Tandem Queues with Identical Service Times in Heavy Traffic

Bryce Ashley Terwilliger
San Diego, California

Bachelors of Science in Mathematics, University of California San Diego, 2011

A Dissertation presented to the Graduate Faculty
of the University of Virginia in Candidacy for the Degree of
Doctor of Philosophy

Department of Mathematics

University of Virginia
May, 2016




Abstract

A queueing network consists of several nodes where at each node there is a
server and a queue; jobs pass through the network receiving a random amount of
service at each node. In classical Jackson networks, a particular job’s random service
requirements at each node are independent of one another. This independence enables
the computation of various steady-state performance measures and scaling limits.

The independence assumption may not be very realistic, however. Consider in-
stead a queueing network where, although service times are random, any particular
job has identical service times at each server. In this situation much dependence is
introduced and many classical results break down. Even for the simplest example
of a two-node tandem queue, very little is known. In seminal work on this model,
Boxma [4] found the steady state distribution for the workload in the second queue
at special time-points, in the case arrivals are Poisson. The workload is the amount of
time a newly arriving job would need to wait for service to begin and represents one
of the most important measures of congestion in a queueing system. For the basic
two-node model, the complicated dependencies exist only in the second queue. To
expand on Boxma’s result, we study the entire workload process in the second queue
of the two-node tandem system. Unfortunately, this process does not converge under
the same scaling as the workload in the first queue. To handle this, we introduce
and study a related process M, called the plateau process, which encodes most of

the information in the workload process. We show that under appropriate scaling,



ii
workload in the first queue converges, and although the workload in the second queue
does not converge, the plateau process does converges to a limit M* that is a certain
function of two independent Lévy processes.

Although the aforementioned result gives a characterization of the long-term dy-
namics of workload in the second queue, it is difficult to compute distributional quan-
tities from this characterization explicitly. To this end, we find the one dimensional
distribution of the plateau process on a certain subsequence of special time points,
similar to Boxma’s approach. For this more detailed analysis we restrict to the case
of exponential interarrival times and regularly varying service times with infinite vari-

ance.
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Chapter 1

Introduction

Queueing theory is the study of waiting lines or queues. The general theory has
been used to model diverse systems extending from telecommunication networks to
the design of hospitals. A queueing network consists of several nodes where at each
node there is a server and a queue; jobs pass through the network receiving a random
amount of service at each node. Often, one is concerned with the amount of congestion
in the system resulting from the configuration of the nodes. Given the primitive data
for a queueing network one could compute the congestion in the system for the next
few arrivals, but these computations quickly become overwhelming. Over longer
periods of time it is reasonable to expect the distribution of the primitive elements
of the system to characterize the congestion. This suggests congestion may be well
approximated by simpler objects obtained via scaling limits, in much the same way
as a large sum may be approximated by a normal random variable.

In classical Jackson networks, a particular job’s random service requirements at

each node are independent of one another. This independence enables the compu-



tation of various steady-state performance measures and scaling limits. For exam-
ple, Jackson [8] found steady state distributions for queue length and Harrison and
Williams [7] find necessary and sufficient conditions for the workload process in each
queue to converge to independent reflected Brownian motions.

The independence assumption may not be very realistic, however. Consider the
problem of moving files from point A to point B where at the midpoint an operation
takes place that requires the presence of the entire file and does not significantly
change the file’s size. The amount of time required to move the file to the midpoint
is about the same as the amount of time required to move the file from the midpoint
to point B. In this example we may consider the time it takes to transmit a file
as a service time and the two service times experienced by one file would not be
independent, but rather depend on the file size.

The above model is an example of a system in which a job’s service times are
correlated at different nodes in the system. Very little is known about such models,
even for the simplest case consisting of two queues in tandem with identical service
times at each server. In this situation much dependence is introduced and many
classical results break down.

This work concerns a tandem queueing model, consisting of two queues with a
single server at each queue that serves jobs according to the First In First Out (FIFO)
policy. Jobs arrive to the first queue according to an exogenous renewal process,

where they wait to be served by the server in the first queue. When a job’s service



requirement is satisfied in the first queue it moves immediately to the second queue,
where it waits to be served by the second server. Jobs only enter the second queue
from the first queue, never from outside the system. When a job’s service requirement
is satisfied in the second queue it leaves the tandem queueing the system. Critical for
this model, is that a job’s service time at the second server is identical to it’s service
time at the first.

In seminal work, Boxma [4] found the steady state distribution for the workload
at special time-points in this model, in the case arrivals are Poisson. The workload is
the amount of time a newly arriving job would need to wait for service to begin and
represents an important measure of congestion in a queueing system.

For the basic two-node model, the complicated dependencies exist only in the
second queue. Expanding on Boxma’'s result, we study the entire workload process
in the second queue of the two-node tandem system.

Our motivation is to obtain scaling limits for this process, under suitable asymp-
totic assumptions. Unfortunately, the workload process in the second queue does not
always converge in the same setting as the workload in the first queue. That setting
is known and we briefly outline the procedure for obtaining the scaling limit.

Consider a triangular array of stochastic primitives for the model: for a sequence
r— oo in Ry, {vf}2, and {ul}2, are iid sequences of service times and interarrival
times respectively to the first queue. Assume positive, finite means E [v]] = v" and

E[uf] = p" for each i = 1,2,.... Let U"(t) = Z,Etil up, V7(t) = ,Etil vy, UT(t) =
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Figure 1.1: The workload in both queues with identical service times in each. 1000

Poisson arrivals with parameter 1/3.1 service times are Pareto(1,3/2).



i(UT(rt) —u'r), and V' (t) = i(VT(rt) —v"r) for some sequence of positive constants

a, tending to infinity. Now, we make the asymptotic assumptions as r — oo that

r/a. — oo, " = p, V" — p,

r r
(" — Mr)a—r =u"(p" — 1)a—r — s
U'=U* and V" = V*.
In this case U* and V* must be independent centered Lévy processes. Note that
U™ = U* if and only if U"(1) = U*(1) since for each r, {ul} is iid (See Whitt [12]

‘s

supplement Theorem 2.4.1). Since (p" — 1)~ — v we have p" — 1 at rate a,/r. For
example, if a, = /7, U"(1) = N(0,02) and V"(1) = N(0,02) and the workload in

the first queue converges to

o(V* = U" + pye)(t/p),

where ¢(z)(t) = z(t) — Oi<nf<tx(s) is the reflection function and e(t) = t is the identity

function. Recall for a stable process B with parameter 2 we have, B(t/u) ~ -=B(t).

\/ﬁ
In this case we recognize (V* — U*)/\/li + ve as a brownian motion with drift  and
variance (02 + ¢2)/u, so the the workload is a reflected brownian motion with these
characteristics. In this example, we have v < 0 when p 1 1.
When V* has continuous sample paths almost surely, our results show that the
workload in the second queue is zero almost surely. On the other hand, if V* is a

Lévy process with parameter 1 < o < 2, then the workload in the second queue does

not converge. To see this, consider a first-queue busy period; then the time between



departures is a service time. The effect on the workload process in the second queue
is the return to the height attained at the previous arrival unless the current job is
larger. The frequency of return to the same height can be seen in the figure 1 where
the workload in the second queue must hit zero before each increase. When compared
to the workload in the first queue it is clear the behavior is very different because the
workload in the second queue frequently has consecutive local maxima of the same
value. If the new job is larger, then the workload in the second queue may be zero for
a nonzero amount of time, but if a big job is not larger than the current workload in
the second queue then the workload process decreases at rate r/a, for a period long
enough for the workload to return to its previous height when the big job arrives.
Since r/a, — oo the workload process will fail to have a left limit at such a point.

Notice that the silhouette of the workload in the second queue seems to converge
under the same scaling as the workload in the first queue. In contrast to the jagged
peaks of the workload in the first queue, the silhouette is characterized by rolling
hills. Much of the information about the workload is retained if we only keep track
of these recurring levels or plateaus. In doing so we eliminate the oscillating behavior
that prevents us from working directly with the workload in the second queue.

This is the strategy we follow. We introduce and study a process M, called the
plateau process, which encodes most of the information in the workload process. The
plateau process is defined to be the workload in the second queue at the time of the

most recent arrival. This definition eliminates the difficulty with scaling described



above. We show that under the scaling described above the plateau process converges
to a limit M* that is a certain function of the two independent Lévy processes U*
and V*. More explicitly, the Nth job waits in the second queue for a period of time

F(U,V,1)(N), where for two functions z,y : [0,00) — R

0<s<t 0<r<s

Fla,y,¢)(t) = sup (y<s>—-y<s—»-+ sup (w(r>—-y(h*—<ﬂ+))

= s ()~ ulls = ).

0<s<t

At time t the number of jobs that have arrived to the second queue is R(t), and the
above functions are continuous on a relevant set in the Skorohod path space D. For a

sequence of models indexed by r, the plateau process in the rth model can be written
M™(t)=FU", V", 1)(R"(t)).
Letting M"(t) = airMT(rt), we show
M" = M*,

where M*(t) = F(U* + yue,V*,0)(t/n), see Theorem 2.1.1. This is the subject of
Chapter 2.

Although the aforementioned result gives a characterization of the long-term dy-
namics of workload in the second queue, it is difficult to compute distributional quan-
tities from this characterization explicitly.

To this end, in chapter 3 we consider the sequence of times when the plateau

process is large. That is the sequence of times when the last job in a busy period



in the first queue arrives to the second queue. After each such time the workload in
the second queue will be reduced by the duration of an idle period. We find the one
dimensional distribution of the plateau process restricted to this special sequence of
times in the case the exogenous arrival process is Poisson and the service times are
regularly varying with parameter 1 < o < 2. We also use a slightly different scaling

to compensate for the growing average length of a busy period as p 1 1.



