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Abstract

Since 1960s, Squeeze Film Dampers (SFDs) have been widely applied to rotating machinery,
including ground-based turbines, compressors and aero-engines. The reason behind the
popularity of SFDs is their ability to attenuate system vibrations and improve system
stability. Many efforts have been made to understand their properties at both component
and system level. However, the discrepancies between predictions and experiments and the

deficiencies of theoretical models to satisfy industrial requirements still exist in those studies.

For the analysis of SFDs at component level, the major assumptions in the previous studies
include open-end with full leakage, perfect seals with no leakage and ideal supply/discharge
conditions. These presumptions fail to give reliable predictions of damping capacities in
industrial applications. Another limitation of the component level analysis in the previous work
is the constraint on the journal motion, which requires the journal to precess synchronously
within either circular centered orbits or off-centered circular orbits having small amplitude.
These kinds of presumptions prevent accurate predictions for the performances of SFDs in

practical rotating systems.

Besides the limitations of the component level analysis, the methods for predictions at
the system level fail to handle complicated operating conditions for the practical rotating
machinery with SFDs. The force coefficient method using traditional iteration procedures
is sensitive to the variation of operating conditions and can not deal with rotating systems
having excessive dynamic loads. Additionally, when using the direct force methods, most of

the past studies consider simple rotating systems on SFDs, and all of them apply extensively
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the full end-leakage model.

To meet the needs of industrial applications with SFDs, this work focuses on considering
realistic damper configurations and improving the efficiency and robustness of prediction
tools for rotordynamic analysis. One of the common sealing conditions, the piston ring
seals, is investigated with two different supply/discharge methods, the central groove and
direct holes. The finite difference method is used to obtain the pressure distribution and
damping capacity of these complicated dampers. To incorporate these kinds of dampers
into the rotordynamic analysis of complex rotating systems, this work also utilizes the ideal
of homotopy and predictor-corrector procedure to improve the traditional methods for the
analysis at system level. The parametric studies on a flexible rotor-bearing system and an
aero-engine are discussed using the developed methods.

The results of this study show that SFDs with piston ring seals can generate three times
more damping than that of open-end SFDs. Different from the analysis using simplified
models, the current work finds that the pressure within the supply groove is not always
zero, but dependent on the groove depth. The influence of supply pressure, which cannot
be captured by the simplified damper models, is observed to increase the effective damping
and improve system stability. The developed curve intersection method enables effective
parametric study on flexible rotor-bearing systems with excessive unbalance forces. The
improved harmonic balance method results in more than five times faster computation speed
than the nonlinear transient analysis in obtaining steady state responses. The application
of the developed methods to the aero-engine shows the effects of dampers with practical
configurations on the rotordynamics of complicated systems for the first time. The simplified
damper model is found to under predict the responses about 30% than these from the finite
difference model. Additionally, the prediction methods and the results from current work
pave the base for the optimized design of industrial rotating systems on SFDs with complex

configurations.
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Nomenclature

AX Mesh size in circumferential direction

AZ  Mesh size in axial direction

F(X) onstan: Constant term of Fourier coefficient for external forces

F(X),. Cosine term of Fourier coefficient for external forces

F(X),,, Sine term of Fourier coefficient for external forces
{f}  External load vector
{x} Displacement vector for all the nodes from finite element beam model

C Global damping matrix, including the damping from SFDs

G Global gyroscopic matrix

K Global stiffness matrix, including the effectiveness stiffness from SFDs
M Global mass matrix, containing the mass of the journal
I Dynamic viscosity of lubricant

Q Rotating speed of the shaft

w Precession speed of the journal

w; 1th harmonic component presented in the steady state responses
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Crt

C(tt

Dimensionless cross-coupled damping in polar coordinate
Dimensionless direct damping in polar coordinate
Circumferential direction in global coordinate

Density of lubricant

Angle of mesh point (i,j)

Attitude angle

Acceleration of the journal in radial direction

Mesh size in circumferential direction

Flow coefficient related to flow path properties of hole supply/discharge
Leakage coefficient

