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Abstract

The interplay of symmetry and many-body interactions in electronic states can lead
to the emergence of fractional point-like and loop-like excitations. These excitations
have fractional charge and spin degrees of freedom and are known as topological order.
In this work, we present a study of realizing three-dimensional topological order in
condensed matter systems. We study symmetries and many-body interactions in three
models, (1) Dirac (semi)metal, (2) Dirac nodal superconductor and (3) anomalous
interacting Weyl (semi)metal, which is otherwise forbidden in the single-body setting.

Weyl and Dirac (semi)metals in three dimensions have robust gapless electronic
band structures. Their massless single-body energy spectra are protected by symme-
tries such as lattice translation, (screw) rotation, and time reversal. In this thesis,
I will discuss many-body interactions in these systems. 1 will focus on strong inter-
actions that preserve symmetries and are outside the single-body mean-field regime.
By mapping a Dirac (semi)metal to a model based on a three-dimensional array of
coupled Dirac wires, I will show that the Dirac (semi)metal can acquire a many-body
excitation energy gap without breaking the relevant symmetries, and interaction can
enable an anomalous Weyl (semi)metallic phase that is otherwise forbidden by sym-
metries in the single-body setting.

[ will then extend this model to the superconducting analog of Dirac (semi)metals.
These topological nodal superconductors possess gapless low energy excitations that
are characterized by a point or line nodal Fermi surfaces. Using a coupled wire con-
struction, I will study topological nodal superconductors that have protected Dirac
nodal points. Within this model, we demonstrate many-body interactions that pre-
serve the underlying symmetries and introduce a finite excitation energy gap. These
gapping interactions support fractionalization and generically lead to nontrivial topo-
logical order. All of these topological states support fractional gapped (gapless) bulk

(respectively, boundary) quasiparticle excitations.
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Chapter 1

Introduction

Emergent behavior is a common theme in nature. For example, flocks of birds and
swarms of fish display complex behavior in their collective movement. The collective
system behaves as if it is more than the sum of its parts due to interactions between
the parts. Similarly in 2D materials, emergent phenomena can arise when electrons
interact with each other. Unlike the case where birds interact only with their near-
est neighbors, electrons interact with all the other electrons in the system and are
quantum mechanically entangled with each other. This leads to even more exotic
emergent phenomena and complexity.

This collective behavior of interacting electrons can effectively split them into
fractional particles known as quasiparticles, which have a fraction of the charge of an
electron and other exotic properties. These quasiparticles are useful for applications
such as quantum computing. Some 2D examples are fractional-charge quasiparticles
in fractional quantum Hall effect and Majorana quasiparticles in superconductors.
Unlike the 2D case, there are no materials at all that exhibit such behavior in 3D.
Our work proposes how these emergent quasiparticles can be realized in 3D materials
such as Dirac semimetals (3D analogs of graphene with massless electronic states),

Dirac nodal superconductors (superconducting analogs of Dirac semimetals), and



anomalous interaction-enabled Weyl semimetals.

In our framework, interactions among electrons are introduced to make these
electronic states massive without breaking any symmetries of the system. This leads
to the emergence of quasiparticles in the 3D bulk, which are different from those
found in 2D materials. 3D materials can also have loop-like quasiparticles beyond the
point-like quasiparticles found in 2D materials. Studying electron interactions can be
a daunting task in 3D, but in this work we develop a new framework that models the
3D system as an array of 1D interacting wires, which are much better understood,
allowing us to study the interactions problem exactly. Interacting 1D wires can be
understood using relations from Conformal field theory, making them a very useful
building block to model higher dimensional interacting topological phases.

We also propose a new many-body interaction-enabled state that is otherwise for-
bidden in the single-body setting. In the single-body setting, time-reversal symmetric
Weyl semimetals have atleast four Weyl nodes. In this work, we show that in the
presence of many-body interactions a new time-reversal symmetric state can arise
with only two Weyl nodes.

The theoretical framework developed in this work will be useful for studying in-
teractions and realizing quasiparticle excitations in a number of 3D materials. We
will now give some brief background that may be useful for the reader. A summary
of results and outline of the dissertation is given in chapter 2. The broad impact of

this work is discussed in th conclusion chapter 6.

1.1 Background

1.1.1 Topological band theory

In topology, two objects are considered equivalent if they can be continuously trans-

formed into each other, a famous example is that of a coffee mug and a donut. In



condensed matter systems, we can ask a similar question if the Hamiltonians of two
quantum systems are topologically equivalent. Two gapped quantum systems are
topologically equivalent if they can be continuously deformed into each other without
closing the energy gap. Topologically distinct Hamiltonians have a different topologi-
cal invariant. The closing of the energy gap is known as a topological phase transition
and it changes the topological invariant.

A simple 1D example that displays topological behavior is the Su-Schrieffer-Heeger
(SSH) model. It consists of a finite 1D chain with staggered hoppings. This model
has sub-lattice labels A and B. A unit cell consists of two atoms A and B, the intra-
cell hopping is denoted by v and inter-cell hopping by w. The Hamiltonian can be

written as

N
Hssy = Z vciucm + wcg,icA,iH + h.c. (1.1)

=1

The Bloch Hamiltonian, after a Fourier transform is given by

h(k) = oz (v 4+ wcos(k)) + o,(wsin(k)) (1.2)

= 0,d, +0yd,. (1.3)

By diagonalizing the Bloch Hamiltonian, the energy spectrum of the model can

be obtained Eyi(k) = £4/v2 + w? + 2vwcos(k). For v=w, the bang gap vanishes
at k = +m. The spectrum is gapped for v < w and v > w, corresponding to two
distinct topological states which can be distinguished by a topological invariant. In
this case, the topological invariant is the bulk winding number v. d(k) represents the
internal structure of the eigenstates and as k goes from 0 to 27, it traces a circular
path in the d, — d, plane. The winding number v is defined as the number of times

this path goes around the origin. The invariant v = 0 for v > w and v = 1 for



v < w. Similarly, for other topological states various topological invariants can be
defined to distinguish between topological states. Elaborate tables have been built
for classifying topological band theories with various combinations of symmetries and

dimensionality.

1.1.2 2D Topological Order

In two-dimensions, interactions and quantum entanglement can effectively split the
particles such as electrons to fractional excitations. These fractional excitations or
anyons are of interest because of their potential applications for topological quantum
computation. Anyons can be used to make quantum memories that are protected from
decoherence and quantum gates can be constructed out of the braiding operations of
these anyons. Certain non-Abelian anyons can also be braided to perform universal
quantum computation. These fractional excitations are known as topological order
and we would discuss one of the simplest examples known as the Kitaev model [1].
On a square lattice, localized spin-1/2 electrons can be placed on the bonds con-

necting the lattice sites. The Hamiltonian can be written as

H=-Jo Y Ai—Ju Y B, (1.4)

vertices plaquettes

where

A=1] o B.= [ o

star(s) boundary(p)

The boundary p refers to the spins on the bonds that surround a plaquette, the
star s refers to bonds that surround a vertex. All the terns commute with each other,
including the plaquette and vertex terms as they share an even number of spins.

This model has four excitations which are robust to small perturbations and belong

to distinct superselection sectors. A superselection sector is defined as a class of states



that can be transformed from one state to the other by local operators. This model
has a vacuum 1, charge e, vortex m and charge-vortex e sectors/states. Particle types
e and m are bosons, whereas € is a fermion. The particles describe a Z; gauge theory
and this model represents one class of topological order. Wilson line/path operators

can also be defined as

W, = HUZ’ W, = Hax. (1.5)
le Im

The operator W, is a product of the vertex terms inside the loop [, and measures
the parity of e excitations. Similarly, W,, counts parity of the number of m excita-
tions. These Wilson loops can characterize the degenerate ground states of the toric
code on a torus. The Wilson line operators can have e and m excitations at the
ends of the loops, they can also be used for moving excitations from point a to point
b. The exchange and braiding statistics can also be determined by using Wilson
line operators to move excitations around and getting a fractional braiding phase.
These braiding operations of point-like excitations in two-dimensions can be used for
topological quantum computing.

We will now discuss one of the oldest known examples of interacting topological
phases with fractional excitations, the fractional quantum Hall effect. For integer
Quantum Hall effect, the conductance is given by G' = ve?/h, where v is an integer.
However, for strongly interacting cases, this v can take fractional values implying
local excitations which have fractional electron charge. These fractional particles
are local particles like electrons and pick up a fractional exchange phase when the
excitations are interchanged. During the exchange, the many-body wave function of
the system returns to itself but it picks up a Berry phase. For fermions the phase

is 7, for bosons it is zero, and for fractional excitations in the fractional quantum



hall effect it iS @egchange = mv. This exchange phase can be easily understood by
a composite fermions type argument. The fractional excitations can be thought of
as a fractional charge with a flux quantum tied to it. A more formal description
of composite fermions can be understood in terms of topological field theories and
will be discussed later. If we forget about the attached flux and just consider the
Aharanov-Bohm phase when a charged particle goes around a flux v, it picks up a
phase of 27v. In the composite-fermion picture, both excitations have a flux attached
to them and pick up a phase when one of them moves around the other, which is equal
to a double exchange. Hence the exchange phase of these anyons would be half of the
double exchange and picks up an exchange phase of 7v.

Similarly to the Wilson operators in the Kitaev model, we can also define Wilson
loops for the fractional quantum Hall effect with periodic boundary conditions on a
torus. We can define two Wilson operators W; 5 for each cycle of the torus. These
Wilson operators move vortex around the non-trivial cycles of the Torus and rep-
resent braiding between the two vortices. The braiding phase is given by WiW, =
e?™W,oW,. A lattice model is not essential for defining braiding operations and
Wilson loops, they can also be constructed in a coupled-wire description. A nice
exposition of Wilson algebra for a coupled-wire description of various fractional Hall
effect states can be found in [2].

The low-energy effective theories of fractional quantum Hall effect and other topo-
logical phases can be described using a Topological Quantum Field Theory (TQFT),
like Chern-Simons theory for 2D cases. The Chern-Simons TQFT is topological in
the sense that it does not depend on the metric and does not know about clocks and
rulers of the system. The integral is evaluated on a closed manifold and depends only
on the topology of the manifold and not on the metric that is put on the manifold.
A clear and pedagogical explanation of Chern-Simons theory description of fractional

quantum Hall effects can be found in notes by Gerald Dunne [3]. The complete



topological order, braiding and exchange statistics of these topological phases can be

described using these TQFTs.

1.1.3 3D Topological order

Previously we have discussed point-like fractional excitations in two-dimensions, which
can give non-trivial braiding statistics. These anyon or quasiparticle braiding statis-
tics is a powerful way to characterize the topological properties of two-dimensional
gapped quantum many-body systems. In this section, we will discuss the analo-
gous quantities in three dimensions. Braiding between point-like excitations is not
possible in three-dimensions as the world-line of the quasiparticle does not form a
non-contractible loop around the other quasiparticle like in two-dimensions.

In 3D, a much richer structure is obtained with braiding between point-like and
loop-like excitations and between loop-like excitations. However, these braidings do
not fully capture the topological structure of 3D many-body systems and more com-
plete information can be captured by the three-loop braiding process [4]. The loop
braiding statistics and the low-energy effective theory can be described by topological
quantum field theories like the BF theory which are the 3D analogs of Chern-Simons
theory. Although, there are numerous field-theoretic descriptions of 3D topological
order there are no microscopic models. In 2D, topological order has been realized in
interacting topological phases like the fractional quantum Hall effect but there have
been no material realization for 3D topological order. In this work, we build the first
microscopic models for 3D topological order in interacting topological phases, this

may also lead to their material realization in the future.

1.1.4 Symmetry Protected Topological (SPT) phases

Symmetry Protected Topological (SPT) phases are the generalizations of band insu-

lators to interacting many-particle systems. Similar to topological band insulators,



SPT states have gapped bulk and no exotic bulk excitations but have non-trivial
surface states that are protected by symmetry. Similar to topological band theory,
distinct SPT states cannot be smoothly deformed into each other without a phase
transition if the symmetry is preserved. If the symmetry is broken, then the SPT
state can be smoothly deformed to a trivial product state. In SPT phases, the de-
grees of freedom in one part of the sample is only entangled quantum mechanically
with neighboring regions, this is known as Short Range Entanglement (SRE). One
example of SPT states are Haldane spin chain in 1D [5, 6], where the bulk is gapped
and has no exotic excitations, there are dangling edge states which are protected by
a symmetry like time reversal. Another example is the topological insulator which is
protected by U(1) and time-reversal symmetry.

Unlike SPT states, topologically ordered states are Long Range Entangled (LRE)
and can have exotic excitations in the bulk. Both LRE states with topological order
and SPT states can have protected gapless boundary states. The difference is that
for the topologically ordered state, the gapless boundary state can be robust against
any local perturbation but for SPT, the boundary state is only robust against per-
turbations that preserve the symmetry. The boundary states of topologically ordered

states are topologically protected, while for SPT states they are symmetry protected.

1.1.5 Symmetry Enriched Topological (SET) phases

Gapped phases with Long Range Entanglement (LRE) can be fully characterized by
topological order if there is no symmetry imposed on the state. Two Hamiltonians in
parameter space correspond to the same phase if they can be continuously deformed
into one another without closing the gap. However, when symmetry is imposed, there
is a finer scale of classification and these subset of states can be characterized by SET
order. Now, the Hamiltonians in parameter space realize the same SET phase if

they can be continuously deformed in to one another, while preserving the symmetry,
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without closing the gap.
In this work, we have shown how symmetry-preserving gapping of a SPT state with
many body interactions can lead to an SET state. This is one of the first examples

of establishing a duality between SPT states and SET states in three-dimensions.
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Chapter 2

Summary of Results

This dissertation is based on research conducted at the University of Virginia during
the period from 2014 to 2019. The bulk of the ideas have already appeared in the

following two journal articles,

1. ‘From Dirac semimetals to topological phases in three dimensions: A coupled-
wire construction’, Syed Raza, Alexander Sirota, and Jeffrey C.Y. Teo - Phys.
Rev. X 9, 011039. [7]

2. ‘Coupled wire models of interacting Dirac nodal superconductors’ - Moon Jip
Park, Syed Raza, Matthew J. Gilbert, and Jeffrey C. Y. Teo - Phys. Rev. B
98, 184514. [8]

Most of the passages that appear in this dissertation have been quoted verbatim
from the above papers. Both of these papers were collaborative projects, my personal
contributions include building the coupled-wire models for realizing Weyl and Dirac
semimetals, writing symmetries that preserve the Hamiltonians, and coming up with
interaction terms that satisfy the Haldane nullity conditions. For the second paper,
I contributed to finding the symmetries of the coupled wire model, the symmetry-
preserving relations of the Hamiltonian, and symmetry-relations for the bosonized

variables and interaction terms.
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We now highlight and summarize the results presented in this dissertation. This
section can also serve as a roadmap and outline for the dissertation. By mapping a
Dirac (semi)metal to a model based on a three-dimensional array of wires, we show
that the Dirac semimetal can acquire a many-body excitation energy gap without
breaking any relevant symmetries and leads to a three-dimensional topological order.
We also construct a new interaction-enabled Dirac semimetallic state which only has
a single pair of Weyl nodes and preserves time-reversal symmetry. Such a state is
forbidden in a single-body setting. A general outline of the construction of both these
states is given in Fig. 2.1 and also summarized below.

The starting point of our model is a minimal Dirac fermion model (3.1 and
Fig. 3.2) equipped with time-reversal and (screw) C, rotation symmetries. The model
is anomaly-free and so can be realized in a 3D lattice model. The first part of
this article addresses a mapping between the isotropic massless Dirac fermion in the
continuum limit and an anisotropic coupled wire model where the effective low-energy
degrees of freedom are confined along a discrete array of 1D continuous wires. The
mapping to a coupled wire model is achieved by first introducing vortices (adding
mass terms) that break the symmetries microscopically (3.2). These vortices are
topological line defects that involve spatial winding of symmetry-breaking Dirac mass
parameters. Consequently, these vortices host chiral Dirac electronic channels, each
of which corresponds to a gapless quasi-1D system where electronic quasiparticles
can only propagate in a single direction along the channel and are localized along the
perpendiculars (3.5).

When assembled together onto a vortex lattice, the system recovers the screw Cs,
rotation symmetry as well as a set of emergent antiferromagnetic symmetries, which
are combinations of the broken time-reversal and half-translations (Fig. 3.4). Upon
nearest-wire single-body electron backscatterings, the electronic band structure in

low-energies disperses linearly and mirrors that of the continuous isotropic Dirac par-
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ent state. A symmetry-protected massless Dirac fermion (equivalently a pair of Weyl
fermions with opposite chiralities) emerges and captures the low-energy long length
scale electronic properties (Figs. 3.5 and 3.6). The coupled wire Dirac model and its
massless energy spectrum are anomalous with respect to the AFTR and Cy symmetry.
The three possible resolutions of the anomaly are disussed in Sec. 3.2.1. The model
with an enlarged unit cell which leads to the two momentum-separated Weyl points
to collapse to a single Dirac point is also discussed (Fig. 3.8). The corresponding
Fermi arc surface states are discussed in Sec. 3.2.2 and shown in Figs. 3.11 and 3.12.

We then address non-trivial symmetry-preserving many-body interacting effects
beyond the single-body mean-field paradigm. We begin with the anisotropic array of
chiral Dirac wires that constitutes a Dirac (semi)metal protected by antiferromagnetic
time-reversal (AFTR) and (screw) Cy rotation symmetries (Fig. 3.5). We consider an
exactly-solvable model of symmetry-preserving inter-wire many-body backscattering
interactions. This model is inspired by and can be regarded as a layered version
of the symmetric massive interacting surface state of a topological insulator. It is
based on a fractionalization scheme that divides a single chiral Dirac channel into
a decoupled pair of identical chiral “Pfaffian” channels (Fig. 3.14). Each of these
fractional channels carries half of the degrees of freedom of the original Dirac wire.
For instance, the fractionalization splits the electric and thermal currents exactly in
half. It leads to the appearance of fractional quasiparticle excitations. For example,
a chiral Pfaffian channel also runs along the 1D edge of the particle-hole symmetric
Pfaffian fractional quantum Hall state [9, 10, 11], and supports charge e/4 Ising and
e/2 semionic primary fields.

We consider an explicit combination of many-body interwire backscattering inter-
actions that stabilize the fractionalization. Similar coupled wire constructions were
applied in the literature to describe topological insulator’s surface state [12] and

v = 1/2 fractional quantum Hall states [2, 13]. They are higher dimensional ana-
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Dirac fermion model
respects C, and TR, no anomalies

vortices of Dirac
masses my(r) + im,(r)

3D array of chiral Dirac strings
violates TR, emergent AFTRs and C,

single-body
backscattering

A 4

Coupled wire model

A 4

Dirac semimetal ___,  Surface states

preserves C, and AFTRs AFTR breaking/preserving
sym-preserving bulk
many-body many-body
interactions interactions

Pfaffian decomposition Pfaffian decomposition

of non-chiral Dirac strings of chiral Dirac strings
Gapped topological state Fractional
with 3D topological order surface states

Single-body mass

_ Interaction-enabled anomalous
Dirac/Weyl semimetal

Figure 2.1: Logical outline of Model 1 and Model 3. It shows the procedure of
going from a Dirac fermion model to an interaction-enabled gapped state with three-
dimensional topological order. Here, C; is the two-fold (screw) rotation symmetry, TR
is time-reversal symmetry and AFTR is the antiferromagnetic time-reversal symmetry
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logues of the Affleck-Kennedy-Lieb-Tasaki (AKLT) spin chain model [14, 15]. The
pair of chiral Pfaffian channels along each wire is backscattered in opposite directions
to neighboring wires by the interaction (Fig. 3.16). As a result of this dimerization of
fractional degrees of freedom, the model acquires a finite excitation energy gap and
at the same time preserves the relevant symmetries.

We speculate that such a symmetry preserving-gapping by many-body interac-
tions leads to a three-dimensional topological order supporting exotic point-like and
line-like quasiparticle excitations with fractional charge and statistics. The complete
characterization of the topological order will be part of a future work [16]. Although
there have been numerous field-theoretic discussions on possible properties of topo-
logically ordered phases in 3D, this is the first work with a microscopic model that
could possibly lead to its material realization.

In the single-body regime, an (antiferromagnetic) time-reversal symmetric Weyl
(semi)metal realizable on a three dimensional lattice has a minimum of four momentum-
space-separated Weyl nodes. For a single pair of Weyl nodes with opposite chirality,
time-reversal symmetry must be broken. However, a key result of this dissertation
is the realization of a single pair of momentum-space-separated Weyl nodes in the
presence of AFTR symmetry as enabled by many-body interactions. The coupled
wire construction suggests a new interaction-enabled topological (semi)metal in which
these Weyl nodes can be realized (Fig. 5.1).

The many-body interacting coupled-wire model can be turned into a gapless sys-
tem, where 1) all low-energy degrees of freedom are electronic and freely described in
the single-body non-interacting setting by two and only two separated Weyl nodes,
2) the high-energy gapped sector supports fractionalization. Although the model is
antiferromagnetic, we conjecture that similar anomalous Weyl (semi)metal can be
enabled by interaction while preserving local time-reversal.

The dissertation is organized as follows. In Sec. 3.2, we construct a single-body
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coupled wire model of a Dirac/Weyl (semi)metal equipped with two emergent an-
tiferromagnetic time-reversal (AFTR ) axes and a (screw) Cy rotation symmetry.
In Sec. 3.2.1, we establish the equivalence between the isotropic continuum limit
and the anisotropic coupled wire limit by a coarse-graining mapping. We also dis-
cuss the anomalous aspects of the pair of Weyl fermions and different resolutions
to the anomaly. In Sec. 3.2.2, we describe the gapless surface states of the coupled
wire model. AFTR breaking and preserving surfaces are considered separately in
Sec. 3.2.2.1 and 3.2.2.2 respectively.

In Sec. 3.3, we move on to the effect of symmetry-preserving many-body inter-
actions. The fractionalization of a chiral Dirac channel is explained in Sec. 3.3.1,
where we establish the Pfaffian decomposition through bosonization techniques. The
splitting of a Dirac channel is summarized in Fig. 3.15. In Sec. 3.3.2, we explicitly
construct an exactly-solvable interacting coupled wire model that introduces a finite
excitation energy gap to the Dirac system while preserving relevant symmetries. The
many-body interwire backscattering interactions are summarized in Fig. 3.16. In
Sec. 3.3.3, we discuss a plausible stabilization mechanism of the desired interactions
through an antiferromagnetic order.

In Sec. 3.3, we discuss the other key result of the dissertation, a variation of the
model that enables an anomalous topological (semi)metal. We show how a single
pair of Weyl nodes in the presence of time-reversal symmetry can be realized through
many-body interactions. Such a state is forbidden in the single-body setting. In
Sec. 5.1, we elaborate on the gapless surface states of both new interacting phases
discussed in sections 3.3.2 and 3.3.

We then apply similar techniques to the superconducting analogs of the Dirac
semimetals known as the Dirac nodal superconductors in 5. We repeat a similar
procedure of building a wire-model and then introduce many-body interactions to

gap out the system. We construct the many-body gapping potentials that generate a
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finite energy gap while preserving the underlying symmetries. In the presence of the
many-body interactions, we find the emergence of the non-trivial topological orders.
We begin our discussion in Section 4.2 where we detail our construction the coupled
wire model of a Dirac nodal superconductor in three spatial dimensions by assembling
a vortex array in a microscopic superconductor within the continuum limit. In the
continuum model, the massless Dirac fermions are protected by the combination of:
local time-reversal symmetry, particle-hole symmetry and glide mirror symmetry. By
introducing the array of superconducting pairing vortices, the low-energy electronic
degrees of freedom manifest as (1+1)-D chiral Dirac fermions that are localized along
vortex lines (also referred to as Dirac strings). Each Dirac string is coupled via single-
body tunneling with the adjacent strings, and the couplings reconstruct the Dirac
nodal superconductor within the context of the coupled wire model. This anisotropic
Dirac nodal superconducting model is protected by the same set of symmetries except
time-reversal now becomes non-local and antiferromagnetic. This re-construction
enables us to study many-body interactions in three dimensions using bosonization
techniques.

With our introduction to the single body physics of the coupled wire methodology
complete, in Section 4.3 we introduce the many-body interactions that preserve all the
underlying symmetries. The basic strategy that we follow in this work is based on the
bi-partitioning the SO(2N) Kac-Moody current consisting of N chiral Dirac fermions
along a vortex. For even N, the symmetric gapping interaction can be facilitated by
a simple separation SO(2N); ~ SO(N); x SO(N); of Dirac channels. The model
admits a single-body mean-field mass gap, which reflects its trivial topology under
the Zs classification. On the other hand, due to the presence of the aforementioned
symmetries, the odd N case requires a non-trivial string decomposition that involves
the level-rank duality SO(9); ~ SO(3)s x SO(3)s. Consequently, the gapping in-

teractions in the case of odd N lead to fractionalization and non-trivial topological
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order. In both situations, the gapping potentials are constructed by backscattering
the divided Kac-Moody currents to opposite directions between adjacent strings. This
results in a finite energy gap while preserving all the underlying symmetries of our
model.

Interestingly, when N = 16, we find a special form of the decomposition, SO(32) ~
Es x Eg, that utilizes the Eg unimodular lattice. We find that this decomposition

results in the many-body interaction that has trivial topological order.
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Chapter 3

Model 1: Dirac and Weyl

Semimetals

3.1 Introduction

Dirac and Weyl semimetals are nodal electronic phases of matter in three spatial di-
mensions. Their low-energy emergent quasiparticle excitations are electronic Dirac [17]
and Weyl [18] fermions. (Contemporary reviews in condensed electronic matter can
be found in Ref. [19, 20, 21, 22, 23, 24, 25, 26].) They are three dimensional gen-
eralizations of the Dirac fermions that appear in two dimensional graphene [27] and
the surface boundary of a topological insulator [28, 29, 30, 22]. They follow massless
quasi-relativistic linear dispersions near nodal points in the energy-momentum space
close to the Fermi level. Contrary to accidental degeneracies which can be lifted by
generic perturbations, these nodal points are protected by topologies or symmetries.

A Weyl fermion is chiral and has a non-trivial winding of a pseudo-spin texture
near the singular nodal point in energy-momentum space. This would associate to
a non-conservative charge current under a parallel electric and magnetic field and

is known as the Adler-Bell-Jackiw (ABJ) anomaly [31, 32]. Thus, in a true three
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dimensional lattice system, Weyl fermions must come in pairs [33, 34, 35| so that
the net chirality, and consequently the anomaly, cancels. Or otherwise, a three di-
mensional system of a single Weyl fermion must be holographically supported as the
boundary of a topological insulator in four dimensions [36, 37, 38]. On the other
hand, a Dirac fermion in three dimensions consists of a pair of Weyl fermions with
opposite chiralities. Without symmetries, it is not stable and can turn massive upon
inter-Weyl-species coupling. With symmetries, a band crossing can be protected by
the distinct symmetry quantum numbers the bands carry along a high symmetry axis.
In this article, we focus on the fourfold degenerate Dirac nodal point protected by
time-reversal (TR) and (screw) rotation symmetry.

In electronic systems, massless Dirac and Weyl fermions appear in gap-closing
phase transitions between spin-orbit coupled topological insulators and normal insu-
lators [39]. When inversion or time-reversal symmetry is broken, nodal Weyl points
can be separated in energy-momentum space. Such gapless electronic phases are
contemporarily referred to as Weyl (semi)metals [40, 41, 42, 43]. Their boundary
surfaces support open Fermi arcs [40] that connect surface-projected Weyl nodes.
Weyl (semi)metals also exhibit exotic transport properties, such as negative magneto-
resistance, non-local transport, chiral magnetic effect, and chiral vortical effect [44,
45, 46, 47, 48, 49]. There have been numerous first principle calculations [50] on
proposed materials such as the non-centrosymmetric (La/Lu)Bi;_,Sb,Teg [51], the
TIBiSey family [52], the TaAs family [53, 54], trigonal Se/Te [55] and the HgTe
class [56], as well as the time-reversal breaking pyrochlore iridates [40, 57, 58|, mag-
netically doped topological and trivial insulator multilayers [42], HgCroSey [59] and
Hg;_,—,Cd,Mn,Te [60]. At the same time, there have also been abundant experi-
mental observations in bulk and surface energy spectra [61] as well as transport [62].
Angle-resolved photoemission spectroscopy (ARPES) showed bulk Weyl spectra and

surface Fermi arcs in TaAs [63, 64, 65, 66, 67] as well as similar materials such as NbAs,
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NbP and TaP [68, 69]. Other materials such as AgzBO3, T1Te;Og and AgySe [70] were
observed to host pinned Weyl nodes at high symmetry points. Negative magneto-
resistance was reported in TaAs [71, 72] as a suggestive signature of the ABJ anomaly.
Similar properties were also observed in TaP [73], NbP and NbAs [74, 75, 76], although
not without controversies [77].

Weyl points with opposite chiralities cannot be separated in energy-momentum
space when both inversion and time reversal symmetries are present. Massless Dirac
fermions appear between gap-closing phase transitions between topological and triv-
ial (crystalline) insulators, such as Bi;_,Sb, [78] and Pb;_,Sn,Te [79]. Critical Dirac
(semi)metals were investigated for example in the tunable T1BiSe,_,S, [80, 81, 82],
Big,In,Se; [83, 84] and Hg;_,Cd,Te [85], as well as the charge balanced BaAgBi [86],
PtBi,, SrSnsAs, [87] and ZrTes [88] whose natural states are believed to be close
to a topological critical transition. A Dirac (semi)metallic phase can be stabilized
when the Dirac band crossing is secured along a high symmetry axis and the two
crossing bands carry distinct irreducible representations. Theoretical studies include
the diamond-structured [-crystobalite BiOy family [89] (space group (SG) No. 227,
Fd3m), the orthorhombic body-centered BiZnSiO, family [90] (SG No. 74, Imma), the
tetragonal CdzAs, [91] (SG No. 142, 14, /acd), the hexagonal NagBi family [92], as well
as the filling-enforced non-symmorphic Dirac semimetals [93, 94, 95, 96, 97, 98] such as
the hexagonal TIMosTe;z family [87] (SG No. 176, P63/m), the monoclinic CasPt,Ga
(SG No. 15, C2/c), AgF,, CasInOsOg (SG No. 14, P2,/n), and the orthorhombic
CsHgy (SG No. 74, Imma) [99]. At the same time, there are numerous experimen-
tal confirmations. They include ARPES observations on CdsAss [100, 101, 102],
NagBi [103, 104] and ZrTe; [88]; scanning tunneling microscopy in CdpAsg [105];
magneto-transport in Bi;_,Sb, [106], CdyAss [107, 108, 109, 110, 111, 112, 113, 114],
NagBi [104, 115], ZrTe; [116, 88, 117, 118], HfTe; [119] and PtBiy [120]; magneto-

optics [121] and anomalous Nernst effect [122] in CdyAss, and many more. However,
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there are also contradicting pieces of evidence, especially in ZrTes and HfTe; that

suggest a bulk band gap [123, 124, 125, 126, 127, 128, 129].

Topological
insulator

spatial symmetry

breaking charge U(1) and

spatial symmetry
preserving

charge U(1)
preserving
Dirac/Weyl Topological

charge U(1) interaction
breaking

spatial symmetry
preserving

Topological
superconductor

Figure 3.1: Symmetry breaking single-body gapping versus symmetry preserving
many-body gapping of a Dirac/Weyl (semi)metal.

Dirac/Weyl (semi)metals are the origins of a wide variety of topological phases in
three dimensions (see Fig. 3.1). By introducing a spatial or charge U(1) symmetry-
breaking single-body mass, they can be turned into a topological insulator or su-
perconductor. The focus of this manuscript is on symmetry-preserving many-body
gapping interactions. The resulting insulating topological phase can carry long-range
entanglement and a non-trivial topological order. Similar phenomena were theoreti-
cally studied on the Dirac surface state of a topological insulator [130, 131, 132, 133]
and the Majorana surface state of a topological superconductor [134, 135], where
symmetry-preserving many-body gapping interactions are possible and lead to non-
trivial surface topological orders that support anyonic quasiparticle excitations.

Symmetry-preserving gapping interactions cannot be studied using a single-body
mean-field theory. This is because the Dirac/Weyl (semi)metallic phase is protected

by symmetries in the single-body setting and any mean-field model with an excitation



23

energy gap must therefore break the symmetry either explicitly or spontaneously. The
coupled wire construction can serve as a powerful tool in building an exactly-solvable
interacting model and understanding many-body topological phases of this sort. The
construction involves a highly anisotropic approximation where the electronic degrees
of freedom are confined along an array of continuous one-dimensional wires. Inspired
by sliding Luttinger liquids [136, 137, 138, 139, 140], the coupled wire construction
was pioneered by Kane, Mukhopadhyay and Lubensky [141] in the study of Laugh-
lin [142] and Haldane-Halperin hierarchy [143, 144] fractional quantum Hall states.
Later, this theoretical technique was applied in more general fractional quantum Hall
states [2, 145, 146, 147, 13], anyon models [148, 149], spin liquids [150, 151], (frac-
tional) topological insulators [152, 153, 154, 155, 156] and superconductors [157, 158],
as well as the exploration of symmetries and dualities [159, 160]. Moreover, coupled
wire construction has already been used to investigate three dimensional fractional
topological phases [161, 162, 163] and Weyl (semi)metal [164] even in the strongly-
correlated fractional setting [165].

The microscopic symmetry-preserving many-body interactions in the Dirac surface
state on a topological insulator was discussed by Mross, Essin and Alicea in Ref.[12].
They mimicked the surface Dirac modes using a coupled wire model and proposed
explicit symmetric many-body interactions that lead to a variation of gapped and
gapless surface states. Motivated by this and also using a coupled wire construction,
the microscopic symmetry-preserving many-body gapping of the Majorana topologi-
cal superconducting surface state was studied by one of us in Ref.[166].

In this article, we focus on (i) a coupled wire realization of a Dirac/Weyl (semi)metallic
phase protected by antiferromagnetic time-reversal (AFTR) and screw twofold rota-
tion symmetries, (ii) a set of exactly-solvable inter-wire many-body interactions that
introduces a finite excitation energy gap while preserving the symmetries, and (iii)

an interaction-enabled (semi)metallic electronic phase which is otherwise forbidden
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by symmetries in the single-body setting.

3.2 Coupled Wire model of Dirac Semimetals

We begin with a Dirac semimetal in three dimensions. It consists of a pair of massless
Weyl fermions with opposite chiralities. In this article we do not distinguish between a
Dirac and a Weyl semimetal. This is because the fermion doubling theorem [33, 34, 35]
and the absence of the Adler-Bell-Jackiw anomaly [31, 32| require Weyl fermions
to always come in pairs in a three dimensional lattice system. A Weyl semimetal
therefore carries the same low energy degrees of freedom as a Dirac semimetal. We
refer to the case when the pair of Weyl fermions are separated in momentum space
as a translation symmetry protected Dirac semimetal. Here, we assume the simplest
case where the two Weyl fermions overlap in energy-momentum space. Its low-energy
band Hamiltonian takes the spin-orbit coupled form

HO

Dirac

(k) = hok - 5u. (3.1)

where § = (s, Sy, s,) are the spin-1/2 Pauli matrices, and p, = +1 indexes the two

Weyl fermions.

