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Abstract

We study an initial-boundary-value problem for a quasilinear thermoelastic plate of
Kirchhoff & Love-type with parabolic heat conduction due to Fourier, mechanically
simply supported and held at the reference temperature on the boundary. For this
problem, we show the short-time existence and uniqueness of classical solutions under
appropriate regularity and compatibility assumptions on the data. Further, we use
barrier techniques to prove the global existence and exponential stability of solutions
under a smallness condition on the initial data. It is the first result of this kind
established for a quasilinear non-parabolic thermoelastic Kirchhoff & Love plate in

multiple dimensions.
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Chapter 1

Introduction

1.1 Literature Review

Let Q C R? (d = 2 or 3) be a smooth bounded domain representing the mid-plane of

a thermoelastic plate. With w and 6 denoting the vertical deflection and an appropri-

ately weighted thermal moment with respect to the plate thickness, both depending

on a scaled time variable ¢ > 0 and the space variable (z1,x2) or (x1,z9, x3) € 2, the

nonlinear Kirchhoff & Love thermoelastic plate system reads as

wy — YAwy + AN*w + ald + A ((Aw)?) =0 in (0,00) x €,

B0, — nAO + 060 — alwy =0 in (0,00) x Q
along with the boundary conditions (hinged mechanical/Dirichlet thermal)
w=Aw=0=01in (0,00) x 02

and the initial conditions

(1.1a)

(1.1Db)

(1.1c)

(1.1d)



Here, o, B,7,n, 0, a are positive constants. For thin plates, v behaves like k3 as h — 0
(cf. [13, Equation (2.16), p. 13]), where h stands for the uniform thickness of the
plate, and is, therefore, neglected in some literature. In Chapter 2, we present a
short physical deduction of Equations (1.1a)—(1.1d). In particular, the nonlinearity
in (1.1a) arises from a nonlinear material response law (2.4) and (2.11), which also
motives a treatment of the local well-posedness for a more general system in Chapter
3.

After the thermoelastic Kirchhoff-Love plate systems were introduced, there have
been many papers in the past three decades devoted to this field. In the 90’s, a lot
of work was done for the linear thermoelastic plate theory. For instance, Kim in
[11] studied the one-dimensional case with homogeneous Hinged /Dirichlet boundary
conditions and proved the exponential decay of the energy. Lasiecka and Triggiani,
through a series of papers, achieved the analyticity of the s.c. contraction semigroup
when v = 0 under five different types of boundary conditions, including the challen-
ging Free B.C. [17, p. 202—203]. Furthermore, they proved the lack of analyticity in
certain cases when v > 0, which gave the initial guidance to the work presented in
this thesis (see their book [18]).

Meanwhile, the nonlinear thermoelastic plate was also studied in various settings.
Lasiecka et al. [14] studied a quasilinear PDE system similar to (1.1a)-(1.1d) in a

smooth, bounded domain 2 of R? with d < 3 given by a Kirchhoff & Love plate with



parabolic heat conduction

Wy + N%w — A+ A ((Aw)?) = 0in (0,T) x €, (1.2a)

0, — A0+ Aw, = 01in (0,T) x Q (1.2b)

together with boundary conditions (1.1c¢) and initial conditions (1.1d) for an arbitrary
T > 0. For the initial-boundary-value problem (1.2a)—(1.2b), (1.1c)—(1.1d), they
proved the global existence of weak solutions (w, #) and their uniform decay in the

norm for {w, wy, 6} of
<W1’°°(O,T; LX(Q)) N L®(0, T W“(Q))) x L0, T; Wh2(Q)).

The existence proof was based on a Galerkin approximation and compactness theo-
rems, while the exponential stability was obtained with the aid of energy techniques.

In their monograph [3], Chueshov and Lasiecka give an extensive study on the von
Karman plate system both in pure elastic and thermoelastic cases. With w: 2 — R
denoting the vertical displacement and v: 2 — R standing for the Airy stress function
of a plate with its mid-plane occupying in the reference configuration a domain €2 C

R2, the pure elastic version of Kdrman plate system reads as

Uy — aluy + AN*u — [u,v + Fp] + Lu = p in (0,00) x Q, (1.3a)
N*v + [u,u] = 0in (0,00) x €, (1.3b)
where [v, W] 1= Uz, Wapzy + VaproWayzy — 2Vz 0yWayay, L is a first-order differential

operator and Fy,p: Q — R are given “force” functions. Imposing standard initial



conditions, under various sets of boundary conditions, Chueshov and Lasiecka proved
that Equations (1.3a)—(1.3b) possess a unique generalized, weak or strong solution
depending on the data regularity. The proof was based on a nonlinear Galerkin-
type approximation. Further, they studied the semiflow associated with the solution
to Equations (1.3a)—(1.3b), in particular, they analyzed its long-time behavior and
the existence of attracting sets. Various damping mechanisms, thermoelastic effects,
structurally coupled systems such as acoustic chambers or gas flow past a plate were
studied. An extremely detailed and comprehensive literature overview was also given.

Denk et al. [4] considered a linearization of (1.2a)—(1.2b), which corresponds to
letting b = 0, in a bounded or exterior C*-domain of R¢ for d > 2 subject to the

initial conditions from Equation (1.1d) and the clamped boundary conditions
w=30d,w=0=0on (0,T) x 09, (1.4)

where 9, = (V-)Tv and v denotes the outer unit normal vector to 2 on 9. By proving
a resolvent estimate both in the whole space and in the half-space and employing

localization techniques, they showed that the Cy-semigroup for (w, wy, 8) on the space
WEHP(Q) x LP(Q) x LP(Q) with WZP(Q) = {u € W*P(Q) |u = d,u = 0 on 9Q}

is analytic. In case €) is bounded, they also proved an exponential stability result for
the semigroup.
Lasiecka and Wilke [15] presented an LP-space treatment of Equations (1.2a)-

(1.2b) (v = 0), (1.1¢)~(1.1d) in bounded C2-domains 2 of R?. By proving the maxi-



mal LP-regularity for the linearized problem, they adopted the classical approach to

prove the existence and uniqueness of strong solutions satisfying
3
(Aw,w,,0) € (Lg (0,75 W>P(Q)) "W (0, T LP(Q)) 0 BUC(0,T; WQ’“Q/””’(Q)))

forp>1+ %, where Lﬁ(Q) is the space of strongly measurable functions u for which
t > t'Fu(t) lies in LP(2) and W;P(Q) stands for the space of weakly differentiable
functions from L? (€2) whose first-order weak derivatives also lie in L (€2). For T' < oo,
they showed a global strong solvability result for sufficiently small initial data in the

interpolation space
3
(Au®,w!, 0°) € ((LP(Q),WQ’p(Q) AW (), /W) .

They pointed out that similar arguments can be used to obtain a short-time existence
for arbitrarily large initial data. Finally, they studied the first- and higher-order
differentiability as well as analyticity of solutions under appropriate assumptions on
the data.

Recently, Denk and Schnaubelt [5] considered a structurally damped elastic plate
equation

wy + A*w — pAw;, = fin (0,00) x Q (1.5)

in a domain Q C RY, being either the whole space, a half-space or a bounded C*-

domain, subject to inhomogeneous Dirichlet-Neumann boundary conditions

w = go, Oyw=g;on (0,00) xS



and the initial conditions
w(0,-) = w’, w,(0,:) =w'in Q,

with the data coming from appropriate LP-Sobolev spaces for p € (1,00)\{3/2,3}. By
showing the R-sectoriality of the operator driving the flow ¢ — (w(t), w(t)) both in
the whole space and the half-space scenarios, they proved the LP-maximum regularity
for the generator on any finite time horizon 7" > 0. In case of bounded C*-domains,
a standard localization technique was adopted to deduce the maximum LP-regularity

for any time horizon T € (0, o).

1.2 Main Results

In this thesis, I study the quasilinear PDE system associated with Equations (1.1a)—
(1.1d). In contrast to earlier works, to deal with a quasilinear system without maximal
LP-regularity property, it is technically beneficial to look for classical rather than
weak or strong solutions. The necessity of studying smooth solutions results in a
much higher complexity of the existence and uniqueness proof as it has to be carried
out at a higher energy level, which, in turn, is based on a Kato-type approximation
procedure rather than a Galerkin scheme.

In this section, we state the main results on the well-posedness and long-time
behavior of Equations (1.1a)—(1.1d). While the local result assumes smoothness of
the boundary of the domain, regularity of the initial data and nonlinearities as well

as certain compatibility conditions, the global results rely additionally and critically



on some further smallness assumption on the initial data. Recall Q@ C R? (d = 2
or 3) is a bounded domain throughout this paper. In addition, as mentioned above,
even though the local well-posedness results below are according to Equations (1.1a)—
(1.1d), the proof is however done on a more general system (Equations (3.1a)—(3.1b)

in Chapter 3) for both mathematical and modeling reasons.

Definition 1.1. Let s > 2. By a classical solution to Equations (1.1a)-(1.1d) on

[0,T] at the energy level s, we understand a function pair (w,0): [0,T] x Q@ - R xR

satisfying
we ( h c™([0,T], H***7™(Q) N Hé(Q))) N Ce([0,7], H2(Q) N HL()),

0 ( C*([0,T), H=HH(Q) N Hé(Q))) N CoL([0, 7], HL(Q))

k=

such that it satisfies pointwise Equations (1.1a)-(1.1d). Classical solutions on [0,T)

and [0, 00) are defined correspondingly.

Definition 1.2. Let w™, m > 2, and 0%, k > 1, denote the “initial values” for
OMw and 080 formally and recursively computed in terms of w® w' and 6° based on

Equations (3.5a)—(5.5d) (cf. [9, p. 96])

To proceed with our well-posedness result, we first perform a short calculation on the

nonlinear term in (1.1a) to achieve an equivalent equation
Wy — YAwy + [1 4 3b(Aw)?] A%w + ald + 6b(Aw)|[VAw> =0 in (0,00) (1.6)

Now, we require the following assumptions.



Assumption 1.3. Let s > 3 be an integer and let 0N € C*.

1. Let the initial data satisfy the reqularity
w’, Aw® € H*(Q) N H (), w', Aw' € HHQ) N Hy (),
0" € HTH(Q) N Hy ()
as well as compatibility conditions
w™, Aw™ € H™(Q) N HY(Q) form=2,...,5s—1 and w® € H*(Q) N Hy (),

0F ¢ HSP PN HY(Q) fork=1,...,5—2 and 6°7' € H(Q).

2. Further, assume the “initial ellipticity” condition for [1 + 3b(Aw®)?] A?w, i.e.,

min [1 + 3b(Aw’)?] > 0,

z€Q

where Aw® € C°(Q) by virtue of Sobolev’s imbedding theorem.
Now, we can formulate our local well-posedness result.

Theorem 1.4 (Local Well-Posedness). If Assumption 1.3 is satisfied for some s > 3,
FEquations (1.1a)-(1.1d) possess a unique classical solution (w,0) at the energy level

s on a mazimal interval [0, Thax) # O additionally satisfying
0y € L*(0,T; H*(Q) N Hy(Q)) and 870 € L*(0,T; L*(Q))
along with

min [1+ 3b(Aw(t,z))*] > 0. for any t € [0, Tax)-

e
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Unless Tax = 00, we have min a(Aw(t, x)) — 0 as ' Tax or/and
e

Miereeiay + Z [Exae

2
Hs+1 k

o+ 30, oo

M

Z |05 w(E,
ast /' Thax-

Let [[(w,0) 12,7, = (07w, 05°0) gy, with 7% = (1,8)...... %), denote the
standard norm associated with the solution space in Definition 1.1 (a rigorous defini-

tion is given in Equation (4.2)). We now present our global results.

Theorem 1.5 (Global Well-Posedness). Let Assumption 1.3 be satisfied for s = 3.
Then, there exists a positive number e (defined in Theorem 4.5 of Chapter 4) such

that for any initial data (w°, w', 8°) satisfying
(W, wh, )|z, = |[(w®,w?, ... w* 6° ... ,93_1)”%2(9) <€, (1.7)

(which roughly means the smallness of Hw0||§{5(9)+ Hw1||§{4(9)—|—||90||§14(m when s = 3),

the unique local solution of system from Theorem 1.4 exists globally, i.e., Tyax = 0.

