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Chapter 1

Introduction and Statement of
Main Results

1.1 Model

We begin with the Navier-Stokes equations with non-slip Dirichlet boundary condi-

tions, and added control v and disturbance w:

;

ne—voAn+(n-Vin=mu+w+ fo—Vp, inQ=Q x (0,00)
divnp =0 in Q
(1.1.1)
n=>0 on ¥ =1 x (0, 00)
n(x,0) = no(x) in

\

Here,  is an open and bounded subset of R? d = 2,3 with smooth boundary T.
The function m = m(x), with x € R? is the characteristic function of w, which is
an open subset of ) with positive measure. The functions 7, u and w represent
the velocity, control input and disturbance input, respectively. The initial condition
Yo € [L2(Q)]¢ is given. The function mu acts as an internal controller with support in

Q. = wx(0,00). In contrast, the disturbance, w, has support on all of ) = 2x (0, 00).



We now introduce the steady state Navier Stokes equations

.

_VAye+(ye'v)ye :f6+vPe in Q

div-y. =0 in (1.1.2)

Ye =0 on I'
\

In [3] (p 59, Theorem 7.3), it is shown that taking the bodily force, f. in [L?(£2)]%

guarantees the existence of a solution pair
(Ye, pe) € (H*(Q)PNV) x HY(Q) for d = 2, 3. (1.1.3)
The space V in (1.1.3) is defined by (see [3] p.9):
1/2
V= {y e HOQF: Voy=0}, |yl = ( / Ny<x>|2dﬂ) (1.1.4)

In order to linearize the equation given in (1.1.1), we translate by leting y = n—v.
and p = p; — p.. Using these values for the velocity and the pressure, and simplifying

using the steady state equations, (1.1.2), we obtain

/

Ye —10AY + (Y- V)ye + (Ye - V)y+(y-V)y=mu+w—-Vp inQ
divy =0 in @

g (1.1.5)
y=20 on X
y(x,0) = no(x) — ve in Q

\

In order to eliminate the pressure from equation (1.1.5), we introduce the following

orthogonal decomposition of [L?*()]%:

H={fe[l’(Q)]":divf=0inQ, and f-v|, =0} (1.1.6)



H*"={fe[L*()]": f= V¢ for some ¢ € H'(Q)} (1.1.7)

where v is the outward pointing unit normal vector on T, and [L?(Q)]¢ = H @ H*.
We will use P to denote the Leray-Helmholtz projector P : [L*(Q)]¢ — H. When we
apply this projector to (1.1.5), the pressure is eliminated. Since y € H, we have that

Py, =y, and (1.1.5) becomes:

ye — oPAYy + P[(y - V)ye + (ye - V)yl + P(y - V)y = P(mu) + Pw in Q

y(0)=P(no—ye) =y € H
(1.1.8)

The following operators will allow us to write (1.1.8) in a more concise manner

Ay = —PAy D(A) = [H*(Q)]* NV (1.1.9a)
Aw =Py V)ye + (ye - V) D(Ag) =V =D(A?) (1.1.9b)
By = Pl(y-V)y B:V =V, (1.1.9¢)

where V' is the dual of V' with H as a pivot space. The operator A defined in (1.1.9a)
is called the Stokes operator. It is positive self-adjoint with compact resolvent A1
on H. Therefore, its fractional powers are well-defined and —vyA generates a stable

¢p analytic semigroup on H. Using the operators from (1.1.9), we rewrite (1.1.8) as

v, (t) + v Ay(t) + Agy(t) + By(t) = Pmu(t) + Pw(t) in [D(a%)]
(1.1.10)

y(0) =y € H

where yp is an element of H. When we remove the nonlinear term By from (1.1.10),



we obtain the linearized Navier-Stokes equations,

wlt) = (~oA — Ag)y(t) + Pmult) + Pu(t) in [D(a")]

(1.1.11)
y(0) =yo € H.
Finally, we define the Oseen operator 4 by
A=-1A—Ay D(A)=DA) =[H* Q) NV (1.1.12)

and insert it into (1.1.11) to obtain the final version of the linearized Navier-Stokes

equations:

y:(t) = ay(t) + Pmu(t) + Pw(t) in [D(a*)]
(1.1.13)

y(O) = Yo

Note that the Oseen operator 4, defined in (1.1.12), is a lower-order perturbation
of —yA. Thus, from Corollary 2.4 on page 81 of [6], we have that, like —1pA, 4 is
the generator of a strongly continuous analytic semigroup on H. However, the Oseen
operator is not positive or self-adjoint. Thus, the semigroup generated by 4 does not
inherit the property of being uniformly stable from semigroup generated by —ryA.
As a strongly continuous analytic but unstable semigroup, e™ satisfies the following

inequality for C' > 1 and § > 0

™|l oy < Ce™ forall t > 0. (1.1.14)



1.2 Game Theory Problem

For a fixed, positive v, we introduce the cost functional:

Hwn) = [ [WOR -+ 1O, 0O, ]¢ 02

[L2(w (L2(2)

where ¥ is a solution to (1.1.13) for a given control u € L%(0, c0; [L?(w)]?) and dis-
turbance w € L?(0,00;[L*(Q)]4). Our aim is to study the following game theory
problem:

sup inf J(u, w, yo) (1.2.2)

w

where the infimum is taken over all u € L*(0,00;[L?(w)]?), and the supremum is

taken over all w € L?(0, 00; [L2(2)]9).

Remark 1.2.1. Often, cost functionals include an observation operator @Q, which
may be bounded or unbounded. The image of of the state space (which is H here)
under Q) is in a space called the observation space. In the present case, we take @)
equal to the identity, and the observation space equal to the state space, H.

Taking the observation operator equal to the identity is one of the aspects of this
problem that allows for the result (1.3.2) and for the result (1.3.1) to hold for all

x,z € H (see Remark 1.5.1).



1.3 Statement of Main Results

Theorem 1.3.1. Suppose y solves (1.1.13), with yo € H, u € L?*(0,00; [L?(w)]?),
and w € L*(0,00; [L3(Q)]4). Then there exists a critical value, v. > 0, which can be

defined explicitly in terms of the problem data such that:

(i) If 0 < v < 7., then taking the supremum in w in the game theory problem

(1.2.2) leads to positive infinity for all initial conditions yo € H.
(i1) If v. <y, then:

(a) Foreachyy € H, there exists a unique solution {u*(-;vo), w*(-;%0), v*(-;v0)}

of the game theory problem, (1.2.2).

(b) There exists a unique bounded, nonnegative, self-adjoint operator, R satis-

fying the following algebraic Riccati operator equation for all x,z € H:

(RAaz,z)y + (Rx,42)g + (x,2)m

= (RZ‘, RZ)[[}(W)N — ’)/72(R£IZ', RZ)[Lz(Q)]d (131)

Moreover, we have that

A*R e L(H) (1.3.2)

(c) The following pointwise feedback relations hold:

u*(t.y0) = —mRy’(t.yo) € L*(0, 00; [L*(w)]) N C([0, 00]; [L*(w)])

(1.3.3)



V2w (t, yo) = Ry*(t,y0) € L*(0,00; [L*(Q2)]") N C([0, o0]; [L*(2)]7)

(1.3.4)

(d) The feedback operator Ar defined by:
Ap =A4— PmR+~*R:D(Ap) - H (1.3.5)
D(ap) =D(A) = [H* Q)] NV (1.3.6)

generates a strongly continuous analytic semigroup, et on H that satisfies

v (o) = e™lyy € L*(0,00; H) N C ([0, 00]; H) . (1.3.7)

t

Furthermore, the semigroup e*F' is uniformly stable on H.

(e) For any yo € H, the cost of the game is:

(Ry()vyo)H = Supl%f ‘](uawagJO) (138)

An explicit relationship expressing R (which depends on v) as the sum of
Ry and a nonnegative, self-adjoint operator (so that, in particular, R > Ry)

is given in part (v) of Proposition 4.5.1

(f) The operator 4 — PmR generates a strongly continuous uniformly stable

analytic semigroup.

Theorem 1.3.2. Conwversely, suppose that R=R">0is an operator in L(H) such

that



(a) the operator Ap = 4 — PmR + 7_2R is the generator of a strongly continuous

t

uniformly stable semigroup e¥* on H for some v > 0; and

(b) R is a solution of the corresponding ARE in (1.3.1) for all z,z € H with the

property that A*R € L(H).

Then, the min-max game problem in (1.2.2) is finite for all yo € H, and we have that

Y= Ve

1.4 Outline of Proof

We begin the proof of Theorem 1.3.1 by solving the following the minimization prob-

lem for a fixed disturbance w € L?(0, 00; [L?(©2)]¢) and initial condition y, € H

in / [y sl + gl =+ @, ] dt= T ()
W1 Jo )] [

weL2(0,00;[L2 (L2 (w L2(@)d

(1.4.1)
where y( ;o) solves (1.1.13) for the given control u, disturbance w, and initial con-
dition yp.

Due to the lack of uniform stability for e, there are combinations of control wu,
disturbance w, and initial condition gy, that when inserted in (1.1.13) yield a solution
y that is not an element of L?(0,00; H). This is a concern when solving problem

(1.4.1). In Chapter 2, to deal with this concern, we solve the minimization problem

T
e, [ [l sl = e, e 042

weL2(0,T;[L2(w [L2(w)]4 [L2(Q)d



where y(-;y0) € L*(0,T; H) solves (1.1.13) on the interval [0,7]. Then, making
use of some results from [5], which will be listed in Section 1.5, we take the limit
T 1 oo of the minimizing control ugU’T( “3%o), trajectory Z/S;,T( -3 90), and other relevant
quantities on [0, 7] to show the existence of a unique solution to (1.4.1). Moreover, we
find expressions for the minimizing control, trajectory and other relevant quantities
explicitly in terms of the fixed yg, w, and other problem data. This includes an
expression for the the minimizing trajectory 4°(-;vo) in stable form, which is given
in Proposition 2.4.1.

Alternatively, the concern arising from the behavior of e as t approaches infinity
could also be dealt with by using a result given in [1] (p 115, Theorem C.1.) which
states that the minimization problem in (1.4.1) is equivalent to a similar minimization
problem where y solves the equation

y(t) = (24— Ny(t) + Pmu(t) + Pw(t) in [D(a*)]
, (1.4.3)

y(0) = yo
with A > 3 so that the semigroup generated by (4 — AI) is uniformly stable and
satisfies

He(ﬂi/\l)tHL(H) < CelB for all + > 0. (1.4.4)

In Chapter 3, we solve the following maximization problem for v > ~,

sup I (o) = J* (o), (1.4.5)
weL?(0,00;[L%(Q)]7)

which is equivalent to solving the min-max game theory problem in (1.2.2). We begin

the chapter by finding an expression for J2(yo = 0) in terms of the problem data.
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We then define the critical value 7. and solve the maximization problem (1.4.5) for
v > .. Note that although the critical value . is defined in this chapter, part (i) of
Theorem 1.3.1 is not fully proved until Section 4.9. The stable dynamics for y2 (- ;o)
from Proposition 2.4.1 give us an expression for the minimizing trajectory as a sum
of terms in L?(0,00; H), which allows us to directly solve (1.4.5) over the infinite
time interval by completing the square to characterize the optimal solution w*( ;o)
directly in terms of the problem data. We finish up the chapter by providing some
regularity results for the optimal quantities.

In Chapter 4, we show that y* satisfies the transition property

Yy (t+oiy) =y oy (ty) € C([0,00); H) (1.4.6)

in o)
by using the explicit expression for the optimal disturbance w* from Chapter 3 to
demonstrate that w* satisfies a transition property analogous to (1.4.6). Next, we
define a family of operators ®(¢) by ®(t)yo = y*(¢; o). From the transition property
for y* in (1.4.6) and with the regularity result y*(-;yo) € C ([0, 00]; H), we deduce
that ®() is a strongly continuous semigroup on H.

We then define the operator R € L(H) using one of the optimal quantities and
show the validity of equations (1.3.3) and (1.3.4), which give expressions for u*(¢; yo)
and w*(t;y0) in terms of R and y*(¢;y0). After showing that R is self-adjoint and
satisfies (Ryo,v0)y = J*(vo) for all yo € H, we find an expression for the infinitesimal
generator 4r of the semigroup ®(t) = e™* by differentiating y*(¢; yo) with respect to

t. Finally, we show that R satisfies (1.3.1), the Algebraic Riccati Equation, and we
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wrap up the proof of Theorem (1.3.1) by using the ARE,, to demonstrate the uniform

stability of the analytic semigroup generated by 4 — PmR.

1.5 Results from Other Sources

We start by discussing the solution of a specific case of the infimum problem, in which

we take the disturbance w equal to zero:

(L2 (w))d

igf J(u,w=0,yp) = ir&f /000 [Hy(t)Hi + [Ju(t)]? ] dt (1.5.1)

where the infimum is taken over all u in L*(0, oo; [L*(w)]?).
From Theorem 2.1 on page 1448 of [2], we know that for all yo € H, there exists

a control u,, depending on gy, so that
t
y(t; Uy y0) = €™ yo +/ e’q(t_T)P[mﬂyO(T)] dr € L*(0, 00, H) (1.5.2)
0

Thus, we have that J(@,,; w = 0;yy) < oo, and the finite cost condition is satisfied
for the problem (1.5.1). The following results follow from Theorem 2.2.1 on pages

125-126 of [5]:

Theorem 1.5.1. Let yg € H. We have the following results concerning problem

(1.5.1)

(i) Forallyy € H, the minimization problem without disturbance, (1.5.1), is uniquely

solved by the pair {ug,_o(+;90), Yoo 5 %0)}, with

W _o(+590) € L2(0, 00; [L2(@)]"); and yl_o(-:y0) € L2(0,00;H)  (1.5.3)
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(i) There exists a nonnegative, self-adjoint operator Ry € L(H) defined by:
Ryxr = %lgo Ror(t)x, x € H, t firzed and arbitrary <T T oo (1.5.4a)

and in fact, uniformly on compact sets 0 < t < Ty <T T oco. Moreover,

sup sup ||Ror(t)|zzy < M < 00 (1.5.4b)
T 0<t<T

(i11) For any yo € H, let ag}:O,T( 3 Y0) and ggZO,T( -3 Y0) denote the extension by zero

of u?U:(LT( 3 Yo) and y?U:O’T( “3 o), respectively, fort > T. Then

U (3 90) = Ugueo (-5 Y0) in L*(0, 00; [L*(w)]%) (1.5.5a)

Toor(*390) = Yo~ 40) in L*(0,00; H). (1.5.5b)
Moreover,

Rorfm—o.1r(t90) = Royh—o(t; yo) in L*(0, 00; H) (1.5.6)

(iv) The minimizing cost for (1.5.1), is given by:

Royo, =Jo_ = inf J(u,w =0, 1.5.7
(RoYo: Yo) o w=0(%0) ueLQ(O,gol;[LQ(w)]d) (u, w Yo) ( )

(v) The operator Ry satisfies the following reqularity property

A" Ry and RoA € L(H) (1.5.8)

(vi) Setting ®o(t)yo = v°_o(t;v0), for yo € H, we have that ®o(t) is a strongly

continuous analytic semigroup on H, with infinitesimal generator:

Ar, = A — PmR, (1.5.9)
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Moreover, because yO_o( ;o) € L*(0,00; H) for all yo € H, we have that
o (t)yo = e™olyy € L*(0, 00; H) for allyo € H (1.5.10)

By use of Theorem 4.1 on page 116 of [6], it follows that ®y(t) = e™ro' is a

t

uniformly stable semigroup on H. Thus, e™ro' satisfies the following inequality

e || gy < Me™ (1.5.11)
where M > 1 and o« > 0
(vii) For any x € H, we have that
Y0 _o(t; 1) = etz € C ([0, 00]; H) (1.5.12a)
up_o(t; 2) = —mRoe™ o'z € C ([0, oc]; [L* (w)]?) . (1.5.12b)

(viii) For all x,z € H, the operator Ry satisfies the following algebraic Riccati equa-
tion:

('q*Roaja Z)H + (RQJZL%‘, Z)H + (1’, Z)H = (Px> Z)[LQ(w)]d (1513)

Remark 1.5.1. The result for part (v) of Theorem 1.5.1 given in [5] actually states
that for any 0 with 0 < 6 < 1, we have

((a —2))° Ry € L(H), (1.5.14)

where a satisfies a > [ so that the fractional powers of (a — A) and (a — 4)* are well

defined. However, because the Oseen operator A is a lower order perturbation of a
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self-adjoint operator, and our observation operator is equal to the identity on H (see

Remark 1.2.1) the result in (1.5.14) can be extended to include 6 =1 as well.

1.6 Regularity of the Abstract Equation Driven by

AR

0

Note: This section hasn’t been changed significantly, but it is in a different location

than it was for the last draft.

