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Abstract

The objective of this work is to establish bounded generation for two families of S-
arithmetic groups. We first establish bounded generation for the special linear group
over certain S-orders of a quaternion algebra. We also establish bounded generation
for certain special unitary groups.

This thesis consists of three chapters. The first chapter provides much of the
background necessary as well as providing some applications of bounded generation.
The second chapter contains the proof of bounded generation for some special linear
groups, and the third chapter contains the proof of bounded generation for some

special unitary groups.



i

Acknowledgments

I would like to thank my advisor, Andrei Rapinchuk, for all the assistance and advice
he has given me. I would also like to thank everyone in the University of Virginia math
department for providing support through my years here. Most of all, I would like to

thank my husband, Ben, for being an unending source of support and encouragement.



Contents

Introduction . . . . . . . ...

0.1 Notations . . . . . . .

1 Background Material

1.1 Bounded Generation . . . . . .. .. ... . 0L
1.1.1 Definition and some Basic Properties . . . . . . ... ... ..
1.1.2 Applications . . . . . . . . . ...

1.2 Quaternion Algebras . . . . . . ... ... ...

1.3 Orthogonal Groups . . . . . . . . .. .. ..

1.4 Unitary Groups . . . . . . . . . .

1.5 Clifford Algebras . . . . . . . . . . ...

1.6 Strong Approximation . . . . . ... .. L

2 SL,(Ops) has bounded generation

2.1 Special Linear Groups . . . . . . . . . . . ...

3 SU, has bounded generation
3.1 Induction Step . . . . . .. ..
3.2 BaseCase . . . . . . . ..

o OO O O



Introduction

This work demonstrates that two different families of S-arithmetic groups have bounded

generation.

Definition. A group G has bounded generation if there exist elements aq, ..., a,, of

G such that G = (a1) (as) - - - {a,), where (a;) is the cyclic group generated by a;.

Let K be an algebraic number field with ring of integers Ok. In [3] Carter and
Keller showed that for n > 3 any element in SL,(Ok) is a product of a bounded
number of elementary matrices. This implies that SL,(Ok) has bounded generation
(see Section 2.1). Theorem 2.7 extends this result to SL,, over an order of a quaternion
algebra (see Section 1.2).

Let S be a finite subset of the set V& of all valuations of K which contains VX
the set of all archmidean valuations. Let V be a quadratic space of Witt index at
least 2 or assume S contains at least one nonarchimedean valuation and V' has Witt
index at least 1. (We refer to Section 0.1 for all unexplained notations.) In this case
Rapinchuk and Erovenko showed in [7] that Spin(V)p, (and thus the corresponding
orthogonal group) has bounded generation. In Chapter 3 we extend their method to
establish bounded generation for certain unitary groups.

We now give precise statements of our theorems. Let K be an algebraic number

field, o, 8 € K and let D = <a’—Kﬁ) be a quaternion algebra with standard basis



1,i,j, k (see Section 1.2). Assume S C VE is such that a, 8 € Og, then let
Osp i ={r+yi+zj+wk|z,y,zwe Og}.

For n > 1, SL,(D) denotes the subset of elements of M, (D) with reduced norm 1.

We set SL,(Osp) = M,,(Osp) N SL,(D). (See Section 1.2.)

Theorem (Main Theorem 1). Let S be a finite subset of VX such that S contains VE

and at least one nonarchimedean valuation. Then SL,(Osp) has bounded generation.

The proof involves reducing the general case of n > 2 to the case where n = 2,
and then showing SLs(Ogp) has bounded generation by giving an isomorphism to a
spin group which has bounded generation by [7].

For our second result we let L = K[V/d] be a quadratic extension of K. For a
Hermitian matrix F' € M, (L) we let SU, r denote the associated special unitary

group (see Section 1.4).

Theorem (Main Theorem 2). Let f be a nondegenerate sesquilinear form on L™ and
let F' be the associated matriz, and G = SU, r. Fiz S C V" such that VE C S. If f

has Witt index at least 2 then Gog has bounded generation.

Similarly to the proof of the first main theorem, this result is proved by reducing
the general case to SU, ; and then obtaining bounded generation by exhibiting an
isomoprhism to a spin group with bounded generation.

Chapter 1 contains the necessary background material for the proofs of the main
theorems. Section 1.1 introduces bounded generation, some theorems related to
it, and contains some applications of bounded generation to other problems. Sec-
tion 1.2 discusses general properties of quaternion algebras, including the definition
of SL,(D). Section 1.3 gives a brief overview of orthogonal groups. Section 1.4 dis-

cusses properties of unitary groups including Witt’s theorem for lattices. Section 1.5



defines a Clifford algebra and the spin group. Finally, Section 1.6 introduces the
concept of strong approximation. Chapter 2 contains the proof of Main Theorem 1,

and Chapter 3 contains the proof of Main Theorem 2.

0.1 Notations

We introduce some standard notations and provide some basic facts about the corre-
sponding structures; see for example [17]. Let K be an algebraic number field. Two
valuations on K are called equivalent if they induce the same topology on K. We
let VE denote the set of equivalence classes of valuations. There are two subsets
of VX that we will frequently refer to: VX the set of all archimedean valuations,
and VfK = VE\ VE the set of all nonarchimedean valuations. For v € VE we let
| - |, denote an absolute value corresponding to v. The completion of K with re-
spect to the metric induced by v will be denoted by K,. For any v € VfK we define
O, :={k € K, | |k|, < 1}. For a finite subset S C VX containing VX we define the
ring of S integers,

Os:={ke K||kl, <1forallvé¢S}.

For a« € K* we define

Via):={veV}||al, #1}.

We now define the ring of adeles, Ax, which will be needed in Section 1.6. We
define

A ={(x,) € H K, |z, € O, for all but finitely many v € V*}

veV K
with addition and multiplication defined componentwise.

Let S be a finite subset of VX containing VX, and for each v € S let W, be an

[e.9]



open set in K,. We define a topology on Ag by taking sets of the form
H W, X H O,
veS veVE\S
as a basis.
Let S C VE. Define Ag g as the image of the projection map
7w A — H K,.
veVE\S
There is a topology on Ak g given by taking as open sets the sets U C Ag ¢ with
7 H(U) open in Ag.
Consider the diagonal map ¢6: K — H K,. Since x € O, for all but finitely

veVE
many v € VfK , we have that §(K) C Ak, and composing with the projection map we

can define a diagonal map into Ak s for any S.
Proposition 0.1 ([17]). For any nonempty S C VX the image of § is dense in Ak s.

We now define some notations related to varieties. Let F' be an algebraically

closed field and let T" be a subset of F[zy,...,x,]. We define
V(T)={a€ F"| f(a) =0forall feT}

and say X C F™ is a variety if X = V(T') for some T. Let X be a variety, we can
define
I(X)={f € Flxy,...,2,) | f(a) =0foralla € X}.

We say that X is defined over a ring R if I(X) N R[xy,...,x,| generates I(X). If X

is defined over R, we can consider
Xr={a€R"| f(a) =0forall feI(X)}

If X,Y are both varieties an R-defined morphism X — Y is a map given by poly-

nomials belonging to R[z1, ..., x,]. Notice that we can view the special linear group



SL, as a variety in M, (F) = F", since the determinant is a polynomial. We can

view GL,, as a variety by indentifying it with
{(xi;) € SLyt1 | i = 2y = 0 for all i # n}.

Throughout this work we will be considering linear algebraic groups, i.e., subgroups
of GL,, which are also varieties.

Two subgroups Gy, Gy of a group G are commensurable if
[Gl : GlﬂGg] < o0

and

[GQ : G1 ﬂGg] < Q.

If G is an algebraic group a subgroup I' C G is called S-arithmetic if I' and Gog
are commensurable. If S is the set of all archimedean valuations then I' is called

arithmetic.



Chapter 1

Background Material

1.1 Bounded Generation

1.1.1 Definition and some Basic Properties

We start with a discussion of the definition and some basic properties of bounded

generation.

Definition. A group G has bounded generation if there exist aq,...,a, € G such
that G = (a;) (ag) - - - {an), where (a;) denotes the cyclic group generated by a;.

my M2

In other words, any element g in G can be written in the form g = a{"'a5” - --a}"

n

with m; € Z. Notice that the definition does not require that the a;’s be distinct. It
is clear that any finite group has bounded generation, and that groups with bounded
generation are finitely generated. However, there are finitely generated groups with-
out bounded generation (for instance F), the free group on n > 2 generators [24]).
One example of an infinite group with bounded generation is the infinite dihedral
group, G = 7Z/27 * 7.)27 = {a,b | a®> = b*> = 1), since G = {(a) (ab) (b).
On the other hand, the free product Z/2Z x Z/3Z does not have bounded gener-

ation. In fact Tavgen showed in [24] that a non-trivial free product A * B does not



have bounded generation unless both factors are isomorphic to Z/27Z.

We now prove a useful fact about bounded generation.

Proposition 1.1 ([6],[11]). Let H C G, [G : H] < co. Then H has bounded genera-

tion if and only if G does.

Proof. Assume H has bounded generation; then H = (a;) (as) - - - (a,) for some a; €
H. Since H is of finite index in G, there exist by,..., b, € G such that G =, b;H.
Thus G = (by) - - - (bm) (a1) - - - (an), and therefore G has bounded generation.
Assume that G has bounded generation. Since every subgroup of finite index
contains a finite index normal subgroup, we only need to consider the case where H
is normal in G. Let m := [G : H] and G = (g1) - - - (gn). The image of g; in G/H has

order divisible by m, so for h; := g we have that h; € H. Let

and for I = (iy,...,i,) let g; denote gi' ---gi». Define T := {I € S|g; € H}. We

claim

1 =TT o0 TTTT (7 by

JET j=1Ies

Let h € H. Then h = gi* - - - g;». We can write each r; as i; +ma; where 0 < i; < m.

Then
h= g

= g(h ..... Zn)g(ioilw ..... in)h?lg(o,iz ..... in)g(B}07i37...7- )th A th

in

= Y(ir,.sin) Hg(z),l...,o,ij+1 ..... z’n)h;jg(o 77777 0yij41smmmrin) € H <gJ> H H <g;1hjgl>
j=1

JET j=11Ies

as desired. [

Corollary 1.2. Assume H, K C G are commensurable. Then H has bounded gener-

ation if and only if K does.



Proof. If H has bounded generation then since H and K are commensurable by
Proposition 1.1 H N K has bounded generation and thus by Proposition 1.1 K does.
O

Corollary 1.3. Assume H,G are algebraic groups, and let K be an algebraic number
field, assume there is a K-isomorphism ¢: Hx — Gg. Then Hp, has bounded

generation, if and only if Go, does.

Proof. By proposition 4.1 in [17] ¢(He, ) is commensurable with Gp, and thus by
Corollary 1.2, we have that ¢(Hp, ) has bounded generation if and only if Go,
does. O]

1.1.2 Applications

We now discuss various applications of the property of bounded generation. We first

define bounded generation for profinite groups. One reference for profinite groups is
[5].

Definition. A profinite group I' is said to have bounded generation if there exist

ai,...,a, € G such that G = (ay) (as) - - - {a,), where (a;) denotes the closure of (a;).

There is a connection between the property of bounded generation for an abstract
group @, and its profinite completion, G := l‘glG /N, where [ is the set of all finite

Nerl
index normal subgroups of G.

Lemma 1.4. Let G be a group. If G has bounded generation then its profinite com-

pletion G has bounded generation as profinite groups.

Proof. Let G = (g1) -+~ {gn), and let + : G — G denote the canonical homomorphism.

Notice that for each g;, (¢(g;)) is compact. This implies that (¢c(g1))---(t(gn)) is

compact, and therefore closed. However «(G) C (1(g1)) - - - (t(gn)) implying that G =

((g1)) - -~ (t(gn)) since (@) is dense in G. O



Bounded generation for profinite groups allows for a nice characterization of all
analytic pro-p groups. A pro-p group is called analytic if it is an analytic manifold
over QQ,,, the field of p-adic rationals, and the group operations are analytic functions,

i.e., it has the structure of a p-adic Lie group.

Theorem 1.5 ([19]). A pro-p group is analytic if and only if it has bounded generation

as a profinite group.

Bounded generation is also closely connected to the congruence subgroup property.
Let G be an algebraic group defined over an algebraic number field K. Fix S ¢ VX
such that VX C S and fix an embedding G < GL,,. Recall that Go, = GNGL,(Os).

For any nonzero ideal a C Og, we define that congruence subgroup G(a) by
G(a)={9€ Go,|g=1, (moda)}.
Lemma 1.6. The congruence subgroup G(a) has finite index in Go,.

