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Abstract 

Low-dimensional materials, such as one-dimensional (1-D) carbon nanotubes (CNTs) or 

two-dimensional (2-D) graphene, have attracted tremendous attention over the past few years 

for their exceptional electronic, mechanical and thermal properties underpinned by their 

extremely large specific surface area. However, a single piece of them is too delicate to be 

useful in most applications, for example, high-performance electrodes in energy storage, filters 

for wastewater/gas treatments in environmental systems, and lightweight structures. Crumpling 

and assembling them into three-dimensional (3-D) porous architectures, if achieved, will 

inherit the structural merits and unique properties of 1 and 2-D nanomaterials due to excellent 

aggregation-resistant properties and can also serve as building blocks to construct even large-

scale bulk forms with unprecedented functions.  

In this PhD dissertation, the fundamental deformation mechanism of 1 or 2-D 

nanomaterials that will be expected to experience large deformation and severe instability in 

the crumpling and assembling process will be ascertained to establish systematical mechanics 

models. Moreover, the proposed theoretical framework in mechanics will be used to guide a 

low-cost and high-throughput liquid evaporation-assisted manufacturing approach that can be 

readily realized by utilizing aerosol processing, dynamic spraying or 3-D printing techniques 

to build such a 1 and/or 2-D nanomaterial-based 3-D porous superstructure. More importantly, 

to highlight the leading role of mechanics in the explored manufacturing approach, we define 

underpinned mechanics mechanism as extreme mechanics. 

Specifically, in Chapter 2 an energy-based theoretical framework is established to describe 

the liquid evaporation-driven deformation and self-folding of a single 1-D nanofiber and 2-D 

nanofilm suspended in a free-standing liquid droplet. The effect of cross-section shape of 1-D 

nanofiber and geometry shape and surface wettability of 2-D nanofilm on the folding process 

and final folded patterns are investigated. Comprehensive molecular dynamics simulation are 

performed and validate the theoretical predictions on both the energy variations and final folded 

morphology. 
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 When there are multiple 2-D sheets suspended in a free-standing liquid droplet, the 

energy competition between self-folding of individual sheets and assembly of different sheets 

is elucidated by a rotational spring-mechanical slider network mechanics model in Chapter 3. 

A computational simulation method to unveil the synthesis mechanism and deformation of 2-

D sheets during liquid evaporation is developed. The effect of overall pressure, the total area 

of graphene, graphene shape, number, and size distribution on the overall size, surface 

morphologies, and accessible areas of particles is discussed. 

 By mixing 1-D materials with 2-D materials in a free-standing liquid droplet, the 

assembling of CNTs-encapsulated, crumpled graphene assembled hybrid particles are obtained 

by liquid evaporation in Chapter 4. A theoretical framework is established to predict the overall 

size, surface morphologies, and inner structures of the particles. Molecular dynamics 

simulation is implemented to validate the theoretical predictions and illustrate details of the 

synthesis process. The effect of CNTs sizes and mass fraction on the morphologies and 

properties of assembled particles are investigated. 

In Chapter 5, the crumpling and assembling of multiple 2-D sheets in the liquid droplet 

on a substrate by liquid evaporation is studied. The importance of curvature evolution of liquid 

surface and substrate properties on the assembling process of 2-D sheets is emphasized. A 

mechanics model incorporating the profile evolution of liquid droplet with the influence of 

substrate, comprehensive molecular dynamics simulation, and liquid evaporation experiments 

are conducted to explain the synergistic effect of liquid and substrate on the morphologies and 

properties of assembled particles. 

The mechanics theories, manufacturing techniques, modeling skills, and characterization 

methods established in this thesis will provide a fundamental understanding of mechanics in 

large deformation, instability, and self-assembly of low-dimensional materials in liquid 

environments, and will also transform applications of the evaporation-assisted technique in the 

manufacturing of 3-D superstructures of a broad scope of nanomaterials such as lipid 

membranes, nanowires, nanotubes, nanofibers, and nanoparticles, to meet emerging needs in 

high-performance composites, filters, batteries, and sensors. 
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1. Chapter 1 Introduction and Motivation 

1.1 Advantages of Low-Dimensional Materials in Functional Devices 

Low-dimensional materials, such as 1-D nanotubes, nanowires [1] and 2-D graphene, 

boron nitride [2] (Figure. 1.1), have attracted tremendous attention over the past few years for 

their exceptional electronic[3-9], mechanical[10-13] and thermal[14-16] properties 

underpinned by their extremely high specific surface area, often demonstrated at the single 

strip/layer level[17]. For example, the surface area of graphene can be as high as 2630 𝑚2/𝑔 

[18] due to its single-atomic layer structure.  

 

Figure 1.1. The atomistic model and transmission electron microscopy (TEM) images of representative 

low-dimensional materials. (a) 1-D carbon nanotube[1]. (b) 2-D graphene[2]. 

 

However, a single strip/sheet of low-dimensional materials would be too delicate to be 

used in functional devices and a bulk form of these 1-D/2-D materials, either as powders or a 

monolith is necessary for most applications such as high-performance electrodes in energy 

storage[19-21], filters for wastewater/gas treatments in environmental systems[22-24], and 
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lightweight structures to undertake mechanical loading[25, 26]. As a result, a significant thrust 

in recent years is to assemble these low-dimensional materials into bulk, 3-D forms in the hope  

 

 

Figure 1.2. SEM images of crumpled (a) CNTs[24] and (b) Graphene[21]. 

 

that the excellent properties at the single strip/layer level can be scaled up as much as 

possible[27]. As a result, crumpling and assembling them into 3-D porous architectures not 

only possess a high surface area and high free volume but also provide a spatial network 

accessible to foreign atoms and molecules (Figure 1.2). For example, unlike a tight restacking 

of flat graphene sheets, ~60% of the accessible surface area (>1500 m2/g) is maintained in 

the crumpled graphene sheets[28]. The crumpled graphene-assembled structures can even 

maintain 45% of its original surface area under mechanical compression of 55 MPa, while the 

regular flat graphene sheets turn into chunks with a drastic reduction of surface area by 

84%[21]. The excellent inherence of large surface areas and robust deformation resistance in 

crumpled graphene 3-D structures have been leveraged in supercapacitors and show 5 times 

higher of energy density than that of flat graphene sheet powder and a stable specific 

capacitance with the increase of mass loading[29]. The 3-D porous spaces have been employed 

as a scaffold to enhance the sensitivity of sensors[30] and catalytic[31] performance with an 

interlocking and interactions with host matrixes in Li-metal batteries[32] and manufacturing of 

1 or 2-D material-reinforced composites and enhance overall physical and mechanical 

properties[33]. Therefore, the crumpled 1 and/or 2-D material-based 3-D porous 

superstructures, if achieved, will inherit the structural merits and also serve as building blocks 



3 

 

to construct even large-scale bulk forms with unprecedented functions. 

1.2 Challenges in the Manufacturing of Low-Dimensional Materials-Based Architectures 

The major issue in the manufacturing of low-dimensional materials-based architectures is 

that the low-dimensional materials tend to aggregate/restack due to strong van der Waals 

attraction between them such as restacking of 2-D flat graphene sheets, which not only results 

in a tremendous reduction of their accessible area and poor mass/ion transport[34] but also 

degrades with processing and/or application environments such as mechanical loadings, hence 

adversely affecting their properties and subsequent applications[35]. 

Developing a low-cost and high-throughput technique to build such 1 and/or 2-D material-

based 3-D porous superstructures is the most paramount challenge in manufacturing. Several 

manufacturing techniques have been developed to obtain the 1-D/2-D materials-based 3-D 

structures including mechanical folding by applying an external mechanical loading[25], and 

chemical folding by decorating functional groups[36] or defects[37]. For example, releasing 

pre-strain applied to the substrate prior has been designed to achieve wrinkled graphene 

patterns [38] and has also been used to pop up 3-D graphene porous structures [39]. Similar to 

this mechanical controlling means, thermally generated strain [40], hydrogenation [41], and 

irradiation to surface atoms [42] have been developed to regulate 2-D structures of graphene 

into various geometrical configurations. These manufacturing techniques are currently 

challenged by mass production of low-dimensional materials-based 3-D structures with a low 

cost to meet requirements for broad applications. 

1.3 Opportunities for Liquid Evaporation in the Manufacturing of Low-Dimensional 

Materials-Based Architectures 

The liquid evaporation-assisted manufacturing technique is considered to provide a facile 

route to address this challenge[43] (Figure 1.3). In this technique, 1 or 2-D materials will 

experience large deformation and severe instability under evaporation-induced compression to 

create spacing when assembled, which is highly desirable to minimize restacking and retain 

the large surface areas of 1 or 2-D material in the assembled 3-D structures. This conversion 
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Figure 1.3. Liquid evaporation-driven synthesis of 1 and/or 2-D materials-based 3-D bulk scaffolds. 

 

from 1 or 2-D materials to 3-D porous structures is a mechanical deformation process 

associated with dynamic interactions and mutual coordination of deformation between solid 

and liquid during liquid evaporation, and is underpinned by mechanics. 

Figure 1.4a depicts the schematic illustration of a typical experimental setup of the 

aerosol-assisted, evaporation-driven manufacturing technique [44-48]. The aerosol droplets 

with suspended low-dimensional materials are first nebulized from a bulk dispersion and then 

sent through a pre-heated furnace via a carrier gas. At the end of the flight path, evaporation of 

the aerosol droplets is complete and dried particles are collected. By adjusting the concentration 

of low-dimensional materials and/or the furnace temperature, the size and morphology of 

assembled particles can be tuned [27, 47, 49-52]. More importantly, 2-D sheets such as those 

made of graphene, are usually hard to disperse in solvents due to their strong tendency to 

restack. However, for their crumpled version, the uneven surface morphology, coupled with 

strain-hardening property leads to unusual aggregation-resistant properties, allowing them to 

be processed in nearly arbitrary solvents without the need for dispersing agents [53]. Crumpled 

graphene balls were found to self-disperse in lubricant oil for improved tribological 

performance and wear protection [54]. The scalable surface areas in crumpled graphene balls 

have exhibited more scalable performance in ultracapacitors [21, 55, 56]. Their uneven surface 

morphology and aggregation-resistant packing behavior have been leveraged to reduce the 

reflection of light for solar heating and distillation purposes [44]. The 3-D porous spaces have 

also been employed as a scaffold to enhance the sensitivity of sensors [57] and catalytic 
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Figure 1.4. Schematics of typical experimental technique for the liquid evaporation-driven 

manufacturing of low-dimensional materials. (a) Aerosol-assisted evaporation. (b) Mechanical spray 

painting. (c) 3D printing. 

 

performance [31] with rapid diffusion of atoms/ions and mass transfer. In addition, the 3-D 

spatial networks facilitate the interlocking and interactions with host matrixes in Li metal 

batteries [32] and manufacturing of 2-D material-reinforced composites and enhance overall 

physical and mechanical properties [33, 58]. Crumpled graphene balls can also act as 

breathable shells to encapsulate and protect expandable particles from reactive environments, 

which has been leveraged for applications in energy storage devices such as Li-ion battery [45, 

46, 49, 59, 60]. Recently, the liquid evaporation-driven manufacturing technique has been 

applied in the crumpling and assembly of other 2-D materials such as MoS2 flakes [61]. In 

addition to the evaporation of free-standing liquid droplets, the evaporation of droplet on a 

substrate in the mechanical spray painting (Figure 1.4b) and 3D printing (Figure 1.4c) also 

provide facile methods to fabricate low-dimensional materials-based 3-D structures with 

versatile morphologies and properties [30, 62, 63]. 
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1.4 Innovations of Present Research 

In fundamental, this liquid evaporation manufacturing technique is similar to self-

assembly of nanoparticles in the synthesis of colloidal crystal, nevertheless, nanoparticles are 

commonly rigid and only aggregation is expected by inter-particle attraction to achieve dense-

packed assembly of nanoparticles[64, 65]. Besides, in comparison with other techniques such 

as mechanical patterning[66, 67], chemical doping[68, 69] or growth[70], the deformation, 

crumpling and self-assembly of 1 or 2-D materials can be simultaneously achieved by one-step 

evaporation of liquid without the need of complex loading conditions or modification to 

material compositions. Moreover, the 3-D porous structures in size, geometric shape and 

porosity can be easily regulated by controlling manufacturing and/or material parameters (e.g. 

surface wettability, concentration), thus satisfying mass production in a low-cost manner. 

Besides, this liquid evaporation-assisted manufacturing technique remains open to be directed 

by applying external conditions (e.g. electric, magnetic field).  

At the root of this technique, the evaporation in our manufacturing setup is usually 

conducted at the temperature of <200 °C, far below the temperature of either melting graphene 

or CNTs or triggering their chemical reaction with liquid and is a physical process of drying. 

Besides, the elementary steps rely critically on the large deformation, instability, and self-

assembly of 1 and 2-D materials with dynamically-constrained boundary conditions during 

liquid evaporation. The complexity and multiplicity of these deformation mechanisms are 

strongly underpinned by mechanics. The traditional solid mechanics models that focus on small 

deformation or capturing only one mechanism are not sufficient. The self-assembly mechanics 

that focuses on aggregation among rigid nanoparticles in colloid science is limited to 

understanding the large deformation and instability of 1 and 2-D materials. The theoretical 

developments of mechanics schemes will be essential to guide well-defined on-demand 3-D 

porous superstructures with a precisely controlled process. They must seamlessly combine the 

principles of solid mechanics and surface wettability engineering together, and fully 

incorporate solid-liquid interactions, deformation of solids. More importantly, unlike the 

traditional role of mechanics in manufacturing where the emphasis is placed on analysis for 

optimization of material choices or process selections, mechanics in the proposed evaporation-
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assisted manufacturing of the 3-D porous structures is a central driving factor. The elucidation 

of mechanical interactions among deformable solids and liquid molecules is also expected to 

open new opportunities for emerging unconventional concepts and strategies in flexible and 

smart manufacturing in the future. 

1.5 Outline of the Dissertation 

Through the present thesis, the following problems are thoroughly investigated and 

explored: (1) The mechanics mechanism of the liquid evaporation-driven crumpling and 

assembly of 1-D and 2-D materials; (2) The large scale molecule dynamics simulation 

technique to elucidate the details of the synthesis process; (3) The characterization methods to 

explore the structures and properties of the as-fabricated structures; (4) The applications of 1-

D and/or 2-D materials-based structures in the functional devices and composite materials. The 

thesis consists of six chapters: 

In Chapter 1, an introduction of the low-dimensional materials, the current challenges in 

the manufacturing of low-dimensional materials-based three-dimensional architectures, the 

liquid evaporation-driven manufacturing technique, the current research finds, mechanisms, 

and methods, is briefly overviewed. 

In Chapter 2, by introducing a unified energy criterion and implementing molecular 

dynamics simulations, we systematically investigated the liquid evaporation-driven self-

folding of a single 1-D/2-D material suspended in a free-standing liquid droplet. The 3-D 

profile of the liquid droplet is extracted to precisely capture the surface energy of the liquid. 

The final folded pattern is examined after complete liquid evaporation. The critical 

elastocapillary length, wet-capillary length, and self-folding lengths that determine the self-

folding by liquid evaporation and the ultimate formation of a stable folded pattern are obtained, 

respectively.  

In Chapter 3, by combining the theoretical analysis, computational simulations, and 

experimental validations, we elucidate the mechanism of crumpling and assembling of multiple 

2-D deformable materials suspended in a free-standing liquid droplet. An equivalent pressure 

model is first developed to unify the driving forces of crumpling and assembling 2-D materials 
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including capillary force, carrier gas pressure, vapor pressure, vapor recoil pressure and 

capillary flow-induced shear force. Then, a rotational spring-mechanical slider mechanics 

model is proposed to describe mechanical deformation and self-folding of individual 2-D 

sheets and their assembly during evaporation. The resultant energies are derived to 

quantitatively elucidate the energy competition between crumpling and assembling of 2-D 

materials. The morphologies and sizes of assembled 3-D particles are predicated theoretically 

by minimizing the ultimate energy state after the complete evaporation of liquid. The extension 

of the proposed theory that takes into account the numbers, size distribution, and geometric 

shapes of 2-D sheets in the droplet is further discussed. 

In Chapter 4, by combining the theoretical analysis with computational simulation, we 

uncover the mechanism of crumpling and assembling of hybrid 1-D and 2-D deformable 

materials suspended in a free-standing liquid droplet. A diffusion model of 1-D (CNTs) and 2-

D (graphene) materials in the liquid solution at both equilibrium and liquid evaporation stage 

is first established to determine the coordination of CNT and graphene. The specific surface 

areas, electrical conductivity, and elastic modulus of the as-fabricated particles are 

characterized by the contact area and compression test.   

In Chapter 5, with theoretical analysis and coarse-grained simulations, the mechanism of 

crumpling and assembling of multiple 2-D materials suspended in a sessile liquid droplet is 

elucidated. The contact line evolution during liquid evaporation is unified by an evaporation 

route model. Then the influence of the substrate is considered by establishing a linear spring-

mechanical slider model. The morphologies of assembled particles as functions of evaporation 

routes and substrate properties can be predicted by the theory and show remarkable agreement 

with the simulation results. Liquid evaporation experiments are conducted to validate the 

theoretical predictions and simulation results.  

In Chapter 6, the major findings are summarized and future work in the relevant fields is 

discussed. 
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2. Chapter 2 Liquid Evaporation-driven Crumpling of a 

Single 1-D/2-D Material 

2.1 Overview of the Chapter 

In this chapter, we develop a quantitative theory of the liquid evaporation-driven 

deformation and self-folding of a single 1-D nanofiber and 2-D nanofilm suspended in a free-

standing liquid droplet. The theoretical model is established through a unified energy-based 

criterion by taking into account the deformation energy of the nanofibers/nanofilm, and 

interactive energy of solid in folded parts, and surface energy of the liquids. We firstly present 

the details of the theoretical framework by considering the evolution of the solid-liquid system 

energy with liquid evaporation. The folded patterns and sizes of 1-D nanofiber with a focus on 

racket-like, spiral and helical patterns and 2-D nanofilm with a focus on racket-like, spiral, and 

cone-like patterns are exemplified and determined based on the minimization of total energy 

after the complete evaporation of liquid. To validate the theoretical model, comprehensive 

molecular dynamics simulations are performed. The bead-spring CG model and force fields 

are discussed in the nanofibers and are confirmed by full atomistic MD simulations. The full-

atom model of graphene and water are selected as representative for the nanofilm. The 

quantitative comparison between MD calculations and theoretical predictions are conducted 

including energy variations and critical folding parameters during evaporation and 

configurations and sizes of ultimate self-folded patterns after complete evaporation of liquid. 

A remarkable agreement between them is found. The extension of the proposed theory to the 

nanofibers with hollow structures is discussed, where the effect of the local buckling 

deformation on folding energies and patterns is included. In addition, we discuss the elongation 

effect of nanofibers and capillary-flow induced variation of cross-sections of nanofibers during 

evaporation. The nanofilm with different geometric shapes is also considered. 
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2.2 Liquid Evaporation-driven Crumpling of a Single 1-D Material 

2.2.1 Theoretical framework 

When a single hydrophilic 1-D nanofiber is fully suspended in the liquid (Figure 2.1a), once 

the liquid evaporation occurs at elevated temperatures, the system equilibrium will break due 

to the dynamic change of the solid-liquid interaction and deformation of solid. Generally, the 

evaporation of liquid will decrease the volume of liquid and thus reduces the surface energy of 

liquid droplets. As a consequence, the capillary force starts to compress both ends of the 

nanofiber [71], leading to its deformation (Figure 2.1b). The deformation is dominated by the 

competition of surface energy of the liquid, solid-solid interactive energy in the overlap parts 

if appear, and deformation energy of solids, toward the arrival of minimal total energy in the 

ultimate stable self-folded patterns. Given the free-standing of 1-D nanomaterials in liquid and 

the high aspect ratio of 1-D nanomaterials that can coordinate well with the capillary force in 

multiple directions, and the various self-folded patterns could be obtained at different 

evaporation conditions. Once the deformation of nanofiber occurs by evaporation, the total 

energy 𝐸𝑡𝑜𝑡 that will dominate deformation, instability, and self-folding of the nanofiber is  

𝐸𝑡𝑜𝑡 = 𝐸𝑑𝑒𝑓 + 𝐸𝑠𝑢𝑟𝑓 + 𝐸𝑖𝑛𝑡 + 𝐸𝑣𝑑𝑊                       (2.1) 

where 𝐸𝑑𝑒𝑓 is the deformation energy of the nanofiber. 𝐸𝑠𝑢𝑟𝑓 is the surface energy of liquid, 

𝐸𝑖𝑛𝑡 is the nanofiber-liquid interfacial energy, and 𝐸𝑣𝑑𝑊 is the binding energy of overlap parts 

in the nanofiber [72, 73]. Note that the present nanofiber is fully hydrophilic without any 

decorations of hydrophobic functional groups/surfaces, and the hydrophobic interaction can be 

neglected at the overlap parts[74-76]. In addition, when the liquid evaporation occurs in a noble 

gas environment such as nitrogen which is usually utilized in experiments[47, 77, 78], Eq. (2.1) 

will still hold by taking proper surface tension of liquids[79]. For nanofibers with homogenous 

mechanical properties and surface wettability, assume the deformation is uniform with the same 

bending curvature, elongation strain and torsional angle within the unit length, Eq. (2.1) can be 

rewritten as 

𝐸𝑡𝑜𝑡 =
𝐵𝑙𝑏

2𝑟𝑏
2 +

𝐸𝐴0

2𝑙
∆𝑙2 +

𝐺𝐽

2𝑙
∅2 + 𝛾𝑙𝐴𝑙 + 𝛾𝑖𝐴𝑠−𝑙 + 𝛾𝑏𝑙𝑜                 (2.2) 
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Figure 2.1. Overall map of the liquid evaporation-driven self-folding of a single nanofiber. (a) 

Suspension of a nanofiber inside a liquid environment at the equilibrium, where there is no deformation in 

the nanofiber due to a sufficient amount of liquid. (b) Deformed nanofiber confined inside the liquid droplet, 

where the nanofiber is compressed and bent by evaporation-induced capillary force during the evaporation 

of liquid. (c) Deformation status of nanofiber in the liquid droplet with the further evaporation of liquid, 

where the nanofiber penetrates the surface of the liquid droplet and recovers to its original straight 

configuration, or it is further bent and forms a whole circle to accommodate the spherical geometry of liquid 

droplet with a decreased volume. The deformation results from the competition between the surface energy 

of liquid and deformation energy of nanofiber and is driven by liquid evaporation, referred to as the 1st stage 

of evaporation. (d) Ultimate folded patterns of the nanofiber after complete evaporation of liquid, where 

racket-like, spiral, and helical patterns are focused. The formation of ultimately folded patterns is led by the 

competition of deformation energy and van der Waal force interactive energy of overlap parts in a pattern 

and is driven by nanofiber itself overlap, referred to as the 2nd stage of evaporation.   

 

where 𝐸𝑑𝑒𝑓 =
𝐵𝑙𝑏

2𝑟𝑏
2 +

𝐸𝐴0

2𝑙
∆𝑙2 +

𝐺𝐽

2𝑙
∅2, and 

𝐵𝑙𝑏

2𝑟𝑏
2, 

𝐸𝐴0

2𝑙
∆𝑙2, and 

𝐺𝐽

2𝑙
∅2 are the bending, stretching, 

and torsional energy, respectively[80, 81]. 𝐸 , 𝐺  and 𝐵  are the Young’s modulus, shear 

modulus, and bending stiffness of nanofibers, respectively, 𝐴0 and 𝑙 are the sectional area 

and total length of nanofibers, respectively,  𝐽 is the polar moment of inertia, 𝑟𝑏 and ∆𝑙 are 

the bending radius and elongation of nanofibers, respectively, 𝑙𝑏 is the length of bended part 

of 1-D nanofibers, and ∅ is the torsional angle. 𝐸𝑠𝑢𝑟𝑓 = 𝛾𝑙𝐴𝑙, 𝛾𝑙 is the surface tension of 

liquid[82], and 𝐴𝑙  is the surface area of liquid droplet[83]. 𝐸𝑖𝑛𝑡 = 𝛾𝑖𝐴𝑠−𝑙 , 𝛾𝑖  is the 

interfacial energy density between nanofibers and liquid[84], and 𝐴𝑠−𝑙  is the contact area 

between nanofibers and liquid. 𝐸𝑣𝑑𝑊 = 𝛾𝑏𝑙𝑜, 𝛾𝑏 is binding energy density of nanofibers, and 

𝑙𝑜 is the length of overlap parts in the folded nanofiber patterns[73, 85]. 

With the evaporation of liquid, the size (or volume) of liquid droplet decreases, leading to 

a change of the configuration of the folded nanofibers. At the early stage of evaporation, there  
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Figure 2.2. Self-folded patterns of 1-D nanomaterials in experiments. (a) The racket-like pattern of a 

single-walled carbon nanotube (CNT) folded by sonication in dichloroethane [86]. (b) Ring and spiral 

patterns of CNTs after sonication in concentrated sulphuric acid and hydrogen peroxide [87]. (c) The spiral 

pattern of ZnO nanowires folded as-fabricated [88]. (d) The helical structure of as-synthesized ZnO 

nanobelts [89]. (e) Helical graphite tubules grown by the cobalt catalyzed decomposition of acetylene [90]. 

 

is enough liquid to ensure full contact between nanofiber and liquid. As a consequence, 

𝐴𝑠−𝑙will not change and 𝐸𝑖𝑛𝑡 will remain constant without change. The binding energy will 

also be zero because of the absence of overlapped part in the nanofiber. The self-folding of 

nanofiber will be dominated by the competition between 𝐸𝑑𝑒𝑓 and 𝐸𝑠𝑢𝑟𝑓 (Figure 2.1c). With 

the further evaporation of liquid, the volume of the liquid becomes small enough, both 𝐸𝑖𝑛𝑡 

and 𝐸𝑠𝑢𝑟𝑓  are very weak and can be neglected. The self-folding will be driven by 𝐸𝑣𝑑𝑊 , 

which is similar to the self-folding in a long carbon nanotube [73] or self-peeling of graphene 

[91-93]. Once the liquid is completely evaporated, 𝐸𝑖𝑛𝑡 and 𝐸𝑠𝑢𝑟𝑓 will be zero, and the final 

stable folded pattern will be determined by 𝐸𝑑𝑒𝑓 and 𝐸𝑣𝑑𝑊, where the racket-like, spiral and 

helical patterns commonly reported in experiments in Figure 2.2 will be focused in this study, 

as illustrated in Figure 2.1d. Therefore, we will develop our theoretical model by considering 

these two stages of liquid evaporations—self-folding driven by liquid evaporation (1st stage) 

and self-folding driven by itself overlap (2nd stage), as elaborated below. 
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2.2.1.1 Crumpling driven by liquid evaporation (1st stage) 

At the equilibrium before the liquid evaporation begins (Figure 2.1b), our theoretical analyses 

show that only the bending deformation of nanofibers is energetically favorable, and the out-

of-plane torsion will not happen due to the free ends of nanofibers[94, 95]. Besides, when the 

aspect ratio of nanofibers (𝜂 = 𝑙/2𝑟 , 𝑟  is the radius of nanofiber) is more than 10, the 

elongation deformation can be neglected. Because there is no binding energy in this stage, Eq. 

(2.2) becomes  

𝐸𝑡𝑜𝑡 = 𝐸𝑑𝑒𝑓 + 𝐸𝑠𝑢𝑟𝑓 + 𝐸𝑖𝑛𝑡 =
𝐵𝑙𝑏

2𝑟𝑏
2 + 𝛾𝑙𝐴𝑙 + 𝛾𝑖𝐴𝑠−𝑙                (2.3) 

As the liquid evaporation begins, the radius of the liquid droplet 𝑟𝑙 and the associated surface 

area 𝐴𝑙(= 4𝜋𝑟𝑙
2) will decrease. When 𝑙𝑏 = 𝑙 > 2𝑟𝑙 , the confinement force induced by the 

surface tension of liquid along with the decrease of liquid volume will compress both ends of 

the nanofiber [77], leading to bending deformation, and thus promoting 𝐸𝑑𝑒𝑓 . Given the 

requirement of minimization to the bending energy of the nanofiber suspended inside the liquid 

 

 

Figure 2.3. Determination of the curvature radius of bent nanofiber inside a liquid droplet during 

evaporation at (a) 2𝑟𝑙 < 𝑙 ≤ 𝜋𝑟𝑙  and (b) 𝜋𝑟𝑙 < 𝑙 ≤ 2𝜋𝑟𝑙. 𝑙 is the length of nanofiber, 𝑟𝑙 is the radius of 

liquid droplet, 𝑟𝑏 is the bending radius of nanofiber and 𝜃𝑏 is the bending angle of nanofiber. 

 

droplet, the radius of bending curvature in the nanofiber 𝑟𝑏 can be obtained (Figure 2.3) 

𝑟𝑏 = {
𝑟𝑙/ 𝑠𝑖𝑛 (

𝜃𝑏

2
) , 2𝑟𝑙 < 𝑙 ≤ 𝜋𝑟𝑙

𝑟𝑙,               𝜋𝑟𝑙 < 𝑙 ≤ 2𝜋𝑟𝑙
                     (2.4) 

where 𝜃𝑏  is the bending angle of nanofiber. In this process, the deformation energy will 

increase (∆𝐸𝑑𝑒𝑓 > 0) meanwhile the surface energy will decrease (∆𝐸𝑠𝑢𝑟𝑓 < 0), and the 

interfacial energy will not change due to the full contact of nanofiber with liquid (∆𝐸𝑖𝑛𝑡 = 0). 
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To characterize the energy competition, we define an evaporation-driven-folding energy ratio 

(EER) as  

𝐸𝐸𝑅 = |
∆𝐸𝑑𝑒𝑓

∆𝐸𝑠𝑢𝑟𝑓
|                                  (2.5) 

where ∆𝐸𝑑𝑒𝑓 and ∆𝐸𝑠𝑢𝑟𝑓 represent the increase of deformation energy (i.e. bending energy) 

of the nanofiber and the decrease of the surface energy of liquid droplet, respectively. If 

𝐸𝐸𝑅 > 1, 𝐸𝑡𝑜𝑡 in Eq. (2.3) will increase, and the evaporation cannot drive the deformation of 

the nanofiber, and if 𝐸𝐸𝑅 < 1, 𝐸𝑡𝑜𝑡 in Eq. (2.3) will decrease, favorable to deforming the 

nanofiber. Consider a decrease of a liquid droplet in radius ∆𝑟𝑙, and the resultant decrease of  

 

 

Figure 2.4. Evaporation-driven-folding energy ratio (EER) in the variation of deformation energy of 

nanofiber and surface energy of liquid, 𝑬𝑬𝑹 = |∆𝑬𝒅𝒆𝒇/∆𝑬𝒔𝒖𝒓𝒇|, versus the bending angle of nanofiber, 

𝜽𝒃, during liquid evaporation. 𝑩 is the bending stiffness of nanofiber, 𝜸𝒍 is the surface tension of 

liquid and 𝒍 is the length of nanofiber.  

 

bending radius in nanofiber ∆𝑟𝑏 , we can calculate ∆𝐸𝑑𝑒𝑓 = 𝐵𝑙(1/(𝑟𝑏 − ∆𝑟𝑏)
2 − 1/𝑟𝑏

2)/2 

and ∆𝐸𝑠𝑢𝑟𝑓 = 4𝜋𝛾𝑙((𝑟𝑙 − ∆𝑟𝑙)
2 − 𝑟𝑙

2), and Eq. (2.5) becomes 

𝐸𝐸𝑅 =
𝐵𝑙

8𝜋𝛾𝑙
|
1/(𝑟𝑏−∆𝑟𝑏)

2 −1/𝑟𝑏
2

(𝑟𝑙−∆𝑟𝑙)
2−𝑟𝑙

2 |                          (2.6) 

To derive the critical length of nanofiber driven by the first stage of liquid evaporation, 

assume the nanofiber has been folded as much as close to a whole circle (𝜋𝑟𝑙 < 𝑙 ≤ 2𝜋𝑟𝑙) and 

under this circumstance, 𝑟𝑏 = 𝑟𝑙, 𝑙 = 𝑙𝑏, and 𝑟𝑏 = 𝑙/𝜃𝑏, Eq. (2.6) becomes  

𝐸𝐸𝑅 =
𝐵

𝛾𝑙
∙
𝜃𝑏
2(𝜃𝑏+∆𝜃𝑏)

2

8𝜋
∙
1

𝑙3
                           (2.7) 

note that when 𝜃𝑏 > 2𝜋, an overlap part in the folded nanofiber will appear (i.e. 𝑙𝑜 > 0), and 
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𝐸𝑣𝑑𝑊 needs to be included in Eq. (2.3). Therefore, at 𝜃𝑏 = 2𝜋, 𝐸𝐸𝑅 = 1 and ∆𝜃𝑏 = 0, a 

circle pattern of a folded nanofiber driven by the first stage of liquid evaporation can be 

obtained, and accordingly, the critical elastocapillary length of the nanofiber can be obtained  

via 

 𝑙𝑒𝑐 = 𝜋 (
2𝐵

𝛾𝑙
)
1/3

                              (2.8) 

 

Eq. (2.8) shows that if the length of nanofiber (𝑙) is larger than 𝑙𝑒𝑐, the nanofiber will be 

folded into a whole circle (𝜃𝑏 = 2𝜋), and the further evaporation will continue to drive its 

folding, otherwise, the folded pattern will recover to the original straight configuration, as 

shown in Figure 2.1c. As an example, consider a single-walled (10,10) CNT whose bending 

stiffness is 𝐵 = 3.54 × 10−25𝑁 ∙ 𝑚2  [81, 96] and water whose surface tension is 𝛾𝑙 =

0.0613𝐽/𝑚2 [97, 98], which leads to 𝐵/𝛾𝑙 = 5.77 × 10−24 𝑚3. And thus from Eq. (2.8), the 

critical length of the CNT can be calculated and is 𝑙𝑒𝑐 = 71 𝑛𝑚. Figure 2.4 presents the 

variation of EER with 𝜃𝑏. When the length of the CNT is 𝑙=80 nm (> 𝑙𝑒𝑐 = 71 𝑛𝑚), the EER 

is always less than 1 at 0 ≤ 𝜃𝑏 ≤ 2𝜋, suggesting the formation of a folded circular pattern by 

liquid evaporation. In contrast, for the CNT with the length of 𝑙 = 60 𝑛𝑚 or 70 𝑛𝑚 (<𝑙𝑒𝑐 =

71 𝑛𝑚), the EER is always larger than 1 at 𝜃𝑏 = 2𝜋, and the CNT will not be fold into a whole 

circular pattern by liquid evaporation. 

 

2.2.1.2 Crumpling by nanofiber itself overlap (2nd stage) 

Once the 1-D nanofiber is folded into an entire circle, the continuous evaporation of the liquid 

droplet will induce an overlap in the deformed nanofiber. As a consequence, the binding energy 

𝐸𝑣𝑑𝑊 at the overlapped part will be important. On the other hand, the liquid will gradually 

become discontinuous “water islands” rather than “continuous film”, and the effect of surface 

energy of the liquid 𝐸𝑠𝑢𝑟𝑓 can be neglected. Similarly, the interfacial energy 𝐸𝑖𝑛𝑡 could also 

be neglected, and in particular, it will be zero after the complete evaporation of water due to 

𝐴𝑠−𝑙=0. Therefore, the driving energy for folding the nanofiber becomes the binding energy, 

and the total energy in this stage is  

𝐸𝑡𝑜𝑡 = 𝐸𝑑𝑒𝑓 + 𝐸𝑣𝑑𝑊 =
𝐵𝑙𝑏

2𝑟𝑏
2 + 𝛾𝑏𝑙𝑜                    (2.9) 
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and EER in Eq. (2.5) now becomes  

𝐸𝐸𝑅 = |
∆𝐸𝑑𝑒𝑓

∆𝐸𝑣𝑑𝑊
|                              (2.10) 

where ∆𝐸𝑑𝑒𝑓 represents the increase of deformation energy, and ∆𝐸𝑣𝑑𝑊 represent the  

 

 

Figure 2.5. Comparison of energy variation at the onset of a whole circular pattern formation by liquid 

evaporation. (a) Schematics of typical four relative positions of two ends in nanofiber, (I) up-up. 𝑟𝑏 is the 

radius of curvature of the deformed part, (II) up-down. 𝑟𝑖 and 𝑟𝑒 are the inner and outer radius of curvature, 

respectively, (III) left-right. 𝑟𝑥𝑦 is the in-plane radius of curvature, and (IV) down-down. 𝑟𝑏𝑙 and 𝑟𝑏𝑠 are 

the bending radius of large and small arc, respectively. 𝑡𝑒 is the equilibrium distance in the overlap part. (b) 

Total energy variation normalized by deformation energy at the bending angle of nanofiber 𝜃𝑏 = 2 , 

∆𝐸𝑡𝑜𝑡/𝐸𝑑𝑒𝑓
𝜃𝑏=2𝜋, versus the overlap length (highlighted in blue in Figure 2.5a) in folded pattern 𝑙𝑜 for four 

different patterns. 𝑙 is the length of nanofiber. 

 

decrease in binding energy. When EER>1 at the beginning of the 2nd stage (i.e. 𝑙𝑜=0), the 

energy requirement on the continuous deformation is larger than the decreased binding energy,  

and the self-folding will not happen. As a consequence, the pre-folded structure in the 1st stage 

will recover to its original straight form. In contrast, when EER<1 at the beginning of the 2nd 

stage (i.e. 𝑙𝑜=0), the decreased binding energy could satisfy the energy requirement of the 

continuous deformation and the folding will continue with an increased 𝑙𝑜(> 0) until EER=1 

which represents the arrival of the minimum total energy. Further analysis demonstrates that 

only the racket-like, spiral and helical patterns are energetically favorable for achieving a stable 

folded pattern (Figure 2.5), and these patterns are also in good agreement with the experimental 

observations in Figure 2.2. Given these stable patterns, their corresponding total energies and 

energy ratios can be calculated.  

For the racket-like pattern (Figure 2.5a (I)), assume the deformed part has the same radius 
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of curvature[99], the bending radius 𝑟𝑏  and overlap length 𝑙𝑜  satisfy 𝑟𝑏 = 𝑙/2𝜋 − 𝑘𝑙𝑜 , 

assume an infinitesimal increase of overlap length ∆𝑙𝑜, the EER in Eq. (2.10) can be written 

as  

𝐸𝐸𝑅𝑟𝑎𝑐𝑘𝑒𝑡 = 2𝜋2𝐵 |
(𝑙−2(𝑙𝑜+∆𝑙𝑜))/(𝑙−2𝜋𝑘(𝑙𝑜+∆𝑙𝑜))

2
−(𝑙−2𝑙𝑜)/(𝑙−2𝜋𝑘𝑙𝑜)

2

𝛾𝑏∆𝑙𝑜
|      (2.11) 

Similarly, for the spiral pattern (Figure 2.5a (II)), given the equilibrium distance at the 

overlap part 𝑡𝑒, the EER in Eq (2.10) can be written as 

𝐸𝐸𝑅𝑠𝑝𝑖𝑟𝑎𝑙 =
𝐵𝜋

𝑡𝑒
|
𝑙𝑜𝑔[(((𝑙−(𝑙𝑜+∆𝑙𝑜))

2
+𝜋𝑡𝑒𝑙)/((𝑙−(𝑙𝑜+∆𝑙𝑜))

2
−𝜋𝑡𝑒𝑙))/(((𝑙−𝑙𝑜)

2+𝜋𝑡𝑒𝑙)/((𝑙−𝑙𝑜)
2−𝜋𝑡𝑒𝑙))]

𝛾𝑏∆𝑙𝑜
| 

(2.12) 

and for the helical pattern (Figure 2.5a (III)), with 𝑟𝑏 = (𝑙 − 𝑙𝑜)/2𝜋, the EER in Eq. (2.10) 

can be written as 

𝐸𝐸𝑅ℎ𝑒𝑙𝑖𝑐𝑒𝑠 = 2𝜋2𝐵𝑙 |
1/(𝑙−(𝑙𝑜+∆𝑙𝑜))

2−1/(𝑙−𝑙𝑜)
2

𝛾𝑏∆𝑙𝑜
|                 (2.13) 

Therefore, the critical length for 1-D nanofibers that will be eventually folded to the racket-

like, spiral and the helical patterns can be obtained through 𝐸𝐸𝑅𝑟𝑎𝑐𝑘𝑒𝑡 = 1, 𝐸𝐸𝑅𝑠𝑝𝑖𝑟𝑎𝑙 = 1, 

and 𝐸𝐸𝑅ℎ𝑒𝑙𝑖𝑐𝑒𝑠 = 1 at 𝑙𝑜=0, respectively. Further, the determinations of these critical lengths 

can be generalized into the following unified equation 

𝑙𝑐𝑟 = 2𝜋√2𝜋𝑘 − 1√|
𝐵

𝛾𝑏
| + 𝛿𝑡𝑒2                       (2.14) 

where (𝑘, 𝛿) is the shape factor of the ultimately folded patterns, for example, (𝑘, 𝛿) =

(
2𝑙𝑐𝑟−𝑡𝑒(2𝜋−2)

2𝜋𝑙𝑐𝑟−𝑡𝑒𝜋2
, 0)  for the racket-like pattern, (𝑘, 𝛿) = (

1

𝜋
,
1

4
)  for the spiral pattern, and 

(𝑘, 𝛿) = (
1

𝜋
, 0) for the helical pattern. When 𝑡𝑒 ≪ 𝑙𝑐𝑟, 𝑘 =

2𝑙−𝑡𝑒(2𝜋−2)

2𝜋𝑙−𝑡𝑒𝜋2
≌

1

𝜋
 for racket-like 

pattern, and 𝑘 will be the same for all three patterns. In particular, (𝑘, 𝛿) will reduce to the 

same for both racket-like and helical pattern. In addition, for the spiral pattern, 𝑡𝑒 ≪ 𝑙𝑐𝑟 will 

lead to 𝑡𝑒
2 ≪ |𝐵/𝛾𝑏|, and 𝛿𝑡𝑒

2 can be neglected. As a consequence, the critical length of self-

folding 𝑙𝑐𝑟 in Eq. (2.14) can be simplified to   

𝑙𝑐𝑟 = 2𝜋√|
𝐵

𝛾𝑏
|                           (2.15) 

When the folded patterns do not require to be differentiated, Eq. (2.15) will be in particular 

useful in the determination of the critical length of nanofibers that can be eventually folded by 

liquid evaporation. For example, for a single (8,8) CNT with a diameter of 1.4 nm and  
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Figure 2.6. Evaporation-driven-folding energy ratio (EER) in the variation of deformation energy of 

nanofiber and binding energy in overlap parts of nanofiber, 𝑬𝑬𝑹 = |∆𝑬𝒅𝒆𝒇/∆𝑬𝒗𝒅𝑾| , versus the 

overlap length normalized by the length of nanofiber, 𝒍𝒐/𝒍 , during liquid evaporation for (a) racket-

like pattern, (b) spiral pattern, and (c) helical pattern. (d) Comparison among racket-like, spiral and helical 

patterns. 𝐵 is the bending stiffness of nanofiber, 𝛾𝑏 is the binding energy density of of nanofiber, 𝑙 is the 

length of nanofiber and 𝑙𝑜 is the overlap length of nanofiber. 

 

equilibrium distance (the distance between the central axis of paralleled CNTs) 𝑡𝑒 =1.4 

nm, 𝐵 = 1.87 × 10−25 𝑁 ∙ 𝑚2 [81, 96], and 𝛾𝑏 = −2.08 × 10
−10J/m [100] can be obtained. 

With Eq. (2.15), the critical self-folding length can be calculated and is 𝑙𝑐𝑟=188.4 nm, which 

is close to the experimental measurement of 188.5 nm for the spiral pattern [87]. When the 

spiral pattern is known prior, Eq. (2.14) will be used and the calculations show 𝑙𝑐𝑟=188.5 nm, 

which is in remarkable consistency with experimental measurement.  

As a theoretical demonstration, for the racket-like pattern, Figure 2.6a gives the variation 

of energy ratio (𝐸𝐸𝑅𝑟𝑎𝑐𝑘𝑒𝑡 ) with the overlap length normalized by the overall length of 

nanofiber 𝑙𝑜/𝑙  at |𝐵/𝛾𝑏| and 𝑙 . It shows that 𝐸𝐸𝑅𝑟𝑎𝑐𝑘𝑒𝑡  (calculated via Eq. (2.11)) is 

always larger than 1 at |𝐵/𝛾𝑏| = 3.54 × 10−18 𝑚2 and 𝑙 = 10 𝑛𝑚, indicating that the self-

folded racket-like pattern cannot be obtained after the complete evaporation of liquid, in good 

consistency with the theoretical prediction of a large 𝑙𝑐𝑟 = 11.82 𝑛𝑚  (calculated via Eq. 

(2.15)) over 𝑙 = 10 𝑛𝑚. Similarly, for the fiber with |𝐵/𝛾𝑏| = 6.63 × 10−18 𝑚2 and 𝑙 =

15 𝑛𝑚, the racket-like pattern cannot be formed due to 𝑙 = 15 𝑛𝑚 < 𝑙𝑐𝑟 = 16.18 𝑛𝑚, which 
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corresponds to 𝐸𝐸𝑅𝑟𝑎𝑐𝑘𝑒𝑡 > 1 as shown in Figure 2.6a. In contrast, given |𝐵/𝛾𝑏| = 3.54 ×

10−18 𝑚2 , at 𝑙 = 15 𝑛𝑚 > 𝑙𝑐𝑟 = 11.82 𝑛𝑚, a positive overlap length can be obtained at 

𝐸𝐸𝑅𝑟𝑎𝑐𝑘𝑒𝑡 = 1, indicating the successful formation of the racket-like pattern. Basically, the 

smaller |𝐵/𝛾𝑏|, the longer nanofiber (i.e. the larger 𝑙), the easier self-folding with a stable 

folded pattern after evaporation of liquid. Similar conclusions can be drawn for spiral and 

helical patterns, as shown in Figures 2.6b and c, respectively. Given the same 𝑙 and |𝐵/𝛾𝑏|, 

Figure 2.6d shows the comparison of |∆𝐸𝑑𝑒𝑓/∆𝐸𝑣𝑑𝑊| for these three folded patterns. Besides, 

once a stable folding stage arrives, the racket-like pattern has the smallest overlap length, and 

the spiral pattern has the largest one.  

With the determination of the critical length 𝑙𝑒𝑐 and 𝑙𝑐𝑟 from Eqs. (2.8), and (2.14) or 

(2.15) at a given nanofiber and liquid system (i.e. 𝐵/𝛾𝑙  and |𝐵/𝛾𝑏|), we can determine 

whether the nanofibers can be eventually folded to a stable pattern after complete evaporation 

of liquid. For instance, if the length of nanofiber 𝑙 is 𝑙 > 𝑙𝑒𝑐 > 𝑙𝑐𝑟 or 𝑙 > 𝑙𝑐𝑟 > 𝑙𝑒𝑐, the self- 

folding will be triggered by initial liquid evaporation, and the liquid evaporation (i.e. 1st stage) 

will continue to dominate the formation of ultimate stable folded pattern for 𝑙 > 𝑙𝑒𝑐 > 𝑙𝑐𝑟, 

while if 𝑙 > 𝑙𝑐𝑟 > 𝑙𝑒𝑐, the 2nd stage of evaporation will become crucial and dominates the 

 

 

Figure 2.7. Self-folding competing mechanism of nanofibers characterized by the critical lengths 𝒍𝒆𝒄 

(= 𝝅(𝟐𝑩/𝜸𝒍)
𝟏/𝟑) and 𝒍𝒄𝒓  (= 𝟐𝝅√|𝑩/𝜸𝒃|) in variation of nanofiber and liquid systems 𝑩/𝜸𝒍  and 

|𝑩/𝜸𝒃|. 