Recalling the stable generator 4g, in (1.5.9), we define the operator K, as

t
(Kr) () = [ e f(r)ar (1.6.12)
0
Kg, : continuous L?(0,00; H) — L"(0,00; H) N C ([0, 0]; H) ,

for any r with 2 <r < oo (1.6.1b)
and its L*-adjoint, K}, as
(Kyv) ) = / o Ty (1) dr (1.6.2a)
¢

K3, : continuous L*(0,00; H) — L"(0,00; H) N C ([0, 00]; H),

for any r with 2 <r < cc. (1.6.2b)

Additionally, we introduce the operators Zr,, Wh,, and their L*-adjoints as:

(Lo f) (1) = (Kro, Pmf) (t) (Ziv) (8) = (Kg,v) ()], (1.6.3a)
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Wk, f) (t) = (Kr, P f) (t) (Whov) (8) = (Kg,v) (1) (1.6.3b)
with the regularity:

LRy, Wh, : continuous L*(0,00; -) — L"(0,00; H) N C ([0, cc; H) (1.6.4a)

Ly Wi+ continuous L*(0, 00; H) — L"(0,00; H) N C ([0, 00] : -) (1.6.4b)

where - is a place holder for the appropriate space, [L?(w)]? or [L?(Q)]? and, as in

(1.6.1b) and (1.6.2b), we may take 2 < r < 0.
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Chapter 2

Minimization of .J,, over
u € L2(0, 00; [L*(w)]?) for w fixed

2.1 Minimization of J,r over u € L*(0,T;[L*(w)]%)
for w Fixed

We consider a cost functional on a finite time interval, [0, 7] with 7" an arbitrary

positive real number:

T
Tu ) = [ 1O+l e =Nl &8 @11

For a fixed yp € H and a fixed w € L?(0,00;[L*(Q)]?), we study the following
minimization problem:

inf Jw 1 (U, Yo)- (2.1.2)

1
u€L2(0,T;[L2(w)]?)

We start by defining the integral operator Kr and its L?(0,T; H)-adjoint K

(Krf) () = / AT f(7) dr (2.1.30)

Kr : continuous L*(0,T; H) — L™(0,T; H) N C ([0, T]; H) (2.1.3b)
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(K3g) (t) = / AT g(r) dr (2.1.30)

K} : continuous L*(0,T; H) — L"(0,T; H)NC ([0, T); H) . (2.1.3d)

where we may take 1 < r < oo. Making use of K7, we now define the following oper-
ators, which will be useful in solving the minimization problem on [0, 7] in equation

(2.1.2):
Ly = KrPm Wy = KrP Lt =mK; Wi = K& (2.1.4)

Due to the regularity of Kr and K} from (2.1.3b) and (2.1.3d), respectively, we have

the following regularity results for Ly, W and their adjoints:

Ly, Wy : continuous L*(0,T; ) — L"(0,T; H) N C ([0, T]; H) (2.1.5a)

L%, Wi« continuous L*(0,T; H) — L"(0,T; -) N C ([0, T]; -) (2.1.5b)

where - is a place holder for the appropriate space, [L?*(w)]? or [L?(£2)]%, and as with
Kr and its adjoint, we may 1 < r < co. Now, we can use (2.1.4) to rewrite y(; yo),

the solution to (1.1.13) for t € [0, T], as:

y(tiyo) = e™yo + (Lru)(t) + (Wrw)(t) (2.1.6)

2.1.1 Existence of a Unique Optimal Pair on [0,7] and Its
Characterization

Theorem 2.1.1. Consider the minimization problem, (2.1.2), where y solves (1.1.13)

fort €[0,T]. For each yo € H, and w € L?*(0, 00; [L*(0)]9), we have
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(i) There exists a unique minimizing pair denoted by
{thr(+590) Yur (3 %0)} € L2(0, T [L*(w)]) x L*(0,T; H) (2.1.7)

that solves the minimization problem (2.1.2). The cost associated with this min-

imizing pair is denoted by JY 1(yo) and giwen by:

T
T r(yo) = /O [Hyﬁ,T(t; yo)l 3 + Nl (8 90) 1Py — 72”“’(’f>|h2mm>1d] dt

(2.1.8)
(i) The optimal pair is related by:
Uor(i90) = —Liyor(-iy0) i L*(0,T5[L%(w)]) (2.1.9)

and is characterized explicitly in terms of the problem data by the following

formulae:

—ul (- 1y0) = [+ LyLy) 'Ly (e yo + Wrw) € L*(0,T; [L*(w)]) (2.1.10a)

= —Uy—or(*3%0) — Uy (-0 = 0) (2.1.10D)
W (-590) = [T+ Loy ™t (¢ yo + Wrw) € L0, T; H) (2.1.10¢)
= Yu—o.r(*3%0) + Yur( %0 = 0) (2.1.10d)
= e™yo + (LTU?H,T( 10)) (B) + (Wrw) (¢) (2.1.10e)

(i1i) We obtain the following for the minimum cost J9 1(yo):

Jo.r(Wo) = Jo—or(Wo) + Jo (Yo = 0) + X1 (y0) (2.1.11)
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with Jo_o 7(Y0), Jo.r(yo = 0), and Xy 1(yo) defined by

To—or(yo) = (€™ 4o, I + LrL7) ™ € 40) pao o (2.1.12a)

Tor(yo = 0) = (w, (Wi [T + LeLi] ™ Wr =¥ I) w) g piraoyey (2:1.12D)
* x71—1 .

Xur(yo) = 2 (w, Wi [+ LrLp) ™ €™ 40) ooz (2.1.12c)

Proof. (i): The minimization problem (2.1.2) can be rewritten using squared norms

in L2(0,T; H), L*(0,T;[L*(w)]¢), and L?(0,T;[L*(Q)]?) as:

inf (Ily( Syl Zaorm + Nullizo ey — 72||w||iZ(O,T;[L2(Q)]d)> (2.1.13)

where the infimum is taken over all u € L?(0,T;[L*(w)]?). Using the definition of

y(t;yo) given in equation (2.1.6), we can rewrite cost functional as:

Juwr (U, Y0) =|| yH%Q(O,T;H) + HUHi?(o,T;[p(w)]d) - 72Hw|’%2(o,T;[L2(Q)]d)
. 2
=[le* yo + Lru+ Wrwl| 2o 1y + MullZ2 .m0 = VI0l720 10200
. 2 2 .
=|le" o + WTU}HLQ(O,T;H) + | Lrullzz o rom + 2 (€7 g0 + Wrw, LTU)LQ(

0,T;H)

+ lull 220 rzzensy = Vw20 20 (2.1.14)

Because w and gy are independent of u, we can find the infimum by finding the

u € L?(0,T;[L*(w)]?) that minimizes the following quantity

. 2
Juw, (U, Yo) + ’72”w||%2(0,T;[L2(Q)}d) - ||€ﬂ Yo + WTUJHLQ(O,T;H)

2 .
= [ Lrull ooy +2 (€% g0 + Wrw, Lyw) o gy + [UllZo0rpoye (21.15)
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To minimize the quantity (2.1.15) above, we will complete the square. Note that
the operator [I + L Ly] is self-adjoint and positive definite on L*(0, T [L?*(w)]?), so
it has a well defined inverse [I + LiLy] ' € L*(0,T;[L*(w)]%). The calculations for

completing the square follow

2 .
I Lrullzz 0 r.my + 2 (€7 Yo + Wrw, LTU)L2(07T;H) + lullZz0 2 @ye)
= ([ + Ly Lr)w,w) o rypagoye) + 2 (L™ Yo + Wrw),w) o ppoyey (2:1.16a)

= ([[ + L;LT] u + L;(eﬂ. Yo + WTw)a u) L2(0,T;[L2 (w)]4)

+ (I + LypLy|u, [T + Ly L)' Li(e™ yo + Wrw)) (2.1.16b)

L2(0,T5[ L2 (w)]4)

= ([ + Ly Lr]u+ Ly(e* yo + Wrw) u+ [I + Li Ly La(e™ yo + WTw))LQ(QT;[LQ(w)]d)

- ([/}(6/(21 yO + WTw)7 [I + L;LT]il L;(eﬂ. 3/0 + WTw))LQ(QT;[LZ(w)]d) : (2]‘]‘6C)
Defining z,, € L(0,T; [L*(w)]?) by
Ty =u+ [T+ LiLy| " Ly (6% yo + Wrw) in L0, T; [L*(w)]4), (2.1.17)

we can see that the first inner product in the last line of (2.1.16) satisfies

(I + LypLy)u+ Ly (e yo + Wrw),u+ [T + LiLr] ' Ly (e yo + Wrw))

= (I + LyLr] 2y, ), (2.1.18)

where both inner products above are in L*(0,T;[L?(w)]4). Since [I + LiLy] is a
positive definite operator, we have that the expression in (2.1.16), hence J,, r(u, yo),

is uniquely minimized by the u € L?(0,T; [L?*(w)]%) that satisfies ¥, = 0. Recalling
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(2.1.17), we see that the unique minimizing control u?U,T( -3 o) is given explicitly by:

uhr(-5y0) = = [+ LiLa] ™ Ly (€7 yo + Wrw) (2.1.19a)

= Uy—o.(*3¥0) + (-390 = 0) (2.1.19b)

Moreover, because the trajectory y is uniquely determined by 9, w and u, there
is also a unique minimizing trajectory, y = y&T( -37o) associated with yo, w and
u = u?U,T( 390). Thus, we have proved the existence of a unique minimizing pair
{u?U’T( . ;yo),ygj,T( ~190)} for each yo € H and w € L?(0, 00; [L3(2)]%).

The validity of (2.1.8) follows from the definition of J, r(u,y) in (2.1.1) with
u =y, r( 5 Yo)-

(ii): We have already shown (2.1.10a) and (2.1.10b) in (2.1.19) above. It remains

to show the relationship between uf, ,.(-;40) and 49, (- ;%) in (2.1.9), and (2.1.10c)
and (2.1.10d), the two characterizing equations for 9, (-5 o).
Step 1: To show the remaining relationships, we first introduce some results re-
lating to the self-adjoint positive definite operators [I + L% L] and [I + LyL%]| on
L*(0,T;[L*(w)]?) and L*(0,T; H), respectively. Note that both have well defined
inverses [I + L3 Ly € L*(0,T; [L*(w)]%) and [I + LyL3]) ™ € L*(0,T; H),

The first result,
LI+ LeLy] ' = [I 4 Ly ' L. (2.1.20)

will be used to rewrite uj, ; in equation (2.1.24). This result follows from rewriting
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L as
Li=[I+LiLy] " [I + LiLy] L = [I + Li L] V[ + L Ly Ls]

= I+ LiLy)| " Li[I + LyL3), (2.1.21)

then applying [I + Ly L]~ on the right of both sides of (2.1.21) to obtain (2.1.20).

The second result,
I — Lyl I+ LoLs] ™ = [I+ LeLi] (2.1.22)
will be used in showing (2.1.10c). It can be justified with the following calculations

I — Lyl I+ LoLi] ™ = [T+ LeL3) [I + LyLi) ™ — LeLi [T+ LeLs]
= ([I + LyLy) = LeLy) [T+ Ly L)

= I+ LpLs) ™" (2.1.23)

Step 2: Now, we use these results to show the validity of the remaining equations
from part (ii) of the theorem.
We start by using equation (2.1.20) to rewrite the minimizing control in (2.1.19a)

as:

uhr(-5y0) = =Ly [+ LrLz] ™ (€% yo + Wrw) (2.1.24)

Then, using the expression for y(-;yo) from equation (2.1.6), with u = u), (- ;o)

from (2.1.24), we may express 45 1(-;%0) as

Yo (-190) = €™ yo + Loug, (1 y0) + Wrw
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= eV yo — LpLi [T+ Lol ™' (e yo + Worw) + Wrw
= [I - Ly Ly (I + LirLy| '] (€ yo + Wrw)
= [T+ Ly Ly (€™ yo + Wrw) (2.1.25a)

= Yoo (390) + Yur( -390 = 0), (2.1.25b)

where we used the relation in (2.1.22) to obtain (2.1.25a). Thus, we have proved
(2.1.10c) and (2.1.10d). Equation (2.1.9) is clear after comparing equations (2.1.24)

and (2.1.25a).

(iii) The minimum cost on [0, T, J?

wr(Yo), is achieved by inserting the minimizing

control and trajectory, related in equation (2.1.9) above, into the cost functional. It

can be expressed in terms of 4, (- ;o) as

JS),T(y()) - Hyg),T( ’ ;yO) ||iZ(O,T;H) + H_L;yzou,T( ’ ;yO) ||i2(O,T;[L2(w)]d) - 72||w||%2(0,T;[L2(Q)]d)

(2.1.26a)

*

2
= Hy’l(l)},T( " yO) ||L2(O,T;H) + (LTLTy'S},T( ) y0)7 y'S},T( ) yo))LQ(O,T;H)
- 72||w||i2(o,T;[L2(Q)]d) (2.1.26Db)

= ([I + Lo L] y?U,T( “3%0), yg},T( ’ ;yo))Lz(()’T;H) - ’Y2||w||%2(o,T;[L2(Q)]d)

(2.1.26¢)

Recalling the expression for the minimizing trajectory in (2.1.25a) above, we calculate

Jor(y0) = (6" yo + Wrw), [I + Lo Ly] ™" (% yo + Wrw)) poo gy = 7V 10l 207522 @10

= (" yo. [I + LrLi] ™ eﬂ.yO)LZ(O,T;H) +2 (Wrw, [I + LyL3] e yO)L?(o,T;H)
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+ (Wrw, [+ LeLy] ™ Wrw) g oy = (P0,0) g gz

= (" yo. [I + LrLi]™ eﬂ.yO)LQ(O,T;H) +2 (w, W7 [ + LrLy]™ ™ yo) L2(0,T5[L2(Q)]4)

+ (w, WE I+ LeLi] ™ Wr =" 1) w) o iy (2.1.27)

Equations (2.1.11) and (2.1.12) follow. O

2.1.2 The Functions p, r(-;vy) and r, (- ); the Riccati Oper-
ator Ryr(-) when w =0
For yy € H, we define:

T
pw,T(t7 ?/0) = / 62*(T_t)y2),T(T; yO) dr € ¢ ([07 T]7 H) (2128>
t

Let y?U’T( -:8:90) € L?(s,T; H) be the optimal trajectory of the optimization prob-
lem (2.1.2), except that the integral is taken over the interval [s, T'] rather than [0, 7.

Then we have that y)_, (-, s;90) € C([s,T]; H). We define the evolution operator
Qo (7, 5)T = y?U:(),T(T, s;x) € C([s, T); H) (2.1.29)
which satisfies the following equation for all z € H
Qo (7, 5)r = Qo r(1,t)P0r(t,s)zr, 0<s<t<7<T (2.1.30)

and corresponds to the optimization problem (2.1.2) with w = 0 on the interval [s, T'.
Additionally, we introduce the family of operators Ror(t) € L(H) for each t €

[0, 7]

T
Ror(t)r = / A DD 1 (v ) d (2.1.31)
t
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Proposition 2.1.2. For Ryr(-) defined in (2.1.31), we have the following results:
(i) For eacht € [0,T], Ror(t) is a nonnegative self-adjoint operator.
(i) The following regularity result regarding Ror holds:

Ror(+): continuous H — C ([0, T]; H) (2.1.32)

Proof. In the proof of both parts of the proposition, we will make use of a property

of @1, which is shown in Lemma 2.3.2.1 on page 132 of [5]
Do, r(7,t) = Po (T — 1,0). (2.1.33)

(i): Using a change of variables and the relation for @ r from (2.1.33), we obtain

the following for Ry

T
RoyT(t)x:/ T, (7, ) dr
¢

T—t
= / e g1 4(5,0)xds = Ry _4(0)x. (2.1.34)
0

Thus, we can prove part (i) by showing that Ry r(0) is self adjoint for each 7' > 0.
We perform the following calculations, making use of (2.1.10e) for ¢9_,, and (2.1.9)
relating y,_o 7 and uj,_q 1

T
(y?u:O,T<t; ), €ﬂt$)H dt

(yg;:O,T(t; z), yg}:O,T(t; x) = (LTU%:O,T( ' ’I)) (t))H dt

(RO’T(O)ZL’, I)H =

by (2.1.10e) =

J
J
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= Hy?UZO,T( " .',U) Hi2(O,T;H) - (L;“yg;:QT( " I’), U?UZU,T( " :L‘))LQ(O,T;H)

by (219) = H?JS;:O,T( ’ ;x)HiQ(O,T;H) + ||u?u:O,T< ’ ;x)”Lz(O,T;[LQ(w)]d) : (2135)

Thus Ry 1 (0) is positive, self-adjoint for all 7" > 0.

