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“Look deep into nature, and then you will understand everything better.”
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Abstract

Doctor of Philosophy

Magnetic States and Excitations of Complex Spin Systems

by Sachith Erandaka Dissanayake

The interplay between spin, lattice, charge and orbital degree of freedom has been ex-

tensively studied in various transition-metal oxides. Upon cooling, in a typical magnetic

system, long-range order appears below the Curie-Weiss temperature. However, the

long-range order of spins, either fully or partially, can be suppressed due to the effects

like the geometrical arrangement of spins, substitution of different ions, and low dimen-

sionality. The correlation between different degrees of freedom sometimes drives the

system to novel phases through a phase transition.

Neutron scattering is a very powerful technique to study the magnetic properties of

such materials and the interplay between the different degrees of freedom. In this work,

intriguing phases of two vanadates with exotic complex spin systems are studied by using

elastic and inelastic neutron scattering techniques.

When the orbital degree of freedom is degenerate, the Jahn-Teller distortion can occur

inducing a phase transition into an orbitally ordered state. The two vanadates which are

the subjects of this study, BaV10O15 and CoV2O4, both contain V3+ (t22g) ions which

are Jahn-Teller active.

BaV10O15 for instance is a highly frustrated magnet that shows fascinating physics with

possible mixed valance ions with a V3+:V2+ ratio of 4:1. Although it is a frustrated

complex spin system with 80 magnetic ions in the unit cell, prior studies suggest a trimer

formation by 60% of V ions that is accompanied by a structural phase transition at 123 K

and followed by long range order below 43 K. However, the magnetic ground state of the

low temperature phase is unknown. To understand the nature of the magnetic ground

state and the interplay between lattice, spin, charge and orbital degrees of freedom, we

performed elastic and inelastic neutron scattering measurements on single crystal and

polycrystalline samples of BaV10O15. The neutron scattering data show that the best

model to explain the data is when the low temperature long range ordered phase contains

only two ordered V ions (V1 and V2) which form pseudo-squares connected in the bc

plane while the other three ions remain disordered in a spin singlet state, which agrees



with the previously reported trimer formation. We determined the Hamiltonian that

can describe the magnetic excitation observed in this system and discussed the possible

orbital ordering that can lead to this magnetic ground state. Evidence for singlet to

triplet excitations from the trimer is also presented as higher energy excitations around

33 meV. The important results presented here for this system is a prime example how

a complex spin system achieve a simple magnetic state through orbital ordering by

relieving spin frustration.

The other vanadate system, spinel CoV2O4, with V3+ ions located at vertices of a

network of corner-sharing tetrahedra, also provides a good playground to investigate the

effects of different degrees of freedom. Among the family of spinel vanadates, CoV2O4

lies near the boundary of itinerant electron limit making it difficult to probe the effects

of spin, lattice and orbital degrees of freedom. Our polarized and unpolarized elastic

neutron scattering measurements indicate that the Co and V ions order ferrimagnetically

at 169 K and V spins start canting at T = 90 K. Also, the strain measurements performed

by a collaboration study shows a second order type structural change in the order of

10−4 with a maximum distortion at ∼ 100 K. These important results of combining the

elastic neutron scattering and the strain data indicate that the system undergoes two

phase transitions, first from paramagnetic to a collinear ferrimagnetic state and secondly

to a noncollinear ferrimagnetic state and an orbital glassy state of V t2g orbitals at ∼
90 K. The magnetic excitations of a single crystal CoV2O4 in the ordered phase is also

reported and a spin Hamiltonian to describe the inelastic neutron scattering data is

provided.

These neutron scattering studies on the magnetic states and the excitations of BaV10O15

and CoV2O4 provide important results to understand the interplay between different

degrees of freedom in the two systems and similar materials.
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Chapter 1

Introduction

1.1 Introduction to frustrated magnets

Transition metal oxides provide a unique opportunity to study the novel phenomena

of electronic and magnetic states emerging from the strong correlations of electrons:

high temperature superconductors, ferromagnets, antiferromagnets, spin liquid and spin

glass states, colossal magnetoresistance, Mott transition and charge ordering systems to

name a few. The exotic magnetic states, particularly when different degrees of freedom

are strongly correlated with each other are sometimes harder to explain. In simple

metals, semiconductors or insulators, when a material has a open d electron shell, like

vanadium or iron oxides, strong Coulombic repulsion is observed making them a strongly

interacting system. The correlations between spin, orbital, charge and lattice are often

highly pronounced in these systems, which lead to exotic phenomena. Each degree

of freedom is coupled with each other and often it can be fine tuned by an external

perturbation to achieve more interesting properties.

Frustrated magnets particularly attracted attention due to their possible novel quan-

tum paramagnetic states [1, 2]. In 1973, P. W. Anderson [3] observed that in a two

dimensional quantum antiferromagnet, the long range ordered state is not the only pos-

sible state, but he explained the possibility of having a superposition of short range

spin singlet state, which he calls as ”Resonating Valance Bond” (RVB) state. The field

of frustrated magnetism has evolved greatly with numerous different studies, and still

some concepts arising from the frustration have yet to be proven both experimentally

and theoretically.

Frustration can be achieved in two forms, either through geometrical frustration or

by competing interactions. When spins are arranged antiferromagnetically in a square

1
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Figure 1.1: Antiferromagnetically interacting spins in an arrangement of a (a)
Square (b) Trainglar (c) Tetrahedral

lattice, it can satisfy all the exchange interactions by making all the spins anti-aligning

with each other. The simplest example for geometrical frustration is when a set of spins

is arranged in an antiferromagnetically coupled triangle. The geometrical property of the

arrangement of triangles compete with the correlations set by the interactions between

the spins, giving rise to frustration. It fails to satisfy all the antiferromagnetic magnetic

interactions simultaneously with collinear arrangement of spins as shown in Fig. 1.1.

In two dimension, triangles can be arranged in a few different ways. When the triangles in

2D are sharing a common edge, they form the well known triangular lattice. Although

this is a simple arrangement of spins and the 120◦ structure remains as the ground

state for both classical and quantum spins, other various types of magnetic ordering

are also found, which depend on the factors like lattice geometry, the magnitude of the

spins, anisotropy, distances between magnetic ions, ligand field[4]. When the triangles

share a common corner, spins are arranged in a kagome lattice. Examples for kagome

lattice compound are found in Jarosite family like KFe3(OH)6(SO4)2. ZnCu3(OD)6Cl2 in

kagome lattice is another immensely studied material which can be a possible candidate

for the quantum spin liquid [5–7].

In three dimension, a tetrahedron for an example, has an infinite number of spin configu-

rations as its ground states due to two degrees of freedom related to angles θ and ϕ in 3D

while maintaining a constant magnitude for the spin. The most frustrated arrangement

in 3D is a network of corner sharing tetrahedra. Spinel AB2O4 and pyrochlores A2B2O7

are examples for this type of arrangement of atoms. Due to its infinite degeneracy, these

systems have shown various kinds of novel phases like cooperative paramagnetism (spin

liquid) or when degeneracy is lifted, ferrimagnetism or antiferromagnetism or even a

glassy orbital state.
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An estimate about the amount of frustration of a system can be obtained from measuring

bulk magnetic susceptibility. A system will follow Curie-Weiss Law χ(T ) = C/(T−Θcw)

at high temperatures. Θcw is positive for a ferromagnet, and it is negative for an

antiferromagnet. When a frustrated magnet is cooled down, some perturbation with

an energy scale of v can act to lift the degeneracy [1]. If the perturbation is strong

enough to lift the degeneracy, then the system can long range order at a transition

temperature TC . The value of TC is normally set by perturbation energy scale v. The

Curie-Weiss temperature can be also expressed using the exchange interaction between

the spins. That is, Θcw = zJS(S + 1)/3KB. If the magnetic system is ideal without

any frustration then typically Θcw ≃ TC . But if the system is frustrated, the ordering

occurs at much lower temperature. We can define frustration index as, f = Θcw/TC . In

a frustrated magnet which long range orders, the frustration index is usually ≫ 1 [8].

When the frustration index is high enough, f ≫ 100, then the system fails to order even

at the lowest possible temperature and will reside in a spin liquid state.

1.2 Phase transitions and magnetic states

Phase transitions in strongly correlated materials occur widely and sometimes lead to

novel properties that can lead to technological advancement. Phase transitions that

observed in magnetic systems can be either structural or magnetic. For some systems,

those are correlated and structural phase transition drives the system into particular

magnetic state. Phase transitions in nature can be either first or second order. A first

order transition is when a system abruptly changes to a different state in a discontinuous

way. In comparison, the second order transition is more gradual and changes smoothly

with the order parameter.

Usually, structural phase transitions are first order transitions, where a discontinuous

change in bulk properties like resistivity, heat capacity or susceptibility is observed. If

the system contains magnetic ions with orbital degrees of freedom, then usually or-

bital ordering occurs before the structural transition changing the crystal structure by

lowering the energy of the orbital state.

Magnetic phase transitions or magnetic states can be categorized as following. Upon

cooling a spin system, coupling between the spins results in a phase transition to an

ordered state. The thermal energy which randomizes the spins and the exchange energy

which makes the spins order compete with each other. When the exchange energy wins,

the system can order into mainly three different states; a ferromagnet, antiferromagnet

or ferrimagnet. The change of susceptibility with the temperature for a paramagnetic,

ferromagnetic and antiferromagnetic state is shown in Figure 1.2(a). The ferrimagnetic
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Figure 1.2: (a)Variation of magnetic susceptibility with temperature for
paramagnetic, ferromagnetic and antiferromagnetic (from reference [11]) (b) ZFC, FC
and thermoremanent (TRM) measured on heating after cooling the Ag(Mn) spin glass
to 20 K and then measuring on heating. (from reference [12])

phase also follows a similar behavior as a ferromagnet. When the spins are parallel

(antiparallel) to each other we have a ferromagnetic (aniferromagnetic) system and if the

spins are parallel but with two different moments, then a ferrimagnetic phase appears.

If the frustration is extremely large then the exchange energy is not sufficient for an

ordered state to appear and system can remain in cooperative paramagnetic state or

spin liquid state, where the spins change dynamically. These will not show any kind of

magnetic ordering down to lowest temperature. But strong correlations will produce a

spin singlet state between pairs of spins forming a dimer [9] three spins can bond with

each other to make a trimer[10]. Some systems will have sufficiently large exchange

energy to have a transition to a spin frozen state at low temperatures but with large

number of accessible spin states. This form of ordering is known as a spin glass state.

There are few characteristics that spin glass state shows. Between Zero field cooling and

field cooling magnetic susceptibility χ, there will be a temperature Tc that χ diverge

from each other. The broad maximum near Tc and the linear temperature dependence

at low temperatures of heat capacity were also seen in spin glass states.

In this dissertation, we examine different kinds of magnetic states and various phase

transitions.

1.3 Orbital ordering

Electronic orbital degrees of freedom play an important role in novel phases of strongly

correlated materials. The exchange interactions between two spins greatly depend on
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Figure 1.3: (a) Shape of the different d orbitals [13] (b) Energy levels of d orbitals
for different crystal fields [14]

the orbital overlap between the occupied orbitals of the two ions.

There can be a different local ligand environment around a transition metal ion. Ac-

cording to the crystal field theory, there are two main crystal field environments that

commonly observed.

An illustration of the shape of the d-orbitals, tetrahedral and octahedral crystal field

environment and energy levels of d-orbitals are shown in Figure 1.3. In an octahedral

crystal field, the ligand anions are along the main local axes, x, y and z. Since eg orbitals

of the cation metal are also along these directions, they feel more repulsion from the

electrons in anion. Thus, in an octahedral crystal field, eg orbitals have a higher energy

than the t2g orbitals. In contrast, in a tetrahedral crystal field, neither t2g nor eg orbitals

lie directly along the ligand bond, but t2g orbitals are much closer to the ligand. Thus,

the energy of t2g orbitals stays higher in the energy diagram.

The Jahn-Teller effect, published by Hermann Arthur Jahn and Edward Teller in 1937

says that ”any non-linear molecular system in a degenerate electronic state will be
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unstable and will undergo a distortion to form a system of lower symmetry and lower

energy thereby removing the degeneracy” [15].

Let’s consider two situations of Jahn-Teller type distortions that can occur in octahe-

drally coordinated crystal field. If the crystal distortion is such that the local z axis

undergoes a contraction, then the orbitals along the z axis will feel more repulsion than

the others. Thus, dxy orbital will have a lower energy compared to other two t2g orbitals.

Similarly, when z axis elongates, then orbitals along the z axis will feel less repulsion,

and thus stay at a lower energy. These two situations are explained in Figure 1.4 (a).

Jahn Teller type crystal distortion may be driven by an orbital ordering of an orbitally

active ions like V3+. Three theoretical models of orbital ordering in a spinel vanadate

are presented in reference [16] as shown in Figure 1.4 (b). When the crystal symmetry

is changed such that c < a, then dxy orbital will be always occupied. Depending on the

other factors and the form of orbital ordering, the antiferro orbital state, the orbital-

Peierls state or ferro orbital state can be occupied by the second t2g electron.
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Figure 1.4: (a) Jahn-Teller effect for z elongation and z contraction in octahedral
ligand field (From reference [17]) (b) Three theoretical models of orbital ordering in
spinel vanadate. (From reference [16])

1.4 Exchange interactions

Exchange interaction is the most important coupling between the paramagnetic ions.

There are three different kinds of exchange interactions: 1) direct cation - cation inter-

action 2) superexchange cation - anion - cation interaction 3) double exchange cation -

anion - cation interaction. Magnetic exchange interactions can be ferromagnetic or anti-

ferromagnetic. A set of rules, known as the Goodenough-Kanamori rules (Goodenough,

1955, 1958; Kanamori, 1959), is normally used to explain the magnetic properties of

wide range of materials in a qualitative level.

The first kind, direct orbital coupling, requires overlapping of nearby orbitals. As shown

in Figure 1.5 (a), direct cation - cation interaction occurs as a σ bond between two t2g

orbitals[18]. The amount of orbital overlap, and thus the strength of the interaction,
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greatly depends on the distance between cations. There is a critical distance Rc where

the interaction falls considerably. Direct cation - cation interactions can occur when

the a bond is formed by sharing either an edge or a face of the anion octahedron.

These interactions are typically antiferromagnetic if there is a direct overlap between

the orbitals.

Superexchange cation - anion - cation interaction occurs by mediating through an in-

termediate anion in between two cations. Either a σ or a π bond can occur between a

cation and anion. Figure 1.5 (b) shows the two possibilities for 180 ◦ cation - anion -

cation angle; eσ − pσ − eσ or tπ − pπ − tπ [18]. Both give antiferromagnetic interactions

between cations by interacting through the same kind of orbital on the anion. If a differ-

ent kind of anion orbital interacts on either side with the cations, then a ferromagnetic

interaction occurs which is mediated by the Coulomb exchange with the oxygen. This

optimally occurs when cation - anion - cation angle is 90◦. When the angle deviates

from 90◦ towards 180◦ antiferromagnetic superexchange processes compete with the fer-

romagnetic interaction and it is sometimes difficult to predict the final nature of the

interaction.

The double exchange occurs between cations by simultaneous transfer of an electron

from cation to anion and anion to cation without change in the orientation of spin,

which leads to ferromagnetic coupling [19, 20]. The electron has moved between the two

cations and it is different from superexchange in that superexchange occurs normally

between two cations with same valance, while double exchange occurs only when one

cation has an extra electron compared to the other (mixed valance).
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Figure 1.5: Exchange interactions are responsible for magnetic ordering. (a) Direct
exchange : between neighboring d atomic orbitals in a transition metal compound
with edge sharing octahedra. (b) Superexchange : between d atomic orbitals via
ligand p atomic orbitals in a transition metal compound with vertex-sharing
octahedra. (From reference [18])

Figure 1.6: Double exchange mechanism between Mn3+and Mn3+ ions(from
reference [21])
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1.5 Brief introduction to the materials and methods

The work done in this thesis is mainly focused on understanding the properties of mag-

netism in two different kinds of strongly correlated materials, the frustrated magnet

BaV10O15 and the spinel CoV2O4. The two vanadates, BaV10O15 and CoV2O4 have

orbitally active V3+ ions which are strongly correlated with the spin, lattice and orbital

degrees of freedom. Both materials show phase transitions that are either structural,

electronic or magnetic.

BaV10O15 is a frustrated magnet with a frustration index of ∼ 30. It provides an excel-

lent opportunity to study the interplay between various degrees of freedom. In addition

to lattice, spin and orbital, charge degrees of freedom with mixed valance ions with a

4:1 ratio make the system more interesting. Even though there is a considerable amount

of studies and interest to understand the possible trimer formation in this system, there

aren’t many studies to understand the ordered phase of the system.

CoV2O4, which resides close to the itinerant electron limit, provides a unique situation

compared to the other V spinels to study the magnetic, structural and orbital properties.

The system does not show any observable structural transition from the diffraction

measurements done so far but the interplay between spin, lattice and orbital degrees

of freedom was found to be important for understanding the properties of this nearly

metalic state.

Neutron scattering being the most versatile tool to investigate the magnetic properties

of materials was used to investigate the magnetic and electronic properties of different

phases in the above materials. Polarized and unpolarized elastic neutron scattering and

inelastic neutron scattering, in addition to the bulk property measurements were used to

study these materials. Spin excitations were observed in all these materials. Mostly the

excitations are magnons and they are modeled using linear spin wave mechanisms. By

using all these techniques together we provide findings that are important to understand

the properties of the various phases these systems show.

First step of these studies is to understand the magnetic ground state of the system.

Both materials are long range ordered. Thus, neutron diffraction measurements (powder

and/or single crystal) were performed to identify the ordered magnetic state. In addition,

the low temperature crystal structure was also studied. To understand the magnetic

state, refinements of diffraction data were performed with Fullprof Software along with

group theoretical analysis. Secondly, to understand the possible magnetic excitations of

these systems, inelastic neutron scattering experiments were performed. Nature of the

spin excitations were identified by analyzing the data, and magnon excitations are then

modeled using Linear Spin Wave calculations. By matching the calculated spectrum
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of magnon excitations with the data, a spin Hamiltonian for the system was proposed.

Validity of the spin Hamiltonian was tested with possible orbital order of t2g orbitals

of magnetic ions and nature of the orbital order was discussed. For CoV2O4 system,

neutron data were used along with the collaboration study about magnetostriction to

find out the nature of the orbital state.

1.6 Outline of the Thesis

First, the basics of important topics such as frustrated magnetism, phase transitions

and magnetic states, orbital ordering and exchange interactions are discussed. In the

second chapter, fundamentals of neutron scattering, representational analysis and theory

of linear spinwave calculations are presented.

The study of frustrated magnet BaV10O15, is presented in chapter 3. Using our elastic

and inelastic neutron scattering data, a possible ground state for the long range ordered

state was found with only two ions, V1 and V2 ordered. The spinwave simulations

were also performed to model the Hamiltonian to reproduce the single crystal inelastic

neutron scattering data. Possible orbital states for the system to describe the observed

data and results are also discussed.

In chapter 4, neutron scattering results of spinel CoV2O4 is discussed. Polarized and

unpolarized neutron scattering and inelastic neutron scattering results are presented.

The analysis of magnetic structure, the detailed temperature dependence of the single

crystal diffraction data and magnetoristriction data are also discussed. Finally, linear

spinwave calculations are performed to match with our inelastic neutron scattering data.



Chapter 2

Introduction to Neutron

Scattering

2.1 Theory of Neutron Scattering

Neutron scattering is one of the most powerful techniques to study the properties of

materials. Since the neutron was first discovered in 1932, neutron scattering has evolved

in many aspects in condensed matter research and is now accepted as a one of the field’s

most versatile tools. In this Chapter, the theory of neutron scattering will be discussed.

2.1.1 Why Neutron?

In neutron scattering, an incident neutron beam is radiated into a sample of interest and

the scattered neutrons are measured which can be used to determine how atoms are ar-

ranged and study the interactions between them. Neutrons, which are basic constituent

of the matter, have it’s unique properties that makes neutron scattering a powerful tool.

First, the mass of the neutron is comparable to that of the proton. Having this relatively

large mass makes it easy to moderate the high energy neutrons produced by either fission

or spallation of heavy nuclei. The final energy, which will be distributed as a maxwell

distribution, will be determined by the temperature of the moderated medium such as

water or liquid hydrogen. Neutrons after moderation have de Broglie wavelengths on

the order of atomic distances in solids, which make them suitable to use in diffraction to

study how the atoms are arranged in a solid. Also, the thermal neutrons produced with

a near room temperature moderator medium will have energies range from 1 - 100 meV,

which is the in the order of many dynamical properties observed in condensed matter

such as phonon and magnon excitations.

12
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Table 2.1: Properties of the neutron [22]

Spin 1
2

Rest mass, mN 1.675 ×10−24 g
Magnetic moment -1.913 µN

Charge 0

The neutron has a zero net charge, which means that it can penetrate deeply into a

sample. In a neutron scattering experiment different types of sample environments are

used such as Cryostats, Vaccum and magnets. This property allows the neutron to eas-

ily transmit through the equipment in these sample environments. The most important

consequence of having zero net charge is that it is not aware of the electronic charge

cloud, thus interacting directly with the nucleus of the atom. As a result neutron scat-

tering can probe bulk properties of materials than surface effects. In X-ray scattering

the scattering length, which is a representative parameter for scattering strength, sys-

tematically increases with atomic number, however, neutron scattering length is random

and falls within ∼ 0.2 to 1× 10−12. This allows neutron scattering to see and index the

light elements such as Hydrogen or Oxygen.

The neutron is made out of quarks and glouns which realize a non-zero magnetic moment

for the neutron. The magnetic moment is 0.56 times the moment of a proton but directed

opposite to its angular momentum. In a sample that we measure in a neutron scattering

experiment there can be many atoms and some of them will carry unpaired electron spins

which can interact with the magnetic moment of the incident neutrons via dipole-dipole

interaction. The magnetic scattering length of an atom is comparable to the nuclear

scattering length, giving a comparable scattered intensity from magnetic scattering to

the nuclear scattering. Thus, the neutron is a powerful probe to measure magnetic

properties of condensed matter. Since its discovery it has immensely contributed to the

understanding of magnetism around us.