Chapter 2

The plateau process M(-)

In this chapter we find the functions that describe the waiting time in the second queue
in terms of the sums of interarrival times U and sums of service times V. We show
that these functions are continuous in the Skorohod J; topology on relevant subset
of D the space of right continuous functions with finite left limits. The continuous
mapping theorem is used to show that the scaled waiting time function also converges

on D.

2.0.1 Notation

The following notation will be used throughout. Let N = {1,2,...} and let R denote
the real numbers. Let R, = [0,00). For a,b € R, write a V b for the maximum, and
a A b for the minimum, [a|t =0V a, [a]" =0V —a, |a] for the integer part of a.
For f: Ry — Rlet fT =g where g(t) = supgc,<, f(5).
The arrival time of the nth job to the first queue is denoted ¢,, while the arrival

time of the nth job to the second queue is the transfer time of the nth job D,. D, is
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the departure time of the nth job from the first queue in the model.

Following Ethier and Kurtz [5] let A’ be the collection of strictly increasing func-
tions mapping R, onto Ry. Let D = D([0,00),R) be the space of real valued,
right-continuous functions on [0, 00) with finite left limits. We endow D with the
skorohod J;-topology which makes D a Polish space [2]. For T' > 0, let pr be such
that pr(r,y) = supeor |2(s) — y(s)|. Let e € D be the identity function e(t) = t.
For z with finite left limits, in particular z € D, let z(t—) = limgy z(s), and 2~ =y
where y(t) = z(t—) for t > 0 and y(0) = z(0).

Let A’ be the collection of increasing functions A mapping R, — R,. Let A C A’

be the set of Lipschitz continuous functions such that A € A implies sup
s>t>0

log

s—t

oo. We will often use [5] proposition 3.5.3: Let {z,} C D and x € D. Then z, By g
if and only if for each 7" > 0 there exists {\,} C A’ (possibly depending on T") such
that limy, o SUPg<icr |An(t) — t| = 0 and lim,, o SUPg<jcr |Tn(t) — 2(An(t))] = 0.
Weak convergence of random elements will be denoted by =. We adopt the
convention that a sum of the form )" with n > m, or a sum over an empty set of

indices equals zero.

2.1 Tandem queue model and main result

In this section we give a precise description of the tandem queue, specify our assump-

tions, and state our main result.

Als) = A(t)

<
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2.1.1 Definition of the model

We formulate a model equivalent to the one in Boxma [4]. The tandem queueing
system consists of two queues Q1 and Q2 in series; both Q1 and Q2 are single-
server queues with an unlimited buffer. Jobs enter the tandem system at Q1. After
completion of service at Q1 a job immediately enters Q2, and when service at Q2,
which is the exact same length as previously experienced in Q1, is completed it leaves
the tandem system. Jobs are served individually and at both counters with the first
in first out discipline. We assume the system is empty at time zero.

More precisely, Q1, the exogenous arrival process E(+) is a renewal process. Jump
times of this process correspond to times at which jobs enter the system. This renewal
process is defined from a sequence of interarrival times {u;}:2,, where u; denotes the
time at which the first job to arrive after time zero enters the system and w;, i > 2,
denotes the time between the arrival of the (i — 1)st and the ith jobs to enter the
system after time zero. Thus, U; = Z;Zl u; is the time at which the ith arrival enters
the system, which is interpreted as zero if i = 0, and E(t) =sup{i > 0: U; <t} is
the number of exogenous arrivals by time t. We assume that the sequence {u;}2, is
an i.i.d. sequence of nonnegative random variables with E [u;] = p < oo.

At Q1, the service process, {V;,7 = 1,2,...}, is such that V; records the total
amount of service required from the server by the first ¢ arrivals. More precisely,
{v;}$2, denotes an i.i.d. sequence of strictly positive random variables with common

distribution function F' independent of the collection {u;}3,. We interpret v; as the
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amount of processing time that the ith arrival requires from both servers. The v;’s

are known as the service times. Then, V; = 22':1 vj, which is taken to be zero if
i = 0. It is assumed that E [v;] = v < oc.
Note that £ and V' are assumed to be independent.

For t > 0, let

1(t) = sup [V — §]

s<t

We interpret I(t) as the cumulative amount of time that the first server has been idle

up to time . For n > 0, let

Then I, is the cumulative amount of time that first server has be idle up to the arrival
of the nth job in the first queue.

Let W;(t) denote the (immediate) workload at time ¢ at Qi, i = 1,2, which is
the total amount of time that the server must work in order to satisfy the remaining
service requirement of each job present in the system at time ¢, ignoring future arrivals.
For t > 0 we define

Wi(t) = Ve —t + 1(t).

Let D, be the transfer time of the nth job. So, the nth job exits Q1 and enters
Q2 at time D,,. Let dy = u; + v, and d,, = D,, — D,,_1 for n > 2 be the intertransfer

time between arrivals of n — 1st and nth job to the second queue. For n > 0 we have

D, =V, +1,.
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Let R(t) denote the number of transfers to Q2 by time ¢. For ¢ > 0 we have
R(t) =sup{n >0: D, <t}. (2.1.1)

Let J(t) denote the cumulative amount of time that the second server has been

idle up to time ¢, and W(¢) as the workload in Q2 at time ¢. That is, for t > 0 let

J(t) = sup [Vae) — 5],

s<t
Wy(t) = Vray —t + J(t).

If & is the index of the first job in a busy period of the first queue then W (tx) = vg.

Similarly, Wa(Dy) = vy if the kth job arrives to the second queue at a time when the

second queue is empty.

Finally, let M,, denote the workload in the second queue at the time of the arrival
of the nth job to the second queue, which is just the sojourn time of the nth job
in the second queue. Let M(t) be the piecewise constant right continuous function
that agrees with the work load in the second queue at each transfer time and whose
discontinuities are contained in the transfer times. We call M (t) the plateau process.

For integers n > 0 and real numbers ¢ > 0 we have

Mn = WQ(Dn)7
(2.1.2)
M(t) = Mpg).

The name plateau process comes from the tendency of M, ., to be equal to M,,

although M, may increase or decrease.
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Definition 1. For a real number t > 0,

U(t) = Uy and V(t) = Vi

2.1.2 Sequence of models, assumptions, and results

We now specify a sequence of tandem queueing models indexed by r € R. Each model
in the sequence is defined on the same probability space (€2, F,P). The rth model
in the sequence is defined as in the previous section where we add a superscript r to
each symbol. In particular, for ¢ > 0 let M"(¢) denote the plateau process in the rth
system.

That is, a sequence of tandem queueing models indexed by 7, where r increases
to oo through a sequence in (0,00), {vf}°, and {u]}°, are the service times and
interarrival times to the first queue with positive, finite means E [v]] = v" and E [u]] =

" for each it = 1,2, ... independent of each other. Define the following scaled versions

of processes in the rth model for a sequence of positive reals a, — oo and ¢ > 0,

Ur(t) =r=tU(rt) and Vr(t) = r VT (rt)

U(t) = a " (U (rt) — ru"t) and V(t)=a; ' (V" (rt) — rv't)

M7 (t) = a;"M"(rt)
(2.1.3)

Asymptotic assumptions We make the following asymptotic assumptions, as
r — 00, about our sequence of models. Assume there is a sequence {a,} such that

r/a, — oo, U"(1) = U*, V'(1) = V* in R. In this case U* and V* are centered
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infinitely divisible random variables see Feller [6] XIL.7. In this case we have U" = U*
and V7 = V* in D, where U* and V* are Lévy stable motions with U*(1) ~ U*
and V*(1) ~ V* by Whitt [12] supplement 2.4.1. We further assume lim, . " =

lim,_,., v = p and the traffic intensity parameter for the rth system p" = ’:—: satisfies

T a-p)syeRr

r

Definition 2. Define the mapping F': D x D x R — D by

-ﬂ%%d@%=wp(%ﬂ—%&ﬁ+wm(ﬂﬂ—mv—dﬂ)

0<s<t 0<r<s

— s (ol = u(ls =)

0<s<t

Theorem 2.1.1.
M" = M*,

where M*(t) = F(U* + yue, V*,0)(t/ ).

2.2 The plateau process as a function of U and V

In this section we derive various relationships namely the stochastic processes com-
prising the tandem queueing model. These relationships hold for any of the r indexed

models, so we suppress superscripts referring to a particular model in sequence.

2.2.1 The idleness process for the first queue

This section is a prerequisite for understanding the arrival process in the second

queue. If the cumulative idleness in the first queue is identically zero for all of time
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then the arrival process to the second queue is just a renewal process formed by the
service times. Here we consider the cumulative idleness process in the first queue as

a discrete time process. Consider the model defined in section 2.1.1
Lemma 2.2.1. For each n > 1,
k
I, = g . 2.2.1
n = up + max (Z(u] v 1)) , (2:2.1)
form=1,2,....

Proof. We proceed by induction. First observe that ijz(uj —v,_1) = 0, by conven-

tion, so

f?éf( (Z(Ua’ - Ujl)) >0

7j=2
k
for n > 1. 11=u1+T£1§1X (uj —vj_1) =uy. For n =2,
7j=1
, k
Iy=uy + [ug — o] = us + max (;(uj — vjl)) ,

since there is no additional idleness if the second job arrives while the first job is in
service. This is the base case for the induction.

