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ON THE PROPERTIES OF A PLANE VECTOR IN CONNECTION WITH THE
STATIONARY FLOW OF ELECTRICITY IN AN INFINITE PLANE.

The development of the theory of imaginaries during the first half of the
century, and in particular the geometrical interpretation of the same has found
application in some of the most interesting branches of Mathematics and Phys-

~ics. In fact ‘we may almost say that this branch of the pure Mathematics was
approached and investigated from the standpoint of a physicist rather than that
of the mathematician. This remark is eminently true of the modern theory of
Algebraic Functions as put forward during the last forty years chiefly by the
labors of Riemann'.

Lagrange® seems to have been one of the first who recognized the relation
between the function of a complex argument and the problem of representing
any portion of a spherical surface upon a plane. After Lagrange the geomet-
rical theory was advanced at the hands of several writers, among whom Argand?
deserves to be specially mentioned. The general problem of the representation
of any part of one surface- upon another surface so.that corresponding figures
upon the two should be ultimately similar, was proposed as a prize question by

~ the Royal Society of Copenhagen and solved by Gauss'. A general solution

was given, though the actual integration of the differential equations was effected
only for surfaces of revolution. Kirchhoff® in a paper published in 1845 deduced
a theory of electric flow for two dimensions founded upon Ohm's Law which
formed the starting point for numerous subsequent investigations.

The appearance of Riemann's work in 1859 gave a new impetus to the sub-
ject, and while this is primarily a work of pure mathematics, it was written no
doubt from a physical standpoint, and with reference to problems connected with
the stationary flow of heat and electiicity.® We should notice also a work of
Haton de la Goupiliere’ which is founded upon the theory of the complex va-
riable.

1« Grundlagen filr eine Allzemeine Theorie der Functionen einer Veriinderlichen Complexen
Grosse.” 1859. Also see Gesammelte mathematische Abhandlungen,

2« Sur la Construction des Cartes Géographiques,” ’

3« Essai Sur une Maniére de Représeater les Qantités Imaginaires dans les Constructions Géomé-
triques.”  Paris, 1806.

4 ¢ Astronomische ‘Abhandlungen—1823.”

94 Ueber den Durchgang eines Elektrischen Stromes”” ete. Poggendorfs Annalen, Bd. 64,

¢ See in this connection, Klein, ¢ Ucber Riemann’s Theorie der Algebraischen Functionen.”

7 #Mémoire sur une Nouvelle Théorie Générale des Lignes Isothermes et du Potentiel Cylin~
drique,” Journal de I'icole Polytechnique Cah. XXX VIII,
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2 ON THE PROPERTIES OF A PLANE VECTOR.

Of late years the subject of conférm representation has received its fullest
treatment at the hands of Schwarz® and of Holzmiiiler? the latter having pub-
lished a collection of results in text-book form,

Let us take a function of a vector (or of a complex argument) and examine
briefly some of its properties.

Let :
o= Rel® = f(re®) = f(3).

dw dw s - dz

A=€|ﬂ -

dr = ds " dr ds
(iz_u _ q’w . ds yivi dzw
a3 dsz df T ds
dze .dzw

e = —

Caf dr................(l)

which is the eqrxatioﬁ of condition that v shall be a function of the vector e,

Differentiating both sides of the last equation we have

aR ., Lo d0 e L dR b
a7 e® 4 Rie di = rie® - — Rre A
Equating real and imaginary parts
dR _ R d# )
{{r — r (/I? . . . . . . L] . . . . . .
dR an
dﬁ=—[e/{[’?....-......(3)

which may be regarded as equivalent to (1). The same results may be express-
ed in rectangular form as follows :

» 1 \
8 Articles in various journals, all of whick appear in his “Gesammelte Math. Abhandlungen.”
? wTheorie der Isogonalen Verwandischaften.”
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ON THE PROPERTIES OF A PLANE VECTOR. 3

w=u+iv=f(5)=/f(x+ )

)

Differentiating both sides

which gives

From (2¢) and (34)

dewv  dw ds dw

dv " ds dv T dz

dw dw dz .dw

G d = ds

dw . dw : \
({1;_’(7‘—'(‘“)

