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Abstract

Evaluating the quality of a policy (i.e, a decision making rule that an
agent adopts to interact with the environment) is central to reinforcement
learning (RL). The conventional approach requires repeatedly executing the
policy and averaging its outcome. However, due to high evaluation variance,
this method demands massive active interactions with the environment
to obtain data, which is both expensive and slow. At the same time, the
stability of many RL algorithms remains an open question, as existing
analyses often rely on assumptions that fail to hold in practice. This
thesis addresses both challenges by proposing algorithms that enhance the
efficiency and robustness of policy evaluation, and by providing a stability

analysis of RL algorithms under realistic conditions.

The first part of the thesis focuses on algorithmic innovations reducing the
amount of data needed for accurate evaluation. We begin by introducing an
optimal data collecting policy that significantly lowers evaluation variance
compared to traditional approaches. In settings where multiple policies
must be evaluated at once, we propose a shared data-collecting policy that
reduces evaluation variance across all interested policies simultaneously.
Taking a step further, we develop a doubly-optimal policy evaluation
method that optimizes both data collection and processing stages, achieving
state-of-the-art variance reduction. To enhance robustness and safety, we
also design methods that account for uncertainty in the environment
and enforce safety constraints during data collection. Together, these
contributions offer a framework for reliable and sample-efficient policy

evaluation.

In the second part of the thesis, we focus on the theoretical analysis of RL
algorithms. We study the stability of stochastic approximation methods
(i.e., iterative methods that update estimates using noisy observations of
a target quantity) under Markovian noise (i.e., when the randomness in

updates comes from data generated by a Markov process, so that samples



are correlated rather than independent). Our framework provides almost
sure convergence guarantees under practical conditions and applies to a

broader class of RL algorithms than previous results.

Collectively, this thesis advances both the algorithmic and theoretical
foundations of policy evaluation, offering tools that are efficient, reliable,

and applicable to real-world RL systems.
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Chapter 1

Introduction

Reinforcement learning (RL, Sutton and Barto (2018)) has achieved remarkable success
in various sequential decision-making problems. For example, RL algorithms have
reduced energy consumption for Google data centers’ cooling by 40% (Chervonyi et al.,
2022), predicted protein structures with competitive accuracy (Jumper et al., 2021),
and discovered faster matrix multiplication algorithms (Fawzi et al., 2022). When
applying RL algorithms, policy evaluation plays a critical role to allow practitioners to
estimate the performance of a policy before committing to its full deployment and test
different algorithmic choices. A commonly used approach among RL practitioners for
policy evaluation is the on-policy Monte Carlo method, where a policy (i.e., the target
policy) is evaluated by directly executing itself. However, using the target policy itself
as the behavior policy is not optimal (Liu and Zhang, 2024), leading to evaluation
with high variance. This suboptimality of on-policy evaluation results in extensive
needs for collecting online samples to achieve a desired level of accuracy.

In many scenarios, heavily relying on online data is not preferable, since collecting
massive online data through real-world interaction is both expensive and slow (Li,
2019; Zhang, 2023). Even with a well-developed simulator, complex tasks like data
center cooling take 10 seconds per step (Chervonyi et al., 2022), making the evaluation
of a policy requiring millions of steps prohibitively expensive. To address the expensive
nature of online data, offline RL is proposed to mitigate the dependency on online data.
However, there are often mismatches between the offline data distribution and the data
distribution induced by the target policy, leading to uncontrolled and ineliminable bias
(Jiang and Li, 2016; Farahmand and Szepesvari, 2011; Marivate, 2015). As a result, a
policy with high performance on offline data may actually perform very poorly in real
deployment (Levine, 2018). Consequently, both online and offline RL practitioners
still heavily rely on online policy evaluation methods (Kalashnikov et al., 2018; Vinyals
et al., 2019).



To improve the online sample efficiency for policy evaluation, existing methods
utilize the off-policy evaluation (OPE) strategy, designing different data-collecting
behavior policies to reduce the evaluation variance (Hanna et al., 2017; Zhong et al.,
2022; Liu and Zhang, 2024; Liu et al., 2025a). Under this regime, our prior work (Liu
and Zhang, 2024) designs a closed-formed optimal behavior policies that minimize
estimation variance by leveraging existing offline data. This approach significantly
reduces the variance compared to traditional on-policy methods, as confirmed by
empirical studies across multiple benchmarks.

In many reinforcement learning applications such as hyperparameter tuning and
model selection, evaluating multiple target policies simultaneously is a common
need. Traditional methods typically require separate data collections for each policy
evaluation, which leads to high inefficiency. To tackle this problem, we develop a shared
variance-reducing behavior policy for multiple target policies (Liu et al., 2025¢). Our
method gives unbiased estimation and reduce evaluation variance for multiple target
policies at the same time. It significantly reduces the total number of online samples
needed and empirically outperforms existing multi-policy evaluation techniques.

Building on these insights, we further design a doubly optimal policy evaluation
framework that simultaneously optimizes both data collection and data processing
phases (Liu et al., 2025a). This doubly optimal estimator is obtained from a bi-
level optimization problem, incorporating the optimal data-collecting policy with the
optimal data-processing baselines. Our method achieves state-of-the-art performance
in reducing variance. Theoretically, we prove the estimator’s unbiasedness and variance
reduction properties compared to previous best-performing methods. Empirically, Liu
et al. (2025a) saves substantial amount of online data across various environments,
demonstrating state-of-the-art performance.

In many real-world applications, ensuring safety during policy execution is as
crucial as achieving sample efficiency. Considering the safety concern in running
the behavior policy, we introduce a safety-constrained off-policy evaluation method
(Chen et al., 2025). This method incorporates safety constraints directly into the
behavior policy design, ensuring that policy evaluations maintain rigorous safety
standards without compromising efficiency. Our theoretical results guarantee variance
reduction and safety constraint satisfaction simultaneously, with empirical experiments
demonstrating superior performance compared to existing methods.

While these methods effectively reduce variance, a critical limitation persists:

existing OPE approaches typically assume fixed transition dynamics between training



and deployment environments. However, transition dynamics often change in real-
world scenarios due to factors such as system drift or unforeseen perturbations,
leading to unreliable evaluations (Wang et al., 2023). To tackle this problem, we
further propose an efficient and robust off-policy evaluation method, which explicitly
models uncertainty in transition dynamics through transition gradient optimization.
Our approach formulates policy evaluation as a minimax optimization problem to
identify and handle worst-case transition scenarios systematically. This ensures robust
evaluations even under significant environmental shifts. Analytical derivations and
empirical tests highlight the effectiveness and robustness of this method in handling
dynamic transition uncertainties.

In addition to improving empirical performance and robustness in policy evaluation,
we also contribute theoretical foundations that enhance the understanding of stability
in reinforcement learning algorithms. Stochastic approximation forms the backbone of
many RL algorithms, which iteratively update estimates based on noisy samples from
the environment. This framework underlies widely used methods such as temporal
difference learning (Sutton, 1988). Analyzing the convergence of these algorithms
typically requires strong assumptions on the noise process, such as i.i.d. or martingale
difference noise. However, in RL, the noise is often Markovian and potentially un-
bounded, particularly when eligibility traces and function approximation are involved.
To address this, we develop a new ordinary differential equation (ODE) framework
that extends the classical Borkar-Meyn theorem to the Markovian noise setting under
verifiable and broadly applicable assumptions (Liu et al., 2025b). This framework
guarantees almost sure stability and convergence of stochastic approximation iterates
and provides a general-purpose theoretical tool for analyzing the dynamics of RL
algorithms under realistic conditions.

This thesis explores a series of advanced strategies for efficient, robust, and
safe policy evaluation, addressing key challenges such as variance reduction, multi-
policy evaluation, safety constraints, and transition uncertainty. Beyond empirical
advancements, we also provide a general theoretical framework that strengthens the
stability guarantees for a wide class of reinforcement learning algorithms modeled as
stochastic approximation. Together, these contributions offer both practical tools for
high-stakes RL deployments and foundational insights for the design and analysis of

RL algorithms in complex, dynamic environments.



Chapter 2

Background

2.1 Finite Markov Decision Process

A finite-horizon Markov Decision Process (MDP) is defined by a tuple (S, A, p,, po, T),
where S and A are finite state and action spaces, respectively. The transition dynamics
are characterized by a probability distribution p : S x A xS — [0, 1], where p(s' | s,a)
denotes the probability of transitioning to state s’ upon taking action a in state s.
The reward function is defined as r : § x A — R, assigning a scalar reward to each
state-action pair. The initial state distribution is denoted by py : S — [0, 1], and the
horizon length T' specifies the finite length of an episode.

In reinforcement learning, the agent interacts with the MDP sequentially over
time steps t € {0,1,..., 7 — 1}. At each time step t, the agent observes a state
Sy € S, selects an action A; € A according to a policy m(a | s), receives a reward
Riy1 = r(S;, Ay), and transitions to the next state Sy drawn from p(- | Sy, A;). We
denote the generated trajectory in a finite MDP as 7 = (Sp, Ao, Ry, ..., Sr). We also
use abbreviations m;.; = {m;, mi41, ..., 7} and ™ = mo._1.

The return at time step t is defined as the cumulative sum of future rewards:

T
G,= )Y R
i=t+1
Correspondingly, the state-value function and action-value function of policy 7 at
time step t are defined as

Vet(8) =B [Ge | St =5], @ri(s,a) =E.[Gy| St =s,A =al.

The overall performance of a policy 7 is measured by the expected total return

over the initial state distribution:

J(7) = pols)vro(s).

seS
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In this thesis, we are interested in the evaluation of policies in this finite-horizon

MDP framework, which serves as the foundation for the subsequent chapters.

2.2 Discounted Markov Decision Process

In addition to the finite-horizon setting, reinforcement learning is also studied in
the context of an infinite-horizon Markov Decision Process (MDP) with discounted
rewards. A discounted MDP is defined by a tuple (S, A, p, 7, po,7), where S and A
are finite state and action spaces, p: S X A x § — [0, 1] is the transition probability
function, r : S x A — R is the reward function, py is the initial state distribution, and
v € (0,1) is the discount factor.

The agent interacts with the environment over an infinite sequence of time steps.
At each time step t, the agent observes a state S; € S, selects an action 4; € A
according to a stationary policy 7(a | s), receives a reward R;.; = r(S;, A;), and
transitions to a successor state Syy1 sampled from p(- | Sy, Ay).

The discounted return at time step ¢ is defined as:

Gy = io: YR,

1=t+1

The state-value function v, (s), state-action-value function ¢..(s,a), and the
expected total return J(m) follow the same definitions as in the finite-horizon MDP.
The discount factor v serves to weigh immediate rewards more heavily than distant
future rewards and ensures the convergence of the infinite sum defining the return.
The discounted infinite-horizon MDP setting is widely used due to its analytical

convenience and relevance to long-term sequential decision-making problems.

2.3 Constrained Markov Decision Process

In addition to the standard MDP framework, we also consider a Constrained Markov
Decision Process (CMDP), which incorporates an additional cost signal to model
safety-critical scenarios. A (finite) CMDP is defined by a tuple (S, A, p,7, ¢, po, T),
where S and A are finite state and action spaces, p : S X Ax S — [0, 1] is the transition
probability function, r» : § x A — R is the reward function, ¢: S x A — R is the cost
function, pg is the initial state distribution, and 7" is the finite horizon length.

The CMDP process starts at time step 0 by sampling an initial state Sy from py.
At each time step t € {0,1,...,T — 1}, the agent selects an action A; € A according



to a policy m(a | s), receives a reward Ry, = r(S;, A;) and a cost Cy1 = (S, Ay),
and transitions to the next state S;;1 sampled from p(- | S, Ay).

The return for the reward and the cost at time step t are defined as:
T T
Gi=> Ry, Gi=)> Ci
i=t+1 i=t+1

The state-value and action-value functions for the reward are defined as:
Vat(s) = Ex[Ge | St = 5],  @ri(s,a) =EL G| S; = s, A = al.
Similarly, the state-value and action-value functions for the cost are defined as:

vri(s) = EalG | Se =8, q74(s,0) = Eq[Gy | Sp =5, A = al.

Tt

The overall performance of policy 7 is measured by the expected total reward:
J(m) = Zpo(s)vmo(s).
sES
Similarly, the total cost under policy 7 is defined as:
Jo(m) =) pol(s)vso(s).
seS

We denote the generated trajectory in a finite CMDP as
7 = {So, Ao, R1,C1, S1, A1, Ry, Cs, ..., Sy, Ap_1, Ry, Cr},

which is simplified by the shorthand /5" 7"

2.4 Off-Policy Evaluation

In reinforcement learning, an important problem is to assess the performance of a
policy without executing it in the environment. This problem is referred to as off-policy
evaluation (OPE). The objective of OPE is to estimate the expected total reward
J(m) of a target policy 7, using data generated by a different policy p, known as the
behavior policy.

Formally, we are interested in estimating:

J(7) = pol(s)veols),

seS



where the value function v, o(s) is defined under the target policy 7, but the available
data consists of trajectories generated under the behavior policy u. Each trajectory

collected under p takes the form:
{S(), Ao, Rl, Sl7 Al, RQ, cey ST—l, AT—l, RT},

where Sy ~ pp and A; ~ (- | Sy) for all t.

Off-policy evaluation is essential in settings where directly deploying the target
policy is impractical due to safety concerns, high interaction costs, or low data efficiency.
By leveraging data collected from the behavior policy, properly designed OPE enables
practitioners to estimate policy performance with existing data or smaller amount of
online interaction.

However, OPE faces fundamental challenges due to the distribution mismatch
between the target and behavior policies. In particular, naively using behavior policy
data to estimate J(7) may result in biased estimates. Classical solutions address this
issue by employing techniques such as importance sampling to reweight observed data
and account for the difference between 7 and p.

While importance sampling-based methods are known to suffer from high vari-
ance—especially when the target policy differs significantly from the behavior pol-
icy—recent work, including the contributions of this thesis, demonstrates that off-policy
evaluation can be made efficient and reliable through proper algorithmic design and
data collection strategies. In the next section, we will provide a detailed discussion of

importance sampling and its various formulations for off-policy evaluation.

2.5 Importance Sampling for Off-Policy Evaluation

A standard approach to address the distribution mismatch in off-policy evaluation is
the technique of importance sampling. Importance sampling adjusts the contribution
of behavior policy data to reflect the target policy’s distribution by reweighting the
observed rewards.

For each trajectory collected under the behavior policy u, we define the importance

sampling ratio at time step t as:

. Wt(At | St)

pr = .
C (A ] S))
The product of importance sampling ratios from time step ¢ to t’ > t is denoted as:

tl
N Wk(Ak ’ Sk)
Pt g Mk(Ak: | Sk:)'
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Several variants of importance sampling estimators have been proposed in the
literature (Geweke, 1988; Hesterberg, 1995; Koller and Friedman, 2009; Thomas, 2015).
A classical approach is the trajectory-wise importance sampling estimator (IS), which

reweights the total return of an entire trajectory:

T-1
IS(7) = por—1 Z Ry
=0

While this estimator is unbiased under the standard policy coverage assumption
(Precup et al., 2000a; Maei, 2011; Sutton et al., 2016; Zhang, 2022), it typically suffers
from high variance, especially when the importance weights pg.r_1 deviate significantly
from one.

To mitigate this issue, the per-decision importance sampling estimator (PDIS)
was introduced by Precup et al. (2000a). PDIS reweights rewards at each time step
separately, leading to reduced variance compared to trajectory-wise IS. It is defined

as:
T-1
PDIS/ __Ht:T—1\ _-
G (nrly) = ZPt:kRk+1~
k=t

The PDIS estimator can also be expressed recursively as:

GPDIS(Tﬂt:T—l) _ Pt (RtJrl =+ GPDIS(T;‘Jﬂ}fT:ll)) t e [T — 2],
e PRt t=T-—1.

Under the standard policy coverage assumption,
Vi, s,a, pe(als)=0 = m(a]|s)=0,

both IS and PDIS estimators are unbiased. In this thesis, we further loosen this
condition and characterize a broader class of behavior policies under which the PDIS
estimator remains unbiased.

Traditionally, the variance issue associated with importance sampling has led to
the belief that off-policy evaluation using such estimators is inherently inefficient. In
this thesis, we revisit this belief and demonstrate that, with properly designed behavior
policies and variance reduction techniques, importance sampling can be leveraged not
only to correct distribution mismatch but also to serve as a variance minimization

tool.



2.6 Fitted Q Evaluation

Fitted Q Evaluation (FQE) is a regression-based algorithm for offline policy evaluation.
Its objective is to estimate the expected total return of a target policy using a fixed
dataset collected by potentially unknown behavior policies.

FQE is motivated by the Bellman equation, which characterizes the action-value

function ¢, (s, a) of a target policy 7 at time step ¢ as:
C]w,t(& a) =Er [Rt—H + @41 (i1, A1) | Sy =5, A = a] )

with the terminal condition g, 7(s,a) = 0. This recursive structure motivates a
backward dynamic programming approach for estimating ¢, from offline data.

Given an offline dataset D = {(S;, A}, R}, S}, 1)}, FQE iteratively estimates
the Q-function at each time step. For each t =T — 1,7 — 2,...,0, the Q-function is
updated by solving:

n 2
0+1 . i Ad i i 14 i
o € argmin y <q<st,At> - (R +3 malal Sm)q&(sm,a))) ,
=1

acA

where ¢ > 0 denotes the iteration index, and the initialization is qg‘) )= 0.
This backward procedure continues until the Q-function estimates converge. Once
the estimates {q,ge)}tT:_O1 are obtained, the expected total reward of the target policy is

estimated by:

J(m) ~ Zpg(s) 27(0(& | $)a (s, a).

s€S acA
In this thesis, we adopt FQE as a fundamental tool for offline policy evaluation.
Specifically, we use FQE to estimate the extended value function of target policies
from existing offline data, which in turn enables the learning of closed-form behavior

policies for efficient online data collection.

2.7 Policy Gradient

Policy gradient methods are a foundational class of reinforcement learning algorithms
that optimize the policy directly in the parameter space. Unlike value-based methods
that learn action-value functions and derive the policy indirectly, policy gradient
methods parameterize the policy as my, where 6 € R? is a vector of parameters, and

perform gradient ascent on the expected return.



Formally, the objective is to maximize the expected total reward of the policy:

T—1
> Rip
t=0

The policy gradient theorem (Sutton et al., 1999) provides a tractable expression

J(@) = Eﬂe

for the gradient of J(#) with respect to the policy parameters:

T-1
VoJ(0) = Er, | > Vologme(Ay | S)Gy|
t=0
where G, = ZZT:t 41 [ is the cumulative return starting from time step ¢. This gradient

estimator is unbiased under the assumption that the trajectories are generated by the
current policy 7y.
Policy gradient algorithms, such as REINFORCE (Williams, 1992) and its variants,

perform stochastic gradient ascent by updating the policy parameters as:
0+ 0+ OéVgJ(e),

where @ > 0 is the learning rate.

One of the key advantages of policy gradient methods is their applicability to
high-dimensional or continuous action spaces, where value-based methods may struggle.
However, a major challenge associated with policy gradient estimators is their high
variance, which can result in unstable or sample-inefficient learning. Several variance
reduction techniques have been proposed to address this issue, including the use of
baselines (Greensmith et al., 2004), advantage functions (Schulman et al., 2016), and
control variates (Wu et al., 2018).

Beyond policy optimization, the policy gradient framework also provides a powerful
tool for sensitivity analysis and variance evaluation. In particular, the gradient of the
return variance with respect to the policy parameters can be computed and optimized,
enabling variance-aware learning and behavior policy design.

In this thesis, we leverage the idea for policy gradient to control the variance of
policy evaluation. Specifically, we utilize a variance gradient formulation to control
the variance of policy evaluation under adversarial transition dynamics and to guide

the learning of behavior policies that are robust to environmental perturbations.

2.8 Linear Function Approximation

In large or continuous state spaces, representing the exact value function is often

impractical due to the curse of dimensionality. To overcome this challenge, a common
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approach is to approximate the value function using a linear combination of features.
Specifically, let ¢ : S — RY denote a feature mapping from states to K-dimensional

vectors. The approximate value function is then defined as

where 6 € RE is the parameter vector to be learned.

We further define the feature matrix ® € RIS*X whose s-th row is given by ¢(s)T.
Under this notation, the value function over all states can be written compactly as
vy = PO.

Linear function approximation has been widely adopted in reinforcement learning,
particularly in theoretical analyses and algorithm development, due to its simplicity and
analytical tractability. Throughout this thesis, we assume access to such a fixed feature
representation and adopt linear function approximation in both algorithmic design
and theoretical analysis. In particular, the algorithms and stochastic approximation
procedures studied in this thesis, including TD learning, GTD, and their stability

analysis, are all developed under this setting.

2.9 Off-policy Temporal Difference Learning

Temporal Difference (TD) learning is a widely used method for estimating value
functions by bootstrapping from future estimates. In the off-policy setting, data is
collected under a behavior policy p while evaluating a different target policy 7. When
combined with linear function approximation, the off-policy TD()\) algorithm updates

its value estimate 6, using the following recursion:

e = AYpi—1€t—1 + Py,
0 = Ryp1 + ’7@11@ — ¢tT@ta
0111 = 0, + aupdrey,

where ¢y = ¢(Sy), pr = Zgﬁjgg is the importance sampling ratio, and e, is the eligibility
trace vector.

While off-policy TD methods are widely used, they can exhibit instability even
with linear function approximation and regularization. Recent work shows that
regularization may fail to prevent divergence and can introduce additional instability
(Manek and Kolter, 2022). These issues motivate the development of more stable
alternatives such as GTD, which optimizes a well-defined objective and enables

theoretical convergence analysis.
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2.10 Gradient Temporal Difference Learning

Temporal difference learning with linear function approximation is one of the most
widely used approaches in reinforcement learning. However, when applied in the
off-policy setting, conventional TD methods suffer from instability and divergence
due to the so-called deadly triad. Gradient Temporal Difference (GTD) learning is
a family of algorithms specifically designed to address this challenge by performing
stochastic gradient descent on a well-defined objective function. Throughout this
section, we assume linear function approximation.

The idea of GTD is to minimize the off-policy mean squared projected Bellman
error (MSPBE) objective directly and use a weight duplication trick or Fenchel’s
duality to address the double sampling issue in estimating the gradient (Sutton et al.,
2009; Liu et al., 2015). Various GTD variants have been developed in the literature
(Sutton et al., 2008b, 2009; Maei, 2011; Yu, 2017; Zhang et al., 2021a; Qian and Zhang,
2025). In this thesis, we focus on the following representative variant, referred to as
GTD(\).

In GTD()), an additional weight vector v € R¥ is introduced, and 6 and v are

updated recursively as follows:

er = ANYpr—1€e-1 + ¢,

0y = Ryp1 + 7¢;r+19t — ¢/ 0y,
Vgl = Vg + 0y (Pt5t€t - ¢t¢tTVt) ;
01 = 0y + aupy(dr — Ydraa )ef v

The introduction of the auxiliary weight vector v facilitates the avoidance of the
double sampling problem.

To analyze the algorithm, it is convenient to rewrite the updates compactly. Let
t| and define an augmented Markov chain {Y;} as Y; 11 = (S, Ay, Sevq,€0). We
further 1tdeﬁne:

I'ti
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Then, the GTD()) update can be rewritten as:
Ty = @ + o H (24, Yigr).

In this thesis, GTD(A) serves as a fundamental example of stochastic approximation
algorithms under Markovian noise, whose stability and convergence we study more

generally.

2.11 Emphatic Temporal Difference Learning

Emphatic Temporal Difference (ETD) learning is a family of off-policy policy evaluation
methods designed to stabilize learning in the presence of function approximation and
distribution mismatch. The core idea is to reweight the standard off-policy linear TD
updates with an additional emphasis factor that accounts for the mismatch between
the target policy 7 and the behavior policy u (Sutton et al., 2016; Yu, 2015). Similar
to GTD, there are many variants of ETD. In this section, we focus on the original
ETD(A) algorithm (Yu, 2015; Sutton et al., 2016).

ETD(A) updates the value parameter 6 recursively with the help of a followon

trace Fy, an eligibility trace e;, and an interest function i : & — (0, 00):

Fy=ypi-1Fioa +i(Sy),
M; = Ni(Sy) + (1 — N\ F,
er = A\Ypi—1€i—1 + Moy,
Ori1 = 0r + aupy (Rt+1 + 7¢;19t — ¢:6t) €.

The interest function i(-) encodes user-defined preferences over states, and is usually
constant (e.g., i(s) = 1), although non-trivial choices are possible.

Compared with GTD, ETD modifies the eligibility trace update by introducing
the scalar M, which incorporates both the interest function and the followon trace Fj.
This modification, known as the emphasis, enables ETD to better align the distribution
of updates with the stationary distribution under the target policy.

ETD(A) is included in this thesis as a representative instance of stochastic approx-
imation procedures operating under Markovian noise, whose stability properties are

studied under our proposed theoretical framework.
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Chapter 3
Related Work

3.1 Variance Reduction in Policy Evaluation

Reducing the variance for policy evaluation in reinforcement learning (RL) has been
widely studied. One rising approach is variance reduction by designing a proper
data-collecting policy, also known as the behavior policy. Noticing that the target
policy itself is not the best behavior policy, Hanna et al. (2017) formulate the task of
finding a variance-reduction behavior policy as an optimization problem. They use
stochastic gradient descent to update a parameterized behavior policy. However, the
stochastic method has been known to easily get stuck in highly suboptimal points
in just moderately complex environments, where various local optimal points exist
(Williams, 1992). Moreover, their method requires highly sensitive hyperparameter
tuning to learn the behavior policy effectively. Specifically, the learning rate can
vary by up to 10° times across different environments, as reported in the experiments
of Hanna et al. (2017). This extreme sensitivity requires online tuning, consuming
massive online data. Furthermore, Hanna et al. (2017) constrain the online data to be
complete trajectories.

Zhong et al. (2022) also aim to reduce the variance of policy evaluation through
designing a proper behavior policy. They propose adjusting the behavior policy to focus
on under-sampled data segments. Nevertheless, their method necessitates complete
offline trajectories generated by known policies and assumes a strong similarity
between the behavior and target policies, limiting the generalizability. Moreover, the
estimates made by Zhong et al. (2022) lack theoretical guarantees of unbiasedness
nor consistency. Another approach by Mukherjee et al. (2022) investigates behavior
policies aimed at reducing variance in per-decision importance sampling estimators.
However, their results are limited to tree-structured MDPs, a significant limitation

since most problems do not adhere to tree structure. Moreover, Mukherjee et al.
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(2022) explicitly require the knowledge of transition probability and, therefore, suffer
from all canonical challenges in model learning (Sutton, 1990; Sutton et al., 2008a;
Deisenroth and Rasmussen, 2011; Chua et al., 2018). The current state-of-the-art
method in behavior policy design is proposed by Liu and Zhang (2024), where they
find an optimal and offline-learnable behavior policy with the per-decision importance
sampling estimator.

Besides behavior policy design, another popular approach for reducing the variance
in policy evaluation is using the baseline functions. Jiang and Li (2016) propose a
doubly robust estimator by incorporating a baseline function into the plain per-decision
importance sampling estimator. However, their method assumes that the behavior
policy is fixed and given, but does not discuss how to choose a proper behavior policy.
Ignoring the choice of behavior policy loses the opportunity to save online samples
manyfold. Thomas and Brunskill (2016) extend the method of Jiang and Li (2016) into
the infinite horizon setting, proposing a weighted doubly robust estimator. However,
their method introduces bias into the estimator, potentially leading the estimation to

systematically deviate from the true return of the target policy.

3.2 Multi-Policy Evaluation

3.2.1 Multiple target policies

In multi-policy evaluation, traditional approaches often evaluate each policy separately
using on-policy Monte Carlo methods. However, this ordinary method ignores the
potential similarity between target policies and is crude for two reasons. First, the
method does not utilize data sampled by other policies, causing the number of required
online samples to scale quickly with the number of target policies. Second, even for a
single target policy, the on-policy evaluation method is still not the optimal choice.
Through a tailored behavior policy (Liu and Zhang, 2024), the variance of the on-policy
Monte Carlo evaluation can be reduced while achieving an unbiased estimation.

To address the inefficiency in multi-policy evaluation problem, Dann et al. (2023)
present an algorithm to reuse online samples from target policies. However, their
algorithm works only when all target policies are deterministic, which is also highly
restricted. The key difference is that they consider the plain approach by reusing
samples from target policies, while we propose a tailored behavior for multiple target
policies, which is designed to generate samples that all similar policies can efficiently

share.
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3.2.2 Multiple logging policies

Other approaches consider using data from multiple logging policies to perform off-
policy evaluation, although only aiming at a single target policy. We call them logging
policies because in their works (Agarwal et al., 2017; Lai et al., 2020; Kallus et al.,
2021), data are previously logged from certain behavior policies and are fixed. This
is different from our setting, in which we design an active data-collecting policy for
multiple target policies.

Agarwal et al. (2017) point out that directly combining data from different policies
may increases the estimation variance. They then propose two new estimators by
reweighting data from different policies. However, their method is restricted to the
contextual bandit setting. Lai et al. (2020) extend the method from Agarwal et al.
(2017) into multi-step RL. Nevertheless, getting the desired weights for different
logging policies requires knowing complicated covariance terms between every pair of
logging policies. That is, given K logging policies, their method needs to compute K?
covariances. Such strong prior knowledge is rarely available and is computationally
expensive, making the method impractical. Furthermore, they ignore bias from
any off-policy estimator. Kallus et al. (2021) also explore off-policy evaluation with
multiple target policies in RL setting. They combine the reweighting strategy with the
control variate method, leading to a reduced variance estimation. However, getting
the weights proposed by their method requires knowledge of state visitation densities,
whose approximation is very challenging in MDPs with large stochasticity and function
approximation (cf. model-based RL (Sutton, 1990; Sutton et al., 2008a; Deisenroth
and Rasmussen, 2011; Chua et al., 2018)). Due to this impracticability, Kallus et al.
(2021) only conduct experiment of their method in the contextual bandit setting,

remaining the experiment on the multi-step RL setting untouched.

3.3 Safe Reinforcement Learning

Safety in reinforcement learning, often framed as safe RL (Garcia and Fernandez,
2015), has been an active research topic recently. Many recent works focus on safety
in policy exploration and optimization (Brunke et al., 2022). For safe exploration,
Moldovan and Abbeel (2012) present a method for ensuring safe exploration by keeping
the agent within a predefined set of safe states during its learning process. However,
their method is a model-based approach, requiring an explicit approximation of the
transition function, which introduces challenges common to model learning, such

as compounding errors and the need for accurate model dynamics (Sutton, 1990;
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Sutton et al., 2008a; Deisenroth and Rasmussen, 2011; Chua et al., 2018). As for safe
optimization, Berkenkamp et al. (2017) propose to ensure safety by keeping the agent
within safe regions, which are characterized by a Lyapunov function. However, they
assume the environment to be deterministic, which is a significant limitation as most
MDPs are stochastic. Their method is also model-based, requiring knowledge of the
transition functions.

Safe reinforcement learning is often modeled as a Constrained Markov Decision
Process (CMDP) (Gu et al., 2022; Liu et al., 2021b), in which we need to maximize
the agent reward while making agents satisfy safety constraints. Achiam et al. (2017)
enforce a constant threshold to constrain the expected total cost. However, even
though they adopt the trust-region method to control policy updates, the expected
total cost of the new policy can still exceed the safety threshold at each update step,
leading to uncontrolled violations of the safety constraints over time. Wachi and Sui
(2020) propose a method for safe reinforcement learning in constrained Markov decision
processes (CMDPs) by using a Gaussian Process to model the safety constraints and
guide exploration. Nevertheless, their approach needs to compute the covariance
matrix between explored states throughout the execution, which is computationally
expensive, especially in environments with large state spaces. In addition, they assume

that the state transitions are deterministic, making their method highly restricted.

3.4 Robust Reinforcement Learning

Robustness in reinforcement learning has been extensively studied under the framework
of Robust Markov Decision Processes (RMDPs), where uncertainty in transition
dynamics is modeled explicitly. Classical RMDP formulations introduce uncertainty
sets over transition probabilities and aim to optimize policies for worst-case outcomes
within these sets (Iyengar, 2005). More recently, robust policy improvement methods
have adopted a game-theoretic perspective, modeling adversarial perturbations to the
environment. For instance, Wang et al. (2020) proposed a transition gradient method
that computes adversarial transitions to degrade policy performance, thereby learning
policies that are robust to such perturbations. These works focus primarily on policy
optimization rather than evaluation, and their techniques are not directly applicable
to off-policy evaluation (OPE), which requires unbiased and low-variance estimates of
a fixed policy’s performance.

Despite these advancements, the problem of robust policy evaluation, particularly

in the off-policy setting, remains underexplored. Unlike policy optimization, where the
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policy can adapt to adversarial perturbations, off-policy evaluation requires estimating
the performance of a fixed policy accurately—even under dynamics shift. Existing
OPE methods typically assume known and stationary dynamics (Hanna et al., 2017;
Zhong et al., 2022; Mukherjee et al., 2022), leaving a gap in reliable evaluation
techniques when the deployment environment differs from the one used for data
collection. Our work addresses this gap by introducing a transition-gradient-based

minimax formulation for robust off-policy evaluation.

3.5 Stability of Reinforcement Learning Algorithms

Stochastic approximation is central to the analysis of many reinforcement learning
algorithms, with foundational results establishing almost sure convergence by linking
stochastic updates to limiting ordinary differential equations (ODEs) (Borkar, 2009;
Kushner and Yin, 2003). A key milestone in this area is Borkar and Meyn (2000),
which ensures the stability of iterates under Martingale difference noise when the
associated ODE at infinity is globally asymptotically stable. This result has been
widely used in the analysis of temporal difference learning and other classical RL
methods.

However, the Borkar-Meyn theorem and related results generally assume i.i.d.
or Martingale difference noise, which does not hold in many RL applications where
data is generated by a Markov process. To address this, previous work attempts to
extend stability analysis to Markovian noise settings. Ramaswamy and Bhatnagar
(2018) consider differential inclusions and require that the limiting update function
be uniformly well-behaved for all noise realizations, which can be difficult to verify
and does not hold in many standard RL algorithms. Another influential line of work
(Kushner and Yin, 2003) focuses on projected stochastic approximation schemes that
maintain stability by enforcing bounded iterates through projection operators. While
effective in general settings, this approach introduces reflection terms into the limiting
ODE, which complicates analysis and typically requires domain-specific arguments to
handle properly.

These limitations have left a gap in the literature: a general and verifiable stabil-
ity result for stochastic approximation under Markovian noise without resorting to
restrictive assumptions, compactness, or projection schemes. This gap has particular
relevance in reinforcement learning, where Markovian noise and unbounded traces are

common.
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Chapter 4

Efficient Policy Evaluation with
Offline Data Informed Behavior
Policy Design

This chapter is based on my paper Liu and Zhang (2024) published at ICML 2024.
In this chapter, we propose novel methods that improve the data efficiency of
online Monte Carlo estimators while maintaining their unbiasedness. We first propose
a tailored closed-form behavior policy that provably reduces the variance of an online
Monte Carlo estimator. We then design efficient algorithms to learn this closed-form
behavior policy from previously collected offline data. Theoretical analysis is provided
to characterize how the behavior policy learning error affects the amount of reduced
variance. Compared with previous works, our method achieves better empirical

performance in a broader set of environments, with fewer requirements for offline data.

4.1 Preliminaries

We study a finite horizon Markov Decision Process (MDP, Puterman (2014)) as defined
in Section 2.1. We use Monte Carlo methods, as introduced by Kakutani (1945), for
estimating the total rewards J(m). The most straightforward Monte Carlo method is
to draw samples of J(7) through the online execution of the policy 7. The empirical
average of the sampled returns converges to J(7) as the number of samples increases.
Since this method estimates a policy by executing itself, it is called on-policy learning
(Sutton 1988).

Moving forward, we focus on off-policy evaluation, where the goal is to esti-
mate the total rewards J(m) of an interested policy 7, which is called the target

policy. Data for off-policy evaluation are collected by executing a different policy
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1, called the behavior policy. In off-policy evaluation, we generate each trajectory
{So, Ao, R1, 51, A1, Ry, ..., Sr—1, Ar_1, Ry} by a behavior policy p with Ay ~ s(+|St).
We use a shorthand 775" = {S;, A, Ri11, ..., S7—1, Ar_1, Ry} for a trajectory gen-
erated by the behavior policy p from time step ¢ to T'— 1 inclusively. We use the
importance sampling ratio to reweight the rewards obtained by the behavior policy pu,
in order to give an estimate of J(7). We define the importance sampling ratio at time

e (AdSr) Then, the product of importance sampling ratios from time

it (At]St) ; s
t tot' >t is defined as pry = [[,_, ZIZEA:‘ISQ;

ways to use the importance sampling ratios (Geweke, 1988; Hesterberg, 1995; Koller
and Friedman, 2009; Thomas, 2015).

In this chapter, we adopt the per-decision importance sampling estimator (PDIS,
Precup et al. (2000a)). We define the PDIS Monte Carlo estimator as GVPIS (/%7 ") =

T-1 . .
vt PrkIli1, which can also be expressed recursively as

step t as py =

In off-policy learning, there are several

pr (R + GPPB(rfT)) te ([T -2,

(4.1)
pth_;,_l t=1T-—1.

GPDIS(TN;TT) — {
t:1T—

Under the classic policy coverage assumption (Precup et al., 2000a; Maei, 2011; Sutton
et al., 2016; Zhang, 2022) Vt, s, a, p(als) =0 = m(als) = 0, this off-policy estimator

GPPI(rp4"1") provides an unbiased estimation for J(w), i.e., E[G'PS(rf5 )] =
J().

4.2 Variance Reduction in Statistics

In this section, we provide the mathematical foundation for variance reduction with
importance sampling ratios. The notations here are independent of the rest of this
paper. We use similar notations only for easy interpretation in later sections. Con-
sider a discrete random variable A taking values from a finite space A according
to a probability mass function 7 : A — [0,1] and a function ¢ : A — R mapping
a value in A to a real number. We are interested in estimating E4.[¢(A)]. The
ordinary Monte Carlo methods then sample {A;,..., Ay} from 7 and use the em-
pirical average % zzj\il q(A;) as the estimate. In statistics, importance sampling is
introduced as a variance reduction technique for Monte Carlo methods (Rubinstein
1981). The main idea is to sample {A;,..., Ay} from a different distribution p and
use + sz\il p(A;)q(A;) as the estimate, where p(A) = % is the importance sampling

ratio. Assuming p covers m, i.e.,

Va,p(a) =0 = 7w(a) =0, (4.2)
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the importance sampling ratio weighted empirical average is then unbiased, i.e.,

Eacrlq(A)] = Eapu[p(A)g(A)].

If the sampling distribution p is carefully designed, the variance can also be reduced.
To adapt this idea for RL, we relax the condition (4.2) in this section. We formulate
this problem of searching a variance-reducing sampling distribution as an optimization

problem:

minen,  Vauu(p(A)a(4)), (4.3)

Here A, denotes the set of all the policies that give unbiased estimations, i.e.,

Ay ={pn € A(A) [ Eavy [p(A)g(A)] = Eanr [q(A)]},

where A(X') denotes the set of all probability distributions on the set X. Solving (4.3)
is actually very challenging. To see this, consider a concrete example where A =

{a1, as,as} and

q(ar) = —10 m(a;) = 0.1 w(ay) =0
qlas) =2 m(az) = 0.5, w(az) =0 (4.4)
q(az) =2 m(as) = 0.4 p(az) =1

It can be computed that Ea[¢(A)] = 0.8 and E4., [p(A)q(A)] = 0.8. In other
words, we could sample A from p and use p(A)g(A) as an estimator. This estimator is
unbiased. But apparently, this u does not cover w. Moreover, since p is deterministic,
the variance of this estimator is 0. Then p is an optimal sampling distribution.
However, p is hand-crafted based on the knowledge that g(ai)m(ar) + q(ag)m(az) = 0.
Without such knowledge, we argue that there is little hope to find this p. This example
suggests that searching over the entire A, might be too ambitious. One natural choice

presented by Rubinstein (1981) is to restrict the search to
A ={peA(A) |Va,pula) =0 = =(a) = 0}. (4.5)

In other words, we aim to find a variance-minimizing sampling distribution among
all distributions that cover 7.r we have A_ C A, . In this work, we enlarge A_ to A

defined as
A={ueA(A)|Va,ula) =0 = n(a)q(a) = 0}. (4.6)

following Owen (2013). The space A weakens the assumption in (4.5). Owen (2013)
proves that any distribution p in A gives unbiased estimation, though x may not cover

.
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Lemma 1. Vi € A, Eavy [p(A)q(A)] = Eavr [a(A)] -

For completeness, its proof is in Appendix A.1.1. We now consider the variance

minimization problem on A, i.e.,

minen Vau(p(A)g(4)). (4.7)

The following lemma from Owen (2013) gives an optimal solution p* to the optimization
problem (4.7).

Lemma 2. Define u*(a) o< w(a)|q(a)|. Then p* is an optimal solution to (4.7).

For completeness, its proof is detailed in Appendix A.1. Here by

pla) o< m(a)w(a)

with some non-negative w(a), we mean

pla) = m(ajwla)/ 32, m(b)w(b).

The reader may notice that if m(a)w(a) = 0 for all a, the above “reweighted” distribu-
tion is not well defined. We then use the convention to interpret u(a) as a uniform
distribution, i.e., u(a) = 1/|A|. We adopt this convention in using < in the rest of
the paper to simplify the presentation. The following lemma gives intuition on the

optimality of p*, whose proof is in Appendix A.1.3.

Lemma 3. IfVa € A,q(a) >0 orVa € A,q(a) <0, then A = A, and the p* defined

in Lemma 2 gives a zero variance, i.e., V., (p(A)g(A)) = 0.

An optimal sampling distribution proportional to 7(a)|q(a)| dates back to Kahn
and Marshall (1953); Rubinstein (1981); Benjamin Melamed (1998) and is commonly
used in RL (Carpentier et al., 2015; Mukherjee et al., 2022). We, however, make
two remarks. First, we show such a sampling distribution can be suboptimal in A, .
For (4.4), such a sampling distribution incurs strictly positive variance, but p in (4.4)
has a zero variance and is also unbiased. Second, different from existing literature in
RL (Carpentier et al., 2015; Sutton and Barto, 2018; Mukherjee et al., 2022), our p*
defined in Lemma 2 does not need to cover w. Nevertheless, we note that Lemma 1
still ensures that p* gives unbiased estimation (Owen, 2013) and extend unbiasedness

to RL settings in Theorem 1.
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4.3 Variance Reduction in Reinforcement Learning

We now apply the techniques in Section 4.2 in RL. In particular, we seek to reduce
the variance V (GPPS(7)577")) by designing a proper behavior policy . Of course,
we need to ensure that the PDIS estimator with this behavior policy is unbiased. In

other words, ideally we should search over
Ay ={pe AT |E [G"PB(rggh)] = (1)}

As discussed in Section 4.2, this is too ambitious without domain-specific knowledge.

Instead, we can search over all policies that cover =, i.e.,
_={p| Vt,s,a,m(als) =0 = m(als) = 0}.

The set A_ contains all policies that satisfy the policy coverage constraint in off-policy

learning (Sutton and Barto 2018). Similar to (4.6), we can also enlarge A_ to
A :{:u | Vta S, avut(a‘s) =0 = Wt(a’5>qﬂ',t(87 a) = O}

The following theorem ensures the desired unbiasedness, which is proved in Ap-
pendix A.1.4.

Theorem 1 (Unbiasedness). Vu € A, Vt, Vs,

E [GPD[S(Tt“}Tll) | Sy = s} = U 4(5).

One immediate consequence of Theorem 1 is that Vu € A,E [GPPS(r971")] =

J (). In this chapter, we consider a set A* such that A_ C A* C A. This A* inherits
the unbiasedness property of A and is less restrictive than A_, the classical search
space of behavior policies. This A* will be defined shortly. We now formulate our

problem as
min,cp- V (GPDIS(TSf?;f‘ll)) ) (4.8)

By the law of total variance, for any u € A*, we decompose the variance of the PDIS

estimator as
V (GPDIS(TSL%T 11))
:ESO [V (GPDIS< SLOTT 11) | SO)]
+ Vs, (E[GPB (5701 | So))
=Eg, [V (GPDIS< g%T 1) | 50)} + Vg, (vr,0(S0)) - (by Theorem 1)
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The second term Vg, (v, 0(S50)) is a constant given a target policy 7 and is unrelated to
the choice of p. In the first term, the expectation is taken over Sy that is determined
by the initial probability distribution py. Consequently, to solve the problem (4.8), it

is sufficient to solve for each s,
mingep V(GPPS(r50) | So = s) . (4.9)

Denote the variance of the state value for the next state given the current state-action

pair (s,a) as vg4(s,a). We have v, ,(s,a) =0 for t =T — 1 and otherwise
Vrt(s,a) = Vg, (Vr41(Ses1) | St =5, Ar = a) . (4.10)
We now construct a behavior policy p* as
w; (als) o< m(als)\/urt(s, a), (4.11)
where ur(s,a) = ¢2 ,(s,a) for t = T — 1 and otherwise

Uri(s,a) = 43 ,(5,0) + Vr4(s, a) (4.12)
+ X plsls, )V (GBS | S = 5).

Notably, p; and u,, are defined backwards and alternatively, i.e., they are defined
in the order of w, p_1, (51, Ur T2, Wp_os - - -, Ur 0, 14 We prove p* is optimal in the

following sense.

Theorem 2 (Optimal Behavior Policy). For any t and s, the behavior policy u;(als)
defined above is an optimal solution to the following problem

1 PDIS(__Ht:T—1 o
en min o V(GRS = 8

where Ay = {p € A(A) | Vs, a, pu(als) =0 =

m(als)uq (s, a) = 0}.

Its proof is in Appendix A.1.5. We are now ready to define A* = Ag x --- x Ap_;.
Theorem 2 indicates that u* achieves optimality for the optimization problem (4.9).
Since uq¢(s,a) = 0 = ¢r.(s,a) = 0 by the non-negativity of the summands
in (4.12), we have A* C A. If 1u(als) = 0 = m(als) = 0, it follows immediately
that p(als) =0 = m(a|s)ur(s,a) = 0. This indicates A_ C A*. This means that
the set of policies A* considered in Theorem 2 are unbiased and includes at least all
the policies that cover the target policy, which is the classical behavior policy search
space A_ (Precup et al., 2000a; Maei, 2011; Sutton et al., 2016; Zhang, 2022).
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Unfortunately, empirically implementing x; requires knowledge of u,, (4.12) that
contains the transition function p. Approximating the transition function is very
challenging in MDPs with large stochasticity and function approximation (cf. model-
based RL (Sutton, 1990; Sutton et al., 2008a; Deisenroth and Rasmussen, 2011; Chua
et al., 2018)). Thus, we seek to build another policy i that can be easily implemented
without direct knowledge of the transition function p (cf. model-free RL (Sutton, 1988;
Watkins, 1989)).

We achieve this by aiming at one-step optimality instead of global optimality. We
try to find the best u; assuming in the future we follow 7 q,..., 771, instead of
Hiv1s- -+ p_q. We refer to this one-step optimal behavior policy as fi;. Similarly, to
define optimality, we first need to specify the set of policies we are concerned about.
To this end, we define

qAW,t(*S? CL) = q;r,t(sv a) (413)

for t =T — 1 and otherwise

Grt(s,a) = a7 4(5,0) + V(5. a) (4.14)
+ 320 p(s]s, )V (GPPB(rT0 ) | S = o) -

Notably, G, +(s,a) is always non-negative since all the summands are non-negative.
Accordingly, we define for t € [T — 1], A, = {u, € A(A) | Vs,a, u(als) =0 =
m(al$)dr (s, a) = 0}. Comparing (4.12) and (4.14), the optimality of * implies that

Vs, a,t, we have G +(s,a) > urs(s,a) > 0. As a result, if p; € A;, we have

wlals) =0 = m(als)dnalals) = 0

= m(als)ur(als) =0,

indicating p; € Ay. In other words, we have At C A;. To search for jig.7_1, we work on
A = AO X oo X AT_l. To summarize, we have A_ C A C A*C A CA,. Recall that
A, is the set of all behavior policies such that the corresponding PDIS estimator is
unbiased. A is a sufficient but not necessary condition to ensure such unbiasedness
(Theorem 1). A* is a restriction of A such that we are able to find an optimal solution.
We restrict A* to A, aiming for a sub-optimal but implementable policy. A is still
larger than A_, which is the space with the coverage assumption (4.2) that previous
works (Precup et al., 2000a; Maei, 2011; Sutton et al., 2016; Sutton and Barto, 2018;
Zhang, 2022) consider.
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After confirming the space of behavior policies, we formulate the optimization

problem for designing an efficient behavior policy to achieve one-step optimality as

mlp A4 (GPDIS(T:EI;L?+1 ----- 7TT71}) | St — S) ) (415)
€At

According to the recursive expression of the variance in Lemma 34 in Appendix A.1.5,

we rewrite (4.15) as

mip EAtNHt [P? (E3t+1 [V (GPDIS(T:—H:II;T—T) | St—l-l)
€A

| Sty Ae] + v (St Ar) + q72r,t(5t7 At)) | St] ; (4.16)
where the objective can be further simplified as
B [07 (Bseoy [V (GTPRET) | Sean)
| St, Ad] + vt (Sy, Ar) + qfr,t(St, At)) | St}

=Eppy [07r1(St, Ar) | Si] (By (4.14))
:VAtNMt (Pt\/ @w,t(st;At) | St)
- Eiwm [ Gt (S, Ar) | St} . (Lemma 1 and p,; € At)

Since the second term is unrelated to p, it is equivalent to solving

min = Vg, (pt\/(jw,t(SuAt) | St> :

e €Ay

According to Lemma 2,

fulals) o< mi(als)y/qr(s, a). (4.17)

is an optimal solution to (4.16). We now present our main result that i provably

reduces variance.

Theorem 3 (Variance Reduction). For any t and s,
V(G | S =)
<V (GMPR() | Se=5) — ails).
To define €,(s), first define ci(s) =
S0l a(s,0) — (X, molals)/ari(5.0))
Then we define €,(s) = ¢(s) fort =T — 1 and otherwise
ei(s) = ci(s) + Eampe [P7Es,.y [er41 (S5, Adl] - (4.18)

26



Its proof is in Appendix A.1.6. Notably, this ¢; is always non-negative by Jensen’s
inequality, ensuring the non-negativity of ¢; and thus the variance reduction property.
Moreover, ¢;(s) = 0 occurs only when all actions have the same ¢, on the state s.
It is reasonable to conjecture that this is rare in practice. So, ¢;(s) is likely to be
strictly positive. This shows the variance of the PDIS estimator with i at a state s is
provably smaller than or equal to that with m, the straightforward on-policy Monte
Carlo estimator, by at least €;(s). The magnitude of €(s) depends on a specific target
policy and the environment. We empirically show the variance reduction is significant

in commonly used benchmarks in Section 4.5.

4.4 Learning Closed-Form Behavior Policies

We now present efficient algorithms to learn the closed-form behavior policy fi. De-
spite that ¢, in (4.14) has a complicated definition, we prove that it has a concise
representation. It is exactly the action value function of the policy m with the same

transition function p but a different reward function 7.

Theorem 4. Define
Fri(8,a) = 21(s,a)qr (s, a) — r2(s, a). (4.19)
Then Gr+(s,a) = tr4(s,a) fort =T — 1 and otherwise

Grt(s,a) (4.20)

=rri(s,a) + Zs/,a/ p(s's,a)mp (G/|S/)qut+1 (s, a').

Its proof is in Appendix A.1.7. This observation makes it possible to apply any
off-the-shelf offtine policy evaluation methods to learn ¢, after which the behavior
policy /i can be computed easily with (4.17). For generality, we consider the behavior
policy agnostic offline learning setting (Nachum et al., 2019), where the offline data
in the form of {(¢;,s;,a;, 1, s;)};-, consists of m previously logged data tuples. In
the i-th data tuple, t; is the time step, s; is the state at time step t;, a; is the action
executed on state s;, 7; is the sampled reward, and s, is the successor state. Those
tuples can be generated by one or more, known or unknown behavior policies. Those
tuples do not need to form a complete trajectory.

In this chapter, we choose Fitted @-Evaluation (FQE, Le et al. (2019)) as a
demonstration, but our framework is ready to incorporate any state-of-the-art offline

policy evaluation methods to approximate ¢. To learn 7, it is sufficient to learn r and
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Algorithm 1: Offline Data Informed (ODI) algorithm
1: Input: Estimators r(s, a), ¢z(s,a), ¢=(s,a),

a target policy 7,

an offline dataset D = {(¢;, s, a;, 74, ;) } ooy

Output: a behavior policy

Approximate r from D using supervised learning

Approximate ¢, from D using any offline RL method (e.g. Fitted Q-Evaluation)

Compute 7; by (4.19) for each data pair in D

Construct Dy = {(t;, $;, a;, 74, 8;) vy by plugging 7; into D

Approximate ¢, from D; by (4.20) using any offline RL method (e.g. Fitted

Q-Evaluation)

8: Return: fi;(als) o< m(a|s)y/qxs(s,a)

q. FQE can be used to learn ¢, and learning r is a simple regression problem. FQE
is then invoked again w.r.t. the learned 7 to learn an approximation of §. We refer
the reader to Algorithm 1 for a detailed exposition of our algorithm. We split the
offline data into training sets and test sets to tune all the hyperparameters offline
in Algorithm 1, based on the supervised learning loss or the FQE loss on the test
set. We remark that FQE loss on the test set is known to be an inaccurate signal
(Fujimoto et al., 2022) so our ¢ estimation would be poorly tuned in this sense. We,
however, notice that even with such a poorly tuned estimation, the variance reduction
in the tested environments is still significant. This suggests that €;(s) in Theorem 3 is
likely to be large and demonstrates the robustness of our approach. Since ¢, (s, a) is
proved to be always non-negative (cf. (4.14)), we use positive function class for FQE
in approximating ¢, e.g., a neural network with softplus as the last activation function.