For the inductive step, assume equation (2.2.1) holds for n > 2. There are two
cases. In the first case the (n + 1)st job arrives before the nth service is complete. In
this case the first job in the current busy period had index ¢ < n, arrived at time t;,
and the total amount of work that has arrived since t;, ZZ:Z v exceeds the amount

of time Y7/ | wy, since t;. That is,

n+1

Z up — vp—1 < 0,

k=i+1
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for some 7 < n. Thus
+1 u
max (ZQ(UJ' - Uj—l)) = max <Z(%’ - Uj—l)) ,
]:
and the cumulative idle time has not increased
) k
n-+
]n = In+1 = U + nklle (Z(U] — Uj_l)) .
j=2
In the second case, the (n + 1)st job arrives after the nth service is complete, so
the total idle time just before the arrival of the n + 1 job is u; + ZZZ; Up — Vp—1. In

this case, for any job i < n, the total amount of time Zz;l 41 Ug exceeds the total

amount of work > _ vy since t;. That is,

n+1
Z up — vp—1 > 0.
k=it1
Thus,
k n+1
(Z(Uj - Uj—l)) < (Z(Uj - Uj—l))
=2 =2

k=1

n+1 k
for each k =2,...,n+ 1, and we have Zuj — v = A <Z(uj — vj_1)> . n

Jj=2 Jj=2

Note that the departure process of the first queue is equal to the arrival process
R(-) of the second queue. Since the queueing discipline is FIFO, the number of jobs
that have arrived to the second queue by time ¢ is the greatest number N such that
the total amount of time needed to complete the first NV jobs, ij:l Uk, 18 less than

the amount of time spent working, ¢t minus the cumulative idle time in the first queue.
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2.2.2 Workload in the second queue

In this section we show how to write the plateau process M (-) as a function of the
primitive arrival and service processes. The following formula relates sojourn times
in the second queue to service times and idleness in the first queue. It comes from
Lindley recursion [1] for a FIFO queue Wy(D,,11) = vp11 + [Wa(D,,) — dpga]™, where
no independence needs to be assumed about the intertransfer times d, and service

times vy,.
Lemma 2.2.2. The sojourn time of the n'* job in the second queue is
M, = rkn%f{ {v + I} — I,,.

Proof. Note that the sojourn time of the n*" job includes its service time. The second
queue is initially empty and the service time of the nth job is the same in both queues.

Clearly I; = uq, since the first queue is empty until the arrival of the first job. So,
Ml =V = Iilialx{’uk + [k} - [1.

The intertransfer time between the nth and (n+ 1)st job is d,11 = vpr1 + (Lnp1 — In)-

Proceeding by induction, suppose M, = r}rﬁtlx {vr. + I} — I,,. Then, Lindley recursion



gives
M1 = Vpyr + [My — o1 — (I — I,)]F
=1 V (M, — (I — 1))
= via V (b (0 + 1) = Ly = (Lsa — 1))

= |:(vn+1 + Iny1) V Iil%f( (v + Ik)] — I

= r%iéix (Uk + ]k) — Iy

Definition 3. Define the translation function G : 1D x R — D by
G(x,0)(t) = 2([t — "),
and define H : 1D x D x R, — I as the composition
H(z,y,¢) = (x = Gy, o))"
More explicitly,

0<s<t

Hia. )0 = sup (o6 = u(ls "))
We can write [,, in terms of V' and U from definition 1.

Lemma 2.2.3. For each n > 1,

I, =H(U,V,1)(n),

19

Moreover H is constant on intervals of the form [n,n + 1) where n is an integer, so

for each integer n we have H(U,V,n)(|t]) = H(U,V,n)(t) for all t > 0.
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Proof. The processes V and U are constant between integers so H is constant on

intervals of the form [n,n + 1), where n is an integer. For an integer k, vy = V (k) —

V(k—) and u = U(k) — U(k—). By lemma 2.2.1,

k
I, =u; + I?ff( (Z(uj — Uj—l))

Jj=2
k k-1
n
= u; + m:aX E Uj — (25
Jj=2 J=1

Now we can write R in terms of U and V.

Corollary 2.2.4.
R(t) =max{m >0:V(m)+ H(U,V,1)(m) <t}.

Proof. From definition (2.1.1) we have R(t) = max{N > 0: S0 v, + Iy < t}. We

have SN | vy = V(N) by definition 1 and Iy = H(U,V,1)(N) by lemma 2.2.3  H

We can now write the plateau process in terms of the function F' defined in section
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2.1.2. By definitions 2 and 3,

F(z,y,¢) = (y—y + H(z,y,0) — H(z,y,0),

or more explicitly,

F(a,y,c)(t) = sup (y(s) —y(s=) + H(z,y,¢)(s)) = H(z,y,c)().

0<s<t

Lemma 2.2.5. For allt > 0,
My = F(U,V,1)(t).

Proof. By lemma 2.2.2

L]
My = max (vk + Ii) — I

— i (V (k) — V (k=) + I) — Iy

k=1

= miax (V(K) = V (k=) + H(U, V, 1)(k)) = H(U,V, 1)((1])
by lemma 2.2.3. For a positive integer k& we have H(U,V,1)(t) is constant for ¢ in
[k,k+1) and V(k)—=V(k—) > V(t) =V (t—) for tin [k, k+1). Thus, V(¢) =V (t—)+

H(U,V,1)(t) is maximized when ¢ is an integer. Thus,

My = sup (V(s) = V(s—) + HU.V.1)(s)) ~ HU.V,1)(2)

0<s<t
=F(U,V,1)(¢t).

Finally we can express M(-) as function of U and V. By definition (2.1.2), M ()
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is the composition M.y with the arrival process to the second queue. That is,
M(t) — MR(t)
= F(U,V,1)(max{m > 0:V(m)+ H(U,V,1)(m) < t}).
Notice that the plateau process is greater than or equal to the workload in the second

queue at each time, that is M (t) > Wy (t) for each t > 0.

2.3 Continuity properties of G, H, and F

In this section we identify a subset of the domain of F' that contains the limits of
the processes we are interested and where F' is continuous. This result is obtained by
treating F' as a composition of continuous functions. The method of proof is similar

to how Whitt showed addition is continuous on a large set in [11].

Lemma 2.3.1. For any x € D, G is continuous at (x,0) in the product topology on

D x R.

Proof. Let ¢, be a sequence in R with ¢, — 0, and let z, — x in ID. Then for each
T > 0 there exists {\,} C A such that supyc,<q|An(t) —t] — 0 as n — oo and
SUPg<i<t |Zn(t) — (An(t))| — 0 as n — oo.

For each n = 1,2, ... define

An(t —cp), if t > 2|c,|,

A, ((1 _ %) t> Lt t < 2le),

where sgn(c,) = —1if ¢, <0, sgn(c,) =1 if ¢, > 0, and sgn(c,) =0 if ¢, = 0.

An (t) =
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We have {\,} C A because each ), is the composition of two functions in A. Now,

An(t) — t)) Vv (2;|12?ST An (1) —t‘)
- P (22 ) =) [ e -1)
< (o P (-2l ) - (o 2l

(1 - %W) t— tD v (mcfguqm(t — ) = (t—cn)| + |cn|> .

When 0 <t < 2|¢,| we have 0 < (1 — %(C")) t < 3|ey), so

sup
0<t<T

An(t) — t‘ = ( sup

0<t<2|cn|

+ sup
0<t<2|en|

sup
0<t<T

0<t<3|cn|

Xn(t)—t]g< . ])\n(t)—t|+3\cn]>

vV ( sup |An(t) —t| + ’Cn|>

2|en|—en<t<T—cp

< sup A () —t| + 3|eal,
0<t<T

SO SUPg< <7 An(t) — t) — 0 as n — oo.

G(n, cn)(t) — G(2,0)(An(2))| = 0 by [5] Proposi-

Now, it suffices to show sup
0<t<T

tion 3.5.3. We have
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sup
2en|<t<T
= sup |z ([t —cut) — $(5\n<t>)
2|Cn|§t§T
= sup |$n(t — Cn) - $()\n<t - Cn))|
2|Cn‘§t§T

= sup |z, (t) — z(A\u(8))] — 0 (2.3.1)
2|en|—en<t<T—cpn

So it suffices to show supg<; <o, |G (Tn, cn)(t) — G(z, 0)(An(t))| = 0
Fix € > 0 and let n > 0 such that sup,<,<, [7(0) —z(t)| < € by right continuity of z

at zero. Now, for n so large that |c,| < min(7/3,1/6), supg<icr [An(t) —t] < e A7/2,

and supg<;<r |2n(t) — 2(An(t))| < € consider the ¢, <0, ¢, > 0, and ¢, = 0 cases.

If ¢, <0,
S |Gl c)(®) = Gl 0)(hn(e)
=S fenle—enl®) - 2(Aa(t))
= et = ) = O (31/2)
< s ot = en) = 2Ot = ea) |+ 2Ot = ) = (0 (31/2)
< s |20 () — 2(Aa(8))] + S [2(An(t =€) — 2(Au(3t/2))]
sup oMt = )l + sup [r(A(3t/2)].

< sup |z, (t) — (M (8))] +
0<t<T 0<t<—2cn 0<t<—2¢n,

We have (t — ¢,) V (3t/2) < =3¢, for 0 <t < —2¢,, and so

An(t — ) VAL (3t/2) < \(—3cn) < =3¢, +n/2 <.
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Thus,
S G, ) (t) = G, 0)(Aa(1))

<e+ sup |rx(M(t—cy))|+ sup |z(A.(3t/2))]

0<t<—2cp 0<t<—2cp

< e+ sup |z(t)|+ sup |z(t)] < 3e
0<t<n 0<t<n

If ¢, >0,

sup |G, ) (t) = Gla, 0) (An(1))

0<t<2|cn|

= sup
0<t<2cp

ealt = eal ) = 2(a(0)]

= sup [aa(t - el ) — 2(Aa(t/2))

0<t<2cy,

< sup |x,(0) —x(A(t/2))| vV sup  |zn(t —cn) — x(Ma(t/2))]. (2.3.2)

0<t<cpn cn<t<2cp

For the first term,

sup [2,(0) — 2(An(t/2))] < sup [2,(0) — 2(0)] + [2(0) — 2(Xn(2/2))]

0<t<cp 0<t<cp

= |2n(0) = 2(Au(0))| + sup |z(0) — z(An(t/2))]

0<t<ecn

< sup |z,(t) —x(A(t))] + sup [2(0) —x(t)] < 2,
0<t<T 0<t<n



since A, (t/2) < A\u(en/2) < /24 n/2 < nfor 0 <t < ¢,. For the second term,

Ta(t) — @ (An (H;))'
st = (3 (S5

2(An(t)) = 2(0) +2(0) — z (A“ (t +20>> ‘
t

oo (5)

<e+2 sup |z(0) — z(t)| < 3e,
0<t<n

sup  [aa(t — ) — 2(An(t/2))] = sup

cn<t<2cp 0<t<cp

< sup |z,(t) — 2(Aa(1))] +

0§t<€n

< e+ sup
0§t<Cn

<e+ sup |z(A\(t)) —x(0)] + sup

0<t<cn 0<t<cn

since A, (1) V A\p(552) < Apln) < e +1/2 < mpfor 0 <t <.
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If ¢, = 0 then A\, = A\, 50 G(Z, ) (t) — G(z,0)(Aa(t)) = 2,(t) — 2(Aa(t)), which

converges to zero uniformly by assumption.

