expectation,
then we note that EB.k(v)@Q|BU®Bm<v>@Q =[Eqg, ® idBlk(v)@Qz' Since Eq, o ¢ = 74,, We

have that

(Ep, ., 5@ d)(z®y) =Ep, , 50(¢1(z) ® d2(y))
= (Eq, ®@idp,, 5.)(01(2) ® ¢2(y))
=Eq,(¢1()) ® ¢2(y)
=74,(%) ® da2(y) = 0.

Next, suppose we have z € Ay such that EAIk(v)(Z> = 0. Since Ep_ ¢ Is trace-
preserving and B,y ® @Q-bimodular, so, to show that Epy ., w@(@(z)) =0, it suffices
to show that TBV,@Q(wég(z)) =0 for all w € By ® Q. Furthermore, by induction

hypothesis, we have that L?(Bi) ® Q2) = Span{¢a(2)y : & € Akw),y € Q2}. There-
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fore, we get that

L*(Biw) © Q) = Span{gs()(y1 @ ¥a) : © € A, 1 € Q1,92 € Qa}.

Thus, it suffices to show that TBV,@Q@Q(x)d;Q(z)(m ®1ye)) = 0 for every y; € Q1,92 €
Q2,7 € Akw). If Eg, : Byy @ Q2 — Q2 and Eq : By ® Q — @ are normal conditional
expectations, then we have that Eg = idg, ®Eq,, and moreover, since 7g o Eg =

B, ®q» and 7@, 0 Eg, = 74, (by induction hypothesis), we get that

75, m0(02(22) (11 ® 12)) = 7o((idg, ®Eq,) (1o, ® ¢2(z2)) (11 @ 12))
= 70, (Y1) 7Q. (¥2Eq, (¢2(72))
=T (yl)TQz TAy ($Z)y2)

TAj(w) (EAIk(u) ’AV, (Z'Z))

(
(
= 10(Y1 @ y2)
)

=7Q (yl ® Yo TAIk(v)(xEAIk(v)( )) = 0.
Therefore, ¢ maps an alternating centered word with respect to Ey4, () to an alter-
nating centered word with respect to Ep 0 BQ and thus we have that Ep_ QO o=

poEa,., - Therefore, if ]EQ is the normal conditional expectation from B® Q — @,

then we have

EQ © ¢ = EQ‘Bﬂ@,)@Q © ]EBIk(v)gQ © ¢
= Eqlp,, 5@ ¢ °Ea,,
= TAp © Il:T‘“‘llk(v)

= TA-.

Next, we show that

Il

Span{g(x)y : € (Ay ® Akw)) *ayy A,y € QY = L(((Bo® Bikw) *By) Brr) @ Q).
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To this end, set W = Span{¢(z)y : x € (A, ® Akw)) *4,(,, Av,y € Q} . Since W
is invariant under right multiplication by elements in (), it suffices to show that
((By @ Bik(v)) *B,,, Bv') ® 1g, € W. Furthermore, by Lemma @, it suffices to show
that W contains B, ® 1,1 ® Bik(), and By ® 1. Since ¢|a, = ¢1, ¢|Alk(v) = ¢9, and

Pla,, = s, we have the following:

W 2 Span{ei(@)y 7 € Avy € i} " = 3B, T Q)
W 2 Span{gq(x)y : © € Aw), Y € Q2}|H|2 = L*(Biw) @ Q2)

W 2 Span{ga(z)y : x € Ayr,y € @2} = L*(By ® Q).

