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Abstract

The dynamic average consensus problem, a group of agents, each associated with
a time-varying signal, reaching consensus at the average of these signals by their
own distributed estimators that interact with each other through the communication
network among the agents, finds many applications such as distributed estimation,
formation control and sensor fusion. Many distributed estimators have been con-
structed that achieve either consensus precisely at the average of the signals or around
it depending on the properties of the signals. In this thesis, we revisit the dynamic av-
erage consensus problem in both the continuous-time and discrete-time settings. By
utilizing the information on the frequency components of the signals, we construct
distributed estimators that achieve accurate consensus at the average of the signals.
We further establish that our distributed estimators are robust to the interruption of
the network connectivity in the sense that connected subgroups of agents will con-
tinue to reach consensus around the average of all signals after an interruption of the
network as along as the signals are bounded and the later the interruption occurs the
more accurate the consensus will be. Numerical simulation is carried out to illustrate
these theoretical conclusions. We apply our proposed distributed estimators to a net-
worked battery system to achieve accurate state-of-charge balancing while delivering
the desirable total power accurately. Simulation results also verify the robustness of

the battery system when the communication is interrupted.



Contents

1 Introduction and Problem Statement
1.1 Introduction . . . . . . . .. ...
1.2 Problem Statement . . . . . . .. ..o
1.3 Preliminary . . . . . . . ...

1.4 Organization and Notation . . . . . . . . .. ... ... ... .....

2 Distributed Average Consensus of Continuous-time Signals
2.1 The Distributed Average Consensus Algorithm . . . . . . . . ... ..
2.2 Robustness Against Network Interruption . . . . .. ... ... ...

2.3 Simulation Results . . . . . . . . .

3 Distributed Average Consensus of Discrete-time Signals
3.1 The Distributed Average Consensus Algorithm . . . . . ... .. ...
3.2 Robustness Against Network Interruption . . . . ... .. ... ...

3.3 Simulation Results . . . . . . . . . .

4 State-of-Charge Balancing of a Networked Battery System
4.1 Problem Statement . . . .. .. ... .. ... ... .
4.2  Power Distribution Algorithm Design . . . . . .. ... .. ... ...

4.3 Simulation Results . . . . . . . . . .

i



5 Conclusions

111

57



List of Figures

2.1
2.2
2.3
2.4
2.5

3.1
3.2
3.3
3.4

4.1
4.2

4.3

4.4

4.5

4.6

The communication topology. . . . . . . . .. ... ... ... ....
The communication topology after interruption at ¢y or kr. . . . . . .

Estimations of the averaged signal by all agents. . . . . . . ... ...

Estimation errors when the communication is interrupted at time ¢; = 1.

Estimation errors when the communication is interrupted at time ¢; = 3.

An illustration for Remark 3.1 . . . . . . . . . . . ... ... .. ..

Estimations of the averaged signal by all agents. . . . . . . ... ...

Estimation errors when the communication is interrupted at time k; = 5.

Estimation errors when the communication is interrupted at time k; = 15.

The communication topology of the battery system. . . . . . . . . ..

The communication topology of the battery system after interruption

Evolution of SoC of all battery units. . . . . . ... .. ... ... ..
The total output power of all battery units and the desired power. . .
Estimates of the average unit state z,; by all battery units and the
actual average unit stateof z,. . . . . . .. ... oL
Estimates of the average desired power p,; by all battery units and the

actual average desired power p,. . . . . . . .. ...

v

27
41
42
43

23
93



4.7
4.8
4.9

4.10

Evolution of SoC of all battery units. . . . . . ... .. .. ... ... 55
The total output power of all battery units and the desired power. . . 55
Estimates of the average unit state z,; by all battery units and the

actual average unit stateof x,. . . . . ... 56
Estimates of the average desired power p,; by all battery units and the

actual average desired power p,. . . . . . ... 56



Chapter 1

Introduction and Problem

Statement

1.1 Introduction

The dynamic average consensus problem is the problem of all agents in a networked
multi-agent system reaching consensus at the average of a set of time-varying signals,
each associated with one agent, through distributed algorithms. This problem, which
has been intensively studied over the past years, plays a vital role in numerous ap-
plications, such as battery management [1-3], distributed estimation [4-6], formation
control [7-10], multi-robot coordination [11-13], distributed sensor fusion [14, 15],
feature-based map merging [16, 17|, distributed tracking [18,19], and distributed
mapping [20]. Various appealing features of dynamic average consensus have been
explored in the literature, including its scalability, high rate of convergence, operation
in the presence of constraints on the actuation capacity, and protection of the privacy
of the information against competitors.

The dynamic average consensus problem has involved from the average consensus



problem [21-23], where agents reach consensus at the average of their initial values.
In [24], distributed proportional and proportional-integral algorithms were proposed
to achieve dynamic average consensus with bounded steady-state errors. In [25], the
authors designed distributed algorithms that achieve dynamic average consensus with
steady-state errors that can be controlled by tuning design parameters. Conditions on
the signals were also identified in [25] under which the designed distributed algorithms
would achieve accurate dynamic average consensus, that is, with a zero steady-state
error. Signals that satisfy these conditions include constant signals and time-varying
signals that differ from one another by a constant value.

Separate efforts have also been made to develop distributed algorithms that achieve
accurate dynamic average consensus. For example, based on the internal model prin-
ciple, reference [26] designed filters to enhance the distributed algorithms proposed
in [24] so as to achieve accurate dynamic average consensus. Explicit conditions on
the denominator and the numerator polynomials of the filters were established. These
conditions include that some denominator polynomials contains the frequency compo-
nents of the time-varying signals. As such, knowledge of the frequency components of
the signals is required. Explicit construction of the filters that satisfy the conditions
established in [26] was given in [27]. On the other hand, in [28], authors introduced
robust dynamic average consensus algorithms that achieve accurate averge consensus
of time-varying signals with known bounded derivatives.

We note that a closely related problem is the leader-following consensus problem,
where agents reach consensus at a signal associated with a leader and not all agents are
directly connected to the leader. In particular, distributed observers were proposed
in [29] to achieve accurate leader following consensus. These observers are in the state
space form and all assume the knowledge of the frequency of the signal. In [30], only

the leader itself has the knowledge of signal and all other agents uses an adaptive



algorithm to learn the frequency information of the signal.

In this thesis, we revisit the problem of dynamic average consensus problem. We
aim to develop distributed algorithms that will achieve accurate average consensus
of time-varying signals with known frequency components. We will take the state
space approach of [25,29,30] and explicitly construct distributed estimators in the
state-space form that incorporate the frequency information of the signals. The incor-
poration of frequency information of the signals also makes our distributed estimator
robust against the network connectivity interruption. In particular, we will establish
that, after the interruption, connected subgroups of agents will continue to reach
consensus around the average of all signals as along as the signals are bounded and

the later the interruption occurs the more accurate the consensus will be.

