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ABSTRACT 

A five degree of freedom dynamic model which uses a 

quasi-static approximation for lateral load transfer effects 

has been developed as a means of investigating the inherent 

directional instability associated with rear caster wheel-

chairs. Using a treadmill and test cart, the dependence of 

lateral wheelchair tire cornering force on variables such as 

forward speed, inflation pressure, camber angle, slip angle, 

and vertical load have been experimentally determined. A 

model has been developed which predicts wheelchair tire-road 

forces for different operating conditions. A simulation 

program which utilizes the tire force data to solve the 

equations of motion written for a body fixed reference frame 

attached to the wheelchair has been tested. Predictions 

from the program for trajectory and yaw velocity response 

are in good agreement with theory and observation for both 

rear caster and conventional type wheelchairs. 

A parametric study of several design variables has del-

ineated the conditions under which a rear caster wheelchair 

exponentially diverges to a state of uncontrolled and poten-

tially unsafe motion upon being subjected to a slight 

disturbance. Center of gravity position and other geometric 

parameters, along with forward speed, have been shown to 

have a dominant influence on directional control, while tire 

selection has been shown to play a less important role. 

The effects of camber, toe, inertial properties, and caster 

friction have also been investigated. 
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CHAPTER 1 

INTRODUCTION 

The problem of controlling an unstable vehicle is not a 

recent development. For example, it has been known for some 

time that aircraft equipped with a castered tail wheel 

experience steering difficulty while taxiing. These planes 

require tail rudder control and wheel braking in order to 

maintain a straight path. Wheelchairs that have their 

pivoting caster wheels in the rear experience very similar 

handling problems. Aircraft and wheelchairs that have their 

caster wheels in front are always directionally stable. The 

reasons for this will be outlined in this chapter. 

There are several motivations for studying the direc-

tional control problem associated with rear caster wheel-

chairs. Although less popular than conventional front 

caster wheelchairs, rear caster wheelchairs continue to 

exist because of several inherent advantages. 

Electric wheelchairs often use rear casters because of 

the ease with which obstacles such as a curb can be nego-

tiated. It is often desirable to use front wheel drive on 

an electric wheelchair. When this is done, it is also 

necessary to use rear casters. Other considerations some-

times make rear casters desirable for manual wheelchairs. 

For example, it is sometimes necessary to place restraining 

leg cushions at the front of a wheelchair. These cushions 

can be large and bulky, and hence may interfere with the 

normal pivoting of conventional front casters. Persons who 
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own rear caster wheelchairs generally find them easier to 

maneuver close to an object such as a counter or table. 

Aside from these reasons, some users will purchase a rear 

caster wheelchair simply because it is what they are 

accustomed to. 

steering instabilities caused by rear casters must be 

compensated for in order for the user to maintain a straight 

path. Electric wheelchairs that are unstable require much 

more manipulation of the joy stick. Unstable manual wheel-

chairs require additional physical exertion that some users 

may be unable to supply. Furthermore, when operated at high 

speeds or on uneven ground, rear caster wheelchairs are 

often uncontrollable and may even be considered dangerous. 

For these reasons, an understanding of the parameters 

related to the directional instability of rear caster 

wheelchairs is desirable. 

Figure 1-1 shows a typical manual rear caster 

wheelchair. The wheelchair shown is an Everest and Jennings 

''Premier" rear caster wheelchair. This chair was manufac-

tured approximately 15 years ago (1972), but similar models 

are currently available. 

DESCRIPTION OF THE DIRECTIONAL INSTABILITY PROBLEM 

Directional stability is generally defined as the 

ability of a vehicle to stabilize its motion against 

external disturbances. A vehicle is considered to be 

directionally stable if it returns to a steady state of 
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motion within a finite time after a disturbance is removed. 

Directionally unstable vehicles diverge more and more from 

the original line of motion even after the disturbance is 
• 

removed. This diverging continues until either a course 

correction is made, or until ground looping occurs in which 

the vehicle totally reverses its direction of motion. 

A fundamental description of the control problem 

associated with rear caster wheelchairs was first published 

in 19 86 by Kauzlarich and Thacker. [1.1 l The investigation 

that is the topic of this thesis grew from their original 

analysis. Kauzlarich and Thacker showed that when a wheel-

chair is displaced from its line of motion by a jolting 

force, such as a bump in the road, it experiences a twisting 

moment about the center of gravity. This moment is due to 

lateral road forces that develop at the tire-road interface. 

Figure 1-2 shows a conventional front caster wheelchair 

that has been displaced £rom the intended direction of 

motion by an angle e. For reasons to be given later, the 

lateral road force at the tires is referred to as the 

cornering force, Fy. In the simplest analysis, the road 

force is the same at each tire, and the resulting moment 

about the center of gravity is 2s 1 Fy. The distance s 1 is 

measured perpendicularly from the fixed wheels to the center 

of gravity. Because the lateral road force acts behind the 

center of gravity for a front caster wheelchair, the 

reiulting moment tends to return the chair to a state of 

steady straight line motion. Thus, the moment is said to 

have a stabilizing effect. 
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Figure 1-3 depicts a similar situation for a rear 

caster wheelchair that has been displaced from its line of 

motio~ In this case, the lateral road forces act ahead of 

the center of gravity. As a result, the moment about the 

center of gravity causes the wheelchair to rotate even 

further away from the desired directional heading. For this 

reason, the moment is referred to as destabilizing. 

It is clear from this simple description that reducing 

the distance s 1 will reduce the destabilizing moment and 

make the rear caster wheelchair easier to control. Further-

more, it is clear that a knowledge of the lateral road 

force, Fy, is necessary for a complete analysis of the 

instability problem. 

PROJECT DESCRIPTION 

The purpose of this thesis project was to gain an 

understanding of the parameters that do or do not affect the 

directional stability of rear caster wheelchairs. A primary 

goal was to determine which of these parameters, if any, 

might be altered so as to significantly reduce the 

directional instability" problem. Thus it became desirable 

to develop a computer model capable of simulating wheelchair 

motion and examining the variables that affect stability. 

In pursuing this end, several secondary goals developed. 

The first necessary task was to experimentally determine 

the characteristics of the road forces which act on a 

wheelchair tire. Forces that occur at the tire-road 
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interface are by far the dominant forces governing the 

motion of any ground vehicle. A complete description of 

tire forces accounts for several variables. These include: 

vertical load, slip angle, camber angle, toe angle, and 

rolling resistance to name a few. All of these variables 

were considered as part of this work. 

It was realized that some of these parameters might 

have only secondary effects on the steering characteristics 

of a wheelchair. However, in the interest of developing a 

complete and general model that might eventually be extended 

for other purposes, as many parameters as possible were 

included in the investigation. For example, although manual 

rear caster wheelchairs were the primary focus of this 

research, it might be desirable to eventually extend the 

study to include electric rear caster wheelchairs. 

Parameters that do not have an important influence on the 

stability of manual wheelchairs may play a more vital role 

in this case. 

A simple tire model capable of predicting the ground 

forces on a wheelchair tire was developed. In addition, the 

complete equations of "motion for a rear caster wheelchair 

were formulated. This was done with the goal in mind of 

eventually developing a simulation computer program. 

The simulation model was developed for two primary 

reasons. The first of these was to determine if any 

parameters which have not been considered in the past, such 

as tire properties or width dimensions, have a significant 

influence on directional stability. The second reason for 
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developing the simulation model was to gain a more quanti-

tative description of the instability problem. For example, 

it was already known that moving the center of gravity 

forward will improve directional stability, but how 

significant is this improvement and how can it be quanti-

fied? A necessary requirement for the simulation model was 

that it accurately predict the inherent difference between 

front caster and rear caster wheelchairs. 

Users of rear caster wheelchairs commonly observe that 

the directional control problem worsens at higher forward 

speeds. A goal of this work was to determine the speed at 

which a typical rear caster wheelchair becomes uncontroll-

able. An additional goal was to delineate the conditions 

under which a rear caster wheeldhair should or should not be 

used. Based upon results from the simulation model, perhaps 

design recommendations could be made that will lead to 

improved stability. 

With these goals in mind, the effect on directional 

stability of varying several different parameters was 

studied. The Everest and Jennings wheelchair shown in 

Figure 1 was used as the starting point for this investiga-

tion. Important parameters such as geometric dimensions and 

total mass were assumed to be typical for this chair. 

OUTLINE OF THESIS TEXT 

The text of this thesis is roughly separated into two 

parts. Part one includes Chapters 2 through 4 which discuss 



11 

the force characteristics of rolling tires. Chapter 2 gives 

a complete description of the forces and moments that act on 

a wheelchair tire. The important and unimportant forces are 

defined. Chapter 3 presents the results of experimental 

testing which was done to determine the magnitude of wheel-

chair tire forces as a function of several variables. 

Finally, Chapter 4 gives a simple method for predicting 

wheelchair ti re forces. 

Once the important wheelchair tire forces have been 

described, the second part of the thesis considers the 

actual stability problem. Chapter s presents a simplified 

model of wheelchair motion. This model distinguishes the 

important parameters which are related to directional 

stability. The.simplified model is able to predict the 

effect on stability of varying several parameters. It is 

unable however, to predict actual wheelchair motion or to 

determine quantitatively how much certain parameters affect 

stability. 

Chapter 6 develops the complete equations of motion for 

a rear caster wheelchair. The primary assumption is that 

the wheelchair is restr_icted to planar motion. However, a 

quasi-static method which accounts for roll effects is 

developed. Chapter 7 describes a computer program which can 

be used to simulate the motion of a freely rolling wheel-

chair. The computer program utilizes the tire force charac-

teristics described in Chapters 1 through 3 along with the 

equations of motion developed in Chapter 6. 

After all of this groundwork has been given, Chapter 8 
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gives the results of several simulations of wheelchair 

motion. Methods by which the wheelchair model and the 

simulation program were veri~ied are di~cusse~ Results for 

both conventional front caster wheelchairs and rear caster 

wheelchairs are considered. The effect of several design 

variables on directional stability are examined. Finally, 

in Chapter 9 some conclusions are drawn with regard to how 

much the instability problem of rear caster wheelchairs can 

. be improved. 
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CHAPTER 2 

MECHANICS OF ELASTIC TIRES 

This chapter presents a description of the ground 

forces that act on a rolling wheelchair tire. Literature 

related to the mechanics of wheelchair tires is almost non-

existent, with the possible exception being articles 

pertaining to rolling resistance. Thus, the material in 

this chapter is adapted primarily from literature which 

concerns automobile tires. It will be shown in the next 

chapter that wheelchair tires exhibit many characteristics 

similar to those found for both automobile tires and for 

aircraft tires. 

MOTIVATION FOR STUDYING TIRE FORCES 

Numerous authors have pointed out the fact that aside 

from gravitational and aerodynamic forces, the only forces 

which influence the motion of a ground vehicle are applied 

at the tire-ground interface. Therefore. it is natural to 

assume that a basic knowledge of the ground forces that act 

on wheelchair tires is desirable. Nordeen and Cortese state 

that, "An understanding of the relations between tire opera-

ting conditions and the resulting forces and moments is a 

prerequisite to studies of vehicle dynamics." [2.11 Wong 

asserts that an understanding of tire forces is "essential 

to the study of the performance characteristics. ride 

qua! i ty, and hand! ing behavior of ground vehicles." [ 2 .2 l 

Finally, Ell is writes. ''When vehicle control and stability 
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are studied, it is natural to start with the pneumatic 

tyre". [2.31 

These quotations were all written with automobiles or 

other large ground vehicles in mind. They are given here to 

illustrate the importance given to tire properties in most 

of the literature relating to vehicle dynamics. At the 

outset of this study, which concerns the stability of rear 

caster wheelchairs, it was assumed that tire properties 

would be very importa·nt. The simplified analysis by 

Kauzlarich and Thacker mentioned in Chapter 1 indicates that 

the magnitude of the lateral tire force is of primary impor-

tance. For these reasons, an extensive examination of 

several different wheelchair tires was undertaken. 

It will be sh.own in later chapters that although tire 

selection does affect the handling characteristics of a rear 

caster wheelchair, its effect is only moderate in comparison 

to other variables. Nevertheless, a discussion of wheel-

chair tire fo-rces is still relevant for several reasons. A 

knowledge of tire forces is necessary in order to simulate 

the motion of a wheelchair even when parameters other than 

tire selection are beihg considered. Methods are needed to 

predict typical tire forces for any given state of wheel-

chair motion. 

In addition, some understanding of tire mechanics is 

fundamental to an understanding of wheelchair motion. Usual 

discussions of rolling generally assume a perfectly rigid 

wheel which does not deform. A perfectly rigid wheel can 
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only have a velocity component which is parallel to the 

plane of the wheel. An elastic wheel on the other hand, 

will not exactly follow the laws of rolling typically 

developed for rigid wheels. A major difference is that 

elastic tires can deform. This elastic nature allows small 

velocity components which are not parallel to the wheel 

plane even though no slipping may occur. In simple terms, 

it is possible for an elastic tire to have a nsideways~ 

component of velocity. A description of the forces that can 

act on an elastic tire as it rolls and deforms allows for a 

basic understanding of tire properties as related to wheel-

chair motion. More importantly, if a means for predicting 

wheelchair tire forces can be obtained, the differential 

equations of wheelchair motion can be solved as a means of 

examining the problem of directional stability. 

TIRE FORCES AND MOMENTS 

Figure 2-1 shows the axis system which is ~est 

commonly used as a reference for the definition of various 

tire forces and moments. This system is recommended by the 

Society of Automotive Engineers and is described in detail 

by Wong. [ 2 .2 l 

First, notice the two angles associated with the rol-

ling tire. These are the camber angle ,r, and the slip 

angle ,a. The camber angle is the angle between the wheel 

plane and the plane formed by the X and z axes. This angle 

may be zero, but in the case of wheelchairs. camber is often 

present because many wheelchair users adjust their wheels 
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inward at the top in order to obtain a firm and comfortable. 

grip. The slip angle is the angle between the wheel plane's 

heading and the actual direction of wheel travel. A slip 

angle results whenever the wheel has a nonzero velocity 

component along its Y axis. The term slip angle is not 

meant to suggest that the wheel is slipping or sliding with 

respect to the ground. The elastic nature of the rolling 

tire allows small velocities perpendicular to the wheel 

heading without sliding. 

Note that the X, Y, and z axes shown are fixed in the 

rolling wheel. If the wheel rotates, these axes rotate with 

it. It is especially important to distinguish references 

to X and Y directions in this local axis system, from 

1:eferences to X and Y in a fixed reference frame (an iner-

tial reference frame) which does not move or rotate. More 

will be said concerning reference frames in future chapters. 

For the most general case, six quantities are required 

to completely describe the force system acting on a tire. 

These include three forces and three moments as shown in 

Figure 2-1. Reference [2.1] gives a complete description of 

these six quantities. There are three components of road 

force that act on the rolling tire: 

(1) Fx is the longitudinal or ntractive force~ acting on the 

tire by the road in the plane of the road and parallel to 

the direction of the wheel's heading. The direction of 

wheel heading is defined by the intersection of the wheel 

plane with the road plane. Wheel torques are converted into 
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propelling tractive forces through friction between the 

tire and the ground. In addition, some tractive force is 

always necessary to overcome a whe~l's natural rolling 

resistance. 

(2) Fy is termed the lateral force and it is the component 

of the road force acting at a right angle with respect to 

the wheel heading. If the slip angle is not zero, an elas-

tic tire deforms slightly as it is forced to roll along an 

unnatural path. This deformation results in the lateral 

force between the ti~e and the ground. The lateral force 

resists the tendency for sliding of the wheel, and it always 

acts in a direction which is opposite the Y axis velocity 

component. 

(3) Normal force Fz is the component of road force which 

acts in the negative z direction or normal to the plane of 

the road. A vehicle's weight is supported by the sum of the 

normal forces acting on each wheel. 

The three moments mentioned previously, Mx• My and Mz, 

are referred to respectively as the overturning moment, 

rolling resistance moment, and aligning torque. These 

moments result from the fact the lines of action for each of 

the forces Fx• Fy, and Fz do not necessarily pass directly 

~hrough the origin shown in Figure 2-1. This can be better 

understood by examining the sketch shown in Figure 2-2. 

Figure 2-2 is based upon experimental observation, and 

it depicts the deformation (exaggerated) of the tread band 

and contact region of a tire subjected to a constant slip 

angle. [2.4] -Most tire models separate the contact region 
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of a rolling tire into two general areas: a sliding region 

and an adhesion region. By observing tires on a glass 

surface, it is seen that in the adhesion area, the tread 

deformation is parallel to the direction of travel. The 

line which separates the adhesion region from the sliding 

region occurs a~ the point where the elastic force due to 

deformation exceeds the available tire-road friction force. 

At this point, the tread begins to slide back to its normal 

undeformed position. 

As shown in Figure 2-2, the maximum deflection of the 

tread band occurs at a point slightly behind the Y axis and 

thus Fy is offset longitudinally by some small distance. 

The product of lateral force Fy and its offset distance 

defines the self aligning torque Mz· Similarly, as a result 

of tire distortion, the center of normal pressure is shifted 

slightly forward and to one side of the wheel plane. This 

shift in the center of normal pressure results in the 

rolling resistance and overturning moments. Figure 2-3 shows 

a greatly exaggerated diagram of the longitudinal and 

lateral force off sets which create the three ti re moments. 

Before examining 0 tire properties in detail, it was 

necessary to assess which of the six possible tire forces 

and moments are relevant to wheelchair motion. Fortuna-tely 

not all six quantities are equally important. The two main 

wheels of a wheelchair are constrained against rotation 

about either the X axis or the z axis. They cannot overturn 

or pivot. Only rotation about the axle is permitted. 
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The caster wheels are also constrained from overturning 

about their own X axis. Although the casters are free to 

rotate about a vertical axis, this rotation does not occur 

about the z axis shown in Figure 2-1 or Figure 2-3, but 

instead occurs about the caster pivot pin which is some 

distance away from the point where the caster contacts the 

ground. The distance from the point where the caster 

contacts the ground to the caster pivot point, rather than 

the relatively small offset distance of Fy, is therefore of 

primary importance. Any slight offset of the lateral force 

Fy will create only negligible differences in the overall 

wheelchair motion. Also, because the contact regions 

associated with wheelchair tires are small when compared to 

automobile tires, it is reasonable to expect that the offset 

distances will be less important. 

As a result of these considerations the problem is 

reduced to one in which three forces <Fx, Fy and Fz> and one 

moment ,My, act on each of the four wheelchair tires. Each 

of these will now be discussed at greater length. It is 

emphasized that assumptions similar to those just described 

have been proven adequate for the analysis of vehicles much 

more complicated than a wheelchair. (see for example [2.S] 

which makes similar assumptions for a two degree of freedom 

treatment of automobile stability) 

SLIP ANGLE AND CORNERING FORCE 

Pure rolling of an elastic wheel refers to rolling 

motion which is confined only to the longitudinal (X) 
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direction. If the wheel is forced to deviate from its 

direction of pure rolling, a slip angle and lateral force 

necessarily develop. The existence of a lateral force is 

made possible by the elastic forces of tire particles which, 

as they pass the ground contact region, are forced to travel 

sideways in addition to their rolling progression. [2.6] 

This is represented by the tread band which was illustrated 

in Figure 2-2. 

When no camber angle is present, the lateral force is 

due solely to the presence of the slip angle a. In this 

instance, the lateral force is commonly referred to as the 

"cornering force". This term arises from the fact that 

lateral cornering forces supply the centripetal force 

required for a vehicle to negotiate a curved path. Thus, 

although lateral forces on the main wheels of a rear caster 

wheelchair may have a destabilizing effect as discussed in 

Chapter 1, some lateral force is necessary whenever 

directional changes are initiated. 

Because lateral tire force is inevitably responsible 

for the deviation of a vehicle from a direct course, whether 

it be desirable or undesirable, it is almost universally 

regarded as the most important of all the tire forces and 

moments. [2.71 In the most general case, cornering force 

can be regarded as a function of as many as eleven indepen-

dent variables. [2.41 However, when a vehicle is con-

strained to make only moderate course changes on a level 

surface, it is found that the primary variables which affect 
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cornering force are normal load and slip angle. Other 

possible factors which may have some influence on cornering 

force are forward speed and inflation pressure. The effect 

that each of these variables has on the magnitude of 

cornering force was examined experimentally for several 

different wheelchair tires. The results of this testing and 

a comparison to similar results found in the literature for 

other types of tires are presented in the next chapter. 

CAMBER FORCE 

As was mentioned before, the term cornering force is 

reserved to describe the lateral force exerted on a tire 

when no camber angle is present. Cornering force is thus 

due only to the slip angle which results from the lateral 

component of ti re velocity. If a camber angle is present, 

the total lateral force on a rolling tire is considered to 

consist of two components: a cornering force component 

which is due solely to the presence of the slip angle a, and 

a camber force component which is due to the presence of the 

camber angle y. 

Figure 2-4 shows a cambered wheel which is inclined at 

some angle y with respect to the z axis. An unconstrained 

wheel which is free to roll would revolve around the center 

of curvature (point O) as shown. However, when fixed to a 

vehicle, a cambered wheel is generally forced to roll along 

a straight path. As a result, a lateral force toward the 

center of curvature develops. This is the camber force just 

referred to. The total lateral force FY acting on a tire is 
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the sum of the cornering force and the camber force. The 

camber force can either add to or subtract from the 

cornering force depending on whether or not the camber 

inclination is toward or away from the direction of lateral 

wheel motion. Results of camber force tests for wheelchair 

tires will be discussed in Chapter 3. 

ROLLING RESISTANCE 

Rolling resistance is one of the few properties that 

has been investigated fairly extensively for wheelchair 

tires. At constant speed, a rolling tire requires a 

horizontal force Pat the wheel center in order to overcome 

the rolling resistance. This force along with the other 

forces on the wheel are shown in Figure 2-S where Fz is the 

normal load carried by the tire, r is the height of the 

wheel axle above the ground, o is the angular velocity of 

the wheel, and Fr is the rolling resistance force. [2.8] 

Note again that the normal force is offset ahead of the 

contact center by some amount e producing the rolling 

resistance moment My• Summing forces and moments in Figure 

2-S results in the foliowing conditions for rolling with 

constant translational and rotational velocity. 

F = p r 
Frr = Fze 

(2-1) 

From the above it follows that if the force P required 

to maintain a constant forward velocity is known, both the 

force Fr and the offset distance e can be found. More 
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importantly, if no other tractive forces exist in the X 

direction, the force Fr in Figure 2-S completely represents 

the longitudinal force Fx which was described in association 

with Figure 2-1. In other words, the rolling resistance 

moment My can be incorporated into the tractive force Fx at 

the tire-road interface. Because of the reasoning just 

given, rolling resistance can be treated as a force for the 

purposes of investigating wheelchair motion. However. it 

should be noted that this force is almost entirely the 

consequence of hysteretic energy losses due to deformation 

of the tire during travel. [2.8] For a complete analysis of 

rolling resistance and a discussion of a hysteresis loss 

theory for predicting the rolling resistance of wheelchair 

tires. the reader should refer to Kauzlarich and Thacker. 

[2.9,2.10] The results of rolling resistance tests made for 

this work are presented in the next chapter along with 

results for the other tire forces. 

TOE ANGLE 

There is an additional angle which is sometimes 

referred to with regard to the tires of a vehicle .. The 

angle between a rolling wheel and the longitudinal axis of 

the vehicle to which it is a part is often called the toe 

angle. A pair of wheels is said to be toed in when the 

transverse distance between the two wheels at the front of 

the two wheel planes is less than it is at the rear. The 

presence of a toe angle means that during straight line 

motion the wheel plane never coincides with the direction 



29 

of travel. In other words, toe-in or toe-out forces the 

wheel to continually travel with a nonzero slip angle. 

Thus, a toe angle is in actuality no different than the slip 

angle which has already been discussed, except that in this 

case the slip angle is always present, even during simple 

forward motion. The continual lateral forces, Fy which 

develop from high toe angles are generally undesirable 

because they result in excessive tire wear and a greatly 

increased total force acting opposite the direction 0£ 

wheel motion. [ 2.61 

In summary, the force system acting on a rolling wheel-

chair tire has been reduced to one which includes three 

forces. These are: a longitudinal force Fx which neglects 

input torques and includes the rolling resistance of the 

tire, a lateral force Fy which may include a cornering 

force due to the presence of a lateral component of wheel 

velocity Ca slip angle) and a camber force due to wheel 

inclination, and finally a normal force Fz· Chapter 3 will 

discuss experimental results which illustrate those factors 

which determine the magnitude of Fx and Fy as well as their 

relationship to the normal force Fz. 
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CHAPTER 3 

EXPERIMENTALLY DETERMINED TIRE FORCES 

Chapter 2 presented an overview of the three ground 

forces which are important to a study of wheelchair motion. 

The concepts of slip angle, camber angle, toe angle, and 

rolling resistance were discussed. This chapter will dis-

cuss the results of testing which was done to determine what 

factors influence the magnitude of wheelchair tire forces. 

Each of the tire forces and tire angles discussed in Chap-

ter 1 will be considered. Results from the literature for 

elastic tires in general will be compared to experimental 

results for several different types of wheelchair tires. 

This chapter does not discuss how the experimental tire data 

which was collected can be used to predict tire forces and 

examine directional stability. Methods of doing this and 

comparisons of different tires are described in Chapter 4. 

METHOD USED TO DETERMINE WHEELCHAIR TIRE FORCES 

There are several different types of experimental 

apparatus which can pe used to assess the mechanical 

properties of a rolling tire. These include drum-type 

testers. moving flat bed testers, towed vehicle testers, and 

moving treadmill belts. [3.11 Because a variable speed 

treadmill was readily available. this type of test machine 

was used for the investigation of wheelchair tire forces. 

The treadmill has the advantages that it is easy to use and 

that it allows virtually continuous sustained operation. 



31 

The main disadvantage of using a treadmill is the fact that 

the tires being tested can only be subjected to simulated 

opera ting conditions. Furthermore, the treadmill does not 

allow any versatility with regard to test surf ace material. 

A treadmill belt may not be representative of the surf aces 

commonly encountered by wheelchair users. 

During the course of this research two methods were 

used to examine wheelchair tire forces using a belt tread-

mill. The initial method is depicted in Figure 3-1 which 

shows a schematic of the treadmill and a test cart. The 

test cart takes the place of an actual wheelchair allowing 

for easy adjustment of several different variables. The 

test cart is designed such that known loads can be applied 

directly over the rear axle. Adjustments can be made in 

order to give the wheels on the test cart any desired angle 

of camber or toe. In addition, the test cart has a second 

axle position (not shown in the figure) which enables the 

small caster wheels of a wheelchair to be mounted. This 

allows data to be collected for the ground forces exerted on 

all four wheels of a typical wheelchair. 

The test cart is rotated at the forward support shown 

in Figure 3-1 in order to give each of the tires a known 

slip angle a. A load cell mounted along the side of the 

treadmill is attached at the axle of the left test cart 

wheel. This load cell measures the side force necessary to 

restrain lateral motion of the wheelchair while it is held 

at the fixed angle. Neglecting other forces on the test 
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cart, which are small for small slip angles, the force 

measured by the load cell is approximately equal to the sum 

of the lateral forces exerted on each of the fixed wheels. 

A problem with the test method shown in Figure 3-1 is 

that the force exerted by the load cell constraint does more 

than simply restrain lateral motion. This restraining force 

also creates a twisting moment about the longitudinal axis 

which tends to rotate the test cart toward the load cell 

side of the treadmill. This results in a lateral load 

transfer such that there is a significant difference in.the 

normal force carried by each of the two tires. This is 

highly undesirable if it is necessary to isolate the lateral 

and normal force exerted on a single wheel. It is not 

correct to simply divide the total force measured by the 

load cell in half, and then set that value equal to the 

force on each ti re. 

An eventual goal of the research related to tire forces 

was to use the data collected as part of a computer program 

to simulate wheelchair motion and examine directional 

stability. In order to simulate wheelchair motion properly, 

it is necessary to predict the force exerted on a single 

wheelchair tire given that tire's current slip angle and 

other conditions. For this reason, the test cart was modi-

fied from what is shown in Figure 3-1 such that one wheel-

chair tire at a time could be tested. 

In order to do this, the right test cart wheel was 

removed and replaced with a vertical cable. If the cable is 

kept in the vertical position as the test cart is rotated, 
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it will not contribute any lateral force, but instead will 

only help to support the test cart weight. The support 

cable was attached to a block and tackle on a rolling sup-

port such that both its length and its vertical orientation 

were readily adjustable. The tendency of the test cart to 

rotate when subjected to large lateral forces could then be 

compensated simply by changing the length (and hence the 

tension) in this cable. In other words, for each test case 

the support cable was kept vertical and was adjusted to a 

length so as to keep the test cart level. 

Appendix A gives the details .of the test cart including 

the static equations which are used to calculate the normal 

force Fz and the lateral force Fy from a measured value of 

side force at the load cell. 

Several preliminary tests were conducted before the 

test apparatus was modified to accommodate only one wheel. 

These early tests were useful in that they provided insight 

as to what variables have an important influence on lateral 

force and what variables do not. For example, these first 

tests showed that speed and inflation pressure do not have a 

significant effect on cornering force in the case of wheel-

chair tires. Thus when it came time to design a slightly 

more sophisticated test method, these two variables did not 

have to be reconsidered . 

. The remainder of this chapter presents tire force 

findings for seven different wheelchair tires. Cf ive main 

wheels and two caster wheels) Results obtained by using the 
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test cart with two wheels are presented for rolling 

resistance to show the effect of speed and inflation 

pressure on lateral cornering force. All other test results 

were obtained by using the modified test cart setup in which 

the ground forces on a single wheel could be isolated. The 

reader is again referred to Appendix A for the details of 

the test cart apparatus and for a more complete description 

of how the tire force data presented in this chapter was 

obtained. 

DESCRIPTION OF TIRES TESTED 

The force characteristics of seven different wheelchair 

tires were tested. Five of these were 24 inch (70 cm) 

diameter wheels which are generally used as the primary 

tires on manual wheelchairs. The other two tires tested 

were caster wheels with diameters of approximately 8 inches 

(20 cm) each. Because this work focuses on the directional 

stability of manual rear caster wheelchairs, no tires 

representative of typical electric wheelchairs were tested. 

The tires which were tested are identified and described in 

Table 3-1. The select~on of tires provided a fairly good 

representation of the many different tires which are 

available, while at the same time keeping the number of 

tires to be tested at a manageable number. Of the 24 inch 

tires tested, two were pneumatic tires and three were 

airless solid or semisolid. The two caster wheels tested 

were both airless, one being of the solid rubber type and 

the other being constructed of polyurethane. For the 
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remainder of this text, the specific tire types will 

generally be referred to by the abbreviations given in 

Table 3-1. 

ABBREV 

AG 

EJP 

ss 

IM 

EJA 

ER 

PU 

TABLE 3-1 

IDENTIFICATION OF TIRES TESTED 

TIRE 

Unknown Airless 
Solid Rubber 

Everest and 
Jennings Pneumatic 

Silver Star 
Pneumatic 

Invacare Mag-
Spider Web 

Everest and 
Jennings Airless 

Essem Rubber 
Caster 

Unknown 

Description/Nominal Size 

Fits Schwinn Rims #4418 
24" X 1 1/4" 

4" Silver Hub-Spoked 
24"xl 3/8"xl 1/4" ,60-70psi 

Spoked,Gumwall,No-More Flats 
Innertube, 24"xl 1/4",7Spsi 

Polyurethane Grey Airless, 
Vee Tread, 24"xl 1/8" 

Solid Grey Rubber 
old style, 24"x 3/4" 

Solid Rubber 
7 3/4" X 1 1/8" 

Orange Polyurethane 
7 3/4" X 1 1/8" 

TYPICAL CORNERING FORCE VS. SLIP ANGLE CURVES 

As stated earlier, the lateral cornering force is the 

primary force of interest for an examination of wheelchair 

motion. Because this force will be the most important force 

present when the equations of wheelchair motion are formu-

lated, a knowledge of its magnitude is desirable. 

Figure 3-2 shows a typical plot of cornering force as a 
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function of slip angle for a single wheelchair tire. [2 .6] 

For small angles of side slip, the cornering force increases 

linearly with an increase in slip angle. For slip angles 

greater than approximately two degrees, the cornering force 

begins to increase at a lower rate, and it reaches a maximum 

value when the tire begins to slide laterally. At the point 

where sliding begins, the peak cornering force is determined 

by the product (µ x Fz), where µ is referred to as the peak 

coefficient of road adhesion. The peak coefficient of road 

adhesion may be as much as 25% higher than the sliding 

coefficient of road adhesion which governs the cornering 

force after sliding has begun. [ 2.1 l 

As a basis for comparing different tires, the parameter 

'cornering stiffness' is often used. Cornering stiffness is 

defined as the initial slope of the cornering force versus 

slip angle curve as shown in Figure 3-2, and is usually 

denoted by the symbol ca. Thus, for the linear region of 

the cornering force versus slip angle curve, the cornering 

force Fy is given by: 

(3-1) 

Smaller cornering stiffness values correspond to lower 

cornering forces for any given slip angle. . 

THE EFFECT OF NORMAL FORCE 

The primary variable affecting cornering stiffness is 

the vertical load, Fz, on the tire. Typical results showing 
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the effect of normal load on cornering force for an automo-

bile tire are shown in Figure 3-3. [2.8] This figure is 

presented to illustrate the relationship between vertical 

load and cornering force, as well as to provide some means 

of comparing results for wheelchair tires to those found in 

the literature for other tire types. As one would expect, 

the cornering force generally increases as the normal load 

is increased. However, the relationship between cornering 

force and vertical load is nonlinear. It is important to 

note that in Figure 3-3 and throughout this text the term 

normal load (or vertical load) refers to the normal force Fz 

acting on the tire at the tire-road interface, and not to 

the laden weight of the vehicle. 

Using the treadmill and test cart curves such as the 

one shown in Figure 3-3 were obtained for the seven 

different wheelchair tires. Each tire was rotated to fixed 

slip angles ranging from one to eight degrees with respect 

to the motion of the tr eadm il 1 belt. In each case, this 

was repeated for six different known weights of the test 

cart resulting in 48 data points for each tire. These 

weights ranged from 36"5 Newtons (82 lbf) to 1010 Newtons 

(227 lbf) with an increment between loads of 129 N (29 lbf). 

The weight was varied by using steel blocks of known mass 

which could be placed in a wooden holder mounted over the 

test cart axle. For each load, the force necessary to keep 

the test cart at a fixed angle a was measured by the load 

cell. The cornering force, Fy, and the corresponding normal 

force, Fz acting at the tire-belt interface were then 
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calculated using the equations given in Appendix A. 

The results for this series of tests are presented in 

Figures 3-4a through 3-4g. Note on each figure that eight 

curves are given corresponding to eight constant slip 

angles, a. In each case the belt speed is .7Sm/s (1.7mph), 

and the camber and toe angles are zero. It is very notable 

that all of the tires exhibit characteristic curves similar 

to the one shown in Figure 3-3 for automobile tires. This 

is encouraging because up to this point it has only been 

assumed that wheelchair tires exhibit tire force properties 

similar to those that have been described from the automo-

bile literature. 

Observe that each cornering force vs. normal force 

curve has six data points corresponding to the six known 

loads which were placed on the test cart. Note also that 

as the slip angle increases from one to eight degrees, the 

value of Fz for any one of the six data points (known test 

cart loads) increases slightly. This is shown on Figure 

3-4a, where a series of slanting dashed lines has been 

placed through data points associated with a constant load 

on the test cart. It can be seen that even though the load 

on the test cart is constant along each of the slanting 

lines, the normal force Fz acting on the tire increases 

linearly as the slip angle is increased. This is due to the 

lateral load transfer caused by the tendency of the cart to 

rotate which was discussed in the first part of this chap-

ter. The reason for the linear increase in Fz is discussed 
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Figure 3-4c Cornering Force vs. Normal Force Curves 
at Constant Slip Angle (tire type SS) 
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Figure 3-4f Cornering Force vs. Normal Force Curves 
at constant Slip Angle (ER caster) 
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in Appendix A where the equations for calculating Fy and Fz 

are given. The point here is that Fz cannot be assumed 

constant simply because the load on the test cart has not 

changed. 

Because the normal force Fz is different for each data 

point collected using the test cart, it is not possible to 

directly use the raw data to construct curves ~uch as the 

one shown in Figure 3-2. The reader may question how the 

curve in Figure 3-2 was obtained since it shows cornering 

force versus slip angle for a constant normal force Fz on an 

Everest and Jennings airless wheelchair tire. A simple 

method by which the raw data shown in Figures 3-4a through 

3-4g can be reduced to cornering force versus slip angle 

curves like the one in Figure 3-2 is presented in Chapter 4 .. 

Doing this allows for the determination of cornering stif-

fness for each tire and for an easier comparison of 

different tires. 

A close examination of the figures shows that the tires 

are arranged approximately from highest to lowest cornering 

force magnitude for any given slip angle and normal force. 

For example, the AG tires (Figure 3-4a) experience a higher 

cornering force than the ss tires (Figure 3-4c) for a 

particular value of a and Fz. Thus one would expect the AG 

tires to have a higher value of cornering stiffness than the 

ss ti res. In later chapters, the effect of cornering 

stiffness on the directional control of rear caster wheel-

chairs will be considered. 

The scales on the axes are the same for each of 
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Figures 3-4a through 3-4g except for the last two graphs 

which are for the two caster wheels (ER) and (PU). Note 

that although the caster wheel curves appear to exhibit the 

same trend as the curves for the other tires, the values for 

cornering force are almost at their maximum even for the 

lowest values of Fz that could be obtained with the test 

cart. In fact, at the higher slip angle values it can be 

seen that the caster wheel curves begin to decrease slightly 

with increasing normal force. · This decrease indicates the 

onset of slipping and a corresponding reduction in the road 

adhesion capability of the tires. This is in contrast to 

the curves for the five 24 inch wh~els where a maximum value 

of cornering force was never reached. 

THE EFFECT OF FORWARD SPEED. 

Now that the basic nature of cornering force has been 

described and several typical curves have been shown, it is 

interesting to examine some of the factors other than normal 

load which might have an effect on the cornering force 

magnitude. It was stated at the beginning of this chapter 

that several treadmill tests were conducted before the test 

cart was modified so that single tires rather than tire 

pairs could be examined. This section and the next will 

present results from the "two wheel" tests which demonstrate 

the effects of speed and inflation pressure on lateral tire 

force. These tests were quite conclusive and were in very 

good agreement with the literature. As a result, for these 
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two series of tests only, the testing was not repeated with 

the modi~ied nsingle wheelu test cart. 

Figures 3-Sa through 3-Se show the effect of varying 

the treadmill belt speed on the total lateral force exerted 

on a pair of fixed wheels which have been rotated to some 

. angle a. Each of the five 24 inch tires (AG,SS,EJP,IM, and 

EJA) were tested at three different belt speeds. These 

speeds were .42, .83, and 1.4 meters per second. A constant 

load of S34N (120lbf) was placed on the test cart for each 

test speed, and the total lateral force per tire pair was 

measured using the load cell. As before, this was done for 

slip angles ranging from one to eight degrees. The total 

weight of 120 pounds was chosen because it is a reasonable 

value for the total weight carried by the main wheels of a 

wheelchair belonging to a user who weighs 130 - 170 pounds. 

Again it is noted that for these tests two wheels were 

placed on the test cart, and thus only the total lateral 

force on each pair of tires is plotted. Other than this. 

the varying speed curves are very similar to the slip angle 

versus cornering force curve shown in Figure 3-2. Although 

the normal force Fz and the cornering force Fy on each tire 

alone cannot be obtained from this data, the results do show 

a definite trend with regard to the effect of forward speed 

on cornering force. 

Figures 3-Sa through 3-Se clearly show that the effect 

of speed on lateral tire force for any given slip angle is 

almost negligible. This is somewhat surprising because 

intuitively one might expect the cornering force to increase 
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as forward speed increases. However, this result is 

consistent with similar findings for both automobile and 

aircraft tires. Results of investigations to determine the 

effect of test speed on automobile tire lateral forces have 

shown that approximately a tenfold increase in test speed is 

required to obtain only an 8 to 9 percent increase in 

lateral force for a given slip angle. [3.21 Similar studies 

relating to aircraft tires have shown that cornering force 

is almost entirely independent of rolling velocity even for 

speeds approaching 100 miles per hour (160 km/hr). [3.31 

The reason for these results is that the development of 

a lateral force by a rolling tire is essentially controlled 

by the elastic properties of the tire and the manner in 

which the contact area is laid on the road. Thus the speed 

of rolling should have little or no effect on the value of 

1 ate r al force. [ 2 • 3 l 

In light of the fact that the eventual goal of studying 

tire forces is to use the data collected as part of an 

investigation of wheelchair directional stability, the 

independence of lateral tire force and forward speed is a 

very useful result. This will make the task of predicting 

tire forces for any given state of wheelchair motion much 

easier. 

THE EFFECT OF INFLATION PRESSURE 

The two pneumatic tire types (SS and EJP) were tested 

to investigate the effect of inflation pressure on cornering 
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force. Turning to the literature for expected trends is 

somewhat less useful in this case as different authors seem 

to disagree. Taborek states that higher inflation pressures 

result in an increase in tire side-wall stiffness which in 

turn leads to an increase in cornering stiffness. [2.6] 

However, Ellis argues that overinflation does not affect 

cornering force because any increase in sidewall stiffness 

is offset by a corresponding decrease in the size of the 

contact region with the ground. [2.3] Most authors do seem 

to agree however that changes in inflation pressure have at 

the most only moderate effects on tire lateral force. 

