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ABSTRACT

A five degree of freedom dynamic model which uses a
quasi-static approximation for lateral load transfer effects
has been developed as a means of investigating the inherent
directional instability associated with rear caster wheel-
chairs. Using a treadmill and test cart, the dependence of
lateral wheelchair tire cornering force on variables such as
forward speed, inflation pressure, camber angle, slip angle,
and vertical load have been experimentally determined. A
model has been developed which predicts wheelchair tire-road
forces for different operating conditions. A simulation
program which utilizes the tire force data to solve the
equations of motion written for a body fixed reference frame
attached to the wheelchair has been tested. Predictions
from the program for trajectory and yaw velocity response
are in good agreement with theory and observation for both
rear caster and conventional tYpe wheelchairs.

A parametric study of several design variables has del-
ineated the conditions under which a rear caster wheelchair
exponentially diverges to a state of uncontrolled and poten-
tially unsafe motion upon being subjected to a slight
disturbance. Center of gravity position and other geometric
parameters, along with forward speed, have been shown to
have a dominant influence on directional control, while tire
selection has been shown to play a less important role.
The effects of camber, toe, inertial properties, and caster

friction have also been investigated.
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CHAPTER 1
INTRODUCTION

The problem of controlling an unstable vehicle is not a
recent development. For example, it has been known for some
time that aircraft equipped witp a castered tail wheel
experience steering difficulty while taxiing. These planes
require tail rudder control and wheel braking in order to
maintain a straight path. Wheelchairs that have their
pivoting caster wheels in the rear experience very similar
handling problems. Aircraft and wheelchairs that have their
caster wheels in front are always directionally stable. The
reasons for this will be outlined in this chapter.

There are several motivations for studying the direc-
tional control problem associated with rear caster wheel-
chairs. Although less popular than conventional front
caster wheelchairs, rear caster wheelchairs continue to
exist becausé of sevgral inherent advantages.

Electric wheelchairs often use rear casters because of
the ease with which obstacles such as a curb can be nego-
tiated. It is often desirable to use front wheel drive on
an electric wheelchair. When this is done, it is also
necessary to use rear casters. Other considerations some-
times make rear casters desirable for manual wheelchairs.
For example, it is sometimes necessary to place restraining
leg cushions at the front of a wheelchair. These cushions
can be large and bulky, and hence may interfere with the

normal pivoting of conventional front casters. Persons who



own rear caster wheelchairs generally find them easier to
maneuver close to an object such as a counter or table.
Aside‘from these reasons, some users will purchase a rear
caster wheelchair simply because it is what they are
accustomed to.

Steering instabilities caused by rear casters must be
compensated for in order for the user to maintain a straight
path. Electric wheelchairs that are unstable require much
more manipulation of the joy stick. Unstable manual wheel-
chairs require additional physical exertion that some users
may be unable to supply. Furthermore, when operated at high
speeds or on uneven ground, rear caster wheelchairs are
often uncontrollable and may even be considered dangerous.
For these reasons, an understanding of the parameters
related to the directional instability of rear caster
wheelchairs is desirable.

Figure 1-1 shows a typical manual rear caster
wheelchair. The wheelchair shown is an Everest and Jennings
"Premier” rear caster wheelchair. This chair was manufac-
tured approximately 15 years ago (1972), but similar models

are currently availablé.
DESCRIPTION OF THE DIRECTIONAL INSTABILITY PROBLEM

Directional stability is generally defined as the
ability of a vehicle to stabilize its motion against
external disturbances. A vehicle is considered to be

directionally stable if it returns to a steady state of



Figure 1-1 Everes£ and Jennings Premier Rear Caster
Wheelchair



Figure 1-1 Continued



motion within a finite time after a disturbance is removed.
pirectionally unstable vehicles diverge more and more from
the‘original line of motion even after the disturbance is
removed. This diverging continues until either a course
correction is made, or until ground looping occurs in which
the vehicle totally reverses its direction of motion.

A fundamental description of the control problem
associated with rear caster wheelchairs was first published
in 1986 by Kauzlarich and Thacker. [1.1] The investigation
that is the topic of this thesis grew from their original
analysis. Kauzlarich and Thacker showed that when a wheel-
chair is displaced from its line of motion by a jolting
force, such as a bump in the road, it experiences a twisting
moment about the center of gravity. This moment is due to
lateral road forces that develop at the tire-road interface.

Figure 1-2 shows a conventional front caster wheelchair
that has been displaced from the intended direction of
motion by an angle 6. For reasons to be given later, the
lateral road force at thé tires is referred to as the

cornering force, F In the simplest analysis, the road

yI
force is the same at each tire, and the resulting moment

about the center of gravity is 2s4F The distance s; is

y*
measured perpendicularly from the fixed wheels to the center
of gravity. Because the lateral road force acts behind the
center of gravity for a front caster wheelchair, the
resulting moment tends to return the chair to a state of

Steady straight line motion. Thus, the moment is said to

have a stabilizing effect.
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Figure 1-2 Stabiliziﬁg Moment For a Conventional Front
Caster Wheelchair :



Figure 1-3 depicts a similar situation for a rear
caster wheelchair that has been displaced from its line of
motion. In this case, the lateral road forces act ahead of
the center of gravity. As a result, the moment about the
center of gravity causes the wheelchair to rotate even
further away from the desired directional heading. For this
reason, the moment is referred to as destabilizing.

It is clear from this simple description that reducing
the distance s; will reduce the destabilizing moment and
make the rear caster wheelchair easier to control. Further-
more, it is clear that a knowledge of the lateral road

force, F is necessary for a complete analysis of the

y’
instability problem.

PROJECT DESCRIPTION

The purpose of this thesis project was to gain an
understanding of the parameters £hat do or do not affect the
directional stability of rear caster wheelchairs. A primary
goal was to determine which of these parameters, if any,
might be altered so as to significantly reduce the
directional instabilityﬁproblem. Thus it became desirable
to develop a computerimodel capable of simulating wheelchair
motion and examining the variables that affect stability.
In pursuing this end, several secondary goals developed.

The first necessary task was to experimentally determine
thevcharacteristics of the road forces which act on a

wheelchair tire. Forces that occur at the tire-road
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interface are by far the dominant forces governing the
motion of any ground vehicle. A complete description of
tire forces accounts for several variables. These include:
vertical load, slip angle, camber angle, toe angle, and
rolling resistance to name a few. All of these variables
were cbnsidered as part of this work.

It was realized that some of these parameters might
have only secondary effects on the steering characteristics
of a wheelchair. However, in the interest of developing a
complete and general model that might eventually be éxtended
for other purposes, as many parameters as possible were
included in the investigation. For example, although manual
rear caster wheelchairs were the primary focus of this
research, it might be desirable to eventually extend the
study to include electric rear caster wheelchairs.
Parameters that do not have an important influence on fhe
stability of manual wheelchairs may play a more vital role
in this case.

A simple tire model capable of predicting the ground
forces on a wheelchair tire was developed. In addition, the
complete equations of -motion for a rear caster wheelchair
were formulated. This was done with the goal in mind of
eventual;y developing a simulation computer program.

The simulation model was developed for two primary
Ieéasons. The first of these was toldetermine if any
parameters which have not been considered in the past, such
as tire properties or width dimensions, have a significant

influence on directional stability. The second reason for
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developing the simulation model was to gain a more quanti-
tative description of the instability problem. For example,
it was already known that moving the center of gravity
forward will improve directional stability, but how
significant is this improvement and how can it be quanti-
fied? A necessary requirement for the simulation model was
that it accurately predict the inherent difference between
front caster and rear caster wheelchairs.

Usérs of rear caster wheelchairs commonly observe that
the directional control problem worsens at higher forward
speeds. A goal of this work was to determine the speed at
which a typical rear caster wheelchair becomes uncontroll-
able. An additional goal was to delineate the conditions
under which a rear caster wheelchair should or should not be
used. Based upon results from the simulation model, perhaps
design recommendations could be made that will lead to
improved stability.

With these goals in mind, the effect on directional
stability of varying several different parameters was
studied. The Everest and Jennings wheelchair shown in
Figure 1 was used as the starting point for this investiga-
tion. Important parameters such as geometric dimensions and

total mass were assumed to be typical for this chair.
OUTLINE OF THESIS TEXT

The text of this thesis is roughly separated into two

parts. Part one includes Chapters 2 through 4 which discuss
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the force characteristics of rolling tires. Chapter 2 gives
a complete description of the forces and moments that act on
a wheelchair tire. The important and unimportant forces are
defined. Chapter 3 presents the results of experimental
testing which was done to determine the magnitude of wheel-
chair tire forces as a function of several variables.
Finally, Chapter 4 gives a simple method for predicting
wheelchair tire forces.

Once the important wheelchair tire forces have been
described, the second part of the thesis considers the
actual stability problem. Chapter 5 presents a simplified
model of wheelchair motion. This model distinguishes the
important parameters which are related to directional
stability. The simplified model is able to predict the
effect on stability of varying several pérémeters. It is
unable however, to predict actual wheelchair motion or to
determine quantitatively how much certain parameters affect
stability.

Chapter 6 develops the complete equations of motion for
a rear caster wheelchair. The primary assumption is that
the wheelchair is restgicted to planar motion. However, a
quasi-static method which accounts for roll effects is
developed. Chapter 7 describes a computer program which can
be used to simulate the motion of a freely rolling wheel-
chair. The computer program utilizes the tire force charac-
teristics described in Chapters 1 through 3 along with the
equations of motion developed in Chapter 6.

After all of this groundwork has been given, Chapter 8
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gives the results of several simulations of wheelchair
motion. Methods by which the wheelchair model and the
simulation program were verified are discussed. Results for
both conventional front caster wheelchairs and rear caster
wheelchairs are considered. The effect of several design
variables on directional stability are examined. Finally,
in Chapter 9 some conclusions are drawn with fegard to how
much the instability problem of rear caster wheelchairs can

-be improved.
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CHAPTER 2
MECHANICS OF ELASTIC TIRES

This chapter presents a description of the ground
forces that act on a rolling wheelchair tire. Literature
related to the mechanics of wheelchair tires is almost non-
existent, with the possible exception being articles
pertaining to rolling resistance. Thus, the material in
this chapter is adapted primarily from literature which
concerns automobile tires. It will be shown in the next
chapter that wheelchair tires exhibit many characteristics
similar to those found for both automobile tires and for

aircraft tires.
MOTIVATION FOR STUDYING TIRE FORCES

Numerous authors have pointed out the fact that aside
from gravitational and aerodynamic forces, the only forces
which influence the motion of a ground vehicle are applied
at the tire-ground interface. Therefore, it is natural to
assume that a basic knowledge of the ground forces that act
on wheelchair tires is desirable. Nordeen and Cortese state
that, "An understandingfof the relations between tire opera-
ting conditions and the resulting forces and moments is a
prerequisite to studies of vehicle dynamics.” [2.1] Wong
asserts that an understanding of tire forces is "essential
to the study of the performance characteristics, ride
quality, and handling behavior of ground vehicles.” [2.2]

Finally, Ellis writes, "When vehicle control and stability
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are studied, it is natural to start with the pneumatic
tyre”. [2.3]

These quotations were all written with automobiles or
other large ground vehicles in mind. They are given here to
illustrate the importance given to tire properties in most
of the literature relating to vehicle dynamics. At the
outset of this study, which concerns the stability of rear
caster wheelchairs, it was assumed that tire properties
would be véry important. The simplified analysis by
Kauzlarich and Thacker mentioned in Chapter 1 indicates that
the magnitude of the lateral tire force is of primary impor-
tance. For these reasons, an extensive examination of
several different wheelchair tires was undertaken.

It will be shown in later chapters that although tire
selection does affect the handling characteristics of a rear
caster wheelchair, its effect is only moderate in comparison
to other variables. Nevertheless, a discussion of wheel-
chair tire forces is still relevant for several reasons. A
knowledge of tire forces is necessary in Qrder to simulate
the motion of a wheelchair even when parameters other than
‘tire selection are being considered. Methods are needed to
predict typical tire forces for any given state of wheel-
chair motion. ‘

In addition, some understanding of tire mechanics is
fundamental to an understanding of wheelchair motion. Usual
diécussions of rolling generally assume a perfectly rigid

wheel which does not deform. A perfectly rigid wheel can
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only'have a velocity component which is parallel to the
plane of the wheel. An elastic wheel on the other hand,
will not exactly follow the laws of rolling typically
developed for rigid wheels., A major difference is that
elastic tires can deform. This elastic nature allows small
velocity components which are not parallel to the wheel
plane even though no slipping may occur. In simple terms,
it is possible for an elastic tire to have a "sideways”
component of velocity. A description of the forces that can
act on an elastic tire as it rolls and deforms allows for a
basic understanding of tire properties as related to wheel-
chair motion. More importantly, if a means for predicting
wheelchair tire forces can be obtained, the differential
equations of wheelchair motion can be solved as a means of

examining the problem of directional stability.
TIRE FORCES AND MOMENTS

Figure 2-1 shows the axis system which is most
commonly used as a reference for the definition of various
tire forces and moments. This system is recommended by the
Society of Automotive»Engineers and is described in detail
by Wwong. [2.2]

First, notice the two angles associated with the rol-
ling tire. These are the camber angle ,y, and the slip
angle ,a. The camber angle is the angle between the wheel
plane and the plane formed by the X and Z axes. This angle
may be zero, but in the case of wheelchairs, camber is often

present because many wheelchair users adjust their wheels
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inward at the top in order to obtain a firm and comfortable .
grip. The slip angle is the angle between the wheel plane's
heading and the actual direction of wheel travel. A slip
angle results whenever the wheel has a nonzero velocity
component along its Y axis. The term slip angle is not
meant to suggest that the wheel is slipping or sliding with
respect to the ground. The elastic nature of the rolling
tire allows small velocities perpendicular to the wheel
heading without sliding.

Note that the X, Y, and Z axes shown are fixed in the
rolling wheel. If the wheel rotates, these axes rotate with
it, It is especially important to distinguish references
to X and Y directions in this local axis system, from
references to X and Y in a fixed reference frame (an iner-
tial reference frame) which does not move or rotate. More
will be said concerning reference frames in future chapters.

For the most general case, six quantities are required
to completely describe the force system acting on a tire.
These include three forces and three moments as shown in
Figure 2-1. Reference [2.1] gives a complete description of
these six quantities. There are three components of road
force that act on the rolling tire:

(1) F, is the longitudinal or "tractive force"” acting on the
tire by the road in the plane of the road and parallel to
the direction of the wheel’'s heading. The direction of
wheei heading is defined by the intersection of the wheel

plane with the road plane. Wheel torques are converted into
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propelling tractive forces through friction between the
tire and the ground. In addition, some tractive force is
always necessary to overcome a whegl’'s natural rolling
resistance.

(2) F,, is termed the lateral force and it is the component

y
of the road force acting at a right angle with respect to
the wheel heading. If the slip angle is not zero, an elas-
tic tire deforms slightly as it is forced to roll along an
unnatural path. This deformation résﬂlts in the lateral
force between the tire and the ground. The lateral force
resists the tendency for sliding of the wheel, and it always
acts in a direction which is opposite the Y axis velocity
component.

(3) Normal force F, is the component of road force which

z
acts in the negative Z direction or normal to the plane of
the road. A vehicle’s weight is supported by the sum of the
normal forces acting on each wheel.

My and M.,
are referred to respectively as the overturning moment,

The three moments mentioned previously, Mg,
rolling resistance moment, and aligning torque. These
moments result from the fact the lines of action for each of
the forces Fy, Fy, and>FZ do not necessarily pass directly
phrough the origin shown in Figure 2-1. This can be better
understood by examining the sketch shown in Figure 2-2.
Figure 2-2 is based upon experimental observation, and
it depicts the deformation (exaggerated) of the tread band
and contact region of a tire subjected to a constant slip

angle. [2.4] Most tire models separate the contact region
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of a rolling tire into two general areas: a sliding region
and an adhesion region. By observing tires on a glass
surface, it is seen that in the adhesion area, the tread
deformation is parallel to the direction of travel. The
line which separates the adhesion region from the sliding
region occurs at the point where the elastic force due to
deformation exceeds the available tire-road friction force.
At this point, the tread begins to slide back to its normal
undeformed position.

As shown in Figure 2-2, the maximum deflection of the
tread band occurs at a point slightly behind the Y axis ana
thus F,, is offset longitudinally by some small distance.

y
The product of lateral force F,, and its offset distance

y

defines the self aligning torque M,. Similarly, as a result
of tire distortion, the center of normal pressure is shifted
slightly forward and to one side of the wheel plane. This
shift in the center of normal pressure reéults in the
rolling resistance and overturning moments. Figure 2-3 shows
a greatly exaggerated diagram of the longitudinal and
lateral force offsets which create the three tire moments.

Before examining-tire properties in detail, it was
necessary to assess which of the six possible tire fo?ces
and moments are relevant to wheelchair motion. Fortunately
not all six quantities are equally important. The two main
wheels of a wheelchair are constrained against rotation

about either the X axis or the 2 axis. They cannot overturn

or pivot. Only rotation about the axle is permitted.
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The caster wheels are also constrained from overturning
about fheir own X axis. Although the casters are free to
rotate about a vertical axis, this rotation does not occur
about the Z axis shown in Figure 2-1 or Figure 2-3, but
instead occurs about the caster pivot pin which is some
distance away from the point wheré the Easter contacts the
ground. The distance from the point where the caster
contacts the ground to the caster pivot point, rather than

the relatively small offset distance of F is therefore of

yl
primary importance. Any slight offset of the lateral force

F,, will create only negligible differences in the overall

y
wheelchair motion. Also, because the contact regions

associated with wheelchair tires are small when compared to
automobile tires, it is reasonable to expect that the offset
distances will be less important.

As a result of these considerations the problem is

reduced to one in which three forces (Fx' F,, and F,) and one

Y
moment ,M,,, act on each of the four wheelchair tires. Each

Yy
of these will now be discussed at greater length. It is
emphasized that assumptions similar to those just described
have been proveﬁ adequate for the analysis of vehicles much
more complicated than‘a wheelchair. (see for example [2.5]

which makes similar assumptions for a two degree of freedom

treatment of automobile stability)
SLIP ANGLE AND CORNERING FORCE

Pure rolling of an elastic wheel refers to rolling

motion which is confined only to the longitudinal (X)
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direction. If the wheel is forced to deviate from its
direction of pure rolling, a slip angle and lateral force
necessarily develop. The existence of a lateral force is
made possible by the elastic forces of tire particles which,
as they pass the ground contact tegion, are forced to travel
sideways in addition to their rolling progression. [2.6]
This is represented by the tread band which was illustrated
in Figure 2-2.

When no camber angle is present, the lateral force is
due solely to the presence of the slip angle a. 1In this
instance, the lateral force is commonly referred to as the
"cornering force”. This term arises from the fact that
lateral cornering forces supply the centripetal force
required for a vehicle to negotiate a curved path. Thus,
although lateral forces on the main wheels of a rear caster
wheelchair may have a destabilizing effect as discussed in
Chapter 1, some lateral force is necessary whenever
directional changes are initiated.

Because lateral tire force is inevitably responsible
for the deviation of a vehicle from a direct course, whether
it be desirable or undésirable, it is almost universally
regarded as the most important of all the tire forces and
moments. [2.7] 1In the most general case, cornering‘force
can be regarded as a function of as many as eleven indepen-
dent variables. [2.4] However, when a vehicle is con-
strained to make only moderate course changes on a level

surface, it is found that the primary variables which affect
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cornering force are normal load and slip angle. Other
possible factors which may have some influence on cornering
force are forward speed and inflation pressure. The effect
that each of these variables has on the magnitude of
cornering force was examined experimentally for several
different wheelchair tires. The results of this testing and
a comparison to similar results found in the literature for

other types of tires are presented in the next chapter.
CAMBER FORCE

As was mentioned before, the term cornering force is
reserved to describe the lateral force exerted on a tire
when no camber angle is present. Cornering force is thus
due only to the slip angle which results from the lateral
component of tire velocity. If a camber angle is presént.
the total lateral force on a rolling tire is considered to
consist of two components: a cornering force component
which is due éolely to the presence of the slip angle a, and
a camber force component which is due to the presence of the
camber angle vy.

Figure 2-4 shows a cambered wheel which is inclined at
soﬁe angle y with respéct to the 2 axis. An unconstrained
whéel which is free to roll would revolve around the center
of‘curvature (point 0) as shown. However, when fixed to a
vehicle, a cambered wheel is generally forced to roll along
.a straight path. As a result, a lateral force toward the
center of curvature develops. This is the camber force just

referred to. The total lateral force F,, acting on a tire is

y
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the sum of the cornering force and the camber force. The
camber force can either add to or subtract from the
cornering fofce depending on whether or not the camber
inclination is toward or away from the direction of lateral
wheel motion. Results of camber force tests for wheelchair

tires will be discussed in Chapter 3.
ROLLING RESISTANCE

Rolling resistance is one of the few properties that
has been investigated fairly extensively for wheelchair
tires. At constant speed, a rolling tire requires a
horizontal force P at the wheel center in order to overcome
the rolling resistance. This force along with the other
forces on the wheel are shown in Figure 2-5 where F, is the
normal load carried by the tire, r is the height of the
wheel axle above the ground, 2 is the angular velocity of
the wheel, and F, is the rolling resistance force. [2.8]

Note again that the normal force is offset ahead of the
contact center by some amount e producing the rolling
resistance moment My. Summing forces and moments in Figure
2-5 results in the foIlowing conditions for rolling with
constant translational and rotational velocity.

F. =P
g (2-1)

F.r = F,e
From the above it follows that if the force P required
to maintain a constant forward velocity is known, both the

force F, and the offset distance & can be found. More
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importantly, if no other tractive forces exist in the X
direction, the force F, in Figure 2-5 completely represents
the longitudinal force Fy which was described in association
with Figure 2-1. 1In other words, the rolling resistance
moment M, can be incorporated into the tractive force F, at
the tire-road interface. Because of the reasoning just
given, rolling resistance can be treated as a force for the
purposes of investigating wheelchair motion. However, it
should be noted that this force is almost entirely the
consequence of hysteretic energy losses due to deformation
of the tire during travel. [2.8] For a complete analysis of
rolling resistance and a discussion of a hysteresis loss
theory for predicting the rolling resistance of wheelchair
tires, the reader should refer to Kauzlarich and Thacker.
[2.9,2.10] The results of rolling resistance tests made for
this work are presented in the next chapter along with

results for the other tire forces.
TOE ANGLE

There is an additional angle which is sometimes
referred to with regard to the tires of a vehicle.  The
angle between a rolliﬁg wheel and the longitudinal axis of
the vehicle to which it is a part is often called the toe
angle. A pair of wheels is said to be toed in when the
transverse distance between the two wheels at the front of
the two wheel planes is less than it is at the rear. The
presence of a tqe angle means that during straight line

motion the wheel plane never coincides with the direction
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of travel. 1In other words, toe-in or toe-out forces the
wheel to continually travel with a nonzero slip angle.
Thus, a toe angle is in actuality no different than the slip
angle which has already been discussed, except that in this
case the slip angle is always present, even during simple
forward motion. The continual lateral forces, Fy which
develop from high toe angles are generally undesirable
because they result in excessive tire wear and a greatly
increased total force acting opposite the direction of
wheel motion. [2.6]

In summary, the force system acting on a rolling wheel-
chair tire has been reduced to one which includes three
forces. These are: a longitudinal force F, which neglects
input torques and includes the rolling resistance'of the
tire, a lateral force Fy which may include a cornéring
force due to the presence of a lateral component of wheel
velocity (a slip angle) and a camber force due to wheel
inclination, and finally a normal force F,. Chapter 3 will
discuss experimental results which illustrate those factors

which determine the magnitude of F, and FY as well as their

relationship to the normal force F,.



30

CHAPTER 3
EXPERIMENTALLY DETERMINED TIRE FORCES

Chapter 2 presented an overview of the three ground
forcés which are important to a study of wheelchair motion.
The concepts of slip angle, camber angle, toe angle, and
rolling resistance were discussed. This chapter will dis-
cuss the results of testing which was done to determine what
factors influence the magnitude of wheelchair tire forces.
Each of the tire forces and tire angles discussed in Chap-
ter 1 will be considered. Results from the literature for
elastic tires in general will be compared to experimental
results for several different types of wheelchair tires.
This chapter does not discuss how the experimental tire data
which waé collected can be used to predict tire forces and
examine directional stability. Methods of doing this and

comparisons of different tires are described in Chapter 4.
METHOD USED TO DETERMINE WHEELCHAIR TIRE FORCES

There are several different types of experimental
apparatus which can be used to assess the mechanical
properties of a rolling tire. These include drum-type
testers, moving flat bed testers, towed vehicle testers, and
moving treadmill belts. [3.1] Because a variable speed
treadmill was readily available, this type of test machine
was used for the investigation of wheelchair tire forces.
The treadmill has the advantages that it is easy to use and

that it allows virtually continuous sustained operation.
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The main disadvantage of using a treadmill is the fact that
the tires being tested can only be subjected to simulated
operating conditions. Furthermore, the treadmill does not
allow any versatility with regard to test surface material.
A treadmill belt may not be representative of the surfaces
commonly encountered by wheelchair users. |

During the course of this research two methods were
used to examine wheelchair tire forces using a belt tread-
mill. The initial method is depicted in Fiqure 3-1 which
shows a schematic of the treadmill and a test cart. The
test cart takes the place of an actual wheelchair allowing
for easy adjustment of several different variables. The
test cart is designed such that known loads can be applied
directly over the rear axle. Adjustments can be made in
order to give the wheels on the test cart any desired angle
of camber or toe. 1In addition, the test cart has a second
axle position (not shown in the figure) which enables the
small caster wheels of a wheelchair to be mounted. This
allows data to be collected for the ground forces exerted on
all four wheels of a typical wheelchair.

The test cart is fbtated at the forward support shown
in FPigure 3-1 in order to give each of the tires a known
slip angle a. A 1load cell mounted along the side of the
treadmill is attached at the axle of the left test cart
wheel. This load cell measures the side force necessary to
restrain lateral motion of the wheelchair while it is held

at the fixed angle. Neglecting other forces on the test
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cart, which are small for small slip angles, the force
measured by the load cell is approximately equal to the sum
of the lateral forces exerted on each of the fixed wheels.

A problem with the test method shown in Figure 3-1 is
that the force exerted by the load cell constraint does more
than simply restrain lateral motion. This restraining force
also creates a twisting moment about the longitudinal axis
which tends to rotate the test cart toward the load cell
side of the treadmill. This results in a lateral load
transfer such that there is a significant difference in the
normal force carried by each of the two tires. This is
highly undesirable if it is necessary to isolate the lateral
and normal force exerted on a single wheel. It is not
~correct to simply divide the total force measured by the
load cell in half, and then set that value equal to the
force on each tire.

An eventual goal of the research related to tire forces
was to use the data collected as part of a computer program
to simulate wheelchair motion and examine directional
stability. 1In order to simulate wheelchair motion properly,
it is necessary to predict the force exerted on a single
wheelchair tire givenfﬁhat tire's current slip angle and
other conditions. For this reason, the test cart was modi-
fied from what is shown in Figure 3-1 such that one wheel-
‘chair tire at a time could be tested.

. In order to do this, the right test cart wheel was
removed and replaced with a vertical cable. If the cable’is

kept in the vertical position as the test cart is rotated,
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it will not contribute any lateral force, but instead will
only help to support the test cart weight. The support
cable was attached to a block and tackle on a roliing sup-
port such that both its length and its vertical orientation
were readily adjustable. The tendency of the test cart to
rotate when subjected to large lateral forces coula then be
compensated simply by changing the length (and hence the
tension) in this cable. 1In other words, for each test case
the support cable was kept vertical and was adjusted to a
length so as to keep the test cart level.

Appendix A gives the details of the test cart including
the static equations which are used to calculate the normal
force F, and the lateral force Fy from a measured value of
side force at the load cell.

Several preliminary tests were conducted before the
test apparatus was modified to accommodate only one wheel.
These early tests were useful in that they provided insight
as to what variables have an importént influence on lateral
force and what variables do not. For example, these first
tests showed that speed and inflation pressure do not have a
significant effect on céfnering force in the case of wheel-
chair tires. Thus when it came time to design a slightly
more sophisticated test method, these two variables did not
have to be reconsidered.

.The remainder of this chapter presents tire force
findings for seven different wheelchair tires. (five main

wheels and two caster wheels) Results obtained by using the
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test cart with two wheels are presented for rolling
resistance to show the effect of speéd and inflation
pressure on lateral cornering force. BAll other test results
were obtained by using the modified test cart setup in which
the ground forces on a single wheel could be isolated. The
reader is again referred to Appendix A for the details of
the test cart apparatus and for a more complete description
of how the tire force data presented in.this chapter was

obtained.
DESCRIPTION OF TIRES TESTED

The force characteristics of seven different wheelchair
tires were tested. Five of these were 24 inch (70 cm)
diameter wheels which are generally used as the primary
tires on manual wheelchairs. The other two tires tested
were caster wheels with diameters of approximately 8 inches
(20 cm) each. Because this work focuses on the directional
stability of manual rear caster wheelchairs, no tires
representative of typical electric wheelchairs were tested.
The tires which were tested are identified and described in
Table 3-1. The selection of tires provided a fairly good
representation of the many different tires which are
available, while at the same time keeping the number of
tires to be tested at a manageable number. Of the 24 inch
tires tested, two were pneumatic tires and three were
airless solid or semisolid. The two caster wheels tested
were both airless, one being of the solid rubber type and

the other being constructed of polyurethane. For the
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remainder of this text, the specific tire types will

genérally be referred to by the abbreviations given in

[

Table 3-1.
TABLE 3-1
IDENTIFICATION OF TIRES TESTED
ABBREV TIRE Description/Nominal Size
AG Unknown Airless Fits Schwinn Rims #4418
Solid Rubber 24" x 1 1/4"
EJP Everest and 4" Silver Hub-Spoked
Jennings Pneumatic  24"x1 3/8”x1 1/4” ,60-70psi
SS Silver Star Spoked, Gumwall, No-More Flats
Pneumatic Innertube, 24”x1 1/4",75psi
IM Invacare Mag- Polyurethane Grey Airless,
Spider Web Vee Tread, 24"x1 1/8"
EJA Everest and Solid Grey Rubber
Jennings Airless old style, 24x 3/4"
ER Essem Rubber Solid Rubber
Caster 7 3/4" x 1 1/8"
PU Unknown Orange Polyurethane

7 3/4” x 1 1/8"

TYPICAL CORNERING FORCE VS. SLIP ANGLE CURVES

As stated earlier, the lateral cornering force is the
primary force of interest for an examination of wheelchair
motion. Because this force will be the most important force
presént when the equations of wheelchair motion are formu-
lated, a knowledge of its magnitude is desirable.

Figure 3-2 shows a typical plot of cornering force as a
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function of slip angle for a single wheelchair tire. [2.6]
For small angles of side slip, the cornering force increases
linearly with an increase in slip angle. For slip angles
greater than approximately two degrees, the cornering force
begins to increase at a lower rate, and it reaches a maximum
value when the tire begins to slide laterally. At the point
where sliding begins, the peak cornering force is determined
by the product (p x FZ). where p is referred to as the peak
coefficient of road adhesion. The peak coefficient of road
adhesion may be as much as 25% higher than the sliding
coefficient of road adhesion which governs the cornering
force after sliding has begun. [2.1]

As a basis for comparing different tires, the parameter
'cornering stiffness’ is often used. Cornering stiffness is
defined as the initial slope of the cornering force versus
slip angle curve as shown in Figure 3-2, and is usually
denoted by the symbol C,. Thus, for the linear region of
the cornering force versus slip angle curve, the cornering

force FY is given by:

F, = Cga (3-1)

Smaller cornering stiffness values correspond to lower

cornering forces for any given slip angle.
THE EFFECT OF NORMAL FORCE

The primary variable affecting cornering stiffness is

the vertical load, F,, on the tire. Typical results showing

z!
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the effect of normal load on cornering force for an automo-
bile tire are shown in Figure 3-3. [2.8] This figure is
presented to illustrate the relationship between vertical
load and cornering force, as well as to provide some means
of comparing results for wheelchair tires to those found in
the literature for other tire types. As one would expect,
the cornering force generally increases as the normal load
is increased. However, the relationship between cornering
force and vertical load is nonlinear. It is important to
note that in Figure 3-3 and throughout this text the term
normal load (or vertical load) refers to the normal force F,
acting on the tire at the tire-road ihterface. and not to
the laden weight of the vehicle.

Using the treadmill and test cart curves such as the
one shown in Pigure 3-3 were obtained for the seven
different wheelchair tires. Each tire was rotated to fixed
slip angles :anging from one to eight degrees with respect
to the motion of the treadmill belt. In each case, this
was repeated for six different known weights of the test
cart resulting in 48 data points for each tire. These
weights ranged from 365 Newtons (82 1bf) to 1010 Newtons
(227 1bf) with an incrément between loads of 129 N (29 1bf).
The weight was varied by using steel blocks of known mass
which could be placed in a wooden holder mounted over the
test cért axle. For each load, the force necessary to keep
the test cart at a fixed angle o« was measured by the load

cell. The cornering force, F and the corresponding normal

yl
acting at the tire-belt interface were then

force, FZ



Ib

0]
o
o

CORNERING FORCE
S
o

40

DRY ASPHALT
TIRE 560-13 o

[ SPEED 30km/h, 20°
18.6 mph

p =147 kPa, 21.3psi

0 400 800 Ib

NORMAL LOAD

Figure 3-3 Typical Cornering Force Versus Normal

Force Curves for Automobile Tires



41

calculated using the equations given in Appendix A.

The results for this series of tests are presented in
Figures 3-4a through 3-4g. Note on each figure that eight
curves are given corresponding to eight constant slip
angles, a. In each case the belt speed is .75m/s (1.7mph),
and the camber and toe angles are zero. It is very notable
that all of the tires exhibit characteristic curves similar
to the one shown in Figure 3-3 for automobile tires. This
is encouraging because up to this point it has only been
assumed that wheelchair tires exhibit tire force properties
similar to those that have been described from the automo-
bile literature.

Observe that each cornering force vs. normal force
curve has six data points corresponding to the six known
loads which were placed on the test cart. Note also that
as the slip angle increases from one to eight degrees, the
value of F, for any one of the six data points (known test
cart loads) increases slightly. This is shown on Figure
3-4a, where a series of slanting dashed lines has been
placed through data points associated with a constant load
on the test cart. It can be seen that even though the load
on the test cart is constant along each of the slanting
lines, the normal forcé F, acting on the tire increases
linearly as the slip angle is increased. This is due to the
lateral load transfer caused by the tendency of the cart to
rotate which was discussed in the first part of this chap-

ter. The reason for the linear increase in Fz is discussed
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Cornering Force vs. Normal Force Curves
at Constant Slip Angle (tire type AG)
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in Appendix A where~the equations for calculating Fy and F,
are given. The point here is that F, cannot be assumed
constant simply because the load on the test cart has not
changed.

Because the normal force F, is different for each data
point collected using the test cart, it is not possible to
directly use the raw data to construct curves such as the
one shown in Figure 3-2. The reader may question how the
curve in Figure 3-2 was obtained since it shows cornering
force versus slip angle for a constant normal force F, on an
Everest and Jennings airless wheelchair tire. A simple
method by which the raw data shown in Figures 3-4a through
3-4g can be reduced to cornering force versus slip angle
curves like the one in Figure 3-2 is presented in Chapter 4..
Doing this allows for the determination of cornering stif-
fness for each tire and for an easier comparison of
different tires.

A close examination of the figures shows that the tires
are arranged approximately from highest to lowest cornering
force magnitude for any given slip angle and normal force.
For example, the AG ti:és‘(Figure 3-4a) experience a higher
cornering force than the SS tires (Figure 3-4c¢) for a
particular value of e and F,. Thus one would expect the AG
tires to have a higher value of cornering stiffness than the
SS tires. In later chapters, the effect of cornering
stiffness on the directional control of rear caster wheel-
chairs will be considered.

The scales on the axes are the same for each of
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Figures 3-4a through 3-4g except for the last two graphs
which are for the two caster wheels (ER) and (PU). Note
that although the caster wheel curves appear to exhibit the
same trend as the curves for the other tires, the values for
cornering force are almost at their maximum even for the
lowest values of F, that could be obtained with the test
cart. In fact, at the higher slip angle values it can be
seen that the caster wheel curves begin to decrease slightly
with increasing normal force. - This decrease indicates the
onset of slipping and a corresponding reduction in the road
adhesion capability of the tires. This is in contrast to
the curves for the five 24 inch wheels where a maximum value

of cornering force was never reached.
THE EFFECT OF FORWARD SPEED,

Now that the basic nature of cornering force has been
described and several typical curves havé been shown, it is
interesting to examine some of the factors other than normal
load which might have an effect on the cornering force
magnitude. It was stated at the beginning of this chapter
that éeveral treadmill fésts were conducted before the test
cart was modified so that single tires rather than tire
pairs could be éxamined. This section and the next will
present results from the “two wheel” tests which demonstrate
the effects of speed and inflation pressure on lateral tire
force. These tests were quite conclusive and were in very

good agreement with the literature. As a result, for these
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two series‘of tests only, the testing was not repeated with
the modified “"single wheel” test cart.

Figures 3-5a through 3-5e show the effect of varying
the treadmill belt speed on the total lateral force exerted
on a p;ir'of fixed wheels which have been rotated to some
~angle a. Each of the five 24 inch tires (AG,SS,EJP,IM, and
EJA) were tested at three different belt speeds. These
speeds were .42, .83, and 1.4 meters pef second. A constant
load of 534N (1201bf) was placed on the test cart for each
test speed, and the total lateral forcé per tire pair was
measured using the load cell. As before, this was done for
slip angles ranging from one to eight degrees. The totél
weight of 120 pounds was chosen because it is a reasonable
value for the total weight carried by the main wheels of a
wheelchair belonging to a user who weighs 130 - 170 pounds.
Again it is noted that fof these tests two wheels were
placed on the test cart, and thus only the total lateral
force on each pair of tires is plotted. Other than this,
the varying speed curves are very similar to the slip angle
versus cornering force curve shown in Figure 3-2. Although
the normal force F, an§ the cornering force Fy on each tire
alone cannot be obtained from this data, the results do show
a definite trend with regard to the effect of forward speed
on cornering force.