Theorem 1.6 (Exponential Stability). When s = 3, under the conditions of Theorem

1.5 and assuming additionally

[(w®, w', )]

2ot = |(W°,wh, L w60, ,95*1)\@2(9) <€ (1.8)

for some small positive € (to be defined in Corollary 4.6 of Chapter 4), there exist

positive constants C' and k such that

(07w, 07 10) (¢ < Ce | (w®, w', %))

Hz xTs z.x7. Joranyt > 0.
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This thesis is structured as follows. After the short introduction in Chapter 1,
we present in Chapter 2 a brief physical deduction of the Kirchhoff & Love plate
from Equations (1.1a)—(1.1d). In Chapter 3, an existence and uniqueness result for
Equations (1.1a)—(1.1d) in the class of classical solutions is shown. The long-time
behavior of Equations (1.1a)-(1.1d) is studied in Chapter 4. Under a collection of
smallness assumptions on the initial data, the global existence and uniqueness of
solution is proved using energy estimates and the barrier method. Further, this
global solution is shown to decay at an exponential rate to the zero equilibrium state.
Finally, in the Appendix, we present a well-posedness theory along with higher energy
estimates for a linear wave equation with time- and space-dependent coefficients as

well as the homogeneous isotropic heat equation.
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Chapter 2
Model Description

Consider a prismatic solid plate of uniform thickness A > 0 and constant material
density p > 0 occupying in a reference configuration the domain By, := €2 x (—%, %) of
R3, where € C R? is bounded. The underlying material is assumed to be elastically
and thermally isotropic. Further, we restrict ourselves to the case of infinitesimal
thermoelasticity with both stresses/strains and temperature gradient/heat flux being
small. Additionally, we assume the strains linearly decompose into elastic and ther-
mal ones. Despite of these linearity assumptions, a nonlinear (hypo)elastic law will
be postulated allowing for materials with genuinely nonlinear response such as rub-
ber, liquid crystal elastomers, etc. Figure 2.1 below (adopted from [22, Chapter 1])
displays a prismatic plate together with its mid-plane in the reference configuration.
We start by interpreting the plate as a 3D body. Let U = (Uy, Uy, U3)T be the
displacement vector in Lagrangian coordinates, T' stand for the absolute temperature
and q = (q1,q,q3)7 be the associated heat flux. Denote by Ty > 0 a reference

temperature for which the body occupies the reference configuration and is free of
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Figure 2.1: Prismatic plate

any stresses or strains. Further, let S denote the entropy and
o= (o) 155 and e=31(VU+(VU)) (2.1)

stand for the first Piola & Kirchhoff stress tensor and the infinitesimal Cauchy strain
tensor. In contrast to the theory of Finite Elasticity, the latter relation in Equation
(2.1) ignores the so-called geometric nonlinearity. Parenthetically, replacing this li-
nearization with its original quadratic version [20, Equation (17a)] and following the
streamlines of [20] would lead to a fully nonlinear hypoelastic plate model. As the
geometric nonlinearity is topologically of lower order compared to the one originating
from the nonlinear elastic response in Equation (2.4), the former one was neglected
for the sake of simplicity.

We assume the total stress tensor decomposes into elastic and thermal stresses
according to

a_therm. (22)

In the absence of external body forces and heat sources, the momentum and energy
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balance equations (cf. [1, p. 142] and [13, Chapter 1]) read then as

pUt + dive = 0 in (0, 00) X By, (2.3a)

TS, +divg =01in (0,00) x By,. (2.3b)

Similar to Ilyushin [8, p. 42], we define the elastic strain intensity ¢, as a properly

scaled second invariant of the elastic strain deviator tensor by means of
gelast \/Ti ((tr gelasty2 ¢y ((gelast)z))

Similarly, we can define the elastic stress intensity via
gelast — g <(tr o2 g ((o_elast)2))'

Within the classical hypoelasticity, a relation between these two quantities needs to

be postulated. Here, we consider a general material law given by
Oint = K(Eint); (2.4)
which generalizes power-law-type materials

m
Oint = A&int — beint

fora > 0,6 € Rand m > 1 (2.5)

considered by Ambartsumian et al. [1, Equation (6)]. The response function x(-)
is often referred to as a stress-strain curve and determined experimentally. Ignoring
for simplicity the existence of yield and fracture points, natural assumptions on x(-)

are k(s) > 0 for s > 0 and x(s) = 0 if and only if s = 0. Obviously, if b > 0 —
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which is the case for copper (cf [1, p. 144]) — Ambartsumian et al.’s [1] power-law
response functions in Equation (2.5) do not satisfy these conditions since k(s) — —oo
as s — 0o0. Hence, they are only meaningful in a neighborhood of zero.

For the thermal stresses and strains, we select a linear material law

therm _ F therm
o = mé’ s (26)

where E and p play the role of Young’s modulus and Poisson’s ratio and can be
reconstructed from the Hooke’s law resulting from linearizing equation (2.4) around
zZero.

With 7 = T — Ty denoting the relative temperature, the thermal linearity and
isotropy assumptions imply

therm

g = (1/7':[3><3, (27)

where o > 0 is the thermal expansion coefficient (cf. [13, p. 29]). According to

Nowacki [21, Chapter 1], a linear approximation for the entropy reads as

S =ytr (™) + ol (2.8)

where ¢ > 0 is the heat capacity and 7 = 1153;/ Plugging Equations (2.2), (2.6), (2.7)
and (2.8) into Equations (2.3a)—(2.3b) and linearizing with respect to 7 around zero,

we get

pUy + div a1 1 4V 7 = 0 in (0,00) x By, (2.9a)

pety — Mo AT + YTy tr (%) = 0 in (0, 00) x By, (2.9b)
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Together with Equation (2.4), Equations (2.9a)—(2.9b) constitute the PDE system
of 3D thermoelasticity. In the following, we exploit these equations to deduce our
thermoelastic plate model.

As it is typical for most plate theories, we postulate the hypothesis of undefor-
mable normals, i.e., the linear filaments being perpendicular to the mid-plane before
deformation should also remain linear after the deformation. Since we are interested
in obtaining a Kirchhoff & Love-type plate model, we additionally assume these de-
formed filaments remain perpendicular to the deformed mid-plane. The in-plane
displacements are assumed negligible. Mathematically, these structural assumptions
can be written as

U1($1,I2,$3) = —Ingl(xl,@), Us(w1, 79, 73) = —$3wx2($1;$2),

(2.10)

U3($1,$2,l‘3) = w(x17x2)7

where w is referred to as the bending component or the vertical displacement. Thus,
the elastic behavior of our plate can fully be described merely by w. Figure 2.2 is
self-describing and illustrates these structural assumptions.

As for the thermal part of the system, a properly weighted momentum of the

relative temperature 7 with respect to x3 given by

120 [h/?
9(%1, 1’2) = F/ 173’7'(331,.’172, ﬂfg)dxg
—h/2

will play a crucial role. Proceeding as Lagnese and Lions [13, pp. 29-31], Equation

(2.9b) can be reduced to

pcly — Mg /NO + 11032‘8 (hT)‘l + 1)6 + %Awt =01n (0,00) x €,
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cross-section x5 = 0

Figure 2.2: Mid-plane of a plate as well as plate cross-sections x5 = 0 before and after

the deformation

where Ay > 0 is the parameter from the Newton’s cooling law applied to the lower
and upper faces of the plate.

Returning to the elastic part and assuming for a moment the material response
k(+) from Equation (2.4) is an analytic function possessing a Taylor expansion with

the vanishing constant term
o0
K(s) = Zans” for some a,, € R,
n=1

we combine the approaches of Ambartsumian et al. [1] and Lagnese & Lions [13,

Chapter 1] to deduce

phwy — %Awtt + AK(Aw) + DHT“AG =01n (0,00) X £,

E

where D = Wﬁﬂ) denotes the flexural rigidity and K(-) is obtained from x(-) by
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means of

K(s) = Z 2(\%)”“%@”8".

n=1

Obviously, K (-) is also analytic and its Taylor series has the same absolute conver-

gence region as £(+). Taking into account

K(s) = Z%\%)nﬂﬁrjan n= g2 22(%)"“’;"_:22 s
n=1 n—=1
- -1 ( 2 s) e ) oo (lhs)nﬁ
=5 Z 2(\%) On \/§n+2 h? (\%hs) (\/Aﬁ) Zan \/§n+2
m=1 —t

with the linear operator

(11)(5) =57 | €4(©)d¢ for s € R\(o},
0
the function K () can equivalently be written as

K(s) = %[Iﬁ](\%hs) for s € R\{0}. (2.11)

By density and continuity, /(-) can uniquely be extended to a mapping from the set of
continuous functions differentiable and vanishing at 0 with the following norm being

bounded

171 = e { sup | £(2)], 17/(0)]}

into itself.
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Summarizing, our thermoelastic plate system reads as

phwy — B Awy, + AK (Aw) + DEEAG = 0 in (0,00) x €, (2.12a)
pedif — Ao A0 + 1238 (B3 1) + 2220 A, = 0 i (0, 00) X Q. (2.12b)

In contrast to [1], the Awy-term is not neglected here allowing for an adequate
description of thicker plates than those accounted for by the standard theory. Various
boundary conditions can be adopted. We refer to [2, Chapter 2], [8, Chapter 4] and
[13, Chapter 1] for further details. Here, we consider a simply supported plate held

at the reference temperature at the boundary:

w=Aw=0=01in (0,00) x 05
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Chapter 3

Proof of Theorem 1.4: Local
Well-Posedness

As mentioned in the Introduction, the local well-posedness result, Theorem 1.4, will

be proved on a more general system below.

Wy — YAwy + a(—Aw)N*w + alNd = f(—Aw, —VAw) in (0,00) x Q, (3.1a)

B0, — A0+ 00 — alw, =0 in (0,00) x Q2 (3.1b)
along with the boundary conditions (hinged mechanical/Dirichlet thermal)
w=Aw=60=0in (0,00) x Q (3.1c)
and the initial conditions
w(0,) =w’,  wi(0,)) =w', 6(0,-) =6 in Q. (3.1d)

It is clear that Equations (1.1a)—(1.1d) is a special case of (3.1a)—(3.1d). Indeed,

if we consider the following specific functions:

a(z) =1+ 3b2? and f(z,V2) = 6b2|Vz|? (3.2)
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where (as before) the operator A denotes the negative Dirichlet-Laplacian (cf. Equa-
tion (3.3)) and z = —Aw = Aw. This choice is motivated by [6], [14] and [15] (cf.

Equation (1.2a)), where the same cubic nonlinearity

A(K(Aw)) = A(w + (Aw)?) = APw + 3(Aw)*APw + 6(Aw)|VAw|

= Az + 322 Az — 62|Vz|?
originating (up to positive constants) from the material response function k(s) = s+s3
according to Equation (2.11) is considered. This choice of x(+) is inasmuch physically
meaningful as it corresponds (up to physical constants) to nonlinear power-type ma-
terials considered by Ambartsumian et al. [1, Equation (6)] while ignoring geome-
tric nonlinearity by adopting the infinitesimal Cauchy’s stress tensor. In contrast to
Ambartsumian et al.’s example of cubic nonlinearity x(s) = s — s on [1, p. 144]
characterizing the elastic response of copper (and violating the positivity condition
as s — 00), for the sake of consistency with earlier works [6], [14] and [15], we let
k(s) = s+ s3. It should though be pointed out that the sign of the nonlinear term in
k(-) and K (-) is not essential for our approach since we are interested in small classical
solutions. Parenthetically, it should be mentioned that cubic terms may also result
from the geometric nonlinearity as observed in [20]. In contrast to AK(Aw) coming
from the elastic response, the geometric nonlinearity is a lower-order term reading
as div (N(Vw)Vw) with a matrix function N(-) being a second-order polynomial in
Vuw.

To facilitate the analytical treatment of (1.1a)—(1.1d), we first reduce the order
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in space from four to two. To this end, let A denote the L?(f2)-realization of the

negative Dirichlet-Laplacian, i.e.,
A==, D(A) :={u e Hy(Q) | Au € L*(Q)} = H*(Q) N Hy(2). (3.3)

Assuming 0f is of class C?, the elliptic regularity theory yields D(A) = H*(Q2) N
H}(Q). Moreover, A is an isomorphism between D(A) and L*(§2), A~! is a compact
self-adjoint operator and (—oo, 0] is contained both in the resolvent set of A and A~
Letting

z = Aw = —Aw, (3.4)

which lead to wy = A7 'z;. Apply these identities and we rewrite Equations (3.1a)—
(3.1d) as an initial-boundary value problem for a system of partial differential equa-

tions given by

(A" +9) 2 + a(2)Az — @Al = f(2,Vz) in (0,00) x Q, (3.5a)

B0 +nA0 + 06 + az, =0 in (0,00) x Q, (3.5b)

z2=0=0 in (0,00) x 052, (3.5¢)

2(0,-) =2 z(0,))=2', 6(0,:)=¢" in Q, (3.5d)

where 2° := —Aw? and 2! := —Aw!. Note that, for any s > 0, the operator A=! +~

restricted onto H*(Q2) is an automorphism of H*(2). Therefore, Definition 1.1 is

equivalent to the following one in the new variable z:

Definition 3.1. Let s > 2. By a classical solution to Equations (3.5a)-(3.5d) on

[0,T] at the energy level s, we understand a function pair (z,60): [0,T] x Q@ - R x R
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satisfying
2 e ( M (0.7, H"(@) HY(9)) ) 0 C* ([0, T, L(2),

m=0
s—2

0 () CH(0.7), H*4Q) N HY(@) ) 1 O (0, 7], ()

such that it satisfies pointwise Equations (3.5a)-(5.5d). Classical solutions on [0,T)

and [0,00) are defined correspondingly.