Figure 3.2: The two pairs of counter-propagating Dirac bands along the k.-axis dis-
tinguished by eigenvalues of Cy = +i.
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Normally the masslessness of the Dirac system is protected by a set of symmetries.
Here, we assume the time reversal (TR) 7T, which is represented in the single-body
picture by the spinful operator T = 15, where K is the complex conjugation opera-
tor, and a twofold rotation Cy about the z-axis. In the case when p, has a non-local
origin such as sublattice or orbital, it can enter the rotation operator. We assume Cs
is represented in the single-body picture by Cy = 1S, 1,. It squares to minus one in
agreement with the fermionic statistics, and commutes with the local TR operator.
In momentum space, 7 flips k — —k while Cy rotates (ky, ky, k.) = (—kz, —ky, k).
The band Hamiltonian (3.1) shares simultaneous eigenstates with Cy along the k.-
axis. The two forward moving bands have C5 eigenvalues +i while the two backward
moving ones have Cy eigenvalues —i (see Fig. 3.2). Therefore the band crossing is Co-
protected while the fourfold degeneracy is pinned at k = 0 because of TR symmetry.
Noticing that each of the Cy = =4i sector along the k,-axis is chiral (i.e. consisting
of a single propagating direction), it violates the fermion doubling theorem [33, 34]
and is anomalous. This can be resolved by assuming the C5 symmetry is actually
a non-symmorphic screw rotation in the microscopic lattice limit and squares to a
primitive lattice translation in z. k. is now periodically defined (up to 27/a) and
the two (5 eigen-sectors wraps onto each other after each period. Focusing on the
continuum limit where k. is small (when compared with 27/a), C2 = —e¥*:% ~ —1
and the C; symmetry behaves asymptotically as a proper rotation.

The primary focus of this article is to explore symmetry preserving/enabled in-
teracting topological states that originate from the massless Dirac system. Contrary
to its robustness in the single-body non-interacting picture, we show that the 3D
Dirac fermion can acquire a many-body mass gap without violating the set of sym-
metries. To illustrate this, we first make use of the fact that the Dirac system can be

turned massive by breaking symmetries. Symmetry breaking inter-valley scatterings
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introduce two coexisting mass terms

Hpjirac(k, 1) = H]%irac(k) + M (T) e + My (r):“y ) (3.2)

TR , and both of them violate Cy. We

~—

where m, (or m,) preserves (resp. breaks

allow slow spatial modulation of the mass parameters, which can be grouped into

~—

a single complex parameter m(r) = m,(r) + im,(r), and to be precise, momentum
k should be taken as a differential operator —iV, when translation symmetry is
broken. Non-trivial spatial windings of the symmetry breaking mass parameters give
rise to topological line defects or vortices that host protected low-energy electronic
degrees of freedom. Proliferation of interacting vortices then provides a theoretical
path to multiple massive/massless topological phases while restoring and modifying

the original symmetries as they emerge in the low-energy long-length scale effective

theory.
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Figure 3.3: Dirac string. (Left) Spatial winding of mass parameters around a Dirac
string going out of the paper represented by the center red dot. Stream lines represent
the vector field m(r) = (my(r),my(r)). (Right) Energy spectrum of chiral Dirac
fermions. Blue bands represent bulk continuum. Red bands correspond to chiral
Dirac fermions localized along the string.

A topological line defect is a vortex string of the mass parameter in three dimen-
sions where the complex phase of m(r) = |m(r)|e’*™) winds non-trivially around the

string. The left diagram in Fig. 3.3 shows the spatial modulation of ¢(r) along the
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xy cross-sectional plane normal to a topological line defect, which runs along the z
axis. In this example, the complex phase ¢(r) winds by 67 around the line defect
(represented by the red dot at the origin). The winding number of the complex phase

in general can be evaluated by the line integral

L L o) = = f Yem) (3.3)

¢ = omi [ ml(r)

:%C

where C is a (righthanded) closed path that runs once around the (oriented) line
defect. Eq.(3.3) is always an integer given that the mass parameter m(r) is non-
vanishing along C.

Massless chiral Dirac fermions run along these topological line defects [167]. When
focusing at k. = 0, the differential operator (3.2) with a vortex along the z-axis is
identical to the 2D Jackiw-Rossi model [168] with chiral symmetry 75 = s,u,. Each
zero energy mode corresponds to a massless chiral Dirac fermion with positive or
negative group velocity in z depending on the sign of its 5 eigenvalue. (For a concrete
example, see appendix A) These quasi-one dimensional low-energy electronic modes
are similar to those that run along the edge of 2D Landau levels and Chern insulators,
except they are now embedded in three dimensions. Their wave functions extend
along the defect string direction but are localized and exponentially decay away from
the defect line. Moreover, such an electronic channel is chiral in the sense that there
is only a single propagating direction. The energy spectrum of the topological line
defect (for the example with winding number ¢ = 3) is shown in the right diagram
of Fig. 3.3, in which, there are three chiral bands (red curves) inside the bulk energy
gap representing the 3 chiral Dirac electrons. As a consequence of the chirality, the

transport of charge and energy must also be uni-directional. The chiral electric and
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energy-thermal responses are respectively captured by the two conductances

6Ie1ectric 62 5Ienergy 7T2]€23
= % =V = T = 4
o 5 v o K 5 c 30 [, (3.4)

where v is the filling fraction if the chiral channel is supported by a 2D insulating
bulk, and c is called the chiral central charge. For the Dirac case, ¢ = v is the number
of chiral Dirac channels. Here ¢ can be negative when the Dirac fermions oppose the
preferred orientation of the topological line defect. In a more general situation, ¢ =
cr—cy, counts the difference between the number of forward propagating and backward
propagating Dirac fermions. There is a mathematical index theorem [167, 169, 170]
that identifies the topological winding number in (3.3) and the analytic number of
chiral Dirac fermions in (3.4). Hence, there is no need to distinguish the two ¢’s.

The massless chiral Dirac channels, described by the low-energy effective theory

CR crtcr
Loirac =1 Y 50+ 00:) o+ Y (0 — 50:) (3.5)
a=1 b=cr+1

have an emergent conformal symmetry and the index ¢ = cg — ¢, is also the chiral
central charge of the effective conformal field theory (CFT). We refer to the primitive
topological line defect with ¢ = 41 that hosts one and only chiral Dirac fermion v as
a Dirac string. (It should not be confused with the Dirac magnetic flux string that
connects monopoles.)

A three-dimensional array of Dirac strings (wires) can be realized as a vortex
lattice of the mass parameter m = m, + ¢m, in a Dirac semimetal. For example,
Fig. 3.4 shows a vortex lattice generated by the spatially-varying Dirac mass

sd(z +iy)

m(r) = mo |sd(x + iy)|’ (36)

where sd is the (rescaled) Jacobian elliptic function [171] with simple zeros at p + iq
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Figure 3.4: (Left) A 3D array of Dirac strings. (Right) Cross section of the array. X
associates into-the-plane Dirac channel, e represents out-of-plane ones. Stream lines
represent the configuration of the mass parameter vector field m(r) = (m,(r), m,(r))

of the vortex lattice.

Figure 3.5: Coupled Dirac wire model with tunneling amplitudes t;, ts. Each unit cell
(dashed box) consists a pair of counter-propagating Dirac strings, X and e. Ti1, 713

are the two anti-ferromagnetic directions.
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and poles at (p + 1/2) + i(q¢ + 1/2) for p,q integers. It consists of vortices with
alternating winding number ¢ = +1 at the zeros and poles in a checkered board
lattice configuration. On the cross section plot on the right side of Fig. 3.4, there is
a Dirac string with positive (or negative) winding at each e (resp. X ). Each vortex
string has a chiral Dirac fermion running through it. Figure 3.5 shows the same
two-dimensional slice of the array, except suppressing the mass parameters which
correspond to irrelevant microscopic high-energy degrees of freedom. We choose a
unit cell labeled by (p, q), its z,y coordinates. Each has both a forward moving Dirac
fermion ¢ (shown as ) and a backward moving one 1, (shown as x).

This array configuration breaks TR as the symmetry would have reversed the chi-
rality (i.e. propagating direction) of each Dirac fermion. Instead, it has an emergent
anti-ferromagnetic time reversal (AFTR) symmetry, which is generated by the oper-
ators 711 and 77, in the diagonal and off-diagonal directions. Each is composed of a

time reversal operation and a half-translation by (e, +e,)/2 or (—e, +e,)/2.

® 71 _ 1O ® -1 _ ®
Tllwp,qﬂl _¢p,q’ TllwpﬂTll — T ¥ptl,g+l
- QR 71 _ 10 - O =1 _ ®
7-111/1,),(17}1 - Tllwp,th — T ¥pg+l- (3-7)

p—1,¢

These AFTR operators are non-local as they come with lattice translation parts.
They are anti-unitary in the sense that TayT ! = o*T¥T ! and (Tu|Tv) = (u|v)*
because the local time reversal symmetry is anti-unitary. Similar to a spatial non-
symmorphic symmetry, the AFTR symmetries square to the primitive translation

operators

T 711 = (—1)"translation(e,),

7‘117};1 = translation(e,), (38)

where (—1)f is the fermion parity operator. Moreover they mutually commute
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(711, Ti1) = 0. We notice in passing that the AFTR symmetry is only an emergent
symmetry in the low-energy effective theory. It is not preserved in the microscopic
Dirac model (3.2) and is broken by the mass parameter, m(r) # m(r+ (e, £ e,)/2)".
For instance, the Jacobian elliptic Dirac mass function (3.6) actually has a periodic
unit cell twice the size of that of the effective wire model in Fig. 3.5. On the other
hand, the Dirac mass (3.6) is odd under Cy, m(Csr) = —m(r). This sign is canceled
by the (5 rotations of the Dirac matrices, égu$7y051 = —[lzy, that couple with the
Dirac mass in the Hamiltonian (3.2). Therefore the Dirac wire model in Fig. 3.5 has
a twofold axis along one of the Dirac string, say wgfo. The Dirac channel fermions

transform unitarily according to

Coypf Cot =ie, _,, Copf Cot =—ip® L, (3.9)

where the factor of ¢ ensures the fermionic —1 twist phase for a 27 rotation, and the
second eqaulity in (3.9) is determined by the first one together with (3.7) and the

symmetry relations
CoTii = (1)"T1'Coy CoTiy = (1) T, 'Co. (3.10)

Again, in order for the rotation symmetric wire model to be free of anomalies, Cs
should really be a screw rotation with respect to some microscopic lattice that has

become irrelevant in the low-energy continuum picture.
C? = (—1)"translation(ae,) ~ (—1)~. (3.11)

When adjacent vortex strings are near each other, their Dirac fermion wave func-
tions overlap and there are finite amplitudes of electron tunneling. We construct a

coupled Dirac wire model of nearest-wire single-body backscattering processes with
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+7 fluxes across each diamond square (Fig. 3.5), where the tunneling amplitude ¢,

(or t5) in the (11) (resp.(11)) direction is imaginary (resp. real).

H= Zhv (5 ke, — 05, ke, )

+ity (;b;?q - E_l,q_lwﬁq) + hee. (3.12)

1 T
+ 1 ( p—1,q Eq - z?qfl 1/);%) + h.c.,
where the first line is the kinetic Hamiltonian of individual Dirac channels under

the Fourier transformation —i0, <+ k, along the wire direction. This tight-binding

Hamiltonian preserves the AFTR symmetry (3.7), THT ! = H. Fourier transfor-

mation of the square lattice Jpq J dgﬂdky e ikepthy@) ey o)) = (¥®, ) turns (3.12)

into H = f dk“”dky oL H (k k)i, where

g (ko k) —hik,

is the Bloch band Hamiltonian, for g(k,, k,) = it;(1 — e~Fvtke)) ¢, (e=tha — e=iky),
Here momentum k lives in the “liquid crystal” Brillouin zone (BZ) where —m <

ky, ky, <7 and —oo < k, < oo (in the continuum limit a« — 0 and 7/a — 00).

The energy spectrum of the two-band model is given by Ey (k) = £1/|g(ky, ky)|? + h?02k2
(see Fig. 3.6). It gives two linearly dispersing Weyl cones of opposite chiralities in
the BZ centered at K =T' = (0,0,0) and K; = M = (7, 7,0). Near these points,
the Hamiltonians are of the linear form H(KF + 6k) = hdk"V*G + O(6k?), where

—

G = (04,04,0,) are Pauli matrices acting on the (¢®,¢%) degrees of freedom. The
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M=7(7T,7T,0)

Figure 3.6: Energy spectrum of the coupled Dirac wire model (3.12).

velocity matrices are

—t1 £ty O
WE= |~ F 0 |, (3.14)
0 0 ho

whose determinant’s sign decides the £ chirality of the Weyl fermion at I" and M,
i.e. the £1 Fermi surface Chern invariants [40, 19, 22]. The AFTR symmetries (3.7)

in the single-body picture are expressed under Fourier transformation as

Ttk it = T (K)Y 7§1Jk7}11 = T1y (k)Y x,

0 _ei(kaﬁ’ky)
TH(k) - IC,
1 0

Ty (k) = K, (3.15)

where K is the complex conjugation operator. They satisfy the appropriate algebraic
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relations (3.8) in momentum space

T (=K) T (k) = Ty (—k) T (k) = —e™™

T (k)75 (k) = T (k)T (k) = e ™= (3.16)

and the coupled wire model (3.13) is AFTR symmetric

Ty (k) H () = H(—Kk)Ty, (k)

Ty (k) H(K) = H(—K)Th (k). (3.17)
The Weyl points are at time reversal invariant momenta (TRIM) Ki = —K; (mod-
ulo the reciprocal lattice 27Z?), and the AFTR operators Tj;(Ky) = —io,K and

Th(KSE) = Fio,K square to minus one. Hence the Weyl points are not only pro-
tected by the non-vanishing Fermi surface Chern invariant but also the Kramers’

theorem. In addition, the model is also Cy symmetric
Co(K)H (K) = H(CsK)C(K) (3.18)

where the twofold symmetry (3.9) is represented in the single-body picture by a
diagonal matrix
7 0

CQﬁkcgl = CZ(k)’lv;Czka OQ(k) = (319)
0 —ie i(kathy)

—ik.a/2

(suppressing the screw phase e in the continuum limit @ — 0). It agrees with

the fermion statistics (3.11) Co(—k,, —ky, k.)Co(ks, ky, k) = —1, and the algebraic
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relations (3.10) with the AF'TR operators

Co(—K)T1 (k) = —T1,(Cok) Oy (k)
Co(—K) T, (k) = —T1,(Cok) " Oy (k) (3.20)

for Cok = (—ky, —ky, k2 ).

yy vz

3.2.1 The anomalous Dirac semimetal

We notice that the coupled wire Dirac model (3.12) and its massless energy spectrum
in Fig. 3.6 are anomalous with respect to the AFTR symmetries 71; and 77, as well as
the C5 symmetry if it is proper symmorphic and not a screw rotation. This means that
it cannot be realized in a single-body three dimensional lattice system with the AFTR
or Cy symmetries. In a sense, it is not surprising at all since the chiral Dirac strings
that constitute (3.12) are themselves violating fermion doubling [33, 34]. Here we
further elaborate on the anomalous Dirac spectrum (Fig. 3.6) where the pair of Weyl
points are separately located at two TRIM KS—L. We also comment on the non-trivial
consequence of the anomaly and pave the path for later discussion on many-body
interactions.

We begin with two 2D planes in momentum space parallel to kyk. located at
k, = £m/2. They are represented by the two blue planes in Fig. 3.6. The AFTR or

C5 symmetries require the Chern invariants
Chy = - / Te(P2y, POy P)dk,dk, (3.21)
T

at k, = +m/2 to be opposite, where P(k) = (1 — H(k)/|E(k)|)/2 is the projection
operator onto the negative energy band. This is because the AFTR symmetry is

anti-unitary and preserves the orientation of the k k. plane, whereas C is unitary
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but reverses the orientation of the k,k, plane. (See appendix B for a detailed proof.)
On the other hand, the two Chern invariants along the two planes must differ by 1
because they sandwich a single Weyl point at I'. This forces the Chern invariants to
be a half integer Ch; = £1/2, which is anomalous.

While the C5 anomaly can be resolved simply by doubling the unit cell and assum-
ing it originates from a microscopic non-symmorphic screw axis, the AFTR anomaly
is stronger because the two antiferromagnetic combinations (3.8) generate lattice

translations and fix the unit cell size. There are three resolutions.

1. The AFTR symmetries are broken by high energy degrees of freedom when £,

is large.

2. The spectrum in Fig. 3.6 is the holographic 3D boundary spectrum of an AFTR

symmetric weak topological insulator in 4D.

3. The spectrum is generated by strong many-body interaction non-holographically

in 3D.

Below we discuss the first two resolutions, and we leave the many-body interaction-

enabled situation to Sec. 3.3.

3.2.1.1 Broken symmetries and coarse-graining

The mapping between the original Dirac fermion model and the emergent Dirac
fermion model from a coupled-wire construction can be qualitatively understood as
a coarse-graining procedure. Here, the high-energy microscopic electronic degrees of
freedom are integrated out. The procedure can be repeated indefinitely and resembles
a real-space renormalization. For example, the gapless Dirac electronic structure of
the coupled wire model can acquire a finite mass by symmetry-breaking dimeriza-

tions. These dimerizations can be arranged in a topological manner that spatially
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wind non-trivially around a collective vortex. These second-stage vortices can subse-
quently be assembled into an array similar to the previous construction except now
with a longer lattice constant. The system again recovers a massless Dirac spectrum
under inter-vortex electron tunneling in low-energy and long length scale. The map-
ping therefore establishes an equivalence between the continuous isotropic massless
Dirac fermion and the semi-discrete anisotropic coupled Dirac wire model.

In the present case when the chiral Dirac channels originate from vortex strings in
an underlying microscopic Dirac insulator, the spatial modulation of mass parameters
m(r) actually violate one of the AFTR symmetries, m(r)* # m(r + (e, + e,)/2),
where * stands for complex conjugation. For instance, since all elliptic functions
must contain at least two zeros and two poles in its periodic cell, the Jacobian elliptic
mass function (3.6) has longer periods than e, and e, in Fig. 3.5, and thus must
break 777 or Ti;. The symmetry is broken only in the ultra-violet limit at large k,
where the chiral Dirac line nodes meet the microscopic bulk band (see Fig. 3.3) at
high energy ~ |m(r)|. In fact, the above anomalous argument shows that all mass
parameter configurations that produce the 3D vortex lattice array (Fig. 3.4) must
either (a) break both the AFTR symmetries 7;; and 7y, or (b) preserve one but
violate translation so that the unit cell is enlarged and the two Weyl points collapse
onto each other in momentum space. (See Figs. 3.7 and 3.8.)

For instance, the microscopic system can be connected to a stack of Chern insu-
lating ribbons (or lowest Landau levels) with alternating chiralities shown in Fig. 3.7.
Instead of being supported by vortices of Dirac mass, the chiral Dirac wires are now
realized as edge modes of Chern insulating strips. Each 2D ribbon (represented by
thick dashed dark blue lines) is elongated in the out-of-paper z-direction but is fi-
nite along the (110) direction and holds counter-propagating boundary chiral Dirac
channels. The dark blue arrows represent the orientations of the Chern ribbons that

accommodate the boundary Dirac channels with the appropriate propagating direc-
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tions. Here the Chern ribbon pattern in Fig. 3.7(a) breaks both AFTR axes. The
pattern in Fig. 3.7(b) preserves Ty;. However, translation symmetry is also broken
and the coupled Dirac wire model now has an enlarged unit cell (light blue dashed
boxes) that consists of two pairs of counter-propagating chiral Dirac channels. All
Chern ribbon patterns must break the C; symmetry about a Dirac wire because each

wire is connected to one and only one Chern ribbon in a particular direction.
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Figure 3.7: Chiral Dirac channels (X and e) realized on the edge of Chern insulating
ribbons (dark blue directed lines) stacked along the (110) normal direction.

Now we go back to the vortex lattice generated by the Jacobian elliptic Dirac
mass function m(r) in (3.6) and consider its symmetries. For this purpose, we use

the symmetry properties of the (rescaled) Jacobian elliptic function [171]

sd(z +iy) = —sd(z + 1 4+ 1y) = —sd(x + iy + 1),

141 C
d ) = —l— 22
S (x—l—zy—l— 9 ) st(x—i—iy) ) (3.22)

sd(—x —iy) = —sd(x +iy),

where C' is some unimportant real constant that depends on the modulus of sd and
will never appear in the mass function m(r) = mesd(z + iy)/|sd(z + iy)|. We see

from the minus sign in the first equation that the Jacobian elliptic function, and
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consequently the mass function, have primitive periods e, + e, and therefore have a

unit cell of size 2 (see Fig. 3.8(a)). Choosing mg = |mg|e”™*, we see from the second

equation that 7q; (or Ti;) is preserved (resp. broken)

m <r + eTiey> — tm(r)", (3.23)

and thus the parent Dirac Hamiltonian (3.2) is 7;;-symmetric
- € +€ )\ 1
T Hpirae | —k, T + T T = HDiraC(k7 I‘), (324)

for T' = is,K. Lastly, the third property of (3.22) entails the mass function m(r) =
—m(Cyr) is odd under Cy, and consequently the parent Dirac Hamiltonian is (screw)

rotation symmetric

CA(QFIDirac(Cbk; CZr)CA'Q_l - HDirac(ka I'), (325)

~tk=0/2j5_11,) anticommuting with the mass

where C’g = is,4, (or microscopically e
terms my ply +mofty, in Hpirae (see (3.2)), and Cok = (—ky, =k, k), Cor = (—x, —y, 2).

Remembering that the coupled wire model (3.12) (Fig. 3.5) descended from a
vortex lattice of the microscopic parent Dirac Hamiltonian (3.2), the Dirac mass m(r)
actually allows the model to carry fewer symmetries than the low-energy effective
Hamiltonian (3.12) suggests. Now that the translation symmetry is lowered, the BZ
is reduced (see Fig. 3.8(b)) so that the two Weyl points now coincide at the origin
I'. This recovers an unanomalous Dirac semimetallic model (3.1) around (ky, ky) =
(0,0). The fourfold degenerate Dirac point is protected and pinned at I' due to
the remaining AFTR symmetry 77; — which takes the role of a spinful time reversal

(T? = —1) in the continuum limit — and the C, (screw) symmetry about the z-

axis. However, if any of these symmetries is further broken, the fourfold degeneracy
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/km/

Figure 3.8: (a) The massive AFTR and C5 breaking coupled Dirac wire model. (b)
The reduced Brillouin zone (BZ) after translation symmetry breaking where the two
Weyl points collapse to a single Dirac point at M.

Figure 3.9: Dirac mass gap 2|A| introduced by AFTR and Cy symmetry breaking
dimerization A = Ay + iA,.
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of the Dirac point is not protected (c.f. the original continuum Dirac model (3.2)).
Figure 3.8(a) shows a dimerized coupled Dirac wire model that introduces a finite mass
for the Dirac fermion. We label the Dirac fermion operators as ¢, for 0 = ©,®

the chirality, u = A, B the new sublattice label, and (r, s) label the coordinates of

the unit cell according to the 45°-rotated x’, y/'-axes.

Z Z "o (1/}#,@% _ ¢ﬁ;®%z¢ﬁ;®>

r,s u=A,B

+ i pAE il PO YES 4 he.

_U¢B®T¢ ‘I‘UQ??Z)AGT'QZ)B@—}—}I/C (326)
. T .1.

— ztll/ffi?,s @D:‘s@ + tﬂ/’ﬁ?,s %bfs’@ + h.c.

Bo T 4, Ao T B,
+ t2¢7‘,5+1 @bm@ - tl2'l/},r,7s_1 ¢7‘,8® + h.c..

For instance, the model is identical to the AFTR and Cy symmetric one in (3.12)
when t; = t; =u; = u; for j = 1,2. However, when the symmetries are broken, these
hopping parameters do not have to agree.
The Bloch band Hamiltonian after Fourier transformation is
hok, h(kyr, ky)

H(k) = , (3.27)
h(ky k)t —hik,

Z‘ul _ Z'tle—ikz/ t/ —ik,
h(kx’> ky’) = )

ik ! 4 ik
—Ug + o™ —wuy +itiet

where the 2 x 2 identity matrix and h(k,/, k) acts on the sublattice p = A, B degrees
of freedom, and —7 < k,, k,, < 7 are the rotated momenta. We perturb about the

Dirac fixed point by introducing the dimerizations A;
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for j = 1,2. About the I" = (0,0, 0) point,

H(T' + 6k) =hvdk,0, — t16ky 0, — tabky oy,

— Ayoy i, + Dooy iy, + O(5K?). (3.29)

See Fig. 3.9 for its massive spectrum.
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Figure 3.10: (a) Dimerized model of a massive Dirac fermion. (b) Vortex of dimer-
izations A = Ay + 1Ay that leaves behind a massless localized chiral Dirac channel

(blue dot).

Here the AFTR symmetry 7;; and the twofold rotation Cs are represented in the

single-body picture by

0 0 —ethz 0
_ [0 o0 0 -1
Tll(k) - 1 0 0 0 lC»
0ek= 0 0
i -(;9 o) 0 0
| 0 gemilkathy 0 0
02(k)— 0 0 —ie "tk 0 (330)
0 0 0 —ie "ty
—ikza/2

(again suppressing the Cy screw phase e in the continuum limit @ — 0). In the
small k,, k,-limit, 77;(0) = —io, K and C3(0) = io,. It is straightforward to check
that the dimerization A, preserves 771 while both Ay, Ay breaks (.

Since the coupled wire model (3.29) and the parent continuum Dirac model (3.2)

have the same matrix and symmetry structure, we can apply the same construc-

tion we discussed before to the new coarse-grained model (3.29). For instance, the
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non-competing dimerizations A(r) = A;(r) + iAy(r) can spatially modulate and
form vortices in a longer length scale. Figure 3.10(b) shows a dimerization pattern
that corresponds to a single vortex in A. The solid (dashed) lines represent strong
(resp. weak) backscattering amplitudes. In the fully dimerized limit where the dashed
bonds vanish, all Dirac channels are gapped except the one at the center (showed as
a blue dot). In the weakly dimerized case, there is a collective chiral Dirac channel
whose wave function is a superposition of the original channels and is exponentially
localized at the A-vortex core, but now with a length scale longer than that of the
original m-vortex lattice. These collective chiral Dirac A-vortices can themselves form
a coupled array, like (3.12), and give a Dirac semimetal of even longer length scale.
The single-body coupled vortex construction is therefore a coarse-graining procedure

that recovers equivalent emergent symmetries at each step.

mass vortices
Dirac semimetal chiral Dirac strings . (3.31)
coupled wire model

3.2.1.2 Holographic projection from 4D

The coupled wire model (3.12) with two AFTR axes can be supported by a weak
topological insulator (WTI) in four dimensions. Instead of realizing the chiral Dirac
channels using mass vortices of a 3D Dirac semimetal, they can be generated as edge
modes along the boundaries of 2D Chern insulators (or lowest Landau levels). The
4D WTT is constructed by stacking layers of Chern insulators parallel to the zw-
plane along the x and y directions. The Chern layers L,, labeled by the checkerboard
lattice vector r = r,e, + rye, on the xy-plane, have alternating orientations so that
Ch[L,] = 1 if r,,r, are integers and Ch[L,| = —1 if r,, r, are half-integers. The model
therefore carries both AFTR symmetries 771 and 77; as well as the C5 rotation about
zw, and when cleaved along a 3D hyper-surface normal to w, it generates the array

of alternating chiral Dirac channels in Fig. 3.5.
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The 4D WTI model can also be regarded as a stack of 3D antiferromagnetic
topological insulators (AFTI) [172]. Restricting to the 3D hyperplane normal to
—e, + e,, this model consists of alternating Chern insulating layers parallel to the
wz-plane stacked along the e, + e, direction. This 3D model describes an AFTI
with a non-trivial Zs index. For instance along the boundary surfaces normal to w
or z that preserve the antiferromagnetic symmetry 771, the model leaves behind a
2D array of alternating chiral Dirac wires. The uniform nearest wire backscattering
term ¢; (see (3.12)) introduces a linear dispersion along the 11-direction and gives
rise to a single massless surface Dirac cone spectrum at a TRIM on the boundary of
the surface BZ where T3 = —1. The 4D WTI model is identical to stacking these 3D

AFTT along the 11-off-diagonal direction —e, + e,,.

3.2.2 Surface Fermi arcs

3.2.2.1 AFTR breaking surfaces

(a) (b)

Figure 3.11: Fermi arcs (blue lines) joining projected Weyl points on the surface
Brillouin zones along (a) the (100) surface and (b) the (001) surface.

We discuss the surface states of the coupled Dirac wire model (3.12). Similar to
the boundary surface of a translation symmetry protected Dirac semimetal (or more

commonly called a Weyl semimetal), there are Fermi arcs connecting the surface-
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projected Weyl points [40, 19, 22]. First we consider the (100) surface normal to
x-axis (see Fig. 3.5). We assume the boundary cuts between unit cells and set the
Fermi energy at ¢; = 0. At k, = 0 and given a fixed k, € (—m, ), the tight-binding
model (3.13) is equivalent to the Su-Schriffer-Heeger model [173] or a 1D class AIII
topological insulator [174, 175] along the z-direction protected by the chiral symmetry

0,H(k,) = —H(k;)o,. It is characterized by the winding number

i 7 1 0g(ky, ky)
w(ky,) = 5 /_7r T dk, (3.32)

= (1 +sgn(k,t1/t2)) /2.

When ¢4, t; have the same (or opposite) sign, the quasi-1D model is topological along
the positive (resp. negative) k,-axis and thus carries a boundary zero mode. This
corresponds to the Fermi line joining the two surface projected Weyl points at I’
and M (see Fig. 3.11(a)). As the zero modes have a fixed chirality according to o,
they propagate uni-directionally with the dispersion E(k,) = hvk,o,. The cleaving
surface breaks AFTR and Cy symmetries, and so does the Fermi arc in Fig. 3.11(a).
For instance, any one of the AFTR symmetries maps the boundary surface to an
inequivalent one that cuts through unit cells instead of between them. As a result,
the Fermi arc will connect the Weyl points along the opposite side of the k,-axis for
this surface.

The (010) surface Fermi arc structure is qualitatively equivalent to that of the
(100) surface. The (110) and (110) surfaces that cleave along the diagonal and off-
diagonal axes (see Fig. 3.5) respectively preserve the AFTR symmetries 77; and 7.
There are no protected surface Fermi arcs because the two bulk Weyl points project
onto the same point on the surface Brillouin zone. Lastly, we consider the (001) surface
normal to the z-axis, which is the direction of the chiral Dirac strings that constitute

the coupled wire model. A chiral Dirac channel cannot terminate on the boundary
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surface. In a single-body theory, it must bend and connect with an adjacent counter-
propagating one. Although the (001) plane is closed under the Cy as well as both the
AFTR symmetries, the surface bending of Dirac channels must violate at least one
of them. Here we consider the simplest case where the counter-propagating pair of
Dirac channels within a unit cell re-connects on the boundary surface. This boundary
is equivalent to a domain wall interface separating the Dirac semimetal (3.12) from
an insulator where Dirac channels backscatters to their counter-propagating partner
within the same unit cell.

The domain wall Hamiltonian takes the form of a differential operator

H= —ino (v, 0.5, — vi 0.5, (3.33)
J

ity (05,105, + 01 0, ) + e

T 1(2) (V51,05 + U U5, ) + e

by replacing k, <> —i0, in (3.12). Here 6(z) can be the unit step function or any
function that asymptotically approaches 1 for z — oo or 0 for z — —oo. The model
therefore describes the Dirac semimetal (3.12) for positive z, and an insulator for
negative z where Dirac channels are pair annihilated within a unit-cell by t;. After
a Fourier transformation, the Bloch Hamiltonian H (k,, k,) is identical to (3.13) by
replacing k, <+ —i0, and g(ks, ky, z) = ity (1 + 0(2)e v tka)) 4 £,0(2) (e~ 4 e~hv),
Given any fixed k,, k,, the differential operator H (ky, ky) is identical to the Jackiw-
Rebbi model [176]. Deep in the insulator, g(k,,k,,z — —oo0) = it;. There is an
interface zero mode at the surface domain wall if g changes sign, i.e. if g(k;, ky, 2 —
o0) = |g|e’” has argument ¢ = —sign(¢1)7/2. When £; = 0, the zero modes trace out
a Fermi arc that connects the two surface projected Weyl points (see Fig. 3.11(b)).
We notice that in the insulating phase (or on the boundary surface), Dirac wires

can be backscattered with a different phase and dimerized out of the unit cell. These
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(b)

Figure 3.12: Fermi arcs (blue lines) on the (0
conditions (a) g(ky, ky) = —it; and (b) g(ky, k
for tg/tl = 2.

001) surface with alternative boundary
y) = ~%y in the insulating domain,

different boundary conditions correspond to distinct surface Fermi arc patterns. Fig-
ure 3.12 shows two alternatives. (a) shows the zero energy arcs when intra-cell
backscattering reverses sign ¢; — —t; in the insulating domain. (b) shows a case
when the dimerization is taken along the off-diagonal axis. These inequivalent bound-
ary conditions differ by some three dimensional integer quantum Hall states, which
correspond to additional chiral Fermi arcs that wrap non-trivial cycles around the 2D

toric surface Brillouin zone.

3.2.2.2 AFTR preserving surfaces

We also notice that the Fermi arc structures in Figs. 3.11(b) and 3.12 are allowed
because both the AFTR symmetries 711, T1; and the C5 symmetry are broken by the
insulating domain. Any dimerization that preserves only one of 771 and 77; necessarily
breaks translation symmetry, and corresponds to an enlarged unit cell and a reduced
Brillouin zone (c.f. Fig. 3.7 and 3.8). As a result, the two Weyl points would now
collapse onto the same T point. Any momentum plane that contains the k.-direction
and avoids the I' point must have trivial Chern invariant, because it could always be
deformed (while containing the k,-direction and avoiding the I" point) to the reduced

Brillouin zone boundary, where its Chern invariant would be killed by the AFTR
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symmetry.

However, the trivial bulk Chern invariant does not imply the absence of surface
state. This can be understood by looking at the surface boundary in real space.
Here, we assume the Dirac strings that constitute the coupled wire model (3.12)
are supported by vortices of an underlying Dirac mass (see Fig. 3.4 and eq.(3.2)).
The semimetallic coupled wire model terminates along the zy-plane against vacuum,
which is modeled by the Dirac insulator Hyacqum = hvk - Sp, +mopi,, say with mg > 0.
Recall from (3.23) that the Dirac mass vortex configuration (3.6) is AFTR symmetric
along the Ti;-directions. The Dirac insulating vacuum is symmetric under local TR
as well as continuous translation. It however breaks the screw rotation symmetry

é'g = is,1,, but we here only focus on the AFTR symmetry.

* '\\\ Y
AA

z

Figure 3.13: Surface chiral Dirac channels of the coupled wire model (3.12) terminated
along the zy plane.

The surface boundary supports chiral Dirac channels that connect the chiral Dirac
strings in the semimetallic bulk that are normal to the surface. The surface channels

are shown in Fig. 3.13. The x (e) represent chiral vortices in the bulk that direct
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electrons away from (resp. onto) the surface. The vector field represents the Dirac
mass m(r) = my(r) 4+ im,(r) modulation in the semimetallic bulk near the surface.
The surface Dirac line channels [167] — shown by directed lines connecting the bulk
Dirac strings x, e — are located where the TR symmetric Dirac mass m, changes
sign across the surface boundary and the TR breaking Dirac mass m, flips sign
across the line channels along the surface. In other words, they are traced out of
points on the surface where m, < 0 and m, = 0. Each of these surface channels
carries a chiral Dirac electronic mode that connects the bulk chiral Dirac vortices.
They can couple through inter-channel electron tunneling, but the collective gapless
surface state cannot be removed from low-energy by dimerization without breaking

the AFTR symmetry 7i;.

3.3 Many-body interacting variations

We discuss the effect of strong many-body interactions in a Dirac semimetal in three
dimensions. Before we do so, it is worth stepping back and reviewing the two di-
mensional case in order to illustrate the issue and idea that will be considered and
generalized in three dimensions. The massless Dirac fermion with H = hv(k,s,—Fkys;)
that appears on the surface of a topological insulator [28, 29, 30, 22] is protected by
time reversal (TR) and charge U(1) symmetries and is anomalous. This means that
there is no single-body energy gap opening mass term that preserves the symmetries,
and there is no single-body fermionic lattice model in two dimensions that supports
a massless Dirac fermion without breaking the symmetries. Neither of these state-
ments hold true in the many-body setting. The surface Dirac fermion can acquire a
TR and charge U (1) preserving many-body interacting mass. [130, 132, 131, 133] Con-
sequently, this also enables a massless symmetry preserving Dirac fermion in a pure

2D system without holographically relying on a semi-infinite 3D topological bulk. For
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instance, one can take a quasi-2D topological insulator slab with finite thickness and
remove the Dirac fermion on one of the two surfaces by introducing an interacting
mass gap. This leaves a single massless Dirac fermion on the opposite surface without
breaking symmetries.