Thus, condition (1) in the statement of the theorem holds. Finally, we show that
conditions (2) and (3) hold. For this, let U C V be a subset of vertices and first
suppose that v ¢ U. Then, U C V' and Ay C Ay, whence it follows that ¢|a, =
¢2la,. Thus, (2) and (3) hold for U. Now suppose v € U C V. Then, set U’ =
U\ {v} C V', and we have that

Ay = (Av@AW(U)ﬂU) * Aoy Ay

and

Now, since U’ C V', so, by the induction hypothesis, the pair (Q2, ¢2) satisfies condi-
tions (2) and (3) for any subset U” C U’. Using the vNOE coupling (Q1, ¢1) between
A, and B, and the pair (¢9,Qs), if we repeat the same construction as above to
construct a *-homomorphism ¢ : Ay — By ® @), we obtain that ¢ = ¢|4, and that
the pair (Q,1) is a vNOE coupling between Ay and By. Thus, conditions (2) and
(3) hold for U and this finishes the proof.
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5. Towards an analogue of Singer’s Theorem

Let I' be a countable discrete group and (M, 7) be a finite von Neumann algebra.
A 1-cocycle for a trace-preserving action I' ~*(M, 1) is a map w : I' — U(M) that

satisfies the following cocycle identity:
wsas(wy) = we, st €l

If ' ~?(M,7) is another trace-preserving action, then we say that o and 3 are
cocycle conjugate if there exists an automorphism 6 € Aut(M,7) and a 1-cocycle

w: ' —U(M) for o such that
fopBs00 ' =Ad(w,) o, seT. (4)

We recall that if I' ~%(M, 7) and I' ~#(M, 7) are cocycle conjugate, then M x, " &
M %31 Indeed, let 6 € Aut(M,7) and w : I' — U(M) be as in (@), and consider the
map © : M x,I' = M xgI' given by

O(zus) = Ad(ws)(0(x))vs, x€ M,s €T,

where, for s € I', u,, v represent the canonical group unitaries in M x, I') M x5 T,

respectively. It is then straightforward to verify that © is an isomorphism.

Let ' ~°M and A ~*M be commuting, trace-preserving actions of countable dis-
crete groups I' and A on a semi-finite von Neumann algebra M with a faithful nor-
mal semi-finite trace Tr. Let p € M be a finite-trace projection which is a common
fundamental domain for both I'- and A-actions, that is, {o,(p)} er are mutually
orthogonal and .0, (p) = 1 (SOT), and similarly, {ax(p)}rea are mutually or-
thogonal and ) ,_, ax(p) = 1 (SOT). From [13, Propostion 4.2}, there exists a uni-
tary F, : (*’I'® L* (MY, Tr) — L*(M,Tr) such that F,(0, ® x) = o,-1(p)z for all
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v € I,z € MY, Furthermore, from [13, Proposition 4.3], there is a trace-preserving

isomorphism A} : M x I' — B(£°’T') ® M" such that for y € I" and z € M,
AL (uy) =py @1, Al(z) = FraF,.

If we view B(’T) @ MY as M'-valued T' x I matrices, then we have that for all

r €M, AJ(x) = [144]s:, where

Top = Y 0y(01-1(p)ao, (p) € M.

vyel

Since the actions of I' and A on M commute, we get a well-defined action of A on

M x T', which we denote by a x idr, and it is given by
(ay xidp)(zuy) = ar(z)uy, A€Avyel,z e M.
Further, let id ®@a be the action of A on B(£*T') @ M! given by
([de@a)(T®x) =T ®ax(z), AeATecB({T),ze M.
Define an action & of A on B(£’T") @ M! by
)= Al o (ay xidr) o (AD)™!, A€ A

By definition, & is conjugate to « x idr, and hence we get an isomorphism of the

crossed products

(M XT) Xauiap A = (B(PT) @ M) x5 A.
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Now, for any z € M,y € I', and A € A, we have

AL o (ay x idr) (zuy) = A (e (2))(py @ 1)

(AL @) (e ® 1)

(Fos s P 0T o 2P Fy Fa, 1) (py ® 1)
(

(

id ®@ay

ld ®Oé)\

( )
( )
(id @a) ’UAAF(QJ) My ®1)
( )

id ®ay U,\A (zug)vy),

where vy = 7 ) Fp. Thelast equality follows from the fact that vy € ULT @ M)

oY
(see [13, Proposition, 4.4]), and hence commutes with p, ® 1. Therefore, if we let

wy = (id®ay)(vy) € U(LT ® M), then we have that
ay = A7 o (ay xidp) o (A)) 7 = Ad(w) o (id ®ay).
Claim. The map w : A — U(LT ® ML) defined by wy = (id ®a,)(vy) is a 1-cocycle

for A A4 B(2T) @ M.