;{,;‘=-a;,y................(Za)'

du dv du v _,
de dv " dy dy

Hence it follows that the systems of curves defined by the equations

u(xy)==~

cut orthogonally.

v(y) =4~

Differentiating (2a) and (3a) according to " and y and adding, there follows :

Q

d*n | d*n
ax®

+ GFE=
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4 * ON THE PROPERTIES OF A PLANE VECTOR.
Performing the same operations with regard to y and x

dv , d%
dr T G

= 0,

That is to say if 2=« -}- 7v is a function of a vector, then both the real and
imaginary parts satisfy the equation of Laplace. But in all cases of the sta-
tionary flow of heat and electricity in two dimensions, the potential function
satisfies the same equation, Hence we see that if

w=f(xy)="2
is the equation of the lines of equi-potential, that of the stream lines is
v=yg¢(x,y) =4,

It is evident also that the latter may represent the lines of equipotential and the
former the corresponding stream lines,

An important property of the differential co-efficient of a function of a vec-:
tor appears from the following consideration. Put

w=Re® =f (l'e'f?) = f(s)

PR AR i gy (49,409 0

div ¢ dg ' dr Jdf : di " dr dj
ds — ¢® ., dr
"t g3

Substituting from the equations (2) and (3)

AR R 49 dr | d8 i dR
dw A3ty di dB ' df v dr Jd3
dz — of . . dr
"t
(. (_z{r] {ge 46 i n’]\’]
e (T r d3 "7 d
T AP ., dr
: . ¥ 3

_ (R dE_i {’KJ
T B \r dag rdg
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an expression which is independent of 4». Hence it follows that the valre of
the differential co-efficient is independent of the direction in which the variation
takes place. Such functions were called by Cauchy monogéne and are the only
ones capable of representing the stationary flow of heat and electricity in a plane.

Suppose now that 5, and 7, refer to corresponding points which for conven-
ience we take in separate planes. To s cdmmunicate small arbitrary displace-
ments which may be represented by @z, and dz,.

Let dtv, and i, be the displacements of w corresponding to the relation

w = f(3)

Then by virtue of the preceding proposition we have the equation

dw, _ dwy
dz, ds

from which it appears that the angle between dz, and dz, is equal to that between
daw, and dw, and the moduli of tHe vectors in the two planes bear constant ratio
to one another. Hence it follows that if any system upon one surface be repre-
sented on another by means of such a function that the two systems will be
ultimately similar. It is seen here that we have an extension of ordinary geomet-
ric inversion—this being simply a case of transformation by means of the function

w =

y [ .-

and furthermore all the theorems relating to properties of figures in the first
system can be translated into theorems expressing relatlons between the corre-
sponding figures of the second system. . e C i

The conform character of figures connected by a function of a vector lends
to the theory its lmportance in connection with the class of problems under con-
sideration. For since any elementary rectangle bounded by equipotential lines
and lines of flow is transformed into a similar rectangle it follows that the repre-
sentation of any two dimension system will itself represent a possible case of
electric flow. Analytically this result appears as follows :

Let W=+ iv=u(zy) ;{f‘z‘z/ @) =r(s)

Then Viu=o Vv=0
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Suppese  » and y are no longér independent variables, but defined by the
relation:

s=z+y=FQ)=FE+a)=9@n+#(Er7
Vip=o0 V% =o
w=u{pEn), B EN +w{oE 9,4 E )
=u (&) + 10 v,(§,»)
hence we have . .
Viuy=o Vi =o
that is to say, if in any integral « (z, ) of the equation
' Vit=o0

we substitute for x, y any function of a vector, then will the new function be an
integral of th€& same equation, The integral of this equation can evidently be
written in the form

go(u+z"y)+gp,(u——.z'v)=a o .

where  is the isothermal parameter of the system. If 4 be the paranieter of the
orthogonal system the condition of perpendicularity gives

eEty—eE—9) _,

22

It is evident then that any case of stationary flow can be deduced from a
known simpler case provided the proper transforming function is known. This
- must fulfill the ordinary conditions of a potential function. It must be contin-
uous, single-valued and finite at all points except the electrodes. An infinite
value in one plane must correspond to one or more infinite values in the other
plane. As a simple illustration we may take the case of a rectangular system
in which the equations of the equipotential lines and lines of flow are

n—a and v=2¢

-\

and subject it to the transformation

w = log (s)