Figures 3-6a and 3-6b show the effect of varied infla-

tion pressure on the total lateral force exerted on a pair 

of pneumatic wheelchair tires. As was the case for the 

varied belt speed tests, these results are for the test cart 

with two wheels. Again the total weight of the test cart is 

a constant 120 lbf for each curve shown. These figures indi-

cate that for moderate changes in inflation pressure, there 

is virtually no change in the total cornering force per tire 

pair. For pressures which are much lower than the rated 

pressure (-50% or mori), a slight decrease in cornering 

force is apparent at large slip angles. For small slip 

angles (less than 3 degrees) changes in cornering force are 

less obvious. Because no definitive effect of inflation 

pressure on cornering force was observed for the pneumatic 

tires tested, especially for small slip angles and moderate 

changes in pressure, inflation pressure was disregarded as 

an important wheelchair tire force variable. 
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EFFECT OF CAMBER ANGLE 

The basic concept of the cambered wheel was described 

in Chapter 2. A rolling wheel that is inclined at some 

angle with respect to the x-z plane (see Figure 2-1) 

develops a lateral road force which acts in the same direc-

tion as the direction of inclination. Camber force was 

measured for the five 24 inch wheel chair tires described in 

Table 3-1. This was done in a manner similar to that used 

for the cornering force tests already discussed. The tires 

were tested individually using the single wheel test cart 

and vertical cable apparatus already described. This was 

done for each ti re adjusted to camber angles of +2. +s. and 

+8 degrees. 

Note that a positive camber angle for the test cart 

corresponds to tilting the single left wheel inward by a 

specified number of degrees. This corresponds to what is 

normally the case for wheelchair users. For each camber 

angle, the total lateral force developed was measured for 

the same six test cart weights given earlier. (365N to 1010N 

at 129N increments) For the camber tests however, the 

longitudinal axis of the test cart was kept parallel to the 

motion of the treadmill belt. In other words. the test cart 

was positioned to maintain a zero degree slip angle at the 

tire-belt interface. Recall that camber force is considered 

independent of cornering force which results from nonzero 

slip angles. 

Figures 3-7a to 3-7e show camber force as a function of 
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normal force for each of the five 24 inch tires at the three 

camber angles tested. The Fz values for each data point 

were calculated using the single wheel test cart equations 

in Appendix A. Not surprisingly, the magnitude of the 

camber force is relatively small when compared to cornering 

force. For example, the AG tires develop a maximum lateral 

camber force of about SON (11 lbf) at a camber angle of 8 

degrees and a normal force Fz of SOON (110 lbf). However, 

at a slip angle of 8 qegrees and normal force of SOON the 

same tires experience a lateral cornering force of 

approximately 300N (67 lbf) which is six times larger. 

Studies of automobile and aircraft tires have shown 

that camber force is generally about one-fifth the value of 

cornering force for an equivalent slip angle and normal 

force. [2.21 It is shown in Chapter 4 that for the wheel-

chair tires tested, camber force values are found to range 

from 1/S to 1/8 the value of cornering force 

ROLLING RESISTANCE OF WHEELCHAIR TIRES 

The remaining tire force which has not been considered 

is the longitudinal force Fx· In Chapter 2 the concept of 

rolling resistance was discussed in its simplest form. 

There it was stated that rolling resistance could be treated 

simply as a force for the purposes of investigating wheel-

chair motion. Rolling resistance data was collected for six 

of the seven wheelchair tires listed in Table 3-1. Because 

rolling resistance was measured using tire pairs, while 

only one of the PU type casters was available, rolling 
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resistance data was not collected for this tire. 

Fortunately rolling resistance on the treadmill surface 

is fairly easy to measure. To do this the load cell is 

mounted at the forward end of the test cart instead of at 

the left wheel axle as shown in Figure 3-1. .The load cell 

is linked to the forward support rod of the test cart, and 

it measures the force required to restrain the cart as the 

treadmill belt moves under it at constant velocity. As was 

the case for camber force, this was done with the test cart 

parallel to the direction of belt motion so that the slip 

angles at each tire were both zero. When this is done, the 

total longitudinal force Fx exerted on the two wheels is 

approximately equal to the restraining force measured by the 

load cell. The word approximately is used because as it 

turns out, some small corrections must be made to account 

for moments and the fact that the center of gravity of the 

test cart is not directly over its rear axle. 

Figure 3-8 shows the rolling resistance data for the 

wheelchair tires tested as a function of normal force Fz· 

In keeping with the tire force and axis system described in 

Chapter 2, the rolling resistance force is labeled as longi-

tudinal force Fx. Again, because propelling and braking 

forces are being neglected for this analysis, the longitud- · 

inal force and rolling resistance force can be regarded as 

identical. 

Figure 3-8 indicates also that the increase in longi-

tudinal force varies nearly linearly with an increase in 
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normal force Fz· The ratio of longitudinal rolling resis-

tance force to normal force is generally defined as the 

coefficient of rolling resistance fr· Referring back to 

equation (2-1) and the diagram of the rolling wheel that was 

presented there, one sees that fr is also equal to the ratio 

of normal force offset, e, to axle height r. Putting this 

all together and remembering that rolling resistance force 

Fr = Fx, gives: 

( 3-2) 

In Figure 3-8, fr is simply the slope of the longitud-

inal force vs. normal force curve. The coefficients of 

rolling resistance as found by performing a least squares 

fit on the data for the six wheelchair tires tested are 

given in Table 3-2. 

TABLE 3-2: COEFFICIENTS OF ROLLING RESISTANCE 

Tire fr 

AG . 03 4 

ss .0050 

EJP .0058 

IM .018 

EJA .021 

ER .025 

It is clear from Figure 3-8 that the solid rubber tires 

(AG, ER, and EJA) have considerably higher coefficients of 

rolling resistance than the polyurethane tire (IM) or the 
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two pneumatic tires (EJP and SS). This is consistent with 

both theoretical and experimental results presented by 

Kauzlarich and Thacker. [2.9,2.10] 

A remaining question with regard to rolling resistance 

concerns the effect of a nonzero slip angle. various 

studies have shown that the effect of slip angle on the 

total longitudinal force in the wheel plane is very slight 

even for angles as high as 10 degrees. (2.81 This might be 

confusing because it may seem that a tire which is forced to 

roll in a direction which is not parallel to its wheel plane 

will experience a greatly increased rolling resistance. 

However, recall that a wheel which rolls at a slip angle a 

experiences a cornering force Fy and a longitudinal force 

Fx• It has already been shown that cornering force 

increases with increasing slip angle. Figure 2-1 showed the 

forces Fx and Fy acting on a wheel rolling at a fixed slip 

angle. Rolling resistance has been defined as the total 

longitudinal force in the wheel plane. This is vastly diff-

erent than defining rolling resistance as the resultant 

force in the direction of wheel motion, because the direc-

tion of wheel motion does not lie in the wheel plane if the 

slip angle is not zero. Examining Figure 2-1 shows that the 

resultant force acting in the direction of motion is: 

Force in Direction = Fxcos(a) + Fysin(a) 
of Motion 

(3-3) 

Thui as the slip angle increases, it is the lateral force FY 

which has a component Fysin(a) acting against the direction 

of motion which creates the increased resistance to motion, 
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and not an increase in the force Fx acting parallel to the 

wheel plane. While an increase in slip angle does make 

forward motion more difficult (this is the problem mentioned 

with regard to toe-in or toe-out), it does not correspond to 

a significant change in the longitudinal force Fx· 

As a concluding remark with regard to rolling 

resistance, it is noted that Thacker has presented evidence 

that wheelchair tire rolling resistance force is very nearly 

independent of speed. [2.9] This is in contrast to several 

rolling resistance models used for automobile tires which 

express rolling resistance force as a function of speed. 

[2.9] In addition, it was shown by Thacker that for camber 

angles of 2, s, and 10 degrees (inward for both wheels), 

rolling resistance is not significantly affected. 

This chapter has presented the raw data from several 

different treadmill tests designed to examine wheelchair 

tire forces. The primary variable affecting lateral cor-

nering force has been shown to be the normal force Fz acting 

on the tire from the ground. Both the literature and the 

treadmill testing indicate that forward speed and inflation 

pressure have small effects on cornering force and thus may 

be neglected for wheelchair tires. Data has been presented 

which will allow the inclusion of camber force and rolling 

resistance into the final ma them a ti cal formula ti on of 

wheelchair motion. Chapter 4 will demonstrate how the raw 

data in this chapter can be used to predict the forces 

acting on a wheelchair tire during any given state of 
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motion. Once this is done, the wheelchair equations of 

motion can be solved and the problem of directional 

stability can be examined. 
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CHAPTER 4 

EMPIRICALLY PREDICTING WHEELCHAIR TIRE FORCES 

Thus far, a description has been given of the basic 

tire forces which are important to wheelchair motion. In 

Chapter 2 these forces were defined, while in Chapter 3 

treadmill data was presented which gives some idea of the 

major factors which affect the magnitude of both the lateral 

force FY and the longitudinal force Fx· Although an inves-

tigation of wheelchair tire force characteristics was in 

itself a goal of this research, the final aim was to use 

the data collected as part of an investigation of rear 

caster wheelchair instability. This chapter will explain a 

simple method for using the cornering force versus normal 

force curves given in Figures 3-4a to 3-4g to predict the 

lateral force on a wheelchair tire. 

Of course, it is possible to simply look at the graphs 

and obtain an estimate of the cornering force FY if the slip 

angle and normal force are known. In order to incorporate 

the data into a simulation of wheelchair motion, however, a 

more mathematical method of using the raw tire force data is 

needed. This chapter will also discuss a method of deter-

mining cornering stiffness, ca. It will be shown later that 

estimates of the cornering stiffness for two casters and two 

main tires of a wheelchair can be used to help verify the 

computer program which has been developed to simulate wheel-

chair motion. Values of cornering stiffness can also be 

used to compare different tire types. 
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USING TREADMILL DATA TO REPRESENT OTHER SURFACES 

As the transition from measured tire force values on a 

treadmill to predicted values for all surfaces is made. the 

legitimate question arises as to how valid this process will 

be. Because the treadmill surface is not very representa-

tive of other surfaces such as concrete or tile. one might 

expect that the tire forces measured by using the treadmill 

are not very valuable when considering wheelchair tires on 

other surfaces. However. it has already been discussed that 

lateral cornering force is due primarily to elastic effects 

produced by_ the tire tread band. Engineers at Ford Motor 

Company have shown that for small slip angles. lateral force 

is almost exclusively controlled by elastic tire properties 

and is practically independent of the road surface. [4.11 

Thus. it is reasonable to expect that the cornering force 

data collected from the treadmill is representative of many 

surfaces provided that the limit of sliding is not reached. 

Note that for 1 arge slip angles near the onset of sliding. 

the road surface will play a much larger role. 

Unfortunately. similar arguments to those above cannot 

be made with regard to the longitudinal rolling resistance 

force Fx. Rolling resistance force is unquestionably 

quite different for different surfaces such as grass. 

carpet, or floor tile. However, if values of the 

coefficient of rolling resistance fr are available for these 

different surfaces. they can be easily substituted for those 
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obtained with the treadmill. 

The possible variations of tire forces depend upon an 

almost endless number of parameters. Even the very act of 

testing the tires can create a test-induced wear that tends 

to increase measured road force values. [4.2] Similarly it 

is impossible to test every conceivable tire type. For this 

reason the best that can be expected from treadmill data is 

to obtain reasonable estimates for values of cornering 

force, camber force, and rolling resistance for one surface 

and one particular group of tires. A good simulation model 

will then allow each of these estimates to be perturbed in 

various ways in order to simulate hypothetical conditions 

and tire types that cannot or have not been directly tested. 

POSSIBLE METHODS FOR PREDICTING TIRE FORCES 

After some time is spent reviewing the literature 

pertaining to the force characteristics of various tires, it 

becomes quite obvious that one could spend a lifetime doing 

research in this field. Primarily because of its extreme 

flexibility, the tire is very unique and does not easily 

lend itself to conventi0onal analysis. Al though a great deal 

of tire performance data has been collected, the process of 

developing theories which accurately predict tire forces is 

still in the early stages. [2.4] This is quite surprising 

considering the amount of time and effort that has gone into 

tire research and development. 

Mathematical models which do exist for describing the 

cornering behavior of elastic tires are almost universally 
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either empirical or semi-empirical. Nearly all current 

tire models are based mainly on the knowledge of experi-
• mentally determined tire characteristics, and thus in con-

trast to a true analytic tire model, generally ignore the 

actual tire structure. Usually the tire is represented as a 

series of components such as springs and masses designed 

expressly for the purpose of simulating known test data. 

These co.mponents often bear little or no resemblance to a 

real tire. [2.4] Perhaps the development of an accurate 

theoretical model for wheelchair tires would be easier to 

accomplish than has been the case for automobile or aircraft 

tires, but it is safe to say that at the present time such 

a model does not exist. 

Because the purpose of this research was to examine 

important tire forces as related to the problem of 

directional stability, and not to develop a theoretical 

model to predict such forces, the simplest method possible 

for representing the experimental test cart data was chosen. 

This method is entirely empirical but is ideally suited for 

use as a software component in the computer simulation of 

vehicle response. 

EMPIRICAL PREDICTIONS OF CORNERING FORCE 

The method of describing tire lateral force which will 

be used here is very similar to a method presented by D. L. 

Nordeen of General Motors Corporation, and it is one of the 

primary methods used by GM's Engineering Mechanics 
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Department when studying vehicle handling. [4.31 It might 

be noted that Nordeen makes most of the same assumptions 

concerning cornering force, slip angle, and normal force 

which are being used for the analysis of wheelchair motion. 

It has already been shown in Chapter 3 that most wheel-

chair tire forces can be represented by graphs of the forces 

as functions of vertical load. This is not however, an 

extremely useful form for representing tire data. In order 

to simulate continuous wheelchair motion, point by point 

computations must be performed. The raw data cannot be 

directly interpreted for application to a particular 

wheelchair. [ 2. 7] 

Turning attention once again to the graphs in Figures 

3 -4 a to 3 - 4 g. a method i s r eq u i red w hi ch w i 11 express 

lateral cornering force Fy as a function of normal force Fz 

at constant slip angle a. The method described by Nordeen 

is to simply represent this relationship by a third-degree 

polynomial as follows: 

F = aF + bF2 + cF3 
y z z z (4-1) 

where a,b,c are constants which depend on the slip angle 

Fz = normal force on tire 

Fy = lateral cornering force 

For each of the curves shown in Figures 3-4a through 

3-4g values for the constants a,b, and c were determined by 

using a computer program which provides a polynomial best 

f it to a given set of data points using the method of 1 ea st 

squares. [4.31 Correlation coefficients for the best fit 

curves were generally higher than .. 98 indicating good fits 
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with the experimental data. Because treadmill data was 

collected for 8 slip angles, 24 constants (3x8) were com-

puted for each tire. The computer program actually computed 

the best fit 3rd order polynomial having four terms where 

the fourth term is an additional constant indicating that 

the best fit in the least squares sense does not pass 

through the origin. Because for simulation purposes it is 

desirable to have zero cornering force FY when the normal 

load Fz is zero, this fourth constant or residual at Fz = o 

was eliminated. This has a negligible effect on the overall 

approximation because all of the curves in Figures 3-4a 

through 3-4g very nearly pass through the origin. The 

largest residuals at Fz = o for all of the curves in Figures 

3-4a through·3-4g were approximately lN C.22 lbf) and most 

were even less than this value. Appendix B gives the tread-

mill load cell data used to plot the curves in Chapter 3 

along with the corresponding polynomial coefficients a, b, 

and c. The discarded residuals and the correlation coeffi-

cients are also given. 

Once the coefficients a, b, and c in equation (4-1) are 

known for a particulai tire, it is possible to construct 

cornering force versus slip angle curves at constant normal 

force such as the one shown in Figure 3-2. Fz can be 

arbitrarily chosen to be some value and then the coeffi-

cients a,b, and c for a given slip angle can be used to 

compute the lateral cornering force FY. This is desirable 

because curves such as the one shown ln Figure 3-2 allow an 
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estimation of the initial slope or cornering stiffness Ca 

for a given tire. As was stated before, cornering stiffness 

values can be used to compare different tires and to help 

verify the simulation program used to model wheelchair 

motion. The method of using the empirical coefficients as 

part of a computer program will be discussed later. It 

should be noted that even this method is somewhat restric-

ted, because the constants a,b, and c can only be determined 

for the slip angles which were tested (1-8 degrees). A 

means for using equation (4-1) to .obtain approximate values 

of Fy for •non-integer angles will be discussed later along 

with other simulation techniques. 

DETERMINING CORNERING STIFFNESS 

For each of the seven wheelchair ti res tested, the 

empirical constants a,b, and c corresponding to the best fit 

for the curves shown in Figures 3-4a through 3-4g were 

determined. Again, these are listed in Appendix B. 

gquation (4-1) was then used to predict values of cornering 

force Fy for six constant values of normal force Fz· The 

constant Fz values chosen were 7SN, 1SON, 22SN, 300N, 37SN, 

and 4SON. The cornering force versus slip angle curves (at 

constant normal force) which resulted from using equation 

(4-1) are shown in Figures 4-la through 4-lg. It is empha-

sized that these figures do not represent new data, but 

instead represent the data shown in Figures 3-4a through 3-

4g in a slightly different way. Also note that the data 

points shown represent interpolated values of Fy which were 
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obtained using equation (4-1) and the empirical constants 

which were derived from the test cart data. 

Figures 4-la through 4-lg are more useful than the 

graphs which were shown in Chapter 3. These curves are 

identical to the cornering force versus slip angle curve 

shown in Figure 3-2, and the initial slope of any one of the 

curves gives the cornering stiffness Ca for a particular 

tire at a particular value of normal force. The individual 

graphs are arranged in decreasing order according to the 

cornering stiffnesses of the tires. Observe that the linear 

region of the curves depends on the value of Fz, with higher 

values of Fz corresponding to larger linear regions. Also 

note that for the two caster wheels (ER) and (PU), after the 

normal force reaches about 225 N, further increases in Fz do 

not result in further increases in cornering force. 

If the assumption is made that each of the curves shown 

in Figures 4-1 are linear for slip angles up to at least 

one degree, the cornering stiffness of each tire for each 

value of normal force can be estimated as the slope of each 

curve from zero to one degree. Examination of the figures 

shows the the assumption of linearity from o to 1 degree is 

best for high values of Fz• Table 4-1 shows the values of 

cornering stiffness obtained for each tire. 

Table 4-1 provides an easy means for comparing the 

cornering stiffnesses of the different tires at different 

loads. Using Table 4-1 it is possible to construct a set of 

curves of cornering stiffness versus normal force for all 



89 

seven tire types on a single graph. This is shown in 

Figure 4-2. Using this figure, it is possible to anticipate 

which tire will develop the largest cornering force Fy when 

subjected to small slip angles for a known normal force. 

Tire 

AG 

&JP 

ss 
IM 

&JA 

ER 

PU 

TABLE 4-1 

VALUES FOR CORNERING STIFFNESS (C 0 ) 

(normal force Fz> 
7SN 150N 225N 300N 37SN 

20.3• 39.7 S6.6 69.6 77.1 

22.8 40.8 S4.4 63.7 69.0 

20.0 3S.1 47.3 S S • 3 60.0 

22.1 3S.1 42.8 4S.2 44.8 

13.6 2S.4 3S.1 42.S 47.6 

14.7 23. 2 26.9 27. 6 26.7 

13.7 21.7 2S.6 26.6 26.3 

4SON 

7 7 . 4 

70.S 

61.9 

43 . 4 

so.2 
2S.7 

25.9 

• All cornering stiffness values have units (N/deg) 

The normal force exerted on a pair of wheelchair tires 

is determined largely by the user's weight and the location 

of the center of gravity. Figure 4-2 shows that if the 

normal force is less than approximately 1SO Newtons, there 

is not much difference between the AG, EJP, SS, or IM, 

tires, while the &JA, ER, and PU tires exhibit significantly 

lower cornering stiffnesses. For normal forces above 1SO N 

the legend lists the tires in order of decreasing cornering 

stiffness. This is true for all but the IM and EJA tires 

for normal force values greater than about 330N. 
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The implication of Figure 4-2 is that some improvement 

in the directional stability of rear caster wheelchairs 

might be obtained by selecting the tire that will minimize 

the cornering stiffness and hence the destabilizing force on 

the main wheels for a given slip angle. Typical normal 

forces for the main wheels of a rear caster wheelchair are 

in the range 100 N to 2SO N. Figure 4-2 then indicates that 

for a rear caster wheelchair, the EJA tires should produce 

the least amount of directional instability. The extent to 

which this is true is discussed later in this text. 

EMPIRICAL RELATIONSHIP BE'IWEEN CAMBER AND CORNERING FORCE 

It was stated earlier that studies of automobile tires 

have found the camber force at some camber angle, r, to be 

on the order of 1/S the cornering force developed at an 

equivalent slip angle a, assuming the normal force Fz is the 

same. It would be useful if a similar relationship could be 

determined for wheelchair tires. 

To do this, empirical constants were determined for 

each of the camber force vs. normal force curves shown in 

Figures 3-7a through 3~7e. This was done in the same manner 

as was done for cornering force resulting in three constants 

a, b, and c such that camber force could be predicted as a 

function of Fz using a third order polynomial like the one 

in equation 4-1. Having determined a, b, and c the expected 

value of cornering force was computed for the same six 

values of normal force used previously to construct Figures 
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4-la through 4-lg (75N, 150N, 225N, 300N, 375N, and 450N). 

By plotting the empirically predicted values of cornering 

force and camber force for the same Fz values and for the 

same camber or slip angles it is possible to obtain an 

approximate relationship between the two forces. This has 

been done in Figure 4-3 where camber force is plotted on the 

horizontal axis, cornering force is plotted on the vertical 

axis, and m is the slope of the best fit line relating 

camber force to cornering force for a given tire. It is 

emphasized that the data points shown were computed using 

empirical constants determined from the data in Figures 3-4 

and 3-7. The data points are for the six Fz values just 

given and for a = r = 2, s, or s degrees. 

Figure 4-3 indicates that for equivalent angles of 

camber and slip and for the same value of Fz, camber force 

ranges from about 1/5 to 1/8 the value of cornering force. 

This is not totally in agreement with the literature 

pertaining to automobile tires but is reasonable. 

Figure 4-3 allows a good estimate of camber force for a 

given camber angle simply by using the empirical constants 

for cornering force. =For the purposes of modeling camber 

force when simulating wheelchair motion, the inverse of the 

slopes, m, in Figure 4-3 will be referred to as camber 

coefficients, fc• Then for any given angle of camber 

camber Force= 1/m(Fy> = fcFy (4-2) 

where the Fy is computed for the equivalent slip angle a and 

normal force using equation (4-1). 
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EMPIRICALLY PREDICTING ROLLING RESISTANCE FORCE 

The rolling resistance force Fx can be computed for a 

given value of normal force Fz by using the coefficients of 

rolling resistance given in Table 3-2 along with equation 

(3-2). Looking at Figure 3-8, however, one observes that 

the longitudinal force curves do not necessarily pass 

through the origin if a strictly linear best fit is chosen. 

For the purposes of predicting rolling resistance force with 

a computer program, it is desirable to ensure that the 

rolling resistance force approaches zero as the normal force 

becomes small. This avoids physically unrealizable situa-

tions where the rolling resistance might act in the same 

direction as the direction of wheelchair motion. For this 

reason, third order polynomials will also be used to calcu-

late rolling resistance when a simulation program is formu-

lated. The interested reader is again referred to Appendix 

B where the treadmill results and empirical constants used 

for cornering force, camber force, and rolling resistance 

are given. 

In conclusion, thi"S chapter has been used to present a 

simple yet effective way to represent the tire force data 

which was collected using the treadmill and test cart. The 

empirical methods which have been described are easily 

adaptable to a computer simulation. Certainly no claim can 

be made that a theoretical approach has been taken in accom-

plishing this. As stated earlier, the tire relationships 

presented in this chapter are entirely empirical. 
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From one point of view, this entirely empirical 

approach is quite primitive. However, the basic character-

istics of wheelchair tire force behavior and a method of 

modeling this behavior for the purpose of investigating 

wheelchair motion has been outlined. Even an extremely 

detailed investigation of wheelchair tire properties might 

not lead to much improvement with regard to the accuracy 

with which tire forces can be predicted. This is one reason 

why empirical methods are still very popular within the 

automotive industry. Later chapters in this text will pre-

sent arguments indicating that a detailed and time consuming 

investigation of the elastic force producing properties of 

wheelchair tires is probably not warranted if a desire to 

improve directional stability is the only motivation for 

such a study .. The question as to whether or not such a 

study would be valuable in and of itself is open to debate. 
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A SIMPLIFIED ANALYSIS OF THE DYNAMICS 
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Now that the important wheelchair tire forces have been 

defined, it is possible to begin an investigation of the 

directional stability problem associated with rear caster 

wheelchairs. This chapter will present a simple model which 

can be used to demonstrate how variables such as cornering 

stiffness and center of gravity position affect the 

directional stability of a ground vehicle. The important 

frames of reference relevant to vehicle motion will be 

introduced along with the major variables which will be used 

to describe wheelchair motion. As with earlier chapters, 

most of the discussion in this chapter and the next will be 

motivated by previous studies relating to automobiles or 

airplanes. 

In searching the literature pertaining to directional 

stability, one finds almost exclusively work which describes 

the requirements for designing a stable vehicle or for 

making an already stable vehicle more stable. Virtually no 

mention can be found of how to deal with or improve an 

inherently unstable vehicle such as a rear caster wheel-

chair. The unstable situation is generally termed 

undesirable and is simply discarded from discussion. This 

chapter will demonstrate why rear caster wheelchairs are 

extremely directionally unstable, and why options for 

improving the problem may be very limited. 
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THE ZERO WIDTH VEHICLE 

The most basic analysis begins by assuming that the 

wheelchair or vehicle is symmetric about its longitudinal 

axis. It is assumed that no lateral load transfer can take 

place. In other words, there is no roll degree of freedom. 

Furthermore, all four wheels of the vehicle are assumed to 

be locked against turning about their vertical axes, 

although it is emphasized that this does not mean that the 

vehicle cannot deviate from a straight path. This would 

only be true if the wheels were perfectly rigid. If the 

wheels are allowed to develop lateral velocity components as 

described in previous chapters, changes of direction may 

occur even if the wheels are locked. 

To further simplify the analysis, it is assumed that 

the four wheeled vehicle can be adequately represented by 

what is referred to as the "zero width" vehicle or ''bicycle 

model~ This model places all four wheels on the center 

line of the vehicle as shown in Figure 5-1. It will be 

shown that some very interesting conclusions can be derived 

by considering this simple model. [5.11 This type of 

analysis was first presented by Ro card and has since become 

well known by those who frequently study vehicle dynamics. 

[5.21 To this author's knowledge no such analysis has been 

done with wheelchairs as the specific type of vehicle in 

mind. This chapter will draw upon Rocard's original text as 

well as some more recent publications. (5.1,5.2,2.2,2.3] 



C/) ->< <( 

>< 
_J 
<( 
c:o 
0 
_J 
u:> 

0 2 

x Body Axis 

. u 

Front 

,. 
ci . c~ e 

2 

YAW 
VELOCITY 

d 

Figure S-1 

98 

lC 

. u 

--.. ~ Fyf 

s1 

·0 s ~ ... . y . y Body V V 
Axis 

sz 

--.. Fyr 

GLOBAL Y AXIS 

The zero Width Vehicle Model 



99 

Figure s-1 deserves careful attention because it 

contains variables and information that will be referred to 

for the remainder of the text. On the left side of the 

figure is the original four wheeled vehicle and on the right 

side is the simplified equivalent. The important dimensions 

as shown are s, s 1 and s 2 where: s is the total wheelbase 

distance, s 1 is the distance from the front wheels to the 

center of gravity, and s 2 is the di stance from the rear 

wheels to the center of gravity. The width dimension, d, in 

the figure is ignored because of the zero width assumption. 

The zero width wheelchair is assumed to have two identical 

wheels in the front and two identical wheels in the rear, 

although the front and rear wheels may be different from 

each other. 

Rolling resistance is ignored so that the only tire 

force developed is a lateral cornering force denoted as Fyf 

for the front wheels and as Fyr for the rear wheels. As 

disgussed in earlier chapters, the magnitude of cornering 

force depends primarily upon slip angle and normal force. 

There are two important axis systems or reference 

frames shown in Figure S-1. The first of these is the 

global X-Y reference frame. This frame is fixed in space 

and does not move with the vehicle. The second reference 

frame is a body fixed reference frame which both moves and 

rotates with the vehicle. The body fixed or local x axis 

lies along the longitudinal axis of the vehicle, while the 

body fixed y axis lies along the lateral axis of the 

vehicle. The variables u and v represent velocities along 
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the body fixed X and y axis. Finally, 6 represents the 

angular velocity (or yaw velocity) of the vehicle about a 

vertical axis through the vehicle's center of mass. The 

corresponding displacement and acceleration kinematic 

variables are represented by < u, ii, v, v ,e, e>. 

EQUATIONS OF MOTION IN THE BODY FIXED REFERENCE FRAME 

Because the global X-Y reference frame is fixed in 

space, it is commonly referred to as an inertial reference 

frame. On the other hand, due to the fact that the body 

fixed reference frame can move and rotate with the vehicle, 

it is often called an accelerating or non-inertial reference 

frame. 

It is convenient to use the body fixed axis system when 

formulating the wheelchair equations of motion for two 

reasons. First of all, using the body fixed axes eliminates 

the need for coordinate transformations of the tire forces 

from the body fixed reference frame to the global reference 

frame. More importantly, the mass moments of inertia of the 

vehicle are constant with respect to the body fixed axis 

system. This is not tJue with respect to the inertial 

reference frame. With respect to the global X-Y system, the 

moments of inertia continually change as the vehicle changes 

direction. C 2 .2 l 

There is however a disadvantage associated with using 

the body fixed axis system when formulating the equations of 

motion. Specifically, Newton's laws are not valid in a non-
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inertial reference frame. With respect to the body fixed 

axes, the acceleration of the center of mass is not equal to 

the ratio of total force on the vehicle to the vehicle's 

mass. For the unfamiliar reader, Tipler gives a good 

discussion of non-inertial reference frames. [5.31 

To formulate the equations of wheelchair motion it will 

be necessary to express the acceleration of the center of 

mass using the body fixed reference frame. These equations 

are generally given without derivation in the literature, 

but some explanation will be provided here. 

Consider the two reference frames shown in Figure 5-1. 

As shown, t1 and ~2 are unit vectors corresponding to the 

X and Y directions in the inertial reference frame, while ~1 
,.. 

and c2 are unit vectors in the directions of the body fixed ... 
x and y axes. The absolute velocity is (V) where: 

(5-1) 

Because the body fixed reference frame can rotate, the unit 

vectors and are not constant and hence the 

absolute acceleration found by taking the derivative of 

equation (5-1) is: 

(5-2) 

It is well known that the absolute time rate of change of a 

unit vector in a rotating reference frame is equal to the 

cross product of the unit vector and the angular velocity of 

the rotating frame. [ 5. 4 1 In this case the angular 

velocity is in the positive d3 direction and (5-2) becomes: 
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.... 
•• A 

.a. .. ,. ~ • • • "" • • A. 
V = UCl + u(e x c1> + VC2, + v<e x c2,> 

... . . ,. • • A • <ii (. (S-3) or V = - ev>c1 + V + eu>c2 

considering the 
,. 

and " of acceleration in Cl C2, components 

equation (S-3), the basic equations of motion for a rotating 

vehicle using the body fixed reference frame are 

LFx = 

LFy = 

LMz = 

m(u -
•• m(v + 

•• Iz6-

av> 
•• au> 

(S-4a) 

(S-4b) 

(S-4c) 

where the subscripts x and y refer to directions in the body 

fixed reference fram~ For this simplified analysis there 

are no forces in the x direction and u is constant. In 

equations (S-4) mis the total mass of the vehicle and Iz is 

the mass moment of inertia about a vertical axis passing 

through the center of mass. Note that the third equation 

is valid in either the body fixed or the inertial reference 

frame, and that products of inertia can be ignored because 

planar motion is assumed. [5.51 

For the zero width vehicle in Figure S-1 the motion 

will be restricted to small slip angles so that equation 

(3-1) can be used to find the forces on the two front and 

two rear wheels: 

< s-s a) 

(S-Sb) 

where again the subscripts refer to the front and rear tires 
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respectively and the negative signs result from the fact 

that the cornering forces must act in a direction which is 

opposite the initial lateral velocity v. It must be noted 

that the units for slip angle in equation CS-Sa) or CS-Sb) 

are radians, and the units for cornering stiffness are N/rad 

or lbf / rad. 

Recall from Chapter 2 that the slip angle ,a, is defined 

as the angle between the wheel plane's heading and the 

actual direction of travel (Figure 2-1). For the zero width 

vehicle, due to its angular rotation both the front and 

rear wheels have velocity components in both the ~1 and ~2 

directions. 

velocity front 

velocity rear 

(S-6a) 

(S-6b) 

An expression for the slip angle a is found by examining 

Figure S-2 which shows the orientation of the lateral and 

longitudinal velocity components. 

tan(a) ~a= 
lateral velocity component 

(S-7) 
longitudinal velocity component 

Then using equations <~-6a) and (S-6b) in equation (S-7), 

where the longitudinal velocity components are in the c 1 

direction and the lateral components are in the c 2 direc-

tion, gives the following relationships for the front and 

rear wheels respectively. 

• V 
(S-8a) 

• u 
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• V 
(5-Sb) 

• u 

Substituting equation (5-8) into equation (5-5) and then 

using equations (5-4b) and (5-4c) results in the following 

differential equations of motion for the zero width vehicle. 

mV+ f u + 2Caf\2CarS2] e + [2_c_a_f_:_2c_a_r_] V = 0 (S-9al 

Izli + [ 2Caf sf : 2Cars~} + [ 2Caf s1 ~ 2Cars2 ] V • 0 ( S-9bl 

APPLYING THE ROUTH-HU~ITZ CRITERION 

In Chapter 1 it was stated that a vehicle is considered 

directionally stable if it returns to a steady state of 

motion within some finite time after being subjected to a 

disturbance. The advantage of the zero width model is that 

the resulting differential equations (5-9) form a set of 

linear differential equations with constant coefficients. 

If the vehicle is subjected to a disturbance, after the 

disturbance is removed, · both the yaw and lateral velocities 

will vary with time exponentially. [2.21 • • Thus, both e and v 

will have solutions of the form e)..t, and the stability of 

the system will depend on the coefficient)... [2.31 If).. is 

positive and real, the motion of the system will be unstable 

and diverge to infinity. If).. is negative and real the 

system will be stable. Finally, complex values of).. 
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correspond to oscillatory solutions to the differential 

eq ua ti ons. . . By assuming solutions for the yaw velocity, e, 
and lateral velocity v of the forms: 

v = A1 e>.t ( S-1 Oa) 

(S-10b) 

it can be shown that the differential equations (S-9a) and 

( S-9b) have the following characteristic equation: (2.1 l 

(S-11) 

where the constants a1 , a2 , a3 , and a4 are given by: 

a1 = 2Caf + 2Car 
( S-12a) 

• u 
• 2Caf s1 2Cars2 a2 = mu+ -

(S-12b) 
• u 

a3 = 2Cafsl - 2Cars2 
(S-12c) • u 

2 + 2 a4 = 2Cafs1 2Cars2 
(S-12d) 

• u 

The Routh-Hurwitz stability criterion states that a 

necessary condition for stability is that all of the coeffi-

cients of the characteristic equation must be positive. If 

the characteristic equation is quadratic, this condition is 

not only necessary, but is also a sufficient criterion for 

stability. C 5 .2 l 
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Looking at the coefficient of the first order term in 

equation (S-11) it is clear that because s 1 , s2 , m, Iz, Ca, 

and u are always positive, this term can never become 

negative. Before examining the conditions under which the 

zeroth order coefficient may become negative, note that if w 
is the total weight of the vehicle or wheelchair, then 

W = mg 

Wr = ws1 /2s 

wf = ws 2 /2s 

(S-13a) 

(S-13b) 

(S-13c) 

where the portions of the total weight carried by the front 

and rear wheels, Wr and Wf, are found from statics. In 

equation (S-11) the zeroth order coefficient will be 

positive if the term (a1 a4 - a2 a3 ) is greater than zero. 

Using (S-13), (S-12), and a fair amount of algebra, the 

condition that this term be positive results in 

s > 0 (S-14) 

Equation (S-14) expresses the condition for the lateral 

stability of a ground ve"hicle. From this condition it is 

clear that the important parameters which determine stabil-

ity are the position of the center of gravity, the total 

wheelbase distance, the cornering stiffness of the front and 

rear tires, and the forward speed. It is notable that the 

condition for stability does not depend upon the total 

vehicle weight W or the mass moment of inertia Iz· 

If the condition for directional stability defined by 
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equation (S-14) is rearranged, it is possible to define a 

condition for the forward speed at which a given vehicle 

will be directionally stable. 

The condition is 

(S-15) 

where (S-16) 

Equation (S-15) defines the critical speed, above which a 

four wheeled vehicle will exhibit directional instability. 

The parameter kus in equation (S-16) is commonly referred to 

as the understeer coefficient for reasons which will be 

discussed in the last section of this chapter. [S.11 

Note first that if k us is positive, equation ( s -1 4 ) is 

always satisfied. This means that the vehicle is stable at 

any speed, and in fact the critical speed defined by equa-

tion (S-15) is undefined. The critical speed in this 

instance is • u = Cl). The understeer coefficient can be 

written in slightly different form as follows: 

kus 
WfCar WrCaf = 

CafCar 
(S-17a) 

using (S-13) kus 
w<s2Car - 8 1Caf) 

or = 
2sCafCar 

(S-17b) 

It can be seen by examining the numerator in (S-17b) that 

the condition under which kus always be positive is that the 
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product of the distance of the rear wheels from the center 

of gravity and the cornering stiffness of the rear tires 

must be greater than the product of the distance of the 

front wheels from the center of gravity and the cornering 

stiffness of the front tires. This condition is stated as a 

theorem for stability by Rocard. [5.21 

A special case results if the front and rear cornering 

stiffnesses are approximately equal. This might occur for 

an electric wheelchair that has four identical wheels, but 

would not occur for typical manual wheelchairs. When Caf = 

Car, Roca rd' s theorem irnpl ies that in order to ensure 

directional stability s 2 must be greater than s 1 which is 

equivalent to stating that the center of gravity must lie in 

the front half of the wheelchair. Implications of the 

stability conditions for manual front caster and rear caster 

wheelchairs will now be considered. 

IMPLICATIONS FOR WHEELCHAIRS 

The ideas which have been presented thus far are 

completely general and might be applied to any type of 

vehicle. It will now be shown that front caster and rear 

caster wheelchairs are two special cases which can be illus-

trated by examining the condition for stability, equation 

(S-14), and the critical speed equation (S-1S). 

When considering wheelchair motion, it is now important 

to deviate slightly from the original assumption that all 

four wheels are locked against turning. Although it is 
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possible to lock all four wheels of an automobile in place 

by holding the steering wheel in a set position, this can 

not be done with manual front caster or rear caster wheel-

chairs. For manual wheelchairs in particular, the caster 

wheels are completely free to pivot about the caster pins . 

. The only resistance to motion of the casters is provided by 

friction •. This is equivalent to stating that the caster 

wheels will only sustain very small lateral cornering 

forces. For the purposes of the zero width model, the 

effects of this can be considered by assuming that the 

heffective" cornering stiffness of the caster wheels is very 

small. 

Case One: Front caster Wheelchair 

For a front caster wheelchair it is the front wheels 

which are free to pivot, and thus the effective value of Caf 

is very small. Examination of (S-16) then shows that kus is 

always positive because the term Wf/Caf will be very large. 

Thus the conventional front caster wheelchair is stable at 

all speeds as previously discussed. This is a well known 

and expected result. 

Case Two: Rear caster Wheelchair 

If the pivoting caster wheels are at the rear of the 

wheelchair, then it is the rear cornering stiffness that 

becomes effectively very small. If Car approaches zero, the 

coefficient kus in (S-16) is a negative number with very 

large magnitude. The left hand side of equation (S-14), 
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which must be positive for directional stability, approaches 

-co. Thus, if the rear casters are considered to off er zero 

resistance to turning, the rear caster wheelchair is in a 

sense infinitely unstable. In this case, the critical speed . 
obtained from equation (S-16) will approach zero, indicating 

that a rear caster wheelchair will be unstable at any speed. 

In actuality the resistance of the caster wheels to 

turning is not zero but instead is only very small. The 

implication of this is that there is some speed, small as it 

may be, below which rear caster wheelchairs will be 

directionally stable. This speed cannot be determined using 

the simplified zero width model because there is no way to 

determine the effective cornering stiffness of the pivoting 

casters. Because the model assumes that all four wheels are 

locked against turning, the pivoting casters can only be 

considered in a qualitative sense as just described. A more 

detailed analysis of caster effects must be accomplished by 

using a more sophisticated model. 