Proof. First note that, for any x € np, it is straightforward to verify that

x) :Z(%@acv,

TEY

where

Ty = E Opy-1

bell
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Therefore, for any a € I' and z € M" | we have
‘Férl(p)fp((sa ® )= ]:;71(1))(%*1(13)35)

— 25 ® (Z Opy-1(ar-1(p))ow(o, (p)x)

vyel bel
—25 ®<Zo-b'y 1(ax-1(p))oba-1(p)T )
yel bel
Thus, as an M"-valued T' x I matrix, we can write vy = [[)]s)s¢, Where

[U)\]Sﬂf = Z Oys—1 <a/>\—1 (p))o—'yt—l (p)7

and therefore, wy can be written as an M"-valued I' x T’ matrix wy = [[wx]st]s.s,

where
[w)\]s,t = Oé)\ U/\ st Z U’ys—l U’yt 1 Ck)\<p))
yel’

Finally, the following calculation verifies the cocycle identity for w. For A, Ay € A,
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and s,t € I', we have

[w>\1 (ld ®a)\1)(w>\2)]87t
= Z[wh]s,a[(id ®Rany,) (wkz)]a,t

a€cl

= Z [(Zavs—l( P)O~yg-1 Oé)\l ) <Z Oryrg—1 05)\1 O-'y’t—l(ahxb(p)))]

acl’ vyel y'er

— ZZO—VS 1 O-‘Yll 1 a)\1<p))0-'yt*1(a)\1>\2(p>>

acl’ vel

— Z ZU’YS_I o',ya 1 Oé)\1 (p))a»yt—l(&)q)\z (p>)

vel' acl’

= Z Ons— 1 Ort—1 a)q)\z(p))

yel’

- {w)\l)\g]s,t

]

It now follows from the above claim that the actions & and id ®a of A on B(£*T") @ M

are cocycle conjugate, and hence we get an isomorphism of the crossed products

(B(FPT) @ MY) x4 ? (B(PT) @ MY) Migga A =2 B(PT)® (M %, A).

Similarly, starting with the isomorphism A} : M x A — B((?A) ® M*, and perform-

ing the above analysis yields the following isomorphism of the crossed products
(BIPA) B M) 305 T 5 (B(CA) B M) xias0 T = BCA) T (M x, T).

Thus, there exists an isomorphism @ : B(*I') @ (M" x, A) — B((?A) ® (M* %, T)

making the following diagram commutative.
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M, T —22 B2 @ MT (B(PT) & MT) xiqa A

\I/F
(B(2T) @ MY) x4 A B(PT) & (MT xiq A)
Agxiy
M x (' x A) =g ~| P
AQNidA ~ ~
(B(2A) @ M) x5 T B(2A) @ (MD x, T)
U AA v wh - -
M i, A —2— B(EPA) M (B(2PA) @ M) Xiq a0 T

If we let wep e € B(CPT) (resp. we,e, € B((*A)) denote the orthogonal projection
onto Co,,. (resp. Cd., ), then we note that

¢(w51"751" ® 1) = ‘I’A(Q(AZ(P))) = Wepen @ L,
and therefore, we have

DM 2y A) = B((Wep e, @ V(BT ® (MY x4 A))(Wepop @ 1)
= (Wepen ® 1)([5(62/\)@(-/\41\ Ao F))(WEA@A ®1)
=M%, T

Thus, we have the following theorem.

Theorem 5.1. If " and A are countable discrete groups such that I' ~yxog A, then
there exist tracial von Neumann algebras (A,Ta),(B,Tg), trace-preserving actions

'~ A, A~ B, and a trace-preserving isomorphism 6 : B x A — A x T,
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