2.1.2 Neutron scattering instruments

In neutron scattering facilities there are several different types of equipment available.

Here, four instruments that are mainly used for the collection of data in this thesis,

namely, Neutron Powder Diffractometer, Triple Axis Spectrometer, Four-Circle Diffrac-

tometer and Time of Flight Spectrometer will be briefly discussed.

Neutron Powder Diffractomer (NPD), as shown in Figure 2.1 is used for structural

characterization of materials in powder or microcrystalline samples with one or more

phases. The obtained data are used in crystallographic analysis by the Rietveld method

or other characterization purposes. The advantage of the Neutron Powder Diffractomer
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Figure 2.1: The schematic diagram of BT1 powder diffractomer at NIST Center for
Neutron Research, National Institute of Standard and Technology [23]

compared to X ray diffractomer is it can detect any magnetic moment in a sample. If the

magnetic moments have long range order, additional Bragg peaks or increases in intensity

of Bragg peaks may be observed at temperatures below the ordering temperature, which

can be analyzed to find the magnitude and orientation of the magnetic moments in

a sample. As shown in the Figure 2.1, BT1 powder diffractometer has 32 detector

instruments that can be used with three different monochromators and two different

incident Soller collimators, allowing the instrument response to be tailored to the needs

of the experiment [23]. Usually the neutron Powder Diffractomer can be used with

furnaces, refrigerators and cryostats so that the data may be collected at wide range of

temperatures spanning from 0.3 to 2000 K, and also with magnetic fields.

The triple axis spectrometer can access nearly any coordinate in energy and momentum

space by controlling the axes of rotation of the monochromator, the sample and the

analyzer. Figure 2.2 shows a schematic diagram of a triple axis spectrometer HB1

located at High Flux Isotope Reactor, Oak Ridge National Laboratory [24]. The first

axis monochromator defines the direction and magnitude of the incident neutron beam.

The second axis is at the sample where this angle selects which point in reciprocal space

to be studied. The third axis corresponds to the rotation of the analyzer, where it

analyzes the direction and magnitude of the scattered beam from the sample.

Powder samples do not provide adequate information to analyze complex crystals or
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Figure 2.2: The schematic diagram of triple axis spectrometer at HB-1, High Flux
Isotope Reactor, Oak Ridge National Laboratory.[24]

magnetic structures. They contain a number of tiny bits of crystals which are oriented

in random directions and the measurements only provide a powder averaging value of

scattering cross sections which is the sum of all cross sections with same wave vector

magnitude. Therefore, measuring single crystals is important to study complex nuclear

and magnetics structures. The four-circle diffractometer is a powerful instrument to

study single crystals. It measures the integrated Bragg reflections on different lattice

planes. The four variable angles; namely, Bragg angle, sample rotation angle, inclination

angle and tilting angle adjust the q values of the positions in the sample and hence vary

the lattice planes.

The time of flight (TOF) spectrometer [25] determines the information of microscopic

motion (i.e. energy transfer) and microscopic structure of matter (i.e. momentum
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Figure 2.3: The schematic diagram of time of flight machine Disk Chopper
Spectrometer at Nist Center for Neutron Research, National Institute of Standard
and Technology [25]

transfer) by measuring the neutron time of flight, as the name implies. The initial energy

is known, as the neutrons are monocromated by choppers which can be visualized as

rotating discs with special openings that allow the neutrons of a particular velocity to

pass. As the incident velocity of the neutrons and the distance between the source and

sample are known, the time the neutron hits the sample can be calculated. As the

distance between the sample and detector is known, and the neutrons time of flight

between the sample and detector is measured, the scattered velocity and hence the

scattered energy can be determined. The direction of the scattered neutrons and hence

the direction of momentum transfer is calculated by the scattering angle corresponding

to the position of the neutron detector. TOF spectrometers integrated with choppers

can also be installed in steady-state reactors. The TOF is powerful as it has access to

large volumes of reciprocal space simultaneously in one measurement.
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Figure 2.4: Scattering triangle indicated by incident wave vector k⃗i , scattered wave
vector k⃗f and transfered wave vector Q⃗ = k⃗i − k⃗f a.) Elastic scattering b.) Inelastic
scattering

2.1.3 Scattering Diagram

The well known scattering diagram governing the laws of momentum and energy transfer

is valid for neutron scattering also.

Q⃗ = k⃗i − k⃗f (2.1)

~ω = Ei − Ef (2.2)

where k⃗ refers to the neutron wave vector and it’s magnitude k = 2π
λ where λ is the

neutron wavelength. ~Q⃗ and ~ω are the momentum and energy transfer to the crystal

respectively. Subscripts i and f refer to the incident and scattered/final neutron beam.

The relation between energy and momentum can be written as,
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Figure 2.5: Differential scattering cross section [26]

E =
~2k2

2mn
(2.3)

where mn is the mass of the neutron.

As shown in Fig. 2.4 (a), in elastic neutron scattering there is no energy transfered

to the crystal and the initial and final magnitude of the momentum are equal. The

magnitude of the momentum transfer to the crystal can be then written as a function

of scattering angle θ and neutron wavelength λ as Q = 4πsin(θ)
λ . In contrast, in inelastic

neutron scattering, incident and final magnitudes of the momentum are not same leading

to either energy loss or gain by the neutron.

2.2 Neutron Scattering Formula

2.2.1 Differential cross section

In a neutron scattering experiment if a sample is irradiated by a neutron beam with a

wave vector k⃗i and flux ϕ(ki), the quantity of measurement that we are interested is the

rate at which neutrons are scattered into a solid angle dΩf , in the direction of the wave

vector k⃗f , with energy range of Ef and Ef + dEf . This can be written as the product

of ϕ(ki) and the differential cross section d2σ
dΩfdEf

[22]. Several basic definitions related

to scattering cross section can be summarized in eq. 2.4-2.8.
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ϕ = number of incident neutrons per cm2 per second (2.4)

σ = total number of neutron sscattered per second/ϕ (2.5)

(2.6)

dσ

dΩ
=

number of neutrons scattered per second into dΩ

ϕdΩ
(2.7)

d2σ

dΩdE
=

number of neutron sscattered per second into dΩ & dE

ϕdΩdE
(2.8)

When a neutron hits a sample it can be considered as a very weak perturbation that

does not change the nature of the sample’s quantum state and scattering can cause

a transition from a one quantum state to another. As a result differential scattering

cross section can be written using well known Fermi’s Golden Rule. If V represents the

interaction operator for the neutron with the sample, then the differential cross section

can be written as [22, 27]

d2σ

dΩfdEf

∣∣∣∣
λi→λf

=
kf
ki

( mn

2π~2
)2

|
⟨
k⃗fλf |V |k⃗iλi

⟩
|2 δ (~ω + Ei −Ef ) (2.9)

where initial and final states are labeled as λi and λf . Since the interaction between the

sample and neutron is weak we can write the matrix element above treating incoming

and outgoing neutron as plane waves.

⟨
k⃗fλf |V |k⃗iλi

⟩
= V (Q⃗)

⟨
λf |

∑
l
eiQ⃗.r⃗l |λi

⟩
(2.10)

V (Q⃗) =

∫
dr⃗ V (r⃗) eiQ⃗.r⃗l (2.11)

where rl are the coordinates of the scattering centers.

For a particular case of nuclear scattering the nuclear potential is just a delta function

in r⃗. Thus, if b is the nuclear scattering length then,

V (Q⃗) =

∫
dr⃗ V (r⃗) eiQ⃗.r⃗l =

(
2π~2

mn

)
b (2.12)
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If P (λi) represents the statistical probability for the initial state |λi⟩ by combining

equation 2.9, 2.10 and 2.12, differential cross section can be written as,

d2σ

dΩfdEf
=
kf
ki

∑
λi,λf

P (λi)

∣∣∣∣ ⟨λf ∣∣∣∣b∑l
eiQ⃗.r⃗l

∣∣∣∣λi⟩∣∣∣∣2 δ (~ω + Ei − Ef ) (2.13)

After some mathematical techniques it can also be shown that [22],

d2σ

dΩfdEf
= N

kf
ki

b2S(Q⃗, ω) (2.14)

where the scattering function S(Q⃗, ω) is defined as,

S(Q⃗, ω) =
1

2π~N
∑
ll′

∞∫
−∞

dt
⟨
e−iQ⃗.r⃗l′ (0)eiQ⃗.r⃗l(t)

⟩
e−iωt (2.15)

Here N is the number of nuclei and t is time. The scattering function depends on

only the momentum Q⃗ and energy transfer ~ω, not on the initial or final momentum

or energy. In a neutron scattering experiment, goal is to determine the S(Q⃗, ω) which

contains microscopic properties of the system.

Let’s consider a monatomic sample to explain two different kinds of scattering that

can present. Even in a monatomic sample scattering may contain nuclei with different

scattering lengths. Having isotopes of the same element or relative orientation of nuclear

or neutron spins may contribute to have different scattering length depending it’s relative

positions. Thus we can define an average scattering length b̄ which depends only on

the collective scattering. Furthermore including the random fluctuations of scattering

length of the sites the total scattering length squared is given by b̄2. Thus we can rewrite

equation 2.14 as,

d2σ

dΩfdEf
= N

kf
ki

b̄2S(Q⃗, ω) +N
kf
ki

(b̄2 − b̄2)S(Q⃗, ω) (2.16)

The first term in equation 2.16 is called the coherent scattering, while the second

term is called the incoherent scattering. Coherent scattering cross section which



Chapter 2. Introduction to Neutron Scattering 21

can be defined as σcoh = 4πb̄2 describes cooperative phenomena among different atoms.

Examples are Bragg scattering which can give us information about how the atoms are

arranged in a crystal or information about dynamics of atoms and associated spins like

phonons and magnons. On the other hand the incoherent cross section σinc = 4π(b̄2− b̄2)
provides information about self-correlations such as diffusion. This thesis work is mainly

focused on coherent neutron scattering.

2.2.2 Elastic Neutron Scattering

2.2.2.1 Nuclear Elastic Scattering

Elastic neutron scattering happens when the energy and momentum of the incident and

scattered is conserved without any loss or gain. Thus we have |⃗ki| =|⃗kf |.

The well known Bragg condition is then,

Q⃗ = τ⃗ = k⃗i − k⃗f (2.17)

|Q⃗| = 4πsin(θ)

λ
(2.18)

where τ⃗ is a reciprocal lattice vector.

The scattering function mentioned above can be written in terms of the atomic density

operator as the Fourier transform of the time-dependent pair-correlation function.

S(Q⃗, ω) =
1

2π~N

∫ ∞

−∞
dte−iωt ⟨ρQ(0)ρ−Q(t)⟩ (2.19)

ρQ(t) =
∑
l

eiQ⃗.r⃗l(t) (2.20)

In the case of a perfectly rigid Bravais lattice, by taking the time average of the of the

density operator, coherent elastic scattering function becomes

S(Q⃗, ω) = δ(~ω)
(2π)3

v0

∑
τ⃗

δ(Q⃗− τ⃗) (2.21)

where τ is a reciprocal lattice vector and v0 is the unit cell volume.
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When the lattice has more than one atom per unit cell, then the elastic scattering cross

section can be generalized to [22, 27],

(
dσ

dΩ

)
= N

(2π)3

v0

∑
τ⃗

δ(Q⃗− τ⃗)|FN (τ⃗)|2 (2.22)

FN (τ⃗) =
∑
j

b̄je
iτ⃗ .d⃗je

−Wj
(2.23)

FN (τ⃗) is the nuclear structure factor which contains the information about the positions

of the atoms and the displacements of the atoms. In crystallography, one measures

structure factors for a large number of Bragg reflections in the reciprocal space, and

then those data can be fitted to find the best structure model.

2.2.2.2 Magnetic Elastic Scattering

Since the neutron has magnetic dipole moment which is equal to−γµNσ (γ gyromagnetic

ratio= 1.913, µN = nuclear magneton and σ = spin operator), it can interact and scatter

from the magnetic moments of atoms via dipole dipole interactions [22]. For now, let’s

assume only the scattering from spin only. For an atom with the net spin magnitude of

S, magnetic moment is gS in Bohr magnetons. The cross section of the magnetic elastic

scattering when the magnetic Bragg condition, τ⃗m = k⃗i− k⃗f (τ⃗m reciprocal lattice vector

in the magnetic unit cell) is satisfied is

(
dσ

dΩ

)
= NM

(2π)3

vM

∑
τ⃗M

δ(Q⃗− τ⃗M )|M⃗⊥(Q⃗)|2 (2.24)

where NM is the number of atoms in the magnetic unit cell and vM is the magnetic unit

cell volume. M⃗⊥(Q⃗) is the magnetic interaction vector which is defined as,

M⃗⊥(Q⃗) = Q̂× FM (Q⃗)× Q̂ (2.25)

= (FM (Q⃗)− FM (Q⃗).Q̂)Q̂ (2.26)

where the FM (Q⃗) is the magnetic structure factor.

The measurements of magnetic structure factor is important to find the magnetic struc-

tures. It is defined as
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FM (Q⃗) =
∑
j

S⃗jf
M
j (Q⃗)eiQ⃗.d⃗je−W (Q⃗) (2.27)

S⃗j is the spin-component of the atoms j and the fMj (Q⃗) is the magnetic form factor.

The above equations express the fact that only the component of spin vector S perpen-

dicular to the momentum transfer Q contributes to the scattering amplitude.

2.2.2.3 Representational Analysis to find magnetic structure

Magnetism involves spontaneous breaking of time-reversal symmetry and often transla-

tional and rotational symmetries are also broken. Magnetic structure means to define

the direction and magnitude of the magnetic moment on each magnetic ion in the crys-

tal. Usually in a magnetic diffraction experiment, noisy, overlapping peaks make it

harder to find the magnetic structure by simply assigning a moment direction for each

atom in the unit cell due to the large number of free parameters. One approach is to

find symmetry operations which leave the magnetic structure invariant which leads to

Magnetic or Shubnikov groups. The second most useful approach is to find the trans-

formation properties of a magnetic structure under the classical symmetry operations of

crystallographic space groups and then to assign irreducible representations of the actual

space group to all known magnetic structures [28]. The Representation theory [28–35] is

superior over symmetry invariance and we will briefly discuss the major aspects of that

in this section.

Magnetic propagation vector k⃗m defines the periodicity of the magnetic structure in

terms of crystallographic unit cell. If all propagation vectors are rational fractions of

crystallographic reciprocal lattice vector, the structure is called commensurate and mag-

netic unit cell can be defined. Otherwise, the structure is periodic but incommensurate

with the crystal lattice and the magnetic unit cell becomes infinitely large.

Steps to find the magnetic structure are outlined below.

1. Determine the propagation vector k⃗m

2. Determine the group of the wave vector k⃗, Gk

The set of point group operations which transform k⃗ into itself or into an equivalent

k⃗ vector is called the group of the wave vector, Gk.

3. Find irreducible representations (IR) of Gk using Kovalev [36] or Bradley and

Cracknell [33].
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4. Find the permutation and axial representations. Construct the reducible magnetic

representation ΓMag.

5. Decompose ΓMag as a linear combination of IR’s of Gk.

ΓMag =
∑
ν

nνΓ
µ
ν (2.28)

where nν is the number of times that the IR Γν of order µ appears in the magnetic

representation ΓMag for the chosen crystallographic site.

6. For each IR, find the basis vectors using the expression.

S(kvλ |i) =
∑
h∈G0

k

d∗kvλ[µ] (g) exp
[
−ik⃗.⃗ap (g, j)

]
δi,g[j]δh


Rh

x[β]

Rh
y[β]

Rh
z[β]

 (2.29)

7. Construct every possible linear combination of the magnetic basis vectors and see

which one(s) reproduces neutron diffraction data.

The magnetic structure is a linear combination of the basis function of the magnetic

representation.

Spin of the 0th cell

S⃗oi =
∑
λ

Cv
λS(

kv
λ |i) (2.30)

Spin of the nth cell ,

S⃗ni = exp
(
ik⃗ · t⃗n

)
Soi (2.31)

After finding the spin directions from these steps, scattering cross section can be found

by using equations 2.27, 2.26, 2.24 to refine the neutron powder diffraction data.

2.2.3 Inelastic Neutron Scattering

Inelastic neutron scattering happens when the energy and momentum of the incident

and scattered is not conserved and the neutron losses or gains some energy during the

process.
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Thus the energy and momentum transfer can be written as,

~ω =
~2

2mn
(k2f − k2i ) (2.32)

Q⃗ = k⃗f − k⃗i = τ⃗ + k⃗ (2.33)

where k⃗ is the propagation vector and τ⃗ is a reciprocal lattice vector.

An important property of the scattering function that is related to the inelastic neutron

scattering is the principle of detail balance,

S(−Q⃗,−ω) = e
− ~ω

KBT S(Q⃗, ω) (2.34)

where KB is the Boltzmann’s constant and T is the temperature.

This property shows that the statistical weight of the initial state will be different for

different regions in energy transfer. When the energy transfer is positive (neutron energy

loss/ creation of excitation) intensity is much larger than the negative energy region

(neutron energy gain/ annihilation of excitation).

The differential cross section for the atomic magnetic neutron scattering can be written

as [22]

d2σ

dΩfdEf
= N/~

kf
ki
p2e−2W

∑
α,β

(
δα,β − Q̂αQ̂β

)
Sαβ(Q⃗, ω) (2.35)

Sαβ(Q⃗, ω) =
1

2~

∫ ∞

−∞
dt e−iωt

∑
l

eiQ⃗.r⃗l
⟨
Sα
0 (0)S

β
l (t)

⟩
(2.36)

2.2.3.1 Linear spinwave calculations

The spin wave is the analogue of the normal mode of nuclear displacements, or phonons.

Spinwave energy is quantized. When the angular frequency of the wave is ω, the energy

relative to its ground state is n~ω where n is an integer. The quantum of energy ~ω is

known as a magnon.
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Figure 2.6: (a) Physical picture of a spin wave. The z axis is the mean direction of
the spin vector. (b) Projection of S in the xy plane. From reference [27]

In this thesis, magnetic excitations due to spinwave are modeled using the linear spin

wave theory. Here, I will discuss an example of linear spinwave theory to calculate the

dispersion[27, 37].

Consider a Heisenberg Hamiltonian with nearest neighbor interactions.

H =
∑
i,j

Ji,jS⃗i.S⃗j (2.37)

Let Sx
l , S

y
l , S

z
l be the operators for the atom l corresponding to the x, y, z components

of spin angular momentum.

Denote eigen state of Sz (omitting subscript l ) with eigen value M by |M⟩.

Define operators

S+ = Sx + iSy and S− = Sx − iSy (2.38)

S+|M⟩={(S −M) (S +M + 1)}1/2|M + 1⟩ (2.39)

S−|M⟩={(S +M) (S −M + 1)}1/2|M − 1⟩ (2.40)
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Let n = S −M to renumber the states in terms of spin deviations

S+| n⟩=(2Sn)
1
2

(
1− n− 1

2S

)1/2

| n− 1⟩ (2.41)

S−| n⟩=(2Sn)
1
2

(
1− n

2S

)1/2
| n− 1⟩ (2.42)

Define a pair of creation and annihilation operators for spin deviations,

a| n⟩ = n1/2| n− 1⟩ and a†| n⟩ = (n+ 1)1/2| n+ 1⟩ (2.43)

Then ,

aa†| n⟩ = (n+ 1)| n⟩ and a†a| n⟩ = n| n⟩ (2.44)[
a, a†

]
= 1 (2.45)

Linear Approximation

We now make an approximation which is to neglect n−1
2S and n

2S in Eq 2.41-2.42

Thus,

S+
l = (2S)1/2al (2.46)

S−
l = (2S)1/2a†l (2.47)

Also,

Sz
l | n⟩ = (S − n)| n⟩ (2.48)

Sz
l = S − a†l al (2.49)
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Sx
l =

√
S

2
(a+a†) (2.50)

Sy
l =i

√
S

2
(a†−a) (2.51)

Sz
l=S−a†lal (2.52)

We are looking for excitations which can be characterized by a well-defined momentum

k⃗. Introduce Fourier transform of operators,

ak = N− 1
2

∑
j

ei k⃗.r⃗j aj (2.53)

a†k = N
− 1

2
∑
j

e−i k⃗.r⃗j a†j (2.54)

The inverse transformation is then given by,

aj = N− 1
2

∑
k

e−i k⃗.r⃗j ak (2.55)

a†j = N
− 1

2
∑
k

ei k⃗.r⃗j a†k (2.56)

We need to express the Hamiltonian in terms of magnon variables ak.

Magnon variables satisfy following commutation relations,

[ak, a
†
k′ ] = δkk′ (2.57)

[ak, ak′ ] = 0 (2.58)

[a†k, a
†
k′ ] = 0 (2.59)

Let’s consider the simplest example of an insulating antiferromagnet described by the

Heisenberg Hamiltonian,
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Figure 2.7: Linear aniferromagnet chain with two sublattice

H = J
∑
jδ

S⃗j .S⃗j+δ (2.60)

There are two sublattices A and B and the nearest neighbor interaction J is between

one of the atoms in sub lattice A and sub lattice B as shown.

Following previous results,

Sa
jx=

√
S

2
(aj+a†j ) (2.61)

Sa
jy=i

√
S

2
(a†j−aj) (2.62)

Sa
jz=S−a†jaj (2.63)

Sb
lx=

√
S

2

(
bl+b†

l

)
(2.64)

Sb
ly=i

√
S

2

(
b†
l−bl

)
(2.65)

Sb
lz=S−b†

lbl (2.66)

Introduce magnon variables,

ak = N− 1
2

∑
j

ei k⃗.r⃗j aja
†
k = N

− 1
2
∑
j

e−i k⃗.r⃗j a†j (2.67)

bk = N− 1
2

∑
j

ei k⃗.r⃗j bjb
†
k = N

− 1
2
∑
j

e−i k⃗.r⃗j b†j (2.68)

Summation should be carried out separately for two atoms in the unit cell, between

corresponding nearest neighbors. By writing Sj using Bose operators , converting them
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to magnon variables and keep only bilinear terms, we find ,

H = 2JNzS2 − 2JzS
∑
k

γk

(
a†kb

†
k + akbk

)
+(a†kak + b†kbk) (2.69)

Where

γk = z−1
∑
δ

eik⃗.δ⃗ (2.70)

Merely expressing the Hamiltonian to bilinear order in the magnon variables does not

diagonalize it immediately. We can however perform a canonical transformation to bring

the Hamiltonian into diagonal form.