1.2 Problem Statement

We consider a networked system of N agents, operating either in continuous-time
or in discrete-time. Each agent is associated with a time-varying signal ¢;, generated
by the exosystem

or

pi(k +1) = Sp;i(k), @i(k) € RM. (1.2)

We note that signals generated by the exosystem contain the frequency compo-
nents determined by the eigenvalues of matrix S but their magnitudes and phases are
freely determined by the initial conditions of the exosystem.

Our objective is to construct a distributed estimator for each agent such that,

under an appropriate communication topology, its state will asymptotically converge



to the average value of all signals, that is, % Zjvzl ;- We would also like to estab-
lish the robustness property of our distributed estimators against the interruption of
the network connectivity. To demonstrate its practical applicability, we apply our
proposed distributed dynamic average consensus algorithm to a networked battery
system to achieve accurate state-of-charge balancing while delivering the desirable

total power accurately.

1.3 Preliminary

We will use an undirected graph G = {V, £} to represent the communication topol-
ogy. FEach agent is represented by a vertex from the set of vertices V = {vy, v, -+ ,un}
and the communication link between agent ¢ and agent j is represented by an edge
from the set of edges £ € V x V.

The adjacency matrix A = [a;;] € RV*Y of the graph is defined as a;; = aj; = 1
if there is a bidirectional communication link between agent ¢ and agent j, otherwise
a;; = a;; = 0. In addition, we assume that a; = 0, ¢ = 1,2,--- | N. The Laplacian
matrix associated with the graph is defined as L = [l;;] € RN*N where l;; = —ay; if
1# 7 and l; = fozl,k# a;,. The set of neighbors of agent i is defined as N' = {j €
{1,2,--- |N} :a;; = 1}.

A path between v;, and v;, in G is defined as a sequence of edges (v;,, Vi, ), (Viy, Uiy ),

-, (vi_,, v4,.), where vy, , v, - - -, v;, are distinct nodes. A graph is connected if there
exists a path between any two distinct nodes.

We make the following assumption on the communication topology among the

agents.

Assumption 1.1. The graph associated with the communication topology is undi-

rected and connected.



Under Assumption 1.1, the graph Laplacian L is symmetric with eigenvalues 0 =
A < Ay < A3 <--- < Ay. In addition, 1y is the eigenvector associated with A\; = 0,

that is, L1y = 0.

1.4 Organization and Notation

The remainder of the thesis is organized as follows. Chapter 2 proposes distributed
estimators for accurate consensus of continuous-time signals, establishes their robust-
ness against the network connectivity interruption and shows the properties with
simulation. Chapter 3 studies the dynamic accurate average consensus problem in
the discrete-time setting. Chapter 4 applies the proposed dynamic average consensus
algorithms to the state-of-charge balancing problem of networked battery systems.
Chapter 5 concludes the thesis.

Notation. Let R denote the real numbers. The vector 1y is the vector of N ones,
and Iy is the N x N identity matrix. For matrices A and B, A ® B denotes their

Kronecker product.



Chapter 2

Distributed Average Consensus of

Continuous-time Signals

2.1 The Distributed Average Consensus Algorithm

In this chapter, we design, for each agent i, ¢ = 1,2,---, N, the following dis-

tributed estimator in continuous-time,

N

Yi = —uzaij(% = 95) — 1 (G — i) + SGi + pos, (2.1a)
j=1
N

0= —py ai; (§i — §;) + Svi, (2.1b)
j=1

where 9;,v; € RM, > 0 is a design parameter, whose value is to be determined, and
the initial condition of v; is chosen as v;(0) = 0.
The following theorem establishes that each of the distributed estimators (2.1)

asymptotically estimates the averaged signal + Zjvzl ©;i(t).

Theorem 2.1. Consider a networked system of N agents, labeled as 1,2,--- , N.



Each agent i is associated with a signal @;(t) that is generated by an exosystem system

(1.1), where, without loss of generality, all eigenvalues of S are assumed to be on the

closed right-half plane. Let the communication topology among the agents satisfy

Assumption 1.1. Let each agent be equipped with a distributed estimator as given in

(2.1). Then, there exists pu > 0 such that

N

. X 1 :

tli{g) <yl<t)_ﬁ E 1@](@) :()7 Z:172>"' 7N-
J:

T ,T T

Proof: Let § = [gF 9% ---95]", v = [ oF ---oF]" and ¢ = [pT ¥ ---

Then, by (2.1), we have

:&:(—M(L@)IM)—/L([N®IM)+IN®S)@+N(P+MU:

v=—u(L® In)y+ (In ® S)v.

Also, by (1.1), we have

Define the estimation error as
XN
G=0-1v® le ©j

Then, by (2.3a) and (2.4), we have
. 1 X
y=y-1lve ]ZI 2

Jj=1

(2.3a)

(2.3b)



N
1 .
+,US0+MU_1N®N E ¥y

i=1

- 1
:<—M(L®]M)—M(IN®IM)+IN®S>y+,Lw—I—M(g@—lN@NZ%’)
j=1

- ( (L ® Tag) — Iy ® Tn) + Iy @ s)g +u(v F iy e IMM), (25)
where Iy = Iy — +1n1%, and we have used
N | X
(Iyn®95) ( Z ) (Inln) ® <SNZSOJ>
: j:l
| XN
7j=1
and the following identity resulting from the fact that L1y = 0,
1 & 1 &
(L ® In) < ~ Z:: ) (L1y) ® (IMN;%) = 0. (2.6)

On the other hand, let

(o4t
|

Then, by (2.3b) and (2.4), we have

+ (IIy @ In)g
<L®IM)< Fly® — Zgz)]) +(Iy ® S)o
—(In®@S)IIn @ In)p + Iy ® Ing) e
=—u(L® Iy) <§+1N®%Z%‘) + Iy ® S)D

J=1

—(Oy @ Iy )(In ® S)p+ (LUy @ Iny)

[Se0
I



=—pu(L ® Ing)y — (L & Inr) <1N ® % > %‘)

+(Iy @ 8)o — (Ily @ L) ((IN ® S)p — ¢)

=—p(L @ In)y + (In ® S)7, (2.7)
where we have used (2.6) and the following identity,
(In ® S)(Uy ® In) = (Inlly) @ (STnr)
=nIn) @ (ImS)
=My @ Iy)(Iy ®S). (2.8)
Equations (2.5) and (2.7) can be written in the following compact form,
Y ~| v
=C : (2.9)
v v
where
- Iy®S 0 LIy —In®Iy INn®Iy
C= +p
0 In®S —L &Iy 0

In what follows, we will analyze the asymptotic properties of the dynamical system
(2.9). Under Assumption 1.1, that is, the graph representing the communication
topology is undirected and connected, the Laplacian matrix L is symmetric with
eigenvalues 0 = A\ < Ay < A3 < -+ < Ay and 1y is an eigenvector associated with

A =0. Let h = \/LﬁlN and H be such that hT"H =0 and HTH = In_;.
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Consider the following change of variables,

!