Cross coupled damping in polar coordinate

Direct damping in polar coordinate

Diameter of the journal

Eccentricity of the journal

Damper force in radial direction within the polar coordinate
Damper force in tangential direction within the polar coordinate
Damper force in x direction within the Cartesian coordinate
Damper force in y direction within the Cartesian coordinate
Film thickness of the film land

Radial clearance between piston ring and housing
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k total number of frequencies used in harmonic balance method, integer
L Effective axial length of the film land

M,, Direct mass terms from fluid inertia effect

M,,  Cross-coupled mass terms from fluid inertia effect

P The pressure inside the damper

P, Ambient pressure

Ds Supply pressure

R Radius of the journal

Re  wC?p/u, the Reynolds number for squeeze film dampers

t Time
Vi Precession velocity of the journal
w Thickness of piston rings

x(t) Displacement in the time domain

Xy  Constant term from Fourier transformation
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Chapter 1

Problem Statement

1.1 Introduction

In the 50 years since its invention, Squeeze Film Dampers(SFDs) have seen widespread use in
rotor-bearing systems, including turbines and compressors. The SFD has become one of the
crucial components in these machines for reliable operation with demanding requirements.
The main factor for this popularity is its ability to produce additional damping to attenuate
vibrations and improve stability of rotating systems that operate above the first few critical
speeds to achieve constant needs of high efficiency and high power-density. Much attention
has been paid to understand SFD’s performance, and problems remain to be solved to improve

the understanding of this complicated component in rotating systems.

The mechanism of damping generation inside dampers is the squeezing motion of a viscous
lubricant film between the inner ring and outer ring. As shown in Figure 1.1, the inner ring
includes the rotating shaft S, a ball bearing B and the journal J. The outer ring contains the
housing H. There is a anti-rotation pin P between the journal and the housing to prevent
nonsynchronous rotation of the inner ring. Thus, the inner ring is precessing inside the

viscous lubricant film F, and some of the vibration from the shaft is absorbed.

Figure 1.1 shows a damper without a squirrel cage (or centering spring), and the inner

1
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=

Figure 1.1: SF'D without Spring Figure 1.2: SFD with Spring

ring touches the bottom of the outer ring when the shaft is not rotating. Therefore, this kind
of assembly is usually employed in systems with light external loads. For large systems, a
centering spring is used, as depicted in Figure 1.2. The centering spring and journal are a
single piece in the given figure. The U-shaped cage, which is widely used in aero-engines,
connects the inner ring to the housing and saves axial space at the same time. For both
configurations, the squeezing film plays the critical role in dissipating vibrations from the
rotating shaft. This is the key function that squeeze film damper is used to improve the

vibrational performance of rotating machines.

Figure 1.3 shows an example of a centrifugal compressor before and after installation of
squeeze film dampers. The compressor was encountering a costly instability problem due to
self-excited whirl before reaching the design operating speed at 13,500 rpm. After retrofitting
the previous bearing design with a squeeze film damper, the compressor was able to operate
at the design speed successfully without any sub-synchronous vibration frequency component.
At the same time, the compressor’s performance was greatly improved with an increase in

maximum discharge pressure from 175 psi to 650 psi [1].
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Figure 1.3: Responses W/ and W/O SFD [1]

However, not every application of squeeze film damper would give desirable results as
the example shown above. Improper damper design might provide too much or too little
damping and result in even worse performance than that without installation of SFDs. The

main reason behind this is that there are multiple factors affecting a damper’s damping
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capacity, including damper geometry (especially the film land), lubricant properties, sealing
conditions of axial ends and lubricant supply and discharge conditions. Meanwhile, each factor
contains its sub-factors. Any difference in these factors produces different hydrodynamic
forces in the film and therefore results in varying rotordynamic behavior of the whole system.
Therefore, to avoid inappropriate design and to take advantage of improved stability using
SFDs, numerous studies have been focused on the effects of each factor and have tried to
maximize the advantages. However, one major situation remains unsolved, and it is the
failure of current modeling tools that can accurately predict the performance of a realistic

squeeze film damper at both the component and system level.