αk = ukak − vkb
†
k (2.71)

βk = ukbk − vka
†
k (2.72)

α†
k = uka

†
k − vkbk (2.73)

β†k = ukb
†
k − vkak (2.74)

uk, vk are real and satisfy u2k − v2k = 1.

One such choice is uk= cosh(θk) and vk= sinh(θk). For each k, choose the angle θk such

that the anomalous terms like a†kb
†
k vanish. One then finds the solution,

tanh (2θk) = −γk (2.75)

H = 2JNzS2 − 2JzS
∑
k

(1− γ2k) (α
†
kαk + β†kβk + 1) (2.76)
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Figure 2.8: Dispersion of spinwave mode for linear 1D aniferromagnet chain

ωk = 2JzS
(
1− γ2k

)
(2.77)

For antiferromagnetic linear 1D chain,

z = 2 and γk = cos(k⃗.δ⃗)

ωk = 4JS
(
1− cos2(k⃗.δ⃗)

)
(2.78)

Figure 2.8 shows the spinwave dispersion along [H00] direction for the linear antiferro-

magnetic chain.

Another example for linear spin wave calculation is discussed in Appendix A. In that

example, linear spinwave calculations are performed analytically to find the Dynamical

matrix, then the Hamiltonian is diagonalized using Mathematica and powder averaged

neutron scattering cross section is calculated to reproduce the inelastic neutron scatter-

ing data[38].

In this thesis, for calculation of spinwave dispersion and intensity in the third and

fourth chapters, SpinW program [39] written in Matlab software was used. The code

was modified according to our systems. Also in the program additional Matlab routine

was written to perform the energy convolution correctly using the experimental energy

resolution values.



Chapter 3

Orbital and magnetic states of

frustrated magnet BaV10O15

3.1 Introduction

Transition metal oxides have attracted attention due to the various phase transitions

and ground states that they show. Among them Vanadium oxides which can have a

wide range of stable oxidation ranging from 2+ to 5+ show various novel phenomena.

The interplay between orbital with spin and lattice degrees of freedom has been studied

in different V systems. For example, LiVO2 having orbitally active magnetic V3+ ions

exhibits formation of trimers at 500 K driven by a structural phase transition with an

orbitally ordered spin-singlet low temperature state[10]. When the mixed valence V ions

with more than one oxidation state is introduced in addition, the system exhibits more

complex behaviors. Mixed valence systems with V4+/V5+ or V4+/V3+ have been studied

extensively and various phenomena like charge ordering and spin gap formation [40–42],

charge ordering and metal insulator transition [43, 44] and metallic weak ferromagnetism

[45–47] have been observed. Mixed valence ions with V2+/V3+ are comparatively less

studied with limited number of oxides available. MV10O15 (M=Sr,Ba) is one of the

examples for a system with V2+/V3+, which has multiple interesting phases that coexist

[48–50].

BaV10O15 [48–53] can be considered as Ba2+ doped V2O3. V2O3 with V3+ ions exhibits

rich phases, and most interestingly it undergoes a transition from metallic state to Mott

insulator at 160 K [54–56]. Doping with Ba2+ changes the oxidation state of V ions to

2.8+ for BaV10O15. This reduction of V3+ by 20 %, nominally accounts for four out of

five V ions to be V3+ and one with V2+. High temperature crystal structure of BaV10O15

is orthorhombic with Cmca symmetry with three different kinds of V ions [49]. V ions

32
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form an interesting pattern which is previously referred as V ”boats” as shown in Figure

3.1 (a). Each V ion is octahedrally coordinated by six oxygen ions and V boat in the z=

1/4 plane is 180◦ rotated with the V boat in the z= 0 plane. Bonds between each V ion

in these planes are edge shared with each other to form a bi-layered structure. These

bi-layers are then translated by x = 0.5 for z= -1/4 plane [50]. Although it is previously

reported as a bilayered structure with negligible overlap between the two bi-layers, a

face shared bond (or weak corner shared bonds ) in the octahedra connects these two

bi-layers together, making it more like a three dimensional structure. Upon cooling, it is

previously reported that this system undergoes a first order phase transition at T = 130

K form Cmca to Pbca symmetry and proposed a V dimerization as the driving force for

the structural phase transition [48, 57].

BaV10O15 system attracted much more attention after the study of T. Kajita etal.

[50] about the detailed crystal structure, magnetization, resistivity and conductivity

using a single crystal of BaV10O15 . According to that study, the resistivity and bulk

susceptibility show a discontinued jump at TS = 123 K, where crystal structure changes

from Cmca orthorhombic phase to another orthorhombic phase with Pbca symmetry.

Upon further cooling, bulk susceptibility along a direction starts to decrease as the

system undergoes the antiferromagnetic transition at TN = 43 K with an easy axis along

a. Along b and c directions the susceptibility increase. In the low temperature phase,

there are five different kinds of V ions, namely V1 (red), V2 (blue), V3 (Dark green),

V2B (sky blue) and V3B (green) as shown in Figure 3.1 (b). The single crystal diffraction

data show more than 3 % contraction of three V bonds. It is predicted that three ions,

V2B, V3 and V3B form a ”trimer” and the trimer atoms are not ordered forming a spin

singlet state. This is further supported by the optical conductivity measurements where

a charge gap of ∼ 0.3 eV was observed, which was induced by the trimer formation at

TS.

Subsequent studies of BaV10O15 using various kinds of measurements tried to under-

stand the possible nature of the trimer formation. Using NMR measurements, it has

been shown that the spin-singlet V trimer formation in a itinerant phase above the

semiconductor-insulator transition temperature TSI = 140 K [52]. Below TSI, the ob-

servation of the asymmetric electric hyperfine coupling tensor agreed with the orbital

order that they proposed giving direct d-d bonds of the trimer[52]. The orbital state of

the V trimers were further investigated by resonant x-ray scattering, where they found

that orbital ordering proposed by Pen etal. is more appropriate to describe their data.

Another Raman scattering study also confirmed the existence of disorder originating

from the orbital degrees of freedom above TS and its suppression by long range orbital

ordering below TS[51].
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Although there had been several studies performed to understand the nature of the

trimer formation at TS, the exact nature of the low temperature long range ordered

phase below TN had not been known. According to a previous study, BaV10O15 has

a very complex magnetic structure although the exact magnetic structure was not re-

ported. In this study we performed elastic and inelastic neutron scattering experiments

to understand the ground state of the long range ordered phase. By combining both

elastic and inelastic data, we here present a possible simple magnetic structure and a

spin Hamiltonian that can explain our data quite well. Possible orbital states for the

system are also studied.
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Figure 3.1: Arrangement of V ions in BaV10O15 (a) V ”boats” in the ab plane (b)
V ions in the Low temperature Pbca phase with five different V ions, namely V1
(red), V2 (blue), V3 (Dark green), V2B (sky blue) and V3B (light green)
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Figure 3.2: Figure from reference [50]. (a) The arrangement of the V ions in
BaV10O15 for z=0 and z=1/4. (b) V-V bonds showing a contraction with trimer
formation that associated with structural phase transition. Lower panel : V trimer
with the changes of bond length and possible orbitals in the trimer

Figure 3.3: Figure from reference [50]. Temperature dependence of (a) resistivity
(b) magnetic susceptibility for BaV10O15 and SrV10O15
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3.2 Methods

3.2.1 Experimental details

Single crystals and polycrystalline samples of BaV10O15 were synthesized by Prof. Takuro

Katsufuji’s group at Wesada Univeristy, Japan. Large single crystals of approximately 2

inches long were grown by the floating-zone technique. Magnetization of the BaV10O15

sample was measured by Physical Property Measurement System (PPMS) with Vi-

brating Sample Magnetometer (VSM) insert. Neutron powder diffraction (NPD) mea-

surements were performed on the HB2A powder diffractometer with incident neutron

wavelength of λ = 2.41 Å at two different temperatures above and below the magnetic

transition temperature TN = 43 K. The powder sample was loaded into an aluminum can

in a He atmosphere and mounted in a closed-cycle refrigerator. Inelastic single crystal

neutron scattering (INS) measurements were performed at time of flight neutron scat-

tering spectrometer ARCS at Spallation Neutron Source, ORNL with monochromatic

neutrons of two different incident energies Ei = 60 meV and Ei = 120 meV. The single

crystal sample was aligned in [HH0] plane for all the single crystal experiments. In-

elastic powder neutron scattering (INS) measurements were performed at time of flight

chopper spectrometer MARI at ISIS, United Kingdom with collaboration with Takat-

sugu Masuda and Minoru Soda at Institute of Solid State Physics (ISSP), Japan. The

data were collected at several different temperatures ranging from 300 K to 5 K to study

the temperature evolution of higher energy magnetic excitations with neutron incident

energy of Ei = 150 meV.

3.2.2 Calculation details

Neutron diffraction data were analyzed to find the crystal and magnetic structure of

BaV10O15. Rietveld refinements were carried out using the FULLPROF program [58].

Group theoretical analysis to find the magnetic structure was performed using Sarah

software [35]. Linear spinwave calculations were performed using a modified code of

SpinW program [39] written in Matlab with proper convolution of energy resolution.
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3.3 Bulk susceptibility and Elastic and inelastic neutron

scattering data

3.3.1 Bulk susceptibility

To understand and check the transitions previously reported in the BaV10O15, bulk

magnetic susceptibility measurements were performed using Vibrating Sample Magne-

tometer option in PPMS. The susceptibility was measured only along a direction to

confirm the transitions.

Similar to the previously reported results, the T dependence of the magnetic suscepti-

bility shows several anomalies. Upon cooling the sample, magnetic susceptibility shows

a 25% jump around TS = 130 K showing a first order structural phase transition. Upon

further cooling the magnetic susceptibility along a axis decreases and changes the slope

at TN = 43 K indicating an antiferromagnetic ordering along a axis as shown in Figure

3.4.

Curie-Weiss law, χ(T ) = C/(T − Θc) can be used to fit the temperature dependence

of magnetic susceptibility. C is a material-specific Curie constant, T is absolute tem-

perature measured in Kelvin (K), and Θc is the Curie temperature, measured in Kelvin

(K). The fitting for temperatures above the structural transition temperature is shown

in the inset of Figure 3.4. From the fitting for T > 130 K, the Curie constant of C =

1.21 K cm3/V-mol and the Curie temperature Θc = -912 K were obtained. The effective

magnetic moment peff is 3.102 µB by using the obtained Curie constant. If we assume

V spins are localized in high spin state having four out of five, V spins are with S =

1 (3d2) and S = 3/2 (3d3), then the effective magnetic moment peff is 3.066 µB. This

suggests that a possible charge ordering occurs in this system with four V3+ and one

V2+ ions. Immediately below the structural transition temperature, peff seems to be

decreased but the Curie temperature Θc varies between TS = 130 K and TN = 43 K.

It is previously reported that Θc varies from 280 K (immediately below TS) to 350 K

(immediately above TN) [50]. Although the structural phase transition relieves the frus-

tration to some extent due to decrease of Θc by possible orbital ordering, the V spins in

this phase are still highly frustrated, with frustration index (Θc/TN) of around 6.5 to 8.
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Figure 3.4: Temperature dependence of magnetic susceptibility for BaV10O15 along
the a axis. Inset : Curie-Weiss fitting above the transition temperature

3.3.2 Neutron diffraction and Crystal Structure

Figure 3.5 (a) shows the neutron powder diffraction data measured at 4 K and the

refinement of the data with the Pbca symmetry using Fullprof. The aluminum peaks

are excluded from the powder spectrum during the refinement. The crystal symmetry

changes from Cmca to Pbca at the structural transition temperature of 130 K. The

refined crystal structure parameters at 4 K are summarized in Table 3.1 which agree

with the values published previously for 100 K in reference [50].

Our main focus in the powder diffraction experiment is to find out the magnetic structure

of BaV10O15. Using the powder diffraction data measured at two different temperatures,

above and below TN, the main magnetic peaks were identified, which are shown in Figure

3.5 (b). The magnetic peaks can be indexed with the characteristic wave vector of k=

(0.5, 0, 0). The main magnetic peaks are very weak and almost hidden in the background.
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Determination of the magnetic structure is difficult due to the small magnetic peaks and

the many possibilities for the magnetic structure. Systematic approach considering our

inelastic scattering data will be presented in the next section.
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Figure 3.5: (a) Neutron powder diffraction data of BaV10O15 measured at 4 K.
Circles are the data and the black line represents the calculated intensity obtained
from the refinement by Fullprof for the crystal structure with Pbca space group.
Green bars represent nuclear peak positions and blue lines indicate difference between
data and calculation. (b) Neutron powder diffraction data of BaV10O15 measured at 4
K and 100 K and the difference of 4 K and 100 K in the low Q region
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Table 3.1: The crystal structural parameters of BaV10O15 by refining the data
shown in Figure 3.5 using the program FULLPROF. Biso is an isotropic thermal
parameter expressed as exp(−Biso sin

2 θ/λ2), where θ is the scattering angle and λ is
the wavelength of the neutron. Rwp and χ2 correspond to the weighted R factor and
chi-square. The space group symmetry is Pbca

BaV10O15 at 4 K, Pbca,
χ2 = 4.92, Rwp = 12.0
a = 11.6187(7) b = 9.8589(9) Å, c = 9.4221(7) Å

Atom(W ) x y z Biso(Å
2)

Ba1 0 0.5 0 0.33(3)
V1 0.506(7) 0.676(5) 0.141(3) 0.1
V2 0.365(9) 0.405(3) 0.115(4) 0.1
V3 -0.257(2) 0.656(1) 0.150(2) 0.1
V4 0.638(5) 0.163(6) 0.739(3) 0.1
V5 0.242(1) 0.846(6) 0.600(5) 0.1
O1 -0.255(8) 0.490(7) -0.001(1) 0.31(3)
O2 0.115(8) 0.248(2) 0.002(6) 0.31(3)
O3 0.255(2) 0.329(1) 0.252(5) 0.31(3)
O4 0.632(6) 0.588(1) 0.245(4) 0.31(3)
O5 0.503(5) 0.342(5) 0.241(3) 0.31(3)
O6 0.5 0.5 0 0.31(3)
O7 0.879(5) 0.252(5) 0.513(1) 0.31(3)
O8 0.370(5) 0.912(5) 0.745(2) 0.31(3)
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3.3.3 Inelastic neutron scattering data

The crystal structure and possible trimer formation in this system had been studied using

single crystal diffraction, NMR measurements. However, the magnetic correlations,

charge and orbital ordering were not fully understood. Thus, we performed inelastic

neutron scattering experiments on a single crystal and a powder sample of BaV10O15 to

investigate correlations between spin, charge and orbital degrees of freedom.

First, inelastic neutron scattering on a single crystal sample of BaV10O15 was performed

at ARCS time of flight spectrometer. The single crystal was aligned in [HK0] plane

with incident neutron along the a∗ axis. The contour maps of neutron scattering cross

section along the main symmetry directions in reciprocal space are shown in Figure

3.6. The magnetic excitations showed clear and simple spinwave modes, despite having

80 magnetic ions in the magnetic unit cell. Dispersion along all three directions are

unique. The most salient feature of the spinwave dispersion is the strong dispersive

two modes observed along the L([001]) direction. It is similar to spinwave dispersion

expected from aniferromagnetic or ferromagnetic chain. The previous studies emphasize

that the V spins are arranged in ”boat like” structure with negligible coupling along c

direction. However our results of inelastic neutron scattering data measured along L

direction show that coupling in c direction is finite and important in this system. Along

the H([100]) direction, an almost dispersionless spinwave mode was observed centered

around 13 meV. This means that there is negligible coupling along a direction in the V

boats. Further, spinwave modes along K([010]) direction consist of a highly dispersive

mode which extends up to 11 meV and an almost flat mode around 13 meV, which

is different from the other two directions. This unique but simple dispersion gives us

important information in identifying the ground state of the ordered phase of BaV10O15

which will be discussed in detail in the next section.

When the single crystal inelastic neutron scattering data measured using ARCS were

loaded in powder mode in MSlice software, evidence for higher energy modes was ob-

served. Thus, to get more information about a possible high energy magnetic excitation,

inelastic neutron scattering experiment with incident energy of 120 meV was also per-

formed using ARCS time of flight spectrometer. A broad but dispersionless excitation

was observed centered around 33 meV along all three directions in reciprocal space as in

Figure 3.7. The origin of this high energy excitation could be due to a broad spinwave

excitation or due to singlet to triplet excitations from the trimer formation [50] of V2B,

V3 and V3B ions.

In order to get more insight about the origin of the high energy excitation, temperature

evolution was studied using an inelastic powder neutron scattering experiment using
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MARI spectrometer at ISIS. The intensity contour map of the inelastic data measured

on the powder sample BaV10O15 at different temperatures with incident neutron energy

of 150 meV is shown in Figure 3.8 (a),(b) and (c). An anomalous excitation peak was

observed only in the low Q region around 33 meV which started to become very weak

only at temperatures close to Tc=130 K. Energy cuts to the contour map were obtained

by integrating the data in the low Q region 0.8 Å−1 < Q < 2.5 Å−1 for temperatures

from 5 K to 300 K and are shown in Figure 3.8 (d). The 33 meV peak is fitted with

Lorentzian peak. At T = 75 K (to 300 K), an additional peak around 20-25 meV was

needed to fit the data, indicating a movement of an excitation to lower energy with

increasing temperature. A detailed analysis of the integrated intensity of the 33 meV

mode will be discussed in the next section.
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Figure 3.6: Time of flight inelastic neutron scattering data of BaV10O15 single
crystal measured at ARCS spectrometer with incident neutron energy of Ei = 65
meV. Q-E maps, (a) [0.5 2 L] (b) [H 1 1] (c) [2.5 K 1] directions
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Figure 3.7: Time of flight inelastic neutron scattering data of BaV10O15 single
crystal measured at ARCS spectrometer with incident neutron energy of Ei = 120
meV. Q-E maps, (a) [0.5 2 L] (b) [H 2 0] (c) [2.5 K 1] directions
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Figure 3.8: Time of flight inelastic neutron scattering data of BaV10O15 powder
sample measured at MARI spectrometer at ISIS with incident neutron energy of Ei =
150 meV. |Q|-E maps, (a) 5 K (b) 50 K (c) 100 K. (d) Energy cuts of inelastic
neutron scattering data for different temperatures integrated in low Q region 0.8 Å−1

< Q < 2.5 Å−1. Lines are the fitting for the data with multiple Lorentzian peak
functions. Red arrow indicates the 33 meV peak position. Blue arrow indicates the
additional peak around 20-25 meV that appear for T & 75K
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3.4 Determination of magnetic states of BaV10O15

3.4.1 Complexity of the system

Previous studies using different techniques have proposed formation of trimers by three

out of five V ions forming a spin singlet state and the rest of the two V ions long

range order below the transition temperature. However, the detailed low temperature

magnetic structure had been unknown. In BaV10O15, V spins are arranged in a very

frustrated unit. Consider the arrangement of V spins in the ab plane. As shown in

Figure 3.1, it consists of a unit referred as ”V-boat”. Two V-boats at z = 0 and z = 1/4

layers are arranged 180◦ rotated with each other to form a highly frustrated bilayered

cluster that repeats in ab plane in a systematic manner as shown in Figure 3.9 (a) and

(b).

Each V ion in the cluster is surrounded by six oxygen ions that are octahedrally coor-

dinated to form VO6. These octahedra are edge shared with each other. Also within

the cluster there are corner sharing bonds. These bilayers are then arranged in the z

direction such that it is translated by (0.5 0.5 0) lattice units with the adjacent bilayer

in the z direction and connected to each other with face sharing bonds (between green

and dark green ions) as shown Figure 3.9 (c). Corner sharing bonding also exists be-

tween the bilayers (not shown for simplicity). Thus, this V spin system is arranged in

a complex manner having three different kinds of bondings that we can see in an oc-

tahedrally coordinated system. An example for face, edge and corner sharing bondings

are presented in Figure 3.9 (d) which shows only the V3 and V3B ions for clarity. The

smallest repeating unit is shown in Figure 3.9 (e) which consists of triangles, tetrahedra

and pyramids like units which are highly frustrated.

BaV10O15 has both charge and orbital degrees of freedom. Nominally four out of five V

ions are V3+ (3d2) and one is V2+ (3d3). V3+ (3d2) ions have orbital degrees of freedom

where the two electrons can occupy any two t2g orbitals out of dxy, dyz and dzx orbitals.

Thus, combining both charge and orbital degrees of freedom and assuming similar ions

occupy same orbitals (e.g. all V1 -dxy), we have 405 possible orbital states to consider.

The magnetic diffraction peaks observed from the long range ordering below TN= 43

K are weak and limited. The system contains 80 magnetic ions in the unit cell. Thus,

considering all the points discussed here, finding out the ground state of the system in

BaV10O15 is a very challenging task. In the next sections, an approach to find a spin

model and an orbital model that can reasonably represent both powder diffraction and

inelastic neutron scattering data that we measured will be discussed.
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Figure 3.9: Arrangement of V spins and different types of interactions in BaV10O15

(a),(b) ”Boat” like structure in the ab plane in different layers. (c) connection
between the layers consisting of array of V boats. (d) Example of different types of
interactions in BaV10O15, face, edge and corner sharing bonds. Only V3 (dark green)
and V3B (green) ions are shown. (e) Highly frustrated unit, V boat.
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3.4.2 Systematic approach to find the magnetic state

As discussed in previous sections, BaV10O15 undergoes a structural phase transition

from Cmca to Pbca symmetry at Ts = 130 K and upon further cooling, the system long

range orders with an easy axis along a direction. There have not been many studies

to find the magnetic structure of this system, possibly due to its complexity in the

arrangement of V ions. A previous attempt to find the magnetic structure is reported

in reference [49] as shown in Figure 3.10. They report that all five V ions order in this

system giving rise to a complex magnetic structure. But the exact spin orientation of

the magnetic structure is not reported. Thus, the low temperature magnetic structure

of this system had been unknown.

