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Abstract

We consider a sequence of single-server queueing models operating under a ser-
vice policy that incorporates batches into processor sharing. As a processor sharing
model is serving all jobs present simultaneously, the rate that it serves each job at
is dependent on the number of jobs present in the system. For this reason, keep-
ing track of the residual service times of each job is essential in a processor sharing
model in order to be informed of significant impending changes in queue length, and
therefore processing rate. We require a tool that will not only allow the recovery of
characteristics such as the queue length process but also encodes the residual service
time of each job. Each model is described by a measure-valued process that evolves
according to a family of dynamic equations. This measure-valued process is defined
by placing a unit mass at the residual service time for each job in the system, thereby

encapsulating the characteristic that analyzing a processor sharing system requires.

Under mild conditions and a law-of-large-numbers scaling, we prove that the se-
quence of measure-valued processes converges in distribution to an essentially de-
terministic limit process. This result heralds back to the consequence of the Law
of Large Numbers, where letting n tend to infinity in a sum of n random variables
scaled by 1/n, we obtain a constant. Thus we can approximate the complicated sum
by a simple number. In our setting, we show that the limit process obeys periodic

dynamics that are easy to describe as a function of the initial condition.
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Chapter 1
Introduction

Queueing theory is the study of waiting lines and networks of such lines. The basic
queueing model consists of the following: a server that processes jobs from a buffer;
a sequence of jobs, each with an associated service time, which indicates the amount
of work that needs to be done to that particular job, or the amount of attention a job
requires from the system; an arrival process that describes when each job arrives to
the buffer; a service policy, which is the rule that dictates how the server will process
the jobs present. Typical quantities one wishes to study for such a model are the
queue length, which is the number of jobs in the system, the workload, or sojourn

times.

The first paper in queueing theory is attributed to A. K. Erlang in 1909. Erlang
worked for the Copenhagen Telephone Exchange and was to determine the number of
switchboards necessary to handle all incoming calls in a timely fashion. The Copen-
hagen Telephone Exchange realized that while one switchboard was insufficient, each

additional switchboard increased overhead cost. From their perspective, it was im-



portant to handle calls in an efficient manner while reducing overhead costs. Erlang
studied a model under which each incoming call took a fixed, deterministic amount
of time, and calls came into the Copenhagen Telephone Exchange at random times.
While the arrival times were random, for simplicity’s sake, he placed heavy restric-
tions on the characteristics that describe the time between each call. He published

his findings from this analysis in 1917.

In 1930 F. Pollaczek built on Erlang’s model, removing the restrictions that Erlang
had placed on the length of each call. Pollaczek, maintaining the restrictive behavior
of time between calls, now allowed each call to take some random length of time.
This advancement made the model much more realistic. Pollaczek’s paper focused
on providing details about queue length and the amount of time a job can expect
to spend in the system, both waiting to be processed and actually receiving service.
A. Khinchin reproduced Pollaczek’s work a few years later, taking an approach that

incorporated probability theory.

Beginning in 1940 queueing theory became incorporated as a branch of probabil-
ity theory. In 1953 G. Kendall emerged as a pioneer in the field, studying systems
where the restrictions Erlang, Pollczek, and Khinchin had placed on time between
jobs arriving were removed. Kendall instead placed heavy restrictions on the service

times of each job.



Queueing theory has continued to develop over the last sixty-five years. It is viewed
these days as an area intersecting mathematics, operations research, and industrial
engineering. Over the years, queueing models have become more complicated, allow-
ing for example for multiple jobs to be serviced simultaneously, jobs that abandon
the system early if service is taking too long, interconnected networks of queues, or

randomly assigned priorities to jobs, allowing them to jump ahead in the line.

1.1 Fluid limits and batched processor sharing

We consider a single server queue operating under a service policy that is a variant of
processor sharing. In typical processor sharing, every job in the system is worked on
simultaneously with the system devoting an equal share of attention to each. Each
job remains in the system until it has received the necessary amount of attention.
One aspect of processor sharing that has been criticized is that it can take a long
time for large jobs to receive full service and exit the system if there are many small
jobs present that will slow the system down. Queues using a service policy such as
first in first out (FIFO) don’t encounter this problem. One way to mitigate such
slowdown is to incorporate the notion of a gate into processor sharing which has the
effect of creating batches of jobs that are sequenced in a FIFO manner. We require

that when the system turns on it begins working on the jobs present using the typical



processor sharing approach. These jobs are referred to as the initial batch. If a new
job enters while the initial batch is being processed the system does not slow down
to begin working on this job too. Instead the system completely ignores any jobs
that arrive after it has started processing a set of jobs. Once every job in the initial
batch has departed, the system will turn to pick up all jobs that have arrived while
the initial batch was being processed. These jobs form the next batch. Again the
system treats those jobs using processor sharing and while the system is processing

those jobs it will ignore all incoming jobs. The system repeats this cycle indefinitely.

The way the batches are formed is sometimes referred to as using a gated service
policy. Gated service policies have been studied in many different settings. In some
cases a gated service policy will specify that each batch can only be of some maximal
size. In our setting we allow that size to be arbitary so that all jobs present when
a batch ends can be processed with the next batch. In [11], [1], and [10] a gated
processor sharing system allowing m customers per batch (where m < oo) is consid-
ered. In [11] they study the distribution of queue length, mean time in system, and
distribution of busy periods for a system where jobs arrive according to a Poisson
process with exponential service times. In [1] the sojourn time and response time dis-
tributions are studied for a system where jobs arrive according to a Poisson process
and have arbitrary service time distributions. In [10] a system with bulk Poisson ar-

rivals and arbitrary service time distribution is considered. In particular, they study



the wait time, queue length, and batch size distribution for this setting. More re-
cently, gated service policies have been studied in polling models. A polling model is
a system of queues with one server. The server rotates cyclically through the queues
providing service as the policy dictates at each queue. The system we consider could
be viewed as an idealization of a gated polling model. In [3] the queue length and
workload distribution is considered for a system with a Poisson arrival process. In [7]
they derive the first and second moments of the number of customers at each queue

and the expected customer wait time where jobs arrive according to a Poisson process.

A different service policy that combines FIFO and processor sharing protocols is
head-of-the-line proportional processor sharing. Under this service discipline, there
are jobs of different classes. The server uses processor sharing to simultaneously serve
one job from each class. Within each class, the jobs are served FIFO. The diffusion
limits for this model under heavy traffic were studied by Bramson [4] and Williams

12].

Another method that has been studied in an attempt to compensate for system
slowdown is referred to as limited processor sharing. In limited processor sharing the
system uses processor sharing to serve maximally £ jobs. If there are less than k jobs
in service, an incoming job will be served immediately upon entering. If there are k

jobs in service any incoming job waits to begin service. Once a job leaves, the job



that has been waiting the longest begins service. The fluid limit was derived in by
Dai, Zhang, and Zwart in [5] for a system with jobs arriving according to a general

distribution with a general service time distribution.

We record the jobs in the system via a measure-valued process that places a unit
mass at the remaining service time for each job present. This measure-valued process,
{w(t) : t > 0}, was used by Grishechkin [8] and by Gromoll, Puha, and Williams [9]
in their analysis of the fluid limit for a processor sharing queue. This measure-valued
approach is particularly well-suited to analyzing queues that are operating under a
service policy that is similar to processor sharing in nature because in those situations
knowing the remaining service time for each job is crucial for understanding how the
system is functioning. In this paper, we study a sequence of queues operating un-
der our previously defined service policy. We are primarily concerned with deriving
the fluid limit approximation of the measure-valued processes we obtain from the
sequence of queues. As with the law of large numbers the fluid limit will provide a

simple approximation for the dynamics of our system.

When analyzing our system we will split the measure valued process p(t) into two
parts: pu1(t) and pso(t). We define py(t) as the process that keeps track of the jobs
currently being processed. That is, p;(t) places a unit mass at the residual service

time for each job in the batch currently being processed. We define pus(t) to keep



track of the jobs that are forming the next batch. That is to say, ua(t) places a unit
mass at the remaining service time for each job that enters the system while a batch
is being processed. Notice that the residual service times that s () are tracking will
remain unchanged because those jobs are being ignored by the system. This approach

is necessary because of the batched nature of the service policy.

We consider a critical model where the limiting interarrival rate is denoted by «
and the limiting service time distribution is given by v. Here we assume v is a Borel
probability measure on R with a finite first moment. We further assume v(0) = 0.
Both the interarrival times and the service time of jobs arriving are given by i.i.d.

sequences and by definition a critical model has the property that

When considering this sequence of queues, each queue in the sequence has an
associated measure-valued process u"(-). The specific object we study is the fluid

Lu"(r-). The limiting measure-valued process as 7 — oo will be an

scaled process
element of the Skorohod space D(M ), where M is the space of finite, nonnegative

Borel measures on R, with the weak topology. Notationally, for any function g and

measure ( € Mp, we define

(9,¢) = / 9(2)((da).



Let

C={g€Cy(Ry) : g(0) = ¢'(0) = 0}

where C}(R,) is the set of continuous, once differentiable functions on R, whose

infinity norm and that of their first derivatives are bounded.

The fluid limit solution we obtain is a continuous function z : [0,00) — Mpg.
As with the pre-limit process, we split fi(t) into two pieces: fi1(t) and fis(t). As
before, fiy(t) describes the behavior of the jobs in the system that are currently
being processed and fis(t) describes the jobs in the system that are waiting to receive

attention. The description for fi;(¢) that we obtain is

(g, 12 (1)) = (g, 1(0)) 1111/ (xoja(0) =0}
t
+ a{x, 10)) (g, V) 111t/ 0,0 20y — / oy ds:
[t/
Here we use x to denote the identity function (that is, x(z) = x). Notice we need the
indicator function on the first two terms because the system will behave differently

depending on whether it is processing the initial batch or any subsequent batch. The

description for fis(t) is given by

e e e I L



The main result of this paper is that under mild assumptions the fluid scaled
measure-valued processes %/ﬂl"() and %,ug() converge to limits satisfying the equa-
tions above and that the solutions to those equations are unique. We will refer to the

solutions as the fluid limit for the batched processor sharing queue.