Given that rear caster wheelchairs are virtually always 

directionally unstable, the primary consideration then 

becomes a question 0£ what can be done to reduce the 

stability problem. If the assumption is made that Car is 

very small so that the magnitude of Wr/Car is much greater 

than the magnitude of Wf/Caf' then the stability condition 

given in equation (S-14) becomes for rear caster wheelchairs 

+ s > 0 (S-18) 
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Because Car is very small, this condition will only be 

satisfied for very low forward velocities. This is consis-

tent with observation, where users of rear caster wheel-

chairs report the most difficulty when trying to maneuver at 

higher speeds. Unless u is small, the first term in 

equation (S-18) will be extremely negative, and the rear 

caster wheelchair will be directionally unstable. ~he 

degree to which the left side of equation (S-18) is negative 

is a measure of how unstable a given wheelchair or vehicle 

will be. Because the velocity u is raised to the second 

power, it is clear that directional stability is highly 

sensitive to forward speed. Note that this is somewhat 

surprising because it was shown in Chapter 2 that the magni-

tude of the destabilizing cornering force is nearly indepen-

dent of speed. It can also be seen from equation (S-18) that 

the degree of instability can be minimized by increasing the 

total wheelbase distances or by reducing the amount of 

weight on the rear wheels, Wr· This later statement is 

equivalent to stating that the center of gravity should be 

moved as far forward as possible, a result which is consis-

tent with the simplified analysis of Kauzlarich and Thacker 

described in Chapter l. 

A useful but discouraging conclusion can be proposed as 

a result of examining the zero width model. Because 

equation (S-18) will yield extremely negative values for 

nearly all center of gravity positions, and because the 

wheelbase term in (S-18), s, is much smaller than the 
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velocity dependent term, it may be the case that even fairly 

drastic design changes will not lead to a significant 

increase in directional stability. Since the zero width 

model cannot predict actual wheelchair motion, this 

conclusion can only be proven or disproven by using a more 

sophisticated model. 

THE ZERO WIDTH MODEL AS A VERIFICATION TOOL 

It has already been stated that one goal of this 

research is to develop a computer program capable of 

simulating wheelchair motion and examining directional 

stability for various initial conditions. For any complex 

program the problem of verification is always present. How 

can one be sure that the motion predicted by the simulation 

program is reasonable? The zero width model provides one 

good means for such verification. The simplified analysis 

of this chapter cannot be used to predict actual critical 

speeds for wheelchairs because it began by assuming that all 

four tires are locked against turning. However, an 

interesting result is obtained if one assumes the unreal-

istic case where all four wheels of a wheelchair are locked. 

It will be shown later that for a typical rear caster 

wheelchair with all four wheels locked, equation (S-1S) 

predicts a critical speed close to 123 m/sec (27 mph). This 

is obviously out of the range of operating speeds for manual 

wheelchairs and has no practical significance. However. any 

simulation program for modeling wheelchair motion should be 
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able to approximately predict this value of critical speed 

for the hypothetical case where the caster wheels are locked 

against turning. This is an excellent tool which will be 

discussed again when program verification is considered in 

more detail. 

An additional prediction about wheelchair motion 

results by again considering the understeer coefficient kus 

defined by equation (S-16). The terms understeer and over-

steer were originally defined in reference to the path of 

motion of a vehicle which is acted upon by a side force at 

the center of gravity. (2.3) Figure S-3 shows the direc-

tional responses of neutral steer, understeer, and oversteer 

vehicles subjected to such a side force. 

A front caster wheelchair corresponds to a positive 

value of kus as described previously. A vehicle having kus 

greater than zero is said to exhibit understeer. When such 

a vehicle is subjected to a side force as shown in Figure 

S-3, the lateral force generated by the rear tires is 

greater than that generated by the front tires. As a 

result, the front tires tend to "give way" and a front 

caster wheelchair will turn away from the side force as in 

Figure S-3. 

If Kus is less than zero, the opposite situation 

results. This is the case for a rear caster wheelchair 

where the lateral force generated by the front tires is 

greater than that generated by the rear tires. In this 

case, the rear wheels will tend to rotate about the center 

of mass and the wheelchair will follow the over steer path 
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shown in Figure S-3. The motion paths illustrated by Figure 

S-3 are easily visualized by imagining the response of a 

stationary manual wheelchair which is pushed from the side. 

Although the understeer and oversteer directional response 

paths say nothing quantitative about wheelchair motion, they 

do provide a qualitative prediction that must be in agree-

ment with the results of any simulation computer program. 

In the last chapter of this thesis, the application of a 

side force at.the center of gravity will be used as the 

initial disturbance tending to make a wheelchair deviate 

from a desired directional heading. A measure of stability 

will be the response of a given wheelchair after the 

application of this disturbance. By examining the computer 

simulated responses of both front and rear caster wheel-

chairs, and comparing to the response paths shown in Figure 

S-3. it will at least be possible to determine whether or 

not the correct type of motion is predicted. 



CHAPTER 6 

DESCRIBING PLANAR WHEELCHAIR 
MOTION IN MORE DETAIL 

117 

To begin this chapter, it is worthwhile to summarize 

what has been done up to this point. In Chapters 1-3 the 

important wheelchair tire forces were described, and some 

simple empirical methods for predicting these tire forces 

were given. This was essential because it is impossible to 

solve the equations of wheelchair motion without some 

knowledge of the forces that act on the tires. Chapter 4 

developed the general form of the equations of motion using 

a set of body fixed axes moving with the wheelchair 

(equation 5-4). The simplified zero width model was used to 

identify the key variables which are relevant to directional 

stability, and to gain some insight with respect to why rear 

caster wheelchairs are especially unstable. The simplified 

model however, cannot predict actual wheelchair motion. nor 

does it allow an extensive examination of the parameters 

which affect stabilit~ 

There are still two major hurdles to be overcome before 

a more detailed analyils can be performed. First of all, 

the complete equations of motion which take into account 

width dimensions and pivoting of the casters must be 

formulated. Secondly, a computer program to solve the equa-

tions of motion, and to include the effects of variables 

such as camber angle, toe angle, caster friction, and 

lateral load transfer, must be written and verified. 
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At this point, no conclusion can be made with regard to 

whether or not a more sophisticated model will lead to ways 

to significantly reduce the directional instability problem 

associated with rear caster wheelchairs. Although rear 

caster wheelchairs are the primary focus, it is a goal of 

this work to present methods and models which are also 

applicable to front caster wheelchairs, electric wheel-

chairs, three wheeled wheelchairs, etc. For this reason it 

is desirable to create a model that is as general as 

possible while at the same time being fairly manageable. 

THE COMPLETE WHEELCHAIR MODEL 

The basic model which will be used to simulate 

wheelchair motion is shown in Figure 6-1. For this 

analysis, planar motion will be assumed. Pitch and roll 

effects will not appear in the final equations of motion. 

However, a quasi-static method for accounting for lateral 

load transfer will be incorporated. This will be described 

later in this chapter. Five degrees of freedom are assumed 

corresponding to translation and rotation of the center of 

mass and to rotation of each of the caster wheels. These 

are represented by u, v,- e, tt, and p in the figure. 

In an attempt to make the following discussion as clear 

as possible, the model shown in Figure 6-1 utilizes several 

of the symbols and concepts which were developed for the 

zero width model in Chapters. First note that the body 
A A ~ fixed axes (c1 , c 2 , and c 3 ) are the same. Again, these 

correspond to the body fixed x, y and z axes. The inertial 
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or global reference frame corresponding to the fixed X and Y 

axes are also the same. The unit vectors ~1 and ~2 indicate 

global directions as before. Note that the model is drawn 

to depict a rear caster wheelchair. This is not a restric-

tion however, as it will be shown that the same model can be 

used to investigate the motion of front caster wheelchairs. 

There are two additional reference frames that were not 

present for the zero width model. These are represented by 
A A " ,. the unit vectors a 1 ,a2 and b1 ,b2 which describe directions 

in two local reference frames fixed within the two pivoting 

caster wheels. For this model, the letters A, B, D, and E 

correspond to the contact points of the four tires as shown. 

Similarly, the letter C corresponds to the wheelchair-user 

center of gravity. Note that the unit vectors fixed in the 

caster wheels correspond to the x and y tire axes as shown 

in Figure 2-1. Ca and Cb indicate the centers of gravity of 

the two caster assemblies. Pa and Pb indicate the two pins 

about which casters A and B pivot. 

In Figure 6-1 the symbol F represents force, and 

appropriate subscripts are used to indicate which tire a 

particular force is acting on and the tire axis along which 

the force acts. For example, FAX represents the longi tud-

inal road force acting on caster A and FAY represents the 

lateral road force. Maf and Mbf are frictional moments 

which act at the caster pins and tend to resist rotation of 

the caster wheels. 

The symbolic dimensions of the model are shown on the 
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figure. In a manner similar to what was done for the zero 

width model, s 1 represents the distance from the front 

wheel contact points to the center of gravity, while s 2 

represents the distance from the caster pins to the center 

of gravity. Note that in this case the total wheelbase 

distance is nots as was the case with the zero width model, 

but instead is s 1 + s 2 + 1 where 1 is the caster trail 

distance. For a complete description of every symbol shown 

in Figure 6-1, refer to the list of symbols that precedes 

the text. 

Finally, u and v are again used as the kinematic vari-

ables in the body fixed x and y directions. Angular dis-

placement of the entire wheelchair with respect to the 

global X-Y axes is represented by e. e is positive in the 

~ 3 direction (clockwise rotation as shown in Figure 6-1.) 

Angular displacement of the individual casters with respect 

to the wheelchair frame will be measured by the angles~ and 

~ as shown. These are also positive clockwise. 

It has not been assumed that the wheelchair is 

symmetric about the center of gravity. The tire forces at 

each wheel will be calculated individually. This is why it 

was stated in earlier chapters that a knowledge of the 

forces acting on a single wheelchair tire is desirable. 

Note that the forces shown on the tires in Figure 6-1 are 

not constant, but instead vary 9epending on the state of 

motion of the wheelchair at a given instant in time. The 

tire forces depend on load, slip angle, and other variables 

as discussed in Chapters l through 3. 
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Al though this model is able to account for variations 

of several different parameters, it is certainly not all 

inclusive. Because the model assumes that the chair and 

user are lumped together as one mass, it will not be able to 

account for shifts in the user's weight as the wheelchair 

moves. Furthermore, it is important to remember that the 

normal loads and slip angles allowed for each tire will be 

limited to the ranges for which experimental tire data was 

collected. This means that excessive loads or types of 

motion that result in large lateral wheel velocities and 

large slip angles will not be allowable. 

DERIVING THE EQUATIONS OF MOTION 

The equations of motion for the wheelchair and user 

system will be derived in terms of the variables shown in 

Figure 6-1. It will be shown later how the actual magnitude 

of the varying tire forces are determined and implemente~ 

The reader who is not interested in the details of this 

derivation may skip directly to the end of this section 

where the final equations of motion are summarized in Table 

6-1. 

When deriving the equations of motion, several 

coordinate transformations relating the reference frames 

shown in Figure 6-1 will be useful. They are given below. 

,. A 
Cl = cos <e> n1 + sin<e>~2 (6-la) 
,.. 

-sin<e>~1 
A ( 6-lb) C2 = + cos<e>n2 

A " sin(tt)b2 (6-lc) a1 = cos<11>c1 + 



A. A A. 
a2 = -sinC~)c1 +cosC~)c 2 
A A. A 
b1 = cos(P)c1 + sin(P)c2 
b2 = -sin<P>~1 + cosCP>~2 

also note ,.. " A. ,.. 
n3 = c3 = a3 = b3 
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(6-ld) 

(6-le) 

( 6-1 f) 

Using equation (6-lc) through (6-lf) and Figure 6-1, ... 
the total force acting on the wheelchair, Fe, can be written 

as: 

(6-2) 

Summing moments about a the center of gravity results in the .. 
following expression for the total moment <Mc> acting on the 

wheelchair-user system: .. 
M = C (Fnxd1 - FExd2> + <Fny + FEy)S~ 

+ FAxCt1COS(~) - s2sin(~)} 

- FAyCt1sin(~) + S2COS(~) + l} 

- FBxCt2cos(P) + s2sin(P)} 

+ FByCt2sin(P) - s2cos(p) - l} 

(6-3) 

Equations (6-2) and (6-3) can be used to obtain 
• •• •• •• eipress1ons for u, v, and e. This is done using the 

equations of motion for the body fixed reference frame (S-4a 

through S-4c) given in Chapters. This yields 

LFx •• u = •• + ev ( 6-4) 
m 
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= 
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•• 
V = •• - eu (6-5) 

m 

.. 
e = (6-6) 

Iz 

the lateral or al component of 
equation ( 6-2 > 

,., 
the longitudinal or c2 component of 
equation (6-2) 

the mass moment of inertia of the 
wheelchair-user system about a 
vertical axis through the e.g. 

Equations (6-4) through (6-6) are written in their final 

form in Table 6-1 which summarizes the equations of motion. 

Although the equations of motion just given are 

adequate for obtaining expressions for •• •• •• u, v, and e, they 

cannot be used to determine the motion of the individual 

casters. In order to completely describe all 5 degrees of 

freedom of the model shown in Figure 6-1, it is necessary to 

formulate expressions for the angular accelerations of the 
•• •• caster wheels, 1\ and ~. One way to do this is to sum 

moments about the center of gravity of each of the casters. 

However, this is not a straight forward procedure because it 

involves determining the unknown reaction forces at the 

caster pins. •• •• A simpler method of determining~ and~ is to 

sum moments about the caster pins themselves, and in so 

doing eliminate the unknown reaction forces. The price to 

be paid for doing this is that the angular acceleration is 

no longer simply the sum of the moments divided by the mass 

moment of inertia. This will be illustrated next where an 

expression for the angular acceleration of caster A will be 
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determined. 

The expression which relates the resultant moment on 

caster A to the angular acceleration of caster A is: [5.51 

..... •• A. .a. ~ 

Mpa = Izp<11>c3 + rpaca x mcaPa (6-7) 

_,. 
where: Mpa = sum of moments on caster A about 

it pivot point 

Izp = moment of inertia of caster wheels 
about a vertical axis passing 
through their pivot points ... 

rpaca = displacement vector directed from 
the pivot point Pa to the caster 
center of gravity Ca 

me = mass of the caster assemblies ... 
apa = acceleration of point Pa relative 

to the caster center of gravity 

Note that this type of subscript notation will be used 

throughout this section. Again, the reader is referred to 

the list of symbols for clarification of any variables for 

which the meaning is not clear. To evaluate (6-7) some 

additional expressions must be formulated. The reader is 

advised that the next several steps are all for the purpose 

of solving for i in eqµation (6-7). The acceleration of 

pin Pa is related to the acceleration of the wheelchair 

center of mass as follows: 

where 

and 

= 

~ 

rcPa = 

~ ~ .a. 
+ ex Ce x rcpa> 

the acceleration of the wheelchair 
center of mass as observed in the 
body fixed reference frame 

displacement vector from the wheel-
chair center of gravity to pin Pa 

( 6-8) 
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Specifically, (6-9) 

Then, substituting (6-9) into (6-8) gives: 

.... 
Using equation 6-2 to obtain an expression for ac• 

along with equation (6-10) results in the following expres-

sion for the term mcaPa in equation (6-7), 

= -
m 

+ -
m 

Fox+ FEx + FAxcos<~> -

FAysinC~> + FBxcosC~) -

FBysin(~) + m(et1+e2s2> 

Foy+ FEY+ FAxsin(~) + 

FAyCOS(~) + FBxsin(~) + 

FByCOS(~) - m(6s2-02t1) 

Next, an inspection of Figure 6-1 shows that 
~ A. 
rpaca = -11 al 

or using (6-1) 

(6-11) 

( 6-12) 

Before continuing, note that equation (6-7), the one 

that contains 11 for which we are trying solve, can be 

written as follows: 

= ( 6-13) 

... 
Also, the resultant moment CMpa> acting on caster A about 

the caster pin Pa is: 
.a.. A. 
Mpa = (Maf - FAyl)c3 ( 6-14) 
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Equation (6-14) is the first term in the numerator on the 

right hand side of equation (6-13). The cross product term 

in equation (6-13) can be evaluated using (6-12) and (6-11). 

When doing this the following identities are employed: 

= 1 

cos(x)sin(y) - sin(x)cos(y) = sin(y-x) 

sin(x)sin(y) + cos(x)cos(y) = cos(y-x) 

(6-lSa) 

(6-lSb) 

(6-15c) 

The final result for~ after much manipulation is 

Maf / .:::__) + FAY (1 
\11mc 

lm) 
lime 

•• Tl = X - FBxsin(t\-~) + FByCOS(t\-~) (6-16) 

+ (Foy+ FEy)COS(t\) 

- <Fox+ FEx>sin<ll> 
•• - me{t1sin<ll> + s2cos(t\)l 

+ m62 {t1COS(t\) - S2sin(t\)} 

•• The procedure used to find an expression for ~ is 

exactly analogous to that just used to obtain equation 
•• (6-16). When finding ~ however, moments are summed about 

caster pin Pb rather than Pa, and the displacement vectors, .. 
r, used in obtaining eqlia tion C 6-16 > are not be the same. 

Table 6-1 summarizes the equations of motion for the .. .. .. .. .. five variables u, v, e,t\, and~. The equations are non-

linear, coupled, second order differential equations. As a 

result, only numerical solutions are feasible. Again, all 

of the forces appearing in Table 6-1 vary with time and must 

be treated accordingly. 



•• u 

•• 
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•• e 

•• 1l = 

•• p = 

TABLE 6-1 

WHEELCHAIR EQUATIONS OF MOTION 

Fox + FEX + FAxcos(11) - FAysin(11)]+ ev 
F8xcos<P> - F8ysin(p) 

-~[ . Foy+ FEY+ FAxsin(11) + FAycos(11)]- eu 
F8xsinCP> + F8ycos(p) 

1 
= -~ 

' I <Foxd1 - FExd2> +<Foy+ FEy>s1 

+ FAx{t1 cos<11> - s2sin<11>l 

- FAy{t1 sin<11> + s2cos<11> + l} 

- F8x£t2cos<P> + s2sin<P>l 

~ + F8y{t2sin<P> - s2cos<P> - 11 
' 

lm)' lime 

- m6{t1sin(11) + SzCOS(11)} 

, + m82 {t1cos(11) - SzSin(11)} 

_ lm)' 
~ 

+ FAXsin(11-P) + FAycos(11-P) 

• + <Foy+ FEy>cos<P> 

- <Fox+ FEx>sinCP> 
•• • + me{t2s1n<P> - s2cos<P>l 

, - me2 {tzcos(p) + Szsin(P)} 

• 
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(6-17) 

(6-18) 

(6-19) 

(6-20) 

(6-21) 
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DETERMINING THE SLIP ANGLE AT EACH TIRE 

Recall that cornering force FY is primarily a function 

of normal force and slip angle. Therefore, in order to 

compute the magnitudes of the Fy forces in the equations of 

motion given in Table 6-1 it will be necessary to determine 

both the slip angle and the normal force at each of the four 

wheelchair tires at any instant in time. This section 

describes how the slip angles can be determined. The next 

section discusses how the normal force at each tire can be 

found using a quasi-static approximation. 

The basic equation for the slip angle a of any rolling 

tire was given in equation (5-7). In order to determine the 

magnitude of a both the lateral and longitudinal velocity 

components of each tire must be known. This requires deter-

mining the ~1 and ~2 components of velocity for tires D and 
. ,. ,. . 

E in Figure 6-1, the a1 and a 2 components of velocity for 
,. I\ 

tire A, and the b1 and b2 components of velocity for tire B. 

The vector velocity of points A, B, D, and E are given 

by: 
~ 

<u + 
. ,. 

<v + 
. ,. 

Vo = ed1)c1 + es1 >c 2 < 6-17 a) 

-- <u -
.. ,. .. • A. 

VE = ed2 )c1 + Cv + es1 >c2 (6-17b) 

-- l ucos (11) vsin(l\) • 
VA + + et1 cosC~>] A 

• a1 
es2sin(1\) 

(6-17c) 

l usin(l\) • + 6t1sin(~] - vcos (1\) ,. 
• • a2 
es2 cos< 1\ > + (1\)1 
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.a. 

l ucos(~) + . . 
8t2 cos ( p) J VB. VSJ.n(~) - ,. 

• b1 
es2sin <~ > 

(6-17d) -[. usin(~) - vcos(~) - 8t2sin CP '] • 
• • b2 
6S2COS(~) + ( ~) 1 

Then using equation (S-7), the instantaneous magnitude of the 

slip angle for each of the four wheelchair tires is: 

•o = tan-
1 
(:: ::: ) (6-18a) 

( 6-1 Sb) 

(6-18c) 

-1(-usin(~)+vcos(~)+6t2sin(~)-6S2COS(~)-Pl) 
aB = tan • • • • (6-18d) 

ucos(~)+vsin(~)-et2cos(~)-es2sin(~) 

Equations (6-18a) through (6-18d) can be used to find the 

slip angle at each wheelchair tire provided that the instan-

taneous value of the other kinematic variables are known. 

The term instantaneous is used because the forces. slip 

angles, and other variables will all be transient as a 

wheelchair moves along a given path. .The next 9hapter will 

explain how equations (6-18) are actually incorporated into 

a computer program which simulates wheelchair motion. 
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A QUASI-STATIC METHOD .TO ACCOUNT FOR LATERAL LOAD TRANSFER 

As a vehicle travels along a curved path, the normal 

force on each of the wheels is in general different. In 

particular, the two wheels at the outer radius of a turn 

experience a greater normal force than the two wheels at the 

inner radius. It was shown in Chapter 2 that lateral 

cornering force is significantly affected by the magnitude 

of the normal force on a given tire. 

Because the relationship between normal force and 

cornering force is nonlinear, the transfer of load from the 

inside wheels to the outside wheels during a turning 

maneuver tends to reduce the total lateral force developed 

by a pair of tires. This can be understood by examining 

Figure 6-2. The curve shown in Figure 6-2 shows normal 

force versus cornering force at constant slip angle, and it 

is identical to the curves that were presented in Figures 

3-4a through 3-49. Consider a pair of tires, each of which 

develops cornering force FY when subjected to a constant 

slip angle a. If lateral load transfer is neglected, the 

total lateral force developed by this pair of tires will be 

equal to 2Fy• However, as the pair of wheels negotiates a 

turn, the normal force on the inside wheel will be reduced 

to Fzi, while the normal force on the outside wheel will be 

increased to Fzo· Due to the nonlinear nature of the 

cornering force curve, the total cornering force developed 

by the two tires <Fyi + Fyo> will be less than 2Fy as shown 

in Figure 6-2. (2.2,4.31 
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Dugoff, Fancher, and Segel present one method for 

accounting for lateral load transfer when simulating vehicle 

dynamics. [6.11 Their approach utilizes the vehicle geom-

etry shown in Figure 6-3. Most of the symbols shown in 

the figure have been previously defined. In Figure 6-3, h 

is the height of the vehicle center of gravity and t is the 

lateral distance to each tire contact point. Note that the 

model used by Dugoff, Fancher, and Segel assumes that the 

lateral distance to each tire contact point is the same, and 

that there is no caster trail distance. By comparing 

Figure 6-1 with Figure 6-3, it can be seen that their model 

is a special case of the rear caster wheelchair model given 

at the beginning of this chapter, with t 1 = t 2 = d1 = d2 = 
t, and 1 = o. The vehicle geometry in Figure 6-3 was 

developed to represent an automobile and thus requires some 

modification. This section will first discuss the original 

geometry as presented by Dugoff, Fancher, and .Segel, and 

then the necessary modifications will be considered. 

The quasi-static approximation for lateral load 

transfer begins by assuming that the roll angle 0 of the 

vehicle can be estimated as 

(/) = 
-h ~F t.. y ( 6-19) 

where kf and kr are referred to as the front and rear roll 

stiffnesses. The dimensions of kf and kr are n-m/rad or 

ft-lbf/ rad. 

Equation (6-19) simply states that the product of the 
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total roll stiffness (kf + kr> and the roll angle (0) is 

equal to the total moment about the longitudinal (x) axis of 

the vehicle. A further assumption is made that the total 

load transfer has two components. The first component is 

due to the difference in the normal forces acting on the 

front tires. The difference in the front tire normal forces 

tends to roll the vehicle, but this tendency is counteracted 

by the front roll stiffness. The second component of 

lateral load transfer is produced by the difference in the 

normal forces at the rear tires. This difference is offset 

by the rear roll stiffness. 

It is also assumed that the vehicle does not develop 

any velocity in the z direction, and that the vehicle can 

not rotate about its y axis. With these assumptions it is 

possible to write the following static equations: 

~ k 1 FAzt - FBzt = - l) h r (6-20a) 
Y kf + kr 

Fnzt - FEzt = - l) h~ kf 1 (6-20b) 
Y kf + kr 

FAz + FBz + Fnz + FEz = -mg ( 6-2 Oc) 

(6-20d) 

Using a system of equations such as this to account for 

lateral load transfer is referred to as a quasi-static 

method. This term results from the fact that a series of 

static equations are used to partially describe the behavior 
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of a vehicle which is actually moving. Note that if 

equations (6-20a) and (6-20b) are added together the 

following equation results: 

= (6-21) 

This is the same equation that results simply from summing 

moments about the x axis. However, equations (6-20c) ,(6-

20d) and (6-21) alone do not form a determinate set of 

equations. Using equations (6-20a) through (6-20d) it is 

possible to simultaneously solve for the normal forces 

acting at each wheelchair tir~ These are given by: [ 6.1] 

mg fl ) hrFx 
-;:-- Sl +s2 - 2(s1+s2 > 

kr rrFx] < 6-22a) 
kf + kr 2t 

mg (61 ) hLFx 
-;:-- S1 +s2 - 2 ( Sl +s2) 

kr rrFx] (6-22b) + 
kf + kr 2t 

h LFx + 
2 (s1 +s2 ) 

Foz = 
kf trFx] (6-22c) 

kf + kr 2t 

hLFx 
2(s1 +s2 > 

kf trF~ (6-22d) + 
kf + kr 2t 

Equation (6-22a) through (6-22d) make it possible to 

compute the normal force at each tire contact point. It is 

easily verified that if h = o (which is equivalent to 

neglecting load transfer), then the magnitudes of FAZ' FBz· 

Foz• and FEz reduce to Wr and Wf as defined for the zero 
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width model in Chapters. Specifically, if h = o, then 

equations (6-22) give 

-mg -Ws1 
FAz = FBz = = -w 

2 2s r (6-23a) 

-mg -ws2 
Fnz = FEz = = -wf 

2 2s 
(6-23b) 

Dugoff, Fancher, and Segel have shown that equations 

(6-22a) through (6-22d) provide a good approximation for the 

lateral load transfer effects associated with automobile 

motion. [6.11 In order to utilize this method, for the rear 

caster wheelchair model shown in Figure 6-1, some 

modification is necessary. For the rear caster wheelchair 

model the lateral and longitudinal distances of each tire 

contact point from the center of gravity are not all equal 

tot as was shown in Figure 6-3. 

The necessary modification is made fairly easy by 

referring to Figure 6-1 and introducing the following 

definitions: 

longitudinal distance = ax = S2 + lcos(11) C 6-24a) 
to contact point A :" 

longitudinal distance = bx = 62 + lcos(~) (6-24b) 
to contact point B 

lateral distance to = ay = t1 + lsin(11) (6-24c) 
contact point A 

lateral distance to = by = t2 - lsin(~) ( 6-24d) 
contact point B 

Using these definitions and again again assuming a height 
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h for the center of gravity, the static equations for the 

wheelchair model shown in Figure 6-1 are 

= (6-25a) 

= (6-25b) 

(6-25c) 

( 6-25d) 

These equations are identical to those given in equations 

(6-20) except for the variable changes introduced by 

referring to Figure 6-1 for the distances to the tire con-

tact points. 

In principle, it is possible to use (6-25) to solve for 

FAZ' FBz' Foz" and FEz explicitly and obtain equations 

similar to those given in equations (6-20). In practice 

however, this becomes an algebraic nightmare due to the 

presence of four unequal width variables rather than a 

single value, t, as wa~·the case before. A more useful 

technique for finding the normal forces at each tire using 

equation (6-25) is a sequential solution which is ideally 

suited for computer programming purposes. The solution 

proceeds as follows: 

For convenience define: 
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C1 
kr 

= 
kf + kr 

(6-26a) 

and C2 
kf 

= 
kf + kr 

( 6-26b) 

Then the normal forces can be found in the following 

sequence: 

LFyhC1 ( s 1 + ax) - I:F xhay mgs1 ay 
(6-27a) 

s1 <ay + by> + aybx + axby 

d2 
- LFy 

hc2 
Foz = FEz -

d1 d1 
(6-27c) 

by 
LFy 

hC1 
FAz = FBz - -

ay ay 
(6-27d) 

Equations (6-27a) through (6-27d) must be solved in the 

order given. They are easily adapted to a computer program. 

Note that in these equations, Fx and Fy are found for the 

wheelchair model using the longitudinal (c1 ) and lateral 

<c2> components of equation (6-2) as explained previously. 

Finally, before equations (6-27) can actually be used, 

some estimate of the front and rear roll coefficients is 

necessary. In practice, only the ratio kf/kr must be known. 

This ratio will be defined as 

k = Roll Coefficient= kf/kr (6-28) 

Or in words, 



k = 
Resistance of Front of Wheelchair to Roll 

Resistance of Rear of Wheelchair to Roll 
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( 6-2 9) 

Then the constants c1 and c2 which appear in equations (6-

27) and were defined in (6-26) become simply 

1 

k + 1 

k 

k + 1 

( 6-3 Oa) 

(6-30b) 

The final result of this manipulation is that given the 

total tire force acting on the wheelchair along its body 

fixed x and y axis, it is possible to compute the normal 

forces at each tire and account for lateral load transfer if 

the single parameter k can be estimated. 

A value for k for wheelchairs was not experimentally 

determined as part of this research. For automobiles, k 

generally has a value in the range 2.0 - 3.0. (6.1,6.2] For 

the purposes of investigating wheelchair motion, an initial 

value of k = 1.0 was assumed. This is equivalent to 

assuming that the tendency of the front of the wheelchair to 

resist roll is equal to that of the rear of the wheelchair. 

As will be discussed in the next chapter, the computer 

program which was written to simulate wheelchair motion 

allows the user to vary the input value of k. This makes it 

possible to observe whether or not a value of k different 

than 1.0 has a significant effect on the resulting motion. 

The effect of varying k and of lateral load transfer in 

general is discussed again in Chapters. 
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CHAPTER 7 

A COMPUTER PROGRAM TO SIMULATE WHEELCHAIR MOTION 

Most of the basic concepts which are required for an 

investigation of wheelchair directional instability have now 

been discussed. In Chapter 4, a simple means of empirically 

determining wheelchair tire forces was presented. These 

tire forces are primarily a function of normal force Fz and 

slip angle a. In Chapter 6, the equations of motion were 

formulated, and equations for determining both the normal 

force and the slip angle at each of the four wheelchair 

tires were given. Fundamentally, this is all that is neces-

sary in order to determine the directional response of a 

rear caster or front caster wheelchair. 

This chapter will outline the method by which all of 

the ideas discussed up to this point can actually be 

implemented as part of a computer program which simulates 

wheelchair motion. In principle, the method is very 

straightforward. The purpose of this chapter is to describe 

the steps used by the actual computer program in a qualita-

tive way, while referr!ng to the actual computer code as 

little as possible. While doing this, it will often be 

necessary to refer to ideas or equations which were given in 

earlier chapters. It is in the formulation of the simula-

tion program that all of the material previously presented 

comes together to allow an investigation of the parameters 

that affect directional stability. 
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BLOCK DIAGRAM OF THE SIMULATION PROGRAM 

The basic method which will be used to simulate 

wheelchair motion is adapted from a simulation model 

described by Dugof f, Fancher and Segel. [ 6 .1 J Their model 

is intended for the study of automobile dynamics and 

therefore includes many parameters that are unimportant to 

wheelchair motion. For example, aerodynamic drag and 

steering system dynamics can be excluded from a study of 

wheelchair motion. 

Figure 7-1 shows a block diagram of the wheelchair 

motion simulation program. The diagram begins in the upper 

left corner where the initial conditions are defined. 

Omitting the details for a moment, the basic simulation 

method proceeds as follows: 

1) The initial state of motion and other 
necessary parameters are defined. 

2) The current values for forward velocity 
and angular velocity (yaw velocity) are 
used to compute the slip angle at each 
wheelchair tire. The current normal 
force <Fz> at each tire is found from the 
current values of the longitudinal forces 
CFx> and lateral forces <Fy>· 

3) Using the current value of normal force 
and the newly calculated slip angles from 
step 2, it is possible to determine new 
values for the lateral and longitudinal 
forces acting on each tire. 

4) The forces at each tire are input into 
the equations of motion, which are in 
turn used to calculate the instantaneous 
accelerations CU, v, and 8) of the wheel-
chair. 

S) The instantaneous accelerations are 
assumed constant over a single iteration 
or time step. A single iteration is one 
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pass through the block diagram in Figure 
6~1. The values of acceleration are used 
to update the current position and 
velocity of the wheelchair. 

6) The new position, velocity, and 
acceleration are printed as output for 
later analysis. The new lateral and 
longitudinal tire forces found in step 3 
and the updated forward and angular 
velocity found in step s are used as 
input to step 2 so that new normal forces 
and slip angles can be calculated. At 
this point, a second iteration has begun. 
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This process of iteratively calculating forces and then 

updating kinematic variables is repeated over many time 

steps. The iteration continues until a specified time 

limit has elapsed. 

The discussion which follows will elaborate on each of 

these steps. Again, this is meant to be a qualitative 

discussion which describes how the simulation program works. 

The actual computer code is contained in the program WCHAIR 

which is listed in Appendix c. There, the program is 

documented and specific variables are listed and defined. 

As just mentioned, the next several sections of this 

chapter will elaborate upon the block diagram in Figure 7-1. 

In order to provide. some correlation with the actual 

computer code in Appendix C, each heading for the remaining 

sections will contain in parenthesis the name the Fortran 77 

subroutine which corresponds to what is discussed under that 

heading. The results from various simulation cases are 

discussed in Chapters. 



SPECIFYING INITIAL CONDITIONS 

(Subroutine SETUP) 
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As just mentioned, the actual simulation program is 

entitled WCHAIR. Program WCHAIR is a partially interactive 

code written in FORTRAN 77. The program allows for the 

investigation of wheelchair motion in response to a variety 

of initial conditions. Almost all of these initial 

conditions can be specified by the user at the start of a 

particular simulation run. The specifiable initial 

conditions have default values which will be given in 

Chapters. Thus, it is unnecessary to redefine all of the 

initial conditions each time the program is run. 

Program WCHAIR allows for the specification of all of 

the geometric wheelchair variables shown in Figure 6-1. 

These are d1 , d2 , s 1 , s 2 , 11 , 1, t 1 , and t 2 . Also, the 

center of gravity height h can be specified. Thus, the 

effect of center of gravity position, caster trail distance, 

etc. can be easily examined. 

In addition to geometric variables, mass and inertia 

properties may be varied. These include the mass moments of 

inertia of the wheelchair and user, Iz, and the mass moment 

of inertia of the caster wheels, Izp• as defined in Chapter 

6. Of course, the actual wheelchair-user mass and the mass 

of the casters, m and me, can also be varied. 

The amount of friction at the caster pins is specified 

by providing values for Maf and Mbf· These were also 

defined in Chapter 6 and are shown in Figure 6-1. 
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The camber angle and toe angle for the main wheels have 

a default value of zero, but this can be changed by the 

user. When specifying a camber angle, the user must also 

give a camber coefficient as defined in equation 4-2. 

Recall that the camber coefficient relates the camber force 

for a given camber angle and normal force, to the cornering 

force at an equivalent slip angle and normal force. 

Program WCHAIR allows the selection of five different 

primary wheelchair tire types. .These cot respond to the five 

24 inch tires which were tested on the treadmill and are 

listed in Table 3-1. Because both of the caster wheels 

which were tested on the treadmill exhibited similar 

force characteristics, the user cannot select different 

caster wheels. However, the program does allow the user to 

play 'what if' by specifying tire and caster characteristics 

which do not correspond to any of the tires tested on the 

treadmill. The method for doing this will be described 

later in this chapter. 

The roll coefficient as defined in Chapter 6 has a 

default value of 1.0 which can also be modified by the user. 

The meaning of choosing 1.0 for the roll coefficient was 

discussed earlier in Chapter 6. 

Because program WCHAIR predicts the directional 

response of a wheelchair by using an iterative technique, it 

is desirable to have some control over the time step used 

for each iteration. At the start of the program, the user 

can specify TTOTAL, .TSTEP, and PINT, 

where: 



--

TTOTAL = total real time for the motion 
to be simulated 

TSTEP = time step for each iteration 

PINT = time interval between successive 
print outs of output variables 
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The user may also specify whether or not all variables are 

printed as output or only a few key variables are printed. 

This is done by specifying the variable PRCTRL as described 

in the program documentation (Appendix C). 

The user also supplies an initial forward velocity (u) 

to the wheelchair. The default value is .7S m/sec (1.7mph). 

This corresponds to .7S m/sec in a direction parallel to the 
,.. 
n1 axis in Figure 6-1. In other words, the initial motion 

at time zero is straight ahead along the global X axis. The 

angle theta is initially zero. Any directional response is 

measured with respect to this initial configuration. 

Finally, the user must specify an initial disturbance 

which will tend to make the wheelchair deviate from its 

straight line directional heading. Note that even the 

inherently unstable rear caster wheelchair will not deviate 

from a straight path unless some disturbance initiates this 

response. 

There are three ways that the program allows an initial 

disturbance to be input to the wheelchair during a given 

simulation run. The first method is to specify an initial 

lateral force acting on the main wheels. The second method 

is to specify an initial lateral force acting at the center 

of gravity. These forces are specified as FTIMP (force at 
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tires) and FCIMP (force at e.g.) respectively. such 

disturbing forces might be caused by bumps in a road. cracks 

in a sidewalk, or a momentary shift in the user's weight. 

Because these forces are only momentary. a duration time 

must also be specified. This duration time is given as 

DUIMP (duration of impulse). When impulse forces are 

specified. they are simply added to the equations of motion 

as derived in Chapter 6 for all times less than DUIMP. For 

times greater than DUIMP. the impulse forces are removed. 

The third method for supplying an initial disturbance 

to the wheelchair is to simply specify an initial lateral 

velocity <v> along the ~2 axis. This is equivalent to 

specifying an initial slip angle at all four wheelchair 

tires. For example if the initial longitudinal velocity is 

u = .75 m/sec. and an initial lateral velocity of 

v = .04 m/sec is specified. then equation (5-7) can be used 

to find that the initial slip angle at each tire is 

approximately 3 degrees. This initial slip angle will 

result in lateral forces at the tires that tend to make the 

wheelchair deviate from its original heading. 

Most of the simulation trials that were actually done 

using program WCHAIR incorporated an initial impulse at the 

center of gravity as the initial disturbance. Reasons for 

this are discussed.in Chapter 8. 

Program WCHAIR uses a BLOCK DATA routine to initialize 

all variables. Thus, the default value for any particular 

value can be easily changed. 
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The statics portion of the computer program is used to 

calculate the normal force at each wheelchair tire. This is 

done using equations (6-27a) through (6-27d) as presented in 

Chapter 6. Because equations (6-27) require values for the 

lateral and longitudinal forces on each tire, the normal 

forces are calculated by using the lateral and longitudinal 

forces from the previous time step. 

To illustrate this somewhat confusing point, assume 

that the time step for each iteration is 1 sec. At Ct=O) 

the normal forces will be unknown. _The normal forces at 

(t=l) will be calculated using the longitudinal and lateral 

forces which existed at Ct=O). Similarly, the normal forces 

at (t=2) will be calculated from the longitudinal and 

lateral forces that were present at (t=l). This slight lag 

between the normal force and the other tire forces is insig-

nificant for small time steps. The values for longitudinal 

and lateral force at Ct=O) are assumed to be zero. Thus the 

wheelchair is assumed to be freely rolling, without the 

influence of any exte-rnal forces, until the moment when a 

given simulation run begins. 

When the normal force at each wheelchair tire is calcu-

lated, the program checks to make sure that no Fz value is 

greater than 4SON. This ensures that the normal forces are 

within the range of the empirical coefficients used to 

predict tire forces using equation (4-1). The empirical 
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coefficients were obtained from treadmill tests in which the 

normal force at one degree slip angle reached a maximum of 

about 47SN. Meaningless values may result if the empirical 

coefficients are used to predict cornering force or rolling 

resistance for values of Fz which are out of the range of 

the original test cart data. Program WCHAIR prints warning 

messages for the first ten iterations in which Fz is out of 

the reliable range. After ten such messages, program 

execution is terminated. 

TIRE KINEMATICS 

(Subroutine SLIP) 

This step in the simulation process corresponds to the 

calculation of the slip angles at each wheelchair tire. 

This is done by using equations (6-17) and (6-18) as given 

in Chapter 6. The slip angles are computed using the 
• • • • • • current values of the necessary variables (u,v.e.~.and p). 

The program checks to ensure that no slip angle is greater 

than s degrees. Recall thats degrees was the largest slip 

angle for which cornering forces were determined using the 

treadmill and test cart/ warning messages are given for the 

first ten occurrences of a slip angle greater than 8 

degrees. After ten messages, the program stops. 