In the following, we theoretically analyze how the error in approximating ¢ affects
the amount of reduced variance in Theorem 3. We assume ¢, (s, a) is not only non-
negative but also positive. Given its non-negative summands in (4.14), we argue that
this positivity assumption is not restrictive at all. We use q:; (s,a) > 0 to denote our

approximation to ¢, (s, a). The approximation error can then be captured by

Nei(s,a) = qA;t(s, a)/Gri(s,a) > 0. (4.21)

If r4(s,a) is 1, there is no approximation error for (s,a,t). The actual learned

behavior policy is then denoted by
i (als) o< m(als) cj;t(s,a). (4.22)

Then, we generalize Theorem 3 to the following theorem.
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Theorem 5. For anyt and s,

ﬂ+
V(GTPE(rp151) | S = s)
<V(GPB(ri) | Sp = 5) — € (s).

To define € (s), first define

C;F(S) = Za 7"-t(a|s>qA7r,t(87 CL)_

(320 (@l S)y/104(Ses /355, )
X (Za ﬂt(a|St)m /G (St a)) )

Then we define €/ (s) = ¢/ (s) fort =T — 1 and otherwise

e () (4.23)
=c (s) + EAtNﬂj [ngSH—l[Ei‘rl(St-i-l)lS? Al

Its proof is in Appendix A.1.8. When there is no estimation error, i.e., 1, .(s,a) = 1,
¢ and € reduce to ¢; and ¢; in Theorem 3, which is non-negative by Jensen’s inequality.
As discussed earlier, it is reasonable to conjecture that ¢;(s) is likely to be strictly
positive. This leaves room to tolerate estimation errors such that ¢; (s) can still be
positive even if 17;(s,a) # 1. Because the sign of ¢; only depends on the current 7, ,
the estimation error in the future step does not affect current ¢;. Notably, even if
some € 1(Sii1) < 0, € (S;) can still be positive. This is because €/ (s) depends on
the expectation of the € ,(S:1), not a single value, and ¢ can still be positive. This
makes our approach robust to the approximation error. It is important to note that
the PDIS estimator with fi;(als) is always unbiased, regardless of the approzimation
error 1.

Theorem 5 makes it straightforward to analyze how the offline data affects the
amount of the reduced variance. For example, if FQE is used, one can resort to Munos
(2003); Antos et al. (2008); Munos and Szepesvéri (2008); Chen and Jiang (2019) to
connect offline data and the approximation error 7. Theorem 5 then directly relays
the approximation error to the amount of reduced variance. We, however, omit such

analysis since it deviates from our main contribution.

4.5 Empirical Results

In this section, we present empirical results comparing our methods against three

baselines: (1) the canonical on-policy Monte Carlo estimator, (2) off-policy Monte
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On-policy MC  Ours with 2.3% Ours with 4.6% Ours with 18.4% BPG ROS
data coverage data coverage data coverage

300 150 90 60 300 300
600 330 180 120 540 540
1200 540 420 270 990 990

Table 4.1: The above table is an extension of Figure 4.1 by adding experiments with
4.6%/18.4% offline data coverage for our algorithm in Gridworld with size = 27, 000.
Each number is the number of steps needed to achieve the same estimation accuracy
that the naive Monte Carlo achieves with 300/600/1200 steps. All numbers are
averaged from 900 different runs over a wide range of policies. Standard errors are
visualized in Figure 4.1 of our paper and are invisible for some algorithm curves
because they are too small.

Carlo estimator with behavior policy search (BPS, Hanna et al. (2017)), and (3)
robust on-policy sampling (ROS, Zhong et al. (2022)). We do not implement ReVar
(Mukherjee et al., 2022) because it will incur infinite loops if the MDP is not tree-
structured. Our method first learns a behavior policy with given offline data using
Algorithm 1, then the PDIS Monte Carlo estimator (4.1) is used to estimate the
performance of the target policy, where the learned behavior policy is used to interact
with the environment. We call our method Offline Data Informed (ODI) algorithm.
Our method is superior in data requirements and applicability as summarized in Table
4.2.

Gridworld: We first conduct experiments with linear function approximation in
Gridworld with n? states, i.e., it is an n x n grid with the time horizon also being n.
Specifically, we use Gridworld with n® = 1,000 and n® = 27,000. We use randomly
generated reward functions with 30 randomly generated target policies. The offline
data is generated by selecting random actions on uniformly random state distribution.
We report the normalized estimation error of the four methods against the number
of environment interactions (steps). Intuitively, this normalized estimation error is
the estimation error of an estimator normalized by that of the on-policy Monte Carlo
estimator. Precisely speaking, define the estimation error at step t as the absolute
difference between an estimator and the ground truth divided by the ground truth.
The normalized estimation error is then the estimation error divided by the average
estimation error of the on-policy Monte Carlo estimator after the first episode. Thus,

the normalized estimation error of the on-policy Monte Carlo estimator starts from 1.
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On-policy MC Ours BPG ROS Improvement in Saved Episodes

Ant 100 81 91 103  (100-81)/(100-91)~211.1%
Hopper 100 54 89 100  (100-54)/(100-89)~418.2%
I. Pendulum 100 72 103 99  (100-72)/(100-99)=2800%
I. D. Pendulum 100 35, 95 90  (100-35)/(100-90)=650%

Walker 100 70 92 91  (100-70)/(100-91)~333.3%

Table 4.2: Episodes needed to achieve the same of estimation accuracy that on-policy
Monte Carlo achieves with 100 episodes.

- size=1,000 size =27,000
1.0 1.0
o | —— on-policy MC | —— on-policy MC
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Figure 4.1: Results on Gridworld. The curves are averaged over 900 trials (30 target
policies, each having 30 independent runs). The shaded regions denote standard errors
and are invisible for some curves because they are too small.
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Figure 4.2: Results on Mujoco environments. Each curve is averaged over 900 trials
(30 target policies, each having 30 independent runs). The shaded regions denote
standard errors and are invisible for some curves because they are too small.

As shown in Figure 4.1, our method outperforms baselines by a large margin. In
particular, as shown by the dotted line, in Gridworld with size 1,000, to achieve the
same estimation error that the on-policy Monte Carlo estimator achieves with 250
steps, our methods only need around 50 steps. In Gridworld with size 27,000, to
achieve the same estimation error that on-policy Monte Carlo estimator achieves with
750 steps, our methods only need around 400 steps, saving more than 40% of online
iteractions. The improvement in environments with size = 27,000 is smaller than

environments with size = 1,000 because the amount of offline data is the same for
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both environments, i.e., the offline data coverage is worse for the Gridworld with
size = 27,000. In fact, the offline data coverage for the Gridworld with size = 1,000
and size = 27,000 are 62.5% and 2.3%, respectively. More experiment details are in
Appendix A.2.1.

MuJoCo: We then conduct experiments with neural network function approxi-
mation in MuJoCo (Todorov et al., 2012) robot simulation tasks. Since our methods
are designed for discrete action space, we discretize the MuJoCo action space. Details
about action space discretization, target policy generation, and offline data generation
are provided in Appendix A.2.2. We report the normalized estimator error in Figure
4.2, where our methods are consistently better than baselines. In particular, as shown
by the dotted line in Figure 4.2 and Table 4.2, our methods need much fewer episodes
(save up to 65% episodes) to achieve the estimation error that the on-policy Monte
Carlo estimator achieves with 100 episodes. Recognizing episodes may have different
lengths in MuJoCo, we also provide in Appendix A.2.2 a version of Figure 4.2 with
the z-axis being steps, where our methods are still consistently better.

It is worth mentioning that all hyperparameters of our methods required to learn

it are tuned offline and are the same across all MuJoCo and Gridworld experiments.

4.6 Discussion

Monte Carlo methods are the most dominant approach for evaluating a policy. The
development and deployment of almost all RL algorithms, including offline RL algo-
rithms, implicitly or explicitly depend on Monte Carlo methods more or less. For
example, when an RL researcher wants to plot a curve of the agent performance
against training steps, Monte Carlo methods are usually the first choice. Our method
improves the online data efficiency of Monte Carlo evaluation while maintaining its
unbiasedness by learning a tailored behavior policy from offline data. The two main
contributions are the provably better closed-form behavior policy (Theorem 3) and
its alternative representation (Theorem 4). Extending them to temporal difference

learning (Sutton, 1988) is a possible future work.
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Chapter 5

Efficient Multi-Policy Evaluation
for Reinforcement Learning

This chapter is based on my paper Liu et al. (2025¢) published at AAAI 2025 with an
oral presentation honor.

To unbiasedly evaluate multiple target policies, the dominant approach among
RL practitioners is to run and evaluate each target policy separately. However, this
evaluation method is far from efficient because samples are not shared across policies,
and running target policies to evaluate themselves is actually not optimal. In this
chapter, we address these two weaknesses by designing a tailored behavior policy to
reduce the variance of estimators across all target policies. Theoretically, we prove
that executing this behavior policy with manyfold fewer samples outperforms on-policy
evaluation on every target policy under characterized conditions. Empirically, we
show our estimator has a substantially lower variance compared with previous best

methods and achieves state-of-the-art performance in a broad range of environments.

5.1 Preliminaries

We consider the task of multi-policy evaluation in the context of a finite Markov
Decision Process (MDP), as defined in Section 2.1. Specifically, we aim to evaluate a
set of K target policies. In this chapter, any index with parenthesis around it (e.g. 7(*))
is related to the policy index. We define abbreviations 7Ti(:];-) = {Wfk), WE_IT_)l, e ,W](-k)}
and k) = ﬂé’f’%_l, where 7" : A x 8 — [0,1] defines the probability of selecting
action A; given the state S; at time ¢ € [T"— 1]. An initial state Sy is sampled from py
at time step 0. At each time step t, after the execution of an action, a finite reward

R = (S, Ay) is obtained and a successor state Sy is sampled from p(- | Sy, Ay).
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T

i—t+1 Ri- The state- and action-value

We define the return at time step t as Gy = >
function is defined as

Unii) 4(8) = Eqon [Ge | St = 5]

and
qﬂ(k>,t(87 G) = Eﬂ.(k) [Gt ‘ St = S, At = CZ] .

The performance of the policy 7 is defined as J(7®) = 3~ _po(s)v, o(s). We adopt the
total rewards performance metric, introduced by Puterman (2014), as a measurement
of the performance. In this work, we focus on the Monte Carlo methods, which have
been widely adopted since their introduction by Kakutani (1945). We draw samples
of J(7®)) by executing the policy 7*) online. The empirical average of the sampled
returns converges to J(7(*)) as the number of samples increases. Since this method
estimates the performance of a policy 7 by running itself, it is called on-policy
learning (Sutton 1988).

Henceforth, we study off-policy learning, in which we need to estimate the total
rewards .J(7*)) of a policy 7(*¥), called the target policy, by running a different policy p,
known as the behavior policy. Each trajectory {Sy, Ao, R1,S1, A1, Ray ..., Sr—1, Ar_1, Rr}
is generated by a behavior policy p with Sy ~ po, Ay ~ pe(+|S), t € [T — 1]. We use

MHt:T—1 -
Toreqn = {56 Av, R, oo, Sr—1, Ap—1, Ry}

to denote a segment of a random trajectory generated by the behavior policy u
from the time step ¢ to the time step 1" — 1 inclusively. The key tool for off-policy
learning is importance sampling (IS) (Rubinstein, 1981), which is used to reweight
rewards collected by 4 to give an unbiased estimate of J(7(®)). For each policy
78 the importance sampling ratio at time step ¢ is defined as pﬁ(“’“ = %.
Then, the product of importance sampling ratios from time t to ¢ > t is defined
as pzilf)’“ = Hf/:t % Among the various ways to use the importance sampling
ratios in off-policy learning (Geweke, 1988; Hesterberg, 1995; Koller and Friedman,
2009; Thomas, 2015), we use the per-decision importance sampling estimator (PDIS,
Precup et al. (2000a)) In this chapter and leave the study of others for future work. For
7¥), the PDIS Monte Carlo estimator is defined as G}°'S (/577") = St pf:;k)’“ Riiq,
which is unbiased for any behavior policy u that covers target policy 7*) (Precup
et al., 2000a). That is, when Vs, Va, p(als) = 0 = Wt(k)(a|s) = 0, we have Vt,

Vs, E[GEPS (7477") | Sp = s] = vy ,4(s). We also leverage the recursive form of the
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PDIS estimator:

G (rt3) (5.1)
(k) 1T —
B Py H (Rt—l—l + GEDIS (T;j'_;lTT_ll)) t - [T — 2],
B ﬂ(k)7uRt+1 t — T - 1

Because the PDIS estimator is unbiased, reducing its variance is sufficient for the
improvement of its sample efficiency. We achieve this variance reduction goal for

multiple policies by designing a tailored behavior policy.

5.2 Variance Reduction in Statistics

In this section, we propose the mathematical framework for variance reduction using
importance sampling ratios. Let A be a discrete random variable with a finite set of
possible values A, and assume it follows a probability mass function 7*) : 4 — [0, 1],
called target policy. Additionally, let ¢ : A — R be a function that maps elements of
A to real numbers. Our objective is to estimate E ) [q(A)] for each 7, where k
is an index within a finite set [K]. Since In this chapter, data can be generated from
multiple distributions, we specify their source clearly. We reserve the superscript with
brackets [+, ] to denote the source and the index of samples. For example, AR
is the ith sample generated by running 7). We use n;, to denote the total number

k). The plain Monte Carlo methods then samples

of samples sampled by policy 7
{A[”(k)7”, o A[“<k)’"k]} from each 7(*) and use the empirical average é >k q(A[“<k)’i])
as the estimate for each E,_ . [q(A)].

The importance sampling is introduced as a variance reduction technique in
statistics, where the main idea is to sample {(](A[“’i})}i]\i1 following a distribution pu
and use & SN o7 (Ald)g(Al) as the estimate, where pm #(A) = % is the
importance sampling ratio. In this statistics section, we propose the optimal behavior
policy u that evaluates all target policies 7(®) simultaneously by sharing samples. We
also define the similarity of policies and prove when target policies satisfy the similarity
condition, samples needed to estimate all of them do not scale with the number of
policies K. These ideas are later extended into the multi-step reinforcement learning
(RL) setting in the following section.

Assuming that Vi, u covers 7% i.e.,

Va, u(a) =0 = 7™ (a) = 0. (5.2)
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Then, the importance sampling ratio weighted empirical average is unbiased, i.e., Vk,
(k) . . .
A —E 4. 1 .
Ejorw[q(A)] = Eauulp™ *(A)q(A)]. If we carefully design the sampling distribution
1, the variance can be reduced. We formulate this problem of searching a variance-

reducing sampling distribution for K policies as an optimization problem

minue/\_ Zke[K} VAwu(pW(k)“u(A)Q(A))?

where A_ is the classical search space (Rubinstein, 1981; Zhang, 2022; Liu et al.,
2025b; Qian et al., 2024) defined as

A ={pue A(A) | Va,Vk, p(a) = 0 = 7% (a) = 0}.

Here, A(A) denotes the set of all probability distributions on the set A. In other
words, A_ includes all distributions that cover {W(k)}le. In this work, we enlarge A_
to A, which is defined as

A= {p e A(A) |Va,Vk, p(a) = 0= 7% (a)g(a) = 0}. (5.3)

The space A weakens the assumption in (5.2). We prove that any distribution g in A
still gives unbiased estimation, though A_ C A.

Lemma 4. Yy € A, VEk,

Eay [pM%u(A)q(A) =E .0 [q(A)].

Its proof is in the appendix. We now consider the variance minimization problem

on A, ie.,

mingen Y pep Vasu(o™ (A)g(A)). (5:4)

The following lemma gives an optimal solution p* to the optimization problem (5.4).

Lemma 5. Define u*(a) o< \/ZkE[K] 7 (a)2q(a)?. Then u* is an optimal solution to
(5.4).

Its proof is in the appendix. Here, u(a) o< f(a) with some non-negative f(a) means

pla) = f(a)/ 22, f(b).

If f(a) =0 for all a, the above “reweighted” distribution is not well defined. We then
use the convention to interpret p(a) as a uniform distribution, i.e., u(a) = 1/|A|. This

convention in using x is adopted in the rest of the paper for simplicity.
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When estimating E 4.« [¢(A)], 7 (a)q(a) shows how much an action contributes

to the expectation and is heavily used (Owen, 2013; Liu and Zhang, 2024). Denote
2

w®(a) = (7" (a)g(a))”, (5.5)
w(a) =3 e w(a)/K. (5.6)

We use n*)(a) to denote the similarity between 7*) and the average w(a),
n®(a) = w(a)/w(a). (5.7)

Naturally, n*)(a) = 1 when all policies are the same on a. Define 5 = min,n*)(a)

and 7 = maxy,, n*)(a), we have Vk, a,

<) <7 (53)

In the following theorem, we compare the variance of estimation methods. For off-
policy evaluation, our designed p* generates n samples. For on-policy evaluation, when
evaluating multiple policies, it is common for different policies to generate different
numbers of samples. Thus, to achieve a fair and general enough comparison, each
target policy 7(®) generates nj, samples. There is no constraint on ny, as long as
Zszl ng = n. Using A t6 denote the ith sample generated following {W(k)}, we
define the empirical average for all 7% as

n (K 4
pona® - ik g(AT ) (5.9)

Nk
Similarly, using A*" to denote the ith sample generated by u*, We define the

empirical average for all 7% as

(k) , * * *
(k) . no T AT iy g (Al
EOH‘J" - Zz:l P ( )q( ) ) (51())

n

Then, we characterize sufficient conditions on policy similarity such that with the
same total samples, off-policy evaluation with our tailored behavior policy p* achieves

a lower variance than on-policy Monte Carlo on each 7).
Lemma 6. Vk € [K],
Varse (9) £V, (5,
if the similarity n(-) has Vk,
JEE A9 @) - (& - 1)a®
<3 (a)q(a)?, (5.11)
where

AW = |3, 7 ¥ (a)g(a)? - (2, 7 (a)q(a))’].
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Its proof is in the appendix. In Lemma 6, we show under characterized conditions,
using only the same total samples n generated by p*, the off-policy estimator already
achieves a lower variance than on-policy estimator for each target policy 7). Now,
we present a stronger lemma by allowing each target policy to also generate n samples,
resulting in a total of nK samples, which is K times larger than n. Using the empirical

average for on-policy estimator as defined in (5.9), we now have, for all 7(®),

B =30 (AR (5.12)
Then, we simplify the variance of the on-policy estimator for 7(*¥) as
Vg (B
n (=8 4]
=V ety (B (By (5.12))

1 . |
== Vaur®) (30, q(A™ )

=V aro (q(A))-

In the last step, we leverage the independence of samples. Similarly, using the definition

of empirical average for off-policy estimator as defined in (5.10), we have

Vet (B ) = Ve (7 (A)q(4) ).

Then, we formalize the superiority for the “n-to-Kn” comparison in the following

theorem.

Lemma 7. Vk € [K],

(k)

Vi (0777 (D)a(4)) < Vgim(a(4))

if the similarity n(-) has Vk,

VECeam(@4(0)* < e i m® (@)g(a)?, (5.13)

Its proof is in the appendix. The superiority of using our designed behavior policy
u* comes from two sources. First, u* generates samples that all similar policies can
efficiently share. Second, it is designed to generate low-variance and unbiased samples

compared with the on-policy evaluation.
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5.3 Variance Reduction in Reinforcement Learning

We extend the techniques discussed in the statistics section into multi-step reinforce-
ment learning (RL). In this section, Theorem 6 is the RL version of Lemma 4 for
unbiasedness. Theorem 7 is the RL version of Lemma 5 for behavior policy design.
Theorem 8 and 9 are the RL version of Lemma 6 and 7, respectively, for variance
reduction.

As discussed in the related work section, the major caveat in multi-policy evaluation
problems is data sharing. Without efficient data sharing, the total number of samples
required for evaluating all policies increases rapidly with the number of target policies.
Previous works try to reuse collected data across multiple target policies. However,
their method rely on either (1) restrictive assumptions, namely, deterministic
policies and flexible environment starting at any desired state (Dann et al., 2023), or
(2) impractical knowledge, namely, complicated covariances (Lai et al., 2020) and
state visitation densities at very step (Kallus et al., 2021). Thus, none of the existing
methods (Dann et al., 2023; Lai et al., 2020; Kallus et al., 2021; Agarwal et al., 2017)
is implementable in the multi-step RL setting.

In this work, we tackle this notorious problem of efficient multi-policy evaluation in
RL without any impracticability. We seek to reduce the variance -, c(xy V (GEPS (159531)
by designing a proper behavior policy p. Certainly, we need to ensure that the PDIS
estimator with this behavior policy is unbiased.

In the off-policy evaluation problem, classic reinforcement learning (Sutton and
Barto 2018) requires coverage assumption to ensure unbiased estimation. This means

they only consider a set of policies that cover {W(k)}szl, ie.,
A= {u | Yk t,s,a, m(als) =0 = 7" (a|s) = 0}.
Similar to (5.3), we enlarge A_ to

A ={p|Vk,t, s, a,pm(als) =0

— 1 (al$) gy (s, a) = 0},

We prove every policy p € A still achieves unbiased estimation in the following theorem.

Theorem 6 (Unbiasedness). Vu € A, Vk, Vt, Vs,

E [GkPDIS(T;Zii?) ‘ Sy = 8} = Uﬂ(k>,t<3)-
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Its proof is in the appendix. One immediate consequence of Theorem 6 is that
Vu e A VEE [G}:DIS (76575")] = J(#®)). In this chapter, we consider a set A such
that A_ C A C A. A inherits the unbiasedness property of A and is less restrictive
than A_, the classical search space of behavior policies. This A will be defined shortly.

We now formulate our problem as

min,eq  Dpe V (GEPS(rh5731)) - (5.14)

By the law of total variance, for any p € A, we decompose the variance of the PDIS

estimator as

Yokerr V(G (7675")) (5.15)
Zke 1 Esp [ (GPDIS (Tg%T 11> | SO)]

+ Vs, ( [GEPP (705731) 1 90))

=D keim Bso [V (GLPB(7675") | 90)]

+ Vg, (vﬂw)’o(SO)) . (by Theorem 6)

The second term in (5.15) is a constant given a target policy 7 and is unrelated to
the choice of p. In the first term, the expectation is taken over Sy that is determined
by the initial probability distribution py. Consequently, to solve the problem (5.14), it

is sufficient to solve for each s,
minud\ Zk:e[K] v (GPDIS( g%T11> | S = 5) :

Denote the variance of the state value for the next state given the current state-

action pair (s,a) as v,u ,(s,a). We have v, ,(s,a) =0 for t =T — 1 and otherwise
Vﬂ'(k),t<s7 a) = VStJrl (Uﬂ<k),t+1<5t+1> ’ St = 57At = CL) : (516>

To achieve variance reduction compared with on-policy evaluation, we aim to

design ji; as an optimal solution to the following problem

s )
minme[\ Zsz (GIEDIS( t{:lrf 1+1 o~ ) ’ Se = 3) ) (5-17)

The high-level intuition is that we aim to find the optimal behavior policy u; for the
current step, assuming that in the future we perform the on-policy evaluation. To
define optimality, we first specify the set of policies we are concerned about. To this
end, we define that Yk, G, ,(s,a) = ¢, ,(s,a)? for t =T — 1 and otherwise

Gt 4(5,0) = Qi 1(8,0)7 + Vi 4 (5, @) (5.18)

(k)
+ 3, p(sls a)V (GEDIS () [ Sher ) |
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Notably, G, ,(s,a) is always non-negative since all the summands are non-negative.
Accordingly, we define A = {u | Vk,t,s,a, pu(als) = 0 = 7r§k)(a|s)cjw<k)7t(s,a) = 0}.
From (5.18), we observe for any k, t, s, a, 4, 4(5,a) > gz 4(s,a) > 0. As a result,
if 1, € A, we have p(als) = 0 = ng)(a‘5>qA7r(k)7t(S, a)=0= W,Sk)(a|s)qﬁ(k>’t(s, a) = 0.
Thus, ACA. To summarize, we have A_ C A C A. A inherits the unbiased property
of A (Theorem 6) and is larger than the classic space A_ considered in previous works
(Precup et al., 2000a; Maei, 2011; Sutton et al., 2016; Sutton and Barto, 2018).

Now, we define the optimal behavior policy as

fulals) oc /S, 78 (a]s)2d,00 (5, ). (5.19)

¢ defined in (5.18) is different from ¢, and is always non-negative. We confirm the

optimality of ji; in the following theorem.

Theorem 7 (Behavior Policy Design). For any k, t and s, the behavior policy [i;(als)
defined in (5.19) is an optimal solution to the following problem

(k) (k)
: ) PDIS {‘“’”M“T*l _
min,, -3 >V (Gk (Tt:T—l | Si=s5].

Its proof is in the appendix. Next, we formalize the similarity between target
policies. Similar to (5.5), (5.6) in the statistics setting, Vk, V¢, Vs, we denote

wi (s,a) = 11 (als)24pw 4 (s, @), (5.20)

@5, a) = (Zje[K] w (s, a)) /K. (5.21)

Then, adopting the notation from (5.7) and (5.8), we denote the similarity between

wt(k) and the average w; as

ngk)(s, a) = wik)(s, a)/w(s, a). (5.22)
When policies are the same, Vk,t, s, ngk)(s, a) = 1. Define N, = Milg,, nt(k)(s, a) and

7 = maxy, nt(k)(s, a), we have Vt, k, s, a,

, < n(s,a) <7, (5.23)

3

Next, to extend the variance reduction property from statistics (Lemma 6) into
reinforcement learning, we also allow each target policy to generate n; samples. With

a similar notation, we have the empirical average for all 7% as

k )
Z"k GPDIS T[”i:i)uvl]
onn(®) i=1 Yk t:T—1
EurZy = : (5.24)

Nk
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where 707" is the ith trajectory obtained by running 7*). To achieve a fair com-
parison, when doing off-policy estimation by following /i, we generate n = Z,I::l Nk
samples. Likewise, define
E;L: GPDIS T[:ﬁ‘tf"flvi]
By = S (e ). (5.25)

n

We have the following theorem.
Theorem 8 (Variance Reduction with Same Sample Sizes). Vk, V¢, Vs,
off,w(F) on.(k)
V(B 1S =s) <V (BGT |Si=s).
if the similarity n has Vk,Vt, Vs,
0 k - 2 g\ A (6
VE(S w0 als) /T @) = (1= 2)a0()
<30, 7 (al$)drw o5, ), (5.26)
where
2
Agk)(s) = Ex~p, [PW(M’“ Ve 1(Se, Ap) | Sy = s]
Vs (07 0 (51, AD) | S = 5).

Its proof is in the appendix. We then compare the datasets when the behavior
policy /i and each target policy 7% both generate n samples, resulting in a “n-to-nK”

comparison, similar to Lemma 7.

Theorem 9 (Variance Reduction). Vk, Vt, Vs,
o (G} 50— )

L8
<v (g (i) s =)

if the similarity n has Vk,Vt, Vs,
7 (k) - 2
VE(Z P als) w5, a) (5.27)
<3 (al$)gpm o (s, ).

Its proof is in the appendix. This theorem implies that in the multi-step RL
setting, running our tailored behavior policy [ also ensures that the number of

required samples does not scale with the number of target policies under similarity
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Algorithm 2: Multi-Policy Evaluation (MPE) algorithm

1:

Input: K target policies 7

an offline dataset D = {(t;, s, @i, 7:, 8;) }iey

Output: a behavior policy

Approximate ¢, , from D using any offline RL method (e.g. Fitted
Q-Evaluation)

4: Compute 7, ; for data pairs in D by (4.19)

5. Construct D®) = {(ti,Sz’,aiafw(k),ia 3;)}

m
i=1

6: Approximate ¢, ; from D™ by (C.22) using any offline method (e.g. Fitted
Q-Evaluation)
. A K (k) 2 A
7. Return: fi(als) oc \/ S5, 77 (a]s)2G,00 (s, a)
Ant Hopper InvertedDoublePendulum InvertedPendulum Walker
1.0 1.0 1.0 1.0 1.0
— ours — Ours — Ours \ — ours — ours
« 0.84 — On-policy MC 0.8 — On-policy MC 0.8 — On-policy MC 0.8 — On-policy MC 0.8 —— On-policy MC
E —— 0Dl — 0DI — 0DI — ODI — ODI
LI‘: 0.6 1 SON 0.6 4 SON 0.6 SON 0.6 1\ SON 0.6 1 SON
g —— SODI —— SODI —— SODI —— SODI —— SODI
2 0.4 0.4 0.4 0.4 0.4
€02 0.2 0.2 1 0.2 1 0.2
0.0 . ; 0.0 . : 0.0+ 0.0 : : 0.0 . :
10t 10? 10° 104 10! 102 10% 104 10! 10? 103 104 10! 102 10° 104 10! 10? 10° 104
Samples Samples Samples Samples Samples

Figure 5.2: Results on MuJoCo. Each curve is averaged over 900 runs (30 groups of
target policies, each having 30 independent runs). Shaded regions denote standard
errors and are invisible for some curves because they are too small.

conditions. The reduced variance of our method depends on the similarity between

target policies, which can be easily checked through learning ¢ with offline data. Thus,

if RL

practitioners are not confident in the similarity between target policies, they

can verify it before actual deployment without consuming any online data.

size =1,000 size =27,000
1.0 1.0
—— Ours —— Ours
. 084 —— On-policy MC 0.8 —— On-policy MC
S — ool — ool
I.ILJ SON SON
) 0.6 1 —— soDbl 0.6 1 —— soDI
2
E 0.4 1 0.4+
(9]
= 0.2 0.2 1
0.0 : ; 0.0 . .
10! 102 103 104 10! 102 103 104
Samples Samples

Figure 5.1: Results on Gridworld. Each curve is averaged over 900 runs (30 groups of
policies, each having 30 independent runs). Shaded regions denote standard errors
and are invisible for some curves because they are too small.
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5.4 Empirical Results

We evaluate K = 10 target policies simultaneously by executing the tailored behavior
policy i with n total samples. We name our method multiple policy evaluation (MPE)
estimator. We present our empirical comparisons with the following baselines: (1)
The canonical on-policy Monte Carlo estimator with nj; samples for each target policy
7*) | summing to a total of n = Y1 1, samples. (2) The offline data informed
estimator (ODI, Liu and Zhang (2024)) that runs each behavior policy (designed for
each target policy 7(®)) for nj, samples, summing to a total of n = ZkK:l ny samples.
(3) The shared-sample on-policy Monte Carlo estimator (SON), where we evaluate
each target policy with shared data collected by canonical on-policy Monte Carlo
estimators of all K policies, resulting in n = Zszl ny samples used to evaluate every
target policy. (4) The shared-sample ODI estimator (SODI), where we evaluate each
target policy with shared data collected by ODI estimators of all K policies. Since
each single behavior policy from the ODI estimator collects n, samples, each target
policy in SODI leverages n = Zszl ny samples.

As a demonstration of concept, we set K = 10 and n; = & for each of the 10
target policies. Target policies are drawn from the training process of proximal policy
optimization (PPO) algorithm (Schulman et al., 2017). We learn our behavior policy
it using Algorithm 2. Hyperparameters are the same across all MuJoCo and Gridworld
experiments. Experimental details are in the appendix.

Gridworld: We use Gridworld with m3 = 1,000 and m? = 27,000 states, where

each Gridworld has a width m and height m with a time horizon 7" = m.

Env Ours  On-policy ODI SON SODI

Size MC
1,000 0.125 1.000 0.637 1.289 2.073
27,000 0.129 1.000 0.601 1.561 3.532

Table 5.1: Relative variance of estimators on Gridworld. The relative variance is
defined as the variance of each estimator divided by the variance of the on-policy
Monte Carlo estimator. Numbers are averaged over 900 independent runs (30 groups
of target policies, each having 30 independent runs).
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Env Ours On-policy ODI SON SODI

Size MC
1,000 126 1000 632 1264 2046
27.000 131 1000 629 1568 3501

Table 5.2: Episodes needed to achieve the same of estimation accuracy that on-policy
Monte Carlo achieves with 1000 episodes. Numbers are averaged over 900 independent
runs (30 groups of target policies, each having 30 independent runs) and their standard
errors are shown in Figure 5.1.

Figure 5.1 shows our method outperforms all baselines by a large margin. The
relative error is defined as the estimation error divided by the estimation error of the
on-policy MC at the beginning of x-axis. The samples on the x-axis represents the total
online episodes for multi-policy evaluation. The blue line in the graph is below other
lines, indicating that our method requires fewer samples to achieve the same accuracy.
To quantify the variance reduction, Table 5.1 shows our method reduces variance to
about 12.5% compared with the on-policy Monte Carlo estimator. Table 5.2 shows
that to achieve the same estimation error that the on-policy Monte Carlo estimator
achieves with 1000 samples, our estimator only needs about 130 samples saving about
87% of online interactions, achieving state-of-the-art performance.

MuJoCo: Next, we conduct experiments in MuJoCo robot simulation tasks
(Todorov et al., 2012). MuJoCo is a physics engine containing various stochastic
environments, where the goal is to control a robot to achieve different behaviors such
as walking, jumping, and balancing. Figure 5.2 shows our method is consistently
better than all baselines. The tables in the appendix show similar patterns as in the
Gridworld experiment. In particular, our estimator reduces the variance to about 10%
compared with the on-policy Monte Carlo estimator and saves about 90% of online
interactions.

An interesting observation to demonstrate the discrepancy among target policies is
that SODI and SON generally perform worse than On-policy MC and ODI. This result
suggests that when target policies lack sufficient similarity, reusing data without a
carefully designed joint behavior policy leads to high-variance estimation. Additionally,
while ODI outperforms On-policy MC, SODI performs worse than SON. This may be
because each behavior policy in SODI is specially tailored for its own target policy,
making it vulnerable to target policy change. These observations confirm the notorious
difficulty of data sharing across multiple policies, highlighting the need for a tailored
and shared behavior policy to efficiently facilitate data sharing.
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5.5 Discussion

In this chapter, we introduce a novel approach for multi-policy evaluation by designing
a tailored behavior policy that efficiently and unbiasedly evaluates multiple target
policies.

Theoretically, our method eliminates the need for restrictive assumptions or infea-
sible knowledge required by previous methods. Our method achieves lower variance
compared to on-policy evaluation for each target policy under similarity conditions
(Theorem 8, Theorem 9) and ensures the number of required samples does not scale
with the number of target policies when similarity conditions hold.

Empirically, our method outperforms previously best-performing methods, achiev-
ing state-of-the-art performance across various environments. One promising future
direction is to extend our variance reduction method to policy improvement and

achieve efficient policy learning.
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Chapter 6

Doubly Optimal Policy Evaluation

This chapter is based on my paper Liu et al. (2025a) published at ICLR 2025.
Policy evaluation estimates the performance of a policy by (1) collecting data from
the environment and (2) processing raw data into a meaningful estimate. Due to the
sequential nature of reinforcement learning, any improper data-collecting policy or data-
processing method substantially deteriorates the variance of evaluation results over
long time steps. Thus, policy evaluation often suffers from large variance and requires
massive data to achieve the desired accuracy. In this work, we design an optimal
combination of data-collecting policy and data-processing baseline. Theoretically, we
prove our doubly optimal policy evaluation method is unbiased and guaranteed to
have lower variance than previously best-performing methods. Empirically, compared

with previous works, we show our method reduces variance substantially and

6.1 Preliminaries

In this chapter, we study the task of off-policy evaluation in the context of a finite
Markov Decision Process (MDP), as defined in Section 2.1. In off-policy evaluation,
a notorious curse is that the importance sampling ratios can be extremely large,
resulting in infinite variance (Sutton and Barto, 2018). Even with the PDIS method,
this fundamental issue still remains if the behavior policy significantly differs from
the target policy, particularly when the behavior policy assigns very low probabilities
to actions favored by the target policy. Moreover, such degeneration of important
sampling ratios typically grows with the dimensions of state and action spaces as
well as the time horizon (Levine et al., 2020). One way to control for the violation
in important sampling ratios is to subtract a baseline from samples (Williams, 1992;
Greensmith et al., 2004; Jiang and Li, 2016; Thomas and Brunskill, 2017). Using b to
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denote an arbitrary baseline function, the PDIS estimator with baseline is defined as

Gb(Tﬂt:T—l> _ Pt (Rt-i-l + Gb(TﬁiTIT“iil) - bt(SbAt)) + Bt(St) le [T - 2]7 (6 1)
ST p(Rega = bi(Sh, A)) + Bi(S1) t=T-1,
where
bi(S;) = Eg,n[be(S, A)). (6.2)
The variance of (6.1) highly depends on the importance sampling ratio p; = Zgﬁ—jg’zg

and the choice of baseline function b.

6.2 Variance Reduction in Reinforcement Learning

We seek to reduce the variance V(G? (745" 1")) by designing an optimal behavior policy
and an optimal baseline function at the same time. We solve the bi-level optimization
problem

minmin  V(G(74577")) (6.3)

b M

s.t. E[Gb(TéfofT_El)} = J(m),

where the optimal behavior policy p* and the optimal baseline function b* are care-
fully tailored to each other to guarantee both unbiasedness and substantial variance
reduction.

Our paper proceeds as follows. In Section 6.2, we solve this bi-level optimization
problem in closed-form. In Section 6.3, we mathematically quantify the superiority in
variance reduction of our designed optimal behavior policy and baseline function, in
comparison with cutting-edge methods (Jiang and Li, 2016; Liu and Zhang, 2024). In
Section 6.5, we empirically show that such doubly optimal design reduces the variance
substantially compared with the on-policy Monte Carlo estimator and previously best
methods (Jiang and Li, 2016; Liu and Zhang, 2024) in a broad set of environments.

To ensure that the off-policy estimator G®(7}y"7") is unbiased, the classic reinforce-
ment learning wisdom (Precup et al., 2000a; Maei, 2011; Sutton et al., 2016; Zhang,
2022) requires that the behavior policy u covers the target policy w. This means that

they constraint p to be in a set

A ={u |Vt s,a,mlals) 0 = puals) # 0}
—{ | Vt,5,a, plals) =0 = mi(als) = 0},
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which contains all policies that satisfy the policy coverage constraint in off-policy
learning (Sutton and Barto 2018). By specifying the policy coverage constraint, the

optimization problem (6.3) is reformulated as

min min V(G (r8577M) (6.4)
I
st. peA.

In this chapter, compared with the classic reinforcement learning literature, we
enlarge the search space of u from this set A~ to a set A. To achieve a superior and

reliable optimization solution, we require A to have two properties.

1. (Broadness) A must be broad enough such that it includes all policies satisfying
the classic policy coverage constraint (Precup et al., 2000a; Sutton and Barto,
2018). Formally,

A CA. (6.5)

2. (Unbiasedness) Every behavior policy in A must be well-behaved such that the
data collected by it can be used by the off-policy estimator to achieve unbiased

estimation for all state s and time step ¢t. Formally, Vu € A,

Vt,Vs, E[GUriT7") | Sp=s| = vns(s). (6.6)

The space A that satisfies those two properties will be defined shortly. We now

reformulate our bi-level optimization problem as

mbin min  V(GP(7)577)) (6.7)
I
st. peA.

Compared with the classic approach (6.4), our bi-level optimization problem (6.7)
searches for y in a broader space A such that A= C A. Thus, the optimal solution of
our optimization problem must be superior to the optimal solution of the optimization
problem with the classic policy coverage constraint. To solve our bi-level optimization

problem (6.7), we first give a closed-form solution of the inner optimization problem
min  V(G*(73577Y)) (6.8)
o
st. peAl

for any baseline function b. Notably, this baseline function b does not need to be any

kind of oracle. We design the optimal solution of (6.8) for this baseline function b
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without requiring any property on b. Now, we decompose the variance of our off-policy

Ho:T—1

estimator G®(755""). By the law of total variance, Vb, Vu € A,

v (E )
e, [V (575 | 0] + Vi (B [Cf57) | 50])
=Es, [V (G"(r0573") | S0)] + Vs, (vr.0(S0))- (by (6.6)) (6.9)

The second term in (6.9) is a constant given a target policy 7 and is unrelated to the
choice of p. In the first term, the expectation is taken over Sy that is determined by
the initial probability distribution py. Consequently, given any baseline function b, to

solve the problem (6.8), it is sufficient to solve
min - V(G*(7[571") | Si = s) (6.10)
o
st. peAl

for all s and ¢t. If we can find one optimal behavior policy p* that simultaneously
solves the optimization problem (6.10) on all states and time steps, p* is also the
optimal solution for the optimization problem (6.8). Denote the variance of the state
value function for the next state given the current state-action pair as v, (s, a). Recall
the notation [T"— 2] is a shorthand for the set {0,1,...,7 —2}. We have v, ,(s,a) =0
fort =T —1,and Vt € [T — 2],

Vea(s,a) = Vg, (Ur11(Sis1) | St =5, A =a). (6.11)
Given any baseline function b, we construct a behavior policy u* as
w; (als) o< m(als)\/ux (s, a) (6.12)
where 1wy 4(s,a) = [grs(s,a) — by(s,a)]” for t =T — 1, and V¢t € [T — 2],

U (5, @) = (gra(5,0) = b5, @) + vral5,0) + Sy w515, )V (GULETHT) | S = o).

(6.13)
Notably, u.; and pj are defined backwards and alternatively, i.e., they are defined in
the order of wr r_1, Wp_1, UrT—2, Wp_g, - - -, Ur 0, f5- We now break down each term in
Uz t(s,a).

1. (gr4(s,a) — by(s,a))? is the squared difference between the state-value function
¢r+ and the baseline function b. This term is always non-negative because of the

square operation. Its magnitude is mainly controlled by the baseline function b.
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2. vy 4(s,a) defined in (6.11) is the variance of the value for the next state. This
term is always non-negative by the definition of variance. Its magnitude is mainly

controlled by the stochasticity of the environment (i.e. transition function p).

3. > p(s]s,a)V <Gb(TfJﬁI:}T__11) | Spiq = s’) is the expected future variance given
the current state s and action a. This term is always non-negative by the
definition of variance. Its magnitude is jointly controlled by the choice of

behavior policy u*, the baseline function b, and the transition function p.

ur+(s,a) is non-negative because it is the sum of three non-negative terms. Therefore,

VUri(s,a) is always well-defined. In (6.12), u;(als) oc m(a|s)y/ur(s,a) means

wi(als) = il Vurilew) g Va, m(a|s)y/uz+(s,a) = 0, the denominator is zero.
3y e (bls)y/ .t (5,0) ’

In this case, we use the convention to interpret u;(als) as a uniform distribution,

i.e., Ya, uf(als) = 1/|A|. We adopt this convention for o in the rest of the paper to

simplify the presentation. Now, we define the enlarged space A as
A ={p |Vt s a u(als) =0 = m(als)urs(s,a) =0}. (6.14)
We prove that this policy space A defined above satisfies the broadness (6.5) and the
unbiasedness (6.6) by the following lemmas.
Lemma 8 (Broadness). Vb, A~ C A.
Its proof is in Appendix B.1.1.
Lemma 9 (Unbiasedness). Vb, Vu € A, Vt,Vs, E [GP(7/577") | St = s] = vrs(s).

Its proof is in Appendix B.1.2. After confirming the broadness and unbiasedness
of the space A, we now prove that the behavior policy p* is the optimal solution for

the inner optimization problem.

Theorem 10. For a baseline function b, the behavior policy u* defined in (6.12) is an

optimal solution to the optimization problems Vt, s,
min V (Gb(Tt’f}ﬁl) | S = s)
o
s.t. peA.

Its proof is in Appendix B.1.3. Theorem 10 proves that Vb, the behavior policy u*
(6.12) is the closed-form optimal solution for all ¢ and s. With Theorem 10, for any ¢
and s, we reduce the bi-level optimization problem

minmin  V (G(r/577") | Sy = s)
b o ’

st. peAl
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to a single-level unconstrained optimization problem

mbin A% <Gb(75§;7;‘11) | Sy = s) :
In this unconstrained optimization problem, we design a function b that influences
both the data processing estimator G® (6.1) and the optimal behavior policy u* (6.12).
Notably, the optimal behavior policy p* depends on the baseline b because it is tailored
to a baseline function b in Theorem 10. Unless otherwise noted, we omit explicitly
writing this dependency in the notation of u* for simplicity. We show that although
both G® and p* depend on b, through the mathematical proof in the appendix, the

optimal baseline function b* has a concise format. Define Vi, s, a,

b; (s,a) = qri(s,a). (6.15)

Theorem 11. b* is the optimal solution to the optimization problems Vt, s,

min v (Gb(fgg’}{—;) 1S, = s> . (6.16)

Its proof is in Appendix B.1.4. By solving each level of the optimization problem,
we show (u*,b*) is the optimal solution for the bi-level optimization problem by

utilizing Theorem 10 and Theorem 11.

Theorem 12. (u*,b*) is the optimal solution to the bi-level optimization problems Vt,
S?
minmin  V (G(r/477") | S; = s)
b o ’
s.it. e

Proof. Vb,¥u € A, we have Vt, Vs

V(G35 | S =5)
>V (Gb(Ttﬁil) | S = s) (Theorem 10)
>V (Gb* (Tﬁ;i_ll) | S = s) . (Theorem 11)

Thus, (p*,b%) achieves the minimum value of V (G*(7/477") | Sy = s) for all ¢ and

S. O

52



6.3 Variance Comparison

Theorem 12 shows (u*, b*) is the optimal behavior policy and baseline function. This
means (u*,b*) is superior to any other choice of (u,b). In this section, we further
quantify its superiority. We quantify the variance reduction in reinforcement learning.
We show that the variance reduction compounds over each step, bringing substantial
advantages. Specifically, we provide a theoretical comparison of our method—the
doubly optimal estimator—with the following baselines: (1) the on-policy Monte Carlo
estimator, (2) the offline data informed estimator (Liu and Zhang, 2024), and (3) the
doubly robust estimator (Jiang and Li, 2016). We use u?" to denote u; (6.13) using b*
as the baseline function. First, we compare our off-policy estimator with the on-policy
Monte Carlo estimator (ON).

Theorem 13. Vi, s,

\Y4 (GPDIS(TZZT;i—f) | St — S) —V (Gb* (T;Lj:"i_ll) | St = S)

J/

:VAtwm< ul (Sy, Ar) | Se = S) +§JAt~7rt (Grt(St, Ar) | St = 82+§tON’ o (s),
N -~ . (12) (43)
(41)

where 67N S (s) =0 fort =T — 1 and Vt € [T — 2], 6°% 7*(s) =

Emrsien |V (G | Sin) = V(G (55 | S ) 150 = 5|

N, OuTS(S)

1o} . . . .
Moreover, we prove Vt, s, 6, > 0 meaning the variance reduction in future

steps 1s compounded into the current step.

Its proof is in Appendix B.1.5. In Theorem 13, we show that the variance reduction
of our method includes three sources. First, a part of the future variance (4.1) is
eliminated by choosing an optimal behavior policy p*. Second, the variance of the ¢
function (4.2) is eliminated by the optimal baseline function b*. Third, the variance
reduction in the future step (4.3) is compounded into the current step.

Next, the following theorem quantifies the variance reduction of our method
compared with the offline data informed (ODI) method in Liu and Zhang (2024).
Because the behavior policy p* is tailored for the baseline function b, we use pu*® to
denote p* with a baseline function b and p*FP™ to denote p* with no baseline function
(i.e., the plain PDIS estimator considered in offline data informed (ODI) method (Liu
and Zhang, 2024)).
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Theorem 14. Vi, s,

v (et s o) v (@ et 1)
= VAtNuI’PDIS (ptqﬂ',t(St, At) | St) + 5tOD[, OUTS(S)’
N &)

(gj) (5.2)

where 6P T (s) = 0 fort =T — 1 and Vt € [T — 2], 6°°" °m(s) =

PDIS

*,b%
By | [V (G775 L5 ) = v (@t s )| 1]

5 ODI, ours (S)

Moreover, we prove Vt, s, 0, > 0 meaning the variance reduction in future

steps 1s compounded into the current step.

Its proof is in Appendix B.1.6. The variance reduction of our estimator includes
two sources. First, the variance of the ¢ function (5.1) is eliminated. Second, the
variance reduction in the future step (5.2) is compounded to the current step.

We also quantify the variance reduction of our estimator with the doubly robust
(DR) estimator defined in Jiang and Li (2016). Since Jiang and Li (2016) does not
specify any candidate behavior policy, we leverage the conventional wisdom, supposing

they use the canonical target policy 7 as the data-collecting policy.
Theorem 15. Vi, s,
V(G () | S =) =V (G () | S =)
=V, o, ( ubt™ (S, A) | S, = s) + 6P o (),
—_

~~ -~ (6.2)
(6.1)

where 67 7(s) = 0 fort =T — 1 and ¥t € [T — 2], 6P owrsi(5) =
b* ([ Tt+1:T—1 b* ¢ Miy1r—1
EAwm,StH [V (G ( Tet1:7— 1) | St+1) -V (G ( Tir1:17— 1) | St+1> | St] :

DR, . . ) .
Moreover, we prove Vt, s, 0, " *"*(s) > 0 meaning the variance reduction in future

steps 1s compounded into the current step.

Its proof is in Appendix B.1.7. Similarly, there are two sources of the variance
reduction for our method. First, with an optimal behavior policy p*, we eliminate a
part of the future variance (6.1). Second, the variance reduction in the future steps

(6.2) is compounded to the current step.
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Algorithm 3: Doubly Optimal (DOpt) Policy Evaluation
1: Input: a target policy 7,
an offline dataset D = {(t;, s, a;, 74, 55)}
2: Output: a behavior policy u*,
a baseline function b*
Approximate ¢, from D using offline RL methods (e.g. Fitted Q-Evaluation)
Construct v, from D by (B.22)
Construct D, = {(t;, s, a;, vi, 85) }ioy
Approximate u,; from D, by Lemma 10

Return: pf(als) o< m(als)\/ux+(s,a), by (s,a) = qr.+(s,a)

m
i=1

6.4 Learning Closed-Form Behavior Policies

In this section, we present an efficient Algorithm 3 to learn our doubly optimal
method including the optimal behavior policy p* and the optimal baseline function
b*. Specifically, we learn (u*, b*) from offline data pairs. By definition (6.15), we can
apply any off-the-shelf offline policy evaluation methods to learn b;(s,a) = gr+(s, a)
(e.g., Fitted Q-Evaluation (Le et al., 2019)). By (6.12), ui(als) o m;(als)\/urq(s, a),
where wu is defined in (6.13) as

U (5,0) = (G5, @) = Bils, @) o+ vs(s,0) + 0 pls'ls, )V (GYL ) | Sin = o).

Learning u from this perspective is very inefficient because it requires the approxima-
tion of the complicated variance term V (Gb(rt“ A ) | S =8 > regarding future

trajectories. To solve this problem, we propose the following recursive form of w.

Lemma 10 (Recursive form of u). With b =0*, whent =T — 1, Vs, a, uz(s,a) =0,
when t € [T — 2], Vs, a,

U t(5,0) = Vra(5,0) + X o rsap(5']5, @)1 (@]t (, ).

Its proof is in Appendix B.1.8. This lemma allows us to learn u recursively without
approximating the complicated trajectory variance. Subsequently, the desired optimal
behavior policy p* can be easily calculated using (6.12). To ensure broad applicability,
we utilize the behavior policy-agnostic offline learning setting (Nachum et al., 2019),
in which the offline data consists of {(¢;, s, a;, r:, ;) }.—,, with m previously logged
data tuples. Those tuples can be generated by various unknown behavior policies,
and they are not required to form a complete trajectory. In the i-th data tuple, t;

represents the time step, s; is the state at time step t¢;, a; is the action executed, r; is
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the sampled reward, and s} is the successor state. In this chapter, we learn (u*,b*)
from cheaply available offline data using Fitted @ -Evaluation (FQE, (Le et al., 2019)),
but our framework is ready to integrate any state-of-the-art offline policy evaluation
technique. As for constructing v, we use the learned ¢ function and r;, s, from the

data tuples, according to the derivation (B.22) in Appendix B.2.

6.5 Empirical Results

In this section, we show the empirical comparison between our methods and three
baselines: (1) the on-policy Monte Carlo estimator, (2) the offline data informed
estimator (ODI, Liu and Zhang (2024)), and (3) the doubly robust estimator (DR,
Jiang and Li (2016)). In the doubly robust estimator, because they do not design a
tailored behavior policy, we leverage the conventional wisdom to use the target policy
7 as the behavior policy. Given previously logged offline data, we learn our optimal
behavior policy and the optimal baseline tuple (u*, b*) using Algorithm 3. All baseline
methods learn their required quantities from the same offline dataset to ensure fair
comparisons. We use the behavior policy u* for data collection and the baseline b*
for data processing. Since our method reduces variance in both the data-collecting
and the data-processing phases, we name our method doubly optimal (DOpt) policy

evaluation. More experiment details are in Appendix B.2.

size =1,000 size =27,000

1.0 1.0

ool — o™ ool — o Env On-policy Ours ODI DR
g —= ool —= Size MC
% 04 04 1,000 1.000 0.274 0.467 0.450
021 021 27,000 1.000 0.283 0.481 0.541

10° 10t 102 10°  10° 10t 102 103
Samples Samples

Table 6.1: Relative variance of estimators
on Gridworld. The relative variance is

Figure 6.1: Results on Gridworld. Each
curve is averaged over 900 runs (30 tar-
get policies, each having 30 independent
runs). Shaded regions denote standard
errors and are invisible for some curves
because they are too small.

defined as the variance of each estimator
divided by the variance of the on-policy
Monte Carlo estimator. Numbers are av-
eraged over 900 independent runs (30 tar-
get policies, each having 30 independent
runs).