1.2 Notation

Throughout the paper we adhere to the convention that Zf:a s; =01if b < a. We

will also use the following notation:

where §, is the standard Dirac measure. We let Z, = {0, 1, 2,...}. We use = for
convergence in distribution and % to indicate weak convergence of measures. We
use x to denote the identity function, that is to say for all z, x(x) = z. Given two

random variables, we write X ~ Y if X and Y have the same distribution.

Before we define our model rigorously we review some pertinent concepts in anal-

ysis and probability theory.
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Chapter 2

Background

2.1 Methods of convergence

There are several notions of convergence that we will be concerned with understanding
and manipulating. Determining convergence of a sequence of measures will be of
primary interest. We will use the Prohorov metric as defined in [6] to determine

distance between probability measures defined on the same space.

Definition 2.1.1. The distance between two elements P,Q)Q € Mg as given by the

Prohorov metric is

d(P,Q) =inf{e >0 : P(F) < Q(F°)+ ¢ for all closed F C R, }

where

Fe={yeR, : inlfmr(y,x) < €}.
Te

One notion of convergence that we will use repeatedly is weak convergence of



11

measures.

Definition 2.1.2. Let {u,} be a sequence of finite measures and p be a finite measure

defined on (S,S). Then p, converges weakly to i, written i, — p, if

lim i, (A) = p(A)

n—oo

for any measurable A with p(A\A) = 0.

When proving that a sequence of measures converges weakly to another measure,
the Portmanteau Theorem is often very powerful. Let Cy(S) denote the set of real-

valued, continuous, bounded functions on S.

Theorem 2.1.3. Let {u,} be a sequence of finite measures and p be a finite measure

defined on (S,S). The following conditions are equivalent:

1. lim d(pp, ) =0,
n—oo

w

2. lp — W,

3. T (f, ) = (f, ) for all f € C4(S),

4. limsup p,(F) < u(F) for all closed F in S,

n—0o0

5. liminf 4, (G) > u(G) for all open G in S, and

n—00

6. lim pu,(A) = u(A) for A€ S with u(A\A) = 0.

n—oo
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Given a sequence of measures, we can develop other criteria for determining when
a subsequence may converge weakly to some measure by using Prohorov’s Theorem.

We require the following definitions:

Definition 2.1.4. A probability measure P is tight if for every e > 0 there exists

some compact K with P(K) > 1 —e.

If P is defined on a separable, complete space then P is tight. We can extend the

notion of tightness to a collection of probability measures.

Definition 2.1.5. A collection of probability measures 11 is tight if for every e > 0

there exists some compact K such that for all P € II, P(K) > 1 —e.

Definition 2.1.6. A collection of probability measures 11 is relatively compact if

every sequence of elements from 11 contains a weakly convergent subsequence.

Prohorov’s Theorem links the notion of tightness and relative compactness.

Theorem 2.1.7. Let IT be a collection of probability measures on (S,S) where S is

separable and complete. Then 11 is relatively compact if and only if it is tight.

This theorem will prove important as we can more easily show that a collection
of measures is tight and then we may work along a weakly convergent subsequence.
Since each random variable has an associated distribution, which is a measure, we

can extend the notion of weak convergence to random elements.
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Definition 2.1.8. Let {X,,} be a sequence of random elements with associated dis-
tributions given by {P,}. Let X be a random element with associated distribution P.

Then X,, converges in distribution to X, written X,, = X, if P, — P.

It is interesting to note here that while each X,, and X must take values in the
same space for P, — P to have meaning, we do not require that the sample space
that each X,, and X are defined on be the same. We can now restate the Portmanteau

Theorem through the lens of convergence in distribution, as is done in Billingsley [2]

and Ethier and Kurtz [6].

Theorem 2.1.9. Let {X,,} be a sequence of random elements of S, and let X be a

random element of S. The following conditions are equivalent:
1. X, = X,

2. lim E[f(X,)] = E[f(X)] for all f € Cy(S),

n—oo

3. limsup P(X,, € F) < P(X € F) for all closed F,

n

4. liminf P(X,, € G) > P(X € G) for all open G, and

5. lim P(X, € A) = P(X € A) for all sets A such that P(X € A\A) = 0.

n—oo

In addition to convergence in distribution, we have the notion of convergence in

probability.

Definition 2.1.10. Let { X, } be a sequence of random elements mapping to the metric

space (S,d), and let X be a random element mapping to (S,d). If for every e >0
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lim P(d(X,,X)>¢€) =0

n—oo

we say X, converges in probability to X and we write X, = x.

Convergence in probability implies convergence in distribution. When X is con-
stant, the two notions are equivalent provided the sequence of random elements and
X are defined on the same space. If we have a sequence of random elements converg-
ing in distribution and a second sequence converging in distribution to a constant, we

can obtain joint convergence using the theorem below.

Theorem 2.1.11. If X,, = X and Y,, = a then

(Xn, Yn) = (X,a).

Another type of convergence is almost sure convergence. We first need to define

an almost sure event.
Definition 2.1.12. We say an event A is almost sure if P(A) = 1.

Definition 2.1.13. Let {X,} be a sequence of random elements, and let X be a
random element with X,, X : Q — S. Then X, converges almost surely to X,

written X,, “3 X, if

P(hm Xn:X>:1.

n—oo
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Notice that almost sure convergence will imply both convergence in probability
and distribution. However the requirement that each X,, and X have the same sample
space and state space is sometimes too restrictive. In these situations, we can use the
Skorohod Representation Theorem to move between convergence in distribution and

almost sure convergence.

Theorem 2.1.14. Let {X,,} be a sequence of random elements and let X be a random
element whose state space is separable. If X,, = X then there is some sequence of

random elements {X,}, and a random element X defined on a common probability

space (2, F, P) with

f(n ~ X, for each n,

X ~

>

and,

X

)
vl

4

Often times we wish to study how a sequence of random elements interacts but
even the simplest operations can result in a complicated distribution function. Con-
sider for example the distribution function for the sum of a sequence of random
elements. While it is easy to see why we might want to study this example, to under-
stand this distribution function requires computing a messy convolution of measures.
The Law of Large Numbers is an incredible theorem which allows us to better under-
stand this sum and use a simple number to approximate it. To state the theorem we

need to define independent random variables.
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Definition 2.1.15. Two random variables X, and Y are independent, written X L

Y if their joint law Lxy is equivalent to Lx X Ly

We then say two random variables are independent, and identically distributed

(i.i.d.) if they are independent and have the same distribution.

Theorem 2.1.16. Let {X,,} be an i.i.d. sequence of random elements with expected

value . Then

2.2 Stochastic processes

We often want to consider a system of random variables that evolve over time. To do

this we make the following definition.

Definition 2.2.1. Let (2, F, P) be a probability space. Let S be some measurable
space and let A be some collection such that for each o € A, X(a) : Q@ — S is a

random variable. The collection {X (a) : a € A} is a stochastic process.

In order to allow our stochastic processes to develop over time, we take A = [0, 00).

We consider a sample path of a stochastic process by fixing some w € €2 and studying

X(w): Ry — S
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We often suppress the w-notation and simply refer to the sample path by X (-). Under
certain conditions the stochastic process will be a member of cadlag space. That is

to say, X () will be right continuous with left limits (RCLL). In general we will let

Dp(R,) ={X(-) : R, = E RCLL}.

We will commonly be concerned with the situation where £ = M . Here Mz refers
to the set of finite, non-negative Borel measures on R,. We use the Skorohod .J;-
topology on Dg (R, ). In the Ji-topology we define a metric that allows two elements
to be close if applying a slight time change (or horizontal shift) will allow the outputs
to be close together. Formally, given a sequence of elements {z,} in Dg(R,) and
x € Dg(R}), we say x,, converges to x if and only if there exists continuous functions
{A\n} such that A, converges to e uniformly on compacts, where e(t) =t and z,()\,)
converges to x uniformly on compacts. Alternatively, for any 7" > 0, z(-),y(:) €

Dg, (R, ) we define the Skorohod distance restricted to [0, 77 by

re(z,y) = inf{e > 0 - (@) =tz <€ [[2(t) —y(A(#)) ][z < €}

where A(+) is a continuous, strictly increasing function and || - ||z denotes the infinity
norm on [0, 7]. We also have a notion of relative compactness for stochastic processes.
Within the definition for a relative compact family of stochastic processes we need
the notion of the modulus of continuity. Intuitively, the modulus of continuity is a

measure of how close a function is to being uniformly continuous.
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Definition 2.2.2. For x € Dg([0,00)), 6 > 0, and T' > 0, define the modulus of

continuity to be

w'(x,6,T) = infmax sup  d(x(s),z(t))
{ti} t S,te[tifl,ti)

where {t;} ranges over all partitions of the form 0 =ty <t; < -+ <t,1 <t, =T

with min t; —t;_1 > 0.
1<i<n

Definition 2.2.3. Let {X,} be a family of stochastic processes whose sample paths
lie in Dg([0,00)) for a separable space E. Then {X,} s relatively compact if the

associated family of probability distributions {P,} is.

Note that {P,} will be relatively compact in P(Dg([0,00))) if it has compact
closure. Alternatively, we can determine if a family of stochastic processes is relatively

compact by employing the following theorem stated in [6]:

Theorem 2.2.4. Let (E,d) be a separable metric space and let {X,} be a family
of stochastic processes taking sample paths in Dg([0,00)). Then {X,} is relatively

compact if and only if:

1. For every n > 0 and rational t > 0, there exists a compact set I', ; C E with

inf P(X,(t) € I';;) > 1—n, and

2. for everyn >0 and T > 0, there exists some o > 0 such that
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sup P(w/(Xa,& T)>n) <n.

Notice to show the first condition above, it is more than sufficient to show that

for every n > 0 and T > 0 there is a compact I') p C E with

inf P(Xo(t) e I'yp forall 0<t<T)>1-n.