It should be noted that because of the restrictions on 

slip angle and normal force, it is unreasonable to expect 

program WCHAIR to simulate extreme types of motion. Extreme 

motion includes motion near the limit of sliding or tipping. 

As a final detail with regard to how program WCHAIR 
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calculates slip angles, it is pointed out that the program 

actually calculates the absolute value of the slip angle at 

each tire. Only the absolute value is necessary in order to 

determine the magnitudes of the ti re forces F x and Fy• .To 

ensure that the tire forces act in the proper directions, Fx 

is always assigned a direction which opposes the direction 

of longitudinal wheel motion, while Fy is given a direction 

which opposes the lateral wheel velocity. These directions 

are actually assigned in the subroutine to be described 

next. 

TIRE MECHANICS 

(Subroutine MECHAN) 

Once slip angles and normal forces have been determined 

for each tire, the lateral force and longitudinal force at 

each tire can be found. Because previous values of lateral 

and longitudinal force will always exist, these forces are 

not found for the first time, but instead are updated. 

The lateral cornering force Fy and the longitudinal 

rolling resistance force Fx are found using equation (4-1). 

~he necessary empiri~al constants for each tire (see 

Appendix B) are built into the program so that all the user 

must do is select a particular tire at the start of the 

program. Again, the force directions are assigned such that 

the tire forces always act opposite the lateral and 

longitudinal directions of wheel motion. 

It was stated earlier that the program allows for 
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hypothetical tire types which do not correspond to any of 

those tested on the test cart. This is done through the use 

of four modifying coefficients which scale forces calculated 

using equation (4-1) by some factor which is specified at 

the start of the program. 

These modifying coefficients are termed TXMOD, TYMOD, 

CXMOD, and CYMOD in the computer program. Values for these 

coefficients may be specified at the start of the program. 

TXMOD and TYMOD allow for modification of the main wheel x 

and y tire forces, while CXMOD and CYMOD allow for 

modification of the caster wheel x and y tire forces. As an 

example, suppose TYMOD is specified as 1/2. Then the 

cornering force which is calculated for each of the main 

wheels will be scaled to 1/2 the value obtained from 

eq ua ti on ( 4 - 1 ) • 

The modifying coefficients can be used to investigate 

the effect of doubling or halving the cornering force 

capability of a given tire. Note also that by choosing 

TXMOD and TYMOD to be zero, the longitudinal force on both 

the tires and the casters can be scaled to zero. In this 

manner, it is possible to examine wheelchair motion in the 

absence of rolling resistance. Reasons as to why this is 

sometimes desirable are given in Chapter 8. 

It should be pointed out that Equation (4-1) can be 

used to calculate the cornering force on a given wheelchair 

tire only if two conditions are met: 

(1) the normal force must be less than 450N as 
stated previously. 
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(2) the slip angle must be o, 1, 2, 3, 4, 5, 6, 
7, or 8 degrees. .These are the slip angles 
that were used with the test cart, and they 
are the only slip angles for which the 
empirical constants a, b, and c exist for 
use with equation (4-1). 
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For non-integer slip angles, the value of cornering 

force must be interpolated. Subroutine MECHAN uses a linear 

interpolation to do this. This results in little error, as 

it is readily seen from Figures 4-la through 4-lg that 

cornering force increases approximately linearly between any 

two integer values of slip angle. 

During the tire mechanics step of Figure 7-1, if either 

the camber angle or the toe angle of the main wheels is not 

zero, subroutine MECH AN corrects for this. If a camber 

angle is present, a camber force is added to the total 

lateral force. The magnitude of the camber force is 

determined by using equation 4-2 along with the camber 

coefficients, fc, found from Figure 4-3. 

If the toe an g l e i s not z er o, pro gr am W CH A IR 

incorporates the toe angle into the current slip angle at 

each main wheel. Chapter 2 discussed the equivalence of toe 

angle and slip angle. For nonzero toe angles, the wheel 

plane is no longer parallel to the ~1 direction. For this 

reason, the presence of toe requires that coordinate 

transformations be performed on the main wheel tire forces. 

These are straightforward and are listed in lines 735 

through 738 of program WCHAIR, but will not be given here. 
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After the longitudinal and lateral forces have been 

found for each tire, the accelerations can be computed for a 

single time step. The accelerations are found using the 

equations of motion given in Table 6-1. A small detail is 

that the directions of the frictional caster moments Maf and 

Mbf must be calculated in a way such that these moments 

always oppose the direction of angular caster velocity. 

The coordinate transformation step shown in Figure 7-1 was 

actually incorporated into the equations of motion when they 

were derived in Chapter 6. 

CALCULATING TRAJECTORY AND UPDATING VARIABLES 

(Subroutine UPDATE) 

Other than actually printing out variables for 

analysis, the process of calculating trajectories and 

updating variables is the last step performed for a single 

iteration of the program. As stated previously, the 

accelerations (angular and translational) are assumed 

constant over a single time step. .This assumption is only 

val id if a small enough time step is chosen. In Chapter 8, 

it will be shown that .001 sec is approximately the largest 

time step which leads to a converging solution when using 

program WCHAIR. 

In general, position and velocity must be found by 

integration. However, when constant acceleration is assumed 
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over a single time step, &t, displacement and velocity can 

be computed using standard constant acceleration formulas. 

These are given below for the kinematic variables associated 

with the wheelchair model (Figure 6-1). 

For updating the displacement variables: 

u = Uo + u0 &t + 112ti<&t> 2 

V = Vo+ v0 &t + 112v<&t> 2 

• 1/ 26( &t) 2 e = eo + e 0 &t + 

1\ = 1\o + 1\06 t + 1/2~(6t) 2 

• 1/2~(6t) 2 p = Po+ p0 &t + 

For updating the velocity variables: 

• • u&t u = UO + 
. • v&t V = VO + 
• • .. 
e = eo + e&t 
• • ~6t 1\ = 1\o + 
• . • • p = Po + p&t 

< 7-1 a) 

(7-lb) 

(7-lc) 

(7-ld) 

(7-le) 

< 7-2a) 

(7-2b) 

(7-2c) 

(7-2d) 

(7-2e) 

The variables on the left side of the equations are the 

updated variables and the subscript (o) indicates the value 

of the variable for the current time step. It is important 

that equations (7-1) be solved before equations (7-2). If 

this is not done, the current velocities will be updated and 

lost before the displacements are calculated. 

The variables u,u,u,v,v, and v all correspond to the 

body fixed reference frame described in Chapter 6. Thus 

their directions are along the ~1 and ~2 axes. In order to 
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transform these variables into the global X - Y reference 

frame at any instant, the transformation equations given by 

(6-la) and (6-lb) are used. Making this transformation, 

allows the wheelchair's position, velocity, and acceleration 

relative to the fixed X - Y axes to be recorded for the 

entire simulation time. 
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CHAPTER 8 

SIMULATION RESULTS 

All of the tools necessary for examining the parameters 

related to the directional stability of rear caster wheel-

chairs have now been developed. Tire forces and methods for 

their prediction have been described. The zero width model 

bas given some insight with regard to the primary factors 

that affect directional stability. The full wheelchair 

equations of motion have been formulated. Finally, a 

computer program which utilizes the equations of motion for 

the purpose of simulating wheelchair motion has been des-

er ibed. It has taken a considerable amount of effort to 

reach this point, but it is now possible to look more 

closely at several design parameters that affect the direc-

tional control of rear caster wheelchairs. 

The results of several motion simulations that were 

performed using program WCHAIR will be described in this 

chapter. The Everest and Jennings Premier rear caster 

wheelchair which was shown in Chapter 1 was used as a 

starting point for the investigation of the stability prob-

lem. The default values for many of the variables used in 

the computer program correspond to this wheelchair. These 

default values are given in this chapter. Also discussed is 

the problem of verifying the computer program. Simulation 

results for both rear caster and front caster wheelchairs 

are presented for this purpose. The choice of time step and 

the specification of initial conditions are considered. 
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Finally, several parameters that affect the degree of 

instability associated with rear caster wheelchairs will be 

examined. A particular set of initial conditions will be 

chosen as an ''assumed reference case". It is believed that 

this reference case roughly corresponds to a critical degree 

of directional instability. Wheelchairs that exhibit more 

instability than the reference case will be considered to be 

uncontrollable and possibly even dangerous under certain 

conditions. The effect that varying different parameters 

has on directional stability will in part be determined by 

comparison to the reference case. 

DEFAULT PARAMETERS 

The default parameters for many of the variables used 

in program WCHAIR were chosen to correspond to the Everest 

and Jennings rear caster wheelchair shown in Figure 1-1. 

The reader is advised to refer to Figure 6-1 which shows the 

configuration of the important variables which will be given 

in this section. Most of the geometric dimensions were 

determined by directly measuring the Everest and Jennings 

wheelchair. These are shown in Figure 8-1. For the default 

case, it was assumed the center of gravity lies on the 

longitudinal axis of the wheelchair. 

The longitudinal position of the center of gravity and 

the mass moments of inertia of the wheelchair/user and the 

caster assemblies had to be estimated. This was also true 

for the position of the caster assembly center of gravity 
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and for the frictional moments at the caster pins. Appendix 

n explains the methods used for determining each of these 

quantities. Because the Everest and Jennings rear caster 

wheelchair belonged to a local nursing home patient and was 

used daily, it was not possible to test this chair directly. 

Determining precise values was not considered important, as 

it is the effect of varying these different variables that 

is of interest. 

As mentioned in Chapter 6, the default value for the 

roll coefficient was chosen to be 1.0. The camber angle and 

toe angle of the main wheels is zero unless specified other-

wise. The initial forward velocity (u) has a default value 

of .75 m/s in the positive global X direction. The initial 

lateral velocity <v> has a default value of zero. For the 

rear caster model in Figure 6-1, the initial caster angles~ 

and~ are both zero. These are the default values, but 

other values can be specified at the start of program 

WCHAIR. 

A total mass of 9 5 kg ( 20 9 lbf > is as sum ed. This 

corresponds to a 75 kg (165 lbf) user and a 20 kg (44 lbf) 

manual rear caster wheelchair. Assuming a user mass of 

7 5 kg allows for the use of previously determined moment of 

inertia values for the ISO (International Organization for 

Standardization) 75 kg test dummy. (see Appendix D) 

For reasons that will be explained in later sections of 

this chapter, the default values of the modifying 

coefficients TXMOD and CXMOD are set to zero. Thus, unless 

the program user specifies differently, program WCHAIR simu-



161 

lates motion without the presence of rolling resistance. 

Default values of TYMOD and CYMOD are 1.0. This means that 

there is no modification of the calculated lateral tire 

forces. The modifying coefficients were explained in 

Chapter 7. 

As stated previously, many of the simulations to be 

discussed in this chapter utilized an initial impulse acting 

at the center of gravity as a disturbance to initiate insta-

bility •. For this reason the default values of FCIMP and 

DUIMP are 40 N and .10 sec respectively. This corresponds 

to an initial lateral impulse at the center of gravity of 4 

N-sec. The motivation behind choosing these values will be 

discussed shortly. 

For the default case, a maximum time limit CTTOTAL) of 

10 seconds is allowed for any single simulation run. The 

default time step is .001 sec. Output variables are printed 

every .20 sec. 

A summary of all specifiable variables and their default 

values is given in Table 8-1. Again the reader is referred 

to Figure 6-1 and Chapter 7 where these variables are illus-

trated and defined. The list of symbols which precedes the 

text and the program listing in Appendix C also contains 

definitions for the variables in Table 8-1. 



TABLE 8-1 

SUMMARY OF DEFAULT VALUES FOR 
SPECIFIABLE PARAMETERS USED BY PROGRAM WCHAIR 

Geometry Related variables 

d1 = d2 = 26.5 cm (10.4 in) 

Sl = S2 = 34.5 cm (13.6 in) 

t1 = t2 = 24.0 cm ( 9.4 in) 

11 = 5.8 cm ( 2.3 in) 

1 = 8.0 cm ( 3.1 in) 

h = 61.0 cm (24.0 in) 

1\ = J3 = 0 degrees 

'Y = 0 degrees 

TOEANG = 0 degrees 

Mass and Inertia Parameters 

m = 95.0 kg (209 lbf) 

me = 1.2 kg ( 2. 6 lbf) 

Iz = 5.6 kg-m2 (4 .1ft-lbf-sec2) 

Izp = 0.02 kg-m2 ( . 015 ft-lbf-sec2 > 

Force Related Parameters 

Maf = Mb£ = 0.10 N-m (.88 in-lbf) 

FCIMP = 40 N (9.0 lbf) 

FTIMP = 0 N 

DUIMP = 0.10 sec 

TXMOD = CXMOD = 0 

TYMOD = CYMOD = 1 

162 
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YAW VELOCITY RESPONSE CURVES FOR '!WO INITIAL DISTURBANCES 

It has already been stated that the directional 

stability of a vehicle is concerned with its ability to 

stabilize its motion against external disturbances. Thus, 

in order to investigate the directional stability of a 

wheelchair, it is necessary to choose an initial disturbance 

which tends to make the wheelchair deviate from its original 

directional heading. It was discussed in Chapter 6, that 

upon being subjected to such an initial disturbance, an 

unstable vehicle will experience an exponentially increasing . yaw velocity, e. A stable vehicle will experience an 

exponentially decreasing yaw velocity. 

One method of comparing the directional responses of 

different vehicles is by comparing the yaw velocity response 

of each vehicle upon being subjected to the same initial 

disturbance. This method is used in the automobile litera-

ture. [2.2.2.3) This section will explain the meaning of 

typical yaw velocity response curves, and will examine two 

initial disturbances that were considered as possible inputs 

for initiating directional instability. 

Figure 8-2 shows :che yaw velocity response curves for 

two different initial disturbances. These were obtained 

from program WCHAIR for the Everest and Jennings rear caster 
• wheelchair. The figure shows yaw velocity, e, on the verti-

cal axis versus time on the horizontal axis. The meaning of 

the two curves shown in Figure 8-2 and an explanation of the 

two initial disturbances will now be given. Note that for 



:I: 
(..) 

>-<C 
.... Lu 

uc., 3w 
LaJ 0 
> ,.,., 
...J Cl) Cl) 

~II ',>, 
Lu LaJ EE 
.... ..J 

LO sq-j~ ": C? 
..J<C 
<( II II -a.. .... _ 

0 O -...J 
~V) •::>'> 

LaJ V>>-
..J .... 
::>-a.> 
~~ -c., 
..J 
<(La.. 
0:: 0 
LaJ 
t- a::: 
<( LaJ 
...Jf-
_.z 
<Cw _c..> 
t-- .... 
~<( 

0 
(I) 
Cl) 

I z 
sq-

II 
Lu 
V) 
..J 
::, 
Q.. 
~ 

I.[) 

N 

w 
~ 
I-

F===i=======,===c=r========i======F=====ii=====~~o 
N 
,-

Figure 8-2 

0 
..-

OCJ 
0 

CD 
0 """" 0 

N 
0 

)..ll:>013/\ M'v).. 

0 
0 

Typical Wheelchair Yaw Velocity Response 
curves for Two Different Initial 
Disturbances 

164 



165 

these curves and all others given in this chapter, unless 

specified otherwise, the tire type selected when using 

program WCHAIR was EJA (see Table 3-1). Recall that this 

tire exhibited the lowest cornering stiffness of the five 24 

inch tires tested. The effect of selecting different tires 

is another topic in this chapter. 

For time less than about o .2 sec, there is a sharp 

increase in the rotational velocity of the wheelchair. This 

sharp increase corresponds to the initial disturbance used 

to cause a deviation from the original directional heading. 

For time greater than 0.2 sec but less than 2.0 sec, the yaw 

velocity slowly but gradually increases. After 2 seconds 

have elapsed, the directional instability becomes very 

apparent as the yaw velocity begins to increase rapidly. 

Any point on the yaw velocity response curves 

represents the instantaneous rate at which the wheelchair is 

diverging from its directional heading. Note that the area 

under the yaw velocity curves represents the total angular 

displacement of the wheelchair, e, with respect to its 

original heading. Similarly, the slope of the tangent to 

the yaw velocity curves" at any point represents the instan-
•• taneous angular acceleration, e, of the wheelchair. This 

interpretation of the curves in Figure 8-2 is useful and is 

one motivation for plotting yaw velocity response. 

The initial disturbance shown by the solid line in 

Figure 8-2 corresponds to an initial lateral wheelchair 

velocity of .04 m/s. As described in Chapter 7, this 

lateral velocity results in an initial slip angle of 3 



-
166 

degrees at each wheelchair tire. These slip angles produce 

lateral cornering forces that immediately begin to cause the 

wheelchair to deviate from its original course. It is 

commonly observed that a wheelchair may be displaced from 

its line of motion by several degrees due to a bump or other 

disturbance in the road 

Although it is reasonable to specify an initial lateral 

velocity for the wheelchair, there are some problems with 

this approach. When an initial velocity along the x body 

axis is specified, the lateral cornering force changes from 

zero to a fairly large value during only a single time step. 

The sum of the 4 lateral forces at each tire tends to tip 

the wheelchair, resulting in a large lateral load transfer. 

This often results in normal force values that are out of 

the allowable range. 

An additional problem with specifying an initial 

lateral velocity results in cases where it is desirable to 

vary the forward velocity of the wheelchair, u. In order to 

keep the slip angle constant, if the initial longitudinal 

velocity is changed, the initial lateral velocity must also 

be changed. This can be seen simply by examining equation 

(5-7). Changing the initial lateral velocity results in a 

shorter duration time for the initial large cornering forces 

at the tires, and thus produces a different yaw velocity 

response curve. 

For the reasons just described, a second method for 

initially disturbing the wheelchair was chosen. Directional 
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instability can be initiated by applying an initial lateral 

force at the center of gravity. The yaw velocity response 

of the Everest and Jennings wheelchair subjected to an 

initial lateral force of 40 N for a duration of .10 sec is 

shown by the dashed line in Figure 8-2. This is equivalent 

to an impulse of 4 N-sec. From Figure 8-2, it is clear that 

this impulse produces approximately the same yaw velocity 

response as the initial lateral velocity of .04 m/s. This 

is not an accident, as it was determined basically by trial 

and error that these two initial disturbances are equiva-

lent. Note that the initial forward speed, u, is .7S m/s 

for both curves in Figure 8-2. Using an initial lateral 

force at the center of gravity does not result in sharp and 

sudden lateral forces on the tires. It also has the advan-

tage that the predicted directional response can be easily 

compared with those discussed in association with the under-

steer coefficient, kus' given in Chapter 5 (see Figure S-3). 

The magnitudes of the two initial disturbances shown in 

Figure 8-2 are somewhat arbitrary. It is impossible to 

avoid making a somewhat arbitrary choice with regard to an 

initial disturbance. With this in mind, the important con-

sideration is to choose a reasonable initial disturbance, 

and then to keep this disturbance constant while examining 

the effects on stability of varying other parameters. The 

two initial disturbances shown in Figure 8-2 are believed to 

be reasonable in magnitude, while at the same time producing 

a definitely unstable response. 

The next section of this chapter will show the effect 



168 

that forward speed has on the yaw velocity response curves. 

Following this, a reference case will be defined which can 

be used as a basis for comparison when other parameters are 

varie~ For reasons to be given later, this reference case 

will be the same dashed curve shown in Figure 8-2. 

THE EFFECT OF FORWARD SPEED ON DIRECTIONAL STABILITY 

The analysis of the zero width vehicle presented in 

Chapters showed that the degree of instability associated 

with a rear caster wheelchair should be very sensitive to 

forward speed. Using program WCHAIR, the yaw velocity 

response and angular displacement response of the Everest 

and Jennings rear caster wheelchair was determined for five 

different initial forward velocities. This was done using 

the same 4 N-sec impulse shown in Figure 8-2. The results 

for these two responses are shown in Figures 8-3a and 8-3b • 
• Figure 8-3a shows yaw velocity, e, versus time for 

initial values of u0 ranging from .ss mis to .9S mis. This 

figure clearly shows that the degree of instability is 

highly dependent upon speed. .The degree of instability is 

represented by the rate at which the yaw velocity increases. 

This is equivalent to:the rate at which the wheelchair 

diverges from its original directional heading. As 

expected, as the forward speed decreases the stability of 

the wheelchair improves. 
• It appears from Figure 8-3a that for the case where u0 

= .ss mis, the yaw velocity is constant. However, the yaw 
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velocity for this case is actually slowly increasing. If 

the graph were extended to show times greater than 6 

seconds, a more rapid increase for this case would become 

obvious. 

Figure 8-3b illustrates the correlation between yaw 

velocity response and total angular displacement. Clearly 

the more rapidly increasing yaw velocity curves correspond 

to more rapid increases in the total yaw angle. Figure 8-3b 

also shows that for the case where u0 = .ss m/s, the yaw 

angle increases at an approximately constant rate. Thus, 

this case still corresponds to directional instability 

because the wheelchair is steadily rotating away from its 

original heading. 

Because the degree of instability is extremely 

dependent upon forward speed, rolling· resistance was omitted 

for each of the simulations shown in Figures 8-3. Since 

propelling forces from the user are not included in the 

simulation model~ the introduction of rolling resistance 

tends to decrease the longitudinal speed of the wheelchair 

fairly rapidly. This has an apparent stabilizing effect. 

If tires are selected which have a high rolling resistance, 

this effect becomes even more noticeable. 

When examining parameters that affect directional 

stability, it is desirable to isolate the effects of actual 

wheelchair design changes from the effect of decreased speed 

due to rolling resistance. For this reason, rolling 

resistance was eliminated for the motion simulations 

presented in this chapter. This has the effect of keeping 
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the longitudinal speed of the wheelchair approximately con-

stant. A wheelchair that is being propelled at constant 

speed or that is travelling down a slight incline might 

exhibit this type of motion. Rolling resistance is elim-

inated by specifying TXMOD and CXMOD in program WCHAIR equal 

to zero as discussed earlier in this chapter. 

The next section of this chapter will present the 

results of several simulation tests that were used to verify 

the simulation computer program. 

VERIFYING THE COMPUTER PR(X;RAM 

Before examining several other parameters that may or 

may not have a significant effect on wheelchair stability, 

it is reasonable to question the reliability of the basic 

wheelchair model developed in Chapter 6, and of the computer 

program being used to implement the model. This section 

will discuss two methods that were used to gain confidence 

in the simulation model. 

Method One: Comparing The Predicted Motion Responses for 
Front and Rear caster Wheelchairs 

The directional response of a vehicle subjected to a 

side force at the center of gravity was discussed with 

respect to the understeer coefficient, kus• in Chapters. 

The predicted paths for an understeer vehicle (front caster 

wheelchair) and an oversteer vehicle Crear caster 

wheelchair) were shown in Figure 5-3. A first true test of 

the simulation model for wheelchair motion.is whether or not 
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it is able to clearly predict the different responses that 

are observed for front and rear caster wheelchairs. The 

model should be able to demonstrate the directional 

stability of front caster wheelchairs and the directional 

instability of rear caster wheelchairs. 

Program WCHAIR was used to predict the trajectories of 

a front and rear caster wheelchair travelling forward with a 

speed of .7S m/s, each subjected to the same initial lateral 

impulse at the center of gravity. .The rear caster 

wheelchair was the same Everest and Jennings model that has 

already been described. A front caster wheelchair can be 

easily simulated using program WCHAIR. By referring to 

Figure 6-1, it can be seen that a front caster wheelchair 

can be modelled using the rear caster model already 

formulated if the following initial conditions are 

specified: 

~ = ~ = 180 degrees 
• u0 = any negative value 

s 1 and s 2 values are exchanged 

Thus, by specifyi~g ~o = -.7S m/s and changing the 

default values of s 1 and s 2 to, s 1 = .17Sm, and s 2 = .34Sm, 

it is possible to simulate the motion of a front caster 

wheelchair. Note that specifying u. 0 as a negative number 

has no significance other than the fact that it causes the 

front caster wheelchair to travel in a forward direction. 

Figures 8-4a and 8-4b show the predicted trajectories for a 

rear caster wheelchair and a front caster wheelchair as 
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obtained from the computer program. Both wheelchairs are 

initially moving forward with a speed of .75 m/s. At 

time= O the initial lateral side force, Fs, is imparted to 

both chairs as shown in the figures. The global X and Y 

position of each wheelchair and the angular orientation is 

shown at 1.0 second time intervals. 

Figures 8-4a and 8-4b clearly show the different direc-

tional responses that are expected for the front and rear 

caster wheelchairs. The rear caster wheelchair continues to 

diverge more and more from its original heading even after 

the initial disturbance is removed. Note that the trajec-

tory shown for the rear caster wheelchair in Figure 8-4a 

corresponds to the u0 = .,75 m/s yaw velocity response 

curves already shown in Figures 8-2 and 8-3. Although the 

front caster wheelchair deviates from its original direc-

tional heading. it quickly returns to a state of steady 

straight-line motion after the si.de force is removed. As 

discussed in association with the understeer and oversteer 

paths shown in Figure 6-3, the rear caster wheelchair tends 

to rotate toward the initial lateral force, while the front 

caster wheelchair rotates away. From a qualitative point of 

view at least, the simulation model seems to predict 

reasonable motion. 

Figure 8-5 shows several yaw velocity response curves. 

Three of these are for a front caster wheelchair, and one is 

for a rear caster wheelchair. Each of these curves again 

corresponds to an initial forward velocity of .75 m/s and an 
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initial lateral impulse of 4 N-sec. The two curves near the 

bottom of the figure show that the front caster wheelchair 

experiences a yaw velocity that initially increases, but 

quickly begins to decrease towards a steady state value. 

Note that if caster forces are neglected, the front caster 

wheelchair yaw velocity rapidly converges to zero after the 

initial disturbance is removed. When caster effects are 

included, the front caster wheelchair motion returns to a 

steady state more slowly. This is indicative of the small 

but noticeable lateral forces which are exerted on the 

caster wheels. For a front caster wheelchair, lateral 

forces on the caster wheels slightly negate the stabilizing 

effect of the rear wheel forces. Note that figure 8-4b 

corresponds to the solid yaw velocity curve shown at the 

very bottom of Figure 8-5. 

Also shown in Figure 8-5 is a yaw velocity response 

curve for a front caster wheelchair which is subjected to a 

constant lateral force of 40 Nat the center of gravity. 

This curve was obtained from program WCHAIR simply by 

specifying a large duration time, DUIMP, for the initial 

lateral force of 40 N. When subjected to this constant side 

force, the f rant cast~r wheelchair experiences a sharply 

increasing yaw velocity which soon begins to approach a 

constant value. The fact that the yaw velocity approaches a 

constant value indicates that the wheelchair approaches a 

state of steady turning motion. .This type of predicted 

motion is identical to that predicted for automobiles which 

are subjected to a constant lateral side wind. [ 2 .3 l 
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Method Two: Comparing Predicted Versus Theoretical Critical 
Speeds for a Rear Caster Wheelchair with its 
Caster Wheels Locked Against Turning 

A second method for testing the simulation computer 

program is by using the equation for critical speed that was 

given in Chapter s for the zero width model. Equation (S-

1 S) can be used to predict the speed above which a rear 

caster wheelchair that has its wheels locked against turning 

will exhibit directional instability. Of course, perma-

nently locking the wheels against turning would be highly 

undesirable for any wheelchair. However, considering such a 

hypothetical case provides a means for testing program 

WCHAIR against accepted theory. 

This was done for the Everest and Jennings Premier rear 

caster wheelchair for the following initial conditions: 

m = 75 kg 

me = 1.2 kg 
(8-1) 

S1 = .34S m 

52 = .2SS m 

s = .60 m 

Recall that s 2 for the zero width model is defined 

slightly differently than s 2 for the wheelchair model in 

Figure 6-1 and Figure 8-1. If the casters are locked, then 

the distance from the e.g. to the caster contact points, s 2 

for the zero width model, is found from Figure 8-1 as 

.11sm + .08m = .2ssm. 

Using the values given in (8-1) and equations (S-13), 
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the following approximate values are found for the total 

weight and for the weight carried by the each front and each 

rear wheel: 

W = 748 N 

Wf = 159 N 

Wr = 215 N 

(8-2) 

Next, by referring to Figure 4-2 it is possible to 

estimate the cornering stiffness for the two front tires 

(type EJA) and the two caster wheels (type ER). From the 

figure it is seen that for EJA tires at 159 N normal force 

and for ER casters at 215 N normal force, the cornering 

stiffness is approximately 

= = 25 N/deg = 1432 N/rad (8-3) 

Substituting the values for CSf, CSr, Wf and Wr into equa-

tion (5-16) gives a value for the understeer coefficient of 

kus = -.04 (8-4) 

Finally, substituting this value, along with the value for s 

given in (8-1) allows for the calculation of the critical 

speed associated with the locked caster wheelchair. The 

critical speed is given by: 

(-9.8m/sec2)(.60m) • Ucrit = 
-.04 

or • 
ucrit = 12 m/s (8-5) 
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Thus, the zero width model predicts that for speeds above 

12 m/s (27 mph), the rear caster wheelchair will experience 

directional instability, even if the caster wheels are 

locked. Obviously this is a very high speed that has little 

or no practical significance. However, it can be used to 

check the simulation model. 

In order to simulate a rear caster wheelchair with its 

caster wheels locked against turning, the mass moments of 

inertia of the caster wheels, Izp• were assigned extremely 

high values. This has the effect of restraining the caster 

motion without changing the wheelchair mass. 

Figure 8-6 shows the results of three simulations that 

were done using this method. The curves in Figure 8-6 are 

for initial forward speeds of 10.0, 11.25, and 12.s m/s. It 

is obvious from the figure that a transition from stable to 

unstable motion occurs for a forward speed somewhere in the 

range of 11.25 to 12.s m/sec. Thus, it is found that the 

value of critical speed predicted by the zero width model 

and the value predicted by the computer 'simulation are in 

very good agreement. 

The preceding discu~sion has attempted to elaborate on 

the methods that were used to test the simulation program, 

and to gain confidence in the wheelchair motion that it 

predicts. It is believed that the arguments given in this 

section at least demonstrate that program WCHAIR predicts 

the proper trends for wheelchair motion subject to various 

initial conditions. 
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CHOOSING A TIME STEP 

Because program WCHAIR uses an iterative solution 

technique, it is necessary to choose a time step that is 

small enough to ensure convergence to the best possible 

solution. On the other hand, it is highly desirable to 

choose the largest time step possible in order to reduce 

computation time and avoid round-off error. Figure 8-7 

shows the ef feet of three different time steps on the yaw 

velocity response curve of a rear caster wheelchair. It is 

emphasized that all three curves in Figure 8-7 represent 

identical initial conditions. Each curve is for a wheel-

chair having an initial forward speed of .75 m/s subject to 

an initial lateral impulse of 4 N-sec. 

Figure 8-7 supports the statement made earlier that a 

time step of .001 sec is approximately the largest time step 

which leads to a reliable solution. A time step of .01 sec 

is clearly too small, while it can be seen from the figure 

that little change in the response curve results from 

decreasing the time step to .0001 sec. 

The necessary time step of .001 sec is quite small. 

One reason for this is the fact that the transient tire 

forces change very quickly. This is especially true for the 

caster wheels which are free to pivot. In order to model 

the wheelchair motion successfully, the caster wheels must 

be all owed to accelerate quite rapidly. A small time step 

is required to track this acceleration. 
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ASSUMING A REFERENCE CASE 

In order to evaluate the effect on directional 

stability of varying any particular parameter, it is 

desirable to assume a reference yaw velocity response curve 

against which other responses can be compared. A motivation 

for assuming a particular reference case can be found by 

again examining Figure 8-3a. This figure showed five yaw 

velocity response curves for the Everest and Jennings 

Premier rear caster wheelchair subjected to an initial 

lateral impulse of 40 N-sec. 

Consider the two cases shown in Figure s-3a that 

represent the least amount of directional stability, namely 
• • u0 = .ss mis and u0 = .6S mis. Even though both of these 

curves do indicate a divergence from an initial directional 

heading, the rate of divergence is clearly slower than for 

the other three cases. For these two cases the wheelchair 

user would most likely have ample time to take corrective 

action which would return the wheelchair to its original 

heading. Of course the need to constantly make course 

corrections is an annoyance, but it appears that for these 

two cases the directional instability is controllable. 

The thiee remaining curves in Figure 8-3a represent 
• much more rapid increases in yaw velocity, e. For the case 

with u0 = .75 m/sec for example, the yaw velocity increases 

to 1.0 rad/sec in slightly over 3 seconds. This is 

equivalent to a rotational velocity of approximately 60 

degrees per second. The slope of the curve indicates that 
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this value will increase sharply in a very short period of 

time. 

By examining the curves in Figure 8-3 a, it is possible 

to estimate an approximate maximum response time to each 

curve. The maximum response time is the maximum amount of 

time that the wheelchair user has to take corrective action 

before the yaw velocity response curve begins to sharply 

increase. The approximate maximum response times obtained 

simply by observing each of the curves in Figure 8-3a are 

listed in Table 8-2. 

TABLE 8-2 

ESTIMATED MAXIMUM RESPONSE TIMES 
ASSOCIATED WITH FIGURE 8-3a 

• tmax Uo 

• s s m/ s > 6 sec 

.6S m/ s 3. S sec 

• 7 S m/ s 2 sec 

.8S m/ s 1.S sec 

• 9 S m/ s 1 sec 

It is emphasized that the values in Table 8-2 are only 

estimates which give some indication of how quickly the user 

must respond. It is reasonable to expect that if a wheel-

chair user does not take corrective action within the 

maximum response time, the resulting rapid increase in yaw 

velocity will be at best highly undesirable, and at worst 

quite dangerous. 
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When considering the ability of an individual to 

respond to an initial disturbance within a given time 

interval, it is important to think in terms of total 

response time rather than simple reaction time. Simple 

reaction time is defined as the shortest time between the 

moment a sensory receptor is stimulated and the time some 

body element reacts. [8.11 

Total response time, sometimes called complex reaction 

time, includes the additional time required for brain 

recognition time and decision making time. Simple reaction 

times to sensory inputs such as light or touch are generally 

in the range of 0.1 to 0.2 seconds. H~wever, Woodson 

presents estimates indicating that the minimum complex 

reaction time is generally about o.s seconds, and may 

often be as long as 4.0 - 10.0 seconds. [8.11 

Complex reaction time is especially important if the 

user is not necessarily aware that a stimulus is about to 

occur. This is obviously the case for wheelchair users. If 

a wheelchair is disturbed by a bump or other obstacle in the 

road, there is a very good chance that it will take the user 

at least one or two seconds to take corrective action. 

Based upon this reasoning, the u0 = .75 m/s curve in 

Figure 8-3a with maximum response time of approximately 2.0 

seconds was chosen as an assumed reference case. Figure 8-8 

shows the assumed reference case plotted alone. The region 

to the right of this curve will be termed the controllable 

region, while the region to the left of the curve will be 
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termed uncontrollable. The following assumptions with 

regard to the assumed reference case cannot be over 

emphasized: 

1) .The uncontrollable and controllable regions 
are defined as reasonable estimates only 
for the purpose of comparing the effects of 
varying other design parameters. 

2) .The assumed reference corresponds to one 
forward speed only C.75 m/s) , and one 
initial disturbance only (lateral impulse 
of 4 N-sec at e.g.) as discussed previous-
ly. When comparing other simulation re-
sults, these two initial conditions must be 
the same. 

3) The assumed reference case is only 
representative of the Everest and Jennings 
Premier rear caster wheelchair, with de-
fault parameters as listed in Table 8-1, 
and EJ A ti res as the main wheels. 

It is obviously impossible to examine all of the 

possible forward speeds and initial disturbances that could 

be used for an investigation of directional stability. It 

is believed that the curve in Figure 8-8 represents a 

typical yaw velocity response curve for a typical wheelchair 

subject to a typical initial disturbance while traveling at 

a typical forward velocity. Experimentally verifying these 

assumptions might be a Jocus for future work. 

AN EXTENSIVE PARAMETRIC STUDY 

Thus far this chapter has showed the results of several 

simulations. .Several yaw velocity response curves have been 

presented, and an attempt has been made to define a 

reasonable reference case which separates uncontrollable 

from controllable directional instability. It is now 
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possible to examine several other parameters. 

This will be done by selecting a particular parameter 

which will be varied while all other variables are held 

constant. The effect of varying this parameter will be 

examined by comparing the new yaw velocity response curves 

with the assumed reference case. Thus, it is emphasized 

that for each of the figures remaining in this chapter, all 

of the initial conditions are identical to those associated 

with the reference case except for the varied parameter. 

This includes an initial forward velocity of . 7 5 m/ s and an 

initial lateral impulse of 4 N-sec at the center of gravity. 

Also, for each case the rear caster wheelchair has the 

default parameters given in Table 8-1. EJA tires are used 

for each simulation unless specified otherwise. 

EFFECT OF CENTER OF GRAVITY POSITION 

Of all the geometric variables for the rear caster 

wheelchair, the one most expected to have a significant 

effect on directional stability is the position of the 

center of gravity. The fact that this parameter is 

important was discu~sed in the original analysis by 

Kauzlarich and Thacker. [1.11 

Referring to Figure 6-1, the variables that determine 

center of gravity position are the distances s1 and s2• The 

effect of changing the center of gravity position while 

keeping all other variables constant can be determined by 

varying the following ratio: 
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RAT= ( 8-6) 

Where 

s 1 = distance from front wheels to center of gravity 

s 1+s2 = total distance from front= constant 
wheels to caster pins 

Thus, as s 1 is varied, s 2 will also be varied so as to keep 

the total distance between the front wheels and the caster 

pins constant. 

For the default case s 1 = .345 m and s 2 = .175 m. This 

gives a value for the ratio in equation (8-6) of 0.66. The 

effect of varying this ratio on yaw velocity response is 

shown in Figure 8-9. As the center of gravity is moved 

forward, the ratio decreases, and as expected the degree of 

directional instability decreases. Even though Figure 8-9 

does show the expected trend, there are still some 

interesting observations to be made. 

The decrease in yaw velocity response as the center of 

gravity is moved forward appears to be fairly dramatic. 

Decreasing the ratio in equation (8-6) from .66 to .60, a 

decrease of 6~, produces only a slight change in the 

ref er ence curve. However, moving the center of gravity 

forward only slightly more so that the ratio is .55 produces 

a very noticeable change in yaw velocity response. It 

appears that for ratios less than .55, the yaw velocity 

response curve will fall well into the controllable range. 

To avoid confusion, it must be made clear that this 
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does not necessarily mean that reducing the ratio to .ss or 

some lower value produces a dramatic improvement in the 

overall directional stability of the wheelchair. It only 

indicates a significant improvement for the single value of 

initial forward speed that was assumed for the reference 

case. A measure of the improvement in overall stability can 

only be obtained by determining how much the initial forward 

speed can be increased while still keeping the yaw velocity 

response curve in the controllable range. This question 

will be examined in the next chapter. 

There is a second interesting aspect of Figure 8-9. It 

is surprising that when the ratio in equation (8-6) is 

increased from .66 to .75, no appreciable change in yaw 

velocity response occurs. It appears that as the center of 

gravity is moved toward the caster wheels, a limiting yaw 

velocity response is reached. This 1 imi t is very near the 

assumed reference case. Figure 8-9 indicates that the 

transition from controllable to uncontrollable occurs over a 

narrow range of s 1 values. 

EFFECT OF TOTAL <s1 + si> DISTANCE 

The second geometric parameter to be considered is the 

total distance, s 1 + s2 , separating the front wheel contact 

points from the caster pins (see Figure 6-1). This distance 

is analogous to the total wheelbase distance for the zero-

width model discussed in Chapter s • . The zero-width model 

predicted that increasing the wheelbase distance should have 
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a stabilizing effect. 

Figure 8-10 shows yaw velocity response for 4 different 

values of s 1 + s 2. In this case the yaw velocity curves 

again follow the expected trend. Note that for these curves 

the total distance s 1 + s 2 is varied, but s 1 is kept 

constant. Of course this is equivalent to varying s 2 only. 

The change in yaw velocity response does not vary in 

proportion to the change in s 1 + s2. Decreasing the s1 + s2 
distance from .52 m to .40 m moves the yaw response curve 

into the uncontrollable range. However, the change in yaw 

velocity response that results from increasing s 1 + s2 from 

.52 m to .62 m is much more dramatic. The wheelchair 

clearly becomes more controllable. The sensitivity of yaw 

velocity to these parameters is illustrated by the fact 

increasing the s 1 + s 2 distance by only 2 cm, from .60 m to 

.6 2 m, has a significant ef feet on the resulting response. 

For s 1 + s 2 greater than .62 m, the wheelchair appears 

to be very nearly stable under the assumed initial condi-

tions. Again the transition from controllable to uncontrol-

lable occurs over a narrow range of values. 

EFFECT OF CASTER.TRAIL DISTANCE 

The measured caster trail distance, 1, for the Everest 

and Jennings rear caster wheelchair was 8 cm. Figure 8-11 

compares the results for two other 1 values, with the 

assumed reference case. Increasing 1 from 8 cm to 10 cm 

shifts the yaw velocity response curve into the 
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uncontrollable region. Decreasing 1 from 8 cm to 7 cm 

shifts the curve into the controllable region. For all 

three curves in Figure 8-11 the distance to the caster 

assembly center of gravity, 11 , is constant. Again it is 

observed that variations which tend to increase controlla-

bility produce the most significant changes in the yaw 

velocity response curve. 