Proof. Notice that Go,/G(a) C GL,,(Og /a) for some m, and as Og /a is finite, so
is Go,/G(a). O

To describe the congruence subgroup property we consider two different topologies
on Gk. Define a topology on G'x by taking all normal subgroups of G, of finite
index as a base of neighborhoods of the identity. Let G5 denote the completion of
Gk with respect to this topology. We can define an alternative topology by taking
all congruence subgroups of G, as a base of neighborhoods of the identity. Let G°
denote the completion of G with respect to this alternative topology. Since the first
topology is stronger, there exists a natural, continuous, surjective homomorphism
G5 — G5. The kernel of this map is called the S-congruence kernel and is denoted
by C¥(G). If C¥(G) is finite we say that Gog has the congruence subgroup property.

For an overview of developments on the congruence subgroup problem see [21].
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To illustrate the connection between the congruence subgroup property and bounded

generation we will need to focus on groups which satisfy the Margulis-Platonov con-

jecture (MP). This states: If
T ={veVE\VE |G is K,-anisotropic},

then for any non-central normal subgroup N C Gy there exists an open normal

subgroup W C H Gk, such that N = G NW. This has been proved in most cases;

veT
see Appendix A of [22] for a survey of this conjecture. With this condition it was

proved in [16] that:

Theorem 1.7. Let G be an algebraic group over a field K satisfying (MP), and let
ScVE withVE c S and SNT = 0. If Goy has bounded generation, C°(G) is
finite.

Another application involves the commensurator-normalizer property. A subgroup
G is commensurated by the conjugation action of G if for all g € G, ¢7'G1g and G4
are commensurable. A group G has the outer commensurator-normalizer property if
for any group H, and a homomorphism ¢: G — H, any subgroup I' of H which is
commensurated by the conjugation action of ¢(G), is almost normalized by ¢(T'),i.e,
there exists a subgroup H' C G commensurable with H which is normalized by ¢(T).
In [23] Shalom and Willis used bounded generation to show that certain S-arithmetic
groups have the outer commensurator-normalizer property. Let K be a global field,
with ring of integers O, and G an absolutely simple, simply connected algebraic group
over K. Then let G be K-isotropic of rank at least two, and I' C G(K) commensurable
with G(O). With these assumptions they showed (Theorem 6.12) that if G(O) is
boundedly generated by unipotents then I' has the outer commensurator-normalizer
property.

Bounded generation is also related to the notion of SS-rigidity. We say that a
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group G has SS-rigidity if it has only finitely many equivalence classes of complex

fully reducible representations in each dimension.

Theorem 1.8 ([19]). Let G be a group with the property that every finite index
subgroup of G has finite abelianization. If G has bounded generation, then G is SS-

rigid.

Another application involves right-orderability. Morris and Lifschitz used bounded
generation in [14] to show that certain groups are not right orderable, and thus have
no nontrivial action on the line. Let K be an algebraic number field which is neither
Q nor an imaginary quadratic extension of Q. Let I' be a finite index subgroup of
SLy(Ok). They showed that I' has no nontrivial orientation preserving action on R,
using the bounded generation of SLy(Of). A discrete subgroup I' of a Lie group G
is called a lattice if G/T" has finite volume, for example SLy(Z) is a lattice in SLy(R).
It was shown that if it is true that any noncocompact lattice in SL3(R) or SL3(C) is
boundedly generated by unipotents, then for any connected, semisimple Lie group G
with finite center and R-rank G > 2 if I is a noncocompact, irreducible lattice in G,
then I" has no nontrivial orientation-preserving action on R.

Bounded generation has also been related to Kazhdan’s Property (T). In particular
it has been used to show that SL,(Z) has Property (T) without using the property
that SL,(Z) is a lattice in SL,(R) and to give an explict Kazhdan constant. (This

is explained in Chapter 4 of [2].)

1.2 Quaternion Algebras

In this section we introduce (generalized) quaternion algebras, some of their basic

properties and the notion of an order. One reference for these basics is Chapter 1 of

8]-
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Definition. Let K be a field (of characteristic not 2) and a, 8 € K*. The quater-
nion algebra D = (047_K5) is the 4-dimensional K-algebra with basis {1,4, j, k} and

multiplication determined by i* = a, j* = 3, ij = k and ji = —k.

There is a standard involution on D, denoted by -, defined by

Ty + Jfli + CL’Qj + ZE3]{7 =Ty — C(]li - .l’gj — ng}.

Notice that if x € K, then ¥ = z, and if x = x1i 4+ 225 + 23k, then £ = —x. We can
show that ab = ba. A simple computation verifies this for basis elements, and since ~

is additive and K-linear the result follows.

For x € D we can define its norm N: (a’—Kﬁ) — K by N(x) = zz. Taking

T = xo + x11 + 9] + 3k and multiplying we can see that
N(z) = 2§ — az] — B3 + afz;.
Notice that this can be viewed as a quadratic form on K*.
Lemma 1.9. For any z,y € D, N(zy) = N(x)N(y).
Proof. We can see that
N(zy) = zyzy = 2yy2 = xN(y)T = 22N (y) = N(z)N(y)
since N(y) € K. O

Notice that if N(q) # 0, then by construction we have qu’ =1,s0q¢ ! = ﬁcj.

If ¢ # 0 and N(q) = 0 then ¢ is a zero divisor and thus not invertible. This implies:

Lemma 1.10. An element q € (&’—[(ﬂ) is invertible if and only if N(q) # 0. In

particular, (CV7_KB) is a division algebra if and only if ¥3 — ax? — B3+ afBx3 = 0 has

no nonzero solutions over K.
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We first consider a simple example where D is not a division algebra.

2
Lemma 1.11. Let D = (Oz_[,(ﬁ) for a, 8 € K*. Then D = My(K).

2
Proof. We define a homomorphism ¢: (a [’(ﬁ) — My(K) by taking
. a 0 . 0 1
(1) = , 9(J) =
0 —« g0

Then ¢(i)> = o1, $(j)? = BI and ¢(j)é(i) = —(i)(j). Since ¢(i) and 6(j) satisly

the relations of the quaternion algebra this defines a homomorphism. We can also

see that
1 0] 00
— %(1+ égb(i)), = %(I - écb(i)),
0 0 0 1
o1 + 1 ool 11
= 5(603) + ~6()6()), = 35(00) = 500)607)
_0 ()_ 1 0

so ¢ is surjective. Since the dimensions of D and My (K) are both 4, ¢ is an isomor-

phism. O

We will later use that if 7, : D — D is a K-linear map fixing 1,4, 5 such that
Tr(k) = —k, then
0 g 0

s (X)) = |7 | x*
0 1 0 1

since we can see from the proof of the previous lemma that ¢po 7,00~ ! will fix

01 00
and and take to

0 1 0 0 3 0|

Lemma 1.12. Let D be a quaternion algebra, then either D is a division algebra, or

D = My(K).
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Proof. Given Lemma 1.11 and Lemma 1.10 it suffices to show that if

x5 — ar] — By + afz;

1vi 3 : Q, 6 y2, z
has a nontrivial solution in K, then 5 o e for some y,z € K. Let
Yo, Y1, Y2, Y3 be such that

Yo — ayi — Bys + aBy; = 0.
Then

Yo — ayi =

Blyz — ays),
implying that

N(yo + v1i) = BN (y2 + ysi).

If N(y2 + ys3i) = 0 then « is a square in K and thus by Lemma 1.11, D = M,y(K)
Assume N (yo + y3i) # 0, then

B = N(yo+y1i)N(yo + ysi) "

Since N is multiplicative there exists a,b € K such that f = N(a + bi). Let j' =
%(a + bi)j, then

1
()2 = —52N(a +bi)j* = 1.
Notice that iy’

—j4"i, and so 1,j,4,j"i forms a basis for a quaternion algebra,
1
implying that D = ( ,04)' Therefore by Lemma 1.11 we have thatD = My(K). O

We now define the reduced norm for quaternions, and matrix algebras over quater-

nions. Notice that if L is a field extension of K and D = (a,_ﬁ)) then

Doxl = (%)

Thus by Lemma 1.11 we have that

DK (Va) = My(K(V/a)).
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In particular there is an injective homomorphism ¢: D — My (K (y/«)), given by

To + xl\/E T2 + ZL’3\/&
B(l’g — 1‘3\/5) o — 1‘1\/&
We can extend this to an injective homomorphism ¢,,: M, (D) — Ms, (K (y/a)). De-

$0+$1i+$2j+$3]{5l—)

fine a determinant on M, (D) by det X = det ¢(X) for X € M, (D). This is also
known as the reduced norm (note that the standard notation is Nrd not det). We

notice that if ¢ € M;(D) = D, the reduced norm

det|qo + @1 + q2J + q3k] = det ¢(q)
= (90 + a1vVa) (@0 — a1va) — B2 — 3V @) (¢2 + g3v/ )
= g — aq; — Bg; + afg;
= N(q).
So it corresponds with our original norm. We define
SL,(D)={X € M,,(D) | det X = 1}.

To prove that SL,(Op.s) has bounded generation, we will analyze its structure
using elementary matrices. For ease of notation we let [X];; denote the ijth entry of
the matrix X.

An elementary matrix is a matrix with 1s on the diagonal, Os elsewhere except
for a single nonzero entry. We will use E;;(a) with i # j to denote the elementary
matrix given by

1 if =k
[Eij(a)l = a if l=iand k=7 -
0 otherwise
We can see that ¢(E;;(c)) will be an upper or lower triangular matrix with 1s along
the diagonal, so ¢(E;;(a)) has determinant 1, implying that E;;(a) € SL,(D) for all
a€D, i #].
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Our first main result involves SL,, for an Ok g-order of a quaternion algebra,
which we will now define. Let A be a finite-dimensional algebra over an algebraic
number field K. An order in A is a subring O that is also an O g lattice, i.e., O is
a finitely generated O g-module which contains a basis for A as a vector space. An
order is maximal if it is not contained in a larger order. (See section 1.5 in [17].)

In our case we let D = (%) with o, 8 € Oks. Let S C VE be finite with
VE C S. Define

Ops = {xo+ x1i + x2j + 3k | ; € Og}.

We define SL,(Ops) = SL,(D) N M,(Op,s). Clearly E;j(a) € SL,(Op,g) for all «
in Ops.

As a preliminary lemma for Main Theorem 1 we prove a result concerning E;;(Op ) :=
{Eij(o) |« € Ops}.
Lemma 1.13. Fizi,j and S. There exists gy, . .., gm € SL,(Op.s) such that E;;(Ops) C
(g1) - {gm)-
Proof. It S = VE then Ops = Op and E;;(Ops) = OF the additive group of
Op, which is a finitely generated abelian group and thus has bounded generation so
Eij(Ops) = {g1) -+ {gm) for g; € E;;(Ops). Assume that S # V. Then by Lemma
6 in [24] there exists a € Ok such that Og = Ok [1], which implies that for any

x € Op g there exists x; € Op such that

Let A = diag(1,...,1,qa,...,1/a,...,1) (i.e. [A]; =a, [A];; = 1/a and [A]; =1 for
[ #1,7.) Notice that A € SL,(Op ) and that

Eij (ZL’) = A_MEZ'j (Z .I'Z'CL2M_i> AM
=0

Thus E;;(Op.s) C (A) (g1) - - (gm) (A) as desired. O
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1.3 Orthogonal Groups

In this section we define properties that are used in [6] to show that some orthogonal
groups have bounded generation. In the next section we introduce analogous prop-
erties for unitary groups. Throughout, K will be a field and W a finite-dimensional

K-vector space.

Definition. A map W x W — K denoted by (z,y) — (z,y) is a bilinear form if
(ax,y) = a(z,y) = (x, ay),

(T+y,2)=(z,2) + (y,2),
and
(T,y +2) = (z,9) + (v, 2)

forall « € K and z,y,z € W.

If we also have that (x,y) = (y,x) for all z,y € W, then (-, -) is called symmetric.
We say (-, ) is nondegenerate if for every nonzero x € W there exists y € W such
that (z,y) # 0. A vector x € W is called anisotropic if (x,z) # 0. The space W is
called anisotropic if every nonzero vector in W is anisotropic, and is called isotropic
otherwise.

Let €1, ..., e, be a basis for W. Define a;; = (e;, ¢;) and form the matrix
F = (aij)1<ij<n-
With respect to this basis we have that

Y1
<3§'1€1 + -+ Then, 61+ + ynen> = [xb o 7xn]F
Yn
Notice that if (-,-) is symmetric then F* = F. For any matrix I, we may define a

bilinear form by (z,y), = z'Fy.
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Definition. Let (-,-) be a symetric bilinear form. We define the orthogonal group
OW)={oceGLW) | (ox,oy) = (z,y) for all z,y € W}.

If we fix a basis, then O(W) can be identified with:

Onr(K) ={M € GL,(K) | (Mz, My) = (z,y) forall z,y € K"}

= {M € GL,(K) | M'FM = F}.
We can also define SO, p(K) ={M € O,, p(K) | det M = 1}.