Additionally, notice that the second condition above is automatically satisfied if each

stochastic process in the family is monotone in t.
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Chapter 3

Model and main Result

3.1 Model definition

Let {u;} be independent, identically distributed inter-arrival times. Define U; =
le u; and E(t) to be the number of jobs that have arrived to the system by time

t. That is to say,

E(t) :max{j : iul St}.

i=1

Let {v;} be independent, identically distributed service times where these service
times are distributed like v, a Borel probability measure on R, with v({0}) = 0.
Define V; = Z{Zl v;. Let Zy be a non-negative integer valued random variable. Let
{0;} be a sequence of positive random variables, and assume E [Z]Zil ﬁj} < 00. The
random variable Zj represents the initial queue length and {9; : j = 1,2,...Z,} are

the initial service times. Define the initial workload W} and initial batch size By by
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20
W() — BO — Z f}j-
j=1
The initial condition can be encoded using the measure u(0) = ZJZL 05, where

Wo = (x, 11(0)).

Let I(t) be the amount of time the system has spent idle on [0, ], that is

I(t) =sup{(Wy + V(E(s)) —s)",0<s<t},t >0.

Define the workload process

E(t)
W(t)=Wo+ > v —t+I(t). (3.1.1)

=1

Next, define the batch start times and sizes. Let Sy = 0 and for positive k& € Z define

B, and By in an alternating, inductive fashion where

Bre = (Be—1 + Br—1)L{w (8_1+Bi_1)#0}

+inf{s = Bp—1 + Be-1 : W(s) > 0}qw (g, 4B, 1)=0},

and
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E(Bk)

Bk = Z vy

J=E(Br—1)+1

Then for any positive integer k, £ gives the start time for the kth batch and By gives

the workload of the kth batch. Notice for any s,

E(s) E(t)
Wis) —W(s—)= By + v; — s+ 1(s) — By — lim v; +s—1I(s
(5= W) =Bt 3 (5= Bo—lm3 (5)
E(s)
nY
i=E(t)+1

Which due to our convention for sums equals the amount of work arriving at s. We
also want to keep track of the number of jobs in the system, or queue length. Define

the index of the most recently started batch

((t) =max{j : §; <t}

Denote the residual service time a t of initial job j by R;(t) and of job j by R;(t).
This is the remaining amount of processing time at time ¢ required to fulfill the job’s
service requirement. The state descriptor at time ¢ is given by two measures p (%),
representing the batch of jobs currently in service, and us(t), representing the jobs
currently waiting to begin service. These are defined in terms of one another and an
additional process S(t), called the cumulative service per job process. Specifically,

the above processes are defined by the equations
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Zo E(/Bé(t))
pult) = Zégj(t) + Z 5§j(t) (3.1.2)
=1 j=1
E(t)
pa(t) = Y Ot (3.1.3)

J=E(Be))+1

R;(t) = v; = [S(t) = S(Buw,-141)] " (3.14)
R;(t) = v; — S(t) (3.1.5)
ﬂﬂZAéKLM@M%7 (3.1.6)

where ¢(x) = 1/z, > 0, $(0) = 0. In particular, given the primitive processes F(-)
and V., and the initial condition Z; and {9;}, equations (3.1.2)-(3.1.6) determine the
state descriptor (p1(-), u2(+)), the service process S(-), and the residual service times
{R;(")}, {R;(-)}. Since the above describes a discrete event system, this fact is not

difficult although somewhat tedious to show. Define

&@Zﬂ@—ﬂﬂzlwﬂmemmL

Then

pu(t) = pa(t) + pa(t)
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describes the evolution of the system.

Observe that for all t > 0, we have the valuation

Boy = sup{s <t 1 pi(s—) < pa(s)} (3.1.7)

Using induction, we will now give a more versatile expression for [3y.

Lemma 3.1.1. For k € Z,,

k—1
Br=>_ Bi+1(B). (3.1.8)
=0

Proof First notice that I(0) = 0 = I(By) since

E(s)

I(By) = sup{(By —i—Zvi —5)” : 0<s< By}

=1

and for any 0 < s < By

E(s)
(Bo + Zvi —s)”" <(By—s) =0.

=1

Therefore, if W(By) # 0, f; = By and

E(B1)
W(B1) = Bo + Z v; — B+ 1(Bh)

i=1

:Bo+Bl—Bo+O:Bl.

Solving equation (3.1.1) for t = 5, we have
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= By + Z v; — W (B1) + 1(B1) = Bo + I(51).

If W(By) =0, then By = W (). To see this we rewrite (3.1.1) to obtain

E(Bo)
BO = Bo+ Z UZ+I(Bo)

i=1
which implies ZZE:(f 0y = 0. Suppose there is some ¢t with By < t < [, with

Zggt) Boy+1 Vi > 0. Then there is some s, By < s < t with lim Zgﬁgm v; > 0 but

this implies

for any 0 < s < 1 and

E(B1)

W(B1) = W(p1) — W(pi—) = lim v; = g v, =B
181
E(s)+1 1

We can now rewrite (3.1.1) to give

= By + Z v — W(B1) + 1(B1) = By + I(51).
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Suppose we know 3, = Zk 'B; + I(Bx) and suppose W(By + By) # 0. Then by

definition,

Br+1 = Br + Bi.

Notice for f; < s < i1 we have

k-1
s<PBe+Bi=Y Bi+I(B)+Bp= ZB + ()

=0
E(Bk)

=B+ Y vi+I1(B)
=1

E(s)

< Bo+zvz‘+l(6k)-

=1

Rearranging terms this yields

E(s)

s—By— Y v <I(B)

=1

which implies

E(s)
(Bo+ > _vi—s)" <I(B).
=1

It follows from this and the definition of I(-) that I(f8xy1) = I(5k) and we can write
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E(Brk+1)
W (Brs1) = Bo + Z Vi — Brs1 + 1(Brs1)

i=1
k+1

ZBo+ZBi—5k—Bk+I(5k)
=1
1

_ZB — <ZB + I(Bs ) — By, + I(Bk) = Bj1.

It follows from (3.1.1) that

E(Br+1)
Br+1 = Bo + Z v; — W(Bkt1) + 1(Brs1) ZB + 1(Brs1)-

If W(Bx + Br) = 0 then Bpi1 = W(Bks1). To see this we rewrite the workload

equation to obtain

E(Br+By)
Br + By, = By + Z v; + I(Br + By).

=1

This yields

E(Br+Bk)

ZB + I(B) +kaZB + Z v + 1(Br),

i=E(Br)+1
which implies ZEWHB’“) v; = 0. Suppose there is some t with S+ By < t < Bgyq1 with

Zgggk+3k)+1 v; > 0. Then there is some s, 5y + By, < s < t with lim, Zggz i >0

but this implies
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contradicting the infimum definition of £;,1. Thus we conclude that

E(s)

Z 'UZ'ZO

E(Br+By)+1

for any By + By < s < Bi41 and

W(ﬁkﬂ) =

Now by (3.1.1),

as desired. H

E(Br+1) E(Br+1)
W (Ber1) = W(br1—) = STI/}}H Y wi= ) vi=Bi
" EB(s)+1 B(Br)+1
E(Br+1)
Br+1 = Bo + Z v; — W(Bky1) + 1(Brt1)
k41
= Z B; — Biy1 + 1(Bi+1)
i=0
k
= B+ I(Br1).
=0

3.2 Fluid model

We now define the object that will appear as the limit in our fluid limit theorem.

Definition 3.2.1. Given a, v, and £ where & € Mpg has no atoms, we say that

(1, p2) are fluid model solutions for (a,v) and initial condition & if uy(0) = £ and

for all g € C we have
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<g7,u1(t)> = <97§>1{L%0J:O} +awo<g,u>1“w%#0} — AJJwO %ds, (3.2.1)

and

(0 = (£ | | wa) t0 (32.)

Wo
for all't > 0, where wy = (x,§). We refer to pi(-) as the shifting solution and us(-)

as the growing solution.

3.3 Sequence of models and main result

Consider a sequence of models indexed by r. For each model in the sequence we can
define corresponding processes as in (3.1.2)-(3.1.6). We study this sequence under

fluid or law of large numbers scaling using the following definition:

Definition 3.3.1. Consider a sequence of queues indexed by r and the corresponding

process 1" (+). The resulting fluid scaled process is defined by " (-) = %u’"(r-).

In this sequence of queues we assume the following asymptotic properties
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6. Eluj;u] > r] — 0.

Theorem 3.3.2. Consider a sequence of models as defined in Section 3.1 and sup-
pose there are a > 0, a non-atomic probability measure v on R, , and a random
measure 6y such that 6y # 0 almost surely and such that the asymptotic assumptions
in Definition 3.3.1 hold. Then as r — oo the sequence of fluid scaled state descrip-
tors {(py(+), @5(+))} converges in distribution on D x D to a limit (01(-),02(-)) that is

almost surely a fluid model solution for a, v, 6.
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Chapter 4
Uniqueness of fluid model solutions

Theorem 4.0.1. If (u1, p2) is a fluid model solution for (o, v) and initial condition
€ then (p1, pe2) is unique. Moreover, it is periodic in that pui(t) = pi(t + kwg) for all

t>wy and k € Zy, and pa(t) = pua(t + kwy) for allt >0 and k € Z..

We build off of the uniqueness arguments developed in [9]. We begin with the

following technical lemmas.

Lemma 4.0.2. Let juy : [kwo, (k + 1)wy) — Mp be continuous. For each f €

Cy ([kwo, (k + 1)we) x Ry,

t— <f(t> ')’Ml(t»

is a continuous function of t € [kwo, (k + 1)wy).

Proof Fix t € [kwo, (k+)wy), let t,, — t. Then puy(t,) = pui(t) and f(t,, ) —

f(t,-) pointwise. So for any k and w
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[(F (s )5 () = (F (8 )5 (8))]
< (s )5 (tn)) = (F (s ) i (E0))]
I ) () = (F (s ), (1))
+ (), () = (FE ), ()] (4.0.1)

The first right-hand term is bounded above for any M < oo by

1 Ctns ) = F (s ) [ ar sup(L g (8n)) + 2] flloo sUP{Lar00), 1 (En))

Since {u1(t,)} is tight, we can make this arbitrarily small by first choosing M
large enough, and then n, k large enough, since f(t,, "), f(tx, ) converge uniformly on
[0, M]. Finally the latter two terms in (4.0.1) can be made small by first choosing k
sufficiently large and applying bounded convergence, and then choosing n sufficiently

large. W

Lemma 4.0.3. Suppose py is a solution to (3.2.1)
then for all k € Z,, t € [kwo, (k + Dwo), and f € Cy([kwo, (k + 1)wg) x Ry) such

that f(-,0) =0 and f,(-,0) =0, ui(-) satisfies

(f(t,), m1(t)) = (f(0,), &) Loy + awo {f(kwo, -), V) Likzoy

‘ : (4.0.2)
. s)\ds — <fx(37')7ﬂ1<8)> s
R CECLE ds.