Gridworld: We begin by conducting experiments in Gridworld with n? states,

i.e., an n x n grid with n as the time horizon. The number of states in this Gridworld

environment scales cubically with n, offering a suitable tool to test algorithm scalability.
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Ant Hopper InvertedDoublePendulum InvertedPendulum Walker

1.0 1.0 1.0 1.0 1.0

—— On-policy MC — On-policy MC — On-policy MC — On-policy MC — On-policy MC
Ours Ours

— — — ours — ours — ours
0.8 4 ol 0.8 ol 0.8 4 ol 0.8 4 ol 0.8 4 oDI
— DR — DR — DR — DR — DR

0.6 4 0.6 0.6 1 0.6 1 0.6 1

Relative Error

0.4+ 0.4+ 0.4 4 0.4 4 0.4 4

0.2 4 0.2 4 0.2 4 0.2 4 0.2 4

0.0 T T 0.0 T T T T T T 0.0 T T
10° 10t 102 103 10° 10t 102 103 10° 10t 102 103 10° 10t 102 103 10° 10t 102 103
Samples Samples Samples Samples Samples

Figure 6.2: Results on MuJoCo. Each curve is averaged over 900 independent runs
(30 target policies, each having 30 independent runs). Shaded regions denote standard
errors and are invisible for some curves because they are too small.

We choose Gridworld with n® = 1,000 and n® = 27,000, which are the largest
Gridworld environment tested among related works (Jiang and Li, 2016; Hanna et al.,
2017; Liu and Zhang, 2024). We use randomly generated reward functions with 30
randomly generated target policies. The offline data is generated by various unknown
policies to simulate cheaply available but segmented offline data. Because MC methods
use each episode as one empirical return sample, we view each episode as one online
sample. We report the relative error of the four methods against the number of online
samples. This relative error is the estimation error normalized by the estimation error
of the on-policy Monte Carlo estimator after the first episode. Thus, the relative error
of the on-policy Monte Carlo estimator starts from 1.

Figure 6.1 shows our method outperforms all baselines by a large margin. The
blue line in the graph is below all other lines, indicating that our method requires
fewer samples to achieve the same accuracy. This is because our designed (u*,b*)
substantially reduces estimation variance. In Table 6.1, we quantify such variance
reduction, showing our method reduces variance by around 75% in both Gridworld
with size 1,000 and 27, 000.

One observation is that DR performs slightly better than ODI in smaller Gridworld
but is slightly worse in larger Gridworld, which shows that there might be no domi-
nating relationship between those two methods. Meanwhile, our method is superior
to both approaches because the variance reduction of our method comes from both
data-collecting and data-processing.

MuJoCo: We also conduct experiments in MuJoCo robot simulation tasks
(Todorov et al., 2012). MuJoCo is a physics engine containing various stochastic
environments, where the goal is to control a robot to achieve different behaviors such
as walking, jumping, and balancing. Figure 6.2 shows our method is consistently
better than all baselines in various MuJoCo robot environments. Table 6.2 shows our

method requires substantially fewer samples to achieve the same estimation accuracy
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On-policy MC Ours ODI DR Saved Episodes Percentage

Ant 1000 492 810 636 (1000 - 492)/1000 = 50.8%
Hopper 1000 372 544 582 (1000 - 372)/1000 = 62.8%
[. D. Pendulum 1000 426 727 651 (1000 - 426)/1000 = 57.4%
[. Pendulum 1000 225 356 439 (1000 - 225)/1000 = 77.5%
Walker 1000 475 705 658 (1000 - 475)/1000 = 52.5%

Table 6.2: Episodes needed to achieve the same of estimation accuracy that on-policy
Monte Carlo achieves with 1000 episodes. Standard errors are plotted in Figure 6.2.
Each number is averaged over 900 independet runs.

compared with the on-policy Monte Carlo method. Specifically, our method saves
50.8% to 77.5% of online interactions in different tasks, achieving state-of-the-art
performance in policy evaluation.

It is worth mentioning that our method is robust to hyperparameter choices—all
hyperparameters required to learn (u*,b*) in our method are tuned offline and stay

the same across all environments.

6.6 Discussion

Due to the sequential nature of reinforcement learning, policy evaluation often suffers
from large variance and requires massive data to achieve the desired level of accuracy.
In this work, we design an optimal combination of data-collecting policy p* and
data-processing baseline b*.

Theoretically, we prove our method considers larger policy space (Lemma 8), and is
unbiased (Lemma 9) and optimal (Theorem 12). Further, we mathematically quantify
the superiority of our method in variance reduction compared with existing methods
(Theorem 13, 14, 15).

Empirically, compared with previous best-performing methods, we show our method
reduces variance substantially in a broad range of environments, achieving state-of-
the-art performance in policy evaluation.

One limitation is, as there is no free lunch, if the offline data size is too small—perhaps
consisting of just a single data tuple—the behavior policy and baseline approximated
by our method may be inaccurate. In this case, we recommend on-policy evaluation.
The future work of our paper is to extend the variance reduction technique to temporal

difference learning.
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Chapter 7

Efficient Off-Policy Evaluation with
Safety Constraint for
Reinforcement Learning

This chapter is based on my paper Chen et al. (2025), published at ICLR 2025, in
which I am a co-first author. I contributed to the initial idea, participated in the
theoretical development, and was responsible for the experimental implementation.
In reinforcement learning, classic on-policy evaluation methods often suffer from
high variance and require massive online data to attain the desired accuracy. Previous
studies attempt to reduce evaluation variance by searching for or designing proper
behavior policies to collect data. However, these approaches ignore the safety of such
behavior policies—the designed behavior policies have no safety guarantee and may lead
to severe damage during online executions. In this chapter, to address the challenge of
reducing variance while ensuring safety simultaneously, we propose an optimal variance-
minimizing behavior policy under safety constraints. Theoretically, while ensuring
safety constraints, our evaluation method is unbiased and has lower variance than
on-policy evaluation. Empirically, our method is the only existing method to achieve
both substantial variance reduction and safety constraint satisfaction. Furthermore,
we show our method is even superior to previous methods in both variance reduction

and execution safety.

7.1 Preliminaries

In this chapter, we study off-policy evaluation under a constrained Markov decision
process (CMDP), as defined in Section 2.3. For any set X', we use |X| to denote its
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cardinality. We use Al*1=1 to denote the (|| — 1)-dimensional probability simplex,
representing the set of all probability distributions over the set X.
In this work, we focus on off-policy evaluation. We restate the key ideas for off-policy
evaluation here to facilitate reading. The goal is to estimate the total rewards J(7) of an
interested policy m, called the target policy by executing a different policy u, called the
behavior policy. We generate each trajectory {So, Ao, R1, C1, S1, A1, R2, Ca, ..., Sp—1, Ar—1, Rr,Cr}
by a behavior policy p with Sy ~ pg, Ay ~ p4(+|:S;). For simplicity, we use a shorthand
TheT " for a trajectory generated by the behavior policy u from the time step ¢ to the
time step 7—1 inclusively. It is defined as 7/." 1" = {S}, Ay, Rit1, Cigr -« -, Sr—1, Ar_1, Ry, Cr}.
In off-policy evaluation, to give an estimate of J(7), we adopt the importance sampling

ratio to reweigh rewards collected by the behavior policy u. We define the importance
me(AdSe)
ne(Ag|St)

sampling ratios from time ¢ to ¢’ >t as pp.y =[]

. We also define the product of importance
',::t %. Various methods utilize
importance sampling ratios within off-policy learning frameworks (Geweke, 1988;
Hesterberg, 1995; Koller and Friedman, 2009; Thomas, 2015). In this chapter, We
study the per-decision importance sampling estimator (PDIS, Precup et al. (2000a)).
The PDIS Monte Carlo estimator is defined as GFPIS(7/27 ") = Zg:—tl PruRir1. We

also use the recursive expression of the PDIS estimator as

sampling ratio at time ¢ as p;, =

GPDIS(TM:TA) _ Pt (Rt-i-l + GPDIS(T#;TEWT_T)) t e [T — 2], (71)
e PR t=1T-1

With the classic policy coverage assumption (Precup et al., 2000a; Maei, 2011; Sutton
et al., 2016; Zhang, 2022; Liu et al., 2025b) Vt,s,a, (als) =0 = m(als) = 0,
GP'S provides an unbiased estimation for J(r), i.e., E[GPPS(7557")] = J (). Since
the PDIS estimator is unbiased, reducing its variance is sufficient for improving its
sample efficiency. We achieve this variance reduction by designing and learning proper

behavior policies.

7.2 Constrained Variance Minimization for Con-
textual Bandits

In this section, we focus on variance minimization in policy evaluation under safety
constraints in contextual bandits. These discussions provide the foundation for the
more complicated optimization problems in sequential reinforcement learning settings,
which we explore in Section 7.3. Notations defined in this section are independent of

the rest of the paper.
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We consider contextual bandits as one-step CMDPs, where the trajectories are in
the form of (s, a,r, c). To estimate the performance of the target policy 7, Eqr[r(s, a)],
with data collected by a behavior policy p, we adopt the importance sampling ratio (Ru-
binstein, 1981) to reweigh the reward collected by p. That is, we use E,,[p(al|s)r(s, a)]
as an estimator, where p(a|s) = % Recall AMI=1 is the probability simplex rep-
resenting all probability distributions over the set A. To ensure that this off-policy

evaluation is unbiased, a classic choice by Rubinstein (1981) searches for u in
A== {u | ¥s,a, plals) = 0= m(als) = 0 A Vs, u(s) € A1},

In this work, we search in an enlarged space A (Owen, 2013; Liu and Zhang, 2024),

where
A={p|Vs,a,pals)=0= m(als)r(s,a) =0 AVs, u(:|s) € A|A|_1}. (7.2)

Although a behavior policy  in A may not cover the target policy 7, u still gives
unbiased estimation in statistics. In the following lemma, we show that searching for

1 in this enlarged space A guarantees unbiasedness in the contextual bandits setting.

Lemma 11. Vu € A, Vs,
Eavulp(als)r(s,0)] = Eouslr(s, a)].

Its proof is in Appendix D.1.1. Our goal is to search for a variance-minimizing
behavior policy u. Except for the unbiasedness guaranteed by the search space A, we
also require p to satisfy safety constraints which will be defined later. We formulate

the variance minimization objective as, Vs,

min V. (p(als)r(s,a)). (7.3)

HEA

Then, with the unbiasedness in Lemma 11, we can further decompose the objective
in (7.3) as

Vou(plals)r(s,a)) =Equl(p(als)r(s, a))?] — Eqopulp(als)r(s, a))? (7.4)
=E.u[p(a]s)*r(s,a)?] — Eorlr(s, a)]®. (By Lemma 11)

Since the second term is a constant and is unrelated to p, it suffices to solve

min  E,,.[p(a|s)*r(s,a)?]. (7.5)

HEA
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Next, to ensure the safety of executing the behavior policy u, we incorporate a safety
constraint into the variance minimization problem. Since measuring safety by the
expected cost is a common approach in the safety RL community (Berkenkamp et al.,
2017; Achiam et al., 2017; Chow et al., 2018), we require that the expected cost of u
remains within a threshold related to the expected cost of 7. Given a safety parameter
e € [0,00), define a cost threshold

de(s) = (14 €)Eprle(s, a)].
We impose the following constraint to the optimization problem (7.5)
Eowulc(s,a)] < 6c(s), Vs. (7.6)

This constraint requires that the expected cost of the designed behavior policy u
should be smaller than the multiple of the expected cost of the target policy 7. By
satisfying this constraint, we maintain a desired level of safety during the execution of
the behavior policy p. This safety is defined with respect to the target policy m, which
is executed in the classic on-policy evaluation method. By setting € = 0, behavior
policies satisfying this constraint are guaranteed to be safer than the target policy.
Notably, another line of research focused on policy safety chooses a constant
threshold for the expected cost. We can simply modify (7.6) into a constant-threshold
constraint by replacing the threshold function d.(s) with a constant . However, such
absolute thresholds may make optimization problems infeasible. Strong assumptions
on environments and policies have to be made to guarantee the existence of feasible
solutions under absolute threshold (Achiam et al., 2017). In this chapter, we impose
the safety constraint with respect to the target policy m, because our goal is to design
a safe behavior policy to address the high variance associated with classic on-policy
evaluation methods. The parameter € in our threshold allows RL practitioners to
adjust safety tolerance based on the specific requirements of the problem, as safety
constraints are often highly problem-dependent (Achiam et al., 2017). In Section 7.5,
we demonstrate our method in sequential reinforcement learning with a harsh threshold,
€ = 0, achieving both variance and cost reduction compared to the on-policy method.
We formally define our optimization problem and prove its convexity and feasibility

in the following theorem.

Lemma 12. For all € and s, the following optimization problem is convex and feasible.

min - Eqvu[p(als)r(s, @), (7.7)
s.t. Eooule(s, a)] < 6c(s). (7.8)
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Its proof is in Appendix D.1.2. Use u* to denote the optimal solution of the above

optimization problem. We have the following lemma.

Lemma 13. For all € and s, let u* be the optimal solution of optimization problem
(7.7), we have

Vanye (plals)r(s, a)) < Vaur(r(s, a)).

Proof. We first show that the target policy 7 is always in the feasible set of the
optimization problem (7.7). We define the set of feasible policies as

F={peN|Ve s,Eppulc(s,a)] <dc(s)}. (7.9)
Because € € [0, 00), for the safety constraint, we have
Eowrlc(s,a)] < (14 €)Eqprc(s,a)] = 0(s).
By the definition of A (7.2), 7 € A. Thus, 7 € F. Because
p* =argminE,.,[p(a|s)?r(s,a)?] (7.10)

neF

is the optimal solution, we have

Vawu* (p(a|3)7“(s, a))

=Eqmps [p(als)?r(s, a)?] — Egrlr(s,a))? (by (7.4))
<Eonrlp(als)®r(s,a)?’] = Eourlr(s,a))? (by (7.10))
amr[1(8, @)% — Eqrlr(s, a)]?

=E
=Vour(r(s,a)).
0

In Section 7.3, we expand Lemma 12 and Lemma 13 from contextual bandits to
sequential reinforcement learning in Theorem 16 and Theorem 17. We show that
with a recursive expression of the estimation variance, we can reduce the sequential
problem into bandits in each time step t, and thereafter obtain the optimal behavior

policy p* that minimizes variance under safety constraints.
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7.3 Constrained Variance Minimization for Sequen-
tial Reinforcement Learning

In this section, we extend the techniques from contextual bandits to the sequential
reinforcement learning setting. We seek to find an optimal behavior policy p that
reduces the variance V (GFPB(7357 ")) under safety constraints. Before defining the
optimization problem, we first define the policy space we search for the behavior policy
to ensure the unbiasedness of the PDIS estimator. Conventional methods search p in

the set of all policies that cover the target policy 7w (Sutton and Barto, 2018), i.e.,
A_ = {u|Vt,s,a, m(als) = 0= m(als) = 0 AVL s, p(-]s) € AATY

In this chapter, similar to the bandits setting (7.2), we search in an enlarged set A,

which is defined as
A ={p |V, s,a, m(als) = 0= m(als)gei(s,a) = 0 AVE, s, pe(-]s) € AMITIY7.11)

The following lemma from Liu and Zhang (2024) ensures the unbiasedness of the

off-policy estimator with the behavior policy u € A.

Lemma 14. Vu € A, Vt, Vs,
E [G"PP(r/3001) | Sp = s] = vra(s).

Its proof is in Appendix D.1.3. A natural idea to do variance minimization
under safety constraints with a safety parameter € € [0, 00) is to solve the following
optimization problem

min V(G (r0T), (7.12)

BEA

st Ju) < (14 e)J%(n),

where J°(u) = >, po(s)vf, o(s) is the expected cost of the behavior policy p. Solving
this problem directly is very challenging. When designing a policy at a time step
t, we need to consider not only the immediate reward generated by this action but
also the future consequences. Hanna et al. (2017) try to solve this problem without
safety constraints by directly optimizing the behavior policy u with gradient descent.
However, this approach requires online data to optimize p and struggles in even
moderately complicated environments as shown in Zhong et al. (2022) and Liu and
Zhang (2024).
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In this chapter, we therefore propose to solve this problem in a backward way

while ensuring safety constraints. Given an e, use
dei(s) = (1 +€)vg ,(s) (7.13)

to denote the safety threshold. We define an extended reward function 7(s, a) and a be-
havior policy p*. They are defined in the order of {fT_l, W 1, TT—2, Wp_oy -+ ,T0, ,uz‘)}.
Denote the variance of the state value for the next state given the current state-action

pair (s,a) as vg4(s,a). We have

(s, a) = 0 t=T-1,
vri(s,a) =
! Vst (Uri41(Siq1) | St =8, Av=a) te[T -2

Then, the extended reward function is defined as

o [l =k
Fuls, a) = Vet($,0) + @ry(s,a)? + Eg,,, [V (GPDIS(TfH;IT:T,T) | St+1> | s, a] te[lT-2.
(7.14)

The behavior policy puy is defined as the optimal solution to the following problem.
Vt, s,

fﬁlélﬁ By [0774(5, )],

st Eap [ (s,a)] < 0ci(s).

We have the following theorem showing the convexity and feasibility of (7.15), thus

ensuring the existence of the behavior policy u*.

Theorem 16. For all e > 0, t, and s, the following optimization problem is convex

and feasible.

min  Eq.,, [077:(s,a)], (7.15)
€A
st Eavu[q(s,a)] < 0cs(s). (7.16)

Its proof is in Appendix D.1.4. We notice that the constrained optimization
problem (7.15) is similar to (7.7), which is the optimization problem introduced
in Section 7.2. In the contextual bandit setting (7.7), we optimize the objective
with respect to the reward function r, ensuring variance reduction (Lemma 13). In
sequential reinforcement learning (7.15), we optimize with respect to the extended

reward function 7, achieving variance reduction (Theorem 17 and (7.17)), while
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simultaneously guaranteeing safety (7.18). This observation provides a key insight:

the step-wise optimization problem in sequential reinforcement learning can be viewed

as a reduced optimization problem in one-step contextual bandits, where the reward is

7. In Section 7.4, we further propose an efficient algorithm to learn 7 without directly
Ht+1:T—1

addressing the complicated trajectory variance V (GPPS(7/{75") | Sy41), making

long-horizon RL problems more tractable.

Theorem 17. The behavior policy p* reduces variance compared with the on-policy

evaluation method.
Vi, s,V (GPPIS(IT) | Sy = s) < V(G | Si=s)

Its proof is in Appendix D.1.5. We also present the following theorem to demon-
strate variance reduction and safety guarantee with respect to the original constrained

optimization problem (7.12).

Theorem 18. For all € > 0, the corresponding behavior policy u* has the following
property

1V (GPPS(RE ) <V (GPPE() (7.17)

2. J(u) < (1+¢e)J%m) (7.18)

Its proof is in Appendix D.1.6. Notably, (7.18) shows that our step-wise safety-

constraint (7.16) is stricter than the original constraint (7.12).

Algorithm 4: Safety-Constrained Optimal Policy Evaluation (SCOPE)
1: Input: a target policy 7,
an offline dataset D = {(t;, s, a;, 74, ¢, S) }
Output: a behavior policy p*
Approximate ¢, g5, from D
fort=T—1to0do
Approximate 7; from D by Lemma 15
Approximate p;(als) following (7.15)
end for
Return: the approximated behavior policy p*

m
=1

7.4 Learning the Optimal Behavior Policy

In this section, we propose an efficient algorithm to learn 7 with previously logged

offline data, and subsequently derive the optimal behavior policy p* under safety
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constraints. We notice that learning 7 by (7.14) is inefficient since we need to
approximate the complicated variance V (GPPS(7/75"5") | S;), which involves the
entire future trajectory. To tackle this challenge, we present a recursive expression of

7 in the following lemma.

Lemma 15. Vs,a, whent =T — 1, 74(s,a) = r,4(s,a)*. When t € [T — 2],

F5,0) = 2anal,0)1(5,0) = 7(5,0° + Eurpro [EAE 7 ()]
Its proof is in Appendix D.1.7. With this lemma, we can learn 7 recursively without
approximating the complicated trajectory variance. Then, by (D.14) in the appendix,
we can also decompose the widely interested variance target in a succinct form

v (GPDIS(T;:L;ET) | S, = 8) =Equ,- [Pfft(& a)] — Uw,t(8)2, Vs, t. (7.19)

7

J/

e (®) ©)

This succinct form offers a way to approximate the complicated trajectory variance
term (a) from (b) and (c), which do not contain any variance term themselves. This
is a surprising result because previously the best simplification of the variance for
off-policy estimator (a) still depends on state-value variance terms (Jiang and Li, 2016;
Liu and Zhang, 2024). With (7.19), we can approximate the variance of the off-policy
estimator in a model-free way with only segmented offline data.

For broad applicability, we adopt the behavior policy-agnostic offline learning
setting (Nachum et al., 2019), where the offline data has m previously logged data
tuples in the form of {(t;,s;,a;, 7, ¢;, s;)}.—,. These data tuples can be generated by
one or more possibly unknown behavior policies, and they are not required to form a
complete trajectory. In the i-th data tuple, ¢; is the time step, s; is the state at time
step t;, a; is the action taken, r; is the observed reward, ¢; is the observed cost, and s,
is the successor state. In this chapter, we learn 7 from previously logged offline data.
Previously logged offline data are cheap and readily available compared with online
data. This makes them a great engine for improving policy evaluation in the online
phase. Compared with gradient-based methods (Hanna et al., 2017; Zhong et al., 2022)
which need complete online trajectories, our method does not require a long online
warm-up time to find a good behavior policy because we are able to utilize offline
data. Subsequently, the optimal variance-reducing behavior policy p* under safety
constraints is approximated through standard convex optimization solvers (Nocedal
and Wright, 1999; Agrawal et al., 2018).
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Figure 7.1: Results on Gridworld with Figure 7.2: Results on Gridworld with cost
episodes as x-axis. Each curve is averaged budget as x-axis. Cost budget is the total
over 900 runs (30 target policies, each hav- cost of execution. Each curve is averaged
ing 30 independent runs). Shaded regions over 900 runs (30 target policies, each hav-
denote standard errors and are invisible ing 30 independent runs). Shaded regions
for some curves as they are too small. denote standard errors.

Env Size On-policy MC Ours ODI  ROS

1,000 1.000 0.861 1.602 1.083
27,000 1.000 0.849 1.590 1.067

Table 7.1: Average trajectory cost on Gridworld. Numbers are normalized by the cost
of the on-policy estimator. ODI and ROS have much larger costs because they both
ignore safety constraints. Our method is the only method achieving both variance
reduction and constraint satisfaction.

7.5 Empirical Results

In this section, we demonstrate the empirical results comparing our methods against
three baselines: (1) the on-policy Monte Carlo estimator, (2) the robust on-policy
sampling estimator (ROS, Zhong et al. (2022)), and (3) the offline data informed
estimator (ODI, Liu and Zhang (2024)). To ensure our method attains lower cost and
is thus even safer than the on-policy estimator, we choose € = 0 in the threshold o,
(7.13). All methods learn their required parameters from the same offline dataset to
ensure fair comparisons. Given previously logged offline data, our method learns the
optimal behavior policy under safety constraints using Algorithm 4.

We name our algorithm Safety-Constrained Optimal Policy Evaluation (SCOPE)
to emphasize that safety constraints are inherently considered in the design of the
variance-minimizing behavior policy, unlike previous methods that overlook safety
concerns. A metaphor for SCOPE is that it builds a bridge focused on efficient
transportation (evaluation efficiency) while simultaneously ensuring traffic safety

(satisfying safety constraints).
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Gridworld: We first conduct experiments in Gridworld with n? states. Each
Gridworld is an n x n grid with the time horizon also being n. Gridworld environments
offer a great tool to test algorithm scalability, because the number of states scales
cubically with n. Gridworld in our experiments have n® = 1,000 and n® = 27,000
number of states, which are the largest Gridworld environments tested among related
works (Zhong et al., 2022; Liu and Zhang, 2024). We test all methods on target policies
with various performances. The offline data is generated by many different policies to
simulate previously logged offline data. In Figure 7.1, we report the estimation error
against episodes. The estimation error for any line is the absolute error normalized
by the absolute error of the on-policy estimator after the first episode. Thus, the
estimation error of the on-policy estimator starts from 1. In Figure 7.2, we report the
estimation error against the total cost of execution.

If considering solely variance reduction, Figure 7.1 shows our method outperforms
the on-policy estimator and ROS by a large margin. Admittedly, ODI (Liu and Zhang,
2024) is slightly better than our method in terms of variance reduction. However,
this slight advantage comes with a huge trade-off of safety. As shown in Table 7.1,
ODI has a much larger cost than on-policy evaluation method (more than 1.5 times)
and our method (almost twice as much). This addresses the underestimated
fact—solely reducing variance without safety constraints leads to high-cost
(unsafe) methods.

To further demonstrate the superiority of balancing variance reduction and safety
cost of our method, we provide Figure 7.2 to compare the variance reduction each
method achieves with the same cost budget. Since our method SCOPE is optimal for
safety-constrained variance minimization, it consistently outperforms all baselines in
Figure 7.2, as shown by the lowest blue line. This means that compared with existing
best-performing methods, SCOPE needs less cost to achieve the same level of accuracy.
From Figure 7.2, we compute that to achieve the same accuracy that the on-policy
estimator achieves with 1000 costs (each on-policy episode has expected cost 1 by
normalization), ODI costs 880 and SCOPE costs only 425. Following this computation,
our method saves 57.5% of costs compared to the on-policy method, and 50% compared
to ODI. This reinforces the underestimated fact from the opposite direction—
ensuring safety constraints along with the variance minimization leads to a
low-cost method. Also, notably, our estimator outperforms the on-policy and ROS
estimators in reducing both variance and cost.

MuJoCo: Next, we conduct experiments in MuJoCo robot simulation tasks

(Todorov et al., 2012). MuJoCo is a physics engine with a variety of stochastic
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Figure 7.3: Results on MuJoCo. Cost budget on the x-axis is the total cost of execution.
Each curve is averaged over 900 runs (30 of target policies, each having 30 independent
runs). Shaded regions denote standard errors and are invisible for some curves because
they are too small. Results with a larger x-axis range are in the appendix.

On-policy MC Ours ODI ROS Saved Cost Percentage

Ant 1000 746 1136 1063 (1000 - 746)/1000 = 25.4%
Hopper 1000 552 824 1026 (1000 - 552)/1000 = 44.8%
I. D. Pendulum 1000 681 1014 1003 (1000 - 681)/1000 = 31.9%
I. Pendulum 1000 425 615 890 (1000 - 425)/1000 = 57.5%
Walker 1000 694 1031 960 (1000 - 694)/1000 = 30.6%

Table 7.2: Cost needed to achieve the same estimation accuracy that on-policy Monte
Carlo achieves with 1000 episodes on MuJoCo. Each curve is averaged over 900 runs.
Standard errors are plotted in Figure 7.3.

environments The goal is to control a robot to achieve different behaviors such as
walking, jumping, and balancing.

As confirmed in Table D.3 and Table D.4 in the appendix, our method is the
only method consistently achieving both variance reduction and safety constraint
satisfaction. Figure 5.2 again indicates that our method consistently outperforms all
baselines on reducing variance under the same cost budget. This advantage is observed
across all five environments, demonstrating the stableness of our method in balancing
variance reduction and cost management. Numerically, in Table 7.2, we show that our
method, SCOPE, saves up to 57.5% cost to achieve the desired evaluation accuracy.
More experiment details are in Appendix D.2. It is worth mentioning that our method
is robust to hyperparameter choices—all hyperparameters in our method are tuned

offline and stay the same across all environments.
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7.6 Discussion

In reinforcement learning, due to the sequential nature, policy evaluation often suffers
from large variance and thus requires massive data to achieve the desired level of
accuracy. In addition, safety is a critical concern for policy execution, since unsafe
actions can lead to significant risks and irreversible damage. In this chapter, we address
these two challenges simultaneously: we propose an optimal variance-minimizing
behavior policy under safety constraints.

Theoretically, we show that our estimate is unbiased. Moreover, while simulta-
neously satisfying safety constraints, our behavior policy is proven to achieve lower
variance than the classic on-policy evaluation method (Theorem 17, Theorem 18). We
solve the constrained optimization problem without approximating the complicated
trajectory variance (Lemma 15), pointing out a promising direction for addressing
long-horizon sequential reinforcement learning challenges.

Empirically, compared with existing best-performing methods, we show our method
is the only one that achieves both substantial variance reduction and constraint
satisfaction for policy evaluation in sequential reinforcement learning. Moreover, it is
even superior to previous methods in both variance reduction and execution safety.

Admittedly, as there is no free lunch, if the offline data size is too small-—perhaps
containing merely a single data tuple—the learned behavior policy in our method
may be inaccurate. In this case, for a safe backup, we recommend the on-policy
evaluation method. The future work of our paper is to extend the constrained variance

minimization technique to temporal difference learning.
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Chapter 8

Efficient and Robust Policy
Evaluation for Reinforcement
Learning through Transition
Gradient

In this chapter, we consider a setting where access to a simulator allows us to
collect data and obtain heuristics about policy performance prior to a final evaluation
stage in the real-world environment. Our goal is to reduce the amount of data
required during this final online evaluation by minimizing the variance of off-policy
estimates. To this end, we learn a variance-reducing behavior policy using data
collected from the simulator. However, many reinforcement learning applications
suffer from distributional shifts between the simulator and the real world, making
standard off-policy evaluation methods unreliable. To address this, we propose a
robust evaluation framework that optimizes against adversarial perturbations of the
transition dynamics. By formulating the problem as a double-loop optimization, we

improve evaluation robustness in potentially mismatched environments.

8.1 Preliminaries

In this work, we study a finite horizon Markov Decision Process (MDP, Puterman
(2014)), which is introduced in Section 2.1. We redefine the concepts here to facilitate
reading. The finite MDP contains a finite action space A, a finite action space A, a
transition probability function p : & x A — A(S), a reward function r : § x A —
[7min, Tmax], an initial state distribution py : S — [0, 1], and a constant horizon length

T. For simplifying notations, we consider the undiscounted setting without loss of
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generality. Our method naturally applies to the discounted setting as long as the
horizon is fixed and finite (Puterman, 2014).

We define A(X) for a finite set X as the probability simplex over X, i.e., A(X') =
{p: & —=100,1] | >, cxp(x) = 1}. Then, the policy 7 : S — A(A) is the function
mapping states to probability distribution over the action space A. For gradient based
methods, we consider the parameterized policies 7y obtained via a neural network
with a softmax output. The parameters 6 € © is a vector, where © € R" for some
constant n. Likewise, we parameterize the transition function p, : & x A — A(S)
by a parameters w € ) with 2 € R™, implemented using a neural network with a
softmax layer.

We define a shorthand [n] = {0,1,...,n} for any integer n. The MDP process
begins at time step 0, where an initial state Sy is sampled from py. At each time
step t € [T — 1], an action A; is sampled based on 7(- | S;). Then, a finite reward
Ri1 = r(S;, Ay) is given by the environment and a successor state S;.; is obtained
based on p(- | S;, A;). After T steps, the agent’s interaction with the environment
terminates. If the agent reaches any terminal state before time step T, it stays there
and receives zero reward.

In this chapter, we use h = {Sy, Ao, R1, S1, A1, ...S7_1, Ar_1, Ry} to denote the
trajectory of this MDP. We then define the return of h as g(h) = tT:_Ol Riyq1. For
any policy, we have a distribution over the trajectory as Pr(H = h|r), where H is a
random variable used to denote the trajectory. Lastly, we define the value of a policy
as v(m) = Exr[g(H)].

We consider the task of off-policy evaluation, where the goal is to estimate the
value of an interested policy 7., which is called the target policy. We execute a different
policy 7, called the behavior policy, to collect data. Because this method evaluate the
value of a policy m, by running a different policy m,, it is called off-policy evaluation.
For wide applicability, we consider a general off-policy estimator, OPE, such as the
importance sampling estimator IS and the per-decision importance sampling estimator
PDIS. We denote such an estimator as OPE(m,, g, H), which estimates the value of
the target policy using trajectory H collected by behavior policy 7y parameterized by
6.

8.2 Adversarial Off-Policy Evaluation

We begin by studying the adversarial policy evaluation problem for a general off-policy

estimator. While standard off-policy evaluation methods assume a fixed transition
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model, real-world applications often involve uncertainties in transition dynamics due to
model misspecifications, partial observability, or adversarial perturbations. To account
for such uncertainties, we formulate the policy evaluation problem as a minimax
optimization problem, where the worst-case transition model is identified to assess

the robustness of policy evaluation. Our objective is to solve
mein max Vg, z, [OPE(7,, mp, H)] . (8.1)

Here, the inner maximization over w finds the transition perturbations that maximize
the variance of the evaluation estimator, exposing potential weaknesses in policy
evaluation. The outer minimization over # then optimizes the behavior policy to
mitigate these worst-case effects, ensuring that collected data remains informative
even under adversarial dynamics. This formulation extends traditional OPE methods
by explicitly considering transition uncertainty, making policy evaluation more robust

in dynamic and non-stationary environments.

8.3 Solving the Inner Loop

8.3.1 On-Transition Gradient of the Variance

In this section, we focus the inner-loop of the optimization problem (8.1). Given
a behavior policy my, we look for the variance-optimizing adversarial transition p,,.

Formally, we need to solve
max Vg, z, [OPE(7,, mp, H)] .

First, let the simulator’s transition is the same as the target transition p, (namely, an
on-transition case). In the following lemma, we give the gradient expression of the

evaluation variance for any off-policy estimator OPE.

Lemma 16 (Transition Gradient of the Variance). For a fized behavior policy o,

0
a_wVHpr’m [OPE(T('E, T, H)]

=Eb~po,m [OPEZ(Wea o, H) St 2 log(pu(Ser1Se, Ar))

= 21 7y OPE (e, T, H) Bt ry | OPE (e, 7o, H) 1 2 108 (Pl SralSe, A1)

Its proof is in E.1.1. In Algorithm 5, we formalize our method with the important

sampling off-policy estimator, IS, as a demonstration. To discuss the convergence
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Algorithm 5: On-Transition Gradient (OG) for Variance.

1: Input: an initial transition parameter wq, a target policy m., a fixed behavior
policy mg, a number of iteration n, a batch size k, a step-size «; for each ¢
Output: a final adversarial transition parameter w,

For alli €0,....n—1do
Sample k trajectories H ~ gy, p,,

wit1 = w; + ¢ [Z?:l (132(7%77% H) S a%log(pZ)(SHﬂSt,At))) -

k _ )

237 18(me, mo, Hy) Yy 1 (18(mes o, H) Y10 4 og (i (SialSis A0) ) |
6: End for
7. Return: w,

property of Algorithm 5, we make the widely used assumption on the step-size «; at each
iteration, which is known as the Robbins and Monroe condition (Robbins and Monro,
1951). We assume that the step-size «; satisfies Y oo a; = 0o and Y oo a? < co. We

me(als)
mo(als)
a, and 0 (Hanna et al., 2024). Then, we have the following lemma for the convergence

of Algorithm 5.

also make the standard assumption that the quotient is bounded above for all s,

Lemma 17 (Transition Gradient Convergence). For a fized behavior policy ma, Algo-
rithm & converges. That is, Vi, p, =, [1S(7e, 9, H;)] convereges to a finite value and

hml_mo %VHinwz.,w@ [IS(T('E, ez Hl)] = 0.

The proof of Lemma 17 is in Appendix E.1.2.

Although discrepancies often exist between the transition kernel in the deployment
environment and the original simulator, the simulator typically remains a reasonable
approximation. Thus, to ensure the learned adversarial transition remains realistic
rather than overly pessimistic, we incorporate a Kullback-Leibler (KL) divergence
penalty that discourages large deviations between p,, and the initial simulator tran-
sition p,,. That is, given a behavior policy 7., we consider the following inner-loop

optimization problem under KL regularization:
m‘?XVHprJTQ [OPE(T%? o, H)] - DKL(PI(H|pW)|| PI(H|pWO))’

where n > 0 is the regularization coefficient and the KL-divergence term is defined

as Dkr(Pr(H|pw)|| Pr(H[puw,)) = Exmpy . {log %]. To simplify notations, we

define ¢,, = tT:_Ol log(pw(Se+1]St, At)). We provide the gradient expression of this

regularized optimization problem in the following lemma.
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Algorithm 6: On-Transition Gradient with KL (OGK) for Variance.

1: Input: an initial transition parameter wq, a target policy m., a fixed behavior
policy 7y, a number of iteration n, a batch size k, a step-size «; for each i, a
KL coefficient n
Output: a final adversarial transition parameter w,
For alli €0,....,n—1 do

Sample k trajectories H ~ my, p,,

Wit1 = w; + % [Z?:l (182(71‘6,71'9, Hj)a%féw) _
k
237 18 (me, mo, Hy) 3 oy (1S(me, mo, Hy) o 03,

L ()18, 6
6: End for
7. Return: w,

Lemma 18 (Transition Gradient of Variance with KL). For a fixed behavior policy

Ty and a reqularization coefficient n > 0,

0
VHprﬂre [OPE(?TE, T, H)] - DKL<Pr(H|pW) H PT(H’pwo))

dw
=Etip.,mo [OPE* (e, w9, H) 554y, ]

- QEHprJTg [OPE(ﬂ-ea T, H)]]EHNPWJTG [OPE(W@ Ty, H)%gpw}
= B ttpumy (5 lpe) (1 + b = Louy)] -

It proof is in Appendix E.1.3. Algorithm 6 formalizes this method with the

importance sampling estimator as a demonstration.

8.3.2 Off-Transition Gradient of the Variance

In this section, we consider a setting where the simulator’s transition dynamics, defined
as p.,, remain unchanged. Since our target transition p,, can differ from the simulator’s
transition p,s, we refer to this as the ”off-transition” setting.

Since we collect data from the simulator with different ”"behavior” transition, we
have to reweigh the collected samples. For a general off-policy estimator OPE, we

overload the notation as follows

H ! pw(Sia1|Se,At)
OPE(me, mo, po, H) = =t =075 2, OPETe, 1o, H).

We omit the input p, in OPE(m.,mg,p,, H) to simplify notations. Taking the
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importance-sampling off-policy estimator, IS, as an example, we thus have

Is(ﬂ-ea o, Pw;s H)

Ht =0 ! Do (St41|Se,AL) IS
T, g, H
Ht o pw 1(St+1]St,A¢) ( e 16 )

Ht o pw(St+1’StaAt) t 0 We(At|St)
t 0 pw (StJrl‘StaAt) = _0 We(At’St)

We first give the gradient expression of the evaluation variance.

g(H).

Lemma 19 (Off-Transition Gradient of Variance). When p,, # p.s, for a fized behavior

policy Ty,

0
8_wVH~pw/,7r9 [OPE<7T€> 76, Puws H>]

ZQEHNPW/,TFQ [OPE2(7T67 7T97 pUJ7 H)a%gpw}
- QEHNPW/,TFQ [OPE(Wea Ty Duws H)] : EHpr/ﬂl'g [OPE(Wey T Pw H)%Epw] .

Its proof is in Appendix E.1.4. In the following lemma, we incorporate a Kullback-
Leibler(KL) divergence term to penalize large deviations between p,, and p,,. That is,
given a behavior policy 7., we consider the following inner-loop optimization problem

under KL regularization:
mj}X VHpr/,ﬂ'g [OPE(ﬂ'e; 9 Pw) H)] - nDKL(Pr(H’pw/) H Pr(H’pw))a

where 1 > 0 is the regularization coefficient. We provide the gradient expression of

this regularized optimization problem.

Lemma 20 (Off-transition Gradient of Variance with KL). For a fized behavior policy

mg and a regularization coefficient n > 0,

0
35 Y Hroporine OPE(Te, Mo, Doy, H)] = D (Pr(H [pus) || Pr(H |p.,))

ZQEHpr/JTg [OPEQ(T[—67 7T67 pw’ H)a%gpw}
- 2EHNpW/,7Tg [OPE(Ww T Pw, H)]EHpr/,we [OPE(Wea Ty Py H) %epw]
— NEH~p, [_%gpw} :

Its proof is in Appendix E.1.5.
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Algorithm 7: Double-Loop Robust Gradient (DRG) for Variance

1: Input: an initial transition parameter wy, a target policy parameter 6.,
a number of iteration n, a batch size k, a step-size «; for each i
Output: a final robust behavior policy parameter 6,
0y = 0.
For alli €0,....,n—1 do

Wit1 = OGK(W& 7T6i7pwi)

Sample k trajectories H ~ 7, po,,.,

Orr = 05 + 52 251 18 (me, mo, Hy) 3o,y 2% log mh(AdlS))
End for
Return: 6,

8.4 Solving the Outer Loop

In this section, we propose an off-policy evaluation method that is robust to potential
discrepancies in the environment. Specifically, we adopt a policy gradient approach to
search for a variance-reducing behavior policy under an adversarial transition kernel.
To begin with, we present the gradient expression for variance with respect to the

behavior policy adopted from Hanna et al. (2017).

Lemma 21 (Variance Gradient Expression). With a fized transition kernel p,,, V0,
%VHNIM,M [IS(ﬂ-e? o, H)] = ]EHpr,We [_IS<7T67 T, H)2 Z:Bl % 1Og WG(At|St)]'

For simplicity, we denote our inner-loop Algorithm 6 as OGK(7, 79, pu, ), where
the latter p,, serves as the initial transition kernel for Algorithm 6. We have the
double-loop method as formalized in Algorithm 7. In the inner loop, OGK(7, 74, Py, )
returns an adversarial transition p, by performing gradient ascent on the variance
objective penalized by a KL divergence. The outer loop then updates the behavior
policy parameters via policy gradient to reduce the variance induced by the worst-case
transition. Together, this double-loop procedure yields a robust behavior policy for

off-policy evaluation under environment uncertainty.

8.5 Empirical Results

In this section, we first show the effectivity of Algorithm 5. Specifically, we demonstrate
the variance increasing ability of our algorithm in various Gridworld environments.
To the best of our knowledge, this is the first method that adversarially perturbs the

transition kernel for evaluation variance in reinforcement learning.
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Figure 8.1: Results on Gridworld. Each curve is averaged over 30 training trajectories
of transition probability. Shaded regions denote standard errors.

We conduct experiments in Gridworld with n? total states, comprising of an n x n
grid with a time horizon of n. Since the number of states scales cubically with the
choice of n, such environments provide a great tool to test the scalability of algorithms.
We use three different sizes of the environments with n® = 27, n® = 125 and n® = 1000
respectively. In comparison, related works in robust RL conduct experiments with
total states of no more than 100 (Grand-Clément and Kroer, 2021; Wang et al., 2023;
Sun et al., 2024).

As shown in Figure 8.1, our algorithm consistently increases the evaluation variance
across all environment sizes. The variance ratio grows with training episodes and

stabilizes at a higher level than the original variance baseline.
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Chapter 9

The ODE Method for Stochastic
Approximation and Reinforcement

Learning with Markovian Noise

This chapter is based on my paper Liu et al. (2025b) published at JMLR, 2025.
Stochastic approximation is a class of algorithms that update a vector iteratively,
incrementally, and stochastically, including, e.g., stochastic gradient descent and
temporal difference learning. One fundamental challenge in analyzing a stochastic
approximation algorithm is to establish its stability, i.e., to show that the stochastic
vector iterates are bounded almost surely. In this chapter, we extend the celebrated
Borkar-Meyn theorem for stability from the Martingale difference noise setting to
the Markovian noise setting, which greatly improves its applicability in reinforcement
learning, especially in those off-policy reinforcement learning algorithms with linear
function approximation and eligibility traces. Central to our analysis is the diminishing
asymptotic rate of change of a few functions, which is implied by both a form of the

strong law of large numbers and a form of the law of the iterated logarithm.

9.1 Preliminaries

Stochastic approximation (Robbins and Monro, 1951; Benveniste et al., 1990; Kushner
and Yin, 2003; Borkar, 2009) is a class of algorithms that update a vector iteratively,
incrementally, and stochastically. Successful examples include stochastic gradient
descent (Kiefer and Wolfowitz, 1952) and temporal difference learning (Sutton, 1988).
Given an initial z; € R?, stochastic approximation algorithms typically generate a

sequence of vectors {z,} recursively as

Tni1 = T + () H (2, Y1) n=0,1,... (9.1)
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Here {a(n)} ~, is a sequence of deterministic learning rates, {Y,}, - is a sequence of
random noise in a general space ) (not necessarily compact), and H : R x ) — R? is
a function that maps the current iterate x,, and noise Y, 11 to the actual incremental
update.
One way to analyze the asymptotic behavior of {x,} is to regard {x,} as Euler’s
discretization of the ODE
dz(t)
dt

= h(z(t)), (9.2)

where h(z) = E[H (z,y)] is the expected updates (the expectation will be rigorously
defined shortly). Then the asymptotic behavior of the discrete and stochastic iterates
{z,} can be characterized by continuous and deterministic trajectories of the ODE (9.2).
To establish this connection between the two, however, requires to establish the stability
of {x,} first (Kushner and Yin, 2003; Borkar, 2009). In other words, one needs to
first show that

sup ||z, < o0 as.,
n

which is in general challenging. Once the stability is confirmed, the convergence of
{z,,} follows easily (Kushner and Yin, 2003; Borkar, 2009). The seminal Borkar-Meyn
theorem (Borkar and Meyn, 2000) establishes the desired stability assuming the global
asymptotic stability of the following ODE

dz(t)
= Neo )
where hoo(z) = h(?). Despite the celebrated success of the Borkar-Meyn theorem (see,

e.g., Abounadi et al. (2001); Maei (2011)), one major limit is that the Borkar-Meyn
theorem requires {Y,} to be i.i.d. noise. As a result, {H(z,,Yn11) — h(zn)}, g is
then a Martingale difference sequence and the Martingale convergence theorem applies
under certain conditions. However, in many Reinforcement Learning (RL, Sutton
and Barto (2018)) problems, {Y,,} is a Markov chain and is not i.i.d. Our main
contribution is to extend the Borkar-Meyn theorem to the Markovian noise setting
with verifiable assumptions. The extension to Markovian noise has been previously
explored by Ramaswamy and Bhatnagar (2018); Borkar et al. (2021). However, their
assumptions are way more restrictive than ours so their results are not applicable in
many important RL algorithms, particularly, off-policy RL algorithms with eligibility
traces (Yu, 2012, 2015, 2017). See Section 9.5 for more discussion on this class of RL

algorithms.
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In Ramaswamy and Bhatnagar (2018), it is assumed that the Differential Inclusion
(DD)

dz(t)
dt

€ co{ Hoo(2(1), y)ly € V}

is stable, where €o(-) denotes the convex hull and Hoo(x,y) = lim. M To
demonstrate the challenge in verifying this assumption, we consider a special linear
case where H(x,y) = A(y)z + b(y) for some matrix-valued function A(y) and vector-
valued function b(y). Then one sufficient and commonly used condition (Molchanov and
Pyatnitskiy, 1989) for this DI to be stable is that the A(y) is uniformly negative definite,
i.e., there exists some strictly positive n such that T A(y)z < —n||z||*Vz € R%,y € V.
However, in many RL algorithms (e.g., Sutton (1988); Sutton et al. (2008b, 2009,
2016), as well as the off-policy RL algorithms with eligibility traces in Section 9.5), we
can at most say that E[A(y)] is negative definite. The individual matrix A(y) does not
have any special property. Intuitively, Ramaswamy and Bhatnagar (2018) assume that
the function H..(x,y) behaves well almost surely, significantly limiting its application
in RL. In fact, we are not aware of any application of Ramaswamy and Bhatnagar
(2018) in standard RL algorithms. By contrast, we only need ho(z) to behave well,
i.e., we only need H(z,y) to behave well in expectation. Ramaswamy and Bhatnagar
(2018) also assume ) to be compact. Unfortunately, in many important RL algorithms
mentioned above, neither DI’s stability nor the compactness holds.

In Borkar et al. (2021), it is assumed that a V4 Laypunov drift condition holds for
{Y,,} and the eighth moment of some function is bounded. Unfortunately, in many
important RL algorithms (see, e.g., those in Section 9.5), neither assumption holds.
We instead establish the stability via examining the asymptotic rate of change of
certain functions, inspired by Kushner and Yin (2003). When V4 does not hold, a
form of the strong law of large numbers and a form of the law of the iterated logarithm
can be used to establish the desired asymptotic rate of change. When V4 does hold,
we only need the second moment, instead of the eighth moment, to be bounded to
establish the desired asymptotic rate of change.

We demonstrate in Section 9.5 the wide applicability of our results in RL, especially
in off-policy RL algorithms with linear function approximation and eligibility traces,
where the Markovian noise {Y,,} can easily grow unbounded almost surely and have
unbounded second moment. The key idea of our approach is to apply the Arzela-Ascoli
theorem to the scaled iterates. Then the Moore-Osgood theorem computes a double
limit, confirming that the scaled iterates converge to the corresponding limiting ODEs

along a carefully chosen subsequence. This subsequence view is an important technical
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innovation of our approach. By contrast, previous works concerning the Borkar-Meyn
theorem (Borkar and Meyn, 2000; Bhatnagar, 2011; Lakshminarayanan and Bhatnagar,
2017; Ramaswamy and Bhatnagar, 2017, 2018; Borkar et al., 2021) all seek to establish
the convergence along the entire sequence to invoke a proof by contradiction argument
to establish the desired stability. This subsequence view is essential for our approach
because the Arzela-Ascoli theorem can only guarantee the existence of a convergent
subsequence. As a result, we need a variant of the standard proof by contradiction

argument to establish the desired stability.

9.2 Main Results

Assumption 1. The Markov chain {Y,} has a unique invariant probability measure

(i.e., stationary distribution), denoted by dy.

Technically speaking, the uniqueness and even the existence of the invariant
probability measure can be relaxed, as long as the average of certain functions exists.
We are, however, not aware of any applications where such relaxation is a must. We,
therefore, use Assumption 1 to ease presentation and refer the reader to Al.3 in
Chapter 6 of Kushner and Yin (2003) as an example of such relaxation. In light of
the update (9.1), we use the convention that {Y,,} starts from n = 1.

Assumption 2. The learning rates {a(n)} are positive, decreasing, and satisfy

ia(i) =00, lim a(n) =0, and a(n) —a(n+1)

i—0 n—oo O{(n)

= O (a(n)). (9.3)

Remark 1. For any a(n) = (nf—éz)ﬁ with B € (0.5,1], it can be easily computed that

a(n) —a(n+1) _ , (ﬁ) = O (a(n)).

a(n) n

Next, we make a few assumptions about the function H. For any ¢ € [1, 00), define

H(z,y) = M (9.4)

The function H., is the rescaled version of the function H and will be used to construct
rescaled iterates, which are key techniques in proving the Borkar-Meyn theorem (see,
e.g., Borkar and Meyn (2000); Borkar (2009)). Similar to Borkar and Meyn (2000);

Borkar (2009), we need the limit of H. to exist in a certain sense when ¢ — oco.
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Assumption 3. There exists a measurable function Hy(x,y), a function k: R — R

(independent of x,y), and a measurable function b(z,y) such that for any x,v,

He(x,y) — Hool,y) =(c)b(x, y), (9:5)
CILI?O k(c) =0,

Moreover, there exists a measurable function Ly(y) such that Vx, 2 y,

1b(z, y) = b2, y)|| < Lo(y) ||z — 2. (9.6)
And the expectation Ly = By a, [Ls(y)] is well-defined and finite.

Assumption 3 provides details on how H,. converges to H,, when ¢ — oco. We note
that in many RL applications, see, e.g., Section 9.5, the function b(z,y) actually does
not depend on z so (9.6) trivially holds. We consider b(z,y) as a function of both z
and y for generality. Next, we assume Lipschitz continuity of the functions H,., which

guarantees the existence and uniqueness of the solutions to the corresponding ODEs.

Assumption 4. There exists a measurable function L(y) such that for any x, 2.y,

1H (2,y) = H(z',y)|| < Ly)llz — 2, (9.7)
[Hoo(,y) — Hoo(2',y) || < L(y)llz — 2’| (9-8)

Moreover, the following expectations are well-defined and finite for any x:

h(z) = Eyay, [H (2, y)],
hoo () = Eyay, [Hoo (2, )],
L = Eyay[L(y)].

Apparently, the function x — H.(z,y) shares the same Lipschitz constant L(y) as
the function x — H(z,y). Similar to (9.4), we define

h(cz)
he(x) = ——.
() = 2
The following assumption is the central assumption in the original proof of the

Borkar-Meyn theorem.
Assumption 5. (Assumption A5 in Chapter 3 of Borkar (2009)) As ¢ — o0, he(x)
converges to hoo(z) uniformly in x on any compact subsets of R*. The ODE

dx(t)
= = hao(a(1)) (ODE@co)

has 0 as its globally asymptotically stable equilibrium.
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We refer the reader to Dai (1995); Dai and Meyn (1995); Borkar and Meyn
(2000); Borkar (2009); Fort et al. (2008); Meyn (2008, 2022) for the root and history
of (ODE@oo).

Assumption 6. Let g denote any of the following functions:

y—H(z,y) (Vzx), (9.9)
y = Ly(y), (9.10)
y —L(y). (9.11)

Then for any initial condition Y7, it holds that

n

lim a(n) ; (9(Y:) = Byeay [9(0)]) =0 a.s, (9.12)
Remark 2. Consider a(n) = (nfBlQ)ﬁ as an example again. For B = 1, (9.12) is

implied by the following Law of Large Numbers (LLN)

n

lim =5 (9(¥) — Eyeay o)) =0 a5 (LLN)

n—oo N,
i=1

For 8 € (0.5,1], (9.12) is implied by the following Law of the Iterated Logarithm (LIL)

< (y/nloglogn a.s., (LIL)

n

> (9(Yn) = Eyeay [9(»)])

i=1

where ¢ is a sample path dependent finite constant.

Remark 3. If the Markov chain {Y,} is positive’ Harris*, then (LLN) holds for any
function g whenever El||g(y)||] < oo (Theorem 17.0.1 (i) of Meyn and Tweedie (2012)).
If {Y,.} is further V-uniformly ergodic®, then (LIL) holds (Theorem 17.0.1 (iii) and
(iv) of Meyn and Tweedie (2012)). For the special case where ) is finite, (LLN) holds

when the Markov chain is irreducible and (LIL) holds when it is further aperiodic.