4
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Hence % + v = log re'®
=log » 4 43
u=logr ve=_3

r=—2:¢"

And the new system is a series of concentric circles and their orthogonals
trajectories. The equipotential lines

r=a ‘(a=a +da +2d,. . .a +nrd)

go over into the series of circles whose radii are

r=a
and the stream lines '
y=06 = . G=b+fb+2Y. . b+ )
appear as
v 615

Thus it will be noticed that a strip of the first plane bounded by the lines
r=* ®, y=yo, y=a2ar

is represented on the entire area of the second plane. 1t is evident that by this .
transformation the Ptolemaic earth chart is deduced from that of Mercator. For
7 > 2r the value of § becomes not single but multiple: to avoid this an artifice
of Riemann was to suppose the z plane composed of thin overlying sheets, on
each of which the function has only a single value. In this case it is apparent
that the successive figures on the overlying streets are congruent. .

Let it be required to determine the flow when the positive electrodes are
situated at regular intervals on the circumference of a circle, the infinité extent
of the plane forming a negative electrode. We transfer the system last found by -
means of the function : Y

”-‘—.
w=1z
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If the centre of the system be taken at any point 2, = »,¢® and if y be the de-
clivity of any right line passing through this point and p the length of any por-
tion of it, then we may write the vector equation

 reR — P = peiy,
and for the conjugate figure
re—® — o= = pe=iy,

Dividing and taking logarithms

_1 re® — yeffo
T'—?ilogre—‘ﬂ_roe—iﬂe e e e e e e e (4)

Performing the transformation indicated this becomes

LI (rePyr — ryetPo
R A e B

'
. -
i

But the expréssion
(re®)r — ryetPo
can be regarded as the product of 7 factors of the form
re — ach

when the last term deqotes one of the »* roots of the fixed centre, Hence the
expression becomes

v=~n

II (re® — (aye‘"\v)

v=1

= Llo
r= 2;' g v=n

]"[ (re=®—a,e =)

v=1

y=n

_ I re — (ae), .
'—z Elog re=® — (ae—™),

ve=1]
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But by equation (4) each term of this expressmn denotes the declivity of a line
drawn from 7e'® to the corresponding root point, a¢*, Hence if ¢, ¢;. . . ¢a
be the declivities of the  vectors drawn from any point of the locus to the root
points,

r=¢l+(pz+. s s v e o .Son°

Similarly for the equipotential lines, the equation of one of which can be placed
in the form

(re® — ryee) (re =% —re— iBo) = ¢?
where ¢ = ¢*, # being the potential.

By transforming this becomes

[(rety — rg] [(re =) — g™ #] = e = &

_T7 [re® = (ue)] [re= — (ae—u> -

vl

Each factor of the expression represents the square of the distance from a point
of the locus 'to the corresponding root point. Denoting the distances by

L. . o4, ‘we have
Lbe . . . Jy=e=c
These two series of curves were called by Holsmiiller “ Regular Lemniscates

and Hyperbolas of the #* order.” The # foci of the lemniscates are situated
upon the circumference whose radius is '

v
(mod. zo)# = ro%‘

For the equipotential lines of the primitive system. not enclosing the origin, that
is, for ‘

L oo oo <7,

we have lemniscates of 7 branches separated from each other and enclosing the
foci. ‘
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To the circle through the origin corresponds the lemniscate of.one branch
L L. ... =7

having a multiple point of the #»* order at the céntre, while to any circle
enclosing the origin corresponds the lemniscate of one branch

hobyo oo >

without multiple point having a circle of infinite radius as limiting form.

Any straight line passing through the centre midway between two adjacent
electrodes cuts all lemniscates orthogonally, Hence it follows that the hyperbo-
las fall into # distinct and equal compartments of a plane. The equations of the
hyperbolas being

frtet. .. o=y
that of the asymptotes is

,\’=:—l(;-+/m) (p=0,1,.. -n—1)

For # = 2 the system degenerates into the ordinary curves of Cassini and rec-
tangular hyperbolas.’so familiar in optics. In the above it will be noticed that
the current strength is the same for the different electrodes.