Remark 3.1. The choice s = 2 in Definition 3.1 is standard for the linear situation,
i.e., when a(+) is constant and the function f(-,-) is linear. In this case, by virtue of
the standard semigroup theory, for any initial data (2°,2*,6°) € (H*(Q) N HJ () x
H{(Q) x (H3(Q)NH(Q)) with A° € HY(Q), there exists a unique classical solution
at the enerqgy level s = 2.

On the contrary, if a(-) and f(-,-) are both genuinely nonlinear, one usually can
not expect of obtaining a classical solution for the initial data at the energy level
s =2 (cf. [10, Remark 14.4]). Therefore, taking a higher energy level is inevitable to
obtain classical solutions in the general nonlinear case. Unfortunately, this not only
amounts to putting an additional Sobolev reqularity assumption on the initial data
and smoothness conditions on a(-) and f(-,-), but also makes it necessary to postulate

appropriate compatibility conditions.

To better understand the nature of compatibility conditions, we make the following

observation. Assuming there exists a classical solution at an energy level s > 2, we
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can use the smoothness in t = 0 and Equations (3.5a)—(3.5b) to compute

z = (A7 + ’y)fl <f(z, Vz) —a(2)Az + aAQ),
(3.6)

0, = —%(’I]AQ + 00 + azt).
Evaluating these equations at ¢ = 0, we obtain
20(0,-) = (A7 + 7)_1 (f(zo, V2Y) — a(2°)A2° + aA00>,
0,(0,) = —%(771490 +06° + az').
Assuming both a(-) and f(-,-) are sufficiently smooth, we can differentiate Equation
(3.6) with respect to t and repeat the procedure to explicitly evaluate 9;"z(0, ) or

k) for m = 2,...,s or k = 1,...,s — 1, respectively. Thus, Definition 1.2 and

Assumption 1.3 are equivalent to the following ones:

Definition 3.2. Let 2™, m > 2, and 6%, k > 1, denote the “initial values” for

Oz and OFO formally and recursively computed in terms of 2°, 21 and 6° based on

Equations (3.5a)—-(5.5d) (cf. [9, p. 906]).

Assumption 3.3. Let s > 3 be an integer and let OS2 € C*.
1. Let a € C*7H(R,R).
2. Let f € C*71(R x R% R).
3. Let the initial data satisfy the reqularity

Le HNQ)NHYQ), e HY Q) NHNQ), 6°c H(Q)n HY(Q)
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as well as compatibility conditions
2" e H ™M) N Hy(Q) form=2,...,s—1 and 2* € L*(Q),
0F ¢ HS M) N H(Q) fork =1,...,5—2 and 0°~" € Hy(Q).

4. Further, assume the “initial ellipticity” condition for a(z°)A, i.e.,

min a(zo(z)) > 0, where 2° € C°(Q) by virtue of Sobolev’s imbedding theorem.
e

We can reformulate our local well-posedness result Theorem 1.4 in terms of z as

follows:

Theorem 3.4. If Assumption 3.3 is satisfied for some s > 3, Equations (3.5a)—(5.5d)
possess a unique classical solution (z,0) at the energy level s on a mazimal interval

0, Thax) # O additionally satisfying
07710 € L*(0,T; H* () N Hy () and 850 € L*(0,T; L*(Q))

along with

mina(z(t,z)) > 0 for any t € [0, Tax)-

e

Unless Thax = 00, we have

mina(z(t,z)) = 0 as t 7 Tpax (3.7)

e

or/and

Z‘9+1_,€(Q)+H8fl€(t, ')Hiﬂ(m — 00 ast / Thax.

> llo(t.)]
k=0

s—2
Zs—k(Q)JFZ Han(t’ ')|
k=0

(3.8)
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Proof. First, exploiting the second Hilbert’s resolvent identity

-1 111 4-1(4-1 -1
(A 49) =224 (A +)
we rewrite Equations (3.5a)—(3.5d) as
2y + %a(z)Az — A0 = F(z,0) in (0,00) x €, (3.9a)

0 + FA0 = —%(ozzt +06) in (0,00) x Q, (3.9b)
z2=0=0 on (0,00) x 092,  (3.9¢)

2(0,-) = 2% z(t,) =2 6(0,))=6° in Q, (3.9d)
where the nonlinear operator F' is given by

F(z,0) = %(1 —K)f(2,Vz)+ %K(a(z)Az) — 2K Af

Y

with the compact linear operator
K := A1 (A*1 + ’y)_l

continuously mapping H*(Q) to H*T2(Q) N Hy(Q) for any s > 0 (cf. proof of Theo-
rem A.12). Now, Equations (3.9a)-(3.9d) are a pseudo-differential perturbation of a
second-order hyperbolic-parabolic system constituted by a quasi-linear wave equation

coupled to a linear heat equation.

Step 1: Modify the nonlinearity a(-). Since no global positivity assumption is imposed
on the nonlinearity a(-), the ellipticity condition for a(z)A can be violated at any time
t > 0. To (preliminarily) rule out this possible degeneracy, the following construction

is performed.
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Taking into account the continuity of 2% and the connectedness of Q, we have

22(Q) = [min 2°(z), max 2°(z)] =: Jo. (3.10)

xEQ z€Q

By Assumption 3.3.4, a(-) is strictly positive on Jy. Consider an arbitrary closed set
J such that

Jo C int(J) and a(z) > 0 for z € J, (3.11)

which must exist due to the continuity of a(-). By standard continuation arguments,

there exists a C*-function a(-) such that
a(¢) = a(Q) for ¢ € J and %gf}d(() > 0.
Now, we replace Equation (3.9a) with
2+ 2a(2)Az — 2A0 = F(2,0)  in (0,00) x Q (3.12)

and first consider Equations (3.12), (3.9b)—(3.9d). To solve this new problem, we
transform it to a fixed-point problem and use the Banach fixed-point theorem. Our
proof will be reminiscent of that one by Jiang and Racke [9, Theorem 5.2] carried out

for the quasilinear system of thermoelasticity.
Step 2: Define the fized-point mapping. Here and in the sequel, H3(Q) = H°(Q) :=
L3(Q2). For N > 0 and T > 0, let X(N,T) denote the set of all regular distributi-

ons (z,0) such that (z,6) together with their weak derivatives satisfy the regularity
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conditions

07"z € C°([0,T], H*~™(Q)) for m=0,1,...,s,
970 € C°([0,T), H*T7*(Q)) for k=0,1,...,5s =2, 9;7'0 € C°([0,T], Hy()),

9,710 € L*(0,T; H*(Q) N Hy () and 850 € L*(0,T; L*())
the boundary
O"z =00 =01in[0,T] x 0Q for m,k=0,1,...,5—1
and the initial conditions

Om2(0,-) = 2™ for m = 0,1,...,s and 970(0,-) = 6" for k =0,1,...,5 — 1 in Q
(3.13)

as well as the energy inequality

s—2
max [|D°z(t, )72 + ) max [|076(t, )]

0<t<T 0<t<T
k=0

T
b 180000 ey + 107006, ot < N

fres-n(@) + ax 07760(8, ) i o

(3.14)
Here, for n > 0, we let

D" = ((0,, V)*]0 < |a| < ).

For any Ty > 0 and sufficiently large N > 0, the set X (N, T") is not empty for any

T € (0,Tp]. Indeed, if N is sufficiently large, any pair (z,#) of Taylor polynomials

s s—1
P

2t,) =D T+ Pt 0t ) =)+ Pylt, )t

k! k!
k=0 k=0
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is contained in X (N, T'), where P,, Py are arbitrary Cg° (Q)—valued polynomials w.r.t.
t.
For (2,0) € X(N,T), consider the linear operator .# mapping (2,0) to a function

pair (z,0) such that # is the unique classical solution to the linear heat equation
O:(t, ) — FA0(t,x) = g(t, z) for (¢,z) € (0,T) x €,
0=0 for (t,z) € (0,T) x 99, (3.15)
0(0,-) = 0°(x) forze€Q
with

g(t,x) = —%(ait(t,:c) + 00(t,z)) for (t,z) € [0,T] x © (3.16)

and, subsequently, define z to be the unique classical solution to the linear wave

equation
zu(t,x) — ay(t, 2)Az(t,z) = f(t,z) for (t,2) € (0,T) x Q,
2(t,z) =0 for (t,z) € (0,T) x 99, (3.17)
2(0,2) = 2%(x), 2(0,z) =z'(z) forz €Q
with

flt,z) = 2((1 = K)f(2,V2) (t,2) + L (K (a(2)A2)) (t,2) — 2((1 — K)AB) (¢, )
(3.18)

for (t,z) € [0,T] x Q. Note that the right-hand side f depends on A# and not Af as

the standard procedure would suggest.
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We prove % is well-defined. By the definition of g in Equation (3.16) and the

regularity of (z,g) € X(N,T), we trivially have
9yg e C°([0,T), H*'"%(Q)) for k=0,1,...,s— 1.

By virtue of Theorem A.12, Equation (3.15) possesses a unique classical solution 6

satisfying
970 € C°([0,T), H*T " (Q) N Hy () for k=0,1,...,5—2,
9,710 € C°([0,T), Hy(Q)) N L*(0,T; H*(Q) N Hy(Q)) and 9;6 € L*(0,T; L*(2)).
Now, taking into account the regularity of z and 6, exploiting Assumption 3.3 and

applying Sobolev’s imbedding theorem, we can verify that Assumption A.9 is satisfied

with

;= max ¥;(||2(¢, )| ) for i = 0,1, (3.19)

0<t<T Hs= 1(9)

where ~9,71: [0,00) — (0,00) are continuous functions. Here, we used the Sobolev

imbedding Vz(t,-) € H*(Q) < L>(Q) along with the estimate

| K (a(z)Az

?) HH’”JFQ(Q) = CH&(E)AEHH"L(Q) form=0,1,...,s - 2.

Here and in the following, C' > 0 denotes a generic constant. Hence, by Theorem

A.10, Equation (3.17) possesses a unique classical solution

z € ﬂl C™([0,T), H*™() N Hy () N C*([0,T], L*(2))

m=0

implying (z,0) € X(N,T). Therefore, the mapping .# is well-defined.
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Step 3: Show the self-mapping property. We prove that % maps X (N,T) into itself

provided N is sufficiently large and 7' is sufficiently small. We define

s s—2
= ™oy + Y N16¥]
m=0 k=0

Recalling the definition of g in Equation (3.16), applying Theorem A.12 and using

Freriorg) 107 0 (0

Equation (3.14), we can estimate

s—2

max [|0;0(t,-)]

0<t<T

%[s+lfk(Q) + fgiXTHas 19( )H%{l(ﬁ)

T
T / (12852008 ) 22y + 1008, )| 2a(ey) dt < ON? + CE,.
(3.20)

Further, taking into account Equations (3.13), (3.14) and (3.18) and applying Sobolev

imbedding theorem and [9, Theorem B.6], we obtain

T
/0 100 F (k) Bt < C(NY(1 4+ T) (3.21)
and
s—2
2
m_oolgngH@ Ft ) s2-mq)

2

< Z max ||/ (2(1 - K)f(2,V2) + 1K (a(2)Az) — 2(1 — K)Af)(t, )]

0<t<T Hs—2-m(Q)
<Z o (21 = K) f(2,V2) + LK (a(2)AZ) = 2(1 = K)A0)(0,)| -2 (q
+ Z/O |0 (L1 — K)f(2,VE) + LK (a(2) AZ) — 2(1 = K)AD) (£, )| oyt

<C(Ey) + C(N)(1+1T), (3.22)
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where the fundamental theorem of calculus was employed. Plugging Equations (3.21)

and (3.22) into the energy estimate in Theorem A.10, we obtain

max || D°z(t, ) ||720) < K (Eo, 70, )G (N, T) (3.23)

0<t<T

with positive constants 7,7y, defined in Equation (3.19), a positive constant K being

a continuous function of its variables and

5
CN.T) = (1 +CNT Y TW) exp (TV2C(N)(1 + TY* + T 4 T%?)).

1=0

Combining the estimates in Equations (3.20) and (3.23), we obtain

k 2
OTEELXTHD (1 ||L2(Q) +Zo@i}%”8 o(t, )17 Hs+1-k(@) T mteszHa o(t, ')HHl(Q)

T
+/0 (laos~ra(t, ')H%Q(Q) + [1976(t, ')H%?(Q))dt < K(Ep,7,7)¢(N, T),
(3.24)
possibly, with an increased constant K.