Usual procedure to determine the magnetic structure is to perform group theoretical

calculations and the refinement is performed carrying out all the possibilities of the

basis vectors to generate the magnetic structure of the system. As discussed in the

previous section, propagation vector of the magnetic ordering of BaV10O15 is k= (0.5

0 0). The calculation of basis vectors using group theoretical methods were carried out

using version 2 K of the program SARAh-Representational Analysis[35]. The magnetic

representation of a crystallographic site can then be decomposed in terms of the irre-

ducible representations (IRs) of Gk (space group symmetry elements, g, that leave the

propagation vector k invariant:):

ΓMag =
∑
ν

nνΓ
µ
ν (3.1)

where nν is the number of times that the IR Γν of order µ appears in the magnetic

representation for the chosen crystallographic site.

In the present system, the crystal structure of BaV10O15 before the magnetic phase

transition can be reproduced by the space group Pbca (#61). This space group involves

1 centering operation and 8 symmetry operations. These 8 symmetry operations leave

the propagation k invariant or transform it into an equivalent vector.

The decomposition of the magnetic representation ΓMag in terms of the non-zero IRs of

Gk for each crystallographic site is examined, and their associated basis vectors, ψn, are

given in Table 3.3.

There are 5 crystallographic sites which we name as V1, V2, V2B, V3 and V3B. For

each site, there are 8 equivalent positions leaving 40 V ions in the crystallographic unit

cell. Magnetic unit cell doubles along a direction leading to 80 magnetic atoms in the

magnetic unit cell. Basis vectors for each equivalent positions are as in Table 3.3. The
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Figure 3.10: Previous neutron powder diffraction data and refinement as in
reference [49] (a) Difference plots 2 K - 100 K for BaV10O15, Ts= 128 K (b)
Refinement of the neutron diffraction data.

magnetic representation ΓMag = 6Γ2
1 + 6Γ2

2. Both Γ1 and Γ2 are two dimensional, thus

for each irreducible representation there are 12 basis vectors. Magnetic moment of each

V ion is a linear combination of the basis vectors. Looking at the Table 3.3, we need

at least two basis vectors to order all equivalent positions in one direction. Thus to

represent a 3 - dimensional spin direction we need at least 6 basis vectors in total.

Carrying out all the possibilities to select the symmetry allowed magnetic structures is

a very difficult task due to the enormous number of possible combinations exist. And

it becomes more difficult when a limited number of magnetic peaks are observed and

their intensities are very small, almost hiding in the background. Thus, we need the

information from other techniques to simplify the problem. Inelastic neutron scattering

data provide very useful information about the possible spin structure of the system.

Going back to the Figure 3.6, we observe these features in the dispersion of the spinwave

modes.

1. Highly dispersive mode along L direction. : To have a dispersive mode

along L-direction, V ions should be connected in the c-direction by one of the

three possibilities. i.e. Face, edge or corner sharing bonding.

2. Flat mode along H direction. : Dispersionless mode is observed along a par-

ticular direction in reciprocal space when ions are disconnected along that corre-

sponding direction in real space. Thus, along a-direction there should be little to

no interaction/connection between V ions.

Figure 3.11 (a) shows V ions in the bilayered cluster at −0.2 < z < 0.3 and edge

sharing bonds between them. Bond lengths vary from 2.52 Å to 3.14 Å, which is the

important factor to determine the relative strength of the interaction due to the orbital
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Figure 3.11: (a)Arrangement of V ions in the ab plane with −0.2 < z < 0.3 and the
edge sharing and face sharing bonds of BaV10O15 in that plane with the
corresponding bond lengths (b) Example of how the connection along a direction can
be broken. The V ions here are in the plane 0.3 < z < 0.7
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overlap. When all five V ions are ordered, the system is highly frustrated and spinwave

dispersions are not stable, as we will discuss later in this chapter.

The dispersionless mode along H direction can be achieved in different ways. If only

V1 (red) and V2 (blue) ions are ordered then the ordered V ions are disconnected

along a direction as shown in Figure 3.11 (b) but connected along c direction by corner

sharing bonding (not shown). The second way is when only V2B (sky blue), V3 (dark

green) and V3B (green) are ordered below TN. As in Figure 3.11 (b), this also makes

the disconnected arrangement of ordered V ions in a direction, but connected along c

direction by face sharing bonding (not shown).

Thus, we consider our analysis in three different ways.

1. Only V1 and V2 ions order below TN.

2. Only V3 , V2B and V3B ions order below TN.

3. All 5, V ions order below TN.

For the simplicity, first we consider collinear magnetic structures for each category pre-

sented above. When only V1 and V2 ions are ordered, we can consider a unit where V1

and V2 ions form a pseudo-square and these pseudo-squares are arranged in space such

that they are connected to each other by a corner sharing bond in c-direction with the

adjacent pseudo-square in the other plane . When we consider one pseudo-square and

adjacent V ions to each ion in the pseudo-square, there are only 8 possible arrangements

of V spins as shown in Figure 3.12. The second type, with only V3 , V2B and V3B ions

ordering below TN, has several possible arrangements of spins. Few selected magnetic

structures out of the possibilities are presented in Figure 3.13. In these spin structures

V3 , V2B and V3B ions form triangles which are connected along b (edge shared bond)

and c (face shared bond) directions. These arrangements of spins are frustrated. An

unfrustrated model with 120 ◦ arrangement of spins is not allowed due to symmetry.

To find the magnetic structure that can explain our neutron powder diffraction data in

Figure 3.5, relieved refinements were performed. Many possible magnetic structures were

investigated following the basis vectors presented in Table 3.3 and here few examples of

the refinements for each category will be presented.

Since the magnetic peaks are almost hidden in the background, the difference of the

neutron powder diffraction data at 4 K and 100 K are used in the refinement, which

show only the magnetic contribution of NPD pattern. Data are carefully rebinned to

reduce the noise. Since the background becomes negative, a constant value is added to

the data for refinement purposes in Fullprof.
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Figure 3.12: Possible magnetic structures with only V1 and V2 ions ordered below
TN of BaV10O15
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Figure 3.13: Few examples of possible magnetic structures with only V2B, V3 and
V3B ions ordered below TN of BaV10O15
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Table 3.2: Refined magnetic moments of V1 and V2 ions for the model M8.

ma (µB) mb (µB) mc (µB) < m > (µB)

V1 0.884 ± 0.250 0 0.259 ± 0.051 0.921 ± 0.255

V2 1.002 ± 0.189 0 0.194 ± 0.062 1.021 ± 0.199

Figure 3.14 shows the refinement results for selected models with only V1 and V2 atoms

ordered. The Model M8 gives a reasonably good fitting for the data, while other models

could not produce relative intensities of the main magnetic peaks. Ordered moment of

the V1 and V2 ions are 0.9(2) µB and 1.0(2) µB respectively which is smaller than the

fully ordered moment expected for S=1 (2 µB) or S=3/2 (2 µB). In this model four

V ions in the pseudo-square are frustrated. The unfrustrated spin configuration model

M7, cannot produce the main diffraction peak intensity.

The possibility of only V2B, V3 and V3B ions ordered is also investigated and the best

fit out of different possibilities is shown in 3.15 (a). Although the main magnetic peak

(0.5 1 0) is fitted well with this model, the intensity of (0.5 2 1) peak is zero. We also

considered the third category where all the spins are ordered. The best refinement when

all five atoms are ordered is shown in Figure 3.15 (b), which fits the NPD data well.

This model also has some similarity with model M8, where the all/part of pseudo-squares

formed by V1 and V2 ions are frustrated. Infact it is found that when a frustrated model

for V1 and V2 ions are arranged in the pseudo-square, the refinement gives us a better

fitting compared to other models.

Thus, by using systematic approach for the magnetic structure refinement we narrowed

down the number of possibilities for the low temperature spin structure. The possible

models are further tested with our inelastic neutron scattering (INS) data to find out the

best model and Hamiltonian that can describe both NPD and INS data qualitatively.
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Figure 3.14: Refinement of NPD data Possible magnetic structures with only V1
and V2 ions ordered below TN of BaV10O15 (a) M8 model (b) M7 model (c) M6 model
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Figure 3.15: Refinement of NPD data of possible magnetic structures with (a) only
V2B, V3 and V3B ions ordered below TN of BaV10O15 (b) all five V atoms are ordered
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3.4.3 Simulation of magnetic excitations : Linear spinwave calculations

In order to understand the nature of magnetic excitations and coupling between spin,

charge and orbital degrees of freedom, linear spinwave calculations were performed.

Following Heisenberg spin Hamiltonian was used to calculate and model the spinwave

dispersion and intensities,

H =
∑
<ij>

JijS⃗i.S⃗j (3.2)

Jij is the nearest neighbor interaction between the magnetic ions. The number of nearest

neighbor interactions changes from model to model.

For the intensity calculation of the spinwave modes, SpinW program [39] was used and

resulting contour map was convoluted with experimental energy resolution for ARCS

spectrometer with Ei = 65 meV for energy transfer below 20 meV and with Ei = 120

meV greater than 20 meV energy transfer.

Different spin structures presented in the previous section were considered. First when

only V2B, V3 and V3B ions are ordered, linear spinwave calculations were performed

and the closest result for the observed data was produced by model T1 as in Figure 3.16.

In this, J4 exchange interaction which connects V3 and V3B ions with a face sharing

bond is the largest with 40 meV. The low energy dispersion along L direction matches

well but the high energy excitations around 40 meV are the strongest which contradict

with the experimentally observed magnetic excitations. Also, the refinement of neutron

powder diffraction data using this spin configuration does not produce a good fitting.

Secondly, the linear spinwave calculation for the spin configuration proposed previously

in the reference [52] is presented. Here, V1 and V2 ions form a tetramer or pseudo-square

where all the bonds between V1 and V2 are satisfied with antiferromagnetic coupling.

V1-V2 pseudo-squares in the ab plane are connected by corner sharing bonds to the other

layer. This model can also produce some of the main features in our neutron scattering

data. But the number of spinwave modes is different from the observed excitations.

Along K direction, the calculation produces three spinwave modes but our data only

have two modes. Additionally, this model also failed to give a good fitting for the NPD

data.

The linear spinwave simulation when all five atoms are ordered was also investigated,

for example, for the spin structure in Figure 3.15 (b). However, it fails to stabilize the
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calculated spinwave dispersions giving imaginary modes and even the qualitative picture

of the observed dispersion was hard to reproduce with such a magnetic structure.

The best fit for the inelastic neutron scattering data was obtained by simulation of the

spinwave excitations using the model M8. The calculated contour map of inelastic scat-

tering cross section is shown in Figure 3.18. The exchange constant for the simulation

is summarized as in Table 3.4. Due to the possible charge ordering of the system there

can be two situations for the spin value, S of V1 and V2 and parametesr for both possi-

bilities are presented. According to this model, antiferromagnetic interaction J1 which

is mainly along b direction is the strongest. J2 is small compared to J1. Corner sharing

interactions J4 and J5 which have 180 ◦ V-O-V bond angle is also anitiferromagnetic and

almost half of J1. For the propagation of a spinwave mode, J3 interaction which is from

a corner sharing bond but with 120◦ V-O-V bond angle, needs to be ferromagnetic. As

can be seen in the simulation, the spinwave dispersions and the intensity below 20 meV

match quite well. Also, as discussed in the previous section, neutron powder diffraction

refinement of this model (Figure 3.14 (a)) agrees with the data well. Thus, the best

model for the low temperature magnetic structure considering simulation for both NPD

and INS data, is when only V1 and V2 atoms are ordered and the spin directions are as

in model M8 in Figure 3.12. The values of the exchange constants in light of possible

orbital ordering of the system will be discussed in a later section. Interestingly, the

observed and calculated spinwave models have additional modes around 30 meV, which

are in the same energy range as the broad excitation observed in our INS experiment at

ARCS spectrometer with Ei = 120 meV.

Table 3.4: Exchange constants used for each spinwave model in figure 3.18 (model
M8) for the Hamiltonian in equation 3.2

J1 (meV) J2 (meV) J3 (meV) J4 (meV) J5 (meV)

SV 1 = 1, SV 2 = 1 13.2 2.8 -6.2 5.8 5.6

SV 1 = 3/2, SV 2 = 1 14 2.9 -8 7 7
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Figure 3.16: Linear spinwave calculation for Model T1 as in Figure 3.13 of
BaV10O15. Along (a) (0.5 2 L) (b) (H 1 1) (c) (2.5 K 1). (d) Magnetic structure and
exchange constants
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Figure 3.17: Linear spinwave calculation for Model M7 as in Figure 3.12 of
BaV10O15 along (a) (0.5 2 L) (b) (H 1 1) (c) (2.5 K 1). (d) Magnetic structure and
exchange constants
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Figure 3.18: Linear spinwave calculation for Model M8 as in Figure 3.12 of
BaV10O15 along (a) (0.5 2 L) (b) (H 1 1) (c) (2.5 K 1), (d) Magnetic structure
(e),(f),(g) Calculated spinwave dispersions for Model M8 superimposed on top of the
inelastic neutron scattering data measured using single crystal of BaV10O15 at ARCS
time of flight spectrometer
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3.4.4 Temperature dependence of higher energy magnetic excitation

In order to study the temperature evolution of the magnetic excitations that is observed

around 33 meV, the time of flight inelastic neutron scattering measurements of BaV10O15

powder sample were performed at MARI spectrometer at ISIS with incident neutron

energy of Ei = 150 meV.

|Q|-E maps at 5 K, 50 K, 100 K and the energy cuts of inelastic neutron scattering data

for different temperatures integrated in low Q region 0.8 Å−1 < Q < 2.5 Å−1 are shown

in Figure 3.8. The energy cuts were fitted with multiple Lorentzian peak functions,

I(ω) = I(0)
κ2

κ2 + ω2
(3.3)

From the fitting, few important features were observed. The broad peak at 33 meV can

be fitted with one Lorentzian peak along with the peaks corresponding to low energy

excitations below 20 meV. Upon warming at T = 75 K (T > TN), an additional peak

around 20 - 25 meV appears. This may indicate that part of the excitation at 33 meV

moves to lower energy which will eventually become quasi elastic with further increase

in temperature. However, clearly, 33 meV mode is still visible for T > 75 K with less

intensity and becomes almost zero around 150 K. The temperature dependence of the

integrated intensity of the 33 meV peak is extracted from the fitting as shown in Figure

3.19.

It is previously proposed that with large contraction of V-V bonds between V2B, V3

and V3B ions form a trimer in a cooperative paramagnetic phase.

For spins arranged in a triangle, the Hamiltonian with Heisenberg exchange interactions

is,

H = J1S⃗1.S⃗2 + J2S⃗2.S⃗3 + J3S⃗3.S⃗1 (3.4)

For simplicity we consider J1 = J2 = J3 = J . Because of possible charge ordering in

this mixed valence system with one out of five vanadium ions is S = 3/2 and others are

S = 1, there will be two scenarios, i.e. S1 = S2 = S3 = 1 and S1 = S2 = S3 = 3/2. The

ground state energy for each case is,
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E = (
1

2
S(S + 1)− 3)J ; S1 = S2 = S3 = 1 (3.5)

E = (
1

2
S(S + 1)− 31/8)J ; S1 = S2 = 1 and S3 = 3/2 (3.6)

Energy level diagram for both cases are shown in Figure 3.19.

The differential magnetic neutron cross section for inelastic transitions |Si >→ |Sf > is

[59, 60],

d2σ

dΩfdEf
= C0 ρ(S, T )

∑
αβ

(δαβ − Q̂αQ̂β)×
∑
jj′

exp[iQ.(Rj −Rj′)]×

∑
MM ′

⟨
SM |Ŝα

j |S′M ′
⟩⟨

S′M ′|Ŝβ
j |SM

⟩
× δ(~ω + E(S)− E(S′)) (3.7)

where

C0 = N
k′

k

(
γe2

mec2

)2

F 2(Q)exp[−2W (Q)] (3.8)

ρ(S, T ) = Z−1exp

[
−E(S)

KBT

]
(3.9)

Q = k− k′ is the scattering vector and Q is the magnetic form factor. Z is the partition

function.

Thus, the neutron scattering intensity I(T), as a function of temperature for an inelastic

transition from a particular spin state to another can be written as,

I(T ) ∝ Z−1exp

[
−E(S)

KBT

]
(3.10)

The observed integrated intensity of the 33 meV excitation is fitted with equation 3.10.

The transition from the ground state to the first excited state is considered as it is the

strongest excitation that can be observed with inelastic neutron scattering. By fitting,

the exchange constant J value is obtained which is 14(1) meV for S1 = S2 = S3 = 1
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and 12(2) meV for S1 = S2 = S3 = 3/2. These fitted J values are much lower than

the expected J values (33 meV and 22 meV respectively) for the excitation from ground

state to the first excited state. Although the shape of the temperature dependence has a

similar behavior, it does not match exactly with the expected intensity. From the fitting

of the energy cuts, we found that an additional peak was observed for T > 75 K around

20-25 meV. Thus, it is possible that the broad excitation around 33 meV mode is due

to ground state to excited state excitation from the Trimer (V2B, V3 and V3B ions)

plus the contribution from the spinwave excitation from V1 and V2 ions in the ordered

phase. Although that can be a possible scenario for this system from the available data

and simulation, the determination of exact contribution to the intensity to the spinwave

mode is difficult to extract from the currently available data. In fact if the contribution

for the higher energy excitation from the trimer excitation is half of what is observed

for T < 75 K, then the temperature dependence of the intensity matches better with

the trimer excitation with J = 33 meV (or J = 22 meV).
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Figure 3.19: Temperature dependence 33 meV excitation measured using powder
inelastic neutron scattering experiment of BaV10O15 using MARI spectrometer at
ISIS (a) Fitting assuming S1 = 1, S2 = 1, S3 = 1 (b) Fitting assuming
S1 = 1, S2 = 1, S3 = 3/2
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3.5 Possible orbital ordering of BaV10O15

BaV10O15 nominally consists of four out of five V ions with 3+ (t22g, S=1) and one 2+

(t22g, S=3/2) ion. V3+ ions are orbitally active. All the V ions are in an octahedral ligand

field. Thus t2g orbitals have the lower energy and V3+ ions are orbitally degenerate,

where it can pick two out of the three possible t22g orbitals, namely dxy, dyz and dzx.

As discussed before, when the octahedron becomes distorted, an orbital ordering can

occur by lifting the degeneracy. Let’s consider the best fit magnetic structure model

M8, that we discussed earlier. According to the model, only V1 and V2 ions are long

range ordered and other three ions do not order below TN.

Let’s first look at the possible orbital model considering only V1 and V2 ions. The Figure

3.20 shows some possible orbital configurations for V1 and V2 ions. When SV 1 = SV 2 =

1, four different possibilities are presented. The distortion of the octahedral environment

of ligand field is different from ion to ion. For example, the ligand field of V1 and V2

ions are presented in Figure 3.21 (b). Both V1 and V2 ions are surrounded by six oxygen

ions in a distorted octahedra with different ligand bond lengths. Typically if a ligand

bond is larger along one direction, then, the repulsion between metal ion and ligand (

or cation and anion) are lowest along that direction. Thus the orbitals corresponding to

that particular direction will have lower energies. In our case, six different ligand bonds

exist, thus a straight forward interpretation of which orbital favors is a question. But

to get an idea, we consider the average bond lengths along x, y and z directions, which

are shown in Figure 3.21 (b). For both V1 and V2, the average ligand bond with V ion

is largest along x direction and smallest along z direction. Thus, it can be reasonably

assume that the dxy orbital is occupied in both V1 and V2. This also agrees with the

spin Hamiltonian presented for spinwave model M8 in the previous section.

In all the orbital diagrams in Figure 3.20, dxy orbitals are occupied by one electron and

for first four models, the other electron is occupied by either dyz or dzx orbitals. The

last two orbital models are when one of the V ions out of V1 and V2 is 3+ (S=3/2),

thus there is no orbital degeneracy.

In the spin Hamiltonian that describes our inelastic neutron scattering data, J1 anti-

ferromagnetic interaction is the strongest and J2 antiferromagnetic interaction is much

weaker. According to the above orbital models, when dxy orbital is occupied in both

V1 and V2, there can be a direct overlapping between the orbitals along the directions

of both J1 and J2. However, we also need to consider the V-V bond length to get an

estimate of the relative strength. It is well known that the edge sharing bonds with the

nearby octahedron are very sensitive to its bond length. A system can have a critical

bond length (cation-cation separation), Rc and when the bond length is greater than
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Rc, cation-cation interaction is considered as ”weak” and as ”strong” when smaller than

Rc[61]. This type of short (strong) and long (weak) bonds are previously observed in

ZnCr2O4, where the difference between the long and short bonds are approximately 0.01

Å to 0.02 Å. In BaV10O15, the bond length corresponding to J1 and J2 interactions are

3.014 Å and 3.087 Å respectively. Thus, this difference in bond length is considerable and

in comparison to ZnCr2O4 the difference is 3-4 times larger. Thus, our spin Hamiltonian

with J1 > J2 (antiferromagnetic) is valid and a probable case for this system.

On the other hand, J3, J4 and J5 interactions are cation-anion-cation interactions where

they share common corners with near by octahedra. The cation-anion-cation interac-

tions are optimal when the angle between cation-anion-cation (V-O-V) is 180◦ as in

the case of J4 and J5 in our spin model. Thus, an antiferromagnetic interaction which

is relatively smaller than the edge shared J1, cation-cation interaction is expected as

in our best fit Hamiltonian. J3 interactions also involve corner sharing bonding with

V-O-V angle of 122 ◦. When the angle between cation-anion-cation is around 90◦, the

interaction is found to be ferromagnetic as we discussed in Chapter 1. But it changes

from ferromagnetic to antiferromagnetic when the angle increases at a specific value.