<1> Ml(s»
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Proof Fix k € Z, t € [kwo, (k+ 1)wy), and f € C}([kwo, (k+ 1)wp) x Ry) with
f(-,0) = 0 and f,(-,0) = 0. Take h small enough so that t + h € [kwo, (k + 1)wy).

Then we have

<f(t + h7 ')7/~L1(t + h)) - <f(t7 ')’Ml(t»
= (ft+h, ), m(t+h) = (f(t,), pa(t + h))

+ <f(t7 ')ﬁﬁ(t + h)> - <f(t7 ')hul(t»'

Since

ft+h,)—f(t,-) = /tt+ fs(s,-)ds,

we obtain

<f<t + h> ')mul(t + h)> - <f<t7 ')alul(t + h)>

= <f(t+hv') _f<t7')a,u1(t+h)> (403)

([ sty

Performing a substitution with s = ¢ 4+ hv we obtain

</01 Fs(t + hv, Yhdv, (¢ + h)> . (4.0.4)

([ s vts e+ 0)
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Since f € C}([kwo, (k+ 1)wy) x R,.) there exists some M such that || f,(-,-)||ec < M.

Therefore, since p;(t + h) € Mp we have

</tt+" fs(s,-)ds,ul(t+h)> < </t”h ]\/[ds,,ul(t+h)> <A(hM, 1 (t + h)) < 0.

Therefore, we can interchange the integrals to write

</01 fs(t+ hv,-)hdv, py (t + h)> = h/01<fs(t+ ho, ), (¢ + b)) do. (4.0.5)

For every v € [0, 1] we define f¥ : [kwo, (k + 1)wg) X R.) — R by

fou,t) = fo(t + (u—t),x).

By definition, taking u = t+ h we have f*(t+h,-) = fs(t+hv,-). So for any v € [0, 1]

we have

}llli%<fs(t + hv? ')7 Nl(t + h)> = flllir(l)<fv(t + h? ')7 Ml(t + h)> (406)

Notice that f¥ € Cy([kwo, (k + 1)wg) x R,), and so by Lemma 4.0.2, it follows that
the map defined by u +— (f"(u, "), u1(u)) is continuous for any u € [kwy, (k + 1)wy).

Therefore, we can pass the limit inside in the equation above to obtain

hm<fv(t +h, ')7 Ml(t + h)) = <fv(t7 ')? Ml(t)> = <fs<tu ')7 :Ull(t>>' (407)

h—0



35

Combining this with (4.0.3)-(4.0.5) we have

(FEAh ) mt+h) = (fE), mt+h))

o h
— lim hf01<fs(t + hU, ')7 ,ul(t + h)>d’l)
b0 h

1

= }lliH(l) (fs(t+ hv,-), pi(t + h))dv.
—%Jo

Notice that since fs(-, ) € Cp([kwo, (k+1)wp), xR, ) and u1(-) € Mp, by the bounded

convergence theorem, (4.0.6), and (4.0.7) we have

lim 1<fs(t + hv, ), pi(t + h))dv

h—0 0

= / hm<fs(t + hva ')7 Ml(t + h)>d1}
o h—0
= [t man
= <fs(t7 ')’ Ml(t»
Next, to consider (f(t,-), u1(t + h)) — (f(¢,-), u1(t)) we use the assumption that

on [kwo, (k4 1)wp), wi(+) is a solution to

(9, 11(t)) = (9, &) L p=0y + awo(g, V) Liroy — AtJ <<9£Z11((58))>d8

Define g(-) = f(t,-) and note that g € C. Since t+h € [kwy, (k+ 1)wy) it follows that



36

<f<t7 ')7 Ml(t + h)> - <f(t’ ')7 Nl(t»

- <f(t + h, ')7 §>1{k:0} + aw0<f(t +h, ')7 V>1{k7é0}

_/t+h <f;t(t7')7lu’1(8)>d
{%on <17M1(8)>

<<f<t, 02 ) Loy + awo(F(t, ), ) Loy — A ot '>’“1<3>>d5) |

S (Lrm(s)

wo

But since ¢t + h € [kwo, (k + 1)wy) we have LMJ = wLJ Therefore,

wo 0

T (et ), (s)) . ' (falt, ), 1 (s)) o
/lewo L, pu(s)) d+/meO (1, p1(s)) d
)

By the continuity of p;(+) on [kwy, (k 4+ 1)wg) and the fact that on [kwy, (k + 1)wy),

(1, p1(+)) > 0 we know that the function given by

<fm(8) ')aMl(S»
(1, pa(s))

is continuous for s € [kwo, (k + 1)wp). Consider

S —

. 1 th <fa:(57 ')7N1(S)>
A

h—0 E
By the continuity of the integrand and the mean value theorem for integrals we have

. 1 b <fx<3>'>7ﬂl<3)> _ <fm<t7')’ul<t>>
}ng(l)ﬁ/t (1, (s ds = '

(s)) (1, pa (1))
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Combining the results above we have for t € [kwy, (k + 1)wy),

S, pal6) = lim 3 (4 B, )+ ) — ({8, ), m (1)
<fm(t7 ')7 Nl(t» .

= <fs(t7')>'u1(t)> N <17N1(t)>

By Lemma 4.0.2, we know that each term on the right hand side of this expression
is continuous on [kwy, (k + 1)wy) since f, fs, and f,, and m are continuous on
[kwg, (k 4+ 1)wg). The desired result follows by integrating both side from kwg to ¢

and noting that

(f ((kwo) ), pa (Kwo))

= (f ((kwo) ,),§) Tig=oy + awo(f (kwo, -), V>1{k7é0}-

Lemma 4.0.4. Suppose that (p1(-), u2(+)) is a fluid model solution for c,v,&. Then

for allw € [0,00], k € Z,, and t € [kwy, (k + 1)wy), we have

(Lw)> 1 (1)) = (Lo.w) (- — S(t))f)l{HJ:O} wos)
4.0.8

+aw0<1(0,w)(- — S(t) + S(k‘wo), V>1{L%OJ7EO}'
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Proof Fix w € [0,00|, k € Zy, and t € [kwy, (k + 1)wp). Notice that if t = kwg
(4.0.8) is satisfied by considering a sequence of {g,} C C that increase up to 1),
applying the dominated convergence theorem, and appealing to (3.2.1). Now suppose
t € (kwy, (k + 1)wp), and let g € C;(R) such that g = 0 on (—o00, 0]. Define

glx —S(t)+ S(s)), (s,z) € [kwo,t] x Ry,
f(S,ZE) =
0, (s,z) € (t, (k+ Dwy) x Ry.

Since S(-) is differentiable on [kwo, (k + 1)wg) we know f € Cy([kwo,t] x R, ) and

since S'(-) = 1/Z(+), on [kwy, t],

fo(s,2) = ¢'(x — S(t) + S(s)).

Let 0 < € < t — kwg be given. Define

1, s € [kwy,t— €,

he(s) =
0, selt—e/2,(k+ 1)wp).
Take f€: [kwo, (k+1)wy) x Ry — R to be the map taking (s, x) — f(s,x)h(s). Then

fe € Cyl[kwo, (k+1)wo) x Ry ) and f¢(-,0) = 0 and f£(-,0) = 0. Then f|puyi—q = f€

and by Lemma 4.0.3 applied to f€, for any kwy < s <t — ¢,

(f(s5)sm(s)) = (f(kwo, ), ) Lir=0y + awo(f(kwo, -), v)Lixz0)
+/ks (fu(u,-),m(u»du_/s (folu, ), (),

wo koo (L pa(w))
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But, by definition we know f, (u,z) = W and f,(u,z) = ¢'(z—S(t)+5(u)).

Therefore, the above equality gives

= (g(- = S(t), §>1{k 0} +04w0<9( S(t) + S(kwo), V)1 kz0y

+/ka <g ,,ul(u)>du

/ 9+ 5 <)>>> ()

= (gl S<t> £>1{k oy + awo{g(- = S(8) + S (ko) ) s
. / S,

/ <u>>,u1<u>> "

= (g(- = S(t),§) Lk=0y + awo(g(- — S(t) + S(kwo), V) L0y

Since 0 < € < t — kwy was arbitrary, it follows that for any s € [kwy,t), we have

(f(5:2), p(s)) = (g(- = S(1), &) Lig=oy + awo{g(- = S(t) + S(kwo), V)1 rz0)-

Now letting s — t above, as a consequence of Lemma 4.0.2 we obtain

(f(t,-), m(t)) = {g(- = S(8), ) 1r=0} + awo(g(- — S(t) + S(kwo), v) 1k}

But f(¢,-) = g(-), so in fact we have
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(g,11(t)) = (9(- = S(t), &) L=0y + cqwo(g(- — S(t) + S(kwo), v) 1o

We obtain (4.0.8) from this by applying the monotone convergence theorem to a se-

quence {g,} C C;(R) which increases pointwise to 1(g,,). B

Proof of Theorem 4.0.1 Uniqueness of the growing solution ps(+) is immediate
because C is a separating class on the subspace of Mg that does not charge the origin,
so any solution to (3.2.2) for all ¢ € C is uniquely determined by «,v,£. For the

shifting solution, define

He(w) = [ (L dy, and

Recall we have defined

S(t) :/Otmds:/otﬁds.