We proceed to consider a more general case. Electricity flows into an in-

Pl ) pz LIRS ¢ pn
and with current strengths, -
B dge o

and is conducted away at infinity. The required transformation is effected if we

take w an entire rational function of = with sets of equal roots, the numbers in
each set being equal to the respective current strengths. The infinite extents of
the two planes then correspond. Each vanishing of the transformation func-
tion corresponds to a unit current at a root point of the = plane. The other
conditions are evidently fulfiled. The.transformation function then becores

The conjugate of which is




- ’ ON THE PROPERTIES OF.A PLANE VECTOR. ¢

Hence,
[mod. w]* = & = -[-I- (2 — o) (5 — puyv

v=1

or if as before /,; denotes the distance from any point to the electrode of same
index

y=n

=t 4+ o= TI L%

v=1
Hence the expression for the potential becomes
n=log (4" .0" . . . . 0")

which differs from the former in that the exponent of the radius from any elec-
trode is equal to the strength of current entering at that point. Similarly for
the stream lines . .

v=mn
1

/ w%’—i: 4 v = -I"[ (3 _PV)IIV

v=1

v=1n

'z—v_.-zu-_—z'v=,-[]- (s —2 ) .
y=1

Hence as in a previous case

ve=n

. . TT e—sy-

= v=1

V=

11—z

v =1

v=n

—3 | -l- e‘Zih,,V’v

v=1

which gives

r=hotlhet. o o g

It will be noticed that the preceding case is a special form of this.
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The figure shows equipotential lines and lines of flow for the case where

H=+1 Po=—1

/‘l=2 hz::I

the transforming function then being

'w=(z— 12 (s +1)

By elimination this would give an algebralc curve of the sixth degree. Adopt-
ing thie ordinary notion we have

A L=2¢"

where /, and /, proceed from the root points. The line of zero potential is trans-
formed into the lemniscate of two branches ‘

[2l, =1
The double point of the first lemniscate of one branch is easily given by the

b e

GOV ()=
Discarding the higher powers of ¢ this gives the equation

By 4 20,0 — 126 =12 12 —2L L0440
11 = 212

that is, the segments of the axis formed by the double point are proportional to
the current strengths at the respective electrodes
For the trajectories we have

20+ =7

which is a hyperbola of the third order. The figure shows the form of the same
for

The intersection of the asymptotes divides the axis into two segments which are
inversely as the current strengths at the electrodes.
The equation of any curve in the first plane of the form

F(RO) =0
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appears in the second ‘plane as

i

S(phph o o o Mg e+ ) =0

For example the equation of an isoclinic of the first system is

R=a*
and the equation of the corresponding isoclinic of the second system is
llh‘lﬂh’ [ I T Y lnhﬂ= ﬂ("l 'Pl'{'h,'l'g"l'...hndun

If we suppose the current strengths equal, the lines of equipotential become
a series of curves named by Darboux,"” Cassinoids. The transforming function
in this case becomes simply

v=n

w= [Te—2)

v=1
1

Since the infinite extentsof the two planes correspond, it follows that through
every electrode of the new system passes a curve with two- infinite branches.

“The Hyperbola falls in 7 compartments formed by its » rectilinear asymptotes,

any two of which enclose an angle given by 7.
"

The asymptotes pass through a common point—the center of gravity of the
electrodes."

This property may also be shown by considering the mode of description
of the curves. We may suppose the general cuive to be the locus of the

. point of intersection of radii revolving about the electrodes as centres so as to

fulfil the condition
; o+ e+ . « o o o =7

Let the subscript @ denote the asymptotic position of any two radii so that we
have

/‘l Sl’. = ,[m spm

104 Sur une classe remarquable de courbes et de surfaces algébraiques et sur la théorie des imagi-
naires.” Mem. de Bordeaux VIII, 1X. The paper was not accessible at the time its existence was
brought to the writer's notice,

115¢e Lucas, “Geometrie des polynomes,” Fournal de I Ecole polytechnigue, Cah. XLVI,
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Let each side of the equation receive a small increment, which gives