So in all three cases we have

sup ’G(xn, cn)(t) — Gz, 0)(5\71(15))‘ < 3e.

0<t<2|cn|

Together with (2.3.1) and since € was arbitrary, we have

sup
0<t<T

G, cn)(t) — Gz, 0)(5\n(t))‘ 50

as n — 0.

So we have G(zy,, ¢,) = G(z,0) on D.

For x € D, let Disc(x) denote the set of discontinuities of x.
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Lemma 2.3.2. H is continuous at (z,y,0) for all z,y € D such that
Disc(x) N Disc(y) = 2.

Proof. Let ¢, € R with ¢,, — 0 and let x,, and y,, be in D such that x,, = x and y,, — ¥
and fix a time 7' > 0. Let z, =y, — x, and z = y — x. Since Disc(x)NDisc(—y) = &,
[11] Theorem 4.1 tells us that there exists {\,} C A’ such that pr(A\,,e) — 0 and
pr(2n, z0A,) — 0. Since G is continuous at (z,0) by lemma 2.3.1, and (z,, ¢,) — (z,0)
we have {\,} C A’ such that pr(A,,e) = 0 and pp(G(2n, cn), 2 0 Ap) — 0. In fact,
we may construct A, as in the proof of 2.3.1. Since z — 2 is continuous on D
and (z)T o X = (z o \)T, we have pr(H(Zn, Yn, ¢n), H(z,y,0) o \,) — 0. Since T' was

arbitrary we have H is continuous (z,y,0). [
Lemma 2.3.3. For all x,y € D,
Disc(H(x,y,0)) C {t:y(t) —y(t—) >0} U{t: z(t) — z(t—) < 0}.
In particular, if {t : x(t) — x(t—) < 0} = @, then
Disc(H (z,y,0)) C Disc(y).

Proof. Disc(H(x,y,0)) ={t: H(x,y,0)(t)—H(z,y,0)(t—) £ 0} = {t: H(x,y,0)(t)—
H(z,y,0)(t—) > 0} since H(z,y,0) is nondecreasing. Thus,
Disc(H (z,y,0)) C{t: (y —)(t) = (y — z)(i=) > 0}

C{t:yt) —y(t—) > 0} U {t: a(t) — x(t—) < O}.
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Lemma 2.3.4. Let \,, and 7, be strictly increasing homeomorphisms from [0,T] onto

0,T] and z,,x € D such that for some finite collection {t;}_, C [0, T] with

(1) 0 =ty <ty < -+ < ty = T we have N\, (t;) = v, (t;) for each j =

(17) pr(zp,xo),) <e, and
(i13) w(z,[tj—1,t;)) = sup (|z(t) — x(s)| : t,s € [tj_1,1;)) < € foreachj=1,2,...,N,

then

pr(zn, xovy,) < 3e.

Proof. Let r; = ~,'(t;) = X, '(t;) for j = 0,1,...,N, so that U, [r;_1,7;) =
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U, [tj-1,t5) = [0, 7).

pr(Tp, & 0Y,) = sup |z,(t) — z(ya(t))]
0<t<T

—max  sup  [2,(t) — 2(1(1)| V |2 (T) — 2(T))|

k=1 Tj,1§t<1”]'

=z

—uti sup [ra(h ! (6) — 2(0)] V [ (T) — (7))

k=14, 1 <t<t;

V[ (T) — a(T))|

< max (t sup |a (v, (1) — 2(tj1)| + w(z, [%’b’%’)))

j—1<t<t;

< pr(Tn, 0 \y) + 2¢

< 3e.
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Finally, we prove that F'is continuous on a relevant set.

Lemma 2.3.5. F is continuous at (z,y,0) in the product topology on D x D x R, for

all z and y € D with Disc(x) N Disc(y) = @ and

{t:y@t) —ylt-) <0} =2.

Proof. Let T > 0, let pr be the uniform metric on function from [0,7] to R, and
fix e > 0. Apply Lemma 1 on page 110 of [2] to construct finite subsets A, = {t’}
and Ay = {s;} of [0,T] such that 0 =t < --- <t, =T,0=150 < -+ < 8, = T,
Wy [0 ) = sup{ly(s) — y(O)] : 5,8 € [y, )} < e and w(H (2, ,0)5[s;1,5;)) <
e for all j. Since Disc(y)NDisc(H (x,y,0)) C Disc(z)NDisc(y) = &, the two sets A,
and A, can be chosen so that A; N A, = {0,7}. Note that w(y;[t;—1,t;)) < € and
w(H(x,y,0);[tj—1,t;)) < € for {t;} = A3 U Ay. Let 20 be the distance between the
closest two points in A; U A;. Choose ng and homeomorphisms A, and p, in A so

that
(1) pr(Yn,y 0 An) < (5 Ne),
(i) pr(An,€) < (3 Ne),
(130) pr(H(Zn, Yn, cn), H(x,y,0) 0 ) < (6 A€), and

() pr(tn,€) < (6 Ae)
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for n > ng. Thus for n > nyg
A (A Ny H(Ag) = {0, T}

and {r;} = A1 (A1) U, ' (Az) has corresponding points in the same order as {t;} =

A; U A,y. Let 7, be homeomorphisms of [0, 7] defined by

’Yn(rj) =1

for corresponding points r; € A, '(A1) U ' (As) and t; € A; U Ay and by linear
interpolation elsewhere.

Note that for each r; € A\ (A1) U p, ' (As) either
/\n(rj> = tj or ,U/n(’f’j) = tj.

Since t — |y,(t) — t| is continuous the maximum is attained at some critical point

(exposed point) r;, s0 pr(Vn,e) < pr(An,€) V pr(in, e) < €. Now,

pT(F(xmymcn)aF(way:O) OVTL)
<pr (= v+ H@we)' (-9 + H.0.0))") o)
+ 1% (H(xmym Cn)’ (H(ZL’, Y, 0)) © %1) .

For the first term we have

oo (00 s+ Alswme) (00 4 B0} )or)

< pr (Yn — vy + H(@n, Yn, ), (y —y~ + H(z,y,0)) 07,)



since (-)! is lipschitz, v, is increasing, and

p1 (Yn — Y + H(@ny Y, cn), (v —y~ + H(z,9,0)) 0 7n)

< o1 (Yn, Y © V) + o1 (y;7y_ © Vn) + pr (H (%0, Yn, cn), H(z,9,0) 0 75) -

Since 7, is strictly increasing,

T (y;,y_ O'yn) = sup |limy,(s) — lim y(r)

0<t<T |8/t T/ (t)
= sup |limy,(s) —limy(y,.(r))|,
sup [y (s) — limy(7a(r)

and so

pr (Yn y~ 0 7n) < sup |ya(t) — y(a(t))],
0<t<T

since the left limit of ¥, and y o, exist at each t. Therefore,

o1 (Yn sy~ 0 %m) < pr (Yn, Y © W)
Combining (2.3, 2.3.3, 2.3.4, 2.3.5) we have,

pr(F (T Yns €n), F(2,9,0) 0 1)

< pr ((yn — iy + H(@n, Yo ) ((y —y + H(z,y, 0))T) 0 %)
+ pr (H(Zn, Yn, ), H(z, y,0) 0 75)

< 207 (Yn, Y © V) + 201 (H (T, Y, €n), H (2,9, 0) 0 )

< 12,

by lemma 2.3.4.
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(2.3.4)

(2.3.5)
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2.4 Scaling limit of the plateau process

In this section we prove several results concerning the sequence of models, and then
combine these to prove theorem 2.1.1. We begin by showing that the function H

scales nicely when no centering is required.
Lemma 2.4.1. For positive constants a,, and n,

a, H(w,y,c)(nt) = H(z",y",c/n)(t),
for allt > 0, where x™(t) = a, 'z(nt) and y™(t) = a, 'y(nt).
Proof. By definition,

a, H(w,y,c)(nt) = a;' sup (x(s) —y([s — "))

0<s<nt

= swp (a;"a(ns) — a;'y(Ins — 7))

= sup (65" e(n) — a5 y(n s — /)

= swp (@(s) = y"([s = e/n]")

= H(z",y",c/n)(t)
|

Lemma 2.4.2. The set # = {z € D : z(t) — z(t—) > 0 for each t € (0,00)} is

closed in D.

Proof. Let {x,} be a sequence in . such that z, — z. Fix ty € (0,00) with

x(to) — x(to—) # 0. There exists t,, — to with x,(t,) — x,(tn—) = x(to) — z(to—) by
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[9] proposition VI.2.1. We have z,(t,) — z,(t,—) > 0 for each n since x,, € #, so

x(to) — x(to—) > 0 and we must have x € #". [

The next Lemma establishes a joint convergence involving the primitive input

processes. Recall that U” = U* and V" = V* in D.
Lemma 2.4.3. For any sequence of real numbers ¢, — c,
(U™ + ce, V', 1/1) = (U* + ce, V*,0),
in the product topology on D x D x R. Moreover,
Disc(U* 4 ce) N Disc(V*) = @ a.s.
and {t : V*(t) = V*(t—) < 0} = Ta.s.