(ii): From equation (2.1.35), we have that for v € H
(Ror(0)z,2)y = Jy—or(@). (2.1.36)

Combining the information from (2.1.36) and (2.1.34), we have for x € H and t €

[0, 7]
(RO,T<t>37)H = (RO,Tft(O)x)H = Jg:O,T—t(x) < Jg:o,T(Jf) (2.1.37)

where the inequality in (2.1.37) follows from the fact that the pair {ul,_ 7(s;2), yS_o r(s;2) }
restricted to the interval 0 < s < T — ¢ form a competing pair for the minimum cost

on [0,7 — t], so that
T—t ) )
Jz?;:O,Tft<x> < /0 |:Hy2,:0,T(5§ l’)”H + HUSU:O,T(S; SL’)”H] ds
T , )
:/0 [\\yizo,T(s;x)||H+ Hu?UZO,T(s;:I:)”H] ds = JO_or(z).  (2.1.38)
Thus, we have that for each x € H and each t € [0, 7T
[ Ro,r(t)z|l;; < (| Ror(0)z|l (2.1.39)

We use the definition of Ror(t) in (2.1.31), the relationship yp,_o r(s;2) = ®or(s, 0)x

from (2.1.29), the inequality for e?" from (1.1.14), the Cauchy-Schwartz inequality,
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and the formula for ¢9_,; in (2.1.10c) to calculate

T
| Rour (0], = ’ / Do (s, 0) ds
0 H
T
by (2.1.29) S/ e yo—or(s; @ HH
0
T
by (1114 < [ oe ufautsia] ds
0
< CeﬂT\/_Hyw OT HL2 (0,T;H)
by (2.1.10¢) = Ce"VT [T + LeLg) ™' e | oo

< CPTVT||[I+ LeLy] e 2oz Nllar- (2.1.40)

Combining (2.1.39) and the result of (2.1.40), we see that

sup ||Ror(t)z| 4 < crl|z||a. (2.1.41)
te[0,T

To show that Ror(-)z € C ([0,00]; H), we take h > 0 and calculate

| Ror(t)r — Ror(t + h)zl

T T
/ eﬂ*(T_t)CI)O,T(T, tyxdr — / e’q*(T_t_h)CI)o,T(T, t+h)xdr
¢ t+h

H
t+h
< [ 1000t 0] dr
t
T
+/ H ar T t= h)( ar h(I)OT(T t)l’—CI)OT(T t+h )HH (2142)
t+h
We have the following convergences for x € H fixed
t+h (r—t)
: a*(r—t o
l}ggl t ||e Qo 1 (7, t):p”H dr =0 (2.1.43)
1}}1101 e @0 (7, t)x — Po (7, t + h)xHH =0 for ¢ and 7 fixed. (2.1.44)
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Thus, combining (2.1.42), (2.1.43), and (2.1.44), and using dominated convergence

for the last line of (2.1.42) we see that
1}%1 | Ror(t)x — Ror(t+ h)x|, = 0. (2.1.45)
Similar calculations will show that Ry r(t—h)x converges to Ror(t)rinHash | 0. O
Lemma 2.1.3. With reference to the function pyr(t,vo), and the family of operators
Ror(t), defined in (2.1.28), and (2.1.31), we have:
(1) pwr(t;yo) is the unique solution of the equation:

d . ) N/
Epw’T(t; Yo) = —A puw.r(t; o) — Yoy (t; o) in [D(a%)]
(2.1.46)

Pwr(t;yo) =0

(ii) The following identity holds true a.e. in t:
Pur(t; yo) = Ror ()% 1 (t:y0) + rwr(t) € L*(0,T; H) (2.1.47)
where 1, 7(t) is defined by:
rua(t) = pur(t;yo = 0) — Ror(t)ye (90 = 0) € L*(0,T; H) (2.1.48)
(111) The optimizing control for the minimization problem (2.1.2) can be written as:

g (5 90) = —(Pwr(t;90)) |, € L*(0,00; [L*(w)]%) (2.1.49a)

= —(Rox(t)yhr(t; y0) +1wr(t)) |, (2.1.49b)
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Proof. (i): Differentiating (2.1.28), the equation defining p,, 7, in ¢, we obtain,

d d [T
ZiPwr () = E/t e TIY0 (5 o) dT (2.1.50a)
. Td .
= —eM0y0 (5 y0) —|—/ Eeﬂ =0yS (T3 y0) dr (2.1.50b)
t
T *
= ~Yur(t: %) +/ (—a7) e TS L (Tiyo) dT (2.1.50¢)
t
= — A" pur(ty0) — Yo r(t; Yo) (2.1.50d)

where the calculations above are in [D(2*)]. Thus, we have shown (2.1.46).
(ii): To prove (2.1.47), we return to the definition of p,, r in (2.1.28), and substitute
identity (2.1.10d), rewritten as yg, 7(t;y0) = Por(t)yo + Yo, (t; Yo = 0) using (2.1.29)

Doing this, we obtain

T

Puwr(t,Y0) = / eﬂ*(Tit)Z/BJ,T(T;Z/o) dr (2.1.51a)
t
T *
= / e (Tt [Yormo.2 (T3 90) + Yoo (T3 90 = 0)] d7 (2.1.51b)
t
T *
= / e’ (T_t)y?u:O,T(T; Yo) dT
t
T
—I—/ e (T_t)ygij(T;yg =0)dr (2.1.51c¢)
t
T
N / " TNy 1(7,0)y0 dT + pur(t;yo = 0) (2.1.51d)
t

Recalling the definitions of @y 7 in (2.1.29) and Ry 7 in (2.1.31), and using the property

in (2.1.30) for ®q 7, we preform the following calculations

T

Pu,r(t, yo) = / e TP (1, ) Po 1 (L, 0)yo dT + pur(t; Yo = 0) (2.1.52a)
t

= Rox(t)Yuor(t %0) AT + pusr(t; yo = 0) (2.1.52b)
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= Ror(t) [y 1t o) — ¥o r(tiyo = 0)] + pur(tiyo=0)  (2.1.52c)
= Ror(t)ys +(t; yo)
pw,T(t; Yo = 0) — RO,T(t)yS;,T(t; Yo = 0). (2.1.52d)

from which (2.1.47) follows when we recall the definition of r,, 7 in equation (2.1.48).

(iii): To obtain (2.1.49a), we return to the relationship between ug, » and yj) , in

(2.1.9) and recall the definitions of p,, 7 in (2.1.28) and L} in (2.1.4)

gy 1 (t;90) = — (Lyyo (-5 %0)) (1) (2.1.53a)
T
= — (/ eﬂ*(T_t)y%T(T;yo) dT) (2.1.53Db)
t w
= —(pw,r(t;%0)) ‘w (2.1.53¢)
We then use (2.1.47) to obtain (2.1.49b). O

Corollary 2.1.4. With reference to pyr(-;yo) defined in (2.1.28) and the operator
Ag, defined in (1.5.9), we have
d * 0 0 . *\1/
S Pur(tiy0) = = A pur (B yo) + RoPrmty, r(t:y0) = Yur(tiyo) i [D(A)]

Pwr(t;yo) =0
(2.1.54)

Proof. We return to the differential equation (2.1.46) for p, r(-;yo) and add and

subtract the quantity RoPmp,,r to obtain the following calculations in [D(4*)]’

d *
%pw,T(t; Yo) = —A*pur(t;y0) — Yo 7 (t: Y0) (2.1.55a)
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= — (4" — RoPm) pur(t; y0) — RoPmpur(t;y0) — v r(t;y0) (2.1.55b)
= — a5, pur(t;yo) — RoPmpur(t;yo) — y5 (& yo) (2.1.55¢)

= —Ap,pu;r(t; y0) + RoPmaty, 7(t;Y0) — Yu 7 (5 Y0) (2.1.55d)

where the equality between (2.1.55¢) and (2.1.55d) follows from the relationship be-

tween uf, 7( - %o) and pyr(-;y0) in (2.1.49a). O

We now rewrite the definition of p, 7 in (2.1.28) in a form that will be useful in

proving Corollary 2.2.5 in the future.

Proposition 2.1.5. We can rewrite p,, v defined in (2.1.28) as

to
Puwr(t;%0) = / e’ (Tit)yg;,T(T;yo) dr + e p,, 7(to; yo) (2.1.56)
¢
where ty is an arbitrary number in [t,T).

Proof. From the definition of p,, r in (2.1.28), we compute

to T
Puwr(t;90) = / e’ (T_t)y?u,T(T;yO) dr +/ cs (T_t)ygj,T(T;yo) dr
t

to

to T
t

to

to
- / e Y0, (75 w0) dr + € 0 py, (o yo) (2.1.57)
t

which completes the proof of the proposition. O
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2.2 The Limit Process as T 1 oo

We will now solve the infimum part of the game theory problem in (1.2.2) for w €

L2(0, 00; [L2(2)]?) fixed.

2.2.1 Showing That the Finite Cost Condition is Satisfied

We now consider the following minimization problem with w € L?(0, 00;[L?*(Q2)]9)
and yo € H fixed:

inf J(u, w, 2.2.1
u€L2(0,00;[L2(w)]4) ( yO) ( )

where y is the solution to (1.1.13), and J(u,w,yo) is the cost functional defined
in (1.2.1). The following lemma shows that for any pair of disturbance and initial
condition {w,ye} € L*(0,00;[L3(2)]?) x L*(0,00; H), the finite cost condition (see

section 1.5) is satisfied for the problem (2.2.1).

Lemma 2.2.1. For each pair {w,yo} of disturbance and initial condition, with w €
L*(0,00; [L2()]%) and yo € H, there exists a control u € L*(0,00;[L*(w)]?), such

that the associated trajectory y solving (1.1.13) is in L*(0,00; H).

Proof. Motivated by the dynamics (1.1.13) and recalling (1.5.9), defining the oper-
ator 4g,, a perturbation of 4 that generates a uniformly stable strongly continuous

analytic semigroup on H, we define the function g by:

t
o(t) = Moty + / ¢80 (=7) Py (v d, (2.2.2)
0
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where w and y are arbitrary elements of L?(0,00;[L?*(Q)]¢) and H, respectively.

t

From the uniform stability of e®®o’ reflected in equation (1.5.11), we deduce that

g € L*(0,00; H). Moreover, g(0) = g, and g is differentiable in time with
t
g (t) = Ar,e™ o yy + Ap, / =7 Puy(7) dr 4 Pw(t) in [D(a%)]  (2.2.3a)
0
= Ap,g(t) + Pw(t) in [D(a*)]" (2.2.3b)
= (4 — PmRy) g(t) + Pw(t) in [D(a*)]  (2.2.3c)

where the equality from (2.2.3b) and (2.2.3c) follows from the definition of 4g, given

in (1.5.9). Defining the control u by :

€ L*(0,00; [L*(w)]Y), (2.2.4)

w

t
u(t) = — <R062R°tyo + Ro/ (=) Py () dT)
0

then recalling (2.2.2) for g(t) and (2.2.3c) for ¢'(t), we get that

g'(t) = ag(t) + Pma(t)] + Pw(t) (2.2.5)

From (2.2.5) and the fact that g(0) = o, we get that y = g solves the abstract
differential equation (1.1.13) with initial condition y,, disturbance w, and control
in L2(0, oo; [L*(w)]?) defined in terms of yo and w in (2.2.4). Because g € L*(0, 00; H),
the statement of the lemma is satisfied by this control for any w € L?(0, oo; [L?(Q)]9)

and yo € H. O
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2.2.2 The Limit Process for u;, 7(-;40) and yp, (- ;0) as T 1 oo

Theorem 2.2.2. With reference to the minimization problem (2.2.1), for the dynam-

ics (1.1.13), for each w € L*(0,00; [L2()]%), and yo € H, we have:
(i) There exists a unique optimal pair:

{6 (-5 90), 90( -5 90) Y € L2(0, 00; [L2(w)]?) x L*(0, 00; H) (2.2.6)

(i) For each pair {w,yo}, let J) 1(yo) denote the minimum cost on the finite time
interval [0, T], and J2(yo) denote the minimum cost on the infinite time interval

[0,00). We have that
lim J), 7 (yo) = Ju(yo) (2.2.7)
T—o0 ’

(i1i) Let g, (-5 10) and §o, (-5 y0) denote the extensions by zero of uf, p(-;yo) and

y?U?T( -3 Y0), respectively, fort > T, then:

g, (-1 90) = Ugy(+ 5 70) in L*(0, 00; [L*(w)]?) (2.2.8a)

T (-550) = Ya( -3 %0) in L2(0, oo; H) (2.2.8b)
When we recall (2.1.10b) and (2.1.10d), the results in (2.2.8) above yield

upy(+5%0) = u—o( 5 %0) + U (-390 = 0) (2.2.92)

Yo (+5%0) = Yu—o(5%0) + Yo (-390 = 0) (2.2.9D)
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Proof. (i): The existence of a unique minimizing pair {u2 (-;v0),%%(-;v0)} for the
quadratic cost functional J under the finite cost condition stems from convex opti-
mization theory. See [4] for a reference.

(ii): Let Cur(yo) = JB,T(?JO) + ’YZHWH%z(o,T;[m(Q)]d)a and Cu(yo) = Jy(yo) +
72||w||%2(0700;[L2(Q)]d) For w, and y, fixed, the sequence {C\, r(yo)} of nonnegative real
numbers is nondecreasing. Additionally, because the pair {u®(-;y0),y%(;y0)} re-
stricted to the interval [0, 7] is a competing pair for the minimization on [0, 7], we

have that:

T
Cur(y0) S/O (Hyﬂ,(t;yo)Hiﬂr HU?U(t;yo)Hsz(w)]d) dt

< /0 (Hy?u(t;yo)HiI + Hu?u(t;yo)Hsz(w)]d> dt = Cy (o) (2.2.10)

Thus, the sequence {C,, 1(yo)} converges because it is nondecreasing and bounded
above. Moreover, by taking the limit as 7" approaches infinity of the inequality

(2.2.10), we have that:

lim Cw,T(Z/O) < Cw<y0) (2211)
T— o0

Next, we show that C,, r(yo) converges to Cy,(yo) as T" approaches infinity by show-
ing that lim Cuw.r(y0) > Cuw(yo). Define the functions af, ,.( - ;y0) € L*(0, 003 [L*(w)]),

and @?U,T( 190) € L*(0,00; H) as:

; uf, 7 (t; yo) for t € [0, 7]
Uy r(t;Yo) = (2.2.12)
0 fort > T
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y?u,T(t; Yo) for t € [0, T
o (t:90) = (2.2.13)
0 fort>T

We now consider the sequence of functions

F = A{Pr}rso = Loz (590 Jur(590)) g - (2.2.14)

Because Cy, r(yo) is bounded above, we have that .# is contained in a fixed ball
depending on w and yo in L%(0,00; [L?(w)]?) x L?(0,00; H). Thus, there exists a
sequence, T; T 00 as i — 00, so that the subsequence {71, };2, of {Fr} s, is weakly

convergent in L?(0, oo; [L*(w)]?) x L?(0,00; H):

(/&?u,Ti( ) Syo)a QSJ,TZ-( : ;yo)) T) (ﬁw( : §y0)7 Z?w( : ;yo))

in L2(0, 0o; [L*(w)]?) x L*(0,00; H).  (2.2.15)
For t € [0, 7], we have that:
Jor(ty0) = €™ yo + (Lot 1 (-3 90)) (£) + (Wrw) (t) (2.2.16)
So for each positive Tj, we have that:

Yz, (+5%0) —W_) ™ yo + Lyt (-5 40) + Wryw in L*(0,Ty; H) (2.2.17)

G, (+1%0) — Gl %0) in L2(0,Ty; H)  (2.2.18)

Thus, by the uniqueness of the weak limit, we have g, = e* yo + Lp, U, + Wr,w in

L?(0,Ty; H), for all positive Ty, and 3, = e yo + Lii, + Ww in L*(0, c0; H)



37

The function C(u,y) = Hy’|i2(om;H) + Hu||ig(0’oo;[L2(w)]d) is lower semicontinuous in

the weak topology on L?(0, co; [L?(w)]?) x L?(0,00; H). Thus, we have:

lim inf C' (ag, 7. (+:%0), Gor, (-1 %0)) = C (G- :%0), G (- 590)) = Culyo)  (2.2.19)

TZ‘%OO

where the last inequality is due to the fact that ., and g, are a competing pair for

the minimization on the infinite time interval. This gives us that

Jim Cur(yo) 2 Culyo) (2.2.20)

When we combine the inequalities in (2.2.20) and (2.2.11), we get

lim Cy.r(y0) = Cw(¥o) (2.2.21)
T—o0

Expanding equation (2.2.21) out and using the fact that [|w]|2, ( converges

0,T5[L2(Q)]%)
t0 |wll72 (0 corfr2 () @8 T T 00, We obtain:
T
7151010 Jg),T(?/O) = 71520/0 (H?J&T(t;?/O)H?{ + ||u?U,T<t; ?JO)”[zL?(w)}d - 72||w(t)||[2L2(Q)]d) dt
= / (Hyg(t; yo) I + e, (85 90) Fr2 e — 72||w(t)||[2L2(Q)]d> dt = J,) (o) (2.2.22)
0
which concludes the proof of part (ii).
(iii): By the uniqueness of the minimizing pair, the inequalities in (2.2.19), and
the equality in (2.2.21), we have that:
(1 0) = Un (-5 70) in L*(0, 0o; [L*(w)]%) (2.2.23a)

(- 190) = Yo (-5 90) in L2(0, 00; H) (2.2.23b)
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The argument from the proof of part (ii) can be used to show that any sequence

of values of T approaching infinity has a subsequence T; so that ﬂ?U,T (-;y0) and

o1, (-1 90) converge weakly to ul,(-;yo) and yp(-;y0), respectively. Thus, the weak
convergence in (2.2.15) can be rewritten as:
7, (+590) — U (+330) in L*(0, 00; [L*(w)]) (2.2.24a)
G (3%0) — Yl -5 %0) in L*(0, 00; H) (2.2.24b)
The established convergence of the minimum cost J9 1(yo) — Jo(yo) as T 1 oo

provides norm-convergence:
||ﬂ2},T( : 7y0) HiQ(O,oo;H) + Ha(z)v,T( : ayO) ||312(0,oo;[L2(w)]d)
= Hyg,( : ;yO)Hiﬂ(O,oo;H) + ”“Ow( : ;yO)HiZ(O,oo;[LQ(w)}d) (2.2.25)

Thus, weak convergence in (2.2.24) combined with norm-convergence in (2.2.25) pro-

vide strong convergence:

g, (-1 90) = ugy( -5 70) in L?(0, 00; [L*(w)]%) (2.2.26a)
Tor(-590) = Yo( -3 %0) in L2(0, oo; H). (2.2.26b)
[