A massless Dirac fermion in three dimensional semimetallic materials can be pro-
tected in the single-body picture by screw rotation, time reversal and charge U(1)
symmetries (see reviews Ref. [19, 22, 25] and Sec. 3.2). From a theory point of view,
it can be supported on the 3D boundary of a 4D weak topological insulator, where
the two Weyl fermions are located at distinct time reversal invariant momenta (recall
Fig. 3.6 and Sec. 3.2.1.2 for the antiferromagnetic case). In this case, the massless
fermions are protected by translation, time reversal and charge U(1) symmetries. In
this section, we address the following issues. (1) We show by explicitly construct-
ing an exactly solvable coupled wire model that the 3D Dirac fermion can acquire a
many-body interacting mass while preserving all symmetries. (2) We show in principle
that an antiferromagnetic time reversal (AFTR) symmetric massless 3D Dirac system
with two Weyl fermions separated in momentum space can be enabled by many-body
interactions without holographically relying on a higher dimensional topological bulk.

We begin with the Dirac semimetallic coupled wire model in Fig. 3.6 and (3.12).
In particular, we focus on many-body interactions that facilitate the fractionalization

of a (1 + 1)D chiral Dirac channel

Dirac = Pfaffian ® Pfaffian (3.34)

(see also Fig. 3.14). In a sense, each chiral Pfaffian channel carries half of the degrees of
freedom of the Dirac. For instance, it has half the electric and thermal conductances,
which are characterized by the filling fraction v = 1/2 and the chiral central charge

¢ =1/21in (3.4). Throughout this dissertation, we refer to the low-energy effective
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CFEFT — that consists of an electrically charged U(1)4 bosonic component, say moving
in the R direction, and a neutral Majorana fermion component moving in the opposite

L direction — simply as a Pfaffian CFT
Pfaffian = U(1)4 ® Ising. (3.35)

(In this article, we follow the level convention for U(1) in the CFT community [177].
The same theory may be more commonly referred to as U(1)g in the fractional quan-
tum Hall community. For clarification, see Lagrangian (3.36) and (3.37).)

While this is not the focus of this article, here we clarify and disambiguate the
three “Pfaffian” fractional quantum Hall (FQH) states that commonly appear in
the literature. All these (2 4+ 1)D states are theorized at filling fraction v = 1/2,
although being applied to ¥ = 5/2 in materials, and have identical electric transport
properties. However, they have distinct thermal Hall transport behaviors. They
all have very similar anyonic quasiparticle (QP) structures. For instance, they all
have four Abelian and two non-Abelian QP (up to the electron). On the other
hand, the charge /4 non-Abelian Ising anyons of the three states have different spin-
exchange statistics. First, the gapless boundary of the Moore-Read Pfaffian FQH
state [178, 179, 180, 181] can be described by the (1 4 1)D chiral CFT U(1)4 ® Ising
where the charged boson and neutral fermion sectors are co-propagating. It therefore
carries the chiral central charge ¢ = 1+ 1/2 = 3/2, which dictates the thermal Hall
response (3.4). Second, the “anti-Pfaffian” FQH state [182, 183] is the particle-hole
conjugate of the Moore-Read Pfaffian state. Instead of half-filling the lowest Landau
level by electrons, one can begin with the completely filled lowest Landau level, and
half-fill it with holes. In a sense the anti-Pfaffian state is obtained by subtracting
the completely filled lowest Landau level by a Moore-Read Pfaffian state. Along
the boundary, the (1 + 1)D CFT U(1)12 ® U(1)4 ® Ising consists of the forward
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propagating chiral Dirac U(1)/, sector that corresponds to the lowest Landau level,
and the backward propagating Moore-Read Pfaffian m. Here C can be
interpreted as the time-reversal conjugate of the chiral CF'T' C. The thermal transport
is governed by the edge chiral central charge ¢ = 1 — 3/2 = —1/2, which has an
opposite sign from the filling fraction. Thus, unlike the Moore-Read Pfaffian state,
the net electric and thermal currents now travel in opposite directions along the edge.
Lastly, the recently proposed particle-hole symmetric (PHS) Pfaffian state [9, 10, 11],
which is going to be the only Pfaffian FQH state considered in this article (see Ref. [13]
for a coupled wire construction), has the chiral edge CFT (3.35). As the electrically
charged boson and neutral fermion sectors are counter-propagating, the net thermal
edge transport is governed by the chiral central charge ¢ =1 —1/2 = 1/2. The chiral
(1+ 1)D PHS Pfaffian CF'T (3.35) is also present along the line interface separating
a TR symmetric T-Pfaffian [132] domain and a TR breaking magnetic domain on
the surface of a 3D topological insulator. (Similar constructions can be applied to
alternative TR symmetric topological insulator surface states [130, 131, 133], but they
will not be considered in this article.) Other than their thermal transport properties,
the three Pfaffian FQH state can also be distinguished by the charge e/4 Ising anyon,
which has spin h = 1/8, —1/8 or 0 for the Moore-Read Pfaffian, anti-Pfaffian or PHS
Pfaffian states respectively.

Since we will not be considering the Moore-Read Pfaffian or its particle-hole con-
jugate anti-Pfaffian state, we will simply refer to the PHS Pfaffian state as the Pfaffian
state. The low-energy effective chiral (141)D CFT takes the decoupled form between

the boson and fermion

‘CPfafﬁan = Echarged + Eneutral ) (336)
8
= 5 -010r0:0R + v(OuR)”
™

+ ZfYL(at - 7781)7L )
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where we have set i = 1. Here ¢p is the free chiral U(1)4 boson. It generates the
(1+1)D theory Leharged, Which is identical to the boundary edge theory of the (241)D
bosonic Laughlin v = 1/8 fractional quantum Hall state described by the topological

Chern-Simon theory [184, 185]
K
Lo = e ANda +eta ANdA, (3.37)
m

with K = 8 and ¢ = 2. The U(1)4 CFT carries the electric conductance o = tK 't =
1/2 in units of 2we? = €*/h and a thermal conductance characterized by the chiral
central charge ¢ = cg = 1. Primary fields are of the form of (normal ordered) chiral
vertex operators : ¢?% : for m an integer, and carries charge ¢ = m/4 in units
of e and conformal scaling dimension (i.e. conformal spin) h = hp = m?/16. We

summarize and abbreviate the operator product expansion

eimM1OR(2) pim2dr(w) _ ei(M1+M2)¢R(w)(2 _ w>m1m2/8 4. (3.38)

by the Abelian fusion rule

ez’m1¢>R > eim2¢R — ei(m1+m2)¢>R, (339)

where z ~ 74ix is the complex space-time parameter and 7 = imvt/2 is the Euclidean
time.

7} =~y is the free Majorana fermion. It generates the (1 + 1)D theory Lpeutral,
which is equivalent to a chiral component of the critical Ising CF'T or the boundary
edge theory of the (2 4+ 1)D Kitaev honeycomb model [1] in its B-phase with TR
breaking (i.e. a chiral p, + ip, superconductor coupled with a Z, gauge theory). It
carries trivial electric conductance but contributes to a finite thermal conductance

characterized by the chiral central charge ¢ = —c; = —1/2. The Ising CF'T has



54

primary fields 1, 7, and o, where the twist field (or Ising anyon) oy carries the

conformal spin h = —h;, = —1/16. Again, we abbreviate the operator product
expansions
YL(Z)vL(w) = o T
- oL(w)
O-L(Z)VL(w) = (2 _ 11_1)1/2 + )

by the fusion rule

YL Xy =1, oL X7y, =o0L,

O'LXO'L:1+’7L, (340)

where Z ~ 7 — 12 is the complex space-time parameter and 7 = vt is the Euclidean
time.
General primary fields of the Pfaffian CF'T decompose into the U(1)4 part and

the Ising part. They take the form

Ly, = €™MOr o = eMOrn, g = MR, (3.41)

The conformal spins and fusion rules also decompose so that

hi, = —— hy, = -+, hy, = (3.42)
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modulo 1, ¢,, = m/4 in units of e, and

1m1 X 1m2 = 7vbm1 X wmz = 1m1+m2 )
1m1 X me = ¢m1+m2 )
1m1 X Omy = wml X Omy = Omy+ma >

Omy X Omy = 1m1+m2 + wm1+m2- (343>

The 27 monodromy phase M%Y = RZY R%¥ between primary fields X and Y with

a fixed overall fusion channel Z can be deduced by the ribbon identity [1]

_ M)Z(Y€27T’i(hx+hy) <344)

for hxy,z the conformal spins for primary fields X, Y, Z. Unlike the gauge dependent
m-exchange phase R3Y, the 27-monodromy phase M3Y = e?m(hz=hx=hv) ig gauge
independent and physical.

The electronic quasiparticle is the composition ¢ = e #?R~; so that it is fermionic
and has electric charge —1 in units of e. Since electron is the fundamental building
block of the system, locality of 1) only allows primary fields X that have trivial mon-
odromy M*¥e = 1 with the electron. As a result, this restricts 1,,,1,, to even m
and o, to odd m. Lastly, the coupled wire models constructed later will involve the
Pfaffian channels that propagate in both forward and backward directions. We will
denote the backward case by Pfaffian, whose Lagrangian density is the time reversal

of (3.36), i.e. replacing R <> L, i <> —i and 0; <> —0.
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Pfaffian
>

Dirac

c=1 Pfaffian
o=¢’/h c=1/2 "o=¢*/2h

Figure 3.14: Gluing and splitting a pair of chiral Pfaffian 1D channels into and from
a chiral Dirac channel.

3.3.1 Gluing and splitting

A pair of co-propagating Pfaffian CF'T can be “glued” together into a single chiral
Dirac electronic channel. We first consider the decoupled pair Lo = L gan + Lomions
where Eﬁf/afﬁan is the Lagrangian density of one of the two Pfaffian CEF'T labeled
by A, B. The pair of Majorana fermions can compose an electrically neutral Dirac
fermion dy, = (v +iv?)/+/2, which can then be bosonized dj, ~ ¢**%, for ¢ the chiral
m boson. The bare Lagrangian now becomes the multi-component U(1)5 ®

U(1)§ ® U(1)1/2 boson CFT
_ L T
Lo=3 01" KOpp + 0,¢" VO, ¢, (3.45)
7r

where ¢ = (¢, ¢5, ¢9), K is the 3 x 3 diagonal matrix K = diag(8,8, —1), and V is
some non-universal velocity matrix. A primary field is a vertex operator e % labeled

A mPB m). It carries conformal spin hp, = m? K~'m/2

by an integral vector m = (
and electric charge ¢ = tT K~'m in units of e, where t = (2,2,0) is the charge
vector. As n = (1,—1,4) is an electrically neutral null vector (i.e. n” Kn = 0 and

t-n = 0), it corresponds to the charge U(1) preserving backscattering coupling

§H = —ucos (n"K¢) = —ucos (8¢ — 8¢ — 4¢7) (3.46)
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that gaps [186] and annihilates a pair of counter-propagating boson modes. The
interacting Hamiltonian can also be expressed in terms of many-body backscattering

of the Pfaffians’ primary fields
4
SH = —u: (dTLdR) the., (3.47)

where dp = 1515, is the electrically neutral Dirac fermion composed of the pair of
oppositely charged semions in the two Pfaffian sectors.

In strong coupling, the gapping Hamiltonian introduces an interacting mass and
the ground state expectation value (®) = nn /2, for n an integer and ® = 2¢4 —2¢5 —
¢9. In low energy, it leaves behind the chiral boson combination bR = 208 + 205,
which has trivial operator product (i.e. commutes at equal time) with the order

parameter ®. The low-energy theory after projecting out the gapped sectors becomes
1~ - -
£O —0H — LDiraC = %at¢Ram¢R + U(83€¢R)2 ) (348)

which is identical to the bosonized Lagrangian density of a chiral Dirac fermion. For
instance, the vertex operator ¢/% ~ R 1412 has the appropriate spin and electric
charge of an electronic Dirac fermion operator (h = 1/2 and ¢ = 1 in units of e).
Notice that the vertex operator ei9r/2 hag —1 monodromy with the local electronic
1% and therefore is not an allowed excitation in the fermionic theory.

We notice in passing that the gluing potential (3.46) facilitates an anyon conden-
sation process [187], where the maximal set of mutually local neutral bosonic anyon
pairs

L L 24y i 4

(3.49)

A B A B A B
w4m+21—4m—27 14m+2¢—4m—2a O4m+19 —4m—1

is condensed, where m is an arbitrary integer. All primary fields that are non-local



58

(i.e. with non-trivial monodromy) with any of the condensed bosons in (3.49) are
confined. Any two primary fields that differ from each other by a condensed boson

in (3.49) are now equivalent. The condensation therefore leaves behind the electronic

Dirac fermion

I A_ B _ 1A{B
R=v1 =Yy =11 (3.50)
and its combinations.
~ . + +idg?
1 iqb}{ p zqﬁ% v ~ e ‘
charged ¢R ~ € wR ~ € s = THPRTOR)
Dirac ’ ~ > = > <. Pfaffian
2 i3 i0%, Sl U= SUL 2 /A
R SPR.= = 0
YR ~e d]%’;\’(/ 2 R G
- T ” i4¢® /
Dirac = ettty
_______ e L T . Pfaffian
fractional basis d; ~ e'?L 75
transformation A | - B
~ YL L

Figure 3.15: Schematics of splitting a chiral Dirac channel into a pair of Pfaffian

channels.

On the other hand, a chiral Dirac channel can be decomposed into a pair of chiral
Pfaffian channels (see Fig. 3.15 for a summary). First, perhaps from some channel
re-construction, we append to the chiral Dirac channel an additional pair of counter-
propagating Dirac modes. This can be realized by pulling a parabolic electronic/hole
band from the conduction/valence band to the Fermi level, or introducing non-linear
dispersion to the original chiral channel. In low-energy, the three Dirac fermion

modes can be bosonized w}f ~ ei‘i’}%z, W ~ e~9L and they are described by the

multicomponent boson Lagrangian

Lo = 508 K0,6+0,0' V0. (351)
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for ¢ = (¢%, &%, é1), K is the diagonal matrix K = diag(1,1,—1), and V is some
non-universal velocity matrix. A general composite excitation can be expressed by a
vertex operator eim'a’, for m an integral 3-vector, with spin Ay, = |m|?/2 and electric
charge gm = m? Kt in units of e, where t = (1,1,1) is the charge vector.

Next we perform a fractional basis transformation

0% = ok — 1o% + 141, (3.52)
¢ = Ok + 50% + 361

While the K matrix is invariant under the transformation, the charge vector changes
tot — (1,0,0). ¢% ~ €"%r is the local electronic Dirac fermion that carries spin 1/2
and electric charge e, and dg/, ~ e"PR/L are counter-propagating electrically neutral
Dirac fermions. As the K matrix is still diagonal, these fermions have trivial mutual
2m-monodromy and are local with respect to each other. However, it is important to
notice that the neutral Dirac fermions dg/;, actually consist of fractional electronic
components.

Now we focus on the two R-moving Dirac channels. By pairing the Dirac fermions,

they form two independent SU(2); Kac-Moody current operators [177]

TP (2) = 12720075 P (2) (3.53)

A/B . L A/B
_ J1/ (2) :I:ZJQ/ (2) _ eii4¢§/3(z)

NG ,

TP (2)

where 4¢% = ¢ + ¢% and 4% = ¢h, — ¢%. Both SU(2); sectors are electrically

charged so that the bosonic vertex operators Jf/ B carries charge +e. They obey the
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SU(2) current algebra at level 1

5”5 23:2\/_ Wguk P w)

F) R (w) = — + +... (3.54)

k=1
for A, ' = A, B. It is crucial to remember that J¢ ~ ¢%dg and J2 ~ ¢%d!, contains
the fractional Dirac components dg. Thus, the primitive local bosons are actually
pairs of the current operators, i.e. eisor’”. Equivalently, this renormalizes the com-
pactification radius of the boson 4¢g/ B 0 that in a closed periodic space-time geom-
etry, we only require electronic Cooper pair combinations such as the charge 2e local

operators

(B0 — TR FHBI) | (L2 ()3

i85 _ Li(33R+dL) (%)l (3.55)

to be periodic. The incorporation of anti-periodic boundary condition for Jf/ B =
e*9%'” results in the Zy-orbifold theory [188, 189] U(1), = SU(2)1/Zs for both A
and B sectors. For instance, the primitive twist fields are given by eii‘bg/B, which
have —1 monodromy phase with Jf/ B,

At this point, including the L-moving neutral Dirac sector, we have recovered the
muticomponent boson ¢ = (¢4, 5, ¢7) described by the Lagrangian (3.45). Lastly,
we simply have to decompose the remaining neutral Dirac into Majorana components,
dp = (v# +ivP)/v/2. The A and B Pfaffian sectors can then be independently
generated by the charged U(1)4 boson gbg/ B and the neutral Majorana fermion ’yf/ B,

As a consistency check, the charge e fermionic (normal ordered) combinations defined
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in (3.41)

wf -~ ei4¢§fyé ~ €% + pi(BOR+6%+3¢L) ’ (3.56)

B~ eHORAB (- PRT0R—0L) _ ,i(dp+203+201)

are in fact local quasi-electronic.

Unlike in the gluing case where there is a gapping Hamiltonian (3.46) that pastes
a pair of Pfaffians into a Dirac, here in the splitting case we have simply performed
some kind of fractional basis transformation that allows us to express Dirac as a pair
of Pfaffians. In fact, one can check that the energy-momentum tensor of the Dirac
theory (3.51) is identical to that of a pair of Pfaffians (3.36). However, this does
not mean the Pfaffian primary fields are natural stable excitations. In fact, as long
as there is a pair of co-propagating Pfaffian channels, all primary fields except the
non-fractionalized electronic ones are unstable against the gluing Hamiltonian 0 in
(3.46) and are generically gapped. In order for the Pfaffian CFT to be stabilized, one
has to suppress 0H. A possible way is to somehow spatially separate the pair. This
issue is addressed in the subsection below using many-body interaction in the coupled

wire model of a Dirac semimetal (or the PHS Pfaffian FQH state in Ref. [13]).

3.3.2 Symmetry preserving massive interacting model

We begin with the 3D array of chiral Dirac strings in Fig. 3.4. In Sec. 3.2, we
showed that the single-body coupled wire model (3.12) described a Dirac semimetal
with two Weyl fermions (see Fig. 3.6). The system had emergent antiferromagnetic
time reversal (AFTR) symmetries 717 and 7q; along the diagonal and off-diagonal
axes (see (3.17)). Together they generate an emergent lattice translation symmetry
with a 2-wire unit cell, and separate the two Weyl points in the Brillouin zone. The

symmetries are lowered beyond the effective model when the microscopic high-energy
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degrees of freedom are included. For example, the mass function (3.6) that supports
the Dirac vortex string lattice has a 4-wire periodic unit cell and only preserves one
of the AFTR symmetries 711 (see (3.23)). With the lowered translation symmetry,
the two Weyl points now coincide at the same momentum. Inter-species (or inter-
valley) mixing is forbidden by the remaining AFTR symmetry and a (screw) twofold
rotation symmetry Cy about z (see (3.18) and (3.25)). Previously in Sec. 3.2.1.1,
we introduced symmetry breaking wire dimerizations in (3.26) that led to a massive
Dirac insulator. In this section, we construct many-body gapping interactions that
preserves the two AFTR symmetries 711 and 77;, the C5 symmetry, as well as charge
U(1) conservation.

The many-body gapping scheme is summarized in Fig. 3.16. From the previous
subsection, we saw that each chiral Dirac channel can be decomposed into a pair of
independent Pfaffian channels. They can then be backscattered in opposite direc-
tions to neighboring wires. Figure 3.16(a) shows a particular dimerization pattern
of the Pfaffian channels that preserves the symmetries. In this case, the many-body
backscattering interaction U is directed along the diagonal axis. In the limit when
is much stronger than the single-body electron tunneling in the previous semimetallic
model (3.12), the system decomposes into decoupled diagonal layers and it suffices
to consider the interaction on a single layer. For convenience, we here change our
spatial coordinates so that the diagonal axis is now labeled by y and the wires now
propagate along x.

Focusing on a single diagonal layer, the system in the non-interacting limit first
consists of a 2D array of chiral Dirac strings with alternating propagating directions
(see the left side of Fig. 3.16(b)). We notice that this is identical to the starting
point of the coupled wire construction of the topological insulator Dirac surface state
considered by Mross, Essin and Alicea in Ref. [12]. For instance, the alternating

Dirac channels there were supported between magnetic strips with alternating orien-



63

X X % %
x ’o’x ’o’x 02 ‘ox
»> *
.o’ .o’ .o‘
R ‘0 R ‘0 *
\d A \d
» »x’ » X
X "‘x u‘..x “X
o.‘. o.‘. o."
‘0’ Z/l ‘o’ R ‘0’
A -
» % %’ X
x 0"x 0’ O‘x
» A »
.0 17'_ .0 -
K 16Ty @
*> * L
0‘ 0‘ 0.
V g g g
(a) x
°
°
B ° =
.71 h
YL ~ e :

ST houk M §

Pys2 ~ € s < Z*z
( E¢2+2 ~ P42 === ')(‘ pialy e 731;4+2
yt2

1 eidyi
Py ~ et (__.‘.-_- Vi
B

<
Yy ~ P >
3 273 M L e e - [ - - AA
C : ¢y+1 ~ 61¢y+1 )( ’711;4-%1
yt1

Dirac

> > gy
} 2~ ezq:sj . ¢§ } Pfaffian
C: Yy ~ e "")("" _ 3?4 } Pfaffian
. Y
. splitting

(b)

Figure 3.16: Symmetry preserving many-body gapping interaction. (a) Each X /e
represents a chiral Pfaffian channel into/out-of paper. Purple dashed line represents
many-body gapping interaction  in (3.80). (b) Coupled wire model on a single layer
along the diagonal axis.
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tations on the topological insulator surface, and an uniform nearest-channel electron
tunneling recovered the massless 2D Dirac spectrum protected by the AFTR sym-
metry. They then proceeded to propose symmetry preserving many-body gapping
interactions facilitated by adding 2D FQH strips between the channels. While this
reconstruction trick can be applied on the 2D surface of a topological insulator, it is
not feasible in our 3D situation and would require drastic modification of the bulk
semimetal. Instead, here we propose an alternative gapping scheme that does not
involve additional topological phases. In other words, we are going to construct a 3D
gapped and layered topological phase solely from interacting electronic Dirac wires.

First, in order to implement the splitting described in the previous subsection, we
assume each Dirac string consists of two Dirac channels going in one direction and
a third Dirac channel going the opposite direction (see the left side of Fig. 3.16(b)).
We denote the electronic Dirac fermions on the y™ wire by ¢, = (¢}, ¢7,¢3) and

bosonize
YL2(x) ~ @ () e ), (3.57)
The sliding Luttinger liquid[136, 137, 138, 139, 140] Lagrangian density is

X (1)K o~ o~ e e
Aclayer = Z (g—ﬂwat(ﬁjyazqﬁ’; + V;kaz%am I; ) (358>
y=—00

where K = (Kj;)3x3 = diag(1,1,—1), V is some non-universal velocity matrix, and

repeating species indices j, k are summed over. The boson operators obey the equal-
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time commutation relation (ETCR)

(3)(@),0(2")| = el (@ = ),
—im(—1)¥8,, K" sgn(z’ — z) (3.59)
+im(—1)¥8,,57

b im(— L) gy — oy gt
where sgn(s) = s/|s| = £1 for s # 0 and sgn(0) = 0,
s=(20 1), »=(11-:1), (3.60)

and o, = +1. The introduction of the specific Klein factors S, ¥9/" and the un-
determined sign o, are necessary for the correct representations of the 7;; and Cs
symmetries in the bosonization setting, and these choices will be justified below. The

first line of (3.59) is equivalent to the commutation relation between conjugate fields
G (), 0wl (2)| = 2mi(—1)46,, K¥'§(x — '), (3.61)

which is set by the “pg” term in Li,ye. The alternating signs (—1)Y in (3.61) and
(3.58) changes the propagating directions from wire to wire. The second and third line
of (3.59) guarantee the correct anticommutation relations {eii‘%, eﬂd;j?/’} = 0 between
Dirac fermions along distinct channels j # j’ or distinct wires y # y'. The reason the
C~’2 matrix is defined in this form will become clear in the fractional basis discussed
later in (3.76).

The anti-unitary AFTR symmetry along the diagonal 77 direction transforms the
bosons according to

~. - —1)¥ -~ ..
Tuqbg,Tgl ==+ #Kﬂw. (3.62)
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The unitary Cy rotation takes

CbiCyt = (@)j &+ (—1)%]’%, (3.63)
G=(442) v=(2)=(})

Moreover, we choose the representation so that the sign o, in the ETCR (3.59) is

preserved by the AFTR operator but is flipped by the C5 symmetry,
Tio. T ' =0., C.0.Ci' = —0.. (3.64)

The ETCR (3.59) is consistent with the AFTR symmetry. This means that eval-

uating 711 [gf){l(m), q?);,, (x’)} T.;* by taking the AFTR operator inside the commutator

[ Tadj(@) Tt Tudp () Tiy |

= [01@), @) = sy =) (3.65)
yields the same outcome as taking the TR of the purely imaginary scalar
Tl (@ — )Tyt = —c0(x — o). (3.66)
The ETCR (3.59) is also consistent with the Cy symmetry
(Cotc2 (= 22)(Co)%s = Cacfilz (1 — 2)Cy " (3.67)
This is because the Klein factors (3.60) are Cy symmetric

C,SCT =5, CyxuCT =3 (3.68)

Notice that the undetermined sign o, which is odd under Cy, in (3.59) is essential for



67

the ETCR to be consistent with Cs.

The last term in the AFTR operation (3.62) makes sure
TAG )" = Gpa + (-1 K, (3.69)

which is necessary for 72 = (—1)%translation(2e,). Here the fermion parity operator

is (—1)F = ™ 2w where
. dr = ~.

is the number operator. The vector v in the Cy operation (3.63) satisfies ((55-', +

(02);,)vj//2 — K97 and consequently
C30)(x)Cy% = ¢} + (—1)Y K7, (3.71)

which is consistent with C3 = (—1). Lastly, it is straightforward to check that the

symmetry representations (3.62) and (3.63) are compatible with the algebraic relation

(3.10), i.c.

CoTnd) T 'Cy ! (3.72)

= (1) T CadlCy T (1)

Following the splitting scheme summarized in Fig. 3.15, we again define a frac-

tional basis transformation (c.f. (3.52))

o 11 1 !
ot = 1 —1/2 1/2 2 (3.73)
o2 13
i 1 1/2 3/2 s
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for each wire, so that 9} ~ ¢ is a Dirac fermion carrying electric charge e, dzl ~
e (d‘;2 ~ ei¢52) is an electrically neutral Dirac fermion propagating in the same
(resp. opposite) direction as .

For convenience, sometimes we combine the transformed bosonized variables into
@, = (¢, 02, %) = (&7}, 62, ¢5?), which is related to the original local ones in (3.58)

by ¢ = G/ (5; where

1/2 1/8 3/8
G=1]0 3/8 1/8]- (3.74)
1 1/2 3/2

The AFTR symmetry operation (3.62) becomes

14 (=1
71192557;]1 = —(béﬂ + #mﬁ] (3.75)

where k! = GIK7 which is 1/4 for I = 1,2 and 0 for I = 3. The Cj transformation
(3.63) becomes

CodlCy = (Co)} 6 + (3.76)
Cy= GCG' = (‘£§_81> C Gv= (3_/12) .
The 3 x 3 C; matrix takes a much simpler form here using the fractional basis than
in (3.63). In fact, the original Cy matrix in the local basis in (3.63) was defined so
that Cy, = GC,G~! would act according to (3.76). Roughly speaking, ignoring the
constant phases Gv, the Cy symmetry switches ¢;} <> ¢¥, and sends ¢5* — —¢72.

Next, we combine these co-propagating pair of fermions to form two SU(2); cur-
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rent algebras (c.f. (3.53) and (3.54))

T3P (y,w) = i2V20,¢F (w).

A/B

TP (y,w) = =), (3.77)

where w ~ 7 + (—1)Yz is the complex spacetime parameter. As a reminder, the
charge +e bosons Jf/ P are non-electronic fractional operators, although they carry
non-fractional statistics.

The remaining counter-propagating neutral Dirac fermion can be decomposed into

real and imaginary components
o o2 Ll o2
dy (w) ~ cos ¢ (w) + isin ¢y~ (w). (3.78)

Majorana fermions can be constructed by multiplying these components with “Jordan-

Wigner” string

2 3
7;4 ~ COS qbf H (—1)Ny/+Ny’,

y'>y
7B ~singg? TT (-1, (3.79)

y'>y
where Ng are the number operators defined in (3.70), so that they obey mutual
fermionic statistics {7;\(15),7;‘,/(:16’)} = M8, 0(x — '), for \, N = A, B. Similar to
the charge e bosons Jf/ B, the electrically neutral Dirac fermion dj and consequently

/B

the Majorana fermions ”y;,;A are also non-electronic fractional operators. This AB-

decomposition splits each Dirac wire into a pair of decoupled Pfaffian sectors (see
Fig. 3.16(b)).
Before we move on to the symmetric interaction, some further elaborations are

needed for the number operators Ng and their corresponding fermion parity operators
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™). In our construction, the counter-propagating pair of channels with j = 2,3

are appended to the original one with j = 1 to make the Pfaffian fractionalization

feasible. 'We choose the Hilbert space so that the two additional fermion parity
operators agree, ey = Ny However, we allow fluctuations to the combined

N24+NE) 2mi(NJ+NY) — 1. In

parity '™ and only require it squares to the identity, e

other words, emNGHNY) = o=im(NGHNY) and it does not matter which one we take
as (—1)NotNi in the “Jordan-Wigner” string in (3.79). This convention will also be
useful later in seeing that the many-body interaction is exactly solvable and symmetry
preserving. Extra care is sometimes required. For example, unlike the original Dirac
channel where the parity is simply (—1)Ny = =™y because 2™y = 1, the individual

Ni* of these additional channels are not well-defined because

parity operators (—1)
e2miNy® £ 1 e ™ £ =im™N - Also, although 2" Vi+N)) = 1, one cannot in
general modify a boson angle parameter simply by © — © + 2mi(N; + N;) because
© and the number operators may not commute. For instance, using the Baker-
Campbell-Hausdorff formula and the ETCR (3.59), ¢¢"'" and ¢#4¢"/ " +2mi(Nj+N)) are
off by a minus sign.

The Pfaffian fractionalization is stabilized by the inter-wire many-body backscat-

tering interaction (see Fig. 3.16(b))

= —u Z coS +1 sin gb”Q coS (4gz5y+1 ¢5) )

Yy=—00
=—u Y (=1)Viy 7P cos (Oy11)2) . (3.80)
Yy=—00

for Oy41/2(x) = 46, () =46 (2)+m (N7 1 +N; ). Previously in (3.56), we saw that
the combinations ¢} ~ ¢4¢"~4 and 2 ~ €”4B can be decomposed into products
of electron operators. Similarly, each interaction in the first line of (3.80) can be
decomposed into products in the form of e+ (#511F48511) +i#7+16)) (with some scalar

U(1) coefficient), where the exponents ¢°2 4 4¢*/? are linear integral combinations
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of ¢/. Thus, the interaction can be re-written in terms of backscatterings of local
electronic operators. However, we will omit the electronic expression as (3.80) is
more useful in discussing ground state and symmetries.

U describes a symmetry-preserving exactly solvable model. Using the ETCR

(3.59) it is straightforward to check that the (normal ordered) order parameters

OyF+1/2(x) = i7;4+1(x)7y3(x)7 Oy6+1/2(x) = ¢Owr1/2(7) (3.81)

mutually commute, i.e. [(’)51(19/2(@, Oiﬁ /o (z')| = 0. Therefore, the model is exactly
solvable, and its ground states are characterized by the ground state expectation

values (GEV) of the order parameters
10(Oy12) = (=1)"{O}41 ) = £1, (3.82)

so that the interacting energy () is minimized, where [y is some non-universal mi-
croscopic length scale. Pinning the GEV <@y+1/2> = Nyy1/27, for ny 19 € Z, gaps
all degrees of freedom in the charged U(1);/? = SU(2):"? sector. The remaining

neutral fermions are gapped by the decoupled Majorana backscattering

5%Majorana =u Z (_1)yZ<Oy®+1/2>'}/;+1'YyB (383)

y=—00

It is worth noting that a m-kink excitation of (©,,1/2) flips the Majorana mass in
(3.83) and therefore bounds a zero energy Majorana bound state [190]. A 7-kink at
xo can be created by the vertex operators eEi9y41(T0) op oidy (0) which carry +1/4
of an electric charge. (Recall the bosonic vertices ¢9"” carry charge e.) This e/4
excitation therefore corresponds to the Ising anyon in the Pfaffian FQH state.

From the AFTR symmetry action (3.75), one can show that the Majorana fermions
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(3.79) transform according to

7-117{,47-111 = ’Y;H, 7117571;1 = _’Yfﬂ' (3.84)

Therefore the fermion order parameter (95 2 = z'*y;“ﬂfyf (3.81) is translated under
the antiunitary symmetry

7‘1103511/27-1;1 = 05+3/2- (3-85)

The boson angle parameter O/, defined below (3.80) changes to —©,3/5 — (—1)¥m
under AFTR |, and therefore the boson order parameter O?H /2= e©v+1/2 is flipped

and translated
7-110;%1/27-111 = _01%3/2- (3.86)

Together, (3.85) and (3.86) show that the many-body interaction ¢/ in (3.80) is AFTR
symmetric.

The C, action (3.63) flips the number operator Co(N2 + N3)Cy ' = —N2, — N? |
and therefore the parity operators appear in the “Jordan-Wigner” string (3.79) are Cy
symmetric, Co(—1)NtVoC; 1 = (=1)N2+ N2y With the help of the Cy action (3.76) in

the fractional basis, one sees that C, cos gbZC;l = (—1)¥*'sin¢?, and Cysin gbgC{l =

(—=1)¥*! cos ¢7,, and thus the Majorana fermions (3.79) transform according to

CorCy! = (~1)7H 197 (1), (3.87)

Y

CoyyCyt = (=12 (1),

where (—1)%2+ = H;ifoo(—l)N%?*NS is the total fermion parity of channel 2 and 3.
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This shows the fermion order parameter is odd under C5

C2O§+1/2651
= (1), (<) () (1)

= _Z"ny”)/?yq = _ijyfl/Q' (3.88)

On the other hand, one can also show from the Cy action (3.76) that the boson angle
parameter changes as Co©,11/2Cy b — —O_y_1/2 — (=1)¥7 and therefore the boson

order parameter Og(?—&-l /2= e@v+1/2 is conjugated and flipped under C,
- T
CQOS+1/2C2 ! - _O?y—l/Q . (389)

When combined together, the minus signs in (3.88) and (3.89) cancel and they show
that the many-body interaction U in (3.80) preserves Cj.