Proof. Since ce is continuous, U” = U*, and ¢,e = ce we have U” + ¢,e = U* +ce by
[11]. We have joint convergence (U 4cpe, V') = (U*+ce, V*) since V" is independent
of U and therefore U" + c,e is independent of V" because c, is constant in w, [12]
Theorem 11.4.4, moreover U* is independent of V*. Since 1/r is constant in w we

have 1/r — 0 in probability so [2] Theorem 4.4 gives joint convergence
(V" 4+ ¢,e,U",1/n) = (U* + ce, V*,0).

V* is a stable Lévy motion by 2.4.1 of the online supplement to [12]. So V* has no
fixed discontinuities: P{U*(t) = U*(t—)} = 1 for all £ € (0,00). By [11] Lemma 4.3,

gives P {Disc(U*) N Disc(V*) = @} = 1 and since ce is continuous we have

P {Disc(U* + ce) N Disc(V*) = @} = 1.
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Finally, IP’{V” S Ji/} =1, V" = V*, and # is closed by Lemma 2.4.2, so the

Portmanteau theorem gives

P{V*e %} >limsupP{V" € %} =1

n—oo

For each r > 0 and ¢ > 0 define D"(t) = D" (rt). Using Corollary 2.2.4 under

this fluid scaling, we have for all ¢ > 0,

1
R'(t) = ;R’"(rt).
We will need the fluid limit of D"(-).

Lemma 2.4.4. Asr — o0,

R =e/u

Proof. U"(1) = U*(1) implies = (U"(1) — p") = U*(1), but r/a, — oo implies

r

U"(1) — p, = 0. Since p" — u we have U"(1) = p. By Theorem 2.4.1 of the internet
supplement to [12], we have U" = pe in D. Similarly, V" = pe in D. Now compute
1
R'(t)=—=sup{m >0:V"(m)+ HU", V", 1)(m) < rt}
r

=sup{z/r >0:V"(x)+ HU", V", 1)(x) <rt}

= sup {[E/T‘ >0: Vrfc) + %H(UT, Vil)(x) < t}
= sup {y >0: @ + EH(UT,V”, 1)(ry) < t}

r

=sup{y>0:V"(y)+HU", V", 1/r)(y) <t},
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by lemma 2.4.1. We have (U",V",1/r) = (pe,pe,0) in D since the processes are
independent. The function H is continuous at (ue, pye, 0), and addition is continuous

at continuous elements of D, so
VI+ HU", V" 1/r) = ue

in D. The result follows because pe is in the set of continuity for the function x —

sup{y > 0: z(y) <t} by Corollary 13.6.4 in [12]. [

We now prove the main result.

Proof of Theorem 2.1.1. By Lemma 2.2.5
M(t) = F(U", V", 1)(R'(t)).

Under fluid scaling R™ = e/p by 2.4.4. We first consider the scaling limit for F,

before composing with R".

a, 'F(U" V" 1)(rt) = a,

r

Lsup (V7(s) = V"(s—) + H(U", V", 1)(s))

0<s<rt

o a;1H<UT7 Vra 1)(7”t)

= sup (a,'V"(s) —a, 'V (s=) +a, ' HU", V", 1)(s))

0<s<rt

- ar_lH(UTa Vra 1)(Tt)

= sup (a,'V"(rs) —a, 'V (rs=) +a, " H{U", V", 1)(rs))

0<s<t

—a, "H(U", V" 1)(rt).
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t — 7"t is continuous so rv"(rs) — rv"(rs—) = 0 and

a 'F(U", V", 1)(rt) = sup (V"(s) = V"(s=) +a, " H(U", V", 1)(rs))
Osest (2.4.1)

—a, tH(U", V", 1)(rt).

Now, we address the idleness part of (2.4.1) that occurs twice.

a, " H(U", V" 1)(rt)

=a ' sup (UT(S) —V"([s - 1]+))

0<s<rt

= sup (arlUr(rs) —a 'V (r[s — 1/?’]*))

0<s<t

= sup (ar_l (U"(rs) —ru"s) +a ‘ru’s
0<s<t

—a (V7 (rls = 1/r]) = 07 [s — 1/ ]H) — a; v s — 1 W)

= sup (U’“(s) +atrp"s —V([s —1/r]T) —a trv[s — 1/7“]+)

0<s<t

= sup <U’"(s) +atr(p —v)s+a v (s —[s — 1/r])
0<s<t

V(s =10
Since
alrv (s —[s—1/r]") =a 'rv"(1/r As) = a, V" (1 Ars),
we have
a 'HU", V", 1)(rt)

= HU +a 'r(p" —v)e+a 'v" (1 Are), V", 1/r)(t).
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Putting this expression back into (2.4.1),

a 'F(U", V" 1)(rt) = sup [Vr(s) —V"(s=)

0<s<t
+HU +a'r(0 —ve+a, ' v (1 Are), V", 1/r)(s)]
—HU +alr(y" —v"e+a v (1 Are), V", 1/r)(t)
= FU" +a, ' r(p" — v )e+a v (1 Are), V7, 1/r)(t).
By Lemma 2.4.3 we have (U* 4 yue, V*,0) satisfies the continuity criterion of Lemma

2.3.5. By the continuous mapping theorem
FU +alr(y" —v"e+a v (1 Are), V", 1/r) = F(U* + yue, V*,0).
Finally, the scaled plateau process is a composition of F’ with R",
a 'F(U, V", 1)(R"(rt)) = a ' F(U", V", 1)(rR"(t)).

Composition is continuous on (D x Cy) by [11] Theorem 3.1, where Cy C D denotes
the strictly increasing, continuous functions. So the continuous mapping theorem
yields

a *M"(r-) = M" = M* = F(U* 4 yue, V*,0)(-/p).
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Chapter 3

The distribution of successive
maxima of M(-)

The plateau process only decreases when the first job in a Q1 busy period arrives to
Q2. This suggests that studying the plateau process on this subsequence of points
will reduce the complexity of the model. In fact, the value of the process at these
points is closely related to the largest job in a busy period [4]. In this chapter we first
study some general properties of these special points, then restrict our attention to
Poisson arrivals and heavy tailed service times. Throughout this chapter we assume
that p < 1 so that the largest job in a busy period is finite with probability 1. There
are two key advantages of working with Poisson arrivals exploited in what follows.

The first is that idle periods have the same distribution as interarrival times. The

second advantage is the expected number of jobs in a busy period is given by

1—
the traffic intensity p. In this setting we find the one dimensional distribution of the

workload in the second queue at these greatest values in terms of x which is defined

implicitly as a function of the primitives of the tandem queueing system.
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3.1 Notation

In this chapter we return to the standard notation where capital letter are used for
random variables. Let {V;}22, be a sequence of independent nonnegative random
variables with common distribution function F. We do not superscript V; because we
choose the make V; the same for each n. Forn =1,2,... let {Ui(n)};-’il be a sequence
of independent exponential random variables with parameter A independent of the
collection {V;}?°,. For each n > 0 let Mi(n) be the largest service time in the ¢th busy
period. For example Ml(") = sup{V; : 1 < j < N where N is the smallest integer >
1 such that Z;V:l <V] - U;")> < 0}. Let m(™ be the distribution function for M."™.
For p™ = AME [V4] < 1, we have {M™}52 is a collection of proper random variables
with distribution function m. We say a nonnegative function f is regularly varying
with parameter v if
Tim f(Az)/f(x) = A"

for each A > 0, and a random variable V' is a regularly varying with parameter v if
x — P{V > z} is regularly varying with parameter —v. Note that if a nonnegative
random variable V' is regularly varying with parameter v then E [|V|"] < oo if and only
if v < v. For a distribution function F(z) = P{V < 2} we write F(z) = 1 — F(x).
Let £7) be the transfer time of the last customer from the nth busy period in the

first queue in the nth system.
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3.2 The largest job in a busy period

In this section we drop the superscript (n) because the results are true for each such
system. In this section we show how the tail behavior of M the largest job in a
busy period is related to the tail behavior of V' the service times. First we state an
important representation theorem by Boxma.

The following is a summary of a description of m a the solution to an equation

found in [3].

Proposition 3.2.1. Let w > 0, then

m(w):/ e~ MA=m@) g (¢).
0

Proof. The key step to the recursive formula is to write m(w) in terms of the size of
the first job to arrive V' and an independent collection of maximum job sizes during
a busy period {M®},cy. For notation let M(®) = 0. If the size of the first job V'
is ¢ then there are N(t) interruptions to work on V', during each interruption the
probability that every job in the interruption is less than w is m(w), before the queue

begins to idle for the first time since V' has arrived.

m(w) = P(V < w; mag M0 < w).
i=0
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Then conditioning on the size of the first job we have

— /w i P(N(t) = n)P(IIilzan MY < w)dF(t)

w TL

3 O o rar o

n=0

—)\te)\tm(w) dF(t)

w

I
Nﬁ\

—)\t(l—m(w))dF(t)

Let 7 =inf{N >1: 27]:7:1 Uni1 — Vi > 0} so that the event
{r=N}= {maXZUkH — Vi <0 and ZUkH — Vi > 0}
k=1

Since 7 is the hitting time of an integer valued stochastic process we have 7 is a proper
random variable if E [U — V] > 0, and E [7] < o0 if E[U — V] > 0 by Theorem XII.2.2

n [6]. In fact logE[r] = > 07 2P {>"}_, Uy — V& < 0} by [6] XII Theorem 3. When

n=1n

working in M/G/1 this expectation simplifies to 1/(1 — p).

Lemma 3.2.2. Suppose 7 is a proper random variable and v < x* = sup{y : F(y) <

1}, then

[e.9]

ZP{maXV <z andT > k‘}
(x)

3 \
EQ.)