Corollary 2.2.3. Recall Ryp(t) defined in (2.1.31) and y3, (-5 yo). Let Ror(t)75.4(+ ;o)
denote the extension by zero of Ror(t)ys, o(-;y0) for t > T. Then we have the fol-

lowing convergence as T 1 oo

Ror()55.2(+390) — Royd(590) — 0 in L*(0, 00; H) (2.2.27)
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Proof. For Ror(-)55%.7(+390) — Royl( -5 40), we have the following inequality

HRO,T( Niio (- 190) — Royl (- ;yo)H

< HR’O,T(.) [0.7( 5 90) —y3(~;yo)]H - H[E’O,T(J—Ro} ygu(.;yo)( . (2.228)

where the norms are in L?*(0,00; H). Recalling the inequality in (1.5.4b) for Ry, and

the convergence of @, p(-;%0) to yg,(-;9o) in L*(0, 00; H) from (2.2.8b), we have

[For () [ 5300 = o230

< M [|[Zar(390) = v 90)|| = 0as T 1 oo (2.2.29)
where the norms are still in L?(0, 0o; H). Using (1.5.4b) again, we obtain that
| [Bor()) = Ro| wttswo)| < (M + 11 Rollccm) 68t 90) (2:2.30)
Additionally, using (2.2.8b) again, we have that
Ror(t)y° (t;90) — Roy’ (t;y0) € H a.e. in t. (2.2.31)

Dominated convergence applies due to the pointwise convergence a.e. in (2.2.31) and

the upper bound in (2.2.30), and gives us

—0as T 1 oco. (2.2.32)

L2(0,00;H)

H [RO,T(-) - Ro} yﬁ,(-;yo)’

The desired convergence follows from inequality (2.2.28) combined with the results

from (2.2.32) and (2.2.29). O



40
2.2.3 The Limit Process for p, r(-;y) and r,7r(-) as T 1T 003
the Equation for p, - (-;yo)

Now, we return to equation (2.1.47), relating py, r(-;40), Ror, and r,, 7, and take the
limit as 7' 1 oo. Recall that yp, +(-;%0) = Yo—or(-:%0) + ¥or(-;% = 0), so we can
invoke equation (1.5.5b) for the y,_. portion of the limit. For the yj ;(-;%0 = 0)
portion of the limit, we need to establish a corresponding limit for p, r(-;y). To

this end, we define for yo € H:

Puw,oo(t; Yo) = / ¢ (™) [—RoPmu, (5 y0) + Yo (T3 90) | dr
t

- (Iq%o [—ROPmu?U( “1y0) + Yo (- ;yo)D (t) (2.2.33a)

e C ([0, 00]; H) (2.2.33b)

where the regularity in (2.2.33b) follows from the smoothing property of Kj, given
in (1.6.2b) and the fact that the sum —RoPmul (-;yo) + v0 (- ;o) is in L*(0, 00; H),
which follows from (2.2.6).

The justification for naming the quantity at the right hand side of equation
(2.2.33a) puw.oolt;yo), given the definition of p, r(t;y0) in (2.1.28) is established in

the following proposition.

Proposition 2.2.4. With reference to p,r in (2.1.28), and py~ in (2.2.33a), we
have for yo € H:

[Puw,o0 (5 Y0) — Puwr(t90)| 7 — 0 (2.2.34)
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as T 1 oo, for each t fized, and uniformly on compact t-sets. Moreover, if we let

Puw,r(;Y0) denote the extension by zero of pyr(-;yo) fort > T, we have foryo € H:

Hﬁw,T( : ;yO) - pw,oo( : ;yO)HC([O’OO};H) —0 (2235&)

1Pu,7(+190) = Pu,oo 5 ¥0) | 20 porry = 0 (2.2.35D)
as T 1 oo.

Proof. This proof proceeds in two steps. In the first step, we will provide a new
integral equation for p,, r(-;¥o), and in the second step we will use that equation to
show the desired convergences.

Step 1: Using equation (2.1.54) of Corollary 2.1.4, we have that equation (2.1.28)

defining p,, (- ;yo) can be rewritten in the more convenient formula

T
Puwr(t;yo) = / &0 T [~ Ry P (mal, 1(7390)) + y5 (75 90)] dr (2.2.36a)
t

e C([0,T);H). (2.2.36b)

where the continuity in (2.2.36b) follows from the smoothing property of the integral
operator Kr given in (2.1.3b), and the fact that uf, ; and yJ  are in L*(0, T’ [L*(w)]?)
and L?(0,T; H), respectively by (2.1.7).

Step 2: Using (2.2.36a) for p,, r and (2.2.33a) for p,, ~, with yo € H, we obtain the

following estimate for ¢ fixed.

[Pws,00 (t; Y0) — P (E590) || 1
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T
S / eﬂll’%o (T*t)ROP [mu?u (7-’ yo) — mu?u,T(T; yg)] dr

t

H

T
+ ‘ / o T[40 (7390) — 0 7 (T3 90)] dr
t

H

/ o T [ Ry P (madl, (13 90)) + 90,75 90)] dr (2:2.37)

T

i

H
Expanded since previous draft:
We now move the norms inside the integrals and use the uniform stability of the

analytic semigroup e given in (1.5.11) to obtain

|Pw,00(: Y0) — P, (5 90) || 5
T
< / Me==0 <01 ey (73 90) — uly (7 yo)H[Lg(w)}d + |y (s 90) — y5 1 (7 yo)HH) dr
t

+/ Me=(1) (Cl ||“?u(7'3 yO)H[m(w)]d + Hyg(T; yo)”H) dr (2:2.38)
T

Applying the Cauchy-Schwartz inequality to both integrals in (2.2.38) yields the in-

equality

|1Pw,00 (t; Y0) — P (5 90) | 5 <

M
E <Cl Hu(l)v( ’ ’yo) - u?u,T( ’ ;yO)HLQ(O,oo;[LQ(w)]d) + Hy'?u( ’ ’yo) - y?u,T( ’ ;yO)HLQ(O,oo;H)

0/.. 0(..
+c Huw( i yO)HLQ(T,oo;[LQ(w)]d) + Hyw( ) yO) HLQ(T,oo;H)> : (2'2'39)
Thus, recalling the convergence of @, (-3 yo) to ug,( ;o) in L*(0, 00; [L*(w)]?) and
of g0, 7(+390) to Yo (+390) in L?(0,00; H) from equations (2.2.8a) and (2.2.8b), we

obtain the convergence in (2.2.34) and (2.2.35a).

To show (2.2.35b), the convergence in L?(0, 00; H), we define functions f, g.., and
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h,, where f and g, have support in [0, 00) and g, has support on [T, 00), by

f(s) = Me ¢ for s >0 (2.2.40a)

9r (S) =0 H’LL?U(S, yo) - u(z)u,T(S; yO)H[LQ(w)]d
+ ||y (5:90) = Yoz (s:90) | for s > 0 (2.2.40D)

hae(s) = cx ||ui(590) || oy + 190 (53 90)] for s > T (2.2.40c)

Using these functions, we rewrite the inequality (2.2.38) as

[Pw,00 (5 90) — Puwr(tv0)ll < (f * (9, + £)) (). (2.2.41)

Taking the norm in L?(0, co; H) on both sides of (2.2.42), and then applying Young’s

Convolution Theorem (see Theorem 9.3 on page 146 of [7]), we obtain

”pw,oo< : 73/0) - pw,T( : ;yO)”LQ(Opo;H) S Hf * (gT + hT)HLQ(O,oo) (2242>
< cllfllz10.00) 190 + Prllr2000) = 0

as T' 1 oo (2.2.43)

where the convergence in (2.2.43) follows from the definitions of g, and h.. in (2.2.40)
and the L*-convergence of @, ,(-;40) and 7y 7(-;%0) from equations (2.2.8a) and

(2.2.8b), respectively. O
We now draw a few corollaries from the convergence of Proposition 2.2.4.

Corollary 2.2.5. The function p, .~ defined in (2.2.33a) can be rewritten as:

to
Puoo(t; Yo) = / eV T (7o) dr 4 €00 py, (t0;90) (2.2.44)
t
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where ty is an arbitrary point ty > t.

Proof. We return to the identity (2.1.56) in Proposition 2.1.5 and take the limit as
T 1 oo on both sides. Invoking the L? convergence of 0 +(-;¥0) to yo(-;%0) in
(2.2.8b) and the convergence of py,r( ;%) t0 Puweo(-;yo) from Proposition 2.2.4, we

obtain (2.2.44). O
Note that Corollary 2.2.5 extends to an infinite time interval, ¢ € [0, 00), the idea
of Proposition 2.1.5, which holds on a finite time interval ¢ € [0, T].
Corollary 2.2.6. With reference to py o defined in (2.2.33a), the following identity
holds true for yo € H:
Puoo(t;90) = Royu(t; Y0) + Tw,0o(t) € L*(0, 00; H) (2.2.45)
where

Tweo(l) = %1%3)10 Tw1(t) = Pwso(t;yo = 0) — Royo (t;y0 = 0) € L*(0,00; H)  (2.2.46)

Proof. We return to identity (2.1.47) relating py, 7, yﬁ,,T, and 7, 7 and take the limit

in L?(0,00; H) as T 1 oo after extending each function by zero for ¢ > T.
B (-5 0) = Jm (o ()3 (- 50) + P ()] (2.2.47)

On the left, we use the convergence of p,, 1 t0 py o in L*(0, 00; H), given in (2.2.35b),
and on the right, we use (2.2.27), the convergence of Ror( )79 +( -5 40) to Roy( -5 yo)

in L*(0,00; H). Calling 7, the limit as 7' 1 oo of 7, 7 in L*(0, 00; H), we obtain

}iTm P = Twoo = Pwoo( *1%0) — Royo(+590) € L*(0,00; H) (2.2.48)
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We can remove gy, from the definition of r,, o, by taking the limit as 7" 1 oo of both

sides of the equation defining r,, 7, (2.1.48)

Tw,00 = %1%10 Tw,T = %I?o [ﬁw,T( iyo =0) — Ror(- )Z/SJ,T( 1Yo = 0)} (2.2.49a)
= Puco( 390 = 0) = Royu (-390 = 0) (2.2.49b)
This concludes the proof of the corollary. m

We next provide the differential versions of the definition of p, « in (2.2.33a) and

(2.2.44).

Corollary 2.2.7. With reference to py ~ defined in (2.2.33a), we have for all yo € H :

d . )
—Puwoo(t;90) = = AR, Pu.oo (t; 90) + RoPmul (t;y0) — o (t90) in [D(A")] (2.2.50a)

= —A*Duco(t; Y0) — Yo (£ 90) in [D()] (2.2.50b)

Proof. We take inner products of both sides of (2.2.33a) with x € D (4) and differ-

entiate in ¢ to obtain:

d d [ [ w0 o
7 (Pwco(tim0), 2)yy = — (/ et T [ Ry P (mul, (15 90)) + y5 (T3 50)] dr, x)
t H

— (—,‘Z{I*%O/t i (771 [—RoP (mul,(T590)) + yo (75 90)] dr, az)
H

— (=RoP [muq,(t; o)) +y2;(t;y0>7$)H

= — (AR Pwoo(t) = RoP [mud,(t;0)] + v, (t0), ), (2.2.51)

The conclusions of the corollary follow. m
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Corollary 2.2.8. With reference to py.oo defined in (2.2.33a), and to u2, guaranteed

by (2.2.6), we have:
u?u(t;yo) = —pw7oo(t;yo)|w € L*(0, oo; [LQ(w)]d) (2.2.52)

Proof. From (2.2.35b), we have that

[Puw,oc (3 90) = Puwr(- QyO)Hm(o,oo;[m(w)]d) —0 asTtoo (2.2.53)
Returning to (2.1.49a), uj, ; = —pw7T|w, we replace ul, » and py,r by @, and Py,

their extensions by zero for t > T

’EL’lDU,T( “590) = = (Pur(-3%0)) ’w (2.2.54)

We then take the limit in L*(0, oo; [L*(w)]?) as T' 1 oo of (2.2.54) using (2.2.8a), the
convergence Ty, p — uy, as T' 1 0o on the left hand side and (2.2.35b), the convergence

Pw,T — Pwoo as T T 0o to obtain (2.2.52). O

2.3 The Equation for r, «(t)

Proposition 2.3.1. The function ry, «(t) defined by (2.2.46) satisfies the equation:

%rw,w(t) = —Af; Twoo(t) — RoPw(t) in [D(a*)] (2.3.1)

and is thus given explicitly by:

Feo(t) = / 0D R Pu(r) dr € L2(0, 00 H) N C([0,00): H)  (2.3.2)
t
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with terminal condition:

Tw,o0(00) =0 (2.3.3)

Proof. We start from relation (2.2.45) defining r,, ~, and then differentiate in ¢ using
(2.2.50a) for 4p,, o (t;y0), and (1.1.13) for £y (¢;y0). We take 2 € D(Ag,) and recall
from (1.5.8) that Ry4 € L (H). Then, using the duality pairing over H, we obtain

from (2.2.45) a.e. in t,

4 (ruweo(t), @)y = i (Puoo (5 0), ) 5 — a (Royu(t:%0), )

dt dt dt
= (=, Pu,oo(t; Yo) + RoP [mul(t;y0)] — vo(tw0), ),
— (RoAy,(t; yo) + RoP [muy (t;y0) +w(t)] ,2),  (2.3.4)
= — (A5, Puco(t;%0) + Yot 10), @)

— (Roayy,(t; yo) + RoPw(t), x) (2.3.5)

H

Next, with x € H, we invoke (1.5.13), the ARE for R, to obtain:

(Roayl,(t; yo) + y0(t; o), 2) ,, = (¥ (t; 90), A*Rox + )
= (Royu(t:%0): Ro®) 12,0 — (Yt 90), RoAz)

= — (v (t;90), Ro [4 — PmRy) 37)H (2.3.6)

Using the definition of 4g, provided in (1.5.9) and the fact that Ry € L (H), pro-

vided in (1.5.8), we obtain,

(Roayy, (t90) + Yo (t; %0), ) ;= — (Y (5 0), RoAry)
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= — (4, Royo(t;90), %), x€H (2.3.7)

Inserting (2.3.7) into (2.3.5), we have a.e. in t:

d * *
— (Tweo(t), @)y = — (’qRopw,OO(tQ yO):m)H — (RoPw(t), )5 + (ﬂRORoyS,(t; Yo), 1’)H

dt
= — (A, [Pwco(tivo) — Roy(tivo)] 1 2) , — (RoPw(t), z)

= — (Ap,Tweo(t) + RoPw(t), x) (2.3.8)

H

Then (2.3.8) above yields the differential equation (2.3.1), which has the unique so-
lution given by (2.3.2). Moreover, (2.3.2) implies the terminal condition, (2.3.3) at

t = oo by virtue of the exponential decay, (1.5.11). O

2.4 The Stable Form of the Equation of y,?v

In addition to the equation for the optimal dynamics,

d
Eyfi(t; Yo) = Ay> (t;yo) + Pmud (t;y0) + Pw(t;y)  on [D(A)) (2.4.1)

we will now present another representation, which is more useful in describing the

behavior at infinity.

Proposition 2.4.1. The minimizing solution y° (t; yo) satisfies the following equation

with stable generator:

%y&(t; Yo) = (4 — PmRy) 12 (t;50) — Pmre.oo(t) + Pw(t;yo) in [D(A)] (2.4.2)
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The solution of (2.4.2) may be written in the following stable form

t
yo (t;y0) = ™oty + / o (t=7) [—Pmry o (T) + Pw(T)] dr (2.4.3a)
0

= e™Molyy — (LroTweo) (1) + (Wrow) (1) (2.4.3b)
with Yo, (-5 y0) € L*(0, 00; H).