We now select N such that
N? < LK (Eo, 70, M)

Due to continuity of ((N,-) in T'= 0 and ((Ny, 0) = 1, there exists 7" > 0 such that
¢(N,(0,T]) C [1,2]. Hence, the estimate in Equation (3.24) is satisfied with N? on

its right-hand side. Therefore, (z,6) € X(N,T) and .# maps X(N,T) into itself.

Step 4: Prove the contraction property. We consider the metric space

V= {(2.0)] 22, V= € L%(0,T; 1(@)) and 0 € L=(0,T; H'()) }
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equipped with the metric

(200 2.0) = (s (= )0 g + s 0

0<t<T 0<t<T

9 1/2
)y

for (z,0),(2,0) € Y. Obviously, Y is complete. Further, X(N,T) C Y. Moreover,
X(N,T) is closed in Y. Indeed, consider a sequence ((zn,en))neN C X(N,T) such
that it is a Cauchy sequence in Y and, thus, converges to some (z,0) € Y. With
the uniform energy bound in Equation (3.14) being valid for ((z,, 0”))neN’ it must
possess a subsequence which weakly-* converges to some element (z*,60*) C X(N,T)
in respective topologies. Since strong and weak- limits coincide, we have (z,0) =
(2*,6) € X(N,T).

We now prove that #: X(N,T) — X(N,T) is a contraction mapping w.r.t. p.
For (z,0),(z*,z") € X(N,T), let (z,0) := F((z,0)), (z*,6%) := F((z*,6")). With
(2,0), (z5,0%), (2,0), (*,0%) all lying in X (N, T), Equation (3.14) along with Sobolev

imbedding theorem imply

esssup || (D'(z,2%, 2, 2)) (¢, -)HLOO(Q) < CN. (3.25)

0<t<T

Recalling Equations (3.9a)—(3.9b), we can easily see that (Z,0) := (z — z*,0 — 6%)

satisfies
Zn+ La(2)AZ — 2A0 = F(2,0) — F(2%,0") — (a(2) — a(z")) Az, (3.26)
G+ 140 = 8 (5= 51) — 30— 0 .27
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n (0,7) x Q. Further, we have
2=0=0 on (0, 00) x 99, (3.28)

20,)=0, Z(t,)=0, 00,)=0 in Q. (3.29)

Multiplying Equation (3.27) in L2(Q) with A, using Young’s inequality and integra-

ting w.r.t. ¢, we obtain

¢
HAI/QQ(TZ ')”%2(9) + %/0 | A0(r, ')H%Q(Q)

t
SaAHAﬂﬂN@mﬂT

+ T esssup (10 (2 =) s + 10 =) s )

0<r<t

Hence, by Poincare-Friedrichs’ inequality, selecting € > 0 sufficiently small, we obtain

100 oy <~ [ 14007, )
(3.30)

+ CT esssup (HDl z—7°)( T,')“iz + H (0 —6°)( HL2 )

0<r<t
Similarly, multiplying Equations (3.26) in L? (O,T; LQ(Q)) with Z;, applying Green’s
formula, using chain and product rules, taking into account Equation (3.28), exploi-
ting the local Lipschitz continuity of a(-) and f(-,-), using Equations (3.14) and (3.30)

as well as exploiting Young’s and Poincaré-Friedrichs’ inequalities, we can estimate

for any ¢ € [0, 7]

1D (8, ) ey < /‘Ww Mizoydr + CTesssup [[(0=0°) ()12
t
rowy (@) /O 1D (7, )20y dr (3:31)

+ TY2(1 + T) ess sup | D' (z — %) (r, -)H;(Q)).

0<r<t
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Adding up Equations (3.30)—(3.31), using Gronwall’s inequality, taking into account

Equation (3.29) and selecting 7" sufficiently small, we can estimate

p((2,0),(27,07) < Mo((2,0), (2", 07))
for some A € (0,1). Hence, .# is a contraction on X (N,T) in the metric of space
Y. With X (N, T) being closed, Banach fixed-point theorem implies .# has a unique
fixed point (z,0) € X(N,T). Finally, due to the smoothness of (z,6), we can easily
verify (z,6) is a unique classical solution to Equations (3.12), (3.9b)—(3.9d) at the

energy level s.

Step 5: Continuation to the mazximal interval. Observing that z(T),-), z(T,-) and
O(T,-) satisfy the regularity and compatibility assumptions and carrying out the
standard continuation argument, we obtain a maximal interval [0,77) for which the
classical solution (uniquely) exists. Due to the interval’s maximality, unless 77 = oo,
we have

> ot

ilsﬂ,k(m + H@f_lﬁ(t, -)H;(Q) —ooast NT7.

5—2
2 k
Hs—k(Q) + Z Hat o(t, )‘

k=0

(3.32)

Step 6: Returning to the original system. By virtue of Sobolev’s imbedding theorem,
the function a o z is continuous on [0, T}) x €. Hence, the number
Ty, if Goz=aozin [0,T%) x Q,

Tmax,J =
min {t € [0,7%) | a(t,z) € int(J)}, otherwise

is well-defined and positive by Equation (3.11). Denote by (2, 6;) the unique classical

solution to (3.12), (3.9b)—(3.9d) restricted onto [0, Tryax,s). Consider now an increasing
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sequence (J,)nen of closed sets satisfying Equation (3.11) such that
Tax.ty, /" Tiax 1= sup {Tmax’J ‘ J satisfies Equation (3.11)} as n — oo. (3.33)

By construction, (z;,,6,) solves the original problem (3.9a)—(3.9d) on [0, Tiax.s,)
and

(24,0, 01,,) = (24,,04,) on [0, Tinax,s,,) for m,n € N with m < n.

Hence, letting for ¢ € [0, Tinax),
(2,0)(t) := (24,,0,,)(t) for any n € N such that Ty, > t,

we observe (z,6) uniquely defines a classical solution to (3.9a)—(3.9d) on [0, Tinax)-
Moreover, unless Tr,.x = 00, we have Equation (3.8) and/or Equation (3.7). Indeed,

if neither was the case, we could redefine Jy from Equation (3.10) via

J = ] TmaX7 3 L2 TmaX7
0:= [mit a(z(Twx, 7)), max a(z(Tnax, )]

and repeat Step 5 to obtain a classical solution (z,, ;) existing beyond Ty,ay, which
would contradict Equation (3.33). The overall uniqueness follows similar to Step

4. [l

Remark 3.2. Equation (3.8) is equivalent to

2
Hsfl(ﬂ)

J=(,-)]

ZS(Q) + |2, )| — 00 ast  Tax.-

Indeed, arquing by contradiction, if the norms in Equation (3.8) are bounded, Equa-

tions (3.9a), (3.5b) suggest the derivatives of z and 0 as well as 0 itself are bounded

in respective topologies, which contradicts the mazimality of Tiax.-
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Chapter 4

Proof of Theorem 1.5 and 1.6:
Global Well-Posedness and
Exponential Stability

In this chapter, we will show the global well-posedness and the exponential stabi-
lity of the local solution to Equations (1.1a)—(1.1d) (or, equivalently, (3.5a)—(3.5d))
established in Theorem 3.4 provided the initial data are ‘small.’

Recall that the system we study in (z,0) is

(A7 +7)zu + Az — @Al = =32%Az +62[V2[*  in (0,00) x Q,  (4.1a)

B0; + A0+ o0+ az, =0 in (0,00) x Q, (4.1b)
z2=0=0 in (0,00) x 092, (4.1c)
2(0,-) =2°  2(0,)) =2' 6(0,-) =6° in €. (4.1d)

Under Assumption 3.3, Theorem 3.4 establishes the local existence of a unique clas-
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sical solution to Equations (4.1a)—(4.1d) at the energy level s > 3:
s—1
v e ( () €™ (10, Tonas), H*"(2) N H&(Q))) O ([0, Toay), LA())
m=0

= CO([O, TmaX)7 Zs)’
(4.2)

- (h CH([0, Toas), H175(Q) 1 H(92)) ) 01O ([0, T, H'())

k=0
= C°([0, Tae), T5).,
where [0, Thax) is the maximal existence interval (in time) with 7. < co. Unless
Tnax = 00, either the solution norm explodes or the hyperbolicity of Equation (4.1a)
is violated at Ti,.y, the latter of which can never be the case for the specific form of
nonlinearity in our model.
For the solution pair (z,0), we introduce the squared norm functionals Ej(t) for

k::1,2,3 and0§t<TmaX

1
Bi(t) i= 31472210t )y + 30t Mgy + 3142208 ) oy + 21142662,

Ea(t) == 32t )0y + HIATAE gy + 3142 oy + 31408

(4.4)
By(t) = Y20t )y + 14220t )y 211 A2 )y 211 AOKCE )
(4.5)
and define the natural energy at level s = 3 by means of
X( = H 2, Zt,Ztt,e 9t HX Eg(t)+E3(t) (46)
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Note that F;(t) represents the basic ‘natural’ energy of the system. For the sake of

brevity — and slightly abusing the notation — we will write in the following:
H(z,9)||X instead of H(z,zt,ztt,Q,Gt)HX

and

Iz, 6))

2.7, instead of ( tgsz,@fs*l@)nx

where 0=F .= (1,0,,...,9F).

Remark 4.1. In order to prove the system is globally well-posed, we first seek for an

a priori estimate for the solution and then prove T, = 0o. To capture the essential

decay of the energy, we work with ||(z,0)|x, instead of ||(z,0)| z.x1., for most part
of this chapter. Although all main results in this chapter are presented in terms of

X(t), their equivalence with the statements in Section 1.2, given the smallness of the

wnitial data, is shown in Lemma 4.7.

We start by an observation that, for small data, z has one extra order of hidden

regularity in space encoded in the definition of F,.

Lemma 4.1 (z-energy boost). For any t € (0, Thmax), if (2,0) satisfies

Ey(t) <€ := for some constant C" > 0 (defined in (4.11)), (4.7)

1
2V/C"
there holds

||z(t)||12Lp(Q) < C(X(t) + X*(t)) for some C > 0.
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Proof. From Equation (4.1b), —nA3/20 = aAY?z, + BAY?0, + 0 AY/20. Hence,

14726 2y < CUA 2l aiqy + 47200 gy + 14726 12)) < C(Ba() + Bs(1)).
(4.8)
Using Holder’s inequality

a- b||%2(9) < ||a||2LG(Q) : Hb||%3(9)

and Sobolev imbedding theorem H'(Q) < L5(Q) < L) — L3(Q), we arrive at:

|AY2(62]9 2|} 0
< O A2z V2| g + Cf|(Vz - VAY22) [y (4.9)
< CA 22 oy [V Eiey + CIAZIE, o 142210 |42
< CES(t) + C'E3(1)[| A% 2|72 g,
and
| AY201+32) - Azl gy < Ofl2AM22 - Azl 2
< C||Z||12L12(Q)”A1/2Z||%{2(Q)HAZH?Z(Q) (4.10)

< C/HAZHi2(9)||A3/2ZH%2(Q)

< C’Eg(t)HAg/QzHig(m for some C,C" > 0.
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Now, to estimate || 4%/2z|2, () We successively transform Equation (4.1a) to obtain:

143294z = — [A_lztt + 2y — AO — 6z|Vz|2] ,
AVP[(1432%)Az2] = —AYV2[A7 2y + vou — @Al — 62|V2]*],
AYV2(1432%) - Az 4+ (1 +322)4%2 = A2 [A™ 2 + vz — €Al — 62|V2]?]
(1+ 3z2)A3/2z = —A/? [A_lztt + vz — Al — 6z|Vz]2] ,

—AY2(14322) - Az,

APy = - 1+§z2 |:A_1/2Ztt + AI/QVZtt — A3

—AV2(62|V2|2) + AYV2(1 + 32%) - Az].

Taking into account Hﬁ < 1, Equations (4.8), (4.9) and (4.10) yield

14322 Faggy < sl sy AT 7220 gy + VA2l 2y + @ A726] 2
2
A6V [y + 4720 +322) - A2] 2 |
< C[HAil/Q'zttHi?(n) + |’A1/27zttHi2(Q) + HAS/QGHEQ(Q)
+ [[AY2(621V212) [ g + 1421+ 82%) - Az|fagy |
< O Ba(t) + Ba(t) + [Ea(t) + Ea(1)]

+ CE3(t) + C'E3 ()| A% 320 + C’Eg(t)HA?’/?zH;(Q)} . (4.11)

Hence,

422 < s [Ea) + Eo(8) + E3(0).
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By the assumption in Equation (4.7), 1 — 2E3(t)C’" > 4 and, therefore,
4322|720y < CLE>(t) + Es(t) + E3(1)] < C[X(1) + X3(1)],
which finishes the proof. m

Lemma 4.2 (A priori estimate). Let Assumption 3.3 and the smallness assumption
of E5(t) in Lemma 4.1 be satisfied for some s = 3, and a positive time T such that
0 < T < Thax with Thax > 0 denoting the maximal existence time from Theorem 3.4
and let

X(0) < 1. (4.12)

Then,

X, (T) + / ' X, (t)dt < CLX,(0) + Co > XSH(T) +C5 / ' X5(dt  (4.13)

iel jeJ

where Cp, > 0, k = 1,2,3 are constants, both I,J C N are finite sets, oa; > 1 for any

t€ 1 and B; > 1 for any j € J.