Remark 4. We note that (LLN) is stronger than Doob’s strong law of large numbers on
stationary processes (see, e.q., Theorem 17.1.2 of Meyn and Tweedie (2012), referred
to as Doob’s LLN hereafter). Doob’s LLN concludes (at most) that (LLN) holds for
any Y1 € Y,, where Y, is an unknown, probably g-dependent set such that dy(Y,) = 1.

If we use only Doob’s LLN, all the “almost surely” statements in the paper must be

1See page 235 of Meyn and Tweedie (2012) for the definition of positive chains.
2See page 204 of Meyn and Tweedie (2012) for the definition of Harris chains.
3See page 387 of Meyn and Tweedie (2012) for the definition of V-uniform ergodicity.
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replaced by “V,.-almost surely”, where Y, =) 5 Yy. This means that all the statements
hold only when Yy € Y,. However, since the g functions in Assumption 6 depend on x,
this Y, is an intersection of possibly uncountably many sets {Y,}. It is possible that
in some applications ), turns out to be a set of interest, where (LLN) can indeed be

relaxzed to Doob’s LLN. But in general, characterizing Y, s pretty challenging.

Remark 5. The Markov chain {Y,} we consider in our RL applications in Section 9.5
is a general space Markov chain but is not positive Harris. Fortunately, Yu (2012,
2015, 2017) have established that (LLN) holds for those chains. Whether (LIL) holds

for those chains remains open.

To better contrast our work with Borkar et al. (2021), in the following, we provide

an alternative to Assumption 6.

Assumption 6'. The learning rates {a(n)} further satisfy Y .- a(n)* < co. The
Markov chain {Y,,} is v-irreducible'. The Lyapunov drift condition (V4) holds for the
Markov chain {Y,}.° In other words, there exists a Lyapunov function v:Y — [1,00]

such that for any y € Y,
E[v(Yos) —v(Yo)lYn = y] < —dv(y) + 7lo(y). (V4)

Here § > 0,7 < 0o are constants, C is a small set®, and 1 is the indicator function.
Moreover, let g be any of the functions H(0,y), Ly(y), and L(y). Then g € L} 7.

Assumption 6’ uses the idea of Borkar et al. (2021) but is weaker than its counter-

parts. See more detailed comparisons in Section 9.3.

Remark 6. Assumption 0 is listed here mostly for better comparison with Borkar
et al. (2021). We are not aware of any RL application where Assumption 6 holds
but Assumption 6 does not hold. Instead, in the RL applications in Section 9.5,
Assumption 6 holds but Assumption 6 does not. That being said, the applicability of
Assumptions 6 and 6 outside RL is beyond the scope of this work.

Having listed all the assumptions, our main theorem confirms the stability of {z,}.

4See page 91 of Meyn and Tweedie (2012) for the definition of ¢-irreducibility.
®See page 371 of Meyn and Tweedie (2012) for in-depth discussion about (V4).

)
6See page 109 of Meyn and Tweedie (2012) for the definition of small sets.
(

7g belongs to £P __ if and only if SUP,cy Hgv(yy))\l,, < 00, where v is the Lyapunov function in (V4).

v,00
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Theorem 19. Let Assumptions 1 - 5 hold. Let Assumption 6 or 6 hold. Then the
iterates {x,} generated by (9.1) are stable, i.e.,

sup ||z, || < o0 a.s.
n

Its proof is in Section 9.4. Once the stability is established, the convergence follows

easily.

Corollary 1. Let Assumptions 1 - 5 hold. Let Assumption 6 or 6 hold. Then the
iterates {x,} generated by (9.1) converge almost surely to a (sample path dependent)
bounded invariant set® of the ODE®

dz(t)
dt

= h(z(t)). (9.13)

Arguments used in proving Corollary 1 are similar but much simpler than the
counterparts in the proof of Theorem 19. We include a proof of Corollary 1 in Appendix
F.2.9 with the details of those similar but simpler lemmas omitted to avoid verbatim
repetition.

It is worth mentioning that it is easy to extend our results to more general updates
Tyl = Ty + O./(TL) (H<xn7 Yn-‘,—l) + Mn+1 + en) ;

where M, 1 is a Martingale difference sequence and ¢, is another additive noise.
Similarly, it would require the asymptotic rate of change of {M,1} and {e,} to
diminish. We refer the reader to Kushner and Yin (2003) for more details. Since
our main contribution is the stability under the Markovian noise {Y;, 11}, we use the

simpler update rule (9.1) for improving clarity.

9.3 Prior Work

General H. In this chapter, the function H can be a general function and we do
not make any linearity assumptions. We first compare our results with existing works
applicable to general H and Markovian noise {Y,,}. Since convergence follows easily

from stability, we focus on comparison in terms of establishing stability. Notably, the

8A set X is an invariant set of the ODE (9.13) if and only if for every x € X, there exists
a solution z(t) to the ODE (9.13) such that z(0) = = and z(¢) € X for all t € (—o0,00). If the
ODE (9.13) is globally asymptotically stable, the only bounded invariant set is the singleton {z.},
where x, denotes the unique globally asymptotically stable equilibrium. We refer the reader to page
105 of Kushner and Yin (2003) for more details.

9By {z,} converges to a set X, we mean lim,, o infex ||x, — x| = 0.
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related stability results in Borkar and Meyn (2000); Borkar (2009) are superceded by
Borkar et al. (2021). We, therefore, discuss only Borkar et al. (2021); Kushner and
Yin (2003); Benveniste et al. (1990).

Compared with Borkar et al. (2021), our improvements lie in two aspects. First,
central to Borkar et al. (2021) are (i) a V4 Laypunov drift condition, (ii) an aperiodicity
assumption of {Y, }, and (iii) a boundedness assumption L(y) € Eioo. By contrast,
our Assumption 6" only requires L(y) € £, and does not need aperiodicity. Second,
we further provide an approach that establishes the stability based on Assumption 6
without using (V4), aperiodicity, and the boundedness in 53700. As noted in Remark 6,
Assumption 6 is more applicable than Assumption 6’ in RL.

Compared with Kushner and Yin (2003), our main improvement is that we prove
stability under the asymptotic rate of change conditions. By contrast, Kushner and
Yin (2003) mostly use stability as a priori and are concerned with the convergence of

projected algorithms in the form of
Tnp1 = (2, + a(n)H (20, Yoi1))

where II is a projection to some compact set to ensure stability of {z,}. As a result,

the corresponding ODE (cf. Corollary 1) becomes

dz(t)
dt

= h(z(t)) +£(1),

where £(t) is a reflection term resulting from the projection II. We refer the reader to
Section 5.2 of Kushner and Yin (2003) for more details regarding this reflection term.
Analyzing these reflection terms typically requires strong domain knowledge, see, e.g.,
Yu (2015); Zhang et al. (2021b), and Section 5.4 of Borkar (2009).

We argue that this work combines the best of both Borkar and Meyn (2000) and
Kushner and Yin (2003), i.e., the ODE@Qoo technique for establishing stability from
Borkar and Meyn (2000) and the asymptotic rate of change technique for averaging
out the Markovian noise {Y,,}. As a result, our results are more general than both
Borkar et al. (2021) and Kushner and Yin (2003) in the aforementioned sense.

Compared with Benveniste et al. (1990), our main improvement is that despite
the proof under Assumption 6" essentially using Poisson’s equation'?, the proof under

Assumption 6 does not need Poisson’s equation at all. Notably, Benveniste et al. (1990)

0Let g be a function defined on ). The Poisson’s equation holds for g if there exists a finite
function ¢ such that §(y) = g(y) — Ey~ay [9(y)] + fy P(y,y")g(y")dy" holds for any y € ), where
P denotes the transition kernel of {V;,}. The drift condition (V4), together with some other mild
conditions, is sufficient to ensure the existence of Poisson’s equation. We refer the reader to Theorem
17.4.2 of Meyn and Tweedie (2012) for more details.
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assume Poisson’s equation directly without specifying sufficient conditions to establish
Poisson’s equation. Moreover, to establish stability, Benveniste et al. (1990) require a
Lyapunov function for the ODE (9.13) that is always greater than or equal to a||-||”
for some o > 0 (Condition (ii) of Theorem 17 in Benveniste et al. (1990)). By contrast,
our Assumption 5 does not put any restriction on the possible Lyapunov functions.
We also note that Borkar et al. (2021) is also based on an error representation similar

to Benveniste et al. (1990) enabled by Poisson’s equation.

Linear H. If we further assume that the function H(x,y) has a linear form, i.e.,
H(z,y) = Aly)z + b(y),

there are several other results regarding the stability (and thus convergence), e.g.,
Konda and Tsitsiklis (1999); Tadic (2001); Yu (2015) and Proposition 4.8 of Bertsekas
and Tsitsiklis (1996). They, however, all require that the matrix A = E,q4,, [A(y)] is
negative definite!!. But contrast, our Assumption 5 only requires A to be Hurwitz'?
(see, e.g., Theorem 4.5 of Khalil (2002)), which is a weaker condition.’® In Section 9.5,
we provide a concrete RL algorithm where the corresponding A matrix is Hurwitz but

not negative definite.

Local clock. Another approach to deal with Markovian noise {Y,} is to apply
results in asynchronous schemes. We refer the reader to Chapter 7 of Borkar (2009)
for details. The major limitation is that it requires count-based learning rates. At the
n-th iteration, instead of using a(n), where n can be regarded as a “global lock”, the
asynchronous schemes use a(w(n, Y, +1)) as the learning rate, where w(n,y) counts
the number of visits to the state y until time n and can be regarded as a “local clock”.
The asynchronous schemes also have other assumptions regarding the local clock.
Successful examples include Abounadi et al. (2001); Wan et al. (2021). However, we
are not aware of any successful applications of such count-based learning rates in RL
with function approximation, where an RL algorithm typically only has access to some
feature ¢(Y,,) instead of Y,, directly. Unless ¢ is a one-to-one mapping, there will be

no way to count the state visitation.

1A real matrix A, not necessarily symmetric, is negative definite if and only if all the eigenvalues
of the symmetric matrix A + AT is strictly negative.

12A real matrix A is Hurwitz if and only if the real parts of all its eigenvalues are strictly negative.

I3A]l negative definite matrices are Hurwitz, but many Hurwitz matrices are not negative definite.
See Chapter 2 of Horn and Johnson (1991) for more details.

89



Other type of noise. The Borkar-Meyn theorem applies to only Martingale differ-
ence noise, which is, later on, relaxed to allow more types of noise, e.g., Bhatnagar
(2011); Ramaswamy and Bhatnagar (2017). However, none of those extensions applies

to general Markovian noise.

9.4 Main Proof

This section is dedicated to proving Theorem 19. Overall, we prove by contradiction.
Section 9.4.1 sets up notations and establishes the desired diminishing asymptotic
rate of change of a few functions. Section 9.4.2 establishes the desired equicontinuity.
Section 9.4.3 assumes the opposite and thus identifies a subsequence of interest.
Section 9.4.4 analyzes the property of the subsequence, helping the reductio ad
absurdum in Section 9.4.5. Lemmas in this section are derived on an arbitrary sample
path {xo, {Y;};=,} such that the assumptions in Section 9.2 hold. Thus, we omit “a.s.”

on the lemma statements for simplicity.

9.4.1 Diminishing Asymptotic Rate of Change

We divide the non-negative real axis [0, 00) into segments of length {(i)},_,, . Those
segments are then grouped into larger intervals { [T}, Ty,41)},,_o, - The sequence {7, }
has the property that 7,1 —T;, = T for some fixed 7" and as n tends to oo, the error

in this approximation diminishes. Precisely speaking, we define

t(0) =0,
n—1
t(n) =>» a(i) n=1,2,
=0
For any T" > 0, define
m(T) = max {i|T > t(i)} (9.14)

to be the largest ¢ that has ¢(i) smaller or equal to 7. Intuitively, t(m(T")) is “just”
left to 7" in the real axis. Then ¢(m(7")) has the follow properties:

Hm(T)) < T < tm(T) + 1) = tm(T)) + a(m(T)), (9.15)
t(m(T)) > T — a(m(T)). (9.16)
Define
Th =0,
T =t(m(T, +T)+1). (9.17)



Intuitively, T,,,1 is “just” right to 7T}, + T in the real axis. For proving Theorem 19,
it suffices to work with solutions of ODEs in only [0,00). But for Corollary 1, it is

necessary to consider solutions of ODEs in (—o0, 00). To this end, we define
a(i) =0 Vi<0,
m(t) =0 Vit <0, (9.18)

for simplifying notations. For any given function f with domain ), its asymptotic

rate of change is defined as

m(t(n)+t2)—1

limsup  sup Z a(@)[f (Yigr) — Eymay [f(W)]]|]-

no—rshisher |l G

The asymptotic rate of change characterizes the asymptotic regularity of the sequence
{f(Y,)} and is a powerful tool to study stochastic approximation iterates. We refer the
reader to Sections 5.3.2 and 6.2 of Kushner and Yin (2003) for an in-depth exposition
of this tool. In the following, we demonstrate that the asymptotic rate of change is 0

for the functions in Assumption 6.

Lemma 22. Let Assumptions 1, 2, and 4 hold. Let Assumption 6 or ¢’ hold. Then
the asymptotic rate of change of the functions (9.9), (9.10), and (9.11) is 0, i.e., for
any fized T > 0 and x, it holds that

m(t(n)+t2)—1

limsup  sup Z a(i) [H(z, Y1) — h(@)]|| =0 a.s.,
n —7<t1<ta<7 || .
i=m(t(n)+t1)
m(t(n)+t2)—1
limsup  sup Z a(i)[Ly(Yig1) — Lyl =0 a.s.,  (9.19)
n 7T<t1<t2<T .
=== li=m(t(n)+t1)
m(t(n)+t2)—1
limsup  sup Z a(i)[L(Yis) — L] =0 a.s. (9.20)
n —7<t1<to<T

i=m(t(n)+t1)

Its proof is in Appendix F.4.1. Furthermore, the convergence of H,. to H. in

Assumption 3 demonstrates a similar pattern.

Lemma 23. Let Assumptions 1, 2, 3, and 4 hold. Let Assumption 6 or 6’ hold. It
then holds that
m(Tp+t)—1
lim supsup sup | > ai) [Ho(w, Yi1) — Hoolw, Vit)]| =0 as,
Co®zeB n tel0,T) i=m(Ty)

where B denote an arbitrary compact set of RY.

Its proof is in Appendix F.2.1.
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9.4.2 Equicontinuity of Scaled Iterates

Fix a sample path {zg,{Y,}}. Let Z(¢) be the piecewise constant interpolation '* of

z, at points {t(n)},_o, e,

Using (9.14) to simplify it, we get
() = T, (9.21)
Notably, Z(t) is right continuous and has left limits. By (9.1), Vn > 0, we have
z(t(n+1)) =z(t(n)) + a(n)H(z(t(n)), Yoi1)-
Now we scale Z(t) in each segment [T}, Tr,11).

Definition 1. Vn € Nt € [0,T), define

(T, +1)

(T, +1t) = . (9.22)
where
r, = max {1, ||Z(T,)]|}. (9.23)
This implies
Vn e N, ||2(T,)| < 1. (9.24)

Moreover'®, Vn € Nt € [0,T),

B(T,) + St (i) H(2 (), Vi)

(T, +1t) = .
m(Tp+t)—1
=2(T)+ ), a()H, (@), Yin).
i=m(Ty)

147t also works if we consider a piecewise linear interpolation following Borkar (2009). The
piecewise linear interpolation, however, will significantly complicate the presentation. We, therefore,
follow Kushner and Yin (2003) to use piecewise constant interpolation.

5In this chapter, we use the convention that Y 5 _. a(k) = 0 when j < i
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The function ¢ — Z(7,, + t) is the scaled version of z(t) (by r,) in the interval
[Ty, Thv1). Its domain is [0,7,+1 — Ty). In most of the rest of this work, we will
restrict it to [0,7’), such that the sequence of functions {t — #(7}, + 1)}, _,,  have
the same domain [0,7"), which is crucial in applying the Arzela-Ascoli Theorem. The
excess part [T, 1,11 — T,,) diminishes asymptotically (cf. Lemma 49) and thus can be
easily processed when necessary. Notably, (7, + t) can be regarded as the FEuler’s

discretization of z,(t) defined below.

Definition 2. Vn € Nt € [0,T), define z,(t) as the solution of the ODE

dz,(t)
— 2
o Ao, (20(1)) (9.25)
with initial condition
2,(0) = 2(T5,). (9.26)

Apparently, z,(t) can also be written as

2n(t) = 2(T}) +/0 hy, (zn(8))ds. (9.27)

Ideally, we would like to see that the error of Euler’s discretization diminishes asymp-

totically. Precisely speaking, the discretization error is defined as
fu(t) = (T, + 1) — 2a(t) (9.28)

and we would like that f,(¢) diminishes to 0 as n — oo in a certain sense. To this

end, we study the following three sequences of functions

{t = 2T, + )} {zn )} {[u(t) }rs- (9.29)

In particular, we show that they are all equicontinuous in the extended sense. To
understand equicontinuity in the extended sense, we first give the definition of equicon-

tinuity.

Definition 3. A sequence of functions {gn :[0,T) — ]RK} is equicontinuous on [0,T)
if

sup,, ||gn(0)]| < oo and Ye > 0, 30 > 0 such that

sup sup 19 (1) — gn(t2)|| < €.
n 0<|t1—t2|<4,0<t1<ta<T
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One example of equicontinuity is a sequence of bounded Lipschitz continuous
functions with a common Lipschitz constant. Obviously, if {g,} is equicontinuous,
each g, must be continuous. However, the functions of interest in this work, i.e.,
(T, + 1), fu(t), are not continuous so equicontinuity would not apply. We, therefore,
introduce the following equicontinuity in the extended sense' akin to Kushner and
Yin (2003).

Definition 4. A sequence of functions {gn :[0,T) — RK} 1S equicontinuous in the

extended sense on [0,T) if sup,, ||g»(0)|| < oo and Ve > 0, 3§ > 0 such that

lim sup sup [gn(t1) — gn(t2)]| < e

n 0<|t1—t2]| <6, 0<t1 <to<T

Notably, Kushner and Yin (2003) show that {t € (—oco, 00) — Z(t(n) +t) € Rd}zozo

is equicontinuous in the extended sense with a priori that
sup ||z, || < oo.
n
We do not have this a priori. Instead, we prove a posteriori that

sup [|2(T, +t)|| < o0
n>0,t€[0,T)

and show that {¢t € [0,T) — (T, +1t) € ]Rd}zo:o is equicontinuous in the extended
sense. We remark that our function t — &(7,,+t) actually belongs to the J; Skorokhod
topology (Skorokhod, 1956; Billingsley, 1999; Kern, 2023), although we will not work
on this topology explicitly. Nevertheless, the following lemmas establish the desired

equicontinuity, where Lemma 22 plays a key role.

Lemma 24. The three sequences of functions {Z(T,, +t)}, {z.(t)}, and {f.(t)} are

all equicontinuous in the extended sense ont € [0,T).

Its proof is in appendix F.2.2.

9.4.3 A Convergent Subsequence

According to the Arzela-Ascoli theorem in the extended sense (Theorem F.1.4), a

sequence of equicontinuous functions always has a subsequence of functions that

16We must use this equicontinuity in the extended sense because we have chosen to use piecewise
constant instead of piecewise linear interpolation. For piecewise linear interpolation, the standard
equicontinuity is enough. However, as also argued in Kushner and Yin (2003), piecewise linear
interpolation complicates the presentation much more than the equicontinuity in the extended sense.
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uniformly converge to a continuous limit. In the following, we use this to identify a
particular subsequence of interest.

We observe the following inequality

v, ||zm || = 12(T)|| < ra. (9.30)
Thus, to prove Theorem 19, we first show
sup r, < oo,
and which is implied by
limsupr,, < oo. (9.31)

n

In the following, we aim to show (9.31) by contradiction. We first assume the opposite,
i.e., limsup,, r, = co. Based on this assumption and applying Gronwall’s inequality a
few times, we can find a particular subsequence of interest, along which all the three

sequences of functions in (9.29) converge uniformly.

Lemma 25. Suppose limsup,, r,, = co. Then there exists a subsequence {ny},-, C
{0,1,2,...} that has the following properties:

lim r,, = oo,
k—ro0

Tngt1 > T, VK. (9.32)
Moreover, there exist some continuous functions f'™(t) and "™ (t) such that Vt €
0,7),

Hm f,, (t) =f"(t),

k—o00
lim (T, +t) =2"™(t), (9.33)
k—o0

where both convergences are uniform int on [0,T). Furthermore, let 2™ (t) denote
the unique solution to the (ODEQoo) with the initial condition

m(0) = #(0),
i other words,
() = 2M(0) + /t oo (2 (s))ds. (9.34)
Then ¥Vt € [0,T), we have O
lim z,, (t) = 2™ (t),

k—o0

where the convergence is uniform in t on [0,T).

Its proof is in Appendix F.2.3. We use the subsequence {n;} intensively in the

remaining proofs.
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9.4.4 Diminishing Discretization Error

Recall that f,(t) denotes the discretization error of (7, +1t) of z,(t). We now proceed
to prove that this discretization error diminishes along {n;}. We note that we are able
to improve over Borkar et al. (2021) because we only require the discretization error
to diminish along the subsequence {n;}, while Borkar et al. (2021) aim to show that
the discretization error diminishes along the entire sequence {n}, which is unnecessary
given (9.32).

In particular, we aim to prove that

lim | £, (0] = [|£(0)]| =0

This means &(T,, + t) is close to z,, (t) as k — oco. For any ¢ € [0,T), we have

Tim | £, (1)

m(Tnk—i-t)—l
=lim (&) + Y ali)Hy, (@(t0), Yiq) = 2, (1) (by (9.28))
i=m(Tn, )
(T, +1)—1 .
im0 ) H (200, Yier) — [, Gon(oDds| by (927)
i=m(Tp, ) 0
(T, +1)—1 .
<jim | Al @0). Yier) — [ e, (0(5)ds
i:m(Tnk)
¢ . ¢
+ lim /hrn (fhm(s))ds—/ By, (20, (8))ds (9.35)
k—oo || Jo 0 k

We now prove that the first term in the RHS of (9.35) is 0. Precisely speaking, we
aim to prove Vt € [0,7T),

m(Tn, +t)—1 ‘

. . N . ~lim

| Dl ) Vi) [ @msnas| =0, 030
i=m(Tn,

To compute the limit above, we first fix any ¢ € [0,7) and compute the following

stronger double limit, which implies the existence of the above limit (cf. Lemma 62).

m(Tn, +t)—1

t
i |3 al)H,, (#(10)), Vi) - / b (@(s))ds||.  (9.37)
j—00 ) J 0 J

k—oo || i=m(Tn,)

96



To compute this double limit, we use the Moore-Osgood theorem (Theorem F.1.5)
to make it iterated limits. To invoke the Moore-Osgood theorem, we first prove the

uniform convergence in £ when j — oo.

Lemma 26. Vt € [0,7),

m(Tn, +t)—1

fim | Y @, (), Yi) = [, (5 )ds
i=m(Tn,,) 0
(T, +t)—1 . .
| Y a0 Vi) - [ e s)ds
i=m(Tn,,) 0

uniformly in k.

Its proof is in Appendix F.2.4, where Lemma 23 plays a key role. Next, we prove,

for each 7, the convergence with k — oo.

Lemma 27. Vt € [0,T), V7,

m(Tn, +t)—1 ‘
i || Y ), (0. Yirr) — [, 6(5))ds]| =0
k—oo || i 0 M
i=m(Th,,)

The proof of Lemma 27 follows the proof sketch of a similar problem on page 168
of Kushner and Yin (2003) with some minor changes and is the central averaging
technique of Kushner and Yin (2003). We expect a reader familiar with Kushner
and Yin (2003) should have belief in its correctness. We anyway still include all the

details in the Appendix F.4.2 for completeness. We are now ready to compute the
limit in (9.36).
Lemma 28. Vt € [0,7),
m(Tn, +t)—1 ‘
lim | Y @, G(t0). Vi) — [ o (@ (5)ds| =0,
0

k—o0
i=m(Tn,,)

Proof. Tt follows immediately from Lemmas 26 & 27, the Moore-Osgood theorem, and
Lemma 62. [
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Lemma 28 confirms that the first term in the RHS of (9.35) is 0. Moreover, it also

enables us to rewrite 2 (¢) from a summation form to an integral form.

:i’hm (t)
m(Tn, +t)—1

=T D e, () Vo)
1=m(Tn,

k—o00

t
=lim 2(7,,) + / .., (2™ (s))ds. (by Lemma 28)(9.38)
0

This, together with a few Gronwall’s inequality arguments, confirms that the dis-

cretization error indeed diminishes along {ny}.

Lemma 29. Vt € [0,7),

Its proof is in Appendix F.2.6.

9.4.5 Identifying Contradiction and Completing Proof

Having made sure that the error of the discretization (7, + t) of z,(t) diminishes
along {n;}, we now study the behavior #(T,, + t) through z,, (¢) and identify a
contradiction. The underlying idea is identical to Borkar (2009). However, the
execution is different so we cannot use the arguments from Borkar (2009) directly.
Namely, to use the arguments in Chapter 3 of Borkar (2009) directly, we have to
prove that the discretization error diminishes along the entire sequence. This is
impossible for us because the Arzela-Ascoli theorem only guarantees convergence
along the subsequence {n;}. Nevertheless, after carefully choosing the subsequence in

Lemma 25, we are still able to execute the contradiction idea as documented below.
Lemma 30. Suppose limsup,, r,, = co. Then there exists a ko such that
rnk0+1 S Tnko'

Its proof is in Appendix F.2.7. This lemma constructs a contradiction to (9.32).

This means the proposition lim sup,, r,, = oo is impossible. This completes the proof
of

sup r,, < oo. (9.39)
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By decomposition,

sup |||
=sup sup zmeayrill = [[EmeEn || + Jeme ||
n e{ilm(Tn)<m(Tn)+i<m(Tn+1)}
<sup sup |Zm)+i]| = [|@me || + supra. (by (9.30))9.40)
n e {i|m(Th)<m(Tn)+i<m(Tn+1)} n
We show the first term above is also bounded.
Lemma 31.
sup sup et = lemcrl < oo

n i€ film(Tn)<m(Tn)+i<m(Tpi1)}

Its proof is in Appendix F.2.8. Thus, (9.39), (9.40) and Lemma 31 conclude
Theorem 19.

9.5 Applications in Reinforcement Learning

In this section, we discuss broad applications of Corollary 1 in RL. In particular, we
both demonstrate state-of-the-art analysis in Section 9.5.3 and greatly simplify existing
analysis in Section 9.5.4. We first introduce notations and lay out the background of
RL.

All vectors are column vectors. For a vector d € RY with strictly positive entries,
we use ||z, to denote the d-weighted £, norm, i.e., |||, = /S, diz2. We also abuse
|-||; to denote the corresponding induced matrix norm. We use ||-|| to denote a general
norm that respects sub-multiplicity. We use vectors and functions interchangeably
when it does not confuse. For example, for some g : S — R, we also interpret g as a
vector in RISl We use I1g ¢ to denote a projection operator that projects a vector d to

the column space of a matrix ®, assuming ® has a full column rank. In other words,
Il v = P arg m@in @6 — vl|>-

When it is clear from the context, we write Ilg 4 as I for simplifying presentation.
We consider an MDP with a finite state space'” S, a finite action space A, a

reward function r : § X A — R, a transition function p: & x § x A — [0, 1], an initial

distribution pg : & — [0, 1], and a discount factor v € [0,1). At time step 0, an initial

17Tt is worth mentioning that even if the MDP problem itself is finite, the Markov chains used to
analyze many RL algorithms still evolve in an uncountable and unbounded space. This will be seen
shortly.
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state Sy is sampled from pg. At time ¢, given the state S;, the agent samples an action
Ay ~ 7(+|St), where m: A x S — [0, 1] is the policy being followed by the agent. A
reward Ry;1 = r(St, A;) is then emitted and the agent proceeds to a successor state
Sit1 ~ p(+|Si, Ay). The return at time ¢ is defined as Gy = Y oo 7" "' Ry, using which

we define the state-value function v,(s) and action-value function ¢,(s) as

Ur(s) =Er, [Gi]S: = ],
qr(s,a) =E; , [G¢|S: = s, Ay = al .

The value function v, is the unique fixed point of the Bellman operator
Tv =17+ vPv,

where r,, € RISl is the reward vector induced by the policy T, i.e., 7(s) = > m(a|s)r (s, a),

and P, € RISXISI is the transition matrix induced by the policy 7, i.e., P.(s,s’) =

m(als)p(s'|s,a). With a A € [0,1], we can rewrite v, = T,v, using the identity
= (1= XNv, + AT,v, as

Ur =Tr + YPr (1 — Nvg + ATr0r)
=r; + (1 = \) Prvy + YAP(rx + v Prvy)
=1r + VAP + (1 — N Prog + Y AP2((1 — Nvg + ATrv,)

f: (YAP:) ' + (1 = X) io: Ny Pl
i=1

=0

=1 —YAP;) 'rr + (1 = M)y(I — yAP;) ! Proy.
This suggests that we define a A\-Bellman operator as
7;,)\'0 = Tﬂ',)\ + 7P7r,)\vu

where 7y = (I —YAPy) 'y, Pry = (1= X)(I —yAP;) ' P;. Tt is then easy to see that

when A = 0, T reduces to 7,. When A = 1, 7, , reduces to a constant function that

(1=
1—A

(see, e.g., Lemma 6.6 of (Bertsekas and Tsitsiklis, 1996)), where we use d, € RISl to

denote the stationary distribution of the Markov chain induced by 7. Obviously, v, is

always output (I —~vP,)"'r,. It is proved that 7, is a -contraction w.r.t. |-,

the unique fixed point of 7y ».
One fundamental task in RL is prediction, i.e., to estimate v,, for which temporal

difference (TD, Sutton (1988)) learning is the most powerful method. In particular,
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Sutton (1988) considers a linear architecture. Let ¢ : S — R¥ be the feature function
that maps a state to a K-dimensional feature. Linear TD(\) (Sutton, 1988) aims to
find a @ € RE such that ¢(s)"6 is close to v,(s) for every s € S. To this end, linear
TD(A) updates 6 recursively as

€ :)\f)/etfl + ¢t7 (941)
Or41 =0, + o (Ryy1 + Vi 0 — ¢tT€t) €,

where we have used ¢; = ¢(S;) as shorthand and e; € RE is the eligiblity trace with
an arbitrary initial e_;. We use ® € RISI*K to denote the feature matrix, each row of
which is ¢(s)". It is proved (Tsitsiklis and Roy, 1996) that, under some conditions,
{6:} converges to the unique zero of J,,(0) = ||z, T 2P0 — @9“;. This Jo,(0) is
referred to as the on-policy mean squared projected Bellman error (MSPBE).

In many scenarios, due to the concerns of data efficiency (Lin, 1992; Sutton et al.,
2011) or safety (Dulac-Arnold et al., 2019), we would like to estimate v, but select
actions using a different policy, called p. This is off-policy learning, where 7 is called
the target policy and g is called the behaivor policy. In the rest of this section,
we always consider the off-policy setting, i.e., the action A; is sampled from p(+|.S;).

Correspondingly, off-policy linear TD(\) updates 6 recursively as

€t :)rypt,let,l + ¢t7 (942)
Or1 =0, + cupy (Risr + Vs 0 — ¢tT€t) et,

m(At|St)
1(As]St)
discrepancy in action selection between 7 and p. Obviously, if 7 = u, then (9.42)

reduces to (9.41). Let d, € RISl be the stationary distribution of the Markov chain
induced by p. If {6;} in (9.42) converged, it would converge to the unique zero of

where p; = p(S;, Ay) = is the importance sampling ratio to account for the

Jor(0) = [|TLa, Tr @6 — 6], |

which is the off-policy MSPBE.

9.5.1 Eligibility Trace

The eligibility trace is one of the most fundamental ingredients in RL and is deeply
rooted in RL since the very beginning of RL (Klopf, 1972; Sutton, 1978; Barto and
Sutton, 1981a,b; Barto et al., 1983; Sutton, 1984). The eligibility trace in (9.41) is
called the accumulating trace, first introduced in Barto and Sutton (1981a). Later

on, this trace is also used in control by Rummery and Niranjan (1994). Its off-policy
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version in (9.42) is introduced by Precup et al. (2000b, 2001) and further developed
by Bertsekas and Yu (2009); Yu (2012). Other forms of traces include the Dutch trace
introduced by Seijen and Sutton (2014) and the followon trace introduced by Sutton
et al. (2016). In short, traces are usually used to accelerate credit assignment, which is
a fundamental challenge in RL. Intuitively, traces are able to achieve this goal because
they function as memory of the past. Empirically, RL algorithms with traces usually
outperform those without traces (Sutton and Barto, 2018). Traces are also important
in establishing the equivalence between backward and forward views of RL algorithms
(Sutton et al., 2014).

Despite the superiority of traces in multiple aspects, they usually complicate the
analysis of RL algorithms. Without any trace, to analyze an RL algorithm it is usually
sufficient to consider the Markov chain {(S;, A;)}. Under a finite MDP assumption,
this augmented Markov chain is still finite. Once trace is introduced, we, however,
must consider the Markov chain {(S;, A, e:)}, see, e.g., Tsitsiklis and Roy (1996).
This augmented Markov chain now immediately evolves in an uncountable space
S x A x R4 In the on-policy case (cf. (9.41)), this is still managable. It is clear
from (9.41) that e; remains bounded almost surely. So the augmented Markov chain
evolves in a compact space. In the off-policy case (cf. (9.42)), the trace e; can easily
be unbounded almost surely due to the importance sampling ratio p;—1 (Yu, 2012).
The augmented Markov chain then evolves in an unbounded and uncountable space.
Even worse, sometimes the second moment of e; can also be unbounded (Yu, 2012),
further complicating the analysis. Despite that e; is demonstrated to obey a form
of the strong law of large numbers (Yu, 2012), there does not exist a general tool to
make use of this in convergence analysis before this work. In other words, this work is
the first to provide a general tool to analyze the stability (and thus convergence) of

RL algorithms with off-policy traces.

9.5.2 The Deadly Triad

Despite the aforementioned superiority of off-policy learning in safety and data
efficiency, it complicates RL algorithms in at least two aspects. The first is that
it makes traces extremely hard to analyze, as demonstrated in the section above.
Second, it makes the RL algorithm behaves poorly in expectation. In other words,
even if there is no noise (cf. replacing H(z,, Y, 1) with h(z,)), the RL algorithm
can still behave poorly. A concrete example is that, for a general A, the iterates {6}
in (9.42) can possibly diverge to infinity, as documented in Baird (1995); Tsitsiklis
and Roy (1996); Sutton and Barto (2018). This is the notorious deadly triad, which
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refers to the instability of an RL algorithm when it combines bootstrapping, function
approximation, and off-policy learning simultaneously while maintaining a constant
O(K) computational complexity each step.

The deadly triad has been one of the central challenges of RL in the past three
decades and numerous works have been done in this topic (Precup et al., 2000b, 2001;
Sutton et al., 2008b, 2009; Maei et al., 2009, 2010; Maei and Sutton, 2010; Maei,
2011; Sutton et al., 2011; Yu, 2012; Mahadevan et al., 2014; Liu et al., 2015; Yu, 2015;
White and White, 2016; Mahmood et al., 2017; Yu, 2017; Wang et al., 2017; Touati
et al., 2018; Liu et al., 2018; Zhang et al., 2020b; Nachum et al., 2019; Xu et al., 2019;
Zhang et al., 2021a, 2020c; Ghiassian et al., 2020; Wang and Zou, 2020; Zhang et al.,
2020a; Guan et al., 2021; Zhang et al., 2021b; Zhang and Whiteson, 2022; Qian and
Zhang, 2025; Liu et al., 2025d). We refer the reader to Chapter 11 of Sutton and
Barto (2018) and Zhang (2022) for more detailed exposition.

Among all those works, gradient temporal difference learning (GTD, Sutton et al.
(2008b)) and emphatic temporal difference learning (ETD, Sutton et al. (2016)) are
the two most important solutions to the deadly triad in terms of policy evaluation.
GTD and ETD are also important building blocks for other algorithms. They can be
used in convergent off-policy actor-critic algorithms for control, see, e.g., Imani et al.
(2018); Maei (2018); Zhang et al. (2020b); Xu et al. (2021); Graves et al. (2023). They
can also be used to learn value functions w.r.t. some augmented reward function to
construct behavior policies for efficient and unbiased Monte Carlo policy evaluation,
see, e.g., Liu and Zhang (2024); Liu et al. (2025¢); Chen et al. (2025); Liu et al. (2025a).
But surprisingly, the convergence analysis of their ultimate form with eligibility trace,
i.e., GTD(A) and ETD()), is still not fully settled down. In the next, we shall analyze
GTD(A) and ETD(A) in the sequel. Throughout the rest of Section 9.5, we make the

following assumptions.

Assumption 9.5.1. Both S and A are finite. The Markov chain {S;} induced by the
behavior policy p is irreducible. And p(als) > 0 for all s, a.

We note again that in light of Section 9.5.1, even if the MDP itself is finite, the
augmented Markov chain used to analyze GTD(\) and ETD(A) still evolves in an
unbounded and uncountable space. The analysis is, therefore, very challenging. As-
sumption 9.5.1 is a standard assumption in off-policy RL to ensure enough exploration,
see, e.g., Precup et al. (2001); Sutton et al. (2016). The condition p(als) > 0 can
be easily relaxed to m(als) > 0 == p(a|s) > 0, at the price of complicating the

presentation.
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Assumption 9.5.2. The learning rates {a;} have the form o =
Assumption 9.5.2 is also used in existing works, see, e.g., Yu (2012, 2015, 2017).
Assumption 9.5.3. The feature matrix ® has a full column rank.

Assumption 9.5.3 is a standard assumption in RL with linear function approxima-
tion to ensure the existence and uniqueness of the solution, see, e.g., Tsitsiklis and

Roy (1996).

9.5.3 Gradient Temporal Difference Learning

The idea of GTD is to perform stochastic gradient descent on Jog(6) directly and use
a weight duplication trick or Fenchel’s duality to address a double sampling issue
in estimating V.Joz(f). We provide the key concepts of GTD in Section 2.10, and
we re-elaborate on them in this section to facilitate reading. We refer the reader
to Sutton et al. (2009); Liu et al. (2015) for detailed derivation. GTD has many
different variants, see, e.g., Sutton et al. (2008b, 2009); Maei (2011); Yu (2017); Zhang
et al. (2021a); Qian and Zhang (2025). In this chapter, we present and analyze the
following arguably most representative one, referred to as GTD(\) for simplicity.'® In
particular, GTD(\) employs an additional weight vector v € RX and update 6 and v

simultaneously in a recursive way as

et =AYpi_1€i-1 + ¢y, (9.43)
Op =Rpy1 + 7@5;1915 — ¢, by,

Vi1 =V + oy (pedser — ¢t¢tTVt) )

Ori1 =0, + arpy(dr — Ydir1)e] v

This additional weight vector results from the weight duplication or Fenchel’s duality.

To analyze (9.43), we first express the update to v and 6 in a compact form as

Veiv1| | —¢t¢tT Ptet(7¢t+1 - ¢t)T} l’/t} {PthH@t})
[etﬂ] - {et] T ([—(Wbm — ¢u)pre] 0 o, 71 o :

To further simplify it, we define an augmented Markov chain {Y;} as

Yipr = (St,At,StH,et), t=0,1,....

18This is the GTDa in Yu (2017) and is the GTD2 in Sutton et al. (2009) with eligibility trace.
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We also define shorthands

A(y) =p(s,a)e(vo(s') — ¢(s)) ",
b(y) =p(s,a)r(s,a)e,
Cly) =o(s)d(s) ",
[ —Cly) Aly) b(y)
e = e ) 9]

Then GTD(A) can be expressed as
Tpp1 = 2+ o H (24, Vi),

which reduces to the form of (9.1). We now proceed to prove the almost sure

convergence of {x;} using Corollary 1. Apparently, {Y;} evolves in the state space
Y=8SxAxS xRE,

Despite that both S and A are finite, ) can still be unbounded and uncountable. It
is shown in Proposition 3.1 of Yu (2012) that as long as there is a cycle in {S;}, e; is
unbounded almost surely in arguably almost all natural problems. Nevertheless, Yu
(2012) shows that {Y;} has the following property.

Lemma 32. (Theorems 3.2 € 3.3 of Yu (2012)) Let Assumption 9.5.1 hold. Then

(1) {Yi} has a unique invariant probability measure, referred to as dy .

(i1) For any matriz/vector-valued function g(s,a,s’,e) on Y which is Lipschitz con-

tinuous 1 e with a Lipschitz constant Ly, i.e.,
lg(s,a,s',e) —g(s,a, s, €| < Lylle—¢€|, Vs,a,s e¢e,

the expectation Eyq,, [g(y)] exists and is finite, and the (LLN) holds for the g

function.

Yu (2012) also shows that

A =By, [A(y)] = " Dyu(vPrp — D)9,
b iEyNdy [b(y)] = (bTD,u/rﬂ',)ﬂ
€ 2E,ay [C(y)] = ©7 D0,

where we use D, to denote the diagonal matrix whose diagonal entry is d,.
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Theorem 20. Let Assumptions 9.5.1 - 9.5.3 hold. Assume A is nonsingular. Then
the iterates {0;} generated by GTD(X\) (9.43) satisfy
lim 0, = —A"'% a.s.

t—o00

Its proof is in Appendix F.2.10. It can be shown easily that —A~!b is the unique
zero of Jog(0), see, e.g., Sutton et al. (2009). Notably, Theorem 20 is the first almost
sure convergence analysis of GTD with eligibility trace without adding additional bias
terms. Most existing convergence analyses of GTD (see, e.g., Sutton et al. (2008b,
2009); Maei (2011); Liu et al. (2015); Wang et al. (2017); Qian and Zhang (2025))
do not have eligibility trace. To our knowledge, the only previous analysis of GTD
with eligibility trace is Yu (2017), which, however, relies on additional projection
operators or regularization to ensure the stability and unavoidably introduces bias
into the final limiting point. As a result, Yu (2017) cannot establish the almost
sure convergence of GTD(A) to the unique zero of Jog(6). Yu (2017) also introduces
extensions to A. Instead of being a constant, it can be a state-dependent function
A:S — [0,1). The almost sure convergence of GTD()) with a state-dependent A
function follows similarly. We present the simplest constant A case for clarity. Yu

(2017) also introduces history-dependent A function, which we leave for future work.

9.5.4 Emphatic Temporal Difference Learning

The idea of ETD is to reweight the off-policy linear TD update (9.42) by an additional
factor. Similar to GTD, ETD also has many different variants, see, e.g., Yu (2015);
Sutton et al. (2016); Hallak et al. (2016); Zhang et al. (2020b); Zhang and Whiteson
(2022); Guan et al. (2021). Variants of ETD have also been applied in deep RL, see,
e.g., Jiang et al. (2021, 2022); Mathieu et al. (2023).

We introduce the key concepts of ETD in Section 2.11, and we re-elaborate on
them here to facilitate reading. In this section, we consider the original ETD()) in Yu
(2015); Sutton et al. (2016). ETD(A) updates 6 recursively in the following way

Fy =ypi1 Fy—q 4 i(Sh), (9.44)
My =Xi(S;) + (1 — N F,
er =A\ypr_1€¢—1 + Mgy,
Orv1 =0; + cupy (Rt+1 + ’7@11@ - ¢39t) €t;

where i : & — (0, 00) is an arbitrary “interest” function (Sutton et al., 2016), specifying

user’s preference for different states, despite that in most applications, i(s) is a constant
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function which is always 1. See Zhang et al. (2019) for an example where the interest
function is not trivially 1. Comparing the eligibility trace e; in (9.44) with that
in (9.42), one can find that there is an additional scalar multiplier M; proceeding
¢¢. This M, is called “emphasis” (Sutton et al., 2016), which is the accumulation of
F,, called “followon trace” (Sutton et al., 2016). We refer the reader to Sutton et al.
(2016) for the intuition behind ETD. Nevertheless, Yu (2015) proves that, under mild

conditions, {6;} in (9.44) converges almost surely to the unique zero of
Jemphatic(g) - ||Hm7;r,)\q)9 - (I)0||72n7

where m = (I — vPTrT’/\)*lDMi. We remark that the zero of Jempnatic(6) has better
theoretical guarantees than the zero of Jog(#) in terms of the approximation error for
v, (Hallak et al., 2016). ETD, however, usually suffers from a larger variance than
GTD (Sutton and Barto, 2018).

To analyze ETD(A), Yu (2015) considers the following augmented Markov chain

Yin :(StaAta St+17€t, Ft)'

Again, {Y;} behaves poorly in that (e;, F}) can be unbounded almost surely and its
variance can grow to infinity as time progresses. We refer the reader to Remark A.1
in Yu (2015) for an in-depth discussion regarding this poor behavior. Nevertheless,
Yu (2015) shows that {Y;} has the following property.

Lemma 33. (Theorems 3.2 € 3.3 of Yu (2015)) Let Assumption 9.5.1 hold. Then

(1) {Yi} has a unique invariant probability measure, referred to as dy.

(i1) For any matriz / vector-valued function g(s,a,s’,e, f) on Y which is Lipschitz

continuous in (e, f) with a Lipschitz constant L, i.e.,
Hg(87 a’ 8,7 6’ f) - g(s7 a’? Sl’ 6/7 f/)” S LgHe - elH’ vs? a’ 8/7 e? e/’ f7 f/7

the expectation B4, [g(y)] exists and is finite, and the (LLN) holds for the

function g.

We now discuss how Yu (2015) establishes the almost sure convergence of {6;}.
First, we define shorthands



Then the ETD()) update can be expressed as
Ore1 = 0 +  H(0p, Yirn).
Yu (2015) also shows that

A iEyNdy [A(y)] = (I)TDm(’YPw,A - [)Q)’
b iEyNdy [b(y)] = q)TDmTW,)n

and —A~'b is the unique zero of Jemphatic(6). Despite that A is negative definite (see,
e.g., Section 4 of Sutton et al. (2016)) and the corresponding ODE@oo is, therefore,
globally asymptotically stable, Yu (2015) is not able to establish the stability of {6;}
directly, simply because the results in the stochastic approximation community are
not ready yet. See Section 9.3 for a comprehensive review. As a workaround, Yu
(2015) analyzes a constrained variant of ETD(\) first:

Ori1 = 1(0; + e (07, Yi11))

where I is a projection to a centered ball of properly chosen radius w.r.t. 5 norm.
Yu (2015) then proves that the difference between {6;} and {#;} diminishes almost
surely and therefore establishes the convergence of {6,} indirectly. To establish the
convergence of {#;}, Yu (2015) invokes Theorem 1.1 in Chapter 6 of Kushner and
Yin (2003). Now with our Corollary 1, the same arguments Yu (2015) use to invoke
Kushner and Yin (2003) can lead to the convergence of {6;} directly. Our contribution
is, therefore, a greatly simplified almost sure convergence analysis of ETD(\). In

particular, we have

Theorem 21. Let Assumptions 9.5.1 - 9.5.3 hold. Then the iterates {0;} generated
by ETD(X\) (9.44) satisfy
im0, = —A"'% a.s.

t—o00

The proof of Theorem 21 is a verbatim repetition of the proof of Theorem 20 in
Appendix F.2.10 after noticing that A is negative definite and Lemma 33 and is thus
omitted. Notably, this proof does not involve the comparison between {6,} and {6;}.

We remark that the comparison technique between {6, } and {6;} used by Yu (2015)
heavily relies on the fact that A is negative definite (see Lemma 4.1 of Yu (2015)).

But in GTD(A), the corresponding matrix is which is Hurwitz but not

-C A
AT 0]
negative definite. In fact, it is only negative semidefinite. As a result, the comparison
technique in Yu (2015) does not apply to GTD(\).
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9.6 Discussion

In this chapter, we develop a novel stability result of stochastic approximations,
extending the celebrated Borkar-Meyn theorem from the Martingale difference noise
setting to the Markovian noise setting. Our result is built on the diminishing asymptotic
rate of change of a few functions, which is implied by both a form of the strong law
of larger numbers and a form of the law of the iterated logarithm. We demonstrate
the wide applicability of our results in RL, generating state-of-the-art analysis for
important RL algorithms in breaking the notorious deadly triad. There are many
possible directions for future work. One direction is to characterize the behavior of the
iterates in (9.1) in more aspects. For example, it is possible to establish a (functional)
central limit theorem following Borkar et al. (2021). It is also possible to establish
an almost sure convergence rate, a high probability concentration bound, and an L”
convergence rate following Qian et al. (2024). Another direction is to weaken the
required assumptions further. In the context of RL, Assumption 5 is typically obtained
by assuming A is related to some contraction operator and the feature matrix ® has a
full column rank. It is possible to weaken h to nonexpansive operators following Blaser
and Zhang (2024). It is also possible to allow ® to have arbitrary ranks following
Wang and Zhang (2024).
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Chapter 10

Conclusion

Policy evaluation remains one of the most fundamental challenges in reinforcement
learning, particularly when aiming for both efficiency and reliability in high-stakes
environments. In this thesis, we focused on improving the efficiency, robustness,
and theoretical understanding of policy evaluation. While we made substantial
progress—achieving significant improvements over prior methods—many important
questions remain open for future investigation.

One possible line of future work is to extend our variance reduction methods
beyond Monte Carlo evaluation. Temporal difference (TD) learning is a widely used
alternative that requires less data but suffers from stability issues, particularly in
off-policy settings. Adapting our optimal data collection and processing frameworks
to TD-based objectives could lead to more sample-efficient algorithms.

Another important direction is to extend our methods to multi-agent settings. Cur-
rently, our methods are developed for single-agent environments, but many real-world
applications—such as autonomous driving, smart grids, and financial markets—involve
multiple interacting agents whose policies evolve over time. Extending our variance
reduction and safety frameworks to multi-agent systems presents new challenges,
particularly due to the non-stationarity introduced by the changing behaviors of
other agents. This may require developing new approaches that account for strategic
interactions, as well as designing data collection strategies that remain informative in
the presence of such dynamics.

While we introduced robustness to transition model uncertainty, future work
could explore robustness to other forms of environmental perturbation, such as
reward misspecification or partial observability in state information. These forms
of uncertainty are common in deployed systems and present unique challenges for

off-policy evaluation. New formulations of robust off-policy evaluation that explicitly
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handle reward and state uncertainty could yield safer and more reliable estimators in
noisy real-world environments.

Another future direction is to investigate how to stabilize transition-gradient-
based methods, which we introduced for robust policy evaluation. While powerful in
practice, these methods may suffer from instability when applied with deep function
approximators. Techniques from modern policy optimization—such as trust region
methods, clipping strategies, or adaptive baselines—could be adapted to stabilize the
transition gradient updates. Understanding the theoretical and practical properties of
these extensions could significantly enhance the robustness of evaluation in RL.

On the theoretical front, our ODE-based framework lays the foundation for analyz-
ing the stability of stochastic approximation algorithms under Markovian noise, but
several extensions are worth pursuing. One direction is to characterize the behavior of
the learning iterates more precisely. For instance, it may be possible to establish a
functional central limit theorem, capturing the asymptotic distribution of the iterates.
Further refinements such as high-probability concentration bounds and almost sure
convergence rates may also be derived. Pursuing these directions could broaden the
applicability of our theory to a wider range of RL algorithms.

The tension between efficiency, robustness, safety, and stability is at the heart of
policy evaluation—and, more broadly, reinforcement learning itself. The algorithms
and analyses in this thesis do not offer a complete solution, but they provide new tools
and perspectives that we hope will be useful for tackling the next set of challenges. We
believe that progress in reinforcement learning depends not just on new algorithms, but
on deepening our understanding of when, how, and why they work. In this spirit, we
hope this thesis can serve as a stepping stone toward building reinforcement learning

systems that are not only powerful, but also deployable and reliable.
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Appendix A

Appendix for Chapter 4

A.1 Proofs

A.1.1 Proof of Lemma 1

Proof.

The intuition in the third equation is that the sample a where p does not cover
7 must satisfy ¢(a) = 0, i.e., this sample does not contribute to the expectation

anyway. O

A.1.2 Proof of Lemma 2

Proof.

For a given 7 and ¢, define

Ay = {a|7(a)q(a) # 0}.
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For any o € A, we expand the variance as

(A)7

(A))%] = EA o la(A)] (Lemma 1)
2( )2

= ) rlrte) E}rla(A)] (n(a)q(a) = 0,Ya ¢ A,)

m(a)¢*(a)
=Y —— = —Eaug(A) (ne )
ac€ Ay
The second term is a constant and is unrelated to u. Solving the optimization problem

(4.7) is, therefore, equivalent to solving

min,,e Z M. (A.1)
acAy
Case 1: |A, | =0
In this case, the variance is always 0 so any u € A is optimal. In particular, p*(a) = %l
is optimal.
Case 2: |A,| >0

The definition of A in (4.6) can be equivalently expressed, using contraposition, as
A={peA(A)|Va,ae A, = p(a) > 0}.

The optimization problem (A.1) can then be equivalently written as
_ m2(a)¢*(a
min,ca(a) Z ma)g(a) (A.2)
~  wa)
acAy

st. pla) >0 Vae A,

If for some p we have > . 4 p(a) <1, then there must exist some ag ¢ A, such that
p(ag) > 0. Since ag does not contribute to the summation in the objective function
of (A.2), we can move the probability mass on ay to some other a; € A, to increase
w(ay) to further decrease the objective. In other words, any optimal solution u to (A.2)

must put all its mass on A, . This motivates the following problem

, m(a)q*(a
mineacry 3 o (A3)
ac Ay
st. z(a) >0 Vae A,
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In particular, if z, is an optimal solution to (A.3), then an optimal solution to (A.2)

can be constructed as

m@:{“@‘“A+ (A4)

0 otherwise.