1.2 Problems

For decades, modeling of SFD has been extensively based on the simplest geometries in
a laboratory setting. The pressure distribution around the journal is obtained with many
simplifying assumptions, such as short/long bearing approximations, isoviscous lubricants,
open-end sealing condition and constant hydrostatic pressure within central grooves. However,
these presumptions do not apply to most real rotating machines such as aero-engines. When
it comes to system level analysis for the evaluating effects of squeeze film dampers on
rotordynamics, rigid rotor or simple flexible rotor with few Degrees Of Freedom(DOF) are
used extensively. These two aspects, from both component and system levels, indicate the

need for improvements in SFD modeling and simulation.

1.2.1 Component Level

The component level analysis of SFDs mainly focuses on the hydrodynamic forces from the
lubricant film. The hydrodynamics rely on damper geometry, lubricant, sealing, supply and

discharge conditions. Many simplifications have been made to these operating conditions in
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prior studies. These fail to give convincing analytical results when compared to practical

experience.

1. Damper Geometry

The main assumption in damper geometry is related to damper axial length. Either the short
bearing or long bearing assumptions are employed extensively to produce simple, closed form
solutions. The former assumption holds when the aspect ratio L/D is smaller than 0.25, then
the pressure gradient in the circumferential direction is considered to be much smaller than
that of the axial direction and can be neglected. The latter assumption neglects the pressure
gradient in the axial direction when the aspect ratio is much larger than 1, and it is referred
to as an infinite length damper. Each presumption will give an explicit form of pressure
distribution around the journal. The corresponding force coefficients of the damper would
then be possible to be written as closed-form expression.

Although these two assumptions shed light on understanding the basic behaviors of the
damper, they can not obtain accurate results for finite length dampers which have aspect
ratio between the above two cases. No closed form solution of the pressure is currently known
when using the classic Reynolds equation. Some studies combine the solutions of both short
and long damper by introducing a weighting factor and forming an explicit expression for the
damper forces. The accuracy of this hybrid equation depends on the weighting factor, which
is unknown for a given damper. To achieve better predictions, experiments are required to
calibrate the factor before performing further analysis. Furthermore, this combined form
is not useful during the design stage of a damper, since the weighting factor cannot be

determined in advance.

2. Lubricant Properties

Lubricant properties include two elements that relate directly to the capacity of damping

generation, they are the lubricant density and viscosity. In the simplest analytical model of a
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damper, these two are assumed to be uniform through the entire lubricant film. Lubricant film
is considered to be incompressible and isoviscous in classic lubrication theory. However, such
simplifications do not represent the application of SFDs in industry and result in inaccurate
predictions when compared to experimental measurements. One crucial phenomenon for
dampers in real-world applications is cavitation, which is unavoidable in most machines
supported on SFDs. There are two main forms of cavitation; gaseous and vaporous cavitations.
Both forms result in compressible lubricant, which can not be accurately modeled with classical
lubrication theory. Since both kinds of cavitation not only reduce the density with air-oil
mixture but also increase the effective viscosity with surface tension produced by the boundary

between gas and liquid in the lubricant film.

In typical theoretical analyses, the cavitation is considered by imposing the 7-film pressure
boundary condition, which truncates the negative pressure region with ambient pressure
while keeping the positive pressure zone. As the name suggests, m-film assumes that half of
the damper circumference is under ambient pressure. Although this pressure form is widely
used, it is only valid for the approximation of the gaseous cavitation but not the vaporous.
It also fails to consider the influences on both lubricant density and viscosity. Furthermore,
experiments [6] show that the gaseous cavitation can not only happen under negative pressure
but also exists in the positive zone with rotating pressure wave. These two phenomena can

not be handled by the 7-film approximation.