Now that we have introduced symmetry preserving gapping interactions on a single
diagonal layer, we can extend it to the entire 3D structure by transferring (3.80) to
all layers using the off-diagonal AFTR operator Ti; (see Fig. 3.16(a)). The resulting
state belongs to a topological phase in three dimensions with an excitation energy gap.
It preserves both AFTR symmetries 777 and 77, as well as the (screw) Cy symmetry.
The choice of writing this dissertation with a specific model with these symmetries
was intentional, we wanted to work out the simplest example with specific symmetries
explicitly for illustrative reasons instead of doing a more general classification type
argument. We leave the SPT-SET correspondences for general symmetries as an
open question, but we expect that the methods presented in this work can be useful

in exploring them.
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3.3.3 Antiferromagnetic stabilization

The exactly-solvable many-body interacting model (3.80) (see also Fig. 3.16) shows
that the Dirac semimetal (3.12) can acquire a many-body mass gap without breaking
symmetries. However, it is not clear how dominant or stable the topological phase
described by (3.80) is. There are alternative interactions that lead to other metallic
or insulating phases that preserve or break symmetries. The scaling dimensions and
the relevance of the interaction terms [191, 192] can be tuned by the velocity matrix
Vi, in (3.58) that is affected by forward scattering interactions among co-propagating
channels. Instead of considering energetics, we focus on a topological deliberation —
inspired by the coupled wire construction of quantum Hall states [141, 2] — that can
drastically reduce the number of possible interactions and may stabilize the desired
interactions when applied to materials.

The coupled wire model considered so far assumes all electronic Dirac modes at
the Fermi level have zero momentum k, = 0. This is convenient for the purpose of
constructing an exactly solvable model because momentum is automatically conserved
by the backscattering interactions. However, this also allows a huge collection of
competing interactions. We propose the application of a commensurate modulation
of magnetic field to restrict interactions that conserve momentum. There are multiple
variations to the application, which depend on the details of the Dirac material and
the Dirac vortices. To illustrate the idea, we present one possible simple scenario.

First we go back to a single Dirac wire and consider a non-linear dispersion

hv
Eg(;):Zl(kz) = b_g(kz - k}?)(k:c - k%)(kw - k%)v
hv
Ey_g1(ke) = — 3 (ke + k) (ke + ki) (ke + k), (3.90)

where v and b are some non-universal velocity and wave number parameters. We

assume k% < k} < kj so that when the Fermi energy is at ep = 0, there are two
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Figure 3.17: (a) The energy dispersion E,—y/(k,) with (solid curve) or without (dashed
curve) the alternating magnetic field. (b) The alternating magnetic field configuration
that preserves the AFTR and Cy symmetries. (c¢) The alternating magnetic field
across a single layer along the xy plane.
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right (left) moving modes at k, = ki, k% and one left (resp. right) moving one at
kx = k3 along an even (resp. odd) wire. This matches the three-channel Dirac wire
(3.51) used in the splitting scheme in Sec. 3.3.1. We assume the three Fermi wave

numbers satisfy a commensurate condition

2ky + k% — 3k =0, (3.91)
and we set

b=2(k} — kp — k%). (3.92)

The dashed band in Fig. 3.17(a) shows one commensurate energy dispersion along an
even wire.

Next, we consider a spatially modulating magnetic field B(r) = B(r)e;;, where

B(r) = i By, sin |7 - (3.93)

m=—0oQ

[ Va@em+1) r]

e = (e, +e.)/v2 and ej; = (—e, +e.)/v/2, that preserves both the AFTR and Cy

symmetries,
B(r + ae,) = B(r + ae,) = B(Cor) = —B(r) (3.94)

(see Fig. 3.17(b) for the 3D field configuration). Moreover, we assume the field is
commensurate with the Fermi wave numbers so that the magnetic flux per unit length

across the xy layer between adjacent wires (see Fig. 3.17(c)) is
=5 _ 20y (3.95)
m

where L is the wire length, ¢9 = hc/e is the magnetic flux quantum. Equivalently,
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the average magnetic field strength in the normal z-direction between adjacent wires
is |B,| = |B|/v/2 = (hc/ea)b, where a is the displacement between adjacent counter-
propagating wires. We choose the vector potential A,(y,z) = [(—=1)Y + (—1)* —
1]|B.]a/2 and A, = A, = 0 along the (y, 2)'® wire.

Along a wire on the zy plane where z = 0, the three electronic Dirac channels are

now bosonized by

PL2(a) ~ ei[(q)y(klp’?ﬁbx/z)wéﬂ(x)}, (3.96)

wg(x) ~ ei[(*1)1“’(k:‘pﬁl’w/?)*ci~>2(96)]7
where the momenta are shifted by &}, — k} + (e/hic)A,. The phase oscillation e™*
is canceled in an interaction term only when momentum is conserved, or otherwise
the interaction would drop out after the integration over x. It is straightforward to
check that the Majorana fermions (3.79), which contain the operators e**”  have zero
momentum because of the Fermi wave number commensurate condition (3.91). In
addition, the boson backscattering cos(4¢;,, — 4¢F) in (3.80) preserves momentum

because the magnetic field is also commensurate (see (3.92) and (3.95)).
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Chapter 4

Model 2: Dirac Nodal

Superconductor

4.1 Introduction

Soon after the discovery of the topological band insulators[193, 194], generalizing the
topological phases to various materials has been one of the most popular themes in
condensed matter physics[195, 196, 197, 198]. One intensively considered path of ex-
tending the topological phases is to consider the topological properties of semimetal-
lic phases. Topological semimetallic phases possess a bulk degeneracy that is pro-
tected by the presence of an underlying topology. Up to now, the 3D topological
semimetals are largely classified into the two classes: Weyl semimetals and Dirac
semimetals. Weyl semimetals have two-fold linear band crossings and generally come
in two interconnected varieties, namely type-1 and type-2. Type-1 Weyl semimet-
als have either broken time-reversal or inversion symmetry and have been found in
non-centrosymmetric materials such as: TaAs[199], TaP, NbP, and NbAs[200, 201].
Type-2 Weyl semimetals possess an additional broken Lorentz invariance and both

MoTe;[202, 203] and WTey[204, 205] are observed to be the type-2 Weyl semimetals[206].
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Weyl semimetals have been predicted to have numerous distinguishing physical re-
sponses related to the presence of the chiral anomaly[207, 208, 209]. Examples of
anomalous behavior in Weyl semimetals include: nonlocal quasiparticle transport[210],
chiral magnetic effect[211, 212, 213], chiral vortical effect[214], angular dependence of
the magenetoresistence[215, 216].

Unlike the Weyl semimetals, the Dirac semimetals have four-fold degeneracy and
require additional symmetries for the topological protection of the gapless bulk Dirac
point. Most Dirac semimetals are found in non-magnetic materials such as NagBi[217,
218, 217, 219, 220] and CdsAsy[221, 222, 223, 224, 225, 226, 227, 228, 229, 230,
211, 231, 232], that preserve both time-reversal symmetry and inversion symmetry.
Recently, the discovery of the Dirac semimetals has been extended to include the
antiferromagnetic material CuMnAs that breaks both inversion and time-reversal
symmetries yet preserves the product of the two[233]. As is the case with Weyl
semimetals, Dirac semimetals are predicted to possess physical manifestations that are
separate and distinct from those found in Weyl semimetals or a Zs anomaly[234, 220].

The study of the gapless topological phases can be further generalized into the class
of superconducting states, often referred to as topological nodal superconductors[235,
236, 237, 238]. The topological nodal superconductors are the superconducting ana-
logue of the topological semimetals. The topological nodal superconductors pos-
sess nodal points or lines in the Brillouin zone(BZ), which has the vanishing su-
perconducting gap. There has been numerous experimental and theoretical studies
of the line nodal superconductors such as noncentrosymmetric superconductors in-
cluding: CePt3Si[239, 240], LioPt3B[241], and CelrSiz[242], and the heavy fermion
compounds, UBe;3[243]. Point nodal superconductors, often referred to as Weyl su-
perconductors, are also proposed to exist in a veritable plethora of materials and sys-
tems including: A phase of 3He[244, 245, 246], topological insulator-superconductor

multilayers[247], doped Weyl semimetals[248, 249, 250, 251, 252], the B phase of
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UPt3[253], the pnictide material SrPtAs [254], ferromagnetic superconductors|[255],
the superfluidity of Fermi gases[256, 257], mirror symmetric superconductors|[258], the
half-metal /d-wave superconductor heterostructure[259], Nb-doped BiySe3[260, 261,
262], the Cu-doped BiySe;[263, 264, 265], PrOs,Sbi2[266, 267, 268]. Cu,BiySes has
been predicted to have the four-fold degenerate Dirac points, which is known as the
Dirac superconductor[265]. As is evidenced in the above listed examples, topologi-
cal nodal superconductors are often found in the strongly-correlated materials since
the anisotropic pairing symmetries in the unconventional superconductors naturally
introduces the nodal structures of the superconducting gap[238]. Therefore, it is cru-
cial to study the strongly correlated phases of the nodal superconductors to fully
understand the physical behavior of these materials.

In this regard, we study the superconductor analogue of the Dirac semimetals,
namely Dirac nodal superconductors, in the presence of many-body interactions. To
do so, we utilize the coupled wire construction method. In the coupled wire con-
struction, the two and three dimensional phases of matter can be constructed by
assembling an array of one dimensional wires. In this method, the many-body in-
teractions are treated between neighboring wires, thereby it enables us to use the
theoretical techniques that are only available in one dimension. This method has
successfully reproduced and identified elementary excitations and behaviors of the
numerous topological phases. In the two dimensional materials, the examples in-
clude the Laughlin states[269] and the hierarchy states[270] of the fractional quan-
tum Hall phases[271], general Abelian and non-Abelian fractional quantum Hall
phases[272, 273, 274, 275], fractional helical liquid[276], 2D fractional topological
insulators[277, 278, 279, 280, 281], topological superconductors[282, 283] the surface
of fractional topological insulator[279, 281], and the spin-liquids[284, 285, 286]. The
studies of the coupled wire construction even extend to the three-dimensional ma-

terials including 3D fractional topological phases[287, 288, 289, interacting Weyl
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semimetals[290, 291, 292, 293], the surface of 3D topological superconductor[294],

and interacting Dirac semimetals[295].

4.2 Coupled Wire Models of Dirac Nodal Super-
conductor

In this section, we describe the single-body aspects of the Dirac nodal superconductor
in terms of a coupled wire model. This mirrors the discussions of the non-interacting
model in ref. [296]. The major difference between our work and previous implemen-
tations of the coupled wire constructions of topological phenomena is that in this
work we focus on superconducting media that break charge U(1) conservation. The
basic building blocks of the coupled wire model are chiral Dirac wires. These are
(14 1)-D Dirac fermion channels where quasiparticles can only propagate in a single
direction. They can be supported by an array of vortices in a degenerate point nodal
superconductor in the continuum model. In our model, the nodal superconducting
state has a normal metallic parent state that is quasi-one-dimensional with dispersion
predominantly in the y-direction and pairing order that is p-wave directed along the
normal zz-plane. The Hamiltonian of the nodal superconductor in the continuum

limit is given as,

HSC—nodal(k) - (hvkysy,uz - 6f)Tz

+ Al(iﬂwsz — lzrzsx),uxTz, (4.1)

and is acting on the Nambu vector € = (c, is,c)?, where ¢ = (cy,) are the (complex)
Dirac fermion annihilation operators, and s =7, | and u = =+ are the Pauli matrices for
the spin and Weyl-species degrees of freedom respectively. In addition, 7= (7, 7, 72)

are Pauli matrices acting on the Nambu (c, c') degree of freedom.
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The model in Eq. (4.1) can be further simplified by the unitary basis transforma-
tion, U = (7. + s,/4,y7»)/v/2 when the momenta are rescaled so that Alk = hok, and
the Fermi energy is set at €, = 0. Under these aforementioned conditions, we define
a new, simplified superconducting Hamiltonian Hsc_pirac = UHsc—nodarlU ~}, Written

explicitly as,

HSC—Dirac(k) = hvk - g/’LZTZ7 (42)

where § = (s, Sy, 5.) are Pauli spin matrices and p, = £1 indexes the two Weyl
species with opposite Chern numbers.

The BAdG Hamiltonian in Eq. (4.2) has the time-reversal symmetry,

SyHSC—DiraC (k)*sy = HSC—Dirac(_k)a (43)

and the particle-hole symmetry s,7,H(k)*s,7, = —H(—k) due to the Nambu dou-

bling. In addition, we consider the effective mirror glide symmetry,

SzTyHSC—Dirac(k)SzTy - HSC—Dirac(Mk): (44)

where M : (ky, ky, k) = (ks ky, —k.). The mirror-glide G = s,7, is consistent with
the Nambu doubling as it commutes with the particle-hole operator = = s,7,K,
where K is the complex conjugation operator. The mirror glide G and time-reversal
T = is,K also mutually commute. While a symmorphic mirror operator squares to

iK-a where

—1 in a spinful system, a nonsymmorphic glide operator squares to —e
a is a microscopic in-plane lattice translation. In our model, we assume the Dirac
degeneracy sits at the microscopic lattice momentum K so that ¢ = —1, and the

Hamiltonian (4.1) describes the small momentum deviation k away from K in the long

length-scale limit a — 0. The time-reversal and particle-hole operator are unaltered
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by the basis transformation, U, but the glide symmetry changes from G = —s,u, to
G = —s,7,. For mathematical convenience, we will utilize the non-electronic basis
where the BAG Hamiltonian is Eq. (4.2) and G = s,7,.

The time-reversal and particle-hole symmetry allow the gap-opening mass terms
A, T, + M7, + mop, T, but neither of these terms preserves the glide symmetry. We
notice in passing that these glide breaking mass terms can lead to a set of interesting
topological superconducting states in the Altland-Zirnbauer DIIT class [297]. A non-
vanishing energy gap arises when |A| # \/m and there are three disconnected
regions separated by the condition where |A| = \/W . The two disconnected re-
gions defined by A > /m? +m2 and A < —y/m? + m3 are occupied by time-reversal
symmetric topological superconductors [298, 175] with topological indices N = 1 and
—1 respectively. The remaining region |A| < \/m is path-connected and is oc-
cupied by trivial superconductors with topological index N = 0. However, the region
Al < \/m is not simply-connected. There is a fundamental homotopy group
T = Z, which classifies vortices of m(r) = my(r)+imy(r) = |m|e**™) where the phase
©(r) spatially modulates and winds 27n around a vortex. A vortex line hosts n pairs
of helical Majorana fermions modes, which are protected by time-reversal symmetry
when n is odd.

We now restrict our model to be the mirror glide symmetric. The nodal supercon-
ducting Dirac state in Eq. (4.2) is stable in the single-body setting and is protected
by time-reversal symmetry, 7', and mirror-glide symmetry, G. This can be verified by
explicitly checking that there are no symmetry-preserving gap-opening mass terms.
Alternatively, this can also be explained using topological reasoning that does not
require the specific form of the Hamiltonian. Let us begin by focusing on the mirror-
glide symmetric k, — k, plane where k, = 0. Along this plane, the BdG Hamiltonian
commutes with the mirror-glide operator G = s.7, and, thus, can be block diag-

onalized according to the corresponding mirror-glide eigenvalues ¢ = +1. Since G
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commutes with both time-reversal symmetry and particle-hole symmetry, each mirror
sector also carries the same symmetries. Each sector consists of a protected pair of
massless Majorana fermions in two dimensions — equivalent to those living on the
surface of a class DIII topological superconductor [298, 175] with topological index
N = +2(See Fig. 4.1 (a))., where the sign depends on the mirror-glide eigenvalue, g.
Unlike the topological surface state which is anomalous, the nodal superconducting
state here does not require a higher dimensional bulk. This is because of the following
two reasons: First, the winding numbers of the two mirror-glide sectors are opposite
to one another and cancel. Second, the mirror-glide symmetry, G, is nonsymmorphic

ik-a

and as such squares to the translation phase e"™*®, where a is the microscopic in-plane

lattice vector that has been taken to zero as a continuum limit. Consequently, the

ka/2 instead of +1. The two eigenvalue branches connect and

spectrum of G is +e
switch in momentum space across the microscopic Brillouin zone when k — k + G,
where G is the reciprocal lattice vector dual to a (i.e. G-a = 27). As a result, the two
mirror-glide sectors are not decoupled as they also connect and switch at large mo-
mentum and small length-scale (See Fig. 4.1 (b)). We notice the resemblance to the
charge conserving Dirac (semi)metal, which is protected by time-reversal and screw
rotation symmetries [296]. We refer to the current case as a Dirac nodal supercon-
ductor in three dimensions.

As the nodal points in the 3D Dirac topological superconductor are topologically
protected, we now define and evaluate a topological mirror-glide winding invariant.
Since both the time-reversal and particle-hole operators commute with the mirror-
glide matrix G, so does the chiral operator, which is the product S = —iT= = 7,,.

Let v, and v2, be two orthonormal simultaneous eigenvectors of S and G with

eigenvalues s = £1 and g = +1 respectively. Then, we can define the projection

operator, P = (v},

i V?Q)T, that maps onto the two-dimensional fixed eigenvalue

subspace. Since the BAG Hamiltonian Hgc_pirac in Eq. (4.2) commutes with G on
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Figure 4.1: (a) The energy spectrum of Dirac nodal superconductor along the mirror
symmetric plane(k, = 0). The Dirac nodal superconductor is protected by non-trivial
mirror winding (blue curve) around the nodal point. (b) The same dispersion as (a)
but now labeled with the mirror-glide eigenvalue(red and blue), g. Each mirror branch
now connects at higher momentum, and they switch each other.

the k, — k, plane and anticommutes with S, it can be summarized by the two 2 x 2

matrices

h(+)(k||) = PiJrHSC—Dirac(kII)P-H-a

h) (k) = P! Hso pirac(ky) Pi— (4.5)

associated with the two distinct mirror sectors, where k| is the in-plane momentum.
As the Hamiltonian is nodal only at the I' point, h(*) (kj) is non-singular as long as

k| # 0. Therefore, the winding number of each sector is defined to be the integral

1 _
N& = CTr [h(i) (kH) 1Vk||h(i)<kll)] K, (4.6)

271

where C can be taken to be any (anti-clockwise) loop around the origin on the mo-
mentum plane. This integral represents the same winding invariant that charac-

terizes the surface Majorana cone of a time-reversal invariant topological supercon-
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ductor. This analysis confirms that along the mirror symmetric plane, the gapless
Majorana fermions corresponding to each mirror-glide sector are equivalent to those
on the surface of a time-reversal invariant topological superconductor with index
N = +£2[298]. For the Dirac nodal superconductor in Eq. (4.2), these winding num-
bers are NP = —N() = 2. The two sectors must have opposite invariants as the
overall system is anomalous-free. In general, we define the mirror winding number
to be N = N*) = —N(). Since the winding number in Eq. (4.6) must be an inte-
ger and cannot change continuously, a nodal superconductor with non-trivial mirror
winding is topological protected as long as the symmetries are preserved. It is im-
portant to note that the glide mirror symmetry in our model squares to 1, which is
different from the conventional mirror symmetry in a spinful system. If G = —1 (up
to a translation), the eigenvalues of G are +i. In this case, we can define the mirror
wining number of G = 47 and G = —i sectors respectively. However T' flips between
the two sectors of G. Therefore the winding number of the G = +i branch must be
equal to that of the G = —i branch. So the net winding number is now non-zero. As
a result, the Dirac nodal superconductor must be anomalous, and as such it can only
appear at the boundary of a 4D bulk.

We now consider the presence of chiral Dirac vortices in the 3D Dirac nodal
superconductor that break both the time-reversal and mirror-glide symmetries. Each
of these vortices host a single chiral (complex) Dirac fermion. They constitute a three
dimensional array of coupled vortices that restores the symmetries in low-energy long
length-scale. The BAG defect Hamiltonian of the vortex array consists of the nodal

Hamiltonian in Eq. (4.2) together with the symmetry breaking terms

HSC—Dirac(k> I') = hwk - 0_7127—2

+ Ay (1) 75 + Ag(r) o7y (4.7)
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A(r) = Ay(r)+iAy(r) is the order parameter that acts independently on the two Weyl
species labeled by . = 41 and slowly modulates in space. When A(r) = |A[e?(®)
forms a vortex configuration in that its phase ¢ spatially winds by 27 around the
defect line. Each Weyl sector in the Hamiltonian supports a chiral (real) Majorana
channel along the vortex lines. These are quasi-one-dimensional structures that host
gapless Majorana fermion excitations. The Majorana fermions are localized on the
vortex line and they are chiral in the sense that they can only propagate along a
single direction. The superconducting pairing potentials in Eq. (4.7) are chosen so
that the phases of the order parameter are conjugated between the two Weyl species.
Together with the fact that the two Weyl species have the opposite Chern numbers,
the pair of chiral Majorana channels supported by them are propagating in the same
direction and are protected. For instance, electron tunnelings between the pair are
forward scattering processes that only renormalize the velocity and cannot introduce
a mass. The pair of co-propagating Majorana fermions can be combined into a single
chiral Dirac fermion d ~ v, + iy_.

A periodic array of chiral Dirac vortices can be realized by the pairing configura-

tion

B sd(z +iy)
A(r) = Ay BTN (4.8)

where sd is the (rescaled) Jacobian elliptic function [171] with simple zeros and poles
at p+iq and (p+ 1/2) +i(q + 1/2) respectively, p, ¢ are integers. Fig. 4.2 shows the
checker board lattice, and e, and e, form a lattice translational vector. We find that
the phase ¢ of A = |Ale*” winds by 27 around each integral lattice point and —2m
around a half-integral one. The vortex lines are directed along z and form a checker-
board lattice along x and y. Nearest neighbor vortices host counter-propagating Dirac

modes so that a right-moving chiral Dirac channel appears at (p, ¢) and a left-moving



88

single chiral ~__ pair of chiral
Dirac fermion Majorana fermions

x \\\\\y&\ T AS

/7

1

AN
VRN
/A

/|

N

O\
0
-~
Wity
N x/\\ =
=
=
20N
X2
T
///})
JIART
» N NN

T N -
TR
o A O

£

o
7

~_,
Ao

% s

Figure 4.2: Arrays of chiral Dirac channels that we use as a basis for constructing the
3D nodal Dirac superconductor in this work. The vortex array is symmetric under
antiferromagnetic time-reversal T4 and mirror-glide GG. The vector field represents the
pairing phase of the host superconducting state. Each e and x represents a neutral
Dirac fermion channel parallel and opposite to the z-axis.
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one appears at (p+1/2,¢+1/2). We choose Ay = |Ag|e’™* so that the pairing order

parameter transforms under

Alr) =—-A(r+e,;) = -A(r+ey),

A <r 42 f ey) — +A(r)". (4.9)

Although the pairing order parameter has periods (1, 1) and (1, —1), the Bogoliubov-
de Gennes (BdG) Hamiltonian in Eq. (4.7) has finer artificial lattice translation

symmetries t,, t,. The Hamiltonian symmetric under t,, t, satisfies,

,uyTyHSC—Dirac(ka r)luyTy = HSC—DiI‘aC(k7 r+ ex)

= HSC—DiraC(k7 r+ ey)~ (410)

The Hamiltonian is symmetric under particle-hole operator, =, and it follows the

condition given as,
SyTyHSC—Dirac(k7 r>*3y7—y - _HSC—Dirac<_ka I'). (411)

Furthermore, our particular vortex geometry possesses an antiferromagnetic time-
reversal T4, which is a combination of the time reversal T' and a half-translation by

(ex +e€y)/2.
e, +e
SyHSC—Dirac(ka I')*Sy = HSC—Dirac <_k7 r+ Ty) . (412)

The vortex array also possesses the mirror-glide symmetry GG, which combines mirror



90

along the x — y plane with a half-translation by (e, —e,)/2,

SzTyHSCfDirac(ka I') S2Ty

= HSC—DiraC (Mk, Mr + Cu ; ey) s (413)

where we define the mirror symmetry operator as, M : (z,y,2) — (z,y, —=2).

We now focus on the low-energy chiral Dirac modes in the vortex array. Let d,
be the chiral Dirac mode at (z,y) with momentum k, = k. When z = y modulo
2, dyyr = Rgyr propagates in the 4z direction, and when x = y + 1 modulo 2,
dyyk = L2y propagates in the —z direction. R and L are respectively represented
by crosses and dots in Fig. 4.2. Each is a combination of a pair of chiral Majorana
modes that are originated from the two opposite Weyl species. R ~ ’71(2+) + iv(_),

where the sign refers to chirality of the original Weyl species pu, = 41, and similar

(+H) (=)

definitions extend to the —z directed modes as L ~ ;" +i7; ’. Due to the presence
of the underlying symmetries in the system, the Dirac fermions transform according

to

—1 -1
tlle,y,ktll = Rx+1,y+1,k> tile,y,kth = Rxfl,erl,k:;
tiLogaty) =L ty Loy ity = L
114zy k11 — Hae+1,y+1,ks Mntzyktyy — He—1y+1ks
—1 —1
TARx7y7kTA = vay+177k‘7 TALl‘,y:kTA = _szerl’*k’

GRoynG ' =iLl, . GLoyiG ' =iRl,,, . (4.14)

They form a representation that is consistent with the symmetry algebra [0, O'] =0
for 0,0 = Ty, G, tir,try, T3 = (=1)tuity; and G* = tiity,, where (—1)F is the
fermion parity operator and T4 is antiunitary.

Integrating out the gapped bulk modes far away from the Fermi energy, the low-



91

(a) (b) *-

y . .
- . . Py R /
s e s e ey,
R VLG VAG WG WEk Fourfold
' A PR Rt S y ourfo
g
\, g \, o O T AR, s N #
", - - . oy ~ N TN 4
R N g degenerate
. Y - 1 2 4 1 ol es
y ‘ 5 \ b :
PN BYA BAN VN Iy Fourfold
,

degenerate

Figure 4.3: (a) Schematic figure of the coupled wire model that we use in this work.
Each unit cell (as denoted by the dashed black boxes) consists of a pair of counter-
propagating Dirac modes, labeled by red cross and purple dot. The black arrows
indicate tunneling amplitudes ¢; and ¢, between different Dirac modes. (b) Energy
spectrum of the BAG model (4.20) of the coupled wire model. We find the two nodal
points, K; and K5, showing the massless Dirac dispersions.

energy effective Hamiltonian can be written as

Hy (k) = hogk 3 (B i Roak = Ly yuLasiok ) (4.15)

=y

where vy is the Fermi velocity of the Dirac fermions. When the wires are close to
each other, there are finite hybridizations between the Dirac modes. We add interwire
fermion quasiparticle tunneling terms in the [110] and [110] directions. The presence
of these terms in our model introduces an energy dispersion in the perpendicular

directions. The symmetry-preserving interwire hopping terms can be written as,

Hia(k) =Y ity <Llﬁy+1?k - Ll’y_17k> Ry + hoc., (4.16)
r=y

Hya(k) = >t (s = L) Reas + hece, (4.17)
r=y

where the tunneling strengths ¢; and t, are real numbers. In Fig. 4.3(a), we schemat-
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ically represent the physical picture of the counter-propagating modes with the corre-
sponding interwire hopping terms, t; and ¢y that account for the interwire tunneling
resulting from the spatial proximity between Dirac wires. By collecting the interwire

hopping terms in both directions, the Hamiltonian of the coupled wire model is
M= Hyk)+ Hy (k) + H (k). (4.18)
k

The model is symmetric under lattice translations, antiferromagnetic time-reversal,

and mirror-glide symmetries as:
tl_ll,thn,h = TXIHTA =G 'HG =H. (4.19)

After Fourier transform, the single-body system can be captured by the BAG Hamil-

tonian in the momentum space,

H —% > ElHpac (k)

k1,k2 7kz

i [ H(K) 0
pac(k) = 0 o H(_K)T ; (4.20)

k. ki, ke
H(k) = f q(k, k2) |
q(kl,kg)* —th]{ZZ

where &, = (Ri, Ly, LT, —R' )7 is the Nambu vector, H(k) is the Hamiltonian
defined in Eq. (4.18), and q(ky, ko) = it; (1 — e~**17k2)) ) (e71 — e=k2) . Here, k; is
directed along the (11)-direction and k; is along the (11)-direction. From this point
forward, we set vy = t; =t = 1 (in units of eV') for simplicity but without loss of

generality. In analyzing our model, we find that ¢(0,0) = g(m, 7) vanishes, therefore

the Hamiltonian in Eq. (4.18) possesses the two Weyl nodes at K; = (0,0,0) and
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Ky = (m,m,0). We may write the low-energy expansion of the Hamiltonian near each

of the Weyl points as,

H(Kz+k) ~

kz —tl(kl + k‘z) F itg(kﬁl — kg)
—t1(ky + ko) £ ita(ky — k) k.

(4.21)

for small |k| < 1. From Eq. (4.21), we find that the Hamiltonian is comprised of
a pair of Weyl fermions with opposite chiralities and we plot the resulting energy
spectra in the low-energy limit in Fig. 4.3(b).

Unlike the Weyl semimetals that has the charge conservation, our model is based
on a charge breaking superconducting medium. The Weyl fermions here are not
protected by the Chern number. This is because the BdG Hamiltonian in Eq. (4.20)
has two opposing diagonal blocks. At each of the corresponding gap closing points
K 5, there are two coinciding massless nodes in the BdG description and they have
opposite Chern numbers. In fact, as the nodal points are inversion symmetric, where
K, 9 = —Kj 5 (modulo reciprocal vectors), the particle-hole symmetry forbids a non-
vanishing net Chern number. As a result, the Weyl fermions, in the absence of the
symmetries, can acquire finite masses by the addition of off-diagonal terms in the BdG
Hamiltonian of Eq. (4.20). However, these terms are absent in our model because of

the particle-hole, antiferromagnetic, and mirror-glide symmetries:

EHpac(k)" = —Hpaa(—k)Z,
Ta(K) Hpae(K)* = Hipaor(—K)Ta(K), (4.22)

G(k)Hpac (k) = Hpac(Mk)G(k),
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where the Nambu vector transforms according to

lT< = Eg—ka
Tabi Ty = Ta(k)€_y, (4.23)

G&.G ' = G(K)Eyp,,

where M is defined as M : (ki, ko, k,) — (k1, k2, —k.), and the symmetry matrices

are given by

o= OyTy
_(2 o) 10 0
_ [ —eilkatk2) o 0 0
Ta(k) = < PSSP ) (4.24)
0 0 -1 0
0 0 deth2 0
_ 0 0 0 —ietk1
G(k) | —iett1 0 0 0 )
0 de 2 0 0

The gapless nodes at Ko are protected by the non-trivial mirror winding number
N(Ki3) = NH(K;,) = 1defined in Eq. (4.6). The winding numbers are equal at the
two nodal momenta and, therefore, they add up to the net non-trivial mirror winding
number N = N(K;) + N(K3) = 2, which is identical to that of the homogeneous
superconducting Dirac parent state in Eq. (4.2). In other words, the coupled wire

model recovers the Dirac nodal superconductor in low-energy limit.

Dirac nodal chiral vortices
superconductor chiral Dirac strings (4.25)
coupled wire model

We conclude this section by commenting the stability of Dirac nodal superconduc-
tors in the single-body setting. We first notice that the continuum model Hamiltonian,

Hsc_pirac in Eq. (4.2), can be broken down into two pieces according to the Weyl
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species u,. Each piece corresponds to a Weyl nodal superconductor

HSC—Dirac = thvk - §TZ, (4.26)

which is protected by time-reversal and glide symmetries and has the non-trivial
mirror winding number N = NV = —N() = 1. We are referring to Eq. (4.26) as
a “Weyl” nodal superconductor because the BdG nodal point is fourfold degenerate,
which is equivalent to two distinct physical fermion degrees of freedom when the
artificial Nambu doubling is taken away. This should not be confused with a Weyl
(semi)metal for the following reasons: First, the nodal point is at k = 0, which is
a time-reversal invariant momentum, and the particle-hole symmetry requires the
Chern number of the BAG bands around the nodal point to vanish. Second, the BdG
Hamiltonian cannot simply be a Nambu doubling of a Weyl (semi)metal because there

is no regularizable charge preserving model with only one Weyl species.

Figure 4.4: The splitting of the two nodal Weyl points of a Dirac nodal superconductor
by the symmetry preserving perturbation in Eq. (4.27).

A Weyl nodal superconductor is stable to all perturbations because there is no
symmetry preserving gapping potentials and the nodal point is pinned by time-
reversal. On the other hand, a Dirac nodal superconductor is only stable up to

weak perturbation. While it is true that there is no symmetry preserving potentials
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that can immediately introduce an excitation energy gap, the two nodal Weyl species
can be split in momentum space. For example, the following perturbation introduces

the split.

Hgc pirac = Tk - ST, + Sy piy Ty, (4.27)

where the two nodal Weyl points split along the x-axis (See Fig. 4.4). Each nodal
Weyl point is fourfold degenerate. The net Chern number of the BAG bands around
each nodal point is still trivial due to the glide symmetry. Instead, it is protected
by the mirror winding number N = 1, which is well defined as long as one stay in
one of the two glide eigenspaces. However, if the perturbation is big enough, the
two nodal Weyl points can be pushed to the boundary of the Brillouin zone, where
the glide eigenvalues switch. The two nodal Weyl points will now have opposite
mirror windings and can pair annihilate. A Dirac nodal superconductor is therefore
stable against symmetry-preserving perturbations up to u < hv/a, where a is the
microscopic length scale of the glide translation.

In a similar way as the continuum model, the coupled wire model in Eq. (4.18)
has two separated Weyl nodes at K; and K5 (see Fig. 4.3(b)). They are pinned by
the (anti-ferromagnetic) time-reversal symmetry and therefore the model is stable to
single-body symmetry-preserving perturbations to arbitrary strength. If we dress the
model with additional Dirac fermion flavors d*,...,d", there will be N nodal Weyl
points at each of the two high symmetry momenta K; and K,. However, similar
to the continuous case in Eq. (4.27), they can now split in pairs. For example, We
here illustrate the case when there are N = 2 fermion flavors. The unperturbed
Hamiltonian H = H® + H® is two decoupled copies of the primitive one, where
H(@ is identical to Eq. (4.18) by substituting the fermions R, L with R® L. We

decompose the Dirac fermions d = R, L into Majorana components d* = (y*+i6%)/v/2



97

and introduce the symmetry-preserving dimerization
Haimer = 1u Z ﬁy%ﬁ,yﬂ + 5;,y5:%,y+1' (4.28)
Ty

Then, the full BAG Hamiltonian can be written as,

Hgd:GQ(k) _ HBdG(k) Hdimer(k) : (429>

Hdimer(k)T HBdG<k>

where Hpge(k) is the original N = 1 Hamiltonian given in Eq. (4.20) and the off-

diagonal term

0 1 0 0
ju | eFtR) 00 0
Hdimer(k) = 5 A (430)
0 0 0 —eilhithe)

dimerizes between the two flavors.

Figure 4.5 and 4.6 shows the dimerized energy spectrum. For small u, the nodal
Weyl points pairwise split along the diagonal k,-axis where k; = k;. The sys-
tem remains gapless until the Weyl points originated from opposite momenta K o
meet. This happens in a system with u = 4t; = 4ty at (ky, ko) = (7/2,7/2)
and (—m/2,—m/2), where Weyl points with opposite mirror windings pair up into
quadratic band touching. A finite excitation energy gap opens when u > 4t; = 4t,.
In the general situation, the coupled wire model with N flavors is stable against any
perturbation with strength u < ¢q,%,. If IV is odd, there is always an odd number of
nodal Weyl points at each of the high symmetry momenta K 2 due to time reversal.
They are robust against all single-body perturbations with arbitrary strength. As a

result, the nodal coupled wire models are therefore Z classified for weak perturbation
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Figure 4.5: The BdG energy spectrum of the dimerized system in Eq. (4.29) along the
k,-direction (i.e. ky = ko) for dimerization strength u = 0,2.5,4,5 and t; = t5 = 1.

u=25

Figure 4.6: The BdG energy spectrum of the dimerized system in Eq. (4.29) over the
entire Brillouin zone. As the two nodal Weyl points split in the momentum space,
they meet with the other Weyl nodes with the opposite chirality and pair-annihilate
each other. This insulator transition confirms the Z, classification of our model.
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and Z, classified for strong ones.