ﬁj I

Proof. The event

J
{r >k} = {IlflaiX Ui — Vi < O}
=1
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is independent of the event {V;, > x}. For each N = 1,... we may write {maxj)_, V} >

x} as a disjoint union,

N
{rgjéchk > :1:} = I_l {rflaxV <zxand V, > .CE}

where max)_, V; = —oo, so that {max)_, V; <z and V; >z} = {Vi >z}. Forz

such that 0 < F(x) < 1.

m(z)  P{maxj_, Vi > x}
F(z) P{Vi >z}
_iP{max{CVIVk>xandT—N}
— P{Vi >z}
_Ziﬁ”{max V<:cande>xandT_N}
N=1 k=1 P{Vi >z}
_ii {maf; V-S:Uande>xandT:N}
it P{Vi >}
_iﬂj’{ma k: Vgxandvk>xand7->k}
p P{Vi >z}
R P{ma 1 Vi<zand 7>k} P{V; >z}
"E: P{V, >}

b
Il

1

NE

P{A‘ﬁkngxwdrzk}.

j=1

i

1

Corollary 3.2.3. Under the conditions of lemma 3.2.2 and lim,4,« F(x) = 1.

lim m(z)

lim F(a:) =E|[r].

Proof.

limrilﬁ)—hm P{maXV <a:and7'>k}=Z[P’{TZk}

J
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by the monotone convergence theorem. The tail sum formula

Y P{r>k}=E[r]

yields lim .- % =E|[r]. [

Corollary 3.2.4. IfE[7] < co and F is regularly varying at infinity with parameter

—v, then m is reqularly varying at infinity with parameter —uv.

Proof. By corollary 3.2.3

o ) _ | lye) F@) Flyz) _ El]

since F is regularly varying with parameter —v. |

Clearly, the maximum increases as the set that the maximum is taken over in-
creases. Indeed, as U™ stochastically decreases, we have M) stochastically in-

creases, m(™ decreases, and m"™ increases.

Lemma 3.2.5. Suppose for each w > 0, P {U(l) < w} < ]P’{U(Q) < w},
P{UM <0} =P{U® <0} =0, 7™ are proper forn = 1,2, and these distributions

are continuous then m™ (w) < m® (w).

Proof. By lemma 3.2.2 it suffices to show

P {Ifl?il}(‘/j <z and 7V > k:} <P {r]fl_a%ﬂ/j <z and 7 > k‘} , (3.2.1)

Jj=1 J=1
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for each £ > 1. When k =1, ]P){maxf;llvj <z and 7MW > k;} =1forn=1,2. Fix

y > 0 we have

P{Vlgxand UQ(I)—‘GS?J}

/ P{Ué” < w+y} P{V < dw}
w=0

IN

P{U§2> §w+y} P{V < dw}
0

w=

I
=

{VlgxandUQ@)—Vlgy}.
Note that when y = 0 this implies equation (3.2.1) holds for k£ = 2. Now suppose for

each y > 0,

J
k—1 k—1 1)
P{maxngxandmlxi UiH—Vigy}

=1 =
! ! i=1

J
k—1 k—1 (2)
< . < 2=V < . 2.
<P {r?:alxvj < z and max ;:1 Ujr—Vi< Z/} (3.2.2)

J
k k (1)
P< maxV; <z and maxg U -V, <

J
- P {mng} <z and m’élx Ul - Vi < y}
Jj= Jj=
1=1

:/ / P{kalxngxand max Ui(}r)l—‘/ggy—l—w—z}P{U(l)gdz}
=0Jz _

_ =1 =1
=0 J J 1

(2

w J
—/ P{r]f)agcwga:and Max U}ﬂ—%gww—z}
z=0

=1 =1
J J i—1

P{U® < dz} P{V < dw}

g/ / ]P’{r]fla%(ngxand rlfla}(ZUi(i)l—‘/;gy—i—w—z}P{U(l)Sdz}
0J2=0 =1

Jj=1 Jj=

w J
—/ P{rlﬁ_&é{‘/}gxand Ilrg)a%( Ui(i)l—wgy—f—w—z}
z=0 -
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P{U® < dz} P{V < dw}

x J
:/ P{U(l)gw}}?{rﬁaix‘/}gmand r;kjié%cZUﬁ)l—\/;gy}
= i=1

w=0 J=

w J
—/ P{U(USZ}P{maXngxand maXE Ui(i)l—wgy—i—w—dz}
z=0 -

J
—P{UY <w}P {I’ﬁa%d/j <zand maxy U2 -V < y}

1 =1
J J i—1

i)
I i=1

w J
+/ P{U(z)gz}P{I;f@iXngxand Max U}ﬂ—%gww—dz}
z=0 -

P{V < dw}

- [ @ <w}-p{u® <u))

w=0

J
k—1 k—1 (2)
P{ :alXVj < z and max EI:UHl -V < y}

J

" /:” (B{U® <2} —B{UD <:})

=1 =1
J J i—1

J
]P’{I’f@lx\/}gxand Max Ui(i)l—\/igy—l—w—dz}]P’{ngw},
by integration by parts and P {U(l) < 0} =P {U(Q) < 0} = 0.
P{UY <w} -P{U® <w}) <0

and
J

J=1 Jj=1

(2

k—1 k—1
z HIP’{maXVj < z and max
1

Ufﬂ—vzsww—z}

is decreasing imply

/w (B{U® <2} —P{UW <2}
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k-1 1 )
IP’{I?:alX% < z and I?ff{;UiH_Vi §y+W—dz} <0
for each w > 0. Thus, equation (3.2.2) holds for k£ implies equation (3.2.2) holds
for k + 1. Since equation (3.2.2) reduces to equation (3.2.1) when y = 0, we have

equation (3.2.1) holds for all £ > 1 and we have
mM(z) = F(z) ) P {@;&Vj <z and 7 > k}
J=1

< PSP (kv < o and 20 2 k) (o)

3.3 Triangular array and Poisson arrivals

Now we specialize to the M/G/1 queue. We will also need to generalize to the
triangular array setup in order to see nonzero idleness as in the notation section.
Recall, m™ (z) =P {mang V; < x} =P{M™ < z}.

The following lemma uses a Tauberian theorem.

Lemma 3.3.1. Let p™ = M\®E[V] for B > 0. Assume n*~! (1;(’;()”)> — v, and

1—F(t) = (r(f—_ly)> t7VI(t) for 1 <v <2 andl a slowly varying function. Fizy > 0.

Then,

1 AR (ny)V m(™ (ny) (1—p™) (ny)”
() E [ 00 |V > my | — oty it

== l( ) )
n — (n v A1) (ny)

=1.
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Proof. Since arrivals are Poisson we have m((ny) = [ e 2" (W) dF(t) when

pt™ <1 by [3].

m™ (ny) =1 — / e A ) g P (1) + / e A g Py (3.3.1)
0 ny

Fix y > 0,

/ =N ) g () / e A (AR (L)

ny 0
=K [6_>\(n>vm(n)(ny)1(ny7oo)(v)]
e

= <—r(_1 )) (ny)*”l(ny)E[ —Amm( ”yW’V > ny]

1—v

Plug into equation (3.3.1),
7 (ny) = 1 — / AR () g o 1)
0
-1 _ A )
- vl ]E|: Alm (ny)V‘V> :|
+ (F(l — y>> (ny)"I(ny)E |e ny
Since A™E [V] = p™ we have

/ e XM g () — 1 4 AX®R® (ny)E [V]
0

= (_F(l_—l U)) (ny)"1(ny)E [e_w)m(n)(ny)v‘v > ny} —m™ (ny)(1 — p™). (3.3.2)
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Then dividing by (A™m®™ (ny))” I( ) we have

S S
A(n)m(n) (ny)

fooo oA () dF(t) — 1+ NI (ny)E [V]
AR (1)) U Sy

(ws7) () ) [ Xm0V |V >y | — i () (1 = pl) ()
N ACnym™ (ny))” I( ’

)

(3.3.3)

The limit as n — oo on the left hand side is 1 by [10] Theorem 8.1.6. To justify
the use of theorem 8.1.6 we note the left hand side of equation (3.3.3) is, in the
notation of used in Theorem 8.1.6, (F(s) — 1 4+ sE[V])/(s"1(1/s)). So, we have
F(z) ~ =1/T(1—v)z°l(z) is equivalent to (F(s)—1+sE[V])/(s"1(1/s)) — 1 where
1 <v<2ands=sn)=AX"m"(ny). Since A\ 1+ \ < oo, m™ (ny) + m>)(ny) by
lemma 3.2.5, m(®) is a proper probability distribution yields s < Am(>)(ny) | 0 as

n — OQ.

3.3.1 Bounds for nym™ (ny)

For each y > 0, we need to show that nym(™ (ny) converges to something bounded

away from 0 and infinity. The following lemmas provide these bounds.