Figures 3-5a through 3-5e clearly show that the effect
of speed on lateral tire force for any given slip angle is
almost negligible. This is somewhat surprising because

intuitively one might expect the cornering force to increase
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as forward speed increases. However, this result is
consistent with similar findings for both automobile and
aircraft tires. Results of investigations to determine the
effect of test speed on automobile tire lateral forces have
shown that approximately a tenfold increase in test speed is
required to obtain only an 8 to 9 percent increase in
lateral force for a given slip angle. [3.2] Similar studies
relating to aircraft tires have shown that cornering force
is almost entirely independent of rolling velocity even for
speeds approaching 100 miles per hour (160 km/hr). [3.31]

The reason for these results is that the development of
a lateral force by a rolling tire is essentially controlled
by the elastic properties of the tire and the manner in
which the contact area is laid on the road. Thus the speed
of rolling should have little or no effect on the value of
lateral force. [2.3]

In light of the fact that the eventual goal of studying
tire forces is to use the data collected as part of an
investigation of wheelchair directional stability, the
independence of lateral tire force and forward speed is a
very useful result. This will make the task of predicting
tire forces for any given state of wheelchair motion much

easier.
THE EFFECT OF INFLATION PRESSURE

The two pneumatic tire types (SS and EJP) were tested

to investigate the effect of inflation pressure on cornering
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force. Turning to the literature for expected trends is
somewhat less useful in this case as different authors seem
to disagree. Taborek states that higher inflation pressures
result in an increase in tire side-wall stiffness which in
turn leads to an increase in cornering stiffness. [2.6]
However, Ellis argues that overinflation does not affect
cornering force because any increase in sidewall stiffness
is offset by a corresponding decrease in the size of the
contact region with the ground. [2.3] Most authors do seem
to agree however that changes in inflation pressure have at
the most only moderate effects on tire lateral force.
Figures 3-6a and 3-6b show the effect of varied infla-
tion pressure on the total lateral force exerted on a pair
of pneumatic wheelchair tires. As was the case for the
varied belt speed tests, these results are for the test cart
with two wheels. BAgain the total weight of the test cart is
a constant 120 1lbf for each curve shown. These figures indi-
cate that for moderate changes in inflation pressure, there
is virtually no change in the total cornering force per tire
pair. For pressures which are much lower than the rated
pressure (-50% or more), a slight decrease in cornering
force is apparent at large slip angles. For small slip
angles (less than 3 degrees) changes in cornering force are
less obvious. Because no definitive effect of inflation
pressure on cornering force was observed for the pneumatic
tirés tested, especially for small slip angles and moderate
changes in pressure, inflation pressure was disregarded as

an important wheelchair tire force variable.
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EFFECT OF CAMBER ANGLE

The basic concept of the cambered wheel was described
in Chapter 2. A rolling wheel that is inclined at some
angle with respect to the X-Z plane (see Figure 2-1)
develops a lateral road force which acts in the same direc-
tion as the direction of inclination. Camber force was
measured for the five 24 inch wheel chair tires described in
Table 3-1., This was done in a manner similar to that used
for the cornering force tests already discussed. The tires
were tested individually using the single wheel test cart
and vertical cable apparatus already described. This was
done for each tire adjusted to camber angles of +2, +5, and
+8 degrees.

Note that a positive camber angle for the test cart
corresponds to tilting the single left wheel inward by a
specified number of degrees. This corresponds to what is
normally the case for wheelchair users. For each camber
angle, the total lateral force developed was measured for
the same six test cart weights given earlier. (365N to 1010N
at 129N increments) For the camber tests however, the
longitudinal axis of fie test cart was kept parallel to the
motion of the treadmill belt. 1In other words, the test cart
was positioned to maintain a zero degree slié angle at the
tire-belt interface. Recall that camber force is considered
independent of cornering force which results from nonzero
slip angles.

Figures 3-7a to 3-7e show camber force as a function of
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normal force for each of the five 24 inch tires at the three
camber angleé tested. The F, values for each data point
were calculated using the single wheel test cart equations
in Appendix A. ©Not surprisingly, the magnitude of the
camber force is relatively small when compared to cornering
force. ' For example, the AG tires develop a maximum lateral
camber force of about 50N (11 1bf) at a camber angle of 8
degrees and a normal force F, of 500N (110 1bf). However,
at a slip angle of 8 degrees and normal force of 500N the
same tires experience a lateral cornering force of
approximately 300N (67 1bf) which is six times larger.
Studies of automobile and aircraft tires have shown
that camber force is generally about one-fifth the value of
cornering force for an equivalent slip angle and normal
force. [2.2] It is shown in Chapter 4 that for the wheel-
chair tires tested, camber force values are found to range

from1/5 to 1/8 the value of cornering force
ROLLING RESISTANCE OF WHEELCHAIR TIRES

The remaining tire force which has not been considered
is the longitudinal fo;ce Fy. In Chapter 2 the concept of
rolling resistance was discussed in its simplest form.
There it was stated that rolling resistance could be treated
simply as a force for the purposes of investigating wheel-
chair motion. Rolling resistance data was collected for six
of the seven wheelchair tires listed in Table 3-1. Because
rolling resistance was measured using tire pairs, while

only one of the PU type casters was available, rolling
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resistance data was not collected for this tire.

Fortunately rolling resistance on the treadmill surface
is fairly easy tb measure. To do this the load cell is
mounted at the forward end of the test cart instead of at
the left wheel axle as shown in Figure 3-1, The load cell
is linked to the forward support rod of the test cart, and
it measures the force required to restrain the cart as the
treadmill belt moves under it at constant velocity. As was
the case for camber force, this was done with the test cart
parallel to the direction of belt motion so that the slip
angles at each tire were both zero. When this is done, the
total longitudinal force F, exerted on the two wheels is
approximately equal to the restraining force measured by the
load cell. The word approximately is used because as it
turns out, some small corrections must be made to account
for moments and the fact that the center of gravity of the
test cart is hot directly over its rear axle.

Figure 3-8 shows the rolling resistance data fof the
wheelchair tires tested as a function of normal force F,.
In keeping with the tirg force and axis system described in
Chapter 2, the rolling fesistance force is labeled as longi-
tudinal force F,. Again, because propelling and braking
forces are being neglected for this analysis..the longitud-
inal force and rolling resistance force can be regarded as
identical.

Figure 3-8 indicates also that the increase in longi-

tudinal force varies nearly linearly with an increase in
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normal force F,. The ratio of longitudinal rolling resis-

tance force to normal force is generally defined as the

coefficient of rolling resistance f,. Referring back to

equation (2-1) and the diagram of the rolling wheel that was

presented there, one sees that f, is also equal to the ratio

of normal force offset, e, to axle height r. Putting this

all together and remembering that rolling resistance force

F, = Fy, gives:

£, = elr = Fr/Fz =

Fy/F, (3-2)

In Figure 3-8, £, is simply the slope of the longitud-

inal force vs. normal force curve. The coefficients of

rolling resistance as found by performing a least squares

fit on the data for the six wheelchair tires tested are

given in Table 3-2.

TABLE 3-2: COEFFICIENTS OF

ROLLING RESISTANCE

Tire £,
AG .034
Ss .0050
EJP .0058
IM .018
EJA .021
ER .025

It is clear from Figure 3-8 that the solid rubber tires

(AG, ER, and EJA) have considerably higher coefficients of

rolling resistance than the polyurethane tire (IM) or the
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two pneumatic tires (EJP and SS). This is consistent with
both theoretical and experimental results presented by
Rauzlarich and Thacker. [2.9,2.10]

A remaining question with regard to rolling resistance
concerns the effect of a nonzero slip angle. Various
studies have shown that the effect of slip angle on the
total longitudinal force in the wheel plane is very slight
éven for angles as high as 10 degrees. [2.8] This might be
confusing because it may seem that a tire which is forced to
roll in a directionwhich is not parallel to its wheel plane
will experience a greatly increased rolling resistance.
However, recall that a wheel which rolls at a slip angle a

experiences a cornering force F,, and a longitudinal force

y

F It has already been shown that cornering force

x‘
increases with increasing slip angle. Figure 2-1 showed the

forces F, and F,, acting on a wheel rolling at a fixed slip

Yy
angle. Rolling resistance has been defined as the total
longitudinal force in the wheel plane. This is vastly diff-
erent than defining rolling resistance as the resultant
force in the direction of wheel motion, because the direc-
tion of wheel motion do;s not lie in the wheel plane if the
slip angle is not zero. Examining Figure 2-1 shows that the

resultant force acting in the direction of motion is:

Force in Direction = F,cos(a) + Fysin(a) (3-3)
of Motion

Thus as the slip angle increases, it is the lateral force Fy

which has a component F,sin(e) acting against the direction

y
of motion which creates the increased resistance to motion,
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and not an increase in the force F, acting parallel to the
wheel plane. While an increase in slip angle does make
forward motion more difficult (this is the problem mentioned
with regard to toe-in or toe-out), it does not correspond to
a significant change in the longitudinal force Fy.

As a concluding remark with regard to rolling
resistance, it is noted that Thacker has presented evidence
that wheelchair tire rolling resistance force is very nearly
independent of speed. [2.9] This is in contrast to several
rolling resistance models used for automobile tires which
express rolling resistance force as a function of speed.
[2.9] In addition, it was shown by Thacker that for camber
angles of 2, 5, and 10 degrees (inward for both wheels),
rolling resistance is not significantly affected.

This chapter has presented the raw data from several
different treadmill tests designed to examine wheelchair
tire forces.' The primary variable affecting lateral cor-
néring force has been shown to be the normal force F, acting
on the tire from the ground. Both the literature and the
treadmill testing indiQ§te that forward speed and inflation
pressure have small effécts on cornering force and thus may
be neglected for wheelchair tires. Data has been presented
which will allow the inclusion of camber force and rolling
resistance into the final mathematical formulation of
wheelchair motion. Chapter 4 will demonstrate how the raw
data in this chapter can be used to predict the forces

acting on a wheelchair tire during any given state of
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motion. Once this is done, the wheelchair equations of
motion can be solved and the problem of directional

stability can be examined.
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CHAPTER 4
EMPIRICALLY PREDICTING WHEELCHAIR TIRE FORCES

Thus far, a description has been given of the basic
tire forces which are important to wheelchair motion. 1In
Chapter 2 these forces were defined, while in Chapter 3
treadmill data was presented which gives some idea of the
major factors which affect the magnitude of both the lateral
force Fy and the longitudinal force Fy,. Although an inves-
tigation of wheelchair tire force characteristics was in
itself a goal of this research, the final aim was to use
the data collected as part of an investigation of rear
caster wheelchair instabiiity. This chapter will explain a
simple method for using the cornering force versus normal
force curves given in Figures 3-4a to 3-4g to predict the
lateral force on a wheelchair tire.

Of course, it is possible to simply look at the graphs
and obtain a>n estimate of the cornering force Fy if the slip
angle and normal force are known. In order to incorporate
the data into a simulation of wheelchair motion, however, a
more mathematical method of using the raw tire force data is
needed. This chaptef will also discuss a method of deter-

mining cornering stiffness, C It will be shown later that

a.
estimates of the cornering stiffness for two casters and two
main tires of a wheelchair can be used to help verify the
computer program which has been developed to simulate wheel-

chair motion. Values of cornering stiffness can also be

used to compare different tire types.
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USING TREADMILL DATA TO REPRESENT OTHER SURFACES

As the transition from measured tire force values on a
treadmill to predicted values for all surfaces is made, the
legitimate question arises as to how valid this process will
be. Because the treadmill surface is not very representa-
tive of other surfaces such as concrete or tile, one might
expect that the tire forces measured by using the treadmill
are not very valuable when considering wheelchair tires on
other surfaces. However, it has already been discussed that
lateral cornering force is due primarily to elastic effects
produced by the tire tread band. Engineers at Ford Motor
Company have shown that for small slip angles, lateral force
is almost exclusively controlled by elastic tire properties
and is practically independent of the road surface. [4.1]
Thus, it is reasonable to expect that the cornering force
data collectéd from the treadmill is representative cf many
surfaces provided that the limit of sliding is not reached.
Note that for large slip angles near the onset of sliding,
the road surféce will play a much larger role.

Unfortunately, siﬁilar arguments to those above cannot
be made with regard to the longitudinal rolling resistance
force F,. Rolling resistance force is unquestionably
quite different for different surfaces such as dgrass,
carpet, or floor tile. However, 1if values of the
coefficient of rolling resistance f, are available for these

different surfaces, they can be easily substituted for those
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obtained with the treadmill.

The possible variations of tire forces depend upon an
almost endless number of parameters. Even the very act of
testing the tires can create a test-induced wear that tends
to increase measured road force values. [4.2] Similarly it
is impossible to test every conceivable tire type. For this
reason the best that can be expected from treadmill data is
to obtain reasonable estimates for values of cornering
force, camber force, and rolling resistance for one surface
and one particular group of tires. A good simulation model
will then allow each of these estimates to be perturbed in
various ways in order to simulate hypothetical conditions

and tire types that cannot or have not been directly tested.
POSSIBLE METHODS FOR PREDICTING TIRE FORCES

After some time is spent reviewing the literature
pertaining to the force characteristics of various tires, it
becomes quite obvious that one could spend a lifetime doing
research in this field. Primarily because of its extreme
flexibility, the tire is very unique and does not easily
lend itself to conventional analysis. Although a great deal
of tire performance data has been collected, the process of
developing theories which accurately predict tire forces is
still in the early stages. [2.4] This is quite surprising
considering the amount of time and effort that has gone into
tire research and development.

Mathematical modéls which do exist for describing the

cornering behavior of elastic tires are almost universally
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either empirical or semi-empirical. Nearly all current
tire models are based mainly on the knowledge of experi-
mentaliy determined tire characteristics, and thus in con-
trast to a true analytic tire model, generally ignore the
actual tire structure. Usually the tire is represented as a
series of components such as springs and masses designed
expressly for the purpose of simulating known test data.
These components often bear little or no resemblance to a
real tire. [2.4] Perhaps the development of an accurate
theoretical model for wheelchair tires would be easier to
accomplish than has been the case for automobile or aircraft
tires, but it is safe to say that at the present time such
a model does not exist.

Because the purpose of this research was to examine
important tire forces as related to the problem of
directional stability, and not to develop a theoretical
model to predict such forces, the simplest method possible
for representing the experimental test cart data was chosen.
This method is entirely empirical but is ideally suited for
use as a software component in the computer simulation of

vehicle response.
EMPIRICAL PREDICTIONS OF CORNERING FORCE

The method of describing tire lateral force which will
be used here is very similar to a method presented by D. L.
Nordeen of General Motors Corporation, and it is one of the

primary methods used by GM's Engineering Mechanics
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Department when studying vehicle handling. [4.3] It might
be noted that Nordeen makes most of the same assumptions
concerning cornering force, slip angle, and normal force
which are being used for the analysis of wheelchair motion.

It has already been shown in Chapter 3 that most wheel-
chair tire forces can be represented by graphs of the forces
as functions of vertical load. This is not however, an
extremely useful form for representing tire data. 1In order
to simulate continuous wheelchair motion, point by point
computations must be performed. The raw data cannot be
directly interpreted for application to a particular
wheelchair. [2.7]

Turning attention once again to the graphs in Figures
3-4a to 3-4g, a method is required which will express

lateral cornering force F,, as a function of normal force F,

Y
at constant slip angle a. The method described by Nordeen
is to simply represent this relationship by a third-degree
polynomial as follows:
= 2 3 -
Fy = aF, + bF; + cFy (4-1)
where a,b,c are constants which depend on the slip angle

F

z normal force on tire

F lateral cornering force

y

For each of the curves shown in Figures 3-4a through
3-4g values for the constants a,b, and ¢ were determined by
using a computer program which provides a polynomial best
fit to a given set of data points using the method of least

squares. [4.3] Correlation coefficients for the best fit

curves were generally higher than..98 indicating good fits
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with the experimental data. Because treadmill data was
collected for 8 slip angles, 24 constants (3x8) were com-
puted for each tire. The computer program actually computed
the best fit 3rd order polynomial having four terms where
the fourth term is an additional constant indicating that
the best fit in the least squares sense does not pass
through the origin. Because for simulation purposes it is
desirable to have zero cornering force Fy when the normal
load F, is zero, this fourth constant or residual at F, = 0
was eliminated. This has a negligible effect on the overall
approximation because all of the curves in Figures 3-4a
through 3-4g very nearly pass through the origin. The
largest residuals at F, = 0 for all of the curves in Figures
3-4a through 3-4g were approximately 1N (.22 1bf) and most
were even less than this value. Appendix B gives the tread-
mill load cell data used to plot the curves in Chapter 3
along with the corresponding polynomial coefficients a, b,
and c. The discarded residuals and the correlation coeffi-
cients are also given.

Once the coefficients a, b, and ¢ in equation (4-1) are
known for a particulafrtire, it is possible to construct
cornering force versus slip angle curves at constant normal
force such as the one shown in Figure 3-2. F, can be
arbitrarily chosen to be some value and then the coeffi-
cients a,b, and ¢ for a given slip angle can be used to

compute the lateral cornering force F This is desirable

Y.
because curves such as the one shown in Figure 3-2 allow an
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estimation of the initial slope or cornering stiffness C,
for a given tire. As was stated before, cornering stiffness
values can be used to compare different tires and to help
verify the simulation program used to model wheelchair
motion. The method of using the empirical coefficients as
part of a computer program will be discussed later. It
should be noted that even this method is somewhat restric-
ted, because the constants a,b, and c can only be determined
for the slip angles which were tested (1-8 degrees). A
means for using equation (4-1) to .obtain approximate values
of F, for *non-integer angles will be discussed later along

y
with other simulation techniques.

DETERMINING CORNERING STIFFNESS

For each of the seven wheelchair tires tested, the
empirical constants a,b, and ¢ corresponding to the best fit
for the curves shown in Figures 3-4a through 3-4g were
determined. Again, these are listed in Appendix B.
Equation (4-1) was then used to predict values of cornering
force Fy for six constant values of normal force F,. The
constant F, values chosen were 75N, 150N, 225N, 300N, 375N,
and 450N, The cornering force versus slip angle curves (at
constant normal force) which resulted from using equation
(4-1) are shown in Figures 4-1a through 4-1g. It is empha-
sized that these figures do not represent new data, but
instead represent the data shown in Figures 3-4a through 3-
49 in a slightly different way. Also note that the data

points shown represent interpolated values of Fy which were
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obtained using equation (4-1) and the empirical constants
which were derived from the test cart data.

Figures 4-1a through 4-1g are more useful than»the
graphs which were shown in Chapter 3. These curves are
identical to the cornering force versus slip angle curve
shown in Figure 3-2, and the initial slope of any one of the
curves gives the cornering stiffness C, for a particular
tire at a particular value of normal force. The individual
graphs are arranged in decreasing order according to the
cornering stiffnesses of the tires. Observe that the linear
region of the curves depends on the value of F,, with higher
values of F, corresponding to larger linear regions. Also
note that for the two caster wheels (ER) and (PU), after the
normal force reaches about 225 N, further increases in F, do
not result in further increases in cornering force.

If the assumption is made that each of the curves shown
in FPigures 4-1 are linear for slip angles up to at least
one degree, the cornering stiffness of each tire for each
value of normal force can be estimated as the slope of each
curve from zero to one degree. Examination of the figures
shows the the assumptidﬁ of linearity from 0 to 1 degree is
best for high values of F,. Table 4-1 shows the values of
cornering stiffness obtained for each tire.

Table 4-1 provides an easy means for comparing the
cornering stiffnesses of the different tires at different
loads. Using Table 4-1 it is possible to construct a set of

curves of cornering stiffness versus normal force for all
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seven tire types on a single graph. This is shown in
Figure 4-2. Using this figure, it is possible to anticipate
which tire will develop the largest cornering force Fy when

subjected to small slip angles for a known normal force.

TABLE 4-1
VALUES FOR CORNERING STIFFNESS (C,)

(normal force Fz)

Tire 75N 150N 225N 300N 375N 450N
AG 20.3% 39.7 56.6 69.6 77.1 77 .4
EJP 22.8 40.8 54 .4 63.7 69.0 70.5
SS 20.0 35.17 47.3 55.3 60.0 61.9
IM 22.1 35.7 42.8 45.2 44.8 43 .4
EJA 13.6 25.4 35.1 42.5 47 .6 50.2
ER 14.7 23.2 26.9 27.6 26.17 25.7
PU 13.7 21.7 25.6 26.6 26.3 25.9

* All cornering stiffness values have units (N/deg)

The normal force exerted on a pair of wheelchair tires
is determined largely by the user's weight and the location
of the center of gravity. Figure 4-2 shows that if the
normal force is less tﬁan approximately 150 Newtons, there
is not much difference between the AG, EJP, SS, or IM,
tires, while the EJA, ER, and PU tires exhibit significantly
lower cornering stiffnesses. For normal forces above 150 N
the legend lists the tires in order of decreasing cornering
stiffness. This is true for all but the IM and EJA tires

for normal force values greater than about 330N.
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The implication of Figure 4-2 is that some improvement
in the directional stability of rear caster wheelchairs
might be obtained by selecting the tire that will minimize
the cornering stiffness and hence the destabilizing force on
the main wheels for a given slip angle. Typical normal
forces for the main wheels of a rear caster wheelchair are
in the range 100 N to 250 N. Figure 4-2 then indicates that
~for a rear caster wheelchair, the EJA tires should produce
the least amount of directional instability. The extent to

which this is true is discussed later in this text.
EMPIRICAL RELATIONSHIP BETWEEN CAMBER AND CORNERING FORCE

It was stated earlier that studies of automobile tires
have found the camber force at some camber angle, v, to be
on the order of 1/5 the cornering force developed at an
equivalent slip angle a, assuming the normal force F, is the
same. It would be useful if a similar relationship could be
determined for wheelchair tires.

To do this, empirical constants were determined for
each of the camber force vs. normal force curves shown in
Figures 3-7a through 3;5e. This was done in the same manner
as was done for cornering force resulting in three constants
a, b, and c such that camber force could be predicted as a
function of F, using a third order polynomial like the one
in equation 4-1. Having determined a, b, and c¢ the expected
value of cornering force was computed for the same six

values of normal force used previously to construct Figqures
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4-1a through 4-1g (75N, 150N, 225N, 300N, 375N, and 450N).
By plotting the empirically predicted values of cornering
force and camber force for the same F, values and for the
same camber or slip angles it is possible to obtain an
approximate relationship between the two forces. This has
been done in Figure 4-3 where camber force is plotted on the
horizontal axis, cornering force is plotted on the vertical
axis, and m is the slope of the best fit line relating
camber force to cornering force for a given tire. It is
emphasized that the data points shown were computed using
empirical constants determined from the data in Figures 3-4
and 3-7. The data points are for the six F, values just
given and for ¢ = y =2, 5, or 8 degrees.

Figure 4-3 indicates that for equivalent angles of
camber and slip and for the same value of F,, camber force
ranges from about 1/5 to 1/8 the value of cornering force.
This is not totally in agreement with the literature
pertaining to automobile tires but is reasonable.
Figure 4-3 allows a good estimate of camber force for a
given camber angle simply by using the empirical constants
for cornering‘force.'¢For the purposes of modeling camber
force when simulating wheelchair motion, the inverse of the
slopes, m, id Figure 4-3 will be referred to as camber

coefficients, £ Then for any given angle of camber

C‘
Camber Force = 1/m(Fy) = fCFy (4-2)

where the Fy is computed for the equivalent slip angle a and

normal force using equation (4-1).
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EMPIRICALLY PREDICTING ROLLING RESISTANCE FORCE

The rolling resistance force Fy, can be computed for a
given value of normal force F, by using the coefficients of
' rolling resistance given in Table 3-2 along with equation
.(3—2). Looking at Figure 3-8, however, one observes that
the longitudinal force curves do not necessarily pass
through the origin if a strictly linear best fit is chosen.
For the purposes of predicting rolling resistance force with
a computer program, it is desirable to ensure that the
rolling resistance force approaches zero as the normal force
becomes small. This avoids physically unrealizable situa-
tions where the rolling resistance might act in the same
direction as the direction of wheelchair motion. For this
reason, third order polynomials will also be used to calcu-
late rolling resistance when a simulation program is formu-
lated. The interested reader is again referred to Appendix
B where the treadmill results and empirical constants used
for cornering force, camber force, and rolling resistance
are given.

In conclusion, this chapter has been used to present a
simple yet effective way to represent the tire force data
which was collected using the treadmill and test cart. The
empirical methods which have been described are easily
adaptable to a computer simulation. Certainly no claim can
be made that a theoretical approach has been taken in accom-
pPlishing this. As stated earlier, the tire relationships

presented in this chapter are entirely empirical.
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From one point of view, this entirely empirical
approach is quite primitive. However, the basic character-
istics of wheelchair tire force behavior and a method of
modeling this behavior for the purpose of investigating
wheelchair motion has been outlined. Even an extremely
detailed investigation of wheelchair tire properties might
not lead to much improvement with regard to the accuracy
with which tire forces can be predicted. This is one reason
why empirical methods are still very popular within the
automotive industry. Later chapters in this text will pre-
sent arguments indicating that a detailed and time consuming
investigation of the elastic force producing properties of
wheelchair tires is probably not warranted if a desire to
improve directional stability is the only motivation for
such a study. The question as to whether or not such a

study would be valuable in and of itself is open to debate.
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CHAPTER §

A SIMPLIFIED ANALYSIS OF THE DYNAMICS
AND LATERAL STABILITY OF GROUND VEHICLES

Now that the important wheelchair tire forces have been
defined, it is possible to begin an investigation of the
directional stability problem associated with rear caster
wheelchairs. This chapter will present a simple model which
can be used to demonstrate how variables such as cornering
stiffness and center of gravity position affect the
directional stability of a ground vehicle. The important
frames of reference relevant to vehicle motion’will be
introduced along with the major variables which will be used
to describe wheelchair motion. As with earlier chapters,
most of the discussion in this chapter and the next will be
motivated by previous studies relating to automobiles or
airplanes.

In searching the literature pertaining to directional
stability, one finds almost exclusively work which describes
the requirements for designing a stable vehicle or for
making an already stable vehicle more stable. Virtually no
mention:can be found of how to deal with or improve an
inherently unstable vehicle such as a rear caster wheel-
chair. The unstable situation is generally termed
undesirable and is simply discarded from discussion. This
chapter will demonstrate why rear caster wheelchairs are
extremely directionally unstable, and why options for

improving the problem may be very limited.
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THE ZERO WIDTH VEHICLE

The most basic analysis begins by assuming that the
wheelchair or vehicle is symmetric about its longitudinal
axis. It is assumed that no lateral load transfer can take
place. In other words, there is no roll degree of freedom.
Furthermore, all four wheels of the vehicle are assumed to
be locked against turning about their vertical axes,
although it is emphasized that this does not mean that the
vehicle cannot deviate from a straight path. This would
only be true if the wheels were perfectly rigid. If the
wheels are allowed to develop lateral velocity components as
described in previous chapters, changes of direction may
occur even if the wheels are locked.

To further simplify the analysis, it is assumed that
the four wheeled vehicle can be adequately represented by
what is referred to as the”zero width” vehicle or "bicycle
model”. This model places all four wheels on the center
line of the vehicle as shown in Figure 5-1. It will be
shown that some very interesting conclusions can be derived
by considering this simple model. [5.1] This type of
analysis was first presented by Rocard and has since become
well known by those who frequently study vehicle dynamics.
[5.2]1 To this author’s knowledge no such analysis has been
done with wheelchairs as the specific type of vehicle in
mind. This chapter will draw upon Rocard's original text as

well as some more recent publications. [5.1,5.2,2.2,2.3]
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Figure 5-1 deserves careful attention because it
contains variables and information that will be referred to
for the remainder of the text. On the left side of the
figure is the original four wheeled vehicle and on the right
side is the simplified equivalent. The important dimensions
as shown are s, s, and s, where: s is the total wheelbase
distance, s, is the distance from the front wheels to the
center of gravity, and 8, is the distance from the rear
wheels to the center of gravity. The width dimension, &, in
the figure is ignored because of the zero width assumption.
The zero width wheelchair is assumed to have two identical
wheels in the front and two identical wheels in the rear,
although the front and rear wheels may be different from
each other.

Rolling resistance is ignored so that the only tire
force developed is a lateral cornering force denoted as Fyf

for the front wheels and as F for the rear wheels. As

yr
discussed in earlier chapters, the magnitude of cornering
force depends primarily upon slip angle and normal force.

There are two important axis systems or reference
frames shown in Figure 5-1. The first of these is the
global X-Y reference frame. This frame is fixed in space
and does not move with the vehicle. The second reference
frame is a body fixed teference frame which both moves and
rotates with the vehicle. The body fixed or local x axis
lies along the longitudinal axis of the vehicle, while the

body fixed y axis lies along the lateral axis of the

vehicle. The variables U and Vv represent velocities along
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the body fixed x and y axis. Finally, 6 represents the
angular velocity (or yaw velocity) of the vehicle about a
vertical axis through the vehicle’s center of mass. The
corresponding displacement and acceleration kinematic

variables are represented by (u,u,v,V,0,6).
EQUATIONS OF MOTION IN THE BODY FIXED REFERENCE FRAME

Because the global X-Y reference frame is fixed in
space, it is commonly referred to as an inertial reference
frame. On the other hand, due to the fact that the body
fixed reference frame can move and rotate with the vehicle,
it is often called an accelerating or non-inertial reference
frame.

It is convenient to use the body fixed axis system when
formulating the wheelchair equations of motion for two
reasons. First of all, using the body fixed axes eliminates
the need for coordinate transformations of the tire forces
from the body fixed reference frame to the global reference
frame. More importantly, the mass moments of inertia of the
vehicle are constant with respect to the body fixed axis
system. This is not true with respect to the inertial
reference frame. With fespect to the global X-Y system, the
moments of inertia continually change as the vehicle changes
direction. [2.2]

There is however a disadvantage associated with using
the body fixed axis system when formulating the equations of

motion. Specifically, Newton's laws are not valid in a non-
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inertial reference frame. With respect to the body fixed
axes, the acceleration of the center of mass is not equal to
the ratio of total force on the vehicle to the vehicle's
mass. For the unfamiliar reader, Tipler gives a good
discussion of non-inertial reference frames. [5.3]

To formulate the equations of wheelchair motion it will
be necessary to express the acceleration of the center of
mass using the body fixed reference frame. These equations
are generally given without derivation in the literature,
but some explanation will be provided here.

Consider the two reference frames shown in Figure 5-1.
As shown, ﬁl and ﬁz are unit vectors corresponding to the
X and Y directions in the inertial reference frame, while él
and 32 are unit vectors in the directions of the body fixed

X and y axes. The absolute velocity is (V) where:
- L] ®
V = 46, + V¢, (5-1)

Because the body fixed reference frame can rotate, the unit
vectors 31 and 32 are not constant and hence the
absolute acceleration found by taking the derivative of
equation (5-1) is:

<> or o2 'S o

V = ucy + ucy + vVcy + VCy (5-2)
It is well known that the absolute time rate of change of a
unit vector in a rotating reference frame is equal to the
cross product of the unit vector and the angular velocity of
the rotating frame. [5.41 1In this case the angular

velocity is in the positive 33 direction and (5-2) becomes:
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? .8 » -.‘ ..A L ] .')
vV = uéi + u(o x 31) + Vcy + V(O x 32)
_o‘ .o . g A Py o e A
or V= (u - évicy + (v + eu)cz (5-3)

Considering the 31 and 82 components of acceleration in
equation (5-3), the basic equations of motion for a rotating

vehicle using the body fixed reference frame are

YFr, = m(u - &% (5-4a)
LFy = m(V + 60) (5-4b)
IM, = I,6 (5-4¢)

where the subscripts x andy refer to directions in the body
fixed reference frame. For this simplified analysis there
are no forces in the x direction and 0 is constant. 1In
equations (5-4) m is the total mass of the vehicle and I, is
the mass moment of inertia about a vertical axis passing
through the center of mass. Note that the third equation
is valid in either the body fixed or the inertial reference
frame, and that products of inertia can be ignored because
planar motion is assumed. [5.5]

For the zero width vehicle in Figure 5-1 the motion
will be restricted to small slip angles so that equation
(3-1) can be used to find the forces on the two front and
two rear wheels:

F = —2Cafaf (5-5a)

yE

F = -2Cqr0r (5-5b)

yr

where again the subscripts refer to the front and rear tires
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respectively and the negative signs result from the fact
that the cornering forces must act in a direction which is
opposite the initial lateral velocity v. It must be noted
that the units for slip angle in equation (5-5a) or (5-5b)
are radians, and the units for cornering stiffness are N/rad
or 1lbf/rad.

Recall from Chapter 2 that the slip angle ,e, is defined
as the angle between the wheel plane's heading and the
actual direction of travel (Figure 2-1), For the zero width
vehicle, due to its angular rotation both the front and
rear wheels have velocity components in both the 31 and 32
directions.

velocity front = G&, + (Vv + &s5;)C, (5-6a)
e

ﬁel + (\.7 - éSz)

velocity rear 2 (5-6b)

An expression for the slip angle a« is found by examining
Figure 5-2 which shows the orientation of the lateral and
longitudinal velocity components.

lateral velocity component

tan(a) ¥ a = (5-7)
longitudinal velocity component

Then using equations (5-6a) and (5-6b) in equation (5-7),
where the 1ongitudinai velocity components are in the c;
direction and the lateral components are in the c, direc-
tion, gives the following relationships for the front and

rear wheels respectively.

O.f = (5"8a)

Co
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= (5-8b)

Cie

Substituting equation (5-8) into equation (5-5) and then
using equations (5-4b) and (5-4c) results in the following

differential equations of motion for the zero width vehicle.

2C_¢854-2C_,.5 2C + 2C
.0 ° 1 2 ® [ ]
mv+ fmu + of - 14 € + af °r v = 0 (5-9a)
u a
o 2Cafs% + 2CarS% o 2Cqf81 ~ 2Carsz R
1,6 + - 6 + - v=20 (5-9b)
u u

APPLYING THE ROUTH-HURWITZ CRITERION

In Chapter 1 it was stated that a vehicle is considered
directionally stable if it returns to a steady state of
motion within some finite time after being subjected to a
disturbance. The advantage of the zero width model is that
the resulting differential equations (5-9) form a set of
linear differential equations with constant coefficients.
If the vehicle is subjgcted to a disturbance, after the
disturbance is removed.:both the yaw and lateral velocities
will vary with time exponentially. [2.2] Thus, both & and v
will have solutions of the form e*t, and the stability of
the system will dependinlthe coefficient A. [2.3] 1If A is
positive and real, the motion of the system will be unstable
and diverge to infinity. 1If A is negative and real the

system will be stable. Finally, complex values of A
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correspond to oscillatory solutions to the differential
equations. By assuming solutions for the yaw velocity, 8,
and lateral velocity v of the forms:

v = aett (5-10a)

©

Ay ett (5-10b)

it can be shown that the differential equations (5-9a) and
(5-9b) have the following characteristic equation: [2.1]
alIz + a4m a1a4 - azaa

A2+ A+ =0 (5-11)
I,m I,m

where the constants a;, a,, a;, and a, are given by:

a, = 2C.¢ + 2C
1 of 1 (5-12a)
V]
a, = mi + 2C.e8¢ - 2C..5
2 of S1 arS2 (5-12b)
a
a; = 2C.¢S8q - 2C,.5
3 st 2 L (5-12¢)
a
2 2
a, = 2C_,gs87 + 2C,.5
4 af®1 ) ar®2 (5-124)
u

The Routh-Hurwitz stability criterion states that a
necessary condition for stability is that all of the coeffi-
cients of the characteristic equation must be positive., If
the characteristic equation is quadratic, this condition is
not only necessary, but is also a sufficient criterion for

stability. [5.2]
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Looking at the coefficient of the first order term in
equation (5-11) it is clear that because sy, S5, m, I,, C,,
and U are always positive, this term can never become
negative. Before examining the conditions under which the
zeroth order coefficient méy become negative, note that if W

is the total weight of the vehicle or wheelchair, then

W = mg (5-13a)
W, = Wsp/2s (5-13b)
Wg = Wsy/2s (5-13c)

where the portions of the total weight carried by the front

and rear wheels, W, and We, are found from statics. In

r
equation (5-11) the zeroth order coefficient will be
positive if the term (ajay - ajaz) is greater than zero.
Using (5-13), (5-12), and a fair amount of algebra, the

condition that this term be positive results in

- + 5 > 0 (5-14)
g Caf Car

Equation (5-14) expresses the condition for the lateral
stability of a ground vehicle. From this condition it is
clear that the importantAparameters which determine stabil-
ity are the position of the center of gravity, the total
wheelbase distance, the cornering stiffness of the front and
rear tires, and the forward speed. It is notable that the
condition for stability does not depend upon the total

vehicle weight W or the mass moment of inertia I,.

If the condition for directional stability defined by
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equation (5-14) is rearranged, it is possible to define a
condition for the forward speed at which a given vehicle

will be directionally stable.

The condition is

. ~gs
u ¢ (5~15)
Kus
W W
where kys = £ L (5-16)
Caf Car

Equation (5-15) defines the critical speed, above which a
four wheeled vehicle will exhibit directional instability.
The parameter k,g in equation (5-16) is commonly referred to
as the understeer coefficient for reasons which will be
discussed in the last section of this chapter. [5.1]

Note first that if k is positive, equation (5-14) is

us
always satisfied. This means that the vehicle is stable at
any speed, and in fact the critical speed defined by equa-
tion (5-15) is undefined. The critical speed in this
instance is 0 = o, The understeer coefficient can be

written in slightly different form as follows:

WeCar = WiCqf

k = (5-17a)
us
CafCar
W(SzC - 84C_¢)
or using (5-13) Kus = L 1 af (5-117b)

2SCafCar

It can be seen by examining the numerator in (5-17b) that

the condition under which k,; always be positive is that the
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product of the distance of the rear wheels from the center
of gravity and the cornering stiffness of the rear tires
must be greater than the product of the distance of the
front wheels from the center of gravity and the cornering
stiffness of the front tires. This condition is stated as a
theorem for stability by Rocard. [5.21]

A special case results if the front and rear cornering
stiffnesses are approximately equal. This might occur for
an electric wheelchair that has four identical wheels, but
would not occur for typical manual wheelchairs. When C ¢ =

C Rocard’'s theorem implies that in order to ensure

ar’
directional stability s, must be greater than s; which is
equivalent to stating that the center of gravity must lie in
the front half of the wheelchair. Implications of the
stability conditions for manual front caster and rear caster

wheelchairs will now be considered.
IMPLICATIONSbFOR WHEELCHAIRS

The ideas which have been presented thus far are
completely general and might be applied to any type of
vehicle. It will now be shown that front caster and rear
caster wheelchairs are two special cases which can be illus-
trated by examining the condition for stability, eguation
(5-14), and the critical speed equation (5-15).

When considering wheelchair motion, it is now important
to deviate slightly from the original assumption that all

four wheels are locked against turning. Although it is
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possible to lock all four wheels of an automobile in place
by holding the steering wheel in a set position, this can
not be done with manual front caster or rear caster wheel-
chairs. For manual wheelchairs in particular, the caster
wheels are completely free to pivot about the caster pins.
The only resistance to motion of the casters is provided by
friction. This is equivalent to stating that the caster
wheels will only sustain very small lateral cornering
forces. For the purposes of the zero width model, the
effects of this can be considered by assuming that the
"effective” cornering stiffness of the caster wheels is very

small.
Case One: Front Caster Wheelchair

For a front caster wheelchair it is the front wheels
which are free to pivot, and thus the effective value of C ¢
is very small. Examination of (5-16) then shows that k,g is
always positive because_the term Wg/Coe will be very large.
Thus the conventional front caster wheelchair is stable at
all speeds as previously discussed. This is a well known

and expected result.
Case Two: Rear Caster Wheelchair

If the pivoting caster wheels are at the rear of the
wheelchair, then it is the rear cornering stiffness that
becomes effectively very small. If Cqr approaches zero, the
coéfficient kyg in (5-16) is a negative number with very

large magnitude. The left hand side of equation (5-14),
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which must be positive for directional stability, approaches
-, Thus, if the rear casters are considered to offer zero
resistance to turning, the rear caster wheelchair is in a
sense infinitely unstable. 1In th}s case, the critical speed
obtained from equation (5-16) will approach zero, indicating
that a rear caster wheelchair will be unstable at any speed.

In actuality the resistance of the caster wheels to
turning is not zero but instead is only very small. The
implication of this is that there is some speed, small as it
may be, below which rear caster wheelchairs will be
directionally stable. This speed cannot be determined using
the simplified zero width model because there is no way to
determine the effective cornering stiffness of the pivoting
casters. Because the model assumes that all four wheels are
locked against turning, the pivoting casters can only be
considered in a qualitative sense as just described. A more
detailed analysis of caster effects must be accomplished by
using a more sophisticated model.