There is an obvious reason for the fact that decreasing 

the caster trail distance improves stability. As the caster 

trail distance is decreased, the effective moment arm for 

the lateral forces acting on the casters is decreased. This 

has the effect of making the casters more resistant to 

turning. This allows the caster wheels to sustain larger 

cornering forces. It has already been shown that stability 

always improves if the rear casters are made more resistant 

to turning. In principle, if the caster trail were zero, 

the moment arm for the lateral caster forces would be zero, 

and the casters would not turn. This would have the effect 

of locking the casters as discussed earlier. 

Figure 8-11 suggests that some improvement in directional 

stability might be achieved by decreasing the caster trail 

distance. Unfortunately, it has been shown by Kauzlarich, 

Bruning, and Thacker that decreasing caster trail distance 

encourages the onset of caster wheel shimmy. C 8.2 l In 

addition, decreasing the caster trail distance will make it 

more difficult to turn the caster wheels even when this is 

the desired motion. 

maneuverable. 

The wheelchair will thus be less 
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For the reasons just given, it is clear that it is 

undesirable to decrease caster trail by an extreme amount. 

However, the value of 8 cm that was actually measured for 

the Everest and Jennings rear caster wheelchair seems to be 

unnecessarily large. It is common to find caster trail 

di stances of only 4 cm to 6 cm for many front caster 

wheelchairs. Furthermore, Kauzlarich has designed a grooved 

dual tread caster wheel that tends to inhibit shimmy 

problems. [8.21 It is therefore reasonable to expect that, 

at least in some instances, slightly decreasing caster trail 

distance may be a means for reducing directional 

instability. The total improvement that can be obtained by 

combining such a decrease with changes in other parameters 

will be considered later in this chapter. 

OTHER DIMENSIONAL PARAMETERS 

Several other dimensional parameters were found to 

have little or no effect on the predicted yaw velocity 

response curve. Even though considerable effort was made to 

include width dimensions in the complete model, varying 

these parameters resul tsc in nearly negligible changes in the 

yaw velocity response curve. This was true for the width 

dimensions, d1 , d2 , t 1 , and t 2 as well as the center of 

gravity height h. Similarly, placing the center of gravity 

in an off center position did not result in a significant 

deviation from the assumed reference curve. 

These observations indicate that lateral load transfer 
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is not an important effect for wheelchair motion under the 

initial conditions which are being considered. This 

conclusion is supported by the fact that varying the roll 

coefficient, k, also produced a negligible change in yaw 

velocity response. 

From these observations, it is apparent that the zero 

width model is a better approximation than might be 

intuitively expected. The range of options for improving 

rear caster directional stability through dimensional 

changes appears to be limited to those already discussed. 

EFFECT OF CASTER MASS 

Aside from the caster trail distance, there are two 

other caster related parameters that influence directional 

stability. These are the caster mass and the frictional 

moments at the caster pins .. This section will consider 

caster mass. 

It is fairly obvious that increasing the mass of the 

caster assemblies should improve the controllability of a 

rear caster wheelchair. Increasing the caster mass has the 

same effect as increasing the caster trail in the sense that 

the pivoting motion of the casters is made more difficult. 

As a result, the casters will be able to with stand a greater 

lateral force. The increased lateral force on the casters 

helps to partially offset the destabilizing lateral force 

e~erted on the front tires of the wheelchair. 

The default value for the mass of the caster assemblies 

is 1.2 kg for the reference case. To test the influence of 
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caster mass, me, on yaw velocity response. this value was 

increased first to 2.4 kg, and then to 3.6 kg. When 

increasing the mass of the caster assemblies, it is 

necessary to also increase the moment of inertia of the 

casters about the caster pins, Izp• Because all geometric 

variables are constant, the increase in caster inertia will 

be roughly proportional to the increase in caster mass. 

This is at least a reasonable approximation for the purposes 

of a parametric study. 

Figure 8-12 shows the effect of increasing the total 

caster mass me and the caster moment of inertia, Izp by 

factors of two and three. As expected, these increases do 

tend to reduce the yaw velocity response. However, this 

reduction is not dramatic even for the 3 fold increase in 

caster mass and inertia. A 3.6 kg (7.8 lbm) caster wheel is 

well above the mass observed for most caster wheels. In 

fact, the mass of the 24 inch main wheelchair tires is 

generally on the order of only 2.7 kg (6 lbm). It is 

reasonable to conclude then, that caster mass has only a 

secondary influence on directional stability. 

EFFECT OF FRICTION AT .THE CASTER PINS 

It will be shown in this section that yaw velocity 

response is quite sensitive to the amount of friction 

present at the caster pins. The assumed value for both Maf 

and Mbf was .10 N-m. These moments are a measure of how 

much torque it takes to rotate the caster wheels about their 
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pivot pins when no other forces are present. 

The friction at the caster wheels can be varied by 

tightening or loosening the bolt which holds the caster in 

place. Many wheelchairs are adjusted such that the friction 

at the caster pins is for all practical purposes zero. 

Thus, the assumed value of 0.10 N-m should be considered an 

above average value. Zero caster friction is desirable for 

front caster wheelchairs, because less friction makes the 

wheelchair more maneuverable. However, for rear caster 

wheelchairs, a tolerable amount of caster friction can help 

to reduce the degree of directional instability. 

The effect on yaw velocity response of varying the 

frictional moments, Mf, at the caster pins is shown in 

Figure 8-13. Note that Maf and Mbf are considered to have 

the same value Mf• The simulation results shown in the 

figure indicate that simply increasing the caster friction 

by 20% significantly improves the controllability of the 

wheelchair. The amount of time available for the user to 

make a course correction is essentially unlimited for the 

case where Mf = .12 N-m. It is interesting that increasing 

Mf from .115 N-m to .12
0

N-m, an increase of only 5 percent, 

sharply reduces the degree of instability. 

It is again emphasized however, that this improvement 

is with respect to the reference case with U = 0 • 7 s ml s. It 

is clear that increasing Mf to .12 N-m improves stability. 

This means that the wheelchair should be controllable at 

higher speeds if the caster friction is increased. ~he 

question of how much the forward speed might be increased is 
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addressed later in the next chapter. 

EFFECT OF TOTAL MASS AND INERTIA 

Program WCHAIR predicts several interesting results 

with regard to the effect of varying the total mass and 

inertia of the wheelchair and user. Intuitively, one might 

expect that decreasing the mass and inertia of the 

wheelchair will increase the degree of directional 

instability. As the mass and inertia are decreased, the 

angular acceleration of the wheelchair for a given set of 

lateral forces will increase. 

The conclusion that decreasing the mass and inertia of 

the wheelchair will worsen the instability problem assumes 

that the forces on the tires remain the same after the mass 

has been changed. However, as the mass of the wheelchair is 

decreased, the normal forces on the tires are also 

decreased. It has already been demonstrated that lower 

normal forces correspond to lower lateral cornering forces. 

As the cornering forces are decreased, the wheelchair 

becomes more stable. 

Recall that the stability condition for a ground 

vehicle given in equation (5-14) was independent of the 

vehicle mass moment of inertia. The effect of increasing 

the total wheelchair/user mass can be determined by 

the stability condition for a rear caster wheelchair, 

equation C S-18). 

From equation (S-18) it can be seen that as the total 
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mass of the wheelchair and user is decreased, the value of 

Wr will also decrease .. This of course assumes that the 

geometry of the wheelchair does not change. Because less 

weight will be carried by the rear wheels, the value of Car 

will also decrease. However, because the relationship 

between cornering stiffness and normal force is nonlinear, 

the decrease in Car will not be proportional to the decrease 

in Wr (see Figure 4-2). For example, if Wr is decreased by 

one half, car will decrease by less than one half. The net 

result is that the left hand side of equation (5-18) will 

have a lower magnitude than before the total mass was 

decreased. 

The default values form and Iz for the Everest and 

Jennings wheelchair are 95 kg (chair and occupant) and 5.6 

kg-m2. To test the ideas just discussed, the total mass and 

inertia were each reduced by approximately 20%. The mass, 

m, was reduced to 75kg and Iz was reduced to 4.7 kg-m2. 

Assuming the mass of the wheelchair itself is constant, this 

corresponds to a decrease in the user's mass of 20 kg 

(44 lbf). 

The effect of red~cing the mass and inertia on yaw 

velocity response is shown in Figure 8-14. It is called to 

the reader's attention that Figure 8-14 is slightly 

different than any of the previous graphs given in this 

chapter. ~he assumed reference case is plotted as usual. 

On each side of the reference case curve are yaw velocity 

curves for the decreased mass wheelchair and user. In 

obtaining each of these curves, the initial forward speed 
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has been increased slight+Y• From the figure, it is clear 

that the reduced mass wheelchair and user can travel at 

approximately .85 m/s before exhibiting the same directional 

instability as the original wheelchair. As a result of 

decreasing the mass and inertia, the directional stability 

of the wheelchair has improved. This result is somewhat 

surprising, but it is precisely what is predicted by the 

zero width model. 

EFFECT OF TIRE SELECTION 

As discussed earlier in this text, tire characteristics 

are generally considered very important to the handling 

qualities of a vehicle. The extensive ti re study was 

carried out in part for the purpose of determining if tire 

selection significantly affects the directional stability of 

a rear caster wheelchair. It was hoped that the stability 

problem might be improved by considering tire design or 

selection. 

The assumed reference case described earlier 

corresponds to type EJA tires as given in ~able 3-1. 

Keeping all other parameters constant, four additional 

simulations were run where in each case a different tire was 

selected. Thus results were obtained for the AG, EJP, ss, 
and IM tires. These were compared with the assumed 

reference case. It was found that changing the tires had 

virtually no effect on the predicted yaw velocity response 

curve. When the yaw responses were plotted for each tire, 
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all four of the new curves appeared identical to the 

reference case. 

Recall that the reference case corresponds to an 

initial forward speed of .75 m/sec. In order to determine 

whether or not tire selection would have any effect at 

slower speeds, five additional simulation tests were 

performed. For these simulations, the initial forward speed 

was reduced to .62 m/s. Figure 8-15 shows the resulting 

yaw velocity response curves for all five tires. 

As was the case with earlier curves, the yaw velocity 

gradually increases at first, and then increases very 

rapidly. The wheelchair slowly begins to drift away from 

its original heading. This slow drifting occurs for a 

period of time, and then the wheelchair begins to rapidly 

gain rotational velocity. 

From Figure 8-15 it is observed that with respect to 

decreasing yaw velocity response, the tires are arranged in 

the order AG, EJP, ss. IM, EJA. Only the EJA tires 

significantly increase the time required for the wheelchair 

to become extremely unstable. These observations are 

precisely what would be expected from considering the 

cornering stiffnesses which were given for each tire in 

Figure 4-2. The load on each of the main tires is 

approximately 100 N for the assumed reference case. Looking 

at Figure 4-2, one finds that at this value of normal force, 

the AG, EJP, SS, and IM tires all have nearly the same 

cornering stiffness. Only the EJA tires in Figure 4-2 show 

a significantly lower cornering stiffness value. This 
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observation agrees well with Figure 8-lS. 

The apparent conclusion is that tire selection cannot 

significantly change the control characteristics of the rear 

caster wheelchair when the motion is near the limit of 

extreme instability. However, selecting a tire with a low 

cornering stiffness does tend to decrease the rate at which 

the wheelchair slowly diverges to a state of uncontrolled 

motion. 

EFFECT OF CAMBER AND TOE ANGLES 

Several simulation tests were performed for camber 

angles of 2, s, ands degrees. These corresponded to the 

same camber angles used for the treadmill and test cart 

testing. The results in every case showed that camber angle 

produces no noticeable change in the directional response of 

the wheelchair. This is consistent with the other results 

which have shown that the yaw velocity response is over-

whelmingly dominated by the magnitude of the forward 

velocity and the geometry of the wheelchair. 

It should be noted that for each simulation the wheels 

were cambered inward at the top by equal amounts. This 

means that two wheels develop lateral cambering forces 

which act in opposing directions. As a result, the forces 

on each wheel tend to negate each other. ~his is the 

primary reason behind the fact that camber angle does not 

significantly affect directional stability. Of course, it 

is possible to imagine cases where the camber angles are not 
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equal, or even where one wheel is cambered inward and the 

other wheel is cambered outward (away from the user). .These 

somewhat peculiar cases were not considered. 

In addition to the camber angles just discussed, 

toe angles of one and two degrees were also considered. The 

simulation results indicated only that the presence of the 

toe angles significantly inhibited the forward motion of the 

wheelchair. Because the toe angles tended to reduce the 

forward speed of the wheelchair, they produced an apparent 

stabilizing effect. 

As written. program WCHAIR can not propel the 

wheelchair so that a constant speed is maintained even 

though rolling resistance or toe angles are present. If 

both main wheels are toed in the same direction (inward or 

outward), the lateral forces on each tire resulting from the 

toe angle will act in opposite directions. 

they will tend to negate each other. and the 

response of the wheelchair will not change. 

As a result, 

directional 

Some authors 

have written that the directional stability of rear castered 

aircraft can be improved by slightly toeing out the main 

wheels. However. Stinton explains that this effect depends 

heavily upon lateral load transfer which occurs when 

airplane begins to travel along a curved path. [8.3] If the 

normal forces on both main tires are not the same, then the 

lateral forces will not be equal and opposite as just 

described. The results from program WCHAIR indicate that 

lateral load transfer is virtually insignificant. at least 

in the case of the Everest and Jennings rear caster 
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wheelchair. For this reason, and because of the greatly 

increased resistance to rolling caused by toe angles, it is 

concluded that toe-out is not a desirable means for 

improving the directional stability of rear caster 

wheelchairs. 
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CHAPTER 9 

RECOMMENDATIONS AND CONCLUSIONS 

Based upon the simulation results given in Chapter 8, 

it is concluded that the two most important parameters 

affecting directional stability are the position of the 

center of gravity and the amount of friction at the caster 

pins. Unfortunately, these were the obvious parameters be-

fore this research was even begun. Although tire selection 

does influence directional stability, its effect is 

secondary when compared to other parameters. 

Forward speed, caster friction, and geometry have such 

a dominant effect on the directional stability of manual 

rear caster wheelchairs, that modifications of any other 

parameter have virtually no effect. This is useful to know. 

but it makes the options for improving the directional 

stability problem very limited. 

One contribution of this research is that improvements 

in directional stability can be somewhat quantified. The 

next section of this chapter will consider the improvement 

in directional stability that might be obtained for the 

Everest and Jennings wheelchair shown in Figure 1-1. 

Finally a list of conclusions that have resulted from this 

work will be presented and some recommendations for future 

work will be considered. 
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A REVISED WHEELCHAIR DESIGN 

The basic dimensions of the Everest and Jennings rear 

caster wheelchair shown in Figure 1-1 were illustrated in 

Figure 8-1. Based upon the results given in Chapter 8 for 

yaw velocity response, it can now be concluded that from the 

standpoint of directional stability, the Everest and 

Jennings wheelchair is an extremely poor design. 

Looking at Figure 1-1 one observes that the front axle 

of the Everest and Jennings wheelchair is located nearly as 

far forward as possible. This means that the distance from 

the center of gravity to the front wheels (s1 =.34S m) is 

very large compared to what it might be. Placing the front 

wheels this far forward not only increases instability, it 

also makes it more difficult for the user to reach the 

handrim and propel the wheelchair. 

It was shown in Chapter 8 that decreasing the caster 

trail distance, 1, leads to an improvement in directional 

stability. The measured caster tr ail di stance for the 

Everest and Jennings wheelchair is s.o cm. After measuring 

the caster trail distance for several other manual 

wheelchairs it was co~cluded that the value of 8.0 cm is 

quite large. In fact, not a single wheelchair could be 

found with a caster trail larger than 8.0 cm. It appears 

that at the time the Everest and Jennings wheelchair was 

designed, the engineers were either unaware of the factors 

that affect stability or were unconcerned with the problem. 

A hypothetical revised design for the Everest and 



-

215 

Jennings wheelchair was considered in order to determine how 

much the directional stability cou1 d be improved. The 

geometric dimensions were modified in accordance with the 

trends given in Chapter 8. The caster trail was reduced 

from 8 .o cm to 6 .o cm. .The front wheel axle was moved back 

so as to reduce the axle to center of gravity position from 

.3 4 s cm to .2 4 s cm. .These dimensional changes for the 

Everest and Jennings wheelchair are shown in Figure 9-1, 

where both the original and the revised designs are shown. 

Note that the total front wheel to caster pin distance, 

s 1 + s 2 , has only been reduced by s.o cm even though the 

front wheels have been moved back a total of 1 o .o cm. This 

was done simply by extending the caster pins behind the 

wheelchair as shown in Figure 9-1. Larger values for s 1 + 

s 2 correspond to greater stability. Thus it is desirable to 

keep this distance as large as possible even though the 

front wheels are moved back. 

With these design changes implemented, 

wheelchair should exhibit more directional 

the revised 

stability. 

Recall that the original Everest and Jennings wheelchair was 

assumed to exhibit uncontrollable directional stability at 

forward speeds greater than .75 m/s. This was the assumed 

reference case described earlier for an initial lateral 

impulse of 4 N-sec. Several simulation tests were done to 

determine how much faster the revised wheelchair could 

travel before exhibiting the same degree of instability as 

the original design. 

The results of these tests are shown in Figure 9-2. 
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There are three curves in the figure. As usual, the assumed 

reference case corresponding the original design moving at 

.1S mis is shown. Two additional curves are given for the 

revised design. Figure 9-2 shows that for a forward speed 

of 1.10 mis the revised wheelchair is slightly more stable 

than the original design. However, when the speed is 

increased to 1.1s mis, the new design is less stable than 

the original. Again the sensitivity of yaw velocity 

response to forward speed is apparent. 

The key point is that the revised wheelchair can travel 

approximately .3S mis (0.8 mph) faster than the original 

design before displaying the same instability. This is an 

increase in speed of 46% from the assumed uncontrollable 

curve with u0 = .7S mis. Using this as a measure, the new 

wheelchair is 46% more stable than the original design. 

Thus far, it has been assumed that the frictional 

moments at the caster pins for the revised design are 

unchanged. The default value for the assumed reference case 

was .10 N-m. Increasing this value should also improve 

stability. However, a large amount of caster friction is 

undesirable because the wheelchair becomes difficult to 

maneuver. Figure 9-3 shows the effect of increasing or 

decreasing the friction at the caster pins by SO%. 

In the figure, all three curves are assumed to 

correspond to approximately the same degree of instability. 

The curves for the revised design were obtained by trial and 

error variation of the initial forward speed. The effect on 
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allowable forward speed that results from increasing or 

decreasing the caster friction by 50% is quite dramatic. In 

Figure 9-2, it was shown that the modified wheelchair could 

travel at a speed of 1.1 mis before approaching the uncon-

trollable region. With the friction at the caster pins cut 

in half, this speed becomes .65 mis, a decrease of 41%. 

Similarly, if the caster friction is increased by SO% the 

allowable forward speed increases to 1.6 s ml s. This is an 

increase of s 0% over the value of 1.1 ml s. 

Figure 9-3 indicates that directional instability is 

roughly proportional to the amount of friction at the caster 

pins. In other words, doubling the amount of caster fric-

tion will approximately double the speed at which the wheel-

chair can travel before exhibiting the same amount of 

instability. Of course, the reader is reminded that these 

conclusions only apply for the initial lateral disturbance 

that was assumed throughout Chapters. Obviously a wheel-

chair subjected to a more severe disturbance could become 

uncontrollable at speeds slower than those given in Figure 

9-2 and Figure 9-3. 

CONCLUSIONS 

There are several conclusions which have resulted from 

this research. Many of these are not favorable with regard 

to the prospect of improving rear caster wheelchair 

directional stability. These conclusions are listed next: 

(1) The directional instability of rear caster wheelchairs 
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is strongly linked to the fact that the caster wheels are 

completely free to pivot. Unless some type of steering 

mechanism or locking device is implemented, manual rear 

caster wheelchairs will always be unstable, even at fairly 

low forward speeds. 

(2) Directional stability can be improved significantly by 

moving the front wheels toward the user as far as possible. 

(3) The distance between the front wheels and the caster 

pins should also be made as large as possible, within the 

constraints of other design parameters. This is equivalent 

to stating that the di stance from the center of gravity to 

the caster pins should be as large as possible. Note, that 

to be consistent with (2) above, the distance between the 

front wheels and the caster pins should not be increased by 

moving the front wheels forward. 

(4) The caster trail distance should be no more than five 

or six centimeters. Even smaller values might be feasible 

if the dual tread caster wheel recommended by Kauzlarich is 

used. C 8.21 This caster wheel helps to reduce the pro bl em 

of shimmy associated w ±th short caster trail distances. 

(5) Making these geometric changes can increase the 

controllable operating speed of a rear caster wheelchair by 

as much as SOCR,. This conclusion assumes that the results 

shown in Figure 9-2 are typical. 

(6) Friction at the caster pins significantly improves a 
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wheelchair's directional stability. The amount of friction 

can be varied fairly easily by the user. From a directional 

stability point of view, the caster friction should be 

adjusted to the maximum tolerable amount. The tolerable 

amount of friction can be determined by trial and error, but 

a reasonable estimate is 0.3 N-m. This is about three times 

the value estimated for the Everest and Jennings 

wheelchair. 

(7) Because rear caster wheelchairs are extremely unstable 

even at slow forward speeds, they should be used primarily 

indoors. If used outdoors, great care should be taken to 

avoid uneven ground or sharp inclines. Even a moderate 

incline may be dangerous, especially if the user has 

slightly impaired motor skills. If an incline must be 

negotiated, this should be done with assistance from another 

person. If speeds greater than approximately 2 m/s (4.5 

mph) will be encountered, a rear caster wheelchair should 

not be used. 

(8) Modifying secondary design variables such as camber 

angle, wheelchair width, or center of gravity height will 

not have a significant effect on wheelchair stability. 

(9) Tire selection has a moderate influence on rear caster 

wheelchair handling characteristics. _This influence is most 

noticeable at slower speeds. Tire selection should be based 

on ride and wear properties, although a tire with low 

cornering stiffness is best. 
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FUTURE WORK 

Future research into the area of directional stability 

should be extended to include electric wheelchairs. Using 

rear casters on electric wheelchairs is more common than is 

the case for manual wheelchairs. Although electric 

wheelchairs can use automatic controls to maintain a 

straight path, it is still desirable to make them as stable 

as possible. Doing this will increase the speeds at which 

automatic controls can be effective. 

Extending the stability study to include electric wheel-

chairs would require treadmill testing to determine the 

force characteristics of electric wheelchair tires. These 

tires come in a much wider range of shapes and sizes and 

might exhibit more variation than was found for manual 

wheelchair tires. This could result in tire selection being 

more important for electric wheelchairs. 

Program WCHAIR might be used for determining the total 

motor torque required to stabilize an electric wheelchair 

against external disturbances. Because the computer program 
•• monitors the angular acc~leration, e, of a wheelchair as it 

diverges from a desired path, it is possible to determine 

the total destabilizing moment acting on the wheelchair at 

any instant in time. Figure 9-4 shows the total destabi-

lizing torque as a function of time for the assumed 

reference case that was used throughout Chapter 8. For an 

electric wheelchair, the motors must be able to generate a 

torque through the tires which at least offsets a curve like 
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the one shown in Figure 9-4. If the total destabilizing 

torque produced by the lateral road forces becomes greater 

than the maximum tractive torque which can be generated by 

the motor, it will become impossible to return the wheel-

chair to a state of steady motion. 

The equations of motion and computer program that were 

developed as part of this work can be easily extended for 

the purposes of examining other types of wheelchairs. The 

results of this research indicate that a more sophisticated 

model will probably not uncover any significant stability 

parameters that have not already been examined. In addition 

to electric wheelchairs, it might be of interest to examine 

three wheeled wheelchairs or other peculiar designs. The 

simulation program may also be useful for examining the 

handling characteristics of conventional front caster wheel-

chairs. Because the effects of lateral load transfer have 

been incorporated into the model, it would be possible to 

investigate more severe types of motion than those that have 

been considered in this thesis. It would be useful to 

modify the simulation program such that propelling forces 

from the user or input torques from a motor could be 

included. 

Before extending the wheelchair model any further, it 

would be highly desirable to experimentally verify the 

results obtained from the simulation program. This could be 

done by instrumenting an actual rear caster wheelchair which 

is subjected to a known initial disturbance. 
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APPENDIX A 

DETAILS OF THE TREADMILL AND TEST CART 

A basic description of the treadmill and test cart 

apparatus was given in Chapter 3. Figure 3-1 shows a sketch 

of the treadmill, test cart and load cell. As stated 

previously, the test cart was rotated to a fixed angle, a, 

and the force required to hold the test cart in the fixed 

position was measured using a load cell. In this appendix, 

a more complete description of how the load cell measure-

ments were used to compute cornering force Fy as a function 

of normal force Fz (at constant slip angle) will be given. 

Figure A-1 shows a sketch of the test cart and its 

associated forces and dimensions. Recall that for most of 

the cornering force tests, the right wheel of the test cart 

was removed and replaced by a vertical cable. This was 

described in Chapter 3. This cable is shown in Figure A-1. 

The dimensions of the test cart are: 

d = test cart half width 

r = radius of wheel 

XC = d1stance from axle to test cart e.g. 

1 = distance from axle to support pin 

h = height of forward support rod 

The important forces as shown in Figure A-1 are: 

Rx = reaction at pin in X direction 

Ry = reaction at pin in y direction 
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Rz = reaction at pin in z direction 

T = tension in vertical support cable 

Fx = longitudinal force on tire 

Fy = lateral cornering force on tire 

Fz = normal force on tire 

= side force exerted in X direction 
by the load cell 

= side force exerted in Y direction 
by the load cell 
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It is pointed out that the X-Y-Z axis system has its 

origin at the tire contact point. This axis system was 

described in detail in Chapter 2. 

When using the test cart, the forward support pin is 

moved to various positions which correspond to fixed slip 

angles, a, for the tire. Thus, the first step in using the 

test cart is to determine the required positions of the 

forward pin. Note that using a pin to support the front of 

the test cart ensures that no moments are generated in 

addition to the reaction forces Rx, Ry, and Rz· 

The method for determining the positions for the 

forward support pin is explained with the aid of Figure A-2. 

This Figure shows a lop view of the test cart rotated 

through an exaggerated angle a. The test cart rotates about 

the point shown in Figure A-2 such that the connection point 

between the cart and the load cell remains fixed in space. 

This allows for successive measurements to be taken without 

moving the load cell. The load cell is configured to exert 

a side force Fs as shown. Although the side force has 
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components along both the X and Y tire axes, the load cell 

experiences an axial force only. 

In Figure A-2, the distances R, R1 , and R2 are defined 

as follows: 

R1 = lateral distance pin is moved to create 
angle a 

R2 = longitudinal distance pin is moved to create 
angle a 

R = total distance pin is moved 

It is convenient to find distances R1 and R2 which 

correspond to integer slip angles. Because the length, 1. 

is large compared to the width d, the distance R can be 

approximated as 

R = la (A-1) 

However, for large slip angles, this approximation is not 

particularly good. The best method for setting up the test 

cart is to determine R1 and R2 by directly using the dimen-

sions shown in Figure A-2. 

The dimensions b1 , b2 • and b3 shown in Figure A-2 are 

expressed in terms of the basic test cart dimensions as 

follows: 

d - dcos(a) 
b1 = (A-2a) 

sin(a) 

d - dcos(a) 
b2 = (A-2b) 

sin(a)cos(a) 

b3 = dtan(a) (A-2c) 

The distance R can then be found from the following 



equation: 

R =a+ b - 2abcos(a) 

where the constants a and bare given by 

a = 1 + b1 

b = 1 - b3 + b2 
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(A-3) 

(A-4 a) 

(A-4b) 

Finally, the required distances R1 and R2 are found to be 

R1 = Rsin (0) 

R2 = Rcos(0) 

where the angle 0 is given as 

(A-Sa) 

(A-Sb) 

0 = sin-1~: sin(a) (A-6) 

Thus, given the test cart dimensions d and 1 the 

distances R1 and R2 can be found for any desired slip angle. 

Once R1 and R2 have been obtained, the proper locations for 

the support pin along the forward support bar (see Figure 3-

1) can be measured. 

Distances for R1 and R2 were determined for slip angles 

of 1 through 8 degrees. Holes were drilled along the 

support bar at the front of the treadmill to correspond to 

these distances. Thus the test cart could be easily 

adjusted simply by moving the pin to the appropriate hole. 

With the treadmill belt moving, the test cart was 

rotated to a known slip angle a. The side force Fs 

necessary to hold the cart in the fixed position was 

measured. The load cell used for this testing had a range 
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of O - 100 lbf. The components of the load cell side force 

Fsx and Fsy are given by: 

Fsx = Fssin(a) 

Fsy = Fscos(a) 

(A-7 a) 

(A-7b) 

The normal force Fz and the lateral cornering force Fy 

are found by using six statics equations for the test cart 

as it is shown in Figure A-1. These are given below. 

Fx = R - Fx - Fsx = 0 (A-Sa) X 

Fy = Ry+ Fy Fsy = 0 (A-Sb) 

Fz = -R + w - T - Fz = 0 (A-Sc) z 

Mx = Ryh - Rzd + Wd - Ts - Fsyr = 0 (A-Sd) 

My = Rzl - R h - Wxc + Fsxr + Fzs = 0 (A-Se) X 

Mz = Ryl - Rxh = 0 (A-8 f) 

In order to solve these equations for the desired 

forces Fy and Fz• it is assumed that the rolling resistance 

force Fx depends only on the normal force Fz. Then Fx can 

be written in terms of Fz using the coefficient of rolling 

resistance fr defined in Chapter 3 (see equation 3-2). 

(A-9) 

Note that without equation CA-9), equations (A-S) have 

seven unknowns CFx• Fy• Fz, Rx, Ry• Rz• and T) and hence 

cannot be solved. However, if equation (A-9) is assumed to 

be valid, the desired forces can be found using the 

following sequential solution: 
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W(l-xc><s-d) + Fsy<rl) + Fsx ( rs-hs-rd) 
Fz = • 

fr< hs + rd - sr) + ls 
(A-10) 

Fx = frFz (A-11) 

Rx = frFz + Fsx (A-12) 

Fzfrd + Fsxd 
Ry = 

1 
(A-13) 

FY = Fsy - Ry (A-14) 

Rz 
Rxh + WXc - Fsxr - Fzfrr 

= 
1 

(A-1 S) 

T = W - R - F z z (A-16) 

These equations make it possible to determine all of 

.the unknown forces given only Fs and fr. It is emphasized 

that the equations must be solved in the order given. Only 

the equation for Fz is an explicit solution. Although it is 

possible to obtain explicit solutions for all of the forces, 

the expressions are cumbersome and there is no advantage to 

doing this. 

For the purposes ,of examining wheelchair motion, only 

the forces Fx• Fy, and Fz are of interest. However, when 

the treadmill testing was done, all of the forces in 

equations (A-10) through (A-16) were calculated. This was 

done so that a calculated value for the tension in the 

support cable, T, could be found. This calculated value was 

compared to a measured value of T which was obtained using a 

spring scale linked to the vertical support cable. Note 
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that it is not necessary to experimentally measure the 

tension in the support cable, but doing this provides one 

means of checking the consistency of results. For the 

treadmill results presented in this thesis, the difference 

between the value of T obtained from the spring scale and 

the value of T obtained from equation (A-16) was consis-

tently less than 7%. 

Note that equations (A-10) through (A-16) can be used 

even if the slip angle is zero. This is the method that was 

used for determining camber force. The left wheel of the 

test cart was cambered inward at the top (toward the center 

of the cart) and the side force Fs was measured. In this 

case, Fsx = o and Fsy = Fs· The lateral camber force was 

then determined using equations (A-10) through (A-16). 

Appendix B gives the treadmill results for the forces Fy and 

Fz as obtained for the seven tire types listed in Table 3-1. 

Finally, it is noted that approximate solutions to 

equations (A-10) through (A-16) can be obtained by assuming 

that the rolling resistance force is negligible. In this 

case 

(A-17a) 

and 

(A-17b) 

This gives 
(A-18) 

If it is assumed that x0 is much smaller than the total 
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length, 1, (the e.g. is almost directly over the test cart 

axle) then equation (A-18) becomes: 

F syr + W( s-d) 
F = z s 

(A-19) 

The advantage to using these approximations is that the 

forces of interest, Fy and Fz, can be found directly from 

the load cell reading, Fs, using equations (A-17b) and (A-

19). This simplifies the calculations somewhat. Also, note 

that assuming the approximations just given are valid, 

equation (A-19) indicates that if the test cart load, W, is 

constant, Fz is proportional to the lateral force Fy• These 

is the reason for the linear lines of constant test cart 

load shown if Figure 3-4a. 

It was found that using the approximations just 

discussed, the calculated values of Fy and Fz changed by 

only a few percent. As expected, the largest error occurs 

for larger test cart loads. The Fy and Fz values presented 

in Appendix B were calculated using the full set of 

equations (A-10) through (A-16) without any approximations. 
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This appendix gives the results of the treadmill 

testing that was done for each of the wheelchair tires 

listed in Table 3-1. Also given at the end of the appendix 

are the empirical coefficients which correspond to 

experimentally determined tire forces. 

The results presented here represent the numerical 

values for lateral cornering force and camber force as found 

using the test cart and load cell. The method used to 

calculate the cornering force Fy from the measured side 

force Fs at the load cell was given in Appendix A. 

Appendix B is divided into three parts. The first 

section gives cornering force results for each tire 

subjected to slip angles of 1 through 8 degrees. The second 

section gives camber force results for the five 24 inch 

ti res subject to camber angles of 2, s, and 8 degrees. 

Finally, the last section contains the empirical 

CO e f f i Ci en t S CO r r e S p
0
0 n di n g t O th e be St f i t C Ur V e S a S 

described in Chapter 4. The results given in this appendix 

are plotted in Figures 3-4a through 3-4g and in Figures 3-

7a through 3-7e. 

For clarity in reading the results tables, note that: w 
is total test cart weight, W(N) is test cart weight in 

Newtons, FZ is the calculated normal force on the tire, and 

FY is the calculated lateral cornering force on the tire. 
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TIRE . AIRLESS GREY <AG> . 
CONSTANT SLIP ANGLE = 1 DEG 

POUNDS FORCE NEWTONS 

w W<N) FZ FY FZ FY 

B2. 364.8 43.79 11.44 194.77 50.90 
111. 493.B 58.70 13.75 261.09 61.14 
140. 622.8 73.97 16.84 329.06 74.92 
169. 751.7 88.32 17.95 392.89 79.83 
198. 880.7 101.58 16.67 451.85 74.17 
227. 1009.7 115.21 16.21 512.47 72.13 

TIRE . AIRLESS GREY (AG> . 
CONSTANT SLIP ANGLE= 2 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

B2. 364.8 47.82 20.15 212.71 89.62 
111. 493.8 63.28 23.64 281.47 105. 15 
140. 622.B 7B.73 27.12 350.22 120.65 
169. 751.7 93.27 2B.62 414.86 127.33 
198. 880.7 107.63 29.74 478.77 132.30 
227. 1009.7 121.45 29.68 540.22 132.04 

TIRE = AIRLESS GREY <AG> 
CONSTANT SLIP ANGLE = 3 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 51.43 27.99 228.78 124.49 
111. 493.8 67.62 33.05 300.77 147.02 
140. 622.8 83.25 36.92 370.31 164.23 
169. 751.7 97.59 38.02 434.11 169.11 
198. 880.7 112. 0 69 40.72 501.28 181.12 
227. 1009.7 126;50 40.66 562.72 180.85 

TIRE I AIRLESS GREY (AG> 
CONSTANT SLIP ANGLE= 4 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

B2. 364.8 54.63 34.96 243.01 155.51 
111. 493.8 71.35 41.19 317.38 183.21 
140. 622.8 86.97 45.04 386.86 200.35 
169. 751. 7 102.22 48.11 454.72 214.00 
198. BB0.7 116. 58 49.22 518.60 218.93 
227. 1009.7 130.76 49.95 581. 66 222.17 
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TIRE : AIRLESS GREY <AG> 
CONSTANT SLIP ANGLE = 5 DEG 

POUNDS FORCE NEWTONS 

w W(N) FZ FY FZ FY 

82. 364.8 56.88 39.89 253.00 177.46 
111. 493.8 73.76 46.49 328.09 206.78 
140. 622.8 90.45 52.68 402.36 234.33 
169. 751. 7 105.88 56. 13 470.98 249.66 
198. 880.7 120.78 58.41 537.26 259.81 
227. 1009.7 134.59 58.35 598.70 259.54 

TIRE = AIRLESS GREY <AG> 
CONSTANT SLIP ANGLE = 6 DEG 

POUNDS FORCE NEWTONS 

w W(N) FZ FY FZ FY 

82. 364.8 58.55 43.60 260.42 193.92 
111. 493.8 75.94 51.33 337.82 228.32 
140. 622.8 92.98 58.27 413.60 259.20 
169. 751. 7 108.58 62.09 482.97 276.20 
198. 880.7 123.83 65.14 550.82 289.77 
227. 1009.7 137.64 65.08 612. 26 289.49 

TIRE = AIRLESS GREY <AG> 
CONSTANT SLIP ANGLE = 7 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 59.82 46.46 266.11 206.69 
111. 493.8 77.55 54.93 344.98 244.36 
140. 622.8 94.93 62.62 422.25 278.53 
169. 751.7 110.a6 67.19 493.15 298.89 
198. 880.7 126.82 71.78 564.13 319.31 
227. 1009.7 140.63 71.72 625.57 319.03 

TIRE AIRLESS GREY <AG> 
CONSTANT SLIP ANGLE= 8 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 60.37 47.74 268.52 212.36 
111. 493.8 79.13 58.48 351.98 260.13 
140. 622.8 96.12 65.35 427.55 290.67 
169. 751.7 112. 57 71. 06 500.75 316.07 
198. 880.7 128.34 75.23 570.87 334.65 
227. 1009.7 142.50 75.94 633.88 337.80 
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TIRE . EVEREST AND JENNINGS PNEUMATIC <EJP> . 
CONSTANT SLIP ANGLE= 1 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 43.64 11.09 194.11 49.34 
111. 493.8 58.60 13.46 260.67 59.89 
140. 622.8 73.01 14.64 324.77 65. 14 
169. 751. 7 87.23 15.43 388.04 68.63 
198. 880.7 101.46 16. 21 451.30 72.08 
227. 1009.7 114.94 15.40 511. 27 68.51 

TIRE : EVEREST AND JENNINGS PNEUMATIC (EJP> 
CONSTANT SLIP ANGLE = 2 DEG 

-POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 47.85 20. 19 212.86 89.81 
111. 493.8 63.55 24.14 282.67 107.39 
140. 622.8 79.43 28.50 353.32 126.76 
169. 751.7 93.47 28.88 415.75 128.47 
198. 880.7 107.69 29.65 479.01 131.91 
227. 1009.7 121.54 29.65 540.63 131.88 

TIRE : EVEREST AND JENNINGS PNEUMATIC <EJP> 
CONSTANT SLIP ANGLE = 3 DEG 

POUNDS FORCE NEWTONS 

w W(N> FZ FY FZ FY 

82. 364.8 51.65 28.42 229.74 126.42 
111. 493.8 67.70 33.15 301. 13 147.44 
140. 622.8 84.48 39.46 375.80 175.53 
169. 751. 7 99.44 41.82 442.31 186.03 
198. 880.7 113.S4 42.99 506.37 191.21 
227. 1009.7 127.51 42.58 567. 17 189.42 

TIRE I EVEREST AND JENNINGS PNEUMATIC (EJP> 
CONSTANT SLIP ANGLE = 4 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 55.39 36.57 246.39 162.67 
111. 493.8 72.88 44.43 324.20 197.62 
140. 622.8 89.47 50.32 397.98 223.82 
169. 751.7 104.41 52.67 464.45 234.27 
198. 880.7 119.72 55.80 532.55 248.19 
227. 1009.7 133.57 55.79 594. 17 248.16 
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TIRE : EVEREST AND JENNINGS PNEUMATIC (EJP> 
CONSTANT SLIP ANGLE = 5 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 58.35 43.06 259.57 191. 55 
111. 493.8 76.73 52.84 341. 29 235.05 
140. 622.8 94.20 60.67 419.02 269.85 
169. 751. 7 108.95 62.61 484.65 278.50 
198. 880.7 124.25 65.72 552.71 292.36 
227. 1009.7 138.47 66.50 615.93 295.80 

TIRE EVEREST AND JENNINGS PNEUMATIC <EJP> 
CONSTANT SLIP ANGLE = 6 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 60.01 46.74 266.94 207.93 
111. 493.8 79.25 58.43 352.52 259.89 
140. 622.8 96.70 66.21 430.13 294.51 
169. 751.7 111.98 69.31 498. 13 308.32 
198. 880.7 127.63 73.19 567.74 325.57 
227. 1009.7 141. 84 73.96 630.95 329.00 

TIRE : EVEREST AND JENNINGS PNEUMATIC <EJP> 
CONSTANT SLIP ANGLE = 7 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 61. 46 49.98 273.37 222.34 
111. 493.8 80.83 61. 99 359.56 275.74 
140. 622.8 99.32 72.06 441. 81 320.53 
169. 751.7 115. 31 76.70 512.94 341.16 
198. 880.7 130.24 79.00 579.32 351. 42 
227. 1009.7 145.16 81.32 645.69 361. 73 

TIRE : EVEREST AND JENNINGS PNEUMATIC (EJP) 
CONSTANT SLIP ANGLE = 8 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 62.52 52.40 278.08 233.07 
111. 493.8 81. 85 64.33 364.09 286.17 
140. 622.8 100.84 75.50 448.54 335.84 
169. 751.7 117.16 80.88 521.16 359.79 
198. 880.7 131.01 80.86 582.78 359.69 
227. 1009.7 147.34 86.25 655.41 383.67 
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TIRE . SILVER STAR PNEUMATIC 75PSI (SS) . 
CONSTANT SLIP ANGLE= 1 DEG 

POUNDS FORCE NEWTONS 

w W(N) FZ FY FZ FY 

82. 364.8 42.71 9.10 189.98 40.46 
111. 493.8 58.05 12.27 258.22 54.60 
140. 622.8 72.10 12.67 320.71 56.35 
169. 751.7 86. 13 13.05 383.12 58.04 
198. 880.7 100.55 14.24 447.27 63.34 
227. 1009.7 114.21 13.82 508.03 61.48 

TIRE : SILVER STAR PNEUMATIC 75PSI (SS) 
CONSTANT SLIP ANGLE= 2 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 47. 11 18.60 209.58 82.74 
111. 493.8 62.44 21.77 277.77 96.82 
140. 622.8 76.86 22.95 341.89 102.09 
169. 751.7 91.81 25.32 408.41 112. 61 
198. 880.7 106.41 26.90 473.36 119. 65 
227. 1009.7 120.63 27.68 536.58 123.11 

TIRE I SILVER STAR PNEUMATIC 75PSI (SS> 
CONSTANT SLIP ANGLE a 3 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 50.91 26.84 226.47 119. 37 
111. 493.8 66.97 31.57 297.89 140.43 
140. 622.8 82.30 34.73 366.07 154.48 
169. 751.7 96.88 36.29 430.93 161.43 
198. 880.7 110. 92 36.68 493.41 163.16 
227. 1009.7 125.32 37.85 557.44 168.36 

TIRE I SILVER STAR PNEUMATIC 75PSI (SS> 
CONSTANT SLIP ANGLE• 4 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 53.75 33.02 239.09 146.89 
111. 493.8 70.52 39.31 313.68 174.86 
140. 622.8 86.57 44.03 385.06 195.85 
169. 751. 7 100.96 45.19 449.09 201. 02 
198. 880.7 115.00 45.58 511. 56 202.73 
227. 1009.7 129.94 47.92 578.01 213.17 
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TIRE : SILVER STAR PNEUMATIC 75PSI <SS> 
CONSTANT SLIP ANGLE= 5 DEG 

POUNDS FORCE NEWTONS 

w W(N) FZ FY FZ FY 

82. 364.8 55.64 37.18 247.49 165.38 
111. 493.8 73.11 45.00 325.21 200.19 
140. 622.8 89.69 50.88 398.94 226.31 
169. 751. 7 105.16 54.38 467.78 241.91 
198. 880.7 118.84 53.98 528.64 240.13 
227. 1009.7 133.77 56.32 595.05 250.52 

TIRE . SILVER STAR PNEUMATIC 75PSI (88) . 
CONSTANT SLIP ANGLE = 6 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 56.77 39.72 252.55 176.69 
111. 493.8 74.40 47.90 330.95 213.05 
140. 622.8 92.04 56.08 409.39 249.45 
169. 751.7 108.04 60.74 480.58 270.18 
198. 880.7 122.62 62.29 545.44 277.08 
227. 1009.7 137.54 64.61 611.81 287.41 

TIRE : SILVER STAR PNEUMATIC 75PSI (SS> 
CONSTANT SLIP ANGLE = 7 DEG 

POUNDS FORCE NEWTONS 

w W(N) FZ FY FZ FY 

82. 364.8 57.35 41.06 255.12 182.63 
111. 493.8 76.20 51. 90 338.95 230.88 
140. 622.8 94.16 60.82 418.85 270.53 
169. 751.7 110. 68 66.62 492.34 296.33 
198. 880.7 125.62 68.93 558.77 306.64 
227. 1009.7 140.-17 70.47 623.52 313.46 

TIRE I SILVER STAR PNEUMATIC 75PSI <SS> 
CONSTANT SLIP ANGLE= 8 DEG 

POUNDS FORCE NEWTONS 

w W(N) FZ FY FZ FY 

82. 364.8 57.74 41.98 256.82 186.73 
111. 493.8 76.72 53.15 341. 27 236.41 
140. 622.8 95.36 63.55 424.18 282.70 
169. 751.7 112.57 70.86 500.73 315.21 
198. 880.7 127.49 73.17 567.11 325.46 
227. 1009.7 143.46 77.78 638.14 345.97 



TIRE INVACARE MAG-SPIDER WEB (IM> 
CONSTANT SLIP ANGLE= 1 DEG 

w 

82. 
111. 
140. 
169. 
198. 
227. 