 

continuous folding process. In contrast, when 𝑙  is less than either 𝑙𝑐𝑟  or 𝑙𝑒𝑐 , the folded 

pattern will not be obtained after the complete evaporation of liquid. In particular, if 𝑙𝑐𝑟 > 𝑙 >
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𝑙𝑒𝑐, the nanofiber will be bent by the 1st stage of liquid evaporation but will recover to its 

original straight configuration after complete evaporation of liquid. The competing domination 

of 𝑙𝑒𝑐 and 𝑙𝑐𝑟 in the formation of stable folded patterns will vary with 𝐵/𝛾𝑙 and |𝐵/𝛾𝑏| 

and is summarized in Figure 2.7.  

2.2.2 Computational modeling and method 

When a nanofiber is fully immersed in a liquid environment, large numbers of solid atoms and 

liquid molecules will be involved. To validate the theoretical mechanics model and predictions 

in a cost-efficient manner, we here will conduct the coarse-grained molecular dynamics 

(CGMD) simulations. In the CGMD simulations, the popular bead-spring model will be 

employed to mimic the full atomic model of nanofibers, and the liquid will be water with the  

 

 

Figure 2.8. Bead-spring model of nanofiber in coarse-grained molecular dynamics (CGMD) 

simulations and validations. (a) Schematics of the full-atomic model of nanofiber and its bead-spring CG 

model, where a certain length of nanofiber with a radius of 𝑟 in the full atomic model is modeled by a bead 

with a mass and is connected through a spring between the adjacent beads. 𝑙𝑏𝑑 is the bond length between 

adjacent beads, and 𝜃 is the bond angle of adjacent beads. (b) Schematic of two bead-spring CG models in 

parallel with a separation distance ℎ. Comparison of (c) deformation energy as bending deformation, and 

(d) binding energy of two parallel CNTs with the same radius between full-atomistic and CGMD simulations. 

 

full atomistic model. Figure 2.8a illustrates the CG model of a nanofiber. A certain length of 

the nanofiber in the full atomic model is modeled by a bead, and the adjacent beads are 
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connected through a spring[101], where 𝑚𝑏 is the mass per CG bead, and 𝑙𝑏𝑑 is the bond 

length of the spring between adjacent beads. The total energy 𝑈𝑏−𝑠 in CG model is the sum 

of bond stretching energy 𝑈𝑏, angular potential energy 𝑈𝜃 , and torsional energy 𝑈𝜏 which 

are related with the bond length, bond angle and torsional angle, and can be written as 

𝑈𝑏−𝑠 = 𝑈𝑏 + 𝑈𝜃 + 𝑈𝜏                            (2.16) 

because the stretching and torsional deformation is not energetically favorable in the 

evaporation-induced deformation of nanofiber, as shown in theoretical analysis in Section 2.2.1, 

the stretching energy 𝑈𝑏 and torsional energy 𝑈𝜏 will be not considered in this CG model. 

The total energy 𝑈𝑏−𝑠 only depends on 𝑈𝜃  [102], and Eq. (2.16) becomes 

 𝑈𝑏−𝑠 = 𝑈𝜃 = ∑ 𝑘𝜃(𝜃𝑖 − 𝜃0)
2

𝑖                     (2.17) 

where 𝑘𝜃 is the angular stiffness, and 𝜃𝑖 and 𝜃0 are the angle of adjacent bonds after and 

before the deformation, respectively. 𝜃0 = 𝜋 represents a straight nanofiber.  

Given the total length 𝑙 of nanofiber in the full atomic model, and the bond length 𝑙𝑏𝑑 in 

the CG model, the number of bond and angle in the CG model can be determined, and they are 

𝑛𝑏 = 𝑙/𝑙𝑏𝑑, 𝑛𝑎 = 𝑙/𝑙𝑏𝑑 − 1, respectively. Assume that the deformation is uniform along the 

bead-spring model and the bending angle 𝜃𝑏, we can have 𝜃𝑖 = 𝜋 − 𝜃𝑏/𝑛𝑏. Similar to that in 

the full atomic model, the total deformation energy is  

𝐸𝑑𝑒𝑓
𝑏−𝑠 = ∑ 𝑈𝜃

𝑖𝑛𝑎
𝑖=1 =

𝑛𝑎𝑘𝜃𝜃𝑏
2

𝑛𝑏
2                           (2.18) 

 

On the other hand, from the continuum mechanics point of view, for a 1-D nanofiber with 

bending stiffness 𝐵, length 𝑙 and bending angle 𝜃𝑏, the deformation energy is  

𝐸𝑑𝑒𝑓
𝑐−𝑚 =

𝐵𝜃𝑏
2

2𝑙
                                 (2.19) 

given 𝐸𝑑𝑒𝑓
𝑐−𝑚 = 𝐸𝑑𝑒𝑓

𝑏−𝑠, we will have  

𝐵 =
2𝑛𝑎𝑘𝜃𝑙

𝑛𝑏
2  , or 𝑘𝜃 =

𝐵𝑛𝑏
2

2𝑛𝑎𝑙
                          (2.20) 

Eq. (2.20) indicates that we can correlate the force field parameters into the CG model with the 

bending stiffness 𝐵 in the continuum model, and this correlation has proved to well reproduce 

deformation of 1-D nanomaterials [100, 101].  

Further, the non-bonded energy interaction in the CG model can be well described via the 

12-6 L-J potential (𝑠) = 4𝜀(𝜎12/𝑠12 − 𝜎6/𝑠6) [100, 103], where 𝜀 and 𝜎 are the potential 
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well depth and equilibrium distance, respectively, and 𝑠 is the distance between beads. The 

non-bonded interaction energy in the folded part can be obtained via 𝐸𝑣𝑑𝑊
𝑏−𝑠 = 𝜌𝑙

2 ∫ 𝑉(𝑠)
+∞

−∞
𝑑𝑥, 

where 𝜌𝑙 = 1/𝑙𝑏𝑑 is the line density in bead-spring CG model. The integration yields [100, 

104] 

𝐸𝑣𝑑𝑊
𝑏−𝑠 = 4𝜀𝜌𝑙

2𝜎6 (
63𝜋

256
𝜎6

1

ℎ11
−
3𝜋

8

1

ℎ5
)                      (2.21) 

where ℎ is the distance of two parallel bead-spring models, as illustrated in Figure 2.8b. The 

energy minimization 𝜕𝐸𝑣𝑑𝑊
𝑏−𝑠 /𝜕ℎ = 0  will lead to ℎ = 1.0631𝜎, and thus, the binding energy 

density in the bead-spring CG model can be obtained by substituting ℎ = 1.0631𝜎 into Eq. 

(2.21) and it is 

𝛾𝑏 = −1.8927𝜌𝑙
2𝜀𝜎                             (2.22) 

Once the CG model is validated by full-atomistic simulations, Eqs (2.20) and (2.22) will 

allow to bridge the CG model and continuum model and validate the proposed theoretical 

framework in Section 2.2.1.  

By taking CNTs as a typical nanofiber, we will first validate the bead-spring model by 

performing CGMD and full atomistic simulations. The length of CNTs was 𝑙 = 20 𝑛𝑚 in both 

full atomic and bead-spring model, and the bond length in the bead-spring model was taken 

𝑙𝑏𝑑 = 0.1 𝑛𝑚. Figure 2.8c shows the comparison of its deformation energy 𝐸𝑑𝑒𝑓 between 

full-atomistic and CGMD simulations. In both simulations, each CNT was fixed in one end, 

and the other end was subjected to an external force perpendicular to its axial direction to 

achieve a pure bending deformation. In the CGMD model, the angular stiffness 𝑘𝜃  was 

adjusted to mimic the different radius of CNTs (𝑘𝜃=1.29 × 10−16 𝐽 for (5,5) CNT, 𝑘𝜃=2.15 ×

10−16 𝐽 for (6,6) CNT, 𝑘𝜃=3.31 × 10−16𝐽 for (7,7) CNT). The good agreement between 

them indicates that the CGMD model can well reproduce the bending deformation of CNTs. 

We further performed the full-atomistic and CGMD simulations by employing two parallel 

CNTs and extracted the variation of their binding energy 𝐸𝑣𝑑𝑊 with their overlap distance 

𝑙𝑜 , as shown in Figure 2.8d. In these CGMD simulations, the equilibrium distance between 

the beads in the 12-6 L-J potential was set as 𝜎 = (2𝑟𝐶𝑁𝑇 + 𝜎𝐶−𝐶)/1.0631, where 𝑟𝐶𝑁𝑇 is the 

radius of CNTs and 𝜎𝐶−𝐶(=3.4 nm) is the equilibrium distance of carbon-carbon atoms in the 

full-atomistic model. Similar to the regulation to 𝑘𝜃 in the plots of Figure 2.8c, the potential 
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well depth 𝜀 was taken 8.33 × 10−22 𝐽 for (5,5) CNT, 8.04 × 10−22 𝐽 for (6,6) CNT, and 

7.62 × 10−22 𝐽 for (7,7) CNT in CGMD simulations so as to well reproduce the binding 

energy density in full atomistic simulations. The good agreement in Figure 2.8d shows that the 

CGMD simulations can also be used to model non-bonded van der Waal interactions of 

nanofibers.  

Once the CG model of nanofibers is validated, we will employ the bead-spring model to 

study deformation in the CGMD simulations and to conduct the comparison with theoretical 

predictions. In the simulation of self-folding of nanofibers by evaporation, the bond length of 

bead-spring model was fixed to 𝑙𝑏𝑑 =0.1 nm and the equilibrium distance was taken as 𝜎=0.2 

nm. The SPC/E model for liquid water was used[105], and its surface tension is taken 𝛾𝑙 =

0.0613 N/m [97, 98]. The length of bead-spring model was set no more than 20 nm to improve 

the computational efficiency, and the number of water was 4500 to guarantee a full immersion 

of nanofibers at the equilibrium. All the MD simulations were performed in LAMMPS [106]. 

The system was first equilibrated at 300 K and 1 atm for 1.0 ns with the NVT ensemble, and 

then the evaporation was performed with the NVE ensemble. The evaporation rate is defined 

as the number of water molecules that are removed in the system per time and was set to 4.5/ps 

after verifications to ensure stability of simulations and independence of folded patterns during 

evaporation of water molecules. After complete evaporation of water molecules, another 1.0 

ns were kept to allow the arrival of ultimate folded stable patterns. The deformation energy and 

binding energy were documented every 0.01 ns so as to ensure sufficient data recorded during 

simulations.  

2.2.3 Energy and morphology evolution during liquid evaporation 

By taking 𝑘𝜃 = 75 kcal/mole , 𝜀 = 0.5625 kcal/mole and 𝑙 = 7.9 nm in CGMD simulations, 

Figure 2.9a shows the variation of the surface energy of liquid 𝐸𝑠𝑢𝑟𝑓, binding energy of the 

overlapped part in the nanofiber 𝐸𝑣𝑑𝑊 , and deformation energy of nanofiber 𝐸𝑑𝑒𝑓  with 

simulation time. During the equilibrium process, 𝐸𝑠𝑢𝑟𝑓 shows an obvious decrease due to the 

minimization of liquid surface energy until reaching an equilibrium status of the system. As a 

consequence, the suspension liquid evolves to a spherical droplet at the end of equilibrium, as 
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shown in insets. In contrast, both 𝐸𝑣𝑑𝑊 and 𝐸𝑑𝑒𝑓 do not change due to a sufficiently large 

volume of water, indicating that the nanofiber remains to be straight in geometry. Once the 

evaporation starts, in the 1st stage of self-folding, 𝐸𝑠𝑢𝑟𝑓 will continue to decrease due to the 

evaporation of liquid molecules. Due to the confinement force-induced bending deformation 

of nanofiber by evaporation (insets in Figure 2.9a), 𝐸𝑑𝑒𝑓 increases steadily. 𝐸𝑣𝑑𝑊 remains to 

be an approximate zero in this stage, indicating that there is no formation of a closed pattern in 

the bent nanofiber. As the evaporation continues, an overlap in the deformed pattern appears in 

the 2nd stage of self-folding (insets in Figure 2.9a). As a consequence, 𝐸𝑣𝑑𝑊 shows a decrease 

and reaches a constant where a stable folded pattern is formed. Accordingly, the deformation 

of nanofiber stops and a constant 𝐸𝑑𝑒𝑓  eventually arrives. During this stage, due to the 

evaporation of water molecules, 𝐸𝑠𝑢𝑟𝑓  quickly decreases to zero and its effect can be 

neglected, which validates the theoretical assumptions in Section 2.2.1. 

 

 

Figure 2.9. Variation of the system energy during liquid evaporation. (a) Variation of liquid surface 

energy 𝐸𝑠𝑢𝑟𝑓 , deformation energy of nanofiber 𝐸𝑑𝑒𝑓  and binding energy in overlap parts of nanofiber 

𝐸𝑣𝑑𝑊  with simulation time. Insets show the CGMD snapshots of nanofiber deformation in liquid. (b) 

Comparison of 𝐸𝐸𝑅 = |∆𝐸𝑑𝑒𝑓/∆𝐸𝑠𝑢𝑟𝑓|  and 𝐸𝐸𝑅 = |∆𝐸𝑑𝑒𝑓/∆𝐸𝑣𝑑𝑊|  in the 1st and 2nd stage of self-

folding by evaporation respectively between CGMD simulations and theoretical predictions. (c) Variation of 

𝐸𝐸𝑅 at 𝜃𝑏 = 2𝜋 in the 1st stage of evaporation with 𝐵/𝛾𝑙. (d) Variation of 𝑙𝑜/𝑙 at 𝐸𝐸𝑅 = 1 in the 2nd 

stage of evaporation with |𝐵/𝛾𝑏|.  
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During the evaporation, EER is extracted and plotted in Figure 2.9b, where 𝐸𝐸𝑅 =

|
∆𝐸𝑑𝑒𝑓

∆𝐸𝑠𝑢𝑟𝑓
| and 𝐸𝐸𝑅 = |

∆𝐸𝑑𝑒𝑓

∆𝐸𝑣𝑑𝑊
| at the 1st and 2nd stage of liquid evaporation, respectively. Both 

of them increase with the deformation of the nanofiber. A closed pattern is formed at the end 

of 1st stage from an initial straight nanofiber (insets in Figure 2.9b), and eventually a racket-

like folded pattern (insets in Figure 2.9b) is obtained at the end of the 2nd stage of evaporation. 

In parallel, given the CGMD modeling parameters 𝑘𝜃 = 75 𝑘𝑐𝑎𝑙/𝑚𝑜𝑙𝑒, 𝜀 = 0.5625 𝑘𝑐𝑎𝑙/

𝑚𝑜𝑙𝑒  and  𝑙 = 7.9 𝑛𝑚 , we can calculate 𝐵/𝛾𝑙 = 1.67 × 10
−27𝑚3 , and |𝐵/𝛾𝑏| = 7.03 ×

10−19𝑚2 via Eqs. (2.20) and (2.22) and obtain the EER in theory by solving Eqs. (2.6), (2.11-

2.13). The theoretical plots of EER at both the 1st and 2nd stages are also given in Figure 2.9b, 

and good agreement between CGMD simulations and theoretical analyses in both stages is 

observed. Besides, the theoretical calculation via Eq. (2.15) indicates 𝑙𝑐𝑟 = 5.27 𝑛𝑚 < 𝑙 =

7.9 𝑛𝑚, suggesting the formation of a stable folded pattern after complete evaporation of water, 

which is also in good consistency with the observation in the CGMD simulations (inset in 

Figure 2.9b).  

As a further comparison between CGMD simulations and theoretical analyses, more 

CGMD simulations were performed by employing a series of 𝐵/𝛾𝑙 and |𝐵/𝛾𝑏|. At the 1st 

stage of evaporation, 𝐸𝐸𝑅 = |
∆𝐸𝑑𝑒𝑓

∆𝐸𝑠𝑢𝑟𝑓
| at 𝜃𝑏 = 2𝜋, where the nanofiber is bent to a whole 

circular configuration, is extracted and its variation with 𝐵/𝛾𝑙 is plotted in Figure 2.9c. At the 

2nd stage of evaporation, 𝑙𝑜/𝑙  at 𝐸𝐸𝑅 = |
∆𝐸𝑑𝑒𝑓

∆𝐸𝑣𝑑𝑊
| = 1, where the folded pattern reaches a 

stable stage, is extracted and its variation with |𝐵/𝛾𝑏|  is plotted in Figure 2.9d. Good 

agreement between CGMD and theoretical results in both Figures 2.9c and d is obtained, which 

further validates the theoretical model.    
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2.2.4 Crumpled patterns of 1-D materials 

 

Figure 2.10. Comparison of self-folded patterns of nanofibers after complete evaporation of liquid 

between CGMD simulations and theoretical predictions. (a) Racket-like pattern. 𝑙=20 nm, 𝑘𝜃=200 

kcal/mole, 𝜀 =1 kcal/mole in CGMD model, and accordingly 𝐵 = 2.79 × 10−28 J ∙ m, 𝛾𝑏 = 2.63 ×

10−10 J/m. (b) Spiral pattern. 𝑙=20 nm, 𝑘𝜃 =100 kcal/mole, 𝜀 =0.3 kcal/mole in CGMD model, and 

accordingly 𝐵 = 1.39 × 10−28 J ∙m, 𝛾𝑏 = 7.88 × 10
−11 J/m. (c) Helical pattern. 𝑙=13.7 nm, 𝑘𝜃 =150 

kcal/mole, 𝜀=0.375 kcal/mole in CGMD model, and accordingly 𝐵 = 2.09 × 10−28J ∙m, 𝛾𝑏 = 9.85 ×

10−11J/m. 

 

Figure 2.10 gives the configuration of three folded patterns after the complete evaporation of 

water molecules. For example, at 𝑙=20 nm, 𝑘𝜃=200 kcal/mole, 𝜀=1 kcal/mole, a racket-like 

pattern is obtained in CGMD simulations. In comparison, with these parameters, 𝑙 = 20nm, 

and |𝐵/𝛾𝑏| = 1.0514 × 10−18 𝑚2, the calculation via Eq (2.11) also shows a formation of a 

racket-like pattern by evaporation, which agrees well with CGMD simulations. When 𝑙, 𝑘𝜃, 

and 𝜀 change, the spiral and helical patterns can be obtained and also show good agreement 

with theoretical predictions from Eqs (2.12) and (2.13), respectively. More importantly, all of 

them show remarkable consistency with theoretical models in both geometric shapes and sizes. 

In addition, for the racket-like pattern, the approximately circular bent part is obtained in 

simulations and also agrees with the theoretical assumption in Section 2.2.1.   

2.2.5 Influence of aspect ratio on the crumpling of 1-D materials 

Our theoretical analyses and numerical simulations prove that the bending stiffness, liquid 
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surface tension, and binding energy density play the critical roles in the determination of the 

elastocapillary length (𝑙𝑒𝑐) by liquid evaporation and the critical length for ultimate self-folding 

(𝑙𝑐𝑟). These parameters are obtained on the basis of the pure bending deformation. However, 

the bending deformation may induce variations of geometric parameters (e.g. cross-section, 

length), and in turn, affects the folding process during liquid evaporation, discussed as follows. 

For nanofibers with a small aspect ratio (i.e. 𝜂<10), the nanofiber may be elongated 

during the folding process, and the stretching energy will become important. Under this 

circumstance, the stretching will lead to an increase of both length and bending radius of 

nanofiber and decreases the cross-section area, as illustrated in Figure 2.11a, and the 

deformation energy will include bending and stretching energies, and Eq. (2.3) will become  

𝐸𝑑𝑒𝑓
𝑏&𝑠 =

𝐵𝜃𝑏
2

2𝑙
∙
2+5𝜀𝑠𝑐

2(1+𝜀𝑠𝑐)4
                            (2.23) 

where 𝜀𝑠𝑐  is the deformation strain by stretching, and 𝜀𝑠𝑐(1 + 𝜀𝑠𝑐)
4 = 3𝜃𝑏

2/32𝜂2 . Define 

𝛼 =
2+5𝜀𝑠𝑐

2(1+𝜀𝑠𝑐)4
 and it reflects the stretching deformation of nanofiber. In comparison with 

deformation energy with a pure bending event, 𝐸𝑑𝑒𝑓
𝑏 , because of 𝛼 ≤ 1, 𝐸𝑑𝑒𝑓

𝑏&𝑠  is always 

lower when the stretching deformation cannot be neglected, which favorites the self-folding 

process.  

It should be noted that the radius of nanofibers cannot be larger than the bending radius 

so as to ensure to fold an entire circle at the end of the 1st evaporation stage, and the smallest 

𝜂  (= 𝜋 ) can be determined. Take 𝐵/𝛾𝑙 = 5.77 × 10
−24 𝑚3 , and 𝜂 = 5  as an example, 

Figure 2.11b shows a significant decrease in energy ratio |
∆𝐸𝑑𝑒𝑓

∆𝐸𝑠𝑢𝑟𝑓
| with the increase of bending 

deformation due to the stretching deformation in comparison with that without elongation 

during evaporation. Besides, the longer nanofiber, the more significance of decrease.  

This stretching deformation also leads to a decrease of the critical length 𝑙𝑒𝑐. For instance, for 

the nanofiber with 𝑙 = 70 𝑛𝑚, the calculation via Eq. (2.7) shows that it cannot be folded by 

evaporation-induced pure bending deformation, and with the consideration of stretching 

deformation, it can be folded because of |
∆𝐸𝑑𝑒𝑓

𝑏&𝑠

∆𝐸𝑠𝑢𝑟𝑓
| < 1 at bending angle equal to 2𝜋 . The 

elastocapillary critical length can be modified by replacing the deformation energy in Eq. (2.5) 

by Eq. (2.23), and it is 
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Figure 2.11. Effect of stretching deformation on liquid evaporation-induced self-folding of nanofibers. 

(a) Schematics of nanofiber with and without stretching deformation. 𝑟 is the intrinsic radius of nanofiber, 

𝑟𝑠 the radius of nanofiber due to elongation-induced shrinkage of the cross-section. 𝑟𝑏 is the bending radius 

without stretching and ∆𝑟𝑏𝑠  is the incremence of bending radius by stretching. The bending angle 𝜃𝑏 

remains the same before and after stretching. (b) Comparison of |∆𝐸𝑑𝑒𝑓/∆𝐸𝑠𝑢𝑟𝑓| with bending angle of 

deformation 𝜃𝑏 between with and without stretching deformation. Variation of (c) the critical length of 

nanofiber 𝑙𝑒𝑐  versus 𝐵/𝛾𝑙  and (d) the critical length 𝑙𝑐𝑟  versus |𝐵/𝛾𝑏| at different aspect ratios of 

nanofibers 𝜂. 

 

𝑙𝑒𝑐 = 𝜋 (
2𝛼𝐵

𝛾𝑙
)
1/3

                           (2.24) 

when there is no elongation deformation, 𝜀𝑠𝑐=0 and 𝛼=1, Eq. (2.24) will reduce to Eq. (2.8). 

Similarly, when the stretching deformation cannot be neglected, the critical length 𝑙𝑐𝑟 will 

become  

𝑙𝑐𝑟 = 2𝜋√|
𝛼𝐵

𝛾𝑏
|                              (2.25) 

When the stretching deformation is neglected, 𝛼=1, and Eq. (2.25) will reduce to Eq. (2.15). 

Figure 2.11c and d give the variation of the critical length 𝑙𝑒𝑐  with 𝐵/𝛾𝑙  and 𝑙𝑐𝑟  with 

|𝐵/𝛾𝑏| at different aspect ratios 𝜂. When 𝜂 < 10, 𝑙𝑒𝑐 and 𝑙𝑐𝑟 will vary with 𝜂. When 𝜂 >

10, the effect of stretching on the self-folding process by liquid evaporation can be neglected.  
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2.2.6 Influence of cross-section shapes on the crumpling of 1-D materials 

When the nanofiber is a hollow, core/shell or inhomogeneous structure such as CNTs, 

when the bending deformation is beyond a critical buckling strain, the local wrinkling or 

buckling deformation in nanofibers may happen and affect the self-folding of nanofibers [107, 

108]. Assume the bending angle 𝜃𝑏, the resultant maximum compressive strain in the fiber is 

[80] 

𝜀𝑚 = −
𝑟

𝑙
𝜃𝑏                               (2.26) 

when 𝜀𝑚  or the associated stress is beyond the critical buckling strain/stress, the local 

wrinkling or buckling will occur, leading to kinks/wrinklings on the compressive side of 

nanofiber. This bending-induced local buckling or wrinkling is particularly important in hollow 

nanofibers or nanofibers with inhomogeneous properties such as core/shell structures [109-

112]. Generally, the occurrence of local wrinkling or buckling will lead to a change of the cross-

section of nanofibers and decreases the bending stiffness [109, 113]. Assume that the 

kinks/wrinklings after buckling of nanofibers can be described by a sinusoidal curve [114, 115] 

with the change of the cross-section from a circular to an elliptical shape, as illustrated in 

Figure 2.12a. The bending stiffness of nanofiber will become 𝐵 = 𝐸𝐼𝑏𝑢𝑐𝑘𝑙𝑒, where 𝐼𝑏𝑢𝑐𝑘𝑙𝑒 is 

the moment of inertia for the buckled nanofiber with an elliptical cross-section. As a 

consequence, 𝑙𝑒𝑐 in Eq. (2.8) can be estimated via  

𝑙𝑒𝑐 = 𝜋 (
2𝛽𝐵

𝛾𝑙
)
1/3

                           (2.27) 

where 𝛽 =
𝐼𝑏𝑢𝑐𝑘𝑙𝑒

𝐼
≤ 1 is the shape factor of the cross-section in nanofibers. When there is no 

buckling deformation, 𝐼𝑏𝑢𝑐𝑘𝑙𝑒 = 𝐼 and 𝛽 = 1, and Eq (2.27) will reduce to Eq. (2.8).  

Take a hallow nanofiber with radius 𝑟 = 0.5 nm, thickness of shell 𝑡 = 0.1 nm, 𝐵/𝛾𝑙 =

5.77 × 10−24 𝑚3 and Poisson’s ratio 𝑣 = 0.3 as a representative, the critical buckling strain 

can be estimated by 𝜀𝑐−𝑏 = −
1

√3

𝑡

𝑟√1−𝑣2
 [111, 116], and the corresponding critical buckling 

bending angle will be 𝜃𝑏𝑐 =
𝑙

𝑟
𝜀𝑐−𝑏 via Eq. (2.26). Figure 2.12b shows comparison of energy 

ratio |
∆𝐸𝑑𝑒𝑓

∆𝐸𝑠𝑢𝑟𝑓
| with and without consideration of buckling deformation. When the bending 
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deformation is large enough, there is a sudden drop in |
∆𝐸𝑑𝑒𝑓

∆𝐸𝑠𝑢𝑟𝑓
|  because of buckling 

deformation.The longer nanofiber, the larger bending deformation (i.e. a higher bending angle) 

is required to induce buckling deformation, which is in agreement with the theoretical 

 

 

Figure 2.12. Self-folding of nanofibers with different geometric shapes of the cross-section by liquid 

evaporation. (a) Schematics of the nanofiber with bending-induced buckling deformation (left) and its 

associated change of cross-section from circular to elliptical shape before and after buckling deformation 

(right). 𝑟 is the intrinsic radius of nanofiber without buckling deformation (upper right), and 𝑟1 and 𝑟2 

are radius of elliptical cross-section of nanofiber along the major and minor axis respectively after buckling 

deformation (bottom right). (b) |∆𝐸𝑑𝑒𝑓/∆𝐸𝑠𝑢𝑟𝑓| verses bending angle of deformation 𝜃𝑏 with and without 

buckling deformation. Variation of (c) the critical length 𝑙𝑒𝑐 versus 𝐵/𝛾𝑙 and (d) the critical length 𝑙𝑐𝑟 

versus |𝐵/𝛾𝑏| for fibers with different cross-section shapes (insets).  

 

predictions in Eq. (2.26). This energy drop will delay the bending deformation of nanofiber 

and also decreases the critical length of self-folding by evaporation, promoting self-folding. 

For example, assume the radius of the elliptical cross-section in the major and minor axis 

satisfies 𝑟1 = 2𝑟2  after buckling deformation, we can calculate 𝛽 =0.3529, and 𝑙𝑒𝑐 =

50.17 𝑛𝑚 through Eq. (2.27). Apparently, because of 𝑙 = 60 𝑛𝑚, and 70 𝑛𝑚 > 50.17 𝑛𝑚, 

the nanofibers can be folded by evaporation. In contrast, with the sole bending deformation by 

evaporation, Eq. (2.8) shows that 𝑙𝑒𝑐 = 71 𝑛𝑚 > 𝑙 = 60 𝑛𝑚, or 70 𝑛𝑚 and they cannot be 

folded.  
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Similarly, when we consider the bending-induced buckling deformation in the 2nd stage of 

evaporation, the critical length for self-folding will also be affected. Eq. (2.15) can be modified 

via the factor 𝛽 to  

𝑙𝑐𝑟 = 2𝜋√|
𝛽𝐵

𝛾𝑏
|                             (2.28) 

Similar to Eq. (2.27), when 𝛽 = 1 , the cross-section of nanofiber is circular, there is no 

buckling deformation and Eq. (2.28) will reduce to Eq. (2.15). Figures 2.12c and d give the 

variation of 𝑙𝑒𝑐 and 𝑙𝑐𝑟 with 𝐵/𝛾𝑙 and |𝐵/𝛾𝑏|, respectively, and both of them show a clear 

decrease when the bending-induced buckling deformation is considered with the change of a 

circular cross-section to an elliptical one. Besides, the larger 𝐵/𝛾𝑙  or |𝐵/𝛾𝑏| , the more 

decrease.  

In addition, for hollow nanofibers, the capillary flow of liquid may happen during 

evaporation due to a pressure difference between inside and outside of the tubes, which will 

deform the cross-section of nanofiber to an elliptical one, and even to a contact mode [117]. 

Usually, three deformed shapes of the cross-section in hollow tubes are observed: elliptical, 

point contact, and wall contact. Similar to the change of cross-section by bending-induced 

buckling deformation, the variation of these cross-sections will also significantly affect the 

bending stiffness and self-folding, and the critical length 𝑙𝑒𝑐 and 𝑙𝑐𝑟 can also be obtained by 

Eqs. (2.27) and (2.28) with the modifications to bending stiffness at different cross-sections of 

nanofibers. For example, for the point- contact and wall-contact cross-section of nanofibers 

after deformation, 𝛽 = 0.0441 and 𝛽 = 0.0266, respectively. Their effects on 𝑙𝑒𝑐 and 𝑙𝑐𝑟 

are also plotted in Figures 2.12c and d. A lower 𝑙𝑒𝑐 and 𝑙𝑐𝑟 are observed in comparison with 

that of nanofibers with circular cross-sections. These comparisons also indicate that the 

nanofibers with non-circular cross-sections will be favorable to be folded by liquid evaporation. 

2.2.7 summary 

We have proposed an energy-based theoretical framework to understand the self-folding of a 

single free-standing 1-D nanofiber by liquid evaporation. When the nanofiber is immersed 

inside a liquid droplet, on the basis of energy competition among liquid surface energy, solid-

liquid interaction, deformation energy, and solid-solid interaction at overlap parts during 
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evaporation, the self-folding of a 1-D nanofiber can be divided into two stages. The first stage 

of self-folding is driven by liquid evaporation and is dominated by the deformation energy of 

nanofiber and surface energy of the liquid. In this stage, a critical elastocapillary length of 

nanofiber beyond which self-folding will continue by evaporation is obtained, and it depends 

on the bending stiffness of nanofiber and surface tension of the liquid. Afterward, with the 

further evaporation of liquid, which is referred to as the second stage of evaporation, the self-

folding will occur till to the arrival of a final stable folded pattern, and it is driven by the van 

der Waals force interaction at the overlap part in the folded pattern. The critical self-folding 

length beyond which a stable folded pattern can be formed after complete evaporation of the 

liquid is obtained. It depends on the bending stiffness and binding energy density of nanofiber, 

and also varies with the folded patterns. Three typical energy favorable folded patterns, racket-

like, spiral and helical patterns observed in experiments are identified. Further, the size and 

folded patterns are evaluated and well determined after the complete evaporation of liquid.  

In parallel, comprehensive coarse-grained molecular dynamics (CGMD) simulations are 

performed with the help of a bead-spring model of nanofibers to validate the theoretical models. 

Quantitative comparisons of deformation, self-folding energy, critical elastocapillary and self-

folding length in both evaporation stages during evaporation, and folded pattern configurations 

and sizes after complete evaporation of liquid show remarkable agreement between theoretical 

estimations and CGMD simulations. In addition, the effect of bending-induced stretching 

deformation of nanofiber during evaporation on self-folding is investigated and both critical 

lengths of self-folding are updated by revisiting the bending stiffness of nanofibers. For hollow 

nanofibers, the bending-induced local buckling deformation and capillary flow-induced 

variation of cross-sections during evaporation are also discussed on the effect of self-folding 

and elucidated by introducing a cross-section factor of nanofibers. The present theoretical 

framework will provide fundamental guidance on the understanding of self-folding of 

nanofibers by liquid evaporation, and can also be easily extended to other 1-D nanomaterials 

with a broad range of geometric features. It is also envisioned that this study will facilitate the 

quantitative control of geometric shapes of 1-D nanomaterials by liquid evaporation, which is 

of great interest to achieve unique properties of 1-D nanomaterials with on-demand shapes for 

broad applications. 
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2.3 Liquid Evaporation-driven Crumpling of a Single 2-D Material 

2.3.1 Theoretical framework 

 
Figure 2.13. Evaporation-driven self-folding of a single suspended graphene sheet in a liquid environment. 

Schematics of planar (a) rectangular, (b) circular, and (c) triangular graphene, their suspended in liquid and self-

folded pattern after complete evaporation of liquid. 𝑙 and/or 𝑤 are size of planar graphene. 𝜃𝑏 is the bending 

angle of graphene in liquid. 𝑙𝑜 is the length of overlap part. 

 

Consider a single free-standing graphene suspended in a liquid droplet, the total energy of 

the system is 

𝐸𝑡𝑜𝑡 = 𝐸𝑑𝑒𝑓 + 𝐸𝑠𝑢𝑟𝑓
𝑙 + 𝐸𝑠𝑢𝑟𝑓

𝑔
+ 𝐸𝑖𝑛𝑡𝑒𝑟 + 𝐸𝑣𝑑𝑊               (2.29) 

where 𝐸𝑑𝑒𝑓 = ∫
𝐵

2𝑟𝑏
2 𝑑𝐴𝐴𝑑

 is the deformation energy of graphene[118-122], 𝐸𝑠𝑢𝑟𝑓
𝑙 = ∫ 𝛾𝑙𝑑𝐴𝐴𝑙

 

is the surface energy of liquid, 𝐸𝑠𝑢𝑟𝑓
𝑔

= ∫ 𝛾𝑠𝑑𝐴𝐴𝑔
 is the surface energy of graphene, 𝐸𝑖𝑛𝑡𝑒𝑟 =

∫ 𝛾𝑖𝑑𝐴𝐴𝑖
 is the interfacial energy between graphene and liquid, and 𝐸𝑣𝑑𝑊 = ∫ 𝛾𝑏𝑑𝐴𝐴𝑜

 is the 

binding energy of graphene. 𝐴𝑑 is the area of deformed graphene, 𝐵 is the bending stiffness 

of graphene, 𝑟𝑏  is the radius of curvature, 𝐴𝑙  is the surface area of liquid exposed to 
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vacuum/air, 𝛾𝑙 is the surface tension of liquid, 𝐴𝑔 is the surface area of graphene exposed to 

vacuum/air, 𝛾𝑠 is the surface energy density of graphene, 𝐴𝑖 is the contact area between solid 

and liquid, 𝛾𝑖  is the interfacial energy density, 𝐴𝑜  is the overlap area in the deformed 

graphene and 𝛾𝑏  is the vdW binding energy density of overlap area. Once the liquid 

evaporation begins, the surface energy of liquid will decrease, i.e. ∆𝐸𝑠𝑢𝑟𝑓
𝑙 < 0, and the capillary 

force will deform the graphene sheet to achieve a conformal contact between them. As a 

consequence, the deformation energy of graphene will increase, i.e. ∆𝐸𝑑𝑒𝑓 > 0, leading to a 

competition between surface energy of liquid and deformation energy of graphene. Depending  

on the contact status between liquid and graphene, both interfacial energy and binding energy 

of graphene may also change, and when the total energy of the system keeps decreasing, i.e. 

∆𝐸𝑡𝑜𝑡 < 0 , and ∆𝐸𝑑𝑒𝑓 > 0 , the liquid evaporation-induced deformation of graphene will 

continue, and otherwise, ∆𝐸𝑡𝑜𝑡 > 0 or ∆𝐸𝑡𝑜𝑡 < 0 and ∆𝐸𝑑𝑒𝑓 < 0, the folding will stop and 

no further folding will occur.  

2.3.1.1 Elastocapillary by liquid evaporation 

At the beginning of evaporation, there is no overlap in graphene and 𝐴𝑜=0, and thus 𝐸𝑣𝑑𝑊 =

0. The graphene will stay in contact with the outmost surface of a water droplet with one surface 

side exposed to the vacuum/air due to the requirement of the minimum system energy, and 

𝐴𝑑 = 𝐴𝑔 = 𝐴𝑖 . Take the rectangular graphene with length 𝑙  and width 𝑤  (𝑙 ≥ 𝑤) as an 

example, as illustrated in Figure 2.13a, and assume the deformation is unidirectional along its 

long symmetric axis, 𝑟𝑏 is a constant across the entire deformed graphene with the bending 

angle 𝜃𝑏, and 𝜃𝑏 = 𝑙/2𝑟𝑏, Eq. (2.29) is simplified to 

𝐸𝑡𝑜𝑡 =
2𝐵𝜃𝑏

2

𝜂
+ 𝐴𝑙𝛾𝑙 + 𝑙𝑤𝛾𝑠 + 𝑙𝑤𝛾𝑖                      (2.30) 

where 𝛾𝑖 = 𝛾𝑠 − 𝛾𝑙𝑐𝑜𝑠𝜃𝑐  [123], 𝜃𝑐  is the contact angle and 𝜂 = 𝑙/𝑤. The surface area of 

liquid 𝐴𝑙 will vary with 𝜃𝑏. To derive this relation, Figure 2.14a shows a planar rectangular 

graphene with length 𝑙 and width 𝑤. Keep the same assumption of bending direction and give 

a bending angle 𝜃𝑏 after deformation (Figure 2.14b), the bending radius is 

𝑟𝑏 =
𝑙

2𝜃𝑏
                                 (2.31) 
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Figure 2.14. Evaporation-driven self-folding of a single suspended rectangular graphene sheet. Schematics 

of (a) planar rectangular graphene, and (b) suspended in liquid and the variation of the profile of graphene and 

liquid along the 𝑦 direction at (c) 𝑦 = 0, (d) 𝑦 = 𝑤/4 and (e) 𝑦 = 𝑤/2. 

 

The coordinate of the point marked by green is (0, −𝑤/2,0) and the coordinate of the point 

marked by yellow is (𝑑, 0, ℎ), where 𝑑 = 𝑟𝑏 sin 𝜃𝑏 and ℎ = 𝑟𝑏(1 − 𝑐𝑜𝑠𝜃𝑏). Based on the 

full contact assumption between solid and liquid, these two points should be also on the 

surface of the liquid. Then the profile of liquid can be estimated via  

𝑥2 + 𝑦2 + (𝑧 − 𝑐)2 = 𝑟𝑐
2                        (2.32) 

With (0, −𝑤/2,0) and (𝑑, 0, ℎ), we can have  

𝑐 = (𝑑2 + ℎ2 − 𝑤2/4)/2ℎ                       (2.33) 

and 

𝑟𝑐 = √𝑤2/4 + 𝑐2                           (2.34) 

Due to the minimization of the system energy and the surface energy of liquid, the overall 

configuration of the liquid surface may not be a sphere. Only the molecules in the 𝑥 − 𝑧 and 

𝑦 − 𝑧 planes satisfy Eq. (2.32). In order to get the overall profile of liquid surface, the total 

height of graphene and liquid along the 𝑦 axis needs to be determined and it is 

ℎ𝑙𝑔 = √𝑟𝑐2 − 𝑦2 + 𝑐, 𝑦 ∈ [−𝑤/2,𝑤/2]                 (2.35) 

Take the height of graphene ℎ𝑔 = ℎ, independent of 𝑦, the height of liquid is ℎ𝑙 = ℎ𝑙𝑔 − ℎ𝑔 

(Figures 2.14c-e). Assume the profile of liquid is an arc, it can be determined by the points 
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(0, 𝑦, ℎ𝑙𝑔), (𝑑, 𝑦, ℎ) and (−𝑑, 𝑦, ℎ), and could be represented by the radius of curvature, 𝑟𝑙𝑦 

and half central angle of the profile of liquid, 𝜃𝑙𝑦 (Figures 2.141c-e). With these analyses, 

the profile of liquid can be determined in each plane parallel to the 𝑥 − 𝑧 plane in the range 

of −𝑤/2 ≤ 𝑦 ≤ 𝑤/2. So the surface area of liquid exposed to the vacuum is 

𝐴𝑙 = 2(∫ 2𝑟𝑙𝑦𝜃𝑙𝑦𝑑𝑦
𝑤/2

0
+ 𝐴𝑐𝑎𝑝)                    (2.36) 

where 𝐴𝑐𝑎𝑝 = 𝜀(𝑟𝑐 − 𝑤/2)2𝜋𝑟𝑐𝑎𝑝(𝑟𝑐 − 𝑤/2) is the surface area of the spherical cap of 

liquid at |𝑦| > 𝑤/2 . 𝜀(𝑟𝑐 − 𝑤/2)  is the Heaviside step function and 𝑟𝑐𝑎𝑝 = (𝑟𝑏
2 +

(𝑟𝑐 −𝑤/2)
2)/2(𝑟𝑐 − 𝑤/2) is the bottom radius of the spherical cap. Similarly, the volume 

of liquid can be obtained via 

𝑉𝑙 = 2(∫ [𝑟𝑙𝑦
2 (𝜃𝑙𝑦 − 𝑠𝑖𝑛𝜃𝑙𝑦𝑐𝑜𝑠𝜃𝑙𝑦) + 𝑟𝑏

2(𝜃𝑏 − 𝑠𝑖𝑛𝜃𝑏𝑐𝑜𝑠𝜃𝑏)]𝑑𝑦 + 𝑉𝑐𝑎𝑝
𝑤/2

0
)  (2.37) 

where 𝑉𝑐𝑎𝑝 = 𝜀(𝑟𝑐 − 𝑤/2)𝜋(𝑟 − 𝑤/2)
2(𝑟𝑐𝑎𝑝 − (𝑟 − 𝑤/2)/3)  is the volume of the 

spherical cap of the liquid. 

It needs to be mentioned that the expression of 𝐴𝑙  and 𝑉𝑙 are derived based on the 

condition ℎ𝑙𝑔
|𝑦|=𝑤/2

> ℎ, and when ℎ𝑙𝑔
|𝑦|=𝑤/2

≤ ℎ, the point (0, −𝑤/2,0) and (𝑑, 0, ℎ) are 

no longer on the surface of the same sphere, a new point (𝑑, −𝑤/2, ℎ) will replace (𝑑, 0, ℎ) 

to generate a new 𝑟𝑐 and 𝑐, respectively. The spherical cap will also diminish and 𝐴𝑐𝑎𝑝 =

𝜋𝑟𝑏
2, 𝑉𝑐𝑎𝑝 = 0. The surface area and volume of liquid can still be calculated based on Eqs. 

(2.36) and (2.37).  

 

Figure 2.15. Normalized energy difference when the rectangular graphene is folded along its 

symmetric axis (green dotted line in insets) parallel to the length and width of the rectangle, 

respectively, where 𝜼 = 𝒍/𝒘 (≥ 𝟏) is the aspect ratio of graphene. 
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Once 𝐴𝑙  is obtained, the total energy can be calculated via Eq. (2.30). With these 

geometric relationships, for a rectangular shape, the energy analysis shows that the self-

folding deformation along the long symmetric axis is preferable in energy in comparison with 

along the short axis, consistent with that of graphene nanoribbons [124], as shown in Figure 

2.15. 

After the folding direction is determined, with liquid evaporation, the bending angle of 

graphene 𝜃𝑏 will increase. As discussed above, both surface energy of graphene 𝑙𝑤𝛾𝑠 and 

interfacial energy 𝑙𝑤𝛾𝑖 remain constant, the total energy 𝐸𝑡𝑜𝑡 in Eq. (2.30) is a function of 

𝜃𝑏 via the first and second terms and can be solved through numerical iterations. Therefore, a 

successful self-folding by liquid evaporation requires 𝐸𝑡𝑜𝑡(𝜃𝑏 + ∆𝜃𝑏) < 𝐸𝑡𝑜𝑡(𝜃𝑏), (∆𝜃𝑏 >

0, 𝜃𝑏 ∈ [0, 𝜋]) . Define ∆𝐸𝑡𝑜𝑡(𝜃𝑏) = 𝐸𝑡𝑜𝑡(𝜃𝑏 + ∆𝜃𝑏) − 𝐸𝑡𝑜𝑡(𝜃𝑏) , if ∆𝐸𝑡𝑜𝑡(𝜃𝑏) < 0 , the 

evaporation-induced folding can be achieved and a fully wrapped state of graphene with liquid 

droplet will be obtained. As a consequence, from Eq. (2.30), we will have 

∆𝐸𝑡𝑜𝑡 = ∆𝐸𝑑𝑒𝑓 + ∆𝐸𝑠𝑢𝑟𝑓
𝑙                             (2.38) 

where ∆𝐸𝑑𝑒𝑓 =
2𝐵

𝜂
[(𝜃𝑏 + ∆𝜃𝑏)

2 − 𝜃𝑏
2]  represents the increase of deformation energy of 

graphene and ∆𝐸𝑠𝑢𝑟𝑓
𝑙 = 𝐴𝑙(𝜃𝑏 + ∆𝜃𝑏)𝛾𝑙 − 𝐴𝑙(𝜃𝑏)𝛾𝑙  represents the decrease of the surface 

energy of liquid. Therefore, the criterion for a successful folding process by liquid evaporation 

can be defined as 

|
∆𝐸𝑑𝑒𝑓

∆𝐸𝑠𝑢𝑟𝑓
𝑙 | < 1, (𝜃𝑏 ∈ [0, 𝜋])                       (2.39) 

The critical self-folding length of graphene can be calculated via |∆𝐸𝑑𝑒𝑓/∆𝐸𝑠𝑢𝑟𝑓
𝑙 |

𝜃𝑏=𝜋
= 1 

and it is 𝑙𝑒𝑐 = √4𝜋3/(𝜂 + 𝜋)√𝐵/𝛾𝑙. 

Following a similar analysis, we also determine the profile and energy for the liquid 

evaporation-driven folding of circular and triangular graphene. For circular graphene, the 

folding line could be an arbitrary diameter (Figure 2.13b), and the analysis leads to 

𝑙𝑒𝑐 =6.32√𝐵/𝛾𝑙 . For triangular graphene, unlike the axisymmetric folding of rectangular and 

circular graphene, its self-folding will be conducted along the centrosymmetric direction 

(Figure 2.13c), and we can have 𝑙𝑒𝑐 = 3.45√𝐵/𝛾𝑙 . By introducing a geometric factor, 𝑠, the 
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critical length of these three graphene geometries can be unified into  

𝑙𝑒𝑐 = 𝑠√
𝐵

𝛾𝑙
                              (2.40) 

where √𝐵/𝛾𝑙 represents the material constants of solid and liquid, and 𝑠 = √4𝜋3/(𝜂 + 𝜋) 

(Rectangle), 6.32 (Circle) and 3.45 (Triangle). In particular, for rectangular graphene with a 

small aspect ratio, i.e. 𝜂 ≪ 1, 𝑠 = 2𝜋, and the critical length 𝑙𝑒𝑐 in Eq. (2.40) will be the 

same as that of graphene nanoribbons [99].  