- T1T2 ; (210)

L)
N

where

In® Iy 0 0
le ) T2: )
—In® Iy IN®Iy 0 T3

with T3 = [r R] = [h®1Iy; H®Iy|. Then, by (2.9), we have
— T\, CT, ' T
q q
Tg(—u(L®IM)+IN®S>T3 T:’,T(M(IN@IM))TS

(2.11)
0 T3:F<_M(IN®[M)+]N®S)T3 q

We next partition the state variables p and ¢ as

P2:N g2:N

where p1,q; € RM and po.n, gy € RMWV=1 Then, the dynamics (2.11) can be

written as ) _ ) )
D1 P1
a1 Cy 0 q1
= , (2.12)
D2:N 0 | Co+ pCsy D2:N
L QQ:N | L do:N i
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where

C’1: )
0 —uly+S
R'(In® S)R 0
02: )
0 R'(In® S)R
—RT(L®]M)R RT(]N(X)]M)R
03:
0 —R"(In ® In)R

The eigenvalues of Cy are those of S, each with multiplicity 2(N — 1). The
eigenvalues of C5 are —)\;,7 = 2,3,---, N, each with a multiplicity of M, and —1,
with a multiplicity of (N — 1)M. Recall that these \;’s are eigenvalues of L, which,
in view of Assumption 1.1, are all positive. Therefore, C3 is Hurwitz. Let p > 0 be
sufficiently large such that S — uX\; I, © =2,3,--- , N, and S — uly, are all Hurwitz.

Then, Cy + uCs is Hurwitz, and, hence,

pQ:N(t)
lim =0.

s
> q2.n (1)

The solution of the state equation (2.12) is given by

[ nt) | - n(0) |
Qi (t) _ o) ¢1(0) ’
pan(t) p2:v(0)
i qa:n (t) i i q2:n(0) |



where ) )
eSt L f()t e(S—uIM)(t—T)eSTdT 0 0
0 e(S—pln)t 0 0
Ql (t) = )
0 0 [y(t) Tha(t)
i 0 0 PQl (t) Fgg(t)_
and

[yi(t) Tia(t)

oi(t) Taa(t)

RT <1N®SM(L®1M)) Rt
Fll(t) =€ y
t RT (IN®S,LL(L®IM)) R(t—T)
['1o(t) :M/ €
0

RT (IN(X)S—M(IN@I]\/[)) Rt
xe dr,

F21 (t) - O,

RT <IN®S—M(IN®IM)> Rt
FQQ (t) =€ .

F(t) _ e(C2+MCB)t —

Noting that

t t
i / oS-V ST oSl / Ty — oSt _ o(S—nlan)t
0 0

12
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we can simplify 2, as

[ oSt oSt _ o(S—uln)t 0 0 i
0 e(S—nln)t 0 0
Qi (t) =
0 O Fll(t) Fm(t)
i 0 0 Fgl(t> P10

Then, in view of (2.10), we have

y(t) = M1 (8)5(0) + a2 (8)0(0), (2.13a)

0(t) = A21(£)5(0) + Aaa(2)0(0), (2.13b)
where

An(t) = Te(siuIM)tT’T + R(Fn(t) - Flg(t)) RT,
Aps(t)=r (eSt — e(s_“IM)t) rT 4+ R, (t)RT,

Aoi(t)=R <F11(t) —Ta(t) + Ty (t) — FQQ(t)> R",

A22 (t) = TeStTT + R <F12 (t) + FQQ (t)) RT.
More explicitly, we have

§(t) =rerTo(0) +

()

()

=1y ® %e&f Z 0;(0) +e(t), (2.14)

J

Il
i
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where

et) = (re(s_“]M>trT + R(Fn(t) - rm(t)) RT> 7(0)

+ (RT1a(t)R" — re(s’“IM)trT) 0(0).

Recalling that S — uly, and Cy + pCs3 are both Hurwitz, we have

tli{& sz(t) =0,1475=12, (21’5>
and hence,
lim e(t) = 0.
t—o0

On the other hand, recalling that

and v;(0) =0,i=1,2,--- | N, we have

Zﬁj(o) = (Z IIy; ® IM) ©(0) =0,

j=1
where Il ; is the 3" row of Iy and Zjvzl IIy; = 0.

Thus, it follows from (2.14) that

lim g(t) =0,

t—o00
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and hence, for allz=1,2,--- , N,

tlggo (@z(t) - %Z %‘(ﬂ) = tlggo yi(t) = 0.

This completes the proof. 0]

2.2 Robustness Against Network Interruption

In what follows, we will establish that the distributed estimator (2.1) is robust
against interruption of the network connectivity. We summarize this robustness result

in the following theorem.

Theorem 2.2. Consider a networked system of N agents, with the associated signals
wi(t) and the distributed estimators as described in Theorem 2.1. Let S be neu-
trally stable, that is, all its eigenvalues are on the jw-axis and are simple. Let the
communication topology among the agents satisfy Assumption 1.1. Suppose that the
communication is interrupted at time t; > 0, with individual subgroups of agents re-
maining connected. Then, there exists p > 0, independent of any subgroup, such that
each agent © within a subgroup of K < N agents continues to track the averaged signal

% Zjvzl @;(t), with a bounded steady-state tracking error, that is,

N
R 1 .
5i(t) = ~ ]Zl @;(t) + &5t 1) + 6(t, 1),
where ||0(¢,t1)|| < do(t1) and

lim 6S(t, t1> = O,

t—o0

ti—o0
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Proof: Recall from the proof of Theorem 2.1 that o(t) = v(t) + (IIx ® In)e(t)
and Y, 9;(0) = 0. Then, by (2.13b), we have

v(t1) = A1 (t1)7(0) + Aoz (t1)0(0) — (Tly @ Inr)(tr)

N
N 1 .
= A (1)7(0) + Ly ® - 3" 55(0)
j=1

+R (Flz(tl) + Fzg(t1)> RY9(0) — (Ily ® Iny)(tr)

= Ao (t1)5(0) + R<F12(t1) + ng(t1)> RY%5(0) — (IIy ® Ing)(tr)

=x(t1) — (Ily @ Lar)p(tr), (2.16)

where

X(t1) = Aai (t1)5(0) + R(F12<t1) + F22(t1)> RY%(0),

and by (2.15),

lim x(¢1) = 0. (2.17)

t1—o00

Let us now consider the evolution for ¢ > ¢;. Without loss of generality, let the
subgroup of K agents be agents 1,2,---, K. Denote the Laplacian matrix of the
connected communication among these K agents as L°. Let §° = [g] 97 -- ~QIT<}T,

v* = [vf vg - ~v};]T, and ¢* =[] @] - - @?(]T. Then, we have

QS:—M<<L®IM) + (Ix ® L) +IK®S)QS+M¢S+MU87 t >t

0= —u(L® L) + (I © S, 1> 1,

and

O = (Ig ® 9)p®, t >t

Following the proof of Theorem 2.1 for the subgroup of agents 1,2, ---



define

where HK:]K—%lKl;f(.
Let h® = \/—%1K and H® be such that (h*)" H® = 0 and (H®)" H® =
r=h*® Iy, R° = H*® I and

o | RS 0
_ 0 ()" (Ix  §)R*

. (BT R (BT (I ® L) R
_ 0 (R (I ® L) B

17

(2.18a)

(2.18D)

IK—I- Let

Let p be such that C5 + pC5 is Hurwtiz for any connected subgroup of agents.