Let Ry; = (0, +00).
|A+]

According to the Cauchy-Schwarz inequality, for any z € RY", we have

2

72(a)q*(a) A m(a)|q(a)] T 2 _ (D ala
2w\ X )=\ X T R ) = | 2 @l

It can be easily verified that the equality holds for

) = @)
>, 7()la(b)

Since >4, 2"(a) = 1, we conclude that 2* is an optimal solution to (A.3). An

> 0.

optimal solution g, to (4.7) can then be constructed according to (A.4). Making use
of the fact that 7(a)|q(a)] = 0 for a ¢ A, this u. can be equivalently expressed as

(@)
i) = S 0)a®)

which completes the proof. O

A.1.3 Proof of Lemma 3

Proof. We start by showing A = A,. Lemma 1 ensures that y € A = pe Ay . We
now show that p € Ay = p € A. For any € Ay, we have

> u(a)ﬂgzng) = m(a)q(a).

a€{alp(a)>0}

This indicates that

ac{alp(a)=0}

Since 7(a) > 0 and all g(a) has the same sign, we must have

m(a)q(a) =0, Va € {a | p(a) = 0}.
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This is exactly pu(a) =0 = m(a)q(a) = 0, yielding u € A. This completes the proof
of Ay = A.

We now show the zero variance. When Va € A, g(a) > 0, if Jag, mo(ap)q(ag) # 0,
we have Va € A

_ m(a)lg(a)]

pila) = ——

and ¢ > 0 is a normalizing constant. Plugging u* to p(A)q(A), we get Va € A

This means in this setting, with the optimal distribution p*, the random variable

p()q(+) is a constant function. Thus,

Vanu (p(A)g(A)) = 0.

When Va € A, g(a) > 0, if Vag, mo(ag)q(ag) = 0, we have Va € A

. 1
p(a) = A
Plugging p* to p(A)q(A), we get Va € A
Dala 7(a) ; m(a)q(a) _
pla)g(a) = N*(Q)Q( )= \i\\ 0.

This shows p(A)q(A) is also a constant. Thus,

Vanu (p(A)g(A)) = 0.

The proof is similar for Va € A, ¢(a) < 0 and is thus omitted.

O
A.1.4 Proof of Theorem 1
Proof. We proceed via induction. For t =T — 1, we have
E [GPDIS(T[;L?E?) | St} =E [piRi+1 | Si] = E [pegrs(Si, Ar) | Si]
=Ea,~m(150) [@rt (St; At) | 5] (Lemma 1)

:Umt(st) .
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For t € [T — 2], we have

[GPDIS( tﬂ%Tll) | St]
=E [pRip1 + oGP () | S
=E [p1Re+1 | Si) + E [PtGPDIS( tlﬁlTT 1) St}

=K [pth+1 | St] + EAtNNt('|St)aStJrle("Stht) []E [ptGPDIS(TtNiﬁTT 11) | St7At7 StJrl] ‘ St]
(Law of total expectation)

=E [p1Ri11 | St + Bty (150,501 ~p(150.40) [ [GTPB (AT | Sea] | S
(Conditional independence and Markov property)

=E [PthH | St] + ]E’Atwut(~|5't),St+1Np("St,At) [Ptvw,t+1<5t+1) | St]
(Inductive hypothesis)

=4, i (150) [0t (St, Ar) | S (Definition of ¢ ;)
=Ea,om(150) [ar,t(St, A) | St (Lemma 1)
:Uw,t(st)v

which completes the proof. O]

A.1.5 Proof of Theorem 2

To prove Theorem 2, we rely on a recursive expression of the PDIS Monte Carlo

estimator summarized by the following lemma.
Lemma 34 (Recursive Expression of Variance). For any p € A, fort =T — 1,
v (GPDIS( o) | St) E A~ [P?%Qrt(staAt) | St} — vy +(51),
forte [T —2],
V(G (gt | S)

=Earepe [97 (Esppy [V (GPPB(ET) | Se) | Sty Ar] + vea(Se, A + 24(Si, A) | ]

- U?r,t(St)'
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Proof. When t € [T — 2], we have

V(GPPE( Z”TTJ) | St) (A.5)

:EAt [V (GPDIS( ) | St,At) | St} +VAt ( [GPDIS( ) | St,At} | St)
(Law of total variance)

=Ea, [PV (r(Si, A) + GTPB (/15 | S A |51
+VAt (ptE [ (St,At) + GPDIS( gitjquT 11) ‘ St,At} ’ St) (Usmg (71))
=Ea, [p{V (G"PR(HIET) | S0 A) | S + Va, (piE [r(S A + GPPR () 15 Al | S))

(Deterministic reward r)

_EAt [p?V (GPDIS( t'uJﬁJlrlTT 11) | St7At) | St] +VAt (thW,t(St7At> | St) :

Further decomposing the first term, we have

V(GPPB(TE) S Ar) (A.6)
_ESt-H [ (GPDIS t‘LfiJlrlTT 11) | StyAta St+l) ’ StaAt}
+ Vs, (E[GPPB(rTE) | Shy Ar,y Seaa] | Siy Ar) (Law of total variance)
=Es,., [V (G (050 | Sen) |5 Al + Vs, (B [GPPS(HAE) | Siga] | Sty Ar)

(Markov property)

:E5t+1 [V (GPDIS(TLLH};}T_T) | St+1) | St; At] +Vst+1 (Uw,t—i-l(st—l—l) | St, At>‘
(Theorem 14)

With v, defined in (4.10), plugging (A.6) back to (A.5) yields

V(GPDIS( hery | St)

=Ea, [0} (Es.p, [V (GTP5(
+ V4, (ptqrt(St, Ar) | Sh)

_E, [Pt (ESHI [ (GPDIS(

t/j:TlTT ) St+1) | SmAt} + Vt(StaAt)) | St}

t/fflTT ) St+1) | St7At} + Vt(St,At)) | St}

+ K4, [Ptqm Si, Ayr) St] A [PtGr(Se, Ar) | St])
=E4, [} (Es,,, [V (GPDIS(TﬁHlTT 11) \ St+1) | S, Ad] +vi(Se, Ay)) | Si]
+ Ey4, [pt Ut (Si, Ap) | St] (Lemma 1)

When t =T — 1, we have

V(G | 81) =V (per(Si, Av) | 5)
=V (thﬂ',t<St7 At) | St)
=E4, [p?q?r,t(ShAt) | St} - Uz,t(st)’

which completes the proof. O
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We restate and present the main proof of Theorem 2.

Theorem 2 (Optimal Behavior Policy). For any t and s, the behavior policy u;(als)

defined above is an optimal solution to the following problem

; PDIS(_fit:T— B
uteAt,...IE;ILgATﬂ v (G (rer1') | St = S) ,

where Ay = {p, € A(A) | Vs, a, pu(als) =0 =
m(als)uq(s,a) = 0}.
Proof. We proceed via induction. When ¢t =T — 1, we have
V(G () | Sroa =)
=Var_, (pr-1r(s, Ar—1) | Sr-1 =)
=Var , (pr—1@er—1(s, Ar_1) | Sr—1 = 5).

The definition of p}_; in (4.11) and Lemma 2 ensure that p._; is an optimal solution

to

min \Y (GPDIS (T}Lil) | Sp_1 = s) )

pr—1€AT 1

Now, suppose for some t € [T"— 2], uy,,.p_; is an optimal solution to

. PDIS ({4171 _
#t+1eAt+lry-I~l‘17lIL1T—1€AT—l N4 (G (Tt+1:T71 ) | Sip1 = 5) :

To complete induction, we proceed to proving that p;.,_; is an optimal solution to

min V (GPP (rfem ) | Sp =) (A7)

€A, pr 1 EAT 1

In the rest of this proof, we omit the domain Ay, ..., Ay_; for simplifying notations.
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For any p;.7_1, we have
V(G | )
=E4, [0} (Es,,, [V (GPDIS(Tﬁf%T—_f) | Sev1) | Sty Ai] 4 v(Sy, Ar) + qgr,t(SUAt)) | 5]

— 7 ,(S) (By Lemma 34)
(@) ’
>E 4, [Pf <Est+1 L,min v (GPDIS(TﬁiT}:}T__f) | 5t+1> | St,At} + (S, Ar) + q72r,t(St7At)) | St}
t+1:T—1
—v3,(S) (Monotonically non-increasing in V(-))

=Ea, |} (Escn [V (PP | i) | S Ad] + (S A + ¢2,(5, A40)) | 8]

— 02 ,(S) (Inductive hypothesis)
=B, [p{urs(Si, Ac) | St] = v74(Se) (By (4.12))

2
v, (pt uﬁ,t<st,At>|St)+EAt {pt uw,t<st,At>|st} —2,(8)

(Definition of variance)

2
:VAt (pt\/uw,t<st:At) ’ St) +EAt~7rt(-|St) |:\/u7r,t(st>At) | St} - vfr,t(St)

(Lemma 1 and p; € Ay)
(®) ?
>Eaymm(190) [ Ur (St Ar) | St} - vfr’t(St). (Non-negativity of variance)
According to the inductive hypothesis, the equality in (a) can be achieved when
Pr1:m—1 = Hyy1.pq- According to the construction of yy in (4.11) and Lemma 3, the
equality in (b) can be achieved when g, = . This suggests that ;.. achieves the
lower bound and is thus an optimal solution to (A.7), which completes the induction

and thus completes the proof. O]

A.1.6 Proof of Theorem 3

To prove the variance reduction property of ji, we express V (GPDIS (i) | S = s),
the variance of the on-policy Monte Carlo estimator, in the form of a Bellman equation
(Tamar et al., 2016; O’Donoghue et al., 2018; Sherstan et al., 2018). Define

Tri(5,0) = vra(s,a) + a2 (s,0) — o7 (s) Ve [T —1], (A.8)
r s o D(S'|5, ') G 'al)y iftelT—2
o) 2 {0+ PS5, s (@))€ [T =2
Tri(s,a) ift=T-1
We have
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Lemma 35 (Variance Equality).

v (GPDIS(TZTF}Tf) | S, = 3) = Z?Tt(a|3)(77r,t(87a) Vt, s.

Proof. We proceed via induction. When ¢t =T — 1, we have

V(GTPR(r0) | Sh)
=V, (per(Se, Ar) | S1)
=V, (r(Se, Ar) | S) (By on-policy)
=Va, (qre(Se; Ar) | S)
=Ea, [¢3 (S, Ar) | Si] — 2 ,(S)
:Zﬂ't a|St)Gr (St a). (By (A.9) and v, 7_1(s,a) = 0)

For t € [T — 2], we have

V(GPDIS( t7"',}T11) | St)

=E4, [Esm W (GPDIS(T&T}TT—_f) | St+1) | 5t>At] + qwt(St’At) + Vi (St, Ar) | St} —v2 (St)
(Lemma 34 and on- pohcy)

=Zm(a|3t (ZP 1S, a) GPDIS( ;:TTT 1) [ St = 5/) + f(St,a)>

=" m(alS:) (2p<s'|st, @) 3 101 (@1 Gea (', ) + 7S5, a>>

(Inductive hypothesis)
:Zﬂ-t(a|st)677r,t(staa')7 (By (A.9))
which completes the proof. O

Here, this q is exactly the state-action value function of the target policy 7 in the

MDP w.r.t. to a new reward function 7. Manipulating (4.14) then yields
Gri(s,a) Zp ‘Is,a Zmﬂ 1) Gr a1 (8", a') + vi(s, a) + @2 (s, a)
=Gr1(s,0a) + vmt(s). (A.10)
Now, we restate and present the main proof of Theorem 3.

Theorem 3 (Variance Reduction). For any t and s,
Y <GPD]S< ]S, = 3>
<V (G"PB(rgzly!) | S = s) — euls)-
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To define €,(s), first define ¢i(s) =

S mulals)iea(s,0) — (2, mlals)y/Fral, )

Then we define €,(s) = c(s) fort =T — 1 and otherwise

ei(s) = ci(s) + Earmpy [ Es, i [€0r1(Sen)s, Al (4.18)

Proof. We proceed via induction. For ¢t =T — 1, we have

v (GPPS (e | S)
=Ea~p |:p§Q72rt Sty Ay) | St} — 02 +(St) (Lemma 34)
=Ea,~p [P? G t(St; At) | St} — 02 +(Sh) (Definition of ¢ (4.13))

Pt QWt StJAt |St) +EAt~pt [Pt qwt(Stht)|St:| - U (St)

:VAtNMt (
(Definition of variance and non-negativity of §)

:VAtNMt

2
Pt qﬂt St,At |St) + <Z Wt(G’St) qut(St,a,)) — /U721',t(St) (Lemma 1)

a

2
(Z me(alSt) v/ @t (St )) — 02 ,(5) (Definition of /i (4.17) and Lemma 3)
2
= Z Wt(a|5t)qw,t(5t7 a) + (Z 7Tt(a|5t)\/ dw,t(St, a)) - Z Wt(a|5t)qw,t(5t7 a) — Ui,t(st)

a

a

(By (A.10) and Lemma 35)
=V (GPB(r1) | Sp) — e(Sh). (Definition of € (4.18))

2
V(GPDIS( tTrF}T11 |St + (Zwt alSe)\/ Gx+(St, )) —Zﬂt(awt)qw,t(sha)
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For t € [T — 2], we have
v (6P | 1)

B [0} (Bsisr [V (GG 1S ) | S0 A +vma(Si A + 2,51, 4) ) | 81]

—v2,(5) (Lemma 34)
<E [2<IE [ "N81)Gn 11 (Sean, @) | Sy, A S, A
SBA -~ [P\ DS Zﬂ't+1(a‘ t+1)Q7r,t+1( t+1,a)| ty At +V7r,t( t t)

+a2(S1 A) | st] = 02,(5) = Baeg [Eseps [er1(Si) | S Al
(Inductive hypothesis and Lemma 35)

=Ea~p [Pf (cjmt(St,At) + U?r,t(st)) | St} - U (St) Eau~p [thESt+1 [et41(Se41) | St,AtH
(Definition of ¢ (A.9))

=EA,~p [Ptht(StaAt) | St} - U (St) E i~ [P?Esm [€t11(Str1) | SuAtH
(Definition of ¢ (A.10))

=V A~jie (Pt Q7rt<St7At)|St> +]EAtNMt {Pt QWt(StyAt)|St:| —v2 +(Sh)

- ]EAtN/lt [ptESt+l [Et-i-l (St—i-l) | St; AtH
(Definition of variance and non-negativity of §)

2
:VAtN[Lt (pt %ﬂt(stht |St> (Z T G‘St \/qnt St; )) - Uﬁ,t(st)

— Eap [P?ESM [et11(Ske1) | St AtH (Lemma 1)

2
(Z Te(alSe) A/ Gt (St )) — 02 ,(S) = Earepy [07Es,,, [€11(Si1) | Si, Ad]

(Definition of /i (4.17) and Lemma 3)

:Zﬂt(a‘st)(jn,t(staa) — vy (Zﬂ't alSe)/ r (St )) - Zﬂt(a"gt)(jﬂ,t(sha)

a

- ]EAtNﬂt [p?EStJrl [Et-i-l(st-i-l) | Sta AtH

2
=V (GPDIS( tﬂ%Tll | St (Z T a|St \/qﬂ—t St, ) — Zﬁt(a|5t)cjm(5t,a)

—E4, [prSm l€r+1(Set1) | Sty AtH (By (A.10) and Lemma 35)
=V (G"PS(r57) | Se) — e(Sy). (Definition of € (4.18))
0
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A.1.7 Proof of Theorem 4

Proof. For t =T — 1, we have

Gri(s,a) = 2 4(s,a) (Definition of ¢, (4.13))
= Tri(8,a). (By ¢z r-1(s,a) =r(s,a) and Theorem 4)

For t € [T — 2], we have

Cjﬂ',t(sa CL)
i a(5,) 705 (By (A.10))
=T (5, a) + 07 ,(s) + ZP(SI|5> @)1 (a'|8) Gr 11 (', @) (Definition of G (A.9))
=7ri(s,0) + 07 o(5) + D (|5, @) (@']8) (@rean (5 ) + 02 11 (81) = 03 140 (5))

=7re(5,0) + 02 ,(5) + ) (8|, )1 (0]8) (Grana (8, ') = 07 144 (5") - (By (A.10))

s’,a’

= 7T,t<87 a’) + Q72r,t(87 CL) - Zp(8/|57 a)UTQr,t+1 (S/) + Zp(8/|57 a)TrtJrl (a/|5/)qA7r,t+l<Slu CL/>

s'a!

(Definition of 7 (A.8))
= — (Elvri1(Si1) | St = s, A= a)® + ¢ ,(s,0) + ZP(SI‘S, a)Ti1(a']8") G i1 (5", @)

s',a’

(Definition of v (4.10))
= — (ra(s,a) = 7(s,0)* + a2 o(s,0) + Y p(s']s, )1 (@'] ) s (s, @)

s'a’

=2 (s, 0)gma(s, @) = 12(s,@) + 3 pls'ls, @)1 (0] s (51, @)

=rr(s,a) + Zp(8/|5; a)Ty41(0'|8") G g1 (5", ), (By Theorem 4)
which completes the proof. O]
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A.1.8 Proof of Theorem 5

Proof. We first derive an important equality. Vt,

Ea it [Pt Gt (St Ar) | St (A.11)
7 (alS)
= (St a
2 i (alsy 5
2
7i (alSy) A
= it (St by (4.22
za: mi(alSe)\/dx ,(Se,a) re(St, ) (by ( )
> e (BSe)\/ G 4 (Se.b)
_ (S
AN ] St
L a QWt(St7 )
= Zﬂ—t(a|st)\/nmt(staa)\/@r,t(sta ][Zﬂ't |St W\/q},t(sma)l
a t, a
(By (4.21))

We proceed via induction. For t =T — 1, we have

v (el 5

:]EAW[J [Pﬁ%%,t(sn Ap) | St] - U72r7t(St) (Lemma 34)
:]EAW@ [sz@r,t(st, Ay) | St] — U721-7t(5t) (Definition of ¢ (4.13))
A 1 N
= Z Wt(a‘St) \/nw,t(St, CL) \/qmt(St; a)] [Z 7Tt(a|St)m qﬁ,t(St, CL)] — Ui,t(St)
a a N AN )
(By (A.11))

—Zﬂt G|St Qﬂ't St,

Zﬂ-t alSt) \/777rt Sty a \/qnt S, a) ]
Z 7Tt(@|5t)\/mv Gt (St, a)] = m(alS)inr(Si,a) — 02 (Sh)

=V (GPDIS( tﬂ%Tll) ’ St)
(Z mi(alSt) q7rt (St,a) [Z m¢(alSt) \/777rt St,a \/qmt St a)
Z ﬂ-t(a|5t)m\ [ Gr1(St, a)]) (By (A.10) and Lemma 35)

=V (GFPB(r") | Si) — e (). (Definition of et (4.23))
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For t € [T — 2], we have
v (el 5
.
g [ (s [V (6P 500 ) 150 + sS40 + 205140 ) 1 51

— 02 ,(5) (Lemma 34)
SEAW@ [/)? (ESHI [Z7Tt+1(a/’8t+1)q~7r,t+l(St+17 a') | Si, At] + Ut (S, Ar)

+%@%®bﬂ—vwa E st [P1Bsics [61(Sisn) | S1, AL
(Inductive hypothesis and Lemma 35)

=E, At [Pt (qﬂt(St,At) + Um(st)) | St] - U (St) At [ptESt+1 [Et—i-l(‘st-f—l) | St,AtH
(Definition of ¢ (A.9))

:EAtN;lt [pt%r t(StaAt) | St} - U (St) Atwﬂ;r [p?]EStJrl [6:_+1(St+1) ‘ St7AtH

(Definition of ¢ (4.14))
Zﬂ't(a‘st)\/nﬂ,t(stva)\/QW,t(Staa>] ZWt G|St W\/qﬂ St, —v St
a 7Tt t7

- ]EAtN,zj [P?ESM [€f+1(5t+1) | StaAtH (By (A.11))
= m(alS) (S, a) — 02 (1)

Zﬂ't G‘St \/th St7 \/Qnt St, ] [ T G‘St m\/qnt St, ]
- Zﬂ't alSy) G (S, a)

- ]E Ap~pif [ptEStH [6t+1<St+1) | StaAtH

m(alS) 777rt (St a) QTrt (St a)

2

Zﬂt(a|5t)\/n—T\/qut(Staa)
7rt t, @

- Z'/Tt alSt)qri(Si, a) — AtN,L [PtEStH [€t+1(5t+1) | St>AtH]

(By (A.10) and Lemma 35)
=V (G"PB(r5) | Sh) — €7 (Se)- (Definition of e* (4.23))

=V (GPDIS( :%Tll |St

]
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A.2 Experiment Details
A.2.1 GridWorld

For a Gridworld with size n, its width, height, and time horizon T" are all set to n.
There are four possible actions: up, down, left, and right. After taking an action, the
agent has a 0.9 probability of moving accordingly and a 0.1 probability of moving
uniformly at random. If the agent runs into a boundary, the agent stays in its current
location. The reward function r(s, a) is randomly generated and fixed after generation.
We normalize the rewards across all (s, a) such that max,,7(s,a) = 1. We consider
a set of randomly generated target policies. The ground truth policy performance
is estimated using the on-policy Monte Carlo method by running each target policy
for 10% episodes. We test two different sizes of the Gridworld with a number of
1,000 and 27,000 states. The offline dataset contains m = 10° randomly generated
tuples. For a Gridworld of size n, the total amount of possible (s,¢,a,r,s’) tuples is
nxnxmnx4x4=16n3. The offline data coverages for the Gridworld of size 1,000
and 27,000 are then 62.5% and 2.3%.

We use a one-hot vector representing the position of the agent and a real number
representing the current time step as features for the state. We execute Algorithm
1 to approximate function r, ¢, and ¢. As shown in Algorithm 1, we train r using
supervised learning by batch stochastic gradient descent. We train ¢ and ¢ using fitted
@-learning. We split the offline data into a training set and a test set. We tune all
hyperparameters offline based on the supervised learning loss and fitted ()-learning
loss on the test set. With the Adam optimizer (Kingma and Ba, 2015), we search
the learning rates in {2720, 2718 ... 29} to minimize the loss on the offline data and
use the learning rate 271° on all learning processes. For the behavior policy search
(BPS, Hanna et al. (2017)) and robust on-policy sampling (ROS, Zhong et al. (2022))
algorithms, we use the reported parameters from Hanna et al. (2017) and Zhong et al.
(2022), since it is not clear how to do hyperparameter turning for BPS and ROS with

only offline data.

A.2.2 MuJdoCo

Figure A.1 is an introduction to the MuJoCo environments. We construct 150
policies (30 policies in each environment) with a wide range of performance using
the proximal policy optimization (PPO) algorithm (Schulman et al., 2017) and the
default PPO implementation in Huang et al. (2022). Since our methods are designed

for discrete action space, we discretize the first dimension of MuJoCo action space
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Figure A.1: MuJoCo (Todorov et al., 2012) robot simulation tasks. MuJoCo is a
physics engine for robotics simulation and contains various stochastic environments.
The goal in each environment is to control a robot to achieve different behaviors such
as walking, jumping, and balancing. Environments from the left to the right are Ant,
Hopper, InvertedDoublePendulum, InvertedPendulum, and Walker. We conducted
experiments on those five environments with results reported in Section 4.5.

in our experiments. The remaining dimensions are controlled by the PPO policy
and are deemed as part of the environment. We run each compared algorithm 30
times for each policy and compute the average and standard error to plot curves in
Figure 4.2. To generate offline data, we add different levels of noise to the target
policy and run noisy target policies for 2000 episodes. The noise is in the form of a
uniformly random policy, and its weight is uniformly randomly sampled from (0, 0.1].
This data generation process simulates the data generated during the training of a
policy. Notably, compared with previous works, we do not need data to be complete
trajectories or generated by known policies. We leave the investigation of entirely
irrelevant offline data in the MuJoCo domain for future work. Our algorithm is robust
on hyperparameters. All learning rates in Algorithm 1 are tuned offline and are the
same 2710 across all MuJoCo and Gridworld experiments.

In MulJcCo, the episode length varies because of stochasticity in policies and
environments. Because the length of each episode is not fixed, episodes in off-policy
estimation may be longer than episodes in on-policy estimation. In the main text, we
use episodes instead of steps as the z-axis mainly to improve readability. Because
after running 100 steps, we might already have a good estimate for a target policy
with a length of 10 but may still not finish a single episode for a target policy with a
length of 250. Due to the diversity of our target policies, averaging using steps as the
x-axis makes the plot conceptually hard to interpret.

We anyway show the figure with steps as the z-axis in Figure A.2. Setting steps as
the z-axis, we linearly interpolate the estimation error across episodes. At each step,
we average the estimation error for all tests that have completed the first episode and,
thus, have an estimate. The estimation error is divided by the first estimate of the

on-policy estimation to get the normalized estimation error. Although the normalized
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Figure A.2: MuJoCo results using steps as the x-axis. We draw each curve from step
100 because some policies need more than 100 steps to finish the first episode. All
curves are averaged over 900 trials (30 target policies, each having 30 independent
runs). The shaded regions denote standard errors and are invisible because they are

Steps

too small.

estimation error for the on-policy estimation starts from 1, it may be unstable until
around 1000 steps because different policies get the first estimate at different steps.

However, it is still clear that our off-policy estimator achieves the same accuracy with
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Appendix B

Appendix for Chapter 6

B.1 Proofs

B.1.1 Proof of Lemma 8

Proof. Given any baseline function b, Vi € A~ Vt, s, a,

pulals) =0
— m(als) =0 (Definition of A7)
= m(als)ur(s,a) = 0.

This shows © € A. Thus, A~ C A. 0

B.1.2 Proof of Lemma 9
To prove Lemma 9, we first prove the following auxiliary lemma.

Lemma 36. Vb,V € AVt, s,

EAtN“t(.\St) [pt{QW,t<St7At> - bt<St7 At)] + Z_)t(St) | Sy = S} = EAtNTrt(-|St) [Qﬂ’,t(StJ At) ’ Sy = 5] .

Proof. We fix any baseline function b. Because u € A, Vi, s, a,
pe(als) =0
= m(als)ur(s,a) =0

(Gra(8,a) — by(s5,0))? + ves(s,a) + 3, p(s'|s,a)V (Gb(ﬂe}ﬁ}fil) | Se1 = Slﬂ =0
(By (6.13)

— m(als)

1

— m(als)(qra(s,a) — by(s,a))> =0
(Vnt(s,a) and >, p(s'|s,a)V (Gb(Tfj{:}T_al) | Sp1 = 5’) are non-negative)

= mi(als)(gr1(s,a) — bi(s,a)) = 0. (B.1)
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Then, we have

]EAWW(-\St) [pt[qﬂ,t(sta At) - bt(St> At)] + Bt(st) ’ Sy = 3}
ﬂ}(/4tLS%)

:EAWW(-\St) [m[qﬂ,t(&, At) - bt(Sta At)] + Bt(St) | Sy = S}

= X el | (o) o)+ )

a€{alpue (als)>0} pue(als)

(]

mo(als)lgme(s,a) = bi(s, )]+ Y pulals)bi(s)

a{alpua(als)>0} a{alpun(als)>0)
= Z mi(als)[gri(s, a) = bi(s, a)] + by(s) Z p(als)
a€{alpi(als)>0} ac{a|pt(als)>0}

m1(als)[qri(s,a) — bi(s, a)] + by(s)

(]

ac{a

pe(als)>0}

(]

mi(als)[gre(s, a) = bi(s, a)]

—~

ac{alps(als)>0}

+ Y mlals)ane(s, a) = (s, a)] + bi(s) (By (B.1))

ac{alp(als)=0}

— Z 7Tt(a|8)[qﬂ,t(3, CL) — bt(s7 a)] + bt(S)
= 2 mlela)any(e o) = le) + Ble) (By (6.2)

:EANW[QW,t(Sta At) ‘ Sy = 3]-

O
Now, we are ready to prove Lemma 9.
Lemma 9 (Unbiasedness). Vb, Vu € A, Vt,Vs, E [G"(71577") | St = s] = vru(s).
Proof. Fix any baseline function b. We proceed via induction.
Fort=T —1,Vu € A, Vs, we have
E[G(rigly") | Sy = s]
=E i1 [Pe[Ret = 0e(St, A)] +bi(Sy) | Si]
=E a,pue(150) [Pe@r (S, Ar) = b(Sp, Ar)] + be(Se) | St]
=Eamm(1s) [Gr(Se, Ar) | St (Lemma 36)

::Uﬂi(fﬂ).

For t € [T — 2], assuming that Lemma 9 holds for ¢ + 1, we have Vu € A, Vs,

E[G" (15 | Sert = 8] = vnaga(s).
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(G (775") | Se = 5]

=E [py (Rip1 + G*(7/11550) = be(Si, Ar)) +0(S) | 8] (By (6.1))
=E [p1(Rip1 — bi(Si, A) + 0u(S) | 8] + E [p GO (500 | S)]

= [pi(Res1 — be(Se, Ar)) + bi(Sh) | Si]

EAsmpss (150,500 1~p(150.40) [B [0 GO (T{TH) | Sy Ary Sy | 5]
(Law of Iterated Expectation)
= [pi(Res1 — be(St, Ar)) + bi(Sh) | Si]

Ht4+1:T—1

+ EAtN,ut(-|St),St+1~p(-|5t,At) [ptE [Gb(Tt-i-lT 1 ) | St-i-l] | St]
(Conditional independence and Markov property)

=E [pe(Res1 — be(St, Ar)) + be(Se) | St] 4 Eoampus(150), Se1mp(-180,40) [PtV t41(Ses1) | St
(Inductive hypothesis)

=EAopmi(150) [Pt [t (St As) — be(Sp, Ar)] + b:(Sy) | St] (Definition of ¢ ;)
=E g (150) [t (St; Ar) | Sil (Lemma 36)
:Uﬂ,t(s)a

which completes the proof. O]

B.1.3 Proof of Theorem 10

To prove Theorem 10, we first characterize the variance of the off-policy estimator in

a recursive form.

Lemma 37. Vb, Vi € A, fort =T —1,

\Y (Gb( f’frTf) \ St) =Eap [P?[%,t(st,At) - bt(SmAt)]Q | St] — [Vrt(St) — Bt(St)]Q;

Fort e [T —2],

V(G(ry727") | )
:EAtNMt [IOt (E5t+1 [V (Gb( ﬁﬁlTT 11) | StJrl) ’ Stht] + Vt(StaAt)
+[q7r,t<St7At) - bt(St;At>] ) ‘ St} - [Uw,t(st) — Bt(St)]Q-
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Proof. When t € [T — 2], we have

V(G (rirly") | St)

:EAt [V (Gb(Tf%iil) ‘ St,At) ’ Stj| +VAt (E [Gb(Tf%iil) | St,At} ’ St)
(Law of total variance)

=Ea, [V (pe[r(Se, Ae) + GO (T{5F0) — 0i(Sh, Ap)] +0:(Sh) | Sy, Ar) | ]

+ Va, (B [pe[r(Se, Ar) + GP ({350 ) — be(Ses Ag)| + be(Se)) | S, Ad] | )
(By (6.1))
=E4, [p7V (G*(rf550) | Se, A 1Sy

+ VAt (pt[T’(St, At) -+ E [Gb<7'£ﬁ1r:1j—?;711> | St, At:| —_bt<St, At)] + Bt(5t> | St)
(T(St, At>, bt<St, At)7 bt(St) are constant given St, At)

=B, [p7V (G*(/5577) | Se, Ar) | Si]

+ Vg, (pt[T(StyAt) + E [0r441(Se41) | Sty Ae] — be(Sy, Ar)] + Z771:(50 | St)
(Lemma 9)

=Ea, [p{V (G*(r/1575) | Sy Ar) | S1]
+ VAt (pt[QW,t(Sta At) — bt(St, At)] + l_)t(St> ’ St) . (Deﬁntion Of qﬂ—7tOB.2)

For the inner part of the first term, we have

\Y (Gb(TfﬁlefT__11) | Si, Ar)
=Es,,, [V (Gb(Tt/fﬁT:lcf:r_El) | Sty Ay, Sein) | e, A
+ Vs, (E [Gb(Tt‘ﬁffT:ll) | St, Ay, St+1] | St, At) (Law of total variance)

=Es,., [V (G (r5751) | Sera) | S, Ad] + Vs, (B [GU (5751 | Sea] | S, Ar)
(Markov property)

=Es, ., W (Gb(Tt}ﬁle:T_T) | 5t+1) | St,At] + Vs, (Urr,t+1(5t+1) | Si, A¢)  (Lemma 9)
=Es,., [V (G'(7/355) | Sea) | Se, Ar] + (S, Ayr). (By (6.11))  (B.3)
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For the second term, we have
vi(Si, Ay)
=V 4, (pelare(Se. Ar) = be(St, A)] + bi(Sy) | S) (By (6.11))
=Eg4, [(pt[qw,t(St, Ap) = be( S, Ar)] + Et(5t>)2 | St]
— (B, [pelaea(Sis A) — bi(Se, A)] +Bu(S1) | S1])°
B, | (prlara(St A) = (S, A+ 5u(80)" | ] = vral(S0°, (Lemma 36)
=Eu, [07[0r+(Se: Ar) = be(Si, A)]” | St] + 2b6(S)Ea, [0t (St Ae) — 0i(Sh, Ar)] | 1]

+ Z_)t(St)2 — Uﬂ,t(St)2
=[E4, [p?[QW,t(Stu Ap) — bi(St, At)]2 | St] + 25t(5t)EAt [pt[%m(Sh Ap) — be(Sy, Ar)] + l_)t(St) | St}

— 2b4(S5)? + by(S¢)? — v54(S;)?
=4, [0} @r1(St; Ar) — be(Se, AD)]? | Si] + 2b(Sy)vr e (St)
— by(S1)? — vr4(S;)? (Lemma 9)
=E, [p7[dre(St, Ae) = be(Se, A | Si] — (0me(Si) — b(Sh))*. (B.4)
Plugging (B.3) and (B.4) back to (B.2) gives
V(G(ri7271) | Sy)
=Ea, [pfV (G*(T/557)) | S Ar) | 4]

+ Vg, (pt[QW,t(StaAt) be(Se, A)] + be(Se) | St) (By (B.2))
=Ea, [0} (Bs,y [V (G750 | Sen) | S, Ar] + 14(Si, Ay)) | Si]

+ Vo, (0t (St Ae) = be(Sy, Ar)] + 0:(St) | ) (By (B.3))
=E, [p? (]Egt+1 [V (Gb(TtﬁJ{lTT ) St+1) | St,At} + l/t(St,At)) | St}

+Ea, [0} (Sr, Ar) = be(Si, A)]* | Se] = (0r4(S) — bi(Sh))? (By (B.4))
B, [0F (B [V (GOGLH) | Sun) | S0 Ad] + 1450 A1) + lana(S1s A0) = (S A | 8]

- [vm(St) - l_)t(St)]Q.
When t =T — 1, we have
V(G () | Sy)
=V (pelr(Si, Ar) = be(Si, Ar)] 4 be(S;) | ) (By (6.1))
=V (pelgre(Se, Ae) — be(Si, Ap)] + be(Se) | )

=E4, [ [QTl't(St At) - bt(St At)] | St] - (Uw,t(st) - Et(St))Z,
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which completes the proof. O]
We now restate Theorem 10 and give its proof.

Theorem 10. For a baseline function b, the behavior policy u* defined in (6.12) is an

optimal solution to the optimization problems Vt, s,

min V (Gb(Tt’Z{II) | S = 5)

o
s.t. peA.

Proof. Fix a baseline function b. Vt, s, a,

pi(als) =0
= m(als)y/ur(s,a) =0 (By (6.12))
= m(als)ur (s, a) = 0.

Thus, p* € A.
Vt, Yu € A, we have an unbiasedness on \/u, (s, a).

EAtNM {Pt uﬂ,t(St7At) | St = 5]

me(als)
ut(a|5)ut(a|s)

Urt(s,a)

(]

ac{alue(als)>0}

(]

mi(als)\/urs(s,a)
ac{alpt(als)>0}

= mi(als)\/uri(s,a) + Z mi(als)\/urs(s, @)

ac{alut(als)>0} ac{alut(als)=0}
(Vu € A, pu(als) =0 = m(als)ur(s,a) =0 by (6.14))

:EAtNm [ Uﬂ,t(StaAt) | Sy = 5] . (B-5)

—

We prove the optimality of the behavior policy p* via induction.
When t =T — 1, Vu € A, Vs, the variance of the off-policy estimator has the
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following lower bound

V(G t”%Tll) | Si =)
qﬂt St, At — bt(St,At)] | St] — (Uﬂ-’t(St) — Bt<St>>2 (Lemma 37)
Uﬂ—t St, At | St] ('Uﬂ’t(st) — Et(St))Q (By (613))

:EAtN,ut

:EAtN/L

2
>E A, [ Un +(St, At) | St] — (vre(St) — bi(S;))? (By Jensen’s Inequality)

B, [ wnt(S0 A7) | st]  (0ma(S1) — B (By (B.5))

For any state s, the variance of the off-policy estimator with the behavior policy

w* achieves this lower bound by the following derivations.

v (GhE) 18 = s) (B.6)
=Fa,ps [05[0mt(St, Ar) = bi(Se, A | ] — (0re(Se) — bi(Sh))? (Lemma 37)
=Ea,~u; [P?Uw,t(staAt) | St] — (Vr(Sy) — b (S))?. (By (6.13))

For the first term, we have

Eaips [07ur (St Ar) | Si]

_ 7Tt(a|5t)2u a
=2 ifalsy S

—Zﬂ't CL’St \/'U/ﬂ-t St, Zﬂ't St, Uﬂ-t St,b) (By (612))
—EAtht [ uﬂ',t(StaAt) | St] . (B-7)
Plugging (B.7) back to (B.6), we obtain
V(G S =)
:EA,WH; [ptuw,t<st>At) | St] - (Uw,t(st) - Bt(St))Q

=E4,r, [ Ur+(St, At) | Str — (vrt(Sp) — be(Sh))?.

Thus, the behavior policy p* defined in (6.12) is an optimal solution to the optimization

problems

min V (Gb(Tt"}Tll) | S = 3)
n

st. peA
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fort =T — 1 and all s.
When t € [T — 2|, we proceed via induction. The inductive hypothesis is that the

behavior policy p* is an optimal solution to the optimization problems
min V(G (r/575) | Si=s)
st. peAl

for all s.
To complete the induction, we prove that the behavior policy p* is an optimal

solution to the optimization problems

min  V (G*(r571") | S = s)

o
st. peAl

for all s.

Yu € A, Vs, the variance of the off-policy estimator has the following lower bound
V(G (1) | S = s)
:]EAwut [Pt (E5t+1 [V (Gb< tlfﬁlTT 11) | St—i—l) ’ StaAt] + Vt(SmAt) + [QW,t(StaAt) - bt(St,At)P) ’ St}
— [vre(S) = bi(S)]? (Lemma 37)

B [0F (Bso [V (G5 | S | $1, 4]

+Vt(5t7 At) + [q7r,t<St7 At) - bt(St; At)]2) ‘ St} - [Urr,t(st) - Et(5t>]2
(Indutive Hypothesis)

=E 4~ [p?uw,t(staAt> | St} — (vr4(S) — be(Sh))? (By (6.13))

2
>E A, {p“/um(é}, Ay) | St} — (vr4(S) — be(Sh))? (By Jensen’s Inequality)

B, [ Uns(S ) | st} ~ (0ma(S1) — (S (By (B.5))

For any state s, the variance of the off-policy estimator with the behavior policy

w* achieves the lower bound by the following derivations.
V(G | Si=s)
:EAwm [P? <E5t+1 [ ( b( tlfﬁlTT 11> ’ St+1> | StaAt] + Vt(st,At)

+qr e (Se, A) — be(Se, Ay)] ) | St} [Uﬂt(St) — b (S))? (Lemma 37)
EAwut [ptum S, Ap) | St] (Vn t(St) — bt(st)) (By (6.13))
=Ea,r, { Ur (St Ar) | St] (vr4(St) — b:(Sp))?. (By (B.7))
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Thus, the behavior policy * defined in (6.12) is an optimal solution to the optimization

problems

min V(Gb( AT | S = s)

“w
st. peAN
for ¢ and all s.
This completes the induction. O

B.1.4 Proof of Theorem 11

In this proof, to differentiate different p* with different baseline functions b, we use j*?
to denote the corresponding x* when using a function b as the baseline function. G°,
u%t, and A’ are defined following the same convention. We first present an auxiliary

lemma.

Lemma 38. Vb, Vi € Ab, Vt,

EAtNMt [ 2[ (Sta At) - b (St7 At)]Q | St] - [UW,t(St) - Bt(St)]Q
=V dgpur (0216t (St; Ar) = 0:(Se, Ar)] | Se) (B.8)

Proof. Vb, Vi € A, Vt,

B [P 1r1(Sts A) = bu(Sy, A | Si) = [vr4(Se) — bi(Sy))?
=V g (el (St Ar) = (S, A | S1) + Eagp, (06l s (St Ar) = bi(Si, Ar)] | Si)
— [vrt(Se) — bi(S ( )]
=Vt (Plgra (St Ar) = 0(St, AT | S0) + Etyrops, [91[0m (S, Ar) = bi(Sh, Ap)] | S

- [EAtNut('l»St) [Pt[qmt(st, At) - bt(Stht)] + Bt(‘st) ’ St} - Bt(st)]Q
(Definition of ¢, Lemma 36)

=V Apir (Pel@rt (Se, Ae) = be(St, A | St) + Etyopsr [Pel e (Se, Ae) — bi(Se, Ar)] | Si)?
— Eampe(150) [pt[qmt(sta Ap) = bi(S, Ad)] | St]2
:VAtNMt (Pt[qmt(Sm At) - bt(St,At)] | St) .

O
We now restate Theorem 11 and give its proof.
Theorem 11. b* is the optimal solution to the optimization problems Vt, s,
min V(G517 | S = 5) (6.16)
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Proof. We prove this by induction on the time step t¢.
When t = T'— 1, Vs, the optimization problem (6.16) has the following lower bound

V(Gb(TftTTf) | So = )
:]EAzN,u:’b |:10t [qﬂ—’t<St, At) — bt(St, At)]2 ’ St} — [Uw,t(5t> — l_)t<St)]2 (Lemma 37)
:VAtN,LL:’b (,Ot[qmt(St, At) — bt(St, At)] | St) (Lemma 38)

>0. (Variance non-negativity)

When using 0* as the baseline, we achieve this lower bound.

*,b*

V(G (r553) | So = 9)
:EAtNu; v [P2lgms (St Ar) = (St AT | Si] = [a(S)) = B5(S))? (Lemma 37)
-b* (Pl 1 (St, Ar) — b7 (S, Ap)] | St) (Lemma 38)
g (0elart (St Ae) = (St Al | S) (Definition of b* (6.15))

=0.

When t € [T — 2|, we proceed via induction. The inductive hypothesis is that the

baseline function b* is an optimal solution to the optimization problems
win v (G5 10— )

for all s. Notice that we have

AP C AP (B.9)
This is because Vs, a,
& ,(s,0)
~(ano(:0) = (s, 0))* 4 a5, + Sl ) (D) | S = )
(By (6.13))

*,b
S a(s, @) + 3 p(s']s, )V (Gwﬂ;ﬁ;) St — )

b*

>vri(s,a) + >, (8|5, a)V (Gb*(T:_LHlTT 1) | St = s’) (Inductive Hypothesis)
Zu?:,t(& CL).

Thus, Vi € A, we have Vs, a



This shows

AP CAY.

Vb, the optimization problem (6.16) has the following lower bound

V(G%

Atfv/j,:’

>

u*,b
t:T—1
TeT—1

b
AtN;L:

p? <E5t+1

)1 5= )

b th <E5t+1

K/(G“(

*

v (G"(n‘ﬁ#f) | St+1> | St,At} + w(st,At)) | St]
FEy oo [Rl0na(St A2) = bi(Si A2 | ] = [imelS0) — Bi(S0)?

(Lemma 37)

Tﬁﬁff__f) | St+1> | StaAt:| + Vt(St7At)) | St]

+ ]EAtNM;b [Pf[%,t(sta Ap) = bu(Se A | St} = [0re(Se) = be(Sh))?

=E

+V

> *
>E,, e

_]EAtN#

AtNMf’b

p? <E5t+1

p? (E5t+1

e

e

o [Pl (S A | 81

*,b*

TtﬁﬁfTﬁl) ‘ St+1> | St, Ay

i (,Ot[QW,t(Stv At) - bt(St7 At)] | St)

AtN,LL

*,b% 7]
Ttﬁff—f) | St+1> | St, As

2
Z]EAwuZ’b {pt \/ u?:,t(‘gt;At) | St}

2
E,.. [ S A | St]

(Inductive hypothesis)

+ Vt(StyAt)) | S
(Len;ma 38)

+ Vt<St, At)) | St
(Variance non-negativity)
(By (6.13))

(Jensen’s inequality)

(By (B.5) and (B.9))

When setting Vs, Va, b;(s,a) = gr+(s,a) as the baseline, we achieve this lower
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bound.
A\ (Gb (

* b*
) | 5 = )
:EAt

+ EAtN/Jf:’b* [p?[qmt(sh At)

ot |:P? <E5t+1 |:V (Gb*(

“r+1 T— 1
t+1 T-1

by (S, Ad)* | Si] —

[ I 1y
8 | (B |V (¥ L) 1
"‘VAtNHt*vb* (Pl (Se, Ar) — b7 (S, Ar)] | St)
T A pi <E5t+1 v (Gb ( tﬂflrlTT 1) | Sk
+ VAtN#;vb* (el e (Sts At) — @ma(Se, Ar)] | St)
B i *,b%
o
Ao pi (E5t+1 v (Gb (Tt ) | St

:EAtNM:”’* [p?uf:t(staAt) | St]

2
E,._. [\/uz}(st,Aa | St]

)
)
)
)

)| St | | StaAt:| + (S, Ar) ) | St:|

[V t(St) — b7 (S)]* (Lemma 37)

| StaAt + (St As ) | St
Lemma 38)

| StaAt + (St A ) | St
(Definition of b (6.15))

| St;At + (S, Ar) ) | St
By (6. 13))
(By (6.12))

Thus, b* is the optimal solution to the optimization problem

min
b

for all ¢ and s.

v (G”(

B.1.5 Proof of Theorem 13

T | S =)

Proof. Use u?” to denote u; (6.13) using b* as the baseline function. Then, by (6.13),

fort =T —1,
uf (s,a) =
For t € [T — 2],
uf (s, a)

[%r,t(sv CL) - bt(s7 a)]Q

=0.

(B.10)

:(qﬂ’,t(sv a) - bt(37 a))2 + VT(,t(S7 Cl) + ZS’ p(S/|Sv CL)V (Gb (Tﬁile“T 11) | St—i—l = 3/)

=Vpi(s,a) + Y, p(s']s,a)V (Gb*(

*b*
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(By (6.13))
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The variance of G (Tﬁ%i_ll) has Vs, for t =T — 1,

v (Gb* (114731 | S = s) (B.12)
:EAtNuf [p?[%r,t(st; At) - b:<St7 At)]2 | St] - [vm(St) — b_*t(St)P (Lemma 37)
=0 (Definition of b* (6.15))
=B [p7uy (Si, Ar) | ] (By (B.10))
2
=E4,~m { wy (Si, Ay) | St:| : (By (B.7))
For t € [T — 2],
v (Gb* (157 | S = s) (B.13)
—F |: 2 <E |:V (Gb* Hiy1r—1 B 2
—L A ~pf Pt St+1 (Tt-l—l:T—l )|St+1 |St7 At + Vt(St; At) + [qmt(St, At> bt(St7 At)] |St
(Lemma 37)

= [vra(S) — bi(S))?
=Ea,~u; [P? <E5t+1 [V (Gb* (Ttiilf—ll) | 5t+1> | St,At} + Vt(StaAt)> | St]

+ Vg (0egre(Se, Ar) = b7 (Se, Ad)] | Sh) (Lemma 38)
=Ea,op; [P? (ESM [V (Gb* (thfT:T:f) | St+1> \ SmAt} + yt(St,At)> | St]

(By (6.15))
=EA,~u; [ﬂfU?*(St,At) ’ St} (By (B.11))
2
e |yl (5,401 51 (By (B.7))
The variance of GFPS(77%"") has Vs, for t — T — 1,

V(GPPB(r5m) | S = s) (B.14)
=Ea,~r, [qm(St, A)? St] — v (Sh)? (Lemma 37 with b = 0 and on-policy)
=Va,om (@rt(St, At) | St) (Lemma 38 with b = 0 and on-policy)
:EAtNT"t [U?* (St7At> | St} +VAtN7Tt (Qﬂ',t(St7At> | St) : (By <B11)>
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For t € [T — 2],

V(G () | S = ) (B.15)
=Ep,om [Esppr [V (GPDIS(T:H}TT—T) | Sea1) | St Ar] 4+ ve(Se, Ar) + Gt (St Ap)? | Si]

— 4(S;)? (Lemma 37 with b = 0)
=B, [Esiy [V (G | Sen) | Se A + (S, Ad) | 1]

+ Va,om (@rt(St, Ar) | St) (Lemma 38)

*

:EAtNﬂ't |:]Est+l [V (Gb*@'tuﬁzlfT—f) ’ St+1) | St7At:| + Vt(StaAt> | St]
+ Va,om (¢rt(St, Ar) | St)

*

e [E [V (GPPS (77500 | Supa) — V (Gb* (i | s) S At] | st}

=E A, [u?*(SmAt) | St}
+ VAzNTl't (Qﬂ',t(st7 At) | St)

*,b*
FEapn [E [v (GPPS (74572 [ 1) -V (Gb (iray | s) S At} | st] |

(By (B.11)
Thus, for t =T — 1, their difference is
V(G 1S, = 5) = (¥ (L) | = o)
2
=By, [Uf (St; At) | St] = Eayom, [ uy (Si, Ay) | St}
+ Vapr, (4rt(Se, Ae) | St) (By (B.12) and (B.14))

Vo (x/us*wt, A) | St) Voan, (gea(S0 42) | S2).
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For t € [T — 2],
V(G S =) = V(67 () | 8= s)
2
B [0 (S A2 | S1] = Eper [ ul (S A | st]

+ VAtNﬂ't (qw,t(SbAt) | St)
 Eaer [Esin [V (G5 [ Si) = V(G (55 [ Sinn ) |80 4] | 81]
(By (B.13) and (B.15))

:VAtNﬂ't ( U?* (St7 At) | St)
+ Va,om (¢rt(St, Ar) | St)
+ B [Bsisy [V (G | Siaa) = V(G (W) | Sin) | S04l 181

We use induction to prove Vi, s, 00N () > 0. For t =T — 1,
6tON, ourS(S) -0 > 0.
For t € [T' — 2], the induction hypothesis is Vs,

5N O (5) > 0.

This implies Vs,
V(S | S = 5) =V (GV () | S = 5)

:VAt+1"’7Tt+1 (\/uﬁ-l(st-i-lv At-i-l) | St-‘rl = S)

+ VAt+1"’7Tt+1 (Qﬂ',tJrl (St+17 At+1) ‘ St+1 = S) + 52:? OurS(S)
>0, (B.16)

Thus, Vs,

5tON, ours<8>
B sios |V (ST | Se) =V (67 (7555 1 S ) |51 = 5]
>0. (by (B.16)) (B.17)

Thus, Vi, s, 60" ©(s) > 0.
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B.1.6 Proof of Theorem 14

DIS
Proof. The variance of GFP1S( t#tTTll ) has Vs, for t =T — 1,

«,PDIS
v (6Pl 5= ) o
:]EAtw,u,:’PDIS [p?qmt(st, At)2 | St] — Uﬁ,t(St)2 (Lemma 37 and b = 0)
=V gz o018 (1t (S, Ar) | i) (By (B.8))
:]EAtNH:,PDIS [p?ui)* (Sta At) ‘ St:| + VAtN/L:’PDIS (ptqﬂ7t(st, At) | St) (By (B 11))

2
:]EAtNﬂ't |: ug* (St,At) ‘ St:| +VAtNuz,PDIS (ptqmt(St,At) ‘ St) . (By (B?))
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For t € [T — 2],

v (GPDIS(%”” DIES s) (B.19)

:EAWM;PDIS {P? (Est+1 {V (GPDIS(T;EATT 11) | St+1) | St At‘| + Vt<St>At) + Qﬂ,t(Sta At>2> | St:|

— v 4(Sp)? (Lemma 37 with b = 0)

i i . . ;

oo | (B [V (PP 5 ) 154 w50 40) 1 5
TV gy Pors (pt%rt(st 1) | Si) (Lemma 38 with b = 0)

i *,b% T T
=By ey oS |0 (Esm (GPDIS(TfﬁT;IfT_11) | 5t+1> | St, Ag| + Vt(St,At)) | St
+ Ve (01t (St, Ar) | 51)

F oo | (s [V (6B 1 )

#,b%

v (6P S ) 1 Sa ] )18
*,b*
2By [P? (ESM {V <GPDIS(T£S§T_}1> | St+1) | Stw‘lt] + Vt(StaAt)> | St}
+ VAW“;PDIS (Pt (St, Ar) | St)
D

F oo | (s [V (6B 1 )

#,b%
—V (GPDIS(TfiT;ITT__11) | St+1> | St, At]) | St}

(VP e Ay, " achieves the minimum value of the first term in A;)

T Ao [ptut (S, Ar) | St}
+ VAtNu:‘PDIS (ptqmt(St, At) | St)

DIS
+ EAtN“:,PDIS [pg (E5t+1 [V (GPDIS(TtﬁfTITT 11) | St+1>
#,b%
_vy (GPDIS(T:J:TZIT:T_T) | St+1) | St,At}) | St} (By (B.11))

12

:]EAtNTI't |:\/ u?* (St>At) ‘ St

+ VAtNM:,PDIS (Pt@r (St Ar) | St)
B D
# o | (Bs [V (6B 1 )

y (GPDIS( iy s) | st,AtD | st] | (By (B7)
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Thus, for t =T — 1,
\Y4 (GPDIS(Ttﬂ%Tll ) | St _ S) _V (Gb (T;‘tTT11) ‘ St _ 8)
=V P (Pt (St, Ar) | St) - (By (B.12) and (B.18))

For t € [T — 2],

*b*

v (GPDIS( A | g, = ) _ (Gb*( | g, = )
:VAtN/Lf’PDIS (thW,t(Sta At) ’ St)
FE oo [ (Bs [V (G 151

—%’(GPDB(ﬂﬁiyif)\SQJ) |Shfh]> |SJ. (By (B.13)and (B.19))

The proof of Vt, s, 6°°" ©™(s) > 0 is similar to (B.17) and is omitted.