Proof. The proof mainly consists of energy estimates at the energy levels s = 1,2 and
3. Estimates for higher energy spaces (s > 4) follow similarly. Throughout this proof,
(-,-) denotes the standard L?(Q2)-inner product. Moreover, without loss of generality,
we assume

X(t) < 1forte|0,T]. (4.14)
If not, by continuity of X(¢), we can find a smaller 7" so that (4.14) holds true.
Equations (4.12) and (4.14) are critical in Step 4.2 of this proof. The dimension of

the domain is also important by virtue of, for instance, Equation (4.36).
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Step 1: Level 1 energy identity. Multiplying Equation (4.1a) with z; in L%*(2) and

integrating by parts, we get
S0 A7 2|2y + 302l iy + 2O A2y — 0 (A6, ), = (B ) (4.15)

where F(z,Vz, Az) = —32%2Az + 62|Vz|? from (3.2). Similar actions on (4.1b) mul-

tiplied by A#f lead to
30| AY20|[1 2y + [ AO] iy + | A2 2 g + (21 AO) = 0. (4.16)
From Equations (4.15) and (4.16), we get the Fj-identity:
T T
Ey(T) +/ (nHAQHLQ + 0||A1/29HL2 ) = F1(0) +/ (F,z)dt.  (4.17)
0 0
Step 2: Level 2 energy estimate. Recalling from Equation (4.4)
Bo(t) = g0t M agoy + 314" 1t ) [y + 3148 My + 311408 g
and using Equation (4.17) along with Poincaré-Friedrichs inequality, we get:

E\(T) < Ey(0) + /0 ' (F,z)dt < C [EQ(O) + /O : (F,z) dt] . (4.18)
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Similarly,

T T T
/0 \\A1/29||i2(mdtgc/0 HA@HiQ(mdtSC [EQ(O)JF/O (F. z) dt],
(4.19)
T ) T ) T
| N0l pe < [ ol g < ¢ {152(0) + [ ipa) dt] ,
(4.20)
T
max{”zt(t,-)Hiz(Q), ||A1/2z(t,-)H;(Q)} <CE(T)<C {EQ(O) +/O (F, z) dt] .
(4.21)
T
In order to estimate Fs(t) and / Es(t)dt, we employ a set of higher energy
0

multipliers. We first start by multiplying Equation (4.1a) with Az, and recalling

(4.18) to observe that

T
%Hzt(T>HiQ(Q) - %HAl/ta(T)HQLQ(Q) - %HAZ(T)HZH(Q) - O‘/O (A0, Az) dt

. . (4.22)
0 0
Second, in order to estimate ||A9(T)H;(Q), we multiply (4.1b) by A#, to get
T
n o
DA+ SO gy +5 [ 140
_n 2 01 41/2 2 g 1/2 1/2
= S [A00)[[ gy + 5[ A20(0) | 2 — a/o (A2, AV26,). (4.23)

We apply Young’s inequality to the inner product term, we get the following estimate

T
Ui
A48T iy +8 [ 1470

T T
< Ba(0) + 34700 [y + 2 [ Ay +C [ 42, (420
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After performing cancellations, employing (4.18), and rescaling, the estimate becomes

C||A9(T)H;(Q) <C {E2(0)+/0 (F,z) dt] +e/0 ||A1/2,zt}};(m. (4.25)

Last, by Equation (4.1a), z4 = —BAz + aBAf + BF, where B = (A™! + )7L

Multiplying Equation (4.1b) by Az;, we get

T T T T
) / (40, Az) dt = a / |AY224| 2 gt + B0, Az) |+ / (A9, BAZ) dt
0 0 0 0

T T T
— 045/ (A6, BAO) dt — B/ (A0, BF)dt + J/ (0, Az dt.
0 0 0
(4.26)
Recall from the proof of Theorem 3.4 that B is a continuous operator. Therefore,

|B|| < C,. Adding (4.25) and a multiple of Equation (4.26) to (4.22), we have:

T T T
Ey(T) + < / [ Al/zZtH;(mdtgo [EQ(O)—I— / (F, z) dt} + / (F,Az)dt
0 0 0
+ C[ AT [ + el 422D 21
T ) T a2 T )
+0/0 {‘AQ“LQ(Q)dt+Ce/O HA/QHL2(Q)dt+e/O e
T 9 T 9 T
+ce/0 ||€HL2(Q)dt—|—e/o |42 ooyt + 52 [ (a6, ar
(4.27)

After merging respective terms and applying Equations (4.18) and (4.19), (4.27) be-
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comes
T
(1 —€)Ey(T) + %2/0 HA1/2ZtHiQ(Q)dt
T T T
<c [E2(0)+ /U (F. ) dt + /0 (F. Az)dt + /U (BF,AH)} dt

T
+ 26/ Ex(t)dt, where C' = C(e, v, 8,7,n,0).
0

(4.28)

T
Third, to estimate / ||Az||;(mdt, we multiply(4.1a) by Az and, again, use (4.18)
0

to get
T ) o2 T T
/ HAZ”L?(Q)dt < — / (F, Az) dt‘ —i—e'/ Es(t)dt + € Eq(T)
0 2nCh o 0
(4.29)
T 2 (T o o
+ Co {EQ(O) +/ (F, z) dt} + —/ | AY 2t/ 2 dt-
0 21 Jo
Finally, after combining Equations (4.19), (4.28) and (4.29), we arrive at
T T T
Ey(T) + C’l/ Ey(t)dt < C2E5(0) + Cs { / (F, z) dt‘ + / (F, Az) dt’
0 0 0 (4.30)

T T
+ / <F,Azt>dt‘+ / (BF, Af) dt
0 0

Step 3: Level 3 energy estimate. The 3™ level energy space (E3) is one order higher in

time than the 2" level space (F,). Hence, after differentiating Equation (4.1a)—(4.1b)
in time

A_lzttt + Y2ttt + AZt — ozA@t = 5’tF(z, VZ, AZ) n (0, OO) X Q, (431&)

ﬁett —+ T]Aet — O'et + oz = 0 n (0, OO) X Q, (431b)

z2=2z=0=0,=0 in (0,00) x 09, (4.31c)
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a procedure similar to Step 2 can be employed. Denote the right-hand side of (4.31a)

by

G(2) = OF = 0,[-322Az 4 62| V2] = —622.A2 — 32° Az + 62| V2> +122(Vz - Vz)
(4.32)

and calculate

0,G(2) = =622 Az — 622y Az — 1222, A2 — 32% Azy
(4.33)
+ 62| V2|? +242(Vz - Vi) + 122| V2 |* + 122(V2, - Vzy).

Letting z = z; and 0 = 0, we have
Es(t) = %||zt||iQ(Q) + %HAl/QZtHQH(Q) + %HAgHi?(Q) + %HA@H;(Q).

Therefore, in a fashion similar to Equation (4.30), we get the following 3" level energy

estimate:

Eg(T)+C’1/OTE3(t)dt§CQE3(0)+C’3{/OT(G(z),%}>dt‘+ /OT<G(Z),Az>dt‘

/OT <BG(z),A5> dt‘}.

/0 ' (G(2), AZ) dt‘ +

N
(4.34)
Recalling X (£) — Es(t) + Fs(t), combine (4.30) and (4.34):
X(T)+C’1/OTX(t)dt§CQX(O)+03{ /OT (F,zt)dt’+ /OT(F,Az)dt'
+ /OT (F, Az) dt’ + /OT (BF, Af) dt‘ + /OT (G 7) dt‘
+ /OT(G,Aadt‘ + /OT(G,AEt)dt' + /OT<BG,A5>dt|}.

(4.35)
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Step 4: We now need to estimate the integrals on the right-hand side (r.h.s.) of
Equation (4.35) (eight terms in the brackets) to get (4.13) for s = 3. We will be using

the fact that
H2(Q) — L*(Q) and H2(Q) — W1’4(Q) for d € {2,3}. (4.36)

Step 4.1: The first four terms on the r.h.s. of (4.35). The embeddings in Equation

(4.36) together with Young’s inequality lead to an estimate of the first term:

T T T
/ (F, z) dt‘ < ‘/ (32°Az, z) dt‘ + '/ (62|Vz[*, z) dt
0 0 0

T ) T
gCG/ Xd(t)dt+e/ X (t)dt.
0 0

(4.37)

Here, we noted H?(Q) — W'4(Q). In general, W2*P(Q) — W14(Q) for p > %.

Since d = 2 or 3, we chose p = 2. Similar arguments apply to the next two terms

with the following inequalities:

T T T
‘é(ﬂ&%ﬂgcl}Mﬂ%mwﬂm®&§044ﬁwﬁ, (4.38)

T(F,Azt>dt < C, TX3(t)dt+e TX(t)dt. (4.39)
waoafse | J

Again, by a similar argument, using the continuity of the operator B and Equation

4.37), we can estimate the 4 term:
( ,

T T
/(BF,A0>dt’§C‘/ |B(322Az + 62|V 2|} gt
0 0

r 2
r 0| [ 140]

/OT (F, z) dtH

5CX(O)+C€/TX3(t)dt+e/TX(t)dt.

T
gc/\Mﬂ;®&+CFMm+
0

(4.40)
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Step 4.2: The highest order terms on the r.h.s. of (4.35). In order to estimate the

remaining four terms containing G (cf. (4.32)), we rewrite G = G + Go, where
G = —622A2 — 32 Az, + 62|Vz> and Gy = 122(Vz-Vz).

Therefore, the 7% term can be bounded as follows (after two integrations by parts):

/OT (G1(2), Azy) dt‘ + /OT (Gy(2), Azy) dt‘

/OT (@, A7) dt' <

T

/OT (Ga(2), Azy) dt‘

T
< ‘(Gl(z),Azt> + / (0:G1(2), Az) dt’ +
0 0 (4.41)
< %HGl(Z(O))H;(Q) + %HAZt(O)Hi?(Q) + CfHGl(Z(T))H;(Q)
) T T
b AT Py + ' [ @62 4) dt‘ - [ <G2(z),Aztt>dt‘ .
Step 4.2.1: The first four terms on the r.h.s. of (4.41).
< 6||Z(O)Zt(O)Az<O)Hi2(Q) + SHZ(O)QAZt(O)Hti) + 6H2t(0)|vz(0)|2Hi2(Q)
< C{11200) ey + 1260) Sy + [1AZ0)][ 32 0y + 12O o
Az 0y + 12O oy + 11200} ey (4.42)

2 2
< C{I1(0) 2z + 126(0) ey + [ A2(0) ][5y + 12(0) gy + | 42(0) [ 2
o 1200 20y + 1200z }

< CX(0).

Here, we used the ‘smallness’ assumption X (0) < 1 from Equation (4.12). An argu-
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ment similar to Equation (4.42) yields
2 2
C'CHGI(Z(T))HLQ(Q) < C||(—622.A2 — 32° Az + 6zt|Vz|2)(T)HL2(Q)
6
< C 1Dy + 12Dy + ATy (443
4
+ (D)) + ([ A2 (D[ o ) + 126D 120 + HZ(T>||§{2(Q)}
< C XU D)+ XT) + X3(T)].
Trivially,
2 2
%||Azt(0)||L2(m < X(0) and e||Azt(T)||L2(Q) < eX(T). (4.44)

T
Step 4.2.2: The 5™ terms on the r.h.s. of (4.41). Estimating / (0,G1(z), Az) dt
0

with Gy = —622;A2 — 322 Az + 62| V2|? and
0,G1(2) = —627 Az — 6224 Az — 1222, Az — 327 Az + 62| V2|* +122,(V2- V) (4.45)
amounts to dealing with each of the respective six terms.

(a) First, we use Young’s inequality to write

T
‘/ (2} Az, Az)
0

L 2 2 T
< C/O H’Zt”HQ(Q) (||AZ||L2(Q) + HAthm(Q)) < C/o X=(1).

(4.46)

(b) By Holder’s inequality, choose p = 3,¢ = 3/2, we get

a- bH%Q(Q) < Ha||%6(9) : ||bH%3(Q)' (4.47)
In bounded domains of R? for d = 2,3, we have H*(Q) — L%(Q) — LY(Q) —

L3(Q), ie.,

lallze@) < Cllallm ), lallza) < Cllalla ), lalls) < Cllal| g o)-
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Hence,

T T
2
[ sz syl < € [ etimia (Tl - 1450 + |45 )
T
2
< C/O (||AZ||L2(Q)HAI/ZZttH%Q(Q)||A3/22”2L2(Q) + ||AZ||L2(Q)HAZtHLz(Q)>dt
T T T
0
T T 4
be / A2 |22yt + C. / Az oyt (4.48)
0 0
T 3 r 1/2 6 3 3
0 0
T T 4
2
+e /0 A2 |20yt + C. /O Azt

T T T T
gc/ X3/2(t)dt+0/ X3(t)dt+e/ X(t)dt+(]€/ X2(t)dt.
0 0 0 0

Here, we used (4.12) and assumption in Equation (4.14) implying X*(t) < X (¢)

for k> 1.