4.3 Symmetry preserving many-body gapping in-
teractions

In the previous section, we discussed the Dirac nodal superconductor under the single-
body BCS mean-field description. In the low-energy limit, the nodal system was
captured by the coupled-wire model in Eq. (4.18), which exhibited a pair of massless
Weyl fermions located at two time reversal invariant momenta K. The massless
Weyl fermions are protected by the antiferromagnetic time-reversal T4, mirror-glide
G as well as lattice translation tyq, t;; symmetries in Eq. (4.14). In general, a nodal
point is Z-classified by the mirror-glide winding number in Eq. (4.6), which counts
the number (or net handedness) of massless Weyl fermions. This may be constructed
by stacking N copies of the fundamental model in Eq. (4.18). This means that each
vortex line now hosts, in general, a number of co-propagating chiral Dirac fermions
d* = R® or L*, where a is the flavor index that runs from 1 to N. The massless Weyl
fermions are stable against the single-body symmetry preserving perturbations until
they pair annihilate. If NV is odd, the anitferromagnetic time-reversal symmetry pins
at least one massless Weyl node at each of the two high symmetry K points in the
Brillouin zone. As the Weyl node cannot move, they are robust even against pair
annihilation. Under this non-interacting setup, in this section, we are interested in
finding many-body interactions that introduces a finite excitation energy gap, for both
even and odd flavor number NV, while preserving the antiferromagnetic time-reversal,
mirror-glide and lattice translation symmetries.

Our strategy is based on the coupled-wire construction presented in ref. [294].
It relies on a bipartition of degrees of freedom on each vortex line. The degrees of

freedom of the 2N chiral Majorana fermions %, 6%, which pair into the Dirac fermions
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Figure 4.7: Schematic representation of the many-body gapping interactions by inter-
wire current backscatterings. The N Dirac fermions per wire are divided into a pair
of G affine Kac-Moody current algebras. (a) shows the current backscatterings in the
3D system viewed along the wire z-direction. (b) shows the current backscatterings
on a single yz layer.
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d* = (y* +146%)/v/2 for a = 1,..., N, are summarized by the SO(2N) Kac-Moody
current algebra at level 1 (also referred to as affine Lie algebra or Wess-Zumino-Witten
theory). The strategy is to decompose the current algebra into a pair of identical and

decoupled components
SO(2N); ~ G4 X Gp, (4.31)

where G4 p are also affine Kac-Moody algebras and they act on decoupled Hilbert
spaces Ha p. The decomposition in Eq. (4.31) is also known as conformal embedding

in the conformal field theory context [177]. The current operators J45

in G4 p can
be expressed as combinations of products of the chiral fermions. For the most part
in this dissertation, except for the Ey algebra that we introduce in chapter 4.3.3, the

current operators are fermion bilinears. For example, the SO(N'); current operators

for a (14 1)D system of A/ chiral Majorana fermions 1!, ..., ¢V are
Jap = ip"° (4.32)

for 1 < a < b < N. Therefore, the many-body interactions, being two-body for the
most part in this dissertation, are constructed by backscattering the A and B currents
to neighboring vortex lines that counter-propagate in opposite directions, for example

in the y and —y directions.
Hie =u I, - 37,40, (4.33)
xy

where u is the interaction strength. Figure 4.7 shows the schematic representation of
the decomposition and the interwire backscattering terms. As the A and B sectors
are decoupled, the backscattering terms do not compete and, in strong-coupling, they

introduce a finite many-body energy gap. Moreover, the decomposition in Eq. (4.31)
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will be designed explicitly in a way so that the current backscattering interactions in
Eq. (4.33) preserve all of the symmetries present in the non-interacting construction.

The partition scheme in Eq. (4.31) is separated into two cases depending on
whether the number N of chiral Dirac fermions per line is even or odd. When N = 2r

is even, the current algebra can be split in a pair of Dirac bundles
SO(2N); ~ SO(2r){ x SO(2r)B (4.34)

that split the Dirac fermions into two groups d',...,d" and d"*', ..., d*". When
N = 2r + 1, it may be tempting to decompose the chiral Majorana, v* and ¢* into
two groups. However, as the vs and ds transform differently under the aforementioned
symmetries, there is no bipartition such that SO(2N); ~ SO(2r +1)# x SO(2r —1)#
that leads to symmetry-preserving backscattering interactions. We will focus on the
special case when N = 9 = 3 x 3. Here, there is an alternative way of decomposing

the current algebra

SO(18); ~ SO(9)] x SO(9)
~ [50(3);/* X 50<3);§;A]

X [50(3)g73 X 50(3)@3} , (4.35)

using the level-rank duality [177] that in general relates SO(nk); ~ SO(n)g x SO(k)y.
In the general odd case, one can always write N = 9+ 2r and decompose SO(2N); ~
SO(18); x SO(4r), first. The bipartition can then be performed individually for
SO(18); and SO(4r);.

The decompositions in Eq. (4.34) and (4.35) lead to gapping interactions in Eq.
(4.33) that support fractional quasiparticle excitations. These are non-local excita-

tions that are not integral combinations of local electronic BAG quasiparticles. Since
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the many-body interactions in Eq. (4.33) have a layered structure and act within
y — z planes, these non-local quasiparticles are confined in two dimensions and can
exhibit anyonic statistics. Additional interlayer condensation couplings may promote
the layered systems into three dimensional topological phases that support quasi-
string excitations and topological ground state degeneracies although the discussion
of topological orders in three dimensions is out of the scope of this article. In addition,
we will address an alternative set of many-body gapping interactions, when N is a
integer multiple of 16, that only allows local electronic BAG excitations. This stems

from the decomposition
50(32)1 ~ <E8)1 X (ES)I (436)

using the exceptional affine Lie algebra Fg at level 1. The non-topologically ordered
many-body gapping at N = 16 reduces the Z classification of Dirac nodal supercon-
ductors to Zg, which resembles the cyclic classification of topological superconduc-

tors [134, 135].

4.3.1 The N =2r - Even Case

We begin our discussion of the N = 2r by expressing the Dirac fermion dj ,(z) =
(v, (2) + zégy(z))/\/ﬁ ~ €tu) as a vertex operator of the bosonized variable ¢2 .

The kinetic Lagrangian density is
L= (~1)" 60,02 ,0.0% , — Var0: 0., (4.37)

2T
zy
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where V; is a non-universal velocity matrix. The bosonized variables obey the equal-

time commutation relation

[gbg,y(Z), g’,y’<zl)]
_ 7:7_[_(_1)rnin{m,ar:’}—i—min{%y/} [5ww,§yy/5aalsgn(2/ — Z)
+ gzéaa,éyy/sgn(x - x’)

+ 0.0,sgn(a — a') — o.sgn(y — y')].- (4.38)

where sgn(s) = s/|s|if s # 0 or 0 if s = 0. Here o, is an auxiliary factor that anticom-
mutes with the non-local mirror-glide operator, Go,G~! = —o,. The bosonized vari-
ables transform under the lattice translations ti1, t7;, antiferromagnetic time-reversal

Ty and mirror-glide G symmetries according to

tllﬁzﬁ,y(z)tﬂl = Qpi1yt1 (2),

thqﬁ;,y('z)ti—ll = Py_1441(2),
_ @ 1—(=1)*tv
TA¢g7y(z)TA1 - _ z,y+1(z) + %7@
a — a ™
Gl (2)G7" = =g,y (—2) + 5 (4.39)

These transformations are based on the symmetry operations performed on the chiral
Dirac fermions in Eq. (4.14). They are consistent with the equal-time commutation
relation in Eq. (4.38) and the algebraic relations 73 = (—1)Fti1ty;, G* = tiity] and
(0,0 =0 for O,0" = Ty, G, 11,11, where (—1) is the fermion parity operator and
T4 is antiunitary.

We split the 2r Dirac fermions per wire into two groups d*, ..., d" and d"*1, ... d* .
Each group generates a SO(2r); affine Kac-Moody algebra. We label the first by
SO(2r)4! and the second by SO(2r)P. We now review and illustrate the (complexified)

current operators. Using the bosonized variables, each of the two current algebras
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consists of r Cartan generators H4% = i0¢® and HP® = i0¢™*?, for a = 1,...,r.

There are 2r(r — 1) roots for each sector,
BAe = ot phe = glad? (4.40)

where ¢ = (¢',...,¢") amd ¢p® = (¢"*1,...,¢*). o is a r-dimensional vector with
integral entries and length || = v/2. In other words, each root vector has two and
only two non-zero entries, each being +1. The interwire current backscattering in

Eq. (4.33) becomes

_ E § A,a 1 B,a
%int = —u E Ex y+1o
)

= —UZZCOS ¢$y +¢L )] (4.41)

where we have suppressed the terms involving the Cartan generators

—uy Z HYNHD =0 0,00, - 0,02, (4.42)
Yy

zy a=1

which only renormalizes the velocities in Eq. (4.37).

The sine-Gordon angle parameters

Oryr12 = 0 (<75§‘,y + 07 ,11) (4.43)

satisfy the “Haldane’s nullity condition [299]”

/

[02,11/2(2), 02 1j2()] =0 (4.44)

Since all root vectors a are integral combinations of the r simple roots, which is
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explicitly given as,

1 0 0 0
11 0 0
e 0 -1 ... 0 0
a ... o | = ' o o , (4.45)
0 0 ... 1 1
0 0 ... —11

TXTr

there are only r linearly independent angle variables @?,y +1/2 glven a fixed z,y. In
a periodic geometry y = y + L for L even, there are rL independent sine-Gordon
angle variables and the same number of counter-propagating pairs of neutral Dirac
modes in a fixed layer, x. Moreover, assuming v > 0, the sine-Gordon potential in Eq.
(4.41) pins the uniform (2-independent) ground state expectation values (©F ., ,(z))
to be integer multiples of 27 for all c. This means the order parameters (97, ., »(2)),
although being linearly dependent, are not competing because an integral combination
of integers is still an integer. We can therefore conclude that Eq. (4.41) introduces a
finite excitation energy gap in the bulk.

It is straightforward to check that the gapping potential in Eq. (4.41) is symmetric
under all the symmetries in defined in Eq. (4.39). As the model in Eq. (4.41) is
exactly solvable, the ground state must also preserve all symmetries. In fact, the

symmetries in Eq. (4.39) require the angle order parameters to obey the following:

<@?,y+l/2(2)> =—( §y+3/2(z)> +7a -t
= = (0% 1 y41/2(—2)) + et (4.46)

= < ?+1,y+3/2(2>> = <@?f1,y+3/2<2)>7

where t = (1,1,..., )T and -t = Y/ _, a® = 2,0,—2. We notice in passing that
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these are not the most primitive angle order parameters. For example, the vector and

spinor fields of SO(2r); correspond to smaller angle order parameters [294]

_ +
g,y+1/2 - %y + ¢;ya+1 (4 47)
A B
@i,y+1/2 =& (¢xy + ¢x,y+1) /2
respectively, where € = (¢!,...,&")7 for ¢* = +1. However, since these terms are not

necessary in the discussion of the gapping potential, we will omit them.
Lastly, we express the gapping potential in Eq. (4.41), including forward scattering

terms expressed in Eq. (4.42), in terms of the Majorana fermions

. — ay a2 . r+ai . r+as
Hlnt = 2u § (f}/x,yf)/m,y’}/x,y—i-lfyx,y—i—l

1<ai<ag<r

a1 Sa2 Sr+ai sr+as
+5w,y5z,y5x,y+1éw,y+1)

a1 Sas . r+ai1 r+az
—2u E : (7x,y5x,y7x,y+15x7y+1

1<a;<a2<r

+5g}y7§?y5;1—/$17;,—g(f1> ) (4.48)

where dy, = (75, + ngy)/\/ﬁ ~ €%y fora=1,...,N = 2r. The Majorana fermions

transform under the given symmetries (4.14) according to the following:

Tavey(A)Ta" = (1)1 (2)

, (4.49)
Tady, (2)Ty" = (=1)"" e L (2)

G, ()G =060, ,(—2)

Y e (4.50)
G(Sg’y(z)G_l = Yor14(—2)
tnds, (2)t = ¥ (2)

Y 11 +1,y+1 ’ (4‘51)
tile,y(Z)til = Yy _1441(2)

where ¢ = v or §. The two-body Hamiltonian in Eq. (4.48), therefore, preserves
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all symmetries present in our construction. In fact, the symmetries are preserved
individually for each of the two lines in Eq. (4.48), and any of the two lines alone can
already introduce a finite energy gap. We consider both so that the Hamiltonian takes
the full Kac-Moody current backscattering form in Eq. (4.33). The relative minus
sign between the two lines comes from Eq. (4.41), where the current backscatterings

. A A— .
are designed to be Ef;j‘Ex i1 rather than E;“LO‘EJ; v+1- This is to ensure the ground

state expectation values 4(y%, v, t%,) and (6% 0,57 ,) to have the same sign so that

the mirror-glide symmetry is not spontaneously broken. In retrospect, this is not
surprising because the number of fermion flavors here is even, and the nodal model
can acquire a single-body energy gap if the single-body potential is strong enough
to pull the massless Weyl nodes together. The single-body potential that achieves
this has already been given by the dimerization term Hgimer in Eq. (4.28) when
N = 2, however, this splitting term can also be generalized for an arbitrary even
N. It is not a coincidence that Hgimer also pins the same ground state expectation
values (v¢ ynb41) and i(6%,0,°4 ). This is because we can view the single-body

Hamiltonian Hgimer as the mean-field approximation of the two-body Hamiltonian in

Eq. (4.48).

4.3.2 The N =2r +1 odd case

From the previous discussion in Sec. 4.2, we have seen that the nodal coupled wire
model is stable to all single-body symmetry-preserving perturbations to arbitrary
strength when the number of fermion flavors is odd. The focus of this section is to
design exactly solvable two-body interactions that introduce a symmetry-preserving
energy gap in the coupled wire construction when the number of fermion flavors is odd.
We begin again by decomposing each Dirac fermion into a pair of Majorana modes
dy,(2) = (75, (2) + zégy(z))/\/i, where a = 1,...,N = 2r + 1 is the fermion flavor

label. Additionally, we assume that the Majorana operators transform identically as
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defined in Eq. (4.49), (4.50) and (4.51).
At this point, it may be tempting to group the 2N Majoranas per wire into two
collections, namely !, ... ¢ and V1 ... 42N and consider the SO(N) current

backscatterings such as

H:Z Z Uabwg,ng,y :ivgjfl a]g\,];fr (4.52)

zy 1<a<b<N

However, because the numbers of «’s and ¢’s are odd, there must be an imbalance
in the number of v and ¢ in each of the two collections. Consequently, there is no
biparition of Majorana fermions that is compatible with the symmetries. This is
because the antiferromagnetic time-reversal action in Eq. (4.49) on both v and §
are different by a sign, while the mirror-glide action in Eq. (4.50) switches between
~v and 9. In other words, there is no orthogonal basis transformation of fermions
(V4N 6t 0N < (9t ?Y) that achieves a symmetry-invariant biparti-
tion SO(N) = (¥1,...,¢N) and SO(N)P = (pN*+1 ... ) so that the symmetries
are closed within each of the two sectors. Moreover, as seen in the previous section,
there is no single-body symmetric gapping, nor any many-body Hamiltonian, such as
Eq. (4.52), that admits a single-body mean-field solution must fail.

The construction of the two-body interactions that can accomplish a symmetric

energy gap relies on another type of bipartition. First, we separate the Majorana

fermions into
SO(N)Y’ ~ SO(9)7° x SO(2n)]° (4.53)

for both the v and § ones, where N = 9 + 2n. This can clearly be done when N
is not less than 9. The SO(9)] sector is generated by ~',...,~% and the SO(2n)]
sector is generated by 7% ..., 7. A similar decomposition applies to the d’s as

well. If N is smaller than 9, we extend the number of Dirac channels per wire
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by counter-propagating ones. This can be done by wire reconstruction that pulls
2n/ =9 — N counter-propagating pairs of Dirac modes to zero energy while keeping
the net chirality N = (N+2n')—2n’, which is the difference of numbers of forward and
backward moving Dirac fermions. The separation can now be done the same as before
except the Majorana’s in SO(9); are forward propagating and the ones in SO(2n/),
are backward propagating. We also denote the counter-propagating m sector
by SO(—2n');.

The SO(2n)] and SO(2n)} sectors can be gapped by either using the single-body
dimerization in Eq. (4.28) or the two-body interaction in Eq. (4.41) described in
the previous subsection. We now focus on the SO(9); sectors, and without loss of
generality, we now take N = 9. Similar gapping potentials were presented in Ref.[294]
in the context of topological superconducting surface states. This gapping potential

relies on the splitting (also known as conformal embedding or level rank duality in

the CFT context)
SO(9); D SO(3)4 x SO(3)8 (4.54)

for both the v and . We now apply this splitting to our case here by noting that for

both the 9 v’s and 9 §’s, we define two SO(3); Kac-Moody current algebras

TP = i(atbs + sbs + Ystho)
Jf’A = 1(Y391 + Yerha + hoth7)
TP = i(1vs + Yarhs + hrids)
| (4.55)
PP = i(Yahr + Ysihs + Yeidy)
JPP = i(Yrhr + Ysths + Pois)

JEB = (19 + PYoths + Pais)

where ¢ = v or 9.
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We now briefly summarize the conformal structures of the Kac-Moody current
algebras. The details associated with these can be found in Ref. [294] and will not be

repeated here. The current operators obey the product expansion

,C W ,C' oy
T2 (w) Y (w') (4.56)

_govgee |3 e |y
(w—w)? w—w
where w, w’ ~ 74 (—1)**¥iz is the holomorphic/anti-holomorphic parameter, C, C" =
A, B and },,j” = x,x,z. Here, €y is the structure factor of SO(3), which is also
the antisymmetric Levi-Civita tensor. The factor of 3 in the most singular piece
sets the level of the Kac-Moody algebras. The four sectors (v, A), (v, B), (4, A)
and (9, B) are completely decoupled from one another as mutual products are non-
singular. This means that they act independently on orthogonal many-body Hilbert
spaces. This is a non-trivial result because for each type of fermions ) = v or ¢, both
the A and B currents exhaust all 9 Majorana fermions. The separation of Hilbert
spaces is, therefore, a non-trivial fractionalization beyond any fermionic mean-field
approximation.
The embedding in Eq. (4.54) is maximal in the sense that there are no degrees of

freedom that remain unaccounted. This can be verified by the identification of the

energy-momentum tensors

Tsospa + Tso@pr = Tsowy (4.57)

1

for ¢» = 7,0, where each tensor takes the Suguwara (normal ordered) representa-
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tion [177]
1 1<
— LA an,,a
SO(Q)If - E Z Jab‘]ab - _5 Z¢ 8’17[) ) (458)
a<b a=1
9
1 .
puC = Z JPORC ==y wtovt = C (4.59)
J x,¥,Z a=1

1
= iz_l (ta356 + V23se + Ysesy + V1245

+1278 + Yasrs + Yris2 + Yr193 + Vs203)

where the current operators .J,, for SO(9); was defined in Eq. (4.32), the sign of C
is positive when C' = A or negative when C' = B, and 4.4 is the 4-fermion product
Ve py. Each of the energy-momentum tensors satisfies the self-operator product

expansion

T(w)Tw) = —L2_ 4 2L o) | (4.60)

(w—w)? (w—w)2 w—w

where the chiral central charge ¢ is 9/2 for SO(9); or 9/4 for SO(3);. In particular,
the identification in Eq. (4.57) makes sure the chiral central charge is divided in equal
parts through the conformal embedding in Eq. (4.54), i.e. 9/2 = 9/4+9/4. Moreover,
mutual products between distinct SO(3)4 sectors are non-singular due to the fact
that the current algebras decouple.

We now define the two-body potential using SO(3)3 current backscatterings
Hine = UZJ”‘ B SRR LUC L (4.61)

where J = (Jy, Jy, J,) are the SO(3)3 current operators defined in Eq. (4.55). Figure
4.8 shows the schematic figure of the gapping potential. From Eq. (4.49), (4.50)

and (4.51), we see that the potential preserves the antiferromagnetic time-reversal,
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9Majorana(y) <
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Figure 4.8: (a) Schematic representations of the SO(9); 2 SO(3); x SO(3); decom-
position. When N =9, we decompose each Dirac string into two Majorana fermions,
v and §. Then each set of 9 Majorana fermions is decomposed into SO(3)3 x SO(3)s.
(b) Schematic figure of the SO(3)3 x SO(3)3; many-body gapping potential. The boxes
represent the current backscattering term between SO(3)4% and SOZ¥ of adjacent
wire in y direction, for ) = 7, 4.
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glide and lattice translation symmetry. The gapping potential does not admit a
mean-field solution with fermion bilinear order parameters (%) like those in Eq.
(4.48). Therefore, to present the order parameters of the interaction in Eq. (4.61),
we introduce a further fractionalization (also known as coset construction [177] in the

CFT context) for each of the four sectors C' = A, B and ¢ = 7,4

where Zg represents the parafermion coset CFT [300, 301] SO(3)3/S0(2)3 = SU(2)s/U(1)s.
The decomposition is done by first grouping three pairs of Majorana fermions into

three neutral Dirac fermions in each sector

Ay Yl + i By Yl 4!
1 - \/— ) 1 -

2 V2
Ay Yt 4 w)? By V2 4 w)?
2 - \/— ) 2 -

2 V2
A _ Y7+ w® By _ V3 4 )b

3 \/§ ’ 3 \/é

and bosonize

1~ exp (i) (4.63)

for j = 1,2,3, C = A, B and ©» = ~,6. The bosonic SO(2); = U(1)g sector is

generated by the diagonal combination

NC7’¢) ~C9w ~C’w

This leaves behind the orthogonal compliment ¢f”;z’ = ¢~5]C¢ — ®%¥ and the Majorana

fermions 13, 9%, 9 for the A sector or ¥7, 8, 1° for the B sector. They combine into
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the parafermions

gAY — (eiqs;‘;f”ws X €i¢2’2¢w6 n ei¢ﬁ§”w9>

(4.65)

9
@Bﬂb — <€i¢§’fpw7 + €i¢5éw¢8 + 6i¢fvéw1/)9>

Sl-sl-

which generate the Zg sector. The conformal field theory structures of the SO(2);
and Zg are discussed in Ref. [294] and will not be repeated here.
The coset construction in Eq. (4.62) allows the decomposition of the SO(3)3

Kac-Moody current operators and consequently the potential in Eq. (4.61)

2 A B
Hine =30y Y @0 gty ol e, (4.66)
Ty Y="y,0

where we have dropped the forward scatterings

Y N 0.0000.90,, (4.67)

Ty C=A,B
»h=",8

from Eq. (4.61) that only renormalize the velocity for the boson in SO(2)s;. Order
parameters are given by the ground state expectation values <®fj’ + ®§f+1> and

<W£Zp@i;’bﬂ>7 for ¢ = ~,d. The symmetries defined in Eq. (4.49), (4.50) and (4.51)



require

116

(wtus,) = — (s s,
= — (E5, 28 )
<‘1’A’7\I’x }]+1> = <\IIA 5WB,3?+1>
<‘I’A’¢‘ijf+1> = <‘I’A,ZZ}+1‘I’%+2>
= — (U5, 28 )
<\11A7\Iff;+1> <x1/“\1/§;+1> (4.68)

Similar to Eq. (4.46) in the even case, the order parameters defined in Eq. (4.68)
are not unique choices. For example, there are order parameters that correspond to
non-Abelian twist fields in the Zg sector that have quantum dimension greater than 1.
However, they are not essential in the discussion of the symmetry-preserving gapping

potential and are omitted.

4.3.3 E5 unimodular gapping potential

In the previous section, we found that even and odd copies of the 3D Dirac nodal
superconductor can be gapped out by many-body gapping potentials, which support
non-trivial topological order. In this section, we now focus on the special case when
there are N = 16 copies of the Dirac nodal superconductor exists. In this case,
we can construct a many-body gapping potential by utilizing SO(32) ~ Eg x Ejg
decomposition, where Fjy is the largest exceptional simple Lie algebra. The Fg x Ejg
decomposition is atypical from the previous decompositions since the roots of the Ejy
Lie algebra form an even unimodular lattice. Here, we show that this property of
the Eg algebra allows us to construct many-body gapping potential in the 3D Dirac

nodal superconductor that does not possess topological order.
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Before going into the details on the construction of the gapping term, we briefly
explain the Fg Kac-Moody algebra at level one using bosonized variables. In addition
to 8 Cartan generators ¢y, I = 1,...,8, the (Eg); algebra is generated by the vertex
operators B = ¢'*? where a is a root vector of the Fy lattice. The Eg lattice Lg, is
an 8 dimensional lattice generated by 8 simple root vectors. It is an even unimodular
lattice in the sense that the norm square |v|? of a lattice vector is even, and the dual
lattice L, which consists of dual vectors v* whose scalar product with any Eg lattice
vector v is integral, is the Fjy lattice itself. In particular, there are 240 root vectors
a with norm square |a|? = 2 so that the vertex operators E® have unit spin and
represent the Ey Kac-Moody current.

The total 240 roots separate into two distinct sets. The first set consists of 112 =
C8 x4 roots of SO(16) and the second set consists of 128 = 27 even spinors of SO(16).
The conventional choice of roots embeds them in the 8 dimensional Euclidean space.
The SO(16) roots are taken to be integral vectors with two and only two non-zero
components, each being +1. The corresponding vertex operators E* are fermion
bilinears d,d,, dadz, d! dy and djldz, for 1 < a < b < 8. The even spinors are represented
by half-integral vectors €/2 = (€1/2,...,€3/2), where ¢, = £1, with overall positive
sign €, ...eg = 1. They corresponds to spinor vertex operators e’*%®/2 which are
products of half fermions. Within the 240 roots, one can pick a set of 8 linearly

independent simple roots that generate the entire set.

|
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Their scalar products oy - ooy = (Kg,)1s recover by the Cartan matrix of Fg

2 -1
-1 2 -1
-1 2 -1
-1 2 -1
KEs - -1 2 -1 -1 . (4~70)
-1 2 -1
-1 2
-1 2

Unfortunately, the above conventional choice of roots involves spinors that are
combinations of half fermions, which are non-local. In order to realize the Eg algebra
as integral combination of local fermions, we first extend the 8 chiral Dirac fermions
by an additional counter-propagating pair of non-chiral Dirac fermions. This can
be achieved by using the vortex reconstruction whereby we pull the addition non-
chiral pair from high-energy to low-energy. The reconstruction does not alter the
chirality ¢ = 8 = 9 — 1 of a vortex, which now consists of 9 forward propagating
Dirac fermions and 1 backward propagating one. The FEg lattice is now embedded
in a 10 = 1 + 9 dimensional “Minkowski” space with metric n = diag(—1,1,...,1).
The Eg roots consists of a subset of integral vectors v with norm square vinv =
—vg +v7 + ...+ v = 2. We begin with the roots of SU(8), asys) = €, — €,
where 1 < a,b < 8 and a # b. These roots correspond to the fermion bilinear vertex
operators F*sU®) ~ dadz and they obey the operator product expansion that defines

the SU(8) Kac-Moody algebra at level 1,

Esu®) (w)E—asU(S) (w’) = 1/(w — w/)2 + ...,
Esu(s) (w)Ea/SU(E%) (w’) = cw,Ea’éman (w,)/(w — w/)

+..., (4.71)

if O‘/s/*U(s) = a’SU(S) + a/SU(8)7 or non-singular if otherwise, where w ~ 7 + iz is the
complex space-time parameter and the cocycle factor ¢, is a scalar phase.
These 56 roots can be extended to SO(16) by including two 28-dimensional irre-

ducible representations of SU(8). The first corresponds to 28 positive root vectors
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QO 428) = 2€9 +niey + ...+ ngeg, where two of ny,...,ng are 0’s and the rest are 1’s.
The second corresponds to 28 negative roots ay_ag) = —2€9 —nje; —... —ngeg. Each

forms a super-selection sector that is closed under the SU(8) Kac-Moody algebra
EosUe) (1) E*#29) () = oo E¥®29) (0') /(w — 0') + . .. (4.72)

if a’(’ L2g) = Qtsu(s) + a’( L o8) OF non-singular if otherwise. The root vectors are chosen
so that a(TﬂS)na(ﬂg) = 2 so that the vertices F*=2®) have spin 1. We label aso(16)
to be the 112 roots for SO(16), and they consists of aso(16) and @ (+28).

Next, the 112 SO(16) roots can be extended to the full Eg by including two 56-
dimensional irreducible representations of SU(8) and the two 8-dimensional vector
representations of SU(8). The first irreducible representation that we include is asso-
ciated with the 56 positive root vectors a(ys6) = €9 +mie; + ...+ mgeg, where three
of my,...,ng are 1’s and the rest are 0’s. The conjugate representation is associated
with the 56 negative roots o _s¢) = —€9 — mie; — ... — mges. The 8 positive SU(8)
vectors are a4g) = 3€g+vie; +...+vgeg, where all but one v, = 1 and the remaining
is 2. The 8 negative SU(8) vectors are the conjugate c_gy = —3eg—vie; —...—vges.
We label agpiner to be the 128 = 56 + 56 + 8 + 8 additional vectors a(+s56) and o (+s)

that constitute the even spinor representation for the SO(16) algebra.

EaSO(IG) (w)Ea;pinor (w,) — CO&O” Eagpinor (w,)/(w —_ u)/)

+.. (4.73)

if & o = Q50(16) T Qlpiner, OF non-singular if otherwise. The Eg root vectors av,

now consists of the 112 aso(16)’s and 128 agpinor 'S
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The 240 = 112 + 128 Ejg roots can be generated by the 8 simple roots

00000001
1 00000 00

TR ~11.0 00 0 00
0-11 00 0 00
0 0-11 00 00

ay as| =] o0 o0-110 00 (4.74)
000 0-11 01
0000 0111

| 00000 0-11
00000000

Their scalar products o - nay = (Kg, )1y recover the Cartan matrix of Fg defined in
Eq. (4.70).

The embedding into the Minkowski space RY guarantees a counter-propagating
pair of redundant modes. They are the Dirac fermions fr ~ e'*f'? and fr ~ eio‘?"b,
where aff = eg and af = 3eg + €; + ... + es. They are fermionic because of the
unit norm squares a? . na? =1 and aJLe . 7704]]? = —1. They decoupled from each

R/L

other as well as the Eg roots since apg -no,’” = a? . naJLc = 0. Grouping a?/L with
the Eg simple roots in Eq. (4.74), the 10 x 10 matrix A = (ay,..., as, af, af) is

unimodular (i.e. |det(A)| = 1), and may be decomposed into block diagonal form as

K
ATpA=|" " : (4.75)

where o, = diag(1, —1).

Having completing the formal definition of the Fg algebra, we now construct the
gapping potential, which consists of inter-vortex Eg current backscattering and intra-
vortex fermion backscattering fr fz. Each vortex has chirality ¢ = 16 and carries 16
chiral Dirac fermions. We extend by vortex reconstruction to 18 forward moving Dirac
fermions plus 2 backward moving ones. They can be bipartitioned into two groups
of 9 + 1, each of which can be transformed unimodularly into Fg x U(1)% x U(1)f,

as has been explained above. In a similar fashion to our the previous discussions, we
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label the two groups by A and B. The gapping potential is

umter Z Z A 0tE B,ag
— E 8 8
z,y+1

Ty opg

ulntraz Z fL +hC>

zy C=A,B

—Uinter Y €08 [ap, - (D), + Y ,01)]

Ty O

— Uintra Z Z cos (af‘ . (bey + aJI? . ¢fy) (4.76)

zy C=A,B

where the first sum runs over all 240 Eg roots og,.

All terms preserve the symmetries that we have defined in Eq. (4.39). The angle
order parameters O . w12 = O (¢ s o5 ,+1) that appear in the inter-vortex term

obey the symmetry relations

TaO5 % ()Tt = =05, )(2) + map, - ¢

x,y+1/2
GO, ()G =—007 L u(—2) + -t
z,y+1/2 atlys12\ %) T TQE

« _ [o
tll@xjilﬂ(z)tlll = @xfi; y+3/2( z)

tll@x y+1/2( )tl_ll = ®§E§,y+3/2( z), (4.77)

where t = (1,1,...,1)". The intra-vortex ones OF, = (af+af)- ¢$y, for C = A, B,

obey

T @C’ Tfl _ @C’ - (_1)x+y R Ly . t
10, ,(2)T) = (2 )+—2 (o + af)

_ T
GQQC::y(Z)G b= 6:0—}—1,3/( ) + 5(@? + af‘/) -t
tll@g,y(z)tﬁl = @g+1,y+1(z>

tn@f,y( It ®x 1,y+1( z). (4.78)
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For the Eg order parameters, ap, -t = 0, =4, 8, £12 and, therefore, the inter-vortex
sine-Gordon terms in Eq. (4.39) are symmetric, since cos(—0© + 2mn) = cos ©. The
intra-vortex terms in Eq. (4.39) are also symmetric because (7/2)(af +af)-t = 6.
The ground state expectation values <@?§il /2> transform consistently according to
the symmetries (c.f. Eq.(4.46) for the even N case). The fermionic order parameters
<@gy> transform consistently up to large gauge transformation <@gy> = <@gy> +27
originated from the gauge redundancy d® ~ ¢ = ¢i(®*+2m),

The angle variables in Eq. (4.76) satisfy the Haldane nullity condition, and the
sine-Gordon interaction generates a symmetry preserving gap in the energy spectrum.
In Eq. (4.76), we considered the Eg backscattering term, coupling with adjacent wires
in g-direction. In the absence of the single-body hopping but Eq. (4.76), the arrays
of the Dirac strings form a coupled 2D layer in yz plane, possessing a finite bulk
gap. We now consider open boundary condition in y direction as shown in Fig. 4.9.
Along the boundary of the 2D layer, a chiral Eg edge state is left uncoupled and
remains gapless, since there is no counter-propagating adjacent Dirac string to pair
with. Therefore, each 2D layer resembles a quantum Hall state carrying a Eg CFT
as its edge theory in low-energy. As a result, the 2D bulk topological order and the
bulk excitations of the layers can be inferred from the Eg edge state.

The low energy effective theory for the Fy quantum Hall states are described by

Chern-Simons theory with Kp, matrix whose action is given as,

1 .
Scs = EZ/dl’Q(KEs)]JEMVACL[#aVCLJ,)\ — ZCLNJ]H»I (479)
I1,J 1

and Kp, is the Cartan matrix of Eg defined in Eq. (4.70). Here, a; is I'" Abelian
gauge field whose classical equation of the motion yields the Hall effect. Kp, matrix
contains the information of the bulk quasi-particle excitations and the corresponding

edge theory. To be specific, the topological order or the ground state degeneracy of
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Figure 4.9: Schematic figure of Eg decomposition and gapping interaction. Dirac
modes (black lines) along each vortex y are decomposed into two sets of Eg chiral
CFT (red lines) and two counter-propagating pairs of Dirac fermions (blue lines) by
the basis transformation A in Eq. (4.75) (yellow boxes). The Eg backscattering terms
Hinter and the fermion backscattering Hiyra are defined in Eq. (4.76). Uncoupled FEjg
chiral CF'Ts are left along the boundaries of an open system, while the bulk mimics
the Fg quantum Hall state.
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the corresponding bulk theory is identified as the determinant of K matrix. It can
be seen that the bulk topological order of Eg state is trivial (det(Eg) = 1), since it
is unimodular. Consequently, the system only supports local exitations with non-
fractional statistics.

We have constructed the symmetry preserving many-body gapped phase with
no topological order. It is important to note that the presence of such a phase is
intimately related to the properties of even unimodular lattice. The FEg lattice is
the minimal even unimodular lattice, that appears in 8 dimensions. Other even
unimodular lattices, such as the Leech lattice in dimension 24, that appear in higher
dimensions can be similarly utilized to construct the topologically trivial gapping

potential.
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Chapter 5

Model 3: Interacting Weyl

Semimetal with two Weyl nodes

So far, we have been discussing the gapping of the Dirac semimetal while preserving
the AFTR and C5 symmetries. In this subsection, we focus on an opposite aspect
of the symmetric many-body interaction — the enabling of a (semi)metallic phase
that is otherwise forbidden by symmetries in the single-body setting. We noticed
in Subsec. 3.2.1 that the pair of momentum-separated Weyl points in Fig. 3.6 is
anomalous. In fact, it is well-known already that Weyl nodes [39, 40, 41, 42, 19], if
separated in momentum space, must come in multiples of four in a lattice translation
and time reversal symmetric three dimensional non-interacting system.