W<N> 

364.8 
493.8 
622.8 
751.7 
880.7 

1009.7 

POUNDS FORCE 

FZ 

42.70 
56.91 
70.93 
84.76 
98.40 

112.21 

FY 

9.09 
9.84 

10.21 
10.16 
9.71 
9.64 

TIRE: INVACARE MAG-SPIDER WEB <IM> 
CONSTANT SLIP ANGLE= 2 DEG 

NEWTONS 

FZ 

189.95 
253.14 
315.53 
377.03 
437.72 
499. 12 
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FY 

40.42 
43.78 
45.40 
45. 19 
43. 19 
42.86 

POUNDS FORCE NEWTONS 

w 

82. 
111. 
140. 
169. 
198. 
227. 

W<N> 

364.8 
493.8 
622.8 
751.7 
880.7 

1009.7 

FZ 

45.63 
60.39 
75.15 
89.35 

103.73 
117.90 

FY 

15.41 
17.36 
19.31 
20.06 
21.20 
21.93 

TIRE: INVACARE MAG-SPIDER WEB <IM> 
CONSTANT SLIP ANGLE= 3 DEG 

FZ 

202.97 
268.62 
334.29 
397.43 
461.42 
524.46 

FY 

68.55 
77.22 
85.90 
89.23 
94.31 
97.53 

POUNDS FORCE NEWTONS 

w 

82. 
111. 
140. 
169. 
198. 
227. 

W<N> 

364.8 
493.8 
622.8 
751.7 
880.7 

1009.7 

FZ 

48.71 
63.82 
78.77 
93. 6-'a 

108.44 
122.98 

FY 

22.08 
24.81 
27.15 
29.48 
31.41 
32.92 

TIRE: INVACARE MAG-SPIDER WEB (IM> 
CONSTANT SLIP ANGLE= 4 DEG 

FZ 

216.65 
283.90 
350.37 
415.77 
482.37 
547.04 

FY 

98.21 
110.3E, 
120.77 
131.13 
139.71 
146.45 

POUNDS FORCE NEWTONS 

w 

82. 
111. 
140. 
169. 
198. 
227. 

W(N) 

364.8 
493.8 
622.8 
751.7 
880.7 

1009.7 

FZ 

50.83 
66.48 
81.78 
95.70 

111.63 
126.89 

FY 

26.71 
30.61 
33.73 
36.05 
38.36 
41.45 

FZ 

226.09 
295.74 
363.79 
430.16 
496.55 
564.45 

FY 

118.81 
136. 15 
150.03 
160.35 
170.65 
184.37 
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TIRE : INVACARE MAG-SPIDER WEB (IM> 
CONSTANT SLIP ANGLE = 5 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 52.37 30.11 232.97 133.94 
111. 493.8 68.02 33.99 302.56 151. 22 
140. 622.8 83.85 38.27 372.99 170.25 
169. 751. 7 99.67 42.54 443.35 189.25 
198. 880.7 114.77 45.24 510.51 201.24 
227. 1009.7 130.38 49.10 579.98 218.40 

TIRE : INVACARE MAG-SPIDER WEB ( IM) 
CONSTANT SLIP ANGLE = 6 DEG 

POUNDS FORCE NEWTONS 

w W(N) FZ FY FZ FY 

82. 364.8 52.99 31.52 235.73 140.20 
111. 493.8 69.35 36.94 308.46 164.33 
140. 622.8 85.16 41. 20 378.83 183.27 
169. 751.7 101. 15 45.84 449.93 203.91 
198. 880.7 116.78 49.69 519.45 221.05 

TIRE : INVACARE MAG-SPIDER WEB <IM> 
CONSTANT SLIP ANGLE = 7 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 53.24 32.12 236.83 142.89 
111. 493.8 70.11 38.68 311. 87 172.07 
140. 622.8 86.45 44.08 384.55 196.09 
169. 751. 7 102.60 49.08 456.37 218.34 
198. 880.7 118.]5 54.08 528.22 240.57 
227. 1009.7 134.- 16 57.51 596.78 255.82 

TIRE I INVACARE MAG-SPIDER WEB < IM> 
CONSTANT SLIP ANGLE= 8 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 53. 13 31.94 236.32 142.07 
111. 493.8 70.15 38.85 312.04 172.80 
140. 622.8 86.47 44.21 384.63 196.67 
169. 751. 7 102.95 49.96 457.95 222.23 
198. 880.7 119. 62 56.09 532.08 249.48 
227. 1009.7 135. 19 59.88 601. 37 266.36 

-



TIRE : EVEREST AND JENNINGS AIRLESS (EJA) 
CONSTANT SLIP ANGLE= 1 DEG 
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POUNDS FORCE NEWTONS 

w 

82. 
111. 
140. 
169. 
198. 
227. 

W<N> 

364.8 
493.8 
622.8 
751.7 
880.7 

1009.7 

FZ 

41.39 
56.51 
70.90 
84.92 
98.93 

113.10 

FY 

6.27 
9.01 

10.17 
10.52 
10.86 
11. 58 

FZ 

184.09 
251. 38 
315.40 
377.74 
440.06 
503.09 

TIRE : EVEREST AND JENNINGS AIRLESS (EJA> 
CONSTANT SLIP ANGLE= 2 DEG 

FY 

27.89 
40. 10 
45.23 
46.81 
48.32 
51.53 

POUNDS FORCE NEWTON~ 

w 

82. 
111. 
140. 
169. 
198. 
227. 

W(N) 

364.8 
493.8 
622.8 
751.7 
880.7 

1009.7 

FZ 

44.51 
60.37 
75.86 
90.06 

104.07 
118.05 

FY 

13.01 
17.33 
20.87 
21. 62 
21.96 
22.28 

FZ 

197.98 
268.52 
337.45 
400.60 
462.92 
525. 13 

TIRE: EVEREST AND JENNINGS AIRLESS (EJA> 
CONSTANT SLIP ANGLE= 3 DEG 

FY 

57.85 
77.09 
92.81 
96. 15 
97.67 
99.09 

POUNDS FORCE NEWTONS 

w 

82. 
111. 
140. 
169. 
198. 
227. 

W<N> 

364.8 
493.8 
622.8 
751.7 
880.7 

1009.7 

FZ 

45.75 
63.99 
80.02 
94.59 

109.33 
123.68 

FY 

15.72 
25. 18 
29.89 
31.43 
33.35 
34.46 

FZ 

203.53 
284.63 
355.96 
420.74 
486.32 
550.15 

TIRE : EVEREST AND JENNINGS AIRLESS <EJA> 
CONSTANT SLIP ANGLE= 4 DEG 

FY 

69.94 
112. 00 
132.94 
139.79 
148.35 
153.30 

POUNDS FORCE NEWTONS 

w 

82. 
111. 
140. 
169. 
198. 
227. 

W(N) 

364.8 
493.8 
622.8 
751.7 
880.7 

1009.7 

FZ 

46.98 
66.65 
83.03 
98.50 

113.61 
127.95 

FY 

18.41 
30.98 
36.46 
39.96 
42.66 
43.77 

FZ 

209.00 
296.46 
369.35 
438. 16 
505.34 
569. 17 

FY 

81.90 
137.81 
162. 16 
177.75 
189.78 
194.71 
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TIRE . EVEREST AND JENNINGS AIRLESS (EJA> . 
CONSTANT SLIP ANGLE= 5 DEG 

POUNDS FORCE NEWTONS 

w W(N) FZ FY FZ FY 

82. 364.8 48.92 22.64 217.60 100.71 
111. 493.8 68.36 34.76 304.08 154.60 
140. 622.8 85.27 41.38 379.32 184.08 
169. 751.7 101. 64 46.83 452.11 208.32 
198. 880.7 116.91 49.92 520.06 222.03 
227. 1009.7 131. 44 51. 41 584.67 228.69 

TIRE : EVEREST AND JENNINGS AIRLESS (EJA) 
CONSTANT SLIP ANGLE = 6 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 51.36 27.99 228.47 124.50 
111. 493.8 70.05 38.48 311. 58 171.18 
140. 622.8 87.12 45.47 387.51 202.24 
169. 751.7 103.82 51. 67 461.82 229.83 
198. 880.7 119. 09 54.74 529.73 243.47 
227. 1009.7 134. 15 57.40 596.72 255.31 

TIRE . EVEREST AND JENNINGS AIRLESS (EJA> . 
CONSTANT SLIP ANGLE = 7 DEG 

POUNDS FORCE NEWTONS 

w W(N) FZ FY FZ FY 

82. 364.8 53.41 32.50 237.57 144.55 
111. 493.8 71.34 41. 38 317.34 184.06 
140. 622.8 88.57 48.71 393.96 216.68 
169. 751.7 105.07 54.49 467.39 242.39 
198. 880.7 120.J51 57.93 536.04 257.69 
227. 1009.7 135.;74 60.97 603.78 271. 19 

TIRE : EVEREST AND JENNINGS AIRLESS <EJA> 
CONSTANT SLIP ANGLE = 8 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 54.00 33.85 240.20 150.59 
111. 493.8 71. 90 42.68 319.83 189.87 
140. 622.8 89.10 49.97 396.34 222.30 
169. 751.7 105.41 55.34 468.88 l:!46.14 
198. 880.7 121. 18 59.53 539.05 264.79 
227. 1009.7 135.87 61.39 604.38 273.06 
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TIRE . ESSEM RUBBER CASTER <ER) . 
CONSTANT SLIP ANGLE = 1 DEG 

POUNDS FORCE NEWTONS 

w W<N) FZ FY FZ FY 

73. 324.7 40.79 5.84 181. 46 25.98 
102. 453.7 55.95 6.00 248.86 26.67 
131. 582.7 71. 11 6. 15 316.32 27.36 
160. 711. 7 86.04 5.89 382.71 26.20 
189. 840.7 101. 15 6.01 449.94 26.75 
218. 969.7 116.10 5.76 516.43 25.60 

TIRE . ESSEM RUBBER CASTER <ER> . 
CONSTANT SLIP ANGLE = 2 DEG 

-POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

73. 324.7 43.66 11. 31 194. 19 50.32 
102. 453.7 58.81 11. 47 261. 59 51.02 
131. 582.7 73.76 11.22 328.09 49.89 
160. 711. 7 89. 11 11.77 396.39 52.36 
189. 840.7 104.01 11.49 462.67 51. 09 
218. 969.7 119.28 11. 84 530.57 52.66 

TIRE . ESSEM RUBBER CASTER <ER> . 
CONSTANT SLIP ANGLE = 3 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

73. 324.7 46.48 16.74 206.77 74.46 
102. 453.7 61. 85 17.30 275. 11 76.96 
131. 582.7 76.80 17.05 341.62 75.85 
160. 711. 7 91. 72 16.79 408.00 74.68 
189. 840.7 106.52 16.30 473.82 72.52 
218. 969.7 122.21 17.46 543.61 77.68 

TIRE . ESSEM RUBBER CASTER <ER> . 
CONSTANT SLIP ANGLE = 4 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

73. 324.7 48.96 21. 51 217.78 95.69 
102. 453.7 64.84 23.08 288.44 102.65 
131. 582.7 79.69 22.63 354.49 100.65 
160. 711. 7 94.62 22.36 420.87 99.48 
189. 840.7 109.41 21.88 486.69 97.32 
218. 969.7 124.68 22.23 554.58 9B.87 
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TIRE . ESSEM RUBBER CASTER (ER> . 
CONSTANT SLIP ANGLE = 5 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

73. 324.7 51.61 26.63 22'3.55 118.47 
102. 453.7 67.80 28.7'3 301.58 128.07 
131. 582.7 82.75 28.54 368. 10 126.'37 
160. 711. 7 '37.68 28.28 434.4'3 125.81 
18'3. 840.7 112. 05 27.00 4'38.44 120.08 
218. '36'3.7 127.'34 28.55 56'3. 13 126.9'3 

TIRE . ESSEM RUBBER CASTER <ER> . 
CONSTANT SLIP ANGLE = 6 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

73. 324.7 53.'30 31. 0'3 23'3.75 138.31 
102. 453.7 70.08 33.24 311. 75 147.87 
131. 582.7 85.45 33.7'3 380. 11 150.32 
160. 711. 7 100.07 32.'34 445. 13 146.51 
18'3. 840.7 114.66 32.05 510.01 142.58 
218. '36'3.7 130.13 32.80 578.83 145.90 

TIRE : ESSEM RUBBER CASTER <ER> 
CONSTANT SLIP ANGLE = 7 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

73. 324.7 56.46 36.09 251. 15 160.55 
102. 453.7 72.33 37.63 321.74 167.41 
131. 582.7 87.'30 38.58 391. 01 171.61 
160. 711. 7 102.62 37.'32 456.49 168.70 
18'3. 840.7 111.01 36.65 520.47 163.01 
218. '36'3.7 132.89 38. 18 5'31. 10 16'3.85 

TIRE . ESSEM RUBBER CASTER (ER> . 
CONSTANT SLIP ANGLE = 8 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

73. 324.7 58.47 40.03 260.07 178.08 
102. 453.7 74.74 42.36 332.44 188.42 
131. 582.7 8'3.'30 42.51 39'3.88 18'3.08 
160. 711. 7 104.31 41. 26 464.00 183.55 
18'3. 840.7 118.'30 40.3'3 528.'31 17'3.65 
218. '369.7 134.78 41.'32 59'3.52 186.45 
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TIRE : POLYURETHANE CASTER (PU) 
CONSTANT SLIP ANGLE = 1 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

73. 324.7 40.70 5.64 181.03 25.10 
102. 453.7 55.76 5.61 248.02 24.94 
131. 582.7 70.94 5.78 315.56 25.71 
160. 711. 7 86.10 5.94 383.00 26.44 
189. 840.7 101.26 6.10 450.42 27.14 
218. 969.7 116.20 5.84 516.88 25.97 

TIRE . POLYURETHANE CASTER (PU) . 
CONSTANT SLIP ANGLE = 2 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

73. 324.7 42.92 9.90 190.93 44.04 
102. 453.7 58.09 10.07 258.39 44.78 
131. 582.7 73.59 10.85 327.35 48.25 
160. 711. 7 88.65 10.81 394.31 48.07 
189. 840.7 103.05 9.54 458.40 42.42 
218. 969.7 118.31 9.89 526.29 43.98 

TIRE . POLYURETHANE CASTER <PU> . 
CONSTANT SLIP ANGLE = 3 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

73. 324.7 44.80 13.51 199.28 60.09 
102. 453.7 60.82 15.30 270.52 68.05 
131. 582.7 75.57 14.65 336. 16 65. 18 
160. 711. 7 90.73 14.82 403.59 65.90 
189. 840.7 105.57 14.36 469.60 63.90 
218. 969.7 120.40 13.90 535.57 61. 82 

TIRE . POLYURETHANE CASTER (PU> . 
CONSTANT SLIP ANGLE = 4 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

13. 324.7 47.07 17.89 209.39 79.56 
102. 453.7 .62. 66 18.86 278.73 83.90 
131. 582.7 78.37 20.04 348.59 89. 13 
160. 711. 7 92.89 18.99 413.21 84.46 
189. 840.7 107.21 17.53 476.88 77.97 
218. 969.7 122.25 17.47 543.80 77.70 
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TIRE . POLYURETHANE CASTER (PU) . 
CONSTANT SLIP ANGLE = 5 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

73. 324.7 48.37 20.41 215.17 90.80 
102. 453.7 64.69 22.79 287.75 101. 37 
131. 582.7 80.29 23.76 357. 14 105.69 
160. 711. 7 95.24 23.52 423.64 104.62 
189. 840.7 109.24 21.46 485.92 95.47 
218. 969.7 123.86 20.60 550.98 91.62 

TIRE : POLYURETHANE CASTER (PU> 
CONSTANT SLIP ANGLE = 6 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

73. 324.7 49.75 23.11 221.31 102.79 
102. 453.7 66.48 26.27 295.71 116.86 
131. 582.7 81.76 26.63 363.68 118.48 
160. 711. 7 97.23 27.40 432.50 121.87 
189. 840.7 111. 24 25.35 494.81 112. 75 
218. 969.7 125.35 23.49 557.58 104.50 

TIRE : POLYURETHANE CASTER (PU) 
CONSTANT SLIP ANGLE = 7 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

73. 324.7 51. 94 27.36 231.02 121. 69 
102. 453.7 68.34 29.91 303.98 133.03 
131. 582.7 83.93 30.86 373.32 137.29 
160. 711. 7 98.36 29.63 437.54 131.81 
189. 840.7 113.20 29. 18 503.55 129.82 
218. 969.7 127,. 22 27.14 565.89 120.72 

TIRE . POLYURETHANE CASTER <PU> . 
CONSTANT SLIP ANGLE = 8 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

73. 324.7 53.46 30.36 237.81 135.04 
102. 453.7 69.85 32.89 310.73 146.32 
131. 582.7 85.54 34.04 380.51 151. 44 
160. 711. 7 100.09 33.02 445.20 146.87 
189. 840.7 114. 11 31. 00 507.59 137.87 
218. 969.7 129.36 31.33 575.42 139.36 
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TIRE : AG 
CONSTANT CAMBER ANGLE = 2 DEG 

POUNDS FORCE NEWTONS 

w WCN> FZ FY FZ FY 

82. 364.8 39.67 2.59 176.47 11.52 
111. 493.8 53.87 3.37 239.65 15.01 
140. 622.8 67.85 3.67 301. 82 16.33 
169. 751.7 81. 72 3.74 363.50 16.62 
198. 880.7 95.77 4.18 426.03 18.61 
227. 1009.7 109.46 3.84 486.89 17.10 

TIRE . AG . 
CONSTANT CAMBER ANGLE = 5 DEG 

-POUNDS FORCE NEWTONS 

w WCN) FZ FY FZ FY 

82. 364.8 41. 02 5.47 182.45 24.35 
111. 493.8 55.56 6.98 247.12 31.05 
140. 622.8 69.91 8.08 310.97 35.95 
169. 751. 7 83.89 8.39 373. 14 37.31 
198. 880.7 97.89 8.71 435.42 38.76 
227. 1009.7 111.51 8.25 496.04 36.72 

TIRE . AG . 
CONSTANT CAMBER ANGLE = 8 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 41. 69 6.92 185.44 30.76 
111. 493.8 56.30 8.58 250.45 38. 18 
140. 622.8 70.47 9.28 313.46 41.30 
169. 751. 7 8.l;t.73 10.19 376.88 45.34 
198. 880.7 99.01 11. 12 440.41 49.46 
227. 1009.7 112.63 10.66 501.02 47.42 
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TIRE : EJP 
CONSTANT CAMBER ANGLE = 2 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 40. 12 3.52 178.47 15.67 
111. 493.8 54.34 4.30 241.73 19. 14 
140. 622.8 68.38 4.69 304. 19 20.85 
169. 751.7 82.27 4.76 365.97 21. 16 
198. 880.7 96.22 4.93 428.00 21.95 
227. 1009.7 110.31 5.45 490.70 24.24 

TIRE : EJP 
CONSTANT CAMBER ANGLE = 5 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 41. 69 6.89 185.44 30.63 
111. 493.8 55.95 7.75 248.87 34.46 
140. 622.8 71.00 10.29 315.81 45.78 
169. 751.7 84.66 9.88 376.59 43.95 
198. 880.7 98.89 10.66 439.87 47.41 
227. 1009.7 113. 30 11.85 503.98 52.73 

TIRE : EJP 
CONSTANT CAMBER ANGLE = 8 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 42.73 9.13 190.09 40.61 
111. 493.8 56.:96 9.91 253.35 44.08 
140. 622.8 7f. 74 11.89 319.13 52.90 
169. 751.7 86.15 13.08 383.23 58. 19 
198. 880.7 100.19 13.46 445.68 59.87 
227. 1009.7 114.34 14.09 508.63 62.70 

-
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TIRE . ss . 
CONSTANT CAMBER ANGLE = 2 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 39.90 3.04 177.47 13.54 
111. 493.8 54.05 3.67 240.43 16.33 
140. 622.8 68.03 3.91 302.60 17.38 
169. 751. 7 81.91 3.97 364.37 17.67 
198. 880.7 95.86 4. 16 426.42 18.49 
227. 1009.7 128.60 44.68 572.03 198.74 

TIRE : ss 
CONSTANT CAMBER ANGLE = 5 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 41.43 6.33 184.28 28. 14 
111. 493.8 55.82 7.47 248.31 33.25 
140. 622.8 70.08 8.31 311. 72 36.97 
169. 751.7 84.11 8.69 374. 16 38.68 
198. 880.7 97.97 8.68 435.80 38.61 
227. 1009.7 112. 18 9.46 499.02 42.07 

TIRE . ss . 
CONSTANT CAMBER ANGLE = 8 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 41.71 6.93 185.52 30.81 
111. 493.8 56.59 9.12 251.71 40.55 
140. 622.8 71.38 11. 11 317.53 49.43 
169. 751. 7 85.053 11.74 380.46 52.21 
198. 880.7 99~72 12.44 443.59 55.34 
227 .. 1009=7 113.86 13.06 506.48 58.09 
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TIRE . IM . 
CONSTANT CAMBER ANGLE = 2 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 39.22 1. 59 174.44 7.07 
111. 493.8 53.24 1. 95 236.81 8.67 
140. 622.8 67.11 1. 99 298.54 8.86 
169. 751. 7 81.05 2. 19 360.54 9.73 
198. 880.7 94.85 2.05 421.89 9.14 
227. 1009.7 108.73 2.15 483.65 9.56 

TIRE . IM . 
CONSTANT CAMBER ANGLE = 5 DEG 

-POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 40.00 3.27 177.93 14.55 
111. 493.8 53.98 3.55 240. 13 15.80 
140. 622.8 68.05 3.99 302.69 17.77 
169. 751.7 82.06 4.35 365.02 19.35 
198. 880.7 96.04 4.62 427.21 20.54 
227. 1009.7 110.04 4.95 489.46 22.03 

TIRE . IM . 
CONSTANT CAMBER ANGLE = 8 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 
82. 364.8 40.08 3.43 178.26 15.27 

111. 493.8 54.69 5.07 243.29 22.56 
140. 622.8 68.64 5.28 305.34 23.47 
169. 751. 7 82.55 5.39 367. 18 23.98 
198. 880.7 96.060 5.82 429.70 25.88 
227. 1009.7 110.67 6.31 492.29 28.09 
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TIRE : EJA 
CONSTANT CAMBER ANGLE = 2 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 39.20 1. 57 174.37 6.97 
111. 493.8 53.27 2.04 236.95 9.06 
140. 622.8 67.27 2.35 299.24 10.47 
169. 751. 7 81.21 2.55 361. 25 11. 34 
198. 880.7 95.00 2.41 422.58 10.72 
227. 1009.7 108.83 2.40 484.10 10.68 

TIRE : EJA 
CONSTANT CAMBER ANGLE = 5 DEG 

POUNDS FORCE NEWTONS 

w WCN> FZ FY FZ FY 

82. 364.8 39.82 2.89 177. 11 12.85 
111. 493.8 54.37 4.40 241.85 19.57 
140. 622.8 68.39 4.76 304.22 21. 1G 
169. 751. 7 82.46 5.23 366.81 23.28 
198. 880.7 96.61 5.86 429.72 26.05 
227. 1009.7 110.62 6.25 492.07 27.79 

TIRE . EJA . 
CONSTANT CAMBER ANGLE = 8 DEG 

POUNDS FORCE NEWTONS 

w W<N> FZ FY FZ FY 

82. 364.8 40.28 3.89 179. 18 17.30 
111. 493.8 54.89 5.52 244. 18 24.5G 
140. 622.8 69.01 6.08 306.96 27.04 
169. 751.7 83.83 8.16 372.87 36.28 
198. 880.7 97.37 7.50 433.13 33.35 
227. 1009.7 111. 26 7.61 494.89 33.85 



E)l!PIRICAL TIRE COEFFICIENTS 

THE FOLLOWING COEFFICIENTS CAN BE USED TO EMPIRil)UY PREDICT CORNERING FORCE AND 
ROLLINS RESISTANCE FORCE AS DESCRIBED IN CHAPTER 4. THE cm=FICIENTS ARE BASED ON THE BEST 
FlTIING THIRD ORDER POLYNONiil. WHICH FITS THE TIRE FORCE RESllTS WHICH WERE OBTAINED USIOO 
TIE TEST CART AND TREADMILL, THE TREADMILL RESllTS CORRESPIH>ltl, TO THESE COEFFICIENTS ARE 
GIVEN IN TABULAR FORM AT THE BEGINNING OF THIS APremlX AND IN GRAPHICil. FORM IN CHAPTERS 2 
AND 3 OF THE THESIS TEXT. 

TIE COEFFICIENTS WERE COMPUTED USING THE PROSRAM PWRSTAR WHICH USES A LEAST SOOARES 
TECHNIQUE, [4,4] THE BEST FIT IN A LEAST SQ!j!RES SENSE RESLlTS IN A THIRD ORDER ro.m:»mt. 
HAVING FOOR TERMS. FOR PROGRfVIIMING PURPOSES THE ZEROTH ORDER TERM WAS DISCARDED IN ORDER TD 
ENSURE THAT il.L OF THE PREDICTED FORCES ARE ZERO lffN TIE N0fll!¥.l FORCE Fz IS ZERO, IN EVERY 
CASE THE ZEROTH ORDER TER!IIS ARE SNALL, BUT FOR COtll=tETENESS TJ£Y ARE ii.SO LISTED 1£RE, It.SO 
LISTED IS THE CORRELATION cm=FICIENT IR) OF THE BEST FIT P!l.YN()l!Ill.. R VAllES D.OSE TO 1 
CORRESPOND TO BETIER P!l.Yt{IMill. FITS INOT TO ,ORE ACCURATE RESLlTS>. 

THE COEFFICIENTS ARE USED TO CCtlPUTE TIRE FORCES AS DESCRIBED IN Clilrn:R 4. IEWITION 4-l>. 

F = la X Fz) + lb X Fz X Fz) + le X Fz X fz X Fz) + d 

HRE Fz IS THE NORMAL FORCE ON THE TIRE UN ~>, d IS TI£ ZEROTH ORDER coo=FICIENT 
lllICH HAS BEEN DISCARDED, AND F CAN BE EITHER THE COHRIOO FORCE Fy OR Tl£ R!UUE 
RESIST~ FORCE Fx DEPENDING ON WHICH SET OF cm=FICIENTS ARE BEING USED. FOR IDllUTIN 
CORNERING FORCE EACH TIRE lllICH WAS TESTED ~ 8 SET OF coo=FICIENTS a, b, AND c, 
CORRESPONDING TO THE EI6HT SLIP ANGLES llllCH WERE TESTED USIOO THE TREADMILL AND TEST CART. 
nus TJ,£ COMRIOO FORCE COEFFICIENTS ARE SOOD FOR INTEGER SLIP AtQ.ES IN Tl£ R1rlE ZERO TO 
8 DEGREES. VALlES OF CORl'ERINS FORCE FOR ~INTEGER SLIP llG.ES 111ST BE INTERPWITED, Tl£ 
I.R)ER LIMIT ON Fz IS 500N, Tl£ COEFFICIENTS ARE LISTED BY TIRE ISEE TABLE 3-U. 

Tire i b d R 

RW.IOO RESISTAta: COEFFICIENTS 

EJA 1.95168E-2 -2.654S6E-5 5.38569E-I -ii. 238NE-3 .999 
IN 1,21231E-2 -3.6287~-6 2.47~-I 4.82t82E-3 .999 
EJP 1,48242E-2 -2. 77966£-5 2. 7t213E-I 8.49772£-3 .'!111 
ss 1.8175tE-2 -5.3t452E-5 6.264&-I 6.77434E-3 .999 
AG -1. 2221 lE-3 1.42569E-4 -1.71113£-7 -l.se931E-3 .999 
ER 9.19876£-3 3,21731E-5 -1. 54898E-I 1. 51131E-2 .999 

CORtERIOO FORCE ~ICIENTS 

EJA 
ll.PHA = 1 1.98189E-1 -1.73691E-4 -3.91765E-I -2. 42543£-1 .996 

2 3.17287E-1 2.37231E-5 -5.19682£-7 -2.16646£-1 .998 
3 3.17205E-1 5.56659E-4 -1.11889E-6 -6. 19382E-1 .WI 
4 2.93374E-1 9.48228E-4 -1.52567E-6 -ii. 72789£-1 .998 
5 3.65706£-1 8.27195E-4 -1. 34621E-6 -3. 78725E-1 .999 
6 5.31375E-1 2.66275E-4 -7.41417E-7 -1.71293E-1 ,999 
7 6. 75259E-1 -2.13245E-4 -2.69438E-7 -3.42661E-2 .999 
8 6.96379E-1 -2.23784E-4 -2.97548E-7 3.S2819E-2 .999 
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Tire a b d R 

IM 
~=1 3.58427£-1 -9. 11580E-4 7.31398E-7 9.00047E-3 .999 

2 5.09691E-1 -1.01948E-3 7.~41E-7 4.51666E-2 .999 
3 6.80230E-1 -1.29672£-3 9.95998E-7 1.35024£-1 .999 
4 8.10033E-1 -1. 53026£-3 1.19312£-6 -2.64639£-3 .999 
5 8.32849E-1 -1. 39033£-3 1.M16eE-6 1.45601E-1 .999 
6 8.40706E-1 -1,27678£-3 9.12153E-7 9.472~-2 .999 
7 7.88546E-1 -9.29083E-4 5.50323E-7 9.95372£-2 .999 
8 7.74272£-1 -e. 86877E-4 5.64815E-7 1.46869E-1 .999 

EJP 
~=1 3.35695£-1 -4.40024£-4 9.33529E-8 3.56009E-2 .999 

2 5.30394£-1 -4.867~-4 -8.41244£-8 -7.55427£-1 .999 
3 6.31923E-1 -3. 16612£-4 -3.67544E-7 1.27679E-1 .999 
4 8.25503E-1 -6.47171E-4 -6. 40189E-8 -3.18040E-2 .999 
5 8.99986E-1 -5.39797E-4 -2.33689E-7 -1.46733E-1 .999 
6 9.29075E-1 -4.47427£-4 -3.16601E-7 -1.56425E-1 .999 
7 9.19489E-1 -2. 36651E-4 -5.12252£-7 -1.33118£-1 .999 
8 9.84148£-1 -4.15714£-4 -3.88961E-7 -2. 50519E-1 .999 

ss 
~=1 3.80952E-1 -4. 38212E-4 1.~47E-7 -1. 31133E-1 .996 

2 5.84862E-1 -1,18108E-3 7.88194£-7 9.51884£-2 .999 
3 7.61838£-1 -1.14356£-3 5.69113£-7 -9.66171E-2 .999 
4 8.81172£-1 -1.28144£-3 5.34238£-7 -2. 37569E-1 .999 
5 8.S4826E-1 -7,28898E-4 -1.11986E-8 -1. 59888E-1 .999 
6 8.22513E-1 -4.40673E-4 -2.27546E-7 -9.67396£-3 .999 
7 7.53144£-1 3.15524£-5 -6.98151E-7 -2. 54325£-2 .999 
8 1.n852E-1 -7.30789£-5 -4.72285E.-7 -9.23439E-2 .999 

A6 
~=1 2.68912£-1 6.28921E-5 -6. 18542E-7 -8. 62854E-3 .ffi 

2 5.42135£-1 -6.12264£-4 1.14328E-7 5.5el84E-2 .999 
3 7.51468E-1 -1.N052E-3 4.23781E-7 -5. 51555E-4 .999 
4 8.78984E-1 -1.17359£-3 3.75928E-7 -2.62351E-3 .999 
5 8.86993E-1 -7.6?S:i6£-4 2.84854E-8 1.17411E-1 .999 
6 9.22619£-1 -6.89697E-4 -6.91661E-8 1.19482E-1 .999 
7 9.46552E-1 -6. S8317E-4 -6.81895£-8 1.61335£-1 .999 
8 9.52619£-1 -5.63N6E-4 -1.52179E-7 4.47684£-2 .999 

ER 
~=1 2.43838E-1 -6. 86899E-4 6.15735£-7 9.13371E-2 .998 

2 4.S9856E-1 -1.31249E-3 1.19568E-6 1. 78319E-1 .ffi 
3 6.91894£-1 -1.97964£-3 1. 78667E-6 3.11852E-2 .999 
4 8.18698E-1 -2.11332£-3 1. 72893E-6 -1. 57195E-3 .999 
5 9.82682E-1 -2.45591E-3 1.96538£-6 -1. 23941E-1 .999 
6 1.17234£-0 -2.58868E-3 1.86841E-6 -7.98585E-2 .999 
7 1.21599E-0 -2. 83152£-3 2.12777E-6 -4. 3Sl83E-2 .999 
8 1.34947E-0 -3.14277E-3 2.34825E-6 -1. 21222£-1 .999 
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Tire a b d R 

PU 
IUlHA = 1 2.236ME-1 -6.15377E-4 5.44997E-7 1,67082E-1 ,995 

2 3.86729E-1 -1.80H3E-3 8.84368E-7 4.74344E-2 .996 
3 5.23715E-1 -1.~7eE-3 1,81454£-6 -2.844~-3 .999 
4 6.58717E-1 -1.57865E-3 1.15352E-6 -4,26528E-2 .999 
5 6.7~13E-1 -1.33156E-3 7,38949E-7 -6, 44. 83E-2 .999 
6 7.11494£-1 -l,2355eE-3 5.294.+5E-7 2,51131E-2 .999 
7 8.79638E-1 -1.n214E-3 1.85365£-6 1,81676E-2 .999 
8 1.80872E~ -2,18213E-3 1.46919E-6 1.46919E-6 ,999. 
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t I. PROGRAM DESCRIPTION t 
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THIS PROGRAM IS USED TO snU..ATE TI£ MOTION OF A 
FRm.Y RClllOO ...e.DiAIR. TI£ PROGRAM IS INTENDED AS A 
TOO. TO INVESTIBATE nmE F~ORS THAT ARE RELATED TO TI£ 
DIRECTIIJR STABILITY OF REAR CASTER ...m.DiAIRS, IDEVER, 
n£ PROGRAM IS COIJUTELY 6EtEIR. AND~ BE APPLIED TO JWY 
HaDiAIR, PROVIDED TI£ PRIHR INlUTS ARE BIVEN. 

GIVEN A SET OF INITIIL Clla>ITI~, TI£ PROGRAM 
al.CWITES A ...m.DiAIR'S TRAJECTORY AND VELOCITY OVER A 
USER SPECIFIED INTERVIL OF TIii£. SEVEIR. DIFFERENT 
YARIA1l.ES MAY BE ~IFIED INTERACTIVELY BEFORE EACH TEST 
CASE. TI£ DEFAll.T YALlES FOR JU PHYSiat. VARIAIUS ISOCH 
AS IHE.DiAIR WISS> ARE T~ AS OOSE ~ DIRECTLY 
FROM JW EVEREST AND JBIUlfiS •PREMIER• ~ REAR CASTER 
IKB.Dill R. 

THIS PROGRAM DESCRIPTION ASStJES SCI£ FAMILIARITY WITH 
n£ MASTER'S TI£SIS TEXT •JW JWILYSIS OF PARAIETERS RELATED 
TO ll£ DIRECTIIJR STABILITY OF REAR CASTER ...e.DiAIRS•. 
CT. al.LINS , AU6UST 1967) 

lllTE THAT BECILISE ll£ PA06RAM WAS WRITIEN TO 
INVESTISATE TI£ Jm:IVIOR OF REAR CASTER ...m.DiAIRS, TI£ 
TERMitn06Y lfiICH IS USED REFERS TO SOCH A DiAIR. FOR 
EXAIIRE, ll£ TERMS FRONT, REAR, RI6HT, AND LEFT REFER TO 
POSITI~ WITH RESPECT TO A REAR CASTER ...e.DiAIR. 

f 
f 

f 
f 

• 
f 

• 
f 

f 
f 
f 

f 
f 
f 
f 
f 

f 

f 
f 
f 
f 
f 

f 
f 

11111111111111111111111111111111111111111111111111111111111111111111111111 

264 



~9 
0050 
0051 
0052 
8053 
~ 

8055 
1056 
fllf57 

80S8 
0059 
~ 

1061 
0062 
1063 
1064 
1065 
1066 
1067 
1068 
1069 
8070 
8071 
1072 
8073 
1074 
1075 
1076 
8077 
1078 
1079 
1080 
1081 
1082 
1083 
1084 
1085 
1086 
1087 
1088 
1089 
te90 
1091 
1092 
1093 
1094 
1095 
1896 
1097 
1098 
1099 

ffllllllllll-*ff:l-*****f**lfffff~'***-f~*******f+*fl-*11111111111111 
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* II. PROGRAM LIMITATIONS t 
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Tl£ WHEELCHAIR MOTION IS COOSIDERED TO BE PUH:R. 
PITCH ~ Rill. EFFECTS ARE NESI.ECTED, EXCEPT MT A QUASI-
STATIC METHOD tf APPROXIMATING LATER&L LOAD TRANSFER 
IS INCORPORATED. 