Theorem 1.14 (Witt’s Theorem version 1). Let W be a finite-dimensional K -vector
space with a symmetric nondegenerate bilinear form (-,-) .. Assume we have two
linearly independent sets of vectors xy,...,x,, and yi, ...,y with (x;,x;) = (Yi, y;)

for 1 <i,j <r. Then there exists o € O, p(K) such that o(x;) = y; for 1 <i <n.

This is Theorem 5.2 in [9].

Let M C W be a maximal subspace of W such that all vectors of M are isotropic.
Assume that N is another such subspace and dim M < dim N. There exists a sub-
space N’ C N with dim N/ = dim M. By Witt’s theorem there exists 0 € O,, p(K)
such that o(N’) = M. Then M C o(N) and all vectors in o(V) are isotropic, so
since M is maximal M = o(N) and dim M = dim N. Thus all such subspaces have
the same dimension. We call this dimension the Witt index of W. Notice also that if

V' is nondegenerate that the Witt index is at most half the dimension of V' since
dim M+ = dim V — dim M,

but M C M+ implying that
dim M+ < dimV — dim M*

so 2dim M+ < dim V.
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Corollary 1.15. Let W, z1,...,x,, y1,...,Y be as in the theorem, and further as-
sume that 2r + 1 < n. Then there exists 0 € SO, p(K) such that o(x;) = y; for

1< <n.

Proof. From the theorem we have that there is ¢’ € O,, p(K) such that o'(z;) = y;
for all 1 < i < r. Since ¢’ € O, p(K), deto’ = £1. Assume det ¢’ = —1. For any

anisotropic u € W we can define a map o, : W — W by

Then o,(u) = —u, and if (u,v) = 0, 0,(v) = v, implying det o, = —1. We can also

see that o, € O, p(K), since for arbitrary vectors vy, vy € W,

2(u,vg>

Gy T ) “>

_ <U1, ’U2> —9 <U, U1> <U, U2> _9 <ua U2> <U17 U) + 4 <U, Ul) <ua U2>
(u, u) (u, u) (u, u)
== <U17 U2>
Thus it suffices to show there exists w € span(zy,...,,)" which is anisotropic, since
then o = 0’0, will have the desired properties. The dimension of span(zy,...,z,)*

is at least n —r, but this means that the dimension is at least »+ 1, and thus contains

anisotropic vectors since the Witt index of W is at most r, so the desired w exists. [

Now assume K is an algebraic number field. Let W be a vector space with a
nondegenerate, symmetric bilinear form and basis ey, ..., e,. Let £ be the Og-lattice
defined by this basis. Then we can define GL,,(£) and O,, (L) as the subgroups of
GL,(K) and O, r(K), respectively, that fix this lattice. Similarly we can consider
the lattice £, over O, with v € VfK . Let  denote the image of x € L, under the

map L, — L, /p, L, and let k, = O, /p,.
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Theorem 1.16 (Witt’s Theorem for local lattices). Let {ay,...,an} and {by,... by}
be elements of L, such that {ay,...,ay} and {by,..., by} are each linearly indepen-
dent sets over k, and (a;, a;) . = (b;,b;) p for all 1 <i < j <m. Then if det F € O

and |2|, = 1 then there exists o € O, p(L,) such that o(a;) =b; for alli=1,... ,m.

This is theorem 2.24 in [6].

1.4 Unitary Groups

We now consider unitary groups. Let K be a field, L = K(v/d) be a quadratic
extension, and 7 be the involution taking v/d to —v/d. We also fix a finite-dimensional

vector space W over L.

Definition. A map (-,-) : W x W — L is called a sesquilinear form if it satisfies the

following:
o (az,y) =7(a)(z,y)
o (z,ay) = a(z,y)
o (z+y,2)={(x,2)+ (y,2)
o (z,y+2) = (z,y) +(z,2)
for all x,y,z € W, a € L.

We call (-,-) Hermitian if
T({y, ) = (,9)
and skew-Hermitian if
T({y, 2)) = = (z,9).

All our forms will be Hermitian or skew-Hermitian.
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As for bilinear forms, we call (-,-) nondegenerate if for every nonzero x € W,
there exists y € W such that (x,y) # 0. An element x € W is called anisotropic
if (z,z) # 0 and isotropic if (x,x) = 0. A subspace V' C W is called anisotropic if
every element of V' is anisotropic, and is called isotropic otherwise; if all elements of
V' are isotropic the space is called totally isotropic.

We now prove a useful fact about isotropic spaces that will be used in Chapter 3.

Lemma 1.17. Let W be a finite-dimensional L-vector space with a non-degenerate
Hermitian sesquilinear form (-,-). If W is isotropic, then for any k € K, there exists

an element w € W such that (w,w) = k.

Proof. Since W is isotropic there exists nonzero v € W such that (v,v) = 0. Let
e, ..., e, be an orthogonal basis of W (see Theorem 10.10 in [18] for the existence of

such a basis and write v = vie; + - -+ + v,€,. Since v # 0, v; # 0 for some i. Define
v =wier + o+ (—v)e 4 o+ vnen.

k
Then (v/,v") =0, and (v,v') # 0. Set w = v + mv’. Then we can see that
v,

as desired. [
We define the unitary group
UW) ={g€GLW) | (gz,gy) = (z,y) forall z,y € W}.

Fix a basis ej,...,e, of W and let F' = ({(e;,e;)). For a matrix M = (my;;) let

(M) = (7(my;)) and M* = 7(M)". Then we can express the unitary group as

Uy p(L) = {M € GL,(L) | M*FM = FY}.
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We define
SUpp={M €U, p|det M = 1}.

Theorem 1.18 (Witt’s theorem for unitary groups). Let W be a finite-dimensional
vector space over L with a Hermitian (or skew-Hermitian) nondegenerate sesquilinear
form (-,-). Assume we have two linearly independent sets of vectors xy,...x, and
Yty Y of W osuch that (x;,x;) = (yi,y;) for 1 < i,j < r. Then there exists

o € U(W) such that ox; = y; for all 1 <i <.

This is Theorem 10.12 in [9].

As before, we define the notion of the Witt index. If M C W is a maximal totally
isotropic subspace of W, then dim; M is called the Witt index of W. The same
argument used in the orthogonal case shows that Witt’s theorem implies that the

Witt index is well-defined.

Corollary 1.19. Let xy,...%, y1,-..,y, be as in Theorem 1.18. If 2r +1 <n then

there exists o € SU, p(L) such that ox; =y; for all 1 <i <r.

Proof. Let ¢’ be an element of U, (L) given by Theorem 1.18. Let w € L" be
anisotropic with (z;,w) = 0 for all 1 < i < r. Such an element exists because

2r +1 <n and W is nondegenerate. For [ € L, w € W define 07,,: W — W by

TLw(v) = v +1 {w, v)

(w, w)
Then o0y, is a linear map which fixes all v € W with (w,v) = 0. We also can see that
oLw(w) = (1 4+ )w. Thus detoy,, =1+ 1 and o;,, € UW) if (1 +7(1)(1+1) = 1.
Let

| = (deto’)™ ' —1,
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then

(1+7)(1+1) = (det 7(c”)) (det o’) !
= (det(r(c")0"))™"
= (det(r(¢")Fo'F~1))~!

=1

since o/ € U(W). By construction deto;,, = (deto’)™'. Thus ¢ = o’0;,, has the

desired properties. O
Define an injective homomorphism ¢: L* — G Ly(K) by

oz + Vdy) — z
y x
Note that the image of this map is an algebraic group as it can be described as the
set of X € GL, such that [X];; = [X] and [X]12 = d[X]2;. The map ¢ extends
to an injective homomorphism GL, (L) — GLg,(K) given by (x;;) — (¢(xi5)). By
identifying U, p with its image under this map we can see that U, r is an algebraic
group over K.

Alternatively we can view U, p as a variety defined over K by expressing the

hermitian matrix F' as

F = F +VdF,
(with F; € M,(K) symmetric, 5, € M,(K) skew-symmetric.) Then the map
Upr(L) — (My(K))? given by X + YVd — (X,Y) is an injection whose image
is
{(X,Y) € (M, (K))* | (X = VdY)'F(X +VdY) = F}
= [(X,Y) € (My(K))? | X'FLX — dY'FY + dX'FY — dY'FX = Fy

and X'FY —Y'FLX + X', X —dY'FY = F}.
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We define the multiplication on (M, (K))* by (X,Y)* (Z,W) = (XZ+dYW, XW +
YZ).

We will need a lattice version of Witt’s Theorem for unitary groups. Let v € VfK .
Let L, := L ®k K, (note that this is not necessarily a field), and define 7,: L, — L,
by 7,(z ® y) = 7(x) ® y. The unitary group U, p(L,) acts on a n-dimensional L,-
module (which is a 2n-dimensional K,-vector space). Let O, := O ®0, O,. We
let £, = (O,,)", an n-dimensional free O, p-module. Let p, ;, be the ideal generated
by 1®p, in O, 1, ly = Oy L /o1, and for a € L, let a®) denote the image of a under
the map £, — L, /pv.r Lo.

Theorem 1.20 (Witt’s theorem for local lattices, unitary case). Let v € V< such that

12|, = 1, and |d|, = 1. Let F € M,(O, 1) be a Hermitian matriz with det F' € O;;.

Let ay, ... am, by,..., by € L, with (a;,a;) = (bi,b;) for all 1 <i,j < m. Assume
(v) (v)

spany (@y ,...,am ) and span,, @, b)) are m-dimensional free modules. Then

there exists g € Uy, (O, 1) such that ga; = b; for all 1 < i < m.

We consider two cases. In the first case L, is a field. In the second case we have
L, =2 K,®K,.

Case 1: v € V/* is such that L, is a field, ie., L, = K,[V/d]. In this case the
proof is built from a proposition and a few lemmas. Notice that in this case /, is a
field which is a quadratic extension of k,. Throughout we will let 7, denote a fixed

generator of p, ;. Notice that since |d|, = 1 we may take 7, € O,.

Proposition 1.21. Let L be a field with involution 7, K = L™ and [L : K| = 2.
Let W be an n-dimensional vector space over L with non-degenerate Hermitian inner

product (-,-). Let

R={Y € End(V) | (x,Yy) + (Yz,y) =0 for all z,y € V'}.
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For xy,...,x, €V linearly independent, let
Q={(y1,--- ym) € V™ [ (2, y5) + (i, ;) =0 for all 1 <i,j <m}
and
I'={(Yx,....,Yx,) | Y € R}.

Then Q =T.

Proof. Notice that R, {2 and I' are K-vector spaces. By the construction of R it is
clear that I' C €2. Thus if we show that dimg I' = dimg ) then the two are equal.

Let V = span;(x1,...,Zn),
T={YeR|Yx;=---=Yx, =0}

Then dimg I' = dimg R — dimg T'. We first compute dimg R. Fix a basis of W and
let F' be the matrix of (-,-) in this basis. We can see that R consists of matrices
Y € M, (L) such that Y*F = —FY. Let H (respectively H') denote the subspace of

Hermitian (respectively skew-Hermitian) matrices in M, (L). Then M, (L) = H ® H’

since HNH' = 0 and for every X € M, (L), X = (322X)+(£52), ie., X is the sum of
an element of H and an element of H'. We can also see that dimg H = dimg H' since
the map X — v/dX takes the space H to H'. Therefore dimy H' = %dimK M, (L) =
n?. Finally dimyg H' = dimg R since the map X — F~'X takes the space H' to R.

Therefore dimy R = n?.

We can view T as
{YeM,(L)|Y'F=—-FY and Yv=0 for allv € V'}

and express V as Vi LV, where V; is nondegenerate and V, = V+. Fix an orthog-
onal basis eq,..., e, for V; and let vgyq,...v, be an arbitrary basis of V. By the

construction of Vy, vpy1, ..., v, € Vi- which is nondegenerate. Therefore there exist
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Vkt1y e v vy U € Vﬁ such that
spany (Vki1, - - - Umy Oty - - - Opy) = Span(vgy1, Ogy1) L -+ L span(vy,, Op,)
where each vy, 0; forms a hyperbolic pair. Thus W can be written as
W=V, L (Vo ®span(0xy1,...,0m) L Va.

Since Y anhilates V' there exists a basis and matrices Fy, Iy and Y;; with 1 <4 < 4,

7 = 1,2 such that:

F 0 0 0 0 0 Y Yio
I 0 0 Inw O v- 0 0 Yy Yo
0O Imwx O O 0 0 Y3 VYa
0 O 0 £ 0 0 Yy Yy
SO _ i}
0 0 0 0
0 0 0 0
Y*F =
Yk Ys Y5 Yk
YioFr Ygy Yy YiF
and _ -
0 FiYin FiYi
FY =

0

00 Ys Y
0 Yo Yo
0

0

FoYyn FoYp
Since F' is invertible we have that Y71, Y19, Y31 and Y3y are all 0. We also have that
Yo, = =Y5, FbYy = —Y5, and FyY), = =Y 5 F. It is clear Yy, is completely deter-

mined by Yo, and Y9 can be aribtrary, so the dimension of the K-subspace consisting

of possible Yaos is Yoo = 2(m—k)(n—2m+k). By our previous argument the dimension
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of the K-subspace consisting of possible Ya1s is (m—k)? and dimg Yjo = (n—2m+k)?.