(c) By Holder’s inequality,

T T
/ <zztAzt,Azt>dt‘§C / 120 e |22l ooy || A [ 2y It
0 0 (4.49)

T T
ge/ X(t)dt+CE/ X3(t)dt.
0 0
(d) Since

o <Z2AZt, Azt> = (222, Az, Az) + <2z2Azt, Aztt> ,
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we have

T T T
/ <22Aztt7 AZt> dt‘ = % / at <Z2A2t, A,Zt> dt — / <ZZtAZt, Azt> dt‘
0 0 0

<C ‘<22Azt,Azt> (T)‘ +C |<22Azt,Azt> (O)‘ +C

T
/ (zz4Azy, Azy) dt’
0

2 2
< Cllz(D) o) | A2(D)]| 2y + Cl2(O0) 1720 | A26(0) [ 12
T
2
+ C/o HZHLoo(Q)HZtHLoo(Q)||AZtHL2(Q)dt (4.50)
T 3
< CX*(0) + CX2(T) + c/ Az a]| Azt ot
0
T T
<CX(0)+CX*T) +e/ X(t)dt+C’e/ X3(t)de.
0 0
Here, X?(0) < X(0) by Equation (4.12).
(e) Again, using Equation (4.47), we get
’ 2 ! 2 212 ’ 2
'/0 <Ztt|VZ| ,A2t> dt‘ S CE/O ”ZttHLfi(Q)‘HVZ’ ”L3(Q) + 6/0 HAZtHLQ(Q)dt

< C, /TXQ(t)dt—i—C'e /TX4(t)dt+e/TX(t)dt.
’ ’ ’ (4.51)

(f) Similarly,

T T T T
/ (2(V2,Vz), Az) dt' < C/ X2 (t)dt + C/ X2 (t)dt + (J/ X3(t)dt.
0 0 0 0

(4.52)

Now, collecting Equations (4.46)—(4.52) and recalling (4.45), we get

/T (.G (2), Az) dt' <CX(0)+ CX2(T) + e/TX(t)dt

. (4.53)
+ C. / [X32(t) + X2(8) + X3(t) + X*(1)] dt.
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Step 4.2.3: The 6™ (last) term on the r.h.s. of (4.41). The estimate is produced in

a similar fashion to Equation (4.52):

T T
/(Gg(z),Aztt>dt‘§C’/ HzHHz(Q)|||VzH|H2(Q)<Azt,A1/2,ztt>dt’
0 0

. . . (4.54)
g(}/ X3/2(t)dt+0/ X3/2(t)dt+0/ X3(t)dt.
0 0 0

Step 4.3: The 5™ and 6™ term on the r.h.s. of (4.35). These are lower-order terms
compared to those from Step 4.2. Hence, we skip the details and just state the final

results:

/OT (G, %) dt’ < e/OTX(t)dt—l—C'e/OT [X32(t) + X3(t) + X*(t) + XO(t)] dt,

(4.55)

/T (G, A7) dt’ < e/TX(t)dt e /T [X9/2(8) + X3(0) + X(1) + XO(8)] dt.

(4.56)

Step 4.4: The 8" (last) term on the r.h.s. of (4.35). By an argument similar to

Equation (4.19), we get

T T
/ 46,2, oyt < Es(0) + / (G, ) dt. (4.57)
0 0

Therefore,
T
0

T N T
/ <BG, A9> dt‘ < 0/ HGH;(Q) + C'Es(0) +C/ (G, zy) dt
0 0

< e/TX(t)dt+CX(O)+C’€/T [XP32(8) + X2(t) + X3(t) + X*(t) + XO(1)] dt.
(4.58)
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Step 5: Plugging Equations (4.37)—(4.40), (4.54)—(4.56) and (4.58) into (4.35), we
finally estimate

(1= )X(T) + (Cy — 8¢) / " Xyt
< C.X(0)+ C. /T [X32(t) + X2(t) + XP(t) + X*(t) + XO(t)] dt

+C. [X2(T) + XYT) + XS(T) + X3(T)] ,

that is,
X(T) + / X (t)dt
< C1X(0) + Oy [X2(T) + XNT) + X%(T) + X3(T)] dt (4.59)
+ Cs /T [X32(t) + X2(t) + XP(t) + X*(t) + X°(1)]
which finishes the proof. n

Remark 4.2. With Equation (4.59) at hand, we can now apply the standard ‘barrier
method’ (cf. [7, Lemma 5.1, p 485]) to deduce the globality of the local solution, whose
existence is quaranteed by Theorem 3.4 (or Theorem 1.4) — not in the energy space

(endowed with || - || x ), but in the phase space (endowed with || - |

z.x7.) instead. Appa-
rently, maxo<i<r || - | x < maxo<i<r || - || zsx7 for any 0 < T < Thax. In Lemma 4.3,
we will show a ‘reverse’ inequality, which is sufficient for a contradiction proof (see
the proof of Theorem 4.5). After the exponential stability of the energy is established,
a second lemma, i.e., Lemma 4.7, will be presented to show the equivalence over the

whole time half-line [0,00). In the spirit of Remark 4.1, we have:

Lemma 4.3 (Controlling maxo<i<r || - || z5x7; in terms of maxo<i<r || - ||x). Assume

a classical solution (z,0) to Equations (4.1a)-(4.1d) over a time interval [0, Tinax)
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satisfies the smallness condition Es(t) < €, from Equation (4.7), then, there holds for

any T € (0, Tinax):

max [|(z,0)[1Z, .7, < C max (I(z,0)[% + [I(2,0)|1%) for some C' = C(T) > 0.

0<t<T 0<t<T
Proof. 1t suffices to consider the four highest energy terms: HA?’/ 22“ 2@ HztttH 2@

| A2 and || A'/26,, . The first one, as shown in Lemma 4.1, is bounded by

Ol 20 (s

C(|I(z,0)]|x+|(z,0)||%) for any ¢ > 0. Using Equations (4.1a)—(4.1b), the second and
the third term can be controlled by appropriate lower order terms. Indeed, applying
0; and A to Equations (4.1a) and (4.1b), respectively, and exploiting the bounded

invertibility of (A1 + ~), we estimate

=ttt 20y < C |4zl 20y + 1461 2oy + [17]] 2y) < CUI G Ox + 1= 0115

(4.60)
14%6]] 2y < CU A 2y + [0 12y + 142 ] 12 qy) < ClIC=: O)lIx (4.61)

for any ¢ > 0, which remains true after passing to supremum. The last term is treated

in the same fashion as in the proof of Theorem A.12. Estimating

T
Hzttt”%Q(O,T;LQ(Q)) S / (X(t) + X3(t))dt S T<1 + max X2<t>) max X(t) (462)
0

0<t<T 0<t<T
via (4.60) and exploiting the maximal L?-regularity of A on (0,T) applied to Equation

(4.1b) differentiated twice in time, the desired estimate follows. ]

After achieving the super-linear energy inequality (4.13) (equivalently, (4.59)) in
Lemma 4.2, we are now in the position to prove the global well-posedness. Let’s start

with the following technical lemma.
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Lemma 4.4. With the same constants Cy,Ca, Cs, o;, and f; as in (4.13) of Lemma
4.2, all of which are independent of t, we define
k(x) =x — Cy Zxo‘i
el
and

h(x) :x—C'3Zxﬁj.

jeJ
Furthermore, given a constant T' > 0, assume the following inequality holds for any

T € [0, 7],

k(2(T)) + /0 " h(e(t) di < Cya(0), (4.63)

where x(t) is a continuous function of t € [0,T]. Then there exists a small number

€ > 0 such that, if 0 < z(0) < C’i’ then
1

h(z(t)) > 0 for any t € [0,T]

Proof. Step 1: To make the presentation easier, let’s start by some notations and
several related observations. We will make five smallness assumptions of ¢ in this
step.

It is easy to see that the graphs of k(z) and h(z) look like the ones in Figure 4.1
and Figure 4.2.

In particular, we observe from the graphs that, since a; > 1 for any ¢ € I in the

definition of k(z) (recall (4.13)), the (algebraic) function k(z) has a unique positive
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Figure 4.1: Graph of k()

Figure 4.2: Graph of h(x)

& 7

57
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solution denoted by 7, and there also holds k(z) > 0 for x € (0,1). In addition,
max,{k(z)} is a finite positive number.

Similarly, h(x) has a unique positive solution denoted by £. Besides, h(x) > 0 for
z € (0,8).
Step 2:

Smallness Assumption of ¢ #1: ¢ < max{k(z)}, (4.64)

which induces C12(0) < max,{k(z)}. Under this assumption, there are two different
positive solutions of the equation k(x) = C12(0), which we call §; and 62, respectively.
In addition, k(z) < C12(0)(< €) implies x € [0,07) U (dz, 00).

It is also clear that, as € goes to 0, d; goes to 0 and dy goes to 1, which makes the
following assumptions valid.

Smallness Assumption of ¢ #2: €< (109, (4.65)

which induces z(0) < << Ja.
Gy

Smallness Assumption of ¢ #3: € is small enough to make §; < & (4.66)
Smallness Assumption of ¢ #J4: € is small enough to make 0; < €, (4.67)
where €, is the condition in Lemma 4.1 in order for the z-energy boost hold.

Step 3: Now we want to prove, by contradiction, the claim that h(z(t)) > 0 for any
t € [0,T]. If not, by the continuity of h o x, let T* be the smallest number in the

interval (0,7 such that h(z(7*)) = 0. Hence,

2(T%) = €. (4.68)
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Here we have the last smallness assumption:
Smallness Assumption of ¢ #5: ¢ < (i€, (4.69)

which means z(0) < Cil < &. Therefore, h(z(0)) > 0. Since T* the smallest positive
number to make h(z(T*)) = 0, it suggests that h[X(¢)] > 0 for any ¢ € [0, 7.

Step 4: The above inequality, together with (4.63), suggests that k(z(t)) < Ci12(0) < €
for any ¢ € [0,7*]. Then, by the Smallness Assumption #1, z(t) € [0, 0] U [d2, 00) for
any t € [0,7*]. Furthermore, by the Smallness Assumption #2, we can eliminate the
second interval, otherwise h(z(t)) will be greater than Cyx(0) for some ¢ € (0,7*).

Hence,

z(t) € [0, 4] for any ¢ € [0, T7].

More specifically, z(T*) < §; < £ by (4.66) in Smallness Assumption #3 , which
contradicts (4.68). Therefore, the original claim is true that h(xz(t)) > 0 for any
te[0,7].

]

Theorem 4.5 (Global Well-posedness). Let Assumption 3.3 be satisfied for some
s > 3. Then, there exists a positive number € such that for any initial data satisfying
X(0) < € (which roughly means the smallness of [|2°[1%sqy + 112" 720y + 10”540y )
the associated unique local solution of system (4.1a)—(4.1d) from Theorem 3.4 exists

globally, namely, Ty.x = 0.

Proof. We choose € so that Smallness Assumptions #1-5 in Lemma 4.4 are all satis-
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fied. Moreover, without loss of generality, assume 0 < X (0) < 1. Indeed, if X(0) =0,
the only solution to (4.1a)—(4.1d) is the trivial one and, therefore, exists globally.

In order to show that Ti,.x = o0, it suffices to show that the energy X(¢) is
bounded by a constant independent of time ¢. Indeed, the contraposition is part of

what have been shown for the local solution in (3.8) of Theorem 3.4.

Notice that by Smallness Assumption #4, the condition in Lemma 4.1 is satisfied
at least over a non-trivial time interval [0,7"). We will show below that d; is indeed
the uniform bound mentioned above. A short argument of contradiction will deduce
that Lemma 4.1 truly holds for any positive time . The argument is very similar as
the one in Step 3 of Lemma 4.4 and is, therefore, omitted here.

For the reason stated above, the superlinear energy inequality (4.59) holds and

satisfies all conditions in Lemma 4.4. Therefore,
T
E(X(T)) +/ h(X(t)) dt < C1X(0), (4.70)
0

and

h(X(t)) >0 (4.71)
for any T € [0, Tiax]. Exploiting Equations (4.71) and (4.70), we get k[X ()] <
C1X(0) for any ¢ > 0, which leads to the global bound on X ()

X(t) <4, forany t >0 (4.72)

by a similar argument as above. Hence, after a possible rescaling, Assumption 3.3 is

satisfied by (z, 2, 0)(Tiax, -). Therefore, Theorem 3.4 implies the solution exists on
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[Tnax, T") for some T" > Ty, which contradicts the maximality of [0, Tiax)- O

Corollary 4.6 (Exponential Stability). Under the assumptions of Theorem 4.5 with
X (0) < € for some positive number € (possibly smaller than the € from Theorem 4.5),

there exist positive constants C' and k such that

X(t) <e™CX(0) fort>0. (4.73)
' - k(x)
Proof. Let k(x) and h(z) be defined as in Lemma 4.4. Define k(z) = — and
. h . .
h(z) = ﬂ Notice that, since oy, 5; > 1, both k(z) and h(z) contain terms of

non-negative power of xz, only.