Two possible orbital arrangement for V1 and V2 ions with the p orbitals of oxygen ion

is shown in Figure 3.22(b). If the p orbitals are selected such that creating a π bond

with V1 ions, then, considering the occupation of orbitals in the V2 ions, there is a

possibility of bonding with a different p orbital than the previous, which can lead to fer-

romagnetic interaction. The other possibility is the interaction through double exchange

process of this possible mixed valence arrangement of V1 and V2 ions with 2+ and 3+

oxidization states(or reverse). In mixed valence systems with Mn4+ and Mn3+ ions,

ferromagnetic interactions had been previously observed [19, 20]. However, the reason

for the ferromagnetic interaction J3 is yet to be understood. Theoretical calculations

involving the distortions and relative orientations of the octahedra need to be considered

to understand the ferromagntic nature of the J3 interaction.

As previously proposed [50], the other three ions V2B, V3 and V3B are probably in a

spin singlet state with S = 1. As shown in Figure 3.22, the V-V bond length are much

smaller (0.5 to 0.7 Å) than the V-V bonds between V1 and V2. Thus the exchange

interaction between these ions will be much larger than J1 (∼ 13 meV) in our spinwave

model. And it is quite possible that the intra trimer interactions are in the order of 30

meV in this system, giving rise to the 33 meV excitation observed, from singlet to triplet

excitation. The orbital configuration considering all the results are as shown in Figure

3.21 (a), where we have drawn the trimer and non-trimer V ions separately for clarity.

To identify whether the higher energy excitations are due to both magnons and sin-

glet to triplet excitation, single crystal inelastic neutron scattering experiment at higher
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temperatures such as T = 75 K and T = 150 K could be performed, which remain as

a future plan. Also, the analysis did not consider the superexchange interactions be-

tween the pseudo-squares via spin singlet state, which can slightly modify the calculated

excitation spectrum.
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Figure 3.20: Possible orbital configurations for V1 and V2 ions



Chapter 3. Orbital and magnetic states of frustrated magnet BaV10O15 73

Figure 3.21: (a) Possible orbital models for V2B, V3 and V3B ions (left) and V1
and V2 ions (right) (b) Octahedral environment of V1 and V2 ions by oxygen (c)
Octahedral environment within the pseudo-square with V1 and V2 ions and respective
bond length and angles
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Figure 3.22: (a)Corner sharing bonding of 120 ◦ in the octahedral environment of
V1 and V2 ions by oxygen (b)Two possible orbital arrangements for V1 and V2 with
the Oxygen p orbitals (c) Trimer bonds between V2B, V3 and V3B
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3.6 Summary and Conclusions

In this chapter, orbital and magnetic properties of highly frustrated magnet BaV10O15

are presented. Combining both elastic and inelastic neutron scattering techniques, we

successfully found a probable model for the low temperature magnetic structure. The

magnetic structure is a long range ordered state of V1 and V2 ions forming a pseudo-

square in the bc plane. These pseudo-squares are connected along c axis with another

pseudo-square in a different layer translated along b axis.

Even though the magnetic unit cell consists of 80 magnetic ions in the unit cell, we ob-

served simple and unique excitations along symmetry directions. With the help of the

features observed in the inelastic neutron scattering data, probable magnetic structure

were systamatically investigated. The magnetic structure consists of AFM spin chains

along ∼b axis in + + - - + + fashion and FM chains along ∼c axis. The linear spin-

wave calculations performed for the above spin structure could reproduce our observed

inelastic neutron scattering data using a Hamiltonian with the nearest neighbor and the

next nearest neighbor interactions.

Orbital models for the V ions in BaV10O15 that qualitatively match with the model

Hamiltonian are also proposed. Higher energy excitations observed might be atleast

partially due to singlet to triplet excitations from the spin singlet trimer formed by the

ions which did not order below TN. Further inelastic neutron scattering experiments

using a single crystal of BaV10O15 at much higher temperatures (75 K and 150 K) will

be useful in identifying the contribution of higher energy excitation to spin wave and

singlet to triplet excitation.



Chapter 4

Orbital glass state and spin

correlations of spinel CoV2O4

4.1 Introduction

4.1.1 Introduction to Spinel Vanadates

Spinel structures AB2O4 have been extensively studied to find various exotic phenomena

due to the effects of magnetic and orbital frustration. Among them are zero energy exci-

tation modes in the spin liquid phase of the spinel chromates, zero-field and field-induced

novel phase transitions in chromates and vanadates, and heavy fermionic behaviors in

LiV2O4 to name few [62]. In spinel AB2O4, B-site forms the most frustrated arrange-

ment in three dimensions; a network of corner sharing tetrahedra. B site is surrounded

by six oxygen atoms in an octahedral arrangement and edge sharing with other nearest

B-sites. Thus, the dominant antiferromagnetic nearest neighbor interactions are present

making it a highly frustrated unit [61]. Among the spinel family, spinel vanadates AV2O4

provide a novel playground to study the novel phases emerging from the interplay be-

tween lattice, spin and orbital degree of freedom. In spinel vanadates magnetic V 3+ ions

with two t2g d-electrons have orbital degree of freedom in addition to its spin.

Spinel vanadates can be categorized into two families. The first category is when A-site is

non-magnetic (Zn,Cd) and the other is when it is magnetic (Mn,Fe,Co). Upon cooling,

the systems belonging to the first category with non-magnetic A2+ ions (A=Zn,Cd)

undergo a first order structural phase transition due to an orbital order and a magnetic

order at a lower temperature[63–65]. In ZnV2O4 a sharp drop in bulk susceptibility

is observed at Tc = 50 K due to structural phase transition from cubic to tetragonal

and the system long range orders at TN= 40 K[63]. A similar behavior is observed in

76
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Figure 4.1: (a) Crystal structure of spinel AB2O4. The blue (grey) polygon
represents BO6 octahedron (AO4 tetrahedron). The neighboring BO6 octahedra share
an edge. (b) The three-dimensional network of corner-sharing tetrahedra formed by
B-site. (From reference [62])

CdV2O4 with Tc = 90 K and TN = 30 K[65]. High temperature cubic paramagnetic, the

intermediate tetragonal paramagnetic, and the low temperature tetragonal long range

ordered phase are common for these systems.

When the A-site is magnetic (Mn,Fe,Co) the spin and orbital interplay between A-

site and B-site also plays a vital role. All of these three systems, MnV2O4, FeV2O4

and CoV2O4, undergo a ferrimagnetic transition upon cooling where spins in A-site are

opposite to spins in B-site, but with different magnetic moments.

MnV2O4 [16, 66–74] exhibits a ferrimagnetic transition at T = 56 K and a structural

phase transition from cubic phase to orbital ordered tetragonal (c < a) phase at a

slightly lower temperature T = 53 K. Simultaneously the magnetic structure changes

from collinear ferrimagnetic to non-collinear ferrimagnetic structure with canting from

c-axis about 65 degrees. Several orbital models were proposed for this system. A model

with antiferro orbital where one 3d electron occupies the xy orbital at every V site, and

the other occupies the yz and zx orbitals alternately along the c axis[16] was initially

proposed and later theoretical results suggested a much more complicated orbital pattern

considering the trigonal distortion of VO6 octahedra [71, 72].

FeV2O4 [75–83] on the other hand presents a more complex situation where both A-

site and B-site are orbitally active. As a result several successive phase transitions are

observed. Upon cooling, from cubic, high-temperature tetragonal, orthorhombic, and

low-temperature tetragonal phases (c > a) are caused due to orbital degree of freedom

of both Fe2+ and V3+ ions [75]. The low temperature tetragonal transition is associated

with transition from collinear to non-collinear ferrimagnetic structure driven by orbital

order of V3+ ions, but magnetic structure of FeV2O4 is different from MnV2O4 where
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V spins point to <111> directions of the VO6 octahedra and 45◦ different from those of

MnV2O4 when projected onto the xy plane[77].

Spinel CoV2O4 is less studied compared to other spinels [84–89]. Spinel CoV2O4 lies

close proximity to itineracy and provides a unique situation to study the magnetic,

structural and orbital properties. Nevertheless, the interplay between spin, lattice and

orbital degree of freedom has been difficult to study due to the nearly metalic state.

4.1.2 Crystal structure and bulk properties CoV2O4

Spinel CoV2O4 with Co2+ ( e4gt
3
2g) and V3+ (t22g) has been studied since 1960’s and

reported to have cubic crystal structure with Fd3m symmetry at room temperature[90–

92]. In one unit cell of CoV2O4 there are 8 cobalt ions, 16 vanadium ions and 32 oxygen

ions. It is reported using X-ray diffraction data that the crystal structure remains cubic

down to 10 K as shown in figure 4.3 [84]. No detectable lattice distortions are observed

using X-ray diffraction while cooling[86].

Although CoV2O4 crystal structure is reported to remain cubic, upon cooling several

transitions are observed in both magnetization and heat capacity measurements. Bulk

susceptibility study and heat capacity measurements revealed a ferrimagnetic transition

at TC = 150 K [84]. Subsequent studies on the bulk properties of CoV2O4 done on

polycrystalline samples reported two cusps at 60 K and 100 K below TC in magnetization

as shown in figure 4.4 and specific heat data exhibited a large peak at TC = 150 K with

another additional peak at 60 K. No peak was observed at 100 K. The peak at 60 K was

attributed to a short range orbital order. This study was conflicting with a previous

single crystal study where only one peak of magnetization at T = 75 K was observed

but no corresponding peak in heat capacity was detected[85].

A recent dielectric study has shown evidence for very small structural distortion at low

temperatures. Due to near metalic state of CoV2O4, measurements had been performed

only at temperatures below 30 K. According to their dielectric measurements, it is

predicted that CoV2O4 single crystal undergoes slight distortions with a contraction

(c < a) along the direction of the applied field[88].
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Figure 4.2: Arrangement of Co and V sites of CoV2O4 and the crystal field splitting

Figure 4.3: X-ray Diffraction pattern for CoV2O4 at room temperature. (b)
Temperature dependence of the lattice parameter for CoV2O4 (from reference [84])
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Figure 4.4: Figure from reference [86]. The temperature dependence of (a) the
magnetization and the thermal conductivity (b) the magnetic entropy change; (c) the
heat capacity; (d) the field dependence of the transition peak at 59 K, for CoV2O4.

4.1.3 Near metalic nature of CoV2O4

Vanadium spinels AV2O4 show wide range of properties from insulating to semicon-

ducting and even near metalic. Figure 4.5 adapted from reference [84] summarizes how

the activation and c/a ratio change with vanadium-vanadium distance (RV V ) associated

with different vanadium spinels. This system approaches the itinerant electron limit as

RV V decreases [90]. CdV2O4 is the most insulating out of this family with the largest

RV V . On the other hand, CoV2O4 has RV V =2.9724 Å at room temperature is the

smallest for this spinel family, and thus reside closest to the metalic state. This dis-

tance is very close to the critical vanadium-vanadium distance predicted for a metalic

state which is 2.94 Å [93]. Upon application of pressure, RV V distance further reduces

and increases the ferrimagnetic transition temperature TC. At around 6 GPa metalic

conductivity occurs for CoV2O4 giving rise to overlap of valance and conduction bands.

Nevertheless the resistivity is still much higher than a good metal under this condition

[84].

Recent theoretical calculations show that spinorbit interaction coupled with Coulomb

correlation is important to reproduce the semiconducting behavior at ambient pressure.

It is being predicted from the calculations that effective spinless FalicovKimball model
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Figure 4.5: Activation energy, E and c/a ratio of AV2O4 spinels as a function of
V-V distance. (from reference [84])

with two degenerate itinerant bands and one localized can be a better explanation for

this system[87]. Another recent neutron scattering study of Mn1−xCoxV2O4 proposed

disappearance of orbital order by extrapolating from the data of x ≤ 0.8 samples due to

enhancement of itineracy with Co doping.

Nevertheless, observed anomalies in M(T) below TC are not full understood to the date.

These anomalies might suggest that the orbital degree of freedom play an important

role in this system although the associated lattice distortion might be too small to be

detected easily from the diffraction measurements. Thus, an experiment probe that is

more sensitive to the subtle changes of magnetic and structural properties is essential

to understand this system[94]. Here, in this chapter I will discuss our polarized and

unpolarized neutron scattering results and analysis along with the magnetorestriction

measurements performed by the collaborating group at Wesada University, Japan.
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4.2 Methods

4.2.1 Experimental details

Single crystals and polycrystalline samples of CoV2O4 were synthesized and grown by

Prof. Takuro Katsufuji’s group at Wesada Univeristy, Japan. Single crystals were grown

by the floating-zone technique. It is found that a large single crystal cannot be grown

but a V2O3 impurity phase appears if crystal growth is started with a polycrystalline

rod having a stoichiometric amount of Co and V (= 1 : 2). Thus, the single crystals

with three different amounts of additional Co (#1, #2, #3) were grown. Polycrystalline

samples with intentionally increased amounts of Co, Co1+xV2−xO4 (x = 0, 0.1, 0.2),

were synthesized in sealed quartz tubes for comparative studies. Magnetizations of the

samples were measured at Wesada University by a SQUID magnetometer and the strain

measurement was performed by a strain-gauge technique.

Neutron powder diffraction (NPD) measurements were performed on the BT1 powder

diffractometer with a Cu(311) monochromator (λ = 1.5398 Å) for several different tem-

peratures. Powder samples were loaded into vanadium cans in a He atmosphere and

mounted in a close-cycle refrigerator. The single crystal neutron diffraction measure-

ments were performed at E5 4-Circle Diffractometer at HZB with neutron wavelengths of

λ = 2.4 Å and 0.9 Å. Polarized elastic neutron scattering experiments were performed at

HB1 Polarized Triple-Axis Spectrometer at High Flux Isotope Reactor (HFIR), ORNL

with neutron energy of 13.5 meV. Vertical guide field of 3 T was applied using 8 T

Vertical Asymmetric Field Cryomagnet. The inelastic neutron scattering (INS) mea-

surements were performed first at cold neutron triple axis spectrometer with fixed final

neutron energy of 5 meV. Then to understand the higher energy excitations, inelastic

neutron scattering experiments with thermal neutrons were performed at HB1 Polar-

ized Triple-Axis Spectrometer at HFIR, ORNL with fixed final neutron energy of 13.5

meV. To further understand the excitations with detailed spectrum, time of flight ineal-

stic neutron scattering experiments were performed at ARCS spectrometer at Spallation

Neutron Source, ORNL with monochromatic neutrons of incident energies Ei = 60 meV.

The single crystal sample was aligned in [HH0] plane for all the single crystal experi-

ments.

4.2.2 Calculation details

Neutron diffraction data were analyzed to find the crystal and magnetic structures of

both powder and single crystal samples of CoV2O4. Rietveld refinements were carried

out using the FULLPROF program [58]. Group theoretical analysis to find the magnetic
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structure were performed using Sarah software [35]. Linear spinwave calculations were

performed using SpinW program [39] written in Matlab.

4.3 Crystal and magnetic structure

4.3.1 Neutron powder diffraction data

Investigating the detailed crystal and magnetic structure was the first objective of the

study. Neutron powder diffraction measurements were performed at BT1 neutron pow-

der diffractometer at National Institute of Standards and Technology. NPD data were

collected at several different temperatures. Figure 3.1 shows the neutron diffraction data

and Rietveld refinements for several different temperatures. The data were collected for

12 hours, 8 hours and 4 hours for 2 K, 55 K and 100 K respectively. The refinement

includes both nuclear and magnetic phase. Details of the magnetic refinement will be

discussed later in this chapter.

It is previously reported that CoV2O4 has a cubic structure with Fd3m space group

down to 10 K [84]. Neutron diffraction data around (008) Bragg peak were measured

for several different temperatures to confirm whether there is any structural transition

in the system or not. Figure 4.7 (a) shows the intensity of (008) peak for several different

temperatures. Upon cooling from room temperature, there is a gradual shift of Bragg

peak but there is no observable peak splitting. Figure 4.7 (b) shows the FWHM of the

(008) Bragg peak fitted with a Gaussian function and FWHM stays almost constant with

temperature. Upon cooling down if there is any observable change in crystal symmetry

from cubic to tetragonal, either the (008) peak should split, or a change in width of

the peak should be visible. Thus, within the resolution of the experiment, the crystal

structure of CoV2O4 remains cubic down to 5 K.

Structural parameters and goodness-of-the-fit from the refinement are listed in Table

4.1.
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Table 4.1: The crystal structural parameters of CoV2O4 by refining the data shown
in Fig.4.6 using the program FULLPROF. Biso is an isotropic thermal parameter
expressed as exp(−Biso sin

2 θ/λ2), where θ is the scattering angle and λ is the
wavelength of the neutron. Rwp and χ2 correspond to the weighted R factor and
chi-square. The space group symmetry is Fd3m

Rwp Rmag a(Å) Co (3b) V (9e) O (6c)
(x=y=z) (x=y=z) (x=y=z)

χ2 Biso Biso Biso

T = 6 K 3.14 12.15 8.39542(3) 0.125 0.5 0.26050(2)
2.0 0.25(3) 0.30 0.209(8)

T = 55 K 2.69 8.01 8.39561(3) 0.125 0.5 0.26050(3)
1.7 0.32(4) 0.30 0.218(9)

T = 100 K 2.94 7.18 8.39755(3) 0.125 0.5 0.26050(3)
1.13 0.26(4) 0.30 0.23(1)

T = 180 K 3.62 - 8.40147(4) 0.125 0.5 0.26050(4)
1.31 0.43(6) 0.30 0.29(1)
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4.3.2 Magnetic structure refinement

As discussed in Chapter 2, Representational Analysis allows the determination of the

symmetry-allowed magnetic structures that can result from a second-order magnetic

phase transition, given the crystal structure before the transition and the propagation

vector of the magnetic order [28–35]. These calculations were carried out using the

program SARAh-Representational Analysis [35].

In our case, the crystal structure of CoV2O4 before the phase transition can be re-

produced by the space group Fd3m (#227:2). This space group involves 4 centering

operations and 48 symmetry operations.

The decomposition of the magnetic representation ΓMag in terms of the non-zero IRs of

Gk for each crystallographic site is examined, and their associated basis vectors, ψn, are

given in Tables 4.2 and 4.3. The labeling of the propagation vector and the IRs follow

the scheme used by Kovalev [36].

Possible magnetic structures were investigated by carrying out all the possibilities of

basis vector combination listed in Tables 4.2 and 4.3. From the bulk susceptibility data,

it is known that this system undergoes a ferrimagnetic transition at TC = 169 K. Among

the possible irreducible representations of Fd3m symmetry with k=(0,0,0) only one ir-

reducible representation Γ9 can produce a ferrimagnetic arrangement between Co and

V spins. Using the Γ9 representation we found two possible magnetic structures. The

magnetic structure that yields the best refinement factor at 5 K is a non-collinear struc-

ture as shown in Fig. 4.8(b). Co and V spins have ferrimagnetic moments along c-axis.

Table 4.2: Basis vectors for the space group F d -3 m:2 with k11 = (0, 0, 0).The
decomposition of the magnetic representation for the Co site (.125, .125, .125) is
ΓMag = 1Γ3

8 + 1Γ3
9. The atoms of the nonprimitive basis are defined according to 1:

(.125, .125, .125), 2: (.875, .875, .875).

IR BV Atom BV components
m∥a m∥b m∥c im∥a im∥b im∥c

Γ8 ψ1 1 8 0 0 0 0 0
2 -8 0 0 0 0 0

ψ2 1 0 8 0 0 0 0
2 0 -8 0 0 0 0

ψ3 1 0 0 8 0 0 0
2 0 0 -8 0 0 0

Γ9 ψ4 1 8 0 0 0 0 0
2 8 0 0 0 0 0

ψ5 1 0 8 0 0 0 0
2 0 8 0 0 0 0

ψ6 1 0 0 8 0 0 0
2 0 0 8 0 0 0
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Table 4.3: Basis vectors for the space group F d -3 m:2 with k11 = (0, 0, 0) for V
site (.5, .5, .5). ΓMag = 1Γ1

3 + 1Γ2
5 + 1Γ3

7 + 2Γ3
9. Atoms, 1: (.5, .5, .5), 2:

(.5, .25, .25), 3: (.25, .5, .25), 4: (.25, .25, .5).