Therefore
dimg T = (m — k)* +2(m — k)(n — 2m + k) + (n — 2m + k)?
= ((m— k) + (n— 2m + )’
= (n—m)?
and thus

dimg I' = dimg R — dimg T = n® — (n — m)? = 2mn — m>.

For each ¢ from 1 to m define a linear map f;: W — L by fi(w) = (z;,w) for all
w € W. Because the x;s are linearly independent and W is nondegenerate, the f;s

are linearly independent. We define ®: W™ — M,, (L) by

S(wy, .. W) = (filws))1<ij<m-

Since the f; are linearly independent their span is an m-dimensional L-vector space

and dimp(®(W™)) = m?, so ® is surjective. We can express

Q:{(ybaym) ewn | q)(y177ym)+q)(ylv7ym>*:0}

filys) + 7(f5 (i) = (i vy) + 7((25,91)) = (i, y5) + (s, i) -
Let
U= {X € Mp(L) | X + X" = 0},
Then

From previous arguments dimg U = m?. Since

ker ® = {(wy,...,wy) | fi(w;) =0 for all 4, j},
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we have that dimg ker ® = mdimg V+ = 2m(n — m). Therefore

dim Q = 2mn — 2m? + m? = 2mn — m?
which is the dimension of . O]

Lemma 1.22. Let v € VfK be as in the theorem and satisfying L, = K,[Vd|. Let
F € M, (O, 1) be a Hermitian matriz and suppose that det F' € O, . Given an integer
[ >0 and a matriz X in M, (O, 1) satisfying

X*FX=F (modpl,)
there exists Y € M,(O, 1) such that

Y*FY =F (mod pj7})
andY = X (mod p!, ;).
Proof. By assumption X*FX — F = 7l A for some matrix A € M, (O, ). Clearly,
A* = A. The requirement that ¥ = X (mod p!, ;) implies that ¥ must be of the
form X + 7! Z for Z € M, (O, ). Computing, we see that

Y*FY = X*FX + 7 (Z*FX + X*FZ) + 2 Z*FZ
=F+m(-A+Z"FX +X*FZ) (mod pi}).
Thus, it remains to find a matrix Z such that
Z'FX+X'FZ=A (mod p,1).
Since det F' € O and
F'X*FX =1 (modypl,)

we have that X! € M,(0, ). Let Z = ((FX)*)"'(3A). Since |2|, = 1 we have that
Z € M,,(O,1,). Then

1 1
ZFX +X'FZ=(GA) + ;A=A

as desired. [
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Lemma 1.23. Let v € VfK as in Lemma 1.22. For any integer [ > 1 and any
matriz X € M,(O, ) such that X*FX = F (mod p!, ;) there exists X €U, p(O,1)
satisfying X = X (mod pi]’L).

Proof. Applying Lemma 1.22 iteratively we construct a sequence X = X;, Xj4q,. ..
such that
X;FX,=F (modp} )

and Xj, = Xp41 (mod p% ). This is a Cauchy sequence since | Xy — Xpiq]y < [m[f.

Since L, is complete the sequence has a limit, X. Since each X is contained in

M, (O, ), we have that X is in M, (O, ). Similarly, since X = X, (mod pﬁyL), we

have that X*FX = F (mod pk ) for all k > 1, so X*FX =F and X € U, p(O,1).
O

Lemma 1.24. Let v be as in Lemma 1.22 and let ay, ..., Gm,b1,..., b, be as in the
theorem. If a; — b; € pLL L,, for all 1 < i <m, then there exists X € M, (O, 1) such
that

X=E, (modpl,), X*’FX=F (modpl})

and Xa; = b; (mod pf}J’Ll) forall1 <i<m.
Proof. We can write b; = a; + Wici for some ¢; in £,. Then
(bis bs) = (@i + i, a5+ myey) = (ai, a5) + 7, (i a5) + (@i, ) + 72 (e ¢)

so (¢, a;j) + (a;,¢;) = 0 (mod p, ). It sufficies to find a matrix Y € M,(O, )
such that Ya; = ¢; (mod p, 1) and Y*F + FY =0 (mod p, 1), because in that case
X = E, + 7Y has the desired qualities. The existence of such a Y follows from

Proposition 1.21 by leting x; = a;, L = ¢,,, K = k,. Since

<a§”), é§“)> + <*§”), a§”)> =0,
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we have that (™), ... ,ES;)) € Q, and thus is in I' so there exists YY) € M, (¢,) such
that Y (@) = &) and

(VO F® 4 70) f) — g
Lifting we get an appropriate Y € M,,(O, ). H

Proof. (of the first case of Theorem 1.20) Applying Theorem 1.18 to the @;"s, l;i(v)s
gives an X € U, r({y) such that Xa;W = l;i(v). Lifting we obtain X, € M, (O, 1) such
that Xoa; = b; (mod p, 1) and XJF X, = F (mod p, ). By Lemma 1.23 there exists
Xy € U, r(O, 1) such that Xy = X; (mod p, 1), so Xya; = b; (mod p, ). Assume
that we have found Xi,..., Xy € U, (O, ) such that X; = X;;; (mod pferl) and
Xi(a;) = b; (mod p! ;). By applying the Lemma 1.24 to {X(a1), ..., Xg(an)} and
{b1,...,bn} there exists Y such that

Y=FE, (mod pff,L),

Y*FY = F (mod pit!)

and

Y (Xi(a;)) =b;  (mod pﬁf).

Then by Lemma 1.23 there exists X1 € U, p(O, 1) such that Xy = Y X}, (mod pﬁj}}).
The X;’s form a cauchy sequence. Let X be the limit of the X;s. We have that X is
in U, (O, ) and Xa; = b; for all i as desired.

Before proving case 2 we prove a lemma which has a similar flavor to the proof of

case 1.

Lemma 1.25. Let f1,...,fn € Oyfz1,...,2n] such that f; = ai + > a;jx; and
n < m. Assume the image of {f1,..., fn} under the map O, — k, has rank n. For

any Y1, Ym € O, such that fi(y1,...,ym) = 0 (mod p,) for all 1 < i < n there
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erists Y1, ..., Ym € O, such that fi(th,...,9m) = 0 and y; = y; (mod p,) for all

1< <n.

Proof. First we note that since the image of fi,..., f, has rank n in k, there exists

linear equations f41,..., fm, With f; = a;0 + > a;jz; such that fi(y1,...,ym) = 0

forall n+1 <4i <m and {fi,..., fi} has rank n. Let A = (a;;) be the matrix of
T aio hn

coefficients, z=| ! |,a=| ! | andy = | ¢ |. With this notation, we are trying

T Amo Ym
to find a solution to Az + a = 0 such that = y (mod p,). Since fi,..., f;, has

rank m in k,, there exists A" € M,,[O,] such that AA" = I (mod p,). We claim that
given y*) such that Ay® +a =0 (mod p*) there exists y**1) such that y*) = yk+1)
(mod p¥) and Aysy1 +a =0 (mod po*1). Since Ay*) +a =0 (mod p¥), there exists
b € O such that Ay® + a = 7¥b. Let y* 1) = ¢y®) — 7k A’b. Then

and since AA’ = I (mod p,) we have that Ay**+D +a =0 (mod p5*!). Thus we can

construct a Cauchy sequence y =y, ys,.... Let § be the limit of this sequence, we

can see that Ay + a = 0 as desired. O

Case 2 of the proof of Theorem 1.20: Let v € VfK such that L, = K,®K,. We now
give the isomorphism explicitly. Assume v € VfK is a valuation such that d is square in
K,. Let t € K, be an element such that t?> = d. Define an isomorphism ¢: L, — K, ®
K, by ¢((a+bV/d) @ k) = (k(a+bt), k(a — bt)). Notice that ¢(r(¢~(z,y))) = (y, x).

and that if = € O, 1, we have that ¢(z) € O, & O,.
(v)

Since the a@; ’ are linearly independent there exists a basis ey, ..., e, such that
e;=a; forall 1 <i<m.
Notice that the isomorphism defined above extends to a map L} — (K, & K,)"

via ¢(> cie;) =D é(c;)(es, €;), and similarly extends to a map M, (L,) — M, (K,)®
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M, (K,). Let (F1,Fy) = ¢(F). Since F is Hermitian, we have that F} = F,. For

x,y € Ly, if ¢(x) = (21, 22) and ¢(y) = (y1,y2) then
o((z,y)) = (23191, y1 Fowa).
Let X € U, r(L,). We have X*FX = F, thus if ¢(X) = (X1, X3) we see that
(X3, X1)(Fy, F2) (X1, Xo) = (11, )

implying X{F1 X, = F. Therefore X, = F, '(X!)™'F,. This implies that finding

g € Uy p(O, 1) such that ga; = b;, is equivalent to finding G € GL,(O,) such that
(G, Fy {(GH ' Fy) (e, €) = o(by)

for 1 <i < m. Let ¢(b;) = (bgl), bgm). The condition now reduces to constructing
G € GL,(0,) such that Ge; = bgl) and F; 1 (GY) L Fye; = b§2). Notice that the second
condition may be rewritten as Fhe; = GtFQbZ(»Q). From the first condition, we see we

should take
G — b(ll) “ e bgrlL) xm+1 e In
where
T1j
l’j =

ian
for some x;;. With this it is clear that Ge; = b; for all 1 <7 < m. Then

(bt ORP2S (i, by)
1 1 2
2V, — 20, = =
xfnﬂ xfn+1F2b§2) wfn+1F2bz(2)
z ot by ! by
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We also can see that

<€i761>

Fgei =
<ei7€n>

but (e;, e;) = (b;, b;) for 1 <4,j < m, so
<bivbl>

F2ei = <b17 bm>

<€i7 €m+1>

(e, en)
Therefore Fhe; = GUF5b; for all 1 < ¢ < m, if x?FQbZ@) = (e;,¢;) forallm+1<j<n
and 1 < i < n. Thus there exists an appropriate G if there is a solution to the system
of equations > ) xj; (bi,e)) = (ei,¢5) forall 1 <i<m, m+1<j<nin O,. Note
that if m = n the system is empty and since span,, (5&“), U l_)(mv)) is an m-dimensional
free module we have that G is invertible. Consider this system modulo p, and add if
m < n add the requirement that det G = 1 (mod p,). Since det F € O) (implying
that its determinant is nonzero mod p,,) there is a solution to this system in k,, and by

Lemma 1.25 this lifts to a solution in O,. Since det G =1 (mod p,), G € GL,(O,)
as desired. O

Corollary 1.26. Let a;,b; be as in the previous two theorems, v € VfK such that
12|, = 1, |d|, = 1, and further assume that 2m + 1 < n. Then there exists g €

SU,.r(Oy 1) such that ga; = b; for alli.

Proof. Let ¢’ be the element of U, (O, 1) found in Theorem 1.20. Since 2m+1<n
there exists an element w € L such that (w,w) # 0 and (a;, w) = 0. By multiplying
by an appropriate constant we can guarentee w € Oy ;. Then g = o’ O(det o’)~1—1,w

(where oy, is as defined in Corollary 1.19) has the desired properties. O



34

We will also need the following fact about U, p.

Proposition 1.27. Assume (-,-) is a hermitian form with Witt index Milliat least

2. If n > 3 we have (U, p(L),Upr(L)] = SU, r(L).

This is proved by combining statements 2 and 4 on pages 48-49 in [4]

1.5 Clifford Algebras

The structure of Clifford algebras and spin groups are key in establishing the base
case for both main theorems. One reference for the basic definitions and properties
is Chapter 5 in [13]. To construct the Clifford algebra we will need the following
notations. Let K be a field with characteristic not 2, V' a finite-dimensional vector
space over K, (-, -) a nondegenerate symmetric bilinear form on V', and let ¢: V — K

given by ¢(v) = (v,v) be then corresponding quadratic form.

Definition. The Clifford algebra defined by V', denoted CI(V), is T'(V')/I, where
T(V) is the tensor algebra, and [ is the two-sided ideal generated by {v ® v — ¢(v)}
for allv e V.

Henceforth we will suppress the tensor notation and write vw for v @ w. We claim

that for any v,w € V, vw + wv = 2 (v, w). By construction of CI(V),
(v+w)(v+w) =qv+w)=q)+2(v,w) + q(w).
By expanding the expression on the left we also have that
(v +w) (v +w) = v* + wv +vw + w?* = q(v) + wo + vw + q(w).

Therefore by setting the two expressions equal we get wv + vw = 2 (v, w). Thus if

(v,w) =0, then vw = —wv.
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Let ey, ..., e, be an orthogonal basis for V', and let I = (iy,...,4,) be a sequence
of integers, 1 < i; < n. Define e; = ¢; e, ---¢;,, and ey = 1. Let S be the set of
all strictly increasing sequences consisting of integers between 1 and n including the

empty sequence.
Proposition 1.28. The set {er}es is a basis for CI(V'), and dimg CU(V') = 2".