On the other hand, the uncavitated squeeze film is extensively modeled with a 27-film
form in theoretical analysis, which retains the original negative pressure without any trunca-
tion. However, this form does not give reasonable results when compared to experimental
observations[6]. The 27-film approximation is found to be only suitable for low speeds, which
generates negative pressure with low magnitude. As the rotational speed increases to the
designed operating region, the pressure continues to decrease in the negative regime until the
vapor cavitation occurs. This prevents lower negative pressure due to the vapor pressure of

the lubricant. With even higher speeds, the vaporous cavitation occupies a high percentage
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of the negative regime and generates a large enough pressure difference between the pressure
inside the film and outside the end seal to draw in air from the surroundings, resulting in
mixed cavitation with both gaseous and vaporous form. Neither 7-film nor 27-film can model
this mixture, and no analytical model exists currently.

Another fact that is neglected in typical analyses is the temperature variation inside the
squeeze film. The temperature is assumed to be constant, although the squeeze film works by
dissipating the vibrational energy from the journal, which is then converted to thermal energy.
The main argument about the validity of the assumption is that the lubricant is supplied
and discharged with a high flow rate which results in constant, steady-state temperature.
This might be true if the damper is open-ended and under flooded operating conditions.
However, for dampers in industrial applications, which usually have seals such as piston rings
and O-rings at the axial ends to improve damping capacity and discharge the oil through
grooves or orifices, this assumption is not accurate. These configurations can reduce the
flow circulation rate and inevitably result in an increase of the film temperature, producing
changes in lubricant properties, especially the viscosity. Therefore, a thermodynamic analysis

coupled with the hydrodynamic analysis is needed for accurate predictions.
3. Sealing Condition

Typical sealing conditions for SFDs include open-end, O-ring seals, piston rings and side
plates. Although the open-end condition has popularity in the academic community due to
its simplicity, it is not often seen in industrial applications. The main reason is that the
open-end condition has much less damping capacity compared with other sealing methods
and is unable to satisfy practical requirements. Therefore, O-ring, piston rings and side plates
are preferred for most applications in the real world. One of the challenges to model these
realistic sealing conditions is the way to consider corresponding leakage through these seals.
Since the complete end sealing is prone to increase lubricant temperature and reduce the
damping, controlled leakage is favored. Thus, reliable analysis must consider the effect of

leakage on the pressure distribution of the damper.
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A classic method of including the effect is to introduce a leakage factor to relate the
pressure and pressure gradient at the sealing end. However, the value of the factor, which is
the key to precise prediction, is assumed based on experience. It depends not only on the
end-seal geometry but also on the dynamics of the journal. Thus, some kind of benchmark
is needed for accurate predictions for a given system. A consequence is that the factor
introduced for a specific configuration can not be generalized.

Besides their effects on the pressure distribution of the squeezing film, end seals have
inherent elastomeric characteristics giving additional damping and stiffness to the damper|[7][8].
Although these inherent coefficients are much less than those generated by the squeeze film
for large and heavy rotor-bearing systems, they might be comparable to oil-film effects for
small and light systems within which the built-in properties of seals cannot be neglected,

resulting in a more complicated model for precise analysis.
4. Supply and Discharge Condition

Similar to the end-sealing conditions, the supply and discharge conditions determine the
boundary conditions when calculating the damping capacity of a damper. Different supply and
discharge configurations produce various boundaries and consequently give diverse pressure
distributions. Common supply methods include axial-end inlet, centered groove, off-centered
groove and orifice hole, which can also be the forms for discharging. The axial-end form is
widely accepted in theoretical analysis and laboratory testing due to its simplicity. However,
it is not that common in industrial rotating machines such as aero-engines because of its
disadvantages in damping generation. The form of groove and hole, on the other hand, is
preferred to increase damping performance, based on operational experience.

The classic hypothesis for groove supply/discharge is that the pressure inside the groove is
constant and equal to supply/discharge pressure. However, experiments [9][10] demonstrate a
quite different story. The groove generates totally different values from the supply/discharge
pressure, even when the effects of fluid inertia and turbulence inside are accounted for.