This no go theorem can be rephrased into a feature.

1. If the low energy excitations of a TR symmetric lattice (semi)metal in three
dimensions consists of one pair of momentum-separated Weyl nodes, then the

system must involve many-body interaction.

We refer to this TR and lattice translation symmetric strongly-correlated system as
an interaction-enabled topological Dirac (semi)metal. We assume the Weyl nodes are

fixed at two TR invariant momenta, and therefore they are stable against symmetry-
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preserving deformations. Otherwise, if the Weyl nodes are not located at high sym-
metry points, they can be moved and pair annihilated. Also, as explained in the
beginning of Sec. 3.2 and contrary to the more common contemporary terminology,
we prefer to call the (semi)metal “Dirac” rather than “Weyl” because of the doubling.

Perhaps more importantly, we propose the following conjecture.

2. Beginning with the interaction-enabled Dirac (semi)metal, any single-body symmetry-
breaking mass must lead to a 3D gapped topological phase that cannot be

adiabatically connected to a band insulator.

We suspect this statement can be proven by a filling argument similar to that of
Hasting-Oshikawa-Lieb-Schultz-Mattis [302, 303, 304], and may already be available
in Ref. [305] by Watanabe, Po and Vishwanath. This conjecture applies to the cou-
pled wire situation where the gapped phase is long-range entangled and supports
fractional excitations. Its topological order is out of the scope of this article, but will
be presented in a future work [16]. In a broader perspective, this type of statements
may provide connections between strongly-interacting and non-interacting phases and
help understanding quantum phase transitions of long-range entangled 3D phases
from that of single-body band insulating ones.

Before discussing the three dimensional case, we make the connection to a few
known interaction-enabled topological phases with or without an energy gap in low
dimensions. First, zero energy Majorana fermions «y; = 'yJT in a true zero dimensional
non-interacting (spinless) TR symmetric system must bipartite into an equal num-
ber of positive chiral ones T+, 7! = +~; and negative chiral ones Ty 7 ' = —v,.
Fidkowski and Kitaev showed in Ref. [306] that under a combination of two-body
interactions, eight Majoranas with the same chirality can acquire a TR preserving
mass and be removed from low energy. This leaves behind a collection of zero energy
Majoranas that have a non-trivial net chirality of eight. Second, all (1 + 1)D TR

symmetric topological BDI superconductors [174, 175, 307, 28, 29, 22] must break
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inversion because the zero energy Majorana boundary modes must have opposite chi-
ralities at opposite ends. The Fidkowski-Kitaev interaction however allows one to
construct a non-trivial (1 4+ 1)D topological model that preserves both TR and in-
version but at the same time supports four protected Majorana zero modes at each
end [308]. Third, a single massless Dirac fermion in (2+1)D is anomalous in a (spinful)
TR and charge U(1) preserving non-interacting lattice system. On the other hand,
it can be enabled by many-body interactions. For instance, when one of the two
opposing surfaces of a topological insulator slab is gapped by symmetry-preserving
interactions [130, 131, 132, 133], a single massless Dirac fermion is left behind on
the opposite surface as the only gapless low energy degrees of freedom of the quasi-
(2 + 1)D system. Similar slab construction can be applied to the superconducting
case, and interactions can allow any copies of massless Majorana fermions to manifest
in (2 + 1)D with the presence of (spinful) TR symmetry.

On the contrary, there are anomalous gapless fermionic states that cannot be
enabled even by strong interactions. Chiral fermions that only propagate in a sin-
gle direction cannot be realized in a true (1 + 1)D lattice system. They can only
be supported as edge modes of (2 + 1)D topological phases such as quantum Hall
states [185] or chiral p, + ip, superconductors [309, 310]. Otherwise, they would al-
low heat transfer [311, 312, 1] from a low temperature reservoir to a high temperature
one, thereby violating the second law of thermodynamics. Similarly, a single massless
Weyl fermion can only be present as the (341)D boundary state of a (4+1)D topolog-
ical bulk [36, 37, 38, 174, 175]. It cannot exist in a true (3+1)D lattice system [33, 34],
or otherwise under a magnetic field there would be unbalanced chiral fermions prop-
agating along the field direction that constitute the ABJ-anomaly [31, 32, 35].

In this section, we focus on the simplest anomalous gapless fermionic states in
(3 + 1)D that can be enabled by interactions. As eluded in Sec. 3.2.1.2, a weak

topological insulator in (4 4+ 1)D can support the anomalous energy spectrum in
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Figure 5.1: (a) A quasi-(3 + 1)D interaction-enabled Dirac (semi)metal constructed
by a 4D slab of WTI. (b) Coupled wire model of an anomalous Dirac (semi)metal
enabled by interaction with Cs rotation and both AFTR 7;1, 77; symmetries.
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Fig. 3.6 on its boundary so that a pair of opposite Weyl points sit at two distinct
TRIM on the boundary Brillouin zone. A 4D WTT slab, where the fourth spatial
dimension is open and the other three are periodic, has two (3 4+ 1)D boundaries
and each carries a pair of Weyl fermions. The coupling between the two pairs of
Weyl fermions are suppressed by the system thickness and bulk energy gap. By
introducing symmetry-preserving gapping interactions on the bottom surface, the
anomalous gapless fermionic state is left behind on the top surface and is enabled in
this quasi-(3 + 1)D setting (see Fig. 5.1(a)).

Inspired by this construction, we propose a true (3+1)D coupled wire model which
has the anomalous energy spectrum in Fig. 3.6 and preserves the AFTR symmetries
in both 771 and 7y, directions as well as the Cy (screw) rotation symmetry. The model
is summarized in Fig. 5.1(b). It consists of a checkerboard array of electronic wires,
where each wire has two chiral Dirac channels propagating into-paper and another two
propagating out-of-paper. Contrary to the model considered in Sec. 3.2, here the net
chirality on each wire cancels and therefore the wires are true (14-1)D systems without
being supported by a higher dimensional bulk. Using the splitting scheme described
in Sec. 3.3.1, along each wire, one can fractionalize a group of three Dirac channels
e e X (X x @) into a pair of co-propagating chiral Pfaffian channels (resp. +-+).
The two Pfaffian channels then can be backscattered in opposite directions using
the many-body interaction U (dashed purple lines) described in Sec. 3.3.2. This
introduces an excitation energy gap that removes three Dirac channels per wire from
low energy. Lastly, single-body backscatterings t1, to (solid directed blue lines) among
the remaining Dirac channels ex described in (3.12) and Fig. 3.5 give rise to the low-
energy Weyl spectrum in Fig. 3.6. Since the many-body interaction ¢ and the single-
body backscatterings t1, t5 preserve the Cs rotation and both AFTR symmetries 771
and 7Ti;, the model describes an interaction-enabled anomalous (semi)metal that is

otherwise forbidden in a non-interacting non-holographic setting.
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The non-local anti-ferromagnetic nature of the time reversal symmetry is built-in
in the present coupled wire model. We speculate in passing that a local conventional
TR symmetric Dirac (semi)metallic phase consisting of a single pair of momentum-
space-separated Weyl nodes may also be enabled by interaction. On one hand, the
AFTR symmetry could be restored to a local TR symmetry by “melting” the checker-
board wire array. On the other hand, there could also be an alternative wire configu-
ration that facilitates a coupled wire model with a local conventional TR symmetry.

Lastly, we gap the interaction-enabled Dirac semimetallic model (Fig. 5.1) by
a symmetry-breaking single-body mass. This can be achieved by introducing elec-
tronic backscattering terms that dimerize the remaining Dirac channels e x, and were
described by (3.26) in Sec. 3.2.1.1. The resulting state is an insulating (3 + 1)D topo-
logical phase with long-range entanglement. For instance, each diagonal layer gapped
by the many-body interaction U has the identical topological order of the 7-Pfaffian

surface state of a topological insulator.

5.1 Fractional Surface States

In Sec. 3.2.2, we discussed the surface states of the single-body coupled Dirac wire
model (3.12) (see also Fig. 3.5). In particular, we showed in Fig. 3.13 that an AFTR
symmetry preserving surface hosts open chiral Dirac channels, which connect and leak
into the 3D (semi)metallic bulk. Earlier in this section, we discussed the effects of
many-body interaction, which leads to two possible phases: (a) a gapped topological
phase (see Sec. 3.3.2) that preserves one of the two AFTR symmetries, say 771, and
(b) a gapless interaction-enabled Dirac semimetal (see Sec. 3.3) that preserves the C
rotation and both AFTR symmetries 77; and 77;. Here, we describe the boundary
states of the two interacting phases on a surface closed under the symmetries.

First, we consider the coupled wire model with the many-body interaction (3.80)
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Figure 5.2: Fractional surface states of (a) a 3D Dirac insulator gapped by many-
body interaction that preserves 771, and (b) a 3D gapless interaction-enabled Dirac
semimetal that preserves 711, T7; and Cs.

(see also Fig. 3.16) and a boundary surface along the yz-plane perpendicular to the
wires. The surface network of fractional channels is shown in Fig. 5.2(a). We assume
the bulk chiral Dirac wires (xe) are supported as vortices of Dirac mass in the bulk
(recall (3.2)), where the texture of the mass parameters is represented by the under-
lying vector field. The model is juxtaposed along the yz- boundary plane against the
trivial Dirac insulating state Hyacuum = hvk - Spu, + mopi,, which models the vacuum.
The line segments on the surface plane where the Dirac mass mgu, changes sign host
chiral Dirac channels (c.f. Subsec. 3.2.2.2).

Unlike the single-body (semi)metallic case in Fig. 3.13 where the surface Dirac
channels connects with the bulk ones, now the many-body interacting bulk is insu-
lating and does not carry low-energy gapless excitations. Thus, the surface Dirac
channels here cannot leak into the bulk and must dissipate to other low-energy de-
grees of freedom on the surface. The many-body interwire backscattering interaction

in (3.80) (and Fig. 3.16) leaves behind chiral Pfaffian channels on the surface. These
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fractional channels connect back to the surface Dirac channels in pairs. The surface
network of chiral channels preserves the AFTR 7Ti; symmetry. However, the low-
energy surface state is not protected. Electronic states can be localized by dimerizing
the Pfaffian channels in the z (or 11) direction.

Second, we consider the interaction-enabled Dirac semimetallic model summa-
rized in Fig. 5.1(b) in Sec. 3.3 and again let it terminate along the symmetry pre-
serving yz-plane perpendicular to the wires. The surface gapless channels are shown
in Fig. 5.2(b). Here, the semimetallic bulk preserves Cy as well as the two AFTR
symmetries T;; and T7;. The bulk array of wires are true (1 4 1)D systems and are
not supported as edge modes or vortices of a higher dimensional bulk. The pair of
into-paper Dirac modes are bent into the pair of out-of-paper ones along each wire at
the terminal. Similar to the previous case, the many-body bulk interwire backscat-
tering interaction leaves behind surface chiral Pfaffian channels. Through the mode
bending at the wire terminal, these Pfaffian channels join in pairs and connect to the
chiral Dirac channels in the bulk that constitute the Dirac semimetal. In this case,
the surface state is protected by Cs, 71 and Ti;, and is forced to carry fractional
gapless excitations as a consequence and signature of the anomalous symmetries. For
instance, the charge e/4 Ising-like quasiparticle and the charge e/2 semion can in
principle be detected by shot noise tunneling experiments. These gapless fractional
excitations however are localized on the surface because the Dirac (semi)metallic bulk

only supports gapless electronic quasiparticles.
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Chapter 6

Conclusion

Dirac and Weyl (semi)metals have generated immense theoretical and experimental
interest. On the experimental front, this is fueled by an abundant variety of material
classes and their detectable ARPES and transport signatures. On the theoretical
front, Dirac/Weyl (semi)metal is the parent state that, under appropriate pertur-
bations, can give birth to a wide range of topological phases, such as topological
(crystalline) insulators and superconductors. In this work, we explored the conse-
quences of a specific type of strong many-body interaction based on a coupled-wire
description. In particular, we showed that (i) a 3D Dirac fermion can acquire a fi-
nite excitation energy gap in the many-body setting while preserving the symmetries
that forbid a single-body Dirac mass, and (ii) interaction can enable an anomalous
antiferromagnetic time-reversal symmetric topological (semi)metal whose low-energy
gapless degrees of freedom are entirely described by a pair of non-interacting elec-
tronic Weyl nodes separated in momentum space. We also extended this model to
the superconducting analogs of the Dirac Weyl semimetals. In 5, we have explicitly
constructed various forms of many body interactions that open gaps in the energy
spectrum while preserving the underlying symmetries present in coupled wire con-

structions of 3D Dirac nodal superconductors. In Sec. 4.3, we found that the gapped
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bulk of the two-dimensional y — z plane supports non-local fractional quasi-particles
that develop the non-trivial topological orders. When the system is extended into the
full three-dimensions, the fractional excitations can be still maintained to generate
the topological degeneracy. In this work, we indicate that the many-body interac-
tions generate non-trivial topological orders in three dimensions. However, it still
remains unresolved that how these non-local excitations behave in three dimensions.
The detailed physical behavior of these fractional particles can be studied in future
works.

Furthermore, we constructed a unimodular Fg gapping potential when there are
N = 16 Dirac channels along a vortex line. To build the Fg gapping potential,
we utilized SO(32) ~ Eg x Eg decomposition. The resulting gapped phase did not
support the topological order due to the unimodular property of the Eg lattice. In
general, even unimodular lattices exist in every dimensions multiples of 8.

A brief conceptual summary was presented in Sec. 2. We include a short discussion
on what are the broad implications of this work and then discuss possible future
directions:

Theoretical impact: We believe this work is a first step towards a duality
between quantum critical transitions of short-range entangled symmetry-protected
topological phases and long-range entangled symmetry-enriched topological phases.
The 3D topological order in these phases is completely different from 2D topological
order as it can have both point and line-like excitations and a much richer structure
[16]. There have been field-theoretical descriptions, along the lines of BF and Chern-
Simons theories, of 3D topological phases that support these richer structures, such
as loop braiding. However, there have been only very few exact solvable examples
and none of them patch the field-theoretical descriptions and microscopic electronic
systems. The construction presented in this work opens a new direction towards

making such a connection. The models are exactly solvable, and they originate from
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a microscopic Dirac electronic system with local 2-body interactions. They also have
potential impact on numerical modelling. For example, the interacting coupled wire
model can be approached by a lattice electronic model, which forgoes exact solvability
but potentially leads to new critical transitions between topological phases in 3D.
High-energy impact: For a single pair of Weyl nodes with opposite chirality,
time-reversal symmetry (TRS) must be broken. Hence, for time-reversal symmetric
systems, at least 4 Weyl nodes are required. In this dissertation, we have shown that,
as enabled by many-body interactions, an electronic system can support a single
pair of Weyl nodes in low-energy without violating TRS (c.f. Subsec. 3.3). Such
a material, if it exists, can be verified experimentally by ARPES | and as a non-
trivial consequence, our results assert that such a material must encode long-range
entanglement. The existence of a single pair of massless Weyl fermions without TRS
breaking in 341D can potentially provide new theories beyond the standard model.
Experimental realization: There have been numerous field-theoretical discus-
sions on possible properties of topologically ordered phases in 3D [313, 314, 4, 315,
316, 317, 318, 319]. However, unlike the 2D case there are no materials that exhibit
topological order (quasiparticle excitations) in 3D. In this work, we show that an
interacting Weyl or Dirac semimetal is a good place to start for the following reasons.
A symmetry preserving gap must result in topological order and fractionalization
(c.f. Subsec. 3.3). While it is entirely likely that interactions leads to a spontaneous
symmetry breaking phase, we show that there is no obstruction to realizing an in-
teracting phase that preserves symmetries. Such a gapping must support fractional-
ization, such as the e/4 charged Ising-like and e/2 charged semion-like quasiparticles
in the bulk, as predicted by our work. These charged particles can in principle be
measured using a shot noise experiment across a point contact. Moreover, the gap-
ping procedure involves Pfaffian channels so there should be excitations that mirror

those in a Pfaffian state. There would also be line-like excitations in 3D for which the
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experimental signature is not yet clear. Therefore, we believe an interaction-enabled,
symmetry-preserving gapped Weyl/Dirac semimetal is a good candidate for realizing
topologically ordered phases in 3D. As for the experimental verification of the anoma-
lous interaction-enabled Dirac semimetal, the electronic energy spectrum of a single
pair of momentum-separated Weyl nodes in the presence of time-reversal symmetry
can be measured using ARPES, assuming spontaneous symmetry-breaking is absent.
Although the proposed experimental signatures, if measured, will strongly point to-
wards the existence of such states, we cannot claim that such signatures provide a
smoking gun evidence yet. More work needs to be done for the complete characteri-
zation of the point-like and line-like topological order of these states and will be part
of a future work.

Apart from the 3D topological order having a much richer structure than 2D topo-
logical order, the 3D case presented in this work is qualitatively different from the
well-studied 2D case. In the 2D case, the massless Dirac surface state is anomalous
and lives on the boundary of a higher dimensional bulk. This is qualitatively distinct
from the 3D Dirac/Weyl (semi)metal, which does not require holographic projection
from a 4D bulk. In fact, a single 3D Weyl fermion, which is supported on the bound-
ary of a 4D topological insulator, cannot be gapped while preserving charge U(1)
conservation even with many-body interaction due to chiral anomaly. This serves
as a counter-example which distinguishes the gappability of 2D versus 3D boundary
state. Thus, it is not a priori an expected result that a Dirac/Weyl (semi)metal
can be gapped without breaking symmetries. Moreover, the topological origin of 3D
Dirac/Weyl (semi)metals relies on the addition of non-local spatial symmetry, in the
current 3D case, the Cy screw rotation. This is distinct from the 2D Dirac surface

case, where all symmetries are local.
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Chapter 7

Future Directions

Dirac/Weyl (semi)metals are a specific type of nodal electronic matter. For example,
nodal superconductors were studied in states with dx?-y? pairing [320], He? in its
superfluid A-phase [321, 322], and non-centrosymmetric states [323, 324]. Weyl and
Dirac fermions were generalized in TR and mirror symmetric systems to carry Zo
topological charge [325]. General classification and characterization of gapless nodal
semimetals and superconductors were proposed [326, 327, 328, 329, 330, 322, 22, 331].
It would be interesting to investigate the effect of strong many-body interactions in
general nodal systems.

In Sec. 3.2, we described a coarse-graining procedure of the coupled wire model
that resembles a real-space renormalization and allows one to integrate out high en-
ergy degrees of freedom. While this procedure was not required in the discussions that
follow because the many-body interacting model we considered was exactly solvable,
it may be useful in the analysis of generic interactions and disorder. The coarse-
graining procedure relied on the formation of vortices, which were introduced ex-
trinsically. Like superconducting vortices, it would be interesting as a theory and
essential in application to study the mechanism where the vortices of Dirac mass can

be generated dynamically. To this end, it may be helpful to explore the interplay
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between possible (anti)ferromagnetic orders and the spin-momentum locked Dirac
fermion through antisymmetric exchange interactions like the Dzyaloshinskii-Moriya
interaction [332, 333].

The symmetry-preserving many-body gapping interactions considered in Sec. 3.3
have a ground state that exhibits long-range entanglement. This entails degenerate
ground states when the system is compactified on a closed three dimensional manifold,
and fractional quasi-particle and quasi-string excitations or defects. These topolog-
ical order properties were not elaborated in our current work but will be crucial in
understanding the topological phase [16] as well as the future designs of detection and
observation. It would also be interesting to explore possible relationships between the
coupled wire construction and alternative exotic states in three dimensions, such as
the Haah’s code [334, 335].

The many-body inter-wire backscatterings proposed in Sec. 3.3.2 were based on
a fractionalization scheme described in 3.3.1 that decomposes a chiral Dirac channel
with (¢,v) = (1, 1) into a decoupled pair of Pfaffian ones each with (¢, v) = (1/2,1/2).
In theory, there are more exotic alternative partitions. For instance, if a Dirac chan-
nel can be split into three equal parts instead of two, an alternative coupled wire
model that put Dirac channels on a honeycomb vortex lattice could be constructed
by backscattering these fractionalized channels between adjacent pairs of wires. Such
higher order decompositions may already be available as conformal embeddings in the
CFT context. For example, the affine SU(2) Kac-Moody theory at level k& = 16 has
the central charge ¢ = 8/3, and its variation may serve as the basis of a “ternionic”
model.

In this work, we considered two models but the procedure and theoretical frame-
work can be extended to a number of other interacting three-dimensional models
with different sets of symmetries. We expect them to give a whole range of new

three-dimensional topological orders. It would be interesting to have a general classi-
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fication procedure of these SET states, but it remains unclear for now how to combine
crystal symmetries and conformal field theories in this description.

In the current models, the many-body interaction is between wires in a planar
direction which effectively leads to stacked gapped layers of topological order cou-
pled together. It would be interesting to see if the many-body interactions can be
introduced in both planar and inter-layer directions to get a topologically ordered
phase.

We discussed the fractional excitations as part of the topological order that can
arise in these gapped states. However, work on the complete characterization and
braiding statistics of these excitations is in progress and will appear soon. One of the
goals is to build a non-Abelian three-dimensional topological order beyond what is
presented in [289]. We believe this can be built out of the N=odd case in the gapped
interacting Dirac nodal superconductor.

Recently, there has been work on topological phase transitions between different
topologically ordered states in the Kitaev model [336]. One possible direction is to
study if there can be phase transitions between the various topologically ordered
phases of the Dirac nodal superconductor.

The current work relies on a coupled-wire description of obtaining three-dimensional
topological order. A future direction would be to come up with a fermion-fermion
interaction description to realize 3D topological order, which may be more useful for
realizing materials. We gave some antiferromagnetic stabilization arguments for the
topologically ordered phases in the gapped states. In the future, a more rigorous
stability analysis can be done using traditional RG flow methods.

Another avenue to explore is extending the coupled wire description to time-
dependent Floquet systems. Although non-interacting topological phases have been
well-studied, interacting Floquet systems are still an area of intense interest and

coupled-wire models might be useful in them.



140

Bibliography

1]

Alexei Kitaev. Anyons in an exactly solved model and beyond. Annals of

Physics, 321(1):2 — 111, 2006. January Special Issue.

Jeffrey C. Y. Teo and C. L. Kane. From luttinger liquid to non-abelian quantum
hall states. Phys. Rev. B, 89:085101, Feb 2014.

Gerald V. Dunne. Aspects of chern-simons theory, 1999.

Chenjie Wang and Michael Levin. Braiding statistics of loop excitations in three

dimensions. Phys. Rev. Lett., 113:080403, Aug 2014.

F. D. M. Haldane. Nonlinear field theory of large-spin heisenberg antiferromag-
nets: Semiclassically quantized solitons of the one-dimensional easy-axis neel

state. Phys. Rev. Lett., 50:1153, 1983.

Ian Affleck, Tom Kennedy, Elliott H. Lieb, and Hal Tasaki. Rigorous results on

valence-bond ground states in antiferromagnets. Phys. Rev. Lett., 59:799, 1987.

Syed Raza, Alexander Sirota, and Jeffrey C. Y. Teo. From dirac semimetals
to topological phases in three dimensions: A coupled-wire construction. Phys.

Rev. X, 9:011039, Feb 2019.

Moon Jip Park, Syed Raza, Matthew J. Gilbert, and Jeffrey C. Y. Teo. Cou-
pled wire models of interacting dirac nodal superconductors. Phys. Rev. B,

98:184514, Nov 2018.


http://link.aps.org/doi/10.1103/PhysRevLett.50.1153
http://link.aps.org/doi/10.1103/PhysRevLett.59.799

[9]

[10]

[11]

[12]

[15]

[16]

[17]

[18]

141

Dam Thanh Son. Is the composite fermion a dirac particle? Phys. Rev. X,

5:031027, Sep 2015.

Maissam Barkeshli, Michael Mulligan, and Matthew P. A. Fisher. Particle-hole

symmetry and the composite fermi liquid. Phys. Rev. B, 92:165125, Oct 2015.

Chong Wang and T. Senthil. Half-filled landau level, topological insulator sur-
faces, and three-dimensional quantum spin liquids. Phys. Rev. B, 93:085110,
Feb 2016.

David F. Mross, Andrew Essin, and Jason Alicea. Composite dirac liquids:
Parent states for symmetric surface topological order. Phys. Rev. X, 5:011011,
Feb 2015.

Charles L. Kane, Ady Stern, and Bertrand I. Halperin. Pairing in luttinger
liquids and quantum hall states. Phys. Rev. X, 7:031009, Jul 2017.

[an Affleck, Tom Kennedy, Elliott H. Lieb, and Hal Tasaki. Rigorous results on
valence-bond ground states in antiferromagnets. Phys. Rev. Lett., 59:799-802,
Aug 1987.

Ian Affleck, Tom Kennedy, Elliott H. Lieb, and Hal Tasaki. Valence bond
ground states in isotropic quantum antiferromagnets. Comm. Math. Phys.,

115(3):477-528, 1988.
Alexander Sirota, Syed Raza, and Jeffrey C. Y. Teo, 2017. to appear soon.

P. A. M. Dirac. The quantum theory of the electron. Proceedings of the
Royal Society of London A: Mathematical, Physical and Engineering Sciences,
117(778):610-624, 1928.

Hermann Weyl. Elektron und gravitation. i. Zeitschrift fir Physik, 56(5):330—
352, May 1929.



[19]

[21]

[22]

[23]

[24]

142

Oskar Vafek and Ashvin Vishwanath. Dirac fermions in solids: From high-tc
cuprates and graphene to topological insulators and weyl semimetals. Annual

Review of Condensed Matter Physics, 5(1):83-112, 2014.

Ari M. Turner and Ashvin Vishwanath. Chapter 11 - beyond band insulators:
Topology of semimetals and interacting phases. In Marcel Franz and Laurens

Molenkamp, editors, Topological Insulators, volume 6 of Contemporary Concepts

of Condensed Matter Science, pages 293 — 324. Elsevier, 2013.

M Zahid Hasan, Su-Yang Xu, and Guang Bian. Topological insulators, topo-
logical superconductors and weyl fermion semimetals: discoveries, perspectives

and outlooks. Physica Scripta, 2015(T164):014001, 2015.

Ching-Kai Chiu, Jeffrey C. Y. Teo, Andreas P. Schnyder, and Shinsei Ryu.
Classification of topological quantum matter with symmetries. Rev. Mod. Phys.,

88:035005, Aug 2016.

A. A. Burkov. Topological semimetals. Nature Materials, 15:1145-1148, Novem-
ber 2016.

S. Jia, S.-Y. Xu, and M. Z. Hasan. Weyl semimetals, Fermi arcs and chiral

anomalies. Nature Materials, 15:1140-1144, November 2016.

N. P. Armitage, E. J. Mele, and Ashvin Vishwanath. Weyl and dirac semimetals

in three-dimensional solids. Rev. Mod. Phys., 90:015001, Jan 2018.

Binghai Yan and Claudia Felser. Topological materials: Weyl semimetals. An-

nual Review of Condensed Matter Physics, 8(1):337-354, 2017.

A. H. Castro Neto, F. Guinea, N. M. R. Peres, K. S. Novoselov, and A. K.

Geim. The electronic properties of graphene. Rev. Mod. Phys., 81:109, 2009.


http://link.aps.org/doi/10.1103/RevModPhys.81.109

[28]

[29]

[30]

[31]

[32]

[33]

[35]

[36]

[37]

[38]

143

M. Z. Hasan and C. L. Kane. Topological insulators. Rev. Mod. Phys., 82:3045,
2010.

Xiao-Liang Qi and Shou-Cheng Zhang. Topological insulators and supercon-
ductors. Rev. Mod. Phys., 83:1057, 2011.

M Zahid Hasan and Joel E Moore. Three-dimensional topological insulators.

Annual Review of Condensed Matter Physics, 2(1):55-78, 2011.

Stephen L. Adler. Axial-vector vertex in spinor electrodynamics. Phys. Rev.,

177:2426-2438, Jan 1969.

J. S. Bell and R. Jackiw. A pcac puzzle: 70—+~ in the o-model. Il Nuovo
Cimento A (1965-1970), 60(1):47-61, Mar 1969.

H. B. Nielsen and M. Ninomiya. Absence of neutrinos on a lattice (I). Proof by
homotopy theory. Nuclear Physics B, 185:20-40, July 1981.

H.B. Nielsen and M. Ninomiya. A no-go theorem for regularizing chiral fermions.

Physics Letters B, 105(2):219 — 223, 1981.

H.B. Nielsen and Masao Ninomiya. The adler-bell-jackiw anomaly and weyl

fermions in a crystal. Phys. Lett. B, 130(6):389 — 396, 1983.

Shou-Cheng Zhang and Jiangping Hu. A four-dimensional generalization of the

quantum hall effect. Science, 294(5543):823-828, 2001.

Bogdan Andrei Bernevig, Chyh-Hong Chern, Jiang-Ping Hu, Nicolaos Toum-
bas, and Shou-Cheng Zhang. FEffective field theory description of the higher

dimensional quantum hall liquid. Annals of Physics, 300(2):185 — 207, 2002.

Xiao-Liang Qi, Taylor L. Hughes, and Shou-Cheng Zhang. Topological field

theory of time-reversal invariant insulators. Phys. Rev. B, 78:195424, 2008.



[39]

[43]

[44]

[47]

[48]

144

Shuichi Murakami. Phase transition between the quantum spin hall and insu-
lator phases in 3d: emergence of a topological gapless phase. New J. Phys.,
9:356, 2007.

Xiangang Wan, Ari M. Turner, Ashvin Vishwanath, and Sergey Y. Savrasov.
Topological semimetal and fermi-arc surface states in the electronic structure

of pyrochlore iridates. Phys. Rev. B, 83:205101, May 2011.

Kai-Yu Yang, Yuan-Ming Lu, and Ying Ran. Quantum hall effects in a weyl
semimetal: Possible application in pyrochlore iridates. Phys. Rev. B, 84:075129,
Aug 2011.

A. A. Burkov and Leon Balents. Weyl semimetal in a topological insulator

multilayer. Phys. Rev. Lett., 107:127205, Sep 2011.

A. A. Burkov, M. D. Hook, and Leon Balents. Topological nodal semimetals.
Phys. Rev. B, 84:235126, Dec 2011.

A. A. Zyuzin and A. A. Burkov. Topological response in weyl semimetals and

the chiral anomaly. Phys. Rev. B, 86:115133, Sep 2012.

Pavan Hosur and Xiaoliang Qi. Recent developments in transport phenomena

in weyl semimetals. Comptes Rendus Physique, 14(9-10):857 — 870, 2013.

Chao-Xing Liu, Peng Ye, and Xiao-Liang Qi. Chiral gauge field and axial

anomaly in a weyl semimetal. Phys. Rev. B, 87:235306, Jun 2013.

D. T. Son and B. Z. Spivak. Chiral anomaly and classical negative magnetore-

sistance of weyl metals. Phys. Rev. B, 88:104412, Sep 2013.

S. A. Parameswaran, T. Grover, D. A. Abanin, D. A. Pesin, and A. Vishwanath.
Probing the chiral anomaly with nonlocal transport in three-dimensional topo-

logical semimetals. Physical Review X, 4(3):031035—, 09 2014.



[49]

[50]

[51]

[52]

[53]

[54]

[56]

145

M. M. Vazifeh and M. Franz. Electromagnetic response of weyl semimetals.

Phys. Rev. Lett., 111:027201, Jul 2013.

Hongming Weng, Xi Dai, and Zhong Fang. Topological semimetals pre-
dicted from first-principles calculations. Journal of Physics: Condensed Matter,

28(30):303001, 2016.

Jianpeng Liu and David Vanderbilt. Weyl semimetals from noncentrosymmetric

topological insulators. Phys. Rev. B, 90:155316, Oct 2014.

Bahadur Singh, Ashutosh Sharma, H. Lin, M. Z. Hasan, R. Prasad, and A. Ban-
sil. Topological electronic structure and weyl semimetal in the tlbise; class of

semiconductors. Phys. Rev. B, 86:115208, Sep 2012.

Hongming Weng, Chen Fang, Zhong Fang, B. Andrei Bernevig, and Xi Dai.
Weyl semimetal phase in noncentrosymmetric transition-metal monophos-

phides. Phys. Rev. X, 5:011029, Mar 2015.

Shin-Ming Huang, Su-Yang Xu, Ilya Belopolski, Chi-Cheng Lee, Guoqing
Chang, BaoKai Wang, Nasser Alidoust, Guang Bian, Madhab Neupane, Chen-
glong Zhang, Shuang Jia, Arun Bansil, Hsin Lin, and M. Zahid Hasan. A weyl
fermion semimetal with surface fermi arcs in the transition metal monopnictide

taas class. Nature Communications, 6:7373, 6 2015.

Motoaki Hirayama, Ryo Okugawa, Shoji Ishibashi, Shuichi Murakami, and
Takashi Miyake. Weyl node and spin texture in trigonal tellurium and sele-

nium. Phys. Rev. Lett., 114:206401, May 2015.

J. Ruan, S.-K. Jian, H. Yao, H. Zhang, S.-C. Zhang, and D. Xing. Symmetry-
protected ideal Weyl semimetal in HgTe-class materials. Nature Communica-

tions, 7:11136, April 2016.



[57]

[60]

[61]

[62]

[63]

[64]

146

William Witczak-Krempa and Yong Baek Kim. Topological and magnetic
phases of interacting electrons in the pyrochlore iridates. Phys. Rev. B,

85:045124, Jan 2012.

Gang Chen and Michael Hermele. Magnetic orders and topological phases from

f-d exchange in pyrochlore iridates. Phys. Rev. B, 86:235129, Dec 2012.

Gang Xu, Hongming Weng, Zhijun Wang, Xi Dai, and Zhong Fang. Chern
semimetal and the quantized anomalous hall effect in hgcrysey.  Phys. Rev.

Lett., 107:186806, Oct 2011.

Daniel Bulmash, Chao-Xing Liu, and Xiao-Liang Qi. Prediction of a weyl
semimetal in hg, ,_ cd,mnyte. Phys. Rev. B, 89:081106, Feb 2014.

M. Zahid Hasan, Su-Yang Xu, Ilya Belopolski, and Shin-Ming Huang. Discovery
of weyl fermion semimetals and topological fermi arc states. Annual Review of

Condensed Matter Physics, 8(1):289-309, 2017.

Shuo Wang, Ben-Chuan Lin, An-Qi Wang, Da-Peng Yu, and Zhi-Min Liao.
Quantum transport in dirac and weyl semimetals: a review. Advances in

Physics: X, 2(3):518-544, 2017.

Su-Yang Xu, Ilya Belopolski, Nasser Alidoust, Madhab Neupane, Guang Bian,
Chenglong Zhang, Raman Sankar, Guoqing Chang, Zhujun Yuan, Chi-Cheng
Lee, Shin-Ming Huang, Hao Zheng, Jie Ma, Daniel S. Sanchez, BaoKai Wang,
Arun Bansil, Fangcheng Chou, Pavel P. Shibayev, Hsin Lin, Shuang Jia, and
M. Zahid Hasan. Discovery of a weyl fermion semimetal and topological fermi

arcs. Science, 349(6248):613-617, 2015.

B. Q. Lv, H. M. Weng, B. B. Fu, X. P. Wang, H. Miao, J. Ma, P. Richard,
X. C. Huang, L. X. Zhao, G. F. Chen, Z. Fang, X. Dai, T. Qian, and H. Ding.



[65]

[66]

147

Experimental discovery of weyl semimetal taas. Phys. Rev. X, 5:031013, Jul
2015.

L. X. Yang, Z. K. Liu, Y. Sun, H. Peng, H. F. Yang, T. Zhang, B. Zhou,
Y. Zhang, Y. F. Guo, M. Rahn, D. Prabhakaran, Z. Hussain, S. K. Mo, C. Felser,
B. Yan, and Y. L. Chen. Weyl semimetal phase in the non-centrosymmetric

compound taas. Nat Phys, 11(9):728-732, 09 2015.