A proof can be found in [13].
We define an involution 7y on CUV). I = (i1, .. ,im), let I denote (i, ..., i1).
Then define 7o) (> arer) = Y arer. When the algebra is clear from context we will

write 7 instead of 7oy v).
Lemma 1.29. For all z,y € CL(V'), we have that T(xy) = 7(y)7(z).

Proof. Define an involution 7" on T'(V') by

T/(Zvil ®®U1rl) :Z'Ui” ®"‘®Ui1

Notice that 7/(v®@v—q(v)) = v®v—¢q(v), and if p is the quotient map T'(V') — Cl(V),
Top =po7’. We can see that for arbitrary basis elements of T'(V), a = v ® - - - @ v,.,

b=w ®- - ®ws,

(@) =7 ® - @V, @uw; @ - - w,)
:w8®...®ful
=7 (w1 @ Qug)T' (11 ® - R,)

=7'(b)7'(a).

Since 7’ is additive, this means for any a,b € T(V), 7'(ab) = 7/(b)7'(a). Let x,y €
Cl(V),a€pt(z) and b € p~'(y). Then

7(zy) = 7(p(ab)) = p(7'(ab))
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and thus

T(zy) = p(7'(b)7'(a)) = p(7'(b))p(7'(a)) = T(p(b))7(p(a)) = 7(y)7(x)
as desired. O

For I = (i1,...,4,) define |I| := m. We define C1°(V) to be the K-subalgebra
generated by the e; with |J| even, and CI*(V) to be the K-subspace spanned by
the e; with |J| odd. Then CI(V) = CI°(V) @ CI*(V) making CI(V) a Z/2-graded

algebra. We can see that C1°(V') has dimension 2"

Lemma 1.30. Let eq,...,e, be an orthogonal basis of a vector space V with nonde-

generate quadratic form q. Then CI1°(V) is generated (as an algebra) by eqes, .. ., e1e,.

Proof. First we claim that {e;e;}1<i<;j<n generates C1°(V'). We can write an arbitrary
basis element of C1°(V) ef = e;, -+~ €5, as (€i,€i,) -+ (€in 1 €iam), & product of e;e;’s.

Now we notice that since (ere;)(ere;) = —q(er)e;ej, the ere;’s generate C1°(V). O
For dimg V' < 3 we have the following explicit descriptions of CI(V).
Example 1.31. Let V = span(e;) with q(e1) = a;. Then ClI(V) = K|[z]/ (2? — a1).

Notice that if a; is a square in K* K|x]/ (z* — a;) is isomorphic to K & K, since

the homomorphism ¢: K[z]/ (z* — a;) — K @& K given by

a+bx — (a+by/ar,a —by/ay

is an isomorphism. Further, though the involution on the clifford algebra is trivial in
this case, if 7 is the involution taking x to —x then ¢(7(¢(z,y))) = (y,z). (These

facts are used in later proofs).

Example 1.32. Let V = span(ey, es) with (e1,e2) =0, g(e1) = ay, q(e2) = as. Then
ClLV)

I

ai, Gz .
( % ), a quaternion algebra.
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a1, as

= ) — CI(V) by

To prove this fact, we define a map ¢: (

Qb(l'o -+ -Tli + IL‘Qj + I’gk’) =Ty + T1€1 + Toeo + T3eiéq,

which is K-linear isomorphism of vector spaces. Since 1> = a; = €2, j?> = ay = €3,

¢(ij) = d(k) = erea = ¢(i)¢(j), and @(ji) = ¢(—k) = —e16s = e2e1 = ¢(j)9(i) we
have that ¢ is a K-algebra isomorphism.
We also notice that the involution on CI(V) does not correspond to the usual

quaternion involution, since
T(iL‘o + x1e1 + x2e9 + x361€2) = Xo + X161 + To€a — T3€1€E9.
We can see that ¢! o7 o ¢ fixes 7 and j and sends k to —k.

Example 1.33. Let V = span(ey, ey, e3) with the e;’s orthogonal, and q(e;) = a;.

Then CIO(V) = (+>

—a10ag, —A10a3

We define a map ¢: < i

) ~ CI(V) by
d(xo + 210 + T2 + 23k) = T + 10162 + To€1€3 — T3a1€2€3

which is an isomorphism of vector spaces. Since

2 = —ajay = (e1e2)?,

j% = —ajaz = (ere3)?,

¢(ij) = d(k) = —arezez = (ereq)(ere3) = d(i)o(j)
and
¢(ji) = ¢(—k) = arezez = (ere3)(e1e2) = ¢(j)d(4),

thus ¢ is a K-algebra isomorphism.



38

We also note that 7(xg+ z1e1e2 + xae1e3 + T3€9€3) = To — T1€169 — To€1€] — Tz€9€3
implying ¢! o 7 0 ¢ is the standand quaternion involution.

For an arbitrary quadratic form, we define the discriminants,

n

d(q) =[] ales),

i=1
and di(q) = (=1)""Y/2d(q) where n = dimg V. Further, for a Clifford algebra
defined by this form it can be seen that d+(q) = (e1es---€,)?. For m € Z we define
a K-algebra homomorphism t,,: CI(V) — CI(V) by ¥ (Y arer) = S (=1)™Hlae;.
Notice that for m even this is the identity homomorphism, and for m odd this is the
homomorphism from CI(V) = CI°(V) & CI* (V) to itself which fixes CI°(V') and is
multiplication by —1 on CI*(V).

The following two lemmas can be found as Corollary 2.7, and Corollary 2.9 on

page 113 in [12].

Lemma 1.34. Let V; be a vector space of dimension 2m with quadratic form q, Vs

a vector space with quadratic form qs. Then there is an isomorphism
¢: Cl(Vi L Va) = Cl(V1) @k CU(Vy)

where Vy is the vector space Vy with quadratic form given by ¢4 = d+(q1)qs. We obatin

an involution on Cl(V}) @ CU(VY), ¢poTo ¢!, which is given by

(Taivi) ® ¥m) o (id @ Teuvy))-

Proof. Let Vi = span(fi,..., fam) where the f;’s are orthogonal. Let A be the sub-
algebra of Cl(V; L V3) generated by fi,..., fom. Let Vo = span(ey,...,e,) where

the e;’s are orthogonal. Let B be the subalgebra of CI(V; L V3) generated by
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fifo - famer, ..., fifar - famen. Notice that

filfifo- - fomes) = (=07 (fre- f2 - fames)
= (=17 f1 -+ fom fie;
= (fifar - fomes) fi
for any f;, e;, so any element of A commutes with any element of B. We claim
that any basis element of CI(V; L V5) can be expressed as an element of A times an

element of B. Any basis element is a product of f;’s and e;’s, but the f;’s are all

elements of A, and the e;’s can be expressed as

1

€ = mﬁﬁ o fom(fifz2 o fomes).

Thus by dimension counting Cl(V; L V5) = A®k B. Clearly A = CI(V;). To show
B = Cl(Vy) we define a map ¢: B — CU(V3) by ¢(f1--- famei) = e;. Since

(fl e f2mei)(fl s f2m€j> = _<f1 s f2m€j)(f1 ce meei)
and
(f1 T f2m€z’>2 = d:l:(Ql)Qz(ei) = q;(ez’),

¢ is a K-algebra isomorphism, establishing the lemma. Furthermore,

O(rern1ve) (971 (€)) = S(rcrn 1ve) (fi - fomes))
= ¢(ifam - f1)
= o((=1)"ei(fom—-1.fom) -+ (f1.f2))
= o((=1)"ei(fuf2) -~ (fom-1fom))
=o((=1)"f1- -+ fames)
= (=1)"e;
= Y (Ter(vy) (€:))

so the induced involution is as described. O
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Lemma 1.35. Let V| be a vector space of dimension 2m + 1 with quadratic form
q1, Vo a finite-dimensional vector space with quadratic form qs. Then there is an
isomorphism

¢: CI°(V; L Va) = CI°(Vy) @k ClU(V3)

where V3 is Vo with quadratic form ¢4 = —d+(q1)qz. Further,

poT0o¢ " = (Tain) Ok Yms1) © (id @ Teyvy).

Proof. Let Vi = span(fi,..., fomy1), Vo = span(ey,...,e,). Let A be the sub-

algebra generated by fifs,..., fifoms1 and let B be the subalgebra generated by

fi- fomg1€1,- .o, fi- - famyren. Then

flfi(fl T f2m+1€j) = (f1 T f2m+1ej)f1fi

so every element of A commutes with every element of B. We also notice that for
any j,

1
o (f1)™ tde(qr)

(fif2)(fifs) - (fifome) (1o fomgres) = fre;,

and so every generator of CI1°(V; L V) can be expressed as an element of A times
an element of B, so by dimension count CI°(V; L V3) = A® B. Tt is clear that
A = CI°(Vy). As in the proof of Lemma 1.34 we define a map B — CI(VJ) by

o(fr--- f2m+16j) = ¢;. Then
(fi fampr€) (f1 - famraes) = —(f1 -+ famere) (f1 - fomyr€:)

and

(fl T f2m+1€i)2 = _di<q1)QQ(€i)

= g5(€;)
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so ¢ is a K-algebra isomorphism, establishing the lemma. As in the previous lemma

TCl(Vlj_Vg)(fl T f2m+1ei) = (—1)m+1f1 o foms1€i

implying that
D(TernLva) (071 (€)) = i (T (€:))-

The following theorem can be found as Proposition 1 in [15].

Theorem 1.36. Let V' be a vector space with nondegenerate quadratic form

Q(Z Iiei) = Z CLM?,

and dimg V = 4n + 2. Then there is an isomorphism

¢: ClO(V) 5 D1 @Dy @+ ® Doy @K [2]/ {2* + a1 - Qan2)

—1)aq - - ag, (—1)ay - - - agi_1a9;
( )al a27( K) aq a9 1G2+1>‘ Further, ¢OTCl(V)O¢71 gives

the standard quaternion algebra involution on D; with i odd, the involution given in

where D; = (

Ezxample 1.32 on D; with i even, and takes x to —ux.

Proof. Let V = span(ey, ..., eimio) and ¢(>_ zie;) = > a;x?. Define V) = span(ey, e, e3),
Vo = span(ey, ..., €412), then V=17 L V,. By Lemma 1.35

Cl(V) = Cl(V1) @k CU(Vy).

—Q1G2, —Q103

By Example 1.33 we have that CI°(V) = ( e

) ®x Cl(V]). The quadratic
form on Vj = span(ey, ..., e4,12) is given by

4n+2 4n—+2

E Ti€; > a1020a3 E CL,L'.Z'?,
=4 =4
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—aja ,—a a
and the involution is the standard quaternion involution on D; = ( 172 7 3)
and ¥y o Toyvy) = Tawy) on Cl(Vy). We now let Vi = span(ey, es) and Vg =

span(eg, . .., €4n12), S0 Vi = Vo L V. By Lemma 1.34
ClU(Vy) = Cl(Var) @ Cl(Vi)

and by Example 1.2 we have

1020304, 41020305

Ci(vg) = (LB

) @ CUVL).

The quadratic form on Vi, is given by

4n+2 4n+42

i=6 1=6
and the involution is the involution given in Example 1.2. The involution on CI(V5,)
is 11 0 Tei(vy,)- We continue in this manner until we are left with Cl(span(esn42)) with

quadratic form given by

2
Tan+2€an+2 F> —A102 * * * Q4n42T gy 4o

By Example 1.1 this is isomorphic to K|x]/ (% + ajag - - - @4ny2) with an involution

given by x — —x. Thus we have the desired isomorphism and involutions. O]

Define
ClI*(V)={z e Cl(V) | 7(z)x = 1}
and
Spin(V) = {z € CIT (V)N CI°(V) | ava™ € V for all v € V'}.

There is a natural map ¢: Spin(V) — O(V), the orthogonal group on V' given by
¢(x)(v) = zvz~!. The map given by ¢(z) is clearly in GL(V), and by construction
of the clifford algebra

q(rvr™) = (v 1)? = 20’0 = 2q(v)z™! = q(v)
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, thus we have that ¢(z) € O(V). In fact Im¢ = SO(V') and ker ¢ = {—1,1} (There
is a discussion of this in Chapter 5 of [1].)

We shall need the following for the base case of the second main theorem:

Theorem 1.37. Let V = K" with n > 3 and K algebraically closed. Then the

commutator subgroup, [Spin(V'), Spin(V')] = Spin(V).