B.1.7 Proof of Theorem 15

Proof. We begin the proof by manipulating the variance of G (7:"7"). Vs, for
P=T—1,

V(G (ripty) | Si = s) (B.20)

:]EAtNWt [[QW,t(St7 At) - b:(Stu At)]2 | St} - [Uﬂ',t<St) - b_*t<St>]2
(Lemma 37 and on-policy)

-0 (Definition of b* (6.15))
=Eam, [u (S, Ar) | S1] - (By (B.11))
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For t € [T — 2],

V(G (5 | S =) (B.21)
=Eapom [Esiry [V(GV (7550 | Sean) | Seo Ae] + v4(Sts Ab) + [@r i (Siy Ar) — be(Se, A | S

— [Ure(Se) = be(Sh))” (By Lemma 37)
=Ep~m [Est+1 [V (Gb*(ﬂi?f_‘f) | St+1) | StaAt] + 1(Sy, Ay) | St]

+ Vo, ([@ra(St; Ar) — (S, Ad)] | Sh) (Lemma 38)
=B, [Esiy [V(G” (1155 0) | Sin) | Se, A +0i(Si, Ar) | 8] (By (6.15))

*,b%
:EAwm |:Est+l {V (Gb (Tﬁffﬁl) ’ St+1) ’ StaAt} + Vt(St,At) | St]

*
*,b

e [E [v (G¥ (775) | Sunn) =V (Gb* (i | s) S, At] | st]

:EAtNﬂ't [U’zl‘,)* (St7At) | St]
*,b*

e [Es [V (G¥ (775 | i) — V (Gb* (| s) S At} | st] .
(By (B.11))
Thus, for t =T — 1, their difference is

VE ) 5= 9) -V (6Tl 8= )

2
=E A, r, [ufg*(st,At) | S¢] = Eapmr, {\/ui’*(St,At) | St} (By (B.12) and (B.20))

:VAtNﬂ't ( \/ Ug* (Sta At) | St) .

For t € [T — 2],

*
*,b

V(O i) 15, = ) - (6 i) 5. = )

2
:EAtNﬂ't [U?* (St>At) | St] _EAtNﬂ't |: u?* (StaAt) ’ St:|

*,b*

e [E [v (G¥ (7750) | Sunn) =V (Gb* (i | s) S, At] | st]
(By (B.13) and (B.21))

:VAtNm( Ug*(SmAt) | St)

*,b*
T Ean [E [V (G¥ (7700) | Senn) -V (Gb (i s) | st,At] | st} .
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The proof of Vt, s, 6, ®*(s) > 0 is similar to (B.17) and is omitted.

B.1.8 Proof of Lemma 10

Lemma 10 (Recursive form of u). With b =0*, whent =T — 1, Vs, a, ur(s,a) =0,
when t € [T — 2], Vs, a,

Ur (8, a) = Vry(s,a) + Zsz,ar per1p(s']s, @)1 (/|8 g 11 (8", @)

Proof. Whent =T —1, Vs, a,

Uz (s, a)
=(qr+(s,a) — b} (s, a))2 + Vrt(s,a) (By (B.11))
=0. (By (6.15))

When t € [T — 2], Vs, a,

Ur (s, a)

—vr(s,a) + 3 (s, @)V (G | S = o) (By (B.11))

(5, @) + D p($'15,0) (B, [PRiatinst (Sien, Avi) | St = o]

S/

—[vra1(8) = ba ()] (Lemma 37)
:Vw,t(s7 CL) + Zp<8/|87 a)EAt+1Nuf+1 [P§+1U7r,t+1(5t+17 At+1) | St+1 == 8/} (By (615))

S/

=V i(s,a) + Z preap(s']s, a)mppq (@[ ) ug 41 (8", '),

s',a’

B.2 Experiment Details

We utilize the behavior policy-agnostic offline learning setting (Nachum et al., 2019),
in which the offline data consists of {(t;,s;, a;, i, s;)}. |, with m previously logged
data tuples. Those tuples can be generated by one or multiple behavior policies,
regardless of whether these policies are known or unknown, and they are not required
to form a complete trajectory. In the i-th data tuple, ¢; represents the time step, s; is
the state at time step t;, a; is the action executed, r; is the sampled reward, and s} is

the successor state.
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Figure B.1: MuJoCo robot simulation tasks (Todorov et al., 2012). The pictures are
adapted from (Liu and Zhang, 2024). Environments from the left to the right are Ant,
Hopper, InvertedDoublePendulum, InvertedPendulum, and Walker.

In this work, we first learn the action-value function ¢,, from offline data using
Fitted Q-Evaluation algorithms (FQE, Le et al. (2019)), but our method can integrate
state-of-the-art offline policy evaluation techniques. Notably, Fitted Q-Evaluation
(FQE, Le et al. (2019)) is a different algorithm from Fitted Q-Improvement (FQI).
Fitted Q-Evaluation is not prone to overestimate the action-value function ¢, ; because
Fitted Q-Evaluation does not have any max operator and does not change the policy.

Then, by the following derivation

Vrt(s,a)
=Vs,., (Vr+1(Si1) | St =5, 4 = a) (By (6.11))
=Es,,, [Urps1(Ses1)? | Se = 8, A = a] — Egyyy [rir1(Sis1) | Si = s, A, = a]”
=Es,, [vw,t+1(5t+1)2 | Si =54 = a} — (Gr(s,a) — (s, a))?, (B.22)

the first term is an expectation of S;;;. Because we have (t;, s;, a;, 15, s;) data tuples,
we construct v using s} in (;, s;, a;, i, s;) data tuples as the sample of the first term
and compute the rest quantity using the learned action-value function ¢, ; and reward
data r;. Therefore, we construct D, = {(t;, s;, a;, v;, s;) }io,. Finally, by passing data
tuples in D, from ¢t = T — 1 to 0, we fit the function u,; using FQE in a dynamic
programming way with respect to the recursive form of u,; derived in Lemma 10.
For each time step, we take a copy of the neural network as an approximation of
function u,; at time step t. After learning the functions u,; and gr;, we return the
learned behavior policy pi (a|s) o< m(als)y/ur (s, a) and the learned baseline function

b;(s,a) = ¢ 1+(s,a). The pseudocode of this procedure is presented in Algorithm 3.

B.2.1 GridWorld

For a Gridworld with size n, we set its width, height, and time horizon all to be n.
The number of states in this Gridworld environment scales cubically with n, offering
a suitable tool to test algorithm scalability. We choose Gridworld with n® = 1,000
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and n = 27,000, the largest Gridworld environment tested among related works
(Jiang and Li, 2016; Hanna et al., 2017; Liu and Zhang, 2024). There are four possible
actions: left, right, up, and down. After the agent takes an action, it has a probability
of 0.9 to move accordingly and a probability of 0.1 to move uniformly at random. If
runs into a boundary, the agent stays in its current location. The reward function
r(s,a) is randomly generated. We consider 30 randomly generated target policies.
We generate the ground truth policy performance using the on-policy Monte Carlo
method, running each target policy for 10° episodes. We test two different environment
sizes of the Gridworld, one with 1,000 states and 27,000 states. The offline dataset
of both environments contains 1, 000 episodes generated by a set of random policies.
To learn functions ¢, and u,;, we split the offline data into a training set and a
test set. We tune all hyperparameters offline based on Fitted Q-learning loss on the
test set. We choose a one-hidden-layer neural network and test the neural network
size with [64, 128, 256] and choose 64 as the final size. We test the learning rate for
Adam optimizer with [le™ 1le™* 1le™ 1e72] and choose to use the default learning
rate le™ as learning rate for Adam optimizer (Kingma and Ba, 2015). All benchmark
algorithms are learned using their reported hyperparameters (Jiang and Li, 2016; Liu
and Zhang, 2024). Each policy has 30 independent runs, resulting in 30 - 30 = 900
total runs. Therefore, each curve in Figure 6.1 is averaged from 900 different runs

over a wide range of policies, showing a strong statistical significance.

B.2.2 MuJoCo

MuJoCo is a physics engine containing various stochastic environments, where the
goal is to control a robot to achieve different behaviors such as walking, jumping,
and balancing. Environments in Figure B.1 from the left to the right are Ant,
Hopper, InvertedDoublePendulum, InvertedPendulum, and Walker. We construct
30 policies in each environment (resulting a total of 150 policies), incorporating a
wide range of performance generated by the proximal policy optimization (PPO)
algorithm (Schulman et al., 2017). We use the the default PPO implementation in
Huang et al. (2022). We set each MuJoCo environment to have a fixed time horizon
100 in OpenAl Gymnasium (Towers et al., 2024). As our methods are designed for
discrete action space, we discretize the first dimension of MuJoCo action space. The
remaining dimensions are controlled by the PPO policies, and they are deemed as part
of the environment. The offline dataset of each environment contains 1,000 episodes
generated by a set of policies with various performances. Functions ¢,, and u,, are

learned the same way as in Gridworld environments. Our algorithm is robust on
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hyperparameters. All hyperparameters in Algorithm 3 are tuned offline and are the
same across all MuJoCo and Gridworld experiments. Each policy in MuJoCo also has
30 independent runs, resulting in 30 - 30 = 900 total runs. Therefore, each curve in
Figure 6.2 and each number in Table 4.2 are averaged from 900 different runs over a

wide range of policies indicating strong statistical significance.
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Appendix C

Appendix for Chapter 5

C.1 Proofs
C.1.1 Proof of Lemma 4
Proof. Vk,
k ") (q
Eru [ )] = 3 w0 et

ac{a|p(a)>0}

= Y g+ D 7 a)gla) (neA
ac{a|p(a)>0} ac{a|p(a)=0}

=> 7" (a)q(a)

=E .m0 [q(A)]

The intuition in the third equation is that the sample a where i does not cover
7 must satisfy q(a) = 0, i.e., this sample does not contribute to the expectation

anyway. L]

C.1.2 Proof of Lemma 5

Proof.
Define

Ay ={a| Tk, 7®) (a)q(a) # 0}. (C.1)
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For any p € A, we expand the variance in (5.4) as

> V(o (4)q(4)) (C2)
ke[K]
= 3 Eacl(rm (A)g(A))] — Eay [ (A)g(A)?

= 3" Eavul (0™ (A)g(A))’] — E g [g( A (Lemma 4)

7 (a)2q(a)?
=>. L;]() —Epenv[q(A)]?

ke[K] ae{a|u(a)>0} M(CL

7®) (a)2q(a)?
- Z Z L)Q() —E,m[q(A))? (Vad AL, Vk 7% (a)q(a) = 0)

ke[K] ac{alp(a )>0}|’b4+

— Z ZkE[K] ( ) ( ) _ Z EANﬂ(m[q(A)]Q. (,u c A)

acAy ke[K]

The second term is a constant and is unrelated to u. Solving the optimization problem

(5.4) is, therefore, equivalent to solving

(k)
™
minue/\ Z Zke[K}

a€AL

(C.3)

Case 1: |A;| =0

In this case, optimization target (C.2) is always 0. Any p € A is optimal. In particular,

p*(a) = % is optimal.

Case 2: |A;| >0

The definition of A in (5.3) can be equivalently expressed, using contraposition, as
A={ueA(A) |Va,a e A, = p(a) > 0}.
The optimization problem (C.3) can then be equivalently written as

: Zke[K} 7™ (a)?q(a)?
mmueA(A) Z (a)
(ZG.A+ M

st. pla) >0 Vae A,

(C.4)

If for some p we have >, . pi(a) < 1, then there must exist some ag ¢ A4 such that
p(ag) > 0. By the definition of AT (C.1), Vag ¢ A,

Z T k)2 (a0)q*(ag) = 0.

ke[K]
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This means ag does not contribute to the summation in the objective function of (C.4),
we can move the probability mass on ag to some other a; € A, to increase u(a;) to
further decrease the objective. In other words, any optimal solution u to (C.4) must

put all its probability mass on A, . This motivates the following problem
Z Zke[K} ﬂ-(k)(a)zq(a)Q
acAy Z(a)

st. z(a) >0 Vae A,

(C.5)

Minen(Ay)

In particular, if z* is an optimal solution to (C.5), then an optimal solution to (C.4)
can be constructed as

(C.6)

H*(G) — {Z*(CL) ac A—i—v

0 otherwise.

[A4]

Let Ry = (0,+00). According to the Cauchy-Schwarz inequality, for any z € R,

we have

5 Sierrg ™ (@)?a(a)? S s (v v Zkery 7P (@)% (a)?

ac At Z(a> ac€AL ac At Z(a)

v

z(a)

=| > /> "¥(a)q(a)®

acAy \| k€[K]

It can be easily verified that the equality holds for

S T (@)%(0)?
0o/ Skerry 7 (0)2a(b)?

2*(a) > 0.

Since » 4, 2"(a) = 1, we conclude that 2* is an optimal solution to (C.5). An
optimal solution p* to (5.4) can then be constructed according to (C.6). Making use
of the fact that Va ¢ A,Vk, 7 (a)g(a) = 0, this p* can be equivalently expressed as

Sk ™ (@)g(a)?
2 beA \/Zke[m (k) (5)2(](17)2’

which completes the proof. O]

p(a)
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C.1.3 Proof of Lemma 6

Proof. Yk, we first derive an upper-bound on V 4.~ (p”(k)’“*(A)q(A)),

(Lemma 4)

(By (5.5))

(By (5.5) and definition of u*)

—> —E o nm(g(4))

) —E o nm(e(4))

—E o nm(g(4))

—E o [g(A))
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(By (5.6))

(By (5.7))

(By (5.8))



:\/iz w®(a) (Dj(—f)(k)(b)) —E 0 [a(A))

) e
() o
\/> (Z ™(a ) — Epnoo[q(A)]. (By (5.5))(C.7)

Then, Vk € [K], observe the following inequality,

S% > 7 ®a)g(a)® + (nlk N 1) [Z 7 (a)g(a)® — <Z W(k)(a)qm)> ] e
(By (5.11))
1 [n k 2 n
sl S~ 7®(a)g(a)? - <n—k - 1>EAN,T<k> [2(a)]” = E sro0 [g(a)] ]
:% n% > 7®(a)g(a)® — %EAWW [q( )]2]
%k [Z 7 (@)g(a)® — E g >12] (C8)
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Now, we have Vk € [K],

VAN;;,* (Eoffﬂr(k))

no R Al g ( Al
Vi (z p <n Ja >) (By (510))
VANM (Zp A[u z] (A[u*,i])>
_ 1 (5 [* 3]
_EVAN“* (p ’ (A)q(A)) (Independence of AW )
2
1 —
< g(;ﬂ’%m(a)) s [q<A>]2] (by (C.7)
1
-~ > 7(a)g(a)® = Byorm[g(A))? (by (C.8))
1
=7 Vannt) (q(A))
1 S *) 4 *) 4
:n_ZV Ao () (Zl q(Al ”])> (Independence of A1)
A[7r 5
_— (zz 14 >>
ng
=V jnto (B, (By (5.9))
]
C.1.4 Proof of Lemma 7
Proof. When sampling from the target policy 7(*), we have Vk,
V anrto (4(A))
:EANTI' [Q(A)2:| - ]EANTr(k) [q(A>]2
= Z (®) (a)g(a)® = E 4o [Q(A)]2- (C.9)
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With the sufficient condition (5.13), we show the variance reduction. Vk,

Vo (7 (A)g(4)

=/ (Z W(k)(a)Q(a)) — Eaerm[a(A))? (by (C.7))

ﬁ a
<379 (A)q(a)? ~ Egniw [g( AL (by (5.13))
=V 4rm (q(A)). (By (C.9))
]

C.1.5 Proof of Theorem 6

Before proving Theorem 6, we first present an auxiliary lemma that is a stronger

version of Lemma 4.

Lemma 39. Vu € A, Vk,Vt, Vs,

Eotyp [p;f"“*ﬂqw(k),t(st, A) ]S, = s] =E,,_0 [0:00(5n A) | S = 5]
Proof. Yu € A, Vk,Vt, Vs,

By [p:(k>7uq7r(k),t(st? Ap) | S = 3]

(k)
e als
=Y ™1 s

ac{alut(als)>0} pe(als)

= > mPals)gem,(s,0)

ac{alut(als)>0}

= Y dPasgesa)+ Y P als)gm(s,a)  (nE A

ac{alut(als)>0} a€{alut(als)=0}

= Z Wt(k)(a\S)Qﬂm,t(S, a)

=B, (@0 1(Se, A) | Sy = 5] .

Now, we are ready to prove Theorem 6.
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Proof. We proceed via induction. Vk, for t =T — 1, we have
B [GPS(577) |51
—E |0 "#7(S, 40) | 8]

(k)
=K [Pt ' P +(St, A) | St]
:EAtNWEk)(~‘St) [qﬂ‘(k)yt(st’ At) | St] (Lemma 39)
va(k)’t<5t).

For t € [T — 2], we have
]E [GPDIS (TtM’}T 11) | Stj|
I 7T(k) (k) .
"Rei + ] MGEOP (Ttl:LTlTT 11) | St}
I 7r ] (k)
:E 7uRt+1 | St + E [p MGPDIS (Ttlfﬁ_lTT 11) | St}

T [ k), .
Rt+1 | St +EAtNNt('|St)»St+1Np('lstht) E [pt #GEDIS (TtHJH:lTT—ll) | S, At St+1} ‘ St}

(Law of total expectation)

(k

_E [ 7T
(k)

I 7r(fc) T I \
=E |pf "Ru1 | S| 4 Eaen(is scamptisnan (o0 "B [GPE (R | el | St]
(Conditional independence and Markov property)

I (k) T [ (k)
:E Rt+1 | St +EAtNMt('lst),StJrle('lSt7At) pt o 7r(k>,t+1(St+1) | St]
(Inductive hypothesis)
(k) ..
=4, ope(-181) [pt "G (S, Ar) | St] (Definition of g, ;)
:EAt~w§k)(~|St) [qﬂ<k)7t(5t,At) | St} (Lemma 39)
=V 4(St)-
This completes the proof. O

C.1.6 Proof of Theorem 7

To prove Theorem 7, we rely on a recursive expression of the PDIS Monte Carlo
estimator, which is restated from Liu and Zhang (2024), as summarized by the following

lemma.

Lemma 40 (Recursive Expression of Variance). For any u € A, Vk, we have for
t=T-1,

e

V(GPPIS (7Y | 8) = Bty | 07 G (St A | 82| — v o(S0)%
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Fort e [T —2],
V(G};DIS( tM%T11> |St)

:EAtNMt p?— k)# (Est+1 [V (GIICDDIS(TtlﬁTlTT 11) | St) I StaAt} + Vﬂ'(k),t(ShAt) + QW(’C),t(ShAt)Q) | St

- /Uﬂ.(k)ﬂ:(St)z.
Proof. When t € [T — 2|, we have

V(GPE (') 1S (C.10)
:]EAt [V (G}:DIS (TtM}Tll) | St,At) | St] —|—VAt (E [GI;DIS (T#%Tll) | St,At] | St)

(Law of total variance)
[ 79),,,2 .
|7 (50 40 + GPP () 181040 |51

+Va, (o7 B [(S1 A) + GEPS (41577) | S Al | 81) (Using (5.1))

[ ) T e
=E4, |p: u® \Y (GPDIS (TtTfTT 1 ) | St7At) | St] + Vg, (Pt ’qu@),t(staAt) | St) .

(Deterministic reward r)

Further decomposing the first term, we have

V(GEPS (rf50) | S, Ay) (C.11)
=Es,, [V(GPP (05 5) | 80 Av Sia) | S Al
+ Vs, ( [GPDIS (Tfﬁ}T 11) | St, Ay, St+1] | St, At) (Law of total variance)
=Es.,, [V(GRP® (7 5) | Sex1) | S, A 4 Vi, (E[GRPS (745555) | Sea] | S, Ar)

(Markov property)

:EStH [V (GEDIS (TtliJlrlTT 11) ‘ St+1) | Stht} +V5t+1 (Uw<’“),t+1<5t+1> ’ Stht) .
(Theorem 6)
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With v, ; defined in (5.16), plugging (C.11) back to (C.10) yields
V(GPDIS(T#%Tll) | St)
B, [0 (B [V (GEPP (T | Sen) 4] + (S, 40) | 1

+ Vy, (P:(k)’ﬂqw(k),t(st, Ay) | St)

(k) ,2

i, 1 (B, [V (GEPS () | Sim) [ 51 A] + 0405 40) | 1

2
#Ea | (50 407 51| = (Ea [ #0050 401 51)

B2
—E,4, [p? P (B, [V (GEPS (7550) | Simn) | St Al + (S Ay)) | St}

7®) 4
+ Ea, [Pt( qr(), (StaAt)z ’ St:| - U,r(k),t(st)z. (Lemma 39)

When t =T — 1, we have
V(GEPS(ra7) | $) =V (o7 r(S A | 1)

—V< , C]ﬂ<k>7t(5t,At) ‘ St)

(k) 2
M gp 4 (Sy, Ar)? | St} — v 4 (S0,

=Ea, {Pf
which completes the proof. O

Then, to solve the variance minimization problem, we manipulate the variance

expression in (5.17). For any policy k, for any p € A, whent =T —1,

v (ros (lem@e iy g C.12
Z Te:1-1 | Sp=s (C.12)

:ZEAwm [ q7r<k) (St Ay)? | St:| — vy 4(S1)? (Lemma 40)
k=1
- 200 )
:ZEAwm Pt q7r<k) t (S, Ay) | Se| — Uw(k),t<5t) (By (5.18))
k=1
K <) O 2
:ZVAtNMt <Pt G 1(St, At) | St) ZEAtNMt [pt AS Qe (e, Ar) | St]
= Up 4 (1)’
= 7r(k> R 2
:ZVAWM (Pt A/ Qe ¢ (Sty Ar) | St) ZE O [ Grtk) 4 (Sty Ar) | St}
k=1
— V0 4(S1)? (Lemma 39 and i, € A C A)
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For t € [T — 2],

= PDIS {ut,w,ﬁﬂ ..... 7#“)
ZV (Gk <Tt:T—1 > | St = S) (013)

k=1
(k) 2 7B,y
:ZEAwm {Pt * (ESm [V (GEDIS <Tt+1:T+—1 > | St+1> | St,At]
k=1
_’_Vw(k),t(stu At> + qﬂ(k)i(St, At)2) | St} — Uﬁ(k)’t(St)Q (Lemma 40)
K
:ZEAwm [P? o G 1(St; Ay) | St:| — Ug (St> (By (5.18))

K
ZZVAwm (Pg(m k) t(St7At | St) ZEAwm [P?m’# (jw(k),t(SﬁAt) | St]2

k=1
— Ve 4(Sp)?
K ) 2
=> Vi (Pf 1) Qe 4 (Shy Ar) | 5t> ZE ) [ Gr(i) ¢ (Sts Atr) | St}
k=1
— 'Uﬂ.(k),t(St)Q. (Lemma 39 and pu; € AC A)

Since for both (C.12) and (C.13), the second and third terms are unrelated to f,

solving (5.17) is equivalent to solve

min ZVAM (pf B Jaw (S Ay | st) . (C.14)

utEA

Then, with Lemma 5, we conclude that fi; as defined in (5.19) is an optimal solution
o (C.14), which completes the proof.

C.1.7 Proof of Theorem 8

Before proving Theorem 8, given the sufficient condition in (5.26), we first observe

the following equation.

.2 N
E v [pff““”“ Voo (1 A2) | S1] + Vi (07 Pe004(50 A1) | 1) (C.15)
.2
=Ea,~p [/Jﬂ(k) e (St A) | St} + Eap [Pﬂ(k)’“ ey 1 (St, Ar)? | St}
— Eamp [Pw(k)’ﬂqnm(sty/lt) | St]

Ve ¢ (e, Ar) | St} + Eaop [p’r(k) Qi) ¢ (Sty Ar)? | St} — U 4 (S1)%.
(Theorem 6)

. <) 52
_]EAtNﬂt |:p
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Thus, we obtain Vi, s,

\/? (Zwﬁ’“)(ars) qﬂ<k>,t<a|s>) (C.16)

n—n (k) 2
- u <EAt~ﬂt [P o (Ve 4(8, Ap) + @i (5, Ar)?) | 5} - Uﬂ<k),t(5>2>

n
2

= %(Z ' (als) éﬂk),t(aIS))

—t a

n—n (k) ;2 )

T, : <EAt~ﬂt [p o V() (St, Ap) | Sy = 3] + Vap, (p ' ’“qﬁ(m,t(st,At)) | S = S)
(By (C.15))

<E ,n® [Gx0 (St Ar) | Sp = 5] (By (5.26))

We also discover the following inequality. Vk, Vs, Vi,

% \/§<2ng)(@|3) qAﬂ(k>7t(a'|S)> —Uﬂ(k)’t(s)z
:% \/g(;ﬂgm(ab) wa<k)7t(a|s)) —(——1) (Zw (] )G (s, @) — 7r(k)7t(8)2>

(ni - )(Z 7 (a])doce 4 (5, @) — ﬂk),t(s)) - vﬂ<k>,t(s)2]

1 R
Sﬁ Zﬂfk)(ﬂs)qﬂ(m,t(safl) (— - 1) (Zﬂ-tk) als) Gz (s, a) — (k),t<8)2> —Uﬂ<k>,t(5)2]
(By (C.16))
:l —Z?T k) q (k) (S a) ﬁ —1 v (k) (8)2 — U_(k) (8)2
nk t m(k)t Ny m(k) w(k)t
1 n
el s Z” $)dxt 4(5, ) — n_kvw(k),t(s)Ql
= [Z " (al8)dam (5, 0) — vﬂk),t(s)?]
N -
1 (E 0 [dr 1 (St Ad) | Se = 5] — vy t(s)2>. (C.17)
ng AtNﬂ't T T,

Next, to prove Theorem 9, we present a closed-form representation of the variance
of the on-policy estimator.
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Lemma 41. For any k, t and s,

(
\Y% (GPDIS(T > ‘ Sy = 3) = ]EAtwvrgk) [qAﬂ.(k)’t(St,At) ’ Sy = S} — Ufr(k>,t<3)2.

Proof. We proceed via induction. When t =T — 1,

Y (GPDIS (T 7 ) | St)
:EAtwt(k) |:qﬂ.(k)7t(St, A)? St] — Uwuc),t(St)Q (Lemma 40 and on-policy)

=E,, (G0 1 (Se, Ab) | Se] — v 4(S)* (By (5.18))
When t € [T — 2],

V(GEPP (i) 18)
:EAtNWt [(Est—o—l [V (GEDIS (T;i-{:lj}“—_ll) | St) | St’At} + Vﬂ(k),t(st7At) + QW(k>,t(St7At)2) | St}

— Uﬂ(k)7t<St)2 (Lemma 40 and on-policy)
=E 1, 0 [Gew (St A) | 8] = vr00,4(50)%, (By (5.18))
which completes the induction. O

Additionally, we discover the following inequality. Vk, Vs, Vt,
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2,2

EA, o {Pt " @w<k>,t(5taAt) | Sp = 3}

:]EAt ~fL

=Y " w(s,a)
=Y " w(s,a)
=Y " w(s,a)

=3 0l s, | Zp )

:ngk) (S,a) —17 :

<> w(s,a)

= Z wzgk)(‘g? a)

a

=Y " w(s.a)

; (k)
= /= wy (s
, Z t

1= |3

1= |3

I
1= |3

w§k)(5t,At) | St _
fle(Ag]Si)?

1

iy (als)

Sy e wl s, b))
Ve 0l (s, a)

Zb \V ﬁtwygk) (s,0) )

k

S /i (s,b)
= w®(s,a)
>, a)) (Z Ve (s, b))
z\/wﬁ%,a))
> "7 als) m,xs,a)) .
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(By (5.20))

(By (5.19))

(by (5.21))

(By (5.22))

(By (5.23))

(By (5.20)JC.18)



From here, we restate Theorem 8 and give its proof.

Theorem 8 (Variance Reduction with Same Sample Sizes). Vk, V¢, Vs,
Y (ng;‘f‘f) 1S, = s) <V (E;;q;“ 1S, = 5> .

iof the similarity n has Vk,Vt,Vs,

VE (S als) G @) (1= 2)A0(s)
<o (a]s) g (5, ),

where

AB (s) = By, op, [p”“”’ﬁ%ﬂ(k),t(st, A | S, = s]

+VAtNﬂt (pﬂ(k)ﬂQTr(k),t(Sta At) ’ St = S) .

. . . (k) (k)
First, we manipulate the variance of both ES2™," and EO%™,.

oﬁfm(k)
v (EO:Tfl )
S G ()
n
= (s e ()

1 A
IEV (G}:DIS <Téf(}T:11> ) (Independence
1

(5.26)

(C.19)

(By (5.29))

of 7l )

ZE]ESO [V (GEDIS (T(;f%{;l) | So = s)] - %Vso (]E [Ggms (Téf‘ﬁ‘f) | Sy = SD

(Law of total variance)

e (o () 150= )]+ )
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Similarly, we have

Y (Eggz’ff’) (C.20)

e GPDIS 1]

2t To:T—1
=V (By (5.24))
ng
ne APDIS [ mor 11

:_V ity Gy To.r—1
1 PDIS W(()]:CT)“fl OT 14
:n—kV G, Toq (Independence of TOT )

1T n®) 11 nl®)
s [V GEPS () 15 =) | v (62 () 10 =)
) ) (Law of total variance)

al

i o 1
i [V(GEP () S0 =) ] + s ol
) ) (Theorem 6 and on-policy)

With the manipulated sufficient condition in (C.16), we present the following

lemma.

Lemma 42. Under the condition in (5.26), Vk,t, s,
@V <GPDIS< tu’}T11> | St — S)

(k
<v (a ( ) 5 = )

Proof. We proceed via induction. Vk, Vs, when t =T — 1,

@V (GPDIS< ZL%T11> S, = s)

n us

_ nk EAWW {Pt “on @iy ¢ (St AP S, = s] — Uw(k)yt(5)2:| (Lemma 40)
n ok 2

=2 B [0 G50 401 5= 5| = vy (57 (By (5.19))

r — 2

n ~

</ (Z i) (als)y o o5, a>) — a4 (5)° (By (C.18))

<t a
<E i, e (S, Ad) [ Se = 8] = vem 4(5)° (By (C.17))
7r<k
=V (GEDIS (Tt b 11) | S = 5> (Lemma 41)
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For t € [T — 2],

Ly (6P (nsty) 1S =s)
:%EAtNﬂt [pﬂ(k>,,12 <Est+1 [V <GPDIS (Tt;ﬁrlTT 11> | St) | St,At]

+Vp) 1 (Sty At) + G (St At)Q) | St] palCY (S (Lemma 40)
—Ean [pﬂ(k)"aQEstH [%V <G£DIS (r;f;;l; ;) | St> | St,At] | St]

n 22 n
+ WkEAtNﬂt [Pﬂ(k)’u (Vﬂ(k)7t(5t, At) + qﬁ(k),t(st, At)Q) | St} - _kvw(k) t(St)Q
Lmearlty of Expectation)

k) g2 T—1
<E4,~p [Pﬂ< & (ESt-H [ (GPDIS< tﬁlT 1) | Se )| St;f‘h]) | St}
)

n X
+ ;kEAtNﬂt |:p7r(k),u ( (StaAt + qrm t(StaAt)Z) ‘ St:| = —Urw), (SL‘)
(Indutlve Hypothesis)

.2 7r<’“>1' .
:EAtN[Lt |:p7r(k)”u (E5t+1 |:V (GEDIS <Tt—|i41—:TT—1) | St) | St? At:|

V) t(St, At) + qﬂ—(k),t(Sta At)Q) | St]

2
i (% — D)E4,p, [p”“)v“ (Ve 4 (St, At) + @z (St, Ad)?) | St} 7, U® (S

=E A~ [PHM# Gre) 4 (S, At) | St]

) A2
E A~ [PW(M’“ (Vﬂ(k),t(st;At> +qw<k),t(5t,At)2) | St] s w(k)t(St>
(By (5.18))

2
< ﬁ(zq§k)(a]5t) Cjﬂk),t(“‘&t))

— A2 n
- nnkEAwm [Pﬂ(k)’“ (Vr09 4 (St At) + Qi 1 (St Ar)?) | St] - fww,t(&f
(by (C.18))
2
= %(Z " (alSh) /G t(a\St)>
=t
J— & 2
_z nnk (EAtNﬂt [P”( g (Ve 1(Sts Ab) + qreor 4 (St, Ar)?) | St:| — v,,(k>7t(St)2) — 0,
S]EAWW%) [@r 0 4(St, Ar) | St} - Uﬂ(k)ﬂf(st)Q (By (C.16))
(k
=V (GPDIS (7‘ ) | St) : (Lemma 41)
]
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Now, we are ready to present the proof of Theorem 8.
v (E5)
1
:_ESO [V(GPDIS (T ) | SO == S)} -+ VSO Ur,0 So))
n

g%ESO [V(G}:DIS (Tgf%ﬁl) | So = 8)} + Vso (vr0(50))

_i % PDIS Ho:T—1 — R

By (IS () | So =) + Vi, (eralSo)
1 ®) 1

<V (GPDIS (7_ ) | So = 3) + —Vg, (Uw,O(SO))
N Ny,

C.1.8 Proof of Theorem 9

Proof. We prove it using induction. When t =T — 1, Vk, Vs,
\Y4 (GEDIS <TtH%T11) | St — S)
78 4 2 9
:EAtNut Pt * (St> At) ’ St - Ur (St)

200y,

2
_EAtN#t |:pt qAﬂ(k),t<St7At) | St:| - Uﬂ(k>,t(st)2

2
S,/%(Zﬂfk)(awﬁ Cjw(k),t<5t7a)> = Uri 4 (Sh)?

SEA [qﬂ(m +(St, Ap) | St] — Up (St>

_v (cPDIS (T it ) \St>.
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(By (C.19))

(ny <n)

(Lemma 42)

(By (C.20))

(Lemma 40)
(By (5.18))

(By (C.18))

(By (5.27))

(Lemma 41)



When t € [T — 2],
v (GEPS (st ) | S =)
[ (k) 2 it 4+1:T—1
:EAtNNt Pt o <]E5't+1 [V <G£DIS (Ttu—i--l'—:j‘qﬂ—l) | St+1> | Stht]

F U 4 (Sty Ae) + Gr0 4 (Ses A)?) | Se] — v o(Se)° (Lemma 40)

[ 2 AU
SEAtN,U«t IOt o (ESH—I |:V (GIIZDIS (TtiJlrleTf) |St+1> |StaAt:|

) (St At) 4 Qe o (Se, A0)?) | Se] — UW@)’t(St)Q (Inductive Hypothesis)

I 2
=E o |97 Gy (St Ar) | St] — 0n00,4(51)” (By (5.18))
- ) 2
< /% (Z m" (alS)) cm,t(St,a)v) = Uz ,1(S1)” (By (C.18))
—t a
SEAtwrik) [(jw(k),t(staAt) | St} - Uw("’%t(st)Q (By (5.27))
L)
_y <G£DIS (Tt:;i_ll) | St) . (Lemma 41)

]

C.2 Experiment Details

C.2.1 Learning Closed-Form Behavior Policy

In this section, we present an efficient algorithms to learn the closed-form optimal

behavior policy i with previously logged offline data. By (5.19), i is defined as

fi(als) o \/Zszl Tik)(a|8)(iﬂ.(k)’t(8, a)?, where for each target policy k, §.x) is defined
in (5.18) as

(k)
G510 Za00,5.00* + (5, 0) 4 Sl s,V (G857 ) i)

Learning fi from this perspective is very inefficient because it requires approximations

e
GPDIS t+1:T—1
k

of the complex variance term V < Tyi17—1 ) | St+1> regarding future trajectory.

To solve this problem, we restate the recursive expression of ¢ in the form of a Bellman
equation (Tamar et al., 2016; O’'Donoghue et al., 2018; Sherstan et al., 2018) from Liu
and Zhang (2024) and give its proof.

Theorem 22. For any target policy 7™, define

P (5, a) = 2r(s, a)gm 4(s,a) — r*(s, a). (C.21)
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Then G 4(5,a) = Trw 4(s,a) fort =T — 1 and otherwise

Grwr 4 (8,0) = Prw 4 (s,a) + 22, (8|8, G)Wt(_]?1(a/|3/)<?n<k>,t+1(3/7 a). (C.22)
Proof. For any k, for t =T — 1, we have

Qo) 4(8,@) = Qi 4 (5, a)? (Definition of g, ; (5.18))
= o 4(8, @) (By ¢, r_1(s,a) = r(s,a) and (C.21))

For t € [T — 2], we have

Grto) 4(8, @)

20
y04(5,0)* + g a5, 0) + 3 ('], a)V (GEDIS () [ S = )

Sl

(Definition of ¢ (5.18))

:qﬂuc),t(sa a)z + Vw(k),t<87 a) + ZP(SIIS, a) (EAH (k) [Cfﬂ(k),tﬂ(stﬂ, At+1) \ Siy1 = 8/}

1T
s

— 0,0 441 (Se41)?) (Lemma 41)

k R
:Vw(k),t(87 a) + q7r<k>,t(8, a)2 - ZP(5/|37 a)%(k),tH(S')Q + ZP(8'|87 G)Wt(+)1(a'|8')q7r<k>,t+1(3'7 a')
S/

s ,a’

= — (Blvz00 111 (Sea1) | Se = 5, Ar = a])* + o0 1 (5,0)2 + D p(s']s, )iy (0[5 )Gniwr 441 (', @)

(Definition of v (5.16))

= — (e 4(5,0) — 7(5,0))2 + quuwr 4 (5,0)* + > p(5']5, a) (31 (@']8 )G 41 (8", )

s’,a’
=2r(s,a) gz 4(s,0) = (5,0)" + Y p(s']s, )T (0]8) G 41 (5, @)
=faiw4(,0) + Y _p(|s, ) (0] doew o (81, @),
which completes the proof. O]

This derivation enables the implementation of any off-the-shelf offline policy evalu-
ation methods to learn G, , after which the behavior policy fi can be computed easily
with (5.19). For generality, we consider the behavior policy agnostic offline learning
setting (Nachum et al., 2019), where the offline data in the form of {(¢;, s;, a;, 74, s}) }iey
consists of m previously logged data tuples. In the i-th data tuple, t; is the time step,

s; is the state at time step t;, a; is the action executed on state s;, r; is the sampled

186



reward, and s is the successor state. Those tuples can be generated by one or more,
known or unknown behavior policies. Those tuples do not need to form a complete
trajectory.

In this work, we use Fitted Q-Evaluation (FQE, Le et al. (2019)) as a demonstration,
but our algorithm can incorporate any state-of-the-art offline policy evaluation methods
to approximate (}7@. To learn f&’“), it is sufficient to learn ¢, in which FQE can be
applied. Then, FQE is invoked to learn an approximation of cj,(rk). We refer the reader
to Algorithm 2 for a detailed exposition of our algorithm. In practice, we split the
offline data into training sets and test sets to tune all the hyperparameters offline in

Algorithm 2.

C.2.2 GridWorld

For a Gridworld with size m?

, we set its width, height, and time horizon T all to
be m. We test Gridworlds with m3 = 1,000 and m? = 27,000 states. The action
space contains four possible actions: up, down, left, and right. After taking an action,
the agent has a probability of 0.9 to move accordingly and a probability of 0.1 to
move uniformly at random. If running into a boundary, the agent stays in the current
position. The reward function r(s, a) is randomly generated.

We generate target policies using the proximal policy optimization (PPO) algorithm
(Schulman et al., 2017) with the default parameters in CleanRL (Huang et al., 2022).
We choose PPO just for a demonstration. Our method copes with any other deep RL
algorithm. We randomly draw 10 policies in a randomly chosen time step interval.
We obtain the ground truth policy performance for each target policy by executing
on-policy Monte Carlo evaluation for 10° total episodes. Our offline dataset includes
10* episodes from various policies with a wide range of performances. We execute
Algorithm 1 to learn our tailored behavior policy. When approximating ¢ and ¢, we
use Fitted Q-Evaluation (Le et al., 2019). We use a one-hidden-layer neural network
for Fitted Q-Evaluation. We test the neural network size for Fitted Q-Evaluation
with [64, 128, 256] and choose 64 as the final size. We test the learning rate for Adam
optimizer with [le™® 1le™®, 1e73 1e7?] and choose to use the default learning rate le™
as learning rate for Adam optimizer (Kingma and Ba, 2015).

The results for each target policy are shown in Figure C.1 and Figure C.2 in terms
of the relative error against total samples, as described in the main text. Notably, for
the On-policy Monte Carlo estimator and the ODI estimator (Liu and Zhang, 2024),
samples for each single target policy 7 are collected once in every K = 10 total

sample steps. Smooth lines are plotted through interpolation. Each line in Figure C.1
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and Figure C.2 is averaged over 900 different runs (30 groups of target policies, each
having 30 independent runs), indicating strong statistical significance. Our method
(MPE) consistently outperforms all other estimators for the evaluation of every single

target policy, demonstrating state-of-the-art performance.

Gridworld size = 1,000

Policy 1 Policy 2 Policy 3 Policy 4 Policy 5
1.0 1.0 1.0 1.0 1.0
— ours — ours — ours — ours — ours
—— On-policy MC —— On-policy MC —— On-policy MC —— On-policy MC —— On-policy MC
08 — ool 0.8 4 obi 0.8 — ool 081 — ool 081 — oo
= SON SON SON SON SON
2 — sobi — sobi — sobi — soni \ — oI
& 0.6 0.6 0.6 0.6 0.6
v
=
T 0.4 0.4 4 0.4 4 0.4 0.4 4
]
o
02 7¥ 0.2 7¥ 0.2+ 0.2 0.2
0.0 - . 0.0 - . 0.0 - - 0.0 - - = 00 - -
10t 10? 10° 104 10t 10?2 10° 104 10! 10? 10° 104 10t 10? 10° 104 10t 102 10° 104
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Policy 6 Policy 7 Policy 8 Policy 9 Policy 10
1.0 1.0 1.0 1.0 1.0
—— Ours —— Ours —— Ours —— Ours
—— On-policy MC —— On-policy MC —— On-policy MC —— On-policy MC —— On-policy MC
0.8 — ool 0.8 - oI 0.8 — ool 0.8 — obl 0.8 - —
w son son son SsoN son
g — sobi — soDI — sopi — sopl — sobl
& 0.6 0.6 0.6 0.6 0.6
v
=
04 0.4 4 0.4 4 0.4 0.4 4
]
o
0.2 021 0.2 0.2 0.2
0.0 A+ 0.0 : : 0.0 r ; 0.0 : . 0.0 T T
10t 10? 10° 104 10t 102 10° 104 10 10? 10° 104 10t 102 10° 104 10t 102 10° 104
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Figure C.1: Results on Gridworld. Each curve is averaged over 900 runs (the corre-
sponding target policies from 30 groups, each having 30 independent runs). Shaded
regions denote standard errors and are invisible for some curves because they are too
small.

Gridworld size = 27,000

Policy 1 Policy 2 Policy 3 Policy 4 Policy 5
10 10 1.0 10 10
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Figure C.2: Results on Gridworld. Each curve is averaged over 900 runs (the corre-
sponding target policies from 30 groups, each having 30 independent runs). Shaded
regions denote standard errors and are invisible for some curves because they are too
small.
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C.2.3 MuJoCo

Figure C.3: MuJoCo robot simulation tasks (Todorov et al., 2012). Pictures are
adapted from (Liu and Zhang, 2024). Environments from the left to the right are Ant,

Hopper, InvertedDoublePendulum, InvertedPendulum, and Walker.

In experiments of MuJoCo robot simulation tasks (Todorov et al., 2012), we use the
same method for obtaining offline data, randomly generating target policies, training
behavior policies, and applying the same hyperparameters as in the Gridworld experi-
ment. We discretize the first dimension of MuJoCo action space in our experiment.
The policies of remaining dimensions are obtained during PPO (Schulman et al., 2017)

training process, and deemed as part of the environment. The following table offers

an additional interpretation to Figure 5.2.

Env ID Ours On-policy MC ODI SON SODI
Ant 0.115 1.000 0.606 1.144 1.548
Hopper 0.114 1.000 0.580 1.287 1.413
InvertedDoublePendulum 0.111 1.000 0.494 0.882 1.582
InvertedPendulum 0.124 1.000 0.565 0.889 1.250
Walker 0.094 1.000 0.590 0.759 1.056

Table C.1: Relative variance of estimators on MuJoCo environments. The relative
variance is defined as the variance of each estimator divided by the variance of the
on-policy Monte Carlo estimator. Numbers are averaged over 900 independent runs

(30 groups of target policies, each having 30 independent runs).
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Env ID Ours On-policy MC ODI SON SODI

Ant 125 1000 626 1171 1701
Hopper 115 1000 583 1253 1413
InvertedDoublePendulum 103 1000 464 835 1547
InvertedPendulum 111 1000 530 916 1166
Walker 97 1000 542 749 1033

Table C.2: Episodes needed to achieve the same estimation accuracy that on-policy
Monte Carlo achieves with 1000 episodes on MuJoCo environments. Numbers are
averaged over 900 independent runs (30 groups of target policies, each having 30
independent runs) and their standard errors are shown in Figure 6.2.
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Appendix D

Appendix for Chapter 7

D.1 Proofs

D.1.1 Proof of Lemma 11
Proof. Vs, Vu € A,

m(als)
p(als)

Eovulplals)r(s,a)l = ) ulals)

ac{alp(als)>0}

= Z m(al|s)r(s,a)

ac{alp(als)>0}

= Z m(als)r(s,a) + Z m(als)r(s,a) (€ A)

a€{alu(als)>0} ac{alu(als)=0}

:Zﬂ(a|s)r(s,a)

a

=E,r[r(s,a)].

r(s,a)

D.1.2 Proof of Lemma 12

Proof. To prove Lemma 12, we express the objective function as

Ewlplals)r(saf]= Y IO

p(als)

ac{alp(als)>0}

To prove the problem is convex, we begin by examining the feasible set of each
constraint separately.
In the first constraint of A (7.2),

Vs, a, p(als) =0 = w(als)r(s,a) = 0. (D.1)
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The feasible set of (D.1) is a linear subspace of R defined by a set of linear equations.
Thus, this feasible set is convex.
Next, we decompose the other constraint of A (7.2), u(+|s) € AMI=! Vs into two

subconstraints:
" ulals) = 1, (D.2)
V(;,u(a|s) > 0. (D.3)
For all s, the feasible set in (D.2) can be written in the vector form as
175, =1, (D.4)

where 1 € R is the vector of ones defined as

1
1= ;]
1
and /TZ € Rl is defined as
pi(a]s)
=
p(agals)

Since (D.4) is linear, the constraint (D.2) is affine and thus convex (Boyd et al., 2004).
For all s, the feasible set of (D.3) is the non-negative orthant, defined as

R = {u(-|s) € R™ | (als) > 0,Ya}.

Since the non-negative orthant forms a convex cone and is known to be a convex set
(Boyd et al., 2004), we conclude that this constraint’s feasible set is convex.

Next, we define the vector of costs for all s as

0(87 al)
Cc, =

c(s, @|A|)

Then, for all € and s, the safety constraint (7.8) can be rewritten as
el < 0.(s),

which is a linear inequality in p. Thus, its feasible set is in a convex half-space.
Because all the constraints are convex, we conclude that the feasible set F in (7.9) is

convex.
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Finally, we examine the minimization objective (7.7), where 7 and r are fixed and

independent of the behavior policy u. For all s, we express the objective function as

m(als)?r(s,a)?
plals)

Eoulp(als)’r(s.0)f) = >
a€{alp(als)>0}
Then, for each a, we decompose the objective function as
m(als)*r(s, a)®

plals)

Taking the first and second derivatives of f,, we get

fa(p(als)) =

: _m(als)’r(s, a)®
fululals)) = -
27 (als)?r(s,a)?

fa(ulals)) =

(
plals)?

Since Vs,a, f/(u(als)) > 0, we know that (D.5) is convex for all a. Then, as a
summation of convex functions, (7.7) is also convex. In conclusion, by the convexity
of the feasible set F and the objective function (7.7), we obtain the convexity of the
constrained optimization problem in Lemma 12.

For feasibility, note that by Lemma 13, = € F, which is the feasible set. Thus, we

confirm the feasibility in Lemma 12.

O
D.1.3 Proof of Lemma 1
Proof. We proceed via induction. For t =T — 1, we have
E [G"PP (571 | Si] =E[piRes1 | St = E [pigrs(Si, Ar) | Si]
=E A, o, (180) [@nt(St, Ar) | S (Lemma 11)

:’Uﬂ-,t(st) .
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For t € [T — 2], we have

E (675571 | 5
=E [pRip1 + oGP () | S
=E[pRi1 | Se] + E [PtGPDIS(Tt/ﬁ;lTITj) | St}

=K [pth+1 | St] + EAtNNt('|St)aStJrle("Stht) []E [ptGPDIS(Tt/ﬁT:%I:“T:Il) | St7Atvst+1] ‘ St]
(Law of total expectation)

=E [p1Ri11 | St + Bty (150,501 ~p(150.40) [ [GTPB (AT | Sea] | S
(Conditional independence and Markov property)

=E [PthH | St] + ]E’Atwut(~|5't),St+1Np("St,At) [Ptvw,t+1<5t+1) | St]
(Inductive hypothesis)

=4, i (150) [0t (St, Ar) | S (Definition of ¢ ;)
:EAtNﬂt('|St) [QTI',t(St7 At) ‘ St] (Lemma 11)
:Uw,t(st)v

which completes the proof. O]

D.1.4 Proof of Theorem 16

Proof. We first define the set of feasible policies as

F={peA|[Vet, s Eop v (5)] < 0ei(s)} (D.6)
We begin by examining each constraint. In the first constraint of A (7.11),

Vi, s, a, p(als) =0 = m(als)gri(s,a) = 0. (D.7)

The feasible set of (D.7) is a linear subspace of R defined by a set of linear equations.
Thus, this feasible set is convex.
Next, we decompose the other constraint of A (7.11), p,(+|s) € AMI=! into two

constraints:
> nlals) = 1, D3
\V/L;, p(als) > 0. (D.9)
For all t and s, in (D.8), the feasible set can be written as

175, =1, (D.10)
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where 1 € RH is the vector of ones and m € Rl is defined as

pe(ans)
st = :
pulalalls)
Since (D.10) is linear, the feasible set of constraint (D.8) is affine and thus convex
(Boyd et al., 2004).

For all ¢ and s, the feasible set for the constraint in (D.9) is the non-negative
orthant, defined as

R = {u(]s) € R | p(als) > 0,va}.

Since the non-negative orthant forms a convex cone and is known to be a convex set
(Boyd et al., 2004), we conclude that this constraint is convex.
Next, we define the vector of the state-action value function for the cost ¢ for each
S as
Gj1.1(5, 01)
Qut = :
Qi (5, a14))

Then, for all €, ¢t and s, the safety constraint (7.16) can be rewritten as

a fish < Oeu(s),

which is a linear inequality in p;. Thus, its feasible set is a convex half-space. Because
all the constraints’ feasible sets are convex, we conclude that the feasible set F in
(D.6) is convex.

To prove Theorem 16, we express the objective function as

Eovuliifi(s,a)l = Y

ac{alpue(als)>0}

mi(a|s)*7(s, a)
fe(als)

where 7 in (7.14) is defined as

(5.a) - rri(s,a)? t=T—1,
rels,a) = T
t Vea(5,0) + Gra(5,0)° + sy [V (GPPS(ET) | S ) | s.0] e [T—2)

Here, 7; can be learned with logged offline data, as detailed in Algorithm 4, and it is
unrelated to p;. Then, for each a, we decompose the objective function as
mi(a|s)?7(s, a)

pi(als)

Jape(als)) = (D.11)
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Taking the first and second derivatives of f,, we get

folpe(als)) = _W,
Pn(als)) = 2Tl (S,a).

pu(als)?
Notice that the extended reward 7 defined in (7.14) is non-negative, since all the
summands are non-negative. Thus, V¢, s, a, f/(u(als)) > 0, and we know that (D.11)
is convex for all a. Then, as a summation of convex functions, (7.15) is also convex.
In conclusion, by the convexity of the feasible set F and the objective function (7.15),
we obtain the convexity of the constrained optimization problem in Theorem 16.