B. Q. Lv, N. Xu, H. M. Weng, J. Z. Ma, P. Richard, X. C. Huang, L. X. Zhao,
G. F. Chen, C. E. Matt, F. Bisti, V. N. Strocov, J. Mesot, Z. Fang, X. Dai,
T. Qian, M. Shi, and H. Ding. Observation of weyl nodes in taas. Nat Phys,
11(9):724-727, Sep 2015.

Ilya Belopolski, Su-Yang Xu, Daniel S. Sanchez, Guoqing Chang, Cheng Guo,
Madhab Neupane, Hao Zheng, Chi-Cheng Lee, Shin-Ming Huang, Guang Bian,
Nasser Alidoust, Tay-Rong Chang, BaoKai Wang, Xiao Zhang, Arun Bansil,
Horng-Tay Jeng, Hsin Lin, Shuang Jia, and M. Zahid Hasan. Criteria for
directly detecting topological fermi arcs in weyl semimetals. Phys. Rev. Lett.,

116:066802, Feb 2016.

S.-Y. Xu, N. Alidoust, I. Belopolski, Z. Yuan, G. Bian, T.-R. Chang, H. Zheng,
V. N. Strocov, D. S. Sanchez, G. Chang, C. Zhang, D. Mou, Y. Wu, L. Huang,
C.-C. Lee, S.-M. Huang, B. Wang, A. Bansil, H.-T. Jeng, T. Neupert, A. Kamin-
ski, H. Lin, S. Jia, and M. Zahid Hasan. Discovery of a Weyl fermion state with

Fermi arcs in niobium arsenide. Nature Physics, 11:748-754, September 2015.

7Z K Liu, L X Yang, Y Sun, T Zhang, Han Peng, YANG Haifeng, C Chen,
Yi Zhang, Yanfeng Guo, D Prabhakaran, M Schmidt, Zahid Hussain, Sung-
Kwan Mo, Claudia Felser, Binghai Yan, and Y L Chen. Evolution of the fermi



[70]

[73]

[74]

[75]

148

surface of weyl semimetals in the transition metal pnictide family. Nature Ma-

terials, 15:27-31, 2016.

G. Chang, B. J. Wieder, F. Schindler, D. S. Sanchez, 1. Belopolski, S.-M. Huang,
B. Singh, D. Wu, T. Neupert, T.-R. Chang, S.-Y. Xu, H. Lin, and M. Za-
hid Hasan. Topological quantum properties of chiral crystals. ArXiv e-prints,

November 2016.

Xiaochun Huang, Lingxiao Zhao, Yujia Long, Peipei Wang, Dong Chen, Zhan-
hai Yang, Hui Liang, Mianqi Xue, Hongming Weng, Zhong Fang, Xi Dai, and
Genfu Chen. Observation of the chiral-anomaly-induced negative magnetore-

sistance in 3d weyl semimetal taas. Phys. Rev. X, 5:031023, Aug 2015.

C. Zhang, S.-Y. Xu, I. Belopolski, Z. Yuan, Z. Lin, B. Tong, N. Alidoust, C.-C.
Lee, S.-M. Huang, H. Lin, M. Neupane, D. S. Sanchez, H. Zheng, G. Bian,
J. Wang, C. Zhang, T. Neupert, M. Zahid Hasan, and S. Jia. Signatures of the
adlerbelljackiw chiral anomaly in a weyl fermion semimetal. Nature Communi-

cations, 7:10735, 2016.

J. Hu, J. Y. Liu, D. Graf, S. M. A Radmanesh, D. J. Adams, A. Chuang,
Y. Wang, I. Chiorescu, J. Wei, L. Spinu, and Z. Q. Mao. Berry phase and
Zeeman splitting of Weyl semimetal TaP. Scientific Reports, 6:18674, January
2016.

A. Corinna Niemann, J. Gooth, S.-C. Wu, S. Bafller, P. Sergelius, R. Hiihne,
B. Rellinghaus, C. Shekhar, V. Sif; M. Schmidt, C. Felser, B. Yan, and
K. Nielsch. Chiral magnetoresistance in the Weyl semimetal NbP. Scientific
Reports, 7:43394, March 2017.

Yupeng Li, Zhen Wang, Pengshan Li, Xiaojun Yang, Zhixuan Shen, Feng Sheng,

Xiaodong Li, Yunhao Lu, Yi Zheng, and Zhu-An Xu. Negative magnetoresis-



[76]

[77]

[79]

[30]

[81]

149

tance in weyl semimetals nbas and nbp: Intrinsic chiral anomaly and extrinsic

effects. Frontiers of Physics, 12(3):127205, Jun 2017.

J. Gooth, A. C. Niemann, T. Meng, A. G. Grushin, K. Landsteiner, B. Gots-
mann, F. Menges, M. Schmidt, C. Shekhar, V. Siif}, R. Hithne, B. Rellinghaus,
C. Felser, B. Yan, and K. Nielsch. Experimental signatures of the mixed axial-
gravitational anomaly in the Weyl semimetal NbP. Nature, 547:324-327, July

2017.

Sudesh, P. Kumar, P. Neha, T. Das, and S. Patnaik. Evidence for trivial Berry
phase and absence of chiral anomaly in semimetal NbP. Scientific Reports,

7:46062, April 2017.

Jeffrey C. Y. Teo, Liang Fu, and C. L. Kane. Surface states and topological
invariants in three-dimensional topological insulators: Application to bi;_,sb,.

Phys. Rev. B, 78:045426, Jul 2008.

Timothy H. Hsieh, Hsin Lin, Junwei Liu, Wenhui Duan, Arun Bansil, and Liang
Fu. Topological crystalline insulators in the snte material class. Nat. Commun.,

3:982, 07 2012.

T. Sato, K. Segawa, K. Kosaka, S. Souma, K. Nakayama, K. Eto, T. Minami,
Y. Ando, and T. Takahashi. Unexpected mass acquisition of Dirac fermions

at the quantum phase transition of a topological insulator. Nature Physics,

7:840-844, November 2011.

S. Souma, M. Komatsu, M. Nomura, T. Sato, A. Takayama, T. Takahashi,
K. Eto, Kouji Segawa, and Yoichi Ando. Spin polarization of gapped dirac

surface states near the topological phase transition in TIBi(si_,se;),. Phys.

Rev. Lett., 109:186804, Nov 2012.



[82]

[83]

[84]

[85]

[87]

150

Su-Yang Xu, Y. Xia, L. A. Wray, S. Jia, F. Meier, J. H. Dil, J. Osterwalder,
B. Slomski, A. Bansil, H. Lin, R. J. Cava, and M. Z. Hasan. Topological phase
transition and texture inversion in a tunable topological insulator. Science,

332(6029):560-564, 2011.

Matthew Brahlek, Namrata Bansal, Nikesh Koirala, Su-Yang Xu, Madhab Ne-
upane, Chang Liu, M. Zahid Hasan, and Seongshik Oh. Topological-metal
to band-insulator transition in (bi;_,in,),se; thin films. Phys. Rev. Lett.,

109:186403, Oct 2012.

L. Wu, M. Brahlek, R. Valdés Aguilar, A. V. Stier, C. M. Morris, Y. Luba-
shevsky, L. S. Bilbro, N. Bansal, S. Oh, and N. P. Armitage. A sudden
collapse in the transport lifetime across the topological phase transition in

(Biy_,In,)sSes. Nature Physics, 9:410-414, July 2013.

M. Orlita, D. M. Basko, M. S. Zholudev, F. Teppe, W. Knap, V. I. Gavrilenko,
N. N. Mikhailov, S. A. Dvoretskii, P. Neugebauer, C. Faugeras, A.-L. Barra,
G. Martinez, and M. Potemski. 3D massless Kane fermions observed in a zinc-

blende crystal. Nature Physics, 10:233-238, January 2014.

Y. Du, B. Wan, D. Wang, L. Sheng, C.-G. Duan, and X. Wan. Dirac and
Weyl Semimetal in XYBi (X=Ba, Eu; Y=Cu, Ag and Au). Scientific Reports,
5:14423, September 2015.

Q. D. Gibson, L. M. Schoop, L. Muechler, L. S. Xie, M. Hirschberger, N. P. Ong,
R. Car, and R. J. Cava. Three-dimensional dirac semimetals: Design principles

and predictions of new materials. Phys. Rev. B, 91:205128, May 2015.

Q. Li, D. E. Kharzeev, C. Zhang, Y. Huang, I. Pletikosi¢, A. V. Fedorov, R. D.
Zhong, J. A. Schneeloch, G. D. Gu, and T. Valla. Chiral magnetic effect in
ZrTes. Nature Physics, 12:550-554, June 2016.



[89]

[90]

[91]

[92]

[95]

[96]

151

S. M. Young, S. Zaheer, J. C. Y. Teo, C. L. Kane, E. J. Mele, and A. M. Rappe.

Dirac semimetal in three dimensions. Phys. Rev. Lett., 108:140405, Apr 2012.

Julia A. Steinberg, Steve M. Young, Saad Zaheer, C. L. Kane, E. J. Mele, and
Andrew M. Rappe. Bulk dirac points in distorted spinels. Phys. Rev. Lett.,
112:036403, Jan 2014.

Zhijun Wang, Hongming Weng, Quansheng Wu, Xi Dai, and Zhong Fang.
Three-dimensional dirac semimetal and quantum transport in cdsass. Phys.

Rev. B, 88:125427, Sep 2013.

Zhijun Wang, Yan Sun, Xing-Qiu Chen, Cesare Franchini, Gang Xu, Hong-
ming Weng, Xi Dai, and Zhong Fang. Dirac semimetal and topological phase
transitions in Asbi (a = Na, k, rb). Phys. Rev. B, 85:195320, May 2012.

Anja Konig and N. David Mermin. Electronic level degeneracy in nonsymmor-

phic periodic or aperiodic crystals. Phys. Rev. B, 56:13607-13610, Dec 1997.

S. A. Parameswaran, A. M. Turner, D. P. Arovas, and A. Vishwanath. Topolog-
ical order and absence of band insulators at integer filling in non-symmorphic

crystals. Nature Physics, 9:299-303, May 2013.

Haruki Watanabe, Hoi Chun Po, Ashvin Vishwanath, and Michael Zaletel. Fill-
ing constraints for spin-orbit coupled insulators in symmorphic and nonsymmor-
phic crystals. Proceedings of the National Academy of Sciences, 112(47):14551—
14556, 2015.

Yige Chen, Heung-Sik Kim, and Hae-Young Kee. Topological crystalline

semimetals in nonsymmorphic lattices. Phys. Rev. B, 93:155140, Apr 2016.



[97]

[99]

[100]

[101]

[102]

[103]

152

Haruki Watanabe, Hoi Chun Po, Michael P. Zaletel, and Ashvin Vishwanath.
Filling-enforced gaplessness in band structures of the 230 space groups. Phys.
Rev. Lett., 117:096404, Aug 2016.

B. Bradlyn, L. Elcoro, J. Cano, M. G. Vergniory, Z. Wang, C. Felser, M. L.
Aroyo, and B. A. Bernevig. Topological quantum chemistry. Nature, 547:298—
305, July 2017.

R. Chen, H. C. Po, J. B. Neaton, and A. Vishwanath. Topological materials
discovery using electron filling constraints. Nature Physics, 14:55, Oct 2017.

Article.

Z. K. Liu, J. Jiang, B. Zhou, Z. J. Wang, Y. Zhang, H. M. Weng, D. Prab-
hakaran, S-K. Mo, H. Peng, P. Dudin, T. Kim, M. Hoesch, Z. Fang, X. Dai,
7. X. Shen, D. L. Feng, Z. Hussain, and Y. L. Chen. A stable three-dimensional

topological dirac semimetal cd3as2. Nat. Mater., 13:677, 07 2014.

Madhab Neupane, Su-Yang Xu, Raman Sankar, Nasser Alidoust, Guang Bian,
Chang Liu, Ilya Belopolski, Tay-Rong Chang, Horng-Tay Jeng, Hsin Lin,
Arun Bansil, Fangcheng Chou, and M. Zahid Hasan. Observation of a three-
dimensional topological dirac semimetal phase in high-mobility cd3as2. Nat.

Commun., 5:3786, 05 2014.

Sergey Borisenko, Quinn Gibson, Danil Evtushinsky, Volodymyr Zabolotnyy,
Bernd Biichner, and Robert J. Cava. Experimental realization of a three-

dimensional dirac semimetal. Phys. Rev. Lett., 113:027603, Jul 2014.

7. K. Liu, B. Zhou, Y. Zhang, Z. J. Wang, H. M. Weng, D. Prabhakaran, S.-K.
Mo, Z. X. Shen, Z. Fang, X. Dai, Z. Hussain, and Y. L. Chen. Discovery of a
three-dimensional topological dirac semimetal, na3bi. Science, 343(6173):864—
867, 2014.



[104]

[105]

[106]

[107]

[108]

[109]

153

Su-Yang Xu, Chang Liu, Satya K. Kushwaha, Raman Sankar, Jason W. Krizan,
Ilya Belopolski, Madhab Neupane, Guang Bian, Nasser Alidoust, Tay-Rong
Chang, Horng-Tay Jeng, Cheng-Yi Huang, Wei-Feng Tsai, Hsin Lin, Pavel P.
Shibayev, Fang-Cheng Chou, Robert J. Cava, and M. Zahid Hasan. Observation
of fermi arc surface states in a topological metal. Science, 347(6219):294-298,
2015.

Sangjun Jeon, Brian B. Zhou, Andras Gyenis, Benjamin E. Feldman, Itamar
Kimchi, Andrew C. Potter, Quinn D. Gibson, Robert J. Cava, Ashvin Vish-
wanath, and Ali Yazdani. Landau quantization and quasiparticle interference

in the three-dimensional dirac semimetal cd3as2. Nat. Mater., 13:851, 09 2014.

Heon-Jung Kim, Ki-Seok Kim, J.-F. Wang, M. Sasaki, N. Satoh, A. Ohnishi,
M. Kitaura, M. Yang, and L. Li. Dirac versus weyl fermions in topological in-
sulators: Adler-bell-jackiw anomaly in transport phenomena. Phys. Rev. Lett.,

111:246603, Dec 2013.

Tian Liang, Quinn Gibson, Mazhar N. Ali, Minhao Liu, R. J. Cava, and N. P.
Ong. Ultrahigh mobility and giant magnetoresistance in the dirac semimetal

cd3as2. Nat Mater, 14(3):280-284, 03 2015.

L. P. He, X. C. Hong, J. K. Dong, J. Pan, Z. Zhang, J. Zhang, and S. Y. Li.
Quantum transport evidence for the three-dimensional dirac semimetal phase

in cdzasy. Phys. Rev. Lett., 113:246402, Dec 2014.

Z. J. Xiang, D. Zhao, Z. Jin, C. Shang, L. K. Ma, G. J. Ye, B. Lei, T. Wu,
7. C. Xia, and X. H. Chen. Angular-dependent phase factor of shubnikov”de
haas oscillations in the dirac semimetal cdsasy. Phys. Rev. Lett., 115:226401,

Nov 2015.



[110]

[111]

[112]

[113]

[114]

[115]

[116]

154

Junya Feng, Yuan Pang, Desheng Wu, Zhijun Wang, Hongming Weng, Jianqi
Li, Xi Dai, Zhong Fang, Youguo Shi, and Li Lu. Large linear magnetoresistance
in dirac semimetal cdsass with fermi surfaces close to the dirac points. Phys.

Rev. B, 92:081306, Aug 2015.

C.-Z. Li, L.-X. Wang, H. Liu, J. Wang, Z.-M. Liao, and D.-P. Yu. Giant
negative magnetoresistance induced by the chiral anomaly in individual CdzAs,

nanowires. Nature Communications, 6:10137, December 2015.

H. Li, H. He, H.-Z. Lu, H. Zhang, H. Liu, R. Ma, Z. Fan, S.-Q. Shen, and
J. Wang. Negative magnetoresistance in Dirac semimetal Cd3Asy. Nature Com-

munications, 7:10301, January 2016.

Shih-Ting Guo, R. Sankar, Yung-Yu Chien, Tay-Rong Chang, Horng-Tay Jeng,
Guang-Yu Guo, F. C. Chou, and Wei-Li Lee. Large transverse hall-like signal
in topological dirac semimetal cd3as2. Scientific Reports, 6:27487, Jun 2016.

Article.

C. Zhang, E. Zhang, W. Wang, Y. Liu, Z.-G. Chen, S. Lu, S. Liang, J. Cao,
X. Yuan, L. Tang, Q. Li, C. Zhou, T. Gu, Y. Wu, J. Zou, and F. Xiu. Room-
temperature chiral charge pumping in Dirac semimetals. Nature Communica-

tions, 8:13741, January 2017.

Jun Xiong, Satya K. Kushwaha, Tian Liang, Jason W. Krizan, Max
Hirschberger, Wudi Wang, R. J. Cava, and N. P. Ong. Evidence for the chiral

anomaly in the dirac semimetal na3bi. Science, 350(6259):413-416, 2015.

Guolin Zheng, Jianwei Lu, Xiangde Zhu, Wei Ning, Yuyan Han, Hongwei Zhang,
Jinglei Zhang, Chuanying Xi, Jiyong Yang, Haifeng Du, Kun Yang, Yuheng
Zhang, and Mingliang Tian. Transport evidence for the three-dimensional dirac

semimetal phase in ZrTes. Phys. Rev. B, 93:115414, Mar 2016.



[117]

[118]

[119]

[120]

[121]

[122]

155

Tian Liang, Jingjing Lin, Quinn Gibson, Satya Kushwaha, Minhao Liu, Wudi
Wang, Hongyu Xiong, Jonathan A. Sobota, Makoto Hashimoto, Patrick S.
Kirchmann, Zhi-Xun Shen, R. J. Cava, and N. P. Ong. Anomalous hall effect
in zrteb. Nature Physics, 14(5):451-455, 2018.

X. Yuan, C. Zhang, Y. Liu, A. Narayan, C. Song, S. Shen, X. Sui, J. Xu, H. Yu,
Z. An, J. Zhao, S. Sanvito, H. Yan, and F. Xiu. Observation of quasi-two-
dimensional Dirac fermions in ZrTeb. NPG Asia Materials, 8:¢325, November

2016.

Huichao Wang, Chao-Kai Li, Haiwen Liu, Jiagiang Yan, Junfeng Wang, Jun
Liu, Ziquan Lin, Yanan Li, Yong Wang, Liang Li, David Mandrus, X. C. Xie,
Ji Feng, and Jian Wang. Chiral anomaly and ultrahigh mobility in crystalline
HfTes. Phys. Rev. B, 93:165127, Apr 2016.

Wenshuai Gao, Ningning Hao, Fa-Wei Zheng, Wei Ning, Min Wu, Xiangde
Zhu, Guolin Zheng, Jinglei Zhang, Jianwei Lu, Hongwei Zhang, Chuanying Xi,
Jiyong Yang, Haifeng Du, Ping Zhang, Yuheng Zhang, and Mingliang Tian.
Extremely large magnetoresistance in a topological semimetal candidate pyrite

ptbi,. Phys. Rev. Lett., 118:256601, Jun 2017.

A. Akrap, M. Hakl, S. Tchoumakov, I. Crassee, J. Kuba, M. O. Goerbig, C. C.
Homes, O. Caha, J. Novak, F. Teppe, W. Desrat, S. Koohpayeh, L. Wu, N. P.
Armitage, A. Nateprov, E. Arushanov, Q. D. Gibson, R. J. Cava, D. van der
Marel, B. A. Piot, C. Faugeras, G. Martinez, M. Potemski, and M. Orlita.
Magneto-optical signature of massless kane electrons in cdzas,. Phys. Rew.

Lett., 117:136401, Sep 2016.

Tian Liang, Jingjing Lin, Quinn Gibson, Tong Gao, Max Hirschberger, Minhao

Liu, R. J. Cava, and N. P. Ong. Anomalous nernst effect in the dirac semimetal



[123]

[124]

[125]

[126]

[127]

[128]

156

cdsasy. Phys. Rev. Lett., 118:136601, Mar 2017.

Hongming Weng, Xi Dai, and Zhong Fang. Transition-metal pentatelluride
ZrTes and HfTes: A paradigm for large-gap quantum spin hall insulators. Phys.
Rev. X, 4:011002, Jan 2014.

Xiang-Bing Li, Wen-Kai Huang, Yang-Yang Lv, Kai-Wen Zhang, Chao-Long
Yang, Bin-Bin Zhang, Y. B. Chen, Shu-Hua Yao, Jian Zhou, Ming-Hui Lu,
Li Sheng, Shao-Chun Li, Jin-Feng Jia, Qi-Kun Xue, Yan-Feng Chen, and Ding-
Yu Xing. Experimental observation of topological edge states at the surface
step edge of the topological insulator zrtes. Phys. Rev. Lett., 116:176803, Apr
2016.

R. Wu, J.-Z. Ma, S.-M. Nie, L.-X. Zhao, X. Huang, J.-X. Yin, B.-B. Fu,
P. Richard, G.-F. Chen, Z. Fang, X. Dai, H.-M. Weng, T. Qian, H. Ding, and
S. H. Pan. Evidence for topological edge states in a large energy gap near the

step edges on the surface of zrtes. Phys. Rev. X, 6:021017, May 2016.

L. Moreschini, J. C. Johannsen, H. Berger, J. Denlinger, C. Jozwiak, E. Roten-
berg, K. S. Kim, A. Bostwick, and M. Grioni. Nature and topology of the

low-energy states in zrtes. Phys. Rev. B, 94:081101, Aug 2016.

G. Manzoni, L. Gragnaniello, G. Autes, T. Kuhn, A. Sterzi, F. Cilento, M. Za-
cchigna, V. Enenkel, I. Vobornik, L. Barba, F. Bisti, Ph. Bugnon, A. Ma-
grez, V. N. Strocov, H. Berger, O. V. Yazyev, M. Fonin, F. Parmigiani, and
A. Crepaldi. Evidence for a strong topological insulator phase in zrtes. Phys.

Rev. Lett., 117:237601, Nov 2016.

G. Manzoni, A. Crepaldi, G. Auts, A. Sterzi, F. Cilento, A. Akrap, I. Vobornik,
L. Gragnaniello, Ph. Bugnon, M. Fonin, H. Berger, M. Zacchigna, O.V. Yazyev,

and F. Parmigiani. Temperature dependent non-monotonic bands shift in zrte5.



[129]

[130]

[131]

[132]

[133]

[134]

[135]

157

Journal of Electron Spectroscopy and Related Phenomena, 219(Supplement C):9

— 15, 2017. SI: The electronic structure of 2D and layered materials.

7. Fan, Q.-F. Liang, Y. B. Chen, S.-H. Yao, and J. Zhou. Transition between
strong and weak topological insulator in ZrTe; and HfTe;. Scientific Reports,

7:45667, April 2017.

Chong Wang, Andrew C. Potter, and T. Senthil. Gapped symmetry preserving
surface state for the electron topological insulator. Phys. Rev. B, 88:115137,
Sep 2013.

Max A. Metlitski, C. L. Kane, and Matthew P. A. Fisher. Symmetry-respecting
topologically ordered surface phase of three-dimensional electron topological

insulators. Phys. Rev. B, 92:125111, Sep 2015.

Xie Chen, Lukasz Fidkowski, and Ashvin Vishwanath. Symmetry enforced non-
abelian topological order at the surface of a topological insulator. Phys. Rewv.

B, 89:165132, Apr 2014.

Parsa Bonderson, Chetan Nayak, and Xiao-Liang Qi. A time-reversal invari-
ant topological phase at the surface of a 3d topological insulator. Journal of

Statistical Mechanics: Theory and Ezxperiment, 2013(09):P09016, 2013.

Lukasz Fidkowski, Xie Chen, and Ashvin Vishwanath. Non-abelian topological
order on the surface of a 3d topological superconductor from an exactly solved

model. Phys. Rev. X, 3:041016, Nov 2013.

M. A. Metlitski, L. Fidkowski, X. Chen, and A. Vishwanath. Interaction ef-
fects on 3D topological superconductors: surface topological order from vortex

condensation, the 16 fold way and fermionic Kramers doublets. ArXiv e-prints,

June 2014.


http://link.aps.org/doi/10.1103/PhysRevX.3.041016

[136]

[137]

138

[139]

[140]

[141]

[142]

143

[144]

[145]

158

C. S. O’Hern, T. C. Lubensky, and J. Toner. Sliding phases in XY models,
crystals, and cationic lipid-dna complexes. Phys. Rev. Lett., 83:2745-2748, Oct

1999.

V. J. Emery, E. Fradkin, S. A. Kivelson, and T. C. Lubensky. Quantum theory
of the smectic metal state in stripe phases. Phys. Rev. Lett., 85:2160-2163, Sep

2000.

Ashvin Vishwanath and David Carpentier. Two-dimensional anisotropic non-
fermi-liquid phase of coupled luttinger liquids. Phys. Rev. Lett., 86:676-679,
Jan 2001.

S. L. Sondhi and Kun Yang. Sliding phases via magnetic fields. Phys. Rev. B,
63:054430, Jan 2001.

Ranjan Mukhopadhyay, C. L. Kane, and T. C. Lubensky. Crossed sliding lut-
tinger liquid phase. Phys. Rev. B, 63:081103, Feb 2001.

C. L. Kane, Ranjan Mukhopadhyay, and T. C. Lubensky. Fractional quantum

hall effect in an array of quantum wires. Phys. Rev. Lett., 88:036401, Jan 2002.

R. B. Laughlin. Anomalous quantum hall effect: An incompressible quantum
fluid with fractionally charged excitations. Phys. Rev. Lett., 50:1395-1398, May
1983.

F. D. M. Haldane. Fractional quantization of the hall effect: A hierarchy of

incompressible quantum fluid states. Phys. Rev. Lett., 51:605, 1983.

B. I. Halperin. Statistics of quasiparticles and the hierarchy of fractional quan-

tized hall states. Phys. Rev. Lett., 52:1583, 1984.

Jelena Klinovaja and Daniel Loss. Integer and fractional quantum hall effect in

a strip of stripes. The Furopean Physical Journal B, 87:171, 2014.


http://link.aps.org/doi/10.1103/PhysRevLett.51.605
http://link.aps.org/doi/10.1103/PhysRevLett.52.1583

[146]

[147]

148

[149]

[150]

[151]

[152]

[153]

[154]

[155]

159

Tobias Meng, Peter Stano, Jelena Klinovaja, and Daniel Loss. Helical nuclear

spin order in a strip of stripes in the quantum hall regime. The European

Physical Journal B, 87:203, 2014.

Eran Sagi, Yuval Oreg, Ady Stern, and Bertrand I. Halperin. Imprint of topolog-
ical degeneracy in quasi-one-dimensional fractional quantum hall states. Phys.

Rev. B, 91:245144, Jun 2015.

Yuval Oreg, Eran Sela, and Ady Stern. Fractional helical liquids in quantum
wires. Phys. Rev. B, 89:115402, Mar 2014.

E. M. Stoudenmire, David J. Clarke, Roger S. K. Mong, and Jason Alicea.
Assembling fibonacci anyons from a F 3 parafermion lattice model. Phys. Rev.

B, 91:235112, Jun 2015.

Tobias Meng, Titus Neupert, Martin Greiter, and Ronny Thomale. Coupled-

wire construction of chiral spin liquids. Phys. Rev. B, 91:241106, Jun 2015.

Gregory Gorohovsky, Rodrigo G. Pereira, and Eran Sela. Chiral spin liquids in

arrays of spin chains. Phys. Rev. B, 91:245139, Jun 2015.

Titus Neupert, Claudio Chamon, Christopher Mudry, and Ronny Thomale.
Wire deconstructionism of two-dimensional topological phases. Phys. Rev. B,

90:205101, Nov 2014.

Jelena Klinovaja and Yaroslav Tserkovnyak. Quantum spin hall effect in strip

of stripes model. Phys. Rev. B, 90:115426, Sep 2014.

Eran Sagi and Yuval Oreg. Non-abelian topological insulators from an array of

quantum wires. Phys. Rev. B, 90:201102, Nov 2014.

Eran Sagi and Yuval Oreg. From an array of quantum wires to three-dimensional

fractional topological insulators. Phys. Rev. B, 92:195137, Nov 2015.



[156]

[157]

[158]

[159]

[160]

161]

[162]

163

160

Raul A. Santos, Chia-Wei Huang, Yuval Gefen, and D. B. Gutman. Fractional
topological insulators: From sliding luttinger liquids to chern-simons theory.

Phys. Rev. B, 91:205141, May 2015.

Roger S.K. Mong, David J. Clarke, Jason Alicea, Netanel H. Lindner, Paul
Fendley, Chetan Nayak, Yuval Oreg, Ady Stern, Erez Berg, Kirill Shtengel,
and Matthew P.A. Fisher. Universal topological quantum computation from a

superconductor-abelian quantum hall heterostructure. Phys. Rev. X, 4:011036,
Mar 2014.

Inbar Seroussi, Erez Berg, and Yuval Oreg. Topological superconducting phases

of weakly coupled quantum wires. Phys. Rev. B, 89:104523, Mar 2014.

David F. Mross, Jason Alicea, and Olexei I. Motrunich. Explicit derivation
of duality between a free dirac cone and quantum electrodynamics in (2 + 1)

dimensions. Phys. Rev. Lett., 117:016802, Jun 2016.

David F. Mross, Jason Alicea, and Olexei I. Motrunich. Symmetry and duality
in bosonization of two-dimensional dirac fermions. Phys. Rev. X, 7:041016, Oct

2017.

Tobias Meng. Fractional topological phases in three-dimensional coupled-wire

systems. Phys. Rev. B, 92:115152, Sep 2015.

Thomas Iadecola, Titus Neupert, Claudio Chamon, and Christopher Mudry.
Wire constructions of abelian topological phases in three or more dimensions.

Phys. Rev. B, 93:195136, May 2016.

T. Tadecola, T. Neupert, C. Chamon, and C. Mudry. Non-Abelian topological
phases in three spatial dimensions from coupled wires. ArXiv e-prints, March

2017.



[164]

[165]

[166]

[167]

[168]

[169]

[170]

171]

[172]

[173]

161

M. M. Vazifeh. Weyl semimetal from the honeycomb array of topological insu-

lator nanowires. EPL (Europhysics Letters), 102(6):67011, 2013.

Tobias Meng, Adolfo G. Grushin, Kirill Shtengel, and Jens H. Bardarson. The-
ory of a 3+1d fractional chiral metal: Interacting variant of the weyl semimetal.

Phys. Rev. B, 94:155136, Oct 2016.

Sharmistha Sahoo, Zhao Zhang, and Jeffrey C. Y. Teo. Coupled wire model
of symmetric majorana surfaces of topological superconductors. Phys. Rev. B,

94:165142, Oct 2016.

Jeffrey C. Y. Teo and C. L. Kane. Topological defects and gapless modes in

insulators and superconductors. Phys. Rev. B, 82:115120, Sep 2010.

R. Jackiw and P. Rossi. Zero modes of the vortex-fermion system. Nucl. Phys.

B, 190:681, 1981.

Michael F. Atiyah and Isadore M. Singer. The index of elliptic operators on
compact manifolds. Bull. Amer. Math. Soc., 69:422, 1963.

Mikio Nakahara. Geometry, Topology and Physics, Second Edition (Graduate
Student Series in Physics). Taylor & Francis, 06 2003.

William P. Reinhardt and Peter L. Walker. Jacobian Elliptic Functions, chap-

ter 22. Cambridge University Press, 2010.

Roger S. K. Mong, Andrew M. Essin, and Joel E. Moore. Antiferromagnetic

topological insulators. Phys. Rev. B, 81:245209, Jun 2010.

W. P. Su, J. R. Schrieffer, and A. J. Heeger. Soliton excitations in polyacetylene.
Phys. Rev. B, 22:2099-2111, Aug 1980.



[174]

[175]

[176]

[177]

[178]

[179]

[180]

[181]

[182]

[183]

[184]

162

Andreas P. Schnyder, Shinsei Ryu, Akira Furusaki, and Andreas W. W. Lud-
wig. Classification of topological insulators and superconductors in three spatial

dimensions. Phys. Rev. B, 78:195125, 2008.

Alexei Kitaev. Periodic table for topological insulators and superconductors.

AIP Conf. Proc., 1134:22, 2008.

R. Jackiw and C. Rebbi. Solitons with fermion number 4. Phys. Rev. D,
13:3398-3409, Jun 1976.

P. Di Francesco, P. Mathieu, and D. Senechal. Conformal Field Theory.
Springer, New York, 1999.

N. Read and G. Moore. Nonabelions in the fractional quantum hall effect. Nucl.
Phys. B, 360:362, 1991.

N. Read and G. Moore. Fractional quantum hall effect and nonabelian statistics.

Progress of Theoretical Physics Supplement, 107:157-166, 1992.

Martin Greiter, Xiao-Gang Wen, and Frank Wilczek. Paired hall state at half
filling. Phys. Rev. Lett., 66:3205-3208, Jun 1991.

Martin Greiter, Xiao-Gang Wen, and Frank Wilczek. Paired hall states. Nucl.
Phys. B, 374:567, 1992.

Michael Levin, Bertrand I. Halperin, and Bernd Rosenow. Particle-hole sym-

metry and the pfaffian state. Phys. Rev. Lett., 99:236806, Dec 2007.

Sung-Sik Lee, Shinsei Ryu, Chetan Nayak, and Matthew P. A. Fisher. Particle-
hole symmetry and the v = g quantum hall state. Phys. Rev. Lett., 99:236807,

Dec 2007.

Xiao-Gang Wen and A. Zee. Classification of abelian quantum hall states and

matrix formulation of topological fluids. Phys. Rev. B, 46:2290, 1992.



[185]

[186]

[187]

188]

[189)]

[190]

[191]

[192]

193]

[194]

[195]

163
Xiao-Gang Wen. Topological orders and edge excitations in fractional quantum

hall states. Advances in Physics, 44(5):405, 1995.

F. D. M. Haldane. Stability of chiral luttinger liquids and abelian quantum hall
states. Phys. Rev. Lett., 74:2090-2093, Mar 1995.

F. A. Bais and J. K. Slingerland. Condensate-induced transitions between topo-

logically ordered phases. Phys. Rev. B, 79:045316, Jan 2009.
Paul Ginsparg. Curiosity at ¢=1. Nucl. Phys. B, 295:153, 1988.

Robbert Dijkgraaf, Cumrun Vafa, Erik Verlinde, and Herman Verlinde. The

operator algebra of orbifold models. Comm. Math. Phys., 123:485, 1989.

A. Yu Kitaev. Unpaired majorana fermions in quantum wires. Phys.-Usp.,

44:131, 2001.

Eduardo Fradkin. Field Theories of Condensed Matter Physics. Cambridge

University Press, second edition, 2013.

Alexei M. Tsvelik. Quantum Field Theory in Condensed Matter Physics. Cam-

bridge University Press, second edition, 2007.

M. Z. Hasan and C. L. Kane. Colloquium: Topological insulators. Rev. Mod.
Phys., 82:3045-3067, Nov 2010.

Xiao-Liang Qi and Shou-Cheng Zhang. Topological insulators and supercon-
ductors. Rev. Mod. Phys., 83:1057-1110, Oct 2011.

Ching-Kai Chiu, Jeffrey C. Y. Teo, Andreas P. Schnyder, and Shinsei Ryu.
Classification of topological quantum matter with symmetries. Rev. Mod. Phys.,

88:035005, Aug 2016.



[196]

[197]

[198]

[199]

[200]

201]

202]

164

Cayssol Jrme, Dra Balzs, Simon Ferenc, and Moessner Roderich. Floquet
topological insulators. physica status solidi (RRL) Rapid Research Letters,
7(12):101-108.

Maxim Dzero, Jing Xia, Victor Galitski, and Piers Coleman. Topological kondo

insulators. Annual Review of Condensed Matter Physics, 7(1):249-280, 2016.

Yoichi Ando and Liang Fu. Topological crystalline insulators and topological
superconductors: From concepts to materials. Annual Review of Condensed

Matter Physics, 6(1):361-381, 2015.