Depending on the groove geometry, groove depth and axial length, the inside pressure can
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have the same order of magnitude as the generated by the nearby film land. Therefore, this
traditional hypothesis in analysis will not predict the real world.

For cases requiring high damping capacity, an orifice hole is a better choice than the
groove [11]. One of the common methods in dealing with this boundary is to equate the
pressure at the orifice to the supply/discharge condition. The rotating pressure wave with
journal precession invalidates this assumption with inversion of lubricant flow in the holes

[12]. To give precise predictions, the consideration of back flow is required.

1.2.2 System Level

Besides the inappropriate hypotheses for the modeling of squeeze film damper at the com-
ponent level, the incorporation of dampers at the system level fails to accurately predict
the dynamics of rotor-bearing systems for most industrial applications. The questionable
situation for the systems level can be summarized as an oversimplified model treating the
system as plain rotor-bearing systems supported on an ideal squeeze film damper. The
characteristics of systems commonly analyzed include, but are not limit to, rigid rotors with
axial symmetry, simple flexible rotors with few Degrees of Freedom (DOFs) and constrained
operations such as circular centered orbits or off-centered orbits with small amplitude.

Typical damper models for system level validation include the short/long bearing assump-
tion, open-end sealing conditions and 7-film /27-film assumption for cavitation. However,
as described in Section 1.2.1, these models fail to predict pressures inside realistic dampers
accurately and therefore give unreasonable rotordynamic behaviors at the system level. Fur-
thermore, those typical analyses neglect the fluid inertia, which was found to be critical
for SFDs from both theoretical analysis [13][14] and experiments [15]. The inertia effect is
observed not only to the changing of the critical speed of the system but also to reducing the
non-linear jump phenomenon in unbalance responses.

Another widely applied hypothesis in rotordynamic analysis of SFD-supported systems is

circular orbits for the precessing journal. The orbits might be centered [16] [17] or off-centered
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[18] with small amplitude. The main purpose of the hypothesis is to obtain expressions in
closed-form for the damper coefficients as functions of damper geometries and precession
speed. These coefficients are then incorporated into the rotor-bearing system analysis and
determined through iteration. The problem is that the corresponding results are valid only
if the shape of orbits are circular and have small amplitude. They cannot be generalized
to dampers supporting complex rotating systems such as aero-engines, which are able to

produce non-circular orbits.

The fact under the constrained-orbits assumption is that no explicit form of damper
coefficients is known for more complicated orbit shapes. For dampers with end sealing using
piston rings or O-rings and supply/discharge forms of groove or orifice, even if the journal
precesses circularly, these coefficients are not accurate. Therefore, the method to model
SFDs with closed-form dynamic coefficients should not be adopted for accurate prediction of
practical industrial systems. Instead, numerical methods must be employed for the analysis

of realistic dampers at the system level.

For nonlinear numerical methods, the influence of SFDs in the whole rotor-bearing system
is represented by external hydrodynamic forces, which comes from the integration of the
pressure distribution around the film land. Then, the consideration of complex damper
configuration becomes possible for system evaluation. There are two categories based on
the domain within which damper forces are expressed, the time domain or the frequency
domain. A typical method in time domain analysis is the Runge-Kutta method. Examples in
[19, 20, 21] use this method to consider the effects of SFDs at the system level. As shown by
those examples, the rotating systems considered are either rigid or flexible rotors with simple
and symmetric structures, which are not able to represent complicated machines supported
on SFDs. Another concern when using Runge-Kutta method is its computational inefficiency.
It takes most of the computation time for the transient response before obtaining steady
state responses, no matter the complexity of the rotating system. In addition, the steady

state results from this method depend on the initial guess of the analysis if a rotating system
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has multiple solutions, which is possible due to the nonlinearity of SFDs[22].