2.3.1.2 Effect of surface wettability 

In the determination of 𝑙𝑒𝑐 in Eq. (2.40), a full-contact between graphene and liquid droplet 

is assumed, associated with constant interfacial energy during evaporation. Essentially, 𝑙𝑒𝑐 in 

Eq. (2.40) reflects the energy competition between liquid surface and deformation of graphene. 

However, the detaching between graphene and liquid may happen during the folding of 

graphene with liquid evaporation, as illustrated in Figure 2.16. In particular, when the effect 

of surface wettability of graphene is considered[125, 126], the interfacial energy may change 

with evaporation. Besides, once the graphene does not remain in contact with the liquid surface, 

the detached section will recover to be planar [127, 128]. Consider the surface area of detached 

graphene 𝐴𝑠 (>0), the total energy of the system in Eq. (2.30) will become 

𝐸𝑡𝑜𝑡 =
𝐵(𝑙𝑤−𝐴𝑠)

2𝑟𝑏
2 + (𝐴𝑙 + 𝐴𝑠)𝛾𝑙 + (𝑙𝑤 + 𝐴𝑠)𝛾𝑠 + (𝑙𝑤 − 𝐴𝑠)𝛾𝑖           (2.41) 

The energy difference between the scenarios with full (Eq. (2.30), 𝐸𝑡𝑜𝑡
𝑓𝑜𝑙𝑑

) and partial contact 

(Eq. (2.41), 𝐸𝑡𝑜𝑡
𝑑𝑒𝑡𝑎𝑐ℎ) between graphene and water is ∆𝐸𝑡𝑜𝑡

𝑑−𝑓
= 𝐸𝑡𝑜𝑡

𝑑𝑒𝑡𝑎𝑐ℎ − 𝐸𝑡𝑜𝑡
𝑓𝑜𝑙𝑑

, and define 

the surface wettability of graphene 𝜃𝑐, we can have  

∆𝐸𝑡𝑜𝑡
𝑑−𝑓

= 𝐴𝑠 [−
𝐵𝜃𝑏

2

2𝑙2
+ 𝛾𝑙(1 + 𝑐𝑜𝑠𝜃𝑐)]                     (2.42) 

at ∆𝐸𝑡𝑜𝑡
𝑑−𝑓

> 0, no detaching occurs, and the folding will continue with a full-contact between 

liquid and graphene, and otherwise, detachment will happen and self-folding will stop. 

Apparently, a hydrophobic surface (larger 𝜃𝑐) will promote the detachment and suppresses the 

self-folding process. With the consideration of this effect of surface wettability, the critical 

length of graphene that can be folded by evaporation, here referred to as wet-capillary critical 
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Figure 2.16. Schematic illustrations (side view) of full and partial contact of graphene with a liquid 

droplet.  

 

length 𝑙𝑤𝑐, can be derived via ∆𝐸𝑡𝑜𝑡
𝑑−𝑓

= 0 and it is  

𝑙𝑤𝑐 = 𝑔√
𝐵

2𝛾𝑙(1+𝑐𝑜𝑠𝜃𝑐)
                            (2.43) 

where 𝑔 is the geometry factor and 𝑔 = 𝜋 for rectangular and circular graphene, and 𝑔 =

2.9𝜋/√3 for triangular graphene.  

The comparison between Eqs. (2.40) and (2.43) shows that the critical length of graphene 

to be folded by liquid evaporation will be determined by both the size dimension and surface 

wettability of graphene, rather than by the sole size dimension via 𝑙𝑒𝑐. For example, given the 

aspect ratio 𝜂, bending stiffness 𝐵 of a rectangular graphene and surface tension 𝛾𝑙 of liquid, 

a critical contact angle 𝜃𝑐
𝑐  can be derived by 𝑙𝑒𝑐 = 𝑙𝑤𝑐 , which yields 𝜃𝑐

𝑐 = 𝑎𝑐𝑜𝑠(𝜂/8𝜋 −

7/8). When 𝜃𝑐 < 𝜃𝑐
𝑐, 𝑙𝑒𝑐 > 𝑙𝑤𝑐 and a successful folding process requires 𝑙 > 𝑙𝑒𝑐, and when 

𝜃𝑐 ≥ 𝜃𝑐
𝑐, a successful folding process requires 𝑙 > 𝑙𝑤𝑐. 

2.3.1.3 Van der Waals (vdW) energy-driven self-folding 

With the continuous evaporation of liquid and self-folding of graphene, the deformed graphene 

starts to contact with each other (𝐴𝑜 > 0), where the vdW binding energy 𝐸𝑣𝑑𝑊 needs to be 

considered [99]. Take the rectangular graphene as an example, the total energy of the system 

now becomes 

𝐸𝑡𝑜𝑡 =
𝐵(𝑙−2𝑙𝑜)𝑤

2𝑟𝑏
2 + 𝐴𝑙𝛾𝑙 + 𝑙𝑤𝛾𝑠 + (𝑙𝑤 − 2𝑙𝑜𝑤)𝛾𝑖 + 𝑙𝑜𝑤𝛾𝑏            (2.44) 

where 𝑙𝑜  is the overlap length (𝐴𝑜 = 𝑙𝑜𝑤 , as illustrated in Figure 2.13a) and 𝛾𝑏  is the 

binding energy density of graphene (=−0.232𝐽/𝑚2 [129]). In this stage, because most water 
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has been evaporated, the surface energy of liquid can be neglected and the interfacial energy 

between solid and liquid could be replaced by the surface energy of solid in theoretical analysis. 

After the complete evaporation of liquid, the folded solid will be independent of liquid and the 

variation of total energy is  

∆𝐸𝑡𝑜𝑡 = ∆𝐸𝑑𝑒𝑓 + ∆𝐸𝑠𝑢𝑟𝑓
𝑔

+ ∆𝐸𝑣𝑑𝑊                  (2.45) 

With the liquid evaporation, a continuous folding of graphene will lead to ∆𝐸𝑡𝑜𝑡 < 0 , 

∆𝐸𝑑𝑒𝑓 > 0, ∆𝐸𝑠𝑢𝑟𝑓
𝑔

< 0 and ∆𝐸𝑣𝑑𝑊 < 0, and therefore the successful self-folding process 

of graphene will require  

|
∆𝐸𝑑𝑒𝑓

∆𝐸𝑠𝑢𝑟𝑓
𝑔

+∆𝐸𝑣𝑑𝑊
| < 1                        (2.46) 

During the self-folding process, |∆𝐸𝑑𝑒𝑓/(∆𝐸𝑠𝑢𝑟𝑓
𝑔

+ ∆𝐸𝑣𝑑𝑊)| will increase until to 1 where a 

stable self-folded arrives, and the overlap length in the folded graphene 𝑙𝑜 can be obtained 

via |∆𝐸𝑑𝑒𝑓/(∆𝐸𝑠𝑢𝑟𝑓
𝑔

+ ∆𝐸𝑣𝑑𝑊)|=1. Accordingly, the critical self-folding length 𝑙𝑐𝑟 due to 

vdW energy can be determined by |∆𝐸𝑑𝑒𝑓/(∆𝐸𝑠𝑢𝑟𝑓
𝑔

+ ∆𝐸𝑣𝑑𝑊)|
𝑙𝑜=0

= 1 and it is  

𝑙𝑐𝑟 = 𝑘√
𝐵

|𝛾𝑏−2𝛾𝑠|
                               (2.47) 

where 𝑘 = 2𝜋 for rectangle, 𝑘=11.72 for circle, and 𝑘=13.57 for triangle.  

2.3.2 Computational modeling and simulations 

To validate the theoretical analysis, full-scale molecular dynamics (MD) simulations were 

conducted using LAMMPS[130]. SPC/E model was used to model water molecules[105], and 

the AIREBO force field was employed to model graphene[131, 132]. The dangling carbon 

bonds at the edge of graphene sheet are decorated with hydrogen atoms to avoid the effect of 

edge and bonding effects. The 12-6 Lennard-Jones (L-J) non-bonded pairwise potential 

𝑉𝐿−𝐽(𝑟) = 4𝜀𝑐−𝑜(𝜎
12/𝑟12 − 𝜎6/𝑟6) was used to model the carbon-water vdW interactions, 

where 𝜀𝑐−𝑜 is the potential well depth, 𝜎 is the equilibrium distance and 𝑟 is the distance 

between two atoms. The coulomb interaction 𝑉𝑞(𝑟) = 𝑞𝑖𝑞𝑗/4𝜋𝜀0𝑟 was used to model the 

electrostatic interaction between water molecules 𝑖 and 𝑗. The cut-off radius of 1.0 nm was 
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chosen, and the particle-particle-particle-mesh (PPPM) with a root mean of 0.0001 was 

employed to calculate the long-range Coulomb interactions between oxygen and hydrogen 

atoms in water molecules. Periodic boundary conditions were applied in the 𝑥 , 𝑦  and 𝑧 

directions of the simulation cubic box that was far larger than the graphene-water system to 

avoid the effect of periodic image[120, 133]. 

The simulations of liquid evaporation included three major steps. First, the equilibrium of 

the system consisting of 21296 water molecules and a graphene sheet was reached under the 

NVT ensemble with Nose/Hoover thermostat at 300K at 1.0 atmosphere. The simulations were 

run for 1.0 ns with a time step of 1.0 fs. Second, water molecules were removed randomly to 

mimic evaporation of liquid and the evaporation rate was 10000 water molecules per 

nanosecond under the NVE ensemble. Afterward, the system would be re-equilibrated under 

the NVE ensemble to ensure slow liquid evaporation without affecting the deformation of 

graphene. The evaporation and equilibrium procedures were repeated until all the water 

molecules were removed completely. During this process, the coordinates of atoms in both 

water and graphene were monitored every 10000 time steps to ensure to document enough data. 

Third, the NVE ensemble was run for another 1.0 ns after the complete evaporation of water 

molecules to make sure the arrival of a folded stable graphene.  

2.3.3 Energy and morphology evolution during liquid evaporation 

Figure 2.17a illustrates the comparison of the volume of water (𝑉𝑙 ) and deformation of 

graphene (𝜃𝑏) between the theoretical and simulation results for rectangular planar graphene. 

With the decrease of volume of water (evaporation), the bending angle of graphene increase 

(folding), and good agreement between simulations and theoretical analysis is observed. 

Moreover, Figure 2.17b shows that both profiles of water and graphene during simulation are 

well consistent with theoretical predictions. Figure 2.17c shows the history of the surface 

energy of liquid 𝐸𝑠𝑢𝑟𝑓
𝑙 , deformation energy of graphene 𝐸𝑑𝑒𝑓  and binding energy of the 

overlap part in the graphene 𝐸𝑣𝑑𝑊 with evaporation. During the equilibrium process, 𝐸𝑠𝑢𝑟𝑓
𝑙  

shows an obvious decrease due to the minimization of liquid surface energy, and 𝐸𝑑𝑒𝑓 and 

𝐸𝑣𝑑𝑊 do not change due to the large volume of water. Upon liquid evaporation begins, at the  
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Figure 2.17. Self-folding deformation and energy variation of graphene with initial planar rectangular 

geometry with liquid evaporation. (a) Variation of bending deformation-bending angle 𝜃𝑏 of graphene with 

volume of water 𝑉𝑙. (b) Comparison of deformation configuration of graphene and water droplet with evaporation 

between simulations and theoretical analysis (𝑉0 is the initial volume of water and 𝑉𝑒 is the evaporated volume 

of water). (c) Variation of liquid surface energy 𝐸𝑠𝑢𝑟𝑓
𝑙 , binding energy in overlap parts of graphene 𝐸𝑣𝑑𝑊 and 

deformation energy of graphene 𝐸𝑑𝑒𝑓  with simulation time. Insets show the MD snapshots of graphene 

deformation in liquid. (d) Comparison of the energy ratio |∆𝐸𝑑𝑒𝑓/∆𝐸𝑠𝑢𝑟𝑓
𝑙 | and|∆𝐸𝑑𝑒𝑓/(∆𝐸𝑣𝑑𝑊 + ∆𝐸𝑠𝑢𝑟𝑓

𝑔
)| in 

the elastocapillary mechanism driven by liquid evaporation (1st stage) and self-folding mechanism driven by vdW 

energy (2nd stage) between simulations and theoretical analysis. The size dimension of rectangular graphene: 𝑙=16 

nm and 𝜂=2, and surface wettability: 𝜃𝑐 = 60°. 

 

elastocapillary folding stage, 𝐸𝑠𝑢𝑟𝑓
𝑙  continues to decrease, 𝐸𝑑𝑒𝑓 increases steadily and 𝐸𝑣𝑑𝑊 

remains to be an approximate zero, indicting the deformation of graphene yet without any 

overlap, which validates the assumption made in the derivations of Eqs. (2.38) and (2.40) in 

Section 2.3.1. As the evaporation continues, an overlap appears in the closest region of folded 

graphene, and 𝐸𝑣𝑑𝑊 starts to dominate the folding, as discussed in Section 2.3.1, showing a 

decrease till to a constant that corresponds to the formation of a folded stable pattern. At the 

same time, 𝐸𝑑𝑒𝑓  increases rapidly and reaches a constant along with 𝐸𝑣𝑑𝑊 , and 𝐸𝑠𝑢𝑟𝑓
𝑙  

quickly decreases to zero due to the evaporation of water molecules. Figures 2.17d and e show 

the energy ratio of these two stages, |∆𝐸𝑑𝑒𝑓/∆𝐸𝑠𝑢𝑟𝑓
𝑙 |  and |∆𝐸𝑑𝑒𝑓/(∆𝐸𝑠𝑢𝑟𝑓

𝑔
+ ∆𝐸𝑣𝑑𝑊)| , 

respectively, and the representative snapshots of graphene deformation and water droplet 
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Figure 2.18. Self-folding deformation and energy variation of graphene with initial planar circular 

geometry with liquid evaporation. (a) Variation of bending deformation-bending angle 𝜃𝑏 of graphene with 

volume of water 𝑉𝑙. (b) Comparison of deformation configuration of graphene and water droplet with evaporation 

between simulations and theoretical analysis (𝑉0 is the initial volume of water and 𝑉𝑒 is the evaporated volume 

of water). (c) Variation of liquid surface energy 𝐸𝑠𝑢𝑟𝑓
𝑙 , binding energy in overlap parts of graphene 𝐸𝑣𝑑𝑊 and 

deformation energy of graphene 𝐸𝑑𝑒𝑓  with simulation time. Insets show the MD snapshots of graphene 

deformation in liquid. (d) Comparison of the energy ratio |∆𝐸𝑑𝑒𝑓/∆𝐸𝑠𝑢𝑟𝑓
𝑙 | and|∆𝐸𝑑𝑒𝑓/(∆𝐸𝑣𝑑𝑊 + ∆𝐸𝑠𝑢𝑟𝑓

𝑔
)| in 

the elastocapillary mechanism driven by liquid evaporation (1st stage) and self-folding mechanism driven by vdW 

energy (2nd stage) between simulations and theoretical analysis. The size dimension of circular graphene: 𝑙=16 

nm, and surface wettability: 𝜃𝑐 = 60
°. 

 

profile (insets in Figure 2.17d). A closed pattern is obtained at the end of the elastocapillary 

folding by liquid evaporation, and an ultimately stably racket-like pattern is formed at the end 

of the self-folding by vdW energy. Given the bending stiffness of graphene 𝐵 for a specific 

length 𝑙 and width 𝑤, and surface tension of water 𝛾𝑙, the theoretical energy ratios can be 

calculated based on Eqs. (2.39) and (2.46) and are also plotted in Figures 2.17d and e. Good 

agreement in both stages is observed between simulations and theoretical analysis. 

Figures 2.18 and 2.19 give the comparison between theoretical analysis and simulations 

for graphene with circular and triangular shapes, respectively, including deformation of 

graphene, profile of water droplet and variations of energy. Similarly, good agreement is also 

obtained. we should mention that for the triangular graphene, due to its centrosymmetric 

folding type, the maximum bending angle is different from that of axisymmetric folding cases 

(rectangle and circle) and this maximum bending angle can be determined based on the 
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geometric characteristic of triangle (𝜃𝑏
𝑚𝑎𝑥=0.72𝜋). 

 

 

Figure 2.19. Self-folding deformation and energy variation of graphene with initial planar triangular 

geometry with liquid evaporation. (a) Variation of bending deformation-bending angle 𝜃𝑏 of graphene 

with volume of water 𝑉𝑙. (b) Comparison of deformation configuration of graphene and water droplet with 

evaporation between simulations and theoretical analysis (𝑉0 is the initial volume of water and 𝑉𝑒 is the 

evaporated volume of water). (c) Variation of liquid surface energy 𝐸𝑠𝑢𝑟𝑓
𝑙 , binding energy in overlap parts 

of graphene 𝐸𝑣𝑑𝑊 and deformation energy of graphene 𝐸𝑑𝑒𝑓 with simulation time. Insets show the MD 

snapshots of graphene deformation in liquid. (d) Comparison of the energy ratio |∆𝐸𝑑𝑒𝑓/∆𝐸𝑠𝑢𝑟𝑓
𝑙 | 

and|∆𝐸𝑑𝑒𝑓/(∆𝐸𝑣𝑑𝑊 + ∆𝐸𝑠𝑢𝑟𝑓
𝑔

)| in the elastocapillary mechanism driven by liquid evaporation (1st stage) 

and self-folding mechanism driven by vdW energy (2nd stage) between simulations and theoretical analysis. 

The size dimension of triangular graphene: 𝑙=17 nm, and surface wettability: 𝜃𝑐 = 60
°. 

2.3.4 Crumpled patterns of 2-D materials 

With the continuous evaporation of liquid, once there is an overlap in the folded graphene, 

the theoretical analysis shows that the binding energy starts to dominate the subsequent folding 

process. In the MD simulations, the rectangular and circular graphene will be folded into a 2-

D “racket-like” pattern. In contrast, for the triangular graphene, it will be folded into a 3-D 

“cone-like” structure. Figure 2.20 gives the comparison of the overall configuration of the final 

patterns folded from planar rectangular, circular and triangular graphene, and all agree with 

theoretical analyses. Further, Figures 2.21a and b plot the overlap length normalized by 

original size, 𝑙𝑜/𝑙 for the folded 2-D racket-like pattern, and good agreement between  
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Figure 2.20. Comparison of overall configurations of self-folded graphene after complete evaporation 

of liquid between simulations and theoretical analysis. “Racket-like” pattern folded from planar (a) 

rectangular graphene with a length of 𝑙=16 nm, and (b) circular graphene with a length of 𝑙=16 nm. (c) 

“Cone-like” pattern folded from planar triangular graphene with a length of 𝑙=17 nm. Surface wettability of 

graphene in water 𝜃𝑐 = 60
°. 

 

theoretical analysis and simulations for both folded patterns is obtained. To characterize the 3- 

D folded cone-like pattern, two parameters, the ending radius 𝑟𝑒 at the “mouth” and the initial 

radius 𝑟𝑖 at the “bottom” are extracted to describe this structure and are given in Figure 2.21c. 

Remarkable agreement between simulations and theoretical analysis is also observed.  

 

 
Figure 2.21. Parametric characterizations of the self-folded profile of graphene after complete evaporation 

of water. 2-D “Racket-like” pattern folded from (a) rectangular and (b) circular graphene. (c) 3-D “Cone-like” 

pattern folded from triangular graphene. Surface wettability of graphene in water 𝜃𝑐 = 60
°. 
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2.3.5 summary 

We propose a theoretical framework to describe the self-folding process of graphene by liquid 

evaporation. The unified theoretical model is built by considering the energy competition of 

solid deformation, liquid surface, and solid-liquid interface, and the effect of surface wettability 

is also incorporated. Three representative geometries of graphene sheet, rectangular, circular 

and triangular shapes, are studied. The theoretical analysis shows that the ultimate success of 

the self-folding of graphene is determined by both liquid evaporation-induced and vdW energy-

induced self-folding processes, where the former will trigger the self-folding, and the latter will 

determine the stability of self-folded pattern. In particular, in the determination of the critical 

self-folding length of graphene by liquid evaporation, our theory indicates that a sole 

elastocapillary length of graphene is not sufficient and the effect of surface wettability needs 

to be taken into account. A new critical length, referred to as wet-capillary length, is given by 

considering the variation of interfacial energy during liquid evaporation, and the liquid-

evaporation-triggered self-folding of graphene relies on the competition with elastocapillary 

length and wet-capillary length. Further, the critical length of graphene induced by vdW energy 

is determined by analyzing competition between deformation energy and binding energy. For 

different shapes of graphene (axial or central symmetry), the modes of deformation change, 

and eventually leads to various folded configurations, including 2-D “racket-like” for graphene 

with axial symmetry in geometry, and 3-D “cone-like” for graphene with central symmetry in 

geometry. The parallel full-atom molecular dynamics (MD) simulations are conducted to verify 

theoretical models from energy evolution and liquid droplet profile with liquid evaporation to 

the final folded patterns and sizes, and show good agreement with the theoretical analysis. The 

proposed framework could be easily extended to study the self-folding of other 2-D materials 

by updating the geometric parameters in the models and provides quantitative guidance on the 

conversion of 2-D materials into other non-planar structures by liquid evaporation required by 

broad applications of 2-D materials.  
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3. Chapter 3 Liquid Evaporation-driven Crumpling and 

Assembling of Multiple 2-D Materials 

3.1 Overview of the Chapter 

In this chapter, we ascertain and establish a theoretical mechanics framework for the liquid 

evaporation-driven crumpling and assembling of 2-D deformable materials suspended in a free-

standing liquid droplet, as illustrated in Figure 3.1a for the experiment setup, and further 

develop a coarse-grained modeling to conduct large-scale molecular dynamics simulations and 

validate the proposed mechanics theory, in parallel with the comparison of theoretical and 

computational results with experimental results. The details of the theoretical framework are 

given in Section 3.2. An equivalent pressure model is first developed to unify the driving forces 

of crumpling and assembling 2-D materials including capillary force, carrier gas pressure, 

vapor pressure, vapor recoil pressure, and capillary flow-induced shear force. Then, a rotational 

spring-mechanical slider model is proposed to describe mechanical deformation and self-

folding of individual 2-D sheets and their self-assembly during evaporation. The resultant 

energies are derived to quantitatively elucidate the energy competition between crumpling and 

self-assembly of 2-D materials. By minimizing the ultimate energy state after complete 

evaporation of liquid, the morphology and size of assembled 3-D particles are also predicted 

in theory. A high-efficiency coarse-grained modeling is developed to conduct large-scale 

molecular dynamics simulations and validate the proposed theoretical model in Section 3.3. 

Graphene is taken as a representative of 2-D deformable materials and is modeled by a coarse-

grained model. A controllable virtual spherical force field that exerts on graphene is developed 

to mimic the liquid evaporation-induced pressure, thereby significantly reducing computational 

cost yet with high accuracy. The quantitative comparison between simulations and theoretical 

predictions is presented in Sections 3.4-3.5, including deformation, crumpling, and assembling 

energies of graphene with liquid evaporation and morphology evolution of assembled graphene. 

The size and accessible area of assembled particles from both theoretical and simulation results 

are obtained with excellent agreement with each other and also agree well with experiments in 
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the literature. The extension of the proposed theory that takes into account the numbers, size 

distribution, and geometric shapes of graphene sheets in the droplet is further discussed in 

Section 3.6 and the results show good consistency with simulations and experiments. The 

concluding remarks are given in Section 3.7.  

 

 

Figure 3.1. Liquid evaporation-driven crumpling and assembling of two-dimensional (2-D) 

deformable nanomaterials. (a) Schematics of the popular experimental setup for the liquid evaporation-

induced crumpling and assembling of 2-D nanomaterials to bulk forms [44-48]. The liquid droplets 

consisting of 2-D materials and solvent liquid solution are generated by atomization and sent into the high-

temperature furnace with the help of carrier gas for liquid evaporation. The assembled solid particles are 

collected at the outlet of the furnace. (b) Electron microscopy images of four assembled graphene oxide 

particles at different concentration of graphene oxide (𝐶𝑚 ) and furnace temperature (𝑇𝑓 ). (I) 𝐶𝑚=0.2 

mg/ml, 𝑇𝑓=100°𝐶  [47]and (II) 𝐶𝑚=1 mg/ml , 𝑇𝑓=100°𝐶  [47], (III) 𝐶𝑚=2 mg/ml, 𝑇𝑓=350°𝐶  and (IV) 

𝐶𝑚=2 mg/ml, 𝑇𝑓=750°𝐶 [48]. (c) Schematic illustrations of the crumpling and assembling process of 2-D 

material sheets by liquid evaporation. (I) uniform distribution of multiple 2-D sheets suspended in the liquid 

droplet after atomization. (II) 2-D sheets immigrate to the surface of liquid droplet with the initial 

evaporation of liquid due to the capillary flow and/or amphiphilicity. (III) 2-D sheets crumple and assemble 

with the continuous evaporation of liquid. (IV) 2-D sheets further assemble and self-fold until the complete 

evaporation of liquid, and a solid particle is generated. 
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3.2 Theoretical Framework 

3.2.1 Equivalent evaporation pressure model of liquid evaporation-induced forces 

As illustrated in Figure 3.1c, the liquid droplet of solution suspension is first generated by 

atomization (Figure 3.1c (I)) and once the liquid evaporation occurs at an elevated temperature 

in the furnace, the 2-D sheets will be gradually in contact with the vapor air and immigrate to 

the surface of droplet due to intrinsic amphiphilicity of 2-D sheets (Figure 3.1c (II)) [36, 134]. 

Besides, these 2-D sheets at the solid-vapor-liquid interface will lead to certain constraints to 

other 2-D sheets inside the droplet, similar to the pinning effect of a substrate to nanoparticles 

in coffee-ring phenomena [135], which generates a capillary flow with evaporation, and in turn, 

promotes immigration of 2-D sheets to the surface of the droplet. As a consequence, the 

evaporation of liquid molecules will result in a recoil force at the liquid-vapor interface and it 

is perpendicular to the interface squeezing the interface toward the liquid side [136]. This recoil 

force will bend the 2-D sheets around the center of liquid droplet and influences the 

deformation and assembly of the 2-D sheets. At the same time, similar to a pressure increase 

led by the heated carrier gas in the relatively sealed tube furnace, the liquid vapor will lead to 

an increase of the pressure, and in turn, promotes the deformation and self-assembly of 2-D 

sheets. Besides, the dynamics flow of liquid around 2-D sheets, often referred to as capillary 

flow, will lead to a shear force exerting on the contact surface of 2-D sheets with liquid droplet 

[137]. In addition, the capillary force along the tangential direction of liquid at the contact line 

between solid and liquid will further promote the deformation of 2-D sheets [138-140]. Figure 

3.2a (I) illustrates the directions and locations of these forces which are all led by liquid 

evaporation. Under these forces, the 2-D sheets will be crumpled till to the complete 

evaporation of liquid. In our analysis, these driving pressures and forces will be unified to a 

generalized equivalent pressure to describe the crumpling and self-assembly of 2-D sheets.  

Specifically, once the liquid droplet is sent to the high-temperature furnace by a carrier gas, 

the carrier gas will be heated, leading to an increase of pressure (𝑃𝑔) in the furnace. Based on 

the ideal gas law, the gas pressure is [141] 

𝑃𝑔 =
𝑃0𝑇𝑓

𝑇0
                                  (3.1) 
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Figure 3.2. Equivalent model of evaporation pressure for assembling and crumpling of 2-D 

nanomaterials by liquid evaporation. (a) Schematic illustrations of the various resultant forces (including 

both direction and location) exerted on a 2-D sheet by liquid evaporation (I) and their total equivalent 

pressure (II). The gas pressure of thermally expanded carrier gas (𝑃𝑔) and vapor pressure (𝑃𝑣) act on the 

surface of 2-D sheet, and their direction both are perpendicular to the surface of 2-D sheet; The capillary 

force (𝐹𝑐) acts on the boundary of 2-D sheet pointing to the tangential direction of the liquid surface; The 

vapor recoil pressure (𝑃𝑟) acts on the boundary of solid, and it is perpendicular to the tangential direction of 

the liquid surface; The shear stress (𝑃𝑠) acts on the inner side of 2-D sheet, and it is parallel to the surface of 

the 2-D sheet. In the total equivalent pressure (𝑃𝑡) model, it acts on the surface of solid in perpendicular to 

the surface of the 2-D sheet. (b) Variation of various resultant forces exerted on a square 2-D sheet with an 

area 𝐴𝑔 = 0.1 𝜇𝑚
2 as a function of furnace temperature (𝑇𝑓). Both 𝑃𝑟 and 𝑃𝑠 are at least three orders of 

magnitude lower than 𝑃𝑔 , 𝑃𝑣  and 𝑃𝑐  and are not included in the following analysis of 𝑃𝑡 . (c) Total 

equivalent evaporation pressure exerted on the squared 2-D sheet with different areas 𝐴𝑔 versus furnace 

temperature (𝑇𝑓). 

 

where 𝑃0 and 𝑇0 are the pressure and temperature of the carrier gas at the inlet of furnace, 

respectively, and 𝑇𝑓 is the furnace temperature. For the liquid droplet, when flying through 

the high-temperature furnace, the liquid phase will be changed into the vapor phase by direct 

vaporization to liquid on the surface of droplet and possibly by cavitation to liquid near the 2-

D sheets inside the droplet at the very high temperature of evaporation (e.g. 𝑇𝑓 ≫ 𝑇𝑏), and 
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leads to an increase of the vapor pressure in the furnace. Besides, the resultant instant pressure 

or dynamic impact to the suspended 2-D sheets due to breakage of cavitation can be neglected 

due to the good flexibility of 2-D sheets and their free motion inside the liquid. Assuming all 

the liquid in the droplet is vaporized, the resultant vapor pressure (𝑃𝑣) can be calculated using 

the ideal gas law, similar to 𝑃𝑔 in Eq. (3.1), and it is  

 𝑃𝑣 = {

𝑛𝑅𝑇𝑓

𝑉
, (𝑇𝑓 ≥ 𝑇𝑏)

0, (𝑇𝑓 < 𝑇𝑏)
                             (3.2) 

where 𝑛 is the amount of vapor, 𝑅 is the ideal gas constant, 𝑉 is the volumetric capacity of 

the furnace, and 𝑇𝑏 is the boiling point of solution liquid. We should note that the droplet size 

generated by atomization is usually at the microscale and the enhancement of vapor pressure 

due to the curvature of liquid droplet surface, usually named as Kelvin effect [142], can be 

neglected because such effect becomes significant only when the radius of droplet (𝑅𝑑) is less 

than 10 nm. In addition to 𝑃𝑣, the generation of liquid vapor will lead to a vapor recoil pressure 

(𝑃𝑟) that exerts on the boundary of 2-D sheets. The vapor recoil pressure 𝑃𝑟 depends on both 

droplet size and furnace temperature and can be determined by [136]  

𝑃𝑟 = 𝑞2 (
1

𝜌𝑣
−

1

𝜌𝑙
)                             (3.3) 

where 𝑞 = 𝑚𝑑/𝐴𝑑𝑡𝑒 represents the mass evaporation rate of liquid, 𝑚𝑑 is the mass of liquid 

droplet, 𝐴𝑑 is the total surface area of liquid droplet, and 𝑡𝑒 is the evaporation time. 𝜌𝑣 and 

𝜌𝑙 are the density of vapor and liquid, respectively.  

Unlike the constant loading direction of gas and vapor pressure that vertically exerts on 

the surface of 2-D materials, the capillary force (𝐹𝑐 ) that appears at the solid-vapor-liquid 

interface changes its direction dynamically due to free suspension of 2-D sheets in the droplet 

and its contribution to deformation of 2-D sheets can be evaluated by an equivalent pressure 

(𝑃𝑐). For a free-standing deformable sheet suspended in a liquid droplet, its centroid will not 

deform and can be taken as a constraint reference point. Consider an entire 2-D sheet composed 

of infinite numbers of cantilever beams with the fixed centroid, with the principle of deflection 

of beam, the capillary force applied at the free ends can be equivalent to a pressure exerted on 

the surface [143] (Figure 3.3). For example, for a cantilever beam of rectangular-shaped 2-D 

materials with a length 𝑙 and width 𝑤, the capillary force (𝐹𝑐 = 𝛾𝑙𝑤) that acts at the free end 
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of 2-D sheet due to the receding of liquid by evaporation will generate a deflection 𝛿𝐹 =

𝐹𝑐𝑙
3/3𝐸𝐼 [143, 144], where 𝐸 is Young’s modulus and 𝐼 is the moment of inertia of the 

cross-section of 2-D sheets. For comparison, when a uniform pressure 𝑃𝑐 is applied to the 

 

 

Figure 3.3. Schematics illustrations of the capillary force exerts on the free end of the 2-D sheet and 

the deflection 𝜹𝑭 and the equivalent pressure exert on the surface of the 2-D sheet and the deflection 

𝜹𝑷. (a) and (b), rectangular sheet. (c) and (d), triangular sheet. (e) and (f), circular sheet. 

 

beam, the beam will have a deflection at the free end, 𝛿𝑃 = 𝑃𝑐𝑤𝑙
4/8𝐸𝐼. 𝛿𝐹 = 𝛿𝑃 will yield 

𝑃𝑐 = 8𝐹𝑐/3𝑙𝑤, which leads to an equivalence between capillary force and uniform pressure for 

the mechanical deformation of the beam. Similarly, we can have 𝑃𝑐 = 16𝛾𝑙/3𝐿𝑔 , 𝑃 =

32𝛾𝑙/3√3
4
𝐿𝑔, and 𝑃 = 16𝛾𝑙/3𝐿𝑔 for a square, and triangular, and circular shaped 2-D sheets, 

respectively, where 𝛾𝑙 is the surface tension of liquid and 𝐿𝑔 is the size of 2-D material (i.e. 

length of square- and equilateral triangular-, and diameter of circular-shaped 2-D sheets). As a 

result, the equivalent pressure that could be used to replace the capillary force can be 

summarized as 𝑃𝑐 = 16𝑆𝛾𝑙/3𝐿𝑔, where 𝑆 is a dimensionless geometric factor of 2-D sheets 

(𝑆=1 for square and circular shaped 2-D sheets, 𝑆 = 2/√3
4

 for triangular-shaped 2-D sheets). 
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Further, the surface tension of liquid solution in the droplet usually is a function of temperature 

[145, 146], and for example, the surface tension of water is 𝛾𝑤(𝑇) = 94.74 + 1.87 ×

10−3𝑇 − 2.63 × 10−4𝑇2  (mN/m) between 273 and 373K [147]. Therefore, the equivalent 

pressure to the capillary force for driving deformation of 2-D sheet by liquid evaporation can 

be written as  

𝑃𝑐 = {
𝑠
16𝛾𝑙(𝑇𝑓)

3𝐿𝑔
, 𝑇𝑓 ≤ 𝑇𝑏

𝑠
16𝛾𝑙(𝑇𝑏)

3𝐿𝑔
, 𝑇𝑓 > 𝑇𝑏

                          (3.4) 

Besides the capillary force, the dynamic interaction between 2-D sheets and liquid during 

liquid evaporation will generate a capillary flow along the surface of 2-D sheets. The 

convection of liquid between the inside and on the surface of droplet will lead to a capillary 

flow and exert shear stress to the 2-D sheets in contact with the liquid droplet. The capillary 

flow-induced shear stress is [148] 

𝑃𝑠 = 𝜇𝑣𝑙                                (3.5) 

where 𝜇 is the friction coefficient between 2-D sheets and liquid, and 𝑣𝑙 is the velocity of 

liquid flow on the surface of 2-D sheets. For a given liquid and 2-D sheets, 𝜇  can be 

determined from the solid-liquid interaction [149] and 𝑣𝑙 can be estimated via the evaporation 

rate of liquid [135, 150].  

With these analyses in Eqs. (3.1)-(3.5), the total equivalent evaporation pressure that could 

drive crumpling and assembly of 2-D sheets by liquid evaporation can be summarized to  

𝑃𝑡 = 𝑃𝑔 + 𝑃𝑣 + 𝑃𝑟 + 𝑃𝑐 + 𝑃𝑠                         (3.6) 

Take a square 2-D graphene sheet with an area 𝐴𝑔 = 0.1 𝜇𝑚2 and liquid water as an example, 

and set 𝑇0=300 K and 𝑃0=1 atm, 𝑛=0.01 mole, 𝑉 = 3 × 10−4 𝑚3  and 𝑅𝑑 = 1.45 𝜇𝑚 , 

Figure 3.2b shows these forces as a function of the furnace temperature (𝑇𝑓) and all of them 

are temperature dependent. Compared with 𝑃𝑔, 𝑃𝑣 and 𝑃𝑐, both 𝑃𝑟 and 𝑃𝑠 are at least three 

orders of magnitude lower, and thus will not be included in the following discussion unless 

otherwise stated; that is, Eq. (3.6) reduces to   

𝑃𝑡 = 𝑃𝑔 + 𝑃𝑣 + 𝑃𝑐                              (3.7) 

In addition, both 𝑃𝑔 and 𝑃𝑣 increase with the furnace temperature, and 𝑃𝑐 remains constant 

because the temperature has exceeded the boiling point of liquid water (𝑇𝑏=100 °𝐶) and the 
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temperature of liquid water will not change. Figure 3.2b further shows that the evaporation 

pressure (𝑃𝑡 ) increases with the increase of furnace temperature, indicating that a high 

temperature will benefit the crumpling and assembling of 2-D materials [77]. When the size of 

2-D materials changes, Figure 3.2c shows the variation of the evaporation pressure (𝑃𝑡) with 

the furnace temperature, and crumpling a smaller 2-D material requires a higher evaporation 

pressure. It should be noted that when the 2-D sheets are highly hydrophilic or the liquid 

solution of 2-D sheets is highly diluted, all 2-D sheets might stay inside the droplet [151] during 

the early stage of evaporation, and the evaporation will condense the solution droplet, which 

could lead to the crumpling and self-assembly of 2-D sheets by self-constraint each other due 

to the incompressibility of liquid, similar to the forced crumpling of elastic sheets in an 

impenetrable rigid cylinder [152]. As the evaporation continues, once 2-D sheets are in partial 

contact with vapor air, the driving force will be dominated by pressures such as capillary force 

as shown in Figure 3.2a, which could lead to the formation of intensely crumpled solid-like 

balls or restacking of 2-D sheets after complete evaporation of liquid. In addition, at elevated 

temperatures, the evaporation rate will become high, but we assume that there still is enough 

time to allow 2-D materials to be crumpled and assembled during liquid evaporation.   

3.2.2 Energy-based continuum mechanics model for crumpling a single 2-D sheet 

When planar 2-D sheets are in contact with the surface of the liquid droplet, their curvature 

mismatch will lead to energy competition between mechanical deformation of 2-D sheets and 

solid-liquid interaction. As a consequence, the deformation of 2-D sheets such as local 

wrinkling will occur, as illustrated in Figure 3.4a [153, 154] and may eventually transform to 

folding with the continuous evaporation of liquid. Take a single square 2-D sheet with a length 

𝐿𝑔 in the liquid droplet with a radius 𝑅𝑑 as an example, and consider the evaporation-induced 

pressure of 𝑃𝑡 , the compressive hoop strain in the 2-D sheet is axisymmetric and can be 

estimated via 

 𝜀𝜃𝜃(𝑟) =
𝑅𝑑 𝑠𝑖𝑛(𝑟/𝑅𝑑)−𝑟

𝑟
, 𝑟 ∈ [0, 𝐿𝑔/2]                   (3.8) 

where 𝑟 is the local radial coordinate on the 2-D sheet (Figure 3.5c). Note that there is no 

radial strain in the 2-D sheet because of the free boundary in the radial direction. With Eq. (3.8), 
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for the 2-D sheet, the strain energy of a fully conformal thin torus with the width 𝑑𝑟 in the 

position 𝑟 (Figure 3.5c) is 

𝐸𝑠
𝐼 = 𝜋𝐸𝑡𝜀𝜃𝜃

2 𝑟𝑑𝑟 +
𝐵𝜋

𝑅𝑑
2 𝑟𝑑𝑟                       (3.9) 

 

 

Figure 3.4. Evolution of deformation morphology of a single 2-D sheet by liquid evaporation. (a) 

Schematic illustrations of typical deformation of a single 2-D sheet on the surface of liquid droplet with the 

evaporation of liquid (represented by a decreased liquid droplet (𝑅𝑑 ) with the evaporation time). The 

evaporation of liquid will drive the deformation of the 2-D sheet on the liquid droplet. (b) Deformation 

transition of the 2-D sheet from (I) the initial fully conformal state with only in-plane compression within 

the sheet (inset), to (II) the local out-of-plane wrinkling deformation (highlighted in red and can be described 

by a cosinusoidal wave function with a wavelength 𝜆𝑤 and amplitude 𝐴𝑤, inset) state in the sheet along 

the axisymmetric axis and to (III) the final local self-folding deformation highlighted in red. With the help 

of geometric analysis (inset), it can be well defined with geometric parameters via arc radius and angles 𝑅1, 

𝑅2, 𝑅3, 𝜃1, 𝜃2, 𝜃3, and the interlayer distance (ℎ) and overlapping length (𝑙𝑏) are used to describe the 

deformed profile state at wrinkled locations.  

 

where the first term on the right hand is the in-plane compressive energy and the second term 

is the bending energy. 𝑡 is the thickness, and 𝐵 is the bending stiffness of 2-D sheet. Consider 

the center of liquid droplet as a reference point, the potential energy of the thin torus under 𝑃𝑡 

is 
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𝐸𝑝
𝐼 = 2𝜋𝑃𝑡𝑅𝑑𝑟𝑑𝑟                            (3.10) 

with Eqs. (3.9) and (3.10), the total energy that is required to keep a fully conformal torus for  

 

 
Figure 3.5. (a) Schematic illustrations of the undeformed planar area (𝐴𝑔) of the 2-D sheet, and the projected 

area (𝐴𝑠) in the surface of the droplet. 𝑅𝑑 is the radius of liquid droplet. (b) The morphology illustration of 

a 2-D sheet in contact with the surface of the liquid droplet. (c) The polar coordinate on the undeformed 

planar 2-D sheet with the radial distance 𝑟 and polar angle 𝜃. 

 

2-D sheet at the position 𝑟 is 𝐸𝑡
𝐼 = 𝐸𝑠

𝐼 + 𝐸𝑝
𝐼 . 

With the liquid evaporation (i.e. a smaller 𝑅𝑑), |𝜀𝜃𝜃| will increase and wrinkles in the 2-

D sheet will occur, primarily along the symmetric axis in a square 2-D sheet, as highlighted in 

red in Figure 3.4b. Once the wrinkles appear, the compressive strain will be released by the 

out-of-plane wrinkling deformation [154], and the morphology of the wrinkled parts can be 

described by a cosinusoidal wave function with the wavelength 𝜆𝑤 and amplitude 𝐴𝑤 [155-

157], 𝑓(𝑥) = 𝐴𝑤 cos (
2𝜋

𝜆𝑤
𝑥) + 𝐴𝑤, where 𝑥 is the local coordinate on the surface of liquid 

droplet (Figure 3.4b) and the conservation of length of torus at the position 𝑟  requires 

4∫ √1 + (𝑑𝑓/𝑑𝑥)2𝑑𝑥
𝜆𝑤/2

−𝜆𝑤/2
+ 2𝜋𝑅𝑑 sin(𝑟/𝑅𝑑) − 4𝜆𝑤 = 2𝜋𝑟 . Thus, we can calculate the 

strain energy within the torus via 

𝐸𝑠
𝐼𝐼 = 2𝐵 [∫ 𝜅2(𝑥)√1 + (𝑑𝑓/𝑑𝑥)2

−𝜆𝑤/2

−𝜆𝑤/2
𝑑𝑥 + (2𝜋𝑅𝑑 sin(𝑟/𝑅𝑑) − 4𝜆𝑤)/4𝑅𝑑

2] 𝑑𝑟  (3.11) 

where 𝜅(𝑥) = |𝑑𝑓2/𝑑𝑥2|/(1 + (𝑑𝑓/𝑑𝑥)2)3/2 is the local curvature of wrinkles. Similar to 

Eq. (3.10), the potential energy due to wrinkle can be obtained via 

𝐸𝑝
𝐼𝐼 = 𝑃𝑡 [4∫ (𝑓(𝑥) + 𝑅𝑑)√1 + (𝑑𝑓/𝑑𝑥)2𝑑𝑥 + (2𝜋𝑅𝑑 sin(𝑟/𝑅𝑑) − 4𝜆𝑤)𝑅𝑑

𝜆𝑤/2

−𝜆𝑤/2
] 𝑑𝑟 (3.12) 
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Therefore, the total energy for the wrinkling deformation is 𝐸𝑡
𝐼𝐼 = 𝐸𝑠

𝐼𝐼 + 𝐸𝑝
𝐼𝐼 and is a function 

of 𝜆𝑤. The minimization of 𝐸𝑡
𝐼𝐼 can be used to determine 𝜆𝑤, 𝐴𝑤, 𝐸𝑠

𝐼𝐼 and 𝐸𝑝
𝐼𝐼. 

 

Figure 3.6. Continuum mechanics analysis on the evolution of local curvature and strain energy with 

the evaporation pressure for different total areas of a single 2-D sheet. (a) The local curvature 

distribution in a 2-D sheet with 𝐿𝑔=100 nm under different pressures at 𝑅𝑑=50 nm. (b) The local curvature 

distribution in 2-D sheets with different size under the same pressure 𝑃𝑡=20 atm. The ratio of 2-D sheet size 

to the radius of droplet is kept the same, 𝐿𝑔/𝑅𝑑=2, to make sure the degree of deformation in each 2-D sheet 

is the same. (c) Normalized strain energy 𝐸𝑠/𝐵 by bending stiffness of 2-D sheet versus the normalized 

pressure √𝑃𝑡/𝐸 by Young’s modulus of 2-D materials. The perfect linear relationship between them is 

obtained and remains for different sizes of the 2-D sheet. (d) Normalized strain energy 𝐸𝑠/𝐵 by bending 

stiffness of 2-D sheet versus normalized area 𝐴𝑔/𝑡
2 with the thickness of 2-D sheet. The perfect linear 

relationship between them is also obtained and is independent of evaporation pressures. 