So we have S'(t) = % Next define for each k € Z

Sk; : [k’wg, (l{ + 1)WQ) —R:t— S(t) — S(kwo)

Notice that S, is increasing on its domain and S |juwq, (k+1)wo)(-) = Si(+). Let
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be the inverse of Sy and take w = oo in (4.0.8). Then by Lemma 4.0.4, for all

t € [kwo, (k4 1)wy)

Z(t) = (Lo,00), 11(1))
= (L0,00) (- = S(1)), O Ljw=o} + awo(L(0,00) (- = S(t) + S(kwo)), ¥) 1 {k0}
= (L(s(),00)» ) Lir=oy + @wo(L(o,00) (- = S(t) + S(kwo)), v) Likzo}

= Hé(S(t))l{k:()} + Oéonl,,(S(t) - S(l{iwo))l{k;ﬂ)}

Let u = S(t) — S(kwp). Then

Z(Ty(w)) = Z(t) = HL(u)1 g0y + cwoH, () roso).

In addition, we know

1 1 1
S ST ST sm - 2w

T (u)

Therefore, we have Ty (u) = H{(u)1 k=0 + cwoH, (u)1 (o) and
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Ty(u) = /T,é(u)du
:/Hé(u)l{k—o}+OéonL(u)1{k¢0}du

= He(u)1p=0y + awoH, (u)1 g0}

So each T}, is uniquely determined by &, «, and v. This implies Sy is also uniquely
determined by £, «, and v. Since this holds for all k, we have S(t) — S (kwy) is

uniquely determined by &, o, and v. It follows that

(g, (1)) = (9(- = S(t)), ) Lp=0y + awo(g(- — S(t) + S(kwo)), V) Lo

is uniquely determined by &, «, and v. So if pi(-) satisfies (3.2.1), it is uniquely

determined by &, «a, and v. B



Chapter 5

Some general convergence
considerations

Lemma 5.0.1. If X" = X where X", X > 0 then for any M > 0,

Xrl{Xr<M} = Xl{X<M}.

Proof Let b > a > 0. We consider two cases. First suppose b < M. Then

{X"Lxremy € (a,b)} = {X" € (a,b)},and

{Xlixamy € (a,0)} ={X € (a,0)}.

Since X" = X, by the Portmanteau Theorem we have

liminf P(X" € (a,b)) > P(X € (a,b)).

T—00

So we have

43
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liminf P(X"1ixr<ay € (a,b)) = liminf P(X" € (a,b))

r—00 r—00

> P(X € (a,b)) = P(X1{x<my € (a,b)).

If b > M we have

{X"lxr<ary € (a,0)} = {X" € (a, M)}, and

{X1pcann € (@,8)) = {X € (a, M)},

Since X" = X, by the Portmanteau Theorem we have

liminf P(X" € (a,b)) > P(X € (a,b)).

T—00

So we have

liminf P(X"1ixrepy € (a,b)) = liminf P(X" € (a, M))

r—00 r—00

> P(X € (a,M)) = P(X1{x<m € (a,b)).

Since open intervals form a generating set, by Portmanteau Theorem we know

Xrl{X'r<M} = Xl{X<M}
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Lemma 5.0.2. Let X" be a sequence of random wvariables such that for any n > 0

there ezists some Q" with P(Q") > 1 —n. Suppose further X"1gr = 0. Then

X" = 0.

Proof Lete >0, f € Cy(Ry) be given. Take n < m. Let €2 be such that

P() >1—nand X"1gr = 0. Then

|E[f(X")] = E[f(0)]| = |E[f(X")1ar] + E[f(X") L] — E[f(0)]|
= |E[f(X"1a)] = E[f(0)Liar)e] + E[f(X")1(ane] — E[f(0)]]

< |E[f(X"1ar)] = E[f(0)]] + | E[f(0)L ()]

+ | E[f(X") L]

< [E[f(X"1or)] = E[f(0)]] + 29[| f |-

Taking r large enough so |E[f(X"1q-)] — E[f(0)]| < €/2. Tt follows that

|E[f(X")] = E[f(0)]] <e
Since € > 0 was arbitrary, we have the desired convergence. H

Throughout this paper we will use the following lemma repeatedly.

Lemma 5.0.3. Let {X,},{Y.},{Z.} be a sequence of random elements and X,Y, 7
be random elements where {X,,} C Sx, X € Sx, {Y,} C Sy,Y € Sy, {Z,} C Sz, Z €

Sz for some topological spaces Sx,Sy,Sz. Then
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((Xn, Y2), Zn) = (X, Y), 2)

if and only if

(X0, Yo, Zn) = (XY, Z2).

Proof First assume ((X,,Y,), Z,) = ((X,Y), Z). Define

g:(SXxSy)XSZ%SXxSyXSZ

by g((X,Y), Z)=(X, Y, Z). Then g is continuous with respect to the product topology

which implies

(X, Yo, Zn) = 9((Xn, Yn), Zn)) = 9((X,Y), 2)) = (X, Y, Z).

Since g is invertible the same argument applied with ¢g~* proves the opposite direction.

Lemma 5.0.4. Let XY,V be random elements and let f : W — Z be a measurable

function where W, Z are any topological spaces. If

(X, f(X)) ~ (Y, V)

then V = f(Y') almost surely.
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Proof Suppose not. Then there exists some measurable set A, A C G(f)¢, and

P((Y,V) € A) > 0. Since (X, f(X)) ~ (Y, V),

P((Y,V) € A) = P((X, f(X)) € A) > 0,

a contradiction since P((X, f(X)) € G(f)) = 1.

Lemma 5.0.5. If X(-) ~ X(-) and f is measurable then

(XC) D) ~ (X0), F(X(0))).

Proof Let pu(-)(fi(+)) be the distribution of (X (-), f(X())) (respectively, (X (-), f(X(:)))).
We aim to show that u(-) = fi(-). We know the marginal distributions of (X(-), f(X(+)))
and (X(-), f(X(-))) agree. Let R = A x B be any rectangle in Dg, x Dg, . It suffices

to show u(-)(A x B) = fi(-)(A x B). Notice that

{w: (X()w), F(X()w)) € Ax B} ={w : X()(w) € Anf7H(B)}

SO
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So u(-) = A() implying (X (-), F(X () ~ (X(-), f(X(-))). m

Given any measurable f define the continuity set of f to be

Cy=A{z: f(z,) = f(x) whenever z, — z}.

Lemma 5.0.6. Suppose X" (-) = X(-) and let f be a measurable, real valued function

such that P(X € Cy) = 1. Then

(X7(), F(XT()) = (X(), (X))

Proof By the continuous mapping theorem we know f(X"(:)) = f(X(:)). This

implies that (X" (-), f(X7"(-))) is tight and so for some subsequence

(X7(), (X)) = (UC), V()

where U(-) ~ X(-), V() ~ f(X(-)). For convenience sake, we drop subsequence
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notation in all that follows. By the Skorohod representation theorem, there is some

(Y7(), W () ~ (X0, F(XT()), (Y (), W) ~ (U(), V() with

(Y"(-),W"(-)) = (Y(-), W(:)) almost surely.

By Lemma 5.0.4 we know W"(-) = f(Y"()) almost surely. In fact, we have

Y"(), f(Y"(+)) = (Y(-),W(-)) almost surely.

This implies Y"(-) — Y () and f(Y"(-)) — W(+), almost surely. Since

P(Y()eCy)=PX() el =1,

it follows that f(Y"(:)) — f(Y(-)) almost surely. We can then conclude

This implies (Y (+), f(Y(-))) ~ (U(:),V(+)). By Lemma 5.0.4 we know

U, V() ~ U, FUR)))-

Therefore we have

(X7(), F(XC)T) = (UE), F(UR)-

Since X"(-) = X(-) and U(-) ~ X (-) it follows by Lemma 5.0.5 that
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(X7(), F(XT()) = (X(), F(X()))-
Since any convergent subsequence must behave in this manner, we conclude the entire

sequence converges jointly, as desired.l
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Chapter 6

Joint convergence of batch lengths
and start times

As in [9] our asymptotic assumptions imply that

rE" ()
s 1 s
X;0)=1 3 glf) = a()g.v)
i=1
for any fixed r-a.s. continuous Borel measurable g : R, — R that is both v"- and

v-integrable (here a(t) = at); see Lemma A.2 in [9]. In particular, if we define

1d(t) = t,

Let n > 0 and take M > 0 such that
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PWy < M)>1—n. (6.0.1)

Proposition 6.0.1. Suppose (/ZT(O), %Bg) = (0o, Wy). For any fized n € N we have

the following joint convergence

1

11 1 1 11
i (0), ~ B, ~ 0, =BT, =5, ~BL, -~ T,—B’“)
<'u()7"07"ﬁ17“17"52r2 o P

= (907 WO7 1WO7 WO? 2W07 WO) U anW07 WO)

It is well known that if p” 1 1 then W"(-) = W(-) where W(:) = W(0). Since
W(0) ~ Wy > 0 almost surely by assumption, it follows that for any n, M > 0 there

exists some € > 0 such that

liminf P ( inf W7"(t) > 6) >1—n. (6.0.2)

T—00 te[0,M]

Proof of Proposition 6.0.1 Notice that

1 r 1 r 1 . r 1T
B0 = B0l (1) 0y + 5 10 = By 2 W(s) > 04 (1570

Let n > 0 be given. Since %B(j = W) there exists some M, > 0 such that if

then
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liminf P(C{) > 1 —n.

T—00

By (6.0.2) we know there exists an € > 0 such that if

Ap = inf  W7(t) > e
te|

0,2Mo]

then

liminf P(Af) > 1—n.

r—00

It follows that on Ay N CY, %ﬁ{ = %BS < Mj and for large enough r we have

P(AGNCg) =1 —2n.

It follows from the fact that I"(-) = 0 that

= (1
I <;ﬁi) 1A6mcg = 0.

Since n > 0 was arbitrary, by Lemma 5.0.2

- (1
I (—5{ ) = 0.
r
Since the first two components converge jointly by assumption and the remaining

components have deterministic limits, it follows that
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Yy () = (u’"(OL LB X (LTI 0. X0 T G/B{))

= (90>W07a(')<gaV>704(')707]d(')’0) = YO()

So 187 = fi(Y{(-)) where f; : M x R X Dg, (Ry)* x R — R is defined by

Sl 2, 91()s y2(), ys(4), va(-), 22)) = o1 + 2.