Proof. We first note that by statement 2a on page 56 of [4] we have that
SO(V)/[SO(V),SO(V)] = K*/K*? which is {1} since K is algebraically closed, im-
plying that SO(V) = [SO(V), SO(V)]. Since Spin(V') surjects onto SO(V') with ker-

nel {—1, 1} the statement of the theorem reduces to showing that —1 € [Spin(V'), Spin(V)],
which holds if there are elements of z,y € Spin(V') such that zy = —yx. We take a
orthonormal basis of V', fi,..., f,, which exists since K is algebraically closed. Let

x = fifa, y = fofs. We can see z7(z) = 1, x fixes f; for all i > 2, zfi7(z) = —f; and
xfor(x) = — fo. Therefore x € Spin(V'). Similarly y € Spin(V') and

vy = fifofofs = —fofsfifo = —yx

as desired. O

We will also need bounded generation for spin groups.

Theorem 1.38. Let V' be a vector space over a number field K with dimg V' > 5. Let
S be a finite subset of VE containing VX. Then Spin(V)e, has bounded generation
if the Witt index of V' is at least 2, or the Witt index of V' is one, and S contains at

least one nonarchimdean place.

This is the main theorem of [7]

Assume K is an algebraic number field and let S be a finite subset of VX containing
VE. Let V be a vector space, and fix a basis, €1, ..., e, such that ¢(e;) € Og for all 4.
We define CI(V)o, as the set of Og-linear combinations of the basis of C1(V') formed
by the e;’s.
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1.6 Strong Approximation

One of the useful properties of the special unitary group used in the proof of the second
main result is strong approximation. We define this property by first extending the
notion of adeles (Section 0.1) to affine varieties. If X is the set of zeroes of a system
of polynomial equations in K[xy,...,z,], then X4, is the set of zeroes of the same

system of polynomials in Ax. This is equivalent to setting
Xa, ={(z,) € HXKv | z, € Xp, for almost all v € V'}.
The set Xy, ¢ is defined similarly.

Definition. Let X be an affine variety, and S C V* containing VX. We say X has

strong approzximation with respect to S if the image of the diagonal map
0: X = Xy g

is dense.

Example 1.39. SL, has strong approzimation with respect to S = VE.

Proof. The proof relies on the fact that SL, is generated by elementary matrices.
Take a basic open set U in SL,(Aks). Without loss of generality we may assume
U=]]B:(9) x [[ SLn(O)
veT vg¢T

where T C VfK is finite and

By, (gv) = {9 € SLy(K,) | g — g0 € Myu(py")}.

my

For each v € T note that g, = [[,24 Ei,j. (o). Since T is finite, there exists some
m € Z such that g, = [[*, Ei; (cuy) for all v € T. Notice that for each v € T there

exists s, such that
m

H E;; (o +9p37) € By, (90)-

=1
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Let

Ul:HOélv—i-p XHO

veT vg¢T

This is an open set in Ag g, so by Proposition 0.1 we have that there exists oy € K
whose image under the diagonal map liesin U;. Set g = [[,2, E;,j, (o). Then the image

of g under the diagonal map lies in U, and thus SL,, has strong approximation. []
We note the following fact concerning strong approximation:

Proposition 1.40. If X and Y are bireqularly isomorphic varieties over K, then X

has strong approximation if and only if Y does.

(This is part 1 from proposition 7.1 in [17].)
We will also need the following facts about strong approximation specific to alge-

braic groups.

Proposition 1.41. If an algebraic group G has strong approximation, then

GAK,S = 5(GK) vas GOU'

Proof. By definition of the adele topology, U = H%és Gp, is an open subgroup of
Gags- Let g € Ga, . Since G has strong approximation, gU N 6(Gx) is nonempty,
implying that g € 0(Gk)U, so Ga, s C 6(Gk)[],¢5Go, and so the two sets are

equal. O

Theorem 1.42 (Strong Approximation Theorem). Let G be a reductive algebraic
group over an algebraic number field K, and let S be a finite subset of VE. Then G

has strong approximation with respect to S if and only if
1. G 1is simply connected

2. G does not contain any K-simple component G* with G compact.

This is Theorem 7.38 in [17].
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Proposition 1.43. SU,, r where F' is Hermitian with Witt index at least 1 has strong

approximation.

Proof. We let SU, p = G and apply the strong approximation theorem. We first
claim that Gg = SL,(K), where K denotes the algebraic closure of K. Since SL,, is
simply connected, we have that G is also simply connected. Further, since the Witt
index is at least 1, G contains a nontrivial K-split torus, so Gg is noncompact and
thus G has strong approximation.

It remains to be shown that Gz = SU,, (L ® K) is isomorphic to SL, (K). To do
so we use the second characterization of U, p as a variety in Section 1.4. It is clear
that if (X,Y) € Gg (note that X,Y € M,(K) and satisfy the equations given in
Section 1.4), then X ++/dY € SL,(L) and this is an injective map of varieties. What

remains to be seen is whether this map is surjective. Let M € SL,(L), the map is

surjective if there exists (X,Y) € G such that X +/dY = M. Let

X=-(M+FYMY'F)

SN)I'—
S

Y = (M —F(M)F).

It is clear that X +VdY = M.

—_

X'FX = (M'FM +2F + FM'F~Y(M")'F),

s

1
Y'FY = @(MtFM —2F+ FM'F"YM")'F)

so X'FX —dY'FY = F. Also
1
X'FY = Z(M'fFM — FM'F Y (MY 'F)=Y'FX.
Thus (X,Y) € Gz, so G = SL,(K) as needed. ]

We will also need strong approximation for “spheres.”
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Proposition 1.44. (/20]) Let G' be a simply connected K -subgroup of a connected
algebraic K -group G. Suppose VE C S and G has strong approzimation with respect
to S. Then the homogeneous space X = G/G" also has strong approximation with

respect to S.
Combining the previous two propositions, we obtain the following corollary.

Corollary 1.45. Let f(x) = (x,x) where {-,-) is a nondegerate hermitian form with
Witt index at least 1. Fizc € K* and let C ={z | f(z) = c¢}. If Cx # 0, then C has

strong approximation.

Proof. Let G = SU, r and fix x € Ckg. By Theorem 1.18 the map G — C given
by g — gz is surjective. Therefore, if we let G(x) denote the stabilizer of z, we
have a bijective morphism ¢: C' — G/G(x). However, G(x) = SU,_; p for some
hermitian matrix I, and so is simply connected. By Proposition 1.43, G has strong

approximation and therefore by Proposition 1.44 C' does. m
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Chapter 2

SLn(Op 5) has bounded generation

2.1 Special Linear Groups

The goal of this chapter is to demonstrate that under certain conditions SL,, over an
order of a quaternion algebra has bounded generation. We first reduce the general
case to S Ly and then demonstrate that this group has bounded generation by showing
it is isomorphic to a spin group.

We fix K, an algebraic number field, S C V& such that VX C S, and let D =

K
{X € GL,(D) | det X = 1}, where the determinent is defined by the reduced norm.

(a,_ﬁ) be a non-split quaternion algebra with «, 8 € Og. Recall that SL,(D) =

Let ¢: M, (D) — Ms,(K(y/a)) denote the homomorphism defined in Section 1.2.
We define SL,(Ops) = SL,(D) N M,,(Op s) where Op g is as defined at the end of
Section 1.2.

In the argument we will use the properties of elementary matrices from Section 1.2.

We notice that if A = (aj)1<ik<n, then mulitplying by an elementary matrix gives

ik if k#j
[AE;(2)|i = :

apr +a; i k=7
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and
Q. if 1 7é 1

ra;, +a, if =1

[Eij(2)(A) ik =

We use these types of calculations extensively in the proof of Theorem 2.3.
We start our proof of Main Theorem 1 by proving a basic lemma necessary for

the induction step.

Lemma 2.1. Let V be a finite-dimensional vector space over a field K, and let
f,9: V. — V be linear transformations. Then there exists h € Endg (V) such that
Im(f+gh) =Im f + Img.

Proof. Let vy,...,v, be a basis of V such that f(vy),..., f(v,) form a basis of Im f.

Let W be a subspace of V' such that g|y is injective and
Imf+Img=1ImfogW).

Let n :=dimV, r := dimIm f and t := dimW. We can see that t < n — r. There
exists h € Endg (V') be such that h(v;) =0 for i = 1,...,r and h(v,41), ..., h(Vr4e)
form a basis of W. Then (f + gh)(v;) = f(v;) for i =1,...,r, so Im(f + gh) D Im f.
Since

(f +gh)(vi) = f(vi) + g(h(vi))
fori =r+1,...,r +t, we have that Im(f + gh) D g(W), and thus Im(f + gh) D
Im f + Img. Therefore Im(f + gh) =Im f + Im g. O

Corollary 2.2. With V as before, and fi,..., f,: V — V linear transformations,
there exist hy, ..., h, € Endg (V) such that

Im(fi + faho + -+ fohn) =Im fi + - +Im f,.

Proof. This follows directly by induction on n, the previous lemma providing the base

case. O
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Theorem 2.3. Let D be a non-split quaternion algebra over an algebraic number
field K, and let S be a finite subset of VX containing VE. Then SL,(Opgs) =
E,---E.XE, - Es where for each 1 <i <s, E; = Ej,;,,(Op,s) for some l;, k;, and

X/
X s the group of matrices of the form where X' is in SLy(Ops). Further
0 I

s < 2n?+2n — 12.

Proof. By induction on n. We will prove the theorem by showing that for an arbitrary
A€ SLn(OD’S) we have that A = El1/€1 (Oél) cee Eliki(ai)CEli+1ki+1 (Oéi+1) L El4nk4n (Oé4n)

"0
where [y, ..., l4n, k1, ..., ks, are not dependent on A and C' is of the form
0 1

with C’" € SLn_l(Opﬂ).
Let

A = (ai)1<ij<n-

Since A is invertible, there exists a matrix
B = (bij)i<ij<n € SLn(Opys)
such that AB = I. Thus,
An1bin + -+ Qb = 1.

Case 1: a,o = 0. Let

We can see that
[A/]nQ = Zanjbjn = 1

Now let

n—1

A" = A By (1= apn) [ [ Enj(—any).

j=1
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Computing, we find that [A"],; = 0 for all j < n. Finally if

n—1

A" = (] Eim(—[A"0)) A"

j=1
we have that [A"],; = [A"];, = 0 for all j < n and [A”],n = 1. Notice that the total
number of Ej;.’s in this case is 3n — 2.

Case 2: an2 # 0. We will need to use a few facts about the Jacobson radical of
a ring. The Jacobson radical of a ring R, denoted J(R), is the intersection of all

maximal left ideals of R.

Lemma 2.4. 1. The Jacobson radical is a 2-sided ideal.
2. If R is Artinian, R/J(R) is semsimple.

3. Let x € R, and let T denote the image of x in R/J(R). If T is invertible then

T 18 invertible.
Proof. 1. See Theorem 4.1 in [10].

2. Proposition 4.4 and the theorem on page 203 in [10] show that if a ring A is
artinian and J(A) = 0 then A is semi-simple. Since R is Artinian, R/J(R) is
also Artinian. Notice that J(R/J(R)) = 0. Thus R/J(R) is semisimple.

3. By Theorem 4.1 in [10] every element y € J(R) has the property that 1 —y has
an inverse. Let 2 = 7', then 1 — 2z € J(R). Then 1 — (1 — zz) = zz has an
inverse, and thus z does.

]

We now continue our consideration of case 2. If a,, = 0 then by replacing A
with AFE»,(1) we may assume G, = a,2 # 0. Let a € a,, Op s NOk be nonzero.

Such an a exists since N(a,,) # 0 (D is non-split and a # 0) and is in Ok. Let



52

C := Ops/aOpg, which is finite. By part 2 of the lemma, C'/J(C) is a semisimple

ring. Thus there is an isomorphism
V: C/J(C) = My, (k1) & - & My, (k)

for finite fields k;, 1 < i < r. Thus for each 1 < i < r there exists a homomorphism
¢i: Op — M, (k;). We use this to view ¢;(a,;) as a linear transformation k] — k™
for any 4, 1 < ¢ < n. Since ) a,;b;, = 1, its image, > ¢;(an;)Pi(birn), is the identity

endomorphism. Therefore
Im ¢;(an) + -+ + Im ¢ (an,) = k™.
By Corollary 2.2 there exist ¢y, . .. cn; € My, (k;) such that
Im (¢;(an1) + Gi(ana)coi + - -+ + @i(@nn)cni) = k™.

Thus
Gi(an1) + ¢i(an2)coi + - -+ + Gi(@nn)Cni

is invertible for all ¢;. Pick ca,...,c, € C/J(C) such that ¢; € v (¢j1,...,¢jr).
Thus if ¢: Op s — C/J(C) is the quotient map,

¢(an1) + ¢(an2)02 + -+ Qb(ann)cn

is invertible. Further, there exist ¢, ..., ¢, € C such that ¢(c}) = ¢;.
Thus
P(an1 + an2ch + -+ + Ancy,)
is invertible. By part 3 of the lemma this implies that a,; + anech + -+ + apnc, is
invertible in C' = Op g /aOp . Taking A’ to be A[[, Ei(c;) we may assume that

[A'],.1 is invertible mod a. Therefore there exists d such that

[A]1d + ane =0 (mod a).
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Let A” = A’E15(d), we have that
[A"],2 =0 (mod a).