Analytic methods in the frequency domain, such as the harmonic balance method(HBM)
[23, 24, 25] and trigonometric collocation method(TCM) [26][27], are able to obtain the
responses for multiple solutions given different initial guesses. Additionally, they are much
more efficient to obtain steady state responses than those in the time domain. One key
hypothesis for the HBM or TCM method is periodic or quasi-periodic responses of steady state.
Therefore, the methods in the frequency domain cannot replace time domain analysis if the
rotating system acts non-periodically or chaotically. Similar to those systems employed in the
time domain, the academic community has extensively applied the frequency domain method
to simple rotor-bearing systems on ideal SFDs, neglecting the effects such as gyroscopics,
external loads and flexible foundations, which are critical to predicting the response of

practical rotating systems in industry.

1.3 Dissertation Outline

As described in the previous section, the classic SFD analytical models rely on a number
of simplifying assumptions that neglect important physical phenomena. The improved
SFD model developed in this dissertation can be readily incorporated into larger, system-
level, rotordynamic models to provide more accurate evaluation of SFD performance at the
design stage of new machines or in the analysis of existing equipment. For the component
level analysis, the main shortcomings exist in the models for dampers with end seals and
supply/discharge conditions. At the system level, the modeling of SFDs using closed-form
solutions as done in the previous works fails to predict the performance of rotating systems
having large loads and can not ensure an effective optimized-design. When using the direct
force method for the system level analysis, most of the published work considered the rotating
system as either a rigid rotor or a simple flexible rotor with few degree-of-freedom. There are

several cases that looked at more complicated systems such as an aero-engine, but all the
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SFDs were modeled using open-end configurations, which are rare in rotating systems for
practical industry applications including aero-engines. Therefore, to improve the existing
studies, the aims of this work are: 1) to enable the analysis of realistic SFD configurations
at the component level; 2) to improve the effectiveness of calculations of rotating systems
with SFDs using a closed-form solution for initial parameter and system design studies; and
3) to realize the efficient and accurate system level analysis of complex practical industrial
applications such as aero-engines. To accomplish these goals, the outline of this work is

described as follows.

Chapter 2 gives the state of the art literature review on the status of both component
and system level analyses, including lubricant properties, end-seal conditions, supply and
discharge conditions, and forced responses of rotating systems with SFDs and their effects
on stability. The review affirms that the objectives of the dissertation satisfy the needs of

industrial applications with SFDs.

The component level analysis of SFDs is presented in Chapter 3. Three realistic configu-
rations of industrial SFDs will be considered, including one end seal condition with piston
rings and two supply/discharge conditions — hole and central groove. A numerical method,
the finite difference method, is used to obtain the pressure distribution and damping capacity
for these configurations. Both the cross-coupled and direct damping of these three cases
are compared with simplified models such as the open-end model. The study of parametric
changes on each configuration are evaluated as well. The results from this chapter will be

applied to the system level analysis.

Chapter 4 focuses on both unbalance response and stability analysis of rotating systems
with SFDs using closed-form solutions. Although the closed-form is a simplified SFD model, it
provides fast solution time and gives accurate results if the required assumptions are satisfied.
In addition, the closed-form solution can give reasonable approximations for complex industrial
application which enables quick design and parametric studies. Thus, this simplified form can

be useful in specific situations and, in particular, at the initial component and system design
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stage. To improve the use of closed-form solution models, a more effective procedure based
on the Curve Intersection Method is developed to obtain the unbalance response, which is
more robust than the traditional procedure and enables efficient parametric study on damper
geometries. The method is evaluated through the analysis of a multi-mass flexible rotor. The
optimized design of the supporting damper is discussed by evaluating the stability behavior

of the system.

Chapter 5 focuses on forced response and stability analysis using the direct force method,
which does not have the limitations associated with the closed-form solution. To enable the
steady state analysis of rotating systems with realistic operating conditions, this chapter
improves the direct force method in the frequency domain by using the idea of homotopy
and the procedure of predictor-corrector. In addition, this work will consider important
factors such as gyroscopic effects, which are neglected in most of the previous work, Chapter
5 models the rotor-bearing systems with SFDs by combining the finite element method and
harmonic balance method. The developed method is applied to the multi-mass rotor with
realistic operating conditions. Observation of the jump phenomenon and the importance of

gyroscopic effects are documented.