Proof. Recall equation (2.2.45), relating ¢9, pu.co, and 7, 0, and equation (2.2.52),
relating py, - and u), which yield:

Royo(t;90) |, = —ul (£ 90) — Tw.co(t)] (2.4.4)

Then adding and subtracting PmRyy° (t;y0) € L*(0,00; H) to the right hand side of
(2.4.1) gives us (2.4.2). The expression for 42 ( ;o) in (2.4.3) gives the unique solution
of (2.4.2) under the condition that 3°(0;49) = vo, and the regularity y2(-;y0) €

L?(0,00; H) is a result of the regularity of Zg, and Wg, given in (1.6.4a). O

2.5 Collection of Explicit Formulae for p, o, 7y o0,

and 30 in Stable Form

For convenience, we collect the relevant formulae for py o, Tw.eo, and y9 obtained
in the preceding section that display a stable generator. We will make use of the

operators Kg,, ZLr,» Wh,, and their L*-adjoints defined in (1.6.1) through (1.6.3).
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e Formula for py . Using K% , we can rewrite formula (2.2.33a) for p, o as:

Puw,oo(t5 Y0) = / [—Ro Py, (7390) + (75 y0)] d7 (2.5.1a)
t
= — (K RoPmal,(-390) + Kioym(-390)) (t) (2.5.1b)

€ C ([0,00]; H) N LY (0,00; H) Vg >2

e Formula for r,, ., Using K}, , formula (2.3.2) for r,, o is rewritten as

'r’w,oo(t):/ ") Ry Pw(7)dT (2.5.2a)
t

= (K}, RoPw) (t) € C([0,00]; H) N LI(0,00; H) VYg>2 (2.5.2b)

e Formulae for y° Using the operators £z, and Wy,, formula (2.4.3) for 3? is

rewritten as

¢
YOt yo) = eMrolyy + / o) [Py, oo (T) 4+ Pw(7)] dr (2.5.3a)
0
= eMolyy — (Lry [Fwcol,]) () + Wryw) (1) (2.5.3b)
€ L*(0,00; H)

Remark 2.5.1. These stable dynamics will be used below in Section 3.2 to define the
critical value ., and in Section 3.3 to study the problem of maximizing J2 (yo) over
w € L2(0,00; [L?(2)]%) directly over the infinite time interval. In this way, explicit

formulae for all quantities involved will be obtained, which will involve Ry.
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Using (2.5.2) for 7, o in (2.2.45), the expression for p,, . in terms of y9 and 7y, o,

and in the expression (2.5.3b) for y2, we obtain

Puco( 3 90) = Ry (-5 90) + Ky, RoPw in C([0,00]; H)  (2.5.4)

Yo (- 590) = €™M0 yo — Lpy Ly RoPw + Weyw in L*(0, 00; H) (2.5.5)

Notice that for w = 0, equation (2.5.5), above gives the optimal solution y° _, explicitly
in terms of the problem data using the (unique) Riccati operator Ry. Then, (2.5.5),
inserted into (2.5.4) provides an explicit expression for p, «, which in turn provides

one for u? = —pw7oo|w directly in terms of the problem data.
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Chapter 3

Solving the Game Theory Problem
(1.2.2)

3.1 Explicit Expression for the Optimal Cost Jg(yo =

0) as a Quadratic Term

We introduce the bounded, self-adjoint operators, S and E, in £ (L*(0, oo; [L*(©2)]?))

by:

S = RyLr, Ly RoP — Wy, RoP + RoWrg,|  in £ (L*(0,00; [L*(Q)])) (3.1.1)

E,=~1+S in £ (L*(0,00; [L*(2)]Y) (3.1.2)

The boundedness of both S and E., follows from the regularity of the operators %,

Wh,, and their adjoints, given in (1.6.4). The goal of this section is to demonstrate:

Theorem 3.1.1. With reference to E., defined in (3.1.2), the minimum cost corre-

sponding to a fized w € L*(0,00; [L2(Q)]) and yo = 0, J°(yo = 0), is given by:

Jg(yo = 0) = - (E'ywa w)L2(07m;[L2(Q)]d) (313)
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Proof. The proof of Theorem 3.1.1 proceeds in two steps. In the first step, we show

that:

= (w7pw,oo( : )yo - 0))L2(0,OO;H) . (314b)

where the equality between (3.1.4a) and (3.1.4b) is a result of the fact that P is an

orthogonal projection from [L?(£2)]? onto H. In the second step, we show that:

2
Tuo(Wo = 0) + 7 w20 morz ey = — (S0, W) 120 sorz2(0)19) (3.1.5)

Step 1: We use the definition of the operator S, given in (3.1.1), and the relationship

between Zg, and Kg, from (1.6.3a) and obtain:

— (Sw, w)LZ(O,OO;[LQ(Q)]d)

= (W, RoP + RWh, — RoLp, L35, RoP] w,w)

L2(0,00;H)

= ([ICEORO + ROICRO - ROXROXEORO] Pw, PlU)L2

(0,00;H)

= (Kh,RoPw + Ry [~ K, P (mKp, RoPw) + K, Pw] >Pw)L2(o,oo;H)

= (KhoRoPw + Ro [~ Zg, ((Ki,RoPw)|,) + Wrew] , Pw) b - (3.1.6)
Recalling equation (2.5.2), the stable form of the equation for ry, .,
Tw,co = }CEOROPUJ (317)

and (2.4.3b), the expression for the minimizing trajectory in terms of £, and Wg,,
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we obtain the following:

- (Sw7 w)LQ(O,oo;[L2(Q)]d) - (T“”OO + Ro [_"%RO (Tw’oo|w> + WROw} ’Pw)L2(0’00§H)

(3.1.8a)
= (rweo + Royu (-390 = 0), Pw) 1 o (3.1.8b)
= (pw,oo( : ’yo - 0)7 Pw)LQ(O,OO;H) (318C)

This concludes the first step of the proof.
Step 2: Our aim in this step is to prove the equality in (3.1.5) relating S and

J2(yo = 0). To that end, we use
Puwco + KiyRoP (mug, (-390 = 0)) = K (550 = 0) (3.1.9)
and expression (2.4.3b) for y2, which can be rewritten as:
Yo (590 = 0) = Ky P [-m.ZL}; RoPw + w] (3.1.10)

to compute the following, with ¢°( ;4o = 0) and u°(-;yo = 0) denoted by % and u?

respectively

(yg)’ y2)> L2(0,00;H)

= (Kro P [=mZ3, RoPw + w] .45 o0 eern (3.1.11a)
= (P [=mZp, RoPw +w] . Kiyo) 120 eurn) (3.1.11b)
= (P [-mZ5,RoPw + W], puoc) 120 ot

+ (P [-mZg, RoPw +w] , Ky RoP (M) 10 ceurn) (3.1.11c)
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= (P [—mggoROPw + wj| apw,OO)L2(O7OO;H)

+ (Royy,, P (mus), (3.1.11d)

)) L2(0,00;H)

Recall that pw,oo‘w = —uj,, and that for f € L*(0,00; H), we have .2} [ = ICEOf‘w.

w?

Thus, we have that

(PmZ5; RoPw, puw.oo) = — (K, RoPw, u, (3.1.12)

L2(0,00;H) ) w)L2(0,oo;[L2(w)]d)

Using these equalities, and the stable expression for 1y o, given in (3.1.7), we can

rewrite the last part of equation (3.1.11) as:

- (ngoROPw’pw:OO)LQ(O,oo;H) + (P, Puoo) 12(0,00;m)

+ (Royu, P (M) 120 0ern) (3.1.13a)

= (Kt BoPw ) a0 gy * (P02 o) 20 s
+ (Rol ) 1200 ses(12()) (3.1.13D)
= (Royg) + w00 u?U)LQ(O’OO;[LQ(w)]d) + (Pw,pwyoo)LQ(o’oo;H) (3.1.13¢)

As a result of the fact that p, - = Roy° + Tw,00, WE Obtain:

(RoYu, + Twoor U) pao oesiz2yty T (P Puce) 120,001 (3.1.14)
= (Pusoor U0) p2(0 coriz20y)) T (P05 Pusoo) 12(0,00:01) (3.1.15)
= = (W 40) 20 uzapey + (P2 Puco) 20 sy (3.1.16)

Thus,

Hyg)HiQ(O,oo,H) = Hugu||i2(0,oo;[[/2(w)]d) + (Pwapw,oo>L2(07oo;H) (3117)
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so we have that

(PUJ?pw’OO)LQ(O,oo;H) = HngiQ(O,oo;H) + Hugvu;(o,oo;[m(w)]d)

2
= JS)(Z/O = O) + HwHLQ(O,OO;[LQ(Q)]d) (3118)

Recalling (3.1.4a), the equality proved in the first step, yields

2

= (5w, 0) 20 csprz@ity = (P, Puo) 200 0esy = (o = 0) + [0ll72(0 ez
(3.1.19)
which concludes the second step of the proof. We use the definition of £, given in

(3.1.2) to complete the proof:

2
Jl?)(yo = 0) = - (Sw7w>L2(0,oo;[L2(Q)}d) - HwHLQ(O,OO;[L2(Q)]d) (3120&)
2
= - (E'Ywa w)LQ(O’OO;[LQ(Q)]d) (3120b)

3.2 Definition of the Critical Value .. Coercivity

of £, for v > 7,

On the basis of Theorem 3.1.1, we now define the critical value, 7. > 0, in terms of

the problem data by

sup (—Sw,w) = — inf (Sw,w) (3.2.1)

2
e
[lwll=1 lwll=1
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where both norms, ||w|| = 1, above are in L?(0, co; [L?(2)]4). We have that (—S) >0
is a nonnegative self-adjoint operator in L?(0, oo; [L?()]¢), defined explicitly in terms
of the problem data by (3.1.1). Thus, the infimum in equation (3.2.1) above gives the

lowest point of the spectrum of the nonnegative, self-adjoint operator (—.S).
Proposition 3.2.1. The bounded, self-adjoint operator E., defined in (3.1.2) satisfies
(E’Yw’w)LQ(O,oo;[LQ(Q)]d) = (72 - ’Y?) ||w‘|%2(o,oo;[L2(Q)]d) (3.2.2)
and is strictly positive if and only if v > 7., in which case E-' € L(L*(0, 00; [L*(Q)]9))
Proof. From the definitions of E., and ., in (3.1.2) and (3.2.1), respectively, we have:

2
(E’Yw>w)L2(0,oo;[L2(Q)}d) = ([v*I+ 5] w’w)LQ(O,oo;[LQ(Q)]d) (3.2.3)
= ||w||i2(o,oo;[L2(Q)]d) + (Sw, w)LQ([],OO;[LQ(Q)]d) (3.2.4)

which concludes the proof of the proposition. n

3.3 Maximization of J' Over w Directly on [0, o]
for v > 7.. Explicit Expression of w*(-;yj) in
Terms of the Data via E L

Until the end of the chapter, we will take v > ~. unless otherwise stated. We return

to the optimal J2 () in (2.2.1) for fixed w € L%(0, 00; [L*(2)]9). In this section we
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consider the following optimal problem, which has two equivalent representations

sup J2 (y or inf —J2(y 3.3.1
weL?(0,00;[L2(2)]) (30) wEL?(0,005[ L2 (Q)]4) (v0) ( )

We shall first show that a unique optimal solution w*( - ;yo) exists for problem (3.3.1).
Next, taking advantage of the fact that y® is written in stable form as in (2.4.3), we
will study the maximization problem (3.3.1) directly over the infinite time interval to

characterize the optimal solution w* using the method of completing the square.
Theorem 3.3.1. Consider the optimization problem (3.3.1)

(i) For each yo € H, there exists a unique optimal solution of the mazimization

problem (3.3.1), denoted by w*(-;yo).

(11) The maximizing disturbance, w*(-;yo) is characterized by

w*(t;y0) = (B Roe™o 1) (t) € L*(0, 00; [L2()]Y) (3.3.2)

Proof. (i): We start by noting that the optimal cost over the infinite time interval,

J2(yo) can be written as the sum of three terms

T (o) = Jo(yo = 0) + Jp_o(yo = 0) + Xu(%0) (3.3.3)

where the second term on the right hand side is constant in w, and the third term is

linear in w. For linear term we have

Xo(yo) < Cllwllllyoll < ellwl* + Cellyol*  for all e >0 (3.3.4)
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where the norm on w is in L%*(0, 00; [L*(©2)]?) and the norm on y, is in H. By
Proposition 3.2.1, the first term on the right hand side of (3.3.3) satisfies equation
(3.2.2), with (E,w, w)Lg(O’m;[LQ(Q)]d) a positive definite quadratic form when vy > ~..

Thus, we obtain the following lower bound on —.J2 (yo)

—Ju(wo) > [* = (V2 +¢)] llwll? = To—o(wo) — Cellyoll? (3.3.5)
As a consequence, —J? (yo) admits a unique minimum in w for v > ~,, which we will
call w* = w*(-;yo) € L*(0,00;[L*(Q)]¢). This concludes the proof of part (i) of the
theorem.
(ii): To characterize the optimal disturbance, we will take advantage of the stable
dynamics (2.4.3) for y9 (- ; o), so that we can study the optimization problem directly
over the infinite time interval. The proof of (3.3.2) proceeds in two steps.

Step 1: To begin, we will show the following relationship for X, (yo)

Xuw(yo) =2 (eﬂRO'yo, Ron)L2 (3.3.6)

(0,00;H)
Recalling (3.3.3) above and the identities y° (-;90) = v2 (- ;90 = 0)+ 42 _o(-;50), and
ud (o) =ud(3y0=0) +ud_o(-;v0), given in (2.2.9), we obtain
Xo(0) =2 (Y350 = 0): Yuo(*390)) 120,000
+2 (uy (590 = 0), o (*1%0)) 120 perfr2()) (3.3.7)
We can simplify (3.3.7) by recalling from (1.5.12a) that y°_(¢;y0) = ™oy, and

from (1.5.12b) that ul_y(t; yo) = —Roe™o'yp|

Xw(yO) =2 (eﬂRo Yo, yg}( Y% = O))LQ(O,oo;H) —2 (RoeﬂRo'yoy ugu( Y% = 0))112(0?00;@2(0_,)](1)
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=2 (e’qRo Yo, _Ropmugu( Yo = 0) + y?u( Yo = 0))L2(0,oo;H) (3.3.8)
Writing out the inner product in L?(0, co; H) and recalling the definition of Puw,oo(t; Y0),

given in (2.2.33a), we obtain
Xow(yo) = 2/ (e™o'yo, —RoPmud(t;yo = 0) + yo (t;y0 = O))H dt
0

=2 (yo/ "o’ [— Ry Pmul,(t;y0 = 0) + y2,(t; 0 = 0)] dt)
0

H
= 2 (Y0, Po,oo(0; 90 = 0))H (3.3.9)
Using that pu (¢ y0) = Roy (t;90) + rw.eo(t), and that 32 (0,yo = 0) = 0, we express

the cross term as

Xo(t) = 2 (40, e (0)) , = 2 (yo, /0 " ot By Pu(t) dt)H (3.3.10)

=2 (™0 yo, RyPw) L2 (3.3.11)

(0,00;H) 7
which proves equation (3.3.6).

Step 2: We will now “complete the square” to find the maximizing disturbance
w*(+;90). Using the formulas in equations (1.5.7), (3.1.3), and (3.3.6) for J°_,(vo),

J2(yo = 0), and X,,(yo), respectively, we rewrite (3.3.3) as

Jz(l);(yO) = (R0y07 yO)H - (EA/UM w)L2(O,oo;[L2(Q)]d) + 2 (eﬂRO ~y07 R()Pw) L2(0,00;H)" (3312)
Because we want to find the maximum value of J2 (yo) over all w € L?(0, oo; [L?(£2)]%)

for a fixed initial condition yy € H, we can maximize the quantity 2 (eﬂRo Yo, Ron) L2(0,00:H)

— (Eyw, w)LQ(Om;[LQ(Q)]d), which satisfies

2 (™0 yp, ROP’LU)L2(0,00;H) = (Eyw, w) pa g sz ()
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_ (EA/ [’LU o E,Y_IR()G]IRO . y[)} w— E,y_lRoeﬂRO . yo)LZ(o,oo;[LQ(Q)]d)

+ (Roe™0 yo, E; " Roe™0 " yg) (3.3.13)

L?(0,00;[L2(2)]%)

The following calculations show the validity of (3.3.13) by manipulating inner prod-
ucts and using £ 1. which, by Proposition 3.2.1 is a well defined self-adjoint operator

on L?(0, 00; [L%(Q)]?) for v > 7.

2 (™0 yp, Ropw)Lz(o,oo;H) = (By0,10) a0 o2

= (™0 yo, RyPw) L o0it) ~ (Eyw — Roe™o y, w)LQ(Om;[LQ(Q)]d) (3.3.14a)
. -1 .
= (R()e’qRo Y0, w) L2(0,005[L2(Q)]4) (w — Ey RgeﬂRo Yo, va) L2(0,00:[L2()] %)
. -1 .
£ (Roe™o0 yo, B Roe™ro yO)LQ(Om;[LQ(QHd) (3.3.14b)

= (Roe™ yo,w = By Roe™") Ly ooy = (@0 = By Roe™ o, Byw) oo raqay

+ (Roe™ " yo, B Roe™ " o) o oo (3.3.14c)
= — (Byw — Roe™o yo, w — B Roe™o " yp) 12(0,00i[L2(Q)]4)

+ (Roe™ yo, B Roe™ o) oo . raay (3.3.14d)
= — (B, [w— E; Roe™0 yo| ,w — B Roe™0 o) 0 o0y

+ (Roe™o g0, B Roe™0 o) Lo e (3.3.14e)

Because the operator E., is positive definite on L?(0, oo; [L*(Q2)]?) for v > 7., the first
inner product in the last equality above is always nonnegative. Thus, we maximize
the quantity by taking

w* = E Roe™o gy (3.3.15)
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which gives us:

2(¢7" 40, RoP) ap sy~ (Brt0, W) 20 erzapy

= (RoeﬂRO'yO, E;lRoeﬂRO ' yo) (3.3.16)

L2(0,00;[L2()]9)

This concludes the proof of part (ii). O

3.4 Collection of Explicit Formulae for J*, r*, y*,

u*, and p* in terms of w* and the Problem Data

We can use this optimal disturbance, w(-;yg) = w*(-;%o), to obtain expressions for
T (o), (), v*(;90), pP*(-;%0), and u*(-;yo) in terms of the problem data. For
J*(yo), we use equations (3.3.12) and (3.3.16). For r*(-), v*(-;v0), p*(-;y0), and

u*(+;90), we use (2.5.1) through (2.5.5) specialized for w = w*.

e Expressions for J*(yo) = JO ___(yo): Using the definition of .J from (1.2.1),
we obtain (3.4.1a). We then make use of (3.3.12) and (3.3.14) to rewrite J*(yo)
strictly in terms of the problem data to obtain (3.4.1b), from which (3.4.1c)

follows.