This function is continuous. It follows by Lemma 5.0.6 that since fi(Yy(-)) = Wy, we

have
T 1 T
%()7;51 = (Y()()7W0)
Recall
rE" B—E)
1Br _ ro__ Xr I
Ly — Ui T r

Define f5 : (M X R x Dg, (R;)* X R) x R — R by

Lo(((wy 20, 91(-), w2 (), y3(4), yal), 02), 23)) = ya(w3).

Then 1B} = f5 ((Yy,157)). Since f; is continuous at points such that y,(-) is contin-
uous, and since X[ (-) = Id(-),we have P ((Yy, 1Wy) € Cy,) = 1. So by Lemma 5.0.6

and Lemma 5.0.3, since fo((Yo(+), W) = W,
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V) = (Y500 1007 BE) = (400 Wa, W) = Yi().

We now proceed by induction. Suppose that

T _ r__rlr lrlr‘__ T rlr
o= (or (3a) de s o () b ey

= (}/1()7 07 2W07 W07 e 707 nWO? WO) = Yn()

We aim to show

T r Tr 1 4 r Tr 1 T
Yn—l—l( ) (le ()a I (;52) TBQ, BQa 7I (;Bn) )
1 1 - (1 1 1
iy Ly > L LA Ry B
r n r n <7” n+1> r n+17 n+1>
= (3/1()7 07 2W07 W07 T 707 nW07 W07 07 (77/ + 1)W07 WO) = YnJrl(')'

Notice that

1 r /B:L B, 1 T T 1r
B = (7 )1{Wr(ﬁn )7&0} —inf{s > g, +B] : W"(s) > 0}1{WT B Bhy_q}-

Let 7 > 0 be given. Since 4 = nW, and +B;, = W, we know there exists some

M, > 0 so that if C7 = {147 + 1B < M, } then

liminf P(C}) > 1 —n.

T—00

By (6.0.2) we know there exists an e such that if



Al = { inf  W"(t) > 6}
te|

0,2Mp]

then

liminf P(A]) > 1 —n.

700

o6

It follows that on A7, NCr, 167, = 27 + 2Bl < M, and for large enough r we have

n’ r

P(A,NCy) =1 —=2n.

It follows from the fact that I"(-) = 0 that

- (1
Ir <; 2+1> Larner = 0.

Since n > 0 was arbitrary, by Lemma 5.0.2

- 1
I\ =g = 0.
(7, n+1>

Since the previous limit is deterministic, we have

Since
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1 1 1 /1 _ /1
~ QT — A B I Zpr L el
r n+1 Tﬁn—i_ r n+ <’f’ nJrl) (Tﬁn)

(o (25.))

where

fone1l tMXRXx DR, (R)"XRxRXxRx--xR—=R

is defined by

f2n—1((V7 L1, yl(')u 92(’), y3('), ?J4(')7 T2, T3, ,T3n—3, L3n—2, l‘3n—1))

= T3n-3 + T3n—2 + (T3n—1 — Tan_a).

Notice fa,-1 is continuous and since fa,—1 ((Y3,0)) = (n+ 1)Wy, it follows by Lemma

5.0.6 that

((Yg(-),ﬁ (% ;+1)> - :;+1) = (Ya(-),0), (n + 1)TW).

Notice also

1 r r IL+1 - 1 r r Tr 1 r 1 r
;Bn-&-l:XX( r >_;;Bz:f2n<(yn()7[ <; n—i—l)’; n+1))

where
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fon t MXRxDp, (R XRXxRxRx---xR—R

is defined by

f2n((Va Iy, y1(-), ?JQ('), y3('), ?J4(')7 Xo,X3," " ,T3n-3, T3n—2, L3n—1, $3n))
n—1
= y4($3n) - Z$3i+1-
i=1

Since X7 (-) = Id(-), a continuous function and

Son((Ya (), 0, (n + 1)Wo)) = Wy

it follows by the continuity of f5, at points such that y,(-) is continuous and Lemmas

5.0.6 and 5.0.3 that

r

r Tr 1 r ]' T ]' r
(Yn(.),[ (; nﬂ) = n+17_Bn+1> = (Y.(-),0,(n+ 1)Wy, Wy).

Ignoring extraneous terms, the desired convergence follows.

Lemma 6.0.2. If

(‘967W(;7 Vvla ‘/27 VE’): V;la e 7‘/271—17 ‘/271)

~ (007 W07 1W07 W07 2W07 W07 e 7nWO7 WO)
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then almost surely

(967 W(;a ‘/17 ‘/27 ‘/:37 ‘/;17 T 7‘/2n717 ‘/2n>

= (0, Wy, LW, Wi, 2Wo, Wy, -+, n W, W().

Proof Let Uy = (6y, Wy). Notice that

((907 WO>7 1WO7 WOa 2W05 WO7 T TLW(), WO) = (U07 f(UO))

where f: M xR — R?* : (z,y) — (ly,vy,2y,y,- -+ ,ny,y). So the statement follows

immediately from Lemma 5.0.4. B
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Chapter 7
Tightness of the state descriptors

Recall £(t) = max{j : p; < t}. Notice that for t = 3], /r,

() = fi(8) (7.0.1)

since

" (rt) = 7(8,) = max{j : 5 < B,,} =m,

and so

1 E"(Br)

fiy(t) = - Z Op,0 = 0-

J=ET(B,)+1

Before we show that {a}(-)} and {@5(-)} are individually tight we prove the following

technical result.

Theorem 7.0.1. Given T,n,e > 0, there exist §, M,k > 0 (without loss of generality
we take €,k < 1), and a sequence of events {Q0"} such that P(Q2") > 1 —n and on Q"

the following hold (provided r sufficiently large):
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1Ty < L]
2. sup,ep, fi (2) ([v,2 +k]) < § forany 0 <i < L]
3106 a7 (8) — (6 a7 (0)]lr < e
4 (6 am(0) V(L E(0) < M
5. E"(t+h)— E"(t) < 2ah for all t,t+h € [0,T]

6. E"(T) < 2aT

Lemma 7.0.2. Let T,n > 0 be given. There exists 6 > 0 and R such that for r > R

there is Qf where P(Q]) > 1 —n and on Qf

o T) < [ﬂ |

Proof Take ¢ such that P(Wy > §) > 1 — n and denote W5 = {W, > ¢}. By

Proposition 6.0.1 we know for any n

1
—ﬁ; = nWO.
r

In particular, take n = (%W . On W;s

T T

By the Portmanteau Theorem it follows that
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lim inf P EBTT >T|>P z Wo>T|>1-—n.
r—00 r [§—| %)

By definition of ¢"(rT') it follows that

T—00

e (r6m) < [7]) 210,

Lemma 7.0.3. Given T,6 > 0, for any 1 < i < (%L T (BT—T) = ¢ where for any

g € Cp(Ry)

<ga ¢> = OéW0<g,V>.

Proof Let g € Cy(R,). We know from Proposition 6.0.1 that for any i we have

21) = (X500 380201 ) = (@l)g.). 6 = DIFo, W) = Z,0).

Notice that

So
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where f: Dg, (R) x R x R — R is defined by

(), 21, 22)) = yla2) — y(21).
and is continuous at points (y(+), 1, z2) such that y(-) is continuous.

Therefore P(Z;(-) € C¢) = 1 and by the continuous mapping theorem, since f(Z(-)) =

aWy(g, v), it follows that

(o (20r) ) = Wit

Since this description holds for any g € C,(R,) we have for every i,

Lemma 7.0.4. Let n,e > 0 be given. Then there exists some k > 0 such that

p (o <) 211

$€R+

Proof This follows directly from the assumption that #, has no atoms.

Lemma 7.0.5. Let €,k > 0 be given. Then

A= {9 € Mp : sup <1[x7m+,@},(9> < 6}

zeRy

1S open.
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Proof Consider a sequence {(,} C My such that ¢, — ¢ € A. Then

a= sup (1 e, C) <€ (7.0.2)
(EER+
Suppose that
limsup sup (1z a4, Cn) > €. (7.0.3)

n—oo z€ERL

Then on a subsequence {k} C {n}, sup,cg, (Liz.ctx), Cr) > b for b € (a,€) and all k.
So for each k, there exists xj such that (1, 2,44, Ck) > b. Since M < oo can be

chosen so that (1), ¢) < b/2 and so

lim sup(1az,00), Ck) < b/2

k—o00

by the Portmanteau Theorem, all but finitely many x; must be bounded by M. So on
a further subsequence {j} C {k} x; — z. For each § > 0, all but finitely many [z, z,+
] are subsets of the interval I° = [x—d, z+r+04], which implies liminf; o ¢;(I°) > b.
By the Portmanteau Theorem since I° is closed, ((I°) > liminf; ,, (;(I°) > b. But
this implies (([x,z + &]) = lims_0 ((I°) > b > a contradicting (7.0.2). We conclude

that (7.0.3) is false and thus

limsup sup (1izaqn], Cn) < €

n—oo xERy

which implies that ¢, € A for sufficiently large n and A is open. B



65

Lemma 7.0.6. Let T,0,n,¢ > 0 be given. Then there exists some k > 0 and R such

that if r > R

P (s (2) (oot <) 2129

$ER+

for any 0 <1 < (%w

Proof Recall pf (%) =pu" (%) . By Lemma 7.0.4 we know there exists some &

such that

P( sup <]‘[CE,$+I~€]7 90> < 6) >1- UE

zeRL

Define

A = {C € Mp : sup <]‘[JE,.’E+I~€]7 <> < 6}'

zeR4

Then A is open by Lemma 7.0.5. Since fi"(0) = 6,

liminf P(a"(0) € A) > P(p € A) > 1 —n.

r—00

We also know by Lemma 7.0.3 that for ¢ € Z>4, " (5{) = ¢ where ¢ is non-atomic.

r

It follows that there exists some &’ such that

P( sup <1[x,x+n’]7¢> < E) >1- n.

rzeR

Define
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A= {g € Mp : sSup <]‘[I,Z‘+K/]7 C> < 6}'

reR

Then A’ is open by Lemma 7.0.5. It follows that for each 4,

lim inf P (,ur (g) € A') >Plpe A)y>1—n.

r—00 r

So for each 7, there exists some R; such that for r > R;

i <ﬁ) e A.
-

Take Kk = & A &' and define R = max . Then the desired result holds. B

osis[ 1]

Lemma 7.0.7. {(x,a7(-)+a5(-))} converges in distribution to a process that is equal

to Wy a.s. for all time.