IR BV Atom BV components
m∥a m∥b m∥c im∥a im∥b im∥c

Γ3 ψ1 1 12 12 12 0 0 0
2 12 -12 -12 0 0 0
3 -12 12 -12 0 0 0
4 -12 -12 12 0 0 0

Γ5 ψ2 1 6 -6 0 0 0 0
2 6 6 0 0 0 0
3 -6 -6 0 0 0 0
4 -6 6 0 0 0 0

ψ3 1 3.464 3.464 -6.928 0 0 0
2 3.464 -3.464 6.928 0 0 0
3 -3.464 3.464 6.928 0 0 0
4 -3.464 -3.464 -6.928 0 0 0

Γ7 ψ4 1 0 -2 2 0 0 0
2 0 2 -2 0 0 0
3 0 2 2 0 0 0
4 0 -2 -2 0 0 0

ψ5 1 2 0 -2 0 0 0
2 -2 0 -2 0 0 0
3 -2 0 2 0 0 0
4 2 0 2 0 0 0

ψ6 1 -2 2 0 0 0 0
2 2 2 0 0 0 0
3 -2 -2 0 0 0 0
4 2 -2 0 0 0 0

Γ9 ψ7 1 4 4 4 0 0 0
2 4 -4 -4 0 0 0
3 4 -4 4 0 0 0
4 4 4 -4 0 0 0

ψ8 1 4 -2 -2 0 0 0
2 4 2 2 0 0 0
3 4 2 -2 0 0 0
4 4 -2 2 0 0 0

ψ9 1 4 4 4 0 0 0
2 -4 4 4 0 0 0
3 -4 4 -4 0 0 0
4 4 4 -4 0 0 0

ψ10 1 -2 4 -2 0 0 0
2 2 4 -2 0 0 0
3 2 4 2 0 0 0
4 -2 4 2 0 0 0

ψ11 1 4 4 4 0 0 0
2 -4 4 4 0 0 0
3 4 -4 4 0 0 0
4 -4 -4 4 0 0 0

ψ12 1 -2 -2 4 0 0 0
2 2 -2 4 0 0 0
3 -2 2 4 0 0 0
4 2 2 4 0 0 0
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V moments are canted away from c-axis by 20◦ with antiferromagnetic (AFM) ab com-

ponent of magnetic moment along (110) directions. The frozen moment was determined

to be ⟨M⟩Co = 2.89(3) µB/Co, that is, close to the expected value of the magnetic mo-

ment for the high-spin state of Co2+ of 3 µB and ⟨M⟩V = 0.71(3) µB/V which is much

less than the expected value for V3+ of 2 µB. On the other hand collinear structure also

gives a resonably good fitting for our data with ⟨M⟩Co = 2.95(2) µB/Co and ⟨M⟩V =

0.75(2) µB/V . (200) bragg peak which is forbidden by the crystal symmetry is a pure

magnetic peak. In other spinels, MnV2O4 and FeV2O4, a non-zero intensity of (200)

peak was observed below the temperatures of their structural transition temperature

(Ts) and intensity becomes zero above Ts. AFM V moments which are canted away

from c-axis (65o MnV2O4 and 55o for FeV2O4) are responsible for the non-zero inten-

sity of (200) peak at low temperatures below Ts, as intensity of (200) Bragg peak is

proportional to the square of the sum of the in-plane moment of V ions. In our pow-

der diffraction data of CoV2O4, no clear intensiy increase was observed for (200) bragg

peak position, though it is still possible that it is hidden in the background. Although

non-collinear structure having AFM component for V moments produces a non-zero

intensity at (200) bragg peak position, the calculated relative intensity of (200) bragg

peak is 1.2% of the calculated intensity of the main magnetic bragg peak (111) for the

refined non-collinear magnetic structure with canting from c-axis by 20◦. From powder

diffraction it is difficult to observe such a weak intensity. According to the reliability

factor RMag the canted ferrimagnetic structure was favorable compared to collinear fer-

rimagnetic structure with a better fitting of other magnetic peaks. To check whether

there is a magnetic transition at Tp, powder diffraction data at 55 K and 100 K were

collected. Refinement of the 100 K data for both collinear and non-collinear structures

were carried out. Although non-collinear model with canting from c-axis by 16.85◦ gives

a better reliability factor RMag=7.28, both models fit with the NPD data quite well.

From the temperature dependence of the refined canting angle it is evident that the

canting angle started to decrease for temperature at a temperature around 100 K, but it

is not clear from powder diffraction measurements whether the collinear to non-collinear

transition is present in the system at some temperature below ferrimagnetic transition

temperature TC = 169 K. Single crystal diffraction measurements were necessary to ob-

serve the very weak (200) Bragg peak intensity which is directly related to the canting

angle of V spins, and thus to check whether there is a possible reorientation of the spins

in this system at a lower temperature. The single crystal diffraction results, both un-

polarized and polarized elastic neutron scattering will be discussed in a later section of

this chapter.
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Figure 4.8: Neutron powder diffraction data of CoV2O4 measured at 5 K. Circles
are the experimental data and black lines represent the calculated intensities. Green
bars represent nuclear and magnetic Bragg peak positions and blue lines indicate
difference between experimental data and calculation. (c) A sketch of the magnetic
structures for CoV2O4.
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4.4 Temperature dependence

4.4.1 Bulk susceptibility and Magnetorestriction data

In this section the magnetization and magnetorestriction measurements performed on

CoV2O4 single crystal and powder samples will be discussed. The data were obtained

from the collaborative work done by Prof. Takuro Katsufuji’s group at Wesada Uni-

versity, Japan. The work discussed in this section will be published as in Reference

[94]

T dependence of the magnetization M(T ) of single crystal sample (#1) of CoV2O4 is

shown in Figure 4.9. Magnetic field of 0.1 T along the [100] axis is applied. It has been

found that by induction-coupled plasma the estimated Co:V ratios of the #1 and #2

single crystals were 1.21:1.79 and 1.3:1.7 [94].

M(T ) increases below ferrimagnetic transition temperature TC = 169 K without any

clear anomaly. Although the single crystal sample does not show any anomaly, a powder

sample obtained by the grinding the single sample (#1) shows a peak at 45 K, which

we denote as Tp. M(T ) of other ground single crystals and polycrystalline samples are

shown in Fig. 4.11 (a). A peak inM(T ) exists for all the samples below TC. Interestingly,

the peak position, Tp, and TC vary with samples but as TC increases, Tp decreases. As

shown in Fig. 4.11 for single crystal and polycrystalline samples of Co1+xV2−xO4, TC

increases as x increases while Tp decreases.

Magnetostriction phenomenon can be found in ferromagnetic materials which is based

on magnetomechanical properties of these materials. In a ferromagnetic material its

structure is divided into magnetic domains, each of which has a uniform magnetic po-

larization. When Ferromagnetic materials are placed in a magnetic field, the boundaries

between the domains shift and the domains rotate, which can cause a microscopic distor-

tion of their dimensions. These domains show a tendency towards parallel arrangement

within a limited field. This distortion can be detected in the diffraction measurement

with extremely high resolution.

There are several possible mechanisms of magnetostriction, but in any case, the coupling

between spin and orbital (either intersite or intrasite) plays some role, short or long-range

order of orbitals may results in a small change in the crystal structure.

Let’s now look at the result of strain measurements [94], with applied magnetic field

H along a crystal axis, say [001] which we can call the c axis in rest of the discussion.

Strain measurements, ∆L/L, for single crystal sample #1 of CoV2O4 are shown in Fig.
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4.10. Fig. 4.10 (a) and (b) shows the change in ∆L/L ∥ H and ∆L/L ⊥ H with applied

magnetic field H for various temperatures.

Figure 4.10 (c) shows the T dependence of low-H ∆L/L. The low-H ∆L/L is zero for

T > TC and increase gradually below TC for ∆L/L ∥ H and attain maximum (∥ H)

around T = 100 K. With further cooling it change their signs at 45 K with an anomaly.

As discussed previously, magnetic domains are initially randomly oriented without any

field and become aligned under an external magnetic field. This alignment causes a

macroscopic elongation or contraction of the crystal. The absolute values of the elonga-

tion or contraction along the direction of the magnetization can be obtained by taking

the difference between the low-H ∆L/L for ∆L/L ∥ H and that for ∆L/L ⊥ H. Figure

4.10 (d) shows this result, which is denoted as ∆Ldiff/L, as a function of T . This quan-

tity is a measure of ( ca − 1) where a and c are the lattice constants, assuming that the

magnetic moments are along the c axis. Interestingly, ∆Ldiff/L first increases in second

order fashion with a weak lattice distortion of an order of ∆Lmax/L ∼ 10−4 at 100 K

and with further cooling it smoothly crosses the zero line at 45 K with no anomaly. It

is notable that T at which the sign of ∆Ldiff/L changes coincides with Tp, the peak

temperature ofM(T ) shown in Fig. 4.9 (a). The change in ∆Ldiff/L thus the c
a −1 with

temperature is completely different from MnV2O4 as shown in Fig. 4.10. In MnV2O4 a

strong first order crystal distortion is present due to an orbital order of V3+ t2g orbitals.

Even though it is weak compared to MnV2O4, our result clearly shows a second order

type crystal distortion that changes from elongation to contraction upon cooling.

In Fig. 4.11, ∆Ldiff/L of other samples (#2 and #3) are also shown. For all the samples,

∆Ldiff/L takes the maximum at ∼ 100K, and decreases and changes their sign upon

further cooling.
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Figure 4.9: Reference [94], (a) Temperature dependence of magnetization for a
single crystal of CoV2O4 (#1) with an applied field of 0.1 T along the [100] axis and
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Figure 4.11: Reference [94],(a) Temperature dependence of magnetization for
ground single crystals (#1,#2,#3) and polycrystalline samples of CoV2O4 (b)
Difference between low-H magnetostriction with ∆L/L ∥ H and that with ∆/L ⊥ H
(∆Ldiff/L)as a function of temperature for various samples of CoV2O4. (c) x
dependence of TC (circles) and Tp (squares) for single crystals (solid) and
polycrystalline (open) samples of Co1 + xV2−xO4
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4.4.2 Elastic single crystal data

In order to further look at the evolution of the magnetic structure, single crystal diffrac-

tion measurements were also performed using the single crystal sample of CoV2O4 (#2)

using neutron diffractometer E5 at HZB with a neutron wavelength of λ = 2.4 Å. Struc-

tural and magnetic refinements of single crystal data were also carried out using FullProf.

Figure 4.12 (a) shows the single crystal refinement of the crystal structure of CoV2O4

for 200 K with Fd3m space group symmetry. The crystal structure parameters agree

with the values obtained using the refinement of powder diffraction data in Table 4.1.

The extinction parameter was found by refining the crystal structure from the data ob-

tained at 200 K and used for refinement of other temperatures. Twining of the single

crystal due to the cubic symmetry was considered in the refinement. Single crystal re-

finement results of crystal and magnetic structure for 10 K is shown in Fig. 4.12 (b).

Non-collinear structure as shown in Figure 4.8 gives the best fitting for the data. The

canting angle obtained from the refinement for the single crystal is ∼ 10◦(2), which is

smaller than that obtained for the powder sample (∼ 20◦(2)).

T dependence of the intensity of Bragg peaks for a single crystal of CoV2O4 (#2) was

measured using neutron wavelength of λ = 2.4 Å is shown in Fig. 4.13(a) and (b).

Evolution of the intensity of the Bragg peaks agrees with the ferrimagnetic transition

at 170 K, which agrees with the magnetization data shown in Fig. 4.9 (a). (400), (202),

(313), (511) and (111) peaks all show an anomaly around Tp=40 K. Intensities of these

Bragg peaks start to level out around 100 K, then decrease and attain a minimum around

40 K. The intensity then again increases at temperatures below 40 K. This behavior

is different from the temperature dependence observed in other spinels, MnV2O4 and

FeV2O4. (002) Bragg peak also shows the same transition around 170 K, and increases

gradually. Temperature evolution of (002) Bragg peak having non-zero intensity above

170 K may suggest the gradual change of V moments in the non-collinear structure.

In order to find whether or not the anomaly around 40 K is purely a magnetic transition,

the temperature evolution of Bragg peaks with higher momentum transferQ in reciprocal

space was measured using neutron wavelength of λ = 0.9 Å. Bragg peaks with larger

Q, (800) with Q=5.98 Å−1 and (666) with Q=7.77 Å−1 also show the same anomaly

observed around Tp=40 K as shown in Fig. 4.12(c). Fig. 4.12(d) shows the relative

change of intensity of the Bragg peaks. (800) Bragg peak intensity reduces by 70% of

its intensity at 100 K and while (666) Bragg peak reduces by 50%. The contribution of

these peaks to the magnetic structure is minimal as their magnetic form factor squared

is very small (see Fig. 4.12(c)). This indicates that the anomaly of the Bragg peak

intensities at Tp is not entirely caused by the change in the magnetic structure. Another

possible origin is the change in the extinction effect on the diffraction intensities caused
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by a change in mosaic structures [95]. In our current samples such an extinction effect

becomes maximum at Tp, where there is a least distortion of the crystal, consistent with

the suppression in the intensity of the Bragg peaks at Tp.

From the unpolarized single crystal elastic scattering data it is inconclusive whether the

non-collinear magnetic structure transition occurs also at TC or at lower temperature.

In this system magnetic peaks coincide with the nuclear peaks. Thus, a measurement

that can directly probe the magnetic contribution of Bragg peaks were necessary such

as a polarized neutron scattering experiment which will be discussed in the next section.
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Figure 4.13: (a)(b) Temperature dependence of the measured intensity of main
magnetic Bragg peaks of a single crystal (#3) of CoV2O4 measured using neutron
wavelength λ = 2.4 Å(c) Temperature dependence of the measured intensity of
selected Bragg peaks with large absolute value of momentum transfer Q measured
using neutron wavelength λ =0.9 (d) Normalized intensity of Bragg peaks shown in
Fig. 4.13 (c). Intensity is normalized, by substracting the value at high T (> TC) and
normalized respect to the maximum intensity. (e) Magnetic form factor squared Co2+

(blue) and V3+ (red) vs absolute value of momentum transfer Q. Corresponding
values for selected Bragg peaks are marked with an arrow.
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4.4.3 Polarized neutron scattering results

In order to identify the pure magnetic contribution of the Bragg peak intensities, we

performed a polarized neutron scattering experiment using the HB-1 Polarized Triple-

Axis Spectrometer at HFIR using the single crystal sample (#2). The sample was

aligned in HHL plane. Figure 4.14 shows the temperature dependence of the (002)

Bragg peak intensity of spin-flip scattering. The spin-flip scattering intensity under a

vertical magnetic guide field is proportional to the magnetic scattering intensity from

the spin components in the scattering plane. The magnetic structure factor of (002)

Bragg peak for atoms in the magnetic unit cell can be written as,

F (002)mag = fV(002)(S⃗V1 − S⃗V2 − S⃗V3 + S⃗V4)

+fCo(002)exp(−iπ/2)(S⃗Co1 − S⃗Co2) (4.1)

where fV (002) and fCo(002) are magnetic form factors of V3+ and Co2+ respectively.

According to the magnetic structure factor of (002) Bragg peak, only the antiferromag-

netic V spin components contribute to the magnetic intensity. Thus observed intensity

in Fig. 4 (e) is a direct measurement of the square of the in-plane V spin moment. (002)

Bragg peak intensity remains almost zero for temperatures below T = 90 K and shows

a sudden increase at T = 90 K, which indicates that the spin structure changes from

collinear ferrimagnetic to non-collinear ferrimagnetic structure as shown in Fig 3 (c).

Upon coolling down further, (002) Bragg peak intensity becomes maximum at T = Tp.

According to the temperature dependence of the magnetic Bragg peaks in Figures 4

(a) and (b) magnetic moments of Co and V are almost saturated at T = 100 K. This

indicates that the spin moments gradually increase in the collinear ferrimagnetic phase

for 100 K < T < TC and V spins start canting at T = 90 K and achieve maximum

canting at T = Tp.
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Figure 4.14: Temperature dependence of the spin-flip intensity of (002) magnetic
Bragg peak of a single crystal (#2) of CoV2O4 measured using polarized neutron with
a vertical guide field of 3 T. The sample was aligned in HHL plane and a vertical guide
field of 3 T was applied along the [1,-1,0] direction. Red line is a guide to the eye.
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4.4.4 Orbital glass state

Strain measurements presented in Figure 4.10 and the results of unpolarized and polar-

ized neutron scattering measurements give us important information about the possible

orbital state of this system. As discussed in section 3.4.1, MnV2O4 undergoes a first order

phase transition from cubic to tetragonal phase with c < a. This transition was driven

by vanadium orbital order with one electron always occupying dxy state and the other

electron with alternate occupancy of dyz and dzx states caused by the Kugel-Khomskii

type interaction. For FeV2O4 the system first orders in a collinear ferrimagnetic state

at TC=105 K and then changes to a non-collinear order below T=70 K at the first order

tetragonal transition. The other vanadium spinels like ZnV2O4 and CdV2O4 follow the

same trend where the V orbitals order with first order transition temperature which

drives the system into a long range ordered state.

According to the strain measurements of CoV2O4, the system undergoes subtle dis-

tortions (∆Ldiff/L = c/a − 1) in the order of 10−4. Immediately below the transition

temperature, under a weak field, ∆Ldiff/L increases due to the ordering of Co and V

spins and alignment of magnetic domains, representing an elongation along the applied

field. The strain data show that distortion attains a maximum around 100 K for single

crystal (#1) (∼ 90 K for single crystal (#2)) and starts decreasing in a second order

fashion and changes sign at T = TP . From our polarized neutron scattering data it is

found that the V spin structure changes from collinear to non-collinear at T = 90 K,

that is immediately after the maximum of ∆Ldiff/L. The coincidence of temperature

that V spins start canting and ∆Ldiff/L becomes maximum indicates a change in orbital

state of V ions. However, due to the system’s close proximity to the itineracy, orbital

degree of freedom incompletely suppress and thus an orbital glass state appears below

T ∼ 100 K, which drives the system to non-collinear ferrimagnetic order with relatively

small canting angle.

4.5 Magnetic excitations

4.5.1 Inelastic neutron scattering data

To understand the magnetic excitations and exchange interactions of the system, a series

of inelastic neutron scattering experiments were performed.

A cold neutron triple axis experiment is performed on CoV2O4 single crystal sample

#2 to understand the low energy dispersions of the system. For MnV2O4, a gapped

excitation of ∼ 2 meV was observed and gap closing is reported at the non-collinear to
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collinear transition[68, 89]. Figure 4.15 (a) shows a contour map of inelastic neutron

scattering intensity measured at cold neutron triple axis spectrometer (CTAX) at HFIR,

ORNL. The horizontal axis is momentum transfer Q⃗ along [HH0] direction and the

vertical axis is energy transfer ~ω. A dispersive mode centered around the zone center

Q⃗ = (220) was observed. Figure 4.15 (b) shows the energy scans measured at 5K, at Q

= (220). Our data clearly shows a gapped excitation centered around ∼ 2 meV.

To understand the higher energy magnetic excitations and detailed spinwave dispersion

of the system, a thermal neutron triple axis experiment at the HB1 thermal triple

axis spectrometer at HFIR and a time of flight neutron scattering experiment at the

Wide Angular-Range Chopper Spectrometer (ARCS) were also performed. As shown in

Figure 4.16, along [HH0] direction a highly dispersive mode extending up to ∼ 35 meV

was observed. Energy scans at Q⃗ = (220) as shown in Figure 4.17 (b) show four possible

spin wave branches with peaks at ~ω = 2 meV, 6 meV, 15 meV and 22 meV.

Inelastic neutron scattering data obtained from the ARCS spectrometer also confirm the

dispersion we observed using the HB1 triple axis spectrometer as shown in Figure 4.18.

Figure 4.18 shows the full dispersion spectrum across several Brillouin zones along a few

selected directions in the reciprocal space. Magnetic excitations are only observed up to

40 meV. We also collected data using incident energy with 150 meV to confirm this.

These magnetic excitations are similar to the case of MnV2O4, however, it is more

dispersive with a greater band width compared to MnV2O4. A probable reason for that

is the interaction between Co and V atoms in CoV2O4 is higher than the interaction

between Mn and V in MnV2O4, which will be discussed more in light of linear spinwave

calculations we performed.
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Figure 4.15: Inelastic neutron scattering data measured using cold triple axis
spectrometer CTAX at HFIR, ORNL of CoV2O4 single crystal sample #2 (a) The
contour map of inelastic neutron scattering intensity in (HH0) direction-E space (b)
Energy scan at (220) position
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Figure 4.16: Inelastic neutron scattering data measured using polarized triple axis
spectrometer HB1 at HFIR, ORNL of CoV2O4 single crystal sample #2. The contour
map of inelastic neutron scattering intensity in (a) (HH0) direction-E space (b) (22L)
direction-E space (c) (44L) direction-E space
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Figure 4.17: Inelastic neutron scattering data measured using polarized triple axis
spectrometer HB1 at HFIR, ORNL of CoV2O4 single crystal sample #2. Constant Q
scans along energy transfer, at (a) (1.5 1.5 0) (b) (2 2 0) (c) (2.5 2.5 0) (d) (3 3 0)
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Figure 4.18: Time of flight inelastic neutron scattering data of CoV2O4 single
crystal sample #2 measured using ARCS spectrometer. Q-E maps, (a) (HH0) (b)
(22L) (c) (HH1) (d) (11L) directions
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4.5.2 Linear spinwave calculation

In order to understand the nature of magnetic excitations and coupling between spin

and orbital degree of freedom, linear spinwave calculations were performed.

Following spin Hamiltonian is used to calculate and model the spinwave dispersion and

intensities,

H =
∑
<ij>

JijSi.Sj +
∑
i

Di(d̂i.Si)
2 (4.2)

Jij is the nearest neighbor interaction between the magnetic ions and Di is the single

ion anisotropy of magnetic ions. d̂i is the direction of the single ion anisotropy.Three

different nearest neighbor interaction in this system is defined. Spin interaction between

V atoms in-plane (ab plane when ferrimagnetic moments are along c-direction) JV V ,

out of plane interaction J
′
V V are shown in Figure 4.19 (a). The non-collinear magnetic

structure found by refining the diffraction data at 5 K is used in the calculations. As

shown in Figure 4.19 (c), in one tetrahedron two spins point inward to the center while

other two spins point outward, which is usually defined as 2-in-2-out structure. Although

the canting angle is small compared to other spinel vanadates, a small antiferromagnetic

component along [110] direction forms chains, with chain interaction JV V and inter

chain interaction J
′
V V . Although the overall crystal structure remains cubic, we found

from strain measurements that CoV2O4 undergoes a second order type distortion in the

order of 10−4, which can lead to an orbital glass state. Thus in our spinwave simulations

we consider both cases where JV V ̸= J
′
V V and JV V = J

′
V V . In addition to interaction

between V ions, the interaction between Co and V ions also plays a central role in this

system, which we define as JCoV as shown in Figure 4.19 (b). Single ion anisotropy

direction d̂i is defined as the local [111] direction in the octahedral environment for V

ions and along c direction for Co ions.