This implies that there exists x such that ax = [A”],,, but by construction a = a,,z
for some z. Thus [A"E,2(—22)],2 = 0. Thus after multiplying by n + 2 elementary
matrices we may apply case 1. Therefore multiplying by 4n elementaries reduces
SL,(Ops)to SL, 1(Op.s) and thus multiplying by 2n?+2n—12 elementaries reduces
SL,(Ops) to SLy(Ops). O

Let V' be a 6-dimensional vector space over K with basis eq,...,eq. Define a

quadratic form on V' by
q(z1e1 + -+ + T6e6) = —axt + 13 + afrs — fai + Br: — B

Notice that g(es + eg) = 0, implying that the Witt index is at least 1. We can also
see that V' = span(ey, es, e3,€4) L span(es, eg) and g restricted to the first component
gives 72 — az? — B3 + aBzi which has no solutions since D is nonsplit. Thus the

Witt index of ¢ is exactly 1.

Theorem 2.5. There is an isomorphism
¢: My(D) © My(D) — CI°(V).

Furthermore, if T is the involution on Cl(V'), the isomorphism can be constructed
such that

¢ U r(¢(X,Y))) = (FY FL FX FY),
where F = (§ 9)).

Proof. Define an alternative quadratic form on V' by

1 1
g:cg — —z7 + —xi — B

g b

¢ (zie1+ -+ xge6) = —ax] + 25 +
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Let V' denote V' with this quadratic form.
We construct a map ¢': My(D) & My(D) — CI°(V') as the composition of several
algebra isomorphisms. We then note that there is an isomorphism : C1°(V’) —

CI°(V) which commutes with the involution given by e; > ej, €3 > eq, €3 — éeg,

1 1
B B

By Theorem 1.36 we have an isomorphism

o (a’—Kﬂ) R (%) @K K[t]/ (t* = 1) = CI°(V),

€4 — zey, €5 — —es and eg — €g.

with an involution induced on the tensor product given by 71 ® 7 ® 73 where 77 is
the ordinary quaternion involution, 75 is the involution given in Example 1.32 and
T3(a + bt) = a — bt.

By Example 1.31 we have an isomorphism
02 K@K%K[t]/<t2—1>,

and ¢5 ' (13(¢2(2,v))) = (v, 2).
Let
¢3: DOD - DRk(K & K)

be the isomorphism given by
O3(otz1i+taaj+ask, yotyrityaj+ysk) = 1&(xo, yo) +Hi® (@1, Y1)+ @ (32, y2) +k® (23, y3).-

(where 1,1, j, k is the basis of D.)

By Lemma 1.11 there exists an isomorphism,

¢y My(K) — (1’—;>

By examining the map we can see that ¢, *(72(¢4(X))) = FX'F.

Define an isomorphism

¢5: My(D) & My(D) — My(K) @ (D@ D)
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Now define
¢ = ¢y 0 (id @ id @ ¢s) 0 (id @ p3) 0 (dy @ id) o ps.

It is an isomorphism because it is a composition of isomorphisms. Finally, we see
that ¢ = 1o ¢’ is an isomorphism M(D) ® My (D) — C1°(V) and following the maps
we see that ¢~ 1(1(¢(X,Y))) = (FY'F, FX F) as desired. O

Remark. Following the maps in the proof of the previous theorem, we can see that
¢_1(CZO(V)OS) C MQ(OD}S) D MQ(OD}S). Further, if X,Y € M2(OD,S) such that
X =1 (mod (2a8)) and Y =1 (mod (2a3)) then ¢(X,Y) € CI°(V)p,.

Corollary 2.6. SLy(D) ~ Spin(V') (with the associated quadratic form as before).

Proof. Define

by
X (X, F(X) P

for X € GLy(D). I claim that ¢ o ¢ defines an isomorphism from GLy(D) to the set
of elements x € CIT(V) N CI°(V), i.e., the set of z in CI°(V) such that z7(z) = 1.
Since ¢ and 1) are injective, ¢ o 1 is injective. To establish surjectivity it is enough

to show that the image of v is
{(X,Y) [(X,)T(XY) = (1,1)}
where 7/ = ¢ oT0¢. Let X,V € My(D) with (X,Y)7'(X,Y) = I. Then

(X, Y)FY'F,FX'F) = (I,1),
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so YEX'F = I, implying Y = F(X')~'F therefore ¥/(X) = (X,Y), and thus v is
surjective.
We now verify that ¢(¢(SLy(D))) = Spin(V). Let X = [§¥] for an arbitrary

r =29+ 211 + x9) + 3k € D. Then

¢(¢(X)) =1+ %(%64 - %63 + ZToeo + Ig€1)(—€5 + 66) = é

is in Spin(V') since for any e;, 1 <i <6, £e;7(€) € V. Explicitly,

T(€)eré = e1 + awse; — arseg
T(&)exd = ea — waes + xaeq
T(&)esé = ez + amies — azies

T(€)es€ = eq + xoes — Toks

1 1
T(§)esé = Brse + Praey — x1e3 + xoey + (1 + §N(x))e5 — §N(x)66
1 1
T(€)eat = Brser + Brses — wres + woea + 5 N(z)es + (1+ S N(2))es
Similarly if X’ = [19] then ¢(¢(X")) € Spin(V) since
, 1 =z x
(X)) =1 — §<_E°e4 - Ele3 + Zaeg + w361 (€5 + €6)) =1 €
satisfies
T(§)e1€ = e1 + axzes + arseq
7(5)625 = €2 — T2€5 — T26g
T(§)es€ = ez + axies + axieqg
7(5)645 = €4 — Tp€5 — ToCs
1 1
7(5)655 = Pxse; + Broes — x1€3 — Tpey + (1 - §N($>)65 - §N($)€6

1 1
T(§)es€ = —Prse; — Proes + w163 + Tpy + §N(x)e5 + (14 §N(ZE))66.
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For any g € GLy(D), g = XZ where X = [£ 9] for some x = xg+x1i+22) + 23k €

. Set & := ¢(1(X)) and

D* and Z is a product of elementary matrices [4

0—(1+ ! + 1(1— 1 )
= €1€9€3€4€5€E¢.
N(x) af3? N(x) 172 mamsme
Computing we see that
§ —1(1—_1 ) _1( _1 )(1 _1 )9
= e1€2€e3€4) + — (o + T1€162 + —T0€1€3 + T3€E9€ + €1€2€3€
5 0451234 4o 1€1€2 a213 3€2€3 aﬁ1234

and

T(€)er€ = 61(§($0 + z1e169 + axgeleg — w3e1e4)6

which is in V' if and only if N(z) = 1. In this case we have that £ € Spin(V).
Therefore X € SLy(D) if and only if N(z) = 1. Since elementary matrices are are in
SLy(D), this proves that SLs(D) = Spin(V). O
Theorem 2.7 (Main Theorem 1). Let S be a finite subset of VX such that VX C S
and S contains at least one nonarchimedean place. Let D = (%) with o, f € Og.

Then SL,(Osp) has bounded generation.

Proof. By Theorem 2.3 SL,(Ogsp) = Ey---E,XE,{1---E, and X = SLy(Ogp).
Thus by Lemma 1.13 it is enough to show that SLy(Ogp) has bounded generation.
Let

C:={Xe€SL,(0Osp) | X =1 (mod (2a0))}.

This is a congruence subgroup and thus has finite index in SL, (Ogp) by Lemma 1.6.

By our previous remark and theorem,
¢(C) C Spin(V)os N ¢(SLn(Op,s),

and since Spin(V)o, C ¢(SL,(Osp)), #(C) has finite index in Spin(V)e, so it and

S
#(SL,(Osp)) are commensurable. Since S contains a nonarchimedean valuation, and
the Witt index of the relevant form is 1, by Theorem 1.38 Spin(V)e, has bounded

generation. Then by Corollary 1.2 SL,,(Op s) has bounded generation. m
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Chapter 3

SU,, has bounded generation

3.1 Induction Step

In this chapter we prove that special unitary groups of hermitian forms over L|K
with Witt index at least 2 over a ring of S-integers have bounded generation. We
first reduce the problem to the case SU; and then show this group is isomorphic to a
spin group and then again use Theorem 1.38.

Let K be an algebraic number field, L = K (\/8) a quadratic extension. We fix a
finite subset S C VX containing VX,

Let (-,-) be a non-degenerate sesquilinear Hermitian form on L" and define the
quadratic form f(z) = (x,x). Throughout we assume that the Witt index is at least
one and n > 5.

Fix a basis ey, ..., e, of L™ such that
flrieit: - tanen) = 217(29) +2o7(21) +237 (Ta) +247 (23) + 5257 (25) ++ - - Tn T (T0).

Let F' denote the matrix corresponding to (-,-). Throughout G = SU,, r and thus
G = SUn’F(L) For v € VfK,

G(’)v = SUn,F(OL ®(’)K O’L})
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and for S C VX,
Gog = SU, p(OL ®0o, Os).

For a € L™, G(a) denotes the stabilizer of a in G.

Lemma 3.1. Assume that n > 5 and f has Witt index at least 1. Let a,b € L™ with
{a,b)y =0, f(a) # 0 and f(b) # 0. If spany(a,b)* is isotropic, then we have following
for every extension K'|K we have that G = G(a) g/ G(b) g/ G(b) .

Proof. We define the K -varieties
X = G(a) x G(b) x G(a),
YV =A{t|f@t) = fla)},
Z={(g,t) e G XY | ({t,a) = (g(a),a), (t,b) = (a,b)}.

The product map p: X — G factors through the maps ¢: X — Z given by ¢(z,y, z) =

(xyz,y(a)) and ¢: Z — G given by ¥(g,t) = g.
To prove the lemma we must consider two cases.

Case 1: Assume K'® L is a field. We show that G = G(a) kG (b) kG (a) g by show-
(o(a).a)
f(a)

Since span; g (a, b)* is isotropic, by Lemma 1.17 it contains a vector ¢ such that

ing that ¢ and ¢ are surjective on K’-points. Let g € Gk and define ¢’ :=

f(t") = fla) — f(t'). Let t =t" +¢'. Since ¢ and t” are orthogonal we can see that
ft)=ft")+ f(t') = f(a). We also have that

(t,a) = (t',a)

{g(a), )

= (9(a),a)

and (t,b) = 0 = (a,b). Thus (g,t) € Zx implying that 1)1 (g)x is nonempty.
Let (g,t) € Zgr. Assume g(a) = Aa for some A € K'® L. Then since (g(a), g(a)) =

(a,a), AT(X) = 1. Let ¢ € spangg(a,b)* such that (c,c) # 0. Let h = 0)_1.05_1,
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where 0y, is as defined in the proof of Corollary 1.19. We can see that h € G(b)x and
gh € G(a)gr so g € G(a)gG(b) G (a)rr. Therefore we may assume that g(a) # Aa
and the spaces span g (t,a) and spang.y;(g(a),a) are isometric and 2-dimensional.
By Corollary 1.19 there exists @ € G such that z(t) = g(a) and z(a) = a. Similarly,
there exists y € Gy such that y(a) = ¢ and y(b) = b. Let 2 = (zy)~'g. By

construction, zyz = g, * € G(a)k’, y € G(b) ks and

so z € G(a)g. Since y(a) =t we have that (z,y,2) € ¢~ (g,t)x-

Thus p is surjective on K’-points, implying Gxr = G(a)xG(b) o G(a) i

Case 2: Assume K' ® L = K’ ® K'. In this case by the argument in Proposi-
tion 1.43 there is an isomorphism ¢: G+ — SL,(K’). Notice that under this map
the requirement that ga = a for g € G becomes ¢(g)v = v for some v € K'". Thus

there is a change of basis such that

SL,1(K') 0
A= 9(G(a)r) =
0 1
and
1 0
B = ¢(G(b)x') =
0 SL, (K"

The result is then equivalent to showing that for any X € SL,, there exists a;,as € A
such that a;Xay € B. Let rq,...,r, denote the rows of X and let ¢q,...c, denote
the colums. Notice that the following operations are equivalent to multiplying X by

an element of A:

o r;— mr; +r; for any i # j, 4,7 > 1 and m € K’ (RA),
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e ¢;— mc;+ ¢ for any i # j, i,7 > 1 and m € K’ (CA),

o r; — r; and r; — —r; for any i # j, ¢,5 > 1(RS),

o ¢; = ¢; and ¢; — —¢; for any i # 7, 4,5 > 1(CS),

o ¢; — ne¢; and ¢; — ~¢; for any i # 7, 4,5 > 1 and n # 0 (Sc).