We can then rewrite Equation (4.13) again as follows:
~ T ~
X(T) - k(X(T)) + / X(t) - h(X(t)) dt < CLX(0). (4.74)
0

Choosing a bound €3 on X (0) small enough, we can make the global bound §; of X ()

satisfy

~

k(6) > 1 and A(6) > L.

1
2
These lower bounds hold for any k(z(t)) and h(z(t)) as these two function are both

decreasing with respect to x. Together with Equation (4.74), it implies
T
X(T) +/ X(t)dt < 2CX(0), (4.75)
0

which gives X (7') < 2C;X(0) for any 7' > 0. Now we impose the final assumption

on X (0). Recall the number e from The Smallness Assumptions #1-5, and let

€:min{e,ﬁ,63}. (4.76)



62

Since X(0) < € < 55, then X(¢) < € for any ¢ > 0. Thus, Equation (4.75) can be
extended to

X(T) + / "Xt < 20, (s) (4.77)

for any s € (0,7]. Hence,

X(t) > 52 X(T) for t € [0, 7). (4.78)

1
201

Combining Equation (4.78) with (4.75), we get X (T) + %X(T) < 2C,X(0). There-

fore,
X(T) < 7~X(0) for any T > 0. (4.79)
1+ 56
By choosing T large enough, we get
X(T) < kX(0) for some k < 1. (4.80)

Repeating the procedure on [T, 2T, [2T, 3T, etc., we arrive at
X(1) < /T X(0) < k47X (0) < e~ (BOWT)e X (0) for ¢ > 0,
which finishes the proof. O]

We have now proved all main results stated in Section 1.2 in the energy space
associated with supg<; ., X (t) from Equation (4.6). As announced in Remark 4.1
and stated in Lemma 4.7, the Banach space generated by the energy (supremum)
SUPg<s<oo X (t) is isomorphic to the solution space in Equation (4.2) from our Theorem

3.4 for s = 3 when the initial data are sufficiently small.
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Lemma 4.7 (Equivalence of supg<; o, || - [|2z5x7 and supg<;oo || - [ x)- If @ classical
solution (z,0) to Equations (4.1a)—(4.1d) is global, satisfies the smallness condition
Es(t) < €1 from Equation (4.7) and decays exponentially as in Equation (4.73), both

norms mentioned above are equivalent:

c1 sup [(z,0)||x < ||(2,0)||zsx7 < c2 sup ||(2,0)||lx  for some ¢; and co > 0.
0<t<o0o

0<t<o0o
(4.81)
Proof. The former inequality is trivial. For the latter one, in contrast to Lemma 4.3,
all superlinear terms are linearly dominated because they are bounded by 1, and we
are only left to show Equation (4.62) with a constant independent of T'. However,

due to the exponential decay of X (t) (Equation (4.73)), (4.62) becomes

2222l 220 00122()) < é/ X(t)dt < OC/ e X (0)dt < X (0) < e Sup X(t).
0 0 <t<oo
(4.82)

With A’s maximal L*-regularity on (0, 00), the estimate for supg,.., HAI/QGHHLZ(Q)

follows. O]

Since the Smallness Assumption #1-5 are satisfied in both Theorem 4.5 and
Equation (4.76) of Corollary 4.6, we resubstitute w = A~z and conclude with the

desired results Theorem 1.5 and 1.6.



Appendix: Existence Theory for

Linear Evolution Equations

Let Q0 C R be a bounded domain with a C*-boundary 9 for some s > [£] + 2 and
let T" > 0 be arbitrary, but fixed. The following well-posedness results are based on
Kato’s solution theory [10] for abstract time-dependent evolution equations and its
improved version presented by Jiang and Racke in [9, Appendix A] as well as maximal
LP-regularity theory (see, e.g., [12]).

Thoughout this appendix and in the proof of Theorem 3.4, we employ the following

notation. For n > 0, we define
D" := ((8,,V)*]0 < |a| <n) and Hy(Q) = H°(Q) := L*(2).

Let ¢5: R — [0, 00) denote the one-dimensional Friedrichs’ mollifier with a ‘band-

width’ § > 0. For an L'-function z: [0,7] x Q — R, we let
T
z5(t,-) = / ¢s(t — 8)z(s,-)ds for t € [0,T] in €.
0

For details on approximation properties of mollifiers, we refer to [23, Chapters 8 and

64
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9]. The following result is known from [9, Lemma A.12].

Lemma A.8. Let a € C*([0,T],L=(Q)), v € C°([0,T], L*(2)),

and w € L? (O,T; H_l(Q)). Then, for any sufficiently small € > 0, there holds

T—e
/ 10: ((av)s(t,-) — avs(t, ) ||;(Q)dt — 0 and

T—e T—e
/ |ws(t, ')”ilfl(g)dt — / ||w(t, -)H%fl(g)dt as 6 — 0.
A.1 Linear Wave Equation

We consider a general linear wave equation with time- and space-dependent coeffi-

cients:

2u(t, x) — (8, 2)05,05,2(t, x) = f(t,x) for (t,z) € (0,T) x Q, (A.1a)
2(t,x) =0 for (t,x) € [0,T] x 09, (A.1Db)
2(0,z) = 2%(z), 2(0,2) =2'(z) forxz €. (A.lc)

Assumption A.9. Lets > LgJ +2 be a fixed integer and let o, 71 be positive numbers.

Assume the following conditions are satisfied.
1. Coefficient symmetry: a;;(t,z) = a;(t,z) for (t,z) € [0,T] x Q.
2. Coefficient regularity: @;; € C°([0,T] x Q) and
Oppaij € L(0,T; HH(Q)), 0)"a;; € L=(0,T; H ()

form=1,2...,s—1.
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3. Coercivity: For z € H}(Q) and t € 0,71,
2110y < 90( (@150, 02,2) 1200 + I2lEaqey )

4. Elliptic regularity: Form =0,1,...,5s—2, 2(¢,-) € H3(Q)
and @;j(t, )0y, 05, 2(t,-) € H™(Q) for a.e. t € [0,T] implies u(t,-) € H™*(Q)

and for a.e. t € 10,7,
12(t, )| zrm () < 71<H&ij(t, )02,05,2(t, ) [l rm () + [|2(2, -)Hm(m)'
5. Right-hand side regularity: For m =0,1,...,s — 2,
o' feC’([0,T], HS*™(Q)), o7~ 'f € L*(0,T; L*(Q)).
6. Compatibility conditions: Form =0,1,...,s — 1,
2 e H ™) N Hy (), z° € L*(9Q),

where Z™ is recursively defined by

P(a) =), z'(x) =2 (2),
m—2 m— 9
Z™(x) = ( ( o )8{1@]-8%8%2’”2” + 8;7172]?1-) (0,z) for m > 2
n=0
for x € Q.

Note that Assumption A.9.2 differs from [9, Assumption A.2.1.1]. This extra regula-
rity for a@;; will enable us to prove our a priori estimate at an energy level which is

one order lower than in [9, Theorem A.13].
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Theorem A.10. Under Assumption A.9, the initial boundary value problem (A.1a)-

(A.1c) possesses a unique classical solution, which satisfies
s—1
ze () C™([0,T), H~"(Q) N Hy(2)) N C*([0,T], L*(€)).

m=0

Moreover, for d € {2,3}, letting

G0 = [|ai5(0, )|l oo () + [|90,@35(0, -]

Hs=1(Q)>»
6= sup (st M= + 1ues(t.) oo +Zua N -

0<t<T

there exists a positive number Ky, which is a continuous function of ¢o, vo and v,

and a positive number Ko, which continuously depends on ¢, vy and 7y, such that

Sup, 1Dz (t, ) |72y < Kihoexp (KoTV2(1+ TV + T + T%7)),
t

where

Ao —le I3

T
Ha—m( +(14+7T) sup HDS 2y -)HL2(Q)+T1/2/ ||8f_1f(t,-)||%2(9)dt.
0

0<t<T

Proof. Our proof is based on an abstract well-posedness and regularity result [9,

Theorems A.3 and A.9].

Ezistence and uniqueness at basic reqularity level. Similar to the proof of [9, Theorem

A .11}, we define for t € [0,7] a bounded linear operator

0 —1
At) == YT — Xo, (A.2)
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where the Hilbert space X, := H{(2) x L?(Q) is equipped with the standard inner
product induced by the product topology, whereas the inner product on the Hilbert
space Y; := H?(Q) N H(Q) reads as

<‘/7 V>t = <a1j (ta )amlza axj2>L2(Q) + <ya g>L2(Q) (AB)

for V = (z,y) and V = (z,7) € X,. Due to uniform coercivity of a;; and by virtue of
Poincaré-Friedrichs’ inequality, each of the norms induced by (-, -); for any ¢ € [0, 7T
is equivalent to the standard norm on X,. With this notation, letting V' := (z, 9;2),

Equations (A.la)—(A.lc) can be rewritten as an abstract Cauchy problem

AV (t) + AV (t) = F(t) in (0,T), V(0)=V° (A.4)

with F' = (0, f) and V° = (20, 21).
We want to show that the triple (A; Xo, Yl) is a CD-system in sense of [9, Section

A.1]. For t € [0,T], consider the elliptic problem
(A(t) + A\)V = F with F € X,.
Recalling Assumption A.9.3, Lemma of Lax & Milgram implies the resolvent estimate
H (A(t) + A)ilHL(XO) < 145 for A > f for some constants 3,C > 0, (A.5)
where we used Assumption A.9.2 and Sobolev’s imbedding theorem to deduce
ai;(t,-) € Wh*°(Q) for any t € [0, 7).

The continuity of the bilinear form follows similarly. By standard elliptic regularity

theory applied to A(t), which is possible because of Assumption A.9.2 and A.9.4 as
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well as C*-smoothness of €2, the maximal domain of A(t) coincides with Y;. Hence,
the operator A(t) is closed. This along with Equation (A.5) implies (8, 00) C p(A(t)).
Therefore, (A(t);t € [0, T]) is a stable family of infinitesimal negative generators of
Co-semigroups on Xy with stability constants 1, 3. Taking into account regularity
conditions from Assumption A.9.5, we can apply [9, Theorem A.3|, we get a unique
classical solution

Ve C’([0,T],Y1) nC'([0,T], Xo)
at the at basic regularity level, which is equivalent to
z € C*([0,T], L*(Q)) nC'([0,T], Hy (1)) N C°([0, T], H*(2) N Hy(2)).

Higher regularity. For the proof of higher solution regularity, we consider the following

increasing double scale (X, Y;) of Hilbert spaces
X; = (HT(Q)NHH(Q)) x H (Q) for j > 1,

Y7 = (HHQ) N H(Q)) x (H(Q) N Hy(Q)) for j > 1, Yy = X,.

By virtue of Equation (A.2), the condition
A € Lip([O,T],L(YjMH,Xj)) forj=0,...,s—r—1landr=0,...,s —2
is equivalent to
9y aij(t,)0y,0,, € Lip([0,T], L(H*"2(Q) N Hy(Q), H(2))) (A.6)

for j=0,...,s —r—1land r=0,...,s — 2, while the latter is a direct consequence

of Assumption A.9.2 and Sobolev imbedding theorem due to the fact H%/2+1(Q) —
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L*>(Q). Similarly, exploiting Assumption A.9.4, one can easily verify for j =0, ..., s—

2 and ¢ € Y; and a.e. t € [0,T] that A(t)¢ € X; implies

¢ € Yy and ||9lly,,, < K(|A®#)]x, + [|#]x,) for some constant K > 0,

which does not depend on ¢. Further, Assumption A.9.5 yields
HF € C°([0,T], Xs—1-k) for k=0,...,s —2and 9;"'F € L'(0,T; Xo).

Finally, Assumption A.9.6 implies compatibility conditions in sense of [9, Equations
(A.8) and (A.9)]. Hence, applying [9, Theorem A.9] at the energy level s — 1, we

obtain additional regularity for the classical solution satisfying

Ve ﬁ C™([0,T), Yezi-m)-

m=0

Rewriting z in terms of V', this yields the desired regularity for z.