 

With the further evaporation of liquid, |𝜀𝜃𝜃|  and the amplitude of wrinkles 𝐴𝑤will 

continue to increase [158]. Beyond a critically high enough |𝜀𝜃𝜃|, the wrinkles will transit to 

folds, and the deformed 2-D sheet becomes close enough till to being in contact with each other 

[157, 159, 160]. Such contact will lead to the binding energy and changes the local curvature 

within the fold (Figure 3.4b). Assume the overlap length 𝑙𝑏 and equilibrium distance ℎ, local 

radius of curvature 𝑅1 , 𝑅2  and 𝑅3  and arc angle 𝜃1 , 𝜃2  and 𝜃3  in the folded 

configuration [161], the conservation of length of torus will yield 8[𝑅3𝜃3 + 𝑙𝑏 + 𝑅2𝜃2 +
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𝑅1𝜃1] + 2𝜋𝑅𝑑 sin(𝑟/𝑅𝑑) − 4(2𝑅3 + ℎ) = 2𝜋𝑟, and the strain energy in the folds is 

𝐸𝑠
𝐼𝐼𝐼 = 𝐵[4(𝜃1/𝑅1 + 𝜃2/𝑅2 + 𝜃3/𝑅3) + [2𝜋𝑅𝑑 sin(𝑟/𝑅𝑑) − 4(2𝑅3 + ℎ)]/2𝑅𝑑

2]𝑑𝑟  (3.13) 

Similar to Eq. (3.10) or (3.12), we can calculate the potential energy via   

𝐸𝑝
𝐼𝐼𝐼 = 8𝑃𝑡 [∫ (𝑅𝑑 + 𝑅3 + 𝑅3𝑠𝑖𝑛𝜃)𝑅3𝑑𝜃

0

−𝜃3
+ ∫ (𝑦 + 𝑅𝑑)𝑑𝑦

𝑅3+𝑙𝑏
𝑅3

+ ∫ (𝑅𝑑 + 𝑅3 + 𝑙𝑏 +
𝜃2

0

𝑅2𝑠𝑖𝑛𝜃)𝑅2𝑑𝜃 + ∫ (𝑅𝑑 + 𝑅3 + 𝑙𝑏 + 𝑅2𝑠𝑖𝑛𝜃2 + 𝑅1 𝑠𝑖𝑛(𝜃1 − 𝜋/2) +
𝜋/2+𝜃1

𝜋/2

𝑅1𝑠𝑖𝑛𝜃)𝑅1 𝑑𝜃] 𝑑𝑟 + 𝑃𝑡[2𝜋𝑅𝑑 𝑠𝑖𝑛(𝑟/𝑅𝑑) − 4(2𝑅3 + ℎ)]𝑅𝑑𝑑𝑟                (3.14) 

In this folding stage, in addition to the strain energy and potential energy, the binding energy 

in the overlaps of the folds needs to be taken into account and it is 

𝐸𝑏
𝐼𝐼𝐼 = 4𝛤𝑏𝑙𝑏𝑑𝑟                              (3.15) 

where 𝛤𝑏 is the binding energy density of the 2-D sheet. Therefore, the total energy of the 

folding deformation state is 𝐸𝑡
𝐼𝐼𝐼 = 𝐸𝑠

𝐼𝐼𝐼 + 𝐸𝑝
𝐼𝐼𝐼 + 𝐸𝑏

𝐼𝐼𝐼. 

These three stages of conformal, wrinkling, and folding states of 2-D sheet in droplet 

would emerge in a sequence with the increase of |𝜀𝜃𝜃| and liquid evaporation [154, 158]. The 

transition point between them can be determined by minimizing their corresponding energy at 

the position 𝑟, i.e.  

𝐸𝑡
𝑚𝑖𝑛 = min[𝐸𝑡

𝐼 , 𝐸𝑡
𝐼𝐼 , 𝐸𝑡

𝐼𝐼𝐼]                         (3.16) 

With Eq. (3.16), the local curvature 𝜅 can be determined by 𝜅 = 𝑓(𝐸𝑡
𝑚𝑖𝑛). For example, 

when there is a conformal contact between 2-D sheet and liquid droplet, we will have 𝐸𝑡
𝑚𝑖𝑛=𝐸𝑡

𝐼, 

and 𝜅(𝜃) = 1/𝑅𝑑   (0 ≤ 𝜃 ≤ 2𝜋) in the polar coordinate system (Figure 3.5); when the 2-D 

sheet wrinkles, we will have 𝐸𝑡
𝑚𝑖𝑛 = 𝐸𝑡

𝐼𝐼 , and 𝜅(𝜃) = {

|𝑑𝑓2/𝑑𝑥2|

(1+(𝑑𝑓/𝑑𝑥)2)
3
2

, |𝑥| ≤ 𝜆𝑤/2

1/𝑅𝑑 , |𝑥| > 𝜆𝑤/2

, where 

𝜃 = (∫ √1 + (𝑑𝑓/𝑑𝑥)2
𝑥

0
𝑑𝑥)/𝑟; when 2-D sheet folds, we will have 𝐸𝑡

𝑚𝑖𝑛 = 𝐸𝑡
𝐼𝐼𝐼 and 𝜅(𝜃) =

{
 
 

 
 

1/𝑅1,                                       |𝜃| ≤ 𝜃1𝑅1/𝑟

1/𝑅2,                      𝜃1𝑅1/𝑟 < |𝜃| ≤ (𝜃2𝑅2 + 𝜃1𝑅1)/𝑟

0,             (𝜃2𝑅2 + 𝜃1𝑅1)/𝑟 < |𝜃| ≤ (𝜃2𝑅2 + 𝜃1𝑅1 + 𝑙𝑏)/𝑟

1/𝑅3, 𝜃2𝑅2 + 𝜃1𝑅1 + 𝑙𝑏)/𝑟 < |𝜃| ≤ (𝜃2𝑅2 + 𝜃1𝑅1 + 𝑙𝑏 + 𝜃3𝑅3)/𝑟

1/𝑅𝑑,                    |𝜃| > (𝜃2𝑅2 + 𝜃1𝑅1 + 𝑙𝑏 + 𝜃3𝑅3)/𝑟

. Specifically, for graphene sheet, 

the geometric parameters are 𝑅0 = 0.68 nm, 𝑅1 =0.967 𝑅0 , 𝑅2 =3.401 𝑅0 , 

𝑅3=√2𝜋/(2 + 𝜋)𝑅0 , 𝜃1=0.685𝜋 , 𝜃2=0.185𝜋 , 𝜃3=0.5𝜋 , and ℎ=0.34 nm [161], and the 

material parameters are 𝐵=2.38e-19 𝐽, 𝐸=1 TPa, 𝑡=0.34 nm and 𝛤𝑏=-0.232 𝐽/𝑚2 [140]. 
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Figures 3.6a and b plot the curvature distribution of 𝜅(𝜃) in the 2-D sheet (graphene) at these 

three different stages of liquid evaporation. Once the local curvature is obtained, the strain 

energy, potential energy and binding energy in the deformed 2-D sheet can be determined. 

More importantly, define the deformed area in the 2-D sheet as “ridge”, similar to that of 

crumpling thin elastic sheet in a confined hollow sphere [152, 162, 163], the strain energy 

stored in the ridges can be written as [164] 

𝐸𝑠 = 𝐵𝜉𝜑(𝜃𝑡 − 𝜋)
2                         (3.17) 

where 𝜉 and 𝜑 are dimensionless geometry factors, and 𝜉 is often referred to as the Föppl-

von Kármán number. Our analysis on crumpling 2-D sheet by liquid evaporation shows that 

𝜉 = 𝐴𝑔/𝑡
2 and 𝜑 = √𝑃𝑡/𝐸 (See Figure 3.6). 𝐴𝑔 is the original surface area of 2-D sheet.  

𝜃𝑡  is the angle between the two planes of the ridge and 𝜃𝑡 − 𝜋 represents the degree of 

deformation relative to a flat 2-D sheet without deformation. 

3.2.3 Rotational spring-mechanical slider model of crumpling a single 2-D sheet 

As analyzed in Section 3.2.2, both local wrinkles and folds reflect the out-of-plane mechanical 

deformation of 2-D sheets centered about a symmetric line (marked in red in Figure 3.4b) and 

contribute to the strain energy and potential energy due to their high local curvature compared 

to the other parts of the 2-D sheet with negligible deformation. More importantly, with the 

evaporation of liquid droplet, the out-of-plane deformation will increase and these negligible 

deformation parts are packed more closely. The packing of negligible deformation parts about 

symmetric lines in the 2-D sheets is analogous with the folding process of origami structures 

along a flexible axis or reference point[165]. With this analogy, the crumpling deformation of 

one single 2-D sheet can be modeled by a rotational spring connected with two planes that 

cannot be crumpled and are considered to be rigid, as illustrated in Figure 3.7a (I). The 

associated out-of-plane deformation energy can be characterized by the energy storage of the 

deformed rotational spring. When the interactive binding energy between folded rigid parts 

needs to be taken into account, it can be described by introducing a mechanical slider between 

two rigid planar sheets, as illustrated in Figure 3.7a (III). With this 2-D rotational spring- 

mechanical slider mechanics model, the crumpling of a single 2-D sheet now can be 
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characterized through the energy analysis. 

The energy stored in the rotational spring that corresponds to the total compressive,  

 

 

Figure 3.7. The rotational spring-mechanical slider model of crumpling a single 2-D sheet by liquid 

evaporation. (a) Out-of-plane deformation of 2-D sheet modeled by rotational spring located at the 

axisymmetric axis connecting two rigid planes with the rotational angle of 𝜃𝑡 and the binding interaction 

modeled by mechanical slider when the two rigid planes are close enough with the evaporation of liquid (top) 

and the simplification of this rotational spring-mechanical slider system into a 2-D model due to its symmetry 

(bottom). The critical moment for introducing the mechanical slider to the rotational spring model is referred 

to as the critical rotational angle 𝜃𝑡
𝑐 and depends on liquid evaporation. (b) Variation of the rotational angle 

𝜃𝑡 and critical rotational angle 𝜃𝑡
𝑐 with the liquid evaporation (plotted by an increase of liquid droplet 

curvature 𝜅𝑑  (=1/𝑅𝑑)). When 𝜃𝑡>𝜃𝑡
𝑐 , the mechanical slider will not effective, and when 𝜃𝑡 ≤ 𝜃𝑡

𝑐 , the 

mechanical slider starts to take effect to represent the binding energy in the folded deformation. The inserts 

show the deformed states of 2-D sheet and their corresponding state of the spring-slider mechanics model.  

 

wrinkling and self-folding deformation in the 2-D sheet can be defined as 

𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

=
1

2
𝑘𝑠(𝜃𝑡 − 𝜋)

2                          (3.18) 

where 𝑘𝑠 is the constant of rotational spring and 𝜃𝑡 is the rotational angle (Figure 3.7a (I)). 

𝑘𝑠 can be determined from the continuum mechanics model of compression, wrinkling, and 

self-folding deformation of a single 2-D sheet in Section 3.2.2. That is, the energy from this 
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rotational spring model should be equal to that from the continuum model analysis in Eq. (3.17), 

which is, 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

= 𝐸𝑠 and it yields to 𝑘𝑠 = 2𝐵
𝐴𝑔

𝑡2
√
𝑃𝑡

𝐸
.  

With the continuous deformation of 2-D sheet, the gap between local wrinkled sheets will 

decrease, and the interactive binding energy will emerge. Different from the out-of-plane 

deformation, it reflects the van der Waals interactions, and will further promote the wrinkling 

toward the appearance of self-folding of 2-D sheets. The interactive binding energy depends 

on both gap distance and area of overlapped rigid parts and can be defined as  

𝐸𝑏
𝑠𝑙𝑖𝑑𝑒𝑟 = 𝑘𝑏𝐴𝑑𝑒𝑓[𝑠𝑖𝑛(𝜃𝑡

𝑐/2) − 𝑠𝑖𝑛(𝜃𝑡/2)]𝐻(𝜃𝑡
𝑐 − 𝜃𝑡)             (3.19) 

where 𝑘𝑏 is the constant of the mechanical slider, 𝐴𝑑𝑒𝑓 is the area that contributed to the out-

of-plane deformation. 𝜃𝑡
𝑐  is the critical angle between the two connected rigid plates, and 

when 𝜃𝑡 < 𝜃𝑡
𝑐, the two rigid plates are considered to be close enough and the resultant binding 

energy needs to be considered [159]. 𝐻(𝜃𝑡
𝑐 − 𝜃𝑡)=1 when 𝜃𝑡 < 𝜃𝑡

𝑐[166]. Since the binding 

energy only occurs between two overlaps in 2-D sheet, we have 𝑘𝑏 = 𝛤𝑏/2. 

Similar to the definition of the projected area (𝐴𝑠 = 2𝜋𝑅𝑑
2[1 − cos(𝐿𝑔/2𝑅𝑑)]) on the 

surface of liquid droplet for a planar 2-D sheet (Figure 3.5), we define the projection of out-

of-plane deformed area of 2-D sheet 𝐴𝑑𝑒𝑓  on the surface of liquid droplet as 𝐴𝑝𝑟 , and 

𝐴𝑑𝑒𝑓 = 𝐴𝑝𝑟 + 𝜋𝐴𝑔/4 − 𝐴𝑠. The overall nominal compressive strain in the 2-D sheet can be 

written as 𝜀𝑠 = (𝐴𝑝𝑟 − 𝐴𝑑𝑒𝑓)/𝐴𝑑𝑒𝑓. Apparently, 𝜀𝑠 < 0, and we have 𝜃𝑡 = 𝜋(1 + 𝜀𝑠). For 

example, consider the bending stiffness (𝐵) and size (𝐿𝑔) of a square 2-D sheet, under the radius 

of liquid droplet (𝑅𝑑) and evaporation pressure (𝑃𝑡), 𝐴𝑝𝑟 can be determined via [159] 𝐴𝑝𝑟 =

(𝐵𝑅𝑑/𝑃𝑡)
1

4𝜋𝐿𝑔/2 and 𝜃𝑡
𝑐 = 𝜋/(1 + (𝐸/𝑃𝑡𝐴𝑝𝑟

2 )
1/9
𝑡4/9). Figure 3.7b plots the variations of 

𝜃𝑡  and 𝜃𝑡
𝑐  with the increase of curvature of liquid droplet 𝜅𝑑  (=1/𝑅𝑑 , which reflects the 

liquid evaporation process). When the curvature is zero, the 2-D sheet is a flat surface and 

𝜃𝑡 = 𝜋. The 2-D sheet is in a fully conformal contact with the liquid surface and there is no 

out-of-plane deformation. With the increase of curvature (𝜅𝑑) during evaporation, the strain 

energy of 2-D sheet increases, and 𝜃𝑡 decreases accordingly but is larger than 𝜃𝑡
𝑐. By contrast, 

𝜃𝑡
𝑐  remains approximately the same. Beyond a critical curvature, 𝜃𝑡  is smaller than 𝜃𝑡

𝑐 , 

indicating the distance between two rigid plates in the spring model is close enough and the 
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binding energy will appear, where the slider will play a role in the spring-slider mechanics 

model and needs to be considered, as illustrated in the inset. 

In addition to the strain energy 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

 and binding energy 𝐸𝑏
𝑠𝑙𝑖𝑑𝑒𝑟 , the evaporation 

pressure will deform 2-D sheet. Take the center of liquid droplet as the reference point, its 

induced mechanical deformation of 2-D sheet can be described by a potential energy 𝐸𝑝 to 

the reference point, which is 

𝐸𝑝 = 𝑃𝑡[𝐴𝑑𝑒𝑓(𝑅𝑑 +√𝐴𝑑𝑒𝑓𝑐𝑜𝑠(𝜃𝑡/2)/2) + 𝐴𝑠𝑅𝑑]               (3.20) 

where the first term reflects the contribution by the out-of-plane deformation of 2-D sheet. Eq. 

(3.20) shows that the potential energy of a single 2-D sheet during liquid evaporation is a 

function of the curvature of liquid droplet (𝜅𝑑, see Appendix A), similar to that in Eqs. (3.18) 

and (3.19). With Eqs. (3.18)-(3.20), the total energy of crumpling 2-D sheet can be written as  

𝐸𝑡𝑜𝑡 = 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

+ 𝐸𝑏
𝑠𝑙𝑖𝑑𝑒𝑟 + 𝐸𝑝                      (3.21) 

𝑑𝐸𝑡𝑜𝑡/𝑑𝜅𝑑 < 0 is favorable of folding process of 2-D sheets by evaporation and 𝑑𝐸𝑡𝑜𝑡/𝑑𝜅𝑑 

will increase as the evaporation continues, leading to a continuous folding of 2-D sheets till to 

𝑑𝐸𝑡𝑜𝑡/𝑑𝜅𝑑 = 0. Besides, when the folding stops (𝑑𝐸𝑡𝑜𝑡/𝑑𝜅𝑑 = 0), if 𝜃𝑡 < 𝜃𝑡
𝑐, the 2-D sheet 

could be folded into a stable pattern due to the attractive van der Waals interaction between 

rigid parts by the liquid evaporation. Otherwise, the deformed 2-D sheet will bounce back into 

its planar form. As an example, Figure 3.8a plots the variation of 𝐸𝑡𝑜𝑡, 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

, 𝐸𝑏
𝑠𝑙𝑖𝑑𝑒𝑟, 𝐸𝑝, 

and rotational angle (𝜃𝑡) in the spring-slider model with the increase of liquid droplet curvature 

𝜅𝑑 for a square graphene sheet, where for the 2-D sheet (graphene), 𝐵=2.38e-19 𝐽, 𝐸=1 TPa, 

𝑡=0.34 nm and 𝛤𝑏=-0.232 𝐽/𝑚2 [140], 𝐿𝑔=40 nm and 𝑃𝑡=10 atm. With the evaporation of 

liquid, 𝜃𝑡  decreases, and 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

increases. When 𝜅𝑑  is large enough, 𝜃𝑡 ≤ 𝜃𝑡
𝑐  and 

𝐸𝑏
𝑠𝑙𝑖𝑑𝑒𝑟starts to emerge and increase (magnitude). At the same time, 𝐸𝑝 will decrease due to 

the decrease of the radius of liquid droplet and deformation of the 2-D sheet. When 

𝑑𝐸𝑡𝑜𝑡/𝑑𝜅𝑑 = 0 appears earlier than 𝜃𝑡 = 𝜃𝑡
𝑐 (i.e. 𝜅𝑑

𝐸<𝜅𝑑
𝐺, and 𝜃𝑡 > 𝜃𝑡

𝑐, see Appendix A for 

the definition of 𝜅𝑑
𝐸 and 𝜅𝑑

𝐺), the folding will stop without van der Waals attractive energy 

and the deformed 2-D sheet will recover. At a higher evaporation pressure of 𝑃𝑡=40 atm, 
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Figure 3.8b shows that 𝐸𝑝  decreases more rapidly and 𝐸𝑏
𝑠𝑙𝑖𝑑𝑒𝑟  emerges earlier. This 

synergistic effect delays the emergence of 𝑑𝐸𝑡𝑜𝑡/𝑑𝜅𝑑 = 0, and when the folding stops, 𝜃𝑡 <

𝜃𝑡
𝑐 (𝜅𝑑

𝐸>𝜅𝑑
𝐺), which leads to a folded 2-D sheet stabilized by the van der Waals attractive energy.  

 

 

Figure 3.8. Energy variation of a single 2-D material graphene sheet with liquid evaporation from the 

spring-slider mechanics model. Various energy variation during liquid evaporation in the forms of both 

liquid droplet curvature 𝜅𝑑 and rotational spring angle 𝜃𝑡 for a square graphene sheet with (a) 𝐿𝑔=40 nm 

under 𝑃𝑡=10 atm, (b) 𝐿𝑔=40 nm under 𝑃𝑡=40 atm and (c) 𝐿𝑔=100 nm under 𝑃𝑡=10 atm. The point when 

𝐸𝑏
𝑠𝑙𝑖𝑑𝑒𝑟 starts to emerge and 𝑑𝐸𝑡𝑜𝑡/𝑑𝜅𝑑 = 0 correspond to 𝜃𝑡 = 𝜃𝑡

𝑐 and 𝜅𝑑
𝐺 and 𝜅𝑑

𝐸, respectively.  

 

Similarly, by increasing the size of 2-D sheet to 𝐿𝑔=100 nm (Figure 3.8c), a stabilized folded 

graphene by van der Waals attractive energy can also be obtained due to 𝜃𝑡 < 𝜃𝑡
𝑐 (𝜅𝑑

𝐸>𝜅𝑑
𝐺) at 

𝑑𝐸𝑡𝑜𝑡/𝑑𝜅𝑑 = 0. This demonstration indicates that the size and evaporation pressure play the 

crucial roles in the folding of 2-D sheet and their relationship can be obtained by analyzing Eq. 

(3.21) as follows.  

Before the emergence of binding energy, the total energy for a liquid evaporation-driven 

folding of a single 2-D sheet is 

𝐸𝑡𝑜𝑡 = 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

+ 𝐸𝑝                            (3.22) 

The self-folding deformation of 2-D sheets stops at 𝑑𝐸𝑡𝑜𝑡/𝑑𝜅𝑑=0 , i.e. 𝑑𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

/𝑑𝜅𝑑+𝑑𝐸𝑝/

𝑑𝜅𝑑=0. From Eq. (3.18), 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

= 1/2𝑘𝑠(𝜃𝑡 − 𝜋)
2  and 𝜃𝑡 = 𝜋𝐴𝑝𝑟/(𝐴𝑝𝑟 + 𝜋𝐴𝑔/4 − 𝐴𝑠) 

where 𝐴𝑝𝑟 = (𝐵𝑅𝑑/𝑃𝑡)
1

4𝜋𝐿𝑔/2 , 𝐴𝑠 = 2𝜋𝑅𝑑
2[1 − 𝑐𝑜𝑠 (𝐿𝑔/2𝑅𝑑)]  and 𝜅𝑑 = 1/𝑅𝑑 . We can 

further write 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

 as a function of 𝜅𝑑,  

𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

= 𝐵𝜋2
𝐴𝑔

𝑡2
√
𝑃𝑡

𝐸
(
𝐷

𝐶
)
2

                        (3.23) 
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where 𝐶 = 2(𝐵/𝑃𝑡)
1

4𝐿𝑔𝜅𝑑

7

4 + 𝐴𝑔𝜅𝑑
2 − 8 + 8 𝑐𝑜𝑠(𝐿𝑔𝜅𝑑/2) , and 𝐷 = 8 − 8 𝑐𝑜𝑠(𝐿𝑔𝜅𝑑/2) −

𝐴𝑔𝜅𝑑
2.                

Similarly, the potential energy 𝐸𝑝 can also be expressed as a function of 𝜅𝑑, which is 

𝐸𝑝 = 𝑃𝑡[𝐹 + 𝑀𝐻 + 𝐽]                        (3.24) 

where  𝐹 = (𝐵/𝑃𝑡)
1

4𝜋𝐿𝑔𝜅𝑑
−
5

4/2 + 𝐴𝑔/𝜅𝑑 − 2𝜋/𝜅𝑑
3 + 2𝜋 𝑐𝑜𝑠(𝐿𝑔𝜅𝑑/2) /𝜅𝑑

3 , 𝑀 = [𝜋(𝐵/

𝑃𝑡)
1

4𝐿𝑔𝜅𝑑
−
1

4/2 + 𝐴𝑔 − 2𝜋/𝜅𝑑
2 + 2𝜋 𝑐𝑜𝑠(𝐿𝑔𝜅𝑑/2) /𝜅𝑑

2]

3

2

/2 , 𝐻 = 𝑐𝑜𝑠 (𝜋𝐿𝑔(𝐵/𝑃𝑡)
1

4𝜅𝑑

7

4/𝐶) 

and 𝐽 = 2𝜋/𝜅𝑑
3 − 2𝜋 𝑐𝑜𝑠(𝐿𝑔𝜅𝑑/2)/ 𝜅𝑑

3.  

𝑑𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

/𝑑𝜅𝑑+𝑑𝐸𝑝/𝑑𝜅𝑑=0 yields  

2𝐵𝜋2
𝐴𝑔

𝑡2
√
𝑃𝑡

𝐸
[
𝐷𝐷′𝐶−𝐷2𝐶′

𝐶3
] + 𝑃𝑡[𝐹

′ +𝑀′𝐻 +𝑀𝐻′ + 𝐽′] = 0          (3.25) 

 

 

Figure 3.9. Variation of 𝜿𝒅
𝑮 and 𝜿𝒅

𝑬 with the area of graphene 𝑨𝒈 (a) under different evaporation 

pressure 𝑷𝒕 and (c) with different numbers of layers of graphene sheet (bending stiffness). Variation 

of 𝜿𝒅
𝑮 and 𝜿𝒅

𝑬 with the evaporation pressure 𝑷𝒕 for (b) different areas of graphene and (d) different 

numbers of layers of graphene sheet (bending stiffness). Both critical area 𝐴𝑔
𝑐  and critical pressure 𝑃𝑡

𝑐 

are defined at 𝜅𝑑
𝐺=𝜅𝑑

𝐸. 
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When 𝐴𝑔, 𝐵 and 𝑃𝑡 are given, the solution to Eq. (3.25) can be solved numerically, referred 

to as 𝜅𝑑
𝐸, and it will depend on the energy competition between self-folding deformation of 2-

D sheets and evaporation pressure.   

In parallel, when we write 𝜃𝑡 as a function of 𝜅𝑑, we will have  

𝜃𝑡 =
2𝜋𝐴𝑔

1
2(

𝐵

𝑃𝑡
)

1
4

𝜅𝑑

7
4

𝐶  
                            (3.26) 

When the binding energy needs to be considered, the critical angle 𝜃𝑡
𝑐 can also be expressed 

as 

𝜃𝑡
𝑐 =

𝜋

1+(
4𝐸𝜅

𝑑

1
2

𝜋2𝐴𝑔𝑃𝑡

1
2𝐵

1
2

)

1/9

𝑡4/9

                         (3.27) 

𝜃𝑡 = 𝜃𝑡
𝑐 yields 

2𝜋𝐴𝑔

1
2(

𝐵

𝑃𝑡
)

1
4

𝜅𝑑

7
4

2𝐴𝑔

1
2(

𝐵

𝑃𝑡
)

1
4

𝜅𝑑

7
4+𝐴𝑔𝜅𝑑

2−8(1−𝑐𝑜𝑠(
𝐿𝑔

2
𝜅𝑑))  

−
𝜋

1+(
4𝐸𝜅

𝑑

1
2

𝜋2𝐴𝑔𝑃𝑡

1
2(𝐵)

1
2

)

1
9

𝑡
4
9

= 0          (3.28) 

Similar to Eq. (3.25), we can numerically solve Eq. (3.28) and its solution, referred to as 𝜅𝑑
𝐺, 

depends on the geometrical analysis.  

Given 𝐴𝑔, 𝐵 and 𝑃𝑡, if 𝜅𝑑
𝐸 > 𝜅𝑑

𝐺 , the folding will stop without adhesive van der Waals 

energy and the deformed 2-D sheet will recover; 𝜅𝑑
𝐸 < 𝜅𝑑

𝐺  will suggest that the folding stops 

after the emergence of van der Waals energy, and the deformed 2-D sheet will be obtained with 

a stable folded pattern; 𝜅𝑑
𝐸 = 𝜅𝑑

𝐺  corresponds to the critical condition. Take the 2-D material 

graphene as an example, Figure 3.9a plots the variation of 𝜅𝑑
𝐸 and 𝜅𝑑

𝐺 with the area of 2-D 

sheets under different pressures. At 𝑃𝑡=10 atm, small graphene sheets cannot be folded, in 

good consistence with 𝜅𝑑
𝐸<𝜅𝑑

𝐺. With the increase of graphene sheet area, both 𝜅𝑑
𝐸 and 𝜅𝑑

𝐺 

decrease, and after a critical large area of graphene sheet, 𝜅𝑑
𝐸 > 𝜅𝑑

𝐺, indicating a successful 

self-folding of graphene by liquid evaporation. Define the graphene area as the critical area 𝐴𝑔
𝑐  

at 𝜅𝑑
𝐸 = 𝜅𝑑

𝐺 . It decreases with the increase of evaporation pressure, suggesting that higher 

evaporation pressure promotes the self-folding of graphene. Figure 3.9b further gives the plots 

of 𝜅𝑑
𝐸  and 𝜅𝑑

𝐺  as a function of the evaporation pressure. At 𝐴𝑔 =800  𝑛𝑚2  and a low 
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evaporation pressure, we always have 𝜅𝑑
𝐸<𝜅𝑑

𝐺. With the increase of evaporation pressure, 𝜅𝑑
𝐺 

decreases, and 𝜅𝑑
𝐸 increases, eventually leading to 𝜅𝑑

𝐸 > 𝜅𝑑
𝐺 beyond this, the self-folding of 

graphene will happen. Similar to the definition of 𝐴𝑔
𝑐 , we define the critical evaporation 

pressure as 𝑃𝑡
𝑐  at 𝜅𝑑

𝐸 = 𝜅𝑑
𝐺 . Smaller 𝑃𝑡

𝑐  is obtained for large areas of graphene sheet, 

indicating larger graphene is easier to be folded than smaller one by liquid evaporation. Further, 

Figure 3.9c illustrates 𝐴𝑔
𝑐  increases with the increase of layer numbers of graphene sheet (i.e. 

the bending stiffness, 𝐵) under the same evaporation pressure, indicating the 2-D sheet with a 

lower bending stiffness is much easier to be folded. When the evaporation pressure changes, 

similar results are also obtained in Figure 3.9d, 

Based on these analyses and with the help of the dimensional analysis, we can summarize  

 

Figure 3.10. Relationship between the critical area 𝑨𝒈
𝒄  and (𝑩/𝑷𝒕)

𝟐/𝟑. The points are extracted from 

the parameters of the numerical solutions of Eqs. (3.25) and (A3.8) at 𝜅𝑑
𝐸=𝜅𝑑

𝐺. All the points can be well 

linearly fitted with a slope of 𝜂=98.82. The relationship when the deformation is uniform (𝜂=4𝜋2) can be 

derived in theory and is also included. 

 

the relationship among the critical area 𝐴𝑔
𝑐  of 2-D sheets, the bending stiffness 𝐵, and the 

evaporation pressure 𝑃𝑡 and it can be written as  

𝐴𝑔
𝑐 = 𝜂 (

𝐵

𝑃𝑡
)

2

3
                            (3.29) 

Eq. (3.29) is confirmed by substituting it into Eqs. (3.25) and (3.28) with the same solutions 

between them. Figure 3.10 shows the linear relationship between 𝐴𝑔
𝑐  and (𝐵/𝑃𝑡)

2/3, which 

further validates the expression of Eq. (3.29). Note that the 𝜂 =98.82 can be obtained by the 

best linear fit of the numerical solutions to Figure 3.10, independent of bending stiffness of 
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graphene and areas. 𝜂 reflects the deformation homogeneity and intensity of 2-D sheet. In 

particular, when the 2-D sheet experiences uniform deformation, the 2-D sheet remains a 

conformal contact with the liquid droplet and pertains a constant radius of curvature, where the 

rotational angle 𝜃𝑡 = 𝜋 − 𝜃𝑏/2, and the bending angle of the 2-D sheet 𝜃𝑏 = 𝐿𝑔/𝑅𝑑  [99, 

140]. Eq. (3.21) will become 𝐸𝑡𝑜𝑡 = 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

+ 𝐸𝑝 , where 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

= 2𝐵/(𝜃𝑡 − 𝜋)
2 , and 

𝐸𝑝 = 𝑃𝑡𝐴𝑔𝐿𝑔/(2𝜋 − 2𝜃𝑡) . 𝑑𝐸𝑡𝑜𝑡/𝑑𝜅𝑑 =0 at 𝜅𝑑 = 2𝜋/𝐿𝑔  will yield 𝐴𝑔
𝑐 = 4𝜋2(𝐵/𝑃𝑡)

2

3 , 

where 𝜂 = 4𝜋2, which agrees well with self-folding of one single graphene sheet by liquid 

evaporation [140]. 

3.2.4 Spring-slider network mechanics model of crumpling and assembly of multiple 2-D 

sheets 

When there are multiple 2-D sheets in the droplet, in addition to the mechanical deformation 

of individual 2-D sheets, because the surface area of droplet will decrease with the liquid 

evaporation, and 2-D sheets will be packed and assembled closely. This assembly of individual 

2-D sheet will lead to an emergence of interactive energy between 2-D sheets, which is similar 

to the binding energy of the folded parts in a single 2-D sheet and can also be described by a 

mechanical slider with the same as that in folded parts, referred to as inter-layer slider. Figure 

3.11 shows the illustration of a network distribution of rotational spring-slider mechanics 

models for the crumpling and assembly of multiple 2-D sheets in solution droplet by liquid 

evaporation. 

Consider 𝑛𝑙 (𝑛𝑙 ≥ 2) 2-D sheets in a liquid droplet, each 2-D sheet has the area 𝐴𝑔
(𝑖)

(𝑖 =

1,2,3……𝑛𝑙 ), and the total area is 𝐴𝑔
𝑡 = ∑ 𝐴𝑔

(𝑖)𝑛𝑙
𝑖=1 . Given 𝐴𝑔

𝑡 ≤ 𝐴𝑑(= 4𝜋𝑅𝑑
2)  at the 

beginning of evaporation, the surface of droplet is not fully covered by the 2-D sheets, and 

there is no overlap between 2-D sheets. As a consequence, the assembly energy between 

individual 2-D sheets can be neglected and the total deformation energy is  

𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

= ∑ 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔(𝑖)𝑛𝑙

𝑖=1 =
1

2
∑ 𝑘𝑠

(𝑖)(𝜃𝑡
(𝑖) − 𝜋)

2
𝑛𝑙
𝑖=1                 (3.30) 
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Figure 3.11. Crumpling and assembling multiple 2-D material sheets by liquid evaporation (left) and 

its rotational spring-mechanical slider network model (right). The intra-layer (orange) and inter-layer 

(purple) slider reflect the van der Waals interaction in the self-folding deformation of individual 2-D sheet 

and self-assembly of adjacent individual 2-D sheet, respectively.   

 

where 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔(𝑖)

 is the deformation energy of the 𝑖𝑡ℎ 2-D sheet, 𝑘𝑠
(𝑖) = 2𝐵

𝐴𝑔
(𝑖)
 

𝑡2
√
𝑃𝑡

𝐸
, 𝜃𝑡

(𝑖) =

𝜋(1 + 𝜀𝑠
(𝑖)) and 𝜀𝑠

(𝑖) = (𝐴𝑝𝑟
(𝑖) − 𝐴𝑑𝑒𝑓

(𝑖) )/𝐴𝑑𝑒𝑓
(𝑖)

. Similarly, the total binding energy in 2-D sheets 

can be obtained by 

𝐸𝑏
𝑠𝑙𝑖𝑑𝑒𝑟 = ∑ 𝐸𝑏

𝑠𝑙𝑖𝑑𝑒𝑟(𝑖)𝑛𝑙
𝑖=1 = ∑ 𝑘𝑏

(𝑖)𝐴𝑑𝑒𝑓
(𝑖) [𝑠𝑖𝑛(𝜃𝑡

𝑐(𝑖)/2) − 𝑠𝑖𝑛(𝜃𝑡
(𝑖)/2)] 𝐻(𝜃𝑡

𝑐(𝑖) − 𝜃𝑡
(𝑖))

𝑛𝑙
𝑖=1  

(3.31) 

where 𝑘𝑏
(𝑖) = 𝛤𝑏/2 and 𝜃𝑡

𝑐(𝑖) = 𝜋/(1 + (𝐸/𝑃𝑡𝐴𝑝𝑟
(𝑖)2)

1/9

𝑡4/9). And the total potential energy 

contributed by evaporation pressure is 

𝐸𝑝 = ∑ 𝐸𝑝
(𝑖)𝑛𝑙

𝑖=1 = ∑ 𝑃𝑡 [𝐴𝑑𝑒𝑓
(𝑖) (𝑅𝑑 +√𝐴𝑑𝑒𝑓

(𝑖) 𝑐𝑜𝑠(𝜃𝑡
(𝑖)/2)/2) + 𝐴𝑠

(𝑖)𝑅𝑑]
𝑛𝑙
𝑖=1     (3.32) 

Thus, the total energy without assembling among multiple 2-D sheets by liquid evaporation is 

𝐸𝑡𝑜𝑡 = 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

+ 𝐸𝑏
𝑠𝑙𝑖𝑑𝑒𝑟 + 𝐸𝑝                      (3.33) 

With the evaporation of liquid, the surface area of liquid droplet will decrease, eventually 

leading to 𝐴𝑔
𝑡 ≥ 𝐴𝑑. After that, the 2-D sheets start to assemble (Figure 3.1c) and the assembly 

energy emerges. Unlike the layer by layer stacking of planar 2-D sheet, the assembled 2-D 

sheet will stuck at the boundaries on the liquid droplet due to the out-of-plane deformation of 

wrinkling and self-folding [167, 168]. Besides, these boundary inter-lockings between 2-D 

sheets will lead to both hoop and radial compressive strain within a single 2-D sheet, similar to 
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that of the deformation in granular particles [169], and the total deformation energy 

characterized by Eq. (3.30) at 𝐴𝑔
𝑡 < 𝐴𝑑  will becomes  

𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

= ∑ 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔(𝑖)𝑛𝑙

𝑖=1 = ∑ 𝑘𝑠
(𝑖)(𝜃𝑡

(𝑖) − 𝜋)
2

𝑛
𝑖=1              (3.34) 

When the assembly between different 2-D sheet starts, the out-of-plane deformation will not 

be constrained in the intra-layer wrinkling and self-folding, and the inter-layer assembly will 

also partially occupy the deformed area. As a result, 𝐴𝑑𝑒𝑓
(𝑖) = 𝐴𝑏𝑖𝑛𝑑

(𝑖) + 𝐴𝑎𝑠𝑚
(𝑖)

, where 𝐴𝑏𝑖𝑛𝑑
(𝑖)

 

represents the deformed area of wrinkling and self-folding and 𝐴𝑎𝑠𝑚
(𝑖)

 represents the assembled 

area in the ith 2-D sheet. Therefore, the binding energy becomes 

𝐸𝑏
𝑠𝑙𝑖𝑑𝑒𝑟 =∑ 𝐸𝑏

𝑠𝑙𝑖𝑑𝑒𝑟(𝑖)
𝑛𝑙

𝑖=1
=∑𝑘𝑏

(𝑖)𝐴𝑏𝑖𝑛𝑑
(𝑖) [𝑠𝑖𝑛(𝜃𝑡

𝑐(𝑖)/2) − 𝑠𝑖𝑛(𝜃𝑡
(𝑖)/2)]𝐻(𝜃𝑡

𝑐(𝑖) − 𝜃𝑡
(𝑖))

𝑛𝑙

𝑖=1

 

(3.35) 

The assembly energy due to the van der Waals interaction between individual 2-D sheets can 

be calculated by 

𝐸𝑎𝑠𝑚 = ∑ 𝐸𝑎𝑠𝑚
(𝑖)𝑛𝑙

𝑖=1 = ∑ 𝑘𝑎
(𝑖)𝐴𝑎𝑠𝑚

(𝑖)𝑛𝑙
𝑖=1                      (3.36) 

where 𝑘𝑎
(𝑖) = 𝛤𝑏/2 is the assembly coefficient and is the same with 𝑘𝑏

(𝑖)
 in Eq.(3.35). The 

potential energy that will crumple and assemble multiple 2-D sheets by the evaporation 

pressure can be calculated via 

𝐸𝑝 = ∑ 𝐸𝑝
(𝑖)𝑛𝑙

𝑖=1 = 𝑃𝑡 ∑

[
 
 
 
 𝐴𝑏𝑖𝑛𝑑
(𝑖) (𝑅𝑑 +√𝐴𝑏𝑖𝑛𝑑

(𝑖) cos(𝜃𝑡
(𝑖)/2)/2)

+𝐴𝑎𝑠𝑚
(𝑖) (𝑅𝑑 + √𝐴𝑎𝑠𝑚

(𝑖) /2) + 𝐴𝑠
(𝑖)𝑅𝑑 ]

 
 
 
 

𝑛𝑙
𝑖=1           (3.37) 

With Eqs. (3.35)-(3.37), the total energy of crumpling and assembling multiple 2-D sheets 

by liquid evaporation is 

𝐸𝑡𝑜𝑡 = 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

+ 𝐸𝑏
𝑠𝑙𝑖𝑑𝑒𝑟 + 𝐸𝑎𝑠𝑚 + 𝐸𝑝                  (3.38) 

Similar to Eq. (3.21), Eq. (3.38) can be solved numerically. For example, take 𝐴𝑔
(𝑖)

=10000 

𝑛𝑚2, 𝑛𝑙=5 (𝐴𝑔
𝑡 =50000 𝑛𝑚2) and 𝑃𝑡=10 atm, Figure 3.12a shows the deformation energy 

𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

, binding energy 𝐸𝑏
𝑠𝑙𝑖𝑑𝑒𝑟 , assembly energy 𝐸𝑎𝑠𝑚 , potential energy 𝐸𝑝                  
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as well as the total energy 𝐸𝑡𝑜𝑡  as the liquid evaporates. During the liquid evaporation, 

𝑑𝐸𝑡𝑜𝑡/𝑑𝜅𝑑 will increase as the evaporation continues, leading to a continuous crumpling and 

assembly of 2-D sheets till to 𝑑𝐸𝑡𝑜𝑡/𝑑𝜅𝑑 = 0 . When the crumpling and assembly stop 

(𝑑𝐸𝑡𝑜𝑡/𝑑𝜅𝑑 = 0), the multiple 2-D sheets will be crumpled into a particle stabilized by the van 

der Waals energy of adhesive self-folding and assembly. 

After the complete evaporation of liquid, Figure 3.12b plots the normalized crumpling 

energy 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

+𝐸𝑏
𝑠𝑙𝑖𝑑𝑒𝑟 by the assembly energy 𝐸𝑎𝑠𝑚 with the increase of pressure 𝑃𝑡. It 

increases (magnitude) with the increase of 𝑃𝑡, indicating a higher pressure will promote the 

self-folding of 2-D sheets. Further, we define  

 

Figure 3.12. Energy variation of multiple 2-D material graphene sheets with liquid evaporation from 

the spring-slider network model. (a) Energy variation as a function of liquid droplet curvature 𝜅𝑑 . 

𝐴𝑔
(𝑖)

=10000 𝑛𝑚2, 𝑛𝑙=5 and 𝑃𝑡=10 atm. 𝑑𝐸𝑡𝑜𝑡/𝑑𝜅𝑑=0 corresponds to the stopping of the crumpling and 

assembling. (b) Normalized crumpling energy 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

+ 𝐸𝑏
𝑠𝑙𝑖𝑑𝑒𝑟 by the assembling energy 𝐸𝑎𝑠𝑚 in the 

particles after complete evaporation of liquid (in red) and normalized self-folding area (𝐴𝑏𝑖𝑛𝑑 ) by the 

assembling area (𝐴𝑎𝑠𝑚) (in blue) with the increase of pressure. 

 

𝜁 = 𝐴𝑏𝑖𝑛𝑑/𝐴𝑎𝑠𝑚                            (3.39) 

where 𝐴𝑏𝑖𝑛𝑑 and 𝐴𝑎𝑠𝑚 can be used to characterize the surface morphology and the overall 

structure of the particle. 𝜁 = 0 indicates there is no deformation of individual 2-D sheet and 

only self-assembly of 2-D sheets occurs by liquid evaporation. As a consequence, a bulk form 

of restacking of 2-D sheets will be obtained. These areas can be determined from energy 

analysis, where 𝐴𝑏𝑖𝑛𝑑 =  ∑ 𝐴𝑏𝑖𝑛𝑑
(𝑖)𝑛𝑙

𝑖=1 , 𝐴𝑏𝑖𝑛𝑑
(𝑖) = 𝐸𝑏

𝑠𝑙𝑖𝑑𝑒𝑟(𝑖)/(𝑘𝑏
(𝑖) [𝑠𝑖𝑛(𝜃𝑡

𝑐(𝑖)/2) − 𝑠𝑖𝑛(𝜃𝑡
(𝑖)/

2)]) and 𝐴𝑎𝑠𝑚 =∑ 𝐴𝑎𝑠𝑚
(𝑖)𝑛𝑙

𝑖=1 , and 𝐴𝑎𝑠𝑚
(𝑖) = 𝐸𝑎𝑠𝑚

(𝑖) /𝑘𝑎
(𝑖)

. Apparently, a large 𝜁  suggests a 

dominative role of the crumpling energy over the assembly energy, and promotes local 
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deformation of individual 2-D sheets including ridges. These local ridges will prevent direct 

restacking of 2-D sheets and lead to “porous” structures of assembled particles. Figure 3.12b 

shows a monotonic variation of 𝐴𝑏𝑖𝑛𝑑/𝐴𝑎𝑠𝑚 with the pressure, which agrees well with that of 

energy variations. In particular, when the surface area of each 2-D sheet is the same, we will 

have 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

= 𝑛𝑙𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔(𝑖)

, 𝐸𝑏
𝑠𝑙𝑖𝑑𝑒𝑟 = 𝑛𝑙𝐸𝑏

𝑠𝑙𝑖𝑑𝑒𝑟(𝑖)
, 𝐸𝑎𝑠𝑚 = 𝑛𝑙𝐸𝑎𝑠𝑚

(𝑖)
 and 𝐸𝑝 = 𝑛𝑙𝐸𝑝

(𝑖)
, and 

as a result, 𝐴𝑏𝑖𝑛𝑑 = 𝑛𝑙𝐴𝑏𝑖𝑛𝑑
(𝑖)

, 𝐴𝑎𝑠𝑚 = 𝑛𝑙𝐴𝑎𝑠𝑚
(𝑖)

, and 𝐴𝑔
𝑡 = 𝑛𝑙𝐴𝑔

(𝑖)
. 𝜁 = 0  will lead to 

𝐴𝑏𝑖𝑛𝑑=0 and 𝐸𝑏
𝑠𝑙𝑖𝑑𝑒𝑟 = 𝐸𝑏

𝑠𝑙𝑖𝑑𝑒𝑟(𝑖) = 0 , and there will be no permanent deformation in each 2-

D sheet due to the lack of van der Waals energy, which is the same as that of unfolded 2-D 

sheet in the crumpling of a single 2-D sheet in Section 3.2.3. Therefore, the critical area of each 

2-D sheet will be 𝐴𝑔
𝑐(𝑖) = 𝜂(𝐵/𝑃𝑡)

2

3 , and consider 𝐴𝑔
𝑡 = 𝑛𝑙𝐴𝑔

(𝑖)
, the critical total area of 

multiple 2-D sheets will be  

𝐴𝑔
𝑡𝑐 = 𝑛𝑙𝜂 (

𝐵

𝑃𝑡
)
2/3

                          (3.40) 

If 𝐴𝑔
𝑡 ≤ 𝐴𝑔

𝑡𝑐, there will be no deformation within each 2-D sheet and only assembly of 2-D 

sheets among each other, which is the same as the assembly process of colloidal particles [170]. 

When 𝐴𝑔
𝑡 > 𝐴𝑔

𝑡𝑐, both self-folding and assembly will appear and 𝜁 will be larger than zero. 

More importantly, once the total energy of assembled particle after the complete 

evaporation of liquid is determined, and if we assume the local curvature and central angle in 

the fold are constant [161], the density of fold (ridge) can be calculated and it is 

𝐷𝑟 =
𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

𝐵𝐴𝑔
𝑡 [

𝑅1

𝜃1
+
𝑅2

𝜃2
+
𝑅3 

𝜃3
]                        (3.41) 

Similarly, the radius of gyration (𝑟𝑔) can be employed to approximately estimate the size of 

assembled particles after the complete evaporation of liquid, and 𝑅𝑔 is  

𝑅𝑔 =
𝐸𝑝

𝑃𝑡𝐴𝑔
𝑡                                (3.42) 

We should note that when there is no deformation in 2-D sheets, 𝐸𝑝 will be the same with the 

potential energy of assembled particles in colloidal science and Eq. (3.42) will reduce to the 

radius of assembled hollow spheres by rigid particles [171]. In addition, the accessible area of 

the assembled particle [47] (i.e. the surface area of particle that is accessible to air) can be 

obtained by excluding the stacked areas within a particle from the total surface area of 2-D 
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materials and it is   

𝐴𝑎𝑐𝑐 = 2[𝐴𝑔
𝑡 − (𝜁 + 1)𝐴𝑎𝑠𝑚]                       (3.43) 

3.3 Computational Modeling and Methods 

3.3.1 Coarse-grained modeling of graphene 

Large numbers of atoms will be involved so as to model the crumpling and assembly of 2-D 

sheets by liquid evaporation and validate the theoretical mechanical model in Section 3.2. For 

example, take 2-D material graphene suspended in a water droplet as an example, consider the 

typical size of the solution liquid droplet of 𝑅𝑑 = 1.45 𝜇𝑚  in experiments, and the 

concertation of graphene 𝐶𝑚=1 mg/mL [48], one liquid droplet will contain 4.27 × 1011 

water molecules and 6.39 × 108  carbon atoms, largely beyond the capacity of current 

computational cost. In this section, we will present a high-efficiency simulation procedure by 

coarse-graining graphene sheets and mimicking solid-liquid interaction using a virtual 

spherical interactive force field.   