Proof Recall g"() = pi(-) + p5(-) and using the definitions (3.1.2)-(3.1.6)
{x, 1" (+)) is the workload process W"(-) defined in (3.1.1) which is the same process
for any single server queue operating under a work conserving service protocol. The
statement is thus the well-known result of our asymptotic assumptions in Definition

3.3.1. 1

Lemma 7.0.8. Let T, e, > 0 be given. Then there exists some R such that if r > R

P ( sup |(x, i"(t)) — (x; 1"(0))| < 6) >1—1.

te[0,7
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Proof This follows immediately since (x, " (+)) converges in distribution to its

initial value. W

Lemma 7.0.9. Let n > 0 be given. Then there exists some M such that

liminf P((1, 7"(0)) V (x, 2" (0)) < M) > 1 —n.

r—00

Proof This follows since (27(0), (x, &"(0))) = (6o, (X, 6o)) where E[(1, 6y)] < oo,

E[{x,6)] < cc. R

Lemma 7.0.10. Let T > 0 and g € Cy(R;) and let 0 < h <T. Then

rE7(t+h)
lim P | sup - Z g(v]) <2ah(g,v) | =1.
e tefo.7-h) T i=rEr(t)+1

Proof Since g € Cy(Ry) we know (g, ") — (g,v). From the appendix of [9] we

have

Xg() =~ Z g(vi) = al(-)(g,v).

The statement follows. B

Corollary 7.0.11. Let T',n > 0 be given. Then for h € [0,T] there exists some R

such that if r > R

P ( sup E"(t+h)—E"(t) < 2ah> >1-n.

te[0,7—h]



68
In particular using h =T,
P(E"(T) <2aT) >1—n.

Proof This follows immediately by applying Lemma 7.0.10 with g =1. B

Proof of Theorem 7.0.1 We make the following definitions:
Loy ={reT) <[5}

2. QF = {SUP$6R+<1[x,x+n]760> < %}

3. Qf = {supmeR+ " <g> ([z,7 +k]) <5,0<i < (%1}
4.Q4 = {sup,epr [ A7 (1)) — (x, A7 (0))] < €}

5. Q5 = {(Lp"(0) vV {x, " (0)) < M}

6. Qf = {supte[O’T,h} E"(t+h)— E"(t) < 2ah}

7. Q= {E"(T) < 2aT}

Let Q" = N_, Q7. By the proceeding lemmas given T, 7, ¢ > 0, we may pick 4, x, M,

and R, in that order, such that if » > R we have

liminf P(Q") > 1 —n.

7—00
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Equipped with the above result, we now show that {f;(-)} and {5(+)} are individually

tight. Recall that

dlp,v] =1inf{e >0 : p(B) < v(B°) +¢€,v(B) < u(B®) + € for all closed B C R, }.

To show tightness, it is sufficient to verify the following two conditions

1. For every n > 0 and T > 0 there is a compact set I',,  C Mp such that

liminf P(pj(t) € I'yp for 0 <t <T)>1—n.

T—00

2. For every n > 0 and T' > 0 there exists some v > 0 such that

limsup P(w' (@} (t),~,T) >n) <n

T—00

where

w' (@, T) = infmax  sup  d[i}(s), @} ()]
{ti} ? s,te [ti,1 ,ti)

and {t;} are partitions of [0,T] with ¢; —t;_1 >, 0 =1y, and t,, = T

Theorem 7.0.12. The sequence {fj()} is tight in D = D([0, 00), Mp).

Proof We begin by verifying property 2 above. Fix e¢,n,T and let 0, x, M and

2" be given by Theorem 7.0.1. For each r consider a partition {¢/} of [0, 7] such that
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T
.
T

t7 for some i, 0 < 57 < {(rT). We also require that ¢; —t;_; < “762 for all 2. We

mini |ti—ti_1|
2

can set y = . Let B C R, be closed. Given any t < s € [t;_1,t;)

pr)(B) < i (@)([0, 1) + @ (8)(B N (k, 00))

=7 BE(”) Qr Qr —r
< i ( ) (S5 i S5yt + ) + BB 0 (,50)

_r 6;’" T —r
< sp (L (Z222) ) 4 0B 1 )

zeR

< 5 0B N (k,00)),

N |

where we have used (3.1.2)-(3.1.6).

Let I ={u € [t,s] : (1,55 (u)) < €/2}. Suppose I = 0. Then (1,1} (u)) > €/2 on

[t,s]. So

_ s 1 —t) _ 2(t; — ti_ 2
S[S:/ — duﬁ(s )S ( 1)<£:/£6<H/\6.
e (L () €/2

If z € BN (k,00) then z — Sy, € BF, so

3 (t)(B N (k,00)) < i3 (£)(B + ) = iy (s)(B°).

In this case, we have

iy (t)(B) < e+ j;(s)(B°).
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If on the other hand I # (), let 7 = inf I. So (1, @j(7)) < €/2 by right continuity. If

T =t, then

pr(t)(B) < (1, (1) <

If 7 >t then (1, if(u)) > €/2 for all w € [t, 7). So

Svr

t,T

T 1 T—1 Q(tz — tifl) /€€2
= [ ———du< < < — = ke <ENRK.
¢ (L (u) €/2 ¢ ¢

Since

In this case we have

i ()(B) < = + = < e+ @i (s)(BY).

N
N N

So in each case we have the desired inequality and it remains to show the symmetric
inequality. Againlet I = {u € [t,s] : (1,5 (u)) < €/2}. Suppose I = (). Then on [, s]
we have (1, ] (u)) > €/2. Exactly as before, we find ggs <kNe<e Letx e B—i—S’t’:s,

then there exists some y € B such that x =y + S[’s <y+esoxe€ B Soif I =10
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i (s)(B) = @y (t)(B + S,) < iy (t)(B°) +e.

Now suppose I # (). Again, as before, let 7 = inf I. Then

fi1(s)(B) = iy (r)(B + S7.,) < iy (7)(Ry) = (1, fi5 (7)) <

DO | ™

Therefore if I # ()

fiy(s)(B) < o < (1) (B) +e.

By definition it follows that d[u](s), @j(t)] < € on Q". Therefore w'(i},d,T) < € on

2", Since P(Q2") > 1 — n, condition 2 is satisfied.

To show tightness of {f} ()} it remains to show the compact containment condition.

Define

M' = (M +2aT)V (M +¢)

and let

C={CeMp: (LOV (<M}

Notice that on Q", g7j(-) € C for 0 <t < T because
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(L iy (1) < (1,71(0)) + E™(T)

IN

<M +2aT

and

06 (1) < (x 1(0)) + e

< M +e.

Notice that C' is pre-compact since

M = (x, ()
= <X1[O,K)7 C) + <X1[K,oo)>C>

> K<]-[K,oo)a g)

This implies that

!/

(Lik,o0), C) < 7 0

as K tends to infinity. Therefore we have

sup(l{x,o0), ¢) = 0
ceC
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and sup;cc ((Ry) < M’ < oo. Therefore

liminf P(jij(-) € C) >1—1n

r—00

and {p}(-)} is tight. W
Theorem 7.0.13. The sequence {ji5(-)} is tight in D = D([0,00), Mp).

Proof Again it suffices to verify conditions 1 and 2 as stated in Theorem 7.0.12.
We begin by verifying that 2 holds. Take ()" as previously defined. For each r consider
a partition {¢/'} such that g = t; for some 4, 0 < j < L(rT) and t; — t;_1 < 5 for all

min; |ti—ti,1|
2

i. We can take v = . Let B C R, be closed. Given t < s € [t;_1,t;) we

immediately have

Fz(t)(B) < fi5(s)(B) < ip(s)(B°) + €.

We now consider the symmetric inequality.
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Therefore we have d[fi5(s), p5(t)] < € on Q" and it follows that w'(fh, v, T) < € on Q.
Since P(§2") > 1 —n, condition 2 is satisfied. To show tightness of {f5(+)} it remains

to show the compact containment. Take

M'=2aTV (M +¢)

and define

C={CeMp: (LOV (¢ <M}

Notice that on Q", fi5(-) € C for 0 <t < T because

(L fi5(t)) < E"(T) < 2T, and
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OGESE) < OGRT (1) < (GET(0) +e< M +e.

By the same argument presented in Theorem 7.0.12, C' is relatively compact. There-

fore

liminf P(jiy(-) € C) >1—1n

and {p5(-)} is tight. W

Corollary 7.0.14. The sequence {(}(-), @5(+))} is jointly tight on D x D equipped

with the product topology.
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Chapter 8

Dynamic equation for (g, u}(t)) and
(g, (1))

Let

C={geC : supp(g) C K for some compact setK}.

Lemma 8.0.1. Let g € C and t > 0 be fized. If

m” = sup {(1,/2’1’(3))_1 D =By <8 < t} < 00,

then

(0. 15(0) = X5(0) = X3 (3P0 ) (802)
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Proof We first consider g € C. For any n =1,2,... and j = 0,1, ...,n — 1 define

. ﬁ£7'(rt)
r_ Bewy ](t_ " ) S
;= . + - , and " =17,
Then we have
=T =T 5”(7"1‘/) 7’1_1 =T (4T =T (4T
(9. m1(0) = 9: 7 | —, = ({g. B (")) = (g, B (1))
7=0
n—1 ~
=3 ({9 = S o) B () = Lo, (1))
§=0

i
L

<.
Il
=)

For each j =0,1,...,n — 1 and each z € R,

9(x = Sir ir) — g(x) = g'(wj")h;

where hf = —S7 ;. and w;" € R is in the interval [z — Sy, ;. x]. Note that
70 R

=-m".