Given that rear caster wheelchairs are virtually always
directionally unstable, the primary consideration then
becomes a question of what can be done to reduce fhe
stability problem. If the assumption is made that C,, is
very small so that the magnitude of W, /Cqr is much greater
than the magnitude of Wg/C ¢, then the stability condition

given in equation (5-14) becomes for rear caster wheelchairs

+ B > 0 (5-18)
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Because C,, is very small, this condition will only be
satisfied for very low forward velocities. This is consis-
tent with observation, where users of rear caster wheel-
chairs report the most difficulty when trying to maneuver at
higher speeds. Unless u is small, the first term in
equation (5-18) will be extremely negative, and the rear
caster wheelchair will be directionally unstable. The
degree to which the left side of equation (5-18) is negative
is a measure of how unstable a given wheelchair or vehicle
will be. Because the velocityvﬁ is raised to the second
power, it is clear that directional stability is highly
sensitive to forward speed. Note that this is somewhat
surprising because it was shown in Chapter 2 that the magni-
tude of the destabilizing cornering force is nearly indepen-
dent of speed. It can also be seen from equation (5-18) that
the degree of instability can be minimized by increasing the
total wheelbase distance s or by reducing the amount of
weight on the rear wheels, W,. This later statement is
equivalent to stating that the center of gravity should be
moved as far forward as;possible, a result which is consis-
tent with the simplified analysis of Kauzlarich and Thacker
described in Chapter 1.

A useful but discouraging conclusion can be proposed as
a result of examining the zero width model. Because
equation (5-18) will yield extremely negative values for
nearly all center of gravity positions, and because the

wheelbase term in (5-18), s, is much smaller than the
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velocity dependent term, it may be the case that even fairly
drastic design changes will not lead to a significant
increase in directional stability. Since the zero width
model cannot predict actual wheelchair motion, this
conclusion can only be proven or disproven by using a more

sophisticated model.
THE ZERO WIDTH MODEL AS A VERIFICATION TOOL

It has already been stated that one goal of this
research is to develop a computer program capable of
simulating wheelchair motion and examining directional
stability for various initial conditions. For any complex
program the problem of verification is always present. How
can one be sure that the motion predicted by the simulation
program is reasonable? The zero width model provides one
good means for such verification. The simplified analysis
of this chapter cannot be used to predict actual critical
speeds for wheelchairs because it began by assuming that all
four tires are locked against turning. However, an
interesting fesult is obtained if one assumes the unreal-
istic case where all four wheels of a wheelchair are locked.

It will be shown later that for a typical rear caster
wheelchair with all four wheels locked, egquation (5-15)
predicts a critical speed close to 123 m/sec (27 mph). This
is obviously out of the range of operating speeds for manual
wheélchairs and has no practical significance. However, any

simulation program for modeling wheelchair motion should be
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able to approximately predict this value of critical speed
for the hypothetical case where the caster wheels are locked
against turning. This is an excellent tool which will be
discussed again when program verification is considered in
more detail.

An additional prediction about wheelchair motion
results by again considering the understeer coefficient kyg
defined by equation (5-16). The terms understeer and over-
steer were originally defined in reference to the path of
motion of a vehicle which is acted upon by a side force at
the center of gravity. [2.3] Figqure 5-3 shows the direc-
tional responses of neutral steer, understeer, and oversteer
vehicles subjected to such a side force.

A front caster wheelchair corresponds to a positive
value of k,s as described previously. A vehicle having k,g
greater than zero is said to exhibit understeer. When such
a vehicle is subjected to a side force as shown in Figure
5-3, the lateral force generated by the rear tires is
greater than that generated by the front tires. As a
result, the front tires tend to “give way” and a front
caster wheelchair will turn away from the side force as in
Figure 5-3.

If K,g is less than zero, the opposite situation

u
results. This is the case for a rear caster wheelchair
where the lateral force generated by the front tires is
greater than that generated by the rear tires. 1In this
caée. the rear wheels will tend to rotate about the center

of mass and the wheelchair will follow the oversteer path
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shown in Figure 5-3. The motion paths illustrated by Figure
5-3 are easily visualized by imagining the response of a
stationary manual wheelchair which is pushed from the side.
Although the understeer and oversteer directional response
paths say nothing quantitative about wheelchair motion, they
do provide a qualitative prediction that must be in agree-
ment with the results of any simulation computer program.

In the last chapter of this thesis, the application of a
side force at the center of gravity will be used as the
initial disturbance tending to make a wheelchair deviate
from a desired directional heading. A measure of stability
will be the response of a given wheelchair after the
application of this disturbance. By examining the computer
simul ated responses of both front and rear caster wheel-
chairs, and comparing to the response paths shown in Figure
5-3, it will at least be possible to determine whether or

not the correct type of motion is predicted.



117
CHAPTER 6

DESCRIBING PLANAR WHEELCHAIR
MOTION IN MORE DETAIL

To begin this chapter, it is worthwhile to summarize
what has been done up to this point. 1In Chapters 1-3 the
important wheelchair tire forces were described, and some
simple empirical methods for predicting these tire forces
were given. This was essential because it is impossible to
solve the equations of wheelchair motion without some
knowledge of the forces that act on the tires. Chapter 4
developed the general form of the equations of motion using
a set of body fixed axes moving with the wheelchair
(equation 5-4). The simplified zero width model was used to
identify the key variables which are relevant to directional
stability, and to gain some insight with respect to why rear
caster wheelchairs are especially unstable. The simplified
model however, cannot predict actual wheelchair motion, nor
does it allow an extensive examination of the parameters
which affect stability.

There are still two major hurdles to be overcome before
a more detailed analysis can be performed. First of all,
the complete equations of motion which take into account
width dimensions and pivoting of the casters must be
formulated. Secondly, a computer program to solve the equa-
tions of motion, and to include the effects of variables
such as camber angle, toe angle, caster friction, and

lateral load transfer, must be written and verified.
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At this point, no conclusion can be made with regard to
whether or not a more sophisticated model will lead to ways
to significantly reduce the directional instability ptoblem
associated with rear caster wheelchairs. Although rear
caster wheelchairs are the primary focus, it is a goal of
this work to present methods and models which are also
applicable to front caster wheelchairs, electric wheel-
chairs, three wheeled wheelchairs, etc. For this reason it
is desirable to create a model that is as general as

possible while at the same time being fairly manageable.
THE COMPLETE WHEELCHAIR MODEL

The basic model which will be used to simulate
wheelchair motion is shown in Figure 6-1. For this
analysis, planar motion will be assumed. Pitch and roll
effects will not appear in the final equations of motion.
However, a gquasi-static method for accounting for lateral
load transfer will be incorporated. This will be described
later in this chapter. Five degrees of freedom are assumed
corresponding to translation and rotation of the center of
mass and to rotation of each of the caster wheels. These
are represented by u, vwfe.wh and p in the figure.

In an attempt to make the following discussion as clear
as possible, the model shown in Figure 6-1 utilizes several
of the symbols and concepts which were developed for the
zero width model in Chapter 5. First note that the body
fixed axes (31, 32, and 63) are the same. Again, these

correspond to the body fixed x, y and z axes. The inertial
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or global reference frame corresponding to the fixed X and Y
axes are also the same. The unit vectors 31 and ﬁz indicate
global directions as before. Note that the model is drawn
to depict a rear caster wheelchair. This is not a restric-
tion however, as it will be shown that the same model can be
used to investigate the motion of front caster wheelchairs.

There are two additional reference frames that were not
present for the zero width model. These are represented by
the unit vectors 31,22 and Q1»gz which describe directions
in two local reference frames fixed within the two pivoting
caster wheels. For this model, the letters A, B, D, and E
correspond to the contact points of the four tires as shown.
Similarly, the letter C corresponds to the wheelchair-user
center of gravity. Note that the unit vectors fixed in the
caster wheels correspond to the x and y tire axes as shown
in Figure 2-1, C, and Cp indicate the centers of gravity of
the two caster assemblies. P, and P, indicate the two pins
about which casters A and B pivot.

In Figure 6-1 the symbol F represents force, and
appropriate subscripts are used to indicate which tire a
particular force is acting on and the tire axis along which
the force acts. For example, Fpyx represents the longitud-
inal road force acting on caster A and Fpy represents the
lateral road force. M,y and Mpy are frictional moments
which act at the caster pins and tend to resist rotation of
thevcaster wheels.

The symbolic dimensions of the model are shown on the
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figure. In a manner similar to what was done for the zero
width model, s; represents the distance from the front
wheel contact points to the center of gravity, while s,
represents the distance from the caster pins to the center
of gravity. Note that in this case the total wheelbase
distance is not s as was the case with the zero width model,
but instead is s; + s + 1 where 1 is the caster trail
distance. For a complete description of every symbol shown
in Figure 6-1, refer to the list of symbols that precedes
the text.

Finally, U and v are again used as the kinematic vari-
ables in the body fixed x and y directions. Angular dis-
placement of the entire wheelchair with respect to the
global X-Y axes is represented by 6. 6 is positive in the
33 direction (clockwise rotation as shown in Figure 6-1.)
Angular displacement of the individual casters with respect
to the wheelchair frame will be measured by the angles n and
8 as shown. These are also positive clockwise.

It has not been assumed that the wheelchair is
symmetric about the center of gravity. The tire forces at
each wheel will be calculated individually. This is why it
was stated in earlier‘éhapters that a knowledge of the
forces acting on a single wheelchair tire is desirable.
Note that the forces shown on the tires in Figure 6-1 are
not constant, but instead vary depending on the state of
motion of the wheelchair at a given instant in time. The
tire forces depend on load, slip angle, and other variables

as discussed in Chapters 1 through 3.
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Although this model is able to account for variations
of several different parameters, it is certainly not all
inclusive. Because the model assumes that the chair and
user are lumped together as one mass, it will not be able to
account for shifts in the user's weight as the wheelchair
moves. Furthermore, it is important to remember that the
normal loads and slip angles allowed for each tire will be
limited to the ranges for which experimental tire data was
collected. This means that excessive loads or types of
motion that result in large lateral wheel velocities and

large slip angles will not be allowable.
DERIVING THE EQUATIONS OF MOTION

The equations of motion for the wheelchair and user
system will be derived in terms of the variables shown in
Figure 6-1. It will be shown later how the actual magnitude
of the varying tire forces are determined and implemented.
The reader who is not interested in the details of this
derivation may skip directly to the end of this section
where the final equations of motion are summarized in Table
6-1. )

When deriving tﬁe equations of motion, several
coordinate transformations relating the reference frames

shown in Figure 6-1 will be useful. They are given below.

¢; = cos(@)n; + sin(e)n, (6-1a)
&, = -sin(@)n; + cos(e)n, (6-1b)
31 = cos(n)el + sin(n)az (6-1c)



also note

A
C3=

A A
-sin(n)cy +cos(n)c,y
A
cos(B)cl*-sin(B)gz
[ A A
-sin(p)cy + cos(B)c,

A a—
a3"

N
bs
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(6-14)
(6-1¢)

(6-1£)

Using equation (6-1c) through (6-1f) and Figure 6-1,

the total force acting on the wheelchair, F;,

as:

(

+ FBxcos(ﬁ) -
\

\

FDX + FEX + FAXCOS(H)

FBYsin(B)

!
(FDY + Fpy + FpaxsSin(n) + Fpycos(n)],

+ FBxsin(B) + FBYcos(ﬁ)

- FAYSin(n) A

1

)

)Cz

s

can be written

(6-2)

Summing moments about a the center of gravity results in the

-l
following expression for the total moment (M) acting on the

wheelchair-user system:

Mo =

+ FAx[tICOS('ﬂ)
- FAY{tISin(ﬂ)

- FBx{tchS(B)

Fpyltysin(p)

C
+

+

+

Fgxdy) + (Fpy + Fgy)s))

S,8in(q)}
g,cos8(n) + 1}

8,8in(p)]

A
s

spcos(p) - 1}

(6-3)

Equations (6-2) and (6-3) can be used to obtain

. . [ (1) %e
expressions for u, v, and 6.

This is done using the

equations of motion for the body fixed reference frame (5-4a

through 5-4c¢) given in Chapter 5.

W P

m

This yields

X

+ ©Ov

(6-4)
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v o= —ZJ - &u (6-5)

(6-6)
where ZFx = the lateral or 31 component of
equation (6-2)

ZFY = the longitudinal or 32 component of
equation (6-2)

I, = the mass moment of inertia of the
wheelchair-user system about a
vertical axis through the c.gq.

Equations (6-4) through (6-6) are written in their final
form in Table 6-1 which summarizes the equations of motion.

Although the equations of motion just given are
adequate for obtaining expressions for 4, V¥, and 6, they
cannot be used to determine the motion of the individual
casters. In order to completely describe all 5 degrees of
freedom of the model shown in Figure 6-1, it is necessary to
formulate expressions for the angular accelerations of the
caster wheels, & and . One way to do this is to sum
moments about the center of gravity of each of the casters.
However, this is not a straight forward procedure because it
involves determining phe unknown reaction forces at the
caster pins. A simple}.method of determining % and 3 is to
sum moments about the caster pins themselves, and in so
doing eliminate the unknown reaction forces. The price to
be paid for doing this is that the anqular acceleration is
no longer simply the sum of the moments divided by the mass

moment of inertia. This will be illustrated next where an

expression for the angular acceleration of caster A will be
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The expression which relates the resultant moment on

caster A to the angular acceleration of caster A is: [5.5]
o e A o S
Mpa I,p(n)cg + Ipyzca X Melpy (6-17)
-
where: Mpy = sum of moments on caster A about
it pivot point
I,p = moment of inertia of caster wheels
about a vertical axis passing
through their pivot points
=t
Ipaca = displacement vector directed from
the pivot point Pa to the caster
center of gravity C,
m, = mass of the caster assemblies
3§a = acceleration of point P, relative

Note that this

throughout this

to the caster center of gravity

type of subscript notation will be used

section. Again, the reader is referred to

the list of symbols for clarification of any variables for

which the meaning is not clear.

additional expressions must be formulated.

To evaluate (6-7) some

The reader is

advised that the next several steps are all for the purpose

of solving for m in equation (6-7).

The acceleration of

pin P, is related to ﬁhe acceleration of the wheelchair

center of mass as follows:

-
@pa

P
where a, =

~and

o]
I

cPa

-
T - -

- ° ° -
=ac+ 6 xrpy + ©x (6x repy)

the acceleration of the wheelchair
center of mass as observed in the
body fixed reference frame

displacement vector from the wheel-
chair center of gravity to pin Pj

(6-8)
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Specifically, ?;Pa = —5231 - t132 (6-9)

Then, substituting (6-9) into (6-8) gives:
apy = ac * (Bty + 825,08, - (85, - 6%t;)C, (6-10)

-_
Using equation 6-2 to obtain an expression for a,
along with equation (6-10) results in the following expres-
sion for the term mcgia in equation (6-7),

( \
mc FDX + FEX + FAXCOS(TI) -

-
m.a =
c”Pa .
m 4 FpySin(n) + Fpycos(B) - ) ¢y

\FBYsin(B) + m(§t1+ézsz)

’ (6-11)
rF + F + F in(n) +\
e DY EY axsinin
-+ — . A
m { FAYCOS(TI) + FBxSln(ﬁ) + } Cz
‘FBYcos(B) - m(ész—éztl)‘
Next, an inspection of Figure 6-1 shows that
- _ A
I'paca = ~1131
. ’ -l ' A . N
or using (6-1) Ipaca = —1ljcos(n)cy; - 1lysin(n)c, (6-12)

Before continuing, note that equation (6-7), the one
that contains W for which we are trying solve, can be

written as follows:

- - -l
A Mps - (rpaca X Mgapy) A
ncz = Cs (6-13)

IzP

-
Also, the resultant moment (Mp,) acting on caster A about
the caster pin P, is:

- A
MPa = (Maf - FAY1)C3 (6""14)
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Equation (6-14) is the first term in the numerator on the
right hand side of equation (6-13). The cross product term
in equation (6-13) can be evaluated using (6-12) and (6-11).

when doing this the following identities are employed:

cos?x + sin?x = 1 (6-15a)
cos(x)sin(y) - sin(x)cos(y) = sin(y-x) (6~15b)
sin(x)sin(y) + cos(x)cos(y) = cos(y-x) (6-15¢)

The final result for W after much manipulation is

( m Im )
Maf + Fay (1 -
1ime 1imeg
. 1imeg
n = p 4 - FBxsin(n—B) + FBYcos(n-B) (6-16)
I,pm J
+ (FDY + FEy)COS('ﬂ) &

- (FDX + FEx)Sin('ﬂ)

- méitlsin(n) + s,cos(n)}

+ m&? (£, cos(n) - sysin(n)} )

The procedure used to find an expression for B is
exactly analogous to that just used to obtain equation
(6-16). When finding H however, moments are summed about
caster pin P, rather than P,, and the displacement vectors,
T, used in obtaining equation (6-16) are not be the same.

Table 6-1 summarizes the equations of motion for the
five variables 4, V, 6,%, and f. The equations are non-
linear, coupled, second order differential equations. As a
result, only numerical solutions are feasible. Again, all

of the forces appearing in Table 6-1 vary with time and must

be treated accordingly.
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WHEELCHAIR EQUATIONS OF MOTION
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. 1 Fpy + Fpy + Fpaycos(n) - Fpysin(m)] ..
s — F DX EX AX AY + OV (6-17)
m |+ Fpycos(p) - Fpysin(p)
v 1 [ Phy + Fpy + F sin(q) + F cos(n)-1 .o
v — DY EY AX AY - & (6-18)
m |+ Fgysin(p) + Fpycos(p) i
[ (Fpydy - Fgxdy) + (Fpy + Fgy)s;)
+ Fpyltjcos(n) - sy;sin(q)}
1
8 = —{ - Fpyltysin(n) + sycos(n) + 1} 3 (6-19)
I
“ | - Ppyltycos(p) + sysin(p))
[+ Fpyltysin(p) - s,cos(p) - 1}
( m lHl:)\
M + F 1 -
af AY
1ime 1ime
- FBXSin(n'ﬂ) + FBYcOS(ﬂ-B)
o 1ime 3
W o= ¢ + (Fpy + Fgy)cos(n) (6-20)
Izpm
- (FDX + FEx)Sin(ﬂ)
- mé{tlsin(n) + spcos(n)}
| + m6%{t cos(n) - s,sin(n)) )
( m 1m \ )
Pt 1ymg BY 1img
+ Faysin(n-p) + Fpycos(n-p)
. llmc >
B = { + (FDY + FEY)COS(B) (6-21)
Izpm

- (FDX + FEx)Sin(B)
+ méltzsin(ﬁ) - szcos(ﬂ)}

- md2{t,cos(p) + s,sin(p)}
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DETERMINING THE SLIP ANGLE AT EACH TIRE

Recall that cornering force F,, is primarily a function

y
of normal force and slip angle. Therefore, in order to
compute the magnitudes of the Fy forces in the equations of
motion given in Table 6-1 it will be necessary to determine
both the slip angle and the normal force at each of the four
wheelchair tires at any instant in time. This section
describes how the slip angles can be determined. The next
section discusses how the normal force at each tire can be
found using a quasi-static approximation.

The basic equation for the slip angle a« of any rolling
tire was given in equation (5-7). 1In order to determine the
magnitude of e both the lateral and longitudinal velocity
components of each tire must be known. This requires deter-
mining the 31 and gz components of velocity for tires D and
E in Figure 6-1, the 31 and 32 components of velocity for
tire A, and the 61 and 62 components of velocity for tire B.

The vector velocity of points A, B, D, and E are given

by :
Vp = (bt 8dpd; + (v + bspé, (6-17a)
Vg = (& - ééz)él + (v + 68718, (6-17b)
va = \:Jcos(n) + ¥sin(n) + 6tycos(n) '
- ©sysin(n) | (6-17¢)
-[ usin(n) - vcos(n) + 6t;sin(n)] ,
+ sycos(n) + ()1 | "2
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- - . P .
Vg =] ucos(p) + vsin(Bp) - etzcos(ﬁ)q A
. b
- ©s,8in(8) !
- . ] : (6-174)
-| UGsin(B) - Vcos(B) - 6tysin(p)| ,
L [ 3 b
+ ©sycos(B) + (Bl 2
bes -

Then using equation (5-7), the instantaneous magnitude of the

slip angle for each of the four wheelchair tires is:

v + 6s

op = tan™! 1 (6-18a)
u + edl
v + 68
- 1

aE = tan N . (6—18b)
u - edz

_ ﬁsin(n)—&cos(n)+étlsin(n)+észcos(n)+ﬁl
aA = tan . N N . (6—18C)
ucos(n)+vsin(n)+6t1cos(n)—eszsin(n)

_,f-isin(p)+¥cos (B)+6t,sin(B)-6s,cos (B)-B1

aB = tan (6_18d)

dcos (B)+V¥sin(B)-6t,cos(p)-6s,sin(p)

Equatiqns (6-18a) through (6-18d) can be used to f£ind the
slip angle at each wheelchair tire provided that the instan-
taneous value of the other kinematic variables are known.
The term instantaneous is used because the forces, slip
angles, and other variables will all be transient as a
wheelchair moves along a given path. The next chapter will
explain how equations (6-18) are actually incorporated into

a computer program which simulates wheelchair motion.
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A QUASI-STATIC METHOD TO ACCOUNT FOR LATERAL LOAD TRANSFER

As a vehicle travels along a curved path, the normal
force on each of the wheels is in general different. 1In
particular, the two wheels at the outer radius of a turn
experience a greater normal force than the two wheels at the
inner radius. It was shown in Chapter 2 that lateral
cornering force is significantly affected by the magnitude
of the normal force on a given tire.

Because the relationship between normal force and
cornering force is nonlinear, the transfer of load from the
inside wheels to the outside wheels during a turning
maneuver tends to reduce the total lateral force developed
by a pair of tires. This can be understood by examining
Figure 6-2. The curve shown in Figure 6-2 shows normal
force versus cornering force at constant slip angle, and it
is identical to the curves that were presented in Figures
3-4a through 3-4g. Consider a pair of tires, each of which

develops cornering force F, when subjected to a constant

y
slip angle a. If lateral load transfer is neglected, the

total lateral force developed by this pair of tires will be

equal to 2F However, as the pair of wheels negotiates a

y.
turn, the normal force on the inside wheel will be reduced
to F,i» while the normal force on the outside wheel will be

increased to F Due to the nonlinear nature of the

zZo*
cornering force curve, the total cornering force developed
by the two tires (Fyi + Fyo) will be less than 2Fy as shown

in Figure 6-2. 12.2,4.3]
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Figure 6-2 Reduction in Total Cornering Force due
to Lateral Load Transfer
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bDugoff, Fancher, and Segel present one method for
accounting for lateral load transfer when simulating vehicle
dynamics. [6.1) Their approach utilizes the vehicle geom-
etry shown in Figure 6-3,. Most of the symbols shown in
the figure have been previously defined. 1In Figure 6-3, h
is the height of the vehicle center of gravity and t is the
lateral distance to each tire contact point. ©Note that the
model used by Dugoff, Fancher, and Segel assumes that the
lateral distance to each tire contact point is the same, and
that there is no caster trail distance. By comparing
Figure 6-1 with Figure 6-3, it can be seen that their model
is a special case of the rear caster wheelchair model given
at the beginning of this chapter, with t; = t, = d4; = 4, =
t, and 1 = 0. The vehicle geometry in Figure 6-3 was
developed to represent an automobile and thus requires some
modification. This section will first discuss the original
geometry as presented by Dugoff, Fancher, and Segel, and
then the necéssary modifications will be considered.

The quasi-static approximation for lateral load
transfer begins by assuming that the roll angle @ of the

vehicle can be estimated as

-h¥'F
0= —-z—y- (6-19)

kg + ky
where kf and kr are referred to as the front and rear roll
stiffnesses. The dimensions of kf and kr are n—-m/rad or

ft-1bf/rad.

Equation (6-19) simply states that the product of the
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x body axis
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Figure 6-3 Vehicle Geometry Used to Account for the
Lateral Load Transfer of Automobiles
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total roll stiffness (kg + k) and the roll angle (@) is
equal to the total moment about the longitudinal (x) axis of
the vehicle. A further assumption is made that the total
load transfer has two components. The first component is
due to the difference in the normal forces acting on the
front tires. The difference in the front tire normal forces
tends to roll the vehicle, but this tendency is counteracted
by the front roll stiffness. The second component of
lateral load transfer is produced by the difference in the
normal forces at the rear tires. This difference is offset
by the rear roll stiffness.

It is also assumed that the vehicle does not develop
any velocity in the z direction, and that the vehicle can
not rotate about its y axis. With these assumptions it is

possible to write the following static equations:

‘ k
r
Fagt = Fpgt = = LF h{=rer (6-20a)
kf + kr
kg
kg + ke
—FAZSZ - FBZsz + FDZSI + FEzsl = ZFxh (6-204d)

Using a system of equations such as this to account for
lateral load transfer is referred to as a quasi-static
method. This term results from the fact that a series of

static equations are used to partially describe the behavior
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of a vehicle which is actually moving. Note that if
equations (6-20a) and (6-20b) are added together the

following equation results:
Fagt - Fpgt *+ Fpgt - Fggt = - LFyh (6-21)

This is the same equation that results simply from summing
moments about the x axis. However, equations (6-20c),(6-
204) and (6-21) alone do not form a determinate set of
equations. Using equations (6-20a) through (6-204) it is
possible to simultaneously solve for the normal forces

acting at each wheelchair tire. These are given by: [6.1]

mg s h)F k L Fq
Fag = = =—(—)- L - - LFy (6-22a)
2 51"‘52 2(51+52) kf + kr L 2t d
r -y
mg s h)F k h)F
2 \s1+s, 2(8,+8,) ke + k| 2t ]
mg s h)F k % F‘
ey oo 222 ), RIE ke IR
2 \s1*8 2(s;*8) kg + kel 2t
mng /s hYF k h Y F ]
2 . Sl"'Sz 2(Sl+52) kf + kr L th

Equation (6-22a) through (6-22d) make it possible to
compute the normal force at each tire contact point. It is
easily verified that if h = 0 (which is equivalent to
neglecting load transfer), then the magnitudes of Fan,» Fpg»

FDZ' and Fpg reduce to Wy and Wg as defined for the zero
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width model in Chapter 5. Specifically, if h = 0, then

equations (6-22) give

—mg Sl "WSI

FAZ = FBZ = = = "Wr (6-23a)
2 Sl+SZ 2s
—mg 59 "WSz

FDZ = FEZ = = = -Wf (6-23Db)
2 Sl+Sz 2s

Dugoff, Fancher, and Segel have shown that equations
(6-22a) through (6-22d) provide a good approximation for the
lateral load transfer effects associated with automobile
motion. [6.1]1 1In order to utilize this method, for the rear
caster wheelchair model shown in Figure 6-1, some
modification is necessary. For the rear caster wheelchair
model the lateral and longitudinal distances of each tire
contact point from the center of gravity are not all equal
to t as was shown in Figure 6-3.

The necessary modification is made fairly easy by
referring to Figure 6-1 and introducing the following

definitions:

longitudinal distance = a, = 8, + lcos(n) (6-243a)
to contact point A -

longitudinal distance = b, = s, + lcos(§) (6-24Db)
to contact point B

lateral distance to = ay, = t; + 1lsin(n) (6-24¢)
contact point A

lateral distance to = by = t, - 1lsin(g) (6-244)

~contact point B

Using these definitions and again again assuming a height
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h for the center of gravity, the static equations for the

wheelchair model shown in Figure 6-1 are

kr
Fagdy - Fpgby = = JFh{—— (6-25a)
kg + ky
kg
kf + kr
FAZ + FBZ + FDZ + FEZ = -mg (6"‘25C)
“Fazax ~ Fpgbx * Fpgsy + Fggsy = LFyb (6-25d)

These equations are identical to those given in equations
(6-20) except for the variable changes introduced by
referring to Figure 6-1 for the distances to the tire con-
tact points.

In principle, it is possible to use (6-25) to solve for
Fpy» Fpg» Fpg, and Fgy explicitly and obtain equations
similar to those given in equations (6-20). 1In practice
however, this becomes an algebraic nightmare due to the
presence of four unequal width variables rather than a
single value, t, as was the case before. A more useful
technique for finding the normal forces at each tire using
equation (6-25) is a sequential solution which is ideally
suited for computer programming purposes. The solution
proceeds as follows:

For convenience define:
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kr
kf + kr '

k
-——E——— (6-26Db)
kf"'kr

and C,

Then the normal forces can be found in the following

sequence:

F,hCy(8, + a,) - F.,ha, - mgsqa
ZJY 1 ¥ o) - LExhey LY (6-27a)
sl(ay + by) + aybx + axby

Fpg =

Fpg(bytayby/a,)+ Zﬁ,h(czsl/dl—clax/a£+ Y.F.h

Fgg = (6-27b)
E
a, hc,
Fpg = Fpg =—— - LFy —— (6-27c)
dy dy
b hC
- y 1
Faz = Fpg - LFy (6-274)
' '

Equatiohs (6-27a) through (6-27d) must be solved in the
order given. They are easily adapted to a computer program.
Note that in these equations, F, and Fy are found for the
wheelchair model using the longitudinal (cy) and lateral
(cy) components of equétion (6-2) as explained previously.

Finally, before equations (6-27) can actually be used,
some estimate of the front and rear roll coefficients is
necessary. In practice, only the ratio kg/k, must be known.

This ratio will be defined as

k = Roll Coefficient = kf/kr (6-28)

Or in words,
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Resistance of Front of Wheelchair to Roll :
k = (6-29)
Resistance of Rear of Wheelchair to Roll

Then the constants C; and C, which appear in equations (6-

27) and were defined in (6-26) become simply

The final result of this manipulation is that given the
total tire force acting on the wheelchair along its body
fixed x and y axis, it is possible to compute the normal
forces at each tire and account for lateral load transfer if
the single parameter k can be estimated.

A value for k for wheelchairs was not experimentally
determined as part of this research. For automobiles, k
generally has a value in the range 2.0 - 3.0, [6.1,6.2] For
the purposes 6f investigating wheelchair motion, an initial
value of k = 1.0 was assumed. This is equivalent to
assuming that the tendency of the front of the wheelchair to
resist roll is equal to that of the rear of the wheelchair.
As will be discussed in the next chapter, the computer
program which was written to simulate wheelchair motion
allows the user to vary the input value of k. This makes it
possible to observe whether or not a value of k different
than 1.0 has a significant effect on the resulting motion.
The effect of varying k and of lateral load transfer in

general is discussed again in Chapter 8.
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CHAPTER 17
A COMPUTER PROGRAM TO SIMULATE WHEELCHAIR MOTION

Most of the basic concepts which are required for an
investigation of wheelchair directional instability have now
been discussed. In Chapter 4, a simple means of empirically
determining wheelchair tire forces was presented. These
tire forces are primarily a function of normal force F, and
slip angle a. 1In Chapter 6, the equations of motion were
formulated, and equations for determining both the normal
force and the slip angle at each of the four wheelchair
tires were given. Fundamentally, this is all that is neces-
sary in order to determine the directional response of a
rear caster or front caster wheelchair.

This chapter will outline the method by which all of
the ideas discussed up to this point can actually be
implemented as part of a computer program which simulates
wheelchair motion. In principle, the method is very
straightforward. The purpose of this chapter is to describe
the steps used by the actual computer program in a qualita-
tive way, while referr;ng to the actual computer code as
little as possible. Wwhile doing this, it will often be
necessary to refer to ideas or equations which were given in
earlier chapters. It is in the formulation of the simula-
tion program that all of the material previously presented
comes together to allow an investigation of the parameters

that affect directional stability.
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BLOCK DIAGRAM OF THE SIMULATION PROGRAM

The basic method which will be used to simulate
wheelchair motion is adapted from a simulation model
described by Dugoff, Fancher and Segel. [6.1]1 Their model
is intended for the study of automobile dynamics and
therefore includes many parameters that are unimportant to
wheelchair motion. For example, aerodynamic drag and
steering system dynamics can be excluded from a study of
wheelchair motion.

Figure 7-1 shows a block diagram of the wheelchair
motion simulation program. The diagram begins in the upper
left corner where the initial conditions are defined.
Omitting the details for a moment, the basic simulation
method proceeds as follows:

1) The initial state of motion and other
necessary parameters are defined.

2) The current values for forward velocity
and angular velocity (yaw velocity) are
used to compute the slip angle at each
wheelchair tire. The current normal
force (F,) at each tire is found from the
current values of the longitudinal forces
(Fy) and lateral forces (Fy).

3) Using the current value of normal force
and the newly calculated slip angles from
step 2, it is possible to determine new
values for the lateral and longitudinal
forces acting on each tire.

4) The forces at each tire are input into
the equations of motion, which are in
turn used to calculate the instantaneous
accelerations (i, V, and ©) of the wheel-
chair.

5) The instantaneous accelerations are
assumed constant over a single iteration
or time step. A single iteration is one
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pass through the block diagram in Figure
6-1. The values of acceleration are used
to update the current position and
velocity of the wheelchair.

6) The new position, velocity, and
acceleration are printed as output for
later analysis. The new lateral and
longitudinal tire forces found in step 3
and the updated forward and angular
velocity found in step 5 are used as
input to step 2 so that new normal forces
and slip angles can be calculated. At
this point, a second iteration has begun.

This process of iteratively calculating forces and then
updating kinematic variables is repeated over many time
steps. The iteration continues until a specified time
limit has elapsed.

The discussion which follows will elaborate on each of
these steps. Again, this is meant to be a qualitative
discussion which describes how the simulation program works.
The actual computer code is contained in the program WCHAIR
which is listed in Appendix C. There, the program is
documented and specific variables are listed and defined.
As just mentioned, the next several sections of this
chapter will elaborate upon the block diagram in Figure 7-1.
In order to provideféome correlation with the actual
computer code in Appendix C, each heading for the remaining
sections will contain in parenthesis the name the Fortran 77
subroutine which corresponds to what is discussed under that
heading. The results from various simulation cases are

discussed in Chapter 8.
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SPECIFYING INITIAL CONDITIONS

{Subroutine SETUP)

As just mentioned, the actual simulation program is
entitled WCHAIR. Program WCHAIR is a partially interactive
code written in FORTRAN 77. The program allows for the
investigation of wheelchair motion in response to a variety
of initial conditions. Almost all of these initial
conditions can be specified by the user at the start of a
particular simulation run. The specifiable initial
conditions have default values which will be given in
Chapter 8. Thus, it is unnecessary to redefine all of the
initial conditions each time the program is run.

Program WCHAIR allows for the specification of all of
the geometric wheelchair variables shown in Figure 6-1.
These are dy, dy, s;, S5, 13, 1, t;, and t,. Also, the
center of gravity height h can be specified. Thus, the
effect of cenier of gravity position, caster trail distance,
etc. can be easily examined.

In addition to geometric variables, mass and inertia
properties may be varieq: These include the mass moments of
inertia of the wheelchair and user, I,, and the mass moment
of inertia of the caster wheels, Izp. as defined in Chapter
6. Of course, the actual wheelchair-user mass and the mass
of the casters, m and m,, can also be varied.

‘The amount of friction at the caster pins is specified
by providing values for M,y and Mpg. These were also

defined in Chapter 6 and are shown in Figure 6-1.
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The camber angle and toe angle for the main wheels have
a default value of zero, but this can be changed by the
user. When specifying a camber angle, the user must also
give a camber coefficient as defined in equation 4-2.
Recall that the camber coefficient relates the camber force
for a given camber angle and normal force, to the cornering
force at an equivalent slip angle and normal force.

Program WCHAIR allows the selection of five different
primary wheelchair tire types. These correspond to the five
24 inch tires which were tested on the treadmill and are
listed in Table 3-1., Because both of the caster wheels
which were tested on the treadmill exhibited similar
force characteristics, the user cannot select different
caster wheels. However, the program does allow the user to
play 'what if’' by specifying tire and caster characteristics
which do not correspond to any of the tires tested on the
treadmill. The method for doing this will be described
later in this chapter.

The roll coefficient as defined in Chapter 6 has a
default value of 1.0 which can also be modified by the user.
The meaning of choosing 1.0 for the roll coefficient was
discussed earlier in Chﬁpter 6.

Because program WCHAIR predicts the directional
response of a wheelchair by using an iterative technique, it
is desirable to have some control over the time step used
for each iteration. At the start of the program, the user
can specify TTOTAL, TSTEP, and PINT,

where:
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TTOTAL = total real time for the motion
to be simulated

TSTEP = time step for each iteration

PINT = +time interval between successive

print outs of output variables

The user may also specify whether or not all variables are
printed as output or only a few key variables are printed.
This is done by specifying the variable PRCTRL as described
in the program documentation (Appendix C).

The user also supplies an initial forward velocity ({)
to the wheelchair. The default value is .75 m/sec (1.7mph).
This corresponds to .75 m/sec in a direction parallel to the
31 axis in Figure 6-1. 1In other words, the initial motion
at time zero is straight ahead along the global X axis. The
angle theta is initially zero. Any directional response is
measured with respect to this initial configuration.

Finally, the user must specify an initial disturbance
which will tend to make the wheelchair deviate from its
straight line directional heading. Note that even the
inherently unstable rear caster wheelchair will not deviate
from a straight path unless some disturbance initiates this
response.

There are three ways that the program allows an initial
disturbance to be input to the wheelchair during a given
simulation run. The first method is to specify an initial
lateral force acting on the main wheels. The second method
is to specify an initial lateral force acting at the center

of gravity. These forces are specified as FTIMP (force at
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tires) and FCIMP (force at c.g.) respectively. Such
disturbing forces might be caused by bumps in a road, cracks
in a sidewalk, or a momentary shift in the user's weight.
Because these forces are only momentary, a duration time
must also be specified. This duration time is given as
DUIMP (duration of impulse). When impulse forces are
specified, they are simply added to the equations of motion
as derived in Chapter 6 for all times less than DUIMP. For
times greater than DUIMP, the impulse forces are removed.

The third method for supplying an initial disturbance
to the wheelchair is to simply specify an initial lateral
velocity (V) along the 32 axis. This is equivalent to
specifying an initial slip angle at all four wheelchair
tires. For example if the initial longitudinal velocity is
U = .75 m/sec, and an initial lateral velocity of
v = .04 m/sec is specified, then equation (5-7) can be used
to find that the initial slip angle at each tire is
approximateiy 3 degrees. This initial slip angle will
result in lateral forces at the tires that tend to make the
wheelchair deviate from its original heading.

Most of the simulation trials that were actually done
using program WCHAIR ihcorporated an initial impulse at the
center of gravity as the initial disturbance. Reasons for
this are discussed in Chapter 8.

Program WCHAIR uses a BLOCK DATA routine to initialize
all variables. Thus, the default value for any particular

value can be easily changed.
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WHEELCHAIR STATICS

(Subroutine STATICS)

The statics portion of the computer program is used to
calculate the normal force at each wheelchair tire. This is
done using equations (6-27a) through (6-27d4) as presented in
Chapter 6. Because equations (6-27) require values for the
lateral and longitudinal forces on each tire, the normal
forces are calculated by using the lateral and longitudinal
forces from the previous time step.

To illustrate this somewhat confusing point, assume
that the time step for each iteration is 1 sec. At (t=0)
the normal forces will be unknown. The normal forces at
(t=1) will be calculated using the longitudinal and lateral
forces which existed at (t=0). Similarly, the normal forces
at (t=2) will be calculated from the longitudinal and
lateral forces that were present at (t=1). This slight lag
between the normal force and the other tire forces is insig-
nificant for small time steps. The values for longitudinal
and lateral force at (t=0) are assumed to be zero. Thus the
wheelchair is assumed to be freely rolling, without the
influence of any external forces, until the moment when a
given simulation run begins.