Let
I9,(t) Is(t)

U5, (8) T5(1)

Fs<t) _ e(C;—i—,uCg)t —

Then,
lim I75,(t) =0, 4,5 = 1,2.

t—o00

(2.19)

Following the proof of Theorem 2.1, we can also obtain the following equation,

go(t) = AL (L = t)g°(t) + Afa (8 = 1) 0° (h),

(2.20)
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where

NS (E = ) = 1° (S=RI0=0) ()T 4 (ra(t ) — Tyt m) (BT,

A5y (t —t1) = r° (5071 — elSmrh) (=) ()T 4 pos (F§2(t — t1)> (R)T.

We can rewrite (2.20) as

K
7 (t) = 1K® Slt=tn) Z (t1) + &5(t, 1), (2.21)

where

eS(t, t) = (RSF§2(t —t)(R)" — rse(SMM)(“I)(rS)T> (ty) + AS (t — t) 75 ().

By (2.19), we have
lim °(¢, ;) = 0. (2.22)

t—00

Recalling that 0°(¢) = v°(¢) + (IIx ® Ip)3(t) and ZJKZ1 Ik ; = 0 with Il ; being

the j* row of I, we have

Z@j(tI) :Z Uj(?fl) = ZXJ tI Z HN] X [M )
_ZXJ tr)— <Z% i __Z% tI) (2.23)

th
where we have used (2.16), and x;(¢) is the ((j —1)M + 1) to jM™ rows of x(t1)
n (2.16).
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It then follows from (2.21) and (2.23) that
1K
PH=7) + 1k ® Z (1)

K
_ 1 1 S(t t1)
=1 ® <E§ <pj(t)+K I E v;(t1)

j=1 7j=1

+e5(t, 1)

N——

1 N
=1k N; t) + et 1) + 6(t, 1),

where

K
1
6(t, 1) = 1k ® <Ees(t_tl) ZXj(t1)> :

Since S is neutrally stable, we have Hes (t=t1) H < o for some constant scalar ¢ > 0,

and hence,

16(¢, i)l < o K[x ()] := do(tr)-

In view of (2.22) and (2.17), it is clear that

lim Ss(t7t1) = O,

t—o00
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ti—o0

This completes the proof. 0

2.3 Simulation Results

In this section, we run simulation on a five agent system to verify our theoretical
results both in the continuous-time settings. The communication topology among the
agents is as shown in Fig. 2.1. We will also illustrate the robustness of our algorithms

against interruptions of the network connectivity (see Fig. 2.2).

Figure 2.1: The communication topology.
®
e Q t=tiork =k
X X
0—©0

Figure 2.2: The communication topology after interruption at ¢; or k.
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Let the signals be generated by the exosystem (1.1) with

and the initial values ¢;(0) = [4i — 7, —3i + 18,4i — 9,—2i + 7T, i = 1,2,--- 5.

For the given communication topology,

-1 0 0 -1 2

It can be verified that, with g = 2, all conditions of Theorem 2.1 are satisfied. Shown
in Fig. 2.3 are the estimations of the average value of the five signals by the five
agents.

To illustrate the robustness of our distributed algorithm against network connec-
tivity interruption, we consider signals generated by a neutrally stable exosystem

(1.1) with

and the initial conditions ¢;(0) = [4i —7, —3i+18] , i =1,2,--- ,5. It can be verified

that, with 4 = 2, all conditions of Theorem 2.2 are satisfied.



10
= 0
-10
10
0
2
1

=
0
-1

Figure 2.3: Estimations of the averaged signal by all agents.
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Shown in Fig. 2.4 and Fig. 2.5 are the norms of the estimation errors of agents
of both subgroups when the communication is interrupted at t; = 1 and t; = 3,

respectively. As is obvious, the later the interruption occurs, the more accurate the

estimations are.

10 - T T T T _ ]
- —||@{1||
=N ||l~/2||
3 5 -
S .
— el
O | 1 1 1
0 2 4 6 8 10
t(ti=1)
10 - T T T T — ]
= 3]
-\ -
2 |
= 54 l
0 _-_| 1 1 1
0 2 4 6 8 10
t(tr=1)

Figure 2.4: Estimation errors when the communication is interrupted at time t; = 1.
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Figure 2.5: Estimation errors when the communication is interrupted at time ¢; = 3.



Chapter 3

Distributed Average Consensus of

Discrete-time Signals

3.1 The Distributed Average Consensus Algorithm

In this chapter, we design, for each agent i, ¢ = 1,2,---, N, the following dis-

tributed estimator in discrete-time,

N

gi(k + 1) ——aZaU< j(k:)> —B(Qi(/f) —SOi(kf))
+S7; (k) + Pui(k), (3.1a)
(k+1)=—a f: 0 <y (k:)) + Su(k), (3.1b)

where ;(k),v;(k) € RM, o and 3 are design parameters, whose values are to be
determined, and the initial condition of v;(k) is chosen as v;(0) = 0.
The following theorem establishes that each of the distributed estimators (3.1)

asymptotically estimates the averaged signal % Zj\le ©;(k).
Theorem 3.1. Consider a networked system of N agents, labeled as 1,2,---, N.

25
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Each agent i is associated with a discrete-time signal @;(k) that is generated by an
exosystem system (1.2), where, without loss of generality, all eigenvalues of S are
assumed to be on or outside the unit circle. Let the communication topology among the
agents satisfy Assumption 1.1. Let each agent be equipped with a distributed estimator
as giwen in (3.1). Then, if there exist « € R and € R such that S — aly, i =

2,3,---,N, and S — BIy; are Schur. Then,

k—o0

lim (gi(k) — %Z%(/{O =0,i=1,2,---,N. (3.2)

Remark 3.1. Recall from Chapter 2 that, in the continuous-time setting, the av-
erage consensus can be realized for signals generated by any exosystem (1.1). In the
discrete-time setting, in the absence of high gain action, our ability to achieve average
consensus is constrained by the properties of the communication topology. Conditions
of Theorem 3.1 on parameters o and (3 reflect this constraint. Let \¥, i =1,2,--+ M,
be the eigenvalues of S. Assume that [Im(\5)| < 1. Let & = Re(A$) — /1 — Im?(\¥)
and d = Re(A\?) + /1 — Im?®(\?). See Fig. 3.1 for an illustration. Then, there exist
a € R and 8 € R such that S — aXily,i =2,3,--- N, and S — Iy are Schur if

T : 1
max;=23.. M dl min;—=o3... M dZ

A2 AN ’

which is always satisfied if eigenvalues of S are all on the left-half of the unit circle

but not at £j or they are all on the right-half of the unit circle but not at +j.