Tl£ PROGRAM MONATim.LY Cl£0<S THE SLIP i:ta.ES AT 
EACH TIRE ~ Tl£ TOTAL tllRMAI.. LOAD CARRIED BY EACH TIRE. 
IF EITIER tf TlESE EXCEEDS TIE LIMITS tf TI£ EXPERIMENTAL 
DATA USED TO StPPORT TIE PROORAM, ERROR MESSAGES ARE 
IsstE>. THE PROSRAM IS aJRRENTLY SET SOCH THAT 10 SOCH 
WARNING MESSAGES CAUSES EXECUTION TO TERMINATE. LIMITS CW 
SLIP ANSI..E ARE 8 DESREES ~ CW tllfll!R. LOAD ARE 450 N PER 
TIRE. 

SOME Cfl.lSES FOR PROORAM TERMINATION ARE: 

(1) NATUR&L TERNINATION lil£N A REAR CASTER lffB.ClfHR 
BECOES tm'TABLE. 

12) SPECIFICATION tf A LARGE INITIAL LATER&L VELOCITY. 
THIS MAY RESl.l.T IN INITIAL SLIP ANSI.ES lliICH ARE 
GREATER Tl4IN 8 DEGREES OR IN AN INITIAL LATER&L 
Lt:¥ID TRANSFER lliICH IS TOO GREAT, REStl.TIN6 IN NJRIA.. 
FORCES GREATER Tl4IN 4SiN. 

IF LARGE FORCES OR ACCELERATIONS ARE PRESENT, Tl£ 
PROORAM MAY liWE TROOBLE TRACKING TI£ t«JTION ~ CONVERSING 
TO A DEFINITE Sll.UTION. THIS IS TYPIFIED BY VALLES lliICH 
OSCILLATE ABOOT sc»E VALLE RATIER Tl4IN Ir«:REASIN6 OR 
DECREASING ~IFORlt.Y, THIS IS ESPECIALLY A PROBLEM IF TOO 
LAR6E A TIME STEP IS a«JSEN. 
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till. EXECUTION TIii£ 
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ALnoJlH Tl£ TIii£ STEP FOR stmSSIVE ITERATIONS 
WITHIN TI£ PROORAM CAN BE SPECIFIED, JT IS Fil.ND MT .101 
SEC IS TI£ LAR6EST Wl.lE TlflT LEADS TO A CONVER6IN6 
S(l.UTION. Rt.NUNS TI£ PROORAM ON A alC CYBER 865, THIS 
RESl1.TS IN A REAL TIii£ EXECUTICW CF ABM 15 SEmIDS IN 
ORDER TO SIIU..ATE 5 SEC(H)S CF llm~IR tmION, tDEVER, 
TI£ SA1E M TAKES APPROXIMATELY 15 MINJTES USING AN AT&T 
PERSIJR. CIJlltJ'TER, BWUSE TI£ Sll.UTICW PROCEDURE ASSU£S 
CCH,TANT ACCELERATICW OVER EACH TIii£ STEP, IT IS ESSENTIAL 
TlflT A 9R.L OOJ6H STEP llE DllSEN, FURTI£Rl«>RE, IF LESS 
Tl4IN 12 DIGITS ARE CARRIED FOR tuERICAL CALCIJ.ATIONS, 
RCUID OFF ERROR MAY BECOE A SERIOOS PROll.EM. 
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8100 
8101 
8102 
8103 
8104 
8185 
8186 
8187 
8108 
8109 
8110 
0111 
8112 
8113 
1114 
8115 
8116 
8117 
8118 
1119 
1120 
8121 
1122 
8123 
8124 
1125 
1126 
1127 
1128 
1129 
1130 
1131 
1132 
1133 
1134 
1135 
1136 
1137 
1138 
1139 
1148 
11.U 
1142 
1143 
1144 
1145 
1146 
1147 
1148 
1149 
1150 
1151 

fffflllllllllfffff+fff-f:*fff-ff-**flllllllllllf******l*IIIIIIIIIIIIIIIIIIIIII 
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•I~ ~ITS 1 
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fWY COOSISTENT SET OF ~ITS CAN BE USED. AU DEFAll.T 
VAlt.eS ARE GIVEN IN THE til<S SYSTEM. IF IT IS NECESSARY TO 
~ IWiY TRIALS USING A DIFFERENT SYSTEM, 1l£ DEFAll.T 
VALUES CAN BE EASILY~ BY ALTERING THE DATA S!PPLIED 
IN THE ll.OCK DATA ROOTUE. 
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* V. DESCRIPTIOO OF PROORAN WIP(l£NTS 1 
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* U) NAMED roMl«lN ll.OCKS ~ VARIABlES l£LD t 
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DIIEN - SEOETRIC DHENSIOOS CF ~~IR 
MASSPR - MASS~ It£RTIA PRIJlERTIES 
LATFOR - LATERAL TIRE FORCES 
UJ,fOR - LCN,ITUDINAL TIRE FORCES 
t«)RFOR - t«)RM!l. TIRE FORCES 
C1VAR - KINEMATIC VARIABLES~ TOTAL EXTERNAL 

FORCE ACTit~ IN 1l£ Cl DIRECTIOO IPARALLE.> 
TO THE •FORWARD DIRECTIOO• CF 1l£ 11£EL~IR 

C2VAR - KitEMATIC VARIABLES~ TOTAL EXTERNAL. 
FORCE ACTING IN 1l£ C2 DIRECTIOO. 

CASl1«3 - KitEMATIC VARIABlES FOR 1l£ CASTER 11£ELS. 
61.0BAL - KINEMATIC VARJABlES IN 1l£ FIXED I1£RTIAL 

REFEROCE FRM:. t«)TE, n£ C1-c2 REFEROCE. 
FRAME IS FIXED IN n£ lllVIN6 11£EL~IR. 

SL.I~ - SLIP ANGLES ASSOCIATED WITH EACH 11£EL. 
PTVEL - VELOCITIES CF n£ POINTS IHRE EACH TIRE. 

IS ASSU£D TO TClOI n£ 6RWID. 
CJ:>AIII) - FRICTIIBll. J:>Alll)IN6 IOENTS AT CASTER PINS. 
CAMTOE - TOE~ CAMBER JNllES FOR MAIN 11£ELS. 
TIRES - ARRAYS lfiICH IQ.I) n£ EJIIIIRICll. CCHrrANTS 

USED TO CCK>UTE TIRE FORCES. 
Ycoo:F - CORl£RIN6 FORCE EJIIIIRICll. CIHiTANTS FDR 

FIVE DIFFERENT TIRE TYPES. 1H: TYPE IS 
SELECTED PER U. 

Xcoo:F - LCNHTUDINAL CRII.Lill3 RESISTIN:E) BJIIRICll. 
COOSTANTS FOR FIVE TIRE TYPES. 

FORIIIJD - coo:FICIENTS USED TO IIIDIFV n£ MAGNITUDE 
CF TIRE FORCES. USED TO IIIDIFV YCIEFF OR 
Xcoo:F SO AS TO ll>DEL HVPOTl£TIC1l. TIRES. 

TUE - TUE ~ PRINTER CDfiRll. COOSTANTS. 
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8152 IHHHHHffHffffHfffHffffffHffffHfffHHHffffffffHffHfflllllllll 
8153 f f 
1154 t (2) SPECIFIAIU VARIABLE DESCRIPTICN3 f 
1155 f OOTE: VALUES IN PARENTHESIS ARE DEFAll.T VALLES f 
8156 f f 
1157 f DIMENSIOOS f 

8158 f f 

8159 f D1 - CG TO LEFT HEL LATERAL DIST~ (, 265 METERS) f 
8160 f D2 - CG TO RIGHT Wl£EL LATERAL DIST~ (, 265 tETERS) f 
1161 f Sl - CG TO FRCHT AXLE FORWARD DISTIKE (, 345 IETERS) f 

1162 f S2 - CG TO CASTER PINS BACKWARD DIST~ (, 175 tETERS) f 
1163 f Ll - CASTER PIN TO CASTER CG DISTIKE (, 058 IETERS) f 

1164 f L - CASTER PIN TO CASTER CONTACT POINT (, 880 1£TERS) f 

1165 f T1 - CG TO LEFT CASTER PIN LATERAL DISTAOCE (, 240 1£TERS) f 
81£,£, f T2 - CG TO RIGHT CASTER PIN LATEJR. DISTAOCE (,240 METERS> f 

8167 f H - HEIGlT OF CG ABOVE 6RWID (, 618 1£TERS) f 

8168 f -· 1169 I MASS P~RTIES I 

1178 f f 

8171 f IZ - TOT~ .uENT OF INERTIA ABllJT Z AXIS (5.6 KIHHO I 

8172 I IZP - IOIENT OF INERTIA OF CASTER ABCUT PIN 1,82 KIHHO I 

8173 f M - TOT~ MASS 195 KS> I 

8174 f MC - CASTER ASS£MBL Y MASS 11,2 KG> I 

8175 I I 

8176 I FORCE/ FORCE RELATED VARIABLES I 

81n I I 

1178 I FCilfl - LATERAL INITI~ Ilflll.SE AT CG 18 N-1£TER) I 

8179 I FTIII> - LATEJR. INlTI~ Ilflll.SE AT MAIN TIRES 18 N-1£TER) I 

8180 I DIJI!tl) - DURATION FOR FCilfl OR FTilfl (8 SECIHlS) I 

8181 I RlllK - RCU coo=FICIENT 11,8) I 

8182 I MAF - FRICTION KJENT AT LEFT CASTER 1.1 N-1£TER> I 

8183 I MBF - FRICTION KJENT AT RIEHT CASTER 1.1 N-1£TER) f 

1184 I CAICIF- CAMBER coo=FICIENT 18) I 

1185 I ~ CAMBER INl.E 18 DEGREES) I 

8186 I TCEMr TOE INl.E (8 DEGREES> I 

8187 I TXl«JD - l«lDIFYINB FACTOR FOR TIRE X FORCES (8) I 

8188 I TYl«JD - l«lDIFYINB FACTOR FDR TIRE Y FORCES 11) I 

8189 I CXl«JD - l«lDIFYINB FACTOR FOR CASTER X FORCES 18) I 

8190 I CYl«lD - l«lDIFYIN6JACTOR FOR CASTER V FORCES 11) I 

8191 t TIRVIJ,8)- BJIIRICAL LATERAL OR CORt£RIN6 FORCE I 

1192 I coo=FICIENTS FOR SLIP IHI.ES 8 - 8 I 

1193 I DEGREES, TIRY Wl.lES ARE SELECTED f 

1194 f BY SELECTINB [)£ OF FIVE TIRE TYPES f 

8195 I lfUCH ~RE TESTED EXPERIIDT~V. f 

1196 f TIRXl3) - ElfllRICAL Lllf3ITUDI!it. FORCE I 

1197 f coo=FICIENTS, ~SO SELECTED BY f 

1198 f DIX>SINB [)£ OF FIVE TIRE TYPES, f 

1199 I f 

·8288 f KltEMATIC VARIABLES I 

1281 f f 

1282 f UD - INITI~ FORWARD VELOCITY CUD ··uoor-> (, 75 1£TER/S) f 

1283 f VD - INITI~ LATERAL VELOCITY II, 8 1£TER/S) f 

1284 f E - INITI~ INl.E OF LEFT CASTER (ETA) II DEGREES> I 

1285 f B - INlTl~ INl.E OF RI9fT CASTER (BETA> II DEGREES> f 



8206 
1207 
8288 
0209 
8210 
1211 
1212 
1213 
1214 
1215 
1216 
1217 
1218 
1219 
8220 
1221 
8222 
8223 
8224 
8225 
1226 
1227 
8228 
8229 
8238 
8231 
8232 
8233 
1234 
8235 
1236 
1237 
1238 
8239 
1240 
1241 
1242 
1243 
1244 
1245 
1246 
1247 
1248 
1249 
12'50 
1251 
1252 
1253 
1254 
1255 
1256 
1257 
1258 
1259 

t 
t 

TIME AND PRINTER CONTROL COOSTANTS f 
f 

t TTOTAL - MAXI!II..M TOTAL TIME FOR MOTION SlJIU..ATION 110 SEC) t 
t TSTEP - lll'!E STEP FOR EADi PROGRAM ITERATIIW (.001 SEC) t 
t PINT - TIME INTE!Ml. BETWEEN VARIABLE PRnm:.urs 1.20 SEC) t 
t PRCTRL - 1.0 = PRINT KEY VARIABLES CN..Y 11.0) t 
t EWY OTHER NUMBER = PRINT ALL VARIABLES t 
t t 
ffllllllllffffffffffffffffff-**ff ...... ffffffffffffffffffffffffffllllllllff 
t t 

t (3) ~CIFIABLE VARIABLES t 
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FAY,FBY,FDY,FEY - LATERAL FORCES ON TIRES 
FAX,FBX,FDX,FEX - L~ITUDINAL FORCES ON TIRES 
U,UDD - L~ DISPLACEMENT,ACCELERATION IN Cl DIRECTION 

(UDD = •u DOOBLE DOP) 
V,VDD - LOCAL DISPLACEMENT, ACCELERATION IN C2 DIRECTION 
FC1,FC2 - TOTAL FORCE IN Cl AND C2 DIRECTIONS 
ED, EDD, BD, BDD - VELOCITIES AND ACCELERATIONS OF CASTERS 

IN THEIR LOCAL REFERENCE FRAMES 
X, XD, XDD - GLOBAL KitEMATIC VARIABLES IN FIXED X DIRECTION 
Y, YD, YDD - 61..0BAL KitEMATIC VARIABLES IN FIXED Y DIRECTION 
TIE,TIED,TIE>D - ROTATI~ KINEMATIC VARIABLES 
KE - TOTAl KINETIC Et£RGY OF SYSTEN 
SLIPA,SLIPB,SLIPD,SLIPE - SLIP ~E FOR EACH TIRE 
VAX, VBX, VDX, VDX - VELOCITIES OF TIRE CONTACT POINTS IN 

TI£ TIRE'S LOCAL X DIRECTION 
VAY,VBY,VDY,VEY - VELOCITIES OF TIRE CONTACT POINTS IN 

TI£ TIRES'S ~ Y DIRECTION 
T - aJRRENT TJII£, USED BY MAIN DO LCXP 
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t (4) E)l)IRICl:t. COEFFICIENT ARRAYS 1 
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TI£ ARRAYS EJAYl3,8), IMY(3,8), EJPY(3,8), SSY(3,8) 
AND A6Y(3,8) CONTAIN EJll)IRICl:t. LATEIR. FORCE COEFFICIENTS 
FOR FIVE DIFFERENT TIRE TYPES. CJ£ OF Tl£ FIVE ARRAYS IS 
SELECTED AND ASSIGNED_ TO TI£ ARRAY TIRY(3,8). TIESE aEF-
FICIENTS APPROXIMATE TI£ LATEIR. FORCE ON A TIRE USING 
THIRD ORDER POLYNJMI#l.S WITH NlRIR. FORCE AS TI£ INDEPEN-
DENT VARIABLE. TI£ 8 ARRAY aJ.l.*5 CORRESPCN> TO COEFFI-
CIENTS FOR 8 DIFFERENT INTEGER SLIP IW'B.ES. FOR ~ 
INTESER SLIP IHLES, TI£ P~ USES n£ tEAREST HI61-£R 
AND WER INTESER SLIP IN3!..E, AUN, WITH A LINEAR INTERPO-
LATION TO OBTAIN Tl£ LATEIR. FORCE. 

TI£ ARRAYS EJAX(3), IMX(3), EJPX(3>, SSX(3), AND A6X(3) 
tn.D SIMILAR COEFFICIENTS USED TO Cl:t.Cll.ATE L~ITUDINAl 
FORCE DEPENDING IJ)()N ~ICH TIRE IS SELECTED. CN..Y THREE 
COEFFICIENTS ARE REOOIRED FOR BO! TIRE BECAUSE LIJEITUDI-
tR. FORCE IS ASSIJED INDEPENDENT OF SLIP~ AND 1£NCE IS 
DETERMitED IK.Y BY n£ VAllE OF TI£ NlRMAl FORCE. 

E)l)IRICl:t. COEFFICIENTS FOR A TYPICl:t. SET OF CASTER 
ll£ELS ARE STORED IN n£ ARRAY CASY (3, 8) AND CASX (3). 
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8260 
0261 
0262 
0263 
~ 

9265 
8266 
0267 
0268 
1269 
1270 
1271 
1272 
1273 
1274 
8275 
1276 
1277 
1278 
8279 
8280 
8281 
8282 
8283 
8284 
8285 
8286 
8287 
8288 
8289 
1290 
8291 
8292 
8293 
8294 

f 
f 
f 
f 

AI..THt\JGH INDIVIDUAL CASTER TYPES CANNOT BE SELECTED, DIF-
FERENT CASTERS CAN BE SIMUI.ATED BY SPECIFYINS DIFFERENT 
VALUES FOR CXMOD AND CYMOD. 
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f-1-f-*ff:f-f:f:f-f:lllllllllfff,ffff+f,fff-f,flllllllllf,ff*f*lflffffffff-*f:f-f:ff,fff,ff,ff,f 
f f 

t (4) OOTPlJT FILES 
f 

• 
f 

t TAPE6 - KEY VARIABLE LISTING (ALWAYS PRINTED>, AND A LIST- t 
t ING OF ~ INITIAL SPECIFIABLE VARIABLE VALi.ES t 
t TAPE71 TAPE81 TAPE91TAPE10 - PRINTED IF PRCTRL DOES NOT EQUAL 1.0 t 
t TAPE 11 - PRINTED CN..Y IF WARNING MESSAGES ARE BIVEN t 
f f 

t IXMENTS t 
t TAPE6 : X, YI TI£, TIED, THEDD, UD, VD, KE t 
t TAPE7 : SL IPA, SLIPB,SLIPD, SLIPE, VAX, VAY, VBX, VBY, t 
f VDX, VDY I VEX, VEY • 
t TAPES : FAX1 FBX, FDX, FEX, FC11 FAY, FBY, FDY, FEY, FC21 t 
t FAZ,FBZ,FDZ,FEZ t 
t TAPE9: U,UD,UDD,V,VD,VDD,E,ED,EDD,B,BD,BDD t 
t TAPE10: X1 XD,XDD,Y,YD,YDD1 THE1 THED1THEDD1 KE t 
t TAPE11: T(=CURRENT TIME>, SUPA,SLIPB,SLIPD,SLIPE t 
t AND/OR FAZ, FBZ, FDZ, FEZ t 
f • 
lllllllllllllllllllllllff-lllllllllllllllllff-fflllllllllllff-ffllllllllf-ffff 

• 
t (5) lffi£R VARIABLES 
• 
f 
f 
f 

• • 
f 

~ On£R VARIABLES ARE USED CN..Y LOCIU.Y BY INDIVI-
DUAL SUBROOTINES. THESE ARE DESCRIBED BY USING W9EN'T 
LitES "° tECESSARY. t«lTE TlilT ~XILLARY VARIABLES ~ICH 
~ t«l PARTia.AR MEANING BUT ARE USED FOR T91PORARV 
STORAGE Al.WAYS BEGIN WITH n£ LETTER z. (E.6. Z1,Z1,Z3, ••• ) 

• 
f 

• 
f 
f 
f 
f 
f 
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0295 ~fff-f,f-f**f-i:fff-lllllllllff-*i'~*flllllllllll*f****ff:ff-fff-fl+*ff-ff 
8296 ff- BEGIN EXECUTION OF Ji!AIN PROGRAM ** 
0297 ~llllllllllfff-fflllflllllllllllllflffff-ff-**fff-ffff-fff*f*fffff-f,f-f*fff-

0298 
8299 PROGRAM WCHAIRIINPUT,OUTPUT,TAPE6,TAPE7,TAPE8,TAPE9,Ti:¥'E10,TAPE11) 
0300 C()!'J!l{)N /TIME/ TIOT~, TSTEP,PINT,PRCTRI. 
8381 INTEGER COONT,PRFLAB 
e362 
1383 Cf I 11 I I I 1111111 1111 111 f f I f 1111111 11111111 I 

838.\ C SPECIFY VARIABLES, SET FLAG FOR PRINTil'«3 
8305 C ~ PLACE HEADINGS IN OUTPUT FILES 
8306 Ct I If I I I I I I I I I I I I I I I I I If I I I I I I I I I I I I I I I I I I 
8387 Ml. SETl.P 
83813 PRFLA6 = PINT/TSTEP 
8399 ro..trr = PRFLA6 
8310 Ml. HEADRS(PRCTRI.) 
8311 Cf II 1111 II I II I II II If I +I II II II ff f If fl tt++++ 
8312 C BEGIN PRIMARY PROORAM LOCP 
8313 c, 111111111 ii 111111111111111 I l++t+tttttt++ 

8314 DO 99 T = 01 TIOT~+TSTEP, TSTEP 
8315 Cl¥.!. SLIP 
8316 ~L STATICSm 
8317 IF Hcam.EG.PRFLAG).AND, IPRCTRL,EG, 1,8)) Tl£N 
8318 Ml. PRKEY (T) 
8319 cam= e 
8320 ELSE IF tcam.EG.PRFLAG) nEN 
1321 all PRCUR(T) 
1322 cam=• 
1323 END IF 
1324 Ml. MEDRHT) 
1325 Ml. DYNAM m 
1326 CIU lPDATE 
1327 CCUff = CCUff t 1 
1328 99 mmiu: 
1329 END 
8338 
8331 
8332 
8333 11111 II IIIIIII Ill Ill I II II IHI Ill Ill Ill llll II Ill llll lllll lllll lllllll llllH 

~ t 9.JBR!lJTIIE SETlP ~CMS Tl£ USER TO INTERACTIVELY SPECIFY n£ INITI~ t 
1335 t aJIDITIOO FOR Bl:tf M Cf n£ PROORAM, THIS INCLUDES ~ TERATI~ Cf t 
8336 t SPECIFIABLE VARIABLES AS PREVIOOSLY LISTED, AS WELL AS Tl£ SELECT!~ t 
8337 t Cf A SPECIFIC TIRE TYPE, ISEE nESIS TEXT) t 
8338 11111111111111111111111111111111111111111111111111111111111111111111111111 

1339 
8348 !UR!lJTIIE SETlP 
1341 aMKlN /DIIIEN/ D1 1D2,S11S21L1 1L1T1,T21H 
13:42 aMKlN /IIIASSPR/ IZ, IZP,M,.C,BR 
1343 aMKlN /LATFOR/ FAY,FBY,FDY,FEY,FTIMP,FCill)1DIJIJIJI 
8344 aMKlN /NlRFOR/ FAZ, FBZ, FDZ, FEZ, RCl.LK 
1345 aMKlN /CIVAR/ U,UD,UDD,FCl 
8346 aMKlN /~R/ V, VD, VDD, FC2 
1347 aMKlN /r.ASlff?J/ E,ED,EDD,B,BD18DD 
8348 aMKlN /61.0~l/ X, XD, XDD, YI YD, YDD, TIE, THED, THEDD, KE 



0349 
0350 
0351 
0352 
0353 
0354 
0355 
8356 
8357 
8358 
8359 
8360 
8361 
8362 
8363 
8364 
8365 
1366 
8367 
8368 
8369 
8370 
8371 
8372 
8373 
8374 
8375 
8376 
8377 
8378 
8379 
8380 
8381 
8382 
8383 
8384 
1385 
1386 
8387 
8388 
8389 
1390 
1391 
8392 
1393 
8394 
1395 
1396 
1397 
8398 
8399 
1480 
1481 
8402 

CONJ!!ON /CDAMP/ MAF,MBF 
CONJilON /COOIE/ CAf!IANG,~1TOEAN6 
COr!MON /TIRES/ TIRYC3,8) 1TIRXC3>,CASY(318),CASXC3) 
~ /YCDFFF/ EJAYC31 8},1Ji!Yl3,8),EJPYC318) 1SSY(318) 1ASYC3,8) 
COMMON /XCOEFF/ EJAX(3l 1 IMXC3l 1EJPX(3l 1SSXC3l,ASXl3) 
COMMON /FORMOD/ TXMOD1TYJIIOD,CXfl!OD,CY)IQI) 
Cl:»IJIION /TIME/ TIOTAL,TSTEP,PINT,PRCTRL 
REAL L1,L,IZ,IZP,MAF,MBF,M,MC,KE,IMX,Il'IY 
INTEGER CHOICE, TIRSEL 
Cl-4lRACTER TIRTYPfS 

c, 111111111111111 f I 111111111111111+++++++ 

C PRINT CURRENT Wl.LES TO SCREEN 
C+t I I I I I I I I I I I I I 11 I I I I I I If 11 I I I I I I I I I II II 

10 PRINTf, 10.JRRENT VALLES FOR SPECIFIABLE VARIABLES ARE:' 
WRITE(f1 1000) 'D1=',D1,'M=',M,'FTIMP=',FTIMP,'D2=',D2, 

* 'MC=' ,MC, 'FCIMP=' ,FCIMP, 1S1=' 1S1 1 ' IZ=' , 
f IZ, 'DUIMP=' ,DUil'fl, 'S2=' ,S2,' IZP=' 'IZP I 

f 'TXMOD=1
1TXMOD,'L1=',L11

1UD=1
1UD1

1TYM0D=', 
f TYJIIOD,, L=' 'L,, VD=' I VD,' CXl()D=' 'CXMOD, 
* 1 Tl=' 1 Tl,' E=', E, 'COOD=' 1 COOD, 'T2=' 112, 
f 'B=' ,B, '~=' ,CAMCOF, 'H=' ,H, 1MAF=1 ,MF, 
f 'CANAN6=' ,~, I ROLU<=' ,ROLLK, 1MBF=' ,MBF, 
* 'T~', TCIEANG,'TIOTAl..=1,TIOTAL,'TSTEP=', 
* TSTEP, 'PINT=' ,PINT, 'PRCTRL=' ,PRCTRL 

1000 FORMAT C/1 10(2(A12,F7.3) 1A14,F7.31/) 1 / 13(A101F8.5l,A111F3.11/) 

Cl I 111111111111111If1111111111111111 I If II 

C SELECT VARIABLES TO SPECIFY 
Cl II 111I1111111111111111111111 If I 11111111 

PRINT1, 'lfHCH OF Tl£ FCK.LCJ4IN6 ARE TO BE SPECIFIED?' 
PRINT• 
PRINT•, ' 1 
PRINT•, '2 
PRINT•, '3 
PRINT•, ' 4 
PRINT•, ' S 
PRINT•, '6 
PRINT•, ' 7 
PRINT•, ' 8 
PRINT•, ' 9 
PRINT*, 118 
PRINT•, '11 
PRINT•, 112 
PRINT• 
READf I D«:II CE 

SEOIETRIC VARIABt..ES' 
DAl'PINS IO£NTS AT CASTER PINS' 
TIME ~ PRINTER CONTRll.. COOSTANTS' 
LOCAL VELOCITIES CUD~ VD)' 
LOCAL CASTER INUS CE ~ Bl' 
INITIAL LATERAL Ilflll.SE FORCES' 
MASS ~ It£RTIA VALLES' 
RW. STIFFNESS RATIO CRCllK)' 
~R IHit..E FOR MIN lfmS' 
TIE 1Hit..E FOR MIN IHELS' 
TIRE FORCE l«:IDIFYINS CIE=FICIENTS' 
OOIT : CONTIIU WITH PROGRAM' 

IF C CD«:IICE. LT, 1> , OR, CD«:IICE. 6T .12)) TIEN 
PRINT•, 1Dl>ICE llJT OF RANGE, SELECT 1 THROOGH 12' 
80 TO 11 

END IF 
C+t I I 111 I I II 1111 II 11111 II 111 II 111 II 111 If I 

C READ INPUT FOR D«lSEN VARIABLES, RETURN 
C TO MKE ~R SELECTICN 
c, 111111111111111111111111111111111111111 

80 TO US,20125130135140145150155160165170),0fJICE 
15 PRINT*,'6IYE D1,D2,S11S21L1,L,T1,T2,H' 
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8403 
0404 
0405 
8406 
9407 
0408 
em 
8418 
8411 
8412 
8413 
8414 
8415 
8416 
8417 
8418 
8419 
8428 
0421 
8422 
0423 
8424 
8425 
8426 
8427 
8428 
8429 
8430 
8431 
8432 
8433 
8434 
8435 
8436 
8437 
8438 
8439 
1448 
8441 
8442 
l't43 
8444 
l't45 
1446 
l't47 
8448 
l't49 
8458 
8451 
8452 
8453 
8454 
8455 
8456 

READI, D1,D2,S11S21L1 1L1 T1 1T2,H 
60 TO 11 

28 PRINT*, '6IVE MAF AND MBF' 
READ*, NAF I MBF 
60 TO 11 

25 PRINT•, '6IVE TIOTil., TSTEP, PINT, AND PRCTRL' 
READI, TIOTil.,TSTEP1PINT1PRCTRL 
60 TO 11 

30 PRINT•, 'GIVE UD AND VD' 
READ*, UD,W 
60 TO 11 

35 PRINT•,'GIVE E AND B !IN DEGREES)' 
READI, E,B 
60 TO 11 

48 PRINT•,' GIVE FTijll), FCIMP, AND DUl!IP' 
READ*, FTIMP,FCIIIIP,DUIMP 
60 TO 11 

45 PRINT•, 'GIVE M,i«:,IZ,IZP' 
READ*, M,MC,IZ,IZP 
60 TO 11 

58 PRINT•,' GIVE ROI.LK1 

READ*, ROLLK 
60 TO 18 

55 PRINT•, 'GIVE CAMBER ANGLE !IN DESREES> AND ~R COEFFICIENT' 
PRINT•,'GIVE CH..Y lilll.E tUBER ~R ANSLES 11 12131,,,)

1 

READI, ~, CAMCOF 
60 TO 11 

60 PRINT•, 'GIVE TOEANS IIN DESREES>' 
READ*' T<EAN6 
60 TO 11 

65 PRINT•, 'GIVE TXll[)I), TYMOD, CXl()D, CYKID' 
READ*, TXl()D,~D,CXl()D,CYKID 
60 TO 11 

78 CCfflitU'. 
PRINT• 

Cl 111111111111111111 II II I I II II I II ff II II If 

C SELECT Ct£ IF FIVE MAIN~ TYPES 
c1,,111,,1,,,,,1,,,,,,,,,,,,1,111,,,,111, 

PRINT•, 'SELECT Ct£ IF TI£ FlllOmll TIRE TYPES' 
PRINT• 
PRINT•, ' 1 
PRINT•, 1 2 
PRINT•, 1 3 
PRINT•, 1 4 
PRINT•, 1 5 
READ*, TIRSEL 

EJA (EVEREST AND JEttmm AIRLESS)' 
IM (ltMlCARE MAG-SPIDER WEB)' 
EJP (EVEREST AND JEttUtm PtEIJIATIC>' 
SS !SILVER STAR M\JIATIC>' 
A6 (AIRLESS GREY RUBBER>' 

c,,,,,,,,,,111111111111111111111111111111 

C ASSIGN EJiPIRICll. CIEFFICIENTS TO BE 
C USED BY TI£ MAIN PROGRAM TO TI£ ARRAYS 
C TIRY AND TIRX, USE PEmilMLY STORED 
C ARRAY W¥..1ES FOR TI£ TIRE SELECTED 
Ct 111111111111111111111111111111111111111 

IF (TIRSEL,EQ,1) n£N 
DO 88 I = 1,3 
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8457 DO 75 J = 1,8 
8458 TIRYII,J) = EJAYtl,J) 
8459 75 CONTINlE 
0460 TIRX(I) = EJAX(l) 
8461 80 CONTIN..E 
8462 TIRTYP = 'EJA' 
8463 ELSE IF (TIRSEL. EIU) THEN 
~ DO 90 I= 113 
8465 DO 85 J = 118 
8466 TJRYII,J) = IMYll1J) 
8467 85 CONTINI.£ 
0468 TIRX(I) = IMX(l) 
8469 90 CONTINlE 
81+70 TIRTYP = 'IM' 
81+71 ELSE IF (TIRSEl, EQ, 3) THEN 
81+72 DO 100 I = 113 
81+73 DO 9S J = 118 
847.lt TIRYII,J) = EJPYII,J) 
81+ 75 9S CONTINI.E 
8476 TlRXm = EJPX(I) 
81+ n 100 CONTIM.E 
8478 TlRTYP = 1EJP1 

81+79 ELSE IF (TIRSEl,EO.'t) THEN 
81+88 DO 118 I = 1,3 
81+81 DO 185 J = 1,8 
8482 TIRYII,J) = SSYII,J) 
81+83 185 CONTIIU 
81+8'+ TIRX m = ssx m 
81+85 118 CONTIN..E 
8486 TIRTYP = 'SS1 

81+87 ELSE IF (TI RSEL. EQ, 5) 1lEN 
81+88 DO 120 I = 1,3 
81+89 DO 115 J = 1, 8 
81+90 TlRYII,J) = ASYU,J> 
M91 115 CONTIIU 
M92 TIRXm = ,w;xm 
M93 120 CONTIIU 
M91t TIRTYP = 'AG' 
81+95 ELSE 
M96 PRINTI, 'TIRE DIIICE t()T IN RIN,E 1 - 5' 
M97 00 TO 65 
M98 END IF 
M99 C11111111111111111111111111111111111111111 

1500 C WRITE FitR. SELECTIOO TO TAPE6 
1501 Cl 1111111111111111111111111111111111111111 

1502 WRITE(6, 1500) TIRTYP 
1503 1500 FORMAT(/ 1 'TIRE SELECTED = ' , Ate, /) 
15e1t WRITE(61 1~) 1D1=1 ,Dl,'M=',M,'FT1~',FTI11P,'D2=',D2, 
1Si5 1 'II>' ,ic, 'FCI~' ,FCIIIP, 'S1=1 ,S1,' lZ=' , 
1586 1 JZ, 1DU1~1 ,DUIIIP, 'S2=' 1621

1 IZP=', IZP , 
1507 1 'TXl«:ID=' , TXl«!D, 'Ll =1 , Ll, 'UD=' , UD, 'TYKID=' 1 

1508 1 TYKID, 'L=', L, 'VD=', VD,' CXl«!D=', CXl«!D, 
1509 1 111=', 111

1E=',E, 1 CYt1JD=',CYl«lD, 112=', 12, 
1510 1 1B=1 ,B, 1CM:CF=1 ,CM:CF, 'H=' ,H, 'MAF=1 ,MAF, 



8511 
8512 
8513 
8514 
8515 
8516 
8517 
8518 
8519 
8520 
8521 
8522 
8523 
8524 
8525 
8526 
8527 
8528 
8529 
8530 
8531 
8532 
8533 
8534 
1535 
8536 
8537 
8538 
8539 
8548 
1541 
8542 
1543 
8544 
1545 
1546 
1547 
IMS 
1549 
1551 
1551 
1552 
1553 
1554 
1555 
1556 
1557 
1558 
1559 
1560 
1561 
1562 
1563 
1564 

f 
f 
f 

'CAMANS=',CAMANG,'ROlLK=',ROLLK,'MBF=',MBF, 
'T0EANS=',TOEANG1

1 TTOTAl..=1 ,TTOTAL,'TSTEP=', 
TSTEP,'PINT=',PINT 

Cl 11111111 I 1+++++++++++++111If11111111111 

C CONVERT ANGLES TO RADIANS, INITIALIZE 
CKE, XD, YD TO MACH SPECIFIED CONDITIONS 
Cl I I I I 11111411111111111111111111 I II II IIH 

E = E 1 8.8174532 
B = B 1 0.8174532 
TOEANG = TOEANB 1 8,8174532 
KE = 8. 5-INt IIJDfUD + VO.VD> 
XD = UD 
YD= W 
RETURN 
END 

**+l****flllllllllllllllllllf***ff**ff***f'**fff,ffff,****f*llllllllllllllff 

1 SUBROOTINE SI.IP CALCllATES THE CURRENT SLIP ANGLE AT EACH OF THE FOOR 1 
1 lfEL~IR TIRES, f 
11111111111111111111111111111111111111111111111111111111111111111111111111 

SUBROOTitE SLIP 
CIJIIMClN /DIMEN/ D1,D2,S1,S2,L1,L,T1,T21H 
COMMON /C1VAR/ U,UD,UDD1FC1 
COMMON /C2VAR/ V, VD, VDD, FC2 
C(J4M()N /~/ E, ED, EDD, B, BD, BDD 
~ /6t..OM./ X,XD1XDD,Y,YD,YDD,1l£,THED, THEDD,KE 
~ /SI.I~/ SI.IPA,SLIPB,SLIPD1SI.I~ 
~ /CAMTIE/ CAMANB,CAMCrF,TIEANG 
~ IPTVEI..I VAX, VAY I VBX, I/BY I VDX, VDY' VEX, VEY 
REAL Ll,L 
COSE= COSIE) 
SIi'£ = SINIE> 
COSB = COSIB> 
SINB = SINIB> 

c1111111111111111111111111111111111111111 

C al.Cll.ATE VELOCITY CF ~ TIRE CONTACT 
C POINT 11N TIRE FIXED REFEREta FRAIi£) 
Cl I 111 I 111111111111111I111111111111111111 

VAX = CUD+ITl£DtT1))fCOSE + CVIHTl£DtS2))tSitE 
VAY = CVD-(T1£DtS2))fCOSE - CUD+ITl£DtT1))1SltE - EDfl 
VBX = CUD-CTl£DtT2))fC0SB + CVD-CTl£DtS2))tS1NB 
VBY = CVD-ITl£DtS2))fCOSB - CUD-(TI£DtT2))f6INB - BDtl 
VDX = UD + Tl£DtD1 
WY= VD+ Tl£DtS1 
VEX= UD - Tl£DtD2 
VEY= W + T1£DtSl 

Ctt 11111111111111111111111111111111111111 

C CORRECT FOR PRESOCE CF TIE Ata.E 
c,,,1,,,,,,,,,,,,,,11,,,,,,,,,1111,,,,,1, 

IF (TIEN,, NE. 8. ) 1l£N 

274 



275 

8565 Zl = VEX*COS!TOEANS> + VEYlSIN!TOEANS) 
8566 Z2 = -VEXtSINITOEANS> + VEY*COS!TIBWS) 
~7 23 = VDX*COS!TOEANS) - VDY1SIN!TIBWS) 
8568 Z4 = VDXtSIN!TOEANG) + VDYICOSITOEIN3) 
~9 VEX= Z1 
8570 VEY= Z2 
8571 VDX = Z3 
8572 VDY = Z4 
8573 END IF 
8574 C II II II 111111 I I II I II II 11 11 11 111 I II 11111 II 

8575 C CALCll.ATE SI.IP ANGLES 
8576 Ct 111111111111 II II 1111111111 fl I I I 1111 II 11 

8577 SI.IPA = ATAN (ABS(VAY/VAX» 1 '57.29'5779 
8578 SI.IPB = ATAN (ABS(VBY/VBX» t '57.'8Sl79 
8579 SI.IPD = ATAN (ABS(VDY/VDX)) t '57.29'5779 
0580 SLIPE = ATAN (ABS(VEY/VEX)) t '57.'8Sl79 
8581 RETURN 
8582 END 
0583 
0584 
8585 
8586 ffff+fllllllllllllffff+ffllllllllllllllllff,ffffflff,ffffffff,ffff-fffffffff-ff 

8587 t SUBROOTitE STATICS CAI..Cll.ATES 1l£ CURRENT NORMAL FORCE ACTING ~ EACH t 
8588 1 HEI.CHAIR TIRE. THIS IS DOtE USitE TIE CURRENT VALlES FOR THE ROAD t 
8589 t FORCES IFAX,FBX,FDX,FEX,FAY,FBY,FDY,FEY) ~ EACH TIRE. A ~I-STATIC t 
1590 t IETHOD IS USED lflICH ASSUl£S m!T THE lffa.CHAIR DOES NOT RW.. t 
1591 11111111111111111111111111111111111111111111111111111111111111111111111111 

1592 
1593 SUBROOTitE STATICSm 
1594 ~ /DIIEN/ D1,D21S1,S2,L1,L, Tl, T21H 
8595 ~ /MASSPR/ JZ, IZP, 111111:, GR 
1596 ~ /ttJRFOR/ FAZ,FBZ,FDZ,FEZ,RCUK 
1597 ~ /C1VAR/ U,UD,UDD1FC1 
1598 ~ /C2VAR/ V,VD,VDD,FC2 
1599 ~ /rJ:Si£,/ E, ED, EDD, B, BD, BDD 
8600 REil. L1 1L1 IZ1 IZP,M,11: 
8601 SAVE ~RN1 
8602 DATA ~RN1 /0/ 
8603 Ct 11 I 11 I I I I I 1111 I I 1111111) 111111111111111 