When the normal force at each wheelchair tire is calcu-
lated, the program checks to make sure that no F, value is
greater than 450N. This ensures that the normal forces are
within the range of the empirical coefficients used to

predict tire forces using equation (4-1). The empirical



150

coefficients were obtained from treadmill tests in which the
normal force at one degree slip angle reached a maximum of
about 475N. Meaningless values may result if the empirical
coefficients are used to predict cornering force or rolling
resistance for values of F, which are out of the range of
the original test cart data. Program WCHAIR prints warning
messages for the first ten iterations in which F, is out of
the reliable range. After ten such messages, program

execution is terminated.

TIRE KINEMATICS

(Subroutine SLIP)

This step in the simulation process corresponds to the
calculation of the slip angles at each wheelchair tire.
This is done by using equations (6-17) and (6-18) as given
in Chapter 6. The slip angles are computed using the
current values of the necessary variables (2,v,6,1,and 8).
The program checks to ensure that no slip angle is greater
than 8 degrees. Recall that 8 degrees was the largest slip
angle for which cornering forces were determined using the
treadmill and test cart. Warning messages are given for the
first ten occurrenceé of a slip angle greater than 8
degrees. After ten messages, the program stops.

It should be noted that because of the restrictions on
elip angle and normal force, it is unreasonable to expect
proéram WCHAIR to simulate extreme types of motion. Extreme
motion includes motioh near the limit of sliding or tipping.

As a final detail with regard to how program WCHAIR
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calculates slip angles, it is pointed out that the program
actually calculates the absolute value of the slip angle at
each tire. Only the absolute value is necessary in order to
determine the magnitudes of the tire forces F, and Fy. To
ensure that the tire forces act in the proper directions, Fy
is always assigned a direction which opposes the direction
of longitudinal wheel motion, while Fy is given a direction
which opposes the lateral wheel velocity. These directions
are actually assigned in the subroutine to be described

next.

TIRE MECHANICS

{Subroutine MECHAN)

Once slip angles and normal forces have been determined
for each tire, the lateral force and longitudinal force at
each tire can be found. Because previous values of lateral
and longitudinal force will always exist, these forces are
not found for the first time, but instead are updated.

The lateral cornering force Fy and the longitudinal
rolling resistance force F, are found using equation (4-1).
The necessary empirical constants for each tire (see
Appendix B) are built into the program so that all the user
must do is select a particular tire at the start of the
program. Again, the force directions are assigned such that
the tire forces always act opposite the lateral and
longitudinal directions of wheel motion.

It was stated earlier that the program allows for
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hypothetical tire types which do not correspond to any of
those tested on the test cart. This is done through the use
of four modifying coefficients which scale forces calculated
using equation (4-1) by some factor which is specified at
the start of the program.

These modifying coefficients are termed TXMOD, TYMOD,
CXMOD, and CYMOD in the computer program. Values for these
coefficients may be specified at the start of the program.
TXMOD and TYMOD allow for modification of the main wheel x
and y tire forces, while CXMOD and CYMOD allow for
modification of the caster wheel x and y tire forces. As an
example, suppose TYMOD is specified as 1/2. Then the
cornering force which is calculated for each of the main
wheels will be scaled to 1/2 the value obtained from
equation (4-1),

The modifying coefficients can be used to investigate
the effect of doubling or halving the cornering force
capability of a given tire. Note also that by choosing
TXMOD and TYMOD to be zero, the longitudinal force on both
the tires and the casters can be scaled to zero. 1In this
manner, it is possible to examine wheelchair motion in the
absence of rolling resfétance. Reasons as to why this is
sometimes desirable are given in Chapter 8.

It should be pointed out that Equation (4-1) can be
used to calculate the cornering force on a given wheelchair
tire only if two conditions are met:

(1) the normal force must be less than 450N as
stated previously.



153

(2) the slip angle must be o0, 1, 2, 3, 4, 5, 6,
7, or 8 degrees. These are the slip angles
that were used with the test cart, and they
are the only slip angles for which the
empirical constants a, b, and ¢ exist for
use with equation (4-1),

For non-integer slip angles, the value of cornering
force must be interpolated. Subroutine MECHAN uses a linear
interpolation to do this. This results in little error, as
it is readily seen from Figures 4-1a through 4-1g that
cornering force increases approximately linearly between any
two integer values of slip angle.

During the tire mechanics step of Figure 7-1, if either
the camber angle or the toe angle of the main wheels is not
zero, subroutine MECHAN corrects for this. If a camber
angle‘is present, a camber force is added to the total
lateral force. The magnitude of the camber force is
determined by using equation 4-2 along with the camber

coefficients, £ found from Figure 4-3.

c’

If the toe angle is not zero, program WCHAIR
incorporates the toe angle into the current slip angle at
each main wheel. Chapter 2 discussed the equivalence of toe
angle and slip angle. For nonzero toe angles, the wheel
plane is no longer parﬁllel to the 31 direction. For this
reason, the presence of toe requires that coordinate
transformations be performed on the main wheel tire forces.

These are straightforward and are listed in lines 735

through 738 of program WCHAIR, but will not be given here.
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WHEELCHAIR DYNAMICS

(Subroutine DYNAM)

After the longitudinal and lateral forces have been
found for each tire, the accelerations can be computed for a
single time step. The accelerations are found using the
equations of motion given in Table 6-1, A small detail is
that the directions of the frictional caster moments M,¢ and
Mpf must be calculated in a way such that these moments
always oppose the direction of angular caster velocity.
The coordinate transformation step shown in Figure 7-1 was
actually incorporated into the equations of motion when they

were derived in Chapter 6.

CALCULATING TRAJECTORY AND UPDATING VARIABLES

(Subroutine UPDATE)

Other than actually printing out variables for
analysis, the process of calculating trajectories and
updating variables is the last step performed for a single
iteration of the program. As stated previously, the
accelerations (angular and translational) are assumed
constant over a singleftime step. This assumption is only
valid if a small enough time step is chosen. In Chapter 8,
it will be shown that .001 sec is approximately the largest
time step which leads to a converging solution when using
program WCHAIR.

In general, position and velocity must be found by

integration. However, when constant acceleration is assumed
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over a single time step, 8t, displacement and velocity can
be computed using standard constant acceleration formulas.
These are given below for the kinematic variables associated
with the wheelchair model (Figure 6-1).

For updating the displacement variables:

u=u, + 08t + 1/28(s¢t)2 (7-1a)
V= v, + Vbt + 1/2¥(8t)2 (7-1b)
& = 6, + 68t + 1/28(5t)?2 (7-1c)
no=ong + Rgdt + 1/2i(8t)2 (7-1d)

1/28(6t)2 (7-1e)

+

B = By *+ Bt

For updating the velocity variables:

a = 0, + st (7-2a)
V=V, + Vbt (7-2b)
6 = 6, + 68t (7-2¢)
n = q, + Wbt (7-24)
B =B, + Bot (71-2e)

The variables on the left side of the equations are the
updated variables and the subscript (o) indicates the value
of the variable for thefcurrent time step. It is important
that equations (7-1) be solved before equations (7-2). 1If
this is not done, the current velocities will be updated and
lost before the displacements are calculated.

The variables u,0,U,v,v, and V all correspond to the
body fixed reference frame described in Chapter 6. Thus

their directions are along the 31 and 32 axes. In order to
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transform these variables into the global X - Y reference
frame at any instant, the transformation equations given by
(6-1a) and (6-1b) are used. Making this transformation,
allows the wheelchair's position, velocity, and acceleration
relative to the fixed X - Y axes to be recorded for the

entire simulation time.
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CHAPTER 8
SIMULATION RESULTS

All of the tools necessary for examining the parameters
related to the directional stability of rear caster wheel-
chairs have now been developed. Tire forces and methods for
their prediction have been described. The zero width model
has given some insight with regard to the primary factors
that affect directional stability. The full wheelchair
equations of motion have been formulated. Finally, a
computer program which utilizes the equations of motion for
the purpose of simulating wheelchair motion has been des-
cribed. It Pas taken a considerable amount of effort to
reach this point, but it is now possible to look more
closely at several design parameters that affect the direc-
tional control of rear caster wheelchairs.

The results of several motion simulations that were
performed using program WCHAIR will be described in this
chapter. The Everest and Jennings Premier rear caster
wheelchair which was shown in Chapter 1 was used as a
starting point for the investigation of the stability prob-
lem. The default valuéé for many of the variables used in
the computer ptogram correspond to this wheelchair. These
default values are given in this chapter. Also discussed is
the problem of verifying the computer program. Simulation
results for both rear caster and front caster wheelchairs
are presented for this purpose. The choice of time step and

the specification of initial conditions are considered.
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Finally, several parameters that affect the degree of
instability associated with rear caster wheelchairs will be
examined. A particular set of initial conditions will be
chosen as an”"assumed reference case”. It is believed that
this reference case roughly corresponds to a critical degree
of directional instability. Wheelchairs that exhibit more
instability than the reference case will be considered to be
uncontrollable and possibly even dangerous under certain
conditions. The effect that varying different parameters
has on directional stability will in part be determined by

comparison to the reference case.
DEFAULT PARAMETERS

The default parameters for many of the variables used
in program WCHAIR were chosen to correspond to the Everest
and Jennings rear caster wheelchair shown in Figure 1-1.
The reader is advised torefer to Figure 6-1 which shows the
configuration of the important variables which will be given
in this section. Most of the geometric dimensions were
determined by directly measuring the Everest and Jennings
wheelchair. These are shown in Figure 8-1, For the default
case, it was assumed the center of gravity lies on the
longitudinal axis of the wheelchair.

The longitudinal position of the center of gravity and
the mass moments of inertia of the wheelchair/user and the
caster assemblies had to be estimated. This was also true

for the position of the caster assembly center of gravity
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and for the frictional moments at the caster pins. Appendix
D explains the methods used for determining each of these
guantities. Because the Everest and Jennings rear caster
wheelchair belonged to a local nursing home patient and was
used daily, it was not possible to test this chair directly.
Determining precise values was not considered important, as
it is the effect of varying these different variables that
is of interest.

As mentioned in Chapter 6, the default value for the
roll coefficient was chosen to be 1.0. The camber angle and
toe angle of the main wheels is zero unless specified other-
wise. The initial forward velocity (1) has a default value
of .75 m/s in the positive global X direction. The initial
lateral velocity (v) has a default value of zero. For the
rear caster model in Figure 6-1, the initial caster angles n
and B are both zero. These are the default values, but
other values can be specified at the start of program
WCHAIR.

A total mass of 95 kg (209 1bf) is assumed. This
corresponds to a 75 kg (165 1bf) user and a 20 kg (44 1bf)
manual rear caster wheelchair. Assuming a user mass of
75 kg allows for the use of previously determined moment of
inertia values for the ISO (International Organization for
Standardization) 75 kg test dummy. (see Appendix D)

For reasons that will be explained in later sections of
this chapter, the default values of the modifying
coefficients TXMOD and CXMOD are set to zero. Thus, unless

the program user specifies differently, program WCHAIR simu-
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lates motion without the presence of rolling resistance.
Default values of TYMOD and CYMOD are 1.0. This meahs that
there is no modification of the calculated lateral tire
forces. The modifying coefficients were explained in
Chapter 1.

As stated previously, many of the simulations to be
discussed in this chapter utilized an initial impulse acting
at the center of gravity as a disturbance to initiate insta-
bility.  For this reason the default values of FCIMP and
DUIMP are 40 N and .10 sec respectively. This corresponds
to an initial lateral impulse at the center of gravity of 4
N-sec. The motivation behind choosing these values will be
discussed shortly.

For the default case, a maximum time limit (TTOTAL) of
10 seconds is allowed for any single simulation run. The
default time step is .001 sec. Output variables are printed
every .20 sec.

A summary of all specifiable variables and their default
values is given in Table 8-1. Again the reader is referred
to Figure 6-1 and Chapter 7 where these variables are illus-
trated and defined. The list of symbols which precedes the
text and the program listing in Appendix C also contains

definitions for the variables in Table 8-1.



TABLE 8-1

SUMMARY OF DEFAULT VALUES FOR

SPECIFIABLE PARAMETERS USED BY PROGRAM WCHAIR

Geometry Related vVariables

dy = dy = 26.5 cm (10.4 in)

S;1 = 85 = 34.5 cm (13.6 in)

ty =t =24.0 cm ( 9.4 in)

l; = 5.8 em (2.3 in)

l1 = 8.0cm ( 3.1 in)

h =61.0 cm (24,0 in)

n =B = 0 degrees

vy = 0 degrees

TOEANG = 0 degrees
Mass and Inertia Parameters

m = 95,0 kg (209 1bf)

m, = 1.2 kg (2.6 1bf)

I, = 5.6 kg—m2 (4 .1ft-1bf-sec?)

I,p = 0.02 kg-m? (.015 ft-lbf-sec?)
Force Related Parameters

Mag = My = 0.10 N-m (.88 in-1bf)

FCIMP = 40 N (9.0 1lbf)

FTIMP = O N

DUIMP = 0.10 sec

TXMOD = CXMOD = 0

TYMOD = CYMOD = 1

162
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YAW VELOCITY RESPONSE CURVES FOR TWO INITIAL DISTURBANCES

It has already been stated that the directional
stability of a vehicle is concerned with its ability to
stabilize its motion against external disturbances. Thus,
in order to investigate the directional stability of a
wheelchair, it is necessary to choose an initial disturbance
which tends to make the wheelchair deviate from its original
directional heading. It was discussed in Chapter 6, that
upon being subjected to such an initial disturbance, an
unstable vehicle will experience an exponentially increasing
yaw velocity, 6. A stable vehicle will experience an
exponentially decreasing yaw velocity.

One method of comparing the directional responses of
different vehicles is by comparing the yaw velocity response
of each vehicle upon being subjected to the same initial
disturbance. This method is used in the automobile litera-
ture., {2.2,2.3] This section will explain the meaning of
typical yaw velocity response curves, and will examine two
initial disturbances that were considered as possible inputs
for initiating directional instability.

Figure 8-2 shows the yaw velocity response curves for
two different initial disturbances. These were obtained
from program WCHAIR for the Everest and Jennings rear caster
wheelchair. The figure shows yaw velocity, 6, on the verti-
cal axis versus time on the horizontal axis. The meaning of
the two curves shown in Figure 8-2 and an explanation of the

two initial disturbahces will now be given. Note that for
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these curves and all others given in this chapter, unless
specified otherwise, the tire type selected when using
program WCHAIR was EJA (see Table 3-1). Recall that this
tire exhibited the lowest cornering stiffness of the five 24
inch tires tested. The effect of selecting different tires
is another topic in this chapter.

For time less than about 0.2 sec, there is a sharp
increase in the rotational velocity of the wheelchair. This
sharp increase corresponds to the initial disturbance used
to cause a deviation from the original directional heading.
For time greater than 0.2 sec but less than 2.0 sec, the yaw
velocity slowly but gradually increases. After 2 seconds
have elapsed, the directional instability becomes very
apparent as the yaw velocity begins to increase rapidly.

Any point on the yaw velocity response curves
represents the instantaneous rate at which the wheelchair is
diverging from its directional heading. Note that the area
under the yaw velocity curves represents the total angular
displacement of the wheelchair, 6, with respect to its
original heading. Similarly, the sldpe of the tangent to
the yaw velocity curves at any point represents the instan-
taneous angular accelération. 6, of the wheelchair. This
interpretation of the curves in Figure 8-2 is useful and is
one motivation for plotting yaw velocity response.

The initial disturbance shown by the so0lid line in
Figure 8-2 corresponds to an initial lateral wheelchair
velocity of .04 m/s. As described in Chapter 7, this

lateral velocity results in an initial slip angle of 3
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degrees at each wheelchair tire. These slip angles produce
lateral cornering forces that immediately begin to cause the
wheelchair to deviate from its original course. It is
commonly observed that a wheelchair may be displaced from
its line of motion by several degrees due to a bump or other
disturbance in the road.

Although it is reasonable to specify an initial lateral
velocity for the wheelchair, there are some problems with
this approach. When an initial velocity along the x body
axis is specified, the lateral cornering force changes from
zero to a fairly large value during only a single time step.
The sum of the 4 lateral forces at each tire tends to tip
the wheelchair, resulting in a large lateral load transfer.
This often results in normal force values that are out of
the allowable range.

An additional problem with specifying an initial
lateral velocity results in cases where it is desirable to
vary the forward velocity of the wheelchair, u. 1In order to
keep the slip angle constant, if the initial longitudinal
velocity is changed, the initial lateral velocity must also
be changed. This can 6; seen simply by examining equation
(5-7). Changing the initial lateral velocity results in a
shorter duration time for the initial large cornering forces
at the tires, and thus produces a different yaw velocity
response curve.

For the reasons just described, a second method for

initially disturbing the wheelchair was chosen. Directional
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instability can be initiated by applying an initial lateral
force at the center of gravity. The yaw velocity response
of the Everest and Jennings wheelchair subjected to an
initial lateral force of 40 N for a duration of .10 sec is
shown by the dashed line in Figure 8-2. This is equivalent
to an impulse of 4 N-sec. From Figure 8-2, it is clear that
this impulse produces approximately the same yaw velocity
response as the initial lateral velocity of .04 m/s. This
is not an accident, as it was determined basically by trial
and error that these two initial disturbances are equiva-
lent. Note that the initial forward speed, 0, is .75 m/s
for both curves in Figure 8-2, Using an initial lateral
force at the center of gravity does not result in sharp and
sudden lateral forces on the tires. It also has the advan-
tage that the predicted directional response can be easily
compared with those discussed in association with the under-

steer coefficient, k given in Chapter 5 (see Figure 5-3).

us’

The magnitudes of the two initial disturbances shown in
Figure 8-2 are somewhat arbitrary. It is impossible to
avoid making a somewhat arbitrary choice with regard to an
initial disturbance. With this in mind, the important con-
sideration is to choose a reasonable initial disturbance,
and then to keep this disturbance constant while examining
the effects on stability of varying other parameters. The
two initial disturbances shown in Figure 8-2 are believed to
be reasonable in magnitude, while at the same time producing

a definitely unstable response.

The next section of this chapter will show the effect
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that forward speed has on the yaw velocity response curves.
Following this, a reference case will be defined which can
be used as a basis for comparison when other parameters are
varied. For reasons to be given later, this reference case

will be the same dashed curve shown in Figure 8-2.
THE EFFECT OF FORWARD SPEED ON DIRECTIONAL STABILITY

The analysis of the zero width vehicle presented in
Chapter 5 showed that the degree of instability associated
with a rear caster wheelchair should be very sensitive to
forward speed. Using program WCHAIR, the yaw velocity
response and angular displacement response of the Everest
and Jennings rear caster wheelchair was determined for five
different initial forward velocities. This was done using
the same 4 N-sec impulse shown in Figure 8-2. The results
for these two responses are shown in Figures 8-3a and 8-3b.

| Figure 8-3a shows yaw velocity, &, versus time for
initial values of ﬁo ranging from .55 m/s to .95 m/s. This
figure clearly shows that the degqree of instability is
highly dependent upon speed. The degree of instability is
represented by the rate at which the yaw velocity increases.
This is equivalent tofthe rate at which the wheelchair
diverges from its original directional heading. As
expected, as the forward speed decreases the stability of
the wheelchair improves.

It appears from Figure 8-3a that for the case where a

o
= .55 m/s, the yaw velocity is constant. However, the yaw
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velocity for this case is actually slowly increasing. 1If
the graph were extended to show times greater than 6
seconds, a more rapid increase for this case would become
obvious.

Figure 8-3b illustrates the correlation between yaw
velocity response and total angular displacement. Clearly
the more rapidly increasing yaw velocity curves correspond
to more rapid increases in the total yaw angle. Figure 8-3b
also shows that for the case where u, = .55 m/s, the yaw
angle increases at an approximately constant rate. Thus,
this case still corresponds to directional instability
because the wheelchair is steadily rotating away from its
original heading.

Because the degree of instability is extremely
dependent upon forward speed, rolling resistance was omitted
for each of the simulations shown in Figures 8-3. Since
propelling forces from the user are not included in the
simulation model; the introduction of rolling resistance
tends to decrease the longitudinal speed of the wheelchair
fairly rapidly. This has an apparent stabilizing effect.
If-tires are selected which have a high rolling resistance,
this effect becomes evéﬁ more noticeable.

When examining parameters that affect directional
stability, it is desirable to isolate the effects of actual
wheelchair design changes from the effect of decreased speed
due to rolling resistance. For this reason, rolling
resistance was eliminated for the motion simulations

presented in this chapter. This has the effect of keeping
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the longitudinal speed of the wheelchair approximately con-
stant. A wheelchair that is being propelled at constant
speed or that is travelling down a slight incline might
exhibit this type of motion. Rolling resistance is elim-
inated by specifying TXMOD and CXMOD ip program WCHAIR egual
to zero as discussed earlier in this chapter.

The next section of this chapter will present the
results of several simulation tests that were used to verify

the simulation computer program.
VERIFYING THE COMPUTER PROGRAM

Before examining several other parameters that may or
may not have a significant effect on wheelchair stability,
it is reasonable to question the reliability of the basic
wheelchair model developed in Chapter 6, and of the computer
program being used to implement the model. This section
will discuss two methods that were used to gain confidence
in the simulation model.

Method One: Comparing The Predicted Motion Responses for
Front and Rear Caster Wheelchairs

The directional fesponse of a vehicle subjected to a

side force at the center of gravity was discussed with

respect to the understeer coefficient, k in Chapter 5.

us’
The predicted paths for an understeer vehicle (front caster
wheelchair) and an oversteer vehicle (rear caster
wheelchair) were shown in Figure 5-3, A first true test of

the simulation model for wheelchair motion is whether or not
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it is able to clearly predict the different responses that
are observed for front and rear caster wheelchairs. The
model should be able to demonstrate the directional
stability of front caster wheelchairs and the directional
instability of rear caster wheelchairs.

Program WCHAIR was used to predict the trajectories of
a front and rear caster wheelchair travelling forward with a
speed of .75 m/s, each subjected to the same initial lateral
impulse at the center of gravity. The rear caster
wheelchair was the same Everest and Jennings model that has
already been described. A front caster wheelchair can be
easily simulated using program WCHAIR. By referring to
Figure 6-1, it can be seen that a front caster wheelchair
can be modelled using the rear caster model already
formulated if the following initial conditions are
specified:

p = 180 degrees

=
n

U, = any negative value

sy and s, values are exchanged

Thus, by specifying 4, = -.75 m/s and changing the
default values of s, and s, to, sy = .175m, and s, = .345m,
it is poséible to simulate the motion of a front caster
wheelchair. Note that specifying ﬁo as a negative number
has no significance other than the fact that it causes the
front caster wheelchair to travel in a forward direction.
Figures 8-4a and 8-4b show the predicted trajectories for a

rear caster wheelchair and a front caster wheelchair as
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Figure 8-4b Predicted Trajectory for a Front Caster
Wheelchair Traveling at .75 m/s and
Subjected to a Lateral Impulse at the
Center of Gravity of 4 N-sec.
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obtained from the computer program. Both wheelchairs are
initially moving forward with a speed of .75 m/s. At

time = 0 the initial lateral side force, F,, is imparted to

s’
both chairs as shown in the figures. The global X and ¥
position of each wheelchair and the angular orientation is
shown at 1.0 second time intervals.

Figures 8-4a and 8-4b clearly show the different direc-
tional responses that are expected for the front and rear
caster wheelchairs. The rear caster wheelchair continues to
diverge more and more from its original heading even after
the initial disturbance is removed. Note that the trajec-
tory shown for the rear caster wheelchair in Figure 8-4a
corresponds to the ﬁo = .75 m/s yaw velocity response
curves already shown in Figures 8-2 and 8-3. Although the
front caster wheelchair deviates from its original direc-
tional heading, it quickly returns to a state of steady
straight-line motion after the side force is removed. As
discussed in association with the understeer and oversteer
paths shown in Figure 6-3, the rear caster wheelchair tends
to rotate toward the initial lateral force, while the front
caster wheelchair rotates away. From a qualitative point of
view at 1least, the simulation model seems to predict
reasonable motion.

Figure 8-5 shows several yaw velocity response curves.
Three of these are for a front caster wheelchair, and one is
forva rear caster wheelchair. Each of these curves again

corresponds to an initial forward velocity of .75 m/s and an
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initial lateral impulse of 4 N-sec. The two curves near the
pottom of the figure show that the front caster wheelchair
experiences a yaw velocity that initially increases, but
guickly begins to decrease towards a steady state value.
Note that if caster forces are neglected, the front caster
wheelchair yaw velocity rapidly converges to zero after the
initial disturbance is removed. When caster effects are
included, the front caster wheelchair motion returns to a
steady state more slowly. This is indicative of the small
but noticeable lateral forces which are exerted on the
caster wheels. For a front caster wheelchair, lateral
forces on the caster wheels slightly negate the stabilizing
effect of the rear wheel forces. Note that figure 8-4b
corresponds to the solid yaw velocity curve shown at the
very bottom of Figure 8-5.

Also shown in Figure 8-5 is a yaw velocity response
curve for a front caster wheelchair which is subjected to a
constant lateral force of 40 N at the center of gravity.
This curve was obtained from program WCHAIR simply by
specifying a large duration time, DUIMP, for the initial
lateral force of 40 N. When subjected to this constant side
force, the front caster wheelchair experiences a sharply
increasing yaw velocity which soon begins to approach a
constant value. The fact that the yaw velocity approaches a
constant value indicates that the wheelchair approaches a
state of steady turning motion. This type of predicted
motion is identical to that predicted for automobiles which

are subjected to a constant lateral side wind. [2.3]
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Method Two: Comparing Predicted Versus Theoretical Critical
Speeds for a Rear Caster Wheelchair with its
Caster Wheels Locked Against Turning
A second method for testing the simulation computer
program is by using the equation for critical speed that was
given in Chapter 5 for the zero width model. Equation (5-
15) can be used to predict the speed above which a rear
caster wheelchair that has its wheels locked against turning
will exhibit directional instability. Of course, perma-
nently locking the wheels against turning would be highly
undesirable for any wheelchair. However, considering such a
hypothetical case provides a means for testing program
WCHAIR against accepted theory.
This was done for the Everest and Jennings Premier rear

caster wheelchair for the following initial conditions:

3
"

75 kg

m, = 1.2 kg

(8-1)
8 = .60 m

Recall that s, for the zero width model is defined
slightly differently than s, for the wheelchair model in
Figure 6-1 and Figure 8-1, If the casters are locked, then
the distance from the c.g. to the caster contact points, s,
for the zero width model, is found from Figure 8-1 as
«175m + .08m = .255m.

Using the values given in (8-1) and equations (5-13),
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the following approximate values are found for the total
weight and for the weight carried by the each front and each

rear wheel:

W= 748 N
We = 159 N (8-2)
W, = 215 N

Next, by referring to Figure 4-2 it is possible to
estimate the cornering stiffness for the two front tires
(type EJA) and the two caster wheels (type ER). From the
figure it is seen that for EJA tires at 159 N normal force
and for ER casters at 215 N normal force, the cornering

stiffness is approximately

Caf = Car = 25 N/deg = 1432 N/rad (8-3)

Substituting the values for CSf, CSr, Wf and Wr into equa-

tion (5-16) gives a value for the understeer coefficient of

kyg = —-04 (8-4)

Finally, substituting this value, along with the value for s
given in (8-1) allows for the calculation of the critical
speed associated with the locked caster wheelchair. The

critical speed is given by:

(-9.8m/sec?) (.60m)

Ut
crit -.04

or Oorit = 12 m/s (8-5)
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Thus, the zero width model predicts that for speeds above
12 m/s (27 mph), the rear caster wheelchair will experience
directional instability, even if the caster wheels are
locked. Obviously this is a very high speed that has little
or no practical significance. However, it can be used to
check the simulation model.

In order to simulate a rear caster wheelchair with its
caster wheels locked against turning, the mass moments of

inertia of the caster wheels, I were assigned extremely

zp’
high values. This has the effect of restraining the caster
motion without changing the wheelchair mass.

Figure 8-6 shows the results of three simulations that
were done using this method. The curves in Figure 8-6 are
for initial forward speeds of 10.0, 11,25, and 12.5 m/s. It
is obvious from the figure that a transition from stable to
unstable motion occurs for a forward speed somewhere in the
ranée of 11.25 to 12.5 m/sec. Thus, it is found that the
value of critical speed predicted by the zero width model
and the value predicted by the computer simulation are in
very good agreement.

The preceding discussion has attempted to elaborate on
the methods that were used to test the simulation program,
and to gain confidence in the wheelchair motion that it
predicts. It is believed that the arguments given in this
section at least demonstrate that program WCHAIR predicts

the proper trends for wheelchair motion subject to various

initial conditions.
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CHOOSING A TIME STEP

Because program WCHAIR uses an iterative solution
technique, it is necessary to choose a time step that is
small enough to ensure convergence to the best possible
solution. On the other hand, it is highly desirable to
choose the largest time step possible in order to reduce
computation time and avoid round-off error. Figure 8-7
shows the effect of three different time steps on the yaw
velocity response curve of a rear caster wheelchair. It is
emphasized that all three curves in Figure 8-7 represent
identical initial conditions. Each curve is for a wheel-
chair having an initial forward speed of .75 m/s subject to
an initial lateral impulse of 4 N-sec.

Figure 8-7 supports the statement made earlier that a
time step of .001 sec is approximately the largest time step
which leads to a reliable solution. A time step of .01 sec
is clearly Eob small, while it can be seen from the figure
that little change in the response curve results from
decreasing the time step to .0001 sec.

The necessary time step of .001 sec is quite small.
One reason for this iéithe fact that the transient tire
forces change very quickly. This is especially true for the
caster wheels which are free to pivot. In order to model
the wheelchair motion successfully, the caster wheels must
be allowed to accelerate quite rapidly. A small time step

is required to track this acceleration.
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ASSUMING A REFERENCE CASE

In order to evaluate the effect on directional
stability of varying any particular parameter, it is
desirable to assume a reference yaw velocity response curve
against which other responses can be compared. A motivation
for assuming a particular reference case can be found by
again examining Figure 8-3a. This figure showed five yaw
velocity response curves for the Everest and Jennings
Premier rear caster wheelchair subjected to an initial
lateral impulse of 40 N-sec.

Consider the two cases shown in Figure 8-3a that
repreSent the least amount of directional stability, namely
i, = .55 m/s and Gy = .65 m/s. Even though both of these
curves do indicate a divergence from an initial directional
heading, the rate of divergence is clearly slower than for
the other three cases. For these two cases the wheelchair
user would most likely have ample time to take corrective
action which would return the wheelchair to its original
heading. Of course the need to constantly make course
corrections is an annoyance, but it appears that for these
two cases the directional instability is controllable.

The three remaining curves in Figure 8-3a represent
much more rapid increases in yaw velocity, 6. For the case
with ﬁo = ,75 m/sec for example, the yaw velocity increases
to 1.0 rad/sec in slightly over 3 seconds. This is
equiﬁalent to a rotational velocity of approximately 60

degrees per second. The slope of the curve indicates that
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this value will increase sharply in a very short period of
time.

By examining the curves in Figure 8-3a, it is possible
to estimate an approximate maximum response time to each
curve. The maximum response time is the maximum amount of
time that the wheelchair user has to take corrective action
before the yaw velocity response curve begins to sharply
increase. The approximate maximum response times obtained
simply by observing each of the curves in Figure 8-3a are

listed in Table 8-2.

TABLE 8-2

ESTIMATED MAXIMUM RESPONSE TIMES
ASSOCIATED WITH FIGURE 8-3a

l.10 tmax
.55 m/s > 6 sec
.65 m/s 3.5 sec
.75 m/s 2 sec
.85 m/s 1.5 sec
.95 m/s 1 sec

It is emphasized'that the values in Table 8-2 are only
estimates which give some indication of how quickly the user
must respond. It is reasonable to expect that if a wheel-
chair user does not take corrective action within the
maximum response time, the resulting rapid increase in yaw
velocity will be at best highly undesirable, and at worst

quite dangerous.
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When considering the ability of an individual to
respond to an initial disturbance within a given time
interval, it is important to think in terms of total
response time rather than simple reaction time. Simple
reaction time is defined as the shortest time between the
moment a sensory receptor is stimulated and the time some
body element reacts. [8.1]

Total response time, sometimes called complex reaction
time, includes the additional time required for brain
recognition time and decision making time. Simple reaction
times to sensory inputs such as light or touch are generally
in the range of 0.1 to 0.2 seconds. However, Woodson
presents estimates indicating that the minimum complex
reaction time is generally about 0.5 seconds, and may
often be as long as 4.0 - 10.0 seconds. [8.1]

Complex reaction time is especially important if the
user is not nécessarily aware that a stimulus is about to
occur. This is obviously the case for wheelchair users. If
a wheelchair is disturbed by a bump or other obstacle in the
road, there is a very gQPd chance that it will take the user
at least one or two séconds to take corrective action.

Based upon this reasoning, the ﬁo = .75 m/s curve in
Figure 8-3a with maximum response time of approximately 2.0
Seconds was chosen as an assumed reference case. Figure 8-8
shows the assumed reference case plotted alone. The region
to the right of this curve will be termed the controllable

region, while the region to the left of the curve will be
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termed uncontrollable. The following assumptions with
regard to the assumed reference case cannot be over
emphasized:

1) The uncontrollable and controllable regions
are defined as reasonable estimates only
for the purpose of comparing the effects of
varying other design parameters.

2) The assumed reference corresponds to one
forward speed only (.75 m/s) , and one
initial disturbance only (lateral impulse
of 4 N-sec at c.g.) as discussed previous-
ly. When comparing other simulation re-
sults, these two initial conditions must be
the same.

3) The assumed reference case is only
representative of the Everest and Jennings
Premier rear caster wheelchair, with de-
fault parameters as listed in Table 8-1,
and EJA tires as the main wheels.

It is obviously impossible to examine all of the
possible forward speeds and initial disturbances that could
be used for an investigation of directional stability. It
is believed that the curve in Figure 8-8 represents a
typical yaw velocity response curve for a typical wheelchair
subject to a typical initial disturbance while traveling at
a typical forward velocity. Experimentally verifying these

assumptions might be a focus for future work.
AN EXTENSIVE PARAMETRIC STUDY

Thus far this chapter has showed the results of several
simulations. .Several yaw velocity response curves have been
Presented, and an attempt has been made to define a
reasonable reference case which separates uncontrollable

from controllable directional instability. It is now
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possible to examine several other parameters.

This will be done by selecting a particular parameter
which will be varied while all other variables are held
constant. The effect of varying this parameter will be
examined by comparing the new yaw velocity response curves
with the assumed reference case. Thus, it is emphasized
that for each of the figures remaining in this chapter, all
of the initial conditions are identical to those associated
with the reference case except for the varied parameter.
This includes an initial forward velocity of .75 m/s and an
initial lateral impulse of 4 N-sec at the center of gravity.
Also, for each case the rear caster wheelchair has the
default parameters given in Table 8-1. EJA tires are used

for each simulation unless specified otherwise.
EFFECT OF CENTER OF GRAVITY POSITION

Of all the geometric variables for the rear caster
wheelchair, the one most expected to have a significant
effect on directional stability is the position of the
center of gravity. The fact that this parameter is
important was discu;sed in the original analysis by
Kauzlarich and Thacker. [1.1]

Referring to Figure 6~1, the variables that determine
center of gravity position are the distances s; and s,. The
effect of changing the center of gravity position while
keeping all other variables constant can be determined by

varying the following ratio:
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S
1 (8-6)

81 * S

Where

S84 = distance from front wheels to center of gravity

s1*8, = total distance from front = constant

wheels to caster pins

Thus, as s; is varied, s, will also be varied so as to keep
the total distance between the front wheels and the caster
pins constant.

For the default case sy = .345 m and s, = .175 m. This
gives a value for the ratio in equation (8-6) of 0.66. The
effect of varying this ratio on yaw velocity response is
shown in Figure 8-9. As the center of gravity is moved
forward, the ratio decreases, and as expected the degree of
directional instability decreases. Even though Figure 8-9
does show the expected trend, there are still some
interesting observations to be made.

The decrease in yaw velocity response as the center of
gravity is moved forward appears to be fairly dramatic.
Decreasing the ratio in equation (8-6) from .66 to .60, a
decrease of 6%, prodﬁces only a slight change in the
reference curve. However, moving the center of gravity
forward only slightly more so that the ratio is .55 produces
a very noticeable change in yaw velocity response. It
appears that for ratios less than .55, the yaw velocity
response curve will fall well into the controllable range.

To avoid confusion, it must be made clear that this
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does not necessarily mean that reducing the ratio to .55 or
some lower value produces a dramatic improvement in the
overall directional stability of the wheelchair. It only
indicates a significant improvement for the single value of
initial forward speed that was assumed for the reference
case. A measure of the improvement in overall stability can
only be obtained by determining how much the initial forward
speed can be increased while still keeping the yaw velocity
response curve in the controllable range. This question
will be examined in the next chapter.

There is a second interesting aspect of Figure 8-9. It
is sﬁrprising that when the ratio in equation (8-6) is
increased from .66 to .75, no appreciable change in yaw
velocity response occurs. It appears that as the center of
gravity is moved toward the caster wheels, a limiting yaw
velocity response is reached. This limit is very near the
assumed reference case. Figure 8-9 indicates that the
transition from controllable to uncontrollable occurs over a

narrow range of s; values.
EFFECT OF TOTAL (s; + s,) DISTANCE

The second geometric parameter to be considered is the
total distance, s; + s,, separating the front wheel contact
points from the caster pins (see Figure 6-1). This distance
is analogous to the total wheelbase distance for the zero-
width model discussed in Chapter 5. The zero-width model

predicted that increasing the wheelbase distance should have
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a stabilizing effect.

Figure 8-10 shows yaw velocity response for 4 different
values of sy + s,. In this case the yaw velocity curves
again follow the expected trend. Note that for these curves
the total distance s; + s, is varied, but sy is kept
constant. Of course this is equivalent to varying s, only.

The change in yaw velocity response does not vary in
proportion to the change in s; + s,. Decreasing the s; + s,
distance from .52 m to .40 m moves the yaw response curve
into the uncontrollable range. However, the change in yaw
velocity response that results from increasing s; + s, from
.52 m to .62 m is much more dramatic. The wheelchair
clearly becomes more controllable. The sensitivity of yaw
velocity to these parameters is illustrated by the fact
increasing the s; + s, distance by only 2 cm, from .60 m to
.62 m, has a significant effect on the resulting response.

For s; + s, greater than .62 m, the wheelchair appears
to be very nearly stable under the assumed initial condi-
tions. Again the transition from controllable to uncontrol-

lable occurs over a narrow range of values.
EFFECT OF CASTER TRAIL DISTANCE

The measured caster trail distance, 1, for the Everest
and Jennings rear caster wheelchair was 8 cm. Figure 8-11
compares the results for two other 1 values, with the
assumed reference case. Increasing l from 8 cm to 10 cm

shifts the yaw velocity response curve into the
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uncontrollable region. Decreasing 1 from 8 cm to 7 cm
shifts the curve into the controllable region. For all
three curves in Figure 8-11 the distance to the caster
assembly center of gravity, 1,, is constant. Again it is
observed that variations which tend to increase controlla-
bility produce the most significant changes in the yaw
velocity response curve.