Proof of Theorem 3.1: Let §(k) = [9{ (k) QQT(/{)@E,(I{:)}T, v(k) = [vf (k)
vy (k) - v},(k)]T and ¢ = [¢] (k) ¢35 (k) @]T\,(k)]T Then, by (3.1), we have

gk+1)= (— a(L ® Iy) —B(IN@)[M)—I—IN@S)Q(k)
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Figure 3.1: An illustration for Remark 3.1

+5¢(k) + Bu(k),

v(k +1)=—a(L & In)jk) + (Iy @ S)v(k).

We also have

ok +1) = (In®5S) p(k).
Define the estimation error as
| X
B = (k) — Lx © = >y (k).
j=1

Then, by (3.3a) and (3.4), we have

gk+1)=gyk+1)— 1N®%ngj(k+1)
= <— a(L®Iy) — FUn @ In) + Iy ®S>g)(k)
o) + Buk) — 1y © 1 3 Si(h

= <_ a(L @ In) = B(In @ In) + In ® S)Q(k)

27

(3.3a)

(3.3h)

(3.4)

+<—a(L®IM) — B(In @ Inr) +IN®5> <1N® %Z%‘(’f))
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H8p(k) + Bolk) — 1x © = S Sy (k)

j=1

:(_ML®hn—ﬁUN®M0+M@£)M@

+6 (v(k) + (I @ L) p(k)) (3.5)

where IIy = Iy — %1]\[1;{,, which is the same as defined in the proof of Theorem 2.1,

and we have used

(In ®S) <1N ® %Zf&ﬂk)) = (Inly)® (S%Zl goj(k;)> ,

and (2.6) established in the proof of Theorem 2.1.

On the other hand, let

Then, by (3.3b) and (3.4), we have

U(k+1)=vk+1)+ Iy ® In)e(k+1)
=—a(L® Iy)y(k) + (In @ S)v(k) + (IIy @ Iny) (In @ S)p(k)
= (L) (gj(k;) Flve i mm)
+(Iy®S)o(k)— (In®S) (H;G; Inr) p(k)
+ Iy @ Ing) (In® S) p(k)

= —a(L® Iy) (k) + (In ® S) (k) (3.6)

where we have used (2.6) and (2.8).
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Equations (3.5) and (3.6) can be written in the following compact form,

gk +1) ~ | 9(k)
=C , (3.7)
o(k+1) (k)
where
& In® S 0 —o(L®@Iy)—BUn®Iyn) BN Iy)
= +
0 Iy®S —a(L ® Iy) 0

In what follows, we will analyze the asymptotic properties of the dynamical system

3.7). Let h = -L 15 and H be such that h"H =0 and H*H = In_,. Consider the
VN

following change of variables,

p(k) y(k)
- T1T2 ) (38)
q(k) o(k)
where
Iy 0 50
Tl = ; T2 = )
0 ¢

—INn® Iy InN®Iy

with Ty = [r R] = [h®1y H®Iy). Then, by (3.7), we have

p(k+1) | pR)
= TT,CTy 'T; , (3.9)

q(k+1) q(k)

where

T (In ® S) T3 0

T LOT, ' T =
0 T (Iy ® S) Ty



30

—aTT (L@ Ly)Ts  BTT(Iy @ Iy)Ts
+
0 —BTE(In @ Iny)T3

We next partition the state variables p and ¢ as

pa:n (k) qa:n (k)

where p;(k), ¢1 (k) € RM and po.n(k), ga.n(k) € RMY=D Then, the dynamics (3.9)

can be written as

pi(k+1) P1
ql(k -+ 1) Cl 0 q1
= , (3.10)
pan(k+1) 0 |Cy+Cs D2:N
L q2:N(k+ 1) | B g2:N i
where
S Bly
CYl - )
0 S—pBIy
RY'(In® S)R 0
CQ - )
0 R'In® S)R
—aRT(L®IM)R ﬂRT([N®[M)R
Cs=
0 —BRT([N ® [M)R

By the conditions of the Theorem 3.1, o and ( are such that the eigenvalues of
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C5 + C5 are all inside the unit circle. Hence, we have

pa:n (k)

klim =0.
—00
%N(k?)

The solution of the state equation (3.10) is given by

p1(k) p1(0)
q1(k) k) ¢1(0) |
pan (k) p2:n(0)
| v (k) | ¢2:n(0)
where - _
SEBY (S—BLy)F"ms™| 0 0
(k) = | (S — BIy)k 0 o
0 0 I1(k) Tia(k)
] 0 0 Loy (k) FQQ(k:)_
with

D(k) = (Cy + Co)f i Tii(k) Tha(k) |

F21 (]{?) FQQ(]{Z)

[ (k)= (RT (IN ®S —a(ll® IM)) R) k,

[o(k) = 5#1 (RT (IN ®S—all® IM)) R) k

m=0

x| R" (IN ® S —B(In® IM))R) ,

F21 (l{?) - O,



To(k) = (RT (IN ®S—BUInN® [M)) R) k.

Noting that

k—1
BZ S — B]M)k—l—msm

=0

k—1
0

m=

= (S — BIn)",
we can simplify €, as
[ 5k Sk (S—BLok| 0 0
0 (S — BIy)* 0 0
Qi(k) =
0 0 Fll(k) Flg(k)
i 0 0 Fgl(k) Fzg(k') ]

Then, in view of (3.8), we have

g(k) =A11(k)g(0) + A12(k)0(0),

0(k) = A21 (k) (0) + A2 (k)0(0),
where

A (k) =7(S — BIy)rT + R(Fll(lc) — Flg(k:)) RT,
Avo(k)=r (S* = (S = BLu)*) r" + RD15(k)RT,

Aoy (k) = R(Fn(k) — Ty (k) + Doy (k) — Fgg(k)) RT

32

(3.11a)

(3.11b)
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Ao (B)=rS*r" + R (F12(k) + FQQ(k)) RT.

More explicitly, we have
G(k)=rS* rT5(0) + e(k)

=1y ® %S’“;ﬁj(()) +e(k), (3.12)

where

e(k) = (r(s — BLy)rT + R(Fu(k) — Plg(k)) RT> 7(0)

+( — (S = BLy)* " + RFIQ(k)RT>f)(O).

Recalling that the eigenvalues of Cy+C'3 and S — 31, are all inside the unit circle,

we have
lim I';;(k) =0, 4,5 = 1,2, (3.13)
k—o00
and hence,
lim (k) = 0.
k—o00

On the other hand, recalling that

and v;(0) =0,i=1,2,--- | N, we have

Y

Z@j(o) = (Z Iy, ® IM> ©(0) =0,

J=1
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where Iy ; is the j™ row of Iy and Zjvzl [y; = 0.
Thus, it follows from (3.12) that

lim §(k) = 0,

k—o0

and hence, for all i =1,2,--- | N,

Jim <?Jz(l€) - %Z SDj(k)) = lim (k) = 0.