Table 4.4: Exchange constants and single ion anisotropy parameter used for each
spinwave model in Figure 4.20 for the Hamiltonian in equation 4.2

Model JCoV JV V J
′
V V Dc

Co D
[111]
V

Model 1 3.2 1.0 1.0 -0.03 -0.55
Model 2 3.2 1.8 0.6 -0.03 -0.5
Model 3 3.2 3.0 -1.1 -0.03 -0.55
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Figure 4.19: (a), (b) Spin interactions of CoV2O4 spinel (c) Magnetic structure used
for the linear spinwave calculations. Co spins are along c-axis and V spins are pointed
along -c axis but canted from -c axis by 19.79◦ towards [110] direction in ab plane



Chapter 4. Orbital glass state and spin correlations of spinel CoV2O4 110

Figure 4.20: Linear spin wave calculation to simulate the observed spinwave
excitations of CoV2O4 using the spin structure in Figure 4.19 (c) for three different
models with parameters as in Table 4.4.
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Figure 4.21: Calculated spinwave dispersions for each model superimposed on top of
the inelastic neutron scattering data measured using single crystal #2 of CoV2O4 at
ARCS time of flight spectrometer
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In this discussion about the simulation of spinwave excitations three different models

were considered. Exchange constants and single ion anisotropy values for each model are

summarized in Table 4.4. According to these models Co-V interaction is more enhanced

in CoV2O4 compared to Mn-V interaction in MnV2O4 which was ∼ 1.2 meV [89]. In

all the three models that can describe our inelastic data, interaction between Co and V

is the strongest. As discussed by J. Ma et al. [89], enhancement of interaction between

Co and V compared to other spinels may be due to the lowering of t2g orbitals of Co,

which reduces the energy gap between the corresponding t2g orbitals of V and Co.

CoV2O4 has a cubic structure thus magnetic domains exist. In other words in the calcu-

lations to correctly calculate the observed intensity, for example along (HH0) direction,

need to superimpose the dispersion and intensities along (HH0), (0HH) and (0H0) di-

rections. However, the presence of domains does not affect the spin wave energies at

high symmetry points, such as zone center and zone boundaries [67]. Figure 4.20 shows

the calculated contour map of neutron scattering intensity for each model along (HH0)

and (22L) directions considering the magnetic domains in cubic crystal structure. The

spinwave dispersions are also calculated and over plotted on top of the experimental

contour map of neutron scattering intensity measured at ARCS using single crystal #2

of CoV2O4 as shown in Figure 4.21.

The first model, referred as Model 1 describes the simulation when the in-plane JV V

and out-of plane J
′
V V are equal. This is similar to the Model Hamiltonian proposed

in reference [89], where they conclude that the orbital order is completely suppressed

and thus structural isotropy with a = b = c and magnetic isotropy with JV V =J
′
V V is

enhanced due to close proximity to the itineracy in this system. The calculated intensity

and dispersion fairly agree with the measured data.

The Model 2 and Model 3 describe the situation where JV V ̸= J
′
V V . In Model 2, the

intensity is very similar to Model 1 except the intensity around E =∼ 22 meV at (220)

position in Q, where Model 2 has a broad spectrum extending from 20 meV to 25 meV

while Model 1 has a sharp peak at 22 meV. In Model 3 J
′
V V is ferromagnetic. Although

the overall intensity matches well in this model, the additional modes observed above

33 meV along both (HH0) and (22L) were not visible in the experimental data.

It is difficult to distinguish Model 1 and Model 2 from the current experimental data.

Considering the systems close proximity to itineracy, V-V interaction may be isotropic

in the tetrahedra with JV V =J
′
V V [89]. However, an energy cut at Q= (220), excitation

around ∼ 22 meV is broader than the simulated intensity of Model 1.
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4.6 Summary and Conclusions

In this chapter, the magnetic, structural and orbital properties of spinel CoV2O4 were

studied. Having the smallest V-V separation for V spinels, CoV2O4 resides close to the

itinerant electron limit. From our unpolarized and polarized elastic neutron scattering

data we found that system changes from collinear to non-collinear ferrimagnetic phase

at T = 90 K. Our collaboration study about magnetostriction measurements indicates

that a subtle distortion of the crystal along the direction of magnetization, ∆L/L ∼
10−4, varies from elongation to contraction in a second order fashion upon cooling with

a maximum elongation of the crystal at around 100 K. The collinear to noncollinear

transition at T ∼ 90 K, coincides with where the elongation of the crystal is maximized,

indicating a possible orbital change of the system around T ∼ 100 K. Probably due to

the close proximity to the itineracy, the orbital order is incompletely suppressed and the

crystal undergoes second order type structural phase transition to a phase with c < a

at low temperature with a subtle distortion in the order of ∼ 10−4. These results imply

the existence of a glassy orbital state for the Vt2g states in CoV2O4.

Inelastic neutron scattering measurements were performed and found a gapped (∼ 2

meV) dispersive excitation which extends up to 35 meV. By performing linear spinwave

calculations few different models for the spin Hamiltonian were proposed which can

qualitatively represent the observed dispersions and intensity.
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Appendix A 

 

Linear Spin wave calculation of  
Kagome Antiferromagnet 

 

As an example for Linear Spin Wave calculation, the calculation for the Kagome + Triangular 
Lattice is presented. The problem under study was the Compound Co2(OD)3Cl [38]. 
Refinement of Powder Diffraction data using FullProf shows a q=0 Umbrella like structure. 
Comprehensive step by step LSW calculation is provided here. 

   

Figure A1: Crystal Structure 

The nuclear unit cell of this structure has 12 Co Atoms, 3 in the Triangular Plane and 4 In the 
Kagome Plane.  

The Primitive Unit cell of this contains 4 atoms, and it is rhombohedral with lattice vectors 
given by, 
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In each primitive unit cell, there are 4 spins of 3/2, which are located at 
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A,B,C Spins are in the Kagome plane while D Spin is in the Triangular Plane. 

As a start we consider a Model Hamiltonian in the Form, 

𝐻𝑘𝑘𝑘𝑘𝑘𝑘𝐶𝐶𝑚𝑒 =  � 𝐽𝐽1𝑆𝑆𝑖𝑖. 𝑆𝑆𝑗𝑗
𝑁𝑁(𝑖𝑖<𝑗𝑗)
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𝐻 =  𝐻𝑘𝑘𝑘𝑘𝑘𝑘𝐶𝐶𝑚𝑒 + 𝐻𝑖𝑖𝑛𝑡𝑒𝑟𝑝𝑙𝑘𝑘𝑛𝑒 

 

 

Figure A2 : Nearest neighbor interactions 

All the nearest neighbor interactions with in the primitive unit cell is shown as in Figure 2. 
Red lines are for J1 (>0) Antiferromagnetic Interactions in the kagome plane. J2 (<0) 
Interlayer interaction between kagome and triangular plane are shown in blue. 

Note that for every kagome spin, there are four J1 interactions and two J2 interactions while 
for spin in Triangular plane there are six J2 interactions. 
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We denote Spins in the Kagome plane as A,B,C Spins and Spins in the Triangular Plane as 
Spin D. 

We use the method of Holstein – Primakoff to represent each spin as bosonic operators, 

Starting with Spin D, since the spin is directing towards z axis, 
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To find Holstein – Primakoff operators for Spins A,B,C in the kagome plane, we use simple 
rotations. 
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Figure A3 : Spin arrangement in Kagome plane  
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2
𝑆𝑆 (𝑐𝑐† − c) 𝑆𝑆𝑆𝑆𝑆𝑆(𝜃𝜃) 

𝑆𝑆𝐶𝐶𝑥𝑥 = �𝑆𝑆
2
�−

1
2

 �𝑐𝑐 + 𝑐𝑐†� +
√3
2
𝑆𝑆 (𝑐𝑐† − c)𝐶𝐶𝐶𝐶𝐶𝐶(𝜃𝜃)�−

√3
2 �𝑆𝑆 − 𝑐𝑐†𝑐𝑐�𝑆𝑆𝑆𝑆𝑆𝑆(𝜃𝜃) 

𝑆𝑆𝐶𝐶
𝑦 = −�

𝑆𝑆
2
�
√3
2

 �𝑐𝑐 + 𝑐𝑐†� +
1
2
𝑆𝑆 (𝑐𝑐† − c)𝐶𝐶𝐶𝐶𝐶𝐶(𝜃𝜃)�+

1
2 �
𝑆𝑆 − 𝑐𝑐†𝑐𝑐�𝑆𝑆𝑆𝑆𝑆𝑆(𝜃𝜃) 

 

 

All spins are now relative to a Global coordinate system. 

 

We take simple products to find the dot product between each operators and use commutation 
rules of bose operators to simplify. 

Consider only quadratic terms + constant terms in bose operators. 

 i.e. - Linear term does not contribute to Spin waves and also higher order terms 
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𝑆𝑆𝐴𝐴𝑥𝑥𝑆𝑆𝐵𝐵𝑥𝑥 = −
𝐶𝐶
2

1
2

 �𝑎𝑎 + 𝑎𝑎†��𝑏𝑏 + 𝑏𝑏†� −
𝐶𝐶
2
√3
2

 𝑆𝑆�𝑎𝑎 + 𝑎𝑎†��𝑏𝑏† − 𝑏𝑏�Cos (𝜃𝜃) 

𝑆𝑆𝐴𝐴
𝑦𝑆𝑆𝐵𝐵

𝑦 = −
1
2
𝑆𝑆2 Sin2(𝜃𝜃) +

𝐶𝐶
2

1
2

 �𝑎𝑎† − 𝑎𝑎��𝑏𝑏† − 𝑏𝑏�Cos2(𝜃𝜃)

+
𝐶𝐶
2
√3
2

 𝑆𝑆�𝑎𝑎† − 𝑎𝑎��𝑏𝑏 + 𝑏𝑏†�Cos(𝜃𝜃) +
1
2
𝑆𝑆 (𝑎𝑎†𝑎𝑎 + 𝑏𝑏†𝑏𝑏) Sin2(𝜃𝜃) 

𝑆𝑆𝐴𝐴𝑧𝑆𝑆𝐵𝐵𝑧 = 𝑆𝑆2 Cos2(𝜃𝜃)−
𝐶𝐶
2

 �𝑎𝑎† − 𝑎𝑎��𝑏𝑏† − 𝑏𝑏� Sin2(𝜃𝜃) − 𝑆𝑆 (𝑎𝑎†𝑎𝑎 + 𝑏𝑏†𝑏𝑏)𝐶𝐶𝐶𝐶𝐶𝐶2(𝜃𝜃) 

Expanding terms and keeping only constant and second order terms, 

𝑺𝑺𝑨𝑨.𝑺𝑺𝑩𝑩 = −
𝟏𝟏
𝟐𝟐
𝑺𝑺𝟐𝟐�𝟑𝟑 𝐒𝐒𝐒𝐒𝐒𝐒𝟐𝟐(𝜽𝜽) − 𝟐𝟐� +

𝟏𝟏
𝟐𝟐
𝑺𝑺 (𝒂†𝒂 + 𝒃†𝒃)(𝟑𝟑𝐒𝐒𝐒𝐒𝐒𝐒𝟐𝟐(𝜽𝜽) − 𝟐𝟐) 

                    −
𝑪𝑪
𝟒 �
𝟑𝟑(𝒂†𝒃† + 𝒂𝒃) 𝐒𝐒𝐒𝐒𝐒𝐒𝟐𝟐(𝜽𝜽) + �𝒂𝒃† + 𝒂†𝒃��𝟐𝟐 − 𝟑𝟑𝐒𝐒𝐒𝐒𝐒𝐒𝟐𝟐(𝜽𝜽)�� 

+𝑺𝑺
√𝟑𝟑
𝟐𝟐

 𝒊 �𝒂†𝒃 − 𝒂𝒃†�𝑪𝑪𝑪𝑪𝑪𝑪(𝜽𝜽) 

                

 

  Similarly,  

𝑺𝑺𝑨𝑨.𝑺𝑺𝑪𝑪 = −
𝟏𝟏
𝟐𝟐
𝑺𝑺𝟐𝟐�𝟑𝟑 𝐒𝐒𝐒𝐒𝐒𝐒𝟐𝟐(𝜽𝜽) − 𝟐𝟐� +

𝟏𝟏
𝟐𝟐
𝑺𝑺 (𝒂†𝒂 + 𝒄†𝒄)(𝟑𝟑𝐒𝐒𝐒𝐒𝐒𝐒𝟐𝟐(𝜽𝜽) − 𝟐𝟐)

−
𝑪𝑪
𝟒 �
𝟑𝟑(𝒂†𝒄† + 𝒂𝒄) 𝐒𝐒𝐒𝐒𝐒𝐒𝟐𝟐(𝜽𝜽) + �𝒂𝒄† + 𝒂†𝒄��𝟐𝟐 − 𝟑𝟑𝐒𝐒𝐒𝐒𝐒𝐒𝟐𝟐(𝜽𝜽)��

+ 𝑺𝑺
√𝟑𝟑
𝟐𝟐

 𝒊 �𝒂𝒄† − 𝒂†𝒄�𝑪𝑪𝑪𝑪𝑪𝑪(𝜽𝜽) 

𝑺𝑺𝑩𝑩.𝑺𝑺𝑪𝑪 = −
𝟏𝟏
𝟐𝟐
𝑺𝑺𝟐𝟐�𝟑𝟑 𝐒𝐒𝐒𝐒𝐒𝐒𝟐𝟐(𝜽𝜽) − 𝟐𝟐� +

𝟏𝟏
𝟐𝟐
𝑺𝑺 (𝒃†𝒃+ 𝒄†𝒄)(𝟑𝟑𝐒𝐒𝐒𝐒𝐒𝐒𝟐𝟐(𝜽𝜽) − 𝟐𝟐)

−
𝑪𝑪
𝟒 �
𝟑𝟑(𝒃†𝒄† + 𝒃𝒄) 𝐒𝐒𝐒𝐒𝐒𝐒𝟐𝟐(𝜽𝜽) + �𝒃𝒄† + 𝒃†𝒄��𝟐𝟐 − 𝟑𝟑 𝐒𝐒𝐒𝐒𝐒𝐒𝟐𝟐(𝜽𝜽)��

+ 𝑺𝑺
√𝟑𝟑
𝟐𝟐

 𝒊 �𝒃†𝒄 − 𝒃𝒄†�𝑪𝑪𝑪𝑪𝑪𝑪(𝜽𝜽) 

 

Here I list out properties of Fourier Transform Operators, 

 

Fourier Transform of Bose Operators are defined by, 

• 𝑎𝑎 = 𝑁−12 ∑ 𝑒−𝑖𝑖 𝑘𝑘.𝑟𝑎  𝑎𝑎𝑘𝑘                   𝑎𝑎† = 𝑁−12 ∑ 𝑒𝑖𝑖 𝑘𝑘.𝑟𝑎  𝑎𝑎𝑘𝑘
† 
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• 𝑎𝑎†𝑎𝑎 = 𝑁−12 ∑ 𝑒𝑖𝑖 𝑘𝑘′.𝑟𝑎  𝑎𝑎𝑘𝑘′
† 𝑁−12 ∑ 𝑒−𝑖𝑖 𝑘𝑘.𝑟𝑎  𝑎𝑎𝑘𝑘 = ∑ 𝑎𝑎𝑘𝑘

†𝑎𝑎𝑘𝑘𝑘𝑘  

• 𝑎𝑎𝑏𝑏† = 𝑁−12 ∑ 𝑒−𝑖𝑖 𝑘𝑘.𝑟𝑎  𝑎𝑎𝑘𝑘 .𝑁−12 ∑ 𝑒𝑖𝑖 𝑘𝑘′.𝑟𝑏  𝑏𝑏𝑘𝑘′
† = ∑ 𝑎𝑎𝑘𝑘𝑏𝑏𝑘𝑘

†𝑒𝑖𝑖𝑘𝑘.𝛿𝑙𝑘𝑘  

• 𝑎𝑎†𝑏𝑏 = 𝑁−12 ∑ 𝑒𝑖𝑖 𝑘𝑘.𝑟𝑎  𝑎𝑎𝑘𝑘 .𝑁−12 ∑ 𝑒−𝑖𝑖 𝑘𝑘′.𝑟𝑏  𝑏𝑏𝑘𝑘′
† = ∑ 𝑎𝑎𝑘𝑘𝑏𝑏𝑘𝑘

†𝑒−𝑖𝑖𝑘𝑘.𝛿𝑙𝑘𝑘  

• 𝑎𝑎𝑏𝑏 = 𝑁−12 ∑ 𝑒−𝑖𝑖 𝑘𝑘.𝑟𝑎  𝑎𝑎𝑘𝑘 .𝑁−12 ∑ 𝑒−𝑖𝑖 𝑘𝑘′.𝑟𝑏  𝑏𝑏𝑘𝑘′
† = ∑ 𝑎𝑎𝑘𝑘𝑏𝑏−𝑘𝑘

† 𝑒𝑖𝑖𝑘𝑘.𝛿𝑙𝑘𝑘  

• 𝑎𝑎†𝑏𝑏† = 𝑁−12 ∑ 𝑒𝑖𝑖 𝑘𝑘.𝑟𝑎  𝑎𝑎𝑘𝑘 .𝑁−12 ∑ 𝑒𝑖𝑖 𝑘𝑘′.𝑟𝑏  𝑏𝑏𝑘𝑘′
† = ∑ 𝑎𝑎𝑘𝑘𝑏𝑏−𝑘𝑘

† 𝑒−𝑖𝑖𝑘𝑘.𝛿𝑙𝑘𝑘  

 

Now we first consider all the interaction in the kagome plane. Note that since we are counting 
twice, finally we have to divide by two to get the correct terms. 

Consider A atoms within the primitive unit cell as in figure 3. (Atoms within the unit cell are 
in Red) 

Spin A will have NN interaction J1 with two B spins and two C spins as in the figure. 
Therefore, we consider each interaction, Fourier Transform it, and then simplify using the 
properties outlined above. 

 

𝑆𝑆𝐴𝐴.𝑆𝑆𝐵𝐵1 + 𝑆𝑆𝐴𝐴.𝑆𝑆𝐵𝐵2 = −𝑆𝑆2(3 Sin2(𝜃𝜃) − 2) + 𝑆𝑆 �(𝑎𝑎𝑘𝑘
†𝑎𝑎𝑘𝑘 + 𝑏𝑏𝑘𝑘

†𝑏𝑏𝑘𝑘)(3 Sin2(𝜃𝜃) − 2)
𝑘𝑘

 

−
3𝑆𝑆
2

Sin2(𝜃𝜃)�  (𝑎𝑎𝑘𝑘
†𝑏𝑏−𝑘𝑘

† + 𝑎𝑎𝑘𝑘𝑏𝑏−𝑘𝑘)𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿2
𝑘𝑘

 

                                        - 𝑆𝑆
2
(2 − 3 Sin2(𝜃𝜃))∑ �𝑎𝑎𝑘𝑘𝑏𝑏𝑘𝑘

† + 𝑎𝑎𝑘𝑘
†𝑏𝑏𝑘𝑘�𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿2𝑘𝑘  

                                      +𝑆𝑆√3𝑆𝑆 𝐶𝐶𝐶𝐶𝐶𝐶(𝜃𝜃) ∑ �𝑎𝑎𝑘𝑘
†𝑏𝑏𝑘𝑘 − 𝑎𝑎𝑘𝑘𝑏𝑏𝑘𝑘

†�𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿2𝑘𝑘  

 

𝑆𝑆𝐴𝐴.𝑆𝑆𝐶𝐶1 + 𝑆𝑆𝐴𝐴.𝑆𝑆𝐶𝐶2 = −𝑆𝑆2(3 Sin2(𝜃𝜃)− 2) + 𝑆𝑆 �(𝑎𝑎𝑘𝑘
†𝑎𝑎𝑘𝑘 + 𝑐𝑐𝑘𝑘

†𝑐𝑐𝑘𝑘)(3 Sin2(𝜃𝜃) − 2)
𝑘𝑘

 

−
3𝑆𝑆
2

Sin2(𝜃𝜃)�  (𝑎𝑎𝑘𝑘
†𝑐𝑐−𝑘𝑘

† + 𝑎𝑎𝑘𝑘𝑐𝑐−𝑘𝑘)𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿1
𝑘𝑘

 

                                         - 𝑆𝑆
2
(2 − 3 Sin2(𝜃𝜃))∑ �𝑎𝑎𝑘𝑘𝑐𝑐𝑘𝑘

† + 𝑎𝑎𝑘𝑘
†𝑐𝑐𝑘𝑘�𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿1𝑘𝑘  

                                       +𝑆𝑆√3𝑆𝑆 𝐶𝐶𝐶𝐶𝐶𝐶(𝜃𝜃) ∑ �𝑐𝑐𝑘𝑘
†𝑎𝑎𝑘𝑘 − 𝑐𝑐𝑘𝑘𝑎𝑎𝑘𝑘

†�𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿1𝑘𝑘  
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Similarly then we pick Spin B and Spin C within the primitive unit cell and consider all the 
interactions as we did for Spin A. Then we find, 

                       

 

 

� 𝑆𝑆𝐴𝐴.𝑆𝑆𝑗𝑗
𝑗𝑗∈𝐵𝐵,𝐶𝐶

= −2𝑆𝑆2(3 Sin2(𝜃𝜃) − 2) + 𝑆𝑆 �(2𝑎𝑎𝑘𝑘
†𝑎𝑎𝑘𝑘 +  𝑏𝑏𝑘𝑘

†𝑏𝑏𝑘𝑘 +  𝑐𝑐𝑘𝑘
†𝑐𝑐𝑘𝑘)(3 Sin2(𝜃𝜃)− 2)

𝑘𝑘

 

                         − 3𝑆𝑆
2

Sin2(𝜃𝜃)∑  (𝑎𝑎𝑘𝑘
†𝑏𝑏−𝑘𝑘

† + 𝑎𝑎𝑘𝑘𝑏𝑏−𝑘𝑘)𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿2𝑘𝑘 + (𝑎𝑎𝑘𝑘
†𝑐𝑐−𝑘𝑘

† + 𝑎𝑎𝑘𝑘𝑐𝑐−𝑘𝑘)𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿1 

                       - 𝑆𝑆
2
(2 − 3 Sin2(𝜃𝜃))∑ �𝑎𝑎𝑘𝑘𝑏𝑏𝑘𝑘

† + 𝑎𝑎𝑘𝑘
†𝑏𝑏𝑘𝑘�𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿2 + �𝑎𝑎𝑘𝑘𝑐𝑐𝑘𝑘