Graphene will be modeled by a coarse-grained (CG) model, as illustrated in Figure 3.13a. 

Similar to the intrinsic lattice structure of the full-atomic graphene model, this graphene CG 

model is a hexagonal lattice, and each CG bead represents a certain number of carbon atoms in 

the full-atom model. The total energy of this CG model 𝐸𝐶𝐺  includes bond stretching 

energy𝐸𝑏𝑜𝑛𝑑, angular bending energy 𝐸𝑎𝑛𝑔𝑙𝑒, dihedral torsional energy 𝐸𝑑𝑖ℎ and non-bonded 

van der Waals energy 𝐸𝑣𝑑𝑊, and is  

𝐸𝐶𝐺 = 𝐸𝑏𝑜𝑛𝑑 + 𝐸𝑎𝑛𝑔𝑙𝑒 + 𝐸𝑑𝑖ℎ + 𝐸𝑣𝑑𝑊                    (3.44) 

For graphene-like 2-D nanomaterials that will experience a large deformation, these energies 

of bonded interaction between CG beads can be expressed as 𝐸𝑏𝑜𝑛𝑑 = ∑ 𝐷0 [1 −
𝑛𝑏𝑜𝑛𝑑
𝑖=1

𝑒−𝛼(𝑑−𝑑0
𝑐𝑔
)]
2

, 𝐸𝑎𝑛𝑔𝑙𝑒 = ∑ 𝑘𝜃(𝜃 − 𝜃0)
2𝑛𝑎𝑛𝑔𝑙𝑒

𝑖=1
, and 𝐸𝑑𝑖ℎ = ∑ 𝑘∅[1 − 𝑐𝑜𝑠(2∅)]

𝑛𝑑𝑖ℎ
𝑖=1  [172], 

where 𝐷0  and 𝛼  are parameters of the potential well depth of bonds and 𝑑0
𝑐𝑔

 is the 

equilibrium distance of the CG bond, 𝑘𝜃 , 𝜃0 , and 𝑘∅  are the constant of bead angle, 

equilibrium angle and constant of dihedral in the CG model, respectively. 𝑛𝑏𝑜𝑛𝑑, 𝑛𝑎𝑛𝑔𝑙𝑒, and 
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𝑛𝑑𝑖ℎ are the number of bond, angle and dihedral in the CG model, respectively.  𝑑0
𝑐𝑔

 and 𝜃0 

 

Figure 3.13. Coarse-grained (CG) model of 2-D material graphene. (a) Full-atom lattice (left) and coarse-

grained (CG) lattice (right) models of graphene. The highlighted triangle area indicates coarse-grained 

scaling of 16:1; i.e., one bead in the CG model represents 16 atoms in the full-atom model. As a consequence, 

with the bond length of 𝑑0  in the full-atom model, and the bond length in CG model is 𝑑0
𝑐𝑔

=4𝑑0 . 

Comparison of (b) the stress-strain curve of graphene sheet under a tensile test, (c) the deformation energy 

of graphene sheet under a bending load and (d) the binding energy of two parallel graphene sheets between 

full-atom and coarse-grained model. The insets illustrate the loading conditions. 

 

determine the geometrical and scaling features of the CG model. For example, for the CG 

model with hexagonal lattice structure and 16:1 coarse-graining mapping, 𝑑0
𝑐𝑔
= 0. 56 nm and 

𝜃0 = 120
° . On the other hand, the continuum mechanics analysis to graphene-like 2-D 

nanomaterials will lead to 𝛼 = 𝑙𝑜𝑔2/(𝜀𝑓𝑑0
𝑐𝑔
), where 𝜀𝑓 is the maximum failure strain of the 

2-D material; 𝐷0 = √3ℎ𝐸𝐺/𝛼2(4𝐺 − 𝐸)  and  𝑘𝜃 = √3(𝑑0
𝑐𝑔
)
2
ℎ𝐸𝐺/6(3𝐸 − 4𝐺)  [173], 

where 𝐺 is the in-plane shear modulus of graphene and ℎ is the interlayer distance and is 0.34 

nm for graphene. Similarly, the parameters of CG model in the torsional energy 𝐸𝑑𝑖ℎ can be 

obtained by considering a pure bending deformation of 2-D materials in continuum mechanics. 

For a rectangular shaped 2-D sheet in length 𝐿𝑔 and width 𝑊𝑔 with a radius of curvature 𝑅𝑏 

(insets in Figure 3.13c), based on the continuum mechanics analysis, the bending energy  
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𝐸𝑏𝑒𝑛𝑑 = 𝐵𝐿𝑔𝑊𝑔/2𝑅𝑏
2 [140]. 𝐸𝑏𝑒𝑛𝑑 = 𝐸𝑑𝑖ℎ will lead to a linear correlation between 𝑘∅ and 

𝐵, 𝑘∅ = 𝛽𝐵, where 𝛽 depends on the coarse-graining scale in the CG model. For example, it 

is 𝛽 = 0.0758  for 16:1 coarse-grained mapping and 𝛽 = 0.1125  for 4:1 coarse-grained 

mapping [172].  

For non-bonded van der Waals energy 𝐸𝑣𝑑𝑊 in the CG model, similar to the full atomic 

model, it can be described by 12-6 Lennard-Jones (L-J) potential, and 𝐸𝑣𝑑𝑊 =

∑ ∑ 4𝜖 [(
𝜎

𝑑
)
12

− (
𝜎

𝑑
)
6

]
𝑛𝑏𝑒𝑎𝑑
𝑗=𝑖+1

𝑛𝑏𝑒𝑎𝑑−1
𝑖=1 , where 𝜖 is the potential well depth of CG beads and 𝜎 =

0.346 nm is the parameter associated with the equilibrium distance between two non-bonded 

CG beads. 𝑛𝑏𝑒𝑎𝑑 is the number of beads in the CG model and 𝑑 is the distance between two 

beads. For two layers of materials with an overlap area 𝐴𝑏 (inset in Figure 3.13d), the binding 

energy is 𝐸𝑏𝑖𝑛𝑑 = 𝛤𝑏𝐴𝑏, and 𝐸𝑏𝑖𝑛𝑑 = 𝐸𝑣𝑑𝑊, i.e. 𝛤𝑏𝐴𝑏 = ∑ ∑ 4𝜖 [(
𝜎

𝑑
)
12

− (
𝜎

𝑑
)
6

]
𝑛𝑏𝑒𝑎𝑑
𝑗=𝑖+1

𝑛𝑏𝑒𝑎𝑑−1
𝑖=1  

leads to a linear correlation between 𝜖 and 𝛤𝑏 via 𝜖 = 𝜗𝛤𝑏. Similar to 𝛽, 𝜗 also depends 

on the coarse-graining scale in the CG model, and it is ϑ=2.1892 × 10−20 𝑚2  and 𝜗 =

1.84 × 10−19 𝑚2 for 4:1 and 16:1 coarse-grained mapping, respectively [172].  

For a well-defined coarse-graining scale of 16:1 in 2-D material graphene, the potential 

parameters 𝐷0, 𝛼, 𝑘𝜃 , 𝑘∅ and 𝜖 in its CG model can be determined. For graphene, take 

𝐸 = 1 𝑇𝑃𝑎, 𝐺 = 450 𝐺𝑃𝑎, 𝜀𝑓 = 0.16 [172], 𝐵=2.38× 10−19J and 𝛤𝑏=-0.232 J/𝑚2, we can 

obtain 𝐷0=797.4283 kcal/mole, 𝛼=0.7736 Å−1 , 𝑘𝜃=1662.9 kcal/mole, 𝑘∅=2.6 kcal/mole 

and 𝜖=6.15 kcal/mole by following above analysis. With these parameters in the CG mode, we 

performed both coarse-grained molecular dynamics (CGMD) and full-atom molecular 

dynamics (MD) simulations to validate our CG model. All the simulations were performed in 

LAMMPS [174]. Figure 3.13b and c show the comparison of the proposed CG model and full-

scale atom model in tension and bending deformation, respectively. Both Young’s modulus and 

maximum tensile strength of graphene are well reproduced by the proposed CG model. Further, 

under a relatively broad range of bending angle 𝜃𝑏 , good agreement of the bending 

deformation is obtained between the CG model and full-atom model, which validates the CG 

model for the study of crumpling 2-D graphene. Figure 3.13d shows that the non-bonded 

interaction between graphene sheet from CGMD simulations agrees well with that in full-atom 
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MD simulations, indicating that the CG model can also be used to study the interactive binding 

energy of self-folding and assembly of graphene sheets. 

3.3.2 Virtual spherical van der Waals force field simulation method 

Once the CG model of graphene is validated, we will introduce a computational method to 

mimic the interactions of liquid molecules to graphene by employing a virtual spherical L-J 

force field. The simulation procedure consists of three steps: In the first step, the liquid droplet 

was replaced by a virtual sphere with radius 𝑅𝑑 = 𝑅𝑖. The initial positions of graphene were 

uniformly distributed on the outside surface of the sphere to mimic a uniform distribution of 

graphene in the liquid droplet. The initial radius of sphere (𝑅𝑖) was determined based on the 

number of graphene sheets and area of each sheet to ensure no overlap between individuals and 

no self-folding within a single sheet. The interaction between graphene and surface of the 

virtual sphere was modeled by a 12-6 L-J potential to mimic the interaction between liquid 

droplet and graphene. By setting up the cut-off radius of the L-J potential 21/6𝜎 between 

graphene sheets and the sphere surface, there would be only repulsive for the sphere surface to 

the graphene and this setting would also not allow penetration of graphene sheet into the sphere. 

A constant force pointing to the center of the virtual sphere was added on each CG bead to 

provide a driving force for crumpling and assembling graphene, and the magnitude of force 

was determined by 𝐹𝑏 =
𝑃𝑡𝐴𝑔

𝑡

𝑛𝑏𝑒𝑎𝑑
. Such the force depends on the evaporation pressure and reflects 

the influence of temperature on the liquid evaporation. After that, the system was equilibrated 

at 300 K for 2.0 ns with NVT ensemble under Nose/Hoover thermostat. In the second step, all 

the settings in the first step would remain the same except that the radius of the virtual sphere 

decreased with time by following a well-defined function to mimic the evaporation process of 

liquid droplet [175, 176], which is 𝑅𝑑 = 𝑅𝑖 + (𝑅𝑒 − 𝑅𝑖)(𝑡𝑠 − 𝑡𝑖)/𝑡𝑒 , (𝑡𝑖 < 𝑡𝑠 ≤ 𝑡𝑖 + 𝑡𝑒) , 

where 𝑡𝑠 is the instantaneous time step during simulation, 𝑡𝑖 is the time period required for 

equilibrium of the system in the first step, and 𝑡𝑒 is the time period for the radius of sphere 

that changes from 𝑅𝑖 (initial radius of sphere) to 𝑅𝑒 (final radius of sphere). The evaporation 

rate is taken into account by the decreasing rate of radius of the virtual sphere |𝑅𝑒 − 𝑅𝑖|/𝑡𝑒 

and was taken ~50 nm/ns  to ensure both stability of simulations and independence of 
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assembled and self-folded morphology with the shrinking rate of the virtual sphere. Afterward, 

the NVT ensemble under Nose/Hoover thermostat that mimics a constant temperature of high-

temperature furnace during evaporation in experiments was employed to monitor the crumpling 

and assembly of graphene sheets. In the third step, the applied force pointing to the center of 

sphere was removed at 𝑅𝑑 = 𝑅𝑒 . Another 2 ns was performed under NVT ensemble to monitor 

the final morphology of assembled graphene sheets. The strain energy, binding energy, 

assembling energy and radius of gyration of assembled particle were documented every 0.01 

ns during simulations to ensure sufficient data recorded.  

 

Figure 3.14. Validation of the virtual sphere force field method. (a) Comparison of deformation energy 

(𝐸𝑑𝑒𝑓) and binding energy (𝐸𝑏𝑖𝑛𝑑) of a single graphene nanoribbon obtained by the full-atom water/graphene 

simulations and virtual spherical force field/full-atom graphene. (b) Snapshots of crumpled morphology of 

graphene during simulations. 

 

To validate this simulation method, the full-atomic molecular dynamics simulation is 

conducted. The simulation system consisted of 4200 SPC/E water molecules [105] 

(corresponding the volume of water droplet 𝑉=125.55 nm3) and a graphene ribbon with the 

dimension of 20 nm ×2 nm. The AIREBO force field was employed to model the flexible 

neutral graphene sheet [131, 132]. The 12-6 pairwise Lennard-Jones potential 𝑉(𝑑) =

4𝜖(𝜎12/𝑑12 − 𝜎6/𝑑6)  was used to model the water-water and carbon-water non-bonded 

interactions [125], where 𝜖 is the potential well depth, 𝜌 was the parameters associated with 

the equilibrium distance and 𝑑  was the distance between two atoms. 𝜎𝑂−𝑂=0.3166 nm, 

𝜖𝐶−𝑂=0.0937 kcal/mole, and 𝜎𝐶−𝑂=0.319 nm were chosen to model the interaction between 

water molecules and graphene sheet. The simulation procedure includes three steps: First, after 

energy minimization of the water and graphene sheet, NVT ensemble with Nose/Hoover 
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thermostat was employed for 1.0 ns with a time step of 1.0 fs to equilibrate the system at 300 

K and 1.0 atm. Secondly, 11 water molecules were removed from the system for every 1000 

time steps until all the water molecules were completely removed. During these processes, the 

energy and position of water molecules and graphene sheet were monitored every 1000 time 

steps to ensure the sufficient data recorded. Thirdly, after all the water molecules were 

evaporated, another 1.0 ns under the NVE ensemble was run to make sure the deformed 

graphene sheet reached the stable folded pattern. 

When a virtual spherical force field was used in the simulations, all water molecules were 

replaced by a virtual sphere with an initial radius of 𝑅𝑖=3.106 nm that is the same as the water 

droplet size of 4200 water molecules and the graphene ribbon was kept the same. At the same 

time, Eq. (3.7) was used to calculate the overall pressure exerted on the graphene by liquid  

evaporation and 𝑃𝑡=188.2 atm. This pressure was applied as a force to on each carbon atoms, 

i.e. 𝐹𝑏=0.0067 kcal/mole-Å. In the simulations, first, after energy minimization of the graphene 

sheet, NVT ensemble with Nose/Hoover thermostat was employed for 1.0 ns with a time step 

of 1.0 fs to equilibrate the system at 300 K and 1.0 atm. Afterward, the radius of sphere was 

decreased by following the law of 𝑅𝑑=𝑅𝑖 −
𝑅𝑖

0.381𝑛𝑠
(𝑡 − 1𝑛𝑠) to ensure that the volume of 

sphere equals the volume of water in the full-atom simulations at the same timesteps of liquid 

evaporation. During this process, the variation of energy, position of water molecules and 

graphene sheet were monitored every 1000 time steps to ensure the data recorded sufficiently. 

In the last step, 𝑅𝑑=0 was set to run another 1.0 ns under the NVE ensemble to make sure that 

the folded graphene sheet reached a stable stage. 

Figure 3.14a plots the comparison of deformation energy (𝐸𝑑𝑒𝑓) and binding energy 

(𝐸𝑏𝑖𝑛𝑑) of graphene ribbon between simulations by the full-atom water and graphene and the 

virtual sphere and full-atom graphene systems. Excellent agreement between them is obtained. 

Note that the bit early emergence and consequent quick decrease of binding energy in the full-

atom simulations than that in the virtual spherical simulations is expected to result from the 

early partial contact of water liquid with the edge tips of graphene, and the consequent 

squeezing out of water liquid by the folded section of graphene, as shown in Figure 3.14b. 

However, both final energies and morphologies of folded graphene after complete liquid 
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evaporation or removal of virtual spheres agree with each other, which validates the 

employment of a virtual spherical force model in the simulations. 

Further, To validate the proposed equivalent evaporation pressure model in Section 3.2.1, 

two parallel CGMD simulations on crumpling a single graphene sheet via a virtual sphere were 

performed. The modeling and simulation procedure follows Section 3.3. Only the driving 

forces were different between the two simulations. For the full driving force model, a constant 

force pointing to the center of the sphere was added on each CG bead to represent the 

contribution of gas pressure (𝑃𝑔) and vapor pressure (𝑃𝑣). At the same time, another force with 

constant magnitude was added on each CG bead at the boundary of graphene to represent the 

capillary force (𝐹𝑐). The direction of force is always perpendicular to the initial orientation of 

the boundary after it was added and is also always tangential to the surface of the sphere. For 

the equivalent evaporation driving force model, a constant force pointing to the center of the 

sphere was added on each CG bead of the graphene to represent the total equivalent pressure 

(𝑃𝑡). The length of graphene was 𝐿𝑔=100 nm, and the initial radius of the sphere was 𝑅𝑖=100 

nm and the final radius of the sphere was 𝑅𝑒=1 nm. The time of equilibrium was 𝑡𝑖=1 ns, and  

 

 

Figure 3.15. Energy and morphology variation of a single layer graphene during the liquid evaporation. 

(a) Comparison of the deformation energy 𝐸𝑑𝑒𝑓 and binding energy 𝐸𝑏𝑖𝑛𝑑 at 𝑇𝑓=300 K between the full 

driving force model and equivalent pressure model for a square graphene with 𝐿𝑔=100 nm during liquid 

evaporation. (b) Snapshots of the crumpled graphene under different driving force models.  

 

the time of evaporation was 𝑡𝑒=2 ns. After the evaporation, another 1ns was following to make 

sure the final folded pattern was stable. Figure 3.15a plots the variation of deformation energy 

𝐸𝑑𝑒𝑓 and binding energy 𝐸𝑏𝑖𝑛𝑑 during the folding. 𝐸𝑑𝑒𝑓 increases slowly at the beginning 
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of evaporation, followed by a quick increase after a critical evaporation time. After that, it 

arrives at an approximate stable stage. By contrast, 𝐸𝑏𝑖𝑛𝑑  remains zero at the beginning, 

followed by a quick decrease at the moment when there is a significant increase of 𝐸𝑑𝑒𝑓 and 

then reaches a stable stage. More importantly, both 𝐸𝑑𝑒𝑓 and 𝐸𝑏𝑖𝑛𝑑 have been well predicted 

by the equivalent evaporation pressure model (Eq. 3.7), with good agreement with those from 

full-force model. The non-zero of 𝐸𝑏𝑖𝑛𝑑  indicates the occurrence of self-folding in the 

graphene, which is also consistent with a quick increase of 𝐸𝑑𝑒𝑓. The final non-zero stable 

𝐸𝑑𝑒𝑓  and 𝐸𝑏𝑖𝑛𝑑  suggest that the deformed graphene by evaporation of liquid possesses a 

stable morphology. Figure 3.15b shows the snapshots of simulations, and the deformation 

evolution of graphene with evaporation time, ranging from the initial bending deformation, to 

self-folding and to a final stable crumpled pattern, is observed, which corresponds well with 

variation of 𝐸𝑑𝑒𝑓  and 𝐸𝑏𝑖𝑛𝑑 . Besides, good agreement of these deformation patterns with 

approximately the same curvature from the equivalent pressure model (Eq. 3.8) and full force 

model is obtained.  

3.4 Energy and Morphology when Crumpling a Single 2-D Sheet 

Figure 3.16a shows comparison of energy variation of a single graphene sheet with a size of 

𝐿𝑔=40 nm between theoretical and simulation results during the liquid evaporation. The radius 

of liquid droplet 𝑅𝑑 decreases from 𝑅𝑖=100 nm to 𝑅𝑒=1 nm, and the evaporation-induced 

pressure is taken 𝑃𝑡=10 atm and 𝑃𝑡=40 atm, respectively. With the increase of curvature of 

liquid droplet (𝜅𝑑=1/𝑅𝑑), both the deformation energy 𝐸𝑑𝑒𝑓 (i.e. 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

 in the mechanics 

model, Eq. (3.18)) and binding energy 𝐸𝑏𝑖𝑛𝑑 (i.e. 𝐸𝑏
𝑠𝑙𝑖𝑑𝑒𝑟 in the mechanics model, Eq. (3.19)) 

under 𝑃𝑡=10 atm remain zero, indicating there is no self-folding in the graphene, in good  

agreement with snapshots in Figure 3.16b. This unfolding is caused by the absence of binding 

energy 𝐸𝑏𝑖𝑛𝑑 which will prevent the “bouncing back” of initial bending deformation, and is 

well predicted by Eq. (3.29), where a small graphene sheet cannot be folded by a weak driving  

force for graphene 𝐿𝑔=40 nm (< critical 𝐿𝑔
𝑐 = √𝐴𝑔

𝑐=61.34 nm when 𝑃𝑡=10 atm from Eq. 

(3.29)) or pressure of 𝑃𝑡=10 atm (< critical 𝑃𝑡
𝑐=36.05 atm when 𝐴𝑔=1600 𝑛𝑚2 from Eq. 
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(3.29)). At higher pressure, 𝑃𝑡=40 atm, both 𝐸𝑑𝑒𝑓 and 𝐸𝑏𝑖𝑛𝑑 increase after a critical  

 

Figure 3.16. Comparison of energy and morphology evolution of a single graphene sheet during the 

liquid evaporation between the theoretical predictions and simulations. Comparison of energy variation 

of a single graphene sheet with a size of (a) 𝐿𝑔=40 nm and (c) 𝐿𝑔=100 nm between theoretical and 

simulation results with liquid droplet curvature 𝜅𝑑. Morphology evolution of a square graphene sheet with 

(b) 𝐿𝑔=40 nm and (d) 𝐿𝑔=100 nm with liquid droplet curvature 𝜅𝑑 under evaporation pressure 𝑃𝑡=10 atm 

and 40 atm. 𝜅 is the local curvature in the deformed sheet. 

 

evaporation time and a folded graphene is obtained, as shown in snapshots in Figure 3.16b. 

Besides, the good agreement of these energies between simulation and theoretical predictions 

indicates that deformation and self-folding can be well captured by our rotational spring-

mechanical slider model. For a larger graphene sheet (𝐿𝑔=100 nm), both 𝐸𝑑𝑒𝑓  and 𝐸𝑏𝑖𝑛𝑑 

(Figure 3.16c) show non-zero magnitudes with the evaporation of liquid, and a higher pressure 

leads to higher magnitudes. As a consequence, successful folded patterns of graphene are 

obtained with a higher crumpling density at a higher pressure, as indicated in Figure 3.16d. 

More importantly, the good agreement between theoretical predictions and simulations remains.  

Both the pressure and graphene sheet size can affect the final folded morphology as well as the 

deformation energy and binding energy after the complete evaporation of liquid. The 

equilibrated energy of graphene sheet during simulation is extracted and compared with the 

theoretical predictions. Figure 3.17a plots the comparison of equilibrated energy of graphene 

after complete evaporation of liquid between the theoretical predictions and simulations. Both 
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the deformation energy and binding energy increase (magnitude) linearly with the increase of 

graphene area 𝐴𝑔 , suggesting a favorable crumpling process for large graphene. More 

importantly, the energies show good agreement between simulations and theoretical predictions. 

In particular, zero deformation and binding energies in the extremely small graphene that 

  

 

Figure 3.17. Comparison of the deformation energy 𝑬𝒅𝒆𝒇 and binding energy 𝑬𝒃𝒊𝒏𝒅 of the single 

layer graphene after the complete evaporation of liquid between the theoretical predictions and 

simulations under evaporation pressure (a) 𝑷𝒕=10 atm and (b) 𝑷𝒕=40 atm. The inset highlights at the 

small area where if both of the energies are zero, graphene cannot be folded by the liquid evaporation.  

 

correspond to an unsuccessful folding under the evaporation pressure 𝑃𝑡=10 atm are well 

captured by our theoretical model (Eq. (3.29)). For a higher pressure 𝑃𝑡=40 atm, the good 

agreement between theoretical prediction and simulations still remains (Figure 3.17b). The 

minimum size of graphene sheet for a successful folding decrease and the magnitude of 

deformation energy 𝐸𝑑𝑒𝑓 increases, while the binding energy 𝐸𝑏𝑖𝑛𝑑 remains approximately 

the same. These different responses to pressure are dependent on intrinsic deformation nature 

that 𝐸𝑑𝑒𝑓 is sensitive to the local curvature of bending deformation and 𝐸𝑏𝑖𝑛𝑑 is determined 

by overlap area in graphene [161], and also agree with the spring constant and slider constant 

in Eqs. (3.18) and (3.19). These different crumpling energies in these graphene sizes and 

evaporation pressures reflect different crumpling morphologies. In particular, if the graphene 

is large enough, the size of first folded graphene may be larger than the critical length to be 

folded and multiple foldings are expected. 

To illustrate the multiple folding of graphene by liquid evaporation, simulations on series 

of a single graphene sheet with different sizes were performed. Figure 3.18 shows the map of 

folded graphene as the variation of pressure after complete evaporation of liquid water, where 
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the local curvature distribution on the folded graphene is given to highlight the folding density 

and locations. When the graphene size is small and the evaporation pressure is low, the 

graphene sheet cannot be folded and is referred to the “unfold” region. When either the pressure 

or graphene size increases, a successful folding such as a “racket-like” pattern is observed, 

referred to as a “racket-like” region in the map, similar to the folding pattern of graphene 

nanoribbon [99, 140, 177]. In particular, when the graphene size or pressure continues to 

increase, folding becomes intense and multiple foldings are observed. Besides, higher pressure 

or larger graphene size is, the stronger folding with larger folding curvature will be, which 

echoes well with higher deformation and binding energies in Figure 3.17. The folded pattern 

with intense folding, in particular with multiple foldings, is similar to a shape of spatial particle, 

 

Figure 3.18. Morphology and size map of folded graphene with highlights of local curvature after 

complete evaporation of liquid. Three patterning regions are identified, referred to as “unfold”, “racket-

like pattern” and “particle” with the increase of evaporation pressure or/and total area of 2-D graphene sheet. 

 

referred to as a “particle” region and its size decreases with the increase of folding pressure. 

With the definition of these three deformation regions, their transition can be further predicted 

through the theoretical analysis by Eq. (3.29). The good agreement between theoretical 

predictions and simulations in Figure 3.18 further validates the energy analysis through the 

proposed rotational spring-mechanical slider model.  



83 

 

3.5 Energy and Morphology when Crumpling Multiple 2-D Sheets 

When there are multiple graphene sheets in the liquid droplet, similar simulations were 

performed, and 5 pieces of square graphene sheets with the size of 𝐿𝑔=100 nm were taken as 

an example. In the simulations, the initial radius of liquid droplet was 𝑅𝑖=100 nm to ensure no 

overlap between each graphene sheets at the equilibrium, and the final radius of liquid droplet 

after complete evaporation of liquid was set to be 𝑅𝑒=1 nm to make sure the droplet is small 

enough for a sufficient crumpling and assembly of graphene sheets. Figures 3.19a and b show 

the comparison of energy variation between theoretical predictions via Eqs. (3.30)-(3.38) and 

simulations for their assembling and self-folding with liquid evaporation under the evaporation 

pressure of 10 atm and 40 atm, respectively. The deformation energy 𝐸𝑑𝑒𝑓 (i.e. 𝐸𝑠
𝑠𝑝𝑟𝑖𝑛𝑔

 in 

Eqs. (3.30) and (3.34)), binding energy 𝐸𝑏𝑖𝑛𝑑  (i.e. 𝐸𝑏
𝑠𝑙𝑖𝑑𝑒𝑟  in Eqs. (3.31) and (3.35)) and 

assembling energy 𝐸𝑎𝑠𝑚  (i.e. 𝐸𝑎𝑠𝑚  in Eq. (3.36)) all increase (magnitude) rapidly at the 

onset of liquid evaporation and then reach a plateau when the size of droplet is small enough 

 
Figure 3.19. Energy and mass variation of crumpling and assembling multiple 2-D material graphene 

sheets by the liquid evaporation. Comparison of the deformation energy 𝐸𝑑𝑒𝑓, binding energy 𝐸𝑏𝑖𝑛𝑑 and 

assembling energy 𝐸𝑎𝑠𝑚 of 5 square graphene sheets with each size of 𝐿𝑔=100 nm between the theoretical 

predictions and simulations under (a) 𝑃𝑡=10 atm and (b) 𝑃𝑡=40 atm. Mass distribution of the graphene in 

the droplet during liquid evaporation under (c) 𝑃𝑡=10 atm and (d) 𝑃𝑡=40 atm. The inserts show the 

evolution of assembled morphologies of the crumpled graphene sheets with liquid evaporation. 
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(𝜅𝑑>0.1 𝑛𝑚−1). Similar to that in a single graphene sheet in Figure 3.16, the increase of 𝐸𝑑𝑒𝑓 

and 𝐸𝑏𝑖𝑛𝑑 (magnitude) with evaporation reflects the crumpling or self-folding of graphene 

associated with generation and propagation of folded ridges, and higher pressure leads to larger 

𝐸𝑑𝑒𝑓  and 𝐸𝑏𝑖𝑛𝑑 . The appearance and increase of 𝐸𝑎𝑠𝑚  with evaporation represents the 

assembly of multiple graphene sheets and higher pressure leads to lower 𝐸𝑎𝑠𝑚 (magnitude). 

The final stable stage of these energies suggests the arrival of crumpled and assembled 

graphene with a stable pattern. Besides, higher pressures lead to higher 𝐸𝑑𝑒𝑓, 𝐸𝑏𝑖𝑛𝑑, and lower 

𝐸𝑎𝑠𝑚 , promoting both crumpling and self-assembly of graphene sheets. In parallel, the 

variation of energies with evaporation (i.e. the radius of liquid droplet) can be predicted by Eq. 

(3.38) and the results show excellent agreement with the simulation results for both evaporation 

pressures, as shown in Figure 3.19a and b, which validates the proposed network mechanics 

model of rotational spring-mechanical slider for multiple graphene sheets.   

In order to monitor the evolution of morphology and size of the folded particles during the 

liquid evaporation, Figure 3.19c and d give the mass distribution of coarse-grained carbon 

beads 𝑛𝑟/𝑛𝑏𝑒𝑎𝑑 along the radial direction, where 𝑛𝑟 and 𝑛𝑏𝑒𝑎𝑑 is the number of beads at 

the position of 𝑟 and total number of beads in the graphene particle, respectively. We should 

mention that the centroid of assembled graphene particle may not the same as the center of the 

liquid sphere and the starting point of each distribution could be smaller than the instantaneous 

𝑅𝑑 of liquid droplet radius. At the beginning of evaporation (𝜅𝑑=0.01 𝑛𝑚−1), most of the 

beads are distributed on the surface of sphere, which corresponds to the uniform distribution 

of graphene sheets (see inset), resulting in the distribution limited to a narrow region with an 

extremely high peak. With the liquid evaporation, the peak becomes lower and the distribution 

region of beads becomes wider, which is led by the out-of-plane deformation in crumpling and  

assembly of graphene. After complete liquid evaporation (𝜅𝑑=1 𝑛𝑚−1), the mass shows a 

normal distribution spanning across the entire particle, leading to a “ball-like” particle of 

assembled graphene. The insets further illustrate the evolution of morphology of graphene 

sheets. When the evaporation pressure increases from 10 atm to 40 atm, similar mass evolution 

with liquid evaporation is also observed, but is more concentrated with a higher peak after 

complete liquid evaporation, in good agreement with a denser assembly of graphene in a higher 
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evaporation pressure. 

Figures 3.20a and b give the simulation snapshots of graphene sheets with liquid 

evaporation and the ridge distribution in one of the representative graphene sheets (marked in 

blue and numbered as (I)) under these two different pressures. At the beginning of evaporation 

(𝜅𝑑=0.01 𝑛𝑚−1), graphene sheets were distributed uniformly without any overlap between 

each other on the surface of liquid sphere and the small curvature in the graphene results from 

the deformation due to the conformal contact between graphene and liquid droplet. This 

conformal contact with small deformation in each individual graphene but without assembly  

 

Figure 3.20. CGMD simulated morphology evolution of 5 square graphene sheets with each 𝑳𝒈=100 

nm with liquid evaporation (liquid droplet curvature 𝜿𝒅) under (a) 𝑃𝑡=10 atm and (b) 𝑃𝑡=40 atm (top) 

and distribution of folded ridges in one of the representative graphene sheet marked as (I) in blue (bottom).  

 

continues with the evaporation till the 𝜅𝑑~0.033 𝑛𝑚−1. Afterward, graphene sheets start to 

contact with each other, in consistence with the appearance of self-assembly energy 𝐸𝑎𝑠𝑚 in 

Figure 3.19a. Once self-assembly begins, graphene will be subjected to a biaxial compression 

strain due to interaction with adjacent ones. As a consequence, folding ridges increase and 

propagate and more importantly, they bifurcate beyond the main folding axis of symmetry, 

which in turn accelerates a rapid increase of 𝐸𝑎𝑠𝑚 as obtained in Figure 3.19a. With further 

evaporation, 𝜅𝑑>0.1 𝑛𝑚−1 , the crumpled and assembled pattern becomes stable and the 
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ridges will not increase with approximately stable local curvatures in the graphene sheets, also 

in good agreement with the arrival of the stable energies in Figure 3.19a. When the evaporation 

pressure increases from 10 atm to 40 atm, similar evolutions of crumpling and assembly but 

intense local ridges in both size and curvature in the representative graphene sheet are observed. 

Besides, more numbers and larger sizes of ridges are obtained and an assembled particle with 

more intense crumpling is obtained, which also agrees with higher energies in Figure 3.19b. 

To compare the crumpling morphology of each graphene sheet in the assembled graphene 

particle after complete evaporation of liquid, Figure 3.21 gives morphology of the particles  

 

 

Figure 3.21. Overall morphology of the assembled graphene particle after complete evaporation of 

liquid and comparison of crumpled morphology among their individual graphene sheet under (a) and 

(c) 𝑃𝑡=10 atm and (b) and (d) 𝑃𝑡=40 atm. Graphene is a square shape with the size of 𝐿𝑔=100 nm  

 

and the density of ridges with local deformation curvatures in these five graphene sheets under 

these two different evaporation pressures. The higher density of ridges under higher pressure 

is further confirmed. We further calculate the ridge density (𝐷𝑟 ) by the image processing 

algorithm [178] (Figure 3.22), as given in Figures 3.21c and d. Under the same evaporation 

pressure, although the distribution of ridges is different among each individual sheet, their total 

ridge density is approximately the same, suggesting the equality of crumpling and assembly in 

each graphene sheet by evaporation pressure. 

Figures 3.23a and b show the comparison of crumping and assembly energy in the final 
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folded particle with the total area of graphene between the theoretical predictions and 

simulations under these two evaporation pressures. Similar to that in a single graphene sheet in 

 

 

Figure 3.22. Determination of ridge density using the image processing procedure. (a) Local curvature 

distribution of the raw image from CGMD simulations. (b) Image after converting the colored image to 

grayscale. (c) Image after the skeletonization to calculate the ridge density.  

 

Figure 3.17, the deformation energy 𝐸𝑑𝑒𝑓 , binding energy 𝐸𝑏𝑖𝑛𝑑  and assembling energy 

𝐸𝑎𝑠𝑚 increase (magnitude) with the increase of total area of graphene, and higher pressures 

lead to larger energies. The larger 𝐸𝑏𝑖𝑛𝑑 indicates an intense deformation, in good consistence 

with a larger 𝐸𝑑𝑒𝑓; a larger 𝐸𝑎𝑠𝑚 indicates a closer packing of each deformed graphene. Good 

agreement between simulations and theoretical results is obtained. More importantly, given the 

total area of graphene sheets, this agreement is independent of numbers of graphene sheets. 

 

 

Figure 3.23. Comparison of energy of the assembled particles after complete evaporation of liquid 

between the theoretical predictions and simulations under (a)𝑃𝑡=10 atm and (b)𝑃𝑡=40 atm.  

 

Figure 3.24a shows the effect of evaporation pressure on the mass distribution in 

assembled particles after the complete evaporation of liquid. Higher pressure will lead to a 

higher peak with narrower distribution, indicating that the increase of the pressure will promote 



88 

 

the crumpling of graphene and will also enhance the geometric regularity of assembled 

particles toward a “ball-like” shape. However, the location of peaks is nearly the same, 

implying the averaged size of assembled particles is insensitive to evaporation pressure. When 

the total area of graphene 𝐴𝑔
𝑡  increases, Figure 3.24b shows that the location of peaks shifts 

to a high position and larger particles will be assembled, which agrees well with experimental 

measurements [47, 179] (Figure 3.1b). In addition to the size of particles, the surface roughness 

of particles is directly related to the out-of-plane deformation of 2-D sheets, which is controlled 

 

Figure 3.24. Mass distribution and the ridge density evolution of assembled graphene during the liquid 

evaporation. The effect of (a) evaporation pressure and (b) total area of graphene sheets on the mass 

distribution of the assembled particles after complete evaporation of liquid. (c) Comparison of the ridge 

density with the liquid evaporation (liquid droplet curvature 𝜅𝑑 ) between theoretical predictions and 

simulations. (d) Comparison of the ridge density in the assembled particles between theoretical predictions 

and simulations after complete evaporation of liquid.  

 

by the total area and evaporation pressure. Figure 3.24c gives the comparison of the ridge 

density (𝐷𝑟) between theoretical predictions (Eq. (3.41)) and simulations in all the graphene 

layers within a single particle. As the liquid evaporates, the density of ridges shows a rapid 

increase at the beginning and then arrives at a stable stage. Besides, higher pressures lead to 

large densities. Note that in the image processing algorithm to simulation results, the wrinkles 

with small curvatures at the initial stage of liquid evaporation are not considered as folds, 

leading to a small overestimate of the ridge density over theoretical predictions. Figure 3.24d 
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further shows comparison of ridge density in the final folded particle between the theoretical 

predictions and simulations with the evaporation pressure. The ridge density increases with the 

increase of pressure. Both the evolutions of crumpling and assembly of graphene with liquid 

evaporation and the effect of pressure are well consistent with variations of energies in Figure 

3.19. More importantly, they are captured by the theoretical prediction with good agreement 

with simulations. 

 

Figure 3.25. Morphology and size map of crumpled and assembled graphene with highlights of local 

curvature in each individual sheet after complete evaporation of liquid. The ratio of the crumpled area 

to assembled area, 𝜁=𝐴𝑏𝑖𝑛𝑑/𝐴𝑎𝑠𝑚 and the radius 𝑅𝑔(in nanometer) in each particle are given, denoted as 

(𝜁, 𝑅𝑔). At a low evaporation pressure and small total area of graphene sheet, self-folding in individual sheet 

is very small and can be neglected, leading to ζ < 0.1; At a high evaporation pressure and a large total area 

of graphene sheet, each graphene will be self-folded intensively and assembled after complete evaporation 

of liquid (𝜁 > 0.5). 

 

Figure 3.25 summarizes the assembled particles by square graphene sheets (𝑛𝑙=10) with the 

same size as a function of the total area and evaporation pressure. The curvature is given to 

illustrate the local deformation and morphologies of particles. The ratio between the crumpled 

area and assembled area 𝜁=𝐴𝑏𝑖𝑛𝑑/𝐴𝑎𝑠𝑚 and the radius 𝑅𝑔(in nanometer) of each particle is 

also given, denoted as (𝜁, 𝑅𝑔). At a small evaporation pressure and total area of graphene (e.g. 

𝐴𝑔
𝑡 <20000 𝑛𝑚2 and 𝑃𝑡<20 atm), these multiple graphene sheets will experience assembly 

with very limited deformation on individual graphene during evaporation, similar to that 
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unfolded region I for a single graphene sheet in Figure 3.19, where this region is “assembly 

dominant” (𝜁 < 0.1). Increasing evaporation pressure or the total area of graphene, crumpling 

deformation in individual graphene occurs, and local ridges with large curvatures will appear  

on the surface of particles, where this region reflects the competition between assembly and 

crumpling. The transition of regions between the “assembly dominant” and “assembly & 

crumpling” (0.5 ≤ 𝜁 ≤ 0.1) can be predicted well through our theoretical model via Eq. (3.39). 

At both high pressure and large total area of graphene sheets, crumpling in individual sheets 

will become intense associated with increased local ridges and high local curvatures, where it 

 

 

Figure 3.26. Morphology and size map of crumpled and assembled graphene with highlights of local 

assembled regions in each individual sheet after complete evaporation of liquid. The assembled regions 

and fraction of the assembled area among the whole particle are reflected by assembling energy distribution. 

(𝜁, 𝑅𝑔) is the same as that in Figure 3.25.  

 

is referred to as the crumpling dominant region (𝜁 > 0.5). Similarly, the transition between 

“assembly & crumpling” and “crumpling dominant” region can also be predicted in theory via 

Eq. (3.39) with good agreement each other. This deformation map further confirms that the 

overall size of the assembled particles is independent of evaporation pressure, but their overall 

profile in geometries are close to being spherical at high pressure. To demonstrate the role of 

graphene assembly in the formation of particles by liquid evaporation, Figure 3.26 highlights 
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the regions where individual crumpled graphene sheet is closer enough in the assembled 

particles and the assembly energy needs to take into account. The assembled areas over the 

total area will decrease with the increase of evaporation pressure, in line with the intense ridge 

densities that will reduce the deformed area of graphene in assembly. In contrast, it remains 

approximately the same with the increase total area of graphene, although the total assembly 

area increases.    

 
Figure 3.27. Comparison of (a) dimension size and (b) accessible area of assembled particles after complete 

evaporation of liquid under different evaporation pressures, shapes, and total areas of graphene sheets among 

theoretical predictions, CGMD simulations and available experiments.  

 

In addition to the theoretical prediction to the morphology evolution and energy variations 

of crumpling and assembling graphene sheets by liquid evaporation, the energy of assembled 

particles after complete evaporation of liquid can be employed to estimate the overall size and 

accessible area of assembled ball-like particles as demonstrated in Eq. (3.42). Figure 3.27a 

gives the comparison of the overall radius of particles 𝑅𝑔 between simulations and theoretical 

analyses. The experimental results available from the works of literatures are also included. 

Our theoretical predictions show remarkable agreement with both simulations and 

experimental results. The independent of evaporation pressure is also consistent with mass 

distribution in Figure 3.24a. With Eq. (3.43), the accessible area of the assembled particle can 

also be predicted and show good agreement with simulations, as shown in Figure 3.27b. More 

importantly, the slope in their linear relationship is 0.6239 for 𝑃𝑡=10 atm and 0.6155 for 𝑃𝑡=40 

atm, insensitive to evaporation pressure, which are also close to 0.586 reported in the 

simulations [180] and experiments [47], 
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3.6 Influence of Graphene Shapes, Sizes, and Numbers on the Sizes and 

Morphologies of Assembled Particles 

In experiments, given the same concentration of graphene in liquid solutions, graphene sheets 

may have variations of shapes, sizes, and numbers [51, 181, 182]. These parameters may 

influence the crumpling and assembly process during evaporation and the eventual morphology 

and size of assembled particles. Take the squared graphene as an example, given a series of 

total area of graphene in solvent solution, Figure 3.28 plots the map of sizes and morphologies 

of the assembled particles by different numbers of graphene sheets after complete liquid 

evaporation under evaporation pressure of 20 atm. Similar to that in Figure 3.25, the local 

curvature distribution 𝜅 , and the ratio between the crumpled area and assembled area 

𝜁=𝐴𝑏𝑖𝑛𝑑/𝐴𝑎𝑠𝑚  and the radius 𝑅𝑔 (in nanometer) of each particle, (𝜁, 𝑅𝑔 ) are highlighted. 

When the total area of graphene sheets is kept the same, the overall size (𝑅𝑔) of assembled 

particles show no significantly difference while 𝜁 decreases with the increase of 𝑛𝑙 . This 

different response is because the area of individual sheet will decrease with the increase of 𝑛𝑙, 

leading to the 𝐴𝑔
(𝑖)

 close to 𝐴𝑔
𝑐  (Eq. (3.29)) and suppressing the self-folding of graphene 

sheets. Larger 𝑛𝑙 will require larger total areas of 2-D sheets to self-folding deformation in 

the 2-D sheet, as shown in Eq. (3.40). At the same time, both the overall size and density of 

ridges will increase with the increase of total area of graphene sheets, similar to the results in 

Figure 3.25.   

Further, we consider the size distribution of graphene sheets in liquid solutions in 

experiments. As observed in the synthesis of graphene [182], the normal distribution is 

employed to take into account the area variation of graphene sheets via 𝑛(𝐴𝑔) =

1

√2𝜋
𝑒𝑥𝑝 (−

(𝐴𝑔−𝐴𝜇)
2

2𝐴𝜎
2 ), where 𝐴𝑔 is the area of graphene sheet and 𝑛(𝐴𝑔)is the number of 

sheets at this area. 𝐴𝜇 is the median area and 𝐴𝜎 is the standard deviation. Consider the total 

area 𝐴𝑔
𝑡  and number of graphene sheets 𝑛𝑙  in the liquid solution, we define the standard 

median as 𝐴𝜇 = 𝐴𝑔
𝑡 /𝑛𝑙, and the standard deviation can be determined by 𝐴𝜎 = 𝐴𝜇/𝑚 (𝑚 is 

integer and 𝑚 ≥ 3 to ensure 𝐴𝑔 > 0). In our simulations, five cases at 𝑛𝑙=10 with 𝐴𝜇 −
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2𝐴𝜎 , 𝐴𝜇 − 𝐴𝜎 ,  𝐴𝜇 , 𝐴𝜇 + 𝐴𝜎  and 𝐴𝜇 + 2𝐴𝜎  under evaporation pressure of 20 atm are 

studied and graphene remains a squared shape. Figure 3.29 gives the map of sizes and 

morphologies of particles as a function of standard deviation of the area. The difference of size 

among individual graphene sheet only slightly causes a small change in both size and 

morphology of assembled particles. In addition, by taking four different shapes of graphene 

sheets, square, rectangle with an aspect ratio of 2, 

 

Figure 3.28. Effect of graphene sheet numbers on the size and morphologies of the assembled particles 

after complete evaporation of liquid under 𝑷𝒕=20 atm. (𝜁, 𝑅𝑔) is the same as that in Figure 3.25. 

 

circle and equilateral triangle, we performed the simulations on the effect of graphene geometry 

on assembled particles after complete evaporation of liquid. Figure 3.30 gives the map of 

assembled particles. Significant change of the overall particle size and morphology is not 

observed, similar to that effect of graphene number and shape size in Figures 3.28 and 3.29. 

The strong dependence of the total area of graphene sheets, but very insensitive to individual 

graphene number, shape geometry and size suggests the importance of graphene concentration 

in the crumpling and assembly process of graphene sheets into particles, which also agrees well 

with experiments.  

As a quantitative characterization of these effects, Figure 3.31 plots the effect of number, 
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size distribution and shape of graphene sheets on the mass distribution in assembled particles 

after complete evaporation of liquid. Moreover, the overall size and accessible area in these 

assembled particles are also collected and are plotted in Figure 3.27. These data show good 

agreement with theoretical predictions, which further indicates their insensitivities to these size 

and geometric factors of individual graphene sheets and also confirms the robustness of our 

proposed rotational spring-mechanical slider mechanics model.  

 

 

Figure 3.29. Effect of size distribution of square graphene sheet on the size and morphologies of the 

assembled particles after complete evaporation of liquid under 𝑷𝒕=20 atm. (𝜁, 𝑅𝑔) is the same as that in 

Figure 3.25.  