=1

This completes the proof. O

3.2 Robustness Against Network Interruption

In what follows, we will establish that the distributed discrete-time estimator
(3.1) is robust against interruption of the network connectivity. We summarize this

robustness result in the following theorem.

Theorem 3.2. Consider a networked system of N agents, with the associated discrete
signal p;(k) and the distributed estimators as described in Theorem 3.1. Let S be
neutrally stable, that is, all its eigenvalues are all on the unit circle and are simple. Let
the communication topology among the agents satisfy Assumption 1.1. Suppose that
the communication is interrupted at time kr > 0, with individual subgroups of agents
remaining connected. Then, without loss of generality, let the subgroup of K agents
be agents 1,2,--- K. Denote the Laplacian matrix of the connected communication
among these K agents as L* with eigenvalues 0 = A} < A§ < A < ... < X, If S —
aX,i=2,3,---, K, are still Schur, then, each agent ¢ within the subgroup continues

to track the averaged signal % Z?:l ©;(k) with a bounded steady-state tracking error,
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that is,
N

gi(k) = % > k) + 5k, r) + 0(k, k),

j=1

where ||0(k, kr)|| < do(k1) and

lim 5(k, ki) =0,
k—oo
lim 6 (k1) = 0.

kl—)OO

Proof: Recall from the proof of Theorem 3.1 that v(k) = v(k) + (IIy ® Iy )e(k)
and Zjvzl 0;(0) = 0. Then, by (3.11b), we have

v(kr) = Aoy (kr)7(0) + Ao (kr)0(0) — (TIy @ Ing) (k1)

N

= A ()(0) + Ly @ -5 3" (0)

=1

+R<F12(k1) + PQQ(]CI)) RTQNJ(O) — (HN X IM)(p(kI)

= Ao (k)7 (0) + R(Fu(kl) + F22(k1)) RY5(0) — (Iy @ Ing)sp(ky)

= x(kr) — (Ix @ Inr)p(kr), (3.14)

where

X(kl) = A21<k1)g(0) + R(Fu(k‘l) + FQQ(kl))RTﬁ(()),

and by (3.13),
lim x (k1) = 0. (3.15)

k[‘)OO
Let us now consider the evolution for k > k. Let g°(k) = [9{ (k) 93 (k) - - 9% (k)] T

vi(k) = [oT (k) of (k) -~ vk (k)] ", and ¢*(k) = [T (k) @ (k) ok(k)] . Then, we
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have
k1) = (—a<L © L) =Bl L)+ I © S):&S(k')
+5¢°(k) + Bv*(k), k> ki,
Gk +1) = (L ® L)) (k) + (I @ S)o*(k), k > ki,
and

O (k+1) = (Ig @ S)p*(k), k> ki

Following the proof of Theorem 3.1 for the subgroup of agents 1,2,--- , K, we

define
PO =0) = e =D o), (3162
(k) =v°(k) + (Ilg ® I]\i[)gos(k). (3.16Db)

Let h° = \/—%11{ and H® be such that (h*)" H® = 0 and (H®)" H® = I;c_;. Let

P =h @ Iy, R = H* @ I and

(R)™(Ix © S)R* 0
5= ,
_ 0 (R (I © S)R*
. (BN e LR BRIk L) R
.
_ 0 AR (I ® L) R

By the conditions of the theorem, a and [ are such that all eigenvalues of C35 + Cj

and S — I, are inside the unit circle.
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Let
(k) Tia(k)
(k) = (G5 + C5)F =
I5:(k) I3a(k)
Then,
lim Fij(k) =0,1475=12 (3.17)
k—o0

Following the proof of Theorem 3.1, we can also obtain the following equation,
g(k) = A (k = k0@ (k) + Alg(k — ki) 0% (k) (3.18)
where

A3y (k — k) =1°(S — BI)* ()T 1 B (rw k)~ Tk - fq)) (7)",

Ay (k= k) =r® (859 — (S = BLy)"™) ()" + R (F§2(k — /ﬁ)) (BT,

We can rewrite (3.18) as

1

K
Ksk*'ﬂ > wi(kr) + € (k, k), (3.19)

j=1

§i(k) =1k ®
where

ek, k) = <—TS(S — BLy)F M ()T + R® (F§2(k — k1)> (RS)T) o (ky)
+AS, (k= k) (ky).

By (3.17), we have
lim &%k, ky) = 0. (3.20)

k—o0

Recalling that ©°(k) = v*(k) + (Il ® In)p° (k) and ZJK:1HK,J' =0 with I ; being



38

the 7 row of Ilx, we have

Zﬁj(k‘l) :Z vj(ki) = ZXj(kI Z [y ; @ D) (kr)

_ZXJ (k1) (Z% (kr) —%Z% ) (3.21)

th
where we have used (3.14), and x; (k) is the <(] —1)M+ 1> to jM™ rows of x (ki)
n (3.14).
It then follows from (3.19) and (3.21) that

POV =F(0) + 1k ® > ot

K
_1K®<KZ% — (k) ; )—l—e (k, kr)

7j=1

(w53 am) ) <t

7=1 7j=1

1 1
=1K®NZ%’( )+ 1k ® (KSk kIZX] /f1>+€ (K, k1)

=1k ® = > @i(k) + £ (k ki) + 6(k, k),
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where
1 K
5(k ki) =1x ® <?5’“ﬂ > Xj(k1)> .
j=1

Since S is neutrally stable, we have ||S*~"|| < o for some constant scalar o > 0,

and hence

16Ck; k)|l < o K[[x (ko] == do(kr)-

In view of (3.20) and (3.15), it is clear that

lim &°(k, k1) = 0,

k—o0

lim 6 (k) = 0.

kIA)OO

This completes the proof. ([l

3.3 Simulation Results

In this section, we run simulation on a five agent system to verify our theoretical
results both in the discrete-time settings. The communication topology among the
agents is as shown in Fig. 2.1. We will also illustrate the robustness of our algorithms
against interruptions of the network connectivity (see Fig. 2.2).

Let the signals be generated by the exosystem (1.2) with

cosZ sinZ 0 O

6 6
o —sin% COS% 00
0 0 1 4
0 0 0 1

and the initial values ;(0) = [4i — 7, —3i + 18,41 — 9, -2 + 7|T, i = 1,2,--- , 5.
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For the given communication topology,

-1 0 0 -1 2

It can be verified that, with a = 0.4 and $ = 0.8, all conditions of Theorem 3.1 are
satisfied. Shown in Fig. 3.2 are the estimations of the average value of the five signals
by the five agents.

To illustrate the robustness of our distributed algorithm against network connec-
tivity interruption, we consider signals generated by a neutrally stable exosystem
(1.2) with

cosg sing

S:

T T
S1n 6 COS 6

and the initial conditions ¢;(0) = [4i—7, —3i+ 18]T, i=1,2,---,5. It can be verified
that, with a = 0.4 and 8 = 0.8, all conditions of Theorem 3.2 are satisfied.