(8] =i s )

This shows that the angles moved over by the two radii are as the ratio hw Ry,
that is, inversely as the current strengths of the electrodes from which they pro-
ceed. Let x; and x,, be segments of a line at infinity which are formed by the
radii in their asymptotic positions and the first point of intersection after dis-
placement. In view of what he have just shown we then have

‘e ._8. 6_ .
'tl"tm—z;'/; _/lm'.bl

mn

nly=x,k,

and the asymptote through the point of ultimate intersection of the radii. cuts
the axis of the electrodes at their centre of gravity. Continuing the process till
all the electrodes ar€’included the truth of the theorem becomes evident,

We consider next the transformation effected by the function of the form

(3)
¢ (s)

4 . . . . .
where numerator and denominator are entire rational functions. This transfor-

_¢(z

mation gives the most general case of electric flow in an infinite plane where '

both positive and negative electrodes have any given position. Each root of the
equation ' :

$o)=o

corresponds to an infinite value of 7 and hence to a a negative electrode in the
# plane. So likewise we have the corresponding values

w=o0 p(2)=o0.
the roots of which latter equation are positive electrodes. Inversely stated the

problem becomes the following: electricity flows into a plane at the points
P1i2:. . . . . paandis conducted away at points ¢, , ¢, . . . . . @me

Sl
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If &,k . . . . .k, be the strengths of the inflowing, 2 ,4,. . . . . 4,
those of the outflowing currents the transformation function becomes

v=n

Tl =2

ye=1 .
W— ————

Ti@—ww

ve=]

and for the conjugate system

v=mn

1T e—2z

ve=1

o MMe—ar

ve=1

g
I

Hence by multiplication we have

Me—rme—2n

& =(modw) = *=!

v=m

AT =2 G—a )

v=1

Each set of factors of numerator and denominator represents the 2/, power of
the distance from any point to the points p, and g, respectively. Hence we may

write, '
' JA Y Y .8

% = pot. = log
P g skigk o0, 8,

and the circle whose radius is ¢ becomes the curve

Wil o L. e
slk' 52": .« . e ;gmkm .

1]
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Similarly for the stream lines

v=1n

-I“I- (3 —Pv)/"’

_v=1
wW=-"=m

TT c—an

v=]

v=a

TT ¢—pm

v ]
v=m

II (5— ;::)""'

v=1

Hence for the argument of any stream line

TMe—rr TTe=ap
“ e A — J;_Z%l_.._-__-,_m, . ::"n ——
ITée—2r TTG—ar
v=1 ve=1 T

which can be written in accordance with what precedes

v=m vy =imn
N -I"" ef‘fll,,"l’y. IT o— 2k, Y
v=1 v=1

or
r=lho+lhe,+. .. an"n“@l?"l thd+ . A
In the two planes we have generally the corresponding sets of curves
o S(RO) =0

2 ) ¥ , ,
Sxk‘Szk’ A R ,111901+ s v e '/’nson—kl?'l—_.' v ‘A’"ls"m =0

It is evident that for stationary flow we must have

v="n v=m

o zh,—zqv=0

v=sl v=1
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_'where the summation is extended over the entire system of electrodes all of
which are supposed to lie at a finite distance,

The case may also rise where the points of outflow are partly at a finite

and partly at an infinite distance. Suppose we have (considering only the finite

points) the equation
E - E b ="n

Then if 2 and p be the degrees of the numerator and denominator of the
transforming function we must have

N

A—U=aq

The condition of stationary flow evidently makes it necessary that a cur-
rent of strength @ must be conducted away at infinity. This may be assumed
to occur at « electrodes each conveying unit current. The function

o(2)
wW =
o - ! ' s’lj('.g)
- ~/_.
becomes infinite for each root of the equation
d(a) =0

which gives immediately the finite lying points of outflow. It also becomes in-
finite for '

1
S = 0o,

A

The function may be written in the form

, W=¢1(Z)+;—%—3

where ¢, () is of the degree 1 — s
For 5 = o we have therefore a value of w of the form

A—p
0 .

The physical fact shows that this may be interbreted as equivalent to A —
infinite roots, '