 

We should mention that these 2-D graphene sheets before deformation by liquid in above 

analyses are conducted on the basis of pristine graphene that can be considered a 

homogeneous thin film in continuum mechanics, and the effect of defects, edge configurations 

and chirality, and the resultant initial deformation morphologies that may influence the 

crumpling and assembling process during evaporation are not considered. For example, the 

edge stress may exist due to different bonding configurations of atoms at the edge of free 

standing 2-D materials such as graphene [119, 183]. Such stress will lead to local wrinkling 

of edge and even curling deformation in graphene sheets, in particular, in graphene 

nanoribbons with a large aspect ratio [183, 184], and the 2-D sheet will not remain a planar 
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form. When these edge stressed 2-D sheets are in contact with the surface of liquid droplet, 

the edge stress is expected to increase the compressive hoop strain (Eq. 3.8) near the edges 

and leads to a higher energy for the fully conformal contact, which will benefit the subsequent 

wrinkling or buckling of 2-D sheet near the edge.  

 

 

Figure 3.30. Effect of graphene sheet shapes on the size and morphologies of the assembled particles 

after complete evaporation of liquid under 𝑷𝒕=20 atm. (𝜁, 𝑅𝑔) is the same as that in Figure 3.25. 

 

In addition, once 2-D materials are immersed in the liquid solution, we assume a 

homogenous distribution of 2-D sheets is achieved in the liquid solution with full exfoliation 

of 2-D materials prior and no overlapped multiple layers exist. By contrast, when the proposed 

theoretical models are extended to study the crumpling and assembling process of 2-D layered 

materials such as 2-D heterostructures, where the mechanical properties including Young’s 

modulus, bending stiffness and binding energy density that are needed in the models needs to 

be calibrated for the 2-D layered materials as a whole rather than their individual layer 

components, it is expected that the shear stress led by evaporation is usually very small and 

cannot lead to delamination of the layered materials. For example, delaminating a multiple  
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Figure 3.31. The effect of (a) graphene sheet number and (b) size distribution of graphene sheet and (c) 

graphene sheet shape on the mass distribution of the assembled particles after complete evaporation of liquid. 

 

layered graphene structure with sole weak van der Waal interactions will require the shear 

stress as high as 0.4 GPa [185], while our calculation in Eq. (3.5) show that the shear stress 

(𝑃𝑠) by the capillary flow exerted on the surface of 2-D sheet is only 5.69 Pa at the evaporation 

temperature of 900°C, eight orders of magnitude lower than that of the required delamination 

stress (0.4 GPa). In addition, the wrinkling and folding in 2-D layered materials may be 

different from that of a 2-D material planar sheet because of a small local deformation gradient 

may exist along the thickness direction [186], but local delamination is also not expected 

under such small deformation. As a result, the 2-D layered materials as a whole will 

experience mechanical deformation such as wrinkling and folding and the local deformation 

gradient can be taken into account by introducing a local strain or stress into the continuum 

mechanics model via Eq. (3.8). 

3.7 Summary 

We have proposed a theoretical mechanics framework of the rotational spring-mechanical 

slider model to quantitatively describe the crumpling and self-assembling of 2-D material 

sheets suspended in liquid droplets prior by liquid evaporation. An equivalent evaporation 

pressure model that takes account of capillary force, vapor pressure, gas pressure, vapor recoil 

pressure and capillary flow-induced force is developed to unify the driving force of crumpling 

and assembling 2-D materials by liquid evaporation. In the theoretical model of rotational 

spring-mechanical slider, rotational spring model is introduced to describe the out-of-plane 

large deformation of 2-D material sheets and the mechanical slider is developed to take account 
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of van der Waal binding energy in overlaps of both self-folding deformation of individual 

sheets and self-assembly among multiple sheets. Both of them are correlated with the 

continuum mechanics model of self-folding deformation of 2-D sheets and the associated 

parameters are determined with the help of energy analysis. Further, the extended network 

mechanics model composed multiple pairs of rotational spring-mechanical slider and inter-

layer mechanical slider is developed to understand the energy competition between crumpling 

and self-assembling deformation and is used to determine the critical evaporation conditions 

and geometric features of 2-D sheets toward successful assembly of stable particles after 

complete evaporation of liquid. Besides, the energy of final assembled particles after the 

complete evaporation of liquid is formulated to predict the surface morphology and size.  

To validate the proposed theoretical model, we have developed a coarse-grained molecular 

dynamics (CGMD) model for 2-D material sheets and also proposed a computational procedure 

to simulate solid-liquid interactions through a virtual spherical force field. The CG model of 2-

D materials is well calibrated by comparing with the full-scale atomistic model including 

stretching, bending and adhesive deformation with a focus on their corresponding energy. The 

virtual spherical force field is applied to the CG model of 2-D materials through the well-

defined decreasing rate of spherical radius to mimic an evaporation process of liquid at an 

elevated temperature and is confirmed with good agreement with full-scale simulations on 

solid-liquid interactions. Comprehensive CGMD simulations were performed to reveal the 

effect of geometric shape, number, size and area of 2-D material sheets on their evolution of 

energy and morphology during crumpling and assembling by liquid evaporation and show 

remarkable agreement with theoretical predictions. In particular, the transition between 

crumpling and assembling deformation when evaporation conditions and geometric features of 

2-D materials change are well captured by the theoretical analysis of the proposed rotational 

spring-mechanical slider model. More importantly, good agreement between simulations and 

theoretical predictions on both overall size and accessible area of assembled stable particle 

after complete evaporation of liquid is obtained, and both of them are also in a good consistency 

with independent experimental results in literatures. 

It is envisioned that the developed mechanics scheme of rotational spring-mechanical 

slider model will advance our understanding of large deformation, instabilities and self-



98 

 

assembly of 2-D nanomaterials under dynamic solid-liquid interaction environments, and could 

also be extended to study liquid evaporation-induced deformation of a broad variety of 

nanomaterial such as lipid members, nanowires, and nanofibers and beyond 2-D nanomaterials. 

In addition, the theoretical model and computational procedure at the large scale are expected 

to shed immediate light on controlling the overall size and morphology of 2-D nanomaterials-

based crumpled particles made by aerosol processing. It should also be useful for guiding the 

printing process of 2-D materials for applications in high-performance electrodes, 

supercapacitors, and sensors, where large deformation, instabilities, and self-assembly of 2-D 

nanomaterials are expected by liquid evaporation of droplet on substrates.  
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4. Chapter 4 Liquid Evaporation-driven Crumpling and 

Assembling of 1-D/2-D Hybrid Materials 

4.1 Overview of the Chapter 

In this chapter, guided by both theoretical predictions and large-scale molecular dynamics 

simulations together with the independent experimental validations, we report the synthesis of 

crumpled composite particles comprised of graphene and carbon nanotubes (CNTs) by solution 

evaporation. We propose comprehensive kinetic diffusion models of graphene and CNTs in the 

liquid solution at both the equilibrium and liquid evaporation stage. The theoretical analysis 

shows that the graphene will prefer to accumulate at the liquid/air interface while the CNTs 

will stay inside the liquid droplet during the liquid evaporation. Further, we develop a virtual 

spherical van der Waal force field to mimic interactions of liquid to both graphene and CNTs 

and establish a coarse-grained molecular dynamics model to simulate the crumpling and 

assembling of CNTs and graphene by liquid evaporation and to reproduce the generation of the 

CNTs-encapsulated crumpled graphene assembled nanoparticles. The underlying mechanism 

is fully elucidated by monitoring the structural evolution of the assembled nanoparticles with 

liquid solution evaporation. The accessible area, 3-D interconnected network, crumpling ridge 

density in assembled particles and particle size are also extracted. In particular, these structural 

morphologies are correlated with electrical conductance and mechanical strength and show 

good agreement with both theoretical predictions and independent experiments.  

4.2 Theoretical Framework 

4.2.1. Diffusion model of graphene and CNT in the liquid droplet 

Figure 4.1 illustrates a suspension of mixed graphene and CNTs inside a liquid droplet with a 

radius 𝑅𝑑. Assume the graphene and CNTs are dispersed uniformly in the region [𝑟,𝑅𝑑], where 

𝑟 is the local radial coordinate originating from the geometric center of the droplet, and [0, 𝑟] 

represents the pure liquid region, the total energy of the system at equilibrium is 𝐸𝑡 = 𝐸𝑒𝑙𝑒 +
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𝐸𝑣𝑑𝑊 + 𝐸𝑑𝑒𝑓 + 𝐸𝑠𝑢𝑟𝑓. 𝐸𝑒𝑙𝑒 is the electrostatic energy of the system and can be estimated by 

the Derjaguin-Landau-Verwey-Overbeek (DLVO)  theory [187, 188], 𝐸𝑣𝑑𝑊 , 𝐸𝑑𝑒𝑓  and 

𝐸𝑠𝑢𝑟𝑓  are van der Waals energy, mechanical deformation energy and surface energy of 

graphene and CNTs, respectively[189, 190], and they all can be theoretically determined. The 

DLVO theory includes both the van der Waals energy and electrostatic energy of graphene 

(𝐸𝑣𝑑𝑊
𝑔

 and 𝐸𝑒𝑙𝑒
𝑔

) and CNTs (𝐸𝑣𝑑𝑊
𝑐  and 𝐸𝑒𝑙𝑒

𝑐 ). At the same time, unlike the rigid particles in 

colloidal science, both graphene and CNTs will subject to large deformation during the 

evaporation and thus the deformation energy of graphene (𝐸𝑑𝑒𝑓
𝑔

) and CNT (𝐸𝑑𝑒𝑓
𝑐 ) will need to 

be considered. As a result, the total system energy is 

𝐸𝑡 = 𝐸𝑑𝑒𝑓 + 𝐸𝑣𝑑𝑊 + 𝐸𝑒𝑙𝑒 + 𝐸𝑠𝑢𝑟𝑓                    (4.1) 

where 𝐸𝑑𝑒𝑓 = 𝐸𝑑𝑒𝑓
𝑔

+ 𝐸𝑑𝑒𝑓
𝑐 , 𝐸𝑣𝑑𝑊 = 𝐸𝑣𝑑𝑊

𝑔
+ 𝐸𝑣𝑑𝑊

𝑐 , 𝐸𝑒𝑙𝑒 = 𝐸𝑒𝑙𝑒
𝑔
+ 𝐸𝑒𝑙𝑒

𝑐  and 𝐸𝑠𝑢𝑟𝑓 =

𝐸𝑠𝑢𝑟𝑓
𝑔

+ 𝐸𝑠𝑢𝑟𝑓
𝑐 + 𝐸𝑠𝑢𝑟𝑓

𝑙 . 𝐸𝑠𝑢𝑟𝑓
𝑔

, 𝐸𝑠𝑢𝑟𝑓
𝑐  and 𝐸𝑠𝑢𝑟𝑓

𝑙  are the surface energy of graphene, CNT 

and liquid, respectively.  

 

 
Figure 4.1. Schematics of graphene/CNTs suspended inside a liquid droplet. 𝑹𝒅  is the radius of 

droplet and 𝒓 is the local coordinate originating from the center of the droplet. 

4.2.1.1 Diffusion of graphene in a liquid droplet 

Assume there is a uniform distribution of graphene sheets in the region of [𝑟,𝑅𝑑], and each 

graphene sheet is equal-sized and in square shape, the inter-layer distance can be calculated 

based on two principles. One is the volume-averaged distance via 
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𝑑𝑔
𝑣 = (

𝑉𝑑

𝑛𝑔
)

1

3
                              (4.2) 

where 𝑉𝑑=4𝜋(𝑅𝑑
3 − 𝑟3)/3 and 𝑛𝑔 is the number of graphene sheets. The other is the area-

averaged distance via  

𝑑𝑔
𝑎 = (

𝐴𝑑

𝑛𝑔
)

1

2
                              (4.3) 

where 𝐴𝑑=4𝜋((𝑅𝑑 + 𝑟)/2)
2. The interlayer distance between graphene (Figure 4.2a) can be 

determined by 

𝑑𝑔 = 𝑚𝑎𝑥 [𝑑𝑔
𝑣, 𝑑𝑔

𝑎]                           (4.4) 

To calculate the deformation energy of graphene, we assume that graphene sheets immersed in 

the liquid have no deformation and only when graphene sheets have immigrated to the surface 

of the liquid, significant deformation will be considered. The area of graphene sheets on the 

liquid surface can be calculated by 

 

 

Figure 4.2. (a) Schematics of the interaction and inter-layer distance between graphene sheets. (b) pH-

dependent zeta potential ( 𝜉 ) of graphene from experiments[188] and its power function fitting. (c) 

Schematics of the interaction and inter-strip distance between CNT strips. (d) pH-dependent zeta potential 

(𝜉) of CNT from experiments[191] and its power function fitting. 



102 

 

𝐴𝑑𝑒𝑓 = {

0, 𝑙𝑔 < 𝑅𝑑 − 𝑟

𝐴𝑔
𝑡 (1 −

𝑅𝑑−𝑟

𝐿𝑔
) , 𝐿𝑔 ≥ 𝑅𝑑 − 𝑟

                 (4.5) 

where 𝐿𝑔 = √𝐴𝑔 is the size of graphene sheet and 𝐴𝑔=𝐴𝑔
𝑡 /𝑛𝑔 is the area of a single graphene 

sheet. 𝐴𝑔
𝑡  is the total area of graphene sheets and can be calculated based on the size of the 

droplet (𝑅𝑑) and concentration of the solution (𝐶𝑡) via  

𝐴𝑔
𝑡 =

4𝜋𝐶𝑡𝑅𝑑
3

3𝜌𝑔
                             (4.6) 

where 𝜌𝑔 is the area mass density of graphene (e.g. 𝜌𝑔=7.621× 10−7kg/m2 for single-layer 

graphene).  

The deformation energy of graphene is 

𝐸𝑑𝑒𝑓
𝑔

= 𝐴𝑑𝑒𝑓𝐸𝑑𝑒𝑓
𝜌

                            (4.7) 

where 𝐸𝑑𝑒𝑓
𝜌

 is the deformation energy density when graphene sheets are on the liquid surface 

and can be determined by our spring-slider mechanics model (See Chapter 3 or Ref[192]).  

The van der Waals energy of graphene is  

𝐸𝑣𝑑𝑊
𝑔

= 𝛾𝑏
𝑔 𝐴𝑔

𝑡

2
                             (4.8) 

where 𝛾𝑏
𝑔

 is the binding energy density and is[193] 

𝛾𝑔
𝑏 = 2𝜋𝜌𝑐

2𝜀𝑐−𝑐𝜎𝑐−𝑐
2 (

2𝜎𝑐−𝑐
10

5𝑑𝑔
10 −

𝜎𝑐−𝑐
4

𝑑𝑔
4 )                   (4.9) 

where 𝜌𝑐=4/3√3𝑙𝑐
2 is the area density of carbon atoms in hexagonal lattice and 𝑙𝑐 is the 

length of C-C bond without deformation. 𝜀𝑐−𝑐=0.00239 eV and 𝜎𝑐−𝑐=0.3415 nm are the 

potential well depth and parameter related to the equilibrium distance between different beads 

in the 12-6 L-J potential. 

The electrostatic energy of graphene is 

𝐸𝑒𝑙𝑒
𝑔
= 𝛾𝑔

𝑒 𝐴𝑔
𝑡

2
                            (4.10) 

where 𝛾𝑔
𝑒 is the electrostatic energy per unit area and is a function of distance 𝑑𝑔, which is 

𝛾𝑔
𝑒 =

2𝜎2

𝜀𝜀0
𝜅−1 𝑒𝑥𝑝(−𝜅𝑑𝑔)                     (4.11) 

where 𝜀0 is the permittivity of vacuum, 𝜀 is the dielectric constant of the solvent, 𝜅 is the 

inverse of Debye length, and  
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𝜅−1 = √
𝜀𝜀0𝑘𝐵𝑇

2𝑁𝐴𝑒2𝐼
                            (4.12) 

𝑘𝐵 is the Boltzmann constant, 𝑇 is the absolute temperature, 𝑁𝐴 is the Avogadro number, 𝑒 

is the elementary charge, and 𝐼 is the ionic strength of the solution and will be kept at 𝐼 =

1 × 10−2 mol/L through the analysis. 𝜎 is the surface charge density and can be calculated 

based on the zeta potential[188] 

𝜎 =
4𝑘𝐵𝑇

𝑒
𝑎𝑟𝑐𝑡𝑎𝑛ℎ [𝑒𝑥𝑝(𝜅𝑑𝑆𝑡𝑒𝑟𝑛) 𝑡𝑎𝑛ℎ (

𝑒𝜉

4𝑘𝐵𝑇
)]             (4.13) 

where 𝑑𝑆𝑡𝑒𝑟𝑛=0.7 nm is the Stern layer thickness and 𝜉 is the zeta potential. Zeta potential 

(in the unit of mV) is pH-dependent and can be obtained in experiments. Based on the 

experimental data[188], the zeta potential of graphene can be expressed in the form of  

𝜉 = 𝑎(𝑝𝐻)𝑏 + 𝑐                       (4.14) 

where 𝑎=-28.66, 𝑏=-0.4822 and 𝑐=28.55 (Figure 4.2b).  

The surface energy of the system is 

𝐸𝑠𝑢𝑟𝑓
𝑔

= 2(𝐴𝑔
𝑡 − 𝐴𝑑𝑒𝑓)𝛾𝑔

𝑙𝑠 + (𝐴𝑙
𝑠𝑢𝑟𝑓

− 𝐴𝑑𝑒𝑓)𝛾𝑙 + 𝐴𝑑𝑒𝑓𝛾𝑔
𝑠       (4.15) 

where 𝛾𝑔
𝑠  is the surface energy density of graphene, 𝛾𝑙  is the surface tension of liquid, 

𝛾𝑔
𝑙𝑠 = 𝛾𝑔

𝑠 - 𝛾𝑙 𝑐𝑜𝑠(𝜃𝑐)  and 𝜃𝑐  is the contact angle of the liquid on graphene surface. 

𝐴𝑙
𝑠𝑢𝑟𝑓

=4𝜋𝑅𝑑
2 is the surface area of liquid droplet. 

4.2.1.2 Diffusion of CNTs in a liquid droplet  

The deformation of CNTs during packing is bending dominant, and the resultant 

deformation energy is 

𝐸𝑑𝑒𝑓
𝑐 =

𝐵𝑐

2
∫𝑅−2(𝑠)𝑑𝑠                           (4.16) 

where 𝐵𝑐 is the bending stiffness of CNTs and 𝑅 is the local radius of curvature of CNTs. 

Assume CNTs are packed into s shape of helix[190], and the geometry is a stacking of hoops 

with radius 𝑅. With this assumption, the deformation energy can be written as[194] 

𝐸𝑑𝑒𝑓
𝑐 = 𝜋𝐵𝑐 ∑

𝑁(𝑅𝑖)

𝑅𝑖
𝑖                             (4.17) 

where 𝑁(𝑅𝑖)  is the number of loops that are packed at the radius 𝑅𝑖 . It can be further 

converted into  
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𝐸𝑑𝑒𝑓
𝑐 =

𝜋𝐵𝑐

√3𝑑𝑐/2
∫

𝑁(𝑅′)

𝑅′
𝑑𝑅′

𝑅𝑑
𝑟

                        (4.18) 

where 𝑑𝑐  is the spacings between packed CNTs. Especially, when CNTs are packed in a 

sphere, we have 

𝑁(𝑅′) =
𝜋𝑅′

𝑑𝑐
                              (4.19) 

And the deformation energy becomes 

𝐸𝑑𝑒𝑓
𝑐 =

2𝜋2𝐵𝑐

√3𝑑𝑐
2 (𝑅𝑑 − 𝑟)                        (4.20) 

The inter-strip distance between CNTs is (Figure 4.2c) 

𝑑𝑐 = 2𝜋√
𝑅𝑑
3−𝑟3

3√3𝐿𝑐
𝑡                             (4.21) 

𝐿𝑐
𝑡  is the total length of CNTs in the liquid droplet and can be calculated based on the size of 

the droplet (𝑅𝑑) and concentration of the solution (𝐶𝑡), which is  

𝐿𝑐
𝑡 =

4𝜋𝐶𝑡𝑅𝑑
3

3𝜌𝑐
                            (4.22) 

where 𝜌𝑐 is the line mass density of CNT (e.g. 𝜌𝑔=3.2499× 10−15kg/m for (10,10) CNT).  

Substituting 𝑑𝑐 into Eq. (4.20), the deformation energy can also be written as 

𝐸𝑑𝑒𝑓
𝑐 =

3𝐵𝑐𝐿𝑐
𝑡

𝑅𝑑+𝑅𝑑𝑟+𝑟
2
                          (4.23) 

Based on 𝑑𝑐, the van der Waals energy among packed CNT strips is 

𝐸𝑣𝑑𝑊
𝑐 = 3𝛾𝑐

𝑏𝐿𝑐
𝑡                              (4.24) 

where 𝛾𝑐
𝑏 is the van der Waals energy per unit length[193] and is a function of distance 𝑑𝑐, 

𝛾𝑐
𝑏 = 2𝜋𝜌𝑐

2𝜀𝑐−𝑐𝜎𝑐−𝑐
2 (

2𝜎𝑐−𝑐
10

5ℎ𝑐
10 −

𝜎𝑐−𝑐
4

ℎ𝑐
4 ) 𝜋𝑑𝑐                 (4.25) 

The electrostatic energy of CNTs is[194] 

𝐸𝑒𝑙𝑒
𝑐 = 3𝛾𝑐

𝑒𝐿𝑐
𝑡                              (4.26) 

where 𝛾𝑐
𝑒 is the electrostatic energy per unit length and is a function of distance 𝑑𝑐 

𝛾𝑐
𝑒 =

2𝜎2𝜋𝑟𝑐

𝜀𝜀0
𝜅−1 𝑒𝑥𝑝(−𝜅𝑑𝑐)                     (4.27) 

Similar to graphene, Zeta potential (in the unit of mV) is pH-dependent and can be obtained in 

experiments. Based on the experimental data[191], the zeta potential of CNTs can be expressed 

in the form of  

𝜉 = 𝑎(𝑝𝐻)𝑏 + 𝑐                          (4.28) 

where 𝑎=108.2, 𝑏=-0.3005 and 𝑐=-91.55 (Figure 4.2d).  
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The surface energy of the system is 

𝐸𝑠𝑢𝑟𝑓
𝑐 = 2𝜋𝑟𝑐(𝐿𝑐

𝑡 − 𝐿𝑐
𝑠/2)𝛾𝑐

𝑙𝑠 + (𝐴𝑙
𝑠𝑢𝑟𝑓

− 2𝑟𝑐𝐿𝑐
𝑠)𝛾𝑙 + 𝜋𝑟𝑐𝐿𝑐

𝑠𝛾𝑔
𝑠        (4.29) 

where 𝛾𝑐
𝑠 is the surface energy density of CNTs, 𝛾𝑙 is the surface tension of liquid, 𝛾𝑐

𝑙𝑠=𝛾𝑐
𝑠-

𝛾𝑙 𝑐𝑜𝑠(𝜃𝑐)  and 𝜃𝑐  is the contact angle of the liquid on CNT surface. 𝐿𝑐
𝑠 =

4𝜋2

3√3𝑑𝑐
2 [𝑅𝑑

3 −

(𝑅𝑑 − √3𝑑𝑐/2)
3
] is the packing length of CNTs on the outmost layer. 

Take 𝑅𝑑=150 nm, the total mass concentration of graphene and CNTs in the liquid droplet, 

𝐶𝑡=4 mg/mL, the mass fraction of graphene over the total mass, 𝑚𝑔 /𝑚𝑡=50%, and liquid 

solution pH=7 as an example, Figure 4.3a shows the normalized total system energy (𝐸𝑡
𝑟 −

𝐸𝑡
𝑟=0)/𝐸𝑡

𝑟=0 versus 𝑟/𝑅𝑑, where 𝐸𝑡
𝑟=0 represents the energy of the system with uniformly 

suspended graphene or/and CNTs. Especially, when only CNTs are suspended in the droplet, 

(𝐸𝑡
𝑟 − 𝐸𝑡

𝑟=0)/𝐸𝑡
𝑟=0 shows a monotonic increase with 𝑟/𝑅𝑑, indicating an energy barrier that 

prevents CNTs from diffusing toward the outmost surface of the droplet. Besides, the larger 

radius of CNTs is, the higher the energy barrier will be because of an increased bending 

stiffness. As a result, the CNTs are expected to stay inside the droplet at equilibrium. By 

contrast, when graphene sheets are suspended in the droplet, (𝐸𝑡
𝑟 − 𝐸𝑡

𝑟=0)/𝐸𝑡
𝑟=0 increases  

 

 

Figure 4.3. Kinetic diffusion model of CNTs/graphene in a liquid droplet. (a) The normalized total 

system energy (𝐸𝑡
𝑟 − 𝐸𝑡

𝑟=0)/𝐸𝑡
𝑟=0  for different sizes of CNTs and graphene sheets at pH=7. 𝐸𝑡

𝑟=0 

represents the energy of system uniformly filled by graphene or CNTs without pure liquid region (𝑟 = 0). 

The geometric shape of graphene is square with a total area of 37100 nm2 and 𝑛𝑔  is the number of 

graphene sheets. The total number of CNTs is 8 and the length of each CNTs, is 2172.5 nm for (5,5) CNTs, 

1087.5nm for (10,10) CNTs, and 725 nm for (15,15) CNTs. (b) Effect of pH on the normalized total system 

energy (𝐸𝑡
𝑟 − 𝐸𝑡

𝑟=0)/𝐸𝑡
𝑟=0.  
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with the increase of 𝑟/𝑅𝑑 for graphene sheets with small areas, similar to that of CNTs. For 

large-area graphene, (𝐸𝑡
𝑟 − 𝐸𝑡

𝑟=0)/𝐸𝑡
𝑟=0  shows a decrease with the increase of 𝑟 /𝑅𝑑 , 

indicating that large graphene sheets prefer to stay on the surface of droplet while small ones 

will stay inside the liquid droplet, which agrees well with experimental observations [151, 195]. 

This size-dependent diffusion behavior of graphene sheets can be explained by the energy 

competition between electrostatic energy and surface energy and can also be well captured by 

the energy-based analytical model. In addition, the pH of liquid solution could affect the 

diffusion behavior of graphene and CNTs (Figure 4.3b). For example, at pH=12, there is a 

large energy barrier preventing graphene sheets from migrating to the droplet surface. When 

pH decreases to as low as 4, the energy barrier diminishes, which energetically leads to the 

diffusion of graphene sheets to the outmost surface of the droplet. This pH-dependent behavior 

provides an option to tune the position of graphene in the dispersion and is also confirmed in 

the experiments[195]. For CNTs, regardless of size, there is always preferable in energy to 

support their stay inside of droplet. In practice, size of graphene sheets in experiments is always 

beyond hundreds of nanometers[182], therefore, the graphene sheets usually stay at the surface 

of droplet while CNTs stay inside the droplet with a uniform distribution, as observed in  

 

 

Figure 4.4. Phase diagram of surface status of liquid droplet under the mass fraction of graphene over 

the total mass of CNTs and graphene 𝒎𝒈/𝒎𝒕 and concentration of graphene/CNTs mixture (𝑪𝒕) at 

different size of droplet. 

 

experiments[196]. More importantly, depending on the total mass concentration of graphene 
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and CNTs, (𝐶𝑡 = 𝑚𝑡/𝑉𝑑, 𝑚𝑡 = 𝑚𝑔 +𝑚𝑐 and 𝑉𝑑=4𝜋𝑅𝑑
3/3), mass fraction of graphene (∅ =

𝑚𝑔/𝑚𝑡), and radius of the droplet (𝑅𝑑), the immigration of graphene sheets to the outmost 

surface of droplet would lead to a transition of the liquid surface from “partially-covered” to 

“fully-covered” status by graphene at equilibrium or subsequent evaporation of liquid. The 

critical transition condition can be determined by ∅𝐶𝑡𝑉𝑑/𝜌𝑔=𝐴𝑑 , where 𝜌𝑔  is the mass 

density of graphene per area (e.g. 𝜌𝑔=7.621× 10−7kg/m2  for single-layer graphene), and 

𝐴𝑑=4𝜋𝑅𝑑
2 is the surface area of liquid droplet. Figure 4.4 plots the variation of this critical 

transition with 𝑚𝑔/𝑚𝑡 and 𝐶𝑡 for different droplet sizes. A low 𝐶𝑡 will benefit the initial 

formation of “partially-covered” status and a large droplet size will promote the transition from 

“partially-covered” to “fully-covered” status. This transition variation will also hold during the 

liquid evaporation. For example, when the liquid evaporation occurs, 𝑚𝑔 /𝑚𝑡  will keep a 

constant while 𝑅𝑑  will decrease, and thus the total mass concentration 𝐶𝑡  will increase, 

which results in a transition of the liquid surface from “partially-covered” to “fully-covered” 

status. 

4.2.2 Theoretical model of CNTs packing by liquid evaporation  

In this section, we will propose the mechanics model to predict the radius of particles by 

packing pure CNTs. It is expected that the total energy during CNTs packing 𝐸𝑡𝑜𝑡
𝑐 ∝ 1/𝑅𝑑, 

where 𝑅𝑑  is the radius of droplet (Figure 4.5a). To predict the size of the particle after 

complete evaporation of liquid, we neglect the influence of liquid so that the electrostatic 

energy and surface energy will not be considered here and there are only three energies need 

to be considered, the deformation energy 𝐸𝑑𝑒𝑓
𝑐  due to the packing of CNTs, the vdW energy 

between packed CNTs 𝐸𝑣𝑑𝑊
𝑐  and the potential energy of packed CNTs with respect to the 

center of liquid droplet due to the existence of driving forces 𝐸𝑝𝑡
𝑐 . As a result, the total energy 

of the system will become  

𝐸𝑡𝑜𝑡
𝑐 = 𝐸𝑑𝑒𝑓

𝑐 + 𝐸𝑣𝑑𝑊
𝑐 + 𝐸𝑝𝑡

𝑐                        (4.30) 

The packing spacings between CNTs strips will be the equilibrium distance 𝑑𝑐
𝑒 by minimizing 

Eq. (4.25) and the binding energy density will be the corresponding 𝛤𝑐
𝑚𝑖𝑛. Given the total 
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length of CNTs 𝐿𝑐
𝑡 , and the equilibrium packing spacings 𝑑𝑐

𝑒, the inner packing radius of CNTs 

is 

𝑅𝑖𝑛 = (
𝑅𝑑
3−3√3𝑑𝑐

𝑒2𝐿𝑐
𝑡

4𝜋2
)
1/3

                         (4.31) 

The number of packing layer is 

𝑁𝑙 =
𝑅𝑑−𝑅𝑖𝑛

√3𝑑𝑐
𝑒/2

                              (4.32) 

and the maximum possible number of packing layer is 

𝑁𝑚𝑎𝑥 =
𝑅𝑑

√3𝑑𝑐
𝑒/2

                            (4.33) 

Substituting 𝑅𝑖𝑛 with 𝑟 in Eq. (4.23), the deformation energy becomes 

𝐸𝑑𝑒𝑓
𝑐 =

3𝐵𝑐𝐿𝑐
𝑡

𝑅𝑑
2+𝑅𝑑𝑅𝑖𝑛+𝑅𝑖𝑛

2                           (4.34) 

The van der Waals energy is 

𝐸𝑣𝑑𝑊
𝑐 = 3(𝑁𝑙/𝑁𝑚𝑎𝑥)

𝜂 𝐿𝑐
𝑡𝛤𝑐

𝑚𝑖𝑛                         (4.35) 

 

 

Figure 4.5. (a) Schematics show the packing of CNTs inside the liquid droplet during liquid evaporation. 

𝑅𝑑 is the radius of the liquid droplet. 𝑅𝑝
𝑐  is the radius of CNT particle after complete evaporation. (b) 

Energy variation of CNTs packing during liquid evaporation. The total length of CNT 𝐿𝑐
𝑡 =8.7 𝜇𝑚, w/ 

(10,10) CNT and 𝑃𝑡=40 atm. 𝐸𝑡𝑜𝑡
𝑚𝑖𝑛 is the minimum total system energy and packing will stop at this point. 

(c) Variation of 𝑅𝑝
𝑐  with the mass and radius of CNTs. (d) The unified linear relationship between 𝑅𝑝

𝑐  and 

𝐵𝑐𝐿𝑐
𝑡 . 

 

where the coefficient of 3 accounts for six (divide 2 to avoid double counting) nearest neighbor 
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CNT strands for perfectly surrounded strands, and (𝑁𝑙/𝑁𝑚𝑎𝑥)
𝜂 accounts for the ratio of CNT 

strands perfectly surrounded by other strands and 𝜂=1/25. The potential energy is 

𝐸𝑝𝑡
𝑐 = 𝜂𝑃𝑡𝜋𝑟𝑐𝐿𝑐

𝑠𝑅𝑑                            (4.36) 

where 𝐿𝑐
𝑠=

4𝜋2

3√3𝑑𝑐
𝑒2 [𝑅𝑑

3 − (𝑅𝑑 − √3𝑑𝑐
𝑒/2)

3
] is the packing length of CNTs on the outmost layer.  

Figure 4.5a illustrates the schematics of CNT packing during liquid evaporation and Figure 

4.5b plots the variation of energies for (10,10) CNT at a total length of 𝐿𝑐
𝑡=8.7 𝜇𝑚 (total mass 

𝑚𝑐=2.83× 10−20kg) under 𝑃𝑡=40 atm with the surface curvature of the droplet 1/𝑅𝑑. The 

minimum point of 𝐸𝑡𝑜𝑡
𝑐  can be identified and the corresponded size of packed CNT particle 

𝑅𝑝
𝑐  can be obtained. Figure 4.5c further plots the variation of 𝑅𝑝

𝑐  with the mass and radius of 

CNT. To unify the relationship between 𝑅𝑝
𝑐  and length and radius of CNTs, Figure 4.5d plots 

the variation of 𝑅𝑝
𝑐  with 𝐵𝑐𝐿𝑐

𝑡 , and a linear relationship can be observed regardless of the 

length and radius of CNTs. 

4.2.3 Theoretical predictions of the hybrid particles’ size 

With the size of pure CNT particles 𝑅𝑝
𝑐  and pure graphene particles 𝑅𝑝

𝑔
 (can be predicted 

based on the analysis in Section 3.2.4), Here, we define the size of graphene/CNTs hybrid 

particles as 

𝑅𝑝
ℎ = (𝑅𝑝

𝑐)
1−∅𝑔

(𝑅𝑝
𝑔
)
∅𝑔

                       (4.37) 

where ∅𝑔=𝑚𝑔/𝑚𝑡 and 𝑚𝑡 = 𝑚𝑐 +𝑚𝑔. 

4.2.4 Theoretical predictions of the particles’ surface pore ratio 

The surface pore ratio is defined by dividing the surface area not covered by graphene sheets 

(pore, 𝐴𝑝
𝑝

) over the total surface area of the crumpled particle (𝐴𝑝
ℎ) and it is   

𝑃𝑟 =
𝐴𝑝
𝑝

𝐴𝑝
ℎ                              (4.38) 

From the definition and considering 𝐴𝑝
ℎ =𝐴𝑝

𝑝
+ 𝐴𝑝

𝑔
, surface pore ratio 𝑃𝑟  can be 

characterized by 𝐴𝑝
𝑔

/𝐴𝑝
ℎ , where 𝐴𝑝

𝑔
=4𝜋(𝑅𝑝

𝑔
)
2

 and 𝐴𝑝
ℎ=4𝜋(𝑅𝑝

ℎ)
2

 are the surface area of 

particles assembled by pure CNTs and hybrid CNTs and graphene, respectively. Note that, at 
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𝑅𝑝
𝑔
/𝑅𝑝

ℎ=0, there is no graphene on the surface, and 𝑃𝑟=100 %; at 𝑅𝑝
𝑔
/𝑅𝑝

ℎ ≥1, the CNTs are 

fully encapsulated by graphene, and 𝑃𝑟=0. When 0 < 𝑅𝑝
𝑔
/𝑅𝑝

ℎ <1, the particle surface will be 

partially covered by graphene, as a result, we will have 𝑃𝑟 =1- (𝑅𝑝
𝑔
/𝑅𝑝

ℎ)
2

 and 𝑅𝑝
𝑔
/𝑅𝑝

ℎ 

represents the crumpling intensity. In theory, the surface pore ratio can be obtained via 

𝑃𝑟 = {
1 − (

𝑅𝑝
𝑔

𝑅𝑝
ℎ)
2

, 𝑅𝑝
𝑔
< 𝑅𝑝

ℎ

1, 𝑅𝑝
𝑔
≥ 𝑅𝑝

ℎ

                       (4.39) 

4.2.5 Theoretical predictions of the particles’ spatial contacts and specific accessible 

surface areas 

After the size of hybrid CNTs and graphene particles 𝑅𝑝
ℎ is obtained via Eq. (4.37), 𝑅𝑝

ℎ will 

be used as an “anchor point” on the energy curves in Figures 3.12a and 4.5b. The procedure 

to get the accessible area of the hybrid particles are as follows, 

(1) 𝐸𝑣𝑑𝑊
𝑐−𝑐 : The location of 1/𝑅𝑝

ℎ on the horizontal coordinate of the energy curves for 

CNTs packing (e.g. Figure 4.5b) will be determined, then the corresponded 𝐸𝑣𝑑𝑊
𝑐  will be 

obtained at 1/𝑅𝑝
ℎ, which is 𝐸𝑣𝑑𝑊

𝑐−𝑐  in theory. 

(2) 𝐸𝑣𝑑𝑊
𝑐−𝑔

: The packing length on the outmost layer of packed CNT can be obtained by 

𝐿𝑐
𝑠=

4𝜋2

3√3𝑑𝑐
𝑒2 [(𝑅𝑝

ℎ)
3
− (𝑅𝑝

ℎ − √3𝑑𝑐
𝑒/2)

3
], then 𝐸𝑣𝑑𝑊

𝑐−𝑔
=𝜋𝑟𝑐𝐿𝑐

𝑠𝛾𝑐−𝑔. 

(3) 𝐸𝑣𝑑𝑊
𝑔−𝑔

: Firstly, calculate the corresponded potential energy 𝐸𝑝𝑡
𝑔

 at 𝑅𝑝
𝑔
= 𝑅𝑝

ℎ  via 

𝐸𝑝𝑡
𝑔−ℎ

= 𝑅𝑝
ℎ𝐴𝑔

𝑡𝑃𝑡 . Then the horizontal coordinate 1 / 𝑅𝑑  when 𝐸𝑝𝑡
𝑔
= 𝐸𝑝𝑡

𝑔−ℎ
 can be 

determined and denoted as 1/𝑅𝑝
ℎ. Finally the value of 𝐸𝑣𝑑𝑊

𝑔
 can be obtained at 1/𝑅𝑝

ℎ, 

which is 𝐸𝑣𝑑𝑊
𝑔−𝑔

 in theory. 

After these energies are obtained, the contact area can be calculated via[18]  

𝐴𝑐𝑜𝑛𝑡𝑎𝑐𝑡
𝑐−𝑐 = 𝜋𝑟𝑐𝐸𝑣𝑑𝑊

𝑐−𝑐 /3𝛾𝑏
𝐶                      (4.40) 

where 𝑟𝑐 is the radius of CNT and 𝛾𝑏
𝐶𝑁𝑇 is the binding energy density between parallel CNTs. 
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Similarly,  

𝐴𝑐𝑜𝑛𝑡𝑎𝑐𝑡
𝑐−𝑔

= 𝜋𝑟𝑐𝐸𝑣𝑑𝑊
𝑐−𝑔

/𝛾𝑏
𝐶−𝐺                       (4.41) 

where 𝛾𝑏
𝐶−𝐺 is the binding energy density when CNT is in contact with graphene. And 

𝐴𝑐𝑜𝑛𝑡𝑎𝑐𝑡
𝑔−𝑔

= 𝐸𝑣𝑑𝑊
𝑔−𝑔

/𝛾𝑏
𝐺                        (4.42) 

where 𝛾𝑏
𝐺 is the binding energy density of overlapped graphene sheets. After the contact area 

is obtained, the specific contact area can be obtained by 𝐴𝑐𝑜𝑛
𝑐−𝑐 = 𝐴𝑐𝑜𝑛𝑡𝑎𝑐𝑡

𝑐−𝑐 /𝑚𝑡 , 𝐴𝑐𝑜𝑛
𝑐−𝑔

=

𝐴𝑐𝑜𝑛𝑡𝑎𝑐𝑡
𝑐−𝑔

/𝑚𝑡 and 𝐴𝑐𝑜𝑛
𝑔−𝑔

= 𝐴𝑐𝑜𝑛𝑡𝑎𝑐𝑡
𝑔−𝑔

/𝑚𝑡, where 𝑚𝑡 is the total mass of the particle. The total 

specific contact area can be obtained by 

𝐴𝑐𝑜𝑛 = 𝐴𝑐𝑜𝑛
𝑐−𝑐 + 𝐴𝑐𝑜𝑛

𝑐−𝑔
+ 𝐴𝑐𝑜𝑛

𝑔−𝑔
                    (4.43) 

The accessible area can be obtained by 

𝐴𝑠𝑠 = {
𝐴𝑐 + 𝐴𝑔 − 2𝐴𝑐𝑜𝑛

𝑐−𝑐 − 2𝐴𝑐𝑜𝑛
𝑐−𝑔

− 2𝐴𝑐𝑜𝑛
𝑔−𝑔

, 𝑅𝑝
𝑔
< 𝑅𝑝

ℎ

𝐴𝑔 − 2𝐴𝑐𝑜𝑛
𝑔−𝑔

, 𝑅𝑝
𝑔
≥ 𝑅𝑝

ℎ
         (4.44) 

where 𝐴𝑐 (=1315 𝑚2/𝑔 for single-walled CNT) is the intrinsic surface area of CNT and 𝐴𝑔 

(=2630 𝑚2/𝑔 for single-layer graphene) is the intrinsic surface area of graphene. 

4.3 Computational Modeling and Methods 

4.3.1 Coarse-grained modeling of CNT/graphene interactions 

The carbon nanotube (CNT) is modeled by a coarse-grained bead-spring model following the 

procedures in Section 2.2.2 (Figure 2.8). The parameters associated with the bonded 

interactions are 𝑘𝜃
𝐶𝑁𝑇=3804.1 kcal/mole for (5,5) CNT, 𝑘𝜃

𝐶𝑁𝑇=23543 kcal/mole for (10,10) 

CNT, and 𝑘𝜃
𝐶𝑁𝑇=75153 kcal/mole for (15,15) CNT when the inter-bead distance 𝑑0

𝐶𝑁𝑇=0.5 nm. 

The parameters associated with nonbonded interactions are 𝜖𝐶𝑁𝑇 =2.0364 kcal/mole, 

𝜎𝐶𝑁𝑇=0.962 nm for (5,5) CNT, 𝜖𝐶𝑁𝑇=1.7875 kcal/mole, 𝜎𝐶𝑁𝑇=1.5425 nm for (10,10), and 

𝜖𝐶𝑁𝑇 =1.7195 kcal/mole, 𝜎𝐶𝑁𝑇 =2.1229 nm for (15,15) CNT. All of these parameters are 

validated by parallel full-atomic molecular dynamics simulations. 

Once the CG model of graphene and CNT are established and validated, the non-bonded 

van der Waals interaction between graphene beads and CNT beads (Figure 4.6a) is modeled 
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by the 12-6 L-J potential via 𝑉(𝑟) = 4𝜖𝐶−𝐺((𝜎𝐶−𝐺/𝑑)
12 − (𝜎𝐶−𝐺/𝑑)

6), where 𝜖𝐶−𝐺 is the 

potential well depth and 𝜎𝐶−𝐺=𝑟𝑐+𝑧 is the parameter associated with the equilibrium distance 

between CNT and graphene beads. The non-bonded van der Waals energy can be obtained by 

𝐸𝑣𝑑𝑊
𝐶−𝐺 = 𝜌𝑐

2 ∫ 𝑉(𝑟)𝑑𝑥
𝐿𝑏
0

, where 𝜌𝑐 = 1/𝑑0
𝐶𝑁𝑇 is the line density of bead-spring model of CNT 

 

 

Figure 4.6. (a) Schematics to show full-atom CNT on full-atom graphene and coarse-grained CNT on 

coarse-grained graphene with a separation distance ℎ𝑐𝑔. (b) Comparison of binding energy of CNTs on 

graphene between full-atom and CGMD simulations. 

 

and 𝐿𝑏  is the length of CNT in parallel with graphene. 𝐸𝑣𝑑𝑊
𝐶−𝐺 = 𝛾𝑏

𝐶−𝐺𝐿𝑏 leads to the 

correlation between 𝛾𝑏
𝐶−𝐺 and 𝜖𝐶−𝐺, where 𝛾𝑏

𝐶−𝐺 is the binding energy density of CNT on 

graphene surface. Such binding energy density can be obtained from the full-atom simulation 

of CNT on graphene and is 𝛾𝑏
𝐶−𝐺=-0.1616× 10−9J/m ((5,5) CNT on graphene), 𝛾𝑏

𝐶−𝐺=-

0.2314× 10−9J/m ((10,10) CNT on graphene) and 𝛾𝑏
𝐶𝑁𝑇=-0.3133× 10−9J/m ((15,15) CNT on 

graphene). Based on the above analysis, we get 𝜖𝐶−𝐺=3.20 kcal/mole, 𝜎𝐶−𝐺=0.672 nm for (5,5) 

CNT on graphene, 𝜖𝐶−𝐺=1.77 kcal/mole, 𝜎𝐶−𝐺=0.961 nm for (10,10) CNT on graphene, and 

𝜖𝐶−𝐺=1.50 kcal/mole, 𝜎𝐶−𝐺=1.252 nm for (15,15) CNT on graphene. With these parameters, 

we performed both CGMD and full-atom simulations to validate our CG model. Good 

agreement is obtained (Figures 4.6b). 

4.3.2 Virtual spherical van der Waals force field simulation method 

The total number of sheets/strips of graphene/CNT is fixed at 𝑛𝑔+𝑛𝑐=16 in a single droplet 

and the mass of each sheet/strip is kept the same. The mass fraction ratio 𝑚𝑔/𝑚𝑡 is tuned by 
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changing the number of graphene sheets (𝑛𝑔 ) and CNT stripes (𝑛𝑐 ) in the droplet (e.g. 

𝑚𝑔 /𝑚𝑡=25%, 𝑛𝑔=4, 𝑛𝑐=12; 𝑚𝑔 /𝑚𝑡=50%, 𝑛𝑔=8, 𝑛𝑐=8; 𝑚𝑔 /𝑚𝑡=75%, 𝑛𝑔=12, 𝑛𝑐=4;). 