There is an obvious reason for the fact that decreasing
the caster trail distance improves stability. As the caster
trail distance is decreased, the effective moment arm for
the lateral forces acting on the casters is decreased. This
has the effect of making the casters more resistant to
turning. This allows the caster wheels to sustain larger
cornering forces. It has already been shown that stability
always improves if the rear casters are made more resistant
to turning. 1In principle, if the caster trail were zero,
the moment arm for the lateral caster forces would be zero,
and the casters would not turn. This would have the effect
of locking the casters as discussed earlier.

Figure 8-11 suggests that some improvement in directional
stability might be achieved by decreasing the caster trail
distance. Unfortunateiy, it has been shown by Kauzlarich,
Bruning, and Thacker that decreasing caster trail distance
encourages the onset of caster wheel shimmy. [8.2] 1In
addition, decreasing the caster trail distance will make it
more difficult to turn the caster wheels even when this is
the desired motion. The wheelchair will thus be less

maneuverable.
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For the reasons just given, it is clear that it is
undesirable to decrease caster trail by an extreme amount.
However, the value of 8 c¢m that was actually measured for
the Everest and Jennings rear caster wheelchair seems to be
unnecessarily large. It is common to find caster trail
distances of only 4 cm to 6 cm for many front caster
wheelchairs. Furthermore, Kauzlarich has designed a grooved
dual tread caster wheel that tends to inhibit shimmy
problems. [8.2] It is therefore reasonable to expect that,
at least in some instances, slightly decreasing caster trail
distance may be a means for reducing directional
instability. The total improvement that can be obtained by
combining such a decrease with changes in other parameters

will be considered later in this chapter.
OTHER DIMENSIONAL PARAMETERS

Several other dimensional parameters were found to
have little or no effect on the predicted yaw velocity
response curve, Even though considerable effort was made to
include width dimensions in the complete model, varying
these parameters results”in nearly negligible changes in the
yaw velocity response curve. This was true for the width
dimensions, d;, dy, t;, and t, as well as the center of
gravity height h, Similarly, placing the center of gravity
in an off center position did not result in a significant
deviétion from the assumed reference curve.

These observations indicate that lateral load transfer
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is not an important effect for wheelchair motion under the
initial conditions which are being considered. This
conclusion is supported by the fact that varying the roll
coefficient, k, also produced a negligible change in yaw
velocity response.

'From these observations, it is apparent that the zero
width model is a better approximation than might be
intuitively expected. The range of options for improving
rear caster directional stability through dimensional

changes appears to be limited to those already discussed.
EFFECT OF CASTER MASS

Aside from the caster trail distance, there are two
other caster related parameters that influence directional
stability. These are the caster mass and the frictional
moments at the caster pins. This section will consider
caster mass.

It is fairly obvious that increasing the mass of the
caster assemblies should improve the controllability of a
rear caster wheelchair. Increasing the caster mass has the
same effect as increasing the caster trail in the sense that
the pivoting motion éf the casters is made more difficult.
As aresult, the casters will be able to withstand a greater
lateral force. The increased lateral force on the casters
helps to partially offset the destabilizing lateral force
exerted on the front tires of the wheelchair.

The default value for the mass of the caster assemblies

is 1.2 kg for the reference case. To test the influence of
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caster mass, m,, on yaw velocity response, this value was
increased first to 2.4 kg, and then to 3.6 kg. When
increasing the mass of the caster assemblies, it is
necessary to also increase the moment of inertia of the

casters about the caster pins, Because all geometric

Izp‘
variables are constant, the increase in caster inertia will
be roughly proportional to the increase in caster mass.
This is at least a reasonable approximation for the purposes
of a parametric study.

Figure 8-12 shows the effect of increasing the total
caster mass m, and the caster moment of inertia, IZp by
factors of twb and three. As expected, these increases do
tend to reduce the yaw velocity response. However, this
reduction is not dramatic even for the 3 fold increase in
caster mass and inertia. A 3.6 kg (7.8 lbm) caster wheel is
well above the mass observed for most caster wheels. 1In
fact, the mass of the 24 inch main wheelchair tires is
generally on the order of only 2.7 kg (6 lbm). It is

reasonable to conclude then, that caster mass has only a

secondary influence on directional stability.

EFFECT OF FRICTION AT THE CASTER PINS

It will be shown in this section that yaw velocity
response is quite sensitive to the amount of friction
present at the caster pins. The assumed value for both M_¢
andebf was .10 N-m. These moments are a measure of how

much torque it takes to rotate the caster wheels about their
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pivot pins when no other forces are present.

The friction at the caster wheels can be varied by
tightening or loosening the bolt which holds the caster in
place. Many wheelchairs are adjusted such that the friction
at the caster pins is for all practical purposes zero.
Thus, the assumed value of 0.10 N-m should be considered an
above average value. Zero caster friction is desirable for
front caster wheelchairs, because less friction makes the
wheelchair more maneuverable. However, for rear caster
wheelchairs, a tolerable amount of caster friction can help
to reduce the degree of directional instability.

The effect on yaw velocity response of varying the
frictional moments, Mg, at the caster pins is shown in
Figure 8-13. Note that M ¢ and Mp¢ are considered to have
the same value Mg. The simulation results shown in the
figure indicate that simply increasing the caster friction
by 20% significantly improves the controllability of the
wheelchair. The amount of time available for the user to
make a course correction is essentially unlimited for the
case where Mg = .12 N-m. It is interesting that increasing
Mg from .115 N-m to .12 N-m, an increase of only 5 percent,
sharply reduces the deéree of instability.

It is again emphasized however, that this improvement
is with respect to the reference case with ﬁo = .75 m/s. It
is clear that increasing Mg to .12 N-m improves stability.
This means that the wheelchair should be controllable at
higher speeds if the caster friction is increased. The

question of how much the forward speed might be increased is



203

(o®s) INIL

3SVD 3ONIY3I43Y GIANNSSY » \
7

(%0Z+) 21 ='W .

(%S1+) GLL° = 'N

(%01+) L1° = 'W—"

Ww-N 0L° ='W

/Qmmnv SL0° =

gp
o
g
o
e
W

2‘.
g

T——(%0s-) S0

= W

'W

00
— 20
— 10
-9°0
ﬂmgu
-0l

—C L

=== J18VT1041NOD

J18VTIOYLINOONN =&

Yl

€ ALIDOTIA MVA

(o®s/ppJ)

The Effect of Friction at the Caster Pins

on Yaw Velocity Response

Figure 8-13



204

addressed later in the next chapter.
EFFECT OF TOTAL MASS AND INERTIA

Program WCHAIR predicts several interesting results
with regard to the effect of varying the total mass and
inertia of the wheelchair and user. 1Intuitively, one might
expect that decreasing the mass and inertia of the
wheelchair will increase the degree of directional
instability. As the mass and inertia are decreased, the
angular acceleration of the wheelchair for a given set of
lateral forces will increase.

The conclusion that decreasing the mass and inertia of
the wheelchair will worsen the instability problem assumes
that the forces on the tires remain the same after the mass
has been changed. However, as the mass of the wheelchair is
decreased, the normal forces on the tires are also
decreased. It has already been demonstrated that lower
normal forces correspond to lower lateral cornering forces.
As the cornering forces are decreased, the wheelchair
becomes more stable.

Recall that the stability condition for a ground
vehicle given in equation (5-14) was independent of the
vehicle mass moment of inertia. The effect of increasing
the total wheelchair/user mass can be determined by
the stability condition for a rear caster wheelchair,
Equaﬁion (5-18).

From equation (5-18) it can be seen that as the total
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mass of the wheelchair and user is decreased, the value of
W, will also decrease. This of course assumes that the
geometry of the wheelchair does not change. Because less
weight will be carried by the rear wheels, the value of C .
will also decrease. However, because the relationship
between cornering stiffness and normal force is nonlinear,
the decrease in C, ., will not be proportional to the decrease
in W, (see Figure 4-2). For example, if W, is decreased by

one half, C will decrease by less than one half. The net

ar
result is that the left hand side of equation (5-18) will
have a lower magnitude than before the total mass was
decreased.

The default values for m and I, for the Everest and
Jennings wheelchair are 95 kg (chair and occupant) and 5.6
kg—mz. To test the ideas just discussed, the total mass and
inertia were each reduced by approximately 20%. The mass,
m, was reduced to 75kg and I, was reduced to 4.7 kg—mz.
Assuming the mass of the wheelchair itself is constant, this
corresponds to a decrease in the user's mass of 20 kg
(44 1bf).

The effect of reducing the mass and inertia on yaw
velocity response is shown in Figure 8-14, It is called to
the reader's attention that Figure 8-14 is slightly
different than any of the previous graphs given in this
chapter. The assumed reference case is plotted as usual.
On each side of the reference case curve are yaw velocity

curves for the decreased mass wheelchair and user. In

obtaining each of these curves, the initial forward speed
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has been increased slightly. From the figure, it is clear
that the reduced mass wheelchair and user can travel at
approximately .85 m/s before exhibiting the same directional
instability as the original wheelchair. As a result of
decreasing the mass and inertia, the directional stability
of the wheelchair has improved. This result is somewhat
surprising, but it is precisely what is predicted by the

zero width model.
EFFECT OF TIRE SELECTION

As discussed earlier in this text, tire characteristics
are generally considered very important to the handling
qualities of a vehicle. The extensive tire study was
carried out in part for the purpose of determining if tire
selection significantly affects the directional stability of
a rear caster wheelchair. It was hoped that the stability
problem might be improved by considering tire design or
selection.

The assumed reference case described earlier
corresponds to type EJA tires as given in Table 3-1,
Keeping all other parameters constant, four additional
simulations were run where in each case a different tire was
selected. Thus results were obtained for the AG, EJP, SS,
and IM tires. These were compared with the assumed
reference case. It was found that changing the tires had
virtually no effect on the predicted yaw velocity response

curve. When the yaw responses were plotted for each tire,
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all four of the new curves appeared identical to the
reference case.

Recall that the reference case corresponds to an
initial forward speed of .75 m/sec. In order to determine
whether or not tire selection would have any effect at
slower speeds, five additional simulation tests were
performed. For these simulations, the initial forward speed
was reduced to .62 m/s. Figure 8-15 shows the resulting
yaw velocity response curves for all five tires.

As was the case with earlier curves, the yaw velocity
gradually increases at first, and then increases very
rapidly. The wheelchair slowly begins to drift away from
its original heading. This slow drifting occurs for a
period of time, and then the wheelchair begins to rapidly
gain rotational velocity.

From Figure 8-15 it is observed that with respect to
decreasing yaw velocity response, the tires are arranged in
the order AG. EJP, SS, IM, EJA. Only the EJA tires
significantly increase the time required for the wheelchair
to become extremely unstable. These observations are
precisely what would be expected from considering the
cornering stiffnesses which were given for each tire in
Figure 4-2, The load on each of the main tires 1is
approximately 100 N for the assumed reference case. Looking
at Figure 4-2, one finds that at this value of normal force,
the AG, EJP, S8S, and IM tires all have nearly the same
cornering stiffness. Only the EJA tires in Figure 4-2 show

a significantly lower cornering stiffness value. This
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observation agrees well with Figure 8-15.

The apparent conclusion is that tire selection cannot
significantly change the control characteristics of the rear
caster wheelchair when the motion is near the limit of
extreme instability. However, selecting a tire with a low
cornering stiffness does tend to decrease the rate at which
the wheelchair slowly diverges to a state of uncontrolled

motion.
EFFECT OF CAMBER AND TOE ANGLES

Several simulation tests were performed for camber
angles of 2, 5, and 8 degrees. These corresponded to the
same camber angles used for the treadmill and test cart
testing. The results in every case showed that camber angle
produces no noticeable change in the directional response of
the wheelchair. This is consistent with the other results
which have shown that the yaw velocity response is over-
whelmingly dominated by the magnitude of the forward
velocity and the geometry of the wheelchair.

It should be noted that for each simulation the wheels
were cambered inward at the top by equal amounts. This
means that two wheelé develop lateral cambering forces
which act'in opposing directions. As a result, the forces
on each wheel tend to negate each other. This is the
Primary reason behind the fact that camber angle does not
significantly affect directional stability. Of course, it

is possible to imagine cases where the camber angles are not
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equal, or even where one wheel is cambered inward and the
other wheel is cambered outward (away from the user). These
somewhat peculiar cases were not considered.

In addition to the camber angles just discussed,
toe angles of one and two degrees were also considered. The
simulation results indicated only that the presence of the
toe angles significantly inhibited the forward motion of the
wheelchair., Because the toe angles tended to reduce the
forward speed of the wheelchair, they produced an apparent
stabilizing effect.

As written,'program WCHAIR can not propel the
wheelchair so that a constant speed is maintained even
though rolling resistance or toe angles are present. 1If
both main wheels are toed in the same direction (inward or
outward), the lateral forces on each tire resulting from the
toe angle will act in opposite directions. As a result,
they will tend to negate each other, and the directional
response of the wheelchair will not change. Some authors
have written that the directional stability of rear castered
aircraft can be improved by slightly toeing out the main
wheels. However, Stinton explains that this effect depends
heavily upon laterai load transfer which occurs when
airplane begins to travel along a curved path. [8.3]1 1If the
normal forces on both main tires are not the same, then the
lateral forces will not be equal and opposite as just
described. The results from program WCHAIR indicate that
lateral load transfer is virtually insignificant, at least

in the case of the Everest and Jennings rear caster
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wheelchair. For this reason, and because of the greatly
increased resistance to rolling caused by toe angles, it is
concluded that toe-out is not a desirable means for
improving the directional stability of rear caster

wheelchairs.,
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CHAPTER 9
RECOMMENDATIONS AND CONCLUSIONS

Based upon the simulation results given in Chapter 8,
it is concluded that the two most important parameters
affecting directional stability are the position of the
center of gravity and the amount of friction at the caster
pins. Unfortunately, these were the obvious parameters be-
fore this research was even begun. Although tire selection
does influence directional stability, its effect is
secondary when compared to other parameters.

Forward speed, caster friction, and geometry have such
a dominant effect on the directional stability of manual
rear caster wheelchairs, that modifications of any other
parameter have virtually no effect. This is useful to know,
but it makes the options for improving the directional
stability problem very limited.

One contribution of this research is that improvements
in directional stability can be somewhat quantified. The
next section of this chapter will consider the improvement
in directional stability that might be obtained for the
Everest and Jenningé wheelchair shown in Figure 1-1.
Finally a list of conclusions that have resulted from this
work will be presented and some recommendations for future

work will be considered.
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A REVISED WHEELCHAIR DESIGN

The basic dimensions of the Everest and Jennings rear
caster wheelchair shown in Figure 1-1 were illustrated in
Figure 8-1. Based upon the results given in Chapter 8 for
yaw velocity response, it can now be concluded that from the
standpoint of directional stability, the Everest and
Jennings wheelchair is an extremely poor design.

Looking at Figure 1-1 one observes that the front axle
of the Everest and Jennings wheelchair is located nearly as
far forward as possible. This means that the distance from
the center of gravity to the front wheels (s; =.345 m) is
very large compared to what it might be. Placing the front
wheels this far forward not only increases instability, it
also makes it more difficult for the user to reach the
handrim and propel the wheelchair.

It was shown in Chapter 8 that decreasing the caster
trail distance, 1, leads to an improvement in directional
stability. The measured caster trail distance for the
Everest and Jennings wheelchair is 8.0 cm. After measuring
the caster trail distance for several other manual
wheelchairs it was concluded that the value of 8.0 cm is
quite large. 1In fact, not a single wheelchair could be
found with a caster trail larger than 8.0 cm. It appears
that at the time the Everest and Jennings wheelchair was
designed, the engineers were either unaware of the factors
tha£ affect stability or were unconcerned with the problem.

A hypothetical revised design for the Everest and
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Jennings wheelchair was considered in order to determine how
much the directional stability could be improved. The
geometric dimensions were modified in accordance with the
trends given in Chapter 8. The caster trail was reduced
from 8.0 cm to 6.0 cm. The front wheel axle was moved back
so0 as to reduce the axle to center of gravity position from
.345 cm to .245 cm. These dimensional changes for the
Everest and Jennings wheelchair are shown in Figure 9-1,
where both the original and the revised designs are shown.

Note that the total front wheel to caster pin distance,
s34 * S8,, has only been reduced by 5.0 cm even though the
front wheels have been moved back a total of 10.0 cm. This
was done simply by extending the caster pins behind the
wheelchair as shown in Figure 9-1. Larger values for s; +
s, correspond to greater stability. Thus it is desirable to
keep this distance as large as possible even though the
front wheels are moved back.

With these design changes implemented, the revised
wheelchair should exhibit more directional stability.
Recall that the original Everest and Jennings wheelchair was
assumed to exhibit unqpntrollable directional stability at
forward speeds greate} than .75 m/s. This was the assumed
reference case described earlier for an initial lateral
impulse of 4 N-sec. Several simulation tests were done to
determine how much faster the revised wheelchair could
travel before exhibiting the same degree of instability as
the original design.

The results of these tests are shown in Figure 9-2,
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There are three curves in the figure. As usual, the assumed
reference case correspohding the original design moVing at
.75 m/s is shown. Two additional curves are given for the
revised design. Figure 9-2 shows that for a forward speed
of 1.10 m/s the revised wheelchair is slightly more stable
than the original design. However, when the speed is
increaséd to 1.15 m/s, the new design is less stable than
the original. Again the sensitivity of yaw velocity
response to forward speed is apparent.

The key point is that the revised wheelchair can travel
approximately .35 m/s (0.8 mph) faster than the original
design before displaying the same instability. This is an
increase in speed of 46% from the assumed uncontrollable
curve with uj = .75 m/s. Using this as a measure, the new
wheelchair is 46% more stable than the original design.

Thus far, it has been assumed that the frictional
moments at the caster pins for the revised design are
unchanged. The default value for the assumed reference case
was .10 N-m. Increasing this value should also improve
stability. However, a large amount of caster friction is
undesirable because the wheelchair becomes difficult to
maneuver. Figure 9-3 shows the effect of increasing or
decreasing the friction at the caster pins by 50%.

In the figure, all three curves are assumed to
correspond to approximately the same degree of instability.
The curves for the revised design were obtained by trial and

error variation of the initial forward speed. The effect on
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allowable forward speed that results from increasing or
decreasing the caster friction by 50% is quite dramatic. 1In
Figure 9-2, it was shown that the modified wheelchair could
travel at a speed of 1.1 m/s before approaching the uncon-
trollabie region. With the friction at the caster pins cut
in half, this‘speed becomes .65 m/s, a decrease of 41%.
Similarly, if the caster friction is increased by 50% the
allowable forward speed increases to 1.65 m/s. This is an
increase of 50% over the value of 1.1 m/s.

Figure 9-3 indicates that directional instability is
roughly proportional to the amount of friction at the caster
pins. In other words, doubling the amount of caster fric-
tion will approximately double the speed at which the wheel-
chair can travel before exhibiting the same amount of
instability. Of course, the reader is reminded that these
conclusions only apply for the initial lateral disturbance
that was assumed throughout Chapter 8. Obviously a wheel-
chair subjeéted to a more severe disturbance could become
uncontrollable at speeds slower than those given in Figure

9-2 and Figure 9-3.
CONCLUSIONS

There are several conclusions which have resulted from
this research. Many of these are not favorable with regard
to the prospect of improving rear caster wheelchair

directional stability. These conclusions are listed next:

(1) The directional instability of rear caster wheelchairs
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is strongly linked to the fact that the caster wheels are
completely free to pivot. Unless some type of steering
mechanism or locking device is implemented, manual rear
caster wheelchairs will always be unstable, even at fairly

low forward speeds.

(2) Directional stability can be improved significantly by

moving the front wheels toward the user as far as possible.

(3) The distance between the front wheels and the caster
pins should also be made as large as possible, within the
constraints of other design parameters. This is equivalent
to stating that the distance from the center of gravity to
the caster pins should be as large as possible. Note, that
to be consistent with (2) above, the distance between the
front wheels and the caster pins should not be increased by

moving the front wheels forward.

(4) The caster trail distance should be no more than five
or six centimeters. Even smaller values might be feasible
if the dual tread caster wheel recommended by Kauzlarich is
used. [8.2] This caster wheel helps to reduce the problem

of shimmy associated with short caster trail distances.

(5) Making these geometric changes can increase the
controllable operating speed of a rear caster wheelchair by
as much as 50%. This conclusion assumes that the results

shown in Figure 9-2 are typical.

(6) Frictibn at the caster pins significantly improves a
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wheelchair's directional stability. The amount of friction
can be varied fairly easily by the user. From a directional
stability point of view, the caster friction should be
adjusted to the maximum tolerable amount. The tolerable
amount of friction can be determined by trial and error, but
a reasonable estimate is 0.3 N-m. This is about three times
the value estimated for the Everest and Jennings

wheelchair.

(7) Because rear caster wheelchairs are extremely unstable
even at slow forward speeds, they should be used primarily
indoors. 1If used outdoors, great care should be taken to
avoid uneven ground or sharp inclines. Even a moderate
incline may be dangerous, especially if the user has
slightly impaired motor skills. If an incline must be
negotiated, this should be done with assistance from another
person. If speeds greater than approximately 2 m/s (4.5
mph) will be encountered, a rear caster wheelchair should

not be used.

(8) Modifying secondary design variables such as camber
angle, wheelchair width, or center of gravity height will

not have a significant effect on wheelchair stability.

(9) Tire selection has a moderate influence on rear caster
wheelchair handling characteristics. This influence is most
noticeable at slower speeds. Tire selection should be based
on ride and wear properties, although a tire with low

cornering stiffness is best.
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FUTURE WORK

Future research into the area of directional stability
should be extended to include electric wheelchairs. Using
rear casters on electric wheelchairs is more common than is
the case for manual wheelchairs. Although electric
wheelchairs can use automatic controls to maintain a
straight path, it is still desirable to make them as stable
as possible. Doing this will increase the speeds at which
automatic controls can be effective.

Extending the stability study to include electric wheel-
chairs would require treadmill testing to determine the
force characteristics of electric wheelchair tires. These
tires come in a much wider range of shapes and sizes and
might exhibit more variation than was found for manual
wheelchair tires. This could result in tire selection being
more important for electric wheelchairs.

Program WCHAIR might be used for determining the total
motor torque required to stabilize an electric wheelchair
against external disturbances. Because the computer program
monitors the angular accgleration, ©, of a wheelchair as it
diverges from a desiredfpath, it is possible to determine
the total destabilizing moment acting on the wheelchair at
any instant in time. PFigure 9-4 shows the total destabi-
lizing torque as a function of time for the assumed
reference case that was used throughout Chapter 8. For an
electric wheelchair, the motors must be able to generate a

torque through the tires which at least offsets a curve like
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the one shown in Figure 9-4, 1If the total destabilizing
torque produced by the lateral road forces becomes greater
than the maximum tractive torque which can be dgenerated by
the motor, it will become impossible to return the wheel-
chair to a state of steady motion.

The equations of motion and computer program that were
developéd as part of this work can be easily extended for
the purposes of examining other types of wheelchairs. The
results of this research indicate that a more sophisticated
model will probably not uncover any significant stability
parameters that have not already been examined. In addition
to electric wheelchairs, it might be of interest to examine
three wheeled wheelchairs or other peculiar designs. The
simulation program may also be useful for examining the
handling characteristics of conventional front caster wheel-
chairs. Because the effects of lateral load transfer have
been incorporated into the model, it would be possible to
investigate more severe types of motion than those that have
been considered in this thesis. If would be useful to
modify the simulation program such that propelling forces
from the user or inpdi torques from a motor could be
included.

Before extending the wheelchair model any further, it
would be highly desirable to experimentally verify the
results obtained from the simulation program. This could be
done by instrumenting an actual rear caster wheelchair which

is subjected to a known initial disturbance.
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which were used for this thesis are given here,

[1] Yehicle Handling and Stability, a Subject Bibliography
from Highway Safety Literature, DOT HS-805 045, SB-38,
October, 1979.
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APPENDIX A
DETAILS OF THE TREADMILL AND TEST CART

A basic description of the treadmill and test cart
apparatus was given in Chapter 3. Figure 3-1 shows a sketch
of the treadmill. test cart and load cell. As stated
previously, the test cart was rotated to a fixed angle, a,
and the force required to hold the test cart in the fixed
position was measured using a load cell. 1In this appendix,
a more complete description of how the load cell measure-
ments were used to compute cornering force Fy as a function
of normal force F, (at constant slip angle) will be given.

Figure A-1 shows a sketch of the test cart and its
associated forces and dimensions. Recall that for most of
the cornering force tests, the right wheel of the test cart
was removed and replaced by a vertical cable. This was

described in Chapter 3. This cable is shown in Figure A-1.

The dimensions of the test cart are:

d = test cart half width

r = radius of wheel
X, = distance from axle to test cart c.q.
1l = distance from axle to support pin

h

= height of forward support rod

The important forces as shown in Figure A-1 are:

o)
i

reaction at pin in X direction

el
I

reaction at pin in Y direction
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R, = reaction at pin in 2 direction
T = tension in vertical support cable
F, = longitudinal force on tire
Fy = lateral cornering force on tire
F, = normal force on tire

Foy = side force exerted in X direction
by the load cell

Fs, = side force exerted in Y direction
by the load cell

It is pointed out that the X-Y-Z axis system has its
origin at the tire contact point. This axis system was
described in detail in Chapter 2.

When using the test cart, the forward support pin is
moved to various positions which correspond to fixed slip
angles, a, for the tire. Thus, the first step in using the
test cart is to determine the required positions of the
forward pin. Note that using a pin to support the front of
the test cart ensures that no moments are generated in
addition to the reaction forces Ry, Ry, and R,.

The method for determining the positions for the
forward support pin is explained with the aid of Figure A-2.
This Figure shows a top view of the test cart rotated
through an exaggerated angle a. The test cart rotates about
the point shown in Figure A-2 such that the connection point
between the cart and the load cell remains fixed in space.
This allows for successive measurements to be taken without
moVing the load cell. The load cell is configured to exert

a side force Fg as shown. Although the side force has
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components along both the X and Y tire axes, the load cell
experiences an axial force only.

In Figure A-2, the distances R, Ry, and R, are defined
as follows:

Ry = lateral distance pin is moved to create
angle a

R, = longitudinal distance pin is moved to create
angle a

R = total distance pin is moved
It is convenient to find distances R; and R, which
correspond to integer slip angles. Because the length, 1,
is large compared to the width d, the distance R can be
approximated as
R = la (A-1)
However, for large slip angles, this approximation is not
particularly good. The best method for setting up the test
cart is to determine R; and Ry by directly using the dimen-
sions shown in Figure A-2.
The dimensions b,;, b,, and by shown in Figure A-2 are

expressed in terms of the basic test cart dimensions as

follows:
. d - dcos(a)
b1 = (A-2a)
sin(a)
d - dcos(a)
b, = (A-2b)

sin(a)cos(ea)

by = dtan(e) | (A-2¢)

The distance R can then be found from the following
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equation:

R=a+ b - 2abcos(a) (A-3)

where the constants a and b are given by

a=1+ by (A-4a)

b

]

1 - by + by (A-4Db)

Finally{ the required distances R; and R, are found to be

Rq Rsin (@) (A-5a)

Ry Rcos (@) (A-5Db)
where the angle © is given as
b
® = sin-1|e=— sin(a) (A-6)
R

Thus, given the test cart dimensions d and 1 the
distances R; and R, can be found for any desired slip angle.
Once R; and R, have been obtained, the proper locations for
the support pin along the forward support bar (see Figure 3-
1) can be measured.

Distances for R; and R, were determined for slip angles
of 1 through 8 degrees. Holes were drilled along the
support bar at the fronﬁrof the treadmill to correspond to
these distances. Thus the test cart could be easily
adjusted simply by moving the pin to the appropriate hole.

With the treadmill belt moving, the test cart was
rotated to a known slip angle a. The side force Fg

necessary to hold the cart in the fixed position was

measured. The load cell used for this testing had a range
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of 0 - 100 1bf. The components of the load cell side force

Fgy and FSy are given by:

Fqoy = Fgsin(e) (A-7a)

FSy = Fgcos(e) (A-7b)

_The normal force F, and the lateral cornering force Fy
are found by using six statics equations for the test cart

as it is shown in Figure A-1. These are given below.

Fy = Ry = Fy = Fgy = 0 (A-8a)
Fy = Ry + Fy - FSy =0 (A-8Db)
F, = R, + W= T - Fz = 0 (A-8c)
My = Ryh -~ R;d + Wd - Ts - FgyI = 0 (A-84)
My = R,1 - Ryh - Wx, + Fgur + Fye = 0 (A-8e)
M = Ryl - Ryh = 0 (A-8f)

In order to solve these equations for the desired

forces F,, and F,, it is assumed that the rolling resistance

Y
force F, depends only on the normal force F,. Then Fy can
be written in terms of F, using the coefficient of rolling

resistance £,  defined in Chapter 3 (see equation 3-2).
Fy = £,.F, (A-9)

Note that without equation (A-9), équations (A-8) have
seven unknowns (Fg, Fy. Fys Ry, Ry, R,, and T) and hence
cannot be solved. However, if equation (A-9) is assumed to
be valid, the desired forces can be found using the

following sequential solution:
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W(l-xg) (s-d) + Fgy(rl) + Fgy(rs—hs-rd)
F, = > (A-10)
fy(hs + rd - sr) + 1s

Ry = £,F, + Fgy (A-12)
F_£f.d + F_..,d
'RY N Z°r Sx (A-13)
1
Fy = Fsy - Ry (A~-14)
R,h + Wx., - Fo,r - F £ 1
R, = X c sSX zZ-r (A=15)
1l
T= W- R, - F, (A-16)

These equations make it possible to determine all of
the unknown forces given only F, and £,. It is emphasized
that the equations must be solved in the order given. Only
the equation for F, is an explicit solution. Although it is
possible to obtain exélicit solutions for all of the forces,
the expressions are cumbersome and there is no advantage to
doing this.

For the purposes of examining wheelchair motion, only

the forces Fg, F and F, are of interest. However, when

y’
the treadmill testing was done, all of the forces in
equations (A-10) through (A-16) were calculated. This was
done so that a calculated value for the tension in the
support cable, T, could be found. This calculated value was

compared to a measured value of T which was obtained using a

spring scale linked to the vertical support cable. Note



239

that it is not necessary to experimentally measure the
tension in the support cable, but doing this provides one
means of checking the consistency of results. For the
treadmill results presented in this thesis, the difference
between the value of T obtained from the spring scale and
the value of T obtained from equation (A-16) was consis-
tently less than 7%.

Note that equations (A-10) through (A-16) can be used
even if the slip angle is zero. This is the method that was
used for determining camber force. The left wheel of the
test cart was cambered inward at the top (toward the center
of the cart) and the side force Fg was measured. 1In this
case, Fgy = 0 and Fsy = Fg. The lateral camber force was
then determined using equations (A-10) through (A-16).
Appendix B gives the treadmill results for the forces Fy and
F, as obtained for the seven tire types listed in Table 3-1.

Finally, it is noted that approximate solutions to
equations (A-10) through (A-16) can be obtained by assuming

that the rolling resistance force is'negligible. In this

case
Fy = Fgy = £y = 0 (a-17a)
and
Fy = Fgy = Fg (A-17b)
This gives W(l-x.) (s-d) + Fsyrl
F, = S (A-18)
1ls

If it is assumed that X is much smaller than the total
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length, 1, (the c.g. is almost directly over the test cart

axle) then equation (A-18) becomes:

Fo,L + W(s-d)
F, = — (A-19)

S

The advantage to using these approximations is that the

forces of interest, F, and F,, can be found directly from

y

the load cell reading, F using equations (A-17b) and (A-

SJ
19). This simplifies the calculations somewhat. Also, note
that assuming the approximations just given are valid,
equation (A-19) indicates that if the test cart load, W, is

constant, F, is proportional to the lateral force F These

Y.
is the reason for the linear lines of constant test cart
load shown if Figure 3-4a.

It was found that using the approximations just

discussed, the calculated values of F, and F, changed by

y
only a few percent. As expected, the largest error occurs

for larger test cart loads. The Fy

in Appendix B were calculated using the full set of

and F, values presented

equations (A-10) through (A-16) without any approximations.
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APPENDIX B

RESULTS OF TEST CART
AND TREADMILL TIRE TESTING

This appendix gives the results of the treadmill
testing that was done for each of the wheelchair tires
listed in Table 3-1. Also given at the end of the appendix
are the empirical coefficients which correspond to
experimentally determined tire forces.

The results presented here represent the numerical
values for lateral cornering force and camber force as found
using the test cart and load cell. The method used to

calculate the cornering force F,, from the measured side

y
force Fg at the load cell was given in Appendix A.

Appendix B is divided into three parts. The first
section gives cornering force results for each tire
subjected to‘slip angles of 1 through 8 degrees. The second
section gives camber force results for the five 24 inch
tires subject to camber angles of 2, 5, and 8 degrees.
Finally, the 1last section contains the empirical
coefficients corresponding to the best fit curves as
described in Chapter 4; The results given in this appendix
are plotted in Figures 3-4a through 3-4g and in Figures 3-
7a through 3-7e.

For clarity in reading the results tables, note that: W
is total test cart weight, W(N) is test cart weight in

Newtons, FZ is the calculated normal force on the tire, and

FY is the calculated lateral cornering force on the tire.
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TIRE : AIRLESS BREY (RB)
CONSTANT SLIF ANGLE = 1 DEG

POUNDS FORCE NEWTONS

W WiN) FZ FY FZ Fy
az. 364. 8 43.79 11.44 194.77 56. 9@
111, 493.8 S58. 7@ 13.75 £61.09 61.14
140, 622.8 73.97 16. 84 329. @6 74.92
169. 751.7 88. 32 17.95 33e. 89 79.83
198. a88a.7 121.58 16.67 451.85 74.17
z2e7. 1e@9.7 115.21 ie. 21 Sig. 47 72.13

TIRE : AIRLESS GREY (AB)
CONSTANT SLIP ANGLE = & DEG

POUNDS FORCE NEWTONS
W WD FZ FY Fz FY
ae. 364. 8 47.82 2@. 195 g1e.71 89. 62
111. 493. 8 6£3. 28 £23. 64 £81. 47 105. 15
140. &6e2. 8 78.73 27.1¢& 350. 22 12@. 65
169. 751.7 93. 27 28. 62 414.86 127. 33
198. 8sae.7 1987.63 £29.74 478.77 132. 3@
ze7. 1a@9.7 121. 45 £9. 68 S540. 22 132. 04

TIRE : AIRLESS GREY (AG)
CONSTANT SLIP ANGLE = 3 DEG

POUNDS FORCE NEWTONS
W WN) FZ FY FZ FY
ae. 364.8 S91.43 e7.99 2£8.78 124.49
111, 433.8 67. 62 33. 85 30@.77 147. @2
140, 6e2.8 83.25 36. 92 37@. 31 164.23
169. 751.7 97.59 38. 82 434.11 169. 11
i98. 88a.7 112.-69 4@.72 S@1.e8 igi.12
2e7. 12@9.7 126. 5@ 40. 66 See. 72 18@. 85

TIRE : AIRLESS GREY (AB)
CONSTANT SLIF ANGLE = 4 DEG

POUNDS FORCE NEWTONS
W W{N) Fz FY Fz FY
8z. 364. 8 54.63 34.96 243. 01 155. 51
111. 493.8 71.35 41.19 317.38 183.21
140. 6e2. 8 86.97 45. 04 386. 86 2a0. 35
169. 751.7 lez. g2 48. 11 454,72 214.00
198. 880.7 116.58 49. 28 518. 60 £18.93

2e7. 12@3.7 136.76 43.95 581.66 eee. 17



TIRE

AIRLESS GREY

{ABG)

CONSTANT SL.IF ANGLE = 5 DEG

W

az.
111,
140.
169.
138.
2e7.

TIRE

W{N)

364.8
493.8
&zez. 8
751.7
88@.7
10@3.7

RIRLESS GREY

POUNDS FORCE

Fz FY
56. 88 39. 89
73.76 46.49
2@. 45 S2. 68
1a5. 88 56.13

12@.78 58. 41
134.59 58. 35
(ABG)

CONSTANT SLIF ANGLE = & DEG

W

ec.
111.
140.
169.
138.
ee7.

TIRE

WN)

364. 8
493. 8
6z2z. 8
751.7
8asa.7
1@@3.7

ARIRLESS GREY

FOUNDS FORCE

FZ FY
58. 55 43. 6@
75. 94 51,33
9&.98 58. 27
128.58 6. @9

i23.83 65. 14
137. 64 65. 08
(AB)

CONSTANT SLIP ANGLE = 7 DEG

W

ae.
111.
140.
169.
198.
2e7.

W{N)

364. 8
433.8
&6ze. 8
751.7
aga. 7
16@32.7

FPOUNDS FORCE

FZ FY
59. 82 46. 46
77.55 54.93
894,93 6z. 62
110.86 67.19
126. 8& 71.78
140.63 71.72

TIRE AIRLESS GREY (AG)
CONSTANT SBLIF ANGLE = 8 DEG

W

az.
111.
14Q.
169.
198.
ee7.