If for all 1 < i < n, [X];; = 0 and [X]y, # 0, we perform a (CS) so [X];, = 0, and
if for all 1 < i <n [X];; =0 and [X],; # 0 we perform a (RS) so [X],1 = 0. After
possibly performing a (RS) and (CS), we can guarentee that [X],, # 0. (Note that
since n > 4, we can guarentee that the action does not effect the result of the first
two operations). By adding appropriate multiples of 7, to r; for 1 < i < n we obtain
[X]in = 0. If [X],1 # 0, there exists ¢ such that [X];; # 0 and by adding a multiple
of r; to r, we now have that [X],; = 0. (Note that this will not change the value
of [X|un.) By adding multiples of ¢, to ¢; for 1 < i < n we obtain [X],; = 0 for
1 <i<mn. If [X];, # 0 there exists ¢ such that [X];; # 0 and by adding a multiple
of ¢; to ¢, we now have that [X];, = 0. (Note that this did not change the value of
[X]ni for 1 < < n.) As before by adding multiples of r,, to r; we have that [X];, =0
for 1 <i < n. By performing a (Sc) operation we can obtain [X],, =1 and X € B.
Thus SL,, = ABA implying Gx = G(a) i G(b) G (a) k. O

Corollary 3.2. Let v € VX, A/ C C G(a)g, open, B C G(b)k, open, then there

v

exists a open subset of u(A, B,C) = ABC' in Gk, .

Proof. Lemma 3.1 shows that the product map is surjective, so the claim follows from

Corollary 1 in section 3.1 of [17]. O

Fix Vj := V(d) Ul_; V(). Let a :=e,, b:= e,_;. By the previous corollary there
G(CL)(Q G(b)@ G(a)o .

v v v

exists an open compact subset U of Gy, = [[,cy, Gk, contained in [,y

We can further assume that U C {g € G | g(a) and a are linearly independent}.
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Theorem 3.3. Let A = G(a)o,G(b)o,G(a)og, then Gog N U C AAA.
We first prove several lemmas.

Lemma 3.4. Let (g,t) € Zo,. Suppose that
1) o7 Yg,t)k and ¢~1(g,t)o, are non-empty for allv ¢ S.
2) The subspace spanned by a and t is two-dimensional and nondegenerate.

Then ¢~ 1(g,t)o0, is nonempty, hence g € A.

Proof. By condition 1 there exists (v, yr, 2x) € ¢ (g,t)x and (2, ¥o, 20) € ¢ (g, )0
for each v ¢ S. By construction zk(t) = g(a) and z,(t) = g(a) with zx € G(a)xk
and z, € G(a)o,. Therefore we have that (z3'w,)ues € G(a,t)a, . By Propo-
sition 1.41, G(a,t)a, s = G(a, 1)k [[,¢5 G(a,t)o,, so there exists hx € G(a,t),
hy € G(a,t)o, such that (hxhy)vgs = (T3 Ty)vgs. Then zxhy = x,h,t € G(a)o, for
all v ¢ S, so xxhik € G(a)o,. Similarly we have that yx(a) =t and y,(a) = t with
yk € G(b)k and y, € G(b)o, implying that (y;'y.) € G(a,b)a, s and that there ex-
ists jx € G(a,b)k such that yrjx € G(b)og. Let v = xrhr, y = yxjr, 2 = (zy)~'g.

Then (z,y,2) € ¢~ (g,t)o4 as desired. O
We use the same notations as in Theorem 1.20.

Lemma 3.5. Let (g,t) € Zp,. Assume that:

1) The space spanned by a and t is two-dimensional and nondegenerate.

2) $=Y(g,t)o, is nonempty for all v € Vj.

8) For any v € VE\ (SUV,) the L,-modules spangv(d(”),g(a)(v)), span, (a¥), 1),

and span,, (b £)) are free and 2-dimensional.

Then ¢~ (g,t)o0, is not empty and thus g € A.

Proof. Let v € VX \ (SUV,). Since span,, (M(U),EL(“)) and span, (t%),a) are
free 2-dimensional modules, f(t) = f(a) = f(g(a)), and (g(a),a) = (t,a), by Theo-

rem 1.20 there exists x € Gp, such that z(t) = g(a) and z(a) = a. Similarly since
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span, (£, ™) and span, (a®,b")) are free 2-dimensional modules and (t,b) = (a, b)
there exists y € Go, such that y(t) = a and y(b) = b. Let z = (zy)~'g. Then
(z,9,2) € ¢~ g,t)o, 50 ¢71(g,t)o, is nonempty for all v € VE\ (S UVj) and by
condition 2), ¢~1(g,t)o, is nonempty for all v € VE \ S. Thus by condition 1) and
Lemma 3.4 ¢ '(g,t)o, is not empty. O

Lemma 3.6. Given g € Go, NU there exists § € AA such that span, (a'", 5g(a)(v))

is a 2-dimensional free module for all v € VE\ (SU V).

Proof. Choose an open subgroup 2 C Gy, such that QU = U. We first verify that
such an 2 exists. Notice that the multiplication map p : Gy, x Gy, — Gy, is
continuous, implying p~*(U) is open. For any = € U, the element (1,z) is in p~(U)
so there exists a basic open set T, x U, C pu~*(U) such that T, contains 1 and U,
contains x. The U,’s form an open cover for U. By construction U is compact so
there exists 1, ..., x,, with U,, U---UU,, =U. Let T :=N,-1T,,. We can see that
TU = U since T contains 1 and thus U C TU, and we also have that 7,,U,, C U.
Thus an appropriate open subgroup 2 C T exists.
Let
Aq = (Ga)os NQ)(G(b)os NQ)(G(a)os NQ).
By the Borel Density Theorem (Theorem 4.33 in [17]) G(a)os N Q2 and G(b)p, N2
are Zariski-dense in G(a) and G(b) respectively, and thus by Lemma 3.1 Ag is dense
in G. Let
(@)m = (z,€m) / (€m, €m) -

The set of all ¢ € G with the property that (¢'¢g(a)),_1 # 0 is Zariski-open and
nonempty. Therefore there is a §, € Agq such that 8 := (d1g(a)),_y # 0. If 3
is invertible, then clearly @) and W(U) are linearly independent and generate a

2-dimension free ¢,-module. Let

Vi=(VEN(SUW)) NV(BT(B)).



For each v € V; the set W, C G(b)o, such that for every h, € W,,, span,, (hvélg(a)(v), a™)
is a 2-dimensional free module is open. The subgroup G(b) has strong approximation

so there exists

02 € G(b)os N [ Wu x Q.

veEV]
Then for all v € VX \ (SUV,), we have that span,, (525lg(a)(v), a®)) is a 2-dimensional

free £,-module. Taking § = §;d5 proves the lemma. O

Lemma 3.7. Let g € Go, NU. There exists t € Yo, such that (g,t) € Zo,,
satisfies conditions 1 and 2 of Lemma 3.5, and in addition both spangv(d(”),f(”)) and
span,, (b®, 1)) are 2-dimensional free modules.

Proof. Let t' = (g(a)),a and

f(a)? = {g(a), a) 7({g(a), a))

r= it = fla) = 1(#)
Since g € U, {g(a),a) # \f(a) with A\ = 1, thus we have that r # 0.
Let
C={(z1,...,%0,0,0) | f(1,...,Tn_0,0,0) =7}
and

Vo= (VE\(SUVp)) NV (r).

Since g € U for all v € Vj there exists x,,2, € G(a)o,, y» € G(b)e, such that
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g = TyYu2y. Let s, :=y,(a) —t'. Computing f(s,) we get:

f(s0) = (@) =t yu(a) 1)
= (Wo(a), yu(a)) = (yo(a), ') = (', yu(a)) + (', 1)

= (a,a) = (yo(a), (9(a))na) — ((9(a))na, yo(a)) + ((9(a))na, (9(a))n, @)

Since (8y)n = (Yo(a))n — ('), = 0 and (s,)n—1 =0, s, € Co,.
For each v € V; define R, := G(a,b)o,s,. By Corollary 2 of Proposition 3.3 in

[17] we have that R, is open in Cp,. For each v € V5 define
Rv = {S - COU | (8)1 & (OL ®KU Ov)*}

This set is also open, and it contains (1,%,0,...,0) so it is nonempty. The variety
C has strong approximation with respect to S by Corollary 1.45 so there exists t” €

Cos N Tevyuy, Bo- Set t:=1" 4+, then
F@) = (") + f(t) + (", 1) + (¢, ") = f(a),
and therefore ¢ is in Y. Computing, we see that

<t7a> = <t/7a> = <g<a)7a>

and

<t7 b> = <t/7 b> =0,
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so (g,t) € Zog. By construction span, (a,t) = span, (a,t”) which is 2-dimensional
and nondegenerate.

For each v € Vg, t" = hys, with h, € G(a,b)p,. Then
holo = ho(t' +5,) =t +1" =1t

implying that (x,h; ", by, 2,) € ¢ '(g,t)0,. For all v ¢ S U Vp, we have t*) # 0.
Therefore span,, (@), #®) and span, (b*),#") are 2-dimensional free modules for all

ve VEN\ (SUV,) as desired. O

3.2 Base Case

r 0 0 0

0O —r 0 O
Theorem 3.8. Let G = SUyp where F' = and

0 0 —s O

0 0 0 s

r,s € Og nonzero. Let V = K% with quadratic form q = da? — 22 — da2 + 22 — rsa? +

rsdx?, H = Spin(V). Then Hyx = G.

Proof. We begin by demonstrating an explicit isomorphism ¢ : C1°(V) — My(L) and
showing that the involution on the Clifford algebra induces an involution on My(L)
taking X — F7'X*F. Given such an isomorphism, the image of its restriction to

CI*(V)NCI°(V) is Uyp(L). Let ¢' = ¢|y, . This map extends to an isomorphism
Upr(K) = (CIH (V)N CIO(V))g.

By Theorem 1.37 the commutator subgroup of (CI*(V)NCI°(V)) z contains Spin(V) &
By Proposition 1.27 the commutator subgroup of Uy g is SU, p. Therefore Spin(V') z
is contained in the image of ¢'(Gz). As varieties dim Spin(V') = dim SU, y = 15 (see
[18]) so we have Spin(V)x = ¢'(SUsr(L)).
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It remains to show that there exists an appropriate isomorphism CI°(V') — My(L).
We do this by composing a few isomorphisms. Define V' as the vector space V' with

quadratic form given by

1 r s
_ 22 2, 2 2 2
q—dxl—xQ——x3+x4—gm5—|—;dw6.

d
Then there is an isomorphism CI°(V) — CI°(V’). By Theorem 1.36 we have that

Cl(V') 2Dy @k Dy 9k A

A=K[t]/{# —d) =2 K[Vd = L.

The induced involution, 7y, on D, is the standard quaternion involution, the induced
involution, 75, on Ds is the involution given in Example 1.32; and the induced invo-
lution, 73, on A takes t to —t.

By Lemma 1.11 there exists an isomorphism ¢o: Dy — My (K) with

da(1a(e3 (X)) = X!

Similarly, we construct an isomorphism D; ®L — My(L). Let 1,7,j,k be the
standard basis for D;. We can see that the elements ¢ =i ® V/d, j/ := clzj ® v/d and

1®+/d generate D; @ L, and the subalgebra generated by i’ and j’ is isomorphic to the
d?, -1

quaternion algebra D} = ( ) , therefore we have an isomoprhism ¢ : D; ® L =
D| ®L, and
gro(m@m)o(d) =nemn

where 7} is the involution given in Example 1.32. By Lemma 1.11 there exists an

isomorphism ¢;: D] — My(K) with

oo -1 0l ,[-10
¢1(1(01 (X)) = X
0 1 0 1
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Combining these maps we can we that there is a map C1°(V) — My(L) ® My(K),
which is isomorphic to My(L). Following the maps we see that the induced involution

is given by F~'X*F. So by the previous argument there exists an isomorphism

¢: Spin(V) = Uy p(L). O
We can now prove

Theorem 3.9 (Main Theorem 2). Let (-,-) be a nondegenerate sesquilinear form on
L", let F be the associated matriz, and let G = SU, p. Fiz S C VX finite such that

VE C S. If f has Witt index at least 2 then Gog has bounded generation.

Proof. If G(a)oy and G(b)p, have bounded generation then AAA will have bounded
generation. Since G has Witt index 2, there exists an open U such that Go, N U C
AAA C Gog, implying that AAA has finite index in Gp,. Therefore Gog has
bounded generation by Proposition 1.1. If n > 4 we can always choose a, b such that
the sesquilinear forms associated to G(a) and G(b) have Witt index at least 2. If
n = 4 then having Witt index 2 implies that there exists a change of basis such that
F' is of the form given in Theorem 3.8. Therefore the problem reduces to showing
Go, has bounded generation in that case. By Theorem 3.8 and Corollary 1.3, Gog
has bounded generation if and only if Spin(V)p, does, but ¢ has Witt index 2 so by

Theorem 1.38 Spin(V')p, has bounded generation. O
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