Based on these settings, the length of individual CNT strip is 𝐿𝑐=2172.5 nm for (5,5) CNT, 

𝐿𝑐=1087.5 nm for (10,10) CNT and 𝐿𝑐=725 nm for (15,15) CNT. At the same time, the 

graphene sheet is in square shape with a size of 𝐿𝑔=68.1 nm. Initially, the CNT strips are 

generated by the random walk method (RWM)[101] inside a sphere with 𝑅𝑑=150 nm, and the 

graphene sheet is distributed uniformly on the surface of sphere. Further, we introduce a 

computational method to mimic the interaction of liquid molecules to graphene and CNT by 

employing a virtual spherical L-J force field (Figure 4.7a). The interaction between graphene 

sheets and the surface of the sphere was modeled by a 12-6 L-J potential to mimic the 

interaction between liquid droplet and graphene. The cut-off radius of the L-J potential is set 

as 21/6𝜎, so there would be only repulsive forces between graphene sheets and sphere surface 

and this would not allow penetration of graphene into the sphere. A constant force 𝑃𝑡
𝑔

 pointing 

to the center of sphere was added on each bead in graphene to provide a driving force for 

crumpling and assembling of graphene (enlarged view in Figure 4.7a). After the initial 

generation of CNT strips and graphene sheets, the distribution of CNT beads is non-uniform 

while the graphene sheets stay on the surface of sphere (see the insets and density distribution 

of CNT and graphene in Figure 4.7b). After that, the system was equilibrated at 300K for 

𝑡𝑖=2.0 ns with the NVT ensemble under Nose/Hoover thermostat. During the equilibrium 

process, the potential well depth in the L-J potential between CNT beads was set equal to the 

1/10 of the normal values, so that the attractive force between CNT beads was very weak to 

mimic the repulsive electrostatic force in the aqueous environment and the CNT strips would 

start to untangle inside the sphere. This process mimics the dispersion behavior of CNTs strips 

in the solution. During that, some of the CNT beads might penetrate the surface of sphere, and 

if this happens, a constant pressure 𝑃𝑡
𝑐  pointing to the center of sphere was added on the 

exposed beads to provide a driving force for the packing of CNT (enlarged view in Figure 

4.7a). It needs to be clarified that 𝑃𝑡
𝑔

 and 𝑃𝑡
𝑐  may have different values due to different 

effective area of each bead in the CG model of graphene and CNTs. The equivalent pressure 

exerted on graphene and CNT should be the same, which is 𝑃𝑡 = 𝑃𝑡
𝑔
/𝐴𝑏𝑒𝑎𝑑

𝑔
=𝑃𝑡

𝑐/𝐴𝑏𝑒𝑎𝑑
𝑐 , where 
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𝐴𝑏𝑒𝑎𝑑
𝑔

=3√3(𝑑0
𝐺)2/4 and𝐴𝑏𝑒𝑎𝑑

𝑐 =2𝑑0
𝐶𝑁𝑇𝑟𝑐. After the equilibrium, the CNT strips will disperse 

uniformly inside the sphere while the graphene sheets accumulated on the surface of sphere 

 

 

Figure 4.7. Simulation method of the liquid evaporation process. (a) The liquid droplet containing hybrid 

graphene and CNTs dispersion before liquid evaporation. The CNT strips stay inside the droplet while the 

graphene sheets stay on the surface of droplet. The liquid droplet is modeled by a virtual force field with a 

radius 𝑅𝑑. The enlarged figure indicates when graphene/CNTs beads are out of the liquid surface, a constant 

force 𝑃𝑡
𝑔

 on the graphene beads and 𝑃𝑡
𝑐 on CNT beads will be applied towards the center of liquid. (b) 

The density distribution of CNT and graphene in the droplet after the generation of CNT strips and graphene 

sheets. (c) The density distribution of CNT and graphene in the droplet after equilibrium and before liquid 

evaporation. (d) Variation of the liquid radius with the simulation time. (e) Variation of the deformation 

energy (𝐸𝑑𝑒𝑓) and van der Waals energy (𝐸𝑣𝑑𝑊) of CNT and graphene during the liquid evaporation. The 

insets show the snapshots from the CGMD simulations. 

 

 (see the insets and density distribution of CNT and graphene in Figure 4.7c), which is in good 
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agreement with the analytical analysis. Secondly, all the settings in the first step would remain 

the same except that the potential well depth in the L-J potential between CNT beads was set 

back to the normal value, and the radius of virtual sphere started to decrease with time by 

following a well-defined function to mimic the liquid evaporation process, which is 𝑅𝑑 = 𝑅𝑖 +

(𝑅𝑒 − 𝑅𝑖)/(𝑡 − 𝑡𝑖)/𝑡𝑒 , ( 𝑡𝑖 ≤ 𝑡 ≤ 𝑡𝑖 + 𝑡𝑒 ), where 𝑡  is the instantaneous time step during 

simulation and 𝑡𝑒=3 ns is the time period for the radius of sphere that changes from 𝑅𝑖(initial 

radius) to 𝑅𝑒(final radius) (Figure 4.7d). In the third step, the applied forces were removed 

from the graphene sheets and CNT strips. Another 2 ns was performed under the NVT 

ensemble to get the final morphology of hybrid graphene/CNT nanoparticles. During the whole 

evaporation processes, the coordinates of graphene and CNT beads and energies of CNT strips 

and graphene sheets were documented to monitor the folding and assembling of CNT strips 

and graphene sheets (Figure 4.7e). 

4.3.3 Calculation of particle size, surface pore ratio, spatial contacts, accessible areas, 

contact probability, surface ridge density and mechanical properties from CGMD 

simulations 

4.3.3.1 Particle size 

Once the particle is obtained, a Cartesian coordinate system is established originating at the 

center of mass of the particle (Figure 4.8a). After that, the beads in the particle is projected in 

the 𝑥 − 𝑦 plane (Figure 4.8b). Such projection is then be divided into 𝑛𝑠 sectors, who share 

the same apex at the position of the center of mass. The central angle of each sector can be 

obtained by 𝜃𝑠=2𝜋/𝑛𝑠 (Figure 4.8b). The distance of each bead to the center of mass of the 

particle in a single sector is calculated and the maximum value is selected, which corresponds 

to the outmost bead in the sector and the distance is denoted as 𝑅𝑠
(𝑥−𝑦)𝑖

 (Figure 4.8b). Then 

the averaged size of particle in the 𝑥 − 𝑦 plane can be obtained via  

𝑅𝑝
ℎ(𝑥−𝑦)

=
∑ 𝑅𝑠

(𝑥−𝑦)𝑖𝑛𝑠
𝑖=1

𝑛𝑠
                           (4.46) 

Same procedures are applied in 𝑥 − 𝑧  and 𝑦 − 𝑧  planes, and the size of the particle is 

obtained by 
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𝑅𝑝
ℎ =

𝑅𝑝
ℎ(𝑥−𝑦)

+𝑅𝑝
ℎ(𝑥−𝑧)

+𝑅𝑝
ℎ(𝑦−𝑧)

3
                       (4.47) 

 

 
Figure 4.8. Procedure to calculate the radius of fabricated particles. (a) The origin of the coordinate 

system is moved to the center of the mass of the particle. After that, the projection of the particle is 

documented and the distance of the outmost beads in the projection on the (b)𝑥 − 𝑦 (c) 𝑥 − 𝑧 and (d) 𝑦 −

𝑧 plane to the origin of the coordinate system is calculated.  

4.3.3.2 Particle surface pore ratio 

Once the particle is obtained, a Cartesian coordinate system is established originating at the 

center of mass of the particle (Figure 4.9a). Then an equivalent sphere is plotted with a radius  

 

 

Figure 4.9. Procedure to project the pore/contacts/ridges on the surface of equivalent sphere. (a) The 

center of mass (COM) of the particle is moved to the origin of the Cartesian coordinate system. (b) The 

distance of beads to the COM of the particle is fixed at 𝑅𝑝
ℎ and its position on the surface of the equivalent 

sphere is denoted by (𝑅𝑝,𝜃,𝜑) in the spherical coordinate. The pore/contact/ridge is searched within the area 

𝜃 − 𝑑𝜃/2 < 𝜃 ≤ 𝜃 + 𝑑𝜃/2 and 𝜑 − 𝑑𝜑/2 < 𝜑 ≤ 𝜑 + 𝑑𝜑/2, in which 𝑑𝜃 and 𝑑𝜑 are the increment 

angle on the surface of sphere (e.g. 𝑑𝜃=𝑑𝜑=𝜋/60), and if the pore/contact/ridge exists in the area, the bead 

will be rendered in the specific color (e.g. red), otherwise it will be rendered in another kind of color (e.g. 

blue). 
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𝑅𝑝
ℎ  (Figure 4.9b). The coordinate of graphene beads in Figure 4.9a is converted into the 

coordinate in Figure 4.9b, in which the distance of beads to the center of mass is kept at 𝑅𝑝
ℎ. 

After that, the Cartesian coordinate (𝑥, 𝑦, 𝑧) (satisfying √𝑥2 + 𝑦2 + 𝑧2 = 𝑅𝑝
ℎ) is transformed 

into a spherical coordinate (𝑅𝑝
ℎ, 𝜃, 𝜑), where 𝜃 (∈ [0, 𝜋]) is the azimuthal angle and 𝜃 =

𝑎𝑟𝑐𝑐𝑜𝑠
𝑧

√𝑥2+𝑦2+𝑧2
, 𝜑 is the polar angle (∈ [0,2𝜋)) and 𝜑 = 𝑎𝑟𝑐𝑡𝑎𝑛

𝑦

𝑥
. In order to get the pore 

ratio, a step angle 𝑑𝜃 is introduced. If a graphene bead exists in the range of 𝜃 − 𝑑𝜃/2 < 

𝜃 < 𝜃 + 𝑑𝜃/2 and 𝜑 − 𝑑𝜃/2 < 𝜑 < 𝜑 + 𝑑𝜃/2, then the sphere surface will be regarded as 

a graphene surface, otherwise, it will be regarded as a pore. By setting 𝑑𝜃 = 𝜋/60, the sphere 

surface will consist of 7200 blocks. The pore ratio can be obtained by  

𝑃𝑟 =
𝑛ℎ

7200
                             (4.48) 

where 𝑛ℎ is the number of blocks not occupied by graphene beads. 

 

 
Figure 4.10. Variation of surface pore ratio (𝑷𝒓) with 𝒎𝒈/𝒎𝒕 and radius of CNTs in the CGMD 

simulations. 𝑷𝒓=5% is the critical value to determine the particle is closed (<5%) or opened (≥5%). 

 

Figure 4.10 further plots the variation of 𝑃𝑟 with 𝑚𝑔/𝑚𝑡 and radius of CNTs. When 𝑚𝑔/𝑚𝑡 

is low and CNTs are large, a high pore ratio can be obtained, which represents a particle with 

open-celled structure. Keep the size of CNT and increase 𝑚𝑔/𝑚𝑡, the pore ratio will decrease. 

Finally, when 𝑃𝑟 ≤5%, the surface pore size is small enough and the surface of particles will 

be sealed by graphene sheets. The particles will exhibit closed core-shell structures. Similarly, 
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keep 𝑚𝑔/𝑚𝑡 and decrease the size of CNTs, the surface pore ratio will also decrease.  

4.3.3.3 Spatial contacts and specific accessible surface areas 

 
Figure 4.11. Variation of the specific contact area with 𝒎𝒈/𝒎𝒕  and radius of CNTs. The specific 

contact area between (a) CNT and CNT, (b) CNT and Graphene, and (c) Graphene and Graphene. (d) The 

total specific contact area by summing all of the three types of contacts. 

 

The total van der Waals energy between CNT-CNT (𝐸𝑣𝑑𝑊
𝑐−𝑐 ), CNT-graphene (𝐸𝑣𝑑𝑊

𝑐−𝑔
), and  

graphene-graphene (𝐸𝑣𝑑𝑊
𝑔

) in the fabricated particles is monitored and is converted to contact 

area following Eqs. (4.40)-(4.42). The specific accessible surface area is obtained following 

Eq. (4.43). Figure 4.11 plots the variation of specific contact area with 𝑚𝑔/𝑚𝑡 and types of 

CNT in the simulations. 

4.3.3.4 Contact probability 

The van der Waals energy of each CNT bead by surrounding CNT beads is calculated, then the 

position of CNT beads is transformed on the equivalent sphere as shown in Figure 4.9b. 

Following the same procedure to determine the sphere surface covered/not covered by 
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graphene beads, each block on the sphere surface is distinguished by “contact” or “no contact” 

based on whether the magnitude of van der Waals energy of the CNT bead is non-zero or not. 

Then the contact probability between CNT and CNT can be determined by 

𝐶𝑝
𝐶−𝐶 =

𝑛𝑐
𝐶−𝐶

7200
                            (4.49) 

where 𝑛𝑐
𝐶−𝐶 is the number of blocks with non-zero van der Waals energy. The same procedure 

can be applied to determine the contact probability between graphene and CNT and between 

graphene and graphene.  

 

 

Figure 4.12. Variation of the contact probability with 𝒎𝒈 /𝒎𝒕  and radius of CNTs. The contact 

probability between (a) CNT and CNT, (b) CNT and Graphene, and (c) Graphene and Graphene. 

 

Figure 4.12a plots the variation of contact probability between CNTs and CNTs with 

𝑚𝑔/𝑚𝑡 and radius of CNT. It shows a monotonic decrease with the increase of 𝑚𝑔/𝑚𝑡 until 

reaches zero. At the same time, small CNTs (e.g. (5,5) CNTs) have a higher contact probability 

with each other than the large CNTs (e.g. (15,15) CNTs). Keep 𝑚𝑔/𝑚𝑡 and increase the size 

of CNTs, the contact probability also shows a monotonic decrease. Figure 4.12b shows the 

variation of contact probability between CNTs and graphene with 𝑚𝑔/𝑚𝑡 and radius of CNTs. 

For fixed CNTs size (e.g. (5,5) CNTs), the contact probability shows an increase with 𝑚𝑔/𝑚𝑡 

from zero until reaches its maximum, after that, the contact probability starts to decrease until 

reaches zero when 𝑚𝑔/𝑚𝑡=100%. Similar trends can also be observed for (10,10) and (15,15) 

CNTs. Moreover, the larger the sizes of CNTs, the lower of the contact probability between 

CNTs and graphene. Figure 4.12c plots the variation of contact probability between graphene 

and graphene with 𝑚𝑔/𝑚𝑡 and radius of CNTs. A monotonic increase of contact probability 

can be observed with 𝑚𝑔/𝑚𝑡 regardless of the size of CNTs. 



120 

 

4.3.3.5 Surface ridge density 

The deformation energy on each graphene bead 𝐸𝑑𝑒𝑓
𝑏𝑒𝑎𝑑  is calculated, then assuming the 

deformation energy is generated by the bending of graphene sheets, which is  

𝐸𝑑𝑒𝑓
𝑏𝑒𝑎𝑑 =

𝐵𝑔𝐴𝑏𝑒𝑎𝑑
𝑔

 

2𝑟𝑏𝑒𝑎𝑑
2                              (4.50) 

where 𝐴𝑏𝑒𝑎𝑑
𝑔

= 3√3(𝑑0
𝐺𝑅)2/4  is the area occupied by a single bead, and 𝑟𝑏𝑒𝑎𝑑  is the 

equivalent radius of curvature at the position of the bead. Further, the local curvature can be 

calculated by  

𝜅𝑑 = 1/√
𝐵𝑔𝐴𝑏𝑒𝑎𝑑

2𝐸𝑑𝑒𝑓
𝑏𝑒𝑎𝑑                              (4.51) 

If 𝜅𝑑 > 0.5𝑛𝑚−1, the bead will be regarded as a part of ridges. The position of graphene beads 

is transformed on the equivalent sphere as shown in Figure 4.9b. After that, an image 

processing procedure is implemented to determine the ridge density (Figure 3.22). Figure 4.13 

plots the variation of 𝐷𝑟 with 𝑚𝑔/𝑚𝑡 and radius of CNTs.  

 

 

Figure 4.13. Variation of particle surface ridge density (𝑫𝒓) with 𝒎𝒈/𝒎𝒕 and radius of CNTs in the 

CGMD simulations. 

4.3.3.6 Mechanical properties of particles 

Molecular dynamics simulations of uniaxial compression on individual particles were 

conducted to extract the effective Young’s modulus of particles. During the simulation, the 
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particle was sandwiched by two rigid virtual plates (Figure 4.14a), where the bottom plate was 

fixed and the top one was movable to apply the loads. The simulation was conducted under the 

NVT ensemble at 300K and 1 atm under the Nose-Hoover thermostat. The reactive force along 

 

Figure 4.14. (a) Molecular dynamics simulation model of the uniaxial compression on a particle. (b) Force-

displacement curves of the crumpled graphene/(10,10)CNTs particles with different 𝑚𝑔 /𝑚𝑡  along the 

uniaxial compression z-direction. (c) Simulation snapshots of particles during compression. 

 

the compressed direction was documented every 10 fs. 

Figures 4.14b gives the force-displacement curves of the particles under uniaxial  

compression on crumpled graphene/(5,5) CNT particles with different 𝑚𝑔/𝑚𝑡  along 𝑥, 𝑦 

and 𝑧 direction, respectively. After the force-displacement curve is obtained, the Young’s 

modulus 𝐸𝑒𝑓𝑓 can be obtained with Hertz contact theory via 

 𝐹 =
4𝐸𝑒𝑓𝑓(𝑅𝑝

ℎ)
1/2

3(1−𝑣2)
(
ℎ

2
)

3

2
                          (4.52) 

where 𝑣 is the Poisson’s ratio and is taken 0.3 [197].  

Figure 4.14c shows the simulation snapshots of pure CNTs, hybrid, and pure graphene 

particles during compression. Local crumpling on graphene surface and buckling in CNTs can 
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be observed during compression.  

Figure 4.15a plots the variation of effective Young’s modulus of hybrid particles with 

(10,10) CNTs obtained from the compression test in different directions. The overall effective  

 

 
Figure 4.15. (a) Effective elastic modulus of hybrid particles with (10,10) CNTs obtained from the uniaxial 

compression test in 𝑥 , 𝑦 , and 𝑧  direction.. (b) Variation of effective elastic modulus averaged by that 

obtained from x, y, z-compression direction with 𝑚𝑔/𝑚𝑡 and radius of CNTs. 

 

Young’s modulus of particles is obtained by averaging the data obtained from the compression 

test in the 𝑥, 𝑦 and 𝑧 direction and Figure 4.15b plots the variation of averaged elastic 

modulus with 𝑚𝑔/𝑚𝑡 and radius of CNTs. 

4.4 Encapsulation Mechanism of Crumpled Graphene/CNTs Composite 

Particles 

With the diffusion behavior of CNTs and graphene at both equilibrium and evaporation 

stages, Figure 4.16a shows the schematic illustration of crumpling and assembling graphene 

and CNTs suspended in a droplet with liquid evaporation that can be achieved through the 

aerosol-like process (See Figure 3.1a for a typical experimental setup). Assume the droplet is 

sufficiently large enough, with the liquid evaporation, graphene sheets will migrate to the 

surface of droplet, and CNTs remain inside. Further evaporation will crumple the graphene on 

the droplet surface and pack the CNTs inside the droplet, and a CNTs-encapsulated, crumpled 

graphene hybrid composite nanoparticle will be eventually formed after the complete 

evaporation of liquid. The overall size and morphologies of the hybrid nanoparticles rely on 

the competition between the packing of CNTs inside and the crumpling of graphene on the  
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Figure 4.16. Size and pore structures of crumpled graphene/CNT hybrid particles. (a) Schematics of 

crumpling graphene/CNTs mixture with the evaporation of liquid solution. At the early stage of evaporation 

(stage I and II), the graphene sheets begin to diffuse and accumulate at the liquid/air interface; the CNTs stay 

inside the droplet and only a small portion pierces the droplet surface and exposes to air. With the continuous 

evaporation of liquid (stage III), the graphene sheets on the liquid surface will be crumpled and assembled, 

and the CNTs inside the droplet will be deformed and packed, which eventually lead to the formation of the 

CNT-encapsulated crumpled graphene assembled nanoparticles after complete evaporation of liquid (stage 

IV). (b) Theoretical prediction on the size of crumpled hybrid particles (𝑅𝑝
ℎ) at different 𝑚𝑔/𝑚𝑡. 𝑅𝑝

𝑔
 and 

𝑅𝑝
𝑐  show the size of crumpled particle with only graphene and CNTs in an initial droplet liquid, respectively. 

The radius of the initial droplet 𝑅𝑑 is 150 nm and the concentration of graphene/CNTs in droplet solution 

𝐶𝑡 is 4 mg/mL. (c) Comparison of pore structures between theoretical predictions and simulation results. 

𝐵𝑔 and 𝐴𝑔
𝑡  are the bending stiffness and total area of graphene, respectively; 𝐵𝑐 and 𝐿𝑐

𝑡  are the bending 

stiffness and total length of CNTs, respectively. The critical 𝐵𝑔𝐴𝑔
𝑡 /𝐵𝑐𝐿𝑐

𝑡=0.012 can be obtained in theory 

regardless of CNTs size and 𝐶𝑡. At 𝐵𝑔𝐴𝑔
𝑡 /𝐵𝑐𝐿𝑐

𝑡>0.012, the crumpled hybrid particles are “closed core-shell” 

pore structure and at 𝐵𝑔𝐴𝑔
𝑡 /𝐵𝑐𝐿𝑐

𝑡<0.012, the crumpled hybrid particles are “open-cell” pore structure. (d) 

SEM images of the crumpled hybrid graphene/CNT particles synthesized by evaporation of microdroplet at 

different mass fraction of graphene (𝑚𝑔/𝑚𝑡) [48]. 
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surface and can be theoretically determined through energy analysis. Assume the radius of 

crumpled particles by pure graphene and CNTs is 𝑅𝑝
𝑔

 and 𝑅𝑝
𝑐 , respectively, the radius of their 

hybrid particles can be defined by 𝑅𝑝
ℎ = (𝑅𝑝

𝑐)
1−∅𝑔

(𝑅𝑝
𝑔
)
∅𝑔

, where ∅𝑔=𝑚𝑔/𝑚𝑡. If 𝑅𝑝
𝑔

<𝑅𝑝
ℎ, the 

hybrid particles will have an “open-celled” structure, and otherwise, the hybrid particles will 

have a “closed core-shell” structure. Take 𝑅𝑑=150 nm and 𝐶𝑡=4 mg/mL as an example, 

Figure 4.16b plots the variation of 𝑅𝑝
𝑔

, 𝑅𝑝
𝑐  and 𝑅𝑝

ℎ  with 𝑚𝑔 /𝑚𝑡 . At 𝑅𝑝
𝑔

=𝑅𝑝
𝑐=𝑅𝑝

ℎ , the 

critical 𝑚𝑔 /𝑚𝑡  that leads to an “open-celled” or “closed core-shell” structure of hybrid 

particles can be obtained, and it increases with the increase of CNTs radius. To further reflect 

the competition between the packing of CNTs and crumpling of graphene, an intrinsic 

parameter, 𝐵𝑔𝐴𝑔
𝑡 /𝐵𝑐𝐿𝑐

𝑡  (Figure 4.16c) can be obtained from our analysis to describe the 

transition of particles morphologies from “open-celled” to “closed core-shell” status, where 

𝐵𝑔 and 𝐴𝑔
𝑡  are the bending stiffness and total area of graphene, respectively, and 𝐵𝑐 and 𝐿𝑐

𝑡  

are the bending stiffness and total length of CNTs, respectively. The analysis shows the critical 

𝐵𝑔𝐴𝑔
𝑡 /𝐵𝑐𝐿𝑐

𝑡=0.012 for the transition, regardless of the types of CNTs or 𝑚𝑔/𝑚𝑡, which agrees 

well with our simulation results. In addition, Figures 4.16d illustrates the TEM images of the 

hybrid graphene/CNTs composite nanoparticles obtained by the evaporation of microdroplet at 

different 𝑚𝑔/𝑚𝑡 [48]. When the graphene mass fraction is very low (i.e. 𝑚𝑔/𝑚𝑡=16.67%, 

Figure 4.16d (I)), the fibrillar structures of CNTs are clearly observed in the crumpled particle, 

and only partial CNTs are encapsulated by graphene, suggesting that the crumpled particle is 

an “open-celled” structure. By increasing the graphene mass fraction, (i.e. 𝑚𝑔 /𝑚𝑡=50%, 

Figure 4.16d (II)), both the “out-of-surface” CNTs and pores disappear, and the surface is fully 

covered by graphene sheets, indicating the crumpled particle becomes a “closed core-shell” 

structure. When the graphene mass fraction is very high (i.e. 𝑚𝑔/𝑚𝑡=83.33%, Figure 4.16d 

(III)), the crumpled particle remains to be closed and crumpled ridges on the surface could be 

observed. These experimental data are also given in Figure 4.16c and agree well with both 

theoretical analysis and simulation results. 
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4.5 Interconnected 3-D Networking Structures and Electrical Properties of 

Crumpled Graphene/CNTs Composite Particles 

Figure 4.17a shows the morphology of the crumpled composite particles from simulations at 

different 𝑚𝑔/𝑚𝑡 and diameters of CNTs. The CNTs and the graphene are highlighted in red 

and blue, respectively, to reflect their crumpled and interconnected spatial 3-D structures. To 

characterize the surface morphology of each crumpled particle, the radius 𝑅𝑝
ℎ is calculated by 

averaging the distance of outmost atoms to the center of mass of the particles in the projection 

on each coordinate plane and their corresponding equivalent sphere is constructed (Figure 4.9). 

This equivalent sphere also allows extracting the surface pore ratio (𝑃𝑟) of the crumpled particle. 

𝑃𝑟 is defined by dividing the surface area not covered by graphene sheets (pore) over the total 

surface area of the crumpled particle (Figure 4.10), and 𝑃𝑟 = 1-𝐴𝑝
𝑔

/𝐴𝑝
ℎ, where 𝐴𝑝

𝑔
=4𝜋(𝑅𝑝

𝑔
)
2
 

and 𝐴𝑝
ℎ=4𝜋(𝑅𝑝

ℎ)
2
 are the surface area of particles assembled by pure graphene and hybrid 

CNTs and graphene, respectively. That is, we will have 𝑃𝑟=1-(𝑅𝑝
𝑔
/𝑅𝑝

ℎ)
2
, and 𝑅𝑝

𝑔
/𝑅𝑝

ℎ reflects 

the crumpling intensity. 𝑃𝑟 decreases with the increase of 𝑚𝑔/𝑚𝑡 and small CNTs lead to 

small 𝑃𝑟 (Figure 4.10). Figure 4.17b plots 𝑃𝑟 versus 𝑅𝑝
𝑔

/𝑅𝑝
ℎ. Good agreement is obtained 

between the theoretical predictions and simulations. Especially, at 𝑅𝑝
𝑔
/𝑅𝑝

ℎ=0, there is no 

graphene, and 𝑃𝑟=100 %; at 𝑅𝑝
𝑔
/𝑅𝑝

ℎ ≥1, the CNTs are fully encapsulated by graphene, and 

𝑃𝑟=0; and at 0 < 𝑅𝑝
𝑔
/𝑅𝑝

ℎ <1, the particle surface will be partially covered by graphene. Further, 

define a critical pore ratio 𝑃𝑟
𝑐 = 5% to describe the transition from “open-celled” to “closed 

core-shell” structure of hybrid particles, the critical 𝑚𝑔/𝑚𝑡 can be obtained and is plotted in 

Figure 4.17a, which agrees well with theoretical predictions. Besides, the theoretical analysis 

shows 𝑃𝑟 ∝ −(𝑅𝑝
𝑔1−∅𝑔/𝑅𝑝

𝑐1−∅𝑔)
2

 and 𝑅𝑝
𝑐 ∝ 𝐵𝑐𝐿𝑐

𝑡 , 𝑅𝑝
𝑔
∝ 𝐵𝑔𝐴𝑔

𝑡  (See Figures 3.27a and 

4.5d), and therefore the characterization of crumpling status can be unified by𝐵𝑔𝐴𝑔
𝑡 /𝐵𝑐𝐿𝑐

𝑡 . 

Figure 4.17c plots 𝑃𝑟 versus 𝐵𝑔𝐴𝑔
𝑡 /𝐵𝑐𝐿𝑐

𝑡 , and a linear relationship is obtained, independent of 

CNT sizes, which agrees well with the theoretical predictions. 
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Figure 4.17. Characterization of interconnected spatial networking structures in the crumpled 

graphene/CNTs hybrid particles and the electrical properties of an individual particle. (a) Simulation 

snapshots on spatial networking structures, size, and morphology of the crumpled particles obtained at 

different 𝑚𝑔 /𝑚𝑡  and sizes of CNTs. (b) Comparison of theoretical predictions and simulations on the 

surface pore ratio (𝑃𝑟) of the crumpled particles with the crumpling intensity 𝑅𝑝
𝑔

/𝑅𝑝
ℎ. (c) Variation of 𝑃𝑟 

with the unified intrinsic material parameter 𝐵𝑔𝐴𝑔
𝑡 /𝐵𝑐𝐿𝑐

𝑡 . (d) Specific surface area of particles (𝐴𝑠𝑠 ) 

normalized by the intrinsic specific area of CNTs and graphene (𝐴𝑠𝑢𝑟𝑓) versus 𝑚𝑔/𝑚𝑡 with different sizes 

of CNTs. (e) Estimation of electrical resistance of individual crumpled particles. Insets are schematics of a 

crumpled particle and its equivalent circuit model. 𝑅𝐺𝐺, 𝑅𝐶𝐺, are 𝑅𝐶𝐶 represent the electrical resistance of 

electron passing through the contacts between graphene and graphene, CNTs and graphene, and CNTs and 

CNTs, respectively.  

 



127 

 

Figure 4.17d shows the variation of the accessible area in crumpled particles 𝐴𝑠𝑠 

normalized by 𝐴𝑠𝑢𝑟𝑓  with 𝑚𝑔 /𝑚𝑡 , where 𝐴𝑠𝑢𝑟𝑓=𝐴𝑐 (1-∅𝑔 )+𝐴𝑔∅𝑔 , 𝐴𝑐  is the intrinsic 

surface area of CNT (e.g. 𝐴𝑐=1315 𝑚2/𝑔 for single-walled CNT) and 𝐴𝑔 is the intrinsic 

surface area of graphene (e.g. 𝐴𝑔=2630 𝑚2/𝑔 for single-layer graphene)[18]. We should 

note that both the surface area of graphene/CNT inside and on the surface of the particles can 

be accessed in “open-celled” crumpled particles, but only the surface area is accessible in 

“closed core-shell” crumpled particles. At a low 𝑚𝑔/𝑚𝑡, the crumpled particle is open and 

shows a high 𝐴𝑠𝑠/𝐴𝑠𝑢𝑟𝑓. With the increase of 𝑚𝑔/𝑚𝑡, the crumpled particle becomes a closed 

core-shell structure and shows a rapid decrease of 𝐴𝑠𝑠/𝐴𝑠𝑢𝑟𝑓. Besides, 𝐴𝑠𝑠/𝐴𝑠𝑢𝑟𝑓 shows a 

strong dependence of the size of CNTs due to the close relevance to wrapping status by 

graphene. The accessible surface area predicted in theory (See Section 4.2.5) and independent 

experimental results from the nitrogen adsorption-desorption isotherms measurements are also 

potted in Figure 4.17d, where 𝐴𝑔=262.16 𝑚2/𝑔, and 𝐴𝑐=263.21𝑚2/𝑔 in experiments [48]. 

Both of them show good agreement with simulations. 

When the crumpled composite particles with hybrid graphene and CNTs are used in 

electrical devices, the interconnected contacts between graphene and CNTs in comparison with 

that by pure graphene or CNTs will benefit the transport of electrons, where CNTs are 

analogous to a bridge connecting individual crumpled graphene sheets. Their spatial contacts 

among CNTs and graphene in the crumpled particles can also be extracted (See Section 4.3.3.4 

and Figure 4.12). As a demonstration, the insets in Figure 4.17e illustrates the schematics of 

electric transport through a single crumpled particle and its equivalent circuit. The overall 

electrical resistance of the crumpled composite particle (𝑅𝑡) is 1/𝑅𝑡=1/𝑅𝑐𝑐+1/𝑅𝑐𝑔+1/𝑅𝑔𝑔 , 

where 𝑅𝑐𝑐 =2𝜌𝑐𝑐𝑅𝑝
ℎ /(𝐴𝑝

ℎ𝐶𝑝
𝐶−𝐶 ), 𝑅𝑐𝑔 =2𝜌𝑐𝑔𝑅𝑝

ℎ /(𝐴𝑝
ℎ𝐶𝑝

𝐶−𝐺 ), and 𝑅𝑔𝑔 =2𝜌𝑔𝑔𝑅𝑝
ℎ /(𝐴𝑝

ℎ𝐶𝑝
𝐺−𝐺 )  

represent the electrical resistance for the transport of electrons along with contacts between 

CNTs-CNTs, graphene-CNTs and graphene–graphene, respectively, 𝜌𝑐𝑐 , 𝜌𝑐𝑔 , 𝜌𝑔𝑔  and 

𝐶𝑝
𝐶−𝐶, 𝐶𝑝

𝐶−𝐺 , 𝐶𝑝
𝐺−𝐺 are their corresponding electrical contact resistance density [198, 199], 

and contact probability (Figure. 4.13), respectively. We should note that for the particles 

assembled by pure CNTs, 𝑅𝑐𝑔 = 𝑅𝑔𝑔 = ∞ and 𝑅𝑡=𝑅𝑐𝑐, and for the particles assembled by 
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pure graphene, 𝑅𝑡 = 𝑅𝑔𝑔 . Figure 4.17e shows the variation of normalized resistance 

difference (𝑅𝑡 − 𝑅𝑔𝑔)/𝑅𝑔𝑔 with 𝑚𝑔/𝑚𝑡 . As 𝑚𝑔/𝑚𝑡  increases, (𝑅𝑡 − 𝑅𝑔𝑔)/𝑅𝑔𝑔 shows an 

initial decrease to a minimum value and after that it increases. In general, the resistance of the 

crumpled particles with hybrid graphene and CNTs is lower than that of crumpled particles by 

pure CNTs or graphene due to enhanced spatial 3-D contacts. The smaller CNTs are, the lower 

electrical resistance will be, indicating the flexible CNTs will benefit the formation of contacts 

during evaporation due to smaller bending stiffness. Similarly, the experimental results [48] 

are also given, and good agreement between them is obtained. 

4.6 Surface Morphology, Ridge Density and Mechanical Strength of 

Crumpled Graphene/CNTs Composite Particles. 

Figure 4.18a shows the surface morphology of the crumpled particles with highlights on the 

local deformation curvature, where the local curvature is calculated from the deformation 

energy (See Section 4.3.3.5). Further, if the local curvature is larger than 0.5 𝑛𝑚−1, we will 

define such the sharp local deformation as a ridge[192]. The equivalent sphere is also given to 

reflect the distribution of ridges on the surface of crumpled particles, and where the total length 

of ridges in graphene over the entire surface area of the crumpled particle is defined as the ridge 

density (𝐷𝑟 , in nm−1 ), and is calculated using the image processing technique (Figure 

3.22)[192]. For the crumpling with a (5,5) CNT at 𝑚𝑔/𝑚𝑡=25%, the ridges only exist in the 

localized area due to partial encapsulation of CNTs by crumpled graphene. When 𝑚𝑔 /𝑚𝑡 

increases to 75%, the crumpling of graphene becomes sever with CNTs fully encapsulated 

inside, and more ridges appear. Similar results are also observed for the crumpled particles with 

large (10,10) and (15,15) CNTs. The equivalent radius of particles and ridge density (𝑅𝑝
ℎ, 𝐷𝑟) 

are also denoted in Figure 4.18a. In theory, the ridge density can be obtained from the analysis 

on deformation energy of graphene in the hybrid particles and is characterized as a function of 

𝑅𝑝
𝑔
/𝑅𝑝

ℎ [192], similar to Figure 4.17b. Figure 4.18b shows the comparison of 𝐷𝑟 between 

the theoretical predictions and simulation results and good agreement is obtained. More 

importantly, at 𝑅𝑝
𝑔
/𝑅𝑝

ℎ=0, there is no graphene in the particle, and 𝐷𝑟=0; at 𝑅𝑝
𝑔
/𝑅𝑝

ℎ>1, a large 
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Figure 4.18. Surface crumpling morphology and local ridge distribution in the crumpled 

graphene/CNTs hybrid particles. (a) Simulation snapshots showing the local surface curvature distribution 

in the particles (left) and their equivalent spheres highlighting the size and ridge distribution (right). The 

inset bracket “()” in each block represents the radius (𝑅𝑝
ℎ, in nm), and ridge density (𝐷𝑟, in nm−1) of the 

crumpled particle. (b) Comparison of 𝐷𝑟 between the theoretical predictions and simulation results with 

the crumpling intensity ((𝑅𝑝
𝑔
/𝑅𝑝

ℎ)
2
). (c) 𝐷𝑟 as a function of unified intrinsic material parameter 𝐵𝑔𝐴𝑔

𝑡 /𝐵𝑐𝐿𝑐
𝑡 .  

 

𝐷𝑟 is obtained, indicating the inside packed CNTs enhance crumpling of graphene. Figure 

4.18c further plots the variation of 𝐷𝑟 with the unified material parameter 𝐵𝑔𝐴𝑔
𝑡 /𝐵𝑐𝐿𝑐

𝑡 , and it 

shows a linear relationship, similar to Figure 4.17c. 

To investigate the mechanical performance of the crumpled particles, the compression test  

on a single particle is conducted (See simulation model and method in Section 4.3.3.6 and 

simulation snapshots in Figures 4.14). To further understand the effect of surface ridge density 

on 𝐸𝑒𝑓𝑓, Figure 4.19 shows the variation of 𝐸𝑒𝑓𝑓 with 𝐷𝑟. 𝐸𝑒𝑓𝑓 increases linearly with 𝐷𝑟, 

suggesting that the local curvature could be utilized to enhance the mechanical properties of 

crumpled graphene particles and can be adjusted by mixing CNTs in the liquid solution. The 
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Figure 4.19. Correlation of elastic modulus (𝑬𝒆𝒇𝒇) with the ridge density (𝑫𝒓) of the crumpled particles 

and the unified material parameter 𝑩𝒈𝑨𝒈
𝒕 /𝑩𝒄𝑳𝒄

𝒕 . 𝑬𝒆𝒇𝒇  is the averaged Young’s modulus by 

performing compression experiments on x, y, and z- three compression directions. 

 

variation of 𝐸𝑒𝑓𝑓 with the unified material parameter 𝐵𝑔𝐴𝑔
𝑡 /𝐵𝑐𝐿𝑐

𝑡  is also illustrated, and it 

shows a linear relationship, similar to Figure 4.17c. 

4.7 Summary 

In summary, in this chapter, we have developed an energy-based analytical diffusion model, 

and demonstrate that the graphene will prefer to immigrate and accumulate at the liquid/air 

interface while the CNTs stay inside the liquid droplet for their suspended liquid solution. This 

diffusion model also confirms the formation of CNTs-encapsulated, crumpled graphene 

assembled composite nanoparticles by solution evaporation. Further, guided by the coarse-

grained molecular dynamics simulations, we have systemically investigated the crumpling and 

assembling of graphene and CNTs by liquid evaporation and monitored the evolution of 

crumpled graphene/CNTs composite particles. The effect of CNTs types and mass fraction of 

graphene on the crumpled composite particles including surface crumpling morphology, 

overall size, pore status and density is elucidated. In particular, the spatial 3-D interconnected 

contacts between CNTs and graphene are extracted and are further correlated with the electrical 

properties of crumpled composite particles to demonstrate practical applications. Besides, the 

crumpled surface roughness, referred to as ridge density, is quantitatively characterized and its 
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relationship with the mechanical strength of crumpled composite particles is established by 

performing compression tests. These results show the presence of CNTs in the crumpled 

graphene particles promotes both electrical transports and mechanical strength and agrees well 

with independent experimental results. The crumpled composite particles will help seek 

electrically conductive and mechanically strong nanoparticles for potential applications in 

electrical and devices and could also serve the unit building blocks for assembling large-scale 

quantities of graphene and CNTs. The proposed fundamental mechanism will provide 

immediate guidance to control the formation of crumpled CNTs/graphene composite particles 

from the overall size to pore density and could also be extended to study of crumpling and 

assembling other materials encapsulated composite nanoparticles in a broad of low-

dimensional nanomaterials such as nanowires, nanoparticles and nanofibers through the 

aerosol-like processing technique.  
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5. Chapter 5 Liquid Evaporation-driven Crumpling and 

Assembling of Multiple 2-D Materials on a Substrate 

5.1 Overview of the Chapter 

 

Figure 5.1. Liquid evaporation-driven crumpling and assembling of two-dimensional (2-D) 

deformable nanomaterials on a substrate. (a) Schematics of the popular experimental setup for the liquid 

evaporation-induced crumpling and assembling of 2-D nanomaterials on a substrate in 3D printing. The 

liquid droplets consisting of 2-D materials and solvent liquid solution are deposited onto the substrate for 

liquid evaporation. (b) Schematic illustrations of the crumpling and assembling process of 2-D deformable 

nanomaterials by liquid evaporation on a substrate. (I) uniform distribution of multiple 2-D sheets in the 

liquid droplet on the substrate. (II) The droplet starts to shrink after evaporation occurs and to deform and 

assemble the 2-D sheets inside the droplet. (III) 2-D sheets start to crumple and assemble with the continuous 

evaporation of liquid. (IV) 2-D sheets further assemble and self-fold until complete evaporation of liquid, 

and a stable deposited pattern on the substrate is generated. (c) Snapshots from the evaporation experiment 

when 1𝜇L, 0.5mg/mL graphene oxide solution in DI water evaporates on 10:1 PDMS film. (d) Optical 

microscopy images of assembled patterns on the substrate after complete evaporation of 1𝜇L droplet contains 

graphene oxide suspension with a concentration of 0.5mg/mL with different solvents and substrates: (I) in 

DI water and on a Sylgard 184 10:1 PDMS film; (II) in water-ethanol mixture with 50% water and 50% 

ethanol and on a Sylgard 184 10:1 PDMS film; (III) in water-ethanol mixture with 70% water and 30% 

ethanol and on a Sylgard 184 10:1 PDMS film; (IV) in pure ethanol and on VHB tape.  

 

In this chapter, we establish a theoretical mechanics framework for the liquid evaporation-

driven crumpling and assembling of multiple 2-D deformable materials in a sessile liquid 



133 

 

droplet on a substrate, as illustrated in Figure 5.1a for the experiment setup in the 3D 

printing[200, 201]. An evaporation route model is first developed to unify the evaporation 

process of a sessile droplet on the substrate. Then, a spring-mechanical slider model is proposed 

to describe mechanical deformation, self-folding, assembly, and adhesion of 2-D sheets on the 

substrate during evaporation. The resultant energies are derived to quantitatively elucidate the 

competition between the crumpling and adhesion. The morphologies of assembled 3-D 

particles are predicted in theory. High-efficiency coarse-grained modeling is developed to 

conduct large-scale molecular dynamics simulations and validate the proposed theoretical 

model. Graphene is taken as a representative 2-D deformable material and is modeled by a 

coarse-grained model. A controllable virtual van der Waals force field that exerts on graphene 

is developed to mimic the liquid evaporation-induced pressure. The setup in the CGMD 

simulation is validated by experiments. The quantitative comparison between simulations and 

theoretical predictions are presented, including the projected area and height of assembled 

graphene. The extension of the proposed theory that takes into account the initial surface 

wettability is further discussed and the results show good consistency with simulations and 

experiments. 

5.2 Theoretical Framework 

5.2.1 Evaporation route of a sessile droplet on a substrate 

As illustrated in Figure 5.1a, the liquid droplet is generated through a nozzle in the 3D printing. 

During the flying of the liquid droplet and after it is deposited on the substrate, liquid 

evaporation will occur and form crumpled and assembled particles on the substrate after 

complete evaporation of liquid (Figures 5.1b and c). Unlike the free-standing liquid droplet, 

the evaporation of sessile droplet on the substrate is more complex[202, 203]. The profile of 

droplets during liquid evaporation will be highly influenced by the properties of the 

substrate[204-206]. So the crumpling and assembling of 2-D materials during liquid 

evaporation will be dominated by the profile of liquid and properties of the substrate, 

simultaneously (Figure 5.1d), leading to different morphologies and properties of the 
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deposited patterns[207-209]. 

When the liquid droplet is in contact with the substrate, due to the interaction between the 

liquid and substrate and neglecting the gravity effect, a contact angle 𝜃𝑐 will be formed based  

 

 

Figure 5.2. Schematic to show the crumpling and assembling process of multiple 2-D material sheets 

on a substrate by liquid evaporation. (a) Uniform distribution of multiple 2-D sheets suspended in the 

sessile droplet before evaporation. Before the evaporation occurs, the droplet will form a contact angle 𝜃𝑐
𝑖 

and contact radius 𝑅𝑐
𝑖  on the substrate. The surface curvature of the droplet is 𝜅𝑖=𝑠𝑖𝑛𝜃𝑐

𝑖/𝑅𝑐
𝑖 . (b) Profile of 

the droplet after liquid evaporation occurs. (I) Only the contact radius will decrease. (II) Both the contact 

radius and contact angle will decrease. (III) Only the contact angle will decrease. (c) Variations of surface 

curvature and energy during liquid evaporations at different modes. (d) Evaporation route of liquid droplets 

on the substrate when 𝜃𝑐
𝑖=90°. The color bar indicates the variation of surface curvature. Route (I): constant 

contact angle mode with 𝜃𝑐
𝑒 = 90°  and 𝜅𝑒/𝜅𝑖 =150. Route(II): mixed mode with 𝜃𝑐

𝑒 = 30°  and 

𝜅𝑒/𝜅𝑖=2.5. Route(III): constant contact radius mode with 𝜃𝑐
𝑒 = 1° and 𝜅𝑒/𝜅𝑖=0.0175. 

 

on the famous Young’s equation[204], 

𝑐𝑜𝑠𝜃𝑐 =
𝛾𝑠−𝛾𝑠𝑙

𝛾𝑙
                            (5.1) 

where 𝛾𝑠, 𝛾𝑠𝑙, and 𝛾𝑙 are the surface tension of solid surface, solid-liquid interface, and liquid 

surface, respectively. At the same time, a contact radius 𝑅𝑐 will be formed, which reflects the 

size of the droplet. When the evaporation occurs at elevated temperature, both the properties 
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of the liquid (e.g. solution concentration, surface tension, internal flow) and solid surface (e.g. 

surface roughness, charge density) will change, leading to the variation of 𝑅𝑐  and 𝜃𝑐  in 

accompany with the removal of liquid. Denote the contact angle and contact radius before 

evaporation as 𝜃𝑐
𝑖 and 𝑅𝑐

𝑖  (Figure 5.2a) and those after evaporation as 𝜃𝑐
𝑒 and 𝑅𝑐

𝑒 (Figure 

5.2b). Based on their evolutions, the evaporation process can be categorized into three modes: 

(I) The constant contact angle mode (CCA, Figure 5.2b(I), Figure 5.3a(I)), in which only 

the contact radius will decrease and the contact angle will not[210, 211]. 

(II) The mixed mode (Figure 5.2b (II), Figure 5.3a(II)), in which both the contact angle 

and contact radius will decrease[212, 213]. 

(III) The constant contact radius mode (CCR, Figure 5.2b(III), Figure 5.3a(III)), in which 

only the contact angle will decrease and the contact radius will not[214, 215]. 

 

 

Figure 5.3. (a) Schematics of droplet profile during liquid evaporation in different modes. (b) Evaporation 

route of liquid droplets on the substrate when 𝜃𝑐
𝑖=45°. The color bar indicates the variation of surface 

curvature. (c) Evaporation route of liquid droplets on the substrate when 𝜃𝑐
𝑖=135°. The color bar indicates 

the variation of surface curvature. 

 

Such modes will lead to different deposited patterns after the complete evaporation of liquid. 