Shown in Fig. 3.3 and Fig. 3.4 are the norms of the estimation errors of agents
of both subgroups when the communication is interrupted at k; = 5 and k; = 15,
respectively. As is obvious, the later the interruption occurs, the more accurate the

estimations are.
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Figure 3.3: Estimation errors when the communication is interrupted at time k; = 5.
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Figure 3.4: Estimation errors when the communication is interrupted at time & = 15.



Chapter 4

State-of-Charge Balancing of a

Networked Battery System

Energy storage systems are essential components in microgrids. They not only en-
sure the power quality and reliability but also reduce energy loss in microgrids. Among
various energy storage technologies, battery energy storage systems have emerged as
an appealing technology due to their versatility, rapid response, high energy density,
and efficiency. By absorbing power from the grid during off-peak time and supplying
power to the grid in peak time, battery systems enable the grid to have the ability
of peak-shaving/shifting, power quality enhancement, and congestion relief. A fun-
damental control objective of a battery system is to satisfy the charging/discharging
power desired by the grid while balancing the state-of-charge (SoC) of all its units [2].
In this chapter, we propose a practical application of our proposed dynamic average
consensus algorithms to the SoC balancing problem of a networked battery system.
Simulation results also show the robustness of the resulting battery system against

interruption of the communication network.

44
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4.1 Problem Statement

We consider a battery energy storage system consisting of N networked battery
units. Each battery unit, with its own distributed control algorithm, is able to com-
municate with nearby battery units and exchange critical states such as their SoC
and the desired power the grid needs. The desired power p*(t) is generated by an

exosystem,

P*(t) = SP*(t), P*(t) € R,

p(t) = YP (1), p*(t) € R. (4.1)

In order for the battery units to estimate the desired power p*(t), we make the

following assumption.

Assumption 4.1. There is at least one battery unit that has access to the desired

power p*(t).

We define the diagonal matrix B = diag{b;, b, ---, by}, where b; = 1 if the *}
battery unit has access to the desired power p*(t) and b; = 0 otherwise.
For each battery i, i = 1,2,---, N, the SoC dynamics of the i'" battery unit is
given by
1 > 0, (discharging),
§ = oy Pi= Vi (4.2)
L <0, (charging),
where s; € R is the SoC of i*" battery, C; € R is the capacity of i™* battery, V; € R
is the end voltage of i'" battery, i; € R is the current of i** battery and p;, € R is the

power of i*® battery.
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Define the state of the battery unit ¢ as

zq; = C;Visi, (in discharging mode),
Ze; = CiVi(1 —s;),  (in charging mode).

Then, the dynamics of the battery unit ¢ is described as

—p;, (in discharging mode),
i = (4.4)
Di, (in charging mode).

Based (4.4), the control algorithm is given by

pi(t) =

pa(t), (4.5)

where z,(t) = + Zj\;l z;(t) is the average state for all the battery units and p,(t) =
+p*(t) is the average desired power among battery units. Since z,(t) and p,(t) are
global information that might not be available to all battery units, the dynamic
average consensus algorithms are needed to estimate p,(t) and x,(t).

By using consensus algorithms to estimate z,(t) and p,(t), (4.5) can be imple-

mented as,

pi(t) =

aita.:1727”'aN7 4.6
where p,;(t) and Z,;(t) are respectively the estimated values for p,(t) and z,(t) by
the i*" battery unit.

In [2], the dynamic leader-following consensus algorithm [31] and the dynamic av-
erage consensus algorithm [25] are adapted to implement (4.6). The dynamic leader-

following consensus algorithm tracks the signal of the exosystem with a steady state
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error and the dynamic average consensus algorithm tracks the average value of all
the agents also with a steady state error. As a result, the SoC balancing algorithm
composed of the control algorithm (4.5), the dynamic leader-following consensus algo-
rithm [31] and the dynamic average consensus algorithm [25] enables the distributed
battery system to deliver the power desired by the grid with a steady state error and
balance the SoC of all its units within a level of accuracy.

Our objective is to implement the control algorithm (4.6) by using the dynamic
average consensus algorithm proposed in this thesis to accurately deliver the charg-
ing/discharging power while accurately balancing the SoC. In implementing (4.6)
with our dynamic average consensus algorithm, we also relax the requirement of the

knowledge of the number N of the battery units in the system.

4.2 Power Distribution Algorithm Design

Notice that only the exosystem knows the frequency components of the desired
power p*(t). In this situation, we need to use the dynamic leader-following consensus
algorithm to estimate the frequency components of the desired power p*(t) for each
battery unit. In order to achieve this goal, here we upgrade the dynamic average

consensus algorithm in Chapter 2 to

N N
Gi=—1Y a (@i — ) — 1 (G — @) + Sigii + 1Y _aii(vi —vy) (4.7a)
7=1 j=1
N
0= —py _ay (§; = 9;) + Syv, (4.7b)
j=1

§i= (i o (8- 8) 400 (5 - s)> , (479
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where §;(t),v;(t) € RM, S;(t) € RM*M and i > 0 is a design parameter, whose
value is to be determined. Notice that, because of the presence of v;(t), j # 1, in
(4.7), this upgraded dynamic average consensus algorithm no longer possesses the
robustness property of (2.1). That is, when the communication is interrupted at
time t; > 0, with individual subgroups of agents remaining connected, each agent
1 within a subgroup of K < N agents will no longer be guaranteed to continue
to track the averaged signal Zjvzl ©;(t). However, it is precisely because of the
communication of v; among agents that the dynamic average consensus algorithm
(4.7) possesses a different robustness feature. When the communication is interrupted
at time ¢; > 0, with individual subgroups of agents remaining connected, each agent
7 within a subgroup of K < N agents will track the averaged signal % Z]K:1 ©;(t).
This robustness is an appealing feature for the distributed SoC balancing algorithm
below.

In the following, we first apply the dynamic average consensus algorithm (4.7) to
construct our dynamic average consensus algorithm to estimate the average desired
power pg(t).

By (4.7¢), the information S and Y in the exosystem (4.1) can be estimated by

battery unit ¢ with the following dynamic leader-following consensus algorithm,

;i:_lu (i iy <5’1 — Aj) + b; <Ai — S)) , (4.8a)
ii:_,u (i Qj <Ai - Aj) + b; (Ai — Y)) ; (4.8b)

where S;(t) and Y;(t) are the estimation values of the i battery for S and Y, re-
spectively. Notice that, even though Z;V:Z a;j is defined for j = 1 to N, it can be

computed over all a; ; # 0. Hence, the information of N is not required.
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For each battery unit ¢, i = 1,2,--- | N, we use (4.7), (4.8) and (4.1) to design

the following dynamic average consensus algorithm to estimate average desired power

Pa(t),

j=1
N
+SiPai + 1 Zaz‘j(Vi -Vi), (4.92)
=1
_ N
Vie =Yy (Pai = Pus) + 5%, (4.9D)
=1
Pai =Y Pus, (4.9¢)

where P, ;(t) is the estimation values of the i*" battery for * SV (215’ — P (t))
=105

and p,;(t) is the estimation values of the i battery for ~Y Zfil (ZAI,’L b'P*(t)).
j=105