Jg:w* (?/0) = (y*( ’ ;y0)7 y*< ’ ;yo))L2(O,oo;H) + <U*( ’ ;y0)7 U*( ’ ;yo))L2(0,oo;[L2(w)]d)

- 72 (w*( S yO)v w*( " yU))L2(O7OO;[L2(Q)]d) (341&)

= (RoYo,40) iy + (Roe™0 " yo, PET" Roe™ y) (3.4.1b)
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= (:UOaROyO +/ o' Ry P (Ev_lRoeﬂRO'yO) (1) dt) (3.4.1c)
0

H

e Expressions for r*(t) = ry_w+ (t): Inserting w* for w into (2.5.2), yields
(3.4.2a). Next, we make use of the characterization of w* in terms of the problem

data in (3.3.2) to express 7*(-;yo) in terms of the problem data in (3.4.2b).

r*(t;y0) = / 0" Ry Pwt (5 y0) dr = (K, RoPw*(-590)) (t)  (3.4.2a)
t
= (KiyRoPE " Roe™o yq) (t) (3.4.2b)

€ C ([0,00]; H) N LY0,00; H) Vg > 2 (3.4.2¢)

The regularity in (3.4.2¢) follows from the expression for r*(-;yo) in (3.4.2a),
with w* (- ;o) in L*(0, oo; [L*(2)]?) and K7, a continuous operator from L*(0, co; H)

to C ([0, 00]; H) N L9(0, 00; H) (see (1.6.2b)).

Expressions for y*(t;yo) = y2_,-(t;yo): Recalling the two stable forms for
y2(-;90) given in (2.4.3), we insert r* for r, . and w* for w to obtain the
formulae (3.4.3a) and (3.4.3b). Making use of (3.4.2a) allows us to express y*
in terms of w* in (3.4.3c), which via (3.3.2) allows us to express y* entirely in

terms of the problem data in (3.4.3d) and (3.4.3e).

t
y*(t; o) = e™Rolyg +/ MR (t=7) (—=Pmr*(t;y0) + Pw*(T;90)) dr (3.4.3a)
0

= e™Molyy — { L, (r*(- ;yo)‘w)} (t) + {Wrow*(-590)} (t)  (3.4.3b)

= Moty + (WROw*( 5Y0) — Lro L, RoPw* (- ;yo)) (t) (3.4.3¢)
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= oty + / t el [— Pm (L RoPE, ! Roe™o o) (7)
0
+P (E;"Roe™o yo) (7)] dr (3.4.3d)
= eolyo + { Wy, — ZLroLr, RoP) (B, Roe™ o) } (t)  (3.4.3¢)
e Expressions for p*(t;yo) = Pw—w*.co(t;¥o): Using the expressions for py o

in (2.2.45) with y* and r* inserted for y% and r, o, we obtain (3.4.4a) for p*.

Then, recalling (3.4.2a) for r*, we obtain (3.4.4Db).

p*(+390) = Roy"(+;90) +77( -5 %0) (3.4.4a)
= Roy™ (-5 40) + K*RoPw™( - 10) (3.4.4Db)
€ C([0,00]; H) N LY0,00; H) ¥q>2 (3.4.4¢)

The regularity in (3.4.4c) follows from
P*(+390) = Kgy (=RoPmu*(-390) + v (-5 %0)) (3.4.5)
with RoPmu*(-;yo) and y*(-;90) in L*(0, 00; H) and K}, a continuous operator

from L?(0,00; H) to C ([0, 00]; H) N L(0,00; H) (see (1.6.2b)).

e Expressions for u*(t;yo) = ud_,.(t;y0): Recalling (2.2.52) relating u? and
Pw .o, and inserting w* for w, so that 2, and p,, - become u* and p*, respectively,

we obtain (3.4.6a), from which (3.4.6b) follows immediately after using (3.4.4a)

w(tyo) = —p* (90|, (3.4.6a)

= —(Roy" (t;y0) + (1)) ‘w € L*(0, 00; [L*(w)]9). (3.4.6b)
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Chapter 4

The Feedback Semigroup
y*(t;yg) = ®(t)yp, the Riccati
Operator R, and their Properties

4.1 Regularity for Optimal v*, y*, and w*

Theorem 4.1.1. Let v > ~.. Then we have the following results pertaining to

p*(-;v0) from equation (3.4.4)
p*(-;y0) 1 continuous H — C ([0, 00]; H) (4.1.1a)

S 12" (& yo)ll i = 1P" (& Yo) | 0,00 < C llwoll - (4.1.1b)
€1(0,00

Proof. We start by noting the following for w*( -;yo)

HW*( “1%) ||L2(O,oo;[L2(Q)}d) = HEvilRoeﬂRo .yO”LQ(O,oo;[L?(Q)]d)

< B[ Roe™ " [[ llyoll
= Cu [lyoll (4.1.2)

where the norms on E-! and Rye™ ™ are in £ (L*(0, 00; [L*(Q2)]4)) and £ (L*(0, 00; H)),

respectively, and the first equality follows from the characterization of w* in (3.3.2).
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Recall from Proposition 3.2.1 that for v > 7., £ lis a well defined bounded linear

operator on L?(0, oo; [L*()]9).
From here, we perform two calculations for r*, defined in (3.4.2), in which we

make use of (4.1.2) for w*. The first calculation pertains to the norm in L*(0, c0; H),

17 (5 90) | L2000ty = |[ICo BoPw*(590) |
< H’CEOROP” ”“fk(’?yO)HLz(o,oo;[B(Q)]d)
< || Kk BoP|| Cu llyoll 1

= Cu, |lvoll (4.1.3)

where the norm on the operator Ky, RoP is in £ (L?(0,00; [L2()]), L(0, 00; H)).
Note that we used the regularity of Kp from (1.6.2b) and (4.1.2) for w*(-;yo) to

obtain the final inequality. The second calculation pertains to the norm of r* in

C ([0, 00]; H)

I (&5 o)l = || (ko RoPw™ (- 390)) (1)
< H’CEOROP” ”“fk(’5?/0)HL2(0,00;[L2(Q)]«1)
< ||k, BoP|| Cu llyoll
< G ol (4.1
where now, the norm on Kj RoP is in £ (L?*(0,00; [L2(2)]?), C ([0, 0c]; H)) instead

of on the space £ (L?(0,00; [L*(Q)]%), L?(0,00; H)), as it was in the calculations in

(4.1.3). As with the calculations in (4.1.3), we made use of (1.6.2b) for K* and (4.1.2)
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for w*(-;y0). In particular, we used the fact that K is continuous as an operator
from L%*(0,00; H) to C ([0, 00]; H).

We will now use expression (3.4.3b) for y* to find an inequality for y* that is
similar to the inequality in (4.1.4) for r*. The inequalities in (4.1.2) and (4.1.3) for
the L%-norms of w*(-;yo) and 7*(-;yy) combined with the smoothing properties of

the operators £, and Wp, in (1.6.4a) and (1.5.11) for ™’ give us

|

vty = €™ o — (ZLror™ (< 190)) (8) + Wrow™ (<3%0)) ()|,
< || yo ||, + || (Lo (-5 90))(B)]| , + || (Wrow™ (+590)) (B)]| 4
< Me™* Ngolly + [|Zao | 175 80) | 12 g 00y + Vol 10" (590 | 20 cosz2 i)
< (Met 1 Co, || Zael| + Co Wi ) 301l

< G, llvoll (4.1.5)

where the norms on the operators Zg,, and W, are in £ (L*(0, oo; [L*(w)]%), C ([0, oc]; H)),
and £ (L*(0, 00; [L2(Q)]?), C ([0, 00]; H)), respectively.
We now show (4.1.1) by making use of the inequalities (4.1.4) and (4.1.5) for

r*(t;yo) and y*(¢; yo). Recalling the expression for p* in (3.4.4a), we have

12"t 50l iy = || Roy™ (:90) + r*(t:m0) ||,

< [[Roll £ " (& w0)| =+ 17 (8 w0) | ¢
< (Cy IRoll gy + Cor ) ol

= Cllol (4.1.6)
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Because the inequality in (4.1.6) hold for all ¢ € [0, 00), we have completed the proof

of the theorem. O

Theorem 4.1.2. For v > v, and yo € H, the optimal control, trajectory and distur-

bance satisfy the following regqularity results

u*(+50) € C ([0, 00]; [L*(w)]) (4.1.7a)
y*(+:150) € C([0,00]; H) (4.1.7b)
w*(~590) € C ([0, 00]; [L*(2)]%) (4.1.7¢)
Moreover, we have that
Yw*(-390) = p*(-390) € L*(0, 00; [L*(2)]%) (4.1.8)

Proof. The regularity of u*(-;yo) in (4.1.7a) is a result of the fact that p*(-;yo) €
C ([0,00]; H), from (3.4.4c), and from the relation u*(-;yy) = —p*(-;yo)‘w from
(3.4.6).

In equation (4.1.5) in the proof of Theorem 4.1.1, we showed that there exists a

constant ¢ such that

The result in equation (4.1.7b) follows directly from (4.1.9).

v (ty0) ||, < cllyoll - (4.1.9)

In order to show (4.1.7c), we will show that (4.1.8) holds. From here, the result

follows from the regularity of p*( - ;yo) provided in (3.4.4c). From the characterization
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of w*, in (3.3.2), and (3.1.2), the definition of £, we have that
Ew*(-;y0) = Roe™o yq (4.1.10a)
Y2w*( -5 y0) = Roe™o yo — Sw* (-5 o). (4.1.10Db)
Recalling the definition of S, provided in (3.1.1), and the relationships between
P*(+:%0), ¥* (-5 90), and r*(-;yo), we obtain
Yw*(-;y0) = Roe™0 " yo — [RoLryLssy RoP — Wi, RoP — RoWg, | w* (-1 0)
= Ry [e™0 yo + (—LryLpi RoP + Why) w*(-;90)] + Wi, RoPw*(+;9o)

= Roy"(-390) +77(;90) = " (*;%0)- (4.1.11)

Thus, we have (4.1.8), and (4.1.7c) follows. O

4.2 A Transition Property for w* for v > .

We have the following important transition property for the optimizing disturbance,
w*, which instrumental in showing a similar transition property for the optimal tra-

jectory, y* in Section 4.4.

Theorem 4.2.1. For v > 7. and yo € H, the following transition property holds for

the optimal disturbance

wi(t+ o5y0) = w*(o;y* () € C ([0, 00]; [L*(Q2)]9) (4.2.1)

(in o)

for each t fixed, with t > 0.
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Proof. The proof proceeds in three steps.
Step 1: In this step, we use E,w*(-;yo) = Roe™ 0y, provided in equation (3.3.2),
and the definitions of S and E., from equations (3.1.1) and (3.1.2) to find a relationship
between w*(o; y*(t; yo)) and w*(o + ;y).

First, we find a relationship between ~v*w*(o;y*(t; o)) and Roe™Ro%y*(t;1y0) by
using (3.1.1) and (3.1.2) to expand Roe™0%y*(t;y0) = (Eyw*(-;y*(ty0))) (o). We

obtain
Roe™%y" (t; yo)
= 7w (039" (t;90)) + Ro { LryLis, RoPw* (-39 (t;90)) } (o)

— Ro {Warow*(-;y"(t;10)) } (0) — {Wh,RoPw*( -5y (t;90)) } (o). (4.2.2)
Recalling the expression for y*(¢; yo) in terms of w* in (3.4.3¢), we obtain the following
expression for Roe™ o y*(t; yo)

Roe™ 07y (t;y9) = Roe™ 00Ty, — Ryero? { LRy L5 RoPw* (-3 y0) } (1)
+ Roe™00 {Wpyw* (-5 y0) } (¢) (4.2.3)
Using the fact that the left hand side of both equations (4.2.2) and (4.2.3) is Roe™ 0% y*(t; yo),
we set the right hand sides equal and solve for Rye™ @y, yielding
Roye™ro7 )y,

= Yw*(o;y" (6 %0)) + Ro { LreLrs, RoPw* (55" (t:10)) } (0)

-+ RoeﬂROU {KROXEOROPUJ*( . ,yo)}(t) - RoeﬂROU {WROU)*< : ,yo)}<t>
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— Ro {Wryw (54" (t;90)) } (0) = {Wh,RoPw*(-;y*(t;90)) } (o). (4.2.4)

Now, we use (3.1.2) and (3.1.1) to expand Roeo @y, = (E,w*(-;y0)) (0 +t) and

obtain the following relationship

RoeﬂRO (O’-‘rt)yo
= Yw* (0 + t;y0) + Ro { LroLp, RoPw* (-5 90) } (o + 1)

— Ro {Wgow*(-;90) } (0 + 1) — {W5;, RoPw* (- ;y0) } (0 + t) (4.2.5)

Both equations (4.2.4) and (4.2.5) above have Rye™% )y, on the left hand side.

Setting their right hand sides equal gives us

Yw*(o;y* (ty0)) + Ro { LroLsy RoPw* (-5 y* (t:90)) } (0)
+ Roe™ 07 { Lr, L RoPw* (- 10) }(t) — Roe™07 {Wprow* (-5 90) } (£)
— Ro {War,w* (55" (t;10)) } (0) — {Wh, RoPw* (-5 4" (t;40)) } (0)

=7 w* (o + t;y0) + Ro { Lro Ly, RoPw* (- y0) (o + t)

— Ro {Wg,w*(-;90) } (o + 1) — {W};, RoPw* (- ;50) } (0 + t) (4.2.6)
which leads to the following relationship between w*(o;y*(t;y0)) and w*(o + ¢;yo):

v [w* (o597 (tm0)) — w* (o + 5 90)]
+ Ry [{fRoféoRon*( Sy (890)) }(0) = { Lre Ly RoPw’(+590) (o + 1)
+ero? { L, Ly RoPuw’ (- ;yo)}(t)}

— Ry [eﬂRO" {Wrow* (-5 90) }(t) = {Wr,w* (- :90) }o + t) + {Wrw* (- y* (t; yo))}(a)]
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+ [{WEORon*( “190) } (0 + ) = {Wg, RoPw*(- ;y*(t;yo))}(a)] =0 (4.2.7)
Step 2: In this step, we will show that the the following three equalities hold

Ry [{XROXEOROPW( 5y (G y)) o) — { Ly Lisy RoPw* (-5 y0) o + 1)

+e? { Lp, L, RoPw™ (- yo)}(t)}

= Ro { Lr, L5, RoP [w* (-3y"(t;90)) — w0 (-5 90)] } (0) (4.2.8a)
Ro [eﬂRo” {Wrow(+:90) }(£) = {Wryw* (- 190) } (0 +1) + {Wrow" (-3 y" (t; yo))}(U)]

= (RoWr, [w* (-39 (t90)) — w*(t+ -590)]) (0) (4.2.8b)
{Wh,BoPw* (- :90) }o + 1) — {Wh, RePw* (55" (t 90)) } (o)

= (Wh,RoP [w (- +ti0) — w* (-9 (t:%0))] ) (0) (4.2.8¢)

To show (4.2.8a), we use the definition of %y, in (1.6.3a) to write the quantity on

the left hand side of (4.2.8a) as a sum of integrals, then calculate

Ry [{gROXEOROPw*(';y*(t;yOD}(U) - {gROXEOROPw*('Q?JO)}(U +1)
™07 { Ly Ly Ro P (- 0) } (1)
=R, [/ e (7=7) Py {ngROPw*( . ;y*(t;yo))}(T) dr
0
o+t
— / e (t+o=7) py {XEOR()PU}*( . ;yo)}(T) dr
0
t
—|—/ ™o (Ho=T) ppy {XEOROPM*( . ;yo)}(T) dT:| (4.2.9a)
0
=R, [/ e (7=7) Py {géoRon*( . ;y*(t;yo))}(T) dr

0

o+t
. / e Ro (t+a—T)Pm {XEOROPw*( . yo)}(7—> d']“| (429b)
t
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= Iy {ZROX};‘OROP [w*( Sy (tyo)) —w* (- ;yo)] }(0), (4.2.9¢)
where the equality between (4.2.9b) and (4.2.9¢), above, comes from
o+t
/ R (L0 =7) Py {XEOROP@U*( . yo)}(T) dr = ("gROg];ORon*( C 4t yo)) (0)
¢

(4.2.10)

The relationship in (4.2.10) is justified using the definitions of £, and .7 in (1.6.3a)

and two changes of variables as follows:

o+t
/ ™ot P { 5 RoPw* (-5 y0) }(7) dr
t

(B=T7—1) = / 70 (7=B) Py { L RoPw*(-590) }(B + 1) dp
0
= / e (=8 pm Mo =B Ry Pu* (as o) dev dB
0 B+t
(s=a—1) = / eﬂRO(”_B)Pm/ 0P Ry Pw* (s + t;0) ds dfs
0 B
= (Lro-Lss, RoPw* (- +t;90)) (o) (4.2.11)

To show (4.2.8b), we rewrite its left hand side as an integral using the definition

of Wy, from (1.6.3b) and calculate
0 {Wr,w*(-590) } () = {Wrow* (-5 90) } (0 + 1) + {Wnrow" (53" (t; %0)) } (0)
t t+o
= Mho” / ™o (75 o) dr — / e (7 o) dr
0 0
+/ eﬂRo("*a)w*(a;y*(t;yo)) dov (4.2.12a)
0

t+o o
= —/ Mo (Ho=T)* (7 40 d7'+/ e T (a7 (t ) ) dov (4.2.12b)
¢ 0
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= —/ Mo * (t 4 a; ) dov —I—/ 0T (a; y* (o)) dax (4.2.12¢)
0 0
= (Wr, [0 (19" (:90)) — 0" (t + -:190)]) (o) (4.2.12d)
where we used the change of variables @ = 7 — ¢ to equate (4.2.12b) and (4.2.12¢)
above. Multiplying by (—Rjy) gives (4.2.8b).