B. Q. Lv, H. M. Weng, B. B. Fu, X. P. Wang, H. Miao, J. Ma, P. Richard,
X. C. Huang, L. X. Zhao, G. F. Chen, Z. Fang, X. Dai, T. Qian, and H. Ding.
Experimental discovery of weyl semimetal taas. Phys. Rev. X, 5:031013, Jul
2015.

Z. K. Liu, L. X. Yang, Y. Sun, T. Zhang, H. Peng, H. F. Yang, C. Chen,
Y. Zhang, Y. 7. F. Guo, D. Prabhakaran, M. Schmidt, Z. Hussain, S.-K. Mo,
C. Felser, B. Yan, and Y. L. Chen. Evolution of the fermi surface of weyl
semimetals in the transition metal pnictide family. Nature Materials, 15:27 EP

~, Nov 2015.

Su-Yang Xu, Nasser Alidoust, Ilya Belopolski, Zhujun Yuan, Guang Bian, Tay-
Rong Chang, Hao Zheng, Vladimir N. Strocov, Daniel S. Sanchez, Guoqing
Chang, Chenglong Zhang, Daixiang Mou, Yun Wu, Lunan Huang, Chi-Cheng
Lee, Shin-Ming Huang, BaoKai Wang, Arun Bansil, Horng-Tay Jeng, Titus Ne-
upert, Adam Kaminski, Hsin Lin, Shuang Jia, and M. Zahid Hasan. Discovery
of a weyl fermion state with fermi arcs in niobium arsenide. Nature Physics,

11:748 EP —, Aug 2015. Article.

N. Xu and et al. 2016.



203
[204]
[205]

[206]

[207]

[208]

209]

[210]

211]

212]

213

165

A. Liang and et al. 2016.
C. Wang and et al. 2016.
F. Y. Bruno and et al. 2016.

Alexey A. Soluyanov, Dominik Gresch, Zhijun Wang, QuanSheng Wu, Matthias
Troyer, Xi Dai, and B. Andrei Bernevig. Nature, 527:495, 2015.

Stephen L. Adler. Axial-vector vertex in spinor electrodynamics. Phys. Rev.,

177:2426-2438, Jan 1969.

J. S. Bell and R. Jackiw. A pcac puzzle: 70—+~ in the o-model. Il Nuovo
Cimento A (1965-1970), 60(1):47-61, 1969.

H.B. Nielsen and Masao Ninomiya. Phys. Lett. B, 130:389, 1983.

S. A. Parameswaran, T. Grover, D. A. Abanin, D. A. Pesin, and A. Vishwanath.
Probing the chiral anomaly with nonlocal transport in three-dimensional topo-

logical semimetals. Phys. Rev. X, 4:031035, Sep 2014.

Hui Li, Hongtao He, Hai-Zhou Lu, Huachen Zhang, Hongchao Liu, Rong Ma,
Zhiyong Fan, Shun-Qing Shen, and Jiannong Wang. Negative magnetoresis-
tance in dirac semimetal cd3as2. Nature Communications, 7:10301 EP — Jan

2016. Article.

Pallab Goswami, Girish Sharma, and Sumanta Tewari. Optical activity as a test
for dynamic chiral magnetic effect of weyl semimetals. Phys. Rev. B, 92:161110,
Oct 2015.

Maxim N. Chernodub, Alberto Cortijo, Adolfo G. Grushin, Karl Landsteiner,
and Marfa A. H. Vozmediano. Condensed matter realization of the axial mag-

netic effect. Phys. Rev. B, 89:081407, Feb 2014.



214]

[215]

[216]

217]

[218]

219]

[220]

166

Karl Landsteiner. Anomalous transport of weyl fermions in weyl semimetals.

Phys. Rev. B, 89:075124, Feb 2014.

Xiaochun Huang, Lingxiao Zhao, Yujia Long, Peipei Wang, Dong Chen, Zhan-
hai Yang, Hui Liang, Mianqi Xue, Hongming Weng, Zhong Fang, Xi Dai, and
Genfu Chen. Observation of the chiral-anomaly-induced negative magnetore-

sistance in 3d weyl semimetal taas. Phys. Rev. X, 5:031023, Aug 2015.

D. T. Son and B. Z. Spivak. Chiral anomaly and classical negative magnetore-

sistance of weyl metals. Phys. Rev. B, 88:104412, Sep 2013.

7. K. Liu, B. Zhou, Y. Zhang, Z. J. Wang, H. M. Weng, D. Prabhakaran, S.-K.
Mo, Z. X. Shen, Z. Fang, X. Dai, Z. Hussain, and Y. L. Chen. Discovery of a

three-dimensional topological dirac semimetal, na3bi. Science, 343(6173):864—
867, 2014.

Zhijun Wang, Yan Sun, Xing-Qiu Chen, Cesare Franchini, Gang Xu, Hong-
ming Weng, Xi Dai, and Zhong Fang. Dirac semimetal and topological phase
transitions in Asbi (a = Na, k, rb). Phys. Rev. B, 85:195320, May 2012.

Su-Yang Xu, Chang Liu, Satya K. Kushwaha, Raman Sankar, Jason W. Krizan,
Ilya Belopolski, Madhab Neupane, Guang Bian, Nasser Alidoust, Tay-Rong
Chang, Horng-Tay Jeng, Cheng-Yi Huang, Wei-Feng Tsai, Hsin Lin, Pavel P.
Shibayev, Fang-Cheng Chou, Robert J. Cava, and M. Zahid Hasan. Observation
of fermi arc surface states in a topological metal. Science, 347(6219):294-298,
2015.

Jun Xiong, Satya K. Kushwaha, Tian Liang, Jason W. Krizan, Max
Hirschberger, Wudi Wang, R. J. Cava, and N. P. Ong. Evidence for the chiral

anomaly in the dirac semimetal na3bi. Science, 350(6259):413-416, 2015.



[221]

222

223

[224]

[225]

[226]

167

Z. K. Liu, J. Jiang, B. Zhou, Z. J. Wang, Y. Zhang, H. M. Weng, D. Prab-
hakaran, S.-K. Mo, H. Peng, P. Dudin, T. Kim, M. Hoesch, Z. Fang, X. Dai,
7. X. Shen, D. L. Feng, Z. Hussain, and Y. L. Chen. A stable three-dimensional

topological dirac semimetal cd3as2. Nature Materials, 13:677 EP —, May 2014.

Zhijun Wang, Hongming Weng, Quansheng Wu, Xi Dai, and Zhong Fang.
Three-dimensional dirac semimetal and quantum transport in cdsass. Phys.

Rev. B, 88:125427, Sep 2013.

Madhab Neupane, Su-Yang Xu, Raman Sankar, Nasser Alidoust, Guang Bian,
Chang Liu, Ilya Belopolski, Tay-Rong Chang, Horng-Tay Jeng, Hsin Lin,
Arun Bansil, Fangcheng Chou, and M. Zahid Hasan. Observation of a three-
dimensional topological dirac semimetal phase in high-mobility cd3as2. Nature

Communications, 5:3786 EP — May 2014. Article.

Sergey Borisenko, Quinn Gibson, Danil Evtushinsky, Volodymyr Zabolotnyy,
Bernd Biichner, and Robert J. Cava. Experimental realization of a three-

dimensional dirac semimetal. Phys. Rev. Lett., 113:027603, Jul 2014.

Sangjun Jeon, Brian B. Zhou, Andras Gyenis, Benjamin E. Feldman, Itamar
Kimchi, Andrew C. Potter, Quinn D. Gibson, Robert J. Cava, Ashvin Vish-
wanath, and Ali Yazdani. Landau quantization and quasiparticle interference
in the three-dimensional dirac?semimetal cd3as2. Nature Materials, 13:851 EP

—, Jun 2014.

Tian Liang, Quinn Gibson, Mazhar N. Ali, Minhao Liu, R. J. Cava, and
N. P. Ong. Ultrahigh mobility and giant magnetoresistance in the dirac

semimetal?cd3as2. Nature Materials, 14:280 EP —, Nov 2014.



[227]

228]

[229]

[230]

[231]

232

168

L. P. He, X. C. Hong, J. K. Dong, J. Pan, Z. Zhang, J. Zhang, and S. Y. Li.
Quantum transport evidence for the three-dimensional dirac semimetal phase

in cdzasy. Phys. Rev. Lett., 113:246402, Dec 2014.

7. J. Xiang, D. Zhao, Z. Jin, C. Shang, L. K. Ma, G. J. Ye, B. Lei, T. Wu,
Z. C. Xia, and X. H. Chen. Angular-dependent phase factor of shubnikov—de
haas oscillations in the dirac semimetal cdsass. Phys. Rev. Lett., 115:226401,

Nov 2015.

Junya Feng, Yuan Pang, Desheng Wu, Zhijun Wang, Hongming Weng, Jianqi
Li, Xi Dai, Zhong Fang, Youguo Shi, and Li Lu. Large linear magnetoresistance
in dirac semimetal cdsass with fermi surfaces close to the dirac points. Phys.

Rev. B, 92:081306, Aug 2015.

Cai-Zhen Li, Li-Xian Wang, Haiwen Liu, Jian Wang, Zhi-Min Liao, and Da-
Peng Yu. Giant negative magnetoresistance induced by the chiral anomaly in
individual cd3as2 nanowires. Nature Communications, 6:10137 EP — Dec 2015.

Article.

Shih-Ting Guo, R. Sankar, Yung-Yu Chien, Tay-Rong Chang, Horng-Tay Jeng,
Guang-Yu Guo, F. C. Chou, and Wei-Li Lee. Large transverse hall-like signal
in topological dirac semimetal cd3as2. Scientific Reports, 6:27487 EP — Jun
2016. Article.

Cheng Zhang, Enze Zhang, Weiyi Wang, Yanwen Liu, Zhi-Gang Chen, Shiheng
Lu, Sihang Liang, Junzhi Cao, Xiang Yuan, Lei Tang, Qian Li, Chao Zhou,
Teng Gu, Yizheng Wu, Jin Zou, and Faxian Xiu. Room-temperature chiral

charge pumping in dirac semimetals. Nature Communications, 8:13741 EP —,

Jan 2017. Article.



[233]

[234]

[235]

[236]

[237]

[238)]

[239)]

[240]

169

Peizhe Tang, Quan Zhou, Gang Xu, and Shou-Cheng Zhang. Dirac fermions in

an antiferromagnetic semimetal. Nature Physics, 12:1100 EP — Aug 2016.

Anton A. Burkov and Yong Baek Kim. f 5 and chiral anomalies in topological

dirac semimetals. Phys. Rev. Lett., 117:136602, Sep 2016.

Ching-Kai Chiu and Andreas P. Schnyder. Classification of reflection-
symmetry-protected topological semimetals and nodal superconductors. Phys.

Rev. B, 90:205136, Nov 2014.

Shunji Matsuura, Po-Yao Chang, Andreas P Schnyder, and Shinsei Ryu. Pro-
tected boundary states in gapless topological phases. New Journal of Physics,
15(6):065001, 2013.

Y. X. Zhao and Z. D. Wang. Topological classification and stability of fermi
surfaces. Phys. Rev. Lett., 110:240404, Jun 2013.

Andreas P Schnyder and Philip M R Brydon. Topological surface states in
nodal superconductors. Journal of Physics: Condensed Matter, 27(24):243201,

2015.

Ismardo Bonalde, Werner Bramer-Escamilla, and Ernst Bauer. Evidence for
line nodes in the superconducting energy gap of noncentrosymmetric cepts;Si
from magnetic penetration depth measurements. Phys. Rev. Lett., 94:207002,
May 2005.

K. Izawa, Y. Kasahara, Y. Matsuda, K. Behnia, T. Yasuda, R. Settai, and
Y. Onuki. Line nodes in the superconducting gap function of noncentrosym-

metric ceptySi. Phys. Rev. Lett., 94:197002, May 2005.



[241]

242

[243]

[244]

[245]

[246]

[247]

248

[249]

170

H. Q. Yuan, D. F. Agterberg, N. Hayashi, P. Badica, D. Vandervelde,
K. Togano, M. Sigrist, and M. B. Salamon. s. Phys. Rev. Lett., 97:017006,
Jul 2006.

H. Mukuda, T. Fujii, T. Ohara, A. Harada, M. Yashima, Y. Kitaoka, Y. Okuda,
R. Settai, and Y. Onuki. Enhancement of superconducting transition tempera-
ture due to the strong antiferromagnetic spin fluctuations in the noncentrosym-

metric heavy-fermion superconductor ceirsis: A 2Si nmr study under pressure.

Phys. Rev. Lett., 100:107003, Mar 2008.

H. R. Ott, H. Rudigier, T. M. Rice, K. Ueda, Z. Fisk, and J. L. Smith. p. Phys.
Rev. Lett., 52:1915-1918, May 1984.

John C. Wheatley. Experimental properties of superfluid *He. Rev. Mod. Phys.,
47:415-470, Apr 1975.

G. E. Volovik. Flat band in the core of topological defects: Bulk-vortex corre-
spondence in topological superfluids with fermi points. JETP Letters, 93(2):66—
69, Mar 2011.

Grigory E. Volovik. The Universe in a Helium Droplet. Oxford University
Press, 2018.

Tobias Meng and Leon Balents. Weyl superconductors. Phys. Rev. B, 86:054504,
Aug 2012.

Yi Li and F. D. M. Haldane. Topological nodal cooper pairing in doped weyl
metals. Phys. Rev. Lett., 120:067003, Feb 2018.

Gil Young Cho, Jens H. Bardarson, Yuan-Ming Lu, and Joel E. Moore. Su-
perconductivity of doped weyl semimetals: Finite-momentum pairing and elec-

tronic analog of the 3he-a phase. Phys. Rev. B, 86:214514, Dec 2012.



[250]

[251]

[252]

[253]

[254]

[255]

[256]

[257]

[258]

171

G. Bednik, A. A. Zyuzin, and A. A. Burkov. Superconductivity in weyl metals.
Phys. Rev. B, 92:035153, Jul 2015.

Beibing Huang. Pairing in doped inversion-symmetric weyl semimetals: a finite

temperature analysis from thouless criterion. The Furopean Physical Journal

B, 90(7):131, Jul 2017.

Rui Wang, Lei Hao, Baigeng Wang, and C. S. Ting. Quantum anomalies in

superconducting weyl metals. Phys. Rev. B, 93:184511, May 2016.

Pallab Goswami and Andriy H. Nevidomskyy. Topological weyl superconductor
to diffusive thermal hall metal crossover in the b phase of upts. Phys. Rev. B,
92:214504, Dec 2015.

Mark H. Fischer, Titus Neupert, Christian Platt, Andreas P. Schnyder, Werner
Hanke, Jun Goryo, Ronny Thomale, and Manfred Sigrist. Chiral d-wave super-
conductivity in srptas. Phys. Rev. B, 89:020509, Jan 2014.

Jay D. Sau and Sumanta Tewari. Topologically protected surface majorana
arcs and bulk weyl fermions in ferromagnetic superconductors. Phys. Rev. B,

86:104509, Sep 2012.

Yong Xu, Fan Zhang, and Chuanwei Zhang. Structured weyl points in spin-orbit

coupled fermionic superfluids. Phys. Rev. Lett., 115:265304, Dec 2015.

Bo Liu, Xiaopeng Li, Lan Yin, and W. Vincent Liu. Weyl superfluidity in a
three-dimensional dipolar fermi gas. Phys. Rev. Lett., 114:045302, Jan 2015.

Ryo Okugawa and Takehito Yokoyama. Generic phase diagram for weyl super-
conductivity in mirror-symmetric superconductors. Phys. Rev. B, 97:060504,

Feb 2018.



[259]

[260]

[261]

262]

[263]

[264]

[265]

[266]

1267]

172

Lei Hao and C. S. Ting. Searching for two-dimensional weyl superconductors

in heterostructures. Phys. Rev. B, 95:064513, Feb 2017.

M. P. Smylie, H. Claus, U. Welp, W.-K. Kwok, Y. Qiu, Y. S. Hor, and
A. Snezhko. Evidence of nodes in the order parameter of the superconduct-
ing doped topological insulator nb,bisses via penetration depth measurements.

Phys. Rev. B, 94:180510, Nov 2016.

Noah F. Q. Yuan, Wen-Yu He, and K. T. Law. Superconductivity-induced
ferromagnetism and weyl superconductivity in nb-doped bisses. Phys. Rev. B,

95:201109, May 2017.

Luca Chirolli, Fernando de Juan, and Francisco Guinea. Time-reversal and

rotation symmetry breaking superconductivity in dirac materials. Phys. Rev.

B, 95:201110, May 2017.

Lei Hao and C. S. Ting. Nematic superconductivity in cu,bisses: Surface an-

dreev bound states. Phys. Rev. B, 96:144512, Oct 2017.

Jorn W. F. Venderbos, Vladyslav Kozii, and Liang Fu. Odd-parity supercon-
ductors with two-component order parameters: Nematic and chiral, full gap,

and majorana node. Phys. Rev. B, 94:180504, Nov 2016.

Shengyuan A. Yang, Hui Pan, and Fan Zhang. Dirac and weyl superconductors

in three dimensions. Phys. Rev. Lett., 113:046401, Jul 2014.

K. Izawa, Y. Nakajima, J. Goryo, Y. Matsuda, S. Osaki, H. Sugawara, H. Sato,
P. Thalmeier, and K. Maki. Multiple superconducting phases in new heavy

fermion superconductor pros,sbis. Phys. Rev. Lett., 90:117001, Mar 2003.

T. R. Abu Alrub and S. H. Curnoe. Symmetry properties of the nodal super-
conductor Prosysbis. Phys. Rev. B, 76:054514, Aug 2007.



[268]

269

[270]

[271]

272]

[273]

[274]

[275]

[276]

[277]

173

T.R. Abu Alrub and S.H. Curnoe. Theory of density of states in the nodal
superconductor prosdsb12. Physica B: Condensed Matter, 403(5):1178 — 1180,
2008.

R. B. Laughlin. Anomalous quantum hall effect: An incompressible quantum
fluid with fractionally charged excitations. Phys. Rev. Lett., 50:1395-1398, May
1983.

F. D. M. Haldane. Fractional quantization of the hall effect: A hierarchy of

incompressible quantum fluid states. Phys. Rev. Lett., 51:605-608, Aug 1983.

C. L. Kane, Ranjan Mukhopadhyay, and T. C. Lubensky. Fractional quantum

hall effect in an array of quantum wires. Phys. Rev. Lett., 88:036401, Jan 2002.

Jeffrey C. Y. Teo and C. L. Kane. From luttinger liquid to non-abelian quantum
hall states. Phys. Rev. B, 89:085101, Feb 2014.

Charles L. Kane, Ady Stern, and Bertrand I. Halperin. Pairing in luttinger
liquids and quantum hall states. Phys. Rev. X, 7:031009, Jul 2017.

Jelena Klinovaja and Daniel Loss. Integer and fractional quantum hall effect in

a strip of stripes. The European Physical Journal B, 87(8):171, Aug 2014.

Tobias Meng, Peter Stano, Jelena Klinovaja, and Daniel Loss. Helical nuclear

spin order in a strip of stripes in the quantum hall regime. The European

Physical Journal B, 87(9):203, Sep 2014.

Yuval Oreg, Eran Sela, and Ady Stern. Fractional helical liquids in quantum
wires. Phys. Rev. B, 89:115402, Mar 2014.

Titus Neupert, Claudio Chamon, Christopher Mudry, and Ronny Thomale.
Wire deconstructionism of two-dimensional topological phases. Phys. Rev. B,

90:205101, Nov 2014.



[278)]

[279]

[280]

[281]

[282]

[283]

[284]

[285]

[236]

174

Jelena Klinovaja and Yaroslav Tserkovnyak. Quantum spin hall effect in strip

of stripes model. Phys. Rev. B, 90:115426, Sep 2014.

Eran Sagi and Yuval Oreg. Non-abelian topological insulators from an array of

quantum wires. Phys. Rev. B, 90:201102, Nov 2014.

Raul A. Santos, Chia-Wei Huang, Yuval Gefen, and D. B. Gutman. Fractional
topological insulators: From sliding luttinger liquids to chern-simons theory.

Phys. Rev. B, 91:205141, May 2015.

David F. Mross, Andrew Essin, and Jason Alicea. Composite dirac liquids:
Parent states for symmetric surface topological order. Phys. Rev. X, 5:011011,
Feb 2015.

Roger S. K. Mong, David J. Clarke, Jason Alicea, Netanel H. Lindner, Paul
Fendley, Chetan Nayak, Yuval Oreg, Ady Stern, Erez Berg, Kirill Shtengel,
and Matthew P. A. Fisher. Universal topological quantum computation from a
superconductor-abelian quantum hall heterostructure. Phys. Rev. X, 4:011036,
Mar 2014.

Inbar Seroussi, Erez Berg, and Yuval Oreg. Topological superconducting phases

of weakly coupled quantum wires. Phys. Rev. B, 89:104523, Mar 2014.

Tobias Meng, Titus Neupert, Martin Greiter, and Ronny Thomale. Coupled-

wire construction of chiral spin liquids. Phys. Rev. B, 91:241106, Jun 2015.

Aavishkar A. Patel and Debanjan Chowdhury. Two-dimensional spin lig-
uids with f o topological order in an array of quantum wires. Phys. Rev. B,

94:195130, Nov 2016.

Gregory Gorohovsky, Rodrigo G. Pereira, and Eran Sela. Chiral spin liquids in
arrays of spin chains. Phys. Rev. B, 91:245139, Jun 2015.



[287]

288

[289)]

[290]

291]

292]

293]

294]

[295]

[296]

175

Eran Sagi and Yuval Oreg. From an array of quantum wires to three-dimensional

fractional topological insulators. Phys. Rev. B, 92:195137, Nov 2015.

Thomas Iadecola, Titus Neupert, Claudio Chamon, and Christopher Mudry.
Wire constructions of abelian topological phases in three or more dimensions.

Phys. Rev. B, 93:195136, May 2016.

Thomas Iadecola, Titus Neupert, Claudio Chamon, and Christopher Mudry.
2017.

Tobias Meng, Adolfo G. Grushin, Kirill Shtengel, and Jens H. Bardarson. The-
ory of a 3+1d fractional chiral metal: Interacting variant of the weyl semimetal.

Phys. Rev. B, 94:155136, Oct 2016.

M. M. Vazifeh. Weyl semimetal from the honeycomb array of topological insu-

lator nanowires. EPL (Europhysics Letters), 102(6):67011, 2013.

Tobias Meng. Fractional topological phases in three-dimensional coupled-wire

systems. Phys. Rev. B, 92:115152, Sep 2015.
Eran Sagi, Ady Stern, and David F. Mross. 2018.

Sharmistha Sahoo, Zhao Zhang, and Jeffrey C. Y. Teo. Coupled wire model
of symmetric majorana surfaces of topological superconductors. Phys. Rev. B,

94:165142, Oct 2016.
Syed Raza, Alexander Sirota, and Jeffrey C. Y. Teo. 2017.

S. Raza, A. Sirota, and J. C. Y. Teo. From Dirac semimetals to topologi-
cal phases in three dimensions: a coupled wire construction. ArXiv e-prints,

November 2017.



297]

298]

299]

[300]

[301]

302]

[303]

304]

[305]

176

Alexander Altland and Martin R. Zirnbauer. Nonstandard symmetry classes in

mesoscopic normal-superconducting hybrid structures. Phys. Rev. B, 55:1142,

1997.

Andreas P. Schnyder, Shinsei Ryu, Akira Furusaki, and Andreas W. W. Lud-
wig. Classification of topological insulators and superconductors in three spatial

dimensions. Phys. Rev. B, 78:195125, 2008.

F. D. M. Haldane. Stability of chiral luttinger liquids and abelian quantum hall
states. Phys. Rev. Lett., 74:2090-2093, Mar 1995.

V.A. Fateev and A.B. Zamolodchikov. Self-dual solutions of the star-triangle

relations in zn-models. Physics Letters A, 92(1):37 — 39, 1982.

A. B. Zamolodchikov and V. A. Fateev. Nonlocal (parafermion) currents in
two-dimensional conformal quantum field theory and self-dual critical points in

zn-symmetric statistical systems. Sov. Phys. JETP, 62:215, 1985.

Elliott Lieb, Theodore Schultz, and Daniel Mattis. Two soluble models of an

antiferromagnetic chain. Annals of Physics, 16(3):407 — 466, 1961.

Masaki Oshikawa. Commensurability, excitation gap, and topology in quantum
many-particle systems on a periodic lattice. Phys. Rev. Lett., 84:1535-1538,
Feb 2000.

M. B. Hastings. Lieb-schultz-mattis in higher dimensions. Phys. Rev. B,
69:104431, Mar 2004.

Haruki Watanabe, Hoi Chun Po, and Ashvin Vishwanath. Structure and topol-
ogy of band structures in the 1651 magnetic space groups. Science Advances,

4(8), 2018.


http://link.aps.org/doi/10.1103/PhysRevB.55.1142

306

307]

[308]

309

[310]

[311]

312]

313

[314]

[315]

177

Lukasz Fidkowski and Alexei Kitaev. Effects of interactions on the topological

classification of free fermion systems. Phys. Rev. B, 81:134509, Apr 2010.

Xiao-Liang Qi, Taylor L. Hughes, S. Raghu, and Shou-Cheng Zhang. Time-
reversal-invariant topological superconductors and superfluids in two and three

dimensions. Phys. Rev. Lett., 102:187001, May 2009.

Matthew F. Lapa, Jeffrey C. Y. Teo, and Taylor L. Hughes. Interaction-enabled

topological crystalline phases. Phys. Rev. B, 93:115131, Mar 2016.

G. E. Volovik. Fermion zero modes on vortices in chiral superconductors. Pisma

Zh. Eksp. Teor. Fiz., 70:601, 1999.

N. Read and Dmitry Green. Paired states of fermions in two dimensions with

breaking of parity and time-reversal symmetries and the fractional quantum

hall effect. Phys. Rev. B, 61:10267, 2000.

C. L. Kane and Matthew P. A. Fisher. Quantized thermal transport in the

fractional quantum hall effect. Phys. Rev. B, 55:15832-15837, Jun 1997.

Andrea Cappelli, Marina Huerta, and Guillermo R. Zemba. Thermal trans-

port in chiral conformal theories and hierarchical quantum hall states. Nuclear

Physics B, 636(3):568 — 582, 2002.

Zhen Bi, Yi-Zhuang You, and Cenke Xu. Anyon and loop braiding statistics in
field theories with a topological © term. Phys. Rev. B, 90:081110, Aug 2014.

Shenghan Jiang, Andrej Mesaros, and Ying Ran. Generalized modular trans-
formations in (34 1)D topologically ordered phases and triple linking invariant

of loop braiding. Phys. Rev. X, 4:031048, Sep 2014.

Chao-Ming Jian and Xiao-Liang Qi. Layer construction of 3d topological states

and string braiding statistics. Phys. Rev. X, 4:041043, Dec 2014.



[316]

[317]

[318]

[319]

[320]

321]

322]

[323]

324]

178

Juven C. Wang and Xiao-Gang Wen. Non-abelian string and particle braiding
in topological order: Modular SL(3,7Z) representation and (3 + 1)-dimensional
twisted gauge theory. Phys. Rev. B, 91:035134, Jan 2015.

Chenjie Wang and Michael Levin. Topological invariants for gauge theories and

symmetry-protected topological phases. Phys. Rev. B, 91:165119, Apr 2015.

Chien-Hung Lin and Michael Levin. Loop braiding statistics in exactly soluble
three-dimensional lattice models. Phys. Rev. B, 92:035115, Jul 2015.

Xiao Chen, Apoorv Tiwari, and Shinsei Ryu. Bulk-boundary correspondence

in (3+1)-dimensional topological phases. Phys. Rev. B, 94:045113, Jul 2016.

Shinsei Ryu and Yasuhiro Hatsugai. Topological origin of zero-energy edge
states in particle-hole symmetric systems. Phys. Rev. Lett., 89:077002, Jul
2002.

G. E. Volovik. Flat band in the core of topological defects: Bulk-vortex corre-
spondence in topological superfluids with fermi points. JETP Letters, 93(2):66—
69, Mar 2011.

Grigory E. Volovik. The Universe in a Helium Droplet. Oxford University
Press, 2003.

Andreas P. Schnyder and Shinsei Ryu. Topological phases and surface flat bands
in superconductors without inversion symmetry. Phys. Rev. B, 84:060504, Aug
2011.

P. M. R. Brydon, Andreas P. Schnyder, and Carsten Timm. Topologically pro-
tected flat zero-energy surface bands in noncentrosymmetric superconductors.

Phys. Rev. B, 84:020501, Jul 2011.



[325]

[326]

[327]

328]

329

[330]

[331]

332]

333

179

Takahiro Morimoto and Akira Furusaki. Weyl and dirac semimetals with f o

topological charge. Phys. Rev. B, 89:235127, Jun 2014.

Ken Shiozaki and Masatoshi Sato. Topology of crystalline insulators and su-

perconductors. Phys. Rev. B, 90:165114, Oct 2014.

Y. X. Zhao and Z. D. Wang. Topological classification and stability of fermi
surfaces. Phys. Rev. Lett., 110:240404, Jun 2013.

Y. X. Zhao and Z. D. Wang. Topological connection between the stability of
fermi surfaces and topological insulators and superconductors. Phys. Rev. B,

89:075111, Feb 2014.

Ching-Kai Chiu and Andreas P. Schnyder. Classification of reflection-
symmetry-protected topological semimetals and nodal superconductors. Phys.

Rev. B, 90:205136, Nov 2014.

Shunji Matsuura, Po-Yao Chang, Andreas P Schnyder, and Shinsei Ryu. Pro-
tected boundary states in gapless topological phases. New J. Phys., 15:065001,
2013.

Petr Horava. Stability of fermi surfaces and jspan class="aps-inline-
formula” ;j jmath display="inline” ;jmi;kj/mi;j/mathj/span; theory. Phys. Rev.

Lett., 95:016405, Jun 2005.

I. Dzyaloshinsky. A thermodynamic theory of weak ferromagnetism of anti-
ferromagnetics. Journal of Physics and Chemistry of Solids, 4(4):241 — 255,
1958.

Toru Moriya. Anisotropic superexchange interaction and weak ferromagnetism.

Phys. Rev., 120:91-98, Oct 1960.



180

[334] Jeongwan Haah. Local stabilizer codes in three dimensions without string logical

operators. Phys. Rev. A, 83:042330, Apr 2011.

[335] Jeongwan Haah. Commuting pauli hamiltonians as maps between free modules.

Communications in Mathematical Physics, 324(2):351-399, Dec 2013.

[336] Liujun Zou and Yin-Chen He. Field-induced neutral fermi surface and qeds-

chern-simons quantum criticalities in kitaev materials, 2018.



181

Appendix A

Chiral modes along topological

defects

In Sec. 3.2, we begin with the Dirac Hamiltonian (3.2) where the mass term winds
around a vortex and as a consequence, it hosts a chiral Dirac channel along the vortex
(also see Fig. 3.3). Here we will demonstrate an example of a simple vortex, and show
that there is a chiral Dirac zero mode. In general, the correspondence between the
number of protected chiral Dirac channels and the vortex winding is a special case
of the Atiyah-Singer Index theorem [169] and falls in the physical classification of
topological defects [167].

First, say we start with the Hamiltonian from (3.2). Then for simplicity we
consider the particular Dirac mass m(r) = m,(r) + im,(r) = |m|e? that constitute
a vortex along the z-axis, where 6 is the polar angle on the xy-plane. By replacing

kyy <> —i0yy, (3.2) becomes

H(r) =hv(—i0y5; — i0ySy + k.s,) L2

+ |m| cos O, + |m| sin Oy, (A.1)

where k. is still a good quantum number because translation in z is still preserved.
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The Hamiltonian can be transformed under a new basis into

, 1 —hwk. D 95908
H=URUT = (Tp ) U= (188 (A.2)
0001
where the Dirac operator occupying the off-diagonal blocks is
t_  —2ihwdy |mle~
Dh= < |m|e??  2ihvdg )
_ _—ifo, [ —ihv(0r—1i0y/T) |m|
=€ < ol iﬁv(@r—l—iag/r)) (A.3)
where w = x + iy = re?? and o, = diag(1, —1).
Now we separate the Hamiltonian
H'(k,) = hwk,Ts + (gf D) . (A.4)

where I's = diag(—15,12). We note that the zero momentum sector H'(k, = 0) has
a chiral symmetry since it anticommutes with with I's5, and it reduces to the Jackiw-
Rossi vortex problem in two-dimensions [168]. The Dirac operator D' has only one
normalizable zero mode uy(r) oc e I/ v (eim/4 o=/ = while its conjugate D has
none. H'(k, = 0) therefore has a zero eigenvector of 1y(r) = (uo(r),0)”, which is also
an eigenvector of I's. In the full Hamiltonian, the zero mode 1y(r) has energy —hvk,

and corresponds a single mid-gap chiral Dirac channel.
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Appendix B

Symmetry transformations of

Chern invariants

In Sec. 3.2.1, we discussed the Chern numbers on two-dimensional momentum planes
of the anomalous Dirac (semi)metal. It was claimed that the Chern numbers (3.21)
on the two planes at k, = +m/2 (see Fig. 3.6) are of opposite signs because of the
AFTR and twofold Cy (screw) rotation symmetries. In this appendix we will derive
the symmetry flipping operations on the Chern invariants.

We begin with a Bloch Hamiltonian H (k) that is symmetric under the operation
G(K),

H(k) = G(gk)H (gk)G(gk) ™ (B.1)
if G is unitary, or
H(k) = G(gk)H(gk)"G(gk) ™" (B.2)

if it is antiunitary. Let |u,,(k)) be the occupied states of H (k). We define |u], (k)) =
|Gum(k)) = G(gk)[um(gk)) (or |up,(k)) = [Gun(k)) = G(gk)|un(gk)")), which is



184

also an occupied state of H(k), for unitary (resp. antiunitary) symmetry.

The Chern number (3.21) can equivalently be defined as

Ch (k) = o /N T (F) (B.3)

x

where Tr (Fyx) = dTr (Ax), Ni, is the oriented kyk.-plane with fixed k,, and Ay
is the Berry connection of the occupied states A" = (u,(k)|du,(k)). The Berry

connection transforms according to

A" = (uy,, (k) |duy, (k) (B.4)
= (um(gk)|G(gk)'d [G(gk)|un(gk))]

= A"+ (um(gk)] [G(gk)'dG (gk)] [un(gk))
for unitary G, or

A" = (AR + (um(gk)*| [G(gk)TdG (k)] [un(gk)*)

= — AR+ (um(9k)"| [G(gk)1dG (k)] [un(gk)*)
if G is antiunitary, because the connection is skew-hermitian A = —.A'. Therefore
v = Fox + dTr { P A (G(gk)TdG(gk)] } (B.5)
for an unitary symmetry, or
Fro = —Fgx + dTr { Py A (Ggk)'dG(gk)] } (B.6)

for an antiunitary one. Here P(k) = )" |u,(k))(u,(k)| is the projection operator on

to the occupied energy states at momentum k. Since the trace of Berry curvature
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Tr(F) does not depend on the gauge choice of occupied states, Tr(Fy) = Tr(F).
We notice the final terms in both (B.5) and (B.6) integrate to zero over the closed
periodic momentum plane Ny, . This is because they are total derivatives, and unlike
Ay, P and G (k) are defined non-singularly on the entire Brillouin zone (see (3.15)
and (3.19)).

Now we derive the relation between the Chern number (B.3) between k, and —k,
using the antiunitary AFTR and the unitary Co symmetries. The AFTR symmetries
flip all momentum axes 711, 711 : (ky, ky, k2) — (—ks, —ky, —k.), while the C; symme-
try flips only two Cy : (ky, ky, k2) — (—ks, —ky, k). Thus, Ti1, Ti1 : N, — N_j, maps
between opposite planes while preserving their orientations, but Cy : Ny, — —N 4,
is orientation reversing. Lastly, we substitute (B.5) and (B.6) into (B.3), and apply a
change of integration variable k <» gk. The AFTR and C, requires the Chern number

to flip under k, < —k,
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