Lemma 3.3.2. Under the conditions of lemma 3.3.1,

lim sup(ny)m™ (ny) < max [22/”1[-3 V1,1].

n—oo
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Proof. If A\ (ngy)m(ny) > 1, we take A = 2 and § = v//2 in Potter’s Theorem [10]

1.5.6 so that for n sufficiently large

! (st )
(n) _ (n) 71//2 )\(")m(”)(ny)
(1/2) A"nym™ (ny)) " < Tem

m™ (ny)(1 — p™)(ny)” and F(l_——ly) are nonnegative and [(ny) is eventually positive,

SO

( — )E [e*“”’m(m(ny)vw > ny] _ ) () (1=p(™) (ny)”

r(1—v) l(ny)
_ o S o
1
) (st
)y v [ AaWm ey )
(AMnym®) (ny)) ( Tng) )
_ 1
AW mym (ny))” ((1/2) A nym (ny)) ™)
B 2
(ACInym® (ny))"*
Lemma 3.3.1 gives
2
lim inf o7 > 1,

when lim sup,, ,., A™ (ny)m(ny) > 1. Since A — 1/E[V] we have

lim sup nym™ (ny) < max [QQ/VE V],1].

n—oo

To establish the lower bound, we first find the distribution that is the smallest

among m™ is bounded above zero, that is the case E[U;] = E[V}].
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Lemma 3.3.3. Let {U;} independent exponential with parameter A independent of
{V;} independent with distribution F, where 1 — F is reqularly varying with parameter

1 <v <2 Assume E[Uy] > E[Vi], then

4—-2v
o _ S
%ﬂ,}fwm(w) Z\ e

Proof. From Boxma’s equation for exponential interarrival times (intensity A = E [U] ™)

we have the distribution of the largest job in a busy period is

m(w) = /Ow e AmW) B (dt)

< /w 1+ Mtm(w) + N2 (m(w))*F(dt)
— F(w) + \m(w) /0 P + %)\Q(m(w)f /0 " 2 (),
because e <1 — u + u? when 0 < u < co. Recall m(w) =1 —m(w),
m(w) >1— F(w) — dm(w) /Ow tF(dt) — %)\Q(m(w))2 /Ow t2F(dt)

~ Fw) — xm(w) /O " LR(dt) — xm(w) / LR

o0

+ A (w) / tF(dt)—%/\Q(m(w))Q /0 "2 F ()

Thus,
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Since 1+ p+ A?m(w) [ t2F(dt) > 0 we have

S[\')
B
O
v

0 (3.3.4)
>

sA2m(w) [ 2F(dt)
w?F(w)

> - :
N2 [ 2F(dt)

Now assume F is regularly varying with parameter —v where 1 < v < 2, then 2—v > 0

so Theorem 1.6.4 in [10] gives

Y E(dt -
lim fo = ( ): Y .
w—oo w2 F(w) 2 —v

So, the right hand side of (3.3.4) converges as w — oo and we have

w?F(w) R 2—v
—X2 [PRF(dt)  vzA

Thus,

4 —2v
. _ S
lﬂg‘}f wm(w) > Y

Corollary 3.3.4. Under the conditions of lemma 3.3.1 and 1 < v < 2 we have

4—2
lim inf nym™ (ny) > E[V] z.

n—o00 124

Proof. This follows from the assumption A™ — 1/E[V]. |
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3.4 Properties of k

In this section we show that nym(™(ny) converges to x(y) and we describe several

properties of k(y) for fixed 1 <v <2, A >0, and v > 0.

3.4.1 The equation that describes

In this section we reduce the limit in Lemma 3.3.1 using several technical lemmas.

Lemma 3.4.1. Iflim,_,.. m™ (ny)ny = & for finite, and n*~ (1?(—’:;)”)> — v we have

m™ (ny)(1 — p™)(ny)”

nh_{glo [(ny) =y
Proof.
m™ (ny) (1= p™) ()" oy (T =pM)N (U)o
i) = o) (") () 0

We can use Potters bound in the following lemma because m™ (ny)ny is nearly

constant for fixed y and large n.

Lemma 3.4.2. Fiz y > 0. If lim,_ o A = X and lim,_,oc m™ (ny)ny = & for

0 < Kk < 00 we have

lim

=1.
n—oo l(ny)
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Proof. By Potter’s Theorem [10] Theorem 1.5.6 for any A > 1 and any J > 0 there

exists T" such that ny > T and (W) > T implies

! (st
A(n)m(n) (ny)
l(ny)

< Amax { ()\(”)nym(")(ny))6 , ()\(n)nym(n)(”y))ié} ;

l (ﬂ) < Amax { (>\(”)n?ﬂ7l(")(ny))(S ’ ()‘(n)nym(n)my))_é} '
A1) m (1) (ny)

The right hand side converges as n — oo since m™ (ny)ny — .

! (5ot )

. 1) -0
h{znj:ip ) < Amax {()\/i) , (AR) } )
lim sup Hny) < Amax {()\/1)6, ()\Ii)_(s} ,

A(n)m('"')(ny)
for each § > 0 and A > 1. Since 0 < Ak < oo we have

Amax {(Ar)°, (Ax)°} — 1,

as 0 . 0 and A | 1. Thus, lim,_,, | ~—~—F—24 | = 1. [ |

U(ny)
Definition 4. We say T, is a Pareto v random variable if

™V afx>1
P{T, >z} =

1 ifz<l

Clearly, T, is regularly varying with parameter v.

Proposition 3.4.3. Let A\ — )\, fix y > 0 and suppose nym™ (ny) — x > 0, and

V' is regularly varying with parameter v then

lim E e—)\(n)m(n)(ny)V’ V> ny} ) [6—)\/4T,,} '

n—oo



95

Proof.
n) = (n e n) 3 (1 F(dt)
E |:6_)\( ) ( )(ny)V‘ V > ny] :/ e—)\( I )(ny)tl 00 t -~ 7
; (ny, )()1—F(ny)
Substitute u = m™ (ny)t,
- ol F(du/m"™ (ny))
E [6_/\< )il >(ny)v) V > ny] - / e_k( "1 nym(™) (ny),00) \U
0 () o) () — s
We have
. e R N F(du/m™ (ny))
imE e mj = f T e ) Ty
because e~ < 1 and
. Pt )
. m(") (ny)
Y [ [Lesoo () = Yongmin o ()] 72505
B . _ M)
= lim o (m_<n><n‘y>> r ( LRI
n—00 1-— F(ny) 1 - F<ny)

n=oo| 1= F(ny) 1 - F(ny)

JEISE

since 1 — F' is regularly varying with parameter —u.

F(du/m™ (ny))

The measure converges weakly to the measure (du/k)™" as n — oo,

1-F(ny)

[ Pl ()

nooo | T = P(ny)
o FOmO ) | Fla/a ) ay- (0)
-l S -6 ()
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For all € > 0 there exists N such that r > N implies |e=*"* — ¢=*| < ¢ thus

1(&,00)(“) Fldu/me (o) = 0. So,

. oo | _(n) _
llmn_mofo ’e A _ g

1-F(ny)
n) = (n o0 F(du/m (n)
lim E [e’)‘( Jm )(”y)v‘ V> ny} = lim e (.00) (1) (du/m (ny))
n—o00 n—oo Jg ’ 1— F(ny)

Then weak convergence gives

lim E [e—”")m(")("ywj V> ny] = K / e M (dt) ™

n—oo

Then substitute t = z/k,

m”/ e M (dt)™" = / e M (dx)”" =K [e V]
K 1

The equation that describes x(y) in contained in the following Lemma.

Lemma 3.4.4. Let T, be Paretov, 1 <v <2,y >0 and X\ > 0. The equation in

the variable k > 0

(F(_—l)) E[e™] —ryy” ™t = (An)" (3:4.1)

1—v

has ezxactly one solution.

Proof. The left hand side is a strictly decreasing continuous function in s and the
right hand side is strictly increasing continuous function in k. When x = 0 the left
hand side is (F(l_——lu)> > 0 and the right hand side is 0. The left hand side goes to 0

if v =0 and —oo if v > 0 as kK — oo the right hand side goes to infinity as xk — oco.

Thus (3.4.1) has exactly one solution. |
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Finally, we show that nym(™ (ny) converges to x(y).

Proposition 3.4.5. Under the assumptions of lemma 3.3.1 we have

lim nn™ (ny) = k/y, (3.4.2)

n—o0

where k satisfies equation (3.4.1). k is a function of y, \,v, and ~.

Proof. Let & be a limit point of nym™ (ny). Then 0 < & < oo by corollary 3.3.4
and lemma 3.3.2. Let n, be a subsequence such that lim,_, nrym(m)(nry) = K. By

lemma 3.3.1 we have

nr) o= (np m(nr) Ny B nyy)?’
< —1 ) E |: —A(mr) g ( )(n,’,y)‘/|‘r > nry] ( y)m( y)
1;

T(1-v) l(nry)

=1 (343)

r—00

(ne) .y () v l(“"”m(l"”wry))
(AP, ym () (n,y)) Tmg)
Lemmas 3.4.1, 3.4.3, and 3.4.2 reduce equation (3.4.3) to

(‘r(f—iu)) E ] =Ryt
(AR)” N

Thus, any limit point of nym (™ (ny) satisfies equation (3.4.1), so lemma 3.4.4 implies

the limit point is unique, so lim,,_. nym™ (ny) — . [ |

3.4.2 Properties of k(y)

In this section we describe several properties of k. In particular x(y) is uniformly
bounded above and regularly with parameter v — 1. First we need the a left inverse

function.
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Let ()~ be the map on {f : [0,00) — [0,00)} given by f~(y) =sup{s: f(s) > y}
with the convention that the supremum of an empty set is —oo. So, ()~ maps
the set of positive valued Borel measurable nonincreasing functions on (0, 00) with

limy)o f(t) = oo into the right continuous Borel measurable functions on (0, co) with

f(oo) = 0 since Upsy{s: f(s) >t} ={s: f(s) > y}.

Proposition 3.4.6. Suppose G is nonincreasing, positive, lim;jo G(t) = oo, and G is
reqularly varying at zero with parameter —a for 0 < a < o0o. Then G~ is reqularly

varying at infinity with parameter —1/a.

Proof. Let h : Ry — Ry by h(t) = 1/t. We have G o h is regularly varying at
infinity with parameter o, G o h(co) = 0o, and ho G is nondecreasing. Thus, Resnick
Proposition 0.8 gives ho G~ is regularly varying at infinity with parameter 1/« since
hoG™ =h" oG~ = (Goh)~. fis regularly varying at infinity with parameter
« implies that h o f is regularly varying at infinity with parameter —«, and h o h
is the identity function thus, G— = h o h o G~ is regularly varying at infinity with

parameter —1/a. [

Lemma 3.4.7. For fized (\,v,v), k(y) defined implicitly by equation (3.4.1) is con-

tinuous and regularly varying with parameter —v if v > 0 and k(y) is constant if

1/v
v =0. Moreover, k(y) < % (7(17_1,,)) .