Energy estimates. For n = 1,...,s — 1, applying the 9" '-operator to Equation

(A.1a), we obtain a linear wave equation for 9} 'z reading as
97 (07 '2) — @;50,,0,, (07 '2) = " in (0,00) x ©, (A7)
where we used Leibniz’ rule to compute
B n—1 n—1
N O mzl < . ) (0"Gii;) 0, 0, O 2. (A.8)

Multiplying Equation (A.7) in L*(Q2) with 07z, applying Green’s formula and
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using Young’s inequality, we obtain the estimate

0,110 2(t, 22 + llalt, )V 2(t, ) |22

< 3|0z, (t, ) Ou 2( a')”%Q(Q) + ||8fz(t,-)||%2(9) +3lhm (e, ')“%Q(Q)

Integrating w.r.t. to ¢t over [0,7], exploiting Assumption A.9.3 and recalling the

definition of ¢g, we get

107 2(t, Moy H1OF ™ 2t )l ) < C 0, @0) (127172 + 112" i)

t
+ C(’Yo,(b)/o (||8fz(¢, ')”%2(9) + ||atn_12(77 ')H%{l(g))dT (A.9)

t
(o) / 11 (7, ) 2oy e

where we used Sobolev imbedding theorem to estimate

o) <
202 {105,835 (¢, =@y < C max (105,855t )|

Hsfl(Q) S ¢

Here and in the sequel, C' denotes a positive generic constant which does not depend
on the unknown function z.

To derive an estimate for 37z and V9; 'z, we need to employ a molifier technique
similar to [9, Section A.2]. First, we select 0 < § < ¢ < T. Convolving Equations

(A.7) for n = s — 1 with ¢s, we obtain for t € [e,T — ¢|
(072)s — i (0,05, 0;*2) s = (h*7%)5 +°(, 1 0) (A.10)
with a correction term

n’(t,+;0) = (&ijﬁf_zaxﬁsz)é — G (a;*axiam].z)é for t € [0, T7.
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Differentiating Equation (A.10) w.r.t. ¢
01(0;72)s — 0 (13 (82,00, 0; 22) ;) = Bu(h*"2)5 + O (-, -5 0),
multiplying the resulting equation in L?(2) with 0§z, applying Green’s formula and
using Young’s inequality, we estimate
30 (1007 2)s(t, )20y + lalt, )V 2)s(t ) Z2(e)
< 5[/ (0w,ais(t, ) Bu, 2s(t, ')Hiz(g) + 52+ T)072)5(t, ) 1720
+ 5 T2 0572t 2y + 5l10° (5 )| Z20)-

(A.11)

Here, we exploited the fact (0;2)s = Oyzs if w is once weakly differentiable w.r.t. t,
zsloa = z|oa and (0y,2)s = Oy,zs if w is once weakly differentiable w.r.t. x;. Now,
integrating Equation (A.11) w.r.t. t over [e,T — ¢], letting § and then € go to zero,
exploiting the regularity of z, applying Lemma A.8 and using Assumption A.9.3 , we
get
105 2(t, M T2y + 1107 2t M @) < Clro, 90) (I12°[[72(0) + 112° 7 0)
t
+C(70,0)(1+T77) /0 07 =(r, M2 + 107 27, ey )dr (A12)

t
)T / 11520, ) gy

Combining Equations (A.9) and (A.12) leads to

S

Y107zt g2 + 107 2t )l g) < Co. do)Ao

n=1

Ol )1+ T [ D% e (A.13)

s—1 .t t
L) / 1A% () B + Clyo) T2 / 100 2(7, ) o -
n=1
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Using Sobolev imbedding theorem
W2(Q) — L(Q) — L*(Q) for d < 3,

we can estimate

min{n—1,1}

n—1l—m 2 m — n—1l—m
Zn M N SO PN 1 L OO

m=1

n—1

+ Y 0T aslgaollop e

m=min{n,2}

COND" 22y +C D 107 @l @ llof "2l
m=min{n,2}

<COID"2|i2y+C > 07 a3

Hem1om(ey | DT

Z||2L2(Q)

m=min{n,2}

< C(ID* 2|72y

Recalling Equation (A.8), we obtain

t
/0 1 ) gyt < £ a9 ()

/ D5t ) ey

forn=1,...,s—1and ¢t € [0,T]. Similarly, for ¢ € [0, 7],

(A.14)

/HathSQ Miz@ dT</|I0S1 N iedr +C(o /IIDS 7, )72y dT-
(A.15)

Now, combining Equation (A.13) as well as Equations (A.14) and (A.15), we arrive
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at

s

> 1072t ey + 10728 )l o)

n=1
amwwm+a%¢m+TW+T”“Amﬁ4ﬂwé@whwemfy
(A.16)

To finish the proof, we need to establish estimates for the remaining derivatives.
For n =1,...,s — 1, consider Equation (A.7). Application of the elliptic regularity

(viz. Assumption A.9.4) with m = s —n — 1 yields

167~ 2 (8, Mlimre(y < (107 208 ) Erm (@) + 1B ) o)
(A.17)
+ortz(¢, -)||12qm(g)) for t € [0, 7.
Using Assumption A.9.1, Sobolev imbedding theorem and Jensen’s inequality and

applying the fundamental theorem of calculus to the second term on the right-hand

side of Equation (A.17), we obtain
1A=t Mm@ <
C'(¢o)No + CTni /t H@t((6{“(_11-]-)8{“1*'“6%8%2') Hilm(g)(T, Jdr (A.18)

< C(do)Ao + C(o / 1D°2(7, )| 720dT-
Note that this estimate is only true if s > 3, which is trivially satisfied due to

Assumption A.9. Combining Equations (A.16), (A.17) and (A.18) finally yields

HDSZ@, )"%2(9) S 0(707717 ¢0)A0
t
+C(y0,7,0) L+ T+ T + T_l/Q)/ 1D°2(7, ) |72(y AT
0

for any ¢ € [0, T]. The claim is now a direct consequence of Gronwall’s inequality. [



75

Remark 4.3. It should be pointed out that our proof differs from that of Jiang and
Racke [9] as we can carry it out at the energy level s > [4]42 whereas Jiang and Racke
[9] require s > [g] +3. This “improvement” is possible since Theorem A.10 is applied
to a quasilinear wave equation with the quasilinearity depending on the function itself

and not its gradient. A comment on this issue can also be found in [10, Remark 14.4].

A.2 Linear Heat Equation

In this appendix section, we consider an initial-boundary-value problem with Dirichlet

boundary conditions for the linear homogeneous isotropic heat equation reading as

0,(t,x) — alNO(t,x) = g(t,x) for (t,x) € (0,T) x Q, (A.19a)
O(t,z) =0 for (t,x) € [0,T] x 0%, (A.19Db)
0(0,z) = 0°(x) forx € Q. (A.19¢)

We present a well-posedness result for Equations (A.19a)—(A.19¢). In contrast to [9,
Chapter A.3], our proof is based on the operator semigroup theory, in particular,
the maximal L?-regularity theory, which is equivalent to analyticity of the semigroup
generated by Dirichlet-Laplacian. A different technique is employed here to obtain a
higher solution regularity needed for the fixed-point iteration in Theorem 3.4. Besides,
the topologies used for the data (6°,3) and the solution 6 differ from those in [9,

Chapter A.3].
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Assumption A.11. Let s > 2 and a > 0. Assume the following assumptions are

satisfied.

1. Right-hand side regularity: Fork=0,...,s—1, 0fg € C°([0,T], H*7%(Q)).

Recall HY(Q) = HY(Q) := L*(Q).
2. Regularity and compatibility conditions: For k=0,1,...,s —2, let
0F € HT7F(Q) N HL(Q) and 05t € Hy(Q),
where 0F’s are given by
-1
0'(x) = a' A'0°(x) + Z a" A" (z) 0 "g(0, ) forx € Qandl=0,...,5— 1.
n=0

Theorem A.12. Under Assumption A.11, the system (A.19a)-(A.19¢c) possesses a

unique classical solution satisfying

0r0 € C°([0,T), HT Q) N HY() fork=0,...,5 -2,

97710 € C°([0,T), Hy(Q)) N L*(0,T; H*(Q) N Hy(Q)) and 9;6 € L*(0,T; L*(2)).

Moreover, there exists a constant C' > 0 such that

s—2
max [|076(t,-))|

0<t<T

?ferl—k(Q) + 012%}% 105 710(t, ')H%Jl(ﬂ)

T
+/o (laos~tee, ')H%Q(Q) + [|976(t, ‘)||2L2(Q))dt < Oy,

where

s—2 s—1
00 = (14 T)( S 18 s sy + 18 s+ D ame 108911, ) eyl

0<t<T
k=0 k=0
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Proof. Let A := Ap denote the L2-realization of the Dirichlet-Laplacian with the
domain

D(A):={6 € Hy(Q)| A0 € L*(Q)} = H*(Q) N Hy (),
where the latter identity follows by standard elliptic regularity theory. (Note the
difference in sign over Chapters3 and 4.) Using Lax & Milgram lemma to prove the

resolvent identity

sup ||/\()\ —A
AEC\ (—00,0]

)_IHL(B(Q)) < 09,

we conclude that aA generates a bounded analytic semigroup of angle 7 on L*(Q).
Due to the Hilbert space structure, [12, 1.7 Corollary| further implies aA has the
maximal LP-regularity property.
Consider the solution map . sending (50, §) to the (mild) solution 6 of
0, —aAf =gin (0,7), 6(0,-)=6". (A.20)
By classic Cy-semigroup theory and the maximal LP-regularity theory, we have:

e The mapping

S+ Hy () x L*(0,T; L*(Q)) — H' (0, T; L*(2)) N L*(0, T H*(Q) N Hy ()

(A.21)
is well-defined as an isomorphism between the two spaces.
e The mapping
S (H?(Q) N Hy(Q)) xC' ([0, T, L*()) —
(A.22)

C ([0, T, L*(Q)) nC°([0,T], H*(2) N Hy ()
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Ezistence and uniqueness at basic level: On the strength of Assumption A.11, we (in

particular) have §° € HZ(Q) N Hy and g € C*([0,T], L*(Q2)). Hence, there exists a

unique classical solution

0 € C'([0,T],L*(Q)) N C°([0,T], H*() N Hy()) (A.23)
to Equations (A.19a)—(A.19c¢).
Higher reqularity in time: We argue by induction over £k = 1,...,s — 2 starting at

k = 1. Applying OF to Equation (A.19a) and using Assumption A.11.2, we obtain

(in distributional sense)
0,(0F0) — aA(OFH) = OFg in (0,T).
This motivates to consider Equation (A.20) with
0° = 0% € H*(Q) N Hy(Q) and § = 075 € C*([0,T], L*(Q)).
By Equation (A.22),
0 € C°([0,T], H*(Q) N Hy () N C*([0,T), L*(2)).

We now show the function

a(t, ) =

ng

j—é / / / detk 1- dtl

coincides with 9%0. By construction, § satisfies

0,(0F0) — aA(0FA) = OFg in (0,T).

(A.24)

(A.25)

(A.26)



79

Subtracting Equation (A.26) from Equation (A.24), multiplying with 9f (6 —6)(t, -)

in L?(Q) and using Green’s formula, we get

10|0F71(0 — 6)( ) +al|[VorTH(0 - 0)( = 0. (A.27)

£ )| 2 )| 2o

This along with the fact 9/0(0,-) = ' = 9!6(0,-) for [ = 0,...,k — 1 enables us to
use the Gronwall’s inequality together with the fundamental theorem of calculus to

deduce § = 0. Therefore, we have shown
0f9 = ar0 =0 € C°([0,T), H*(Q) N Hy(Q)) N C*([0, T], L*(2)). (A.28)

For k = s — 1, a slightly modified argument needs to be utilized. In this case, we

only have
0° =0t € Hy(Q) and § = 9;7'g € C°([0,T], L*(Q)) — L*(0,T; L*())
to plug into Equation (A.20). Instead of Equation (A.22), we use (A.21) to infer
0 € H'(0,T; L*() N L*(0,T; H*(2) N Hy(2)). (A.29)

Defining

at, ) = Zyel // / Ydrdts_s ... dt,

by the same kind of argument, we have 8 = 6 and, therefore,
0:7'0=0¢e H(0,T; L*(Q)) N L*(0, T; H*(Q) N Hy () — C°(0,T; Hy(2)). (A.30)
Higher reqularity in space: For k =0,...,s— 2, applying 0¥ to Equation (A.19a), we

observe

A0;9 = =100 + Lorg. (A.31)
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Hence, using the fact A is an isomorphism between H**1=*(Q)NH} () and H*~17%(Q)
along with Assumption A.11.1 and Equations (A.28), (A.30), we inductively obtain

(beginning at k = s — 2 and going downward to k = 0)
0y0 € C°([0,T], H*T Q) N Hy(Q)) for k=0,1,...,s—2.
The ‘remaining’ case k = s — 1 has already been treated in the previous step so that
97710 € C°([0,T), Hy(Q2)) N H'(0,T; L*(Q)) N L*(0, T; H*(2) N Hy ().

Energy estimate. The energy estimate easily follows from the solution operator con-

tinuity. [
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