For example, the CCA mode tends to aggregate the suspensions and pack them into particles 

with a high height-to-width ratio while the CCR mode tends to spread out the suspensions on 

the substrate and form film-like structures[216].  
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In geometry, the surface curvature of a liquid droplet on a substrate is 

𝜅 =
𝑠𝑖𝑛𝜃𝑐

𝑅𝑐
                              (5.2) 

The surface curvature of the liquid has been proved that it is a key parameter to control the 

crumpling and assembling of 2-D materials in a free-standing droplet[192] (Chapter 3). Here, 

we find that again the surface curvature plays a vital role in the crumpling and assembling of 

2-D materials on a substrate driven by the liquid evaporation. At the same time, the differences 

between evaporation modes will lead to different evolution route of surface curvature. Figure 

5.2c plots the variation of surface curvature as well as the surface energy of droplet with liquid 

evaporation. The CCA mode (i.e. 𝜃𝑐
𝑖=90°, 𝜃𝑐

𝑒=90°, 𝑅𝑐
𝑖=150 nm, 𝑅𝑐

𝑒=10 nm) shows the most 

dramatic increase of surface curvature and the most significant decrease in surface energy. The 

CCR mode (i.e. 𝜃𝑐
𝑖=90°, 𝜃𝑐

𝑒=30°, 𝑅𝑐
𝑖=150 nm, 𝑅𝑐

𝑒=150 nm) shows a decrease of surface curvature 

and the minimum increase in surface energy. The variations of surface curvature and surface 

energy of the mixed mode (i.e. 𝜃𝑐
𝑖=90°, 𝜃𝑐

𝑒=30°, 𝑅𝑐
𝑖=150 nm, 𝑅𝑐

𝑒=15 nm) are between the CCA 

and CCR modes. These indicate that −𝛥𝐸𝑡 ∝ 𝜅
𝑒/𝜅𝑖, whereas an increase of surface curvature 

will lead to an decrease of surface energies. In the droplet, the higher the increase of surface 

curvature, the higher the confinement will be exerted on the suspended 2-D deformable 

materials, leading to intensive crumpling and assembling of the 2-D materials. At the same 

time, more work will be done by the liquid on the 2-D materials by liquid evaporation, which 

is in good consistency with the variations of surface energies. As a result, the surface curvature 

𝜅 can be selected as a unified parameter to describe the evolution of liquid profile and be used 

to characterize the liquid-evaporation-driven crumpling and assembling of 2-D materials in the 

droplet. Taking 𝜃𝑐
𝑖 = 90°  as an example, Figure 5.2d illustrates the variation of surface 

curvature when a liquid droplet evaporates along different evaporation modes. There is a one-

to-one relationship between the evaporation modes and the curvature evolution routes in 

Figure 5.2d, so we can define the evolution of surface curvature as the evaporation route. 

Figures 5.3b and c further illustrate the map and evaporation route when the initial contact 

angle is different, and similar results can be obtained. 
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5.2.2 Mechanical model of crumpling and assembling of multiple 2-D sheets on a substrate 

by liquid evaporation 

In addition to the evaporation route, the interactions between the 2-D materials and substrate 

also influent the final morphologies of deposited patterns. A higher binding energy density 

between 2-D materials and substrate will benefit the adhesion of 2-D materials on the substrate 

and generate more flattened patterns, while a lower binding energy density will benefit the self-

folding and assembling of 2-D materials and generate more crumpled patterns.  

Such curvature-dominated, substrate-regulated crumpling and assembling process of 2-D 

materials during liquid evaporation (Figure 5.4a) can be described by a 2-D linear spring-

mechanical slider mechanics model after considering the symmetry of droplet (Figure 5.4b). 

The three-phase contact line and apex of the droplet in Figure 5.4a are modeled by geometric 

confinement points in this 2-D model. The positions of these geometric confinement points are 

directly determined by the contact radius and height of droplet to account for the profile 

evolution of the droplet and geometric confinement of liquid on 2-D sheets during evaporation. 

After this, sliding hinge supports are attached with the geometric confinement points at the 

three-phase contact line to represent the evolution of contact radius and make sure these 

confinement points can only move in the horizontal direction. During the liquid evaporation, 

distances between the confinement points at the apex and three-phase contact line will change 

and when it is small enough, the liquid starts to deform the 2-D sheets. The deformation of 2-

D sheets in the droplet is modeled by linear spring connecting the confinement point at the 

three-phase contact line and apex. When the deformation of 2-D sheets is large enough, self-

folding will occur and the interactive binding energy of 2-D sheets in the folded part is modeled 

by mechanical sliders in parallel with linear springs (MSA in Figure 5.4b). As the evaporation 

continues, the distance between 2-D sheets and the substrate will be close enough and adhesion 

energy needs to be considered. The interactive adhesion energy between 2-D sheets and the 

substrate can be modeled by mechanical sliders connecting the three-phase contact line and a 

fixed wall (MSB in Figure 5.4b). The wall has a distance 𝐿0 to the axis of symmetry of the 

droplet and 𝐿0=(𝐴𝑡/𝜋)
1/2, where 𝐴𝑡 is the total area of 2-D sheets in the droplet. 𝐴𝑡 can be  
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Figure 5.4. The linear spring-mechanical slider mechanics model of crumpling and assembling 

multiple 2-D sheets on a substrate by liquid evaporation. (a) Liquid droplet contains deformable 2-D 

nanomaterials on the substrate with contact radius 𝑅𝑐 and height 𝐻 during liquid evaporation. (b) 2-D 

mechanics model to describe the crumpling and assembling of multiple 2-D sheets by liquid evaporation on 

a substrate after considering the symmetry of liquid droplet. The three-phase contact line and apex of the 

droplet in (a) are modeled by geometric confinement points in this 2-D model to account for the profile 

evolution of the droplet and geometric confinement of liquid on 2-D sheets. Sliding hinge supports are 

attached with the geometric confinement points at the three-phase contact line to represent the evolution of 

contact radius and make sure these confinement points can only move in the horizontal direction. 

Deformation of 2-D sheets in the droplet is modeled by linear springs (with stiffness 𝑘𝑠) connecting the 

confinement points at three-phase contact line and apex. The interactive binding energy of 2-D sheets is 

modeled by mechanical sliders with a coefficient 𝛾𝑓 at the same locations. The interactive adhesion energy 

between 2-D sheets and substrate is modeled by mechanical sliders with a coefficient 𝛾𝑓𝑠 connecting the 

three-phase contact line and a fixed wall, whose distance to the symmetric axis is 𝐿0. (c) Schematics show 

the crumpling and assembling multiple 2-D sheets in the droplet and their corresponding state of the spring-

slider mechanics model. (d) Energy variation of multiple graphene sheets during liquid evaporation from the 

spring-slider mechanics model. 𝜃𝑐
𝑖=90°, 𝜃𝑐

𝑒=30°, 𝑅𝑐
𝑖=150 nm, 𝑅𝑐

𝑒=50 nm, 𝐴𝑡=48000 𝑛𝑚2, and 𝑃𝑡=40 

atm. 𝑑𝐸𝑡𝑜𝑡/𝑑(𝑡/𝑡𝑒)=0 corresponds to the stopping of the crumpling and assembling process. 



139 

 

obtained by 𝐴𝑡 = 𝑉𝑑𝐶/𝜌𝑔 , where 𝑉𝑑  is the volume of the liquid droplet, 𝐶  is the 

concentration of 2-D materials, and 𝜌𝑔  is the area density of the 2-D sheet. Figure 5.4c 

illustrates the schematics of crumpling and assembling of 2-D sheets on the substrate during 

liquid evaporation and the corresponded state of this 2-D mechanics model. With this 2-D 

spring-slider mechanics model, the crumpling and assembling of multiple 2-D sheets on a 

substrate can be analyzed through the energy analysis. 

The energy stored in the linear spring that corresponds to the deformation of 2-D sheets 

can be defined as 

𝐸𝑠𝑝𝑟𝑖𝑛𝑔 = {
0, 𝐿 > 𝐿0

𝑘𝑠

2
(𝐿 − 𝐿0)

2, 𝐿 ≤ 𝐿0
                        (5.3) 

where 𝐿 is the length of linear spring and can be obtained by geometry analysis via 𝐿 =

(𝑅𝑐
2 +𝐻2)1/2 . 𝑘𝑠  is the constant of linear spring and can be obtained by following the 

analysis in Chapter 3[192]. As a result, 𝑘𝑠 = 𝛼
𝐵

ℎ2
√
𝑃𝑡

𝐸
, where 𝐵 is the bending stiffness of 2-

D sheet, 𝐸 is Young’s modulus, ℎ is the thickness, 𝑃𝑡 is the equivalent pressure of the 

driving forces, and 𝛼 is a dimensionless parameter. 

With the continuous deformation of 2-D sheets, the interactive binding energy will emerge 

and can be described by the energy in MSA, which is 

𝐸𝑀𝑆𝐴 = {
0, 𝐿 > 𝐿0

𝑘𝑀𝑆𝐴𝐿0(𝐿0 − 𝐿), 𝐿 ≤ 𝐿0
                       (5.4) 

where 𝑘𝑀𝑆𝐴 is the constant of the mechanical slider A and equals to the binding energy density 

𝛾𝑓 of the 2-D sheet.    

With the further evaporation of liquid, 2-D sheets will be deposited on the substrate and 

the adhesion energy between 2-D sheets and substrate will need to be considered. It reflects the 

influence of the substrate on the crumpling and assembling of 2-D sheets and can be defined 

as 

𝐸𝑀𝑆𝐵 = {
𝑘𝑀𝑆𝐵𝐿0

2 , 𝑅𝑐 > 𝐿0
𝑘𝑀𝑆𝐵𝐿0𝑅𝑐, 𝑅𝑐 ≤ 𝐿0

                        (5.5) 

where 𝑘𝑀𝑆𝐵 is the constant of mechanical slider B and equals to the binding energy density 

𝛾𝑓𝑠 between 2-D sheets and substrate. 

In addition to the deformation energy 𝐸𝑠𝑝𝑟𝑖𝑛𝑔 , binding energy 𝐸𝑀𝑆𝐴 , and adhesion 

energy 𝐸𝑀𝑆𝐵 , the equivalent pressure 𝑃𝑡 , which is the driving forces induced by liquid 
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evaporation[192], will deform 2-D sheets and described by a potential energy 𝐸𝑝, which is 

𝐸𝑝 = 𝑃𝑡
𝜋𝑅𝑐

2𝐻

3
                             (5.6) 

As a result, the total energy of the system is 

𝐸𝑡𝑜𝑡 = 𝐸𝑠𝑝𝑟𝑖𝑛𝑔 + 𝐸𝑀𝑆𝐴 + 𝐸𝑀𝑆𝐵 + 𝐸𝑝                  (5.7) 

𝑑𝐸𝑡𝑜𝑡/𝑑(𝑡/𝑡𝑒) < 0 is energy favorable of assembling 2-D sheets by liquid evaporation, 

where 𝑡𝑒 is the real total evaporation time and 𝑡 is the instantaneous time moment during 

liquid evaporation. 𝑑𝐸𝑡𝑜𝑡/𝑑(𝑡/𝑡𝑒) will increase as the evaporation continues, leading to a 

continues crumpling and assembling of 2-D sheets till to 𝑑𝐸𝑡𝑜𝑡/𝑑(𝑡/𝑡𝑒)=0. When the 

assembling stops, the 2-D sheets will form a stable pattern due to the attractive van der Waals 

interaction among 2-D sheets (mechanical slider A) and between 2-D sheets and substrate 

(mechanical slider B). As an example, Figure 5.4d plots the variation of 𝐸𝑠𝑝𝑟𝑖𝑛𝑔,𝐸𝑀𝑆𝐴, 𝐸𝑀𝑆𝐵, 

𝐸𝑝 and 𝐸𝑡𝑜𝑡 with the normalized evaporation time 𝑡/𝑡𝑒 for graphene sheets when 𝜃𝑐
𝑖=90°, 

𝜃𝑐
𝑒=30° , 𝑅𝑐

𝑖 =150 nm, 𝑅𝑐
𝑒=50 nm, 𝐴𝑡=48000 𝑛𝑚2 ,𝛾𝑓𝑠 /𝛾𝑓 = 1 , and 𝑃𝑡=40 atm. With the liquid 

evaporation, 𝐿 decreases. When 𝐿 ≤ 𝐿0, both 𝐸𝑠𝑝𝑟𝑖𝑛𝑔 and 𝐸𝑀𝑆𝐴 (magnitude) increase due 

to the deformation and assembling of 2-D sheets. Both 𝐸𝑝 and 𝐸𝑀𝑆𝐵  decrease due to the 

decrease in liquid volume and contact radius. When 𝑑𝐸𝑡𝑜𝑡/𝑑(𝑡/𝑡𝑒)=0, the assembling will 

stop and a stabilized deposited pattern of 2-D sheets can be obtained. 

After complete evaporation of liquid, we can obtain the contact radius 𝑅𝑐𝑚 and height 

𝐻𝑚 of the assembled 2-D sheets. Further, the contact area is   

𝐴𝑝𝑟 = 𝜋𝑅𝑐𝑚
2                             (5.8) 

And the aspect ratio is  

𝜁 =
𝐻𝑚

2𝑅𝑐𝑚
                              (5.9) 

5.3 Computational Modeling and Methods 

The large-scale coarse-grained molecular dynamics simulations are conducted to investigate 

the crumpling and assembling of 2-D sheets by liquid evaporation on a substrate and validate 

the theoretical analysis in Section 5.2. To increase the computational efficiency, the 2-D sheets 

are modeled by a 16:1 coarse-grained model of graphene, which has been validated in Section 
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3.3.1[192]. After that, the interaction of liquid molecules to graphene during liquid evaporation 

is replaced by an equivalent pressure 𝑃𝑡 (Figure 5.5). If the graphene beads are exposed on 

the surface of the droplet, a constant force 𝐹𝑝 = 𝑃𝑡𝐴𝑏𝑒𝑎𝑑 (𝐴𝑏𝑒𝑎𝑑 is the area of graphene bead) 

pointing to the center of sphere of the droplet will be applied on the bead to provide a driving 

force for the crumpling and assembling of 2-D sheets. 

 

 

Figure 5.5. Simulation techniques for the crumpling and assembling of multiple 2-D sheets in a liquid 

droplet on the substrate. The 2-D sheet is a coarse-grained model of graphene with a coarse-graining 

scale 16:1. A constant force will be added on the beads of graphene if they are exposed on the surface 

of the droplet.  

 

The substrate is modeled by a virtual plane (Figure 5.5), whose interaction with the 2-D 

sheet is modeled by a 12-6 L-J potential with potential well depth 𝜖𝑓𝑠, the parameter related to 

equilibrium distance 𝜎=0.3629 nm, and cut-off radius 2.5𝜎. The binding energy density 𝛾𝑓𝑠 

between the 2-D sheet and the substrate is calculated by placing a 2-D sheet on the substrate 

(Figure 5.6a). The interactive van der Waals energy 𝐸𝑣𝑑𝑊 between them is calculated after  

 

 

Figure 5.6. Calculation of the binding energy density between the 2-D sheet and the substrate in the 

simulation. (a) A 2-D sheet is placed on the substrate and their interaction is modeled by a 12-6 LJ potential. 

(b) Variation of the binding energy density 𝛾𝑓𝑠 between 2-D sheet and substrate with the potential well 

depth 𝜖𝑓𝑠 in the L-J potential. 
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the minimization of the system energy. The binding energy density can then be obtained via 

𝛾𝑓𝑠 = 𝐸𝑣𝑑𝑊/𝐴𝑔, where 𝐴𝑔 is the area of the 2-D sheet. By changing the values of potential 

well depth 𝜖𝑓𝑠, a one-to-one relationship between 𝛾𝑓𝑠 and 𝜖𝑓𝑠 can be obtained (Figure 5.6b). 

In the following simulation process, we can change the value of 𝜖𝑓𝑠 to get certain 𝛾𝑓𝑠. 

The evolution of liquid profile in the simulations is modeled by taking the liquid droplet 

on the substrate as a part of the whole sphere. Figure 5.7 shows the 2-D schematics of the 

droplet. The origin of the coordinate system is on the substrate and the 𝑧 axis is the axis of 

symmetry. The sphere has a radius 𝑅𝑑 and its center is located at (0, 𝐶𝑧) on the z-axis. For a 

given value of 𝜃𝑐 and 𝑅𝑐, we can get 

𝑅𝑑 =
𝑅𝑐

𝑠𝑖𝑛𝜃𝑐
                            (5.10) 

and  

𝐶𝑧 = {
−(𝑅𝑑

2 − 𝑅𝑐
2)

1

2, 𝜃𝑐 ≤ 90°

(𝑅𝑑
2 − 𝑅𝑐

2)1/2, 𝜃𝑐 ≤ 90°
                    (5.11) 

 

 

Figure 5.7. Schematics illustrate the position of the center 𝑪𝒛 and radius 𝑹𝒅 of a sphere. The liquid 

droplet on the substrate is a portion of the sphere and both its contact radius 𝑹𝒄 and contact angle 

𝜽𝒄 depend on 𝑪𝒛 and 𝑹𝒅. 

 

The simulation procedure consists of three steps: In the first step, the liquid droplet with contact 

angle 𝜃𝑐
𝑖 and contact radius 𝑅𝑐

𝑖  is placed on the substrate. The initial position of graphene 

sheets is randomly distributed in the droplet. After that, the system is equilibrium at 300K and 

1 atm for 1.0 ns with NVT ensemble under Noose/Hoover thermostat. In the second step, all 

the settings in the first step would remain the same except that the contact angle and contact 

radius of the virtual sphere change with time by following a well-defined function to mimic 
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the evaporation process of the liquid droplet, which is 𝜃𝑐 =𝜃𝑐
𝑖 +(𝜃𝑐

𝑒 − 𝜃𝑐
𝑖 ) (𝑡𝑠 − 𝑡𝑖) / 𝑡𝑒 , 

(𝑡𝑖<𝑡𝑠<𝑡𝑖 + 𝑡𝑒), where 𝑡𝑠  is the instantaneous time step during simulation, 𝑡𝑖  is the time 

period required for the equilibrium of the system in the first step, and 𝑡𝑒 is the time period for  

 

 

Figure 5.8. Variation of droplet profile and graphene morphology during the simulations when 𝜽𝒄
𝒊=90°, 

𝜽𝒄
𝒆=90°, 𝑹𝒄

𝒊=150 nm, 𝑹𝒄
𝒆=10 nm, 𝑨𝒈

𝒕 =48000 𝒏𝒎𝟐, and 𝑷𝒕=40 atm (constant contact angle mode). (a) 

Variations of 𝜃𝑐, 𝐻, and 𝑅𝑐 with simulation time. (b) Variations of 𝐶𝑧 and 𝑅𝑑 with simulation time. (c) 

Snapshots from the side and top view in the simulations to show morphology evolutions of 2-D sheets during 

the liquid evaporation. (d) Morphology of the assembled 2-D sheets. The color bar indicates the height of 

the particles.  

 

the droplet that changes from 𝜃𝑐
𝑖 and 𝑅𝑐

𝑖  (initial contact angle and contact radius) to 𝜃𝑐
𝑒 and 

𝑅𝑐
𝑒 (final contact angle and contact radius). In the third step, the applied force 𝐹𝑝 is removed 

at the end of evaporation. Another 2ns is performed under the NVT ensemble to monitor the 

final morphology of assembled graphene sheets and make sure it is stabilized. 

Figure 5.8a plots the variation of 𝜃𝑐, 𝑅𝑐, and 𝐻 with time during the simulations when 

𝜃𝑐
𝑖=90°, 𝜃𝑐

𝑒=90°, 𝑅𝑐
𝑖=150 nm, and 𝑅𝑐

𝑒=10 nm (constant contact angle mode, route I in Figure 

5.2d). Figure 5.8b plots the variation of 𝑅𝑑  and 𝐶𝑧  with time in correspondence to the 

variation of 𝜃𝑐  and 𝑅𝑐  in Figure 5.8a. Figure 5.8c shows the side and top view of the 

snapshots during simulations and Figure 5.8d illustrates the top view of the final assembled 

pattern of graphene sheets with a color bar to indicate the height of graphene sheets. 

Figure 5.9a plots the variation of 𝜃𝑐, 𝑅𝑐, and 𝐻 with time during the simulations when  
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Figure 5.9. Variation of droplet profile and graphene morphology during the simulations when 𝜽𝒄
𝒊=90°, 

𝜽𝒄
𝒆=30°, 𝑹𝒄

𝒊=150 nm, 𝑹𝒄
𝒆=50 nm, 𝑨𝒈

𝒕 =48000 𝒏𝒎𝟐, and 𝑷𝒕=40 atm (mixed mode). (a) Variations of 𝜃𝑐, 

𝐻, and 𝑅𝑐 with simulation time. (b) Variations of 𝐶𝑧 and 𝑅𝑑 with simulation time. (c) Snapshots from 

the side and top view in the simulations to show morphology evolutions of 2-D sheets during the liquid 

evaporation. (d) Morphology of the assembled 2-D sheets. The color bar indicates the height of the particles. 

 

 

Figure 5.10. Variation of droplet profile and graphene morphology during the simulations when 

𝜽𝒄
𝒊=90°, 𝜽𝒄

𝒆=1°, 𝑹𝒄
𝒊=150 nm, 𝑹𝒄

𝒆=150 nm, 𝑨𝒈
𝒕 =48000 𝒏𝒎𝟐, and 𝑷𝒕=40 atm (constant contact radius 

mode). (a) Variations of 𝜃𝑐 , 𝐻 , and 𝑅𝑐  with simulation time. (b) Variations of 𝐶𝑧  and 𝑅𝑑  with 

simulation time. (c) Snapshots from the side and top view in the simulations to show morphology evolutions 

of 2-D sheets during the liquid evaporation. (d) Morphology of the assembled 2-D sheets. The color bar 

indicates the height of the particles. 
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𝜃𝑐
𝑖=90°, 𝜃𝑐

𝑒=30°, 𝑅𝑐
𝑖=150 nm, and 𝑅𝑐

𝑒=50 nm (mixed mode, route II in Figure 5.2d). Figure 

5.9b plots the variation of 𝑅𝑑 and 𝐶𝑧 with time in correspondence to the variation of 𝜃𝑐 and 

𝑅𝑐 in Figure 5.9a. Figure 5.9c shows the side and top view of the snapshots during simulations 

and Figure 5.9d illustrates the top view of the final assembled pattern of graphene sheets with 

a color bar to indicate the height of graphene sheets. 

Figure 5.10a plots the variation of 𝜃𝑐, 𝑅𝑐, and 𝐻 with time during the simulations when 

𝜃𝑐
𝑖=90°, 𝜃𝑐

𝑒=1°, 𝑅𝑐
𝑖=150 nm, and 𝑅𝑐

𝑒=150 nm (constant contact radius mode, route III in 

Figure 5.2d). Figure 5.10b plots the variation of 𝑅𝑑 and 𝐶𝑧 with time in correspondence to 

the variation of 𝜃𝑐 and 𝑅𝑐 in Figure 5.10a. Figure 5.10c shows the side and top view of the 

snapshots during simulations and Figure 5.10d illustrates the top view of the final assembled 

patterns of graphene sheets with a color bar to indicate the height of graphene sheets.  

5.4 Contact Area and Aspect Ratio of Assembled Particles 

As has been discussed in Section 5.2, both evaporation routes and interaction between graphene 

sheets and substrate could affect the final morphology of assembled graphene sheets. To 

illustrate the morphology evolution of assembled graphene sheets, simulations on a series of 

multiple graphene sheets under different evaporation routes and binding energy density 

between graphene sheets and substrate 𝛾𝑓𝑠  are performed. Figure 5.11 illustrates the 

assembled particles by 15 square graphene sheets with a size of 56.6 nm as a function of 

evaporation routes and normalized graphene-substrate binding energy density when the initial 

contact angle is kept at 90°. The top view of particles is shown and the height of particles is 

given to illustrate the local morphologies of particles. Along an evaporation route with higher 

𝜅𝑒/𝜅𝑖 (route I, CCA) and on a substrate with lower 𝛾𝑓𝑠/𝛾𝑓, these multiple graphene sheets 

will experience assembly with very intensive deformation on individual graphene during 

evaporation, which is similar to the crumpling and assembling of graphene sheets in a free-

standing liquid droplet. As a result, the assembled graphene sheets have a very small contact 

area with the substrate and higher height. Keep 𝛾𝑓𝑠/𝛾𝑓 and decrease 𝜅𝑒/𝜅𝑖 (from route I to 

route III), the contact area will increase and the height will decrease. Similar results can also 
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be observed by keeping evaporation route and increasing 𝛾𝑓𝑠/𝛾𝑓 . With both lower 𝜅𝑒 /𝜅𝑖 

(route III, CCR) and higher 𝛾𝑓𝑠/𝛾𝑓, these graphene sheets will experience assembly with very 

 

 

Figure 5.11. Top view of the assembled particles with the variation of evaporation route and binding 

energy density ratio. The initial contact angle is fixed at 𝜽𝒄
𝒊=90°. The color bar indicates the height of 

particles. 

 

limited deformation during evaporation. As a result, the assembled graphene sheets have a large 

contact area with the substrate and very low height.   

Figure 5.12 further illustrates the assembled particles as a function of evaporation routes 

and initial contact angles when the binding energy density is kept at 𝛾𝑓𝑠/𝛾𝑓=1. Same results 

can be observed by keeping the initial contact angle and decrease 𝜅𝑒/𝜅𝑖 (from route I to route 

III). At the same time, keeping the evaporation route (e.g. route I, CCA) and increasing the 

initial contact angle, these multiple graphene sheets will experience more intensive 

deformation during evaporation. As a result, the contact area of assembled particles will 

decrease and the height will increase. When 𝜃𝑐
𝑖 = 180°, the crumpling and assembling of 

graphene sheets will be independent of the substrate and the assembled particles will be the 
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same as that fabricated by a free-standing droplet, which has been discussed in Chapter 3. When 

𝜃𝑐
𝑖 = 0°, the assembling of graphene sheets will be independent of evaporation routes and the 

assembled particles will become uniformly deposited film on the substrate. 

To quantitatively analyze the morphology of assembled particles and validate our 

theoretical analysis, Figure 5.13 indicates the method to get the projected area 𝐴𝑝𝑟 and height  

 

Figure 5.12. Top view of the assembled particles with the variation of evaporation route and initial 

contact angle. The binding energy density ratio is fixed at 𝜸𝒔𝒈/𝜸𝒈=1. The color bar indicates the height 

of particles. 

 

𝐻𝑚 of the particles obtained from the simulations. To get 𝐴𝑝𝑟, all the graphene beads are 

projected onto the 𝑥 − 𝑦 plane and the center of mass of the particle is placed at the origin of 

the coordinate system (Figure 5.13a). Such projection is then be divided into 𝑛 sectors. All 

the sectors share the same apex. The central angle of each sector can be obtained by 𝑑𝜃=2𝜋/𝑛 

(Figure 5.13a). The distance of each bead to the apex in a single sector is calculated and the 

maximum value is selected, which corresponds to the outmost bead in the sector and the 

distance is denoted as 𝑅𝑝𝑟 (Figure 5.13b). Then we can get 

𝐴𝑝𝑟 =
𝜋

𝑛
∑ (𝑅𝑝𝑟

𝑖 )
2𝑛

𝑖=1                         (5.12) 
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After 𝐴𝑝𝑟  is obtained, the equivalent width 𝑑  (Figure 5.13b) can be obtained by 𝑑 =

2(𝐴𝑝𝑟/𝜋)
1/2

. Further, the particle can be mimicked by an oblique cone with width 𝑑 and 

height 𝐻𝑚, where 𝐻𝑚 is height of the assembled particle, and its aspect ratio is 

𝜁 =
𝐻𝑚

𝑑
                             (5.13) 

 

 
Figure 5.13. Methodology to characterize the morphology of assembled particles. (a) Top view to get 

the projected area of the particle. (b) Side view to get the height and aspect ratio of the particle. 

 

After considering the synergistic effect of evaporation route and binding energy density, 

and incorporating the influence of initial contact angles, a unified parameter can be obtained to 

predict the morphologies of final assembled particles on the substrate, and it is 

𝑃𝑈 = 𝑔(𝜃𝑐
𝑖)

𝜅𝑒/𝜅𝑖

𝛾𝑓𝑠/𝛾𝑓
                          (5.14) 

where 𝑔(𝜃𝑐
𝑖) = [1 − 𝑐𝑜𝑠(𝜃𝑐

𝑖)]
2
[2 + 𝑐𝑜𝑠(𝜃𝑐

𝑖)]  is a dimensionless geometry to reflect the 

influences of initial contact angles. After this, Figure 5.14a gives the comparison of the 

normalized contact area 𝐴𝑝𝑟 / 𝐴𝑡  between simulations and theoretical analysis. The 

experimental results are also included. Our theoretical predictions through Eq. (5.8) show 

remarkable agreement with both simulations and experimental results. The aspect ratio of 

assembled particles predicted by Eq. (5.9) also shows good agreement with the simulations, as 

is plotted in Figure 5.14b. The evaporation along route (I) experiences a much higher increase 

of surface curvature than other routes and generates particles with lower contact area and higher 

aspect ratio. On the contrary, the evaporation along route (III) experiences a much lower 

increase of surface curvature and generates particles with higher contact area and lower aspect  
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Figure 5.14. Comparison of the (a) projected area and (b) aspect ratio of particles between theoretical 

predictions and simulations. The experiment results are also included in (a) by evaporating 1𝜇L graphene 

oxide solution in the water-ethanol mixture on Sylgard 184 10:1 PDMS film. W:E represents the volume 

ratio between water and ethanol in the mixture. The evaporation routes in experiments are also listed. 

 

ratio. The significant differences among particles assembled along different evaporation routes 

further validate our evaporation route model and provide guidance to design particle 

morphologies by the liquid evaporation method.  

5.5 Experimental Validation 

To validate our theoretical predictions and verify our simulation results, evaporation 

experiments of a liquid droplet on a substrate are conducted by using graphene oxide (GO) 

solution in the water-ethanol mixture on different substrates (e.g. PDMS, Glass, VHB tape) at 

ambient condition. The concentration of GO is 𝐶=0.5 mg/mL and the volume of the droplet is 

𝑉𝑑=1 𝜇𝐿. The droplet is small enough so that the influence of gravity on the profile of droplets 

can be neglected.  

In the experiment, ramé-hart model 250 goniometer[217] (Figure 5.15a) was used to 

measure contact angle, contact radius, and height of droplet. A drop of GO solution was placed 

on the top side of a substrate (Figure 5.15b). The profile of droplets is recorded with the ramé-

hart DROPimage software at a time interval of 10 seconds during the liquid evaporation 

process.  

 



150 

 

 

Figure 5.15. Equipment in the liquid evaporation experiment to measure contact angle, contact radius, 

and height of liquid droplet. (a) ram é -hart Model 250 Geniometer/Tensiometer with DROPimage 

Advanced[217]. (b) Schematics to show the measurement equipment. 

 

Figure 5.16a shows snapshots of 1𝜇𝐿 droplet with 0.5mg/mL GO in 70% water and 30% 

ethanol mixture on Sylgard 184 10:1 PDMS film during evaporation and the top view of the 

final deposited pattern. It can be observed from the snapshots that the contact radius is  

 

 
Figure 5.16. Profile evolution and deposited patterns of droplets contain GO suspension during liquid 

evaporation on a substrate. (a) Snapshots of 1𝜇𝐿 droplet with 0.5mg/mL GO in 70% water and 30% 

ethanol mixture on Sylgard 184 10:1 PDMS film during evaporation and the top view of the final deposited 

pattern. The initial contact line is also shown. (b) Recorded contact angle 𝜃𝑐, contact radius 𝑅𝑐, and height 

𝐻  of droplet during evaporation. A CCA mode can be obtained. (c) Snapshots of 1𝜇𝐿  droplet with 

0.5mg/mL GO in DI water on Sylgard 184 10:1 PDMS film during evaporation and the top view of the final 

deposited pattern. The initial contact line is also shown (d) Recorded contact angle 𝜃𝑐, contact radius 𝑅𝑐, 

and height 𝐻 of droplet during evaporation. A CCR mode can be obtained. 
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decreasing with liquid evaporation while the contact angle nearly does not change when 

t<1200s. As a result, the area of final deposited patterns is much smaller than the initial contact 

area. To compare the experimental results with our theoretical predictions and simulation 

results, the projected area 𝐴𝑝𝑟 is measured and is plotted in Figure 5.14a. Good agreement 

can be observed among theory, simulations, and experiments. This is further confirmed by the 

variation of contact angle 𝜃𝑐, contact radius 𝑅𝑐, and height 𝐻 with time during evaporation, 

where a CCA mode can be obtained when 𝑡<1200 s, as shown in Figure 5.16b. 

Figure 5.16c shows snapshots of 1μL droplet with 0.5mg/mL GO in DI water on Sylgard 

184 10:1 PDMS film during evaporation and the top view of the final deposited pattern. Unlike 

the droplet in Figure 5.16a, the contact angle keeps decreasing with liquid evaporation while 

the contact radius nearly does not change through the whole process. As a result, the area of 

final deposited patterns is nearly the same as the initial contact area. The CCR mode observed 

in Figure 5.16d further confirms this consistency. 

 

 

Figure 5.17. Final deposited patterns after complete evaporation of 1𝝁𝑳 droplet contains graphene 

oxide in the water-ethanol mixtures on a Sylgard 184 10:1 PDMS film. The red dotted lines represent 

the initial contact lines before liquid evaporation. The evaporation route of the droplet during liquid 

evaporation for each pattern is also shown. 

 

Figure 5.17 shows the final deposited patterns after complete liquid evaporation with 1 𝜇𝐿 

0.5 mg/mL GO suspensions in the solution with different volume ratio between water and 
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ethanol on a Sylgard 184 10:1 PDMS film. The initial contact line before evaporation occurs 

are also illustrated. The projected areas are calculated and are added in Figure 5.14a, which 

show good agreement with the theoretical predictions and simulation results. 

5.6 Summary 

We have proposed an evaporation route model to account for the influence of liquid profile 

evolution on the crumpling and assembling of 2-D deformable materials during liquid 

evaporation. The evolution of contact angle and contact radius before and after the liquid 

evaporation can all be described by the surface curvature of the droplet, which reflects the 

ability of the liquid to crumple and assembly the 2-D materials. The synergistic effect of the 

evaporation route and property of the substrate is further considered by a linear spring-

mechanical slider model to quantitatively describe the crumpling and self-assembling of 2-D 

materials and adhesion on the substrate. The deformation of 2-D sheets is modeled by the 

energy stored in the linear spring connecting the three-phase contact line and apex of the droplet. 

A mechanical slider in parallel with the linear spring is introduced to take account of van der 

Waals binding energy in the overlapped parts of crumpled and assembled 2-D sheets. Another 

mechanical slider connecting the three-phase contact line and a fixed wall in parallel with the 

substrate is developed to describe the adhesion energy between 2-D sheets and the substrate. 

All of them are correlated with the profile of liquid droplet and the associated parameters are 

determined with the help of energy analysis. The energy competition among the linear springs 

and mechanical sliders are used to determine the final morphologies of assembled particles. 

We have developed a coarse-grained molecular dynamics simulations method to validate 

the proposed theoretical model. The graphene sheet is selected and modeled by a 16:1 coarse-

grained model to represent 2-D sheets. The liquid-induced driving force is replaced by an 

equivalent pressure to drive the crumpling and assembling of 2-D sheets. In the CGMD 

simulations, the droplet on the substrate is taken as a part of a whole sphere. The variation of 

contact angles and contact radius is achieved by formatting the position of center and radius of 

the sphere. Comprehensive CGMD simulations were performed to reveal the effect of 

evaporation route, film-substrate binding energy density, and initial contact angles on the 
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morphology evolution of assembled particles.  

We have also conducted an experimental investigation of liquid droplet evaporation on a 

substrate by utilizing graphene oxide solution in the water-ethanol mixtures. The evolution of 

contact angles, contact radius, and height of droplet during liquid evaporation is recorded. 

Different evaporation modes, like CCA and CCR mode can be obtained by changing the ratio 

between water and ethanol and different substrates. The morphologies of final deposited 

patterns in the experiments are characterized. The quantitative comparison of the morphologies 

among theoretical predictions, CGMD simulations, and experiments show good consistency. 
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6. Chapter 6 Conclusions and Future Work 

6.1 Concluding Remarks 

In this dissertation, we investigated the crumpling and assembling mechanism of low-

dimensional nanomaterials under the liquid evaporation-induced driving forces and explored 

the morphologies and properties of the fabricated nanoparticles. We combined the theoretical 

analysis, computational simulations, and experimental investigations to elucidate the important 

role of mechanics in the extreme mechanics-driven nanomanufacturing of low-dimensional 

material-based 3-D architectures. 

We start with the self-folding of a single free-standing 1-D nanofiber by liquid evaporation. 

We proposed a theoretical framework by considering the energy competition among liquid 

surface energy, solid-liquid interaction, deformation energy, and solid-solid interaction at 

overlap parts during evaporation. Based on this theory, two critical lengths of nanofiber, the 

elastocapillary length beyond which self-folding will continue by evaporation, and the critical 

self-folding length beyond which a stable folded pattern can be formed after complete 

evaporation of liquid, are obtained. Three typical energy favorable folded patterns of nanofiber, 

racket-like, spiral and helical patterns are identified. The effect of bending-induced stretching 

deformation, bending-induced local buckling deformation, and capillary flow-induced 

variation of cross-sections during evaporation are also discussed on the effect of self-folding 

and elucidated by introducing a cross-section factor of nanofibers. 

Then, we extend the theoretical framework of a single 1-D nanofiber to describe the self-

folding process of single graphene by liquid evaporation. Three representative geometries of 

graphene sheets, rectangular, circular, and triangular shapes, are studied. In addition to the 

critical elastocapillary length and critical self-folding length of graphene by liquid evaporation, 

a new critical length referred to as wet-capillary length, is given by considering the surface 

wettability of graphene. For different shapes of graphene (axial or central symmetry), the 

modes of deformation change, and eventually leads to various folded configurations, including 

2-D “racket-like” for graphene with axial symmetry in geometry, and 3-D “cone-like” for 
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graphene with central symmetry in geometry.  

Further, we move to the crumpling and assembling of multiple 2-D materials in a free-

standing liquid droplet by liquid evaporation. Firstly, an equivalent evaporation pressure model 

is developed to unify the driving force of crumpling and assembling 2-D materials by liquid 

evaporation. Secondly, guided by the continuum analysis of single 2-D sheet deformation on 

the surface of the liquid droplet, we propose a rotational spring-mechanical slider mechanics 

model to quantitatively describe the crumpling and self-assembling of 2-D material sheets 

suspended in liquid droplets. In this model, the rotational spring model is introduced to describe 

the out-of-plane large deformation of 2-D material sheets and the mechanical slider is 

developed to take account of van der Waal binding energy in overlaps of both self-folding 

deformation of individual sheets and self-assembly among multiple sheets. This model is used 

to understand the energy competition between crumpling and self-assembling deformation and 

predict the surface morphology and size of final assembled particles. Finally, we develop a 16:1 

coarse-grained molecular dynamics (CGMD) model for graphene and also proposed a high-

efficiency computational procedure to simulate solid-liquid interactions through a virtual 

spherical force field. We demonstrate that higher driving forces will promote the crumpling of 

individual 2-D sheet and hinder the inter-layer assembly among different sheets, generating the 

particles with higher surface ridge density. However, the overall sizes of particles are only a 

function of the total area of 2-D sheets in the particles and are independent of the magnitude of 

driving forces. The effect of geometric shape, number, size and area of 2-D material sheets on 

their evolution of energy and morphology during crumpling and assembling by liquid 

evaporation is also investigated and show a remarkable agreement among theoretical 

predictions, CGMD simulations, and experimental observations on both overall size and 

accessible area of assembled stable particle after the complete evaporation of liquid. 

Inspired by the scalable accessible surface area and surface morphology of nanoparticles 

obtained from 2-D materials by liquid evaporation, we investigate the liquid evaporation-

driven crumpling and assembling of CNTs/graphene hybrid nanomaterials in a free-standing 

droplet. Firstly, we theoretically demonstrate that the graphene will prefer to migrate and 

accumulate at the liquid/air interface while the CNTs stay inside the liquid droplet for their 

suspended liquid solution. As a result, the CNTs-encapsulated, crumpled graphene assembled 
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composite nanoparticles could be formed by solution evaporation. Secondly, we combine the 

rotational spring-mechanical slider mechanics model of graphene with the mechanics model of 

packing of CNTs to predict the sizes, surface pore ratios, surface ridge density of fabricated 

particles. Finally, based on the structures and morphologies of the particles, we derive their 

accessible surface area, electrical conductivity, and stiffness. The presence of CNTs in the 

crumpled graphene particles could mitigate the inner structures and surface morphologies of 

particles significantly. When the mass fraction ratio of CNTs in the hybrid particles is lower, 

the particles tend to form a closed core-shell structure, with higher surface ridge density and 

lower accessible surface area. Increasing the mass fraction ratio of CNTs, the particles will 

become open-cell structures with lower surface ridge density and higher accessible surface area. 

By selecting the size and mass fraction of CNTs in the hybrid suspension before liquid 

evaporation, both the electrical conductivity, accessible surface areas, and mechanical strength 

of particles can be promoted. 

Not limited to the evaporation of free-standing liquid droplets, we also include the liquid 

evaporation-driven crumpling and assembling of multiple 2-D nanomaterials on a substrate. 

Due to the existence of the substrate, the evaporation of liquid droplets presents different modes. 

Firstly, we propose an evaporation route model to unify the evolution of contact angle and 

contact radius during liquid evaporation by the surface curvature of the droplet. Secondly, the 

effect of the substrate is further considered by a linear spring-mechanical slider model to 

quantitatively describe the crumpling and self-assembling of 2-D materials and adhesion of 2-

D materials on the substrate. The deformation of 2-D sheets is modeled by the energy stored in 

the linear spring connecting the three-phase contact line and apex of the droplet. A mechanical 

slider in parallel with the linear spring is introduced to take account of van der Waals binding 

energy in the overlapped parts of crumpled and assembled 2-D sheets. Another mechanical 

slider connecting the three-phase contact line and a fixed wall in parallel with the substrate is 

developed to describe the adhesion energy between 2-D sheets and the substrate. Finally, 

comprehensive coarse-grained molecular dynamics simulations is conducted to validate the 

proposed theoretical model. The variation of contact angles and contact radius are achieved by 

formatting the position of center and radius of the sphere. When the evaporation route has a 

higher increase of surface curvature and the substrate has a lower binding energy density with 
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the 2-D materials, the assembled particle has a very small contact area with the substrate and 

higher height, which is similar to the particles obtained by evaporating a free-standing droplet. 

On the contrary, when the evaporation route has a lower increase of surface curvature and the 

substrate has a higher binding energy density with the 2-D materials, the assembled particle 

has a large contact area with the substrate and very low height, which is similar to the covering 

layer on the substrate. The quantitative comparison of the particle morphologies among 

theoretical predictions, CGMD simulations, and experiments is conducted and the results show 

good consistency with each other. 

6.2 Recommendations for Future Work 

The Manufacturing of low-dimensional nanomaterials with versatile structures and 

properties into functional 3-D architectures in a low-cost, high throughput fashion is always 

the top concern in the applications of low-dimensional nanomaterials, while the liquid 

evaporation-assisted manufacturing technique provides a facile route to address this challenge. 

The extreme mechanics proposed and elucidated in this thesis plays a leading role in this 

manufacturing process and is promised to achieve more breakthrough in broad view of 

nanomaterials and manufacturing techniques.   

In addition to the homogeneous, pristine 1-D nanofiber and 2-D nanosheet being focused 

on in the current thesis, low-dimensional deformable nanomaterials that have functional 

groups[36, 218], defects[219, 220], and surface charge[221] are also desirable for the 

applications in functional devices. We have demonstrated that the mechanical properties and 

van der Waals interactions of low-dimensional materials are the key properties need to be 

considered and will govern the self-folding and assembling process during manufacturing. It is 

still an open and meaningful topic on how to incorporate the local inhomogeneous properties 

of low-dimensional nanomaterials in the theoretical models and computational modeling. It is 

also expected to control the structures and properties of fabricated 3-D architectures by 

designing the local properties and structures of low-dimensional materials before the liquid 

evaporation.   

As discussed in Chapter 4, we investigate the crumpling and assembling mechanism of 



158 

 

CNTs/graphene hybrid suspensions during liquid evaporation, and the morphologies and 

performance of assembled particles can be significantly changed by manipulating the sizes and 

mass fraction ratio of CNTs. Inspired by such a 1-D/2-D mixture, the mixing of 0-D/1-D and 

0-D/2-D materials, or the mixing of 2-D materials with different mechanical and van der Waals 

properties, such as graphene and molybdenum disulfide, is expected to generate more versatile 

properties of fabricated particles. At the same time, the development of fundamental mechanics 

theory which could incorporate the geometry mixture, soft-hard integration, and solid-liquid 

interaction would be a challenging topic with practical significance to pioneering the 

fabrication of novel architectures with unprecedented properties.   

As discussed in Chapter 5, the existence of the substrate could significantly change the 

way of liquid evaporation and bring more possibilities to manipulate the morphologies of 

assembled particles. In addition to the planar and smooth substrate that has been focused on in 

this thesis, the substrate with local or overall non-zero curvature, surface morphologies, and 

patterning of surface wettability could largely change the profile as well as the evaporation 

process of a liquid droplet on it. Moreover, unlike the rigid substrate has no deformation during 

liquid evaporation, soft substrates will experience deformation either induced by the liquid or 

by external mechanical loadings and then influent the evaporation of liquid droplet on it. In the 

viewpoints of mechanics, it is an intriguing topic to develop the fundamental theoretical 

framework that could integrate the substrates with arbitrary surface properties and structures.    

Beyond the properties of low-dimensional materials and substrates, the liquid 

evaporation-assisted manufacturing technique provides more possibilities to control the 

manufacturing process by external fields. For example, free-standing droplets of polar solution, 

such as water, is easier to deform under the electric field, which will generate ellipsoidal droplet 

instead of a perfect sphere[222]. As a result, the suspended low-dimensional materials will 

experience different driving forces with respect to the orientation of applied voltage. The 

morphologies and overall shapes of fabricated particles can then be controlled by the strength 

and direction of the applied electrical field. In addition to that, reorientation of liquid molecules 

and/or suspended materials under the external electric field will lead to polarization of the 

liquid-solid system and charge transfer within the droplet, which makes it possible to generate 

particles or surface protection films with preferred structures and properties. Moreover, in the 



159 

 

electrospray technique, liquid droplets are generated by overcoming surface tension of liquid 

solution passing the nozzle through an applied high voltage between the nozzle and substrate 

and will be charged. During the flight of the sprayed droplets to the substrate, the charged 

droplets may rupture into numerous smaller ones with evaporation-induced volumetric 

shrinkage when the charge density residing on the droplet surface drastically exceeds the 

Rayleigh limit. This fission will limit a certain fractional amount of sheets before crumpling 

occurs, which in turn reduces the possibility of simple aggregation without crumpling. At the 

same time, this fission also provides a way to increase the resolution of printing, which is 

restricted by the size of nozzle in the traditional printing techniques. Therefore, the presence of 

electric fields is expected to further complicate this mechanism due to the surface charges of 

droplets. A comprehensive understanding and exploration of the underlying electro-

hydrodynamic-induced mechanical deformation and assembly of low-dimensional materials 

may provide a new opportunity to manufacture low-dimensional materials-based 3-D porous 

particles. It may also lead to the development of new electrospray manufacturing techniques 

with the combined capability of producing 3-D porous particles and printing electronics 

devices with high sensitivities when the applied voltage is high enough.  

Unlike to categorize the liquid droplet as “free-standing” and “on the substrate” and 

consider the evaporation of them separately in the manufacturing technique, the liquid 

evaporation is a successive process in 3D printing. During the flight of the sprayed droplets to 

the substrate, the solvent evaporation-induced capillary force will lead to self-assembly of the 

solid compositions inside the droplets, generating particles. If such evaporation is not complete, 

it will continue on the substrate. By carefully designing the nozzle-to-substrate distance, 

temperature field, and external fields in this manufacturing process, we can accurately 

manipulate the fraction of liquid evaporated during flight. Further, for the remaining 

evaporation process on the substrate, the temperature distribution of the substrate[223], vapor 

pressure[224], and applied voltage[225] can also be controlled to tune the morphologies of 

final assembled particles. This “Dual control” evaporation-assisted manufacturing technique is 

brand new and provides more maneuverability to obtain designated products in manufacturing. 

It also requires to combine the fundamental mechanics theory to describe the evaporation of 

“free-standing” and “on the substrate” seamlessly, which is challenging and fascinating.   
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