For feasibility, we show that the set of feasible policies (D.6) is non-empty. Because

e € 0, 00), for the safety constraint, we have

Eqnr, [Uz,t(s>] < (1+€6)Equn, [Uﬁ,t(s)] = 0c.1(5).
By the definition of A (7.11), V¢, m € A. Therefore, the set of feasible policies (D.6) is
non-empty. Thus, the constrained optimization problem in Theorem 16 is feasible. []
D.1.5 Proof of Theorem 17

To prove Theorem 17, we first restate a recursive expression of the variance V (GPPS(7/571") | )

for all 4 € A from Liu and Zhang (2024), and present its proof for completeness.
Lemma 43. For any p € A, fort =T — 1,
v (GPDIS( tu’fl“Tll) | St) Eaimp [ptqﬂt(‘s’tht) | St} - U (St)
forte [T —2],
A\ (GPDIS( :‘%Tll) ‘ St)
=Eao (07 (Bspen [V (GPPPEET) |S0) S Al + vai(Se Ar) + 62 4(Si, Ar)) | S1]
- U?r,t(st)-

Proof. For completeness, we provide the proof from Liu and Zhang (2024). We proceed

via induction. When ¢t =T — 1, we have

V(GTPE(ET) |1 8) =V (prr(Si, A | 5))
=V (pert(St, Ar) | Sp)
:]EAt [p?qﬁ,t(ShAt)z ‘ St} o Uw’t(St)27
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When t € [T — 2|, we have

V(G f%Tll) | St) (D.12)

=Ea, [V (GPPB(r1E ) | Sy Ar) | Se] 4 Va, (E [GPPS(rET1) | Sy Ad] | St)
(Law of total variance)

=E4, [p{V (r(Si, A) + GTPS(r 50 | S A | S
+ Va4, (0B [r(Si, A) + GTPB (550 | S A | St) (By (7.1))
=Eu4, [}V (G"PB (715550 | Sy Ad) | 8] + Va, (pE [r(Se, Ar) + GPPS (55750 | S, Ad] | Se)

(Deterministic reward r)

=E4, [p7V (G"PP(r1555770) | St Ad) | Se] + Va, (01 (Se, Ad) | Se) -

Further decomposing the first term, we have

V (GPPIS(H3m1) | 5, A)) (D.13)
=Es, ., [V(G™P(f5575) | S, Ar, Sia) | S, A

+ Vo (E[GPPB(5) | Sty A, Sean] | S Ar) (Law of total variance)
=Es,p, [V (G [ Sem) 1S Ad] + Vi (B [GPPP(HEEY) | Sean] | Sh, Ar)

(Markov property)

:E5t+1 [V (GPDIS(TﬁiT}%{EI) | St-f'l) | St?At] +Vst+1 (,Uﬂ’,t-l'l(st-f'l) | St’At) :
(Lemma 1)

Then, plugging (D.13) back to (D.12) yields

V(GPDIS( tM’}Tll) | St)
=Ea, [P? (Esm [V (GPDIS(TﬁTfij) | St+1) | St,At] +Vst+1(vrr,t(5t+1) | St =5, A = a)) | St}

+ Va, (pt%r,t(ShAt) | St)
:EAt [th (]ESH—I [V (GPDIS(TtﬁT}Z?—_ll) | St+1) | St’ At} + Vst“'l (Uw’t(SH_l) | St =5 At - (Z)) | St}

+ K4, [ptqu,t(StaAt)Q | St} - (EAt [thW,t<St>At) | St]>2
=E4, [} (Es,., [V (G™PP (05 | Sit) | Se Al + Vi, (vre(Sis1) | S =5, Av = a)) | Sy

+Ea, [0{6x1(S1, A)® | Si] — vai(Sh)?, (Lemma 11)
=B, [0} (Es, [V (G55 | Siga) | Sy Ar] 4 V(S Ad) + ara(Si, Ar)?) | S

— Uﬂ,t(St)2> (Definition of v)

which completes the proof. O
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Then, with the extended reward 7 in (7.14) defined as

) (5.a) - Tri(s,a)? t=T-1,
el s,a) = e
t Vral5:) + Gral5,0)* + By [V (GPS(ITE) | i) | s,a] te [T 2]

we can express the variance in a succinct form
V(G | 81 = 5) = B [pB(s,0)] — ves(s), Vst (D14)
Now, we restate Theorem 17 and present its proof.

Theorem 17. The behavior policy p* reduces variance compared with the on-policy

evaluation method.
V5,V (GPPIS(EI) | So= ) <V (GPPIS() | S, = 5)
In Appendix D.1.4, we show that V¢, m; € F, where F in (D.6) is the set of feasible

policies for the constrained optimization problem in Theorem 16. Recall that u is

defined as the optimal solution to the problem (7.15), i.e

p; =argminE,.,, [p77(s, a)]. (D.15)
wtEF

Thus, Vt, s,
v (GPPS(r) | 8 = )

=By [}7e(5,0)] = vra(5)? (By (D.14) )
SEqr, [0774(5, 0)] — th(S) (By (D.15) and m € F)
=V (G"™B(rF) | Si=5) (By (D.14) )

which completes the proof.

D.1.6 Proof of Theorem 18

Proof. We first prove the variance reduction property.
PDIS (_Ho:7—
v (GPPE()

—Eg, [V (GPDIS (/)J‘%Tll |So>} 4V, ( [GPDIS( (/)toTT ol SOD
(Law of Total Variance)
%)

=Es, [V <GPDIS :‘}T 1) 1So } + Vg, (vr0(50)) (By Lemma 1 and p* € A)

<Eg, [V (GPDIS Tor 1) | SO)] + Vg, (vr0(S0)) (Theorem 17)
—ESO [V (GPDIS 5"(/}T 11 ‘ SO)] + VS() ( [GPDIS( S%T 11) ’ SO})

(By Lemma 1 and 7 € A)
=V (G5 (rg5731) - (Law of Total Variance)
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Next, we prove the safety constraint satisfaction.

< Zpo(s)éﬁo(s) (Theorem 16)

= pols)(L+ €)vs o(s) (By (7.13))

which completes the proof. O]
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D.1.7 Proof of Lemma 15

Proof. Vs,a, whent = T —1, 7,(s,a) = r,4(s,a)?, as defined in (7.14). For t € [T —2],

7(s,a)
—ei(5,) + (5, @) + By, [V (GPPSGLE) | S ) | 5,0 (By (7.14))
=Vn4(5,a) + qri(s,a)?

+ ZP [EAMNMH [Pt+1 <Est+2 [V (GPDIS(thg;?iHI) | 5t+2> | 5t+17At+1]

V41 (Sea1, A1) + Qo1 (Siga, At+1)2> | Si1 = 3/} - Uw,t+1(3/)2]
(By Lemma 43)

:Vw,t(S, a) + qﬂ',t(sa G)Q + ZP(S,’& a) [EAtHNu:H [p?+17:7r,t+1<st+la A1) | Si = 8/}

S/

v g41(5')?] (By (7.14))
=vra(5,0) + Gri(s.0)” + > p(s']s, a) [prramiar (@]8)r i (s',d)) = vraga(5)7].
ZVstH (Uw,t+1(st+1) | Sy =584 = a) + Qﬂ',t(sa a)2

- Zp(s’ls, a) [pt+17rt+1(a’\s')fmtﬂ(s’, a) — vmﬂ(s')?] (Definition of v)

ZESM [Uw,t+1<St+1)2 | Sy =5, A; = CL] - ]Esm [Uw,t—i-l(st—i-l) | Sy =5, 4; = a]2
+ gri(s,0)* + ZP(SI|37 @) [pra1 41 (a']8 ) Pr 11 (8, ') = Vr g1 (5)7]

s’,a’

= ZP(SII& @)vri41(5)" = (Gra(s,a) = 7(s,0))* + gru(s, )’

+Zp I8, a)pep1migr (a|8")Pr 41 (87, ) Zp |5, a)vrp41(s)?

s’,a’

=2¢rs(s,a)r(s,a) — r(s,a)? + ZP(S |5, @) per1mesn (@] )it (s, @)

s',a’

7Tt+1(a/|s,) ~ I
=2q4(s,a)r(s,a) —r(s,a)* + Egn i [*—rmtﬂ(s ya')l.
8 pi (@']s)
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Environment Size On-policy MC Ours ODI ROS

1,000 1.000 0.547 0.460 0.953
27,000 1.000 0.575 0.484 0.987

Table D.1: Relative variance for estimators on Gridworld. The relative variance is
defined as the variance of each estimator divided by the variance of the on-policy
Monte Carlo estimator. Numbers are averaged over 900 independent runs (30 target
policies, each having 30 independent runs). Standard errors are plotted in Figure 7.1.

Env Size On-policy MC Ours ODI ROS Saved Cost Percentage

10 1000 472 738 1035 (1000 - 472)/1000 = 52.8%
30 1000 487 765 1049 (1000 - 487)/1000 = 51.3%

Table D.2: Cost needed to achieve the same estimation accuracy that on-policy Monte
Carlo achieves with 1000 episodes on Gridworld. Each number is averaged over 900
runs. Standard errors are plotted in Figure 7.2.

D.2 Experiment Details
D.2.1 GridWorld

We conduct experiments on Gridworlds with n® = 1,000 and n® = 27,000 states,

3 we set the width, height, and time horizon T all

where for a Gridworld with size n
to be n. The action space contains four different possible actions: up, down, left, and
right. After taking an action, the agent has a probability of 0.9 to move accordingly
and a probability of 0.1 to move uniformly at random. When the agent runs into a
boundary, it stays in its current position. We randomly generate the reward function
r(s,a) and cost function c(s,a). We consider 30 randomly generated target policies
with various performances. The ground truth policy performance is estimated by
the on-policy Monte Carlo method, running each target policy for 10° episodes. We
experiment two different sizes of the Gridworld with a number of 1,000 and 27, 000
states.

The offline dataset of each environment contains a total of 1,000 episodes generated
by 30 policies with various performances. The performance of those policies ranges
from completely random initialized policies to well-trained policies in each environment.
For example, in Hopper, the performance of those 30 policies ranges from around 18
to around 2800. We let offline data be generated by various policies to simulate the
fact that offline data are from different past collections.

We learn functions ¢, g5 ;, and 7, using Fitted Q-Evaluation algorithms (FQE,
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Le et al. (2019)) by passing data tuples in D, from t =T — 1 to 0. It is worth noticing
that Fitted Q-Evaluation (FQE, Le et al. (2019)) is a different algorithm from Fitted
Q-Improvement (FQI). Importantly, Fitted Q-Evaluation is not prone to overestimate
the action-value function ¢, ; because it does not have any max operator and does not
change the policy. All hyperparameters are tuned offline based on Fitted Q-learning
loss. We leverage a one-hidden-layer neural network and test the neural network size
with [64,128,256]. We then choose 64 as the final size. We also test the learning rate
for Adam optimizer with [le™® 1e™* 1e73 1e72] and finally choose to use the default
learning rate le™ as learning rate for Adam optimizer (Kingma and Ba, 2015). For
the benchmark algorithms, we use their reported hyperparameters (Zhong et al., 2022;
Liu and Zhang, 2024). Each policy has 30 independent runs, resulting in a total of
30 x 30 =900 runs. Thus, each curve in Figure 7.1, Figure 7.2 and each number in
Table 7.1, Table D.1 and Table D.2 are averaged from 900 different runs over a wide

range of policies, demonstrating a strong statistical significance.

D.2.2 MuJoCo

Figure D.1: MuJoCo robot simulation tasks (Todorov et al., 2012). Pictures are
adapted from (Liu and Zhang, 2024). Environments from the left to the right are Ant,
Hopper, InvertedDoublePendulum, InvertedPendulum, and Walker.

On-policy MC Ours ODI  ROS

Ant 1.000 0.835 0.811 1.032
Hopper 1.000 0.596 0.542 1.005
I. D. Pendulum 1.000 0.778 0.724 0.992
I. Pendulum 1.000 0.439 0.351 0.900
Walker 1.000 0.728 0.696 0.908

Table D.3: Relative variance of estimators on MuJoCo. The relative variance is defined
as the variance of each estimator divided by the variance of the on-policy Monte Carlo
estimator. All numbers are averaged over 900 independent runs (30 target policies,
each having 30 independent runs).
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Figure D.2: Results on MuJoCo with log-scale y-axis to show the error does not
converge. Fach curve is averaged over 900 runs (30 target policies, each having 30
independent runs). Shaded regions denote standard errors and are invisible for some

curves because they are too small.

On-policy MC Ours ODI ROS
Ant 1.000 0.897 1.397 1.033
Hopper 1.000 0.930 1.523 1.021
I. D. Pendulum 1.000 0.876 1.399 1.012
I. Pendulum 1.000 0.961 1.743 0.990
Walker 1.000 0.953 1.485 1.061

Table D.4: Average trajectory cost on MuJoCo. Numbers are normalized by the
cost of the on-policy estimator. ODI and ROS have much larger costs because they
both ignore safety constraints. Our method is the only method consistently
achieving both variance reduction and safety constraint satisfaction.

MuJoCo is a physics engine with various stochastic environments, in which the
goal is to control a robot to achieve different behaviors such as walking, jumping,
and balancing. We construct 30 policies in each environment, resulting a total of
150 policies. The policies demonstrate a wide range of performance generated by
the proximal policy optimization (PPO) algorithm (Schulman et al., 2017) using the
default PPO implementation in Huang et al. (2022). Original MuJoCo environments
are Markov decision processes (MDP) and do not have cost functions. We enhance
it with cost functions to make it constrained Markov decision processes (CMDP).
Specifically, the cost of the MuJoCo environments is built on the control cost of the
robot. The control cost is the L2 norm of the action and is proposed by OpenAl
Gymnasium (Brockman et al., 2016). This control cost is motivated by the fact that
large actions in robots induce sudden changes in the robot’s state and may cause
safety issues.

We set each environment in MuJuCo to have a fixed time horizon 100 in OpenAl

Gymnasium (Towers et al., 2024). Because our methods are designed for discrete
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action space, we discretize the first dimension of the MuJoCo action space. The
remaining dimensions are then controlled by the PPO policies and are deemed as
part of the environment. The offline dataset for each environment contains 1,000
episodes generated by 30 policies with various performances, following the same
method as in the Gridworld environments. Functions gy, gy ;, and 7, are learned
using the same way as in Gridworld environments. Notably, our algorithm is robust
on hyperparameters, as all hyperparameters in Algorithm 4 are tuned offline and are
the same across all MuJoCo and Gridworld experiments. Each policy in MuJoCo has
30 independent runs, resulting in a total of 30 x 30 = 900 runs. As a result, curves in
all figures are averaged from 900 different runs with a wide range of policies, showing

a strong statistical significance.
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Appendix E

Appendix for Chapter 8

E.1 Proof

E.1.1 Proof of Lemma 16

Lemma 16 (Transition Gradient of the Variance). For a fized behavior policy T,

0
%VHNPQMT@ [OPE(?TE, Ure H)]
1 | OPEX (e o, H) 20 25 108 (pa(Si111S0, A)

- ZEHpr,ﬂ’e [OPE<7T€7 o, H)]EHNPWaﬂ-O [OPE(7T€7 o, H) ZZ;—Ol % log(pw(StJrl |St7 At)) .

Proof. To prove Lemma 16, we aim at decomposing the term Pr(H = h | p,) into two

parts: one that depends on p, and one that does not. Let

my,, (h) = ﬂpw(8t+l‘st714t) (E.1)
and
. Pr(H =1h|py,)
then we have
Pr(H = h | pu) = p(h)my, (0). (E3)
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Next, we manipulate the term 2m,,, (k).

0

%mpw (h =

D (St41|S¢, A) (By (5.5))

3pw(5t+1|5t, At))

A,
(g pw z+1’Sz7 ) Ow

1 0 pw z+1‘5uA) apw(StJrl‘StaAt))

wms %

t Pu(Se1l S, Ar) Ow
:Ll_[ 1S;, A;) - « ( 1 8PW(St+1‘St>At))
1=0 w H_l K t=0 pw(St+1 |St7 At) Oow
L-1 T—1
@ 1 d1og pu,(Si41]St, Ar) )
= Do (Sig1]Si, A;) - o (Si1]Se, A
P ( +1| ) p (pw(8t+1|5t,14t)p ( t+1| t t) aw
L1 -1, g
= pr(Si+1’Sia A;) <8_ log pu(St41]St, At))
i=0 =0 w
T—1
mpw <_10gpw St+1|5t,At))
t=0
-1 5
=y, (h) o 10g(pus (Se+1Sk, Ar)) (E4)

t=0

Here, (a) follows from the fact that

) 1 of(a)
a—xlogf(l’)—m I
_ 9f@) _ Olog f(z)

or (z) - ox
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Then, we decompose the variance objective

9
ow
_9
- Ow

0 2
= Zh:pr(H = h|p.,)OPE? (7., g, h)

VHNPW o [OPE(ﬂ-ea g, H)]

(E#po,mo [OPE?(me, mg, h)] — Egropy o [OPE(me, o, h)]?)

— 2B g, 7y [OPE(1r,, g, h)]a% > " Pr(H = h|p,)OPE(,, 7y, h)
h

)
. 2
— Zh: p(R)OPE (e, o, h) 5=, (1)

0
—2Exp, xy [OPE(7,, mp, h)] zh:p(h)OPE(we, o, h)%mpw(h) (By (E.3))
— 0
= Zp(h)OPEQ(Wea o, h)my, (h) Z 0w 0 log (o (St+1[5t, Ar))
h t=0
T-1 a
— QEHpr,We [OPE<7T67 Ty, h)] Zp(h)OPE(Trm 7707 mpw Z a_w pw St+1 |St7 At))
h t=0
(By (E4))
— 9

:EHNPere [OPEQ(W% H) Z a_ g(pw(5t+1 ’Sta At))]

t=0

T—
9
— 2F pop 2y [OPE(7e, 9, W) |E o, 7y | OPE (71, 79, H Za_ 2(pu(Sii1|Si, A |
t=0

E.1.2 Proof of Lemma 17

Lemma 17 (Transition Gradient Convergence). For a fized behavior policy ma, Algo-
rithm & converges. That is, Vi, ~p, =, [1S(7e, 9, H;)] convereges to a finite value and

llmzi)oo %VHinwi,ﬂ-@ [IS<7I_67 g, HZ)] = 0.

Proof. The proof leverages Proposition 3 in Bertsekas and Tsitsiklis (2000), for which

we have to show that Algorithm 5 satisfies the following conditions:
1. V[IS(my, pu,;, Hi)] is continuously differentiable w.r.t. w.

2. The gradient of the variance objectives, a%V[IS(?TQ, Pw:, Hi)], is Lipschitz contin-

uous w.r.t. w.
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3. The variance of the gradient estimate used by Algorithm 5 is bounded.

The other conditions of Proposition 3 in Bertsekas and Tsitsiklis (2000) are satisfied
because of the unbiasedness of the gradient estimates in Algorithm 5. Additionally,
since the gradient objective, as a variance, is bounded below by zero, we can avoid the
case of converging to —oo according to Proposition 3 (Bertsekas and Tsitsiklis, 2000).

For the continuous differentiability, we have p,, is continuously differentiable because
it is obtained through a soft-max layer. In addition, since 7y is attained through
the neural network with soft-max layer, it is always non-zero. Thus, the quotient
i’;—:; always exists and so is the estimator IS(my, p,,, H). Therefore, by the gradient
expression in Lemma 16, we conclude that 2 V., x, [IS(7g, p.s, H)] is continuously
differentiable, verifying condition 1.

Next, we show the Lipschitz continuity of a%Vwa,m [IS(7g, pw, H)] by verifying

the boundedness of its second derivative.

82
o0 Hrpamo [1S(7o, pu, H)]

0

=By |18, o, s H) S0 og(p (St S, A)|

— QEHpr,T(@ [IS(WE, 79y Puw H)]EHpr,ﬂ'g |:IS(7T€7 79, Puw H) ZtT:i()l log(pw(st—f—l |St7 At))

:% (Zh <p(h)mpw(h)ISQ(7Te, 9, Py, H) ZtT:_ol % log(pu(Si41] St At)))
— 2%, (p(h)ymy,, (h)IS(7e, T, pu, H))

S (P (IS (e, 7o, p H) S0 2 108(p(Sia 11, A1) )
(By Lemma 16 and (E.3))

:a% (Zh (p(h)mpw(h)ISZ(We, 05 Poos H)a% log my,, (h))
=27, (p(h)ymp, (W)IS(7e, 7o, Py H)) - 3, (p()101, (R)IS (e, 9, s, H) 25 log my,, ()

=2 (00 (PO (WIS (s 70, Py ) o, (1))

=257, (p(h)my. (WIS (e T, P H)) - 32, (PO (WIS (0, s H) by sy (1) ) )

~ N

=2 (¥, (p(R)IS*(me, o, P, H) 21y, (1))
—2 Zh (p(h)mpw (h)IS<7T€7 g, Pws H)) ’ Zh <p<h)IS(7T€7 g, Pws H)%mpw (h)>)
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82
:th(h’) ISQ<7T677T6'7PW7 )82 mpw(h)
—_——

M

(2)
- 2 8 [Zh ( ( )mpw (h)IS(Wm 9, Puw) H)) ' Zh (p(h)IS(We, o, Puw) H)%mpw (h))}

We further decompose the term in the square brackets.

% Xh: (p(h)myp,, (R)IS(me, o, puoy H)) - zh: (p(h)IS(?Te,ﬂg,pw,H)%mm(h))]
= Zp(h)(a%Wm(hﬂS(ﬂe»mm, H) -y <p(h>IS(7re, 0 Py H)a%mpw(h)>
h h
+

>

(0 YIS H) - 3 031 (1500070 H) 5 (1))

wsa

~ Ow
3)

p(h) IS(We,Wg,pw,Hzaawmpw(h)) -Zp(h) <IS<7Te77T97pw7H>£mpw<h’)>
N e’ h

82
h ()

"’ZP(M mpw(hﬂs(ﬂ'e?ﬂ'@’pwaH)) ~Zp(h)<IS(7re,7r9,pw, )a mpw<h))'

Notice that since p(h) is defined as %(:}glﬁ) in (E.2), where Pr(H = h) is trivially

bounded and w,(h) is always positive. Thus, p(h) is bounded. We then analyze the
boundedness of 8 555 Virepyme 1S(7a, pu, H )] through the above 5 terms.

For (1) and (3) the quotient %EZ{S; is bounded above by assumption. Besides,

since the reward is bounded, so is g(h). Therefore, both (1), IS*(7., 79, p, H) and (3)

IS(7e, ™, puw, H) are bounded.

For (5), it is bounded because m,,, (h) = [[1—g Pu(Si11]Si, A;) < 1. Then, for (4),

0 0
%mpw(h) :a—w pr(5t+1|5t, Ay)
t=0
T-1 L-1
0 [[.20 Pu(Sita]Si As)
— — ., S S,A 1=0
S
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Here, 8wpw(5t+1|5t,At) is bounded by construction and HLpZ(I;ﬁJ;ft)A.) < 1. Thus,
(4) is bounded. Lastly, for (2)

82
520, (h)

;) 115 po(Siia S, A))
- S S,A i=0 Pwi\Mit+ iy £
3(#;8 ( t+1| ' t) paJ(St+1’StaAt)

0 < 0
=5 5 (St+1|St7At pr ’L+1|S’L7A)
Ow t=0 a i#£t
— )
:Z 92w (St—i-l‘stht pr z+1‘Sz;A> awpw(5t+1|5’t,At)
t=0 it
0
8_ w( z+1|SzuA H pw j+1|Sj7A )
it JF#

which is bounded because p,, is constructed to be twice differentiable with bounded
first and second derivatives.

Therefore, we conclude that the gradient objective a%VHpr,ma [IS(7g, pu, H)] is
Lipschitz continuous w.r.t. w, verifying condition 1.

Finally, we show that the variance of the gradient estimate used by Algorithm 5 is

bounded. According to Algorithm 5, we use the unbiased estimate as

J

T—
0
2 Vit g 1S (m0, puo, H)| ~18% (9, psy H Za— 8(Pu(Si1|Si, Ar))
t=0

A
T-1 8
- 215(7@,2%, H)IS(’]TGapwa H) % (pw(st—i-l‘st; At))
t=0
B

Then, the variance of the estimate is decomposed into
V[A] + V[B] + 2Cov|A, B],

where Cov[A, B] < y/V[A] - /V[B] by the Cauchy-Schwarz inequality. Thus, it is
sufficient to show the boundedness of V[A] and V[B]. For V[A], since the variance of

a bounded random variable is bounded, we aim to demonstrate that for any trajectory
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h, the term I1S?(7g, po,, h) tT:_Ol log(pw, (Si41]St, Ar)) is bounded.

T-1

pw St+1 |St7 At))

g»|@

7T€7pw7

o+
Il

0
-1

ﬂ

=18*(mg, P, ) log(pu(St+1[St, Ar))

£l

~

=0

:ISZ (7T97pw7 ) 1Og Mp, (h)

0
ow
8(?,,) mpw (h’)

:IS2 (77'9, Puw, h) m—<h)
Pw

(E.5)

The boundedness of 1S*(7y, p.,, h) and mpw (h) is shown by the argument above for
1 1

term (3) and (4). And the boundedness of —a5 = T (orSiAy comes from

the fact that p, is always nonzero by construction. Thus, we conclude that V[A] is

bounded.

Next, we decompose term B into two parts because of the different samples used

to estimate them:

IS(mo, oy H) 18(mo, psy H) 320y 55 108(p( St St Ar))

-~

C D

We then have
V[B] = V[CD] = E[C?|V[D] + E[D*]V[C].
We show their boundedness term by term.

E[C®] = Ebtrpimy 15 (70, po H)] = Y p(h)my, (WIS* (e, g, poy H),  (E.6)

where each term is shown to be bounded above. Next, by the derivation from (E.5),

2]

- Zp(h)mp‘” (h)IS2(7Te7 T, Pw, H> (%) 5

where the boundedness follows from the analysis of (E.6) and (E.5).

As for the two variance terms, V[C] and V[D], we show the boundedness of the
random variable C' and D for each trajectory h, where IS(my, p,, H) is shown to be
bounded in term (3) above, and the boundedness of ZtT;Ol a% log(pu,(Si+1|St, At)) is
incorporated in (E.5).
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Therefore, we conclude that the variance of our estimate is bounded. By far, we
show that the three conditions of Proposition 3 in Bertsekas and Tsitsiklis (2000) are

satisfied, demonstrating the convergence of Algorithm 5.

]

E.1.3 Proof of Lemma 18

Proof.

Lemma 18 (Transition Gradient of Variance with KL). For a fized behavior policy

T and a regqularization coefficient n > 0,

0
35 Y Hrpamo [OPE(Te, 7o, H)| — Dicr (Pr(H|po) || Pr(H]puy))

=E tpy,my [OPE? (e, o, H) 20, ]
— 2Bt my [OPE(e, 9, H)|E prp,, my [OPE (e, 7, H) 20, |
- nEHprm@ [(8%@%) (1 + Epw - epwo)} .

We begin by manipulating the KL-divergence term.

Pr(H]p.,) }

Dict (Pr(H [po) | Pr(Hp) =Erteop, {log Pr(Hlp.,)
wo

(By (E.3))
=Expo.mo [log my,, (H) —log My, (H)] )

Next, we decompose the following gradient:

9 log m,,, (H) (E.7)

log(puw (St+1]St, At))- (By definition)
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Then, we take the gradient of the KL-divergence with respect to w:

0
A Dic(Pr(H[p) | Pr(H ) (E.8)
0
:a_WEHprJTO [log me (H) - log mp“’() <H)j|

= ST Pr(H = hip)[log my (1)~ logm, (1]

h
Z% Z p(h)my, (h) [log my,, (h) — log my,, (h)] (By (E.3))
= ZP l my,, (h) log my,, (h) — log L (h>a%mpu (h)]

0 0
= 570 o 1) 1) ) 7 o 1)

T-1

108 (1), (1) S 081151, A1)

t=0

(By (E.4))

-1 g
Ow

— T—
8
= ;P(h) [log mpw(h)mpw(h) ; log(pu, (Si+1]St, Ar)) + mpw ; 8_ 8(Pw (St41|5t, Ar))

T
0
—logmy,, (h)my,(h 28_ &(Pu(Si41] Sk, At))

t=0

T—1
8
—ZP )y, (h Z % (Pw(Se41| Sk, Ar)) [1og my,, (h) +1 —log mpwo(h)]
t=0

(By (E.4) (E.7))

T-1

—SPr(H = ) Y {3 Log(p (St ]St A»)] llog my, (1) + 1 — log my._ (1)
) (By (E.3))
=Epy s K%@,w) (1+¢,, — zpwo)} . (By (E.1))
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Thus,

9]
55 Y ti~puimg [OPE(me, Mo, H)] — Dice(Pr(Hlpo) || Pr(H|pu,))

=Efpomy [OPEQ(WE, 7o, H) 32,2 10g(pus(Sei1|S:, At))} — 2B Hpyy g [OPE (e, 79, H)]

“Enep,m [OPE(% o, H) 31—y Log(pu(Seta| St At))} — 02 D1 (Pr(H |p.) || Pr(H [pa,))
(By Lemma 16)
=E tpo,my |OPE? (e, g, H) 20y, | — 2Ep i, iy [OPE(me, T, H)|E 1o, i, [OPE(me, T, H) 21, |

— Ettmpoimo [(Zlp.) (1 + Lp, — L)) (By (E.8))

E.1.4 Proof of Lemma 19

Lemma 19 (Off-Transition Gradient of Variance). When p,, # p.s, for a fized behavior

policy my,

0
%VHNPW,M [OPE(WH 76, Puws H)]

:2EHpr/,ﬂ'9 [OPE2<7T67 Ty Py H)a%epw}
- QEHpr/,ﬂg [OPE(T‘-e; 79, Puw, H)] : EHNPW/,TFQ [OPE(ﬂ—e, 795 Puw H)a%gpw] .

Proof. For simplification, we define w, (h) = [[,_, m(A;|S;) under trajectory h. Then,

0
%Vprw/,ﬂ'g [OPE(Wea Ty P H)]
0
:% (EHpr/ﬂTg [OPE2<7T€7 79y Pw) H)] B EHpr/ﬂTg [OPE(Wea 79, Pw H)]Q)
0 2 (H) my, (H) i
— E ~ T pw— PE2 e H - E ~ T, pw— PE € H
8w< H~p,r,mo mgu/(H)O (7T , 7o, ) H~p, 0|impw,(H)O ('/T , 709, ):|

=25~ (pa(at = pipoy "% oppe H)) - 2K OP H
_@—wg I‘( - |pw/)m2 (H) E (7Te,7T9, ) -2 Hpr/JrQI: E(ﬂ'e,ﬂe,pu” )]

Pu’

0 m, (H

My, (H)

En OPE(m,, my, H)]
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0 my, (h
—2Ep~p_, 2y [OPE(7e, mo, po, H)| 5~ Z (p(h)mpw,(h) () OPE(m,, my, H)>
h

Ow my,_,(h)
(By (E.3))
—2 ; (p(h)%OPEQ(We, o, H)a%mpw (h))
— 2B tip, g [OPE(Te, 79, Py H)] Y (p(h)OPE(ﬂe, T, H)%mpw (h))
By (E.3))

. 2 mpw<h) 3
22 ( h)OPE?* (7., m, H>mpw/(h)mpw(h>aw€pw

—2Epp, .z, [OPE(7e, mo, poy, H Z < h)OPE( 7Te,7T9’H)mpw<h)£€pw>

- Ow
(By (E.4))
=2 Z (p(h)mpw/ (h) ::;m ((f;l)) OPEQ(We? [z H)%gpw>
— 2B b1 s [OPE(e, 9, Doy H)
Z (p(h)mpw, (h);z;)“/i% OPE(m,, mg, )ilog(pUJ(StJrl‘StaAt))) (By (E.4))

0
:22 (Pr(H = h|p. )OPE?(7., 79, P, H)%épw)
h

—2Efp [OPE(7,, 79, pu, H)]

h

T
8
g (Pr(H h|pl,)OPE(m., 79, pu, H E (9_ g(Pu St+1|StaAt))> (By (E.3))
=0

0
=2E1p_s lOPE2 (Te, ™o, Py H) E)_wgpw}

0
— 2EH~pw/,7rg [OPE(T‘-e) 70y Puw s H)]Eﬂwpw/,ng |:OPE(7T67 705 Puw H>a_w£pw:| .
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E.1.5 Proof of Lemma 20

Lemma 20 (Off-transition Gradient of Variance with KL). For a fized behavior policy
9 and a reqularization coefficient n > 0,

0
3 Y Hrpr o [OPE(Te, Mo, poo, H)] = 0 Dyer.(Pr(H [por) | Pr(H]p.,))

:2EHpr/,7T9 [OPEz (7T€7 6y Pw, H)%gpw}

—2Epp_ 7y [OPE(e, T, po, H) | By, mg [OPE(?Te, 0y Puss H)iﬁpw]
~ N inpimo [~ 55 p].

The KL-divergence between two probability distribution p and ¢ is defined as

Dx1(pllq) = Ex~p [log P (Xﬂ. Therefore, the KL-divergence between the trajectory

distribution of the target transition p, and the simulator’s transition p, is given by

Pr<H|pw’)
Dxy,(Pr(H|pw)|| Pr(H|pw)) =Egep , o |10g ———=
ki (Pr(H|po)l| Pr(H|po)) =Ebnp,, 9{0g Pr(H|p.)

my (H)
B [l 2 (By (£.3)
:EHpr/JTQ [log mpw/ (H> - log mpw (H)i| N

We take the gradient of the KL-divergence with respect to w:
0 0
o D (Pr(H|p )| Pr(H o) =5=Binp,, z [log my,, (H) —logmy, (H)]

[0
=Etp_ o 8w log m,,, (H )}

:EHpr/ 7T

logpw St |St, At)

’ﬂ “M’ﬂ

:EHNPW/ o | T
L 0

a_
(‘9
8_ log (P (Se41]Sk, Ar)) | - (E.9)
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Thus,

0
35 Y Hropoine OPE(Te, Mo, Doy, H)] = D (Pr(H [pus) || Pr(H |p.,))

=2Epp_, my [OPE* (e, T, P H) 21, |

— 2B g1, 7 [OPE(7e, 79, puo, H)E g1, 7y [OPE(Te, T, Py H )20, ]

— 25Dk (Pr(H|po )| Pr(H|p.,)) (By Lemma 20)
=2Epp_, xy [OPE*(me, Mo, o, H) 2, |

— 2B g1, 7y [OPE(e, 79, poy H)|Epip, 7y [OPE(e, 7o, Py H) 20, ]

— NEx~p o [— o 2 log(pu (S| S, At))] (By (E.9))
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Appendix F

Appendix for Chapter 9

F.1 Mathematical Background

Theorem F.1.1 (Gronwall Inequality). (Lemma 6 in Section 11.2 in Borkar

(2009)) For a continuous function u(-) > 0 and scalars C, K, T > 0,

t
u(t) < C+ K/ u(s)ds YVt e [0,T]
0
implies

u(t) < Ce™ vt € [0, T).

Theorem F.1.2 (Gronwall Inequality in the Reverse Time). For a continuous

function u(-) > 0 and scalars C, K, T > 0,

u(t) < C+ K Ou(s)ds vVt € [-T,0]

implies

Proof. ¥s € [0,T], define

218

(F.1)

(by (F.1))



Thus,

0 0 0
v(t) =v(0) — / v'(s)ds < v(0) —|—/ Ce’fKds = KC’/ e*Nds.
t t t

By (F.2),
0
K | wu(s)ds=uv(t)e ™™
' 0
< KC’/ e K dse K
to
< KC/ e5IK g
t
1 1
_ KC[%G(O_t)K . Ee(t_t)K]
=—C+Ce K
Thus,

[]

Theorem F.1.3 (Discrete Gronwall Inequality). (Lemma 8 in Section 11.2 in
Borkar (2009)) For non-negative sequences {x,,n > 0} and {a,,n > 0} and scalars
C,L>0,

n
| S C + L Z a;T; Vn
i=0
implies
Tpi1 < CelXizo®  p,

Theorem F.1.4 (The Arzela-Ascoli Theorem in the Extended Sense on [0,7")). Let
{t €10,T) > gu(t)} be equicontinuous in the extended sense. Then, there exists a

subsequence {gy,, (t)} that converges to some continuous limit g"™(t), uniformly in t
on [0,7T).

The proof of the Arzela-Ascoli Theorem can be found in any standard analysis
textbook, see, e.g., Royden and Fitzpatrick (1968); Dunford and Schwartz (1988). The
proof of the Arzela-Ascoli Theorem in the extended sense is virtually the same. The
difference is that in the standard Arzela-Ascoli Theorem, one uses the compactness
to find a finite subcover. But in the extended one, [0,7) is not compact. However,
finding a finite cover for this specific set [0,7") is indeed trivial. We anyway still

include the full proof below for completeness.
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Proof. Fix an arbitrary e > 0, by Definition 4, 36 > 0 such that

lim sup sup ||gn(t1) - gn(t2)|| S €. (FS)
n 0§‘t1—t2|§5, 0<t1 <to<T

This means by the definition of equicontinuity in the extended sense, when n is large
enough, for any 0 < [t; — to| <, the function values g,(¢;) and g,(t2) are also close.
To conveniently utilize this property, we divide [0,T) into a set of disjoint intervals
and each interval has a length ¢ such that the ¢ in each interval is close. In particular,

we define

N =max{i|id <T,i€Z},
I =[i6,(i + 1)), i=0,1,...,N.

The set of intervals {I;}1\, covers the domain [0, T),
N
i=0
We now show g,(t) is uniformly bounded uniformly on the set of dividing points

{ié}f\io. In particular, we have for any i € {0,1,..., N},

lim sup 19 (0)]]

<tim sup g, (i6) = gn((i = 1)0)]
+limsup flga((i — 1)0) — gn((i = 2)9)]
T
+ lim sup 19(6) — g (0)]]

+ lim sup || g, (0)||

<(N +1)e+ limnsup 19, (0)] (by (F.3))
<(N+ De + sup |lg.(0)]
<00. (sup,, [|gn(0)|| < oo in Definition 4)
This implies
sup  [|ga(@9)]] < oo

i€{0,1,...,.N},n>0

By the Bolzano-Weierstrass theorem, there exists a subsequence of functions { gno’k}

in {g,} such that {g,,,(0-0)} converges. Repeating the same argument for the
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sequence of points {g,,,(1-0)}, there exists a subsequence {g,, , } of {gs,, } such
that { Iny o (1 (5)} converges. Repeating this process, because N is finite, there exists
a subsequence {g,, } that converges at all dividing points ¢ € {i5}iN:0. Due to the
finiteness of N, kg, such that Vi € {0,1,..., N}, Vki > ko, Vko > ko, we have

G, (i) = g, (19)|| < €. (F.4)
By (F.3), 3k such that Vk > ky,

sSup Hgnk (tl) — Gny, (t2>H < 2e. (F5)
0< [t1—t2|<8,0<t1 <to<T

Thus, Vt € [0,T), Vk > max {ko, k1 }, V&' > max {ko, k1 },

Hgnk (t) — Gny <t) H

<Ilgn,. (£) —gnk(Lt/éJ 2O+ [[gn, ([£/0] - 6) = guy, (1£/6] - D)]|

+ ”g”k' Lt/5 g”k' H
<26 + || gy ( Lt/éj -5) Gy, ([£/0] - 0)|| + 2¢ (by (F.5))
<2e¢ + € + 2¢ (by (F.4))
=9de.

This shows that the sequence {g,,} is uniformly Cauchy and therefore uniformly

converges to a continuous function.

[]

Theorem F.1.5 (Moore-Osgood Theorem for Interchanging Limits). Iflim, oo @y m =
by, uniformly in m and lim,, . @y m = ¢, for each large n, then both lim,, . b, and
lim,,_, ¢, exists and are equal to the double limit, i.e.,

lim lim a,,, = lim lim a,,, = hm Q-

m—r00 N—r00 n—o0 m—oo
m—>oo
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F.2 Technical Proofs

F.2.1 Proof of Lemma 23

Proof. Let Assumptions 1, 2, 3, and 4 hold. Fix an arbitrary sample path {zo, {Y;}.~,}.

Use B to denote an arbitrary compact set of x.

m(Th+t)—1
lim supsup sup | S a(i) [Hale, Vier) — Haol, Yigr)
¢TI0 zeB n tel0,T) i=m(Ty)
m(Th+t)—1
= lim supsup sup Z a(i)k(c)b(z, Yiir) (by (9.5))
¢TI0 geB n tel0,T) i=m(Ty)
m(Tn+t)—1
= lim k(c)supsup sup Z a(i)b(z, Yiiq)
€00 z€B n tel0,T) || ._
i=m(T})
m(Tn+t)—1
=0supsup sup Z a(i)b(z, Yis1) (F.6)
zeB n t€[0,T] i=m(T})
We now show that the function
m(Tp+t)—1
T > Sup sup Z a(i)b(z,Yii) (F.7)
n  t€[0,T] ._
i=m(Ty)
is Lipschitz continuous. Vz, 2/,
m(Tn+t)—1 m(Tp+t)—1
sup sup || Y a(i)b(w, Yip)|[ —sup sup || Y a(i)b(/, Vi)
n  tel0,T] i=m(Ty) n  t€[0,T] i=m(Th)
m(Tn+t)—1 m(Tn+t)—1
<sup sup Z a(i)b(z, Yip)|| — Z a(i)b(z', Vi)
n €T (T i=m(T})
(by [sup, f(z) —sup, g(x)| < sup, [f(x) — g(2)])
m(Tp+t)—1 m(Tn+t)—1
<swp sup | > alib(z,Yin)— Y. a(i)b, Vi)
nt€0TH T i=m(Ty)
m(Tn+t)—1
<swp swp > a)be, Vi) — b Vi) |
n t€l0,T] i=m(Ty)
m(Tn+t)—1
<sup sup [ aL(Yin) | o — ') (by (96))
n  t€[0,T] i=m(Ty)
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Additionally, let Assumption 6 or 6" hold. By Lemma 22 and (F.49),

m(Tn+t)—1
s sup D" ali) L) | < oo
n  t€[0,T] i=m(Th)

can be viewed as the Lipschitz constant. Thus, (F.7) is a continuous function. Since
B is compact, the extreme value theorems asserts that the supremum of (F.7) in B is
attainable at some xp and is finite. This means the RHS of (F.6) is 0,

m(Tn+t)—1

lim supsup sup Z a(z’) [Hc(% Yz‘+1) - Hoo<'ru YQH)] = 0.
C7®geB n tel0,T) i=m(Ty)

[
F.2.2 Proof of Lemma 24
Proof. By (9.24),
sup [|Z(T, +0)]| < 1.
V¢ > 0, by (F.44), 39y, such that Y0 < § < dy,
m(Tn+t2)fl
sup limsup  sup Z a(i)H.(0,Y41)]| < €. (F.8)
c>1 n 0<to—t1<d i:m(Tn—i-tl)
By (F.48), 341, such that Y0 < § < 4y,
m(Tn+t2)71
limsup sup Z a(i)L(Yi) <E. (F.9)

n 0<tg—t1<d i:m(Tn+t1)
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Without loss of generality, let t; < t5. ThenVd < min {dy, 01 }, we have

limsup sup ||z(T, +t1) — z(T, + t2)||
n 0<tg—t1<d
m(Tn—+t2)—1
Stmswp swp || 3" al)Hy, (2(1(0), Yien)
n 0<to—t1<6 i=m(Tn+t1)
m(Tn+t2)—1
<limsup sup > () H,, (2(t(0)), Vi)
n 0<to—t1<6 i=m(Tntt1)
m(Tn+t2)—1

+limsup sup > a()H,,(0,Yi)
n 0<to—t1<6 || .
i=m(Th+t1)
m(Tn-i-tg)—l
Stmowp swp | D7 (i), (210, Yir)
n 0<to—t1<4 || .
i=m(Th+t1)
m(Tn+t2)—1
+ suplimsup  sup Z a(i)H.(0,Yi41)
c>1 n 0<to—t1<0 || .
i=m(Tp+t1)
m(Tn+t2)—1
<limsup sup > a()H,, (&(t(i)), Yig)
n 0<to—t1<6 || .
i=m(Tp+t1)
+£
m(Tn+t2)—1
<limsup sup || S ali)H (G(H0), Yier) —
n 0<to—t1<6 || .
i=m(Tp+t1)
+¢
m(Tp+t2)—1
<limsup sup Z
n 0<to—t1<6 i=m(Tn+t1)
m(Tn+t2)fl
<lmsup sup o)LV |30 + €
n 0<to—t1<d i:m(Tn+t1)
m(Tp+t2)—1
<C;limsup sup Z a(i)L(Yit1) +§
n 0<to—t1<6 .
i=m(Tn+t1)
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m(Tn +t2)—1

D

i:m(Tn +t1)

O‘(i)Hrn (07 }/;;4’1)

m(Tn +t2)— 1

D

i:m(Tn +t1)

a(i)H,, (0, Yi11)

m(Tn +t2)— 1

D

i=m(Tp+t1)

a(i)Hrn (07 )/i—i-l)

(by (F.8))

m(Tn"rtQ)—].

D

O‘<i>HTn (O’ Yi+1)

i:m(Tn+t1)

a(i) || Hy, (2(t(0), Yier) — Hy, (0, Yier) || +€

(by Lemma 54)

(by (F.9))



which implies that {Z(T,, + ¢)} is equicontinuous in the extended sense.
For {z,(t)}, by (9.24) and (9.26), we have

sup ||z, (0)] < L.
Without loss of generality, let ¢; < t5. Then Vd > 0, we have

sup sup [[2n(t1) = 2a(t2)
n 0<|t1 —t2|<0,0<t1<to<T

=sup sup
n 0<|t1 —t2|<4,0<t1<ta<T

/ * e (o))

t1

to [
=sup sup / (I, (20(8)) — Ay, (0)] ds + / hy,, (0)ds
n 0<|t1—1a]<68,0<t1<to<T || J 14 t1
to to
<sip s Galo) < b, Olds s s b, )]s
n 0Lt —t2]<8,0<t1 <to<T J 1y n 0Lt —t2]<8, 0<t1 <to<T J 1y
to to
<sup sup / L||zn(8)||ds 4 sup sup / ||h, (0)||ds
n 0<|t1 —t2|<6,0<t1<ta<T Jt; n 0<|t1—t2|<8,0<t1<ta<T J t;
(by Lemma 50)
to
<§LC; + sup sup / || A, (0)]]ds (by Lemma 55)
n 0<|t1—t2|<6,0<t1<to<T Jt;
<4(LC; + Ch), (by (F.51))

which implies that {z,(¢)} is equicontinuous.
For {f.(t)}, we have

sup f,(0) = sup z(T,,) — 2,(0) = sup z(7},,) — z(T},) = 0 < oc.

n n

Because {z(T,, + t)} and {z,(t)} are equicontinuous, Ve > 0, 3§ such that

limsup sup ||Z(T, +t1) — (T, +t2)]| < =,
n 0<tg—t1<d

sup  sup ||z (t1) — za(t2)[| <
n 0<tyg—t1<d

Without loss of generality let ¢; < t5. Then Ve, 46 such that

limsup sup - [ fn(t1) — fu(ta)]]

n 0<ta—t1

=limsup sup [|Z(T + 11) = 2(T + 12) = (zn(t2) = 2u(t2)) ]

n 0<ta—t1<6

<limsup sup |[#(T, +t1) — 2(T + to)[| +limsup  sup  |[2,(t1) — za(ta) ||

n 0<to—t1<d n 0<to—t1<d
<limsup sup ||Z(T, +t1) — (T, +t2)|| +sup sup ||zn(t1) — zn(t2)||
n 0<ta—t1<d n 0<ta—t1<6

<e

Y
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which implies that {f,} is equicontinuous in the extended sense. O

F.2.3 Proof of Lemma 25

Proof. We can construct a subsequence {rnl’k} that diverges to infinity and satisfies
VEk, Vn < nj,

For example, we can define
n10 =1
Ny = min {n | n > N1, T > Tay 1}. (F.11)

Because limsup,, r, = oo, we know Vk > 0, {n | n > N1, 70 > Tny oy + 1} + (.
Because Vk > 0, rp, , — 7y, > 1,
lim 7, , = oo. (F.12)

k—o0

Because (F.11) defines ny, to be the first index that is large enough after nj ;_1,
(F.10) holds. Otherwise nyj, would not be the first. Define a sequence {nq} as

no K = Nk — 1 Vk. (Fl?))

We make two observations. First, ny; and n;; are neighbors so r,,, and ry, ,
correspond to Z(7,) and Z(7,1) for some n. Second, by Lemma 56, the increment of

Z(t) in [T}, T,,41) is bounded in the following sense Vn,
1Z(Tas)ll < (NZ(T)ICH + Crr) €7 + |12(T) |

where C'y is a positive constant. This means that if r,,, is not large enough, r,, , will

not be large enough either. We can then prove by contradiction in Lemma 57 that
limsup r,,, , = 00.
. :

Thus, using the similar method as (F.11), we can construct a subsequence {ns} from
{nax} such that

li}gn Tns, = OO
Moreover, since {nsj + 1} is a subsequence of {ny}, (F.10) implies that

T'ng i < T'ng k+1-
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Since {f,} is equicontinuous in the extended sense, {fn,,} k—o.1,.. 18 also equicon-
tinuous in the extended sense. By the Arzela-Ascoli Theorem (Theorem F.1.4), it
has a uniformly convergent subsequence, referred to as { an}. Because the se-
quence {i(Tn + t)} is also equicontinuous in the extended sense, it has a uniformly

4,k

convergent subsequence {z(7,,, +t)}. To summarize,

{ne} € {nux} S {nax} C {nax} € {nipy—1} CN. (F.14)

We construct {ng} in this way because it then inherits all uniform convergence
properties. Precisely speaking, by the Arzela-Ascoli theorem in Appendix F.1.4, we

have the following corollary.
Corollary 2. There exist some continuous functions f'™(t) and 28 (t) such that
vVt € [0,7),
lim o, (1) =),
—00
lim (T, +t) =" (¢).
k—o00

Moreover, the convergence is uniform in t on [0,T).

In terms of the three sequences of functions in (9.29), Corollary 2 has identified
that two of them converge along {n;}. Lemma 61 further confirms that 2™ is the
limit of {z,, }. That is V¢ € [0,T),

lim z,, (t) = 2™ (¢).
k—o0

Moreover, the convergence is uniform in ¢ on [0,7). By (F.14), we have

lim r,, =00, (F.15)

k—o0

lim 7,, 41 =00,
k—o0

which completes the proof. 0
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F.2.4 Proof of Lemma 26

Proof. Vg, Vk, Vt € [0,T),

m(Tp, +t)—1

S a(i)He, (G(H0), Vi) — / e, (7(5))ds

i=m(Tn,,)

m(Tn, +t)—1

| X e — [ hala )

i=m(Tn,,)

m(Tn, +t)—1

S a(i)He, (G(tH0), Vi) — / e, (7(5))ds

i:m(Tnk)

<

m(Tn, +t)—1

- Y a0 Vi) + [ ()

i=m(Th,,)

(by [lall =6l < [la = b})
m(Tnk—i-t)—l

S ) (Hy ((0)). Yies) — Hool#(1(0). Yia) +\

J
i=m(Tn,,)

IN

| @) = b s

m(Tn, +t)—1

Y. ali)(Hy, (@(t0), Yier) = Hao(#(4(0)), Yir1)) +/0

i=m(Tn,,)

IN

he, (2 (5)) — hm(;ﬁﬁm(s))Hds

J

(F.16)

By Lemma 54, Z((7)) is in a compact set B;. By Lemma 23, for the compact set B,
Ve > 0, 371 such that Vj > j;, Vk, Vo € B, Vt € [0,T),

m(Tnk +t)—1

Y al) [Hr"j(m,YiH)—Hoo(x,YiH) <e (F.17)

i=m(Tn,,)

Similar to the proof of Lemma 60, we have

j—00

uniformly in k& and ¢ € [0, 7). By (F.18), Ve > 0, 355 such that ¥Vj > js, Vk, ¥Vt € [0,T),

|

i, (@(Ti + 1)) — hoo (& (T + t))H <e. (F.19)
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Define jO = max {jlaj?}' vj > j07 Vk7 vt € {O,T),

m(Tn, +t)—1 : '
Sl @00 Yies) = [ B, @)
i=m(Tn,,) 0
m (T, +1)—1 . .
Y a@H). Vi) - [ e s)ds
i=m(Tp,) 0
m (T, +1)—1
<l al)H,, (560), Yier) — Haola(1(0)), Yien) | + T
i=m(Tn,,)
(by (F.16), (F.19))
<e+Te (by (F.16), (F.17))
<(T + 1)e.

This completes the proof of uniform convergence.

]
F.2.5 Proof of Lemma 28
Proof.
m(Tn, +t)—1 ‘
tiw || D" aliH, @0). Vi) = [, @7 (5))ds
J—00 ) J 0 J
k—oo || i=m(Tn,)
m(Tn, +t)—1 ‘
Ctim lim | S a()H,, (), Vi) — / B (#7(5))ds
Jj—00 k—o0 (T ) J 0 J
1=m(Tn,
(by Lemma 26, 27, and Moore-Osgood Theorem for interchanging limits in Theorem F.1.5)
= lim 0 (by Lemma 27)
Jj—o0
=0. (F.20)
O
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F.2.6 Proof of Lemma 29

Proof. We now proceed to investigate the property of f,, (t). Vt € [0,T),

Tim | £,, (1)

m(Tn,, +t)—1 :
<Sfim | X el (@00 Vi) = [ b @)
i=m(Tn,,)
t t
i | e (G s))ds / B, (2, (5))ds (by (9.35))
k—o0 k 0 k
—kh_{goH/ g (2 B (s))ds —/ B, (20, (5))ds (by (F.20))

. (by Lemma 63 and Lemma 64|F.21)

/ ool (5))ds — / EBIE

0 0

We now show the relationship between ™ (¢) and 2™ (#).

Zi‘hm (t) .

Zlim(t) H

| [t spas -

0

=|| lim [:@(Tnk)+ /U t B, (ihm(s))ds} — [aeﬁm(owr /0 t oo (2™ (s ))ds]

(F.22)

(by (9.34) and (9.38))

(by Lemma 63)

(F.23)

< /t L||z"™(s) — 2"™(s)||ds (by Lemma 50)
§O.0 (by Gronwall inequality in Theorem F.1.1)
Thus,
s
<|| [ camnas - [ htepas (by (F.21))
0 0

~[l#(t) - )| (by (F.23)

<0. (by (F.22))

[
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F.2.7 Proof of Lemma 30

Proof. According to (9.25), to study {z,,(¢)}, it is instrumental to study the following
ODE

dgc(t) _
T - hc(¢c<t))

for some ¢ > 1. Let ¢, .(t) denote the unique solution of the ODE above with the
initial condition ¢.,(0) = z. Intuitively, as ¢ — oo, the above ODE approaches
the (ODE@oo). Since any trajectory of (ODE@oo) will diminish to 0 (Assumption 5),
¢c(t) should also diminish to some extent for sufficiently large c. Precisely speaking,

we have the following lemma.

Lemma 44. (Corollary 3.3 in Borkar (2009)) There exist ¢; > 0 and 7 > 0 such that

for all initial conditions x with ||z|| < 1, we have

A~ =

e (DI <

forte[r,m+1] and ¢ > ¢;.