Here, we notice that, even though Zj\[:z a;; and Z;V:Z b;; are defined for j = 1 to

N, they can be computed over all a;; # 0 and b;; # 0, respectively. Hence, the

information of NV is not required. We also notice that

> (zﬁz ; P*(t)) = LP(0) = Pult),

1 al b; %
NYZ (Zj-vl bjp (t)) =Y P,(t) = pa(t),

which means that what P,;(t) and p,.(t) actually track are P,(t) and p,(t), respec-
tively.
Next, we design, for each battery unit ¢, a dynamic average consensus algorithm to

estimate the average unit state x,(t) for the discharging model by using (4.1), (4.7),
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(4.8) and (4.9),

) N
Xa,i = —Nzaz‘j (Xa,z‘ - Xa,z‘> — W <Xa,7; - Pi> + 5iXa,
=1

N
+/L ZCLU<W1 — WJ> s (410&)
j=1
. N A A A
W= —,Uzaij <Xa,z' - Xa,j) + S;Wi, (4.10b)
j=1

N N
Fai= —Mzaz‘j (£aq — Fai) = 1 (Eag — 35) — YiXai + o Zaij (wi —w;) ,(4.10c)
j=1 J=1

N
i =—py_aiy (& — &) = VW, (4.10d)
=1

where X, ;(t) and Z,,(t) are the estimation values of the i*" battery for * SV Pi(t)

and + Zfil x;(t), respectively, and P;(t) can be given by

z;(t)

Bl =3 @

P,i(t).

Notice that, as with the implementation of (4.8) and (4.9), the information of N is
not required in implementing (4.10). The dynamic average consensus algorithm to
estimate the average unit state z,(t) for the charging model can be constructed by
using similar way.

We can now implement the control algorithm (4.6) as follows,

pi(t) = Yi(t)Pu(t). (4.11)

If the communication topology satisfies Assumptions 1.1 and 4.1, the battery
dynamics satisfies (4.2) and (4.4), and the exosystem knows the information on the

frequency components of the desired power, under the control algorithm (4.11) and
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the dynamic average consensus algorithms (4.9), (4.10) and (4.8), a battery energy
storage system could accurately satisfy the charging/discharging power desired by the
grid while accurately balancing the SoC of all its units without knowing the number of
the battery units. Meanwhile, the resulting system possesses the robustness property
when the communication is interrupted. When the communication is interrupted at
time ¢; > 0, with subgroups of battery units remaining connected and containing at
least one agent that has access to the information of the exosystem, the SoC of the
battery units of each of these subgroups will reach balancing among battery units in
the subgroup while all remaining battery units stop working. The total output power

of the battery system still tracks the desired power accurately.

4.3 Simulation Results

In this section, we verify the effectiveness of the control algorithm (4.11) by sim-
ulation performed with a battery system consisting of six networked battery units.

The parameters of the battery units are (Cy, Cy, C3,Cy, Cs, Cg) = (180, 190, 200,
210, 220, 230) Ah and (V4, Vo, V3, Vi, Vs, V) = (20, 20, 20, 20, 20, 20) V. The initial SoC
of the battery units are (0.96,0.89,0.75,0.8,0.73,0.88).

The communication topology of the system is shown in Fig. 4.1. In addition, only
battery unit 1 has access to the desired charging/discharging power, i.e., by = 1 and

b =0,i=2,3,..,6.

Figure 4.1: The communication topology of the battery system.

We will also illustrate the robustness of our algorithms against interruptions of
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the network connectivity (see Fig. 4.2).

006000

*—0—0x0—0—0

Figure 4.2: The communication topology of the battery system after interruption at
t=15.

We consider the discharge mode in the following simulation. The simulation for
the charging mode can be carried out in a similar way.

Let matrices S and Y in the exosystem (4.1) be given by

S=10 10 ,Y:[l 1 O}.

-1 0 0

Then the desired discharging power is given by
p*(t) = (300 cos(t) + 300) W,

corresponding to P*(0) = [300, 300, 0]T.

Shown in Fig. 4.3-4.6 are evolution of the SoC of all battery units during the
discharging process, the total power of the battery system, the estimates of the av-
erage desired power by all battery units and the estimates of average units state by
all battery units. It is observed that the SoC of all battery units reach balancing

accurately and the total delivering power of the battery system tracks the desired



power accurately.
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0 10 20 3 40 50 60 70
t (h)

Figure 4.3: Evolution of SoC of all battery units.
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Figure 4.4: The total output power of all battery units and the desired power.
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To illustrate the robustness of our distributed SoC balancing algorithm against

network connectivity interruption, we consider the situation when the communication

is interrupted at t; = 25h. After this interruption, a subgroup of battery units, units

1,2 and 3, remains connected with unit 1 having access to the information of the

exosystem. Shown in Fig. 4.7-4.10 are evolution of the SoC of all battery units during

the discharging process, the total power of the battery system, the estimates of the

average desired power by all battery units and the estimates of average units state
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Figure 4.5: Estimates of the average unit state Z,; by all battery units and the actual
average unit state of z,.

300

Figure 4.6: Estimates of the average desired power p,; by all battery units and the
actual average desired power p,.



95

by all battery units. It is observed that the SoC of the battery units in the subgroup
of battery units 1,2 and 3 still reach balancing accurately and the remaining battery

units stop working. The total output power of the battery system still tracks the

desired power accurately.

0 10 20 30 40 50
t,t; = 25 (h)

Figure 4.7: Evolution of SoC of all battery units.
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0 10 20 30 40 50
t,t1 = 25 (h)

Figure 4.8: The total output power of all battery units and the desired power.
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Figure 4.9: Estimates of the average unit state Z,; by all battery units and the actual
average unit state of z,.
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Figure 4.10: Estimates of the average desired power p,; by all battery units and the
actual average desired power p,.



Chapter 5

Conclusions

In this thesis, we have constructed distributed estimators for a group of agents op-
erating on a connected directed communication network, in both the continuous-time
and discrete-time settings. These distributed estimators reach consensus precisely at
the average of the time-varying signals each associated with one agent. Such precise
consensus is made possible by including the frequency information of time-varying
signals in the estimators, which also makes the estimators robust to the interruption
of the network connectivity. After the occurrence of an interruption, subgroups of
connected agents that continue to reach consensus around the average of all signals
as long as the signals are bounded and the later the interruption occurs the more
accurate the consensus will be. To demonstrate their practical application, we ap-
ply our proposed distributed dynamic average consensus algorithms to a networked
battery system to achieve accurate state-of-charge balancing while delivering the de-
sirable total power accurately without knowing the number of the battery units, and
to have robustness property when the communication is interrupted. When the com-
munication is interrupted at time ¢; > 0, with subgroups of battery units remaining

connected and containing at least one agent that has access to the information of

57
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the exosystem, the SoC of the battery units of each of these subgroups will reach
balancing among battery units in the subgroup while all remaining battery units stop
working. The total output power of the battery system still tracks the desired power

accurately.
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