To show (4.2.8¢c), we rewrite its left hand side as a sum of integrals using the

definition of Wy, from (1.6.3b) and calculate

{WhioRoPw"(+190) (o + 1) = {Wp, RoPw™ (15" (t90)) } (0)

= / o =D Ry Pu* (B o) dS — / 0 ") Ry Pw* (11 v (t o)) d - (4.2.13a)

o+t o

- / e Ry P [w* (T + t;y0) — w* (735" (t; 90))] dT (4.2.13b)

= (Wi, RoP [w* (- + t;y0) — w* (¥ (¢ 10))]) (0) (4.2.13¢)
where we used the change of variables 7 = 5 —t to obtain equality between (4.2.13a)
and (4.2.13b) above.

Step 3: Substituting the right hand side of each of the equations in (4.2.8) into

(4.2.7), and recalling the definitions of S and E., from (3.1.1) and (3.1.2), we obtain

0= [w* (59" (t:90)) — w* (0 + t;90)]
+ (RoZry L, RoP [w* (- ;4" (t;10)) — w* (-3 %0)]) (o)
— (WhRoP [w* (- +t90) — w* (-5 5" (t90))] ) (0)
— (RoWr, [w* (-5 4 (t:90)) — w*(t + -330)]) (o) (4.2.14a)

= (B, [w (59" (t30)) — w* (- +tiwo)]) (o) (4.2.14D)
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For > 7., Proposition 3.2.1 applies, and E;' € L*(0, 00; [L*(Q)]?). Thus, (4.2.14)
above yields the desired equality (4.2.1), first in L?(0, oo; [L*(©2)]?), and next pointwise

by the C-regularity of w* in (4.1.7¢). H

4.3 A Transition Property for r* for v > .

We will now use Theorem 4.2.1, which shows the transition property for w*, (4.2.1)
to show a transition for r* when v > ~.. Like the transition property for w*, this
transition property will be useful in proving Theorem 4.4.1, the transition property

for y*.
Theorem 4.3.1. For v > . and yg € H, the following transition property holds

r(t+ oiyo) = (oY (t ) € C([0,00]; H) (4.3.1)

(in o)

for each t fixed.

Proof. We return to equation (3.4.2a), which gives r* in terms of w*,

r*(t+ o;y0) = / Mo T RO Pwt (75 o) dr
t+o

:/ 07 Ry Pw* (v + t; o) da (4.3.2)
where we used the change of variables a« = 7 — t to get equality between the two
integrals in (4.3.2), above. We can now use the transition property for w*, (4.2.1), to

rewrite this quantity as

r*(t+ o;y0) = / ™0 ) Ry Pu* (o y* (£ 110)) dax (4.3.3)

t
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Finally, invoking (3.4.2a) again, we obtain
/ ¢~ Ry Pw™ (o y” (5 y0) ) dax = 1 (05 4" (£ o)) (4.3.4)
t

Thus, r*(t + o;y0) = r*(0;y*(¢; yo)) holds for all o, ¢, and in C ([0, 00]; H) because

r(+390) € C ([0, 00]; H) for all yo € H. -

4.4 The Semigroup Property for y*, and a Transi-

tion Property for p* for v > ~,
We will now use Theorems 4.2.1 and 4.3.1, which show the transition properties for
w* and r* to show a transition property for y* when v > 7.
Theorem 4.4.1. For v > . and yy € H,
(i) The following transition property holds for y*

Y (t+osm0) =y (o9 (L) € | C ([0, 00]; H) (4.4.1)

(in o
Thus, the operator ®(t), which depends on ~y defined by
O(t)r = y*(t; x), reH (4.4.2)
15 a strongly continuous semigroup on H.

(ii) Furthermore, ®(t) is exponentially stable: There exist ¢ > 1 and k > 0 such
that

1P|y S ce™, >0 (4.4.3)
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Proof. (i): The proof of part (i) follows the same idea used to prove the transition
property for w* (Theorem 4.2.1). We begin by using formula (3.4.3c), which gives y*

in terms of w*, to write y*(o;y*(¢;yo)) as

y (o9 (t ) =

eo%y" (& yo) + / @) [—Pmr* (75" (ty0)) + Pw' (T (t0)) ] dr - (4.4.4)
0
Then, we use formula (3.4.3c) for y*(¢;y0) to rewrite e %y*(¢; o) as

ey (tyo) =

t
R0 T F) +/ o (7 +1=7) [—Pmr*(7;y0) + Pw*(7;y0)] dr (4.4.5)
0
Now, y*(o; y*(t;y0)) can be written as:

t
y (039" (t o)) = el 7y 4 / 0= [ Prmr* (75 y) + Pw*(130)] dr
0

+ / e =T [— P (m3y* (t; yo)) + P (755" (t:30))] dr - (4.4.6)
0
Using formula (3.4.3c) yet again, we write y*(f + o;yo) as

Yy (t+oyy) =

t+o
eﬂRO(HU)yO + / o (t+o=7) [—Pmr*(T; yo) + Pw™(T; yo)} dr (4.4.7)
0
so that, combining equations (4.4.6) and (4.4.7) yields

Y (t+oiy) =y (09" (tyo)) =

t+o
/ oo (t+—7) [—Pm?"* (fr; yo) + Pw*(T; yo)} dr
t
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_/ e ) [ Pmr* (13 y* (8 90)) + Pw* (59" (B 90))] dr - (4.4.8)
0

Using the change of variables o = 7 — ¢, and recalling equations (4.2.1) and (4.3.1),

the transition properties for w* and r*, we obtain
t+o
/ e 1+ =7) [ Prog* (73 o) + P’ (75 90)] dr
t
:/ e~ [ Pmr*(a+ £ yo) + Pw*(a + £ y)] dav
0

= / o (9=2) [—Pmr*(o; y* (£ 10)) + Pw*(a; ¥ (¢ 0))] dex (4.4.9)
0
Thus, combining equations (4.4.8) and (4.4.9), we obtain
y'(t+0390) =y (39" (590)) = 0 (4.4.10)

This implies that ®(¢) in (4.4.2) satisfies the semigroup property and is strongly
continuous.

(ii): The proof of part (ii) is then a consequence of the semigroup property of (i),
since ®(t)z = y*(t;x) € L*(0,00; H) for all z € H, so that a well-known result (see [6]

Theorem 4.1 on page 116) applies and yields the desired exponential stability. O]
Finally, as a consequence of Theorems 4.3.1 and 4.4.1, we obtain
Theorem 4.4.2. For v > 7. and yy € H, we have
P (t+0390) =(in o) P" (039" (t; 30)) € C ([0, 00]; H) (4.4.11)

fot all t.



79

Proof. We return to (3.4.4a), the formula for p* in terms of y* and r*, and compute

P (t+oyy0) = Roy™(t + o590) + 77 (t + 03 y0)
= Roy* (o3 9" (t;90)) + (o597 (t; 10))

=p*(o;y"(t; %)) (4.4.12)

where we have used equations (4.4.1) and (4.3.1), which give the transition properties

for y* and r*. O

4.5 Definition of R and its Properties
With reference to p*(-;%o), we define an operator R by setting
Rz = p*(0; x), r€e€H (4.5.1)

We can deuce that R € L(H) from the definition of R and the inequality (4.1.1b) in

Theorem 4.1.1 for p*(¢;yo). Some preliminary properties of R are collected below.

Proposition 4.5.1. For v > ., and yo € H, we have

(i)

P (t;y0) = Ry*(t;90) = RO(t)yo € L*(0,00; H) N C ([0, 00]; H) (4.5.2)
(i1)

u*(tyyo) = =Ry’ (t;y0) |, € L*(0, 005 [L*(w)]") N C ([0, 00); [L*(w)])  (4.5.3)
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(iii)
v (ty0) = Ry*(t;90) € L0, 00; [L*(Q)]7) N C ([0, 00]; [L*(Q))T)  (4.5.4)

(iv) For x € H, the folling identity holds true:
to
Rz = / eV TO(T)xdr + T D (ty)x (4.5.5)
0
where ty is an arbitrary point 0 < ty < oo.

(v) For x € H, the following formula holds true:
Rz = Roz + /00 ™™ Ry P (B, Roe™ 0 " yy) (7) dr, (4.5.6)
0
which expresses R in terms of the problem data, via E., in (3.1.2).
(vi) For xy,x9 € H, we have

(Rl‘l, xz) = (Rol'l, iL'Q) + (E,;l [RoeﬂRO ’ .1'1} , RoeﬂRO . 33'2) (457)

L2(0,00;[L2(2)]%)
so that R is a positive self-adjoint operator: R = R* > Ry > 0.

Proof. (i): We use equation (4.4.11) of Theorem 4.4.2, which provides the transition

property for p*(-;1o), and set ¢ = 0 to obtain

p*(t;y0) = 0" (0557 (¢ 40)) = Ry™(t; 9o) (4.5.8)

where in the last step above we used (4.5.1), the definition of R. The stated regularity

follows from (3.4.4c).
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(ii), (iii): These follow directly from equations (3.4.6) and (4.1.11), which say
u*(5y0) = —p*( -;yo){w and v2w*(-;y0) = p*(+;v0), respectively, via the result of
(i). The stated regularity follows from Theorem 4.1.2.

(iv): To obtain the relation (4.5.5), we return to a similar formula for p*(¢;yo)
from Corollary 2.2.5, given in equation (2.2.44). Then we use the definition of R
(equation (4.5.1)), the definition of ®(¢) (equation (4.4.2)), and (4.5.2), the result of
part (i) for t =ty to rewrite (2.2.44) as (4.5.5).

(v): Returning to equation (3.4.4a) and inserting ¢t = 0, we have, via (4.5.1), the

definition of R,

Rz = p*(0;z) = Roy*(0; z) + r*(0; x)

= Rox +/ ™0™ RyPw* (13 ) dr (4.5.9)
0

where in the last step we have recalled equation (3.4.2a) for 7*(0; z). Next, we insert
(3.3.2) for w* in equation (4.5.9) to obtain (4.5.6).

(vi): Identity (4.5.7) is an immediate consequence of (4.5.6), since Ry is nonneg-
ative, self-adjoint on H by (ii) of Theorem 1.5.1 and E lis positive, self-adjoint on

L?(0, 00; [L?(2)]%) by Proposition 3.2.1 for v > .. O

Remark 4.5.1. Part (iii) of Proposition 4.5.1 shows us thatl although the game
theory problem in (1.2.2) involves taking a supremum over all disturbances w €
L?(0,00; [L2()]Y), the mazimizing disturbance, w*(-;yo) for any yo € H is actu-

ally in L?(0,00; H), a subset of L*(0,00; [L*(02)]9).
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Proposition 4.5.2. Let v > 7. and x1,x9 € H. Then:

(i) The following symmetric relation holds true:

(Rxq,x9) = /000 [(y*(t;xl),y*(t;xg))H + (u*(t;xl),u*(t;xg))[LQ(w)]d

2 (uﬁ(t;xl),uﬁ(t;xz))uﬁ(gﬂd} dt (4.5.10)
(i1) Hence, for yo € H, we have

(R?Jm yo)H =J (yo)

:Am[

t%mmdeHthﬂwwﬂﬁ

(4.5.11)

Proof. (i): By (4.5.1), recalling (3.4.5), the formula for p* in terms of u* and y*, we

obtain
Rxy = p*(0;21) = / e™o” [—Rngu*(T;LEl) + y*(T;xl)] dr (4.5.12)
0

so that

00
ﬂl

(Rx1,22) 4 Ro” RoPmu*(T;xl) + y*(7; xl)} ,:1:2> dr
H

e e}

- €
/ —RoPmu*(1;21) + y* (135 21), eﬂROTm)HdT (4.5.13)

Recalling (3.4.3b), we insert

e 1y = y (5 22) + ZLr, (T*(';x2)|w) — Wp,w™ (- x2)

g (san) Ky [P (i)~ Pu()]  (45.14)
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on the right hand side of (4.5.13), thus we have

(Rxy,29)y = (—ROPmU*( srn) +yt (), Yt ( ;372))L2(07OO;H)
+ (—ROPmu*( : ,xl) + y*< : ;x1)7ICRo [Pmr*( ’ ,.1'2) - P'LU*( ) ;xz)})LQ(O,oo;H)

(4.5.15)

Recalling first equation (3.4.5) for p*, using K% , then the relation v*(-;z,) =
—p*(;a1) ’w from (3.4.6a), and finally the relations p*(-; x2) = Roy*(-;x2)+7r*(-;z2)
and p*( ;1) = y?w*(-;x;) from equations (3.4.4a) and (4.1.11), respectively, we ob-

tain

(Rwy,29)y = (3/*( ),y (- §$2>)L2(0,oo;H) - (u*( 1), Roy™ (- ;x2>)L2(0,oo;[L2(w)]d)
+ (p*( -1 a0), Prr* (-5 29) — Pu*(- ;$2))L2(0’OO;H) (4.5.16a)
= (" (520,57 (522)) o merry — (07 (520) Roy™ (3 %2)) 120 ey
— (u* (), (- ;xQ))LQ(OvoO;[LQ(w)}d) — (" (-y ), w0 (- ;vIQ))LQ(O,OO;[[g(QHd)
(4.5.16b)
= (y*(-;21), y* (- ;xz))LQ(O’OO;H) — (u* (-5 20), Roy™ (- 2) +77(- §$2>)L2(0,oo;[p(w)]d)
= (P (52007 (+522)) 120 ez (4:5.16¢)
= (0752057 (502) paoeen + (07520507 (5522)) pag ez
— 2 (w5 ), w( ;:EQ))L2(O,OO;[L2(Q)]‘1) (4.5.16d)
(ii): This result follows directly from (i) by letting z; = xo = yo, and recalling

(1.2.1) for J.



84

Proposition 4.5.3. For v > 7., we have the following reqularity result pertaining to

the operators 4 and R
AR, R4 € L(H) (4.5.17)
Proof. First, we show that
ap R e L(H) (4.5.18)
Using the formula in (4.5.9) for R, and the smoothing property of K* from (1.6.2),

for x € H, we have

HﬂEORxHH < H’q;;boROxHH + HIC*ROﬂEOROPw*( ) ;x)HC([O,oo];H)

< |2k, Roxl|; + (| Kk,

| 125, Bo Pw™ (5 2) || .m0 - (4.5.19)

where the norm on Kj, is in £ (L*(0,00; H),C ([0,00]; H)). Recalling that 4*Ry €

L(H) from (1.5.8), and that the L?>-norm of Hw*( is bounded above by

;’:C)H[LZ(Q)]d

< Cyllz||g from (4.1.2), inequality in (4.5.19) becomes

125 B < (|2, Rox|; + [| K,

|| 32 Boll o gz Cooll (4.5.20)

HL(H
where the norm on K7 is still in £ (LQ(O, oo; H), C ([0, 0ol H)), and we dropped the
projection P because Pw*(-;x) = w*(-;z) in L*(0, 00;[L*(©2)]¢) (see Remark 4.5.1).
Thus, we have that (4.5.18) holds.

Now, we use (4.5.18) to show (4.5.17). From the definition of A4g,, we have that
AR = Aap R+ RyPMR. (4.5.21)

Because A5 R and RyPM R are in L(H), it follows have that 4*R is in £(H), and

by duality, R4 is in L(H) as well. O
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4.6 The Feedback Generator 4y and its Prelimi-

nary Properties for v > .

For v > ~., we return to the strongly continuous semigroup ®(t) that defines the
optimal solution y*(t;z) = ®(t)x by (4.4.2), and call 4p its infinitesimal generator,

so that

O(t)r = ™'z, 1z € H; %@(t)x = Ap®(t)r = O(t)apz, =€ D(Ar) (4.6.1)

We recall from (4.4.3) that ®(¢) is uniformly stable.
We next provide information about 4p essentially as a consequence of (4.5.3) and

(4.5.4) being inserted into equation (1.1.13) for y*(t; ) = ®(¢)x.
Theorem 4.6.1. For x € H and vy > 7., and a.e. int >0

(i) We have

%‘WW = [2—PmR+y7*R] &(t)z € [D(21)] (4.6.2)

Thus, by (4.6.1), we have

(4 — PmR+~y 2R|®(t)x = ap®(t)z = ®(t)Apx € H
r€D(ap),t>0 (4.6.3a)
[4— PmR+~ *R]z = 4pz € H, r € D(ar) (4.6.3b)

A=PMBE R (f) 7 re H (4.6.3c)
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(i1) As first order perturbations of the Oseen Operator, A4, the operators Ap, 4 —
PmR and A+ ~v2R each generate a strongly continuous analytic semigroup on
H (see [6], Corollary 2.2 on page 81). (Recall from (4.4.3) that the semigroup

generated by Ap is uniformaly stable.)
Proof. (i): Writing y* as
¢ t
v*(t;v0) = e™yo +/ AT P (13 y0) d7'+/ A Pwt(riyg) dr,  (4.6.4)
0 0

we take the inner product with y € D (4*), and differentiate in ¢, with yo € D(4r),

thus obtaining

— (@0, vy = = (" (590),9) (4.6.5a)
= (ay*(t; yo), y)H + (Pmu*(t; o), y)H + (Pw*(t; o), y)H (4.6.5b)

= (ay*(t;y0),y) ;, — (PmRy*(t:90), ), + 7> (Ry*(t:90),9)

(4.6.5¢)

= ([2— PmR+~7*R] ®(t)yo,v) , (4.6.5d)

by using (4.5.3) for u*(t;yo) and (4.5.4) for w*(¢; yo).
(ii): These results follow directly from a result in Pazy [6], which says that a
perturbation of the generator of an analytic semigroup by a bounded linear operator

is itself the generator of an analytic semigroup. O]
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4.7 The Operator R is a Solution of the Algebraic

Riccati Equation, ARE,, for v > v,
We finally obtain the ultimate goal of our analysis.