† + 𝑎𝑎𝑘𝑘
†𝑐𝑐𝑘𝑘�𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿1𝑘𝑘  

                      +𝑆𝑆√3𝑖𝑖 𝐶𝐶𝐶𝐶𝐶𝐶(𝜃𝜃) ∑ �𝑎𝑎𝑘𝑘
†𝑏𝑏𝑘𝑘 − 𝑎𝑎𝑘𝑘𝑏𝑏𝑘𝑘

†�𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿2𝑘𝑘  +�𝑐𝑐𝑘𝑘
†𝑎𝑎𝑘𝑘 − 𝑐𝑐𝑘𝑘𝑎𝑎𝑘𝑘

†�𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿1 

� 𝑆𝑆𝐵𝐵.𝑆𝑆𝑗𝑗
𝑗𝑗∈𝐴𝐴,𝐶𝐶

= −2𝑆𝑆2(3 Sin2(𝜃𝜃)− 2) + 𝑆𝑆 �(2𝑏𝑏𝑘𝑘
†𝑏𝑏𝑘𝑘 +  𝑐𝑐𝑘𝑘

†𝑐𝑐𝑘𝑘)(+𝑎𝑎𝑘𝑘
†𝑎𝑎𝑘𝑘)(3 Sin2(𝜃𝜃) − 2)

𝑘𝑘

 

                         − 3𝑆𝑆
2

Sin2(𝜃𝜃)∑  (𝑎𝑎𝑘𝑘
†𝑏𝑏−𝑘𝑘

† + 𝑎𝑎𝑘𝑘𝑏𝑏−𝑘𝑘)𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿2𝑘𝑘 + (𝑏𝑏𝑘𝑘
†𝑐𝑐−𝑘𝑘

† + 𝑏𝑏𝑘𝑘𝑐𝑐−𝑘𝑘)𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿3 

                          - 𝑆𝑆
2
(2 − 3 Sin2(𝜃𝜃))∑ �𝑎𝑎𝑘𝑘𝑏𝑏𝑘𝑘

† + 𝑎𝑎𝑘𝑘
†𝑏𝑏𝑘𝑘�𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿2 + �𝑏𝑏𝑘𝑘𝑐𝑐𝑘𝑘

† + 𝑏𝑏𝑘𝑘
†𝑐𝑐𝑘𝑘�𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿3𝑘𝑘  

                             +𝑆𝑆√3𝑖𝑖 𝐶𝐶𝐶𝐶𝐶𝐶(𝜃𝜃) ∑ �𝑎𝑎𝑘𝑘
†𝑏𝑏𝑘𝑘 − 𝑎𝑎𝑘𝑘𝑏𝑏𝑘𝑘

†�𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿2𝑘𝑘  +�𝑏𝑏𝑘𝑘
†𝑐𝑐𝑘𝑘 − 𝑏𝑏𝑘𝑘𝑐𝑐𝑘𝑘

†�𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿1 

 

� 𝑆𝑆𝐶𝐶 .𝑆𝑆𝑗𝑗
𝑗𝑗∈𝐴𝐴,𝐵𝐵

= −2𝑆𝑆2(3 Sin2(𝜃𝜃)− 2) + 𝑆𝑆 �(2𝑐𝑐𝑘𝑘
†𝑐𝑐𝑘𝑘 + 𝑎𝑎𝑘𝑘

†𝑎𝑎𝑘𝑘 + 𝑏𝑏𝑘𝑘
†𝑏𝑏𝑘𝑘)(3 Sin2(𝜃𝜃) − 2)

𝑘𝑘

 

                         − 3𝑆𝑆
2

Sin2(𝜃𝜃)∑  (𝑎𝑎𝑘𝑘
†𝑏𝑏−𝑘𝑘

† + 𝑎𝑎𝑘𝑘𝑏𝑏−𝑘𝑘)𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿2𝑘𝑘 + (𝑎𝑎𝑘𝑘
†𝑐𝑐−𝑘𝑘

† + 𝑎𝑎𝑘𝑘𝑐𝑐−𝑘𝑘)𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿1 

                        - 𝑆𝑆
2
(2 − 3 Sin2(𝜃𝜃))∑ �𝑎𝑎𝑘𝑘𝑏𝑏𝑘𝑘

† + 𝑎𝑎𝑘𝑘
†𝑏𝑏𝑘𝑘�𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿2 + �𝑎𝑎𝑘𝑘𝑐𝑐𝑘𝑘

† + 𝑎𝑎𝑘𝑘
†𝑐𝑐𝑘𝑘�𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿1𝑘𝑘  

                          +𝑆𝑆√3𝑖𝑖 𝐶𝐶𝐶𝐶𝐶𝐶(𝜃𝜃) ∑ �𝑏𝑏𝑘𝑘
†𝑐𝑐𝑘𝑘 − 𝑏𝑏𝑘𝑘𝑐𝑐𝑘𝑘

†�𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿2𝑘𝑘  +�𝑐𝑐𝑘𝑘
†𝑎𝑎𝑘𝑘 − 𝑐𝑐𝑘𝑘𝑎𝑎𝑘𝑘

†�𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿1 
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Now we can add up all three equations above and divide by two for double counting and find 
𝐻𝑘𝑘𝑘𝑘𝑘𝑘𝐶𝐶𝑚𝑒 as below 

𝐻𝑘𝑘𝑘𝑘𝑘𝑘𝐶𝐶𝑚𝑒 =  � 𝐽𝐽1𝑆𝑆𝑖𝑖. 𝑆𝑆𝑗𝑗
𝑁𝑁(𝑖𝑖<𝑗𝑗)

 

 

Hamiltonian Perfectly match with the result of Appendix of S.H. Lee’s Thesis, with zero 
canting angle 𝜃𝜃 = 90𝐶𝐶. 

We can apply the same procedure for Atom D, with kagome Triangular Interaction J2 

Here first we consider the interaction for Atom D. Atoms D interact with two A atoms, two B 
Atoms and two C atoms. 

𝑆𝑆𝐷𝑥𝑥𝑆𝑆𝐴𝐴𝑥𝑥 =
𝑆𝑆
2 �
𝑑 + 𝑑†��𝑎𝑎 + 𝑎𝑎†� 

𝑆𝑆𝐷
𝑦𝑆𝑆𝐴𝐴

𝑦 = −
𝑆𝑆
2 �
𝑑† − 𝑑��𝑎𝑎† − 𝑎𝑎�𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃 

𝑆𝑆𝐷𝑧𝑆𝑆𝐴𝐴𝑧 = 𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃 − 𝑆𝑆�𝑑†𝑑 + 𝑎𝑎†𝑎𝑎�𝐶𝐶𝐶𝐶𝐶𝐶𝜃𝜃 

 

𝑆𝑆𝐷 .𝑆𝑆𝐴𝐴 = 𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃 − 𝑆𝑆�𝑑†𝑑 + 𝑎𝑎†𝑎𝑎�𝐶𝐶𝐶𝐶𝐶𝐶𝜃𝜃 +
𝑆𝑆
2

 �
�𝑑𝑎𝑎 + 𝑑†𝑎𝑎†�(1 − 𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃) +
�𝑑†𝑎𝑎 + 𝑑𝑎𝑎†�(1 + 𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃)

� 

ℋ𝑘𝑘𝑘𝑘𝑘𝑘 = −3𝐽𝐽1𝑆𝑆2(3 Sin2(𝜃𝜃) − 2) + 𝐽𝐽1
𝑆𝑆
2

 ��4(3 Sin2(𝜃𝜃) − 2)𝛿𝛿𝛼𝛼𝛼𝛼 + 𝛬𝛬𝛼𝛼𝛼𝛼�𝑢𝑢𝑘𝑘𝛼𝛼
†𝑢𝑢𝑘𝑘

𝛽𝛽

𝑘𝑘

 

𝑣𝑣 = (3 Sin2(𝜃𝜃) − 2) + 2√3𝑖𝑖 𝐶𝐶𝐶𝐶𝐶𝐶(𝜃𝜃) 

𝛿𝛿1 = �
1
4

,
√3
4

, 0�      𝛿𝛿2 = �
1
4

,−
√3
4

, 0�        𝛿𝛿3 = �
1
2

, 0,0� 

𝑞𝑞𝑖𝑖 = 𝑘𝑘. 𝛿𝛿𝑖𝑖  

 

                         − 3
2

Sin2(𝜃𝜃)𝛬𝛬𝛼𝛼𝛼𝛼′ (𝑢𝑢𝑘𝑘𝛼𝛼
†𝑢𝑢−𝑘𝑘

𝛽𝛽 †
+ 𝑢𝑢𝑘𝑘𝛼𝛼

⬚𝑢𝑢−𝑘𝑘
𝛽𝛽 ) 

 

𝛬𝛬 = �
0 𝑣𝑣 𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞2 𝑣𝑣∗𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞1

𝑣𝑣∗𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞2 0 𝑣𝑣 𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞3
𝑣𝑣 𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞1 𝑣𝑣∗𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞3 0

�                             𝛬𝛬′ = �
0 𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞2 𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞1

𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞2 0 𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞3
𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞1 𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞3 0

� 
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Similarly, 

𝑆𝑆𝐷.𝑆𝑆𝐵𝐵 = 𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃 − 𝑆𝑆�𝑑†𝑑 + 𝑏𝑏†𝑏𝑏�𝐶𝐶𝐶𝐶𝐶𝐶𝜃𝜃 −
𝑆𝑆
4

 �
�𝑑𝑏𝑏 + 𝑑†𝑏𝑏†�(1− 𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃) +
�𝑑†𝑏𝑏 + 𝑑𝑏𝑏†�(1 + 𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃)

� 

+
𝑆𝑆
2
√3
2
𝑆𝑆 ��𝑑†𝑏𝑏† − 𝑑𝑏𝑏�(1 − 𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃) + �𝑑†𝑏𝑏 − 𝑑𝑏𝑏†�(1 + 𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃)� 

 

𝑆𝑆𝐷.𝑆𝑆𝐶𝐶 = 𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃 − 𝑆𝑆�𝑑†𝑑 + 𝑐𝑐†𝑐𝑐�𝐶𝐶𝐶𝐶𝐶𝐶𝜃𝜃 −
𝑆𝑆
4

 �
�𝑑𝑐𝑐 + 𝑑†𝑐𝑐†�(1− 𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃) +
�𝑑†𝑐𝑐 + 𝑑𝑐𝑐†�(1 + 𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃)

� 

−
𝑆𝑆
2
√3
2
𝑆𝑆 ��𝑑†𝑐𝑐† − 𝑑𝑐𝑐�(1 − 𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃) + �𝑑†𝑐𝑐 − 𝑑𝑐𝑐†�(1 + 𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃)� 

 

As previous we consider, 

 𝑆𝑆𝐷 .𝑆𝑆𝐴𝐴1 + 𝑆𝑆𝐷 .𝑆𝑆𝐴𝐴2 = 2𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃 −  2𝑆𝑆∑ �𝑑𝑘𝑘
†𝑑𝑘𝑘 + 𝑎𝑎𝑘𝑘

†𝑎𝑎𝑘𝑘�𝑘𝑘 𝐶𝐶𝐶𝐶𝐶𝐶𝜃𝜃 

+
𝑆𝑆
2
��𝑑𝑘𝑘𝑎𝑎−𝑘𝑘 + 𝑑𝑘𝑘

†𝑎𝑎†−𝑘𝑘�
𝑘𝑘

(1 − 𝐶𝐶𝐶𝐶𝐶𝐶𝜃𝜃)𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿4

+
𝑆𝑆
2
��𝑑𝑘𝑘

†𝑎𝑎𝑘𝑘 + 𝑑𝑘𝑘𝑎𝑎†𝑘𝑘�
𝑘𝑘

(1 + 𝐶𝐶𝐶𝐶𝐶𝐶𝜃𝜃)𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿4 

                   

𝑆𝑆𝐷 .𝑆𝑆𝐵𝐵1 + 𝑆𝑆𝐷 .𝑆𝑆𝐵𝐵2 = 2𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃 −  2𝑆𝑆��𝑑𝑘𝑘
†𝑑𝑘𝑘 + 𝑏𝑏𝑘𝑘

†𝑏𝑏𝑘𝑘�
𝑘𝑘

𝐶𝐶𝐶𝐶𝐶𝐶𝜃𝜃 

+
𝑆𝑆
4
��−1 + √3𝑆𝑆��𝑑𝑘𝑘

†𝑏𝑏†−𝑘𝑘�
𝑘𝑘

(1 − 𝐶𝐶𝐶𝐶𝐶𝐶𝜃𝜃)𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿5

+ ��−1 −√3𝑆𝑆�(𝑑𝑘𝑘𝑏𝑏−𝑘𝑘)
𝑘𝑘

(1 − 𝐶𝐶𝐶𝐶𝐶𝐶𝜃𝜃)𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿5 

+
𝑆𝑆
4
��−1 + √3𝑆𝑆��𝑑𝑘𝑘

†𝑏𝑏𝑘𝑘�
𝑘𝑘

(1 + 𝐶𝐶𝐶𝐶𝐶𝐶𝜃𝜃)𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿5

+ ��−1− √3𝑆𝑆��𝑑𝑘𝑘𝑏𝑏†𝑘𝑘�
𝑘𝑘

(1 + 𝐶𝐶𝐶𝐶𝐶𝐶𝜃𝜃)𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿5 

𝑆𝑆𝐷 .𝑆𝑆𝐶𝐶1 + 𝑆𝑆𝐷 .𝑆𝑆𝐶𝐶2 = 2𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃 −  2𝑆𝑆��𝑑𝑘𝑘
†𝑑𝑘𝑘 + 𝑐𝑐𝑘𝑘

†𝑐𝑐𝑘𝑘�
𝑘𝑘

𝐶𝐶𝐶𝐶𝐶𝐶𝜃𝜃 

+
𝑆𝑆
4
��−1 + √3𝑆𝑆��𝑑𝑘𝑘

†𝑐𝑐†−𝑘𝑘�
𝑘𝑘

(1 − 𝐶𝐶𝐶𝐶𝐶𝐶𝜃𝜃)𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿6

+ ��−1 − √3𝑆𝑆�(𝑑𝑘𝑘𝑐𝑐−𝑘𝑘)
𝑘𝑘

(1 − 𝐶𝐶𝐶𝐶𝐶𝐶𝜃𝜃)𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿6 
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+
𝑆𝑆
4
��−1 + √3𝑆𝑆��𝑑𝑘𝑘

†𝑐𝑐𝑘𝑘�
𝑘𝑘

(1 + 𝐶𝐶𝐶𝐶𝐶𝐶𝜃𝜃)𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿6

+ ��−1− √3𝑆𝑆��𝑑𝑘𝑘𝑐𝑐†𝑘𝑘�
𝑘𝑘

(1 + 𝐶𝐶𝐶𝐶𝐶𝐶𝜃𝜃)𝐶𝐶𝐶𝐶𝐶𝐶 𝑘𝑘. 𝛿𝛿6 

 

We need to add up all these three equations and finally we come up with, 

ℋ𝐼𝑛𝑡𝑒𝑟𝑝𝑙𝑘𝑘𝑛𝑒 = 6𝐽𝐽2𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃 + 𝐽𝐽2𝑆𝑆 ��−2 𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃 𝛬𝛬1𝛼𝛼𝛼𝛼 +
(1 + 𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃)

4
𝛬𝛬2𝛼𝛼𝛼𝛼�𝑢𝑢𝑘𝑘

𝛼𝛼†𝑢𝑢𝑘𝑘
𝛼𝛼

𝑘𝑘

 

                        +
1 − 𝐶𝐶𝐶𝐶𝐶𝐶 𝜃𝜃

4
 (𝛬𝛬3𝛼𝛼𝛼𝛼𝑢𝑢𝑘𝑘

𝛼𝛼†𝑢𝑢−𝑘𝑘
𝛼𝛼 †

+ 𝛬𝛬3𝛼𝛼𝛼𝛼
∗ 𝑢𝑢𝑘𝑘𝛼𝛼𝑢𝑢−𝑘𝑘

𝛼𝛼 ) 

𝛬𝛬1 = �
1 0 0
0 1 0
0
0

0
0

1
0

   
0
0
0
3

�                  𝛬𝛬2 =

⎣
⎢
⎢
⎢
⎡ 0 0 0

0 0 0
0

2 𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞4
0

𝑢𝑢 𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞5
0

𝑢𝑢∗𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞6

   

2 𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞4
𝑢𝑢∗𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞5
𝑢𝑢 𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞6

0 ⎦
⎥
⎥
⎥
⎤
 

 𝛬𝛬3 =

⎣
⎢
⎢
⎢
⎡ 0 0 0

0 0 0
0

2 𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞4
0

𝑢𝑢 𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞5
0

𝑢𝑢∗𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞6

   

2 𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞4
𝑢𝑢 𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞5
𝑢𝑢∗ 𝐶𝐶𝐶𝐶𝐶𝐶 𝑞𝑞6

0 ⎦
⎥
⎥
⎥
⎤
 

𝑢𝑢 = −1 + √3𝑆𝑆 

𝛿𝛿4 = �0,
1

2√3
,−

1
6
�      𝛿𝛿5 = �−

1
4

,−
1

4√3
,−

1
6
�        𝛿𝛿6 = �

1
4

,−
1

4√3
,−

1
6
� 

𝑞𝑞𝑖𝑖 = 𝑘𝑘. 𝛿𝛿𝑖𝑖  

 

After combining ℋ𝑘𝑘𝑘𝑘𝑘𝑘𝐶𝐶𝑚𝑒 +ℋ𝐼𝑛𝑡𝑒𝑟𝑝𝑙𝑘𝑘𝑛𝑒 we have 

 

ℋ = ℋ𝑘𝑘𝑘𝑘𝑘𝑘𝐶𝐶𝑚𝑒 + ℋ𝐼𝑛𝑡𝑒𝑟𝑝𝑙𝑘𝑘𝑛𝑒 
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Spin wave Dynamical Matrix  

𝐻𝑞(𝑘𝑘) = �
𝛬𝛬𝐴𝐴 + 𝛬𝛬𝐵𝐵 −𝛬𝛬𝐶𝐶
𝛬𝛬𝐶𝐶∗ −(𝛬𝛬𝐴𝐴 + 𝛬𝛬𝐵𝐵) ∗�        8 x 8 Matrix 

 

We can diagonalize this Matrix using a computer program and plot the dispersion 

𝓗𝓗 = −𝟑𝟑𝑱𝑱𝟏𝟏𝑺𝑺𝟐𝟐 (𝟑𝟑𝐒𝐒𝐒𝐒𝐒𝐒𝟐𝟐(𝜽𝜽) − 𝟐𝟐) + 𝟔𝟔𝟔𝟔𝟐𝟐𝑺𝑺𝟐𝟐𝑪𝑪𝑪𝑪𝑪𝑪 𝜽𝜽 + 𝑺𝑺 �  𝜦𝜦𝑨𝑨𝜶𝜶𝜶𝜶 + 𝜦𝜦𝑩𝑩𝜶𝜶𝜶𝜶) 𝒖𝒖𝒌𝒌𝜶𝜶
†𝒖𝒖𝒌𝒌

𝜷𝜷

𝒌𝒌

 

𝛬𝛬𝐴𝐴 =
1
2 �

(4𝐶𝐶1 − 𝐶𝐶2) 0 0
0 (4𝐶𝐶1 − 𝐶𝐶2) 0
0
0

0
0

(4𝐶𝐶1− 𝐶𝐶2)
0

   
0
0
0

−3𝐶𝐶2

� 

𝛬𝛬𝐵𝐵 =
1
2 �

0  𝑣𝑣 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞2) 𝑣𝑣∗ 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞1)
𝑣𝑣∗ 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞2) 0  𝑣𝑣 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞3)
𝑣𝑣 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞1)

2 𝐶𝐶3 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞4)
𝑣𝑣∗𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞3)
𝐶𝐶3 𝑢𝑢 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞5)

0
𝐶𝐶3 𝑢𝑢∗𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞6)

   

2 𝐶𝐶3 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞4)
𝐶𝐶3 𝑢𝑢∗𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞5)
𝐶𝐶3  𝑢𝑢 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞6)

0

� 

𝛬𝛬𝐶𝐶 = �

0 𝐶𝐶4 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞2) 𝐶𝐶4 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞1)
𝐶𝐶4 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞2) 0 𝐶𝐶4 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞3)
𝐶𝐶4 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞1)

2 𝐶𝐶5 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞4)
𝐶𝐶4 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞3)
𝐶𝐶5 𝑢𝑢 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞5)

0
𝐶𝐶5 𝑢𝑢∗ 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞6)

   

2 𝐶𝐶5 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞4)
𝐶𝐶5 𝑢𝑢 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞5)
𝐶𝐶5 𝑢𝑢∗ 𝐶𝐶𝐶𝐶𝐶𝐶 (𝑞𝑞6)

0

� 

                                                                              +𝟏𝟏
𝟐𝟐
𝜦𝜦𝑪𝑪𝜶𝜶𝜶𝜶𝒖𝒖𝒌𝒌

𝜶𝜶†𝒖𝒖−𝒌𝒌
𝜷𝜷 †

+ 𝟏𝟏
𝟐𝟐
𝜦𝜦𝑪𝑪∗ 𝜶𝜶𝜶𝜶𝒖𝒖𝒌𝒌

𝜶𝜶⬚𝒖𝒖−𝒌𝒌
𝜷𝜷  

 

                   

                      

𝐶𝐶1 = 𝐽𝐽1(3 Sin2(𝜃𝜃) − 2)   ,    𝐶𝐶2 = 4𝐽𝐽2𝐶𝐶𝐶𝐶𝐶𝐶 (𝜃𝜃) , 𝑣𝑣 = 𝐽𝐽1((3 Sin2(𝜃𝜃) − 2) + 2√3𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 (𝜃𝜃)) 

𝐶𝐶3 = 𝐽𝐽2(1 + 𝐶𝐶𝐶𝐶𝐶𝐶 (𝜃𝜃)),             𝐶𝐶4 = −3
2
𝐽𝐽1𝑆𝑆𝑆𝑆𝑛𝑛2(𝜃𝜃),    𝐶𝐶5 = 𝐽𝐽2

1−𝐶𝐶𝐶𝐶𝐶𝐶 (𝜃𝜃)
2

 , 𝑢𝑢 = −1 + √3𝑖𝑖 
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