WiN)

364.8
433.8
e6ee. 8
751.7
8a@.7
1009.7

POUNDS FORCE

Fz FY
60@. 37 47.74
79.13 58. 48
96. 12 65. 35

118.57 71.@6
128. 34 75.23
14g.50 75.94

243

NEWTONS
Fz FY
253, 00 177.46
328.09  206.78
402.36  234.33
470.98  £49.66
537.26  259.81
598.70  £59.54
NEWTONS
F2 FY
260. 42 193. 92
337.82  228.32
413.60  259.20
482.97  £76.20
550.82  289.77
612.26  £B89.49
NEWTONS
Fz FY
266. 11 206. 69
344.98  244.36
422.85  278.53
493.15  298.89
564.13  319.31
625.57  319.03
NEWTONS
F2 FY
268.52  21&.36
351.98  260.13
427.55  290.67
500.75  316.07
57@.87  334.65
£33.88  337.80
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TIRE : EVEREST AND JENNINGS FNEUMATIC (EJF)
CONSTANT SLIF ANGLE = it DEG

FOUNDS FORCE NEWTONS

W W Fz FY Fz FY
az. 364.8 43.64 11.09 194,11 439. 34
111. 433.8 58. 6@ 13. 46 26@.67 S53. 89
14@. 622.8 73.01 14.64 3&84.77 65. 14
169. 751.7 87.23 15.43 388. 04 68.63
i19a. asa.7 1@1. 46 16.21 451. 30 72. 08
ee7. 1@@9.7 114.94 15. 40 S511.27 68. 51

TIRE : EVEREST AND JENNINGS PNEUMATIC (EJM
CONSTANT SLIP ANGLE = & DEG

PDUNDS FORCE NEWTONS
W WD Fz FY Fz FY
az. 364.8 47.85 2@.19 Z12. 86 89.81
111, 493.8 £3.55 24. 14 282. 67 1@7. 39
14@. £z2.8 75. 43 28. 50 353. 32 126. 76
169. 751. 7 93. 47 z8. 88 415,75 128. 47
198. 880. 7 107.69 £9.65 479. 01 131.91
227. 10@9.7 121.54 9. 65 S40.63 131.88

TIRE : EVEREST AND JENNINGS PNEUMATIC (EJP)
CONSTANT SLIF ANGLE = 3 DEG

FPOUNDS FORCE NEWTONS
W WN) Fz FY Fz FY
ac. 364. 8 51.65 8. 42 223.74 126. 42
111. 493.8 67.70 33. 15 301.13 147. 44
14@. 6z22.8 84. 48 39. 46 375. 80 175.53
169. 751.7 99. 44 41,82 442, 31 186.083
198. 8ga.?7 113.84 42.99 S@6. 37 191.21
ege7. 10@3.7 127.51 42.58 567.17 189. 4%

TIRE 1 EVEREST AND JENNINGS PNEUMATIC (EJP)
CONSTANT SLIF ANGLE = 4 DEG

POUNDS FORCE NEWTONS
W W{N) FZ FY Fz FY
az. 364.8 55. 39 36.57 246. 39 162.67
111, 433.8 7. 88 44,43 324.20 197.62
14@. 62e.8 83. 47 5@. 32 397.98 2e3. 82
169. 7S51.7 104. 41 S5e.67 464. 45 234. 827
198. 8s8a.7 119.7&2 55. 8@ S532. 55 £248.19

z2a7. 10@3.7 133. 57 95.79 594.17 £248. 16



245

TIRE : EVEREST AND JENNINGS FPNEUMATIC (EJF)
CONSTANT SLIF ANGLE = S DEG

FOUNDS FORCE NEWTONS

W W (N FZ FY FZ FY
az. 364.8 58. 35 43.06 253.57 131.55
111. 433.8 76.73 5&. 84 341.29 235. 65
14Q. &62e. 8 34. 20 6@. 67 413. ag 269. 85
169, 751.7 1a8.95 62.61 484.65 278. 5@
138. asa. 7 124.85 65.7&2 55e.71 £9¢e. 36
2a7. 1023.7 138. 47 66. 5@ 615.93 £95. 8@

TIRE EVEREST AND JENNINGS PNEUMATIC (EJF)
CONSTANT SLIF ANGLE = & DEG

FOUNDS FORCE NEWTONS

W WD FZ FY FZ FY
az. 364.8 6@. 21 46.74 266. 94 207.93
111. 493.8 73. 285 58. 43 35&. 52 £59. 89
14Q. 6. 8 96. 70 66. 21 43@.13 £94.51
169. 751.7 111.98 69. 31 498.13 3@8. 3¢
198. 88e.7 127.63 73.19 S567.74 325.57
ea7. 10@3. 7 141.84 73.96 63@. 95 3e39. a

TIRE : EVEREST AND JENNINGS PNEUMATIC (EJP)
CONSTANT SLIFP ANGLE = 7 DEG

POUNDS FORCE NEWTONS
W W{N) Fz FY FZ FY
az. 364.8 61. 46 49.98 273. 37 ees. 34
111. 493.8 8@.83 61.99 353. 56 275.74
14@. &6ce. 8 93. 3z 7. 86 441.81 320.53
169. 751.7 115. 31 76.7@ 51ge.94 341. 16
198. 88@.7 130. 24 79. 00 579. 32 351. 42
ea7. 1ea3.7 145.16 81.32 645. 69 361.73

TIRE : EVEREST AND JENNINGS PNEUMATIC (EJP)
CONSTANT SLIFP ANGLE = 8 DEG

FOUNDS FORCE NEWTONS
W WN) Fz FY FZ FY
8e. 364.8 62.52 S52. 40 g78. a8 233. @7
111. 493.8 81.85 64.33 364.09 286.17
14@. 62c. 8 12a. 84 75. 5@ 448.54 335. 84
169. 751.7 117.16 8@. 88 Sel1.16 359.79
igs8. 880.7 131.01 8a. 86 S582.78 359. 69

ae7. 1@2@3.7 147. 34 86. 25 655. 41 383.67



TIRE :

CONSTANT SLIP ANGLE = 1 DEG

W

BE.
111,
140,
169.
198.
ee7.

TIRE @

W{N)

364. 8
493.8
éce. 8
751.7
egsa.7
16@3.7

FOUNDS

FZ

42.71
58. @85
72.10
86.13
120. 55
114. 21

SILVER STAR FNEUMATIC

CONSTANT SLIF ANGLE = & DEG

W

ag.
111.
140,
169.
198.
z2e7.

TIRE :

W{N)

364.8
493.8
&6z2. 8
751.7
886.7
10@29.7

FOUNDS

Fz

47.11
6. 44
76. 86
91.81
126. 41
120. 63

SILVER STAR PNEUMATIC

CONSTANT SLIP ANGLE = 3 DEG

W

ae.
111,
140.
169.
198,
2e7.

W

364. 8
493.8
6z2c. 8
751.7
88e.7
10@3.7

POUNDS
Fz

5@. 91
66. 97
az. 30
96. 88
110.92
125. 32

TIRE 1 SILVER STAR PNEUMATIC
CONSTANT SLIP ANGLE = 4 DEG

W

8z.
111,
140.
169.
198.
2e7.

W{N)

364. 8
493.8
62z.8
751.7
88@. 7
10@3.7

POUNDS
FZ

53.75
79. 5
86. 57
10@. 96
115. 02
129. 94

SILVER STAR FNEUMATIC 75FS51

FORCE
FY

9.1Q
12. 87
ie2.67
13. 05
14. 24
13.82

75PS81

FORCE
FY

18. 60
21.77
e22.95
£5. 32
26. 902
27.68

75PS1

FORCE

FY

26. 84
31.57
34.73
36. &9
36.68
37.85

75P81

FORCE
FY

33. 0
39. 31
44. 03
45.19
4%5.58
47. 9

246

(88)
NEWTONS
FZ FY
189.98 4@. 46
e258. 22 54. 6@
320. 71 56. 35
383. 12 58. 04
447.27 63. 34
S5a8. 23 61.48
(88)
NEWTONS
Fz FY
£@3. 58 82.74
e277.77 96. 82
341.89 10z. 039
428. 41 112.61
473. 36 118. 65
536.58 123.11
(88)
NEWTONS
FZ FY
2et6. 47 119.37
297.89 140. 43
366. 07 154.48
430.93 161. 43
493. 41 i63. 16
557. 44 168. 36
$=1=]
NEWTONS
FZ FY
239.09 146.89
313.68 174.86
38%5. @6 195. 85
449,09 a1, 02
511.56 egee.73
578. 61 e13.17



TIRE :

CONSTANT SLIP ANGLE = S DEG

W

ac.
111.
140.
169.
198.
2a7.

TIRE =

W{N)

364.8
493.8
622.8
751.7
aaa. 7
1003.7

FOUNDS

Fz

5. 64
73.11
89. 69
1@5. 16
118. 84
133.77

SILVER STAR FNEUMATIC

CONSTANT SLIF ANGLE = 6 DEG

W

az.
111.
140.
169.
198.
z2e7.

TIRE :

W(N)

364. 8
493.8
&ezz. 8
751.7
88@.7
10@3. 7

FOUNDS

Fz

56.77
74, 40
9. 04
1@28. @4
iez. 62
137.54

SILVER STAR FNEUMATIC

CONSTANT SLIP ANGLE = 7 DEG

W

ae.
111.

14@.
169.

1358.
a2e7.

WIN)

364.8
493. 8

622. 8
751.7

aga. 7
1203.7

FOUNDS
Fz

597. 35
76. 2@

94. 16
110.68

i25. 62
140,17

TIRE : SILVER STAR PNEUMATIC
CONSTANT SLIF ANGLE = 8 DEG

as.
111,
140,
169.
198.
ee?.

WN)

364.8
493.8
é6z2e.8
751.7
aga.7
10@9.7

POUNDS

FZ

57.74
76.72
9%5. 36
112.57
127.49
143. 46

SILVER STAR FNEUMATIC 7SPS51

FORCE

FY

37.18
45. @
S@. 88
54. 38
53.98
56. 32

75PS81

FORCE

FY

39.7¢e
47. 9@
56. 08
6Q.74
62. 29
64.61

7SPS8I

FORCE
FY

41.06
51.90

60. 8z
66. 62

68.93
7@. 47

75pPS1

FORCE
FY

41.98
53. 15
63.55
70. 86
73.17
77.78

247

{898)
NEWTONS
FZ FY
247. 49 165. 38
3259. &1 cd. 19
398. 94 2e6. 31
467.78 £41.91
Se8.64 24%.13
595. @5 250. 52
(88)
NEWTONS
Fz FY
252. 55 176.69
33@. 95 213.@5
409. 39 243. 45
48a.58 27a.18
S545. 44 e77.a8
611.81 287.41
(88)
NEWTONS
FZ FY
2585. 12 182.63
338. 95 2£30.88
418, 85 278.53
43z. 34 296. 33
558.77 306. 64
623. S& 313. 46
(58)
NEWTONS
Fz FY
256. 82 186.73
341.87 £36. 41
424. 18 edz. 7@
5a. 73 315.21
567. 11 325. 46
638. 14 345.97



TIRE INVACARE MAG-SFIDER WEE (IM)
CONSTANT SLIP ANGLE = 1 DEG

FOUNDS FORCE

W WiN) FZ FY

agz. 364.8 42.70 9.9
111. 493.8 56. 91 3. 84
14@. 6ee. 8 7@. 93 1. 21
169. 751.7 84.76 1. 16
19a. 88@.7 98. 40 9.71
ee7. 10@9,.7 l1z2. 21 3.64

TIRE : INVACARE MAG-SFIDER WEB
CONSTANT SLIFP ANGLE = 2 DEG

FOUNDS FORCE

W WN) Fz FY

az. 364. 8 45. 63 15. 41
111. 493.8 €a. 339 17. 36
14a. 6ez. 8 75.15 19. 31
163. 751.7 89. 35 2. 86
198. 88@.7 183.73 1.2
287. 1e@3.7 117.9@ £1.93

TIRE : INVACARE MAG-SFIDER WEE
CONSTANT SLIF ANGLE = 3 DEG

FOUNDS FORCE

W WiN) Fz FY

az. 364. 8 48.71 e2. 08
111, 493.8 63. 82 24.81
140. e6cz. 8 78.77 27.15
163. 751.7 93. 69 29. 48
198. 880@.7 108. 44 31.41
eev7. 1@@3.7 122.98 3&. 92

TIRE : INVACARE MAG-SFIDER WEB
CONSTANT SLIF ANGLE = 4 DEG

FOUNDES FORCE

W W{N) FZ FY
8z. 364.8 5@. 83 26.71
111, 493.8 €6. 48 3a.61
140, ece. 8 81.78 33.73
i63. 751.7 96.70 36. 05
138. es8e.7 111.63 38. 36

2e7. 1@03.7 126. 89 41.45

(IM)

(IM)

(IM)

248

NEWTONS
Fz Fy
1839. 95 4@. 4E
253. 14 43.78
315.53 45. 4@
377. @3 45.19
437.72 43.19
439. 12 4. 86
NEWTONG
Fz FY
zae. 97 68. 85
£268. 62 77.¢e&
334. 23 at. 9n
3397. 43 83.e3
461. 42 94. 31
S5&24. 46 B97.53
NEWTONS
Fz FY
£216. 65 98. 21
283. 9@ 11@, 36
350. 37 120.77
416.77 131.13
48¢e. 37 139.71
S547. @4 146. 45
NEWTONS
Fz FY
&26. 03 1i8.81
295. 74 136. 16
363.79 15a. a3
430. 16 16@. 35
436.55 170@. 65
964. 45 184. 37



249

TIRE : INVACARE MAG-SFIDER WEE {IM)
CONSTANT SLIF ANGLE = 5 DEBG

POUNDS FORCE NEWTONS

W W (N) FZ FY FZ FY
éz. 364.8 oe. 37 30.11 232.97 133. 94
111. 493.8 68. @z 33.99 30&. 56 151. 22
14@. &622. 8 83. 85 38. &7 372.99 176. 5
163. 791.7 93. 67 4e.54 443, 35 183. 85
198. 88@.7 114.77 45. 24 510.51 £201.24
ea27. 12@9.7 136. 38 43.1@ 573.98 £18. 40

TIRE : INVACARE MAG-SFIDER WEE (IM)
CONSTANT SLIF ANGLE = &6 DEG

FPOUNDS FORCE NEWTONS

W W (N) FZ FY FZ FY

az. 364. 8 S2. 99 31.52 &235.73 140, 2@
111. 493.8 69. 35 36.94 3@8. 46 164. 33
14@. 622. 8 a5. 16 41. 2@ 378.83 183. 27
169. 751.7 181.15 45. 84 443,93 203. 91
198. 88@.7 116.78 43.69 519.45 ge1. 85

TIRE : INVACARE MAG-SFIDER WEE (ImM)
CONSTANT SLIF ANGLE = 7 DEB

FOUNDS FORCE NEWTONS

W W{N) Fz FY Fz FY
8e. 364.8 S93. 24 32. 12 236.83 142.83
111. 433.8 7@. 11 38.68 311.87 172. @7
14@. 6. 8 86. 45 44,08 384.55 196. 89
1693. 751.7 102.60 43.08 456. 37 £18. 34
138. as8a.7 118.75 S4. 08 Se8. e £40.57
ee7. 10@9.7 134.16 57.51 896.78 255. 82

TIRE : INVACARE MAG~-SFIDER WEB (ImM)
CONSTANT SLIP ANGLE = 8 DEG

FOUNDS FORCE NEWTONS
W WN) FZ FY FZ FY
- 8e. 364.8 53.13 31.94 £36. 32 142. @7
111, 493.8 70.15 38.85 312. 04 17z. 8@
14@. 6z2. 8 86. 47 44.21 384.63 196.67
169. 751.7 1a2. 95 43.96 457.95 cee. &3
i19sa. aga. 7 118. 62 S56. 03 S3&2.08 249. 48

2e7. 10@9.7 135.19 59. 88 6@1. 37 266. 36



TIRE : EVEREST AND JENNINGS AIRLESS

CONSTANT SLIF ANGLE = i DEG

FOUNDS
w WD FZ
az. 364.8 41.39
111. 493.8 6. 51
140, 6ce. 8 7@. 9@
163. 751.7 84.9¢e
138, asae.7 98. 93
2e7. 1@@3.7 113. 1@

TIRE : EVEREST AND JENNINGS
CONSTANT SLIF ANGLE = & DEG

FOUNDS
W W{N) Fz
8z. 364. 8 44.51
111. 493.8 6@. 37
14@. 6cz. 8 75.86
163. 751.7 30. a6
1398. asa.7 104. @7
227. 10@3.7 118. @5

TIRE : EVEREST AND JENNINGS
CONSTANT SLIFP ANGLE = 3 DEG

FOUNDS
W W) Fz
8z. 364.8 45.75
111. 493.8 63.99
14a@. 622. 8 8@. oz
163. 791.7 94.59
198. ese.7 1@9. 33
ee7. 12@3.7 123. 68

TIRE : EVEREST AND JENNINGS
CONSTANT SLIF ANGLE = 4 DEG

POUNDS
W WiN) Fz
. 82. 364.8 46.98
111. 493.8 €6. 65
140. 622.8 83. 83
163. 751.7 98. 5@
198. s88@.7 113.61
ee7. 1@e@3.7 127.95

FORCE

FY

6.27
3.01
12.17
1. 52
12.86
11.58

AIRLESS

FORCE

FY

15. 01
17.33
za. 87
21. 62
21.96
2. &8

AIRLESS

FORCE

FY

15.72
25.18
29.83
31.43
33. 35
34. 46

AIRLESS

FORCE
FY

18. 41
3@. 98
36. 46
39. 96
4E.66
43.77

250

(EJA)
NEWTONS
Fz FY
184.09 £7.89
£51. 38 4@. 1@
315. 40 45. 23
377.74 46. 81
44@. @6 48. 32
S5@3. 09 51.53
(EJR)
NEWTONS
Fz FY
137.98 S57. 85
268. 5& 77. @9
337. 45 9z. 81
400, 6@ 896. 15
462, 9 97.67
525. 13 939. 05
(EJA)
NEWTONS
Fz FY
2@3. 53 63. 34
284.63 11z. @@
355. 96 132. 94
42Q.74 133.79
486. 3 148. 35
S55@. 15 153. 3@
(EJR)
NEWTONS
FZ FYy
209. 0@ 81.9a
236. 46 137.81
363. 35 162. 16
438. 16 177.75
S505. 34 189.78
563.17 194.71



251

TIRE : EVEREST AND JENNINGS AIRLESS (EJA)
CONSTANT SLIF ANGLE = S DEG

FOUNDS FORCE NEWTONS
W WiN) FZ FY Fz FY
ae. 364. 8 48. 92 2. 64 217.60 10@.71
111. 4393.8 | €8. 36 34.76 3Q4. 08 154. 60
140, &6c2.8 85. &7 41.38 373. 38 184.08
163. 751.7 121.64 46.83 452. 11 208. 32
198. asa. 7 116.91 43. 9 S20. 06 cee. 03
2&7. l1e@a3.7 131. 44 S51.41 S584.67 228. 69

TIRE : EVEREST AND JENNINGS AIRLESS (EJR)
CONSTANT SLIF ANGLE = 6 DEG

FOUNDS FORCE NEWTONS

W WI{N) FZ FY Fz FY
ae. 364.8 S51.36 27.939 2e8. 47 124.50
111, 493.8 7. 05 38. 48 311.58 171.18
14Q. 62z. 8 87.1¢ 45. 47 387.51 2. 24
163. 751.7 1a3. 8& Sl1.67 461. 882 £e9. 83
198. a8a.7 119.@3 S4.74 S529.73 £43. 47
z2e7. 1@a9.7 134.15 S7. 40 596.7¢ £55. 31

TIRE : EVEREST RND JENNINGS AIRLESS (EJA)
CONSTANT SLIF ANGLE = 7 DEG

FOUNDS FORCE NEWTONS

W W{n FZ FY FZ FY
8z. 364.8 53. 41 3&2.5a 237.57 144,55
111. 493.8 71.34 41.38 317. 34 184. 06
14@. 6.8 88. 57 48.71 393.96 216.68
169. 751.7 1@5. @7 S4. 49 467. 33 24e. 39
i98. 88a.7 ize. 51 57.93 S536. @4 257.69
2e7. 1e@3.7 135,74 6@.97 603.78 271.19

TIRE : EVEREST AND JENNINGS AIRLESS (EJRA)
CONSTANT SLIP ANGLE = 8 DEG

FOUNDS FORCE NEWTONS
W WnN) Fz FY Fz FY
- 82. 364.8 S54. 00 33. 85 24d.z0 15@. 59
111. 493.8 71.9@ 42.68 319.83 185. 87
i4@. 6ez. 8 839. 1@ 49.97 336. 34 egee. 30
169. 751.7 125. 41 55. 34 468. 88 246. 14
138. 886.7 121.18 S9. 53 S533. @5 £64.79

ze7. 1e@3.7 135. 87 61.39 6Q4. 38 273. 06



TIRE : ESSEM RUBEBER CASTER (ER)
CONSTANT SLIF ANGLE = 1 DEG

POUNDS FORCE

W W{N) FZ FY
73. 3E4.7 49.73 5. 84
l1ae. 453.7 55. 35 6. Q@
131. o8z.7 71.11 6.15
16a. 711.7 86. 24 5. 83
189. 84@.7 121.15 6.01
218. 969. 7 116.1@ 5.76

TIRE : ESSEM RUBEBER CASTER (ER)
CONSTANT SLIF ANGLE = 2 DEG

FOUNDS FORCE

W W (N) Fz FY
73. 3E24.7 43. 66 11. 31
l1as. 453.7 58.81 11.47
131. Seg. 7 73.76 i1. 22
iea. 711.7 83.11 11.77
183, 843.7 1a4. @1 11.49
&18. 969.7 113.28 11.84

TIRE : ESSEM RUBEBER CARSTER (ER)
CONSTANT SLIF ANGLE = 3 DEG

POUNDS FORCE

W W{N) FZ FY
73. 324.7 46. 48 16.74
1ee. 453.7 61.85 17. 30
131. S8E.7 76. 80 17.@5
16@. 711.7 9172 16.79
189. 84@.7 166. 58 16. 3@
&18. 89693. 7 1ze. 21 17. 46

TIRE : ESSEM RUBEER CASTER (ER)
CONSTANT SLIFP ANGLE = 4 DEG

POUNDS FORCE

W W{N) Fz FY
73. 324.7 48. 96 21.51
1ge. 453.7 64.84 3. &8
131. S582.7 79.69 2e. 63
160. 711.7 34. 682 2&. 36
183, 84@.7 123. 41 £1.88

218. 963. 7 1z24.68 2. 23

252

NEWTONS
Fz FY
181. 46 £s. 98
248, 86 Z26.67
316. 32 27.36
382. 71 26. 20
443, 94 26.75
S16. 43 Zs. 60
NEWTONS
FZ FY
194,19 5@, 32
261.53 51, Q2
Z28.03 43,89
396. 39 52, 36
462, E7 51.@9
530. 57 52, 66
NEWTONS
Fz FY
206,77 74. 46
275. 11 76. 96
341,62 75. 85
408, OO 74,68
473, 82 72. 52
543.61 77.68
NEWTONS
Fz FY
217.78 95. 69
Z88. 44 102, 65
354. 49 100. 65
420, 87 93, 48
4BE. 69 97. 3&
554,568 96, B7



253

TIRE : ESSEM RUBEBER CASTER {ER)
CONSTANT SLIF ANGLE = S DEG
FOUNDS FORCE NEWTONS
W W{nN) FZ FY FZ FY
73. 324.7 S51.61 £6. 63 2e3. 55 118. 47
1@e. 453.7 67.80 28.73 3a1.58 1z8. @7
151, S8z.7 8z.75 £8. 54 368. 10 1z6.97
16@. 711.7 37.68 28. 28 434. 49 125.81
183. 84@.7 11E.@5 &7. 00 438. 44 1z@. 28
218. 969.7 127. 384 £8.55 S69. 13 126. 95

TIRE : ESSEM RUBERER CASTER {ER)
CONSTANT SLIF ANGLE = & DEG

FOUNDS FORCE NEWTONS
W WND Fz FY Fz FY
73. 324,7 53. 90 31.@9 235,75 138, 31
102, 453, 7 70, 28 33. 24 311.75 147.87
131. 582, 7 85. 45 33.79 380. 11 15Q, 32
163, 711.7 10@. @7 32.94 445,13 146,51
183. 84@.7 114.66 32.05 510,01 142,58
z18. 963.7 130.13 3Z. 8@ 578.83 145, 3¢

TIRE : ESSEM RUEBEBER CASTER (ER)
CONSTANT SLIP ANGLE = 7 DEG

FOUNDS FORCE NEWTONS
W W{N) FZ FY FZ FY
73. 324.7 S56. 46 36. @3 £251.15 16@. 85
1oz, 453.7 7€.33 37.63 321.74 167. 41
131. 58&.7 87.9a 38. 58 391.01 171.61
160. 711.7 102. 62 37. 32 456. 43 168. 7@
183. 840.7 117.014 36. 65 Se@. 47 163. @1
£18. 8969. 7 132.89 38.18 S91. 1@ 169. 85

TIRE : ESSEM RUBEER CASTER (ER)
CONSTANT SLIF ANGLE = 8 DEG

POUNDS FORCE NEWTONS
W WN) F2z FY Fz FY
73. 324.7 58. 47 4. 03 260. a7 178. 28
102, 453.7 74.74 42. 36 33&. 44 188. 4&
131. s82.7 83.90 42.51 3393. 88 189. 08
160. 711.7 104, 31 ' 41,86 464. 0@ 183. 55
189. 840.7 118. 9@ 4@. 33 Sz8.91 179.65

z18. 5693.7 134.78 41.8 593. 52 186. 45



254

TIRE : FOLYURETHANE CASTER (FWU)
CONSTANT SLIF ANGLE = { DEG

FOUNDS FORCE NEWTONS
W W{N) Fz FY FZ FY
73. 3z24.7 4@. 7@ T. 64 181.@3 25. 1@
102, 453.7 53. 76 5. 61 248. o2 24.94
131. S8ez. 7 70.34 5.78 315.56 25.71
166. 711.7 86. 1@ S. 94 383. 6@ 26. 44
189. 84@.7 121.26 6. 10 450. 42 27. 14
218. 969.7 116.20 S. 84 S516.88 25. 97

"TIRE : POLYURETHRNE CASTER (FW
CONSTANT BLIF ANGLE = 2 DEG

FPOUNDS FORCE NEWTONS
W W (N FZ FY FZ FY
73. 324.7 4. 32 9. 9a 13@. 93 44.04
1. 453.7 58. 29 10. @7 258. 39 44,78
131. o82.7 73.59 10. 85 327. 35 48. 25
16@. 711.7 88. 65 1@, 81 394. 31 48. @7
189. 840.7 103. @5 9.54 458. 4@ 42. 42
218. 963.7 118. 31 39.893 Se6. 29 43,398

TIRE : POLYURETHANE CASTER (FUW)
CONSTANT SLIF ANGLE = 3 DEG

POUNDS FORCE NEWTONS
W WN) FZ FY FZ FY
73. 324.7 44. 8@ 13.51 193. 28 £0. @3
122. 453.7 6Q. 82 15. 30 27a. 52 €8. 05
131. See. 7 75.57 14.65 336. 16 65. 18
16@. 711.7 90.73 14. 82 403.59 €5. 90
189. B40@. 7 105. 87 14.36 469. 6@ £3. 9@
218. 963. 7 120. 4@ 13.9@ 535. 57 €l1. 8

TIRE : FPOLYURETHANE CASTER (FW)
CONSTANT SLIF ANGLE = 4 DEG

POUNDS FORCE NEWTONS
W W (N Fz FY FZ FY
73. 324.7 47.@7 17.89 £09. 39 73.56
1@z, 453.7 BE. 66 18. 86 278.73 83. 90
131. S8&.7 78. 37 2d. 04 348.59 89.13
160, 711.7 ‘9z.89 18.99 413.¢21 84. 46
183. 84@.7 1@07.21 17.93 476. 88 77.37

£18. 965. 7 lee. 29 17.47 543. 80 77.7@



TIRE : POLYURETHANE CASTER (MW
CONSTANT SLIF ANGLE = S DEG

FOUNDS FORCE

W W (N) FZ FY
73. 324.7 48. 37 2d. 41
lez. 453.7 64.63 22.79
131. 58e.7 8@a. 293 £23.76
160. 711.7 95. 24 £23. 58
189. 84@9.7 129. 24 21. 46
218, 2963. 7 123.86 £@. 60

TIRE : FOLYURETHANE CASTER (PLWD
CONSTANT SLIF ANGLE = 6 DEG

FOUNDS FDRCE

W W (N FZ FY
73. 3e4.7 49,75 23.11
1ez. 453.7 66. 48 £26. 27
131. 58&2.7 81.7¢€ £26.63
16@. 711.7 97.&83 27. 4@
189. 840@.7 111.e4 25. 35
&18. 969.7 125. 35 23. 49

TIRE : FOLYURETHRNE CARSTER (P
CONSTANT SLIF RANGLE = 7 DEG

FOUNDS FORCE

W WND Fz FY
73. 324.7 S51.94 £27. 36
10z, 453.7 68.34 29.91
131. Seez. 7 83.93 3Q. 86
iea. 711.7 98. 36 23.63
189. 840@.7 113. 2@ £9.18
2is. 969. 7 1e7. 2e £27. 14

TIRE : POLYURETHRNE CASTER (PW
CONSTANT SLIFP ANGLE = 8 DEG

POUNDS FORCE

W WND) Fz FY
73. 324.7 53. 46 30. 36
102. 453, 7 63. 85 32.89
131. 582.7 85. 54 34.04
160. 711.7 100. @9 33. 08
189. 840. 7 114,11 31.00

z18. 969. 7 129. 36 31.33

255

NEWTONS
FZ FY
215. 17 S50. 8@
2£87.75 121.37
357. 14 125.69
423.64 104. 62
485. 92 35. 47
S5a. 298 91.62
NEWTONS
Fz FY
eel. 31 lee. 73
£395.71 116. 86
363. 68 118. 48
432. 5@ 1z1.87
494, 81 112.75
557. 58 104. 5@
NEWTONS
FZ Fy
£31. 02 121.69
3@3.98 133.83
373. 32 137. &3
437.54 131.81
5a3. 55 123. 82
S565. 89 iza, 72
NEWTONS
Fz FY
£37.81 135. @4
310.73 146. 32
380.51 151. 44
445. 2@ 146.87
S@a7.59 137.87
5735, 42 139. 36



TIRE

CONSTANT CAMEER

W

az.
111.
140.
169.
1398.
2e7.

TIRE

: AG

WinN)

364. 8
493.8
&622. 8
751.7
88@.7
10@3.7

: ARG

ANGLE =

2 DEG

FOUNDS FORCE

Fz

33.67
53. 87
67. 85
81.72
95. 77
1@3. 46

CONSTANT CAMBER ANGLE =

W

az.
111.
14@.
163.
198.
2e7.

TIRE

WIN)

364. 8
433.8
ecz. 8
7951.7
88@.7
10@3. 7

: RG

FO

FZ

41. @2
55. 56
69.91
83. 89
97.89
111.51

FY

.59
3. 37
3. 67
3. 74
4.18
3. 84

S DEG

UNDS FORCE

FY

S 47
6. 98
8.@8
8.33
8.71
8.5

CONSTANT CAMEBER ANGLE = 8 DEG

)

ae.
111.
14@.
169.
198.
2e87.

W(N)

364.8
433.8
&62z. 8
751.7
88@.7
10@9.7

POUNDS FORCE

FZ

41.69
56. 30@
7@. 47
84.73
99. 21
112.63

FY

6.9z
8.58
9.¢e8
16.19
11.12
1@.66

256

NEWTONS
Fz FY
176. 47 11.58
£39. 65 15. @1
301. 82 16. 33
363.50 . 16.62
426. 03 18.61
486. 89 17.10
NEWTONS
Fz Fy
182, 45 24,35
247,12 31.05
310.97 35.95
373.14 37. 31
435, 42 38.76
496, 04 36. 72
NEWTONS
Fz FY
185. 44 30. 76
250, 45 38.18
313. 46 41, 3@
376. 88 45, 34
440, 41 49, 46
S01. 02 47. 42



TIRE

CONSTANT CAMEER ANGLE = & DEG

W

ac.
111.
140.
169.
138.
ee7.

TIRE

CONSTANT CAMBER ANGLE = S DEG

W

ac.
111,
14Q.
169.
198.
2e7.

TIRE

CONSTANT CAMBER ANGLE = 8 DEG

W

ae.
111.

14Q.

169.
198.
2e7.

s+ EJR

W{N)

364. 8
433.8
622. 8
791.7
8s8@a.7
le@3.7

: EJR

WD

364.8
493.8
6ee. 8
751.7
asa.7
10@9.7

: EJF

WND

364.8
493.8
62z. 8
751.7
asa.7
10@3. 7

FOUNDS
FZ

4@. 12
S4. 34
&8. 38
az. a7
96. e
11@. 31

POUNDS
Fz

41.69
55. 95
71.0@
84.66
98. 89
113. 3@

POUNDS
FZ

42.73
56.96
71.74
86.15
106. 19
114. 34

FORCE

FY

S. 52
4. 3@
4.69
4.76
4.93
5. 45

FORCE

FY

6. 89
7.75
10.29
9. 88
1@.66
11.85

FORCE

FY

89.13
9.91
11.89
13. 28
13. 46
14.@9

257

NEWTONS

Fz FY
178. 47 15.67
241.73 19. 14
3@4. 13 20. 85
365. 97 T 21.16
428. 00 £1.95
430.70 24. 24

NEWTONS

Fz FY
185. 44 30. 63
248.87 34. 46
315.81 45.78
376. 59 43.95
433.87 47. 41
S503. 98 S2.73

NEWTONS

FZ FY
195a. @3 4@. 61
e53. 35 44,08
319.13 Sz. 8@
383. &3 58.19
445. 68 59. 87
S5a8. 63 6. 7@



TIRE

: 88

CONSTANT CAMBER ANGLE = &2 DEG

W

az.
111.
14@.
169.
138.
z2e7.

TIRE

W (N)

364. 8
433.8
6ee. 8
751.7
880. 7
10@3.7

: 88

FOUNDS FORCE

Fz FY
33. 90 3. Q4
54. @5 3. 67
68. @3 3. 91
81.91 3. 97
95. 86 4. 16

1z8. 60 44.68

CONSTANT CAMEBER ANGLE = 5 DEG

W

8z.
111.
14@.
163.
198.
ee7.

TIRE

W{N)

364.8
493.8
6ze. 8
751.7
easa.7
10@93.7

: 885

FOUNDS FORCE

Fz FY
41.43 €. 33
5. 82 7.47
7@. a8 8.31
84.11 8.63
97.97 8.68

112.18 9. 46

CONSTANT CAMEER ANGLE = 8 DEG

W

BE.
111.

14@.
1693.

198.
2e7.

WN)

364.8
493.8
&62e2. 8
751.7
88a.7
1083. 7

FPOUNDS FORCE

Fz FY
41.71 6.93
56.59 9.12
71.38 11.11
85.53  11.74
99. 72 12. 44

113. 86 13.06

258

NEWTONS
Fz FY
177. 47 13.54
240, 43 16. 33
302. 60 17. 38
364,37 17.67
426, 42 18. 43
572. 03 198.74
NEWTONS
Fz FY
184. 28 28. 14
248, 31 33. 85
311.7¢2 36.97
374.16 38.68
435, BQ 38.61
499, @2 4. @7
NEWTONS
Fz FY
185, 52 30. 81
&51.71 40. 55
317.53 49, 43
380. 46 5. 21
443,59 55. 34
506. 48 58. 09



TIRE

CONSTANT CAMERER

W

bz.
111,
14@.
169.
198.
ee27.

TIRE

: IM

WN)

364.8
433. 8
6ce. 8
751.7
88@.7
1203.7

: IM

ANGLE = & DEG

FOUNDS FORCE

Fz FY
33. 22 1.59
S53. 24 1.95
67.11 1.99
81.@S5 2.19
94. 85 2. @5
1@8.73 2.15

CONSTANT CAMEBER ANGLE = S DEG

W

ac.
111,
144,
169.
198.
2e27.

TIRE

WND

364. 8
493. 8
&ce. 8
751.7
88@.7
10@3.7

s IM

FOUNDS FODRCE

FZ FY
4@, 02 3.7
S53.98 3.55
68.@5 3. 99
8z. @6 4,35
96. @4 4. 62

110. 04 4.95

CONSTANT CAMEER ANGLE = 8 DEG

W
az.
111,
140.
169.
138.
2e7.

WN)
364, 8
493.8
622. 8
751.7
88@.7

1009. 7

POUNDS FORCE

Fz FY
40. 08 3. 43
54.69 S.07
€8.64 S.z28
82.55 5. 39
96. 60 5. 82

112.67 6. 31
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NEWTONS

Fz FY
174. 44 7.07
236. 81 8.67
298, 54 8. BE
360. 54 . 9.73
421.89 9. 14
483, 65 9. 56

NEWTONS

Fz FY
177.93 14.55
24@.13 15. 8@
302.69 17.77
365. 02 19. 35
427,21 20.54
489, 46 zz. 03

NEWTONS

Fz FY
178. 26 15. 27
243, 29 22.56
305. 34 23. 47
367.18 23.98
429. 7@ Zs. 88
492, 29 28. 03



TIRE : EJA
CONSTANT CAMBER ANGLE = 2 DEG

FOUNDS FORCE

W W (N) FZ FY
az. 364.8 39.e0 1.57
111. 493.8 S93. 27 2. 04
140. eee. 8 67.27 2. 35
169. 751.7 81.&1 2.55
198, 880.7 95. 00 2. 41
=e7. 10@3.7 1@8.83 2. 40
TIRE : EJA

CONSTANT CAMBER ANGLE = 5 DEG

FOUNDS FORCE

W WN) FZ FY
az. 364.8 33. 82 £. 89
111. 493.8 S4. 37 4. 42
14@. &6ee. 8 ed. 39 4.76
163. 751.7 82. 46 S.23
138. 88a.7 g96.61 S. 86
2e7. 1023, 7 11@. 62 6. 25

TIRE : EJA

CONSTANT CAMBER ANGLE = 8 DEG

FOUNDS FORCE

W W) FZ FY
az. 364.8 40.28 3. 89
111, 493.8 S54. 89 S.52
14Q. e62z. 8 69. 81 6. @8
1693, 751.7 83.83 8.16
198. asa.7 97. 37 7.50@

287, 10@3.7 111. 86 7.61

260

NEWTONS

FZ FY
174.37 €. 97
236. 95 9. 06
299. 24 1@. 47
361.25 11.34
4e22.58 T 1e. 72
484.10 12.68

NEWTONS

FZ FY
177.11 12.85
241.85 19.57
304. 22 2l.16
366. 81 £3.28
423.7 £26. @5
49g. @7 e7.79

NEWTONS

Fz FY
173.18 17. 32
244.18 24. 56
3@6. 96 27.04
37e. 87 36.28
433.13 33. 35
494.89 33. 85



EMPIRICAL TIRE CORFFICIENTS

THE FOLLOWING COEFFICIENTS CAN BE USED 7O EMPIRICALLY PREDICT CORNERING FORCE AND
ROLLING RESISTANCE FORCE RS DESCRIBED IN CHAPTER 4. THE COEFFICIENTS RRE BASED ON THE BEST
FITTING THIRD ORDER POLYNDMIAL WHICH F1T5 THE TIRE FORCE RESULTS WHICH WERE OBTRINED USING
THE TEST CART AND TREADMILL. THE TREADMILL RESILTS CORRESPONDING TO THESE COEFFICIENTS ARE
BIVEN IN TRBULAR FORM AT THE BEGINNING OF THIS APPENDIX AND IN GRAPHICAL FORM IN CHAPTERS 2
AND 3 OF THE THESIS TEXT.

THE COEFFICIENTS WERE COMPUTED USING THE PROGRAM PWRSTAR WHICH USES A LEAST SOUARES
TECHNIGUE. 1[4.4] THE BEST FIT IN R LEAST SOUARES SENSE RESILTS IN A THIRD ORDER POLYNDMIAL
HAVING FOUR TERMS. FOR PROGRAMMING PURPOSES THE ZERDTH ORDER TERM WAS DISCARDED IN DRDER 1O
ENSURE THAT ALL OF THE PREDICTED FORCES ARE ZERU WHEN THE NORMAL FORCE Fz 15 ZERD. IN EVERY
CASE THE ZEROTH ORDER TERMS ARE SMALL, BUT FOR COMPLETENESS THEY ARE ALSO LISTED HERE. ALSD
LISTED 15 THE CORRELATION COEFFICIENT (R) OF THE BEST FIT POLYNDMIAL. R VALUES CLOSE TO 1
CORRESPOND TO BETTER POLYNOMIAL FITS (NDT TO MORE ACCURATE RESWLTS).

THE COEFFICIENTS ARE USED TO COMPUTE TIRE FORCES RS DESCRIBED IN CHAPTER 4. (EQUATION 4-1).

F = faxF)+thuFzuFp) +{loxFauFrufFyp) ¢d

WHERE F; IS THE NORMAL FORCE ON THE TIRE (IN NEWTONS), d 15 THE ZEROTH ORDER COEFFICIENT
WHICH HAS BEEN DISCARDED, AND F CAN BE EITHER THE CORNERING FORCE Fy OR THE ROLLING
RESISTANCE FORCE Fy DEPENDING DN WHICH SET OF COEFFICIENTS ARE BEING USED. FOR COMPUTIN
CORNERING FORCE EACH TIRE WHICH WRS TESTED HRS 8 SET OF COEFFICIENTS a, b, AND o,
CORRESPONDING  TO THE EIBHT SLIP ANGLES WHICH WERE TESTED USING THE TREADMILL AND TEST CART,
THUS THE CORNERING FORCE COEFFICIENTS RRE 500D FOR INTEGER SLIP ANGLES IN THE RANGE 2ERC TO
B DEGREES. VALUES OF CORNERING FORCE FOR NON-INTEGER SLIP ANBLES MUST BE INTERPOLATED. THE
UPPER LIMIT DN Fz 15 500N, THE COEFFICIENTS ARE LISTED BY TIRE (SEE TRBLE 3-1).