= t
| T < = i\ 1
mase 5] = maxe | .| < SN L) g g =

j<n
In our application in Chapter 9, we can ensure m” < oo by taking r large enough be-

cause the system is asymptotically critical and so idleness converges to zero. For each

J n

. _Brro)
7 €40,1,...;n =1}, let 2] = sup,epr (1, fi1(s)) " and define hj = —z} (t - ) :

Then
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n—1 n—1 t . ’BZT('rt)

T | __ T r Qr
Yo =il = Y| | ) S
j=0 J=0

n—1 . p

For each n = 1,2,... and s € [%ﬁgr(rt),t) let k'(s) = Z?io 2" 1[t7~ s)(s) and define

k"(t) = 0. Then

S0 ) o)~ 6 >h;,pf<t’">>‘
< ZIS;%P l9(z = Sir i) — g(x) = g (x) 5|1, 5 (87))
stng g (Wi )G — o (2)h5 (1, g (1))

<IICL, 7y

Zsup 19/ (w™) = g'(@)]) 15| + 19’ (@)1 — B

(48 1) =5 weRs

_ Byr
tm"\ tm” — t— = &
r / r T
<M <n¢g <_n ) 0 + [19'[| E 0: (Zj < n - - Sﬁ%(m) .
j= T

where M" = H(laﬂrli(')”[%ﬁgwut)’t

] and 1), is a continuous nondecreasing function with

14(0) = 0 and

sup [lg'(z + h) = g'(z)[| < ¢g(|h])

Z‘GR+

which exists since ¢’ € C is uniformly continuous. Notice that



n—1

=0

<.

Qr
[37‘
o7 (rt)
— =t

So we have

tm”

tm
= + gl
n

e
o

Notice that

)

T

r

lim M™

n—oo

[+ ("

It follows that

)tm’“ 1l (

r
St'r tJ 'r -

Jim Z

Since

(+(=7))
i

m T /
tm” 4 [|gllo
n 8

80

t

/,

LT (rt)/r

k" (s)ds, and

t

(L, 15 ()" ds.

LT (rt)/r

n—1

2

7=0

Bir vty

r t— Tr Qr
% n - Sﬂhm .
/ (1, 1y (s 1ds>) .
BZ" (rt)/r

t

LT (rt)/r

t

/ﬂj k" (s)ds — /

er(rt)/r Bg"(rt)/r

<1,u§<s>>-1ds)> —0.

7‘ *7” t’l")

ONTAGH) —ggoz
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[ o),
: )

zr(rt)/r

we have

(9, i (1)) = <g,u§ (ﬁgzﬂ(”))> — /ﬁt %d&

T
LT (rt)/r

Since a new batch has started at 3, (rt)> if 7(rt) > 0, the jobs present at this time are
any jobs that arrived after the start of the ¢"(rt) — 1st batch, which began at B;T(rt)—l'

In this case, we may write the following expression

”ET(%WT(M))

o )y =t TS

i:rEr(%ﬁgr(rtH)H
T 1 T T 1 T
- Xg (;ﬁﬁ(rt)) - Xg (;667'(7“15)—1) :

Therefore, we have

(9, 81(t)) = (g, 17(0)) Lier(riy =0y +

(1 (1 ' (9, 17(s))
(Xg (;ﬁﬁ(mﬁ)> - Xg (;5”(7"15)—1)) 1{Zr(Tt)>0} _/ﬁ <1 ﬂ{(s» ds.
LT (rt)/r ’
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The extension from g € C to g € C follows in the same way as in the proof of
Property (3) on p. 855 in [9)].

For fi5(-), note that since

for any g € C, we can express

rET(t)
A T r r 1 r
o) = X e = X0 - X ().
i:rE‘?"(%ﬁz'T(”QJrl

forall¢>0. N
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Chapter 9
Convergence to fluid limit solutions

In this chapter we complete the proof of our limit theorem. Since {(a}(-), @5(-))} is
tight, it has a subsequence converging to some limit (6, (-), 62(-)), which we now show
is almost surely a fluid model solution for «,v,0,. By Theorem 4.0.1, the limit is
thus unique and Theorem 3.3.2 is proved. To ease notation we index the subsequence
by r. Let T,n > 0 be given and let g € C. We will show that (0;(-),0(-)) satisfies
Definition 3.2.1 for all ¢ € [0,T] with probability at least 1 — n. To that end, take

n = [%] where P(Wy > §) > 1 — 5. Then by Proposition 6.0.1,

{(r X500, B LB LB B LB B B0, ) )

are jointly tight. So by passing to a further subsequence if necessary,

r —r r 1 r r r
Vn():<u (O)ng() BO: ﬁla Blv 627 BQa

1 1 ro=r —r
: 77” n7 Bn?ﬂl() MQ('))

= (007 Oé()<g7 V>7 WO; 1W0; W(b 2W07 W07 to 7nW0> W07 02(')7 ‘92()) = Vn()
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By the Skorohod representation theorem there exist

1

, —
r

o1~ 1~ 1~ 1~ 1~ 1~ . -
BT’)_ T’_BT’_ T”_BT’..‘ 7_ T’_BT"*T’ . ’*T’ ‘>
07"517’ 17“527“ 2 annﬂl(),%()

Vi) = (70, X50)

such that V' (-) ~ V’(-) and

n

f/() = (é(O), a(-)(g, V>, VT/()7 1W0, W(), QWO, W(), cee ,nWO, W(), él('), ég())

such that V(-) ~ V(-), defined on a common probability space such that almost

surely,

-1~ 1 - 1~ 1~ . -
B B ZRT.... 2@ B i (- —r.)
177“ 277’ 29 77, no n?:ul()vlu’2<>

r

Note that V(-) has the specified form in terms of a common random variable W, by

Lemma 6.0.2. Let ) denote the event where the above convergence holds.

Define " (rt) = max{j : B}’ < rt}. By Theorem 7.0.1, P (¢"(rt) < [X]) > 1—1n

for all . This implies that on this event, for all ¢ € [0, T]

1 1., 1. . .
—Berey = max{;ﬁj Pofpsty=1 ,n} =sup{s <t : fij(s—) < ji1(s)}
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and so %@T(rt) is a function of V' (-) such that (8.0.1) and (8.0.2) hold. Consequently

there is an event Wy with P(W;) > 1 — 5 on which for all ¢ € [0, T

1 ar 1 ar 1 ar =p =p
max {2575 257 <} = suplo <45 71(s-) < 716N

Pty
is the same function of V’(-) and (8.0.1) and (8.0.2) hold for 7 (-). That is

=r T T or(r
@w»z&@—&(7@> (9.0.1)
and
(g, 11(8)) = (g, 11 (0))Lzr riy—oy +
/1 (1 b i(s)
() 5 (o) - [ B,
g £r(rt) g o (rt)—1 {er(rt)>0} ~ =r
(G : o, (S
It suffices to show that (6;(-),0(-)) satisfy (3.2.1) and (3.2.2) on QN W for all
te0,7].

Theorem 9.0.1. On QN W; for all t € [0,T]

(9,01(t)) = {9, 00) 1 (11 vy =0y + AWl V) L iy 0y — /L - _<<g1’:g11((j))>> ds (9.0.2)
and
(9,0a(t)) = (t - LTOJ Wo) (g,v) (9.0.3)
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Proof Fix some w € QN Wj. Since jif(-) — 61(-) in Jy, there exist \"(-) — Id(-)
uniformly on compact sets such that fi;(\"(-)) — 6;(-) uniformly on compact sets.

We first restrict to times that are not integer multiples of Wo. For each r, and

t € [0, T\W,Z,
(g, 11 (N (1)) = (9, 11 (O Lz (e (1yy=0y T+
YO g )
L) ™

~ 1~ ~ 1 -
T T T T ~ J—
(Xg (;BET(MT(t))> B Xg (;ﬁﬁ(r}\r(t))—l>) 1{€T(M’“(t))>0} / {
Bar ear )/

Take the limit of both sides as » — co. The left hand side becomes

lim (g, /i3 (X' (1)) = (g, 61 (1)),

r—00

and the right hand side converges to

LJ Wolg,v) — a (H/OJ - ) Wolg, ’/>) Lilepio) >0y

<9790>1{p/WOJ:0} + (Oé {Wo
: (g, 11(s))
- 1 ~—]_ 3 d .
S ) (L (s) {2 oo}

T—00

To see this, note that \"(t) — t, so for sufficiently large r, since t € W,Z,

1 ar 1 ar 1 ar r 1 ar 1 ar
;/BZT(T‘AT(t)) = max{; i ;ﬁj <A (t)} = max{; it ;6] < t}
~ ~ t ~
— max{jWO : j 0 < t} = \‘~—J Wo
Wo

Notice
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=r
71“1
=r

(1, 111(s))

—~
Vo)

~—

~

(9,75 (5))

L) {2 Lfo<s L'(R).
(L, mi(s)) {MSSSW)} fo<s<ry| € L'(R)

< ||gf||oo\

By the dominated convergence theorem we have

ACALRSIVA d
e (1 (5)) {2 oo}
_ / (' 01(s))
t/WolWo (1, 01(s))

It follows that

(9,81(0)) = {9, 00) w010y + Aol Y w50y — / (9.0()
) ) {[t/Wo =0} ) {t/Wo >0} it ite (1,01 (5)

It remains to show (3.2.2) for the growing measure. Since u5(-) — 6o(-) in Jy,
there exists () — Id(-) uniformly on compact sets such that ji5(A"(-)) — 65(-)
uniformly on compact sets. For ¢t € [0, T]\WyZ, and using (9.0.1) at the time \"(t),

we see that

Yim (g, (N (1) = (9. (1),
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and for the right hand side,

. Sr T S ;:T(MT(t)) - t T
JLim (XQM (1) — Xg (7)) = at(g,v) — {WOJ Wolg,v),

using the same reasoning as above to conclude that % ~ET rAr(e) LWLOJ Wo.

Therefore we have

(0.0 = atla ) = | 1= | Wata).

It remains to extend the result to all ¢ € [0,7']. But this follows immediately from
the fact that 6(-) and 6,(-) are elements of D and thus are right-continuous. Indeed

if t = jW, then taking ¢, | ¢ in (9.0.2) and (9.0.3) completes the proof. B
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