Here the 1 is entirely arbitrary. Now we fix any ¢y > max {c;, 1} and set 7' = 7.
Then Lemma 44 confirms that z,, (¢) will diminish to some extent as ¢ approaches T’
for sufficiently large k, so does (7}, +t). We, however, recall that &(T,, + t) and
z(T,, +1t) are well defined on [0, 7,41 —7},) and we restrict them to [0, T") for applying
the Arzela-Ascoli theorem. Lemma 66 processes the excess part [T,T,,11 — T},), by

showing that (7}, + t) cannot grow too much in the excess part. By Lemma 66,

o 12Tl = limg - 2(T,, + )]

o Een]] =0 (F.24)

We are now in the position to identify the contradiction. By (F.15), Jk; such that
vk Z kh

Tng+1 > (C()CH + CH) €CH +co > co > 1. (F25)

By Lemma 29, dk, such that Vk > ko,

1
i = li th — < -. .
T [ fo ()] = T (T, + ) — 20, ()] < 5 (F.26)
By (F.24), Jk3 such that Vk > ks,
||i<Tnk+1)|’ _ h_mt—>T— HQ_:(Tnk + t)“ < 1 (FQ?)
12 (T )l 4
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By (F.15), 3k4 such that VE > ky,

Tny = Co-

Define ky = max {ky, k2, ks, ks }. Because Tny, > Co, by Lemma 44 and (9.25), we have

lim
t—T—

We have

lim
t—T—

< lim
t—T—

1
<-.
2

This implies
(@)

]

Hi(Tnko +t)H

(T, +8) = 20, 0| +

1
< -. F.28
<3 (F.28)

ol

ol

(by (F.26) and (F.28){F.29)

H@(Tnkoﬂ)H — limy - HE(TMO n t)” lim, 7 Hj(Tnko + t)H

|,
limy_7- Hi:(Tnko + t)H

()

<l
4

limy_, -

(T, + t)H

#(Toy,)

+

A

! + i

=— 11m
4 t—T—
3

<-.

4

it s

+
(..,

(by (F.27))

(by (9.22))

:%(Tnko)H = 1 because of r,, > ¢y > 1 and (9.22))

(by (F.29)) (F.30)

Now, we can derive the following inequality.

Trgg+1 = Hf(TnkOH)H (by (F.25))
< 2o (by (F.30)
<)
< Ty s (by 7ny, > co > 1 and (9.23))

which completes the proof.

]
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F.2.8 Proof of Lemma 31

Proof.

sup sup [z ill = [[Eme, |
n ieilm(Ta)<m(T) bi<m(Thsn))

<sup sup HSUm(Tn)H — Tm(Ty) H
nie{im(Tn) <m(Ty)+i<m(Tp41)}

=sup sup [2(t(m(T%) +14) — 2(T) |
nie {ilm(To)<m(Tn) +i<m(Tus)}

—sup  sup (T, + ) — #(T)] (by (9.21))

n te [TnyTn-&-l)

<sup sup [|Z(Z,)||Cx + Cr e (by (F.55))

n t€[Tn,Tnt1)

<sup sup [r,Cy + CylefH (by (9.23))
n te[TnyTn-Q»l)

=sup[r,Cp + Cpe”

<. (by (9.39))

F.2.9 Proof of Corollary 1

This proof follows the idea of the proof of Theorem 2.1 in Chapter 5 of Kushner and
Yin (2003).

Proof. Let Assumptions 1 - 5 hold. Let Assumption 6 or 6’ hold. To prove convergence
results on ¢ € (—o0,00) in Corollary 1, we fix an arbitrary sample path {zo, {Y;};~,}.
The stability results from Theorem 19 hold. To prove properties on ¢t € (—o0, 00), we

first fix an arbitrary 7 > 0 and show properties on Vt € [—7, T].

Definition 5. Vn € N, define z,(t) as the solution to the ODE (9.13) in (—o0, 00)

with an initial condition
zZn(0) = Z(t(n)).
Apparently, zZ,(t) can also be written as
t
Zn(t) = z(t(n)) +/ h(z,(s))ds, Vte (—oo,00). (F.31)
0

The major difference between the {z,(t)} here and the {z,(¢)} in (9.25) is that all

{Z,(t)} here are solutions to one same ODE (9.13), just with different initial conditions,
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but {z,(t)} is for different ODEs with different initial conditions and rescale factors

r, and is written as
t
zn(t) = 2(T,) +/ hy, (zn(8))ds. (Restatement of (9.27))
0

Ideally, we would like to see that the error of Euler’s discretization diminishes asymp-

totically. With (9.18) and (9.21), Vr > 0, Vt € [—7, 7],

() + X a@H (D), i) it 20
(t(n)) — Z?:_;L(t(n)+t) a(i)H(z(t(3)), Yis1) if t <0.

Notably, the property (9.18) that V¢ < 0,m(t) = 0 in (F.32) ensures Z(t(n) + t)
is well-defined when t(n) +¢ < 0. Precisely speaking, V7 > 0, Vt € [—7,7], the

S

T(t(n) +1) = Tmm)+e) = {

S

discretization error is defined as
fu(t) = Z(t(n) + 1) — 2,(1). (F.33)

and we would like f,(¢) diminishes to 0 as n — oo in certain sense. To this end, we

study the following three sequences of functions

{2(t(n) + )} {Za(D 0, {Fa (D)},

Equicontinuity in the extended sense on domain (—o0,c0) is defined as following
(Section 4.2.1 in Kushner and Yin (2003)).

Definition 6. A sequence of functions {gn : (—o0,00) — RK} 1S equicontinuous in
the extended sense on (—o0, 00) if sup,, ||g.(0)|| < oo and V7 > 0, Ve > 0, 3§ > 0 such
that

lim sup sup lgn(t1) — gn(t2)]] <e.

n 0<|t1 —t2| <8, |t1 | <7, [t2| <7

We show {Z(t(n) + t)}, {Z.(t)} and { f.(¢)} are all equicontinuous in the extended

sense.

Lemma 45. The three sequences of functions {Z(t(n) +1t)} ;. {Z.(t)} s and

n=0
{fn(t)}:ozo are all equicontinuous in the extended sense on t € (—o0,00).

To prove those lemmas, we need the Gronwall inequality in the reverse time in
Appendix F.1.2. Compared to lemmas in the main text which have domain t € [0,T),
lemmas in this section have similar proofs because we first fix an arbitrary 7 and prove
properties on the domain ¢t € [—7,7]. We omit proofs for Lemma 45 because they are
ditto to proofs of Lemma 24. Similar to Lemma 25, we now construct a particular

subsequence of interest.
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Lemma 46. There exists a subsequence {n;},-, € {0,1,2,...} and some continuous
functions fi™(t) and 2" (t) such that ¥, Vt € [—7,7],

lim Fo (1) = (1),
—00

lim z(Ty, +t) =2"™(t),
k—o0

where both convergences are uniform int on [—7,7]. Furthermore, let 2'™(t) denote
the unique solution to the ODE (9.13) with the initial condition

Zlim(O) — jlim(())’

in other words,

t
2 () = 2™ (0) +/ h(2"™(s))ds.
0
Then N1, ¥t € [—7, 7], we have

lim 2,, (t) = 2™ (1),

k—o0

where the convergence is uniform in t on [—T, 7).

Its proof is ditto to the proof of Lemma 25 and is omitted. We use the subsequence
{n,} intensively in the remaining proofs. Recall that f,(t) denotes the discretization
error between Z(t(n) +t) and z,(t). We now proceed to prove that this discretization

error diminishes along {n;}. In particular, we aim to prove that Vr, Vt € [—7, 7],

L [ F 0 = /™) = 0.
This means Z(t(ny) + t) is close to z,,(t) as k — oo. For ¢t € (0, 7], the proof for this
part is the same as the proof we have done in Section 9.4.4. Thus, we only discuss the
proof for t € [—7,0]. V1, Vt € [-T,0],

i |17, 0]

= lim ||Z(t(me)) — Y. a(i)H(Z((i)), Yis1) — 2, (£)|| (by (F.32) and (F.33))

= (= 3 a@HEE0). i) — [ b () (by (F.31)

ng—1

<tm |- S a()HEE), Vi) - /0 B (s))ds

k—o0
i=m(t(ng)+1)

/Oth(:zlim(s))ds—/ot Bz, (5))ds]|.

+ lim ‘ (F.34)

k—o0
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We now prove that the first term in the RHS of (F.34) is 0.

Lemma 47. V7, Vt € [-7,0],

ne—1

t
i = S a()H@E(HD), Vi) - / B(75(s))ds|| = 0.
k—o0 ) 0

i=m(t(ng)+t)

Its proof is ditto to the proof of Lemma 27 and is omitted. This convergence is
also simpler than (9.36) because here we have only a single (H, h). But in (9.36), we
have a sequence {(H,,,h,, )}, for which we have to split it to a double limit (9.37)
and then invoke the Moore-Osgood theorem to reduce it to the single (H, h) case.

Lemma 47 confirms that the first term in the RHS of (F.34) is 0. Moreover, it

also enables us to rewrite 7™ (¢) from a summation form to an integral form. Vr,
Vt € [-T,0]

(1)
= Jlim 2(t(u) = > al)H(E(), Yir)
i=m(t(m) +1)
:klggof(t(nk)) + /o h(z"™(s))ds. (by Lemma 47)

Thus, we can show the following diminishing discretization error.

Lemma 48. V7, Vt € [—7, 7],

Jim || 7., (5] =0.
Moreover, the convergence is uniform in t on [—T,T].
Its proof is ditto to the proof of Lemma 29 and is omitted. This immediately

implies that for any ¢ € (—o0, 00)

lim Z(t(ng) +t) = 2"™(¢). (F.35)

k—o0

Theorem 19 then yields that

sup |2 (t)]| < oo

te(—o00,00

Let X be the limit set of {z,,}, i.e., X consists of all the limits of all the convergent

subsequences of {x,, }. By Theorem 19, sup,, ||z,|| < 00, so X is bounded and nonempty.
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We now prove X is an invariant set of the ODE (9.13). For any = € X, there exists a
subsequence {z,, } such that

lim z,, = .
k—ro0

Since {Z(t(ng) +t)} is equicontinuous in the extended sense, following the way we
arrive at (F.35), we can construct a subsequence {n}} C {n;} such that

lim Z(t(n},) +t) = 2"™(¢), (F.36)

k—o0

where 2™(#) is a solution to the ODE (9.13) and 2"™(0) = x. The remaining is to
show that 2™ (t) lies entirely in X. For any ¢ € (—00,00), by the piecewise constant
nature of z in (F.32), the above limit (F.36) implies that there exists a subsequence
of {z,,} that converges to z'"™(t), indicating z'"™(¢) € X by the definition of the limit
set. We now have proved Vz € X, there exists a solution 2/™(¢) to the ODE (9.13)
such that z"™(0) = x and Vt € (—o00,00), 2™ (t) € X. This means X is an invariant
set, by definition. In particular, X is a bounded invariant set.

We now prove that {z,} converges to X. Let {x,, } be any convergent subsequence
of {x,} with its limit denoted by x. We must have x € X by the definition of the
limit set. So we have proved that all convergent subsequences of {x,} converge to a
point in the bounded invariant set X. If {x,} does not converge to X, there must

exists a subsequence {$n;€ } such that {xnk } is always away from X by some small
€ > 0, ie., Vk,

;g}f{ Hxn; —z|| > «. (F.37)

But {xn;c } is bounded so it must have a convergent subsequence, which, by the
definition of the limit set, converges to some point in X. This contradicts (F.37). So
we must have {x,,} converges to X, which is a bounded invariant set of the ODE (9.13).
This completes the proof. n

F.2.10 Proof of Theorem 20

Proof. For simplicity, we define
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We first invoke Corollary 1 to show that
lim z; = —A"% as.
t—o0

Assumption 1 follows immediately from Lemma 32.
Assumption 2 follows immediately from Assumption 9.5.2.

For Assumption 3, define

Halo) =| gtk A0

Then we have

After noticing
16((s,a,s";¢e)) —b((s,a,s",€))|| = p(s,a)|lr(s,a)llle — €], Vs,a,s, e,¢,

Assumption 3 follows immediately from Lemma 32.
For Assumption 4, it can be easily verified that both H(z,y) and H,(x,y) are

Lipschitz continuous in x for each y with the Lipschitz constant being
N —Cw) A(y)} H
L(y) = :
(y> H {_A(y)‘l' 0

Since A(y), b(y), C(y) are Lipschitz continuous in e for each (s, a, s’), Lemma 32 implies
that

h(z) =A'z +V,
hoo(x) =A',
L =[|A".
Assumption 4 then follows.

For Assumption 5, we have

) — heote)l < 121,

the uniform convergence of h. to hs follows immediately. Proving that A’ is Hurwitz
is a standard exercise using the field of values of A’. We refer the reader to Section 5
of Sutton et al. (2009) for details and omit the proof. This immediately implies the
globally asymptotically stability of the following two ODEs
dz(t) dz(t)
dt dt

=A'z(t)+ 0, = A'z(t).
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The unique globally asymptotically equilibrium of the former is —A’~'#'. That of the
latter is 0. Assumption 5 then follows.
Assumption 6 follows immediately from Lemma 32 and Assumption 9.5.2.

Corollary 1 then implies that

limz, = —A"'% as.
t—o00

Block matrix inversion immediately shows that the lower half of A’~1b" is A=!b, yielding

lim6#, = -A"' as.,

t—00

which completes the proof. O]

F.3 Auxiliary Lemmas

Lemma 49.

Vn, TnJr]_ — Tn ET,
lim T,y — T, =T.

n—o0

Moreover, Y17 > 0,t1,ty such that —7 < t; <ty < 7, we have

m(t(n)+t2)—1

lim Yo al) =t —t. (F.38)
i=m(t(n)+t1)

Proof. Vn,
Toi1 — T,
=tm(T,+7T)+1)—T, (by (9.17))
>T, +1T -1, (by (9.15))
>T.

Thus,

Hm Tpyy — T, > T
n—oo

With

lim T,y — T,
n—oo

= lim t((m(T,, +71)+1) -1,
n—oo

= lim t((m(T,, +T)) + a(m(T, + 1)) — T,
n—oo

<lm7T,+T+am(T,+T)) -1, (by (9.15))
n—oo

—T
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by the squeeze theorem, we have lim,, o, T}, 1 — T, =T.

To prove (F.38), V7,V — 7 < t; <ty < 7, it suffices to only consider large n such

that t(n) — 7 > 0. We have

m(t(n)+t2)—1
fw, 3 el
i=m(t(n)+t1)
= lim #(m(t(n) + t2)) — t(m(t(n) + t))
< lim #(n) + 1, — t(m(t(n) + 1))
< lim #(n) +t; — (t(n) + t1 — a(m(t(n) +t1)))
=ty =t + lim a(m(t(n) + 1))
:tQ — tl
and

m(t(n)+t2)—1
LD IRRN
i=m(t(n)+t1)
= lim t(m(t(n) + t2)) — t(m(t(n) + t1))
> lim #(n) + t2 — a(m(t(n) +t2)) — t(m(t(n) + 1))
> lim #(n) + t2 — a(m(t(n) + 2)) = (t(n) +t)

= lim £y — t; — a(m(t(n) + t3))

n—oo

=ty — 1.

By the squeeze theorem, we have

m(t(n)+t2)—1

h?gn Z Oé(Z) = t2 — tl.

i=m(t(n)+t1)
Lemma 50. For any x,2',¢ > 1, including ¢ = o,

|He(z,y) — Ho(z' y)|| < L(y)l|a — 2/,
[he(z) — ho(2)|| < L|jz — 2|
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Proof. To prove (F.39), we first consider 1 < ¢ < o0,

[He(,y) = He(a', )

H(cx,y) Hcx',y
| - Her) (by (9.4))
c c
< HH<CI‘7 y) — H(CZC'/, y) ||
o c
cr — cx’
<=l (by (0.7)
=L(y)[lz — 2|
By (9.8),
[ Hoo(z,y) — Hoo(2', y)|| < L(y) ||z — 2.
To prove (F.40), Va, V', Ve > 1 including ¢ = oo,
[he(@) — he(2)|
=[|Eyay [He(w,y) — He(w', )]
<Ey~ay [|1Hc(z,y) — He(2', y)]
<Ey~ay [L(y)llz — 2]
<L||z —2'.
[
Lemma 51. Vz,
sup ||he(0)]| < o0, (F.41)
c>1
m(Tn+t2)—1
sup lim sup sup Z a(i) [He(x,Yie1) — he(2)]|| =0 a.s.(F.42)
c>1 n 0<t1<to<Tp4+1—Tn i=m(Tp+t1)
m(Tn+t2)71
sup sup sup Z a(i)He(0,Yi1)|| < o0 a.s(F.43)
621 n OgtlthSTn-ﬁ»l*Tn i:m(Tnthl)
m(Tn+t2)71
lim sup lim su su a(i)H.(0,Y; =0 a.s.(F.44
50+ 02}3 n poth—ggé i:m(zT:—i-tl) (D HL0, i) ( )

Proof. Proof of (F.41):

h(0
sup [[ho(0) | = sup H—< )H < sup [1(0)]| = [1(0)] < 0.
c>1 c>1 C c>1
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Proof of (F.42): Vz,

m(Tn+t2)fl
suplimsup  sup S ali) [Ha(r, Yier) = hel)]
c>1 n 0<t1<to<Tpy1—Tn i=m(Th+t1)

. MG [Hlen Y h(en)
= sup lim sup sup Z a(7)
c>1 n 0<t1<to<Tpy1-Tn i=m(Th+t1) c c
1 m(Tn+t2)71
=sup — lim sup sup Z a(i) [H(cz, Y1) — h(cz))
e>1 C n 0<t1<to<Tp41-Tn i=m(Tn+t1)
m(Tn-‘rtQ)—].
1. :
<sup — lim sup sup Z a(t) [H(cz, Y1) — h(cx))
c>1 C n 0<t1 <ta<T-sup; a(j) i=m(Tn+t1)
(Vn, Tn+1 - Tn S T + Supj CY(]))
= Sup1 -0 (by Lemma 22)
c>1 C
~0. (F.45)
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Proof of (F.43):

m(Tn+t2)71
lim sup sup Z a(i)H(0,Y41)
n OgtlthSTn-&-l_Tn z:m(Tn+t1)
m(Tn+t2)71
“lmsup  sup S a()H(©, Vi) — h(0) + h(0)
n 0<t1<ta<Tpy1—Tn i=m(Tn+t1)
m(Tn+t2)71
< lim sup sup Z a(i)[H(0, Y1) — h(0)]
n OgtlthSTn-&-l_Tn z:m(Tn+t1)
m(Tn+t2)—1
+ lim sup sup Z a(i)h(0)
n 0<t1<to<Tp4+1-Tn i=m(Tott1)
m(Tn+t2)—1
< lim sup sup > a[H(0,Yin) — h(0)]
n 0<t1<to<T+sup, a(g) i=m(Tn+t1)
m(Tn-i-tQ)—l
+ lim sup sup Z a(i)h(0)|| (Yn, Ty — T < T +sup; a(j))
n 0<t1<ta<T'+sup, a(g) = (Tn+t1)
m(Tn+t2)—1
=limsup sup Z a(i)h(0) (by Lemma 22)
no 0stista<THsup; a() |7 44
m(Tp+t2)—1
=||~(0)]| lim sup sup Z a(i)
n 0<t1<t2<T'+sup; a(y) i=m(Tp+t1)
=[[P(O)[I(T" + sup (7)) (by Lemma 49)
j
<00. (F.46)

We now consider ¢ in the above bounds. We first get

m(Tp+t2)—1
sup sup sup >, alH(0Yin)
ezl n Ostisto<Tnpr—Tn ||, pyy
m(Tp+t2)—1
H(0,Y;
= sup sup sup > Oz(i)M (by (9.4))
c2l n 0<t1<ta<Tnt1—Th i=m(Trh+t1) ¢
m(Tn+tz)—1
— sup sup > aH(0,Yip) (bye=1)
noOstisteSTnn=To ||, oy
| (by (F.46))
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Proof of (F.44):

m(Tn+t2)fl

2.

i:m(Tn+t1)

lim sup lim sup
=0t >1 n

a(i)He(0, Yit1)

sup
0<to—t1<d

m(Tn+t2)fl

>

i:m(Tn+t1)

Oz(Z) [Hc(oa Y;-‘rl) - hc(o)]

< lim sup lim sup

sup
d—=0t >1 n

0<to—t1 <8

m(Tn+t2)fl

D

i=m(Tp+t1)

a(i)he(0)

+ lim suplimsup

sup
d—=0F >1 n

0<ta—t1<d

m(Tn"rtQ)—l

2.

i=m(Th+t1)

<0+ lim sup lim sup

sup
=0t >1 n

0<to—t1<d

m(Tn+t2)—1

2.

i=m(Th+t1)
m(Tn +t2)— 1

D

:m(Tn +t1)

<0+ lim sup lim sup

sup
d—=0t >1 n

0<to—t1<é

1
<0+ ||~(0)]| lim sup — lim sup

sup
=0t c>1 C n

0<to—t1<é i

1
<[|n(0)]] lim sup~5

d—=0t ¢>1 C

—[|A(0)]| lim §

6—0t

=0.

Lemma 52.

m(Tn+t2)—1

2.

i=m(Tp+t1)

sup sup
n 0<t1<to<Th+1-Th

<0 a.s.,

a(i)L(Yit1)

m(Tn +t2)— 1

2.

i:m(Tn +t1)

lim lim sup a(i)L(Yii1)

=0 a.s.,
§—0t n

sup
0<to—t1<d

m(Tp+t2)—1

D

i:m(Tn +t1)

sup sup a(i)Lp(Yi1) | < oo a.s.

n 0<t1<to<Th4+1-Tn

Its proof is similar to the proof of Lemma 51 and is thus omitted.
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Lemma 53. Fiz a sample path {xo,{Y;};2,}, there exists a constant Cy such that

LT S CHa
Cu
sup || he(0)|| £ —,
up (0)] <
m(Tn+t2)fl
supsup  sup S a(@)H(0,Yi)| < C,
czl n 0<t1<to<Th41-Tn i=m(Tp-+t1)
m(Tn-i-tg)—l
sup sup Z a(t)L(Y) < Ch.
n 0<t1<t2<Tht1—Tn i=m(Tn+t1)
Moreover, for the presentation convenience, we denote
053 = [1 +CH] 6CH.
Proof. Fix a sample path {zo, {Y;};~,}
LT < oo, (L and T are constants)
sup [11(0) | < ox. (by (F.41))
m(Tp+t2)—1
sup sup sup Z a(i)H.(0,Y;41)|| < oo, (by (F.43))
c2l n 0<t1<ta<Tn+1—Th i=m(Tp-+1)
m(Tn+t2)—1
sup sup Z a(1)L(Yiy1) < o0. (by (F.47))
n 0<t1<to<Tn41—Tn i=m(Tn+t1)
Thus, there exists a constant C'y such that
LT < Chq
Ch
sup ||h.(0)|| < —,
up e(0)] <
m(Tn+t2)71
sup sup sup > a(i)He(0,Yi)| < Cu,
CZI n OgtlthSTnﬁ»l*Tn z:m(T +t1)
m(Tn+t2)71
sup sup Z a(i)L(Yi1) < Ch.
n OStIStQSTn-&-l*Tn z:m(Tn+t1)

Lemma 54. sup,, ;co.r) [|2(Tn +t)|| < C;.
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Proof. ¥n € Nt € [0,T),

12(T + 1)l
m(Tn+t)—1
=||2(T%) + Z a(i)H,, (2(4(7)), Yit1)
i=m(Ty)
m(Tn+t)—1
<NET -+ D al@)H, (@), Yie)
i=m(Ty)
m(Tp+t)—1 m(Tp+t)—1
=T+ D ald) [He, (#(0), Yin) = Hr, (0.Yi) + Y ali)H,, (0, Y1)
i=m(Ty) i=m(Ty)
m(Tn+t)—1 m(Tn+t)—1
<NET+ D a@lH, (@(t0), Yirr) = He (0,Yi) [ + | Y ali)H,,(0,Yi1)
i=m(Ty) i=m(Ty)
m(Tn+t)—1 m(Tn+t)—1
<|#T)l+ Y a@Lu)llFE@O)N+ | > al)H,,(0,Yin)
i=m(Ty) i=m(Tn)
m(Tn+t)—1
<|#T)l+ Y a@LYun)lE(tD)] + Cr (by (F.52))
i—m(Tn)
m(Tp+t)—
<L+ Y a(LYi)[2E@)I + Cr (by (9.24))
i=m(Ty)
<[1 + O] eXinitny @)
(by z(T,, +t) = z(t(m(T,, + t))) and discrete Gronwall inequality in Theorem F.1.3)
<[1+Cylen (by (F.53))
—C;. (by (F.54))

O

Lemma 55. sup,, ;co.r) [[2.(2)]| < Cs.
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Proof. ¥n,t € [0,T),

[z (0]
zn(O)—i-/O hy, (z,(8))ds

AEM%@Ms

<[z (0)I +

SM@M+AW%%@%WMWW+AWW@M8
SM@M+ALM$M%+AWM®M8

<[z, (0)I] + /0 Ll[zn(s)l|ds + T]| Ay, (0)]]

t
C
<)l + [ Llls)lds + T

t
<1+ / Ll|zn(s)|lds + Cit
0

(by Lemma 50)

(by (F.51))

(by (9.24), (9.26)

<[1+Cglet (by Gronwall inequality in Theorem F.1.1

S [1 + CH] ecH
Cs

Lemma 56. Vn,

1Z(Tas )l < (IZ(T)ICx + Crr) €7 + ||Z(T)|

where Cy is a positive constant defined in Lemma 53.

)
)
(by (F.50))
(by (F.54))

[]

Proof. We first show the difference between z(7,,+1) and z(7,,) by the following
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derivations. Vn, Vt € [0,T,,41 — 1],
|2(Tn +t) — 2(T) ||
=|lz(t(m(T, + 1)) — z(T,)|

m(Tn+t)—1
lemy+ S a(HE), Vi) - 2(T)
i=m(Ty)

m(Tn+t)—1
= Z a(i)H(z(t(i)), Yir1)

i=m(Tn)
m(Tn+t)—1 m(Tn+t)—1
< Y a@HEED),Yi) = H@T), Yl + || Y aHET,), Yie)
i=m(T}) i=m(T})
m(Tn+t)—1 m(Tn+t)—1
< S a@IV)lEt@) - 2@+ | S a@HET), Vi)

i=m(Ty) i=m(Tn)
m(Tn+t)—1 m(Tn+t)—1
< Y a@IV)lEE@) - # T+ S a@IHET), Vi) — HO, Vi)
i=m(Ty) i=m(Ty)

m (T +t)—1

+{[ > a@®H(0, Vi)

i=m(Ty)
m(Tp+t)—1 m(Tp+t)—1
< Y a@Lu)|E@) — 2T+ Y aLYin)l|Z(T)|

i=m(Ty) i=m(Ty)

m(Tp+t)—1

+ Z a(i)H(0,Y;41) (by Assumption 4)

i=m(Tn)
m(Tn+t)—1 m(Tn+t)—1
= eIV @) - F T+ TS al)E(Vin)

i=m(Ty) i=m(Ty)

m(Trp+t)—1

Y e@H0.Y)

i=m(Ty)
m(Tr+t)—1 m(Tp+t)—1
< Y a@LYu)|E@) = T + 12(T)ICH +|| D ali)H(0,Yi)
i=m(Ty) i=m(Ty)

(by (F.53))

m(Tn+t)—1
< S eIV )lIE(H@) — FT] + (1T Cor + C (by (F52))

i=m(Ty)
m(Tp+t)—1

< [Hj<Tn)“CH + CH] €Zi:m(Tn) a(i)L(Yi+1)248
(by discrete Gronwall inequality in Theorem F.1.3)

<[|zZ(T)||Cx + Crr] “H (by (F.53)) (F.55)



Lemma 57.
lim sgp Ty, = OO
Proof. We use proof by contradiction. Suppose
lim sgp Tny, = Cp < 00
where C, is a constant. Ve > 0, dkq such that Vk > kg,
Ty, < Cp + €

By Lemma 56, Vk > ko,

1} (by (9.23))
:max{H:f(TnzHl)H,l} (by (F.13))
<||#(Tog i) || + 1

< (||&(Th,)||Cu + Crr) €7 + ||2(Tn,,)|| + 1

< Py o Cr + Crt) €9 41y, + 1

<[(Cr+ €)Cx + Cx] e + (Cr 4 ¢€) + 1

Tny,, = Max { Hf(Tnlk)

A

0.
This contradicts (F.12). Thus,

lim sgp Ty, = OO

[
Lemma 58. sup,, ;cjo.7) [|r, (2(1)) ]| < 0.
Proof. ¥n,¥t € [0,T),
[1Par,, (2 (£))]
<hr, (za(t)) = b, O)| + [ 72r,, (O)]]
<Lz (®)|| + ||, (0)]] (by Lemma 50)
<LC; + ||h., (0)]] (by Lemma 55)
C
<LC; + ?H (by (9.23) and (F.51))
Thus, because C3, Cy are independent of n,t, sup,, ,cio.7) [, (20 (2))|| < 0.
[
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Lemma 59. sup,cq ) ||z ()] < Cs.
Proof. ¥t € [0,T),
(Ea0l|

zlim(0)+/0 hoo (2™ (5))ds

< || (0)]] + ‘ [ temsyas

=||"=(0) || + H/Ot [hoo (277(5)) = oo (0)] ds + /Ot hoo(0)ds

<||z"(0)[] + /Ot [ (217(5)) = hoo(0) [|ds + /Ot [7o0(0) | ds

<||2"™(0)]| + /Ot L||z"™(s)||ds + /Ot | hso (0) ||ds (by Lemma 50)

<1+ /OtL”z“m(s)Hds + /Ot | hoe (0) ||ds (by (9.24), (9.26))

<1+ /Ot LI||2"™(s)|ds + T hoo (0)

<1+ /t L||z"™(s)||ds + Cx (by Assumption 5 and (F.51))

<[1+ OCH] eJo Lids (by Gronwall inequality in Theorem F.1.1)

<[1+Cylet”

<Cj. (by (F.50), (F.54))
O

Lemma 60. limy o hy, (2" (t)) = hoo(2"™(t)) uniformly int € [0,T).

Proof. By Assumption 5, lim e hr,, (v) = hoo(v) uniformly in a compact set

{vlv € R, ||v]| < C,}. By Lemma 59, {z™ ()|t € [0,T)} C {v|v € R |jv|| < C,}.
vy (ZT()) = T (2" (1)) uniformly in {z™(¢)|t € [0,T)} and on
te0,T). O

Therefore, limy_, h

Lemma 61. Vt € [0,T), we have
kh_)rglo 2o, (1) = 2M(2).

Moreover, the convergence is uniform in t on [0,T).
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Proof. By (9.33), Vd > 0, there exists a k; such that Yk > ki, Vt € [0,T),
|2(T,,, + 1) — "™(1)]| < (F.56)
By Lemma 60, there exists a ky such that Vk > ko, Vt € [0,T),
[, (Z(1)) = hoo (2™ (1)) || < 6. (F.57)
Vk > max {ky, ko }, Vt € [0,T)
Hznk (t) — z“m(t)H t

|le(m,) + / by (o (5))ds = 27(0) = [ b)) ds

0

i(T,,) — ™ }|+H/ v (2 (8 ds—/ hoo (2 (5))ds

<5+ H / oy (20 (5)) — hoo (277 (5))ds

<

(by (F.56))

< [ W, o (1) = o G5+ [y (27(6)) = (751 s

t ¢
< + L/ Hznk(s) — th(s)”ds +/ “h'""k (Zlim(s)) — hoo(2 hm Hds
0 0
(by Lemma 50)

t
<5+ 15+ L/ 2 (5) — 2 (s) | ds (by (F.57))
0
<(§ +t6)et (by Gronwall inequality in Theorem F.1.1)
<(6 +T3)e
which completes the proof. O]

Lemma 62. For any function f : RxR — R, if lim f(a,b) = L then lim f(c,c) = L
b0 o0

where L is a constant.

Proof. By definition, Ve > 0,3ag, by such that Ya > ag,b > by, ||f(a,b) — L|| < e.
Thus, Ve > 0,3co = max {ag, by} such that Ve > ¢, || f(c,c) — L|| < e. O

Lemma 63. Vt € [0,7),

t

hm [ hy, (27 (s))ds = /O oo (27 (5))ds.

k—oo [
Proof. From Lemma 54, it is easy to see that

hm

sup ||x || < 00,

te€[0,T)
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which, similar to Lemma 58, implies that

sup Hh%k (@™ (1)) < oo.
k,t€[0,T)

By the dominated convergence theorem, Vt € [0,7),

lim he,, (2 i (s ))ds—/o lim h,, (2 hm(s))ds—/o hoo (21 (5))ds,

k—o0 0 k—o0

which completes the proof. O

Lemma 64. Vt € [0,7),

t

i [ hr, (2 (5))ds = /0 oo (57 (5)) ds.

k—o0 0

Proof. Ve > 0, by Lemma 60, 3k such that Vk > ko, Vt € [0,T),

|

By Lemma 61, 3k; such that Yk > ky, Vt € [0,T),

hmk(zhm(s)) — hoo(zlim(s))H <e. (F.58)

|20, (8) — 2" ()| < €. (F.59)

Thus, Vk > max {kq, k1}, Vt € [0,T),

t
hm
hrnk Zn, (s / heo(2
0

H/ oy an / hrnk hm dS H/ rnk hm dS—/ hoo(zlim(S))dS
0

§/0 Hh’“nk (2n,(s)) — hrnk(zhm(s))”ds +/0 ||hrnk (zhm(s)) - hoo(zhm(s))”ds

< [ e, (o5 = B () s + 7 (by (F.58))
§/0 L||zn, (s) = 2"™(s)||ds + Te (by Lemma 50)
<LTe+ Te. (by (F.59))

Thus, V¢ € [0, T),

im [ hy, (20,(8))ds

k—o0 0

/Ot oo (2™ (s))ds.
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Lemma 65.

m(Tn+1)71
lim 1 , A _ ‘
im lim |} a(i)L(Yi)| =0, (F.60)
i=m(Tn+t)
m(Tn+1)71
lim li ‘ A = 0. .
im lim > a(i)H(0,Yin)|[ =0 (F.61)
i=m(Tp+t)
Proof.
m(Tn+1)—1
1 . . '
msup Jim | S ()L
i=m(Tp+t)
m(Tn41)—1 (Tn+1)-1
— 1 ; ; . —
1mnsuptngni Z a(i)[L(Yis1) — L] + Z
i=m(Tp+t) i=m(Tp+t)
m(Tn+1)—1 m(Tn+1)—1
<1 . . N . .
_hmnsuptlﬁerni Z a(i)[L(Yig1) — L] —i—hmnsuptlﬁerni Z a(i)L
i=m(Tp+t) i=m(Tp+t)
m(Tn+1)—1
<limsup lim Z a(t)[L(Yi41) — L]|| + Llimsup a(m(Th41) — 1)
n t—T— n
i=m(Tp+t)
m(Tn+1)—1
<limsup lim || > a(i)[L(Yiq) — L]|| +0 (by (9.3))
n t—T—
i=m(Tr+t)
m(Tn+t2)fl
< lim sup sup > a@L(Yip) - I
n 0<t1<to<T+sup; a(j) i=m(Tp+t1)
=0. (by (9.20))
This implies
m(Tn+1)—1
lim 1 . : _ 0.
11£ntlﬁnjrﬂ17 Z a(t)L(Yi41)|| =0
i=m(Tp+t)
Following a similar proof, we have
m(Tpy1)—1
1 ' ' ; =0.
171Lnt1_1>11{17 Z a(i)H(0,Y;41)]| =0
i=m(Tp+t)
O

Lemma 66. lim;_,

g l|-tim, oo [T 0
(Bl

=0.
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Proof. We first analyze the numerator. Vk,

| (D) = lim (T, + tw'
t—T
— lim [[#(To) | — 13T, + D)
t—T
< hm7 ”ZE(TRIC-H) - ‘i‘<Tnk + t)“

t—T
m(Tpy41)—1 m(Tp,, +t)—1
= lim |2(T,)+ Y a(@H@EED) Yie) = 2(T) = Y al)H(E(HD), Yin)
i=m(Tn,,) i=m(Tn,,)
m(Tnk+1)—1
_ . . :
Tm || Y a@HEED), i)
i=m(Tn,, +t)
m(Tny +1)—1 m(Tny +1)—1
Sthfip_ Z a(i) [H(2((i)), Yier) — H(O, Yip)]|| + Z a(1)H (0, Yitq)
70 =T, 1) i=m(To, +1)
m(Tnk+1)—1 m(Tnk+1)—1
<lm Y@LVl +| YD a@HO Vi)
i=m(Tn,, +1) i=m(Tn,, +1)
m(Tnk+1)_1 m(Tnk+1)_1
=t (T = DI | fim >0 @@L |+ lim | D a@HO. Vi)
i=m(Tn,, +1) i=m(Tn,, +1)
(Vk, hmt_g“f ?7”l(1ﬂlnlc -+ t) = m(Tnk+1) — 1)
m(Tnk+1)71
< (1(Tu)ICn + Cul 7 + (@)l | lim D" ali)L(Yi)
i=m(Tn, +t)
m(Tnk+1)—1
li ) H(0,Y; . by (F.55
sl 30 a(HO.Y) o (559

By (F.15), we have

lim |2(T,,)|| = lim 7, = oo, (F.62)

k—o0
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Thus,

i | 1E @ )| = limyr— [[2(T, + 1) H‘

k00 1Z(To) |
— iy M@ )|| = Lime - [|2(T, + 2]

ko0 1Z(T0,) |

_ _ oy 41)—1 .

i (2T )ICr + Cr] ¥ + |2(T,)]I) [hmt—ﬁ S m(’;ﬁ;m a(Z)L(Ym)]
= 111m —

k—o00 Hx(Tnk)H

m(Ty, +1)—1 .
lim_ - Hz T (Z)H(O,YM)H
+ lim
k=00 1Z(T0,)
m(Tny+1)—1 lim,_, - HZ (o)1 (Z)H(OY )
. . . i=m (T +1) e
< (Cye +1) | lim 1 L(Y, I -
@y il 2 @)+ i [Tl
"k
(by (F.62))

< (Cue" +1)-0+0 (by (F.60) and (F.61))
—0.

F.4 Proofs for Completeness

Proofs in this section have used ideas and sketches from Kushner and Yin (2003) but
are self-contained and complete.

F.4.1 Proof of Lemma 22

Proof. Case 1: Let Assumptions 1, 2, 4, and 6 hold.

Fixed an arbitrary 7 > 0. For an arbitrary z,t € (—o0, 00), define

V(i) = H(z,Yip1) — h(z),

n—1

n) =Y (i),
=0
m(t)—1

w(t) = a(i)i(i).

1=0

Here, we use (9.18) so that ¥t < 0,m(t) = 0 and the convention that 327 . a(k) =0
when j < 4. Fix a sample path {zo,{Y;},~,} where Assumptions 1, 2, 4, & 6 hold.
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Assumption 6 implies that

lim a(n)S(n+1) = 0.

n—o0

Use subscript j to denote the jth dimension of a vector, we then have

limsup sup |a(m(t(n)+1t))S(m(t(n)+1t)+1);|=0. (F.63)

n—oo —71<t<T

Moreover, for Vt € [—7, 7], we have

m(t)—1
U(t) = A a(1)Y(i)
mz(i)fl 7 i—1
= > a(z)[ ¢(j>—2w<a>]
m(_)—l zj_ m(]t;—l i—1
= > @)D v@) — Y al@) Y v0)
ot oz
_ a(i) S w(j) — a(z’+1)Zw<y>
! m(t)—1 m(t)—2 : 7
=a(m(t) = 1) 3 )+ Y lali) —ali+ 1]} ()
nO1 m "
=a(m(t) — 1) Y(i) + S+ D[a(i) — ai + 1)]
m(t)—2 .
=a(m(t) - DS(mt) + > S@+1) ();Z§Z+1>a(i). (F.64)
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Thus, for any dimension j,

m(t(n)+ta)—1
limsup  sup Z afi)(H (x, Yig1); — h(x);)

—r<t1<to<
neo TTSMSBST i (t(n)+11)

=limsup sup |¥Y(t(n)+1t2); — U(t(n) +t1);]

n—oo —7<t1<to<7T

<limsup sup |a(m(t(n) +t2) — 1)S(m(t(n) + t2)),]

n—oo —7<t;<to<T

+la(m(t(n) + 1) = 1)S(m(t(n) +t1));]

m(t(n)+tz)—2 . .
. at) —a(t+1)
+ E S(i+1); (0) oz(z'() )a(@) (by (F.64))
i=m(t(n)+t1)—1
m(t(n)+t2)—2 .
— 1
—limsup  sup ) S(i + 1)j0‘(Z> i+ 1) ) (by (F.63))
n—oo  —7<t;<to<r |. a(i)
i=m(t(n)+t1)—
m(t(n)+ts)—2 .
— 1
<limsup  sup S(i+ 1)ja(l) a,(l * )a(i)
oo —r<ti<psr, 5 a(i)
m(t(n)+tz)—2

<limsup sup Z la(i)S(i + 1),

—7<t1<t2<
no STSMSRST i (t(n)+1)—1

m(t(n)+ta)—2

a(i) -

<limsup sup sup la(i)S(i + 1), Z
m(t(n)+t1) )

n—oo  —7<t1<ta<T —1<i<m(t(n)+t2)—2 i=m(t(n)+t1)—1

m(t(n)+ta)—2

<limsup sup < ( sup la(i)S (i + 1)j|> Cq Z a(i)

n—oo  —7<t1<ta<t \ m(t(n)+t1)—1<i<m(t(n)+t2)—2 i=m(t(n)+t1)—1

by Assumption 2, C, is a constant from the big O notation—=2"tD — & (4(n)) )
y p

a(n)
= lim sup [ sup < sup lov(4)S (7 + 1)j|>
n—00 —7<t1<ta <t \ m(t(n)+t1)—1<i<m(t(n)+t2)—2
m(t(n)+ta)—1
-Cy > ai) +a(m(t(n) +t) - 1)
i=m(t(n)+t1)
=limsup sup ( sup la(2)S (i + 1)j|> Co (ta —t1 +a(m(t(n) +t1) — 1))
n—oo —1<t1<ta<T \ m(t(n)+t1)—1<i<m(t(n)+ta)—2
(by (F.38))
<lim sup ( sup la(i)S(i+ 1), |> Co (ta —t1 +a(m(t(n) +t1) — 1))
n—00 (t(n)— ) 1<i

n—0o0

<20, 7limsup ( Sup lau(7)S (7 + 1)j|>
—1<4

<20, 7 limsup (Sup la(i)S(i+1); |> 27

n—00 n<i

(by (F.63))



Thus, V7 > 0, Vz,

m(t(n)+t2)—1

limsup  sup Z a(i) [H(z, Y1) — h(z)]|| =0 a.s.

—7<t1<t2<
n T<t1<to<T i=m(t(n)+t1)

The proofs for (9.19) and (9.20) follow the same logic and thus are omitted.
Case 2: Let Assumptions 1, 2, 4, and 6’ hold.

By Assumption 4 and the equivalence between norms, we have

[1H (z,9)ll, < C(1HO, y)[l5 + L(y)|[l,)
for some constant C' independent of x,y. So for any =,

2 2 2 2 2 2
ap V@D 2C?H(O,9)]; +2C°L(y) 2]

Yy v(y) Yy v(y)

In other words, for any x,
y— H(z,y) € [,12,,00.
Similarly, we have for any =,
y— Ly(y) € L2 ..
Let g denote any of the following functions:

y—H(z,y) (Vo)
y—=Ly(y) (Vo),
y —L(y).

We now always have g € £ . Proposition 6 of Borkar et al. (2021) then confirms
that

Z a(i)(9(Yiz1) — Eynay [9(9)])

converges almost surely to a square-integrable random variable. Lemma 22 then
follows immediately from the Cauchy convergence test.
m
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F.4.2 Proof of Lemma 27

To prove Lemma 27, we first decompose it into three terms. Then, we prove the
convergence of each term in Lemmas 67, 68, & 69. Finally, we restate Lemma 27 and
connect everything.

For each ¢, let {Al}fol be a strictly decreasing sequence of real numbers such that

lim; oo A; = 0 and Vl, —1€eN, eg., A= —. Because VI,
(T +t)—1 a7 L m(Th, +ad+4,)—1
S i)y, (#(t(0), Visr) = S ali)H, (@), Vi)
i:m(Tnk) a=0 = m(Tnk—&-aAl)
we have
m(Tnk—&—t)—l :
fim | Y @), (U0, Yirr) = [, (5(5))ds (F.65)
k—o00 ) J 0 J
i=m(Tn,,)
Ail_l m(Tnk-‘raAl—i-Al)—l

= lim lim > a(i)Hy, (2(t(1)), Yipr) — /0 by, (21 (s))ds

=00 k—00
=0 i=m(Tny +al;)

=)

—Lm(Tn, +al+4,)—1

< lim lim > a(i)hy, (7 (al)) — /0 hr,, (27 (s))ds (F.66)

l—00 k—0o0
a=0  i=m(Tn, +al;)

R

m(Tnk +alj+Ap)—

+ lim lim Z > a@ (Hr, (2(10)), Vi) = He,, (27 (a2), Yig))

(Tnk +aAl)

(F.67)
m(Tnk Fal+A;)—

+ lim Tim Z 3 a@ (e, (B (@), Vi) = b, (2 (00)) ||
i=m(Tn,, +al;)
(F.68)

Now, we show the limit of (F.66), (F.67), and (F.68) are 0 in Lemmas 67, 68, and 69
with proofs in Appendix F.4.3, F.4.4, and F.4.5.

Lemma 67. Vj,Vt € [0,7T),
fl*lm(Tnk+aAl+Al)fl

i i |3 alih, M eA) - /0 e, (37(5))]| = 0.

l—00 k—o0



Lemma 68. Vj,Vt € [0,7T),

Ailfl m(Tnk+aAl+Al)fl

. |
fim iy e
a=0  i=m(Tn, +al;)

(#(¢(0)), Vi) = Hy,, (™ (ad), Vi) )| = 0.

Lemma 69. Vj, Vi € [0,7T),

m(Tny +alj+47)—1

lim lim Z Yo al) (Hrn]( m(gA,), Vier) — thj(:elim(aAl))) ~0.

l—00 k—o0
a=0 = m(Tnk +alyp)

Plugging Lemmas 67, 68, and 69 back to (F.65) completes the proof of Lemma 27.

F.4.3 Proof of Lemma 67
Proof. Vj,¥t € [0,T),
ALZ_]' m(Tnk-i-aAl-i-Al)—l

lim lim Z | Z a(i)hrnj ("™ (L))

Ail_l m(Tnk+aAl+Al)—1

=lim Y h,, ("™ (al)) lim > a(i)

a=0 i=m(Tn, +aly)

= lim ) Ay, (#"(ad)A, (by (F.38))

t
= / he.,, (2™ (s))ds. (by definition of integral)
0
Thus, Vj,Vt € [0,T),

t
2, L m(Tn, +al+A;) -1

t
. . . ~lim . ~lim
lim lim S el @A) = [ b, @)

a=0  i=m(Tn, +al;)
Tnk +(ZAZ+AZ) 1

[ tim 1im Z S a(h, (I(aA) - /0 e, (377(5))

l—00 k—00
a=0  i=m(Tn, +al;)

- /0 t h, (17 (s)) — /0 t hr,,, (21(5)) H
=0.
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F.4.4 Proof of Lemma 68
Proof. ¥j,¥t € [0,T),VI

Tnk +aAl +Al)

Jin, Z > o) (o, (00, i) = Hy, (37 (ald0), Vi) )
=m(Tn;, +al;)
A LTy +ald+00)—1
S klint}o Z (Z)HHT"J (Ii'(t(?,)), Y;-l-l) - Hrn ( hm(aA ) H_l)H

a=0  i=m(Tpn, +al;)

a; L m(Tn, +ad+4,)-1

<him > Y a@Livi)

2(t(7)) — 2" (al)) || (by Assumption 4)

< lim sup sup B(t(1)) — 2" (alhy)

k—o0 0<a< & —1 (T +aly) Si<m (T, +ali+A) -1

t
a7 m(Tny e +A) -1

S al)L(Yin)

a=0  i=m(Tn, +al;)

m(Tnk+t)—1
= lim sup sup 2(t(i)) — 2" (alNy) | Z a(t)L(Yis).
F =00 | 0<a b —1 m(Tn, +al)) Si<m(Tn +ali+Ar) -1 (T
(F.69)
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We show the limit of the following term.

lim sup sup
k—o00 ogagAil—l m(Tny, +al) <i<m(Tn, +al+4,)—1

B(t(i)) — 2" (aly) ||

= lim sup sup
R=200 | 0<ag b —1 tm(Ty +al) SHD UM (T, +ali+A0)-1)

i (t(i) — 2" (al)

< lim sup sup
F00 | 0<ag b —1 tm(Tny, +alp) ST<t(m(Tn, +ad+A7)—1)

#(1) — 2" (al)) ||

= lim sup sup |2() — ilim(aAl)H
k—o0 OSCLSALlfl Ty, +aA <T<t(m(Tn, +aldi+4A;)—1)
(2 is a constant function on interval [t(m(Ty, + aly)), T, + al\] by (9.21) and (9.22))

< lim sup sup |2(7) — 2" (al)) || (by (9.16))
k=00 0<a< b —1 Ty Fad <T<Try 0l

= lim sup  sup ||$ T, +al+7)— hm(aAl)H : (F.70)

k—o0 0<a<t -1 0<T<A,

By (9.33), V6 > 0, Jko such that Vk > ko, Vt € [0,T),
(T, +1) = 2™ ()| <

vt € 0,T), V1, Va, Yk > ko,

sup  sup ||&(Ty, +al +7) — 2" (al)|| - sup  sup [|2"(ad 4 7) — 2™ (al))|
ogagi 10<T<Ay ogagfl—l 0<T<A,

< sup  sup H|a: T, +al+7)— hm(aAl)H — ||§:“m(aAl +7)— i"“m(aAl)m
0<a< A -1 0<T<Ay

(by [sup, f(z) — sup, g(x)| < sup, |f(z) — g(z)])

< sup  sup |[&@(T,, + al +7) — 2 (ad) — 2 (al + 7) + 2 (ad) ]|
0<a<zo—10S7<A

< sup sup ||&#(Th, + al 4+ 1) — 2 (0l + 7))
0<a< & —10<7<A

< sup sup o
ogagglq 0<T<4,

<é.
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Thus, Vt € [0,T), VI, Va,

lim sup  sup |&(Th, +al+71)— ilim(aAl)H

k=00 0<a< L —10<T<A;

= sup sup |[@"™(ad +7)— 2" (al))].
0<a< 5, —10S7<A

Therefore,

lim sup sup
k=00 0<a< £ —1 m(Tny +aly) Si<m (T +ali+A1) -1

B (t(i)) — " (aly)

=lim sup  sup [|&(Ty, +ad +7)— 2" (ad))]| (by (F.70))

k—yoo 0<a< A —1 0<T<A,

= sup  sup H:%hm(aAl +7)— :i“hm(aAl)H. (F.71)

ogagfﬁl 0<T<4,
vj? Vt 6 [07 T)) VZ,

Ailfl m(Tnk+aAl+Al)fl

lim S ali) (H, @00, Yier) = H, (2"(0d), Vi)
k—o0 i i
a=0  i=m(Tn, +al;)

m(Tn, +t)—1
<gim | sup sup o) @A)l Y al)LVin)
k—o0 OSaSALl_l m(Tnk —‘raAl)SZSm(Tnk —‘r(lAl-i-Al)—l Z=m(Tnk)
(by (F.69))

< lim sup sup 2(t(3)) — 2" (el
k—o0 ogagAilfl m(Tny +al) <i<m(Tn ), +ald+A;)—1
m(Tn, +t)—1
lim sup Z a(t)L(Yiy1)
k—o0 i=m(Tn,,)
< lim sup sup ‘f(t(l)) - jlim(@Al)H Ch

~ k—o00 Ogagilfl m(Tny +al) <i<m(Tn ), +ald;+A;)—1

(by (F.53))

=Cy sup  sup |[[#"(al +7) — 2" (al)]|. (by (F.71)) (F.72)
ogagfl—l 0<r<qy

By Corollary 2, #"™ is continuous and [0,#] is a compact set, Ve > 0, 3n such that

sup Hﬁvhm(tl) - i:hm(tg)” <e. (F.73)
0<|t1—t2|<n,t1€[0,t],t2€[0,¢]
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Thus, Ve > 0, Jly such that VI > [y, A; < n and we will have

0< sup  sup [[&"(al +7)— 2" (ad)]| < e

(by (F.73))
ogagALl—l 0<T<4y
Therefore, Vt,
lim sup  sup [[#™(aA; + 1) — 27 (al)]| (F.74)
I=00 0<a< 4t —10S7<A,

This concludes V7, Vt € [0,7T),

Ail_l m(Tnk+aAl+Al)—1

lim lim S ali) (H, (@(t0), Vi) = Hy, (2" (0d), Vi)

a=0  i=m(Ty, +al;)

=lim Cy sup  sup ||ilim(aAl +7) — @“m(aAl)H (by (F.72))
o0 0<ag L -1 0ST<A
=Cq -0 (by (F.74))
=0.
[
F.4.5 Proof of Lemma 69
Proof. By (F.42), Vj,Va, VI,
m(Tnk+aAl+Al)—1
lim Y a) [H (& (@A), Vi) — by (@“m(aAl)ﬂ — 0.(F.75)
k—o0 J J
i=m(Tn, +al;)

Thus,Vy, vVt € [0, T),
m (T, +ali+A7)—1

. . . ~lim - o ~lim
lim lim Z Y el (Hy,, (57 (@), Yia) = D, (27 ()]
i=m(Tn, +al;)
a1 m( Ty +aA+A7)—1
. . ~lim - o ~lim
<lm Y lm|l Y () [H, (@), Yin) = b, (#(a2)]
a=0 i=m(Tn, +al)
Aiz_l
—lim > 0 (by (F.75))
=00
a=0
=0.
]
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