Tire a b c d R

ROLLING RESISTANCE COEFFICIENTS

EJR 1. 95068E-2 -2, 65456E-5 5. 3856%-8 ~6. 2300063 99
I 1. 28231E-2 -3.62B7AE-H 2. 472658 4. 828B2E-3 99
EJP 1. 4824262 -2, TT966E-5 2, 76203E-8 8. 437723 997
8§ 1.8175eE-2 =5, 3BA52E-5 6. 26485E-8 6. TT434E-3 .99
hE -1.22211E-3 1. 42569E-4 -1.79813€-7 -8, 58931E-3 99
ER 9. 19876E-3 3. 21731E-5 -1, D4898E-8 1. 51131E-2 99

CORNERING FORCE COEFFICIENTS

EJA
ALPHA = 1 1,981B%€-1 -1. 73690€-4 -3, 907658 -2, 42543E-1 »99%
' e 3.17287e-1 2. 37831E-5 -5, 19682E-7 -2. 16646E-1 .99
3 3.07205E-1 . 56694 -1, 118896 ~6. 19382E -1 997
4  2,93374E-1 9, 4822064 -1, 52567E-6 -6. 7270%-1 .99
5  3.65706E-1 8. 271954 -1, 34621E-6 ~3.7872%-1 .99
& 5.31375E-1 2. 66275E-4 =7, M ARTE-7 -1, 71233E-1 .99
7 6. 7585%-1 -2, 13245E-4 -2. 69438E-7 -3.42bB4E-2 J99
8 6.96379%-1 -2, 237BAE4 -2, 97SHE-7 3.52819%-2 99
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Tire a b c d R.

it

ALPHA = 1 3.5B8427E-1 -8, 11580E-4 7. 31398E-7 9. GOB4TE-3 999
2 5.09:91E-1 -1, 81940€-3 7.6B2AIE-7 4, 51666E~2 .99
3 b,bec3eE-] -1, 29672E-3 9, 95998E-7 1, 35824E-1 .99
4 B, 18033E-1 -1, 53026E-3 1. 1931266 -2, b4B3%E-3 .99
5 8.3284%-1 -1, 39933E-3 1. 84160E-6 1. 456BIE-1 999
6 B.4070RE~1 -1.27670E-3 9. 121537 9. 47246E-2 99
7 7.88546E-1 -8, 29883E-4 5. 58323E-7 9. 95372E-2 999
B 7.74272E-) -8, BLBTTE-H 5. 6ABISE-7 1. 46BR9E-1 999

EJP

ALPHA = | 3,35695E-1 ~4, 4OR2AE-4 9, 33529%E-8 3. DEOR9E-2 .99
2 5.3039E-1 -4, B6746E-4 -8, 41244E-8 =7. SSAZTE-1 999
3 6.31923E-1 -3. 16612E-4 ~3. BTOME-T 1.27679%E-1 993
4  B,25503E~1 6. 47171E-4 -6. 40109€-8 ~3. 18040E-2 .99
5  8.99986E-1 -5, 39797E-4 -2. 336097 -1, 46733E~1 999
6 95.2975E-1 -4, 4742TE-4 -3. 16601E-7 -1, S6A25E-1 .99
7  9.194B%-1 -2, 36651E-4 5. 82252€-7 -1, 3311861 .99
8 9.84140€-1 =4, 15714E-4 -3.88961E-7 -2, 58519E-1 99

5]

ALPHA =1 3,82952E-1 -4, 38212E-4 1. 6824TE-T7 -1, 311336~ 9%
2 5.BA062E-1 -1.88108E-3 7.88194E-7 9.51884E-2 999
3 7.61838E-1 -1, 14356E-3 5. 691@3E-7 -8. 661 T1E-2 999
4 B, B1072E-] ~1,28144E-3 5. 3A230E-7 -2, 375691 995
5  8,54828E-1 -7.28838E-4 -1, 11986E-8 -1, 99808E-1 999
& 8,22513E-1 -4, AORT3E-H -2, 2T54BE-7 -9, 6739%6E-3 99
7  7.5318E-1 3. 15524E-5 -6. 98154E-7 -2, 6A325E-2 99
8 7.77852E-1 ~7. 3078%-5 -A, 72285€-7 -8, 2343% -2 .999

]

ALPHA = 1 2,68912E-1 6. 28924E-5 -6, 1B542E-7 -8, B2BSAE-3 . 997
2 5.42135E-1 -6, 1026AE-4 1. 14328€-7 5. SMBBAE-2 .99
3 7.51468E-{ -1, OOP32E-3 4, 2378B1E-7 =5, 5155564 999
A4  B.7898AE-1 -1, 97359%-3 3, TS92BE-7 -2, b2351E-3 999
5  8.BR993E-1 =7.67556E-4 2. BARSAE-B 1. 1741 1E-1 .999
6 9.22619%-1 -6, B9I7E-H -5, 90660E-8 1. 0948281 . 999
7 9.46502E-1 ~6. 5031 TE~4 -5, 81895E-8 1.61335€-1 99
8 9.52619%-1 <3, B30O6E-H -1.32879E-7 A, A76BAE-2 .99

ER

ALPHA = | 2,43038E-1 -6, BAO99E-4 6. 05735E-7 9. 13379€-2 .99
2  4,59856E-1 -1, 31249%-3 1. 1956066 1.7831%-1 99
3  6.98894E-1 -1.979R4E-3 1. 7B66TE-6 3. 81B52E-2 .99
4 8,18698E-1 -2, 11332€-3 1. 728936 -1, 5T005E-3 .99
S 9.82682E-1 -2. 4T9LE-3 1. 9853066 -1.23941E-1 993
6 1.07234-0 -2, SOGBE-3 1. 86BA1E-6 =7. 9@585E-2 .99
7 1.21599%-8 -2, B3152€-3 2. 1e777E-6 -4, 35083E-2 99
8 1.3ANTE-S -3, 14277E-3 2. 3M25E-6 -1.21222€-1 99
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Tire a b ¢ d R

PU

ALPHA = | 2,23584E-1 -6. 15377E-4 5. M397E-7 1.67082E~1 .95
£ 3.B5729-1 -1, @R143E-3 8. 84368E-7 4. T4344E-2 9%
3 5.23715-1 -1, 33470€E-3 1. 814TAE-6 -2, 8H435E-3 .99
4 6,58717e-1 -1, 5786563 1. 15352E-6 -4, 2652BE-2 993
5 6.76M3E-1 -1, 33156E-3 7. 389497 -6. M, 8362 99
6  7.11484E-1 -1.23550€-3 3. CIH5E-7 2.51131E-2 .99
7 8.7963-1 -1, 77214E-3 1. 8536566 1.81676E-2 9939
8 1.00872€-0 -2.18213E-3 1. 46919%€-6 1. 46916 999
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PROGRAM WCHAIR

A PROGRAM WHICH CAN BE USED TD
SIMULATE THE MOTION OF FREE ROLLING WHEELCHAIRS

BY

TIMOTHY J. COLLINS

GRADUATE STUDENT : MECHANICAL ENGINEERING
UNIVERSITY OF VIRGINIA
VERSION 1 MY, 1987

SUPPORTED BY THE UNIVERSITY OF VIRGINIA
CENTER FOR REHABILITATION ENGINEERING
NIHR GRANT NO. B0O-83-D0072
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1. PROGRAM DESCRIPTION

THIS PROGRAM 1S USED TO SIMLATE THE MOTION OF
FREELY ROLLING WHEELCHAIR.  THE PROGRAM 1S INTENDED AS A
T00L 70 INVESTIGATE THOSE FACTORS THAT ARE RELATED TO THE
DIRECTIONAL STABILITY OF REAR CASTER WHEELCHAIRS. HOMEVER,
THE PROGRAM 15 COMPLETELY GENERAL AND CAN BE APPLIED 7D ANY
WEELCHAIR, PROVIDED THE PROPER INPUTS ARE BIVEN,

BIVEN A SET OF INITIAL CONDITIONS, THE PROGRAM
CALCULATES A WHEELCHAIR'S TRAJECTORY AND VELOCITY OVER A
USER SPECIFIED INTERVAL OF TIME.  SEVERAL DIFFERENT
VARIABLES MWAY BE SPECIFIED INTERACTIVELY BEFORE EACH TEST
CASE,  THE DEFAULT VALUES FOR ALL PHYSICAL VARIABLES (SUCH
AS WEELCHAIR MASS) ARE TAKEN RS THOSE MERSURED DIRECTLY
FROM AN EVEREST AND JENNINGS "PREMIER® MWANUAL REAR CRSTER
WHEELCHAIR.

THIS PROGRAM DESCRIPTION RSSLMES SIME FAMILIARITY WITH
THE WASTER'S THESIS TEXT "AN ANALYSIS OF PARAMETERS RELATED
70 THE DIRECTIONAL STABILITY OF REAR CASTER WHEELCHAIRS®,
{T. COLLINS , AUBLST 1987)

NOTE THAT BECAUSE THE PROGRAM WRS WRITTEN TO
INVESTIGATE THE BEMAVIOR OF REAR CRSTER WHEELCWAIRS, THE
TERMINOLOGY WHICH 1S USED REFERS TO SUCH A CHAIR.  FOR
EXAMPLE, THE TERMS FRONT, REAR, RIGHT, AND LEFT REFER TO
POSITIONS WITH RESPECT 70 A REAR DASTER WHEELCHAIR.

s ok kW o W o ok ok o Wk o ok W ol ok W s W R R o S Wt
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# 11, PROGRAM LIMITATIONS

#

B sk ok sl ok ok sk sk ik e ak ok sk M Mk o ok Wt sl Me ke o o e W Mt o ok e

THE WHEELCHRIR MWOTION 1S5 COWSIDERED 70 BE PLANER.
PITCH AND ROLL EFFECTS RRE NEGLECTED, EXCEPT THAT A GUASI-
STATIC METHOD OF APPROXIMATING LATERAL LOAD  TRANSFER
1S INCORPORATED.

THE PROGRAM AUTDMATICALLY CHECKS THE SLIP ANBLES AT
EACH TIRE AND THE TOTAL NORMAL LOAD CARRIED BY EACH TIRE.
IF EITHER OF THESE EXCEEDS THE LIMITS OF THE EXPERIMENTAL
DATR USED 70 SUPPORT THE PROGRAM, ERROR MESSAGES ARE
IGSUED. THE PRDBRAM IS CURRENTLY SET SUCH THAT 1@ SUCH
WARNING MESSAGES CAUSES EXECUTION TO TERMINATE. LIMITS ON
SLIP PNGLE ARE 8 DEGREES AND DN NORMAL LOAD ARE 450 N PER
TIRE.

SOME CAUSES FOR PROGRAM TERMINATION ARE:

f1) NATURAL TERMINRTION WHEN A REAR CASTER WHEELCHAIR
BECDMES UNSTRBLE,

{2) SPECIFICATION OF R LARGE INITIAL LATERAL VELDCITY.
THIS MAY RESULT IN INITIAL SLIP ANGLES WHICH ARE
GREATER THAN 8 DEBREES DR IN AN INITIAL LATERAL
LDAD TRANSFER WHICH IS TDD BREAT, RESLLTING IN NORMAL
FORCES GREATER THAN ASEN,

IF LARGE FORCES OR ACCELERATIONS RRE PRESENT, THE
PROGRAM WAY HAVE TROUBLE TRACKING THE MOTION AND CONVERGING
TO A DEFINITE SOLUTION.  THIS IS TYPIFIED BY VALUES WHICH
OSCILLATE ABOUT SOME VALUE RATHER THAN INCREASING OR
DECRERSING UNIFDRMLY.  THIS IS ESPECIALLY A PROBLEM IF 70D
LARBE A TIME STEP 15 CHOSEN.

o sk ok sk ook o we sl sk M ol e ok e ok ol /a ko We e Wk ak M G o e o s R W R

#111. EXECUTION TIME

e sl e sk R e ok sk ok ok ok sk Wk

ALTHOUBH THE TIME STEP FOR SUCCESSIVE ITERATIONS
WITHIN THE PROSRAM CAN BE SPECIFIED, 17 1S FOUND THAT .81
SEC 15 THE LARGEST VALUE THAT LERDS TO A CONVERGING
SOLUTION. RUNNING THE PROGRAM ON A CDC CYBER 865, THIS
RESULTS 1IN A REAL TIME EXECUTION OF ABOUT 15 SECOMDS IN
DRDER TO SIMULATE 5 SECONDS OF WHEELCHAIR MOTION. HOWEVER,
THE SAME RUN TAKES APPROXIMATELY 15 MINUTES USING AN ATRT
PERSONAL COMPUTER.  BECAUSE THE SOLUTION PROCEDURE ASSUMES
CONSTANT ACCELERRTION OVER EACH TIME STEP, 17 IS ESSENTIAL
THAT A SWALL ENOUBH STEP BE CHOSEN. FURTHERMORE, IF LESS
THAN 12 DIGITS ARE CARRIED FOR NUMERICAL CRLCULATIONS,
ROUND OFF ERRDR MAY BECOME A SERIOUS PROBLEM,

W oM Mk Wk W Wk Wk e W e Wk ok W s e
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eled
8101
ez
01083
8104
8125
810e
e1e7
eie8
8189
e11e
o111
e112
8113
8114
8115
LI
0117
818
8119
8ice
8121
8122
8123
8124
8125
8126
17
@128
Lt
8130
813t
813
0133
8134
8135
0136
8137
0138
8139
0148
0141
0142
@143
8144
8145
0146
8147
8148
8149
150
8151

O
*

# IV, INITS

*

ANY CONSISTENT SET OF INITS CAN BE USED. ALL DEFARILT
VALLES ARE BIVEN IN THE MKS SYSTEM.  IF IT IS5 NECESSARY T
RUN MANY TRIARLS USING A DIFFERENT SYSTEM, THE DEFALLT
VALUES CAN BE ERSILY CHANGED BY ALTERING THE DATA SUPPLIED
IN THE BLOCK DATA ROUTINE.
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] *
# V. DESCRIPTION OF PROGRAM COMPONENTS &
* $

HHEHHHH
%
# {1) NAMED COMMON BLOCKS AND VRRIABLES HELD

L 3

DIMEN - GEDMETRIC DIMENSIONS OF WHEELCHAIR

MASSPR - MASS AND INERTIA PROPERTIES

LATFOR - LATERAL TIRE FORCES

LONFOR - LONGITUDINAL TIRE FORCES

NORFOR - NORMAL TIRE FORCES

CIVAR - KINEMATIC VARIABLES AND TOTAL EXTERNAL
FORCE ACTING IN THE C1 DIRECTION (PARALLEL)
TO THE "FORWARD DIRECTION® OF THE WHEELCHAIR

CeVAR - KINEMATIC VARIABLES AND TDTAL EXTERNAL.
FORCE ACTING IN THE C2 DIRECTION.

CASANG - KINEMATIC VARIABLES FOR THE CRSTER WHEELS.

BLOBAL - KINEMATIC VARIABLES IN THE FIXED INERTIAL
REFERENCE FRAME. NOTE, THE Ci-C2 REFERENCE.
FRAME 1S FIXED IN THE MOVING WHEELCHAIR.

SLIPAN - SLIP ANBLES ASSOCIATED WITH ERCH WHEEL.

PTVEL - VELOCITIES OF THE POINTS WHERE ERCH TIRE.
IS ASSUMED TO TOUCH THE EROUND.

CDAMP  ~ FRICTIONAL DAMPING MOMENTS AT CASTER PINS.

CAMTOE - TOE AND CAMBER ANGLES FOR MAIN WHEELS.

TIRES - ARRAYS WHICH HOLD THE EMPIRICAL CONSTANTS
USED 70 COMPUTE TIRE FORCES.

YCOEFF - CORNERING FORCE EMPIRICAL CONSTANTS FOR
FIVE DIFFERENT TIRE TYPES. ONE TYPE IS
SELECTED PER RUN.

XCOEFF - LONGITUDINAL (RDLLING RESISTANCE) EMPIRICAL
CONSTANTS FOR FIVE TIRE TYPES.

FORMOD - COEFFICIENTS USED TD MODIFY THE MAGNITUDE
OF TIRE FORCES. USED TD MODIFY YCDEFF OR
XCDEFF S0 AS TO MODEL HYPOTHETICAL TIRES.

TIME - TIME AND PRINTER CONTROL CONSTANTS.

sie e o e e i e ol ol e e ot e e e W Wk W e e W ko ok ke ok Me sk e ok e
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8152
8153
8154
U]
o156
57
8158
8159
0168
L
8162
8163
8164
8165
8166
0167
8168
0169
o178
et
8172
8173
8174
a7
8176
L
ei78
8179
o180
eiat
8182
ela3
0184
185
8186
8187
0188
8189
819%
8191
8152
8193
8194
1%
81%
8y
#1398
8199
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{2) SPECIFIABLE VARIABLE DESCRIPTIONS
NOTE: VALUES IN PARENTHESIS ARE DEFAULT VALUES

DIMENSIONS

Dt - C6 TO LEFT WHEEL LATERAL DISTANCE

D2 - U5 TO RIGHT WHEEL LATERAL DISTANCE

51 ~ C5 7O FRONT AXLE FORWARD DISTANCE

§2 - U5 70 CASTER PINS BACKWARD DISTANCE

L1 - CRSTER PIN TO CRSTER U6 DISTANCE

L - CASTER PIN TD CRSTER CONTACT POINT

T1 - €5 TO LEFT CASTER PIN LATERAL DISTANCE
T2 - C5 TD RIBHT CASTER PIN LATERAL DISTANCE
H - HEIGHT OF CB ABOVE GROUND

MRSS PROFERTIES

17 - TOTAL MOMENT OF INERTIA ABOUT 1 AXIS

1ZP - WOMENT OF INERTIA OF CASTER ABOUT PIN
M - TOTAL MASS

MC - CASTER ASSEMELY MASS

FORCE / FORCE RELATED VARIABLES

FCINP - LATERAL INITIAL IMPULSE AT C6

FTINP - LATERAL INITIAL IMPLLSE AT MAIN TIRES

DUIWP - DURATION FOR FCIMP DR FTINP

ROLLK - ROLL COEFFICIENT

WF - FRICTION MOMENT AT LEFT CASTER

MEF - FRICTION MOMENT AT RIBHT CASTER

CAMCOF- CAMBER COEFFICIENT

DAMANG- CAMEER ANGLE

TOEANG- TOE ANGLE

TXMOD - MODIFYING FACTOR FOR TIRE X FORCES

TYNOD - MODIFYING FACTOR FOR TIRE Y FORCES

CAMOD - MODIFYING FACTOR FOR CASTER X FORCES

CYNOD - MODIFYING FACTOR FOR CASTER Y FORCES

TIRY(3,8)- ENPIRICAL LATERAL OR CORNERING FORCE
COEFFICIENTS FOR SLIP ANGLES @ - 8
DEGREES. TIRY VALUES ARE SELECTED
BY SELECTING ONE OF FIVE TIRE TYPES
WHICH WERE TESTED EXPERIMENTALLY.
TIRX(3) - EPIRICAL LONGITUDINAL FORCE

COEFFICIENTS, ALSD SELECTED BY
CHODSING ONE OF FIVE TIRE TYPES.

KINEMATIC VARIABLES

UD - INITIAL FORWARRD VELDCITY (UD ="LDOT")
VD - INITIAL LATERAL VELOCITY

E - INITIAL ANGLE DF LEFT CRSTER (ETR)

B - INITIAL ANGLE DOF RIBHT CASTER (BETR)

{.265 METERS)
{.265 METERS)
{. 345 METERS)
{. 175 METERS)
{. @38 METERS)
{. 088 METERS)
{. 248 METERS)
{. 248 METERS)
{.618 METERS)

{5.6 KE-M-M)
{.02 K5-H-M)
{95 K6)
{1.2 KB)

{8 N-METER)
{8 N-¥ETER)
{@ SECONDS)
{1.9)

{-1 N-METER)
{. 1 N-M¥ETER)
)]

{@ DEGREES)
{® DEBREES)
@

{H

i®

{1)

{. 75 METER/S)
{8.@ METER/S)
{@ DEGREES)
{@ DEEREES)

W oo e e o o Wk ok s sk W W o Wk M M o o o o o o e sl e ol sk W d W ok ok o ok o sk M i s e W W o W o T W R ok S sk

2617
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8243
244
8245
8246
8247
L]
8cA3

ook ok Wk o N W

TIME AND PRINTER CONTROL CONSTANTS

TTOTAL - MAXIMM TOTAL TIME FOR MOTIDN SIMARTION (1@ SEC)
TSTEP ~ TIKE STEP FOR ERCH PROGRAM ITERATIDN {. 221 SEC)
FINT - TIME INTERVAL BETWEEN VARIABLE PRINTOUTS (,2@ SEC)
PRCTRL ~ 1.8 = PRINT KEY VARIABLES ONLY {1.0)
ANY OTHER NUMBER = PRINT ALL VARIABLES

W W ok o W W R

HHHHHH R R R R R R F R R R R R R R R R R
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{3) NON-SPECIFIRBLE VARIABLES

FAY,FBY, FDY,FEY - LATERAL FORCES ON TIRES

FAX, FBX, FDX,FEX - LONGITUDINAL FORCES ON TIRES

U,UDD - LODAL DISPLACEMENT, ACCELERATION IN C1 DIRECTION

{UDD = *U DOUBLE DOT®)

V,VDD - LOCAL DISPLACEMENT, ACCELERATION IN C2 DIRECTION

FC1,FC2 - TOTAL FORCE IN C1 AND C2 DIRECTIONS

£D, EDD, BD, BOD - VELOCITIES AND ACCELERATIONS OF CASTERS

IN THEIR LOCAL REFERENCE FRAMES

¥,XD,XDD - GLOBAL KINEMATIC VARIABLES IN FIXED X DIRECTION

Y,YD,YDD - GLOBAL KINEMATIC VARIABLES IN FIXED Y DIRECTION

THE, THED, THEDD - ROTATIONAL KINEMATIC VARIABLES

KE - TOTAL KINETIC ENERGY OF SYSTEM

SLIPA, SLIPB, SLIPD, SLIPE - SLIP ANGLE FOR EACH TIRE

VAX, VBX, VDX, VDX - VELOCITIES OF TIRE CONTACT PDINTS IN
THE TIRE'S LOCAL X DIRECTION

VAY, VBY, VDY, VEY - VELOCITIES OF TIRE CONTACT POINTS IN
THE TIRES'S LOCAL Y DIRECTION

T - CURRENT TIME, USED BY MAIN DO LOOP

oM W W o s W o o e e W s W M xR W W W R

Me osje e sk sz Wk o s W o R ok ik sk sk ok ok sk ok sk sk T

{4) EMPIRICAL COEFFICIENT ARRAYS

THE ARRAYS EJAY(3,8), IMY{3,8), EJPY(3,8), B5SY(3,8)
AND ABY(3,8) CONTAIN EMPIRIDAL LATERAL FORCE COEFFICIENTS
FOR FIVE DIFFERENT TIRE TYPES. ONE OF THE FIVE ARRAYS 1S
SELECTED AND ASSIBNED TO THE ARRAY TIRY(3,8), THESE COEF-
FICIENTS APPROXIMATE THE LATERAL FORCE ON A TIRE USING
THIRD ORDER POLYNOMIALS WITH NORWAL FORCE AS THE INDEPEN-
DENT VARIABLE, THE B ARRAY COLUMNS CORRESPOND TO COEFFI-
CIENTS FOR 8 DIFFERENT INTEGER SLIP ANGBLES, FOR NON-
INTEBER SLIP ANGLES, THE PROGRAM USES THE NEAREST HIGHER
AND LOWER INTEBER SLIP ANGLE, ALDNG WITH A LINEAR INTERPO-
LATION TO OBTAIN THE LATERAL FORCE.

THE ARRAYS EJAX(3), IMX(3), EJPX(3), 5SX(3), AND ABX(3)
HOLD SIMILAR COEFFICIENTS USED 70 CALCULATE LONGITUDINAL
FORCE DEPENDING UPON WHICH TIRE IS SELECTED, OMLY THREE
COEFFICIENTS ARE REGUIRED FOR EACH TIRE BECAUSE LONGITUDI-
NAL FORCE 1S ASSUMED INDEPENDENT OF SLIP ANGLE AND HENCE 15
DETERMINED DMLY BY THE VALUE OF THE NORWAL FORCE.

EWIRICAL COEFFICIENTS FOR A TYPICAL SET OF CASTER
WEELS ARE STORED IN THE ARRAY CASY(3,8) AND CASX{3).

o Wt W W ok o En s W ok W R e W R R R R W
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@81
e28e
8cas
8284
8285

eca7
8288
e2e9
8291

@293

*  ALTHOUBH INDIVIDUAL CASTER TYPES CANNOT BE SELECTED, DIF- s
% FERENT CASTERS CAN BE SIMULATED BY SPECIFYINS DIFFERENT '
& VALUES FOR CXMOD AND CYMOD. *
# #
HEER R R R R R 4 R R R R R R AR S R R R R HE 3
L ] [ ]
% (4) OUTPUT FILES '
& E ]
#  TAPEE - KEY VARIABLE LISTING (ALWAYS PRINTED), AND A LIST- '
* ING OF ALL INITIAL SPECIFIRBLE VARIABLE VALLES '
& TAPE7, TAPEB, TAPE9, TAPEL® - PRINTED IF PRCTAL DOES NOT EQURL 1.0 &
% TAPE 11 - PRINTED DMLY IF WARNING MESSAGES ARE BIVEN '
¥ ]
#  CONTENTS s
s TAPEB ¢ X, Y, THE, THED, THEDD, UD, VD, KE s
' TAPE? + SLIPA, SLIPB, SLIPD, SLIPE, VAX, VAY, VBX, VBY, s
s VDX, VDY, VEX, VEY '
' TAPEB : FAX, FEX, FDX, FEX, FC1, FAY, FBY, FDY, FEY, FC2, s
' FAZ,FB1,FDI,FEL *
* TAPES : U, UD, UDD, V, VD, VDD, E, ED, EDD, B, BD, BDD '
' TAPE1@: X, XD, XDD, Y, YD, YDD, THE, THED, THEDD, KE '
* TAPE11: T{=CURRENT TIME), SLIPR,SLIPE,SLIPD,SLIPE s
' AND/OR FAZ, FBZ,FD1,FEL '
# #
FHHHHHHHHHHHHHHHHE S HHHHHEHEHHHHHEHH HHE R R
#*
# (5) OTHER VARIABLES *
#* 4
M ALL DTHER VARIABLES ARE USED ONLY LOCALLY BY INDIVI- s
¥ DAL SUBROUTINES. THESE ARE DESCRIBED BY USING COMMENT s
s LINES WHEN NECESSARY.  NOTE THAT RUXILLARY VARIABLES WHICH '
*+  HMVE NO PARTICLAR MEANING BUT ARE USED FOR TEMPORARY '
&  GTORAGE ALWAYS BEGIN WITH THE LETTER L. (E.6. 11,11,13,...) '
# L 4

i
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ez1e
a3it
@312
@313
8314
8315
@316
8317
0318
2319

270

A
1] BEGIN EXECUTION OF MRIN PROGRAM H
HHHHH O O R

PROGRAM WCHAIR (INPUT, DUTRUT, TAPEG, TAFE?, TAPES, TAPEY, TAPELQ, TAPELL)
COPMON /TIME/  TTOTAL, TSTEP, PINT, PRCTAL
INTEGER COUNT,PRFLAB

[0 e B R RAR Az s L
€ SPECIFY VARIABLES, SET FLAG FOR PRINTING
C AND PLACE HERDINGS IN DUTPUT FILES
Dttt
CALL SETUP
PRFLAG = PINT/TSTEP
COUNT = PRFLAB
CALL HERDRS(PRCTRL)
R R S AR L A
€ BEGIN PRIMARY PROGRAM LODP
Cttttttt et b
D0 99 T = @, TTOTAL+TSTER, ISTEP
CALL SLIP
CALL STATICS(T)
IF {{COUNT.EQ, PRFLAG).AND, (PRCTRL.EQ.1.9)) THEN
CALL PRKEYI(T)
CONT = 8
ELSE IF (COUNT.EQ.PRFLAG) THEN
CALL PRCUR(T)
CONT = @
END IF
CALL MECHAN(T)
-CALL DYNAR(T)
CALL UPDATE
COUNT = COUNT + 1
93 CINTIME
END

R
# SUBROUTINE SETUP ALLOWS THE USER TO INTERACTIVELY SPECIFY THE INITIAL ¢
# CONDITIONS FOR EACH RUN DF THE PROGRAM. THIS INCLUDES ALTERATION OF ¢
# SPECIFIABLE VARIABLES AS PREVIOUSLY LISTED, RS WELL RS THE SELECTION #
# OF A SPECIFIC TIRE TYPE. (BEE THESIS TEXT) #
R

SUBROUTINE SETUP
COMMON /DIMEN/ DI,D2,51,52,L1,L, T4, T2, H

COMMON /WASSPR/ 12, 12P, M, MC, BR

COMMON /LATFOR/ FAY,FBY, FDY, FEY, FTIMG, FCINP, DUINP
COMMON /NORFOR/ FAZ,FBZ,FDZ, FEZ, ROLLK

COMMON /CIVAR/ U, D, DD, FC1

COMMON /C2VAR/  V, VD, VDD, FC2

COMMON /CASANG/ E, ED, EDD, B, BD, BOD

COMMON /6LOBAL/ X, XD, XDD, Y, YD, YID, THE, THED, THEDD, KE
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0349 COMMON /CDAMP/  MRF, MBF

Q350 COMMON /CAMTOE/ CRMANG, CAMCOF, TOEANG

0354 COMMON /TIRES/ TIRY(3,8),TIRX(3),CASY(3,B),CASX(3)
@352 CORON /YCDEFF/ EJRY{3,B),INY(3,8) ,EJFY(3,8),55Y(3,8) ,ABY(3,8)
@333 COMMON /XCOEFF/ EJAX(3), IMX(3) ,EJFX(3), 85X (3}, AGX(3)
2354 COMMON /FORMOD/ TXMOD, TYMOD, CXMDD, CYROD

8335 COMMON /TIME/  TTDTAL, TSTEP, PINT,PRCTRL

2356 REAL  L1,L,1Z,17P, MAF, MBF, M, MC, KE, IMX, IMY

357 INTEGER CHDICE, TIRSEL

@354 CHARACTER TIRTYP#S

@359 CHHHH A

03560 C PRINT CURRENT VALUES TO SCREEN

83564 CHtHH

@362 10 PRINT,YCURRENT VALUES FOR SPECIFIABLE VARIABLES ARE:!
@363 WRITE (%, 1008) 'Di=",D1,'M=" M, "FTINP=" FTIMR,'D2=",D2,
@364 ¥ YMC=Y , MC, YFCIMP=",FLINP,'51=",81,0171=" ,
@365 # 12,DUINP=" , DUIMP, ' B2=" 82,V 17P=1,17P , -
@366 # YTXM0D=", TXMOD, "L 1=, L1, *UD=",UD, ' TYMDD=",
@367 # TYMOD, 'L=", L, "VD=", VD, ' CXMOD=", CXNOD,
@368 # 'T4=', 71, 'E=*,E, 'CYMOD=", CYMOD, ' T2=1, T2,
@359 ¥ YB=", B, ' CAMCOF=", CAMCOF, YH=", H, " MAF=" , W,
@378 ] YEAMANG=" , CAMANG, Y ROLL K=", ROLLK, Y MBF=" , MBF,
3N 3 YTOEANG=", TOEANG, ' TTOTAL=" , TTOTAL, ' TSTEP=',
372 # TSTEP, 'PINT=", PINT, "PRCTRL=",PRCTRL

@373 1000 FORMAT {/,18{2(R12,F7.3),R14,F7.3,/),/,31R10,FB,5),R11,F3.1,/)
0374 R s ARA AL RRLAREARRARRARRRRR R an]

375 € SELECT VARIABLES 7O SPECIFY

8376 CHHHHH

377 PRINT#, YWHICH DF THE FOLLOWING ARE 1D BE SPECIFIED?
378 PRINT®

@379 PRINT#, ' §  GEDMETRIC VARIABLES'

@388 PRINT#, ' 2  DAMPING MOMENTS AT CRSTER PING'

381 PRINT#, ' 3  TIME AND PRINTER CONTROL CONSTANTS

@382 PRINT#, ' 4  LOCAL VELOCITIES {UD AND VD)?

@383 PRINT#, ' 5  LOCAL CASTER ANGLES (E AND B)!

@384 PRINT#, ' &  INITIAL LATERAL IMPULSE FORCES

8385 PRINT#, Y 7  MWASS AND INERTIA VALLES

8385 PRINT#, ' 8  ROLL STIFFNESS RATIO (ROLLK)'

8387 PRINT#, ' 9  CAMBER ANGLE FOR MAIN WHEELS'

@388 PRINT#, '18  TODE ANGLE FOR MAIN WHEELS'

@389 PRINT#, 'i1  TIRE FORCE MODIFYING COEFFICIENTS

3% PRINT#, '12  QUIT : CONTINUE WITH PROGRAM'

@391 PRINTs

€392 READ®, CHOICE

@393 IF ({CHOICE.LT.1) .OR. {CHOICE.6T.12)) THEN

395 PRINT+, 'CHDICE OUT OF RANGE, SELECT § THROUGH 12
€395 60 10 18

83% BN IF

8397 CH-HHHHH

8398 € READ INPUT FOR CHOSEN VARIABLES, RETURN

9399  C TO WKE ANOTHER SELECTION

441 60 70 {15,29,25,30, 35,48, 45,50, 55,60, 55, 7) , CHOICE
8402 15  PRINT#,'GIVE D1,D2,51,52,L1,L,T1, T2, H'



8410
8411
8412
8413
8414
8415
8416
817
8418
8419

8421

8423
8424

8428

8438
0434
X
8433
8434
8435
8436
8437
8438
8433

8441
8443
8445
8447

8449
o450
8451
@452
8453
8454
8455
8456

A5

7
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READY, D1,D2,51,52,L1,L,T1,T2,H
50 T0 18

PRINT#, "BIVE MoF AND MEF

READ®, MAF,MEF

60 70 18

PRINTs,'GIVE TTOTAL, TSTEP, PINT, AND PRCTRLY
READ®, TTOTAL,TSTEP, PINT, PRCTRL

60 0 10

PRINTS, 'GIVE UD AND VD'

READE, UD,VD

60 T0 10

PRINT#,GIVE E AND B (IN DEGREES)®

READE, E,B

60 TO 18

PRINT#,'GIVE FTING,FCINP, AND DUIMPY

READH, FTIMP,FCING, DUINP

80 0 10 -
PRINT#, 'GIVE N, ¥C, 12, 12"

READE, M,NC,12,12P

50 10 18

PRINT#, 'BIVE ROLLK'

READ*, ROLLK

80 70 10

PRINT#,YGIVE CAMBER ANGLE (IN DEGREES) AND CAMBER COEFFICIENT®
PRINT#,'GIVE ONLY WHOLE MUMBER CAMEER ANBLES {1,2,3,...)"
READ*, CAMANG, CAMCOF

50 TO 18

PRINT,"GIVE TOEANG {(IN DEGREES)®

READ+, TOEANS

60 T0 18

PRINT#, 'GIVE TXMOD, TYMID, CXMOD, CYNOD'

READ*, TXMOD, TYMOD, CXMOD, CYMOD

80 T0 10

CONTINE

PRINTs

L
C SELECT ONE OF FIVE MAIN WHEEL TYPES
D

PRINT#, YSELECT ONE OF THE FOLLDMING TIRE TYPES
PRINT# :
PRINT#,
PRINT%,
PRINT#,

1 EJR (EVEREST AND JENNINGS AIRLESS)'
2 IM {(INVACARE MAG-SPIDER WEB)'

3 EJP (EVEREST AND JENNINGS PNELMATIC)!
PRINT#, * 4 5 (SILVER STAR PNEUMATIC)®

PRINTS, ' 5 PG (AIRLESS BREY RUBBER)®

READS, TIRSEL

- - @ s

CHHHHHH R
C ASSIGN EMPIRICAL COEFFICIENTS TO BE

C USED BY THE MAIN PROGRAM TO THE RRRAYS
€ TIRY AND TIRX. USE PERMANTLY STORED

C ARRAY VALUES FOR THE TIRE SELECTED

S A AARAAAAREARARAARARRSAAS

IF (TIRSEL.EG.1) THEN
D08 1=1,3



8470
LT
8472
8473
8474
8475
8476
8477
8478
8479

8451

8433

8497

510

iee

185

119

13

120

D7 J=1,8
TIRY(L,3) = EJAV{L, D)
CONTINUE
TIRX(I) = EJAX(I)
CONTINE
TIRTYP = YEJAY
ELSE IF (TIRSEL.EQ.2) THEN
D% 1=1,3
poss J=1,8
TIRY(L, D) = INV(I, D)
CONTINUE
TIRX(D) = INX(D)
CONTINUE
TIRTYP = 'IN
ELSE IF (TIRSEL.EQ.3) THEN
Di® 1=1,3
D09 J=1,8
TIRY{1,3) = EJPY(1,])
CONTINLE
TIRXD) = EIPX(D)
CONTINUE
TIRTYP = 'EJP
ELSE IF {TIRSEL.EG.4) THEN
Do 11 1=1,3
D0 105 J = 1,8
TIRY{1,J) = §8Y{1, D)
CONTINUE
TIRX(I) = 8SX(])
CONTINUE
TIRTYP = 158
ELSE IF (TIRGEL.EQ.5) THEN
" DO1201=1,3
DO 1157 =1,8
TIRY(1, 1) = ABY(1,])
CONTIME
TIRX{I) = ABX(I)
CONTINE
TIRTYP = ‘A5
ELSE
PRINT#,"TIRE CHOICE NOT IN RANGE | - &
60 70 &5
B I

-
C WRITE FINAL SELECTIONS TO TAPER
L

WRITE {6, 1500) TIRTYP

158¢ FORMAT{(/,'TIRE SELECTED = ',A18,/)

WRITE(G, 1000) 'Di=",D1, =", M,'FTINP=", FTINP, ' D2=", D2,
VNC=1, WC, YFCINP="  FCINP, 1811, 51,1 12=" ,
12, DUINP=", DUIMP, Y §2=", 52, ' 17P=", 1P ,
VIXMOD=", TXMOD, 'L1=",L1, " UD=" , UD,  TYMOD=",
TYNOD, *L=", L, *VD=",, VD, * CXMOD=" , CXMOD,
1711, T4, E=", E, ' CYMOD=", CYWOD, ' T2=', T2,
VB=1, B, Y CANCOF=" , CAMODF, "He"  H, " WF=" , WF,

L I
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8512
8513
o514
8515
8518
@517
0518
8519
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' YCANING=" , CAMANG, " ROLLK=" , ROLLK, " MEF=" , MEF,
* YTOEANS=" , TOEANS, ' TTOTAL=",, TTOTAL,  TSTEP=!,
' TSTEP, "PINT=", PINT

CHEHHH
C CONVERT ANGLES TO RADIANS, INITIALIZE
C KE, XD, YD TO MACH SPECIFIED CONDITIONS
CHAHHHH R

E=E #0.8i7453

B =B # 0.0174332

TOERNS = TOERNG # @.0174532

KE = @, Getx (UDHID + VDAVD)

D=1

w=W

RETURN

END

S
# SUBROUTINE SLIP CALCULATES THE CURRENT SLIP ANGLE AT EACH OF THE FOUR +#
# WHEELCHAIR TIRES. ¥
FHHHHHHHHHHHHHHHHHH

SUBROUTINE SLIP
COMMON /DIMEN/ Di,D2,St,82,L1,L,T1,72,H
COMMDN /CIVAR/ U, UD, UDD,FC!Y
COMMON /C2VAR/ v, VD, VDD, FC2
COMMDN /DRSANG/ E, ED, EDD, B, BD, BDD
COMMON /BGLOBAL/ X, XD, XDD, Y, YD, YDD, THE, THED, THEDD, KE
COMMON /SLIPAN/ SLIPR, SLIPB, SLIPD, SLIPE
COMMON /DAMTDE/ CAMANG, CAMCOF , TOEANG
COMMON /PTVEL/  VRX, VAY, VBX, VBY, VDX, VDY, VEX, VEY
REAL Li,L
COSE = COS{E)
SINE = SIN(E)
COSB = COS{B)
SINB = SIN(B)
CrtHr et e
C CALDULATE VELOCITY OF ERCH TIRE CONTACT
C POINT {IN TIRE FIXED REFERENCE FRAME)
K A ARRAAAARASARARa=a sy s sy o o T
VAX = {UD+(THED*T1) }#COSE + (VD-(THED#52) ) #5INE
VWAY = (VD-(THED#52) ) #COSE ~ (UD+{THED#T1))#SINE - EDHL
VBX = (UD-{THED¥Te) ) #COSB + (VD-{THED#52) ) #5INB
VBY = (VD-(THED*52) ) #COSE - {UD-{THED¥T2))#SINB - BDHL
VDX = UD + THED#D!
VDY = VD + THED#S!
VEX = UD - THED#D2
VEY = VD + THED#S!
Lttt
C CORRECT FOR PRESENCE OF TOE ANBLE
N R amamanaaa s s
IF (TOEANG.NE.®.) THEN



11 = VEX#CDS{TOEANS) + VEY#SIN(TOEANR)
12 = -VEX#SIN{TOEANG) + VEY#CDS(TDEANS)
13 = VDX#COS{TOERNG) - VDY%SIN{TOEANG)
14 = VDX#SIN(TOEANG) + VDY#COS{TOEANS)
VEX = 11
VEY = 22
VDX = 13
VDY = 24
END IF
CHHHHH
C CALCILATE SLIP ANGLES
e AR AR AR RS ARARRSRARA ]
SLIPA = ATAN (ABS(VAY/VAY)) * 57.2357T79
SLIPB = ATAN (ABS{VBY/VBX)) # 97.295779
SLIPD = ATAN (RABS(VDY/VDX)) # 57.295779
SLIPE = ATAN (RBS{VEY/VEX)) # 57.293779
RETURN .
END

FEHHHE I HE I S I SR HHHH
% SUBROUTINE STATICS CALCLLATES THE CURRENT NORMAL FORCE ACTING DN EACH #
% WHEELCHAIR TIRE. THIS IS DONE USING THE CURRENT VALLES FOR THE ROAD #
* FORCES (FAX,FBX,FDX, FEX, FAY, FBY, FDY,FEY) ON EACH TIRE. A QURSI-STATIC #
* METHOD 15 USED WHICH ASSUMES THAT THE WHEELCHAIR DOES NOT ROLL. '
SHHHEHHHHEHHHHHHHEHHHHHEHRHHHHHAHA AR HHAHHHHHHHEHHEHEHEHAH

SUBROUTINE STRTICS(T)

COMMON /DIMEN/ D1,D2,51,52,L1,L,T1,72,H

COMMON /MASSPR/ 12, 1P, M, MC, ER

COMMON /NORFOR/ FAZ, FBZ,FDZ, FEZ, ROLLK

COMMON /CIVAR/ U, UD, UDD, FC1

COMMON /C2VAR/ V), VD, VDD, FC2

COMMON /CASANG/ E, ED, EDD, B, BD, BOD

REAL  L1,L,12,17°,M,0C

SAVE NWARN!