Proof. If v = 0, then & satisfies (F(;—lu)) E [e™**Tv] = (Ak)¥ so it does not depend on
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y. If v > 0, then x satisfies

1/(v-1)
(F(l_——ly)> E [e—)\nTu] _ ()\H)V

Ky

Since

K — <F(1_——11/)) E [e’)"‘T”] is strictly decreasing,
Kk — —(Ak)" is strictly decreasing and,
K — K7y is strictly increasing,
and each of these functions is continuous we have the x — y(k) is strictly decreasing

and continuous. So, y +— k(y) is continuous. Again thinking of the inverse function,

the inverse of k(y) is regularly varying at zero with parameter —1/(v — 1) since

—1 kT, y 1/(v—1)
lim ﬁl/(u—l) <F(1—V)) E [6 } - ()\K’) _ -1 1/(v—1)

So, by proposition 3.4.6 we have x(y) is regularly varying with parameter 1 — v.

From equation (3.4.1) we have

[ |
Note that although the limit points of nym(™ (ny) are uniformly bounded above

3.3.2 and below 3.3.4, this does not imply £ (y) is bounded uniformly when & is defined
by (3.4.1)
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Corollary 3.4.8. Under the assumptions of lemma 3.3.1, let b be a real number then

lim nm™ (ny 4 b) = k/y.

n—oo

Proof. Fix e > 0. Let N = I—i‘ then for n > N we have n(y —e) < ny+b < n(y +¢).

For each n > 0, nm™ is increasing so
nm™ (n(y — €)) < nm™ (ny + b) < nm™ (n(y + ¢)).
Y Y Y

Since y + k/y is continuous letting € go to zero in (3.4.2) gives lim,,_,o, nm™ (ny+b) =

K/y. [

3.5 Representation for W;(#;)

In this section we write the wait time in the second queue in terms of independent
random variables. Here we are using the fact that for the M/G/1 queue the length of
an idle period is independent of the service times in the preceding busy period. Let
#" be the transfer time of the last customer from the nth busy period in the first
queue in the nth system. Let W] be the workload in the second queue of the nth
system. Consider the actual waiting time of the a customer in the second of a tandem
queue with identical service times. At the epoch of the arrival of the last job in the
nth busy period to the second queue, the workload in the second queue is Wy(,).
For completeness we include a proof for why each idle period in a particular

M/G/1 queue is exponentially distributed.
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Proposition 3.5.1. Fach idle period in the M/G/1 queue with p < 1 is exponentially

distributed, moreover the sequence of idle periods is an independent collection.

Proof. The durations of the free periods are independent random variables with the
same distribution Feller 1 V1.9 [6].
Let I 1(") = I, be the duration of the first idle period in the nth system, assuming

the first job arrives at epoch 0. Then

N

IP’{II>x}:P{Z(Uk—Vk)>xwhereN:inf{n21:i(Uk—Vk)>0}}.

k=1
For p < 1, the number of service times in a busy period N is a proper random
variable taking values in {1,2,...} since P{N >n} <P{L3>" (U;—V;) <0} -0

by dominated convergence since = >""  (U; —V;) = E [V}] % > 0 by the law of large

n

numbers.

]P{[l>x}:§:]P’{ Y (Uk—Vk)>x:n:inf{n21:zn:(Uk—Vk)>0}}.

n=1 k=1

For a fixed n, let Y, = V,, — 32071 (Uy, — Vi)

]P’{zn:(Uk—Vk)>x:n:inf{n21:zn:(Uk—Vk)>0}}
k=1

k=1

J
:]P’{Un>:c—i—YnandUn>Yn>0and ~ sup {ZUk—Vk}SO}

J
:P{Un>x}P{Un>Yn>0and ~ sup {ZUk—Vk}SO}

=P{U, > x}P{N =n}
by the memorylessness of the exponential random variable U, since Y,, is independent

of U,. Since U, are iid, P{I; > x} = P{U; > x} for each z > 0. |
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Proposition 3.5.2. For each n > 1.

n—

1
Walfn) = g (M’“ "% [j> |

J=k

where My, is the largest service time the in the kth busy period in the first queue and
I}, is the length of the idle period in the first queue between the kth and k + 1th busy

period.

Proof. From the Lindley recursion see Asmussen II1.7 [1] we have the actual waiting

time of the nth customer in a first in first out queue is
Wn - [Wn—l - Un]+ + Vna

for n =1,2,... where W is the initial workload, U, is the interarrival time between
service V,,_; and V,,. For the second queue the period between the arrival of the j —1
and jth customer is U; = V; +¢;, where §; is the length of the idle period in the first
queue preceding the jth arrival to queue if V; is the first customer in a busy period
in the first queue and §; = 0 otherwise. The actual wait time of the n customer in

the second queue is
Wa(ln) = [Wallu-1) = (Va+ &))" + V2
=max {Wa(tn_1) — (Vi + &) + Vi, Vo }
= max {W2(fn_1) — &, Vn}

= max {Wa(tp—2) — &1 — &n, Vaer — &n, Vo )

:max{WO —ng,@:@%x{w -Y gj}}.
k=1

j=i+l
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Let 0(0) = 0 and o(k) be the index of the last arrival in the kth busy period in the
first queue for k in {1,2,...}. By partitioning {1,2,...,0(n)} into busy periods we

have

o(n) n o(k) o
ey Vi— Z & T Ur(r;a;i{ +1 Vi— Z &
Jj=i+1 Jj=i+1

1 Z;’gll &, is constant for ¢ ranging over a busy period and equal to total idleness
that has accrued in the first queue from the epoch of the arrival of the ¢ customer to
the epoch of the arrival of the ¢(n) which is Z I for 7 in the kth busy period.

o(n) n—1
o(n) n o (k)
max A Vis ) & = { max (V3 =2 IJ}

j=i+1

3.6 Distribution of W," ("))

The main result in this section is that distribution of the workload at particular times
and appropriately scaled. The sequence of idle periods is iid exponential A in the
nth system. Since the largest job in a busy period is independent of the idle period
that follows, it is convenient to reindex the sequence of idle periods. This is why we

write S5 T ™) instead of ST ™) in the following proposition.

3 7

Proposition 3.6.1. Suppose in the nth system the sequence of idle times {I(n il



is iid with E [1{")} = 1/A® and Var (11“”) = (A™)2 such that A — X\ > 0.

k-1
: L (n) (n)
_ — ) <
nh_rélolP’{n k:alX<Mk E 1 <z

i=1

Proof. We have

n -1 — DA =AM n -1
mhx (M,in)—k)\ ) _(n )’/\ A ‘ —IilfllX (k
k—1

k=1 AN ()

so it suffices to show

1 »
— max
n k=1

This follows from Kolmogorov’s maximal inequality, for each € > 0,

1 — 1 1 = [ 1
1 n m_ L _plln n_
P{n k3¥<2<l /\(n))D 26} _P{nrﬁff(z; (Ii A(M)') 2

k—1

1
Z ([i(n) _ W) ‘) — 0 in probability as n — oo.

=1

as n — 0o because A\(™ — \ > 0.

64
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Proposition 3.6.2. If nf(n,ny) — g(y) uniformly on [0,t], and g is continuous on

0,¢] then

[nt]

Jim > 108 = | st

Proof. Define the measure = >, | 0153 where dg)(A) = 1if k € A and 0 otherwise.

nt]

f(n, k) = S, k) Lo ey (K) pu(dke).

i keR

e
Il

Substitute y = k/n.

[nt]

> £ = [ fnny)1() nndy)

- / () 0) )

For n sufficiently large |nf(n,ny) — g(y)| < € and fyeR Liog(y) pu(ndy)/n < 1, so

w(ndy)/n converges weakly to Lebesgue measure on (0, 00) implies

/ E]Rg(y)l[o,t](y) p(ndy) /n — /0 9(y) dy.

Proposition 3.6.3. Under the assumptions of lemma 3.3.1, for x > 0 we have

—AK .
» E_1 1—1—96L ifvy=0
lim P{lri[lé]x (M,g") - T) gx} _] 0+

exp {—A S k() fy dy} ify>0
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k=1
= H m nr + ——
k=1
[nt]
E—1
= exp Z In (m(") (n:n + —))

Let f(n, k) =In (m™ (nz + 1)) then

nf(n,ny) =nln (m(n) (na: n ny}\_ 1))

i ((1 B nm(™ (nx+ny//\— %))n) |

We have In((1 — z/n)") = —z as n — oo and nm™ (n(z +y/\) — 1) = k(= +

y/A\)/(z+y/\) asn — oo by corollary 3.4.8. Thus, nf(n,ny) — —k(z+y/\)/(z+y/\)
where the convergence is uniform for y € [0, ¢] since for each n, m™ is nondecreasing
and the limit is continuous. Now continuity of the exponential function and proposi-

tion 3.6.2 gives

lim P{l ke (M,g’” - %) < x} — exp {—/Otm +y/N) /(@ +y/N) dy}

n—00 n k=1
T4t/
= exp —A/ k(y)/ydy ¢

Finally, we prove the main result for this chapter.
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Theorem 3.6.4. Let p™ = A\WE[V], and assume Lp®)

m—)vZOasn—)oo.

Assume 1 — F(t) = (r(f—_ly)> t7VI(t) for 1 < v < 2 andl a slowly varying function.

Let k(y) be such that the parameters (k,A\ = ﬁ,u, v,y) satisfies equation (3.4.1).

For x > 0 we have

o (1+25)™" ifv=0
hmP{I% (&ng}:
n—oo
wp{AIHW wa} ify>0
Proof. By proposition 3.5.2
1 1 . [nt]—1
P{-Wf%fw)gx}zp £%;ANI I
n

nt] .
Jj=k

For each n, the iid collections {I ,g")} and {M ,g")} are independent so
] = ] —
max Zl(n Nmax< ZI")
7=1
By proposition 3.6.1

. 1 ~ . 1 [n]
1) (70 _ 1 O
lim P {an (t[nt}> < x} lim IP’{ max <Mk (k 1)/)\> < :v} .

n—o0

By proposition 3.6.3

—AK

) 1+ -4 if y=0
hmP{I@m<%>§x}: (+:)
n—oo

exp{ )\f“t/A )/ydy} if v >0
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