Theorem 4.7.1. For v > 7., the operator R defined by (4.5.1) satisfies the algebraic

Riccati equation, ARE,, from (1.3.1). That is:

(A*Rx, 2)y + (RAx, 2) g + (2, 2)

= (Rx, R2) 120 — 72 (Rz, R2) 12y (4.7.1)
forallx, z € H.

Proof. We will first show that (4.7.1) holds true for all x,z € D(4). To this end, we

return to (4.5.5), which we rewrite as

to
(Rz,z)y = (/ eV TO(T)wdr + e RO(t)x, z) : (4.7.2)
0 H

where we recall that ¢ is an arbitrary point ¢y > 0. We now specialize to z, z € D(A)

and differentiate the inner product (4.7.2) with respect to ¢y, which yields

0= (eT"D(tg)x,2),, + (A" RD(ty)x, 2) , + (¢" " RAFP(to)z, 2) (4.7.3)

H

for all ty > 0. Setting ty = 0 above yields

0= (z,2)y + (A" Rz, 2)y + (RArx,2)y YV x,2 € D(A) (4.7.4)
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Inserting the definition of 4 from (4.6.3) in equation (4.7.4), we obtain the following
equation, where, due to (4.5.17), which states that 2*R and R4 are both in L(H),

all inner products are well defined

0= (z,2)y + (A"Rx,2)y + (RAx,2) 5

— (Rz, Rz) (o0 + v ? (Rz, R2)paqye V@, 2 € H. (4.7.5)

Equation (4.7.1) follows. O

4.8 The Semigroup Generated by 24— PmR Is Uni-

formly Stable

We now return to the strongly continuous semigroup generated by (4 — PmR) in
part (ii) of Theorem 4.6.1. We now show that this semigroup inherits from e™**, the

property of being uniformly stable.

Proposition 4.8.1. Let v > v,. The strongly continuous semigroup eA=Fmit g

uniformly stable on H. Thus, there exist constants Cy > 1 and ay > 0 such that

He(ﬂ_PmR)tHL(H) <Cre™™, t>0 (4.8.1)

Proof. We write

2(t; zg) = AP € C([0,T);H); 2 =(a—PmR)z, 2(0)=z € H (4.8.2)
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Hence, we may rewrite 2z’ and z(¢; zp) using Ap as
7 =(a—-PmR+~*R)z—~v Rz = Arz — v *Rz (4.8.3a)
2(t; 29) = ety — 472 /t e R (13 20) dr (4.8.3b)
0

We now take the inner product of the z-equation in (4.8.2) with Rz = Rz(t; 2)

for t > 0 and R self-adjoint, and differentiate in ¢

d
pr (z2,Rz)y =2 ((4— PmR)z, RZ)H =2(4z,Rz); — 2 HRZH[ZLZ(W)]d (4.8.4)

Invoking the ARE, (4.7.1) with x = z = z(¢; z9), we obtain
2(2z, R2)y + 2l = IR2llzape — 72 I1B2 ] fr2(gypa (4.8.5)
Solving (4.8.5) for 2 (42, Rz), and substituting in (4.8.4) results in

d 2 _ 2 2
= (5 B2) g = = Rzl pegya — 7 IRz — 121 (4.8.6)

Integrating (4.8.6) over [0, T yields
g 2 2 2
oo R = [ (IRe(t 0) e+ 97 IRE(6 20) e + (8 0)
+ (2(T; 20), R2(T'520) ) (4.8.7)
Because R is positive definite by part (vi) of Proposition 4.5.1, we can drop the

inner product (2(7%; 29), Rz(T’; 29)) ;; from the right hand side of (4.8.7) to obtain the

following inequality

/0 <||Rz(t§ 20)|[f2ne + 72 I1R2(E; 20) |12y + [12(8; Zo)||fq> dt < (20, Rzo)

(4.8.8)
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Thus, we have that
2(t; 29) = AP € L0, 00; H), Vzo € H. (4.8.9)

From here, we apply a well-known result [6] to (4.8.9) and obtain the exponential

decay (4.8.1) for the semigroup e3—Fmf)t, O

4.9 The Case (0 <y < 7. sup J) = 400

We now consider the case where 7. > 0 and 0 < v < 7, of part (i) of Theorem 1.3.1.

Proposition 4.9.1. Let 0 < v < .. Then, there exists a sequence {wy,}-, such that
for all yo € H, we have
Jo, (o) = 400,  ask — +oo (4.9.1)
so that for all yo € H,
sup J2 (yo) = +o0 (4.9.2)

weL2(0,00;[L2(02)]%)

Proof. Let 7. > 0 so that —2 = infj, = (Sw,w) by (3.2.1), with norm and inner
product in L2(0, oo; [L2(2)]4). Thus, given € > 0, there exists w, € L2(0, co; [L?(02)]%),

with ||w|| = 1 such that
(Sw.,w.) < =2 +¢ (4.9.3)

Recalling E., from (3.1.2), we then obtain by (4.9.3), under the present assumption

that 0 < v < 7.

(Erwe, we) =32 Jwe||* + (Swe,we) < 42 =42 +e=—c. <0 (4.9.4)
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after choosing e sufficiently small. Recalling (3.3.3) and (3.1.3), we have
. (W0) = Ju. (Yo = 0) + Jy—o(%0) + Xu. (%0)
= — (Bw, ws)Lz(o,oo;[p(Q)]d) + (Royo, yo) iy + (ws, ayo)p(o,oo;[m(g)}d) (4.9.5)

where a,, is a suitable vector in L*(0, 0o; [L*(2)]?) depending on yo. We now define
the sequence wy, by setting wy, = kw. € L?(0,00;[L*(Q)]¢). Then (4.9.6) with wy

substituted in for w. becomes

Jo (o) = —k* (Ejw, We) 120 0csi2(@ge) T (Fobo, Yo) g + K (Wes ayo ) 120 oy

> k?c. + (Royo, Yo) g + k (w., (yo ) 12(0 coir2()e) — O a8 k=00 (4.9.6)

after using we used c. = y*> — v2 + ¢ from the inequality in (4.9.4). O

4.10 Proof of Theorem 1.3.2

We now prove Theorem 1.3.2, which is the converse of Theorem 1.3.1
Theorem 4.10.1. Assume that R = R* > 0 is an operator in L(H) such that

(i) the operator Ap = 4 — PmR + 7_2]% 1s the generator of a strongly continuous

t

uniformly stable semigroup eF* on H for some v > 0; and

(ii) R is a solution of the corresponding ARE in (1.3.1) for all z,z € H with the

property that A*R € L(H)
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Then the min-max game theory problem in (1.2.2) is finite for all yo € H, so that

then v > 7.
Note: To line up with f%, I changed p to p and so on (for w, u and y)

Proof. With such R, we define the functions

Pt o) = Rerly, in L*(0,00; H) N C ([0, 00]; H) (4.10.1a)
Vi (t; o) = Rery, in L*(0, oo; [L*(2)]%) N C ([0, oc]; [L*(2)]?)  (4.10.1D)
U(t; yo) = —Rerty, in L*(0, o0; [L*(w)]*) N C ([0, 00]; [L*(w)]?)  (4.10.1c)

w

gt yo) = erlyg in L2(0,00; H) N C ([0, 00]; H) (4.10.1d)

and show that they are the are the optimal functions for the given initial condition
yo € H and value of . Differentiating §(¢; yo) in t, we can see that y = ¢ satisfies the

dynamics (1.1.13) with u = @(-;yo) and w = w( ;o)

d
Tt y0) = Ape’lyg in [D(2%)]  (4.10.2a)
= AeArtyy — PmRe P lyy + 42 Rerly, in [D(a*)]" (4.10.2b)

= ey, + Pm <—ReAFty0

)4—7_2]:26‘4”?;0 in [D(a*)]"  (4.10.2c)

= AY(t;yo) + Pma(t; yo) + Pi(t; yo) in [D(a")]. (4.10.2d)

In the following steps, we will show that g( - ; yo) satisfies the stable dynamics from
(2.4.2) for w = w(-;yo), and then that w = w(-;yy) satisfies equation (3.3.2), which
characterizes the maximizing w € L*(0,00;[L?(2)]¢) for a given initial condition

Yo € H.
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Step 1: Motivated by the relationship between p*, w* and y* in (3.4.4b), we will

show that p, w and ¢ defined in , and (4.10.1d) satisfy the similar relation
P(-590) — Roy(-50) = ’CEOROPUAJ( "3 %Y0) (4.10.3)
We start by defining for each yo in H the function f(-;yo) by

f(t;90) = B(t: o) — Roy(t; o) (4.10.4)

and the function 7(-;y) by

P Y0) = Twmi(- o)oo(t) = 772 / 70" Ry ReAr Ty, dr
t

2 (K}ORO}%AF'%) (1), (4.10.5)

which is the result of replacing w by w(-;y) in formula (2.5.2) for 7, ., using
(4.10.1b) for w.

Note that given the definitions of 3 in (4.10.1d) and p in (4.10.1a), we have that
ft;y0) = ]%eAFtyo — Roe 'ty = (R — R0> erty,, (4.10.6)

so that (4.10.3), which is the result we aim to show in this step, can be rephrased as:
(fz - Ro) Arty) = 42 (IC}}OROReAF - y0> (). (4.10.7)

Also, because 1, satisfies equations (2.3.1) and (2.3.3), we have that 7 satisfies

d

Ef(t; Yo) = —Ar,7(t;y0) — RoPw(t; yo) in H

= —a5 7(t; yo) — v 2RoRe? 'y, in H (4.10.8)
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7(00;y) = 0. (4.10.9)

Thus, the validity of (4.10.3) will follow once we show that f satisfies

d - .
%f(t; Yo) = —Ap, f(t;v0) — v 2Ry Re My, in H (4.10.10)
f(oo;90) = 0. (4.10.11)

We now differentiate in ¢ the inner product in H of f(¢;y0) and z with z € H and

use the duality pairing over H and (4.10.6) for f(t;y) to obtain

% (f(t;w),2)y = <<R — Ro) Aperly,, Z>H

= (AFeAFtyO, ]%z)H — (AFeAFtyO, ROZ)H. (4.10.12)

For ease of exposition we set & = e*¥'y,, and preform the following calculations where
we use part (i) of the theorem for Ax and the ARE, from (1.3.1) for R to obtain

d

GO 2 = (2= PmR+77R) 0. Re) |~ (Ara, Foo)y

H
= (ﬂlm, Rz)H — <R’£,Rz> + 7_2 (f?%RZ)H — (Apz, ROZ)H

(L2 (w)]¢

_ (}Zl*lfﬁx, Z)H — (2, 2) g — (Ax, Roz) 5 + (]:zx, Roz) LA

— 2 (Rx, Roz) . (4.10.13)
H
Equation (1.5.13), the ARE for Ry, allows us to rewrite —(4*Rz, z) — (, 2) as
— ()Zl*f%x, z)H —(2,2)y = (A" Roz, 2) 5 — (Rox, Roz)[LQ(w)]d (4.10.14)

so that (4.10.13) becomes

d

—(f(t),2)g = — (ﬁl*f%x,z)

o + (A" Roz, 2) y — (Rox, Ro2) 12y + (Rx, Roz>

H (L2 (w)]
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P (Ra:, ROZ>H

. (ﬂz*ﬁzx, z)H — (RyPmRoz, 2);, + (A" Roz, )y + (Ropmz%x, Z)H
g (Roﬁzx, z>H

_— ((ﬂ* — RoPm) R, z)H + (A = RoPm) Rox, 2)  — 72 (RORQC, z)H

=— (,‘Zl};()f(t; Yo), z)H — 2 (RoéeAptyo, z)H ) (4.10.15)

This shows the validity of (4.10.10). We have thus shown (4.10.3), as the terminal
condition for f in (4.10.11) follows from the uniform stability of the semigroup e#*
on H.

Step 2: We now return to equation (4.10.2b) and then add and subtract the quantity

PmRye?rty, to obrain

d . )
—J(t;y0) = AeFlyy — PmRerlyy + 42 Rerly, in [D(a")

" (4.10.16
o ( a)

= (4 — PmRy) erlyy — Pm (R — R()) etrly,
+ 7 2Retrty, in [D(a*)]  (4.10.16b)

= Ar,J(t; y0) — Pmi(t; yo) + Pw(t; yo) in [D(a")] (4.10.16¢)

where we have used (1.5.9) for 4g,, (4.10.1d) for g, (4.10.1b) for w, and both (4.10.5)
and (4.10.7) for 7. Comparing this with (2.4.2), the stable form for the minimizing
dynamics, we see that {@(-;y0),9(-;v0)} is the minimizing pair for initial condition
1o and disturbance w.

Step 3: Now we make use of (4.10.3) to show that w(-;yy) is the maximizing
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disturbance for initial condition yg € H. In particular, we seek to show that wsatisfies

a relation similar to (3.3.2):
(B, (-390)) (t) = Roe™'yq (4.10.17)

with E, the bounded operator on L%(0, oo; [L*(€2)]?) defined in (3.1.2). Using (3.1.2)
and (3.1.1) for £, and S, and recalling (1.6.3) defining .Zr,, Wh,, and their adjoints,

we calculate:

Ei(-;y0) = [ + RoLryLrsy RoP — Wi, RoP — RoWh, | 60( -5 y0)
= [v* + RoKgry Py, RoP — Ky, RoP — RoKr, P] w( ;o)
= [4? + RoKp, Pmky, RyP — Ky RoP — RoKp, P] [7—2R6AF ' yg}
= ReAF'yo + V_QROICROPmICEORORGAF'yO — 7_2’CE0R0I:56AF'?J0

— Y 2RoK gy Re™ "y (4.10.18)

where we used (4.10.1b) for w( -;yo). Recalling equation (4.10.7) allows us to insert

<]:2 — R0> ertyy into (4.10.18) to obtain

Ei(-5y0) = Reryy + ’YQROICROPmICEORoR@AF Yo — ’Yleq«zORoé@AF Yo
— v 2RoK g, Re "y,
_ pLAF- » AF - ® Af -
= Re™ " yo + RoKpr,Pm (R - R0> ey — (R — R0> e F o
— Y 2RoKC g, Re "y,

=Ry <ICRO [mei — PmRy — 7_2f€] ey + eAF'y()) (4.10.19)
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Using the definitions of 4g, in (1.5.9) and Kg, in (1.6.1) and the definition of Ap

in part (i) of the theorem, we perform the following calculations pertaining to the

quantity in the last line of (4.10.19)

(lCRO [Pml% — PmRy — 7_2]%} ey + eF yg> (1)

t
= / o (t=7) (AR, — Ar) ey dr 4 eAFly,
0

t t
= / eMo (t_T)leRO ey dr — / =T A e r Ty dr
0 0

- _ eﬂRO(th)eAFTyO

= —eA

Ftyo + eﬂROtyo +e

+ eAF tyo

T=t

¢
+/ ™o =T) A e F Ty dr
7=0 0

t
— / e'Fo (t_T)AFeAFTyO dr + e?rty,
0

Artyy = eTroly,

in [D(aY)]

(4.10.20a)

(4.10.20Db)

(4.10.20¢)

(4.10.20d)

where we used integration by parts on the first integral in (4.10.20b) to obtain

(4.10.20c). Inserting the result of (4.10.20) into the last line of (4.10.19), we see

that (4.10.17) holds true.

We have shown that the quantities defined in (4.10) are the optimal quantities for

Yo € H.

Since R is a solution of the ARE, with 4*R € L(H), it follows that

dt

d R ~
(ReAFtyO, eAFty0>H — 2 <RAF€AFtyU7 eAFty())H

=2 <I:254€A”y0, eAFty())H -2 HReAFtyoH

R 2
+ 27_2 ReAFtyg‘

2

(L2 ()]

(L2 (w)]¢

(4.10.21)
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We now apply the ARE in (1.3.1) with z = 2z = eA*'y, to rewrite (4.10.21) as

d A~ 2 ~ 2 R 2
_ Y peArt 7 Apt > _ || ARt ReArt ) _ 2 || peArt H
T ( €Y ) ||€ yOHH + || o L2 gl e Yo 2@
(4.10.22)
Because e/7! is a uniformly stable semigroup, integration in t over [0, oo] yields

A o0 . 2 . 2
R , > — AFt 2 HR AFt o —QHR AFt H dt,
( Yo Yo ) /0 (He y0HH+ € Yo gl e Yo LA

(L2 (w)]?

Vyoe H (4.10.23)

Since J*(yo) < 0o, Proposition 4.9.1 implies that 7 > ~.. ]
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