DATA NWARNY /0/
L e
C CALCULATE LATERAL AND LONGITUDINAL
C DISTANCE OF EACH TIRE CONTACT POINT
C FROM THE WHEELCHAIR CENTER OF GRAVITY
3 e R S e e S A e e e

AX = L & COSIE) + 82

AY = L # SINEE) + Tt

BX = L # COS(B) + 82

BY =-L # SIN(B) + T2

71 = 1.8/(ROLLK + 1.8

2=1.0-1
CHtttttt -ttt
€ SEQUENTIALLY SOLVE STATIC EQUATIONS
C 70 DETERMINE NORMAL FORCES
(X AR R aAARARARSARARARAARAR AR 2 a2 s as2s ]

TERM! = FCOMHSZ1%(S14AX) ~ FCISHHAY - MAGRESI#AY

275



%619

0645

0647

TERMZ = S1#(AY+BY) + RAY#BX + RX#BY
TERM3 = FC2#H#(22251/D1 - Z1+AX/AY) + FUIsH
FBZ = -TERM1/TERMZ
FE1 = {(FBI#{BX + AX¥BY/AY) - TERM3)/(5{#{1.@ + D2/Di))
FDZ = FEZ*D2/Di + FCexHxZe/Di
FAI = FBI#BY/RY + FCesHsl1/RY
CHHHHHHHH A
€ CHECK TD ENSURE THAT NORMAL FORCES ARE
C WITHIN THE ALLOWED RANGE, IF NOT PRINT
C WARNING TO SCREEN AND CURRENT VALUES
CHHHH
IF (MRX{FA2,FBZ,FD1,FE1).67,458) THEN
PRINT#,"#2x# WARNING!' OSEE TAPE §1 #s##
PRINT#, Y#43% NORMAL FORCE ) 458 N #+¢¥!
WRITE(11,20080) 'T =, T,"FAZ = ",FAZ,'FBIl = ',FBL,"FDI = Y,
# FD1,'FEZ = ',FE1
2008 FORMAT (A4, F8. 6, 4(R3,F7.2))
CHHHH
£ KEEP TRACK DF WARNINGS ISSUED, IF
C NUFBER OF WARNINGS EXCEEDS 10, S70P
4+ttt
NWARNT = NWARNYL + 1
IF (NWARN1.BT.10) STOP YTEST CASE TERMINATED!
END IF
RETURN
END

HHHHHHHHH
# SUBROUTINE MECHAN USES THE SLIP ANGLES CALCULATED BY SLIP AND THE

# FORCES CALCIRATED BY STATICS 7O DETERMINE THE CURRENT LONSITUDINAL

# PND LATERAL RORD FORCE ACTING ON EACH WHEELCHAIR TIRE. THIS IS DONE
# USING EXPERIMENTALLY DETERMINED EMPIRICAL CONSTANTS. NOTE THAT THE
% DIRECTION OF EACH TIRE FORCE ALWAYS OPPOSES THE THE CORRESPONDING

# VELDCITY COMPONENT FOR A BIVEN TIRE. IF A TIRE HAS A LATERAL VELOCITY
# DIRECTED ALDNG 175 POSITIVE LDCAL X AXIS, THE LATERAL FORCE WILL BE

# DIRECTED ALONG THE NEBATIVE LOCAL X RXIS.
O

e W sk sk oz W W e

SUBROUTINE MECHAN(T)

CONMON /LATFOR/ FAY,FBY, FDY, FEY,FTIN, FCINP, DUINP
COMMDN /LONFOR/ FAX, FBX,FDX,FEX

COMMON /NDRFOR/ FAZ,FB,FDZ,FEZ,ROLLK

COMMON /BLIPAN/ SLIPA, SLIPB, SLIPD, SLIPE

COMMON /PTVEL/  VAX, VAY, VBX, VBY, VDX, VDY, VEX, VEY
COMMON /CAMTOE/ CAMANG, CAMCOF, TOEANG

COMMON /TIRES/ TIRY(3,B),TIRX(3),CA5Y(3,8),CASX(3)
COMMON /FDRMOD/ TXMOD, TYMOD, CXMOD, CYMOD

SAVE NWARNZ

DATA NWARNS /8/
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0570
%671
es72
8573
8574
8675
8576
8677
8578
0573

0681

0585

8587

8589
0630
8591
8652
8693
8634
2695
85%
0637
6638
8593
8700
@7ei
e7ec
@783
8784
@785
8786
e7e7

8709
8710
8714
@712
713
714
8715
716
717
8718
@713
@720
e7el
erze
723

21717

CHttHttH
C CHECK TO ENSURE THRT ALL SLIP ANSLES
C ARE LESS THAN B DEGREES. (E.6. THAT NO
C SLIPPING HAS BEGUN) 1F NOT, PRINT
€ WRRNING AND CURRENT VALUES
CHt -4
IF {MAX{SLIPA, SLIPE, SLIPD, SLIFE),67,.8.) THEN
PRINT#,?#5x% WARNING!! GFE TAPE 11 =0
PRINT#, " ##%# SLIP ANGLE ) 8 DEGREES #xe#!
WRITE{11,250@) 'T = *,T,'5LIPA = ', SLIPR,'SLIPE = ', 5LIPB,
¥ YSLIPD = *,SLIPD,YSLIFE = ', 5L1PE
2500 FORMAT (R4, FB. 6, 4{R9,F7.3))
NWARNZ = NWARNZ + 1
IF {NWARNZ.BT.10) STOP YTEST CRSE TERMINATED
END IF
0 A m E o o s o ]
€ CALCULATE LATERAL FORCE ON LEFT CRSTER
CH+ 4444t AHHHH AR
1 = INT{SLIPR)
=]+1
11 = PDLYFT(CASY, 1,FAZ)
12 = POLYFT(CASY, J,FR1)
FAY = BIBN{(SLIPA - 1)#{12-11) + 11 , -VAY) # CYROD
CHH R
€ CALCLLATE LATERAL FORCE ON RIBHT CASTER
CHet 444ttt b4t EbHHEHH A
1 = INT(SLIPB)
J=1+1
11 = POLYFT{DRSY, I,FBZ)
12 = POLYFT{CASY, J,FB1)
FBY = SIBN{{5LIPB - 1)#{12-711) + 11 , -VBY) & CYM0D
Lttt e e
C CALCULATE LATERAL FORCES DN MAIN WHEELS
CHHHH
IF{(FTIMP.NE, @, ), AND. (T.LE.DUIMNP)) THEN
FOY = FTIWF
FEY = FTIWP
ELSE
1 = INT{SLIFD)
J=1+1
11 = PCI.YFHTIRV,I,FDZ)
12 = POLYFT{TIRY, J,FD1)
FDY = SIBN{{SLIPD - 1)#{22-71) + 71 , VDY) # TYNDD
1 = INT(SLIPE)
J=1+1
11 = POLYFT{TIRY, 1, FED)
12 = POLYFT{TIRY,J,FEZ)
FEY = SIBN{{SLIPE - I)#{12-11) + 71 , -VEY) # TYMID
END IF
CHt
C CALCULATE LONGITUDINAL FORCES
I AR AAAmASaaasss s s s o
FRX = SIBN{CASX (1) #FAZ+CASX (2) #FAZ##2+CASX (3) #FA7 43, -VAX ) 4CXNCD
FBX = SIBGN{CRSX (1) #FBZ+CASX {2) #FB7##24 RS (3) #FB1443, -VBX) +CXMOD



0724
87e5
8726
8727
@7e8
0723
€730
@731
8732

0734
8735
0735
8737
8738
8739
@740
8744
8742
0743
0744
8745
8746
8747
8748
8749

@751
9752

975
8757

8759
8760
#761
8762
9763
764
8765
o765
0767
0768
8763
8770
o771
o772
o773
a774

8776

FDX = SIBN{TIRX{1) #FDZ+TIRX (2) #FDZ##2+TIRX (3) #FD7#3, -VDX) 4TXNOD
FEX = SIBN{TIRX(1)4FEZ+TIRX {2)4FEZ#524+TIRX (3) #FEZ#£3, -VEX) ¥TXMOD
Lttt
C CORRECT FOR PRESENCE OF TOE OR CRMBER
CHHt
IF {CRMANG. NE.@.) THEN
1 = INT{CRMANG)
FDY = FDY + CAMCOF#POLYFT{TIRY, 1,FD1)
FEY = FEY - CRMCOF#POLYFT(TIRY,1,FE2)
END IF
IF {TOEANG. NE. @, ) THEN
11 = FEX#COS{TOEANS) - FEY#SIN{TOEANG)
12 = FEX«5IN(TOEANG) + FEY#COS(TOEANS)
13 = FDX+COS(TOEANG) + FDY#SIN(TODEANS)
14 =-FDX#5IN{TDEANG) + FDY#CDS(TOEANG)
FEX=11
FEY = 72
FDX = 73
FDY = 7%
END IF
END

CHttH bt
C FUNCTION POLYFIT USES THE LATERAL FORCE
C COEFFICIENTS TD COMPUTE THE LATERAL FORCE
C ON A TIRE BIVEN THE NORMAL FORCE AND AN
€ INTEGER VALUE SLIP ANGLE.

CHr e

FUNCTION POLYFT(R,K,F2)
DIMENSION A(3,8)
IF (K.ET.8) THEN
K=8
END IF
IF (K.EQ.0) THEN
POLYFT = 0.8
ELSE
POLYFT = AU1,K)SFL + AL2,K)HFZ882 + AL3,K)HFTH3
BND IF
RETURN
END

HHHHEHHHHHHHHHHAHHHHHHHHHHHHHHHHHHHHEHHHHHHHHEHHHHHHHHHHHHHHHAHHHEHH HHHHH

# SUBROUTINE DYNAM CALCARATES THE CURRENT ACCELERATION OF THE
# WHEELCHATR CENTER OF MASS AND DF THE INDIVIDUAL CASTER WHEELS.

HHHHHHEHHHHEHHHHHHHHHHHHHHHHHHHHHHHHHHHHHEHEHEEHHHHHHHHHHHHHHHHHHHHHHH

SUBROUTINE DYNAMIT)
COMMON /DIMEN/ - D1,D2,81,82,L1,L,T1,72,H

COMMON /MASSPR/ 12, 2P, M, MC, 6R

COMMON /LATFOR/ FAY, FBY, FDY, FEY, FTINP, FCIMP, DUING
COMMON /LONFOR/ FAX, FBX, FDX, FEX
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8778
o779
0780
0781
gre2
8783
@784
9785
o786
8787
0788
8789
0799
8791
8792
8793
079
8795
7%
8797

@793

@810
8811
e8lz
8813
8814
8815
8816
ea17
8818
8819

L
8823
8824

8827
8828
L]

843t

CoMWON /CIVAR/ U, UD, UDD, FC1

COMMDN /C2VARR/ ¥, VD, VDD, FC2

COMMON /CASANG/ E,ED, EDD, B, BD, BOD

COMMON /6LOBAL/ X, XD, XDD, Y, YD, YDD, THE, THED, THEDD, KE
COMMON /CDRMP/  MAF, MEF

REAL  L1,L,12,17P, MAF, MEF, M, M

A

C COMPUTE SEVERAL CONSTANTS WHICH WUST BE

€ USED FOR ALL ACCELERATION CALCLLATIONS

R A N ARARARRARARRARARSRER AL
COSE = COS(E)

SINE = SIN(E)

COSB = COS(B)

SINB = SIN{(B)

SDIF = SIN{E-B)

EDIF = COS{E-B)

11 = TisCOSE - S2#5INE
12 = TI#5INE + Se#COSE
13 = TexCOSE + SC#SINB
14 = T2¥SINB ~ S2#L0SB
15 = L1#MC/M/12P

16 = W/LI/K

17 = 1.8 -LeM/MC/LL

18 = FDY + FEY

19 = FDX + FEX

118 = MsTHEDD

111 = MTHED*THED

CHH

C CHOOSE FRICTION AT CASTERS TO OPPOSE

€ CASTER MOTION. 1IF CASTERS ARE NOT

€ ROTATING SET FRICTION DAMPING TD ZERG.

L+t
IF {ED.NE.Q.) THEN

112 = SIBN{MAF, -ED)
ELSE
112 = 8.8
END IF
IF {(BD.NE.Q.) THEN
113 = SIBGN{MBF,-BD)
ELSE
113 = 0.8
N IF

[ S AR ARAAR AR AR AR AR RR S RRRRRLS

C CALCULATE NET FORCE ON CENTER OF MRSS

C IN C1 AND C2 DIRECTIONS USING CURRENT

€ TIRE FORCE VALUES.

CHHHHH
FC1 = FDX + FEX + FAX#COSE ~ FRY#SINE + FBX#COSB - FBY#SINE
IF{{FCINP, NE. 8.)., AND. (T.LE.DUIMP)) THEN

FCZ = FDY + FEY + FAX#SINE + FRY#COSE + FBX#SINB + FBY#LOSH
# + FCIWP
ELSE

'FC2 = FDY + FEY + FAX4SINE + FAY#COSE + FBX#SINB + FBYs*C0SB
END IF
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8845

8870
LT
887
8873
8374
8875
8876
8877
@878

[ e e e e AR AR LA AARSR AR RS S
C COMPUTE DESIRED ACCELERATIONS
0 R E Y e S S e e R AR RAd
UDD = FC1/4 + THED#VD
VDD = FC2/M - THED#UD
THEDD = { FDX#Di - FEX#D2 + 78451 + FAX#1] -

# FAY#{Z24L) - FBX#I3 + FBY®{I4-1) ) / 1T
BDD = { 113#16 + FBY¥Z7 + FAXsSDIF + FAYCDIF +

# 18#C0SB ~ 7945INB + 718%74 - 111513 ) # 15
EDD = { 112526 + FRY#27 - FBX#SDIF + FBY:(DIF +

* 1B#COSE - 7945INE - 718472 + 111421 ) # IS
RETURN

END

HHHHHH I H
# SUBROUTINE UPDATE USES THE ACCELERATIONS COMPUTED IN SUBROUTINE DYNAM #
# T0 UPDATE THE CURRENT VALUES FOR POSITION AND VELOCITY. THE ACCELERR- #
# TIONS FOUND FROM DYNAM ARE AGSUMED CONSTANT OVER R SINGLE TIME STEP. #
% UPDATE ALSD TRANGFORMS THE CURRENT VALUES DF LOCAL DISPLACEMENT, ¥
# VELOCITY, AND ACCELERATION TO THE FIXED INERTIAL FRAME (E.G. TOTHE #
# BLOBAL X,Y FRAME) #
A

SUBROUTINE UPDATE

COMMON /MABSPR/ 12,11P,M,MC,ER

COMMON /C1VAR/ U, UD,UDD,FCL

COMMON /E2VAR/  V, VD, VDD, FC2

COMMON /CASANG/ E, ED, EDD, B, BD, BOD

COMMON /6LOBAL/ X, XD, XDD, Y, YD, YDD, THE, THED, THEDD, KE

COMMON /TIME/  TTOTAL, TSTEP, PINT,PRCTRL

REAL 12,12P,M,MC,KE
3R e aaaaans s E o ey g
€ CALCULATE LOCAL DISPLACEMENT, VELOCITY
C AND ACCELERATION IN Ci AND C2 DIRECTIONS
CHHHHHHHH

U=8.8

V=00 -

CALL TTRATE (U, UD, UDD, TSTEP)

CALL ITRATE(V, VD, VDD, TSTER)
CHHHHHH
C TRANSFORM TD GLOBAL REFERENCE FRAME,

C X,Y ARE WITH RESPECT TO A FIXED ORIGIN
€ AND DO NOT MOVE DR ROTATE WITH THE

€ WHEELCHRIR
CHHHHHHHHH

CO5T = COS{THE)

SINT = SIN(THE)

X = X + {(LHCOST - V4SINT)

Y = Y + (U#5INT + VaCOST)

XD = UD#COST - VDASINT

YD = UD#SINT + VD#LOST

XDD = UDD*COST - VDDHSINT

280



8887

8339
8330
2591
8832
8833

0397

#s1e
#s11
esiz
8913
2314
0315
8316
@917
L HE]
- 8919

337

9939

281

YDD = UDD#SINT + VDD#LOST
CHHHHH
C UFDATE ANGULAR DISPLACEMENTS, VELDCITIES
C RND ACCELERATIONS,

CHHHHHH R

CALL ITRATE(B, BD, BDD, TSTEP)

CALL ITRATE(E,ED,EDD, TSTEP)

CALL ITRATE {THE, THED, THEDD, TSTEP)
CHHt -ttt
C UPDATE VALLE OF TOTAL KINETIC ENERGY
R aaaa s R aaARasasss

KE = @, 5% (Ms{UD*UD + VDaVD) + IZ#THED#THED)

RETURN

END

~

FHHH R
# SUBROUTINE 1TRATE USES CLASSICAL FORMULAS FOR MOTION WITH CONSTANT *
+ ACCELERATION TO COMPUTE DISPLACEMENT AND VELDCITY CHANGES FOR A SINGLE #
% TIME STEP. ITRATE IS CALLED BY SUBRDUTINE DYNAM. #
T

SUBROUTINE ITRATE(DISP, VEL,ACCEL, TSTEP)

DISP = DISP + VEL#TSTEP + @, S#ACCEL#TSTEPHTSTEP
VEL = VEL + ACCEL#*TSTEP

RETURN

END

HEHHHHHH
% BUBROUTINE HERDRS PRINTS HERDINGS AT THE TOP DF EACH DUTPUT FILE TO BE #
# PRINTED. THE NUMBER OF DUTPUT FILES DEPENDS UPON THE SPECIFIED VALLE #
# OF PRCTRL. ]
HHHHHHHH

SUBROUTINE HEADRS {PRCTRL)
WRITE {5, 3000)
IF (PRCTRL.NE.1.) THEN
WRITE  {7,3500)
WRITE (B, 4000)
WRITE {9, 4500)
WRITE {19,5002)
BND IF
3000 FORMAT (3X,'T",11X,7X",BX, V", 7X, " THE! ,5X, ' THED' , AX, " THEDD' ,
* 7%, 0D, 7%, VDY, X, /)
3500 FORMAT (3X,'T",6X,'SLIPAY,BX, "SLIPB', 6X, YSLIPD', 6, "SLIPE?,
' 7%, 'VAXY, BX, 'VAY?, BX, 'VBX?, BX, "VBY' , BX, 'VDX! , BX, 'VDY",
' BX, "VEX?, BY, "EY', /)
4B00  FORMAT (2X,T,BY, "FAX, 4X, "FBXY, AX, "FDX", 4X, "FEX", 4X, 'FC1",
s BX, YFAY?, BX, 'FBY", BX, YFDY?, BX, "FEY", 5X, "FC2" ,5X, 'FAZ’,
' 5X, 'FB2',5X, 'FD2' , 5X, YFED', /)
A500 FORMAT (31,°T*,9%,U",9X, "UD", 8, "LDD", 9, 'V, 9X, VD", 9X, *VOD'



8340
0941
0342
0343
8944
8345
8346
0347
0348
8343
0330
@95t

0378

&2
#0973
8974
8375
8376

8978
8379

' 9x, 'E*, 9¥, "ED’, 9%, YEDD", 9%, ' B, 9%, " ED', 9%, YBOD', /)
5000 FORMAT (3X,'T',10X,'X', 11X, XD", 11X, ' XDDY, 11X, 'Y, 12X, 'YD',
* 10X, 'YOD', 1%, *THEY , 3X, Y THED" , 9%,  THEDD? , 7X, YKE? , /)
RETURN
END

FHEHHHHEHHHHHH HH R R H R LR

% SUBRDUTINE PRCUR PRINTS THE CURRENT VALUES OF SEVERAL VARIABLES T0 THE #
% QUTPUT FILES. 1IF PRCTRL = 1.@ ENTRY BEGINS AT THE ENTRY STATEMENT '

% "PREKEY™ AND DNLY KEY VARIABLES ARE PRINTED. FOR ANY OTHER VALLE OF #

% PRCTRL, ALL VARIARLES ARE PRINTED. PRCUR 1S CALLED FROM THE MRIN 2
% PROGRAM RT TIMES CORRESPONDING 70 THE SPECIFIED VALLE OF PINT. ¥
HEH R

SUBROUTINE PRCURIT)
COMMON /LATFOR/ FAY, FEY, FDY, FEY, FTING, FCING, DUINP R
COMMON /LONFOR/ FAX, FEX, FDX, FEX
COMMON /NORFOR/ FAZ,FBZ,FDZ, FEZ, ROLLK
COMMON /CAVAR/ U, UD, UDD, FCI
COMMON /C2VAR/  V, VD, VDD, FC2
COMMON /CASANG/ E, ED, EDD, B, BD, DD
COMMON /GLOBAL/ X, XD, XDD, Y, YD, YDD, THE, THED, THEDD, KE
COMMON /SLIPAN/ SLIPR, SLIPB, SLIPD, SLIPE
COMMOR /PTVEL/  VAX, VAY, VBX, VBY, VDX, VDY, VEX, VEY
COMMON /CDAMP/  WF, MBF
REAL  KE
WRITE (7,550@) T,SLIPA,SLIPB,SLIPD, SLIPE, VAX, VAY,

* VBX, VBY, VDX, VDY, VEX, VEY

WRITE (B,6000) T,FAX,FBX,FDX,FEX,FC1, FAY, FBY, FDY,

' FEY, FC2, FAZ, FBZ, FDZ,FE1

WRITE (9,5500) T,U,UD, DD, V, VD, VDD, E, ED, EDD, B, BD, BDD
WRITE (10,6509) T,X,XD, XDD, Y, YD, YD, THE, THED, THEDD, KE
ENTRY PRKEY(T)

WRITE (6,7008) T,Y,Y, THE, THED, THEDD, UD, VD

5500 FORMAT (F5.2,12E11,3)

5000 FORMAT (F5.2,2X,5F7.1,4E11,3,5F8. 1)

E500 FORMAT (FS.2, 1%,%13.4,F7.2)

7000 FORNAT (F5.2,3X,7F9, 4)

m .

HEEHHHHHHHHHHHHHHH
# BLOCK DATA INITIALIZES ALL SPECIFIABLE AND NON-SPECIFIABLE VARIABLES, +
# IF 1T IS DESIRABLE TO CHANGE SEVERAL INITIAL CONDITIONS FOR MANY DIFF- #
# ERENT TEST CRSES, THIS CAN BE DONE BY MODIFYING BLOCK DRTA RATHER THAN #
# BY SPECIFYING EACH CHANGE INTERACTIVELY FOR EACH TEST CRSE. &
Y

BLOCK DATA
COMMON /DIMEN/ D1,D2,51,82,L1,L,T1,T2,H
COMMON /MASSPR/ 12, 12P, M, MC, BR
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1081
12
1003
1004
1005
106
1007
1oe8
10e3
fe1e
1011
12
1813
1014
1015
1e1e
1617
fe18
1019
1020
1ee1
1eee
(K]
1e24
tees
1626
1ee7
ecs
1829
1039
1031
feaz
@33
1034
1835
1836
1837
X ]
1039
1040
1844
1842
1843
1044
1845
1046
1847

COMMON /LATFOR/ FAY,FBY, FDY, FEY, FTINP, FCINP, DUINP
COMMON /LONFOR/ FAX, FBX, FDX, FEX

COMMON /NORFOR/ FAZ,FB1,FDI,FEZ, ROLLK

COMMON /CIVAR/ U, UD, UDD, FCA

COMMON /CEVAR/ V, VD, VDD, FC2

COMMON /CASANG/ E, ED, EDD, B, BD, BDD

COMMON /BLOBAL/ X, XD, XDD, Y, YD, YDD, THE, THED, THEDD, KE
COMMON /SLIPAN/ SLIPA, SLIPB, SLIPD, SLIPE

COMMON /PTVEL/  VAX, VAY, VBX, VBY, VDX, VDY, VEX, VEY
COMMON /CORMP/  WOF, NEF

COMMON /CRNTOE/ CRMANG, CAMCOF, TOERNG

COMMON /TIRES/ TIRY(3,8),TIRX(3),CASY(3,8), DASX(3)
COMMON /YCOEFF/ EJAY(3,8), INY13,8) ,EJPY (3, 8), 55V (3, B) , AGY (3, 8)
COMHON /XCOEFF/ EJAX{3), INX(3),EJPX(3),55X(3), ABX(3)
COMMDN /FORMOD/ TXMOD, TYNOD, CXMOD, CYMOD

COMMON /TINE/  TTOTAL, TSTEP, PINT, PRCTRL

REAL
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA

LY, L, 12, 1P, MAF, MBF, M, C, KE, IHY, INX
D1,D2,81,52 /. 265, . 265, . 345, . 175/

L1,L, T8, T2,H 7,858, .88,.24, . 24, .61/

11,120, M, MC, 6R /5.6, .82,95.,1.2,9.81/

FCING, DUIND, FTINP, FAX, FBX, FDX, FEX /49.,.10,5%. /

FAY, FBY, FDY, FEY, FA1, FBZ, FDZ, FEZ, ROLLK /848, ,1./

TXMOD, TYMOD, CXMOD, CYMOD /8., 1.,0.,1./

U, UD, UDD, FC1, V, VD, VDD, FC2, E, ED, EDD, B, BD, 0D /. ,. 75, 1240, /
X, XD, XDD, Y, YD, YD, THE, THED, THEDD, KE /1049 /

SLIPA, SLIPB, SLIPD, SLIPE /44, /

VAX, VAY, VBX, VBY, VDX, VDY, VEX, VEY /88, /

NOF , MBF, CAMANG, CAMCOF , TOEANG /. 1,.1,0.,0.,0./

TIOTAL, TSTEP, PINT, PRCTRL /10.,.081,.29,1./

DATA EJAX / 1.95Q6BE-2, -2, 65A56E-5, 5.38569E-8 /
DATA IMX  / 1.28231E-2,-3.62B74E-6, 2,47265E-8 /
DATA EIPX / 1. ABRAZE-2, -2, T79B5E-5, 2.70283E-8 /
DATA 55X / 1.BITSOE-2,-5. 38A52E-5, 6.264856-8 /
DATA ABX  / 1.28211E-3, 1.42569E-4,-1.70813E-7 /
DATA CASX / 9.19876E-3, 3,21731E-5,-1,54BIRE-8 /
DATA EJAY / 1,9B1B9-1, -1, 736904, -3, 90765€-8,
3.17287E-1, 2.37231E-5, 5. 19682E-7,
3.07205E-1, 5.56659E4, -1, 118096,
2,93374E-1, 9. AB220E-4,-1.5C567E-5,
3.65786E-1, B.2T195E-,-1. A621E-6,
5, 3137SE-1, 2,66275E-4, -7, MARTE-T,
B. T525% -1, -2, 13245E~4, -2, 6IA38E-7,
6. 96379 -1, -2, 237BAE-4, -2, I7548E-7 /
DATA TNV / 3.5B427E-1,-9, 11580E-4, 7.31398E-7,
5, 09691E-1, -1, 01940E-3, 7.682ALE-7,
6. BO230E-1, -1, 29672E-3, 9,95I98E-7,
8. 10833E-1, -1, 53826E-3, 1. 19312E-6,
B, 32BA%E-1, -1, 39033E-3, 1.B4160E-5,
B, ABTOGE-1, -1, 2T670E-3, 9, 1215367,
7, BA546E-1, -9, 29083E-4, 5.50303E-7,
7.74272E-1, -8, BRATTE-H, 5.BABISE-T /
DATA EJPY / 3.35695E-1, -4, A0B24E-4, 9.33509E-8,
' 5, J0394E-1, -4, BETAGE4, -B, A1244E-B,
' 6. 31923E-1, -3, 1661 2E~4, -3, 6TS44E-7,
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1048
1049
150
test
fese
133
1054
1055
tese
1057
1058
159
1068
1064
1062
1063
1064
10635
1068
1867
1068
1069
1078
1874
1e72
1073
1074
1075
1076
o

o W W e

DATA 85Y

o ok ok W W

DATA AGY

oW e W e e W

8. 25503E-1, -6, AT171E-4, -6, 401 8% -8,
B, 993BEE-1, -5, 33797E-4, -2, 33609E-7,
9, 29075E-1, ~4., ATAZTE-4, -3 16601E-7,
9, 19489E-1, -2, 36651E-4, -5, 02257,
9, BA140E-1, -4, 15714E-4, -3, BR9BIE-7 /

/ 3.08352E-1,-4, 38212E-4, 1.BBR4TE-7,

5. B4862E-1, -1, 8B10BE-3, 7. BBIFAE-7,
7.61038E-1, -1, 14356E-3, 5.69103E-7,
8. B1072E-1, -1, PB144E-3, 5.34230E-7,
8. 54826E-1, -7, 2BBIBE-4, -1, 11985E-B,
B. 22513E-1, -4, 40673E-4, -2, 27T54BE-1,
7.53144E-1, 3. 15524E-5, -6, 98151E-7,
7. T7B52E-1, -7, 30789E-5, -4, T22B5E-7 /

/ 2.68312€-1, 6.28921E-5, -6, 18542E-7,

5, 42135E-1, -6, 1225AE-4, 1, 14320E-7,
7.51468E-1, -1, B08S2E-3, 4. 237B1E-7,
B, 7BIB4E-1, -1, B735%E-3, 3.7592BE-7,
B. B6993E-1, -7, 7S56E-4, 2. B4BSAE-B,
9, 22619E-1, -6, B9EITE-4, -, FEEIE-B,
9, 46552-1, -6, 5031 7E-4, -5, B18I5E-B,
9, 52619E-1, -5, 63BREE-4, -1, 52A7%E-7 /

DATA CRSY / 2.43038E-1,-6.B8609%E-4, b,05735E-7,

W s e e e e

4,59856E-1, -1, 3124%E-3, 1. 1956065,
6.90834E-1, -1, 97964E-3, 1.7BRETE-G,
8. 1B59BE-1, -2, 11332€-3, 1.72893E-6,
9, B26B2E-1, -2, ASSO1E-3, 1.96530E-5,
1,07234E-9, -2, 50068E-3, 1.BBBALE-6,
1.21599%-0, -2, B3152E-3, 2. 12T77E-6,
1. 34B4TE-0, -3, 14277E-3, 2. 34BESE-S /
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APPENDIX D

ESTIMATION OF DEFAULT PARAMETERS

The default parameters used by program WCHAIR were
given in Table 8-1. Most of the default values were either
measured directly or were assigned a known typical value.
For example, the width dimensions 4; or d, (see Figure 6-1)
could be directly measured from the Everest and Jeﬁnings
rear caster wheelchair. The assumed total mass of 95 kg
corresponds to a user with mass 75kg and a wheelchair with
mass 20kg. These are known to be reasonable values. Of
course, all of the parameters will vary for different
wheelchairs and different users. It is desirable to choose
default parameters which are representative of a typical
wheelchair/user combination.

Of the parameters given in Table 8-1, three were
slightly more difficult to estimate than the others. These
were the center of gravity position, the moment of inertia
values, and the frictional moments at the caster pins. This
appendix is intended to briefly outline the methods that
were used to obtain reasonable values for each of theée

quantities.
CENTER OF GRAVITY POSITION

As mentioned previously, it was not possible to obtain
the Everest and Jennings rear caster wheelchair for an
extended period of testing. For this reason, the longi-

tudinal position and vertical height of the center of
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gravity were estimated using data collected by E.V. Mochel.
[D.1] Mochel determined the position of the center of
gravity for a 75kg ISO (International Organization for
Standardization) test dummy seated in an Invacare Rolls 500
STS wheelchair. This is a manual front caster wheelchair.
The center of gravity was found to be a distance of 13.5cm
from the rear axle of the front caster wheelchair at a
height of 6icm. Note that the default mass used by program
WCHAIR assumes a user of mass 75 kg. This value was
chosen to correspond to the ISO dummy used by Mochel. Later
in this appendix, moment of inertia values for the ISO dummy
will be discussed.

The rear axle on the front caster wheelchair used by
Mochel corresponds approximately to the back of the seat.
Because the Invacare wheelchair and the rear caster Everest
and Jennings wheelchair have nearly the same mass, it is
reasonable to expect that the center of gravity position for
the Everest and Jennings chair will also be about 13.5cm
from the seat back (again assuming a 75kg test dummy).
Adding to this value a distance of 4cm from the back of the
seat to the caster pins means that the distance (s,) from
the caster pins to thé center of gravity is approximately
17.5 cm (see Figure 9-1).

The seat height for both the Everest and Jennings rear
caster wheelchair and the Invacare front caster wheelchair
used by Mochel was measured to be 48 cm (19 in). Since both
wheelchairs have nearly the same mass, the center of gravity

heights should be approximately equal. Thus, the height of
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61 cm found by mochel was used as the value for h.
It is emphasized that the default values are only
reasonable estimates. The effect of varying the center of

gravity position was discussed in Chapters 8 and 9.
MOMENT OF INERTIA VALUES

The moment of inertia of the 75 kg ISO test dummy was
determined to be 3.1 kg-m2 by T.M. Duffey. [D.2] This value
corresponds to a vertical axis passing through the dummy’'s
center of gravity. The ISO dummy was designed to have mass
properties similar to those found for a typical wheelchair
user.

The mass moment of inertia of a typical manual
wheelchair was experimentally determined by using a
torsional pendulum. The pendulum consisted of a slender
steel rod welded between two small metal plates as shown in
Figure D-1, The upper platewas clamped to a rigid frame so
that the pendulum would hang freely. A wheelchair was
suspended at the lower plate by passing a flat steel bar
under the seat frame and then clamping that bar to the lower
plate using two C-clamps. The wheelchair was clamped such
that the lower plate was located at the wheelchair center of
mass.

The suspended wheelchair was then carefully rotated
through a small angle theta and released. By measuring the
pefiod of the resulting oscillations, it Qas possible to

determine the moment of inertia, I.
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Figure D-1 Torsional Pendulum for
Determining Moments of Inertia
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The relationship between the period of oscillation, T,
the wheelchair moment of inertia, I, and the material
properties of the steel rod is given by

I

T = 2n (D-1)

Kt

where Ky is the torsional rigidity of the rod. K can be
found by suspending a mass with a known moment of inertia
such as a solid cylinder from the pendulum and observing
its period of oscillation. Once Ky is determined, I values
can be found for a wheelchair or any other mass that can
easily be mounted at its center of gravity to the lower
pendulum plate.

The torsional pendulum used for this research consisted
of a1/8 (.32 cm) inch diameter steel rod of length 33 1/2
inches (85.1 cm). A 50 lbf (222 N) solid cylinder was used
to calibrate the pendulum. The value of Ki for this rod was
found to be 0.66 (ft-1bf)/rad. The value for I for an
Invacare Rolls IV manual front caster wheelchair was found
to be 2.3 kg-m2.

Because the center of mass of the wheelchair and the
seated dummy do not coincide, the total moment of inertia is
not simply the sum of the value found by Duffey for the ISO
dummy and value obtained from the torsional pendulum for the
wheelchair. Instead a small correction is required. This
is done by determining the position of the dummy center of
maés, the wheelchair center of mass, and the combined center

of mass. With these positions known, the parallel axis
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theorem for moments of inertia is used to compute the total
moment of inertia. When this was done, the resulting total

moment of inertia, I, was found to be 5.6 kg-m2

as given in
Table 8-1. This is 0.2 kg-m2 higher than would have been
obtained by simply adding the two values already given for

the dummy only and the chair only (3.1 kg—m2 + 2.3 kg—mz)
FRICTIONAL MOMENTS AT CASTER PINS

Because the friction at the caster pins is extremely
small, it is difficult to measure directly. An approximate
value was obtained by lifting the wheelchair off the ground
so that the two casters were free to pivot. A spring scale
was hooked to one of the casters at a known distance from
the caster pin. By measuring the distance to the caster pin
and the force required to slowly turn the caster, the

frictional moment was found to be approximately 0.10 N-m.