8604 C CALctUITE LATER AND lCN3ITUDitR. 
8615 C DISTiH:E CF EACH TIRE COOTACT POINT 
1606 C FROM n£ ..m.CHAIR CENTER CF 6RAVITY 
8607 Cl I I I 111111 I I 111111111111111111111111 I 111 

1608 AX = L t COSIE) + S2 
1609 AY = L t SINIE) + T1 
1610 BX • L t COSIB) + S2 
1611 Tl'I •-L t SINIB) + T2 
1612 Zl = 1.1/(RCUK + 1.1> 
1613 22 • 1.1 - Z1 
1614 Cl 11111111 I I I I 11111 I 11 I I 11 I 11111 I I I I I I I 11 

1615 C SE1ll£NTUUY SOI.VE STATIC EIUITIIN, 
1616 C TO DETERMitE ttJR*i FORCES 
1617 Cll 11111111111 I I 111 I I 1111 I 111111 I 111 I II ft 

1618 TERM1 • FC2tHIZ1t(S1+AX> - FC11HIAY - MtGRtSltAY 



276 

8619 TERM2 = Slt(AY+BY> + AYtBX + AX•BY 
8628 TERMJ = FC21Hf!Z2tS1/D1 - ZlfAX/AY> + FCltH 
8621 FBZ = -TERN1/TERM2 
0622 FEZ= (FBZt(BX + AXtBY/AY> - TERM3)/(S1t(1.0 + D2/D1)) 
8623 FDZ = FEZID2/D1 + FC21HfZ2/Dl 
8624 FAZ= FBZtBY/AY + FC2ffftZ1/AY 
8625 C ff I II ff II I II II II ff ff II II I II II II ff +++++++ 
8626 C CHECK TO ENSURE THAT NORMAL FORCES ARE 
8627 C WITHIN ll£ ALLOWED RANSE, IF NOT PRINT 
8628 C WARNIOO TO SCREEN AND CURRENT wt.I.ES 
8629 Ct 1111111111111111111111111111111111 t 1111 

8638 IF (~X <FAZ, FBZ, FDZ, FEZ>. GT. 450) 1l£H 
8631 PRINTI, 1 ffff WARNiti3 ! ! SEE TAPE 11 *"*' 
8632 PRINT•, 'HH NORNAI.. FORCE ) 450 N ffff' 
8633 WRITE<1112000) 1T = 1

1T1
1FAZ = 11FAZ1

1FBZ = 11 FBZ1
1FDZ = ', 

8634 t FDZ, 'FEZ = 1 ,FEZ 
8635 2000 FORMAT(A41F8.61 4(A91F7.2)) 
8636 Ct 111111111111111111111111111111111111111 

1637 C KEEP TRACK OF WARNINGS ISSI.E), IF 
0638 C NlJ~R OF WARNINGS EXCEEDS 101 ST<P 
0639 C++++ I I I I II II I II 111 II I I I I I II I I I 111111 I I II 

0640 NWARN1 = Ni1ARN1 + 1 
0641 IF INWARNl.GT.10) STOP 'TEST CASE TERMINATED' 
8642 END IF 
0643 RETURN 
0644 END 
0645 
0646 
0647 
8648 lllllllllllllllllllllllllllfffffflllllll11111**'*4fffftflllllllllllllllllll 

1649 t SUBROOTINE MECHAN USES THE SLIP ~S rAI..CULATED BY SLIP AND TI£ t 
8650 t FORCES CALCULATED BY STATICS TO DETERMINE TI£ CURRENT LCN3ITUDil'il. t 
0651 t AND LATERAL ROAD FORCE ACTING ON EACH ..m~IR TIRE. THIS IS ID£ t 
1652 t USING EXPERIMEtmuv DETERMHED EMPIRICAL COOSTiwTS. NOTE 'MIT Tl£ t 
0b53 1 DIRECTI!l'i OF EACH TIRE FORCE ~WAYS <PPOSES n£ THE CORRESP!JIDil'l1 t 
0654 t VELOCITY COMPONENT FOR A GIVEN TIRE, IF A TIRE ~ A LATER$l. VELOCITY t 
8655 t DIRECTED ~006 ITS POSITIVE LOCAL X AXIS, Tl£ LATER$l. FORCE WILL BE t 
8656 t DIRECTED ~00 TI£ NEGATIVE LIXA X AXIS. t 
8657 11111111111111111111111111111111111111111111111111111111111111111111111111 

8658 
8659 SUBROOTINE 1£ctl!N (T) 
8660 ~ /LATFOR/ FAV,FBY,FDV,FEY,FTIIJl,FCIIJl,DUIIJI 
8661 ~ /LOOFOR/ FAX,FBX,FDX,FEX 
8662 ~ /NORFOR/ FAZ, FBZ, FDZ, FEZ, RlllK 
8663 COIMlN /St.I~/ St.IPA, SLIPB, SLIPD, SLIPE 
8664 ~ /PTVEL/ YAX, VAY I VBX, I/BY, VDX, VDY, VEX, VEY 
8665 ~ /C&ffl(E/ CIWlOO, CAMCCF, T~ 
8666 CIJtlON /TIRES/ TIRYl318) 1TIRX(3) 1CASYl318) 1CASXl3) 

. 8667 CIJIMOO /FORl«lD/ TXl«>D, TYl«lD1 CXl«>D, COOD 
8668 SAVE NilARN2 
8669 DATA Ni!RN2 /0/ 
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0670 C+t I I I I I I I I I I I I I I I I f I I f I I I I 1111 1111111 I 11 

0671 C CHECK TO ENSURE THAT !l.L SLIP ANGLES 
0672 C ARE LESS THAN 8 DEGREES. CE, S. lmT ti) 
0673 C SLIPPING HAS BESl.m) IF NOT, PRINT 
0674 C WARNING AND CURRENT VAL1£S 
0675 C+++++++++++HH f 111111 +++If II 111111111 II 

0676 IF IMAXISLlPA,SLIPB,SLIPD,SLIPE).ST.8,) THEN 
'16n PRINT•,'"** WARNING!! SEE TAPE 11 "**' 
8678 PRINT•, 1 HH SLIP ANSLE > 8 DEGREES ffff' 

'1679 WRITEl11 1 2'500) 1T = ',T, 1SLIPA = 1 1SLIPA,'SLIPB = ',SLIPB, 
0680 • 1 SLIPD = 'I SLIPD, I SLIPE = 1 I SLIPE 
0681 2500 FORJl!AT(A4,F8.6,41A91F7,3)) 
0682 NWARN2 = "'4ARN2 + 1 
0683 IF INWARN2, ST, 10) STOP I TEST CASE TERMINATED' 
0684 END IF 
0685 C+++111111111+++++++++++1+111111111111111 

0686 C CALCULATE LATERAL FORCE ON LEFT CASTER 
0687 C+++++++++++++++++++++++++IIIIIIIIIIIIIII 

0688 I = INT ISL IPA) 
0689 J =I+ 1 
0690 21 = POLYFTICASY,I,FA2) 
0691 22 = POLYFTICASY,J,FAZ> 
'1692 FAY= SI6NIISLIPA - IHl22-21) + 21 , -wm I CYMOD 
'1693 Cl 111111 II 1111 II I II II lf+++++++l 111111 II II 

0694 C CALCllATE LATERAL FORCE ON RIGHT CASTER 
0695 C+++++++++++++++++++++++++IIIIIIIIIIIIIII 

8696 I = INT ISLIPB) 
'1697 J =I+ 1 
8698 21 = Pll.YFTICASY, 1,FBZ> 
8699 22 = Pll.YFTICASY,J,FB2) 
8700 FBY = SI6NI ISLIPB - IHIZ2-21) + 21 1 -vBY) 1 CYMOD 
8701 Ct 111111 f 1111111 I 11 f 111111111111111111 I If 

8702 C CAL.CllATE LATERAL FORCES ON l'SIIN HB.S 
8703 Ct 111111111111111 I II 11 I I I I If I ff 11 II 111111 

8704 IF I IFTil'fl.NE. 0. ), IN}, IT, LE. DUIIII'» TIEN 
8705 FDY = FTIIII' 
8706 FEY= FTIIII' 
8707 aSE 
8708 I = INT ISLIPD> 
8709 J =I+ l 
1710 21 = Pll.YFTITI8Y, 1,FDZ> 
8711 22 = Pll.YFTITIRY,J,FDZ> 
1712 FDY = SI6NI ISLIPD - I>t1Z2-21) + 21 , -WY> 1 TYMOD 
1713 I = INTISLIPE) 
1714 J =I+ l 
1715 21 = Pll.YFTITIRY,I,FEZ> 
1716 22 = Pll.YFTITIRY,J,FE2) 
1717 FEY = SI~IISLIPE - IHl22-21) + 21 1 -vEY) 1 mKID 
1718 END IF 
1719 C+++t 111111111111111111111111111111111111 

8720 C CAL.CllATE LONGITUDINAL FORCES 
1721 C+++++ I I II II 1111 fl II I I 111 111 I II I II 111 1111 

1722 FAX= SI6NICASXl1)fFA2+CASXl2)fFAZ**2+CASXl3)fFAZ**3,-YAX)fCXll()D 
1723 FBX = SI~ICASX(1)1fBZ+CASXl2)1fB2f-f2+CASXl3)1fBZ**3,-vBX)fCX11()D 



0724 
0725 
0726 
0727 
0728 
0729 
0730 
0731 
0732 
0733 
87~ 
8735 
0736 
0737 
0738 
0739 
0740 
0741 
8742 
0743 
0744 
0745 
0746 
8747 
0748 
0749 
0750 
0751 
0752 
8753 
8754 
8755 
0756 
8757 
8758 
8759 
8760 
8761 
1762 
8763 
8764 
8765 
0766 
8767 
8768 
8769 
8770 
8771 
0772 
8773 
8774 
8775 
8776 
8777 

FDX = SI6NITIRXl1)1FD2+TIRXl2l•FD2**2+TIRX13lffD2**3,-VDX)1TXl40D 
FEX = SI6NITIRXl1)1FE2+TIRXl2>•FE2**2+TIRXl3)1FE2**3,-VEX>•TXMOD 

Cl I I I I 111 I I I 1111 l+H+++++++++H 111 I 111111 

C CORRECT FOR PRESENCE OF TOE OR CA!i!BER 
C++++++ I I I 111 I If If i ++ I 111111 I I I I II 111 111 I 

IF I~. ~'E. 0, > THEN 
I= INTICAMANS) 
FDY = FDY + CAJIICOFIPOLYFT!TIRY,I,FD2> 
FEY = FEY - CAMCOFIPOLYFT(TIRY, I,FE2) 

END IF 
IF !TOEANS. NE, 0, ) THEN 

21 = FEX1COS(TDEAN6) - FEYtSINITDEAN6) 
Z2 = FEX1SINITOEANG) + FEYICOSITDEAN6) 
Z3 = FDXICOSIT!l::ANS) + FDY1SIN!TOEANS) 
Z4 =-FDX•SIN!TOEANS> + FDYICOSITOEANSJ 
FEX = 21 
FEY= le 
FDX = 23 
FDY = 24 

END IF 
END 

C+++++t t 1111111111 I 111 1111 I I I I I I I I 111111 I I I 

C Fl.tCTION PCX.YFIT USES THE LATERAL FORCE 
C COEFFICIENTS TO COf!IPUTE TI£ LATERAL FORCE 
C ON A TIRE GIVEN THE NORMAL FORCE lrID 1W 
C INTESER VAL.!£ SLIP i:wat.E. 
C+-+1111111111111111111111111111111111111111 

AJl:TION POLYFT!A,K,F2) 
DIMENSION Al3,8) 
IF IK.6T.8l TIEN 

K = 8 
END IF 
IF !K.EQ.0) TIEN 

Pa.YFT = 8,8 
ELSE 

Pa.YFT = All,K)IFZ + Al2,K)IF2*12 + Al3,K)IF2*f3 
END IF 
RETURN 
END 

11111111111111111111111111111111111111111111111111111111111111111111111111 
t SUBROOTH£ DYNAM CAL.Ctl.ATES THE CURRENT ACCELERATION OF TI£ t 
t ~~IR CENTER OF MASS #lID OF TI£ INDIVIM.. CASTER lfmS, t 
11111111111111111111111111111111111111111111111111111111111111111111111111 

SUBROUTitE DYNAM m 
~ /Dil'EN/ D1 1D21S1,S2,L1,L,T1,T2,H 
~ /~R/ IZ1 I2P,M,N::,6R 
CCMION /LATFOR/ FAY,FBY,FDY,FEY,FTIMP,FWP,DUiflll 
~ /LllhfOR/ FAX,FBX,FDX,FEX 

278 
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0n8 COMMON /C1VAR/ U,UD,UDD,FCI 
0n9 COMMON /CTNAR/ V, VD1 VDD, FC2 
0780 COMMON /CASANG/ E, ED, EDD, B, BD, BOO 
0781 COMJl!ON /6!.0BAL/ XI XD1 XDD1 Y, YD, YDD, THE, THED, THEDD, KE 
0782 COMMON /CDAMP/ MAF,MBF 
8783 REAL L1,L,IZ,IZP,MAF,MBF,M,til: 
07M CII If I If I fl I II II 11111111111111111 I II If I II 

0785 C COMPUTE SEVERAL CO.liSTIWTS WHICH lt.lST BE 
0786 C USED FOR i¥..L ACCELERATION CAI.Cll.ATIONS 
0787 C+++++t I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I 
0788 COSE = COSCE) 
0789 SINE = SINCE) 
0790 COSB = COS CB) 
8791 SINB = SINCB> 
0792 SDIF = SINCE-B> 
0793 CDIF = COSCE-B) 
0794 Z1 = T1tCOSE - S2tSINE 
0795 Z2 = Ti tSINE + S21COSE 
8796 Z3 = T2tC0SB + S2tSINB 
8797 Z4 = T2tSINB - S21COSB 
0798 ZS = L1tMC/M/IZP 
0799 Z6 = M/L1/I«: 
8800 Z7 = 1,8 -LIM/MC/L1 
8801 Z8 = FDY + FEY 
8802 Z9 = FDX + FEX 
8803 Z18 = MITI£00 
8804 Z 11 = Mf TIEI)fTHED 
8805 CII fl 1111111111111111 I 11111 I I 111 II 11 I I I I I 

8806 C CHOOSE FRICTION AT CASTERS TO CPPOSE 
8807 C CASTER MOTION. IF CASTERS ARE NJT 
8808 C ROTATING SET FRICTION [)!WIIN6 TO ZERO. 
8809 Ct I I I I I I I I I 11 I I I I 111 I 11 I I I I I I I I I I I I I I I I I I 

8810 IF CED. NE. 0. > Tl£N 
8811 212 = SISNIMAF,-ED> 
8812 ELSE 
8813 z12 = e.e 
8814 END IF 
8815 IF CBD.NE.8. > TIEN 
8816 Z13 = SISNCMBF,-BD> 
8817 El.SE 
8818 Z13 = 8.8 
8819 END IF 
1820 Ct I I I I 11111 II I II 111111111 II I I 11 I I 111111 II 

8821 C CALCll.ATE l£T FORCE ON CENTER [F MASS 
1822 C IN Cl MD C2 DIRECTIONS USING CURRENT 
8823 C TI RE FORCE Wl.lES, 
8824 Ct I I 11 I I I I I I I I I I I I 11 I I I I I I I I I I I I I I I I I I I 11 

8825 FC1 = FDX + FEX + FAXICOSE - FAYtSINE + FBXICOSB - FBVtSINB 
8826 IF C CFCIK), NE, I, >, MD, IT, LE, DUUJ1)) TIEN 
8827 FC2 = FDY + FEY + FAXtSINE + FAYICOSE + FBXtSINB + FBYICOSB 
8828 t + FWIP 
1829 El.SE 
8830 FC2 = FDY + FEY + FAXISINE + FAYICOSE + FBX•SINB + FBYICOSB 
8831 END IF 
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0832 C++fffllllt++++++++++++++++++tlllllllllll 
0833 C COMPUTE DESIRED ACCELERATIONS 
0834 C++++++++++++++++++++++++-++11111111111111 
0835 UDD = FC1/N + T1£1)fVD 
0836 VDD = FC2/M - Tf£DtUD 
0837 THEDD = ( FDXtDl - FEXtD2 + 28tS1 + FAXf21 -
0838 1 FAYtlZ2+l) - FBXtZ3 + fBYt(24-L) ) / I2 
8839 BDD = ( Z13t26 + FBYtZ7 + FAXtSDIF + FAYtCDIF + 
0840 1 281COSB - 29tSINB + 216124 - Z11t23 > 1 Z5 
0841 EDD = ( 212t26 + FAYt27 - FBXtSDIF + FBYtCDIF + 
0842 1 Z8tCOSE - 29tSil'E - Z16*Z2 + Z11tZ1 > 1 25 
8843 RETURN 
0844 END 
0845 
0846 
0847 
0848 llfllllllllllllllllllllllllllllllllllfllllllllllfffffllllllllfffflllllllll 
0849 t SUBROOTINE UPDATE USES THE ACCELERATICffi CONNTED IN SUBROOTINE DYNAM t 
0850 t TO UPDATE THE CURRENT VALLES FOR POSITION AND VELOCITY. THE ACCELERA- t 
0851 t Tl CNS FOUND FROM DYNAM ARE ASSlJ.tlED Ceffil~ OVER A SINGLE TIME STEP. 1 
0852 t lPDATE ALSO TRANSFORMS THE CURRENT Wi.lES OF LOCAL DISPLAC9ENT, 1 

0853 t VELOCITY, AND ACCELERATION TO THE FIXED Ii'ERTIAL FRAME (E.6, TO Tl£ 1 
0854 t GLOBAL X, Y FRAME> 1 
0855 ***41111111111111111111111"******11111111111111111111111111111111111111111 

0856 
8857 SUBROOTINE 1.PDATE 
8858 CONNON /MASSPR/ IZ,IZP,M,MC,6R 
0859 CCM40N /C1VAR/ U,UD,UDD,FCl 
8860 COM/IION /C2VAR/ V, VD, VDD, FC2 
8861 ~ /CASAOO/ E,ED,EDD,B,BD,BDD 
1862 CCM!ON /GLOBAL/ XI XD, XDD, YI YD, YDD, Tl£, Tl£D, Tl£DD, KE 
8863 Cl:MION /TJIIIE/ TIOTAL, TSTEP, PINT, PRCTRL 
8864 REAL IZ1 IZP1 M, MC, KE 
8865 Cl 1111111111111111+1111 II II 11111 I 111111111 

8866 C CALCI.LATE LOCAL DISPLAC9£NT, VELOCITY 
8867 C AND ACCELERATION IN Cl AND C2 DIRECTI~ 
8868 C11111111111111111111111111111111111111111 
8869 U = ... 
1870 V = I.I 
1871 CALL ITRATE IU, UD, UDD, TSTEP> 
1872 CALL ITRATE CV, VD, VDD, TSTEP> 
1873 Cl 1111 II I I II II I II I 1111111111111111 I 111111 
8874 C TRANSFORM TO GLOBAL REF£REN:E FRAtE, 
1875 C X, Y ARE WITH RESPECT TO A FIXED ORIGIN 
1876 C AND DO NJT l«lVE DR ROTATE WITH TIE 
1877 C ffELCKHR 
1878 Cl 111111111111111111111111111111111111111 
1879 COST = COS<TI£> 
1880 SINT = S1N(TI£) 
1881 X = X + (UtCOST - VtSINT> 
1882 Y = Y + (UfSINT + VfCOST) 
1883 XD = IJDfCOST - VDISINT 
1884 YD = IJDfSINT + VDtCOST 
1885 XDD = UDDICOST - VDDISINT 
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1886 YDD = UDDfSINT + VDDfCOST 
0887 C++++ll 1111111++++111111 I I 1111111111111111 

1888 C U:ODATE ANSULAR DISPI.AC9!ENTS, VELOCITIES 
0889 C AND ACCELERATIONS. 
8890 Cl I I I I I I 11111111111111 I I 1111+ t If 1111111 ltt 

8891 CAU. ITRATE IB, BD, BDD, TSTEP> 
8892 CALL IT RATE IE, ED, EDD, TSTEP) 
0893 CALL ITRATE (THE, THED, THEDD, TSTEP) 
8894 C++++ I II II I II I II II 11 I 11 I I II I 11 I II I I I I I I II 

0895 C I.PDATE Wll.E OF TOTAL KINETIC E?ERSY 
8896 C+ I I II II II II I II I I II I II I f +t fl II II II II II f II 

8897 KE = 0, 5t (Mt (UDtlJD + VDIVD> + JZtnE)ITHED) 
8898 RETURN 
8899 END 
0900 
0901 
0902 
8903 l+lllf+lfll**l-lllllllllllllllli-lllllllllll*i*llllllflllllll-llf-llllllllllll 
8904 1 SUBROIJTINE lTRATE USES CLASSICAL FOR!lfllAS FOR MOTION WITH CONSTANT t 
0905 1 ACCELERATION TO COMPUTE DISPLAC91ENT IJID VELOCITY ~S FOR A SINSLE t 
0906 t TIME STEP. ITRATE IS CALLED BY SUBR00TU£ DYti!M, t 
1907 11111111111111111111111111111111111111111111111111111111111111111111111111 

0908 
8909 SUBR0IJTit£ ITRATE (DISP, VEL, ACCEL, TSTEP> 
1910 DISP = DISP + VELtTSTEP + a. 5tACCE1.tTSTEP1TSTEP 
1911 VEL = VEL + ACCELtTSTEP 
1912 RETURN 
1913 END 
1914 
1915 
1916 
1917 11111111111111111111111111111111111111111111111111111111111111111111111111 

1918 t SUBROOTINE ~RS PRINTS f£ADIN6S AT Tl£ TCP lf EACH OOTPUT FILE TO BE t 
1919 t PRINTED. 'TI£ NUMBER lf OOTPUT FILES DEPENDS~ 'TI£ SPECIFIED WLI.E t 
1920 t lf PRCTRL, t 
1921 11111111111111111111111111111111111111111111111111111111111111111111111111 

1922 
1923 SUBR00Tit£ ~RS(PRCTRL> 
1924 WRITE 16, 3800) 
1925 IF (PRCTRL, t£, 1,) TIEN 
1926 WRITE 17,3500) 
1927 WRITE (8, 4800> 
1928 WRITE 19, 4500) 
1929 WRITE ue, 5000) 
1938 END IF 
1931 3800 FORMAT 13X,'T',11X,'X',eX,'Y',7X,'Tl£',5X,'1lED',4X,'~', 
t932 t 7X, 'UD', 7X, 'VD', 7X1 /) 

1933 3500 FORMAT (3X,'T',6X,'SllPA',6X,'SlIPB',6X,'SlIPD1,6X,'SlIPE1, 

1934 t 7X,'YAX1,eX,'YAY',8X1
1VBX1 ,8X,'YBY1,8X,'VDX1,8X,'VDY', 

1935 , ex, 'VEX' ,ex, 'VEY' ,1> 
1936 4800 FORMAT (2X1

1T1,eX, 1FAX',4X1
1FBX1,4X,'FDX1

14X, 1FEX1,4X, 1FC11 , 

1937 t eX, 1FAY118X, 1FBY1,eX,'FDY1,8X, 1FEY1
15X1

1FC21,5X,'FAZ1, 

1938 t 5X, 1FBZ1 ,5X, 1FDZ1 ,5X, 1FEZ1 , I) 
1939 4500 FORMAT 13X, 1T1,9X,'U',9X,'UD',eX,'UDD1,9X,'V',9X,'VD',9X, 1VDD', 
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09't0 t 9X, 'E', 9X, 'ED', 9X,' EDD', 9X, 1 B1 , 9X,' BD' 1 9X, 1 BDD', /) 
0941 5000 FORMAT (3X, 1T1,10X, 1X1,11X, 1XD1

1 11X,'XDD1111X,'Y',12X,'YD', 
0942 t 10X, 1YDD1,10X, 1TI-E1 19X11THED119X, 1THEDD',7X,'KE',I) 
8943 RETURN 
0944 END 
0945 
0946 
0947 
1948 ffffffffffffffHffffffffffffffffffffHllllllllffffffffffffffffffffffffff,ff 

8949 t SUBROUTINE PRCUR PRINTS THE CURRENT VALl£S OF SEVERAL VARIABLES TO Tl£ t 
8950 t OOTPUT FILES, IF PRCTRL = 1, 0 ENTRY BEGINS AT TIE ENTRY STAIDIENT t 
0951 t •pREJ<EY• AND OOLY KEY VARIABLES ARE PRINTED, FOR ANY 0Tl£R VAi.!£ OF t 
0952 t PRCTRL, ALL VARIAR.ES ARE PRINTED, PRCUR IS CALLED FROM THE ~IN t 
0953 t PROGRAM AT TIMES CORRES'P0NDIN6 TO TI£ SPECIFIED VALi£ OF PINT. t 
0954 ffHHfffffffffHHffffffffffffffffflllllllllllllllffffffffffllllllllllllf 
0955 
e956 SUBROUTINE PRCURIT> 
0957 COMMON /LATFOR/ FAY, FBY, FDY, FEY, FTIMP, FCIMP, DUitifl 
0958 COMMON /LOOFOR/ FAX,FBX,FDX,FEX 
8959 COMMON /NORFOR/ FAZ, FBZ, FDZ, FEZ, RCUK 
1960 COMNON /C1VAR/ U,UD,UDD1FC1 
8961 COMMON /WAR/ V, VD, VDD, FC2 
0962 COliKN /CASANS/ E, ED, EDD, B, BD, BDD 
8963 ~ /61..0BAL/ X, XD1 XDD, Y, YD, YDD, TIE, THED, THEDD, KE 
8964 COMMON /SL I PAN/ SL IPA, SLIPB1 SLIPD, SLIPE 
8965 COllfMOO /PTVEL/ VAX, VAY, VBX, YBY, VDX, VDY, VEX, VEY 
8966 ~ /CDAMP/ NAF, MBF 
8967 REAL KE 
8968 WRITE (7, 5500) TI SL IPA, SLIPB, SLIPD, SLIPE, VAX, VAY 1 
8969 t VBX, YBY, VDX, VDY, VEX, VEY 
1970 WRITE (81 6000) T,FAX,FBX,FDX,FEX,FC1,FAY1 FBY,FDY, 
1971 t FEY,FC2,FAZ,FBZ,FDZ,FEZ 
1972 WRITE (915500) T, U, UD, UDD, V, W, WD, E, ED, EDD, B, BD, BDD 
1973 WRITE !1016500) T, X, XD, XDD, YI YD, YDD, TI-E, Tl-ED, T>EDD, KE 
1974 ENTRY PRKEYIT> 
1975 WRITE !61 7000> T, X, Y, TI-E, TI-ED, TI£DD, UD, W 
1976 5500 FORMAT (F5, 2, 12E11, 3) 
1977 6000 FORMAT (F5,2,2X,5F7.114E11.3,5F8, 1) 
1978 6500 FORMAT (F5,2,1X,9E13,41F7,2) 
1979 7000 FORMAT (F5,2,3X,7f9,4) 
1980 00 
1981 
1982 
8983 
1984 11111111111111111111111111111111111111111111111111111111111111111111111111 
1985 t BLOCK DATA INITUi.lZES ALL SPECIFIABLE AND IOHPECIFIABLE VARIABLES, t 
1986 t IF 1T IS DESIRABLE TO DR«x: ~ INITI!t. COODITlONS FOR MANY DIFF- t 
1987 t ERENT TEST CASES, THIS CAN BED()£ BY lillDIFYIN6 BLOCK DATA RATI-ER TKW t 
1988 t BY SPECIFYING EAOI OR& INTERACTIVELY FOR EACH TEST CASE. t 

'1989 11111111111111111111111111111111111111111111111111111111111111111111111111 

1990 
1991 BLOCK DATA 
1992 ~ /DIMEN/ D1,D2,S1,S2,Ll1L1 Tl, T2,H 
1993 aMJN /MASSPR/ IZ, IZP, M, IC, 6R 
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e994 COMMON /LATFOR/ FAY, FBY, FDY, FEY, FlIMP, FCIMP, DUIJIJI 
8995 COMMON /LONFOR/ FAX, FBX, FDX, FEX 
8996 COMMON /NORFOR/ FAZ, FBZ, FDZ, FEZ, RCUK 
VJ997 COMMON /C1 VARI U, UD, UDD, FCl 
0998 ~ /C2VAR/ V, VD, VDD, FC2 
0999 COMMON /CASANS/ E,ED,EDD,B,BD,BDD 
1000 CONMON /61..0BAL/ X, XD, XDD, Y, YD, YDD, THE, THED, THEDD, KE 
1001 COltlON /SI.I~/ SLIPA, SLIPB, Sl.1PD1 SL1PE 
1002 COfllMON /PTVEL/ VAX,VAY1VBX1VBY,VDX,VDY,VEX,VEY 
1003 COMMON /CDAMP/ MAF,MBF 
1~ COMMON /CAMTCE/ CAMANS,CAM!Xf, TOEAtl3 
1805 ~ /TIRES/ TIRYl31 8) 1 TlRXl3) 1 CASY(318),CASX(3) 
1006 COMMON /Y~/ EJAY(318) 11MYl318),EJPYl318) 1SSYl318l 1A6Yl3,8) 
1007 ~ /X~/ EJAX(3) 1 IMX(3) 1EJPX(3) 1SSX(3) 1A6X(3) 
1008 ~ /FORMOD/ TXMOD, TYMOD, CXMOD1 CYl«JD 
1009 ~ /TIME/ TIOTAL, TSTEP, PINT I PRCTRL 
1010 REAL L1 1L1 IZ,IZP,MAF1MBF,M,MC,KE,1MY1 IMX 
1011 DATA D1,D21S1 1S2 /,2651 ,2651,345,,175/ 
1012 DATA Ll 1L1T1,T21H /,0581,081,241,241,61/ 
1013 DATA IZ,IZP1M1MC16R /5,61 .02195, 1 1,2,9,81/ 
1014 DATA FCIMP,DUIMP,FlIMP,FAX,FBX,FDX,FEX /40, 1 ,101510,/ 
1015 DATA FAY,FBY,FDY,FEY,FAZ,FBZ,FDZ,FEZ,RCl.LK /810, 11,/ 
1016 DATA TXMOD1TVMOD1CXMOD1CYl«JD /0, 1 1, 18, 11,/ 
1017 DATA U1 UD1 UDD,FC1,V,VD,VDD,FC21E,ED,EDD,B,BD,BDD /0.,.751 1210,/ 
1018 DATA X,XD,XDD,Y,YD,YDD,lll::,~1THEDD,KE /1810,/ 
1019 DATA SI.IPA,SLIPB,SLIPD,SLIPE /410,/ 
1020 DATA VAX, VAY, VBX, VBY, VDX, VDY, VEX, VEY /810, / 
1021 DATA MAF,MBF,CANANS,~1TCEAN6 /,11 ,110, 10,,0,/ 
1022 DATA TIOTAL,TSTEP,PINT,PRCTRI. /10, 1 ,8011 ,201 1,/ 
1023 DATA EJAX / 1, ~-2, -2. 65456E-5, 5, 38569E-8 / 
1024 DATA IMX / 1,20231E-2,-3.62874E-6, 2,47265E-8 / 
1025 DATA EJPX / 1, 48242E-21 -2, 77966E-S, 2, 70203E-8 / 
1026 DATA SSX / 1,81750E-21-5,304S2E-51 6,26485E-8 / 
1027 DATA ASX / l,22211E-3, 1.42569E-4,-1,78013E-7 / 
1028 DATA CASX / 9.19876E-3, 3.21731E-S,-l.54898E-8 / 
1029 DATA EJAY / 1, 98189E-1, -1, 73690E-41 -3, 90765E-8, 
1030 t 3.17287E-1 1 2. 37231E-51-5, 19682E-71 

1831 t 3.07205E-1, 5.56659E-4,-1,11809E-6, 
1032 • 2.933I4E-1, 9.48220E-4,-1.52567E-6, 
1833 t 3.65706E-11 8.27195E-4,-l,34621E-6, 
1834 t 5.31375E-1, 2.66275E-4,-7.41407E-7, 
1835 t 6, 75259E-1,-2, 1324SE-4,-2.69438E-7, 
1036 t 6.96379E-1,-2.23784E-4,-2.97540E-7 / 
1837 DATA IMY / 3.58427E-1,-9, 11580E-4, 7.31398E-7, 
1838 t 5.09691E-1,-1.81940E-3, 7,68241E-7, 
1839 t 6.B0238E-1,-1.29672E-3, 9.95998E-7, 
1840 t 8. lNJJE-1, -1. 53026E-3, 1.19312E-6, 
1041 t 8. 32849E-1, -1. 39033E-3, 1, 141601:-6, 
1842 t 8.40706E-1,-1.27678E-3, 9.12153E-7, 
1043 t 7.88546E-1,-9.29083E-4, 5.50323E-7, 
1044 t 7. 74272E-1,-8.86877E-4, 5.64815E-7 / 
1045 DATA EJPY / 3.35695E-1,-4,40024E-4, 9.33529E-8, 
1046 t 5.Ja394E-1,-4.86746E-4,-8.41244E-8, 
1047 t 6.31923E-1,-3.16612E-4,-3.67544E-7, 
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1048 f 8.25503E-1 1-6,47171E-41-6.4010'3E-8, 
1049 f 8.99986E-1,-5.39797E-4,-2.33609E-7, 
1050 f 9.29075E-11-4,47427E-41-3,16601E-71 
1051 f 9.19489E-1,-2.3&651E-41-5.02252E-7, 
1052 f 9.84140E-1 1-4,15714E-4,-3.08961E-7 / 
1053 DATA SSY I 3,00952E-11-4.38212E-4, 1,68247E-7, 
1054 f 5.S4062E-1,-1.08108E-31 7,88194E-7, 
1055 f 7,61038E-1,-1,14356E-3, 5.69103E-7, 
1056 f 8.81072E-1,-1.201.lt4E-3, 5.34230E-7, 
1057 f 8.54826E-1,-7.28898E-4,-1.11986E-8, 
1058 f 8.2'"c513E-1,-4.40673E-4,-2,27546E-7, 
1059 f 7.531.lt4E-1, 3.15524E-51-6.98151E-7, 
1068 f 7.77852E-1,-7.30789E-51-4,72285E-7 I 
1061 DATA AGY / 2.68912E-1, 6.28921E-51-6.18542E-7, 
1062 f 5. 42135E-1,-6.12264E-4, 1.14320E-7, 
1063 f 7,51468E-11-1,00052E-31 4,23781E-7, 
1064 f 8.78984E-1 1-1,07359E-31 3.75928E-7, 
1065 f 8. 86993E-1,-7. 67556E-4, 2. 04054E-8, 
1066 f 9.22619E-1,-6.89697E-4,-6.90660E-8, 
1067 f 9.46552E-1,-6.50317E-4,-6.81895E-8, 
1068 f 9.52619E-1,-5.63006E-4,-1.52079E-7 / 
1069 DATA CASY I 2,43038E-11-6.86099E-41 6.0573SE-71 
1070 f 4.59856E-1,-1.31249E-31 1,19560E-6, 
1071 f 6. 90894E-1,-1. 97964E-3, 1, 78667E-6, 
1072 f 8.18698E-1,-2.11332E-3, 1,72893E-6, 
1073 f 9.82602E-1 1-2,45591E-31 1,96530E-61 
1074 f 1, 07234E-01 -2, 50068E-31 1, 86841E-6, 
1075 f 1,21599E-0, -2. B3152E-3, 2.12777E-6, 
1076 f 1, 34947E-0, -3.14277E-3, 2, 34825E-6 / 
1077 00 
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The default parameters used by program WCHAIR were 

given in Table 8-1. Most of the default values were either 

measured directly or were assigned a known typical value. 

For example, the width dimensions d1 or d2 (see Figure 6-1) 

could be directly measured from the Everest and Jennings 

rear caster wheelchair. The assumed total mass of 95 kg 

corresponds to a user with mass 75kg and a wheelchair with 

mass 20kg. These are known to be reasonable values. Of 

course, all of the parameters will vary for different 

wheelchairs and different users. It is desirable to choose 

default parameters which are representative of a typical 

wheelchair/user combination. 

Of the parameters given in Table 8-1, three were 

slightly more difficult to estimate than the others. These 

were the center of gravity position, the moment of inertia 

values, and the frictional moments at the caster pins. This 

appendix is intended to briefly outline the methods that 

were used to obtain reasonable values for each of these 

quantities. 

CENTER OF GRAVITY POSITION 

As mentioned previously, it was not possible to obtain 

the Everest and Jennings rear caster wheelchair for an 

extended period of testing. For this reason, the longi-

tudinal position and vertical height of the center of 
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gravity were estimated using data collected by E. v. Mochel. 

[D.1 l Mochel determined the position of the center of 

gravity for a 75kg ISO (International Organization for 

Standardization) test dummy seated in an Invacare Rolls 500 

STS wheelchair. This is a manual front caster wheelchair. 

The center of gravity was found to be a distance of 13.5cm 

from the rear axle of the front caster wheelchair at a 

height of 61cm. Note that the default mass used by program 

WCHAIR assumes a user of mass 75 kg. This value was 

chosen to correspond to the ISO dummy used by Mochel. Later 

in this appendix, moment of inertia values for the ISO dummy 

will be discussed. 

The rear axle on the front caster wheelchair used by 

Mochel corresponds approximately to the back of the seat. 

Because the Invacare wheelchair and the rear caster Everest 

and Jennings wheelchair have nearly the same mass, it is 

reasonable to expect that the center of gravity position for 

the Everest and Jennings chair will also be about 13.5cm 

from the seat back (again assuming a 75kg test dummy>. 

Adding to this value a distance of 4cm from the back of the 

seat to the caster pins means that the distance <s 2 ) from 

the caster pins to the center of gravity is approximately 

17.5 cm (see Figure 9-1). 

The seat height for both the Everest and Jennings rear 

caster wheelchair and the Invacare front caster wheelchair 

used by Mochel was measured to be 48 cm (19 in). Since both 

wheelchairs have nearly the same mass, the center of gravity 

heights should be approximately equal. Thus, the height of 
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61 cm found by mochel was used as the value for h. 

It is emphasized that the default values are only 

reasonable estimates. The effect of varying the center of 

gravity position was discussed in Chapters sand 9. 

MOMENT OF INERTIA VALUES 

The moment of inertia of the 7 5 kg ISO test dummy was 

determined to be 3.1 kg-m2 by T.M. Duffey. [D.2] This value 

corresponds to a vertical axis passing through the dummy's 

center of gravity. The ISO dummy was designed to have mass 

properties similar to those found for a typical wheelchair 

user. 

The mass moment of inertia of a typical manual 

wheelchair was experimentally determined by using a 

torsional pendulum. The pendulum consisted of a slender 

steel rod welded between two small metal plates as shown in 

Figure D-1. The upper plate was clamped to a rigid frame so 

that the pendulum would hang freely. A wheelchair was 

suspended at the lower plate by passing a flat steel bar 

under the seat frame and then clamping that bar to the lower 

plate using two C-cla-rnps. The wheelchair was clamped such 

that the lower plate was located at the wheelchair center of 

mass. 

The suspended wheelchair was then carefully rotated 

through a small angle theta and released. By measuring the 

period of the resulting oscillations, it was possible to 

determine the moment of inertia, I. 
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Torsional Pendulum for 
Determining Moments of Inertia 
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The relationship between the period of oscillation, T, 

the wheelchair moment of inertia, I, and the material 

properties of the steel rod is given by 

T= 2n~ v~ (D-1) 

where Kt is the torsional rigidity of the rod. Kt can be 

found by suspending a mass with a known moment of inertia 

such as a solid cylinder from the pendulum and observing 

its period of oscillation. Once Kt is determined, I values 

can be found for a wheelchair or any other mass that can 

easily be mounted at its center of gravity to the lower 

pendul urn plate. 

The torsional pendulum used for this research consisted 

of a 1/8 (.32 cm) inch diameter steel rod of length 33 1/2 

inches (85.1 cm). A 50 lbf (222 N) solid cylinder was used 

to calibrate the pendulum. The value of Kt for this rod was 

found to be 0.66 (ft-lbf)/rad. The value for I for an 

Invacare Rolls IV manual front caster wheelchair was found 

to be 2 .3 kg-rn2. 

Because the center of mass of the wheelchair and the 

seated dummy do not coincide, the total moment of inertia is 

not simply the sum of the value found by Duffey for the ISO 

dummy and value obtained from the torsional pendulum for the 

wheelchair. Instead a small correction is required. This 

is done by determining the position of the dummy center of 

mass, the wheelchair center of mass, and the combined center 

of mass. With these positions known, the parallel axis 
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theorem for moments of inertia is used to compute the total 

moment of inertiL When this was done, the resulting total 

moment of inertia, Iz was found to be S.6 kg-m2 as given in 

Table 8-1. This is 0.2 kg-m2 higher than would have been 

obtained by simply adding the two values already given for 

the dummy only and the chair only ( 3 .1 kg-m2 + 2 .3 kg-m2) 

FRICTIONAL MOMENTS AT CASTER PINS 

Because the friction at the caster pins is extremely 

small, it is difficult to measure directly. An approximate 

value was obtained by lifting the wheelchair off the ground 

so that the two casters were free to pivot. A spring scale 

was hooked to one of the casters at a known distance from 

the caster pin. By measuring the distance to the caster pin 

and the force required to slowly turn the caster, the 

frictional moment was found to be approximately 0.10 N-m. 