To demonstrate the rotordynamics analysis of a practical rotor-bearing system with
SFDs using the methods developed in both Chapter 4 and Chapter 5, the study of an aero-
engine is considered in Chapter 6. The forced response of both Low Pressure(LP) and High
Pressure(HP) rotors are discussed. The developed methods is shown to be at least five times
more efficient than the traditional Runge-Kutta method. To understand the behavior of the
SFD within the LP rotor, the study of different operating conditions is included. For the HP
rotor, the initial damper design with the maximum stability margin is found by optimization
using the closed-form solution approach. Based on the geometries from this initial design
study, SFDs with realistic configurations are then evaluated using the models developed in
Chapter 3. Two popular damper configurations in aero-engines, piston ring seal with central

groove supply/discharge and piston ring seal with direct hole supply/discharge, are included



Chapter 1 Problem Statement 14

for the HP rotor analysis. This chapter illustrates the shortcomings of the simplified damper
model for SFDs in a realistic configuration and demonstrates the effectiveness of the methods
developed in this work.

The conclusions of this work are in Chapter 7, which summarizes the main contributions

and presents possibilities for further investigation.



Chapter 2

Rotor-Bearing Systems with SFDs:

Review

The state of art review of both the component and system level analyses are included in this
chapter. The hydrodynamic aspect of SFD is described first, followed by the consideration of

SED in rotor-bearing systems at the system level.

2.1 Lubricant Properties

2.1.1 Cavitation

Cavitation in the oil film is due mainly to two reasons: the low supply pressure of lubricant and
imperfect end-sealing in reality. It can not be modeled accurately with classical lubrication
theory [28]. The two typical forms of cavitation, lubrication vaporization and gaseous
entrance, lead to a two-phase mixture in the squeeze film lubricant. White [29], extending the
experiment by Cooper[30], observed that bubbles inside lubricant persisted in the high pressure
region when the eccentricity ratio is larger than 0.3. Hibner and Bansal [31] experimentally
found that the pressure profile and hydrodynamic forces did not correspond well to the results

from classical lubrication theory, when the squeeze film was under the influence of cavitation.

15
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Zeidan and Vance [32], with the help of high-speed photography, observed the occurrence
of both vapor and gas cavitation. The vapor cavitation was found with a few bubbles at
the beginning and collapsed as pressure increased. However, the bubbles of gas cavitation
shrank in size and persisted throughout the high pressure region. They also observed that
gas cavitation reduced the damper load capacity dramatically, and the decreased bubble size
in the high pressure region led to a homogeneous mixture of air and oil. This observation

indicates that the assumption of an incompressible fluid is not valid in SFDs.

Zeidan and Vance [6] defined five distinct cavitation regimes subject to different operating
speeds, examined their characteristics of pressure distribution and studied the influences of
supply pressure on the distribution. Vapor cavitation was observed to have effects on the
negative pressure region only. A pressure overshoot occurred near the location where pressure
transfers from negative to positive, as a result of implosion of cavitation bubbles taking place.
The gaseous cavitation was also observed to not only affect the pressure wave dramatically in

the negative pressure regime, but also narrow the span of the positive pressure regime.

Diaz and San Andrés [33] examined the effects of air/oil bubbly mixture on pressure in a
squeeze film damper executing a circular centered orbit with constant whirling speed. The
increased amount of air was reported to decrease the peak-to-peak dynamic pressure and
viscosity of the lubricant and increase journal orbit radius. A region with constant pressure
was also observed when a high volume value of air to oil ratio was present. They described
the gaseous cavitation for bubbly mixture as an unstable phenomenon in the sense that the

film dynamic pressure was not repeatable with successive journal motion.

Diaz [34] extended the previous work with two different whirling frequencies and adopted
a period averaging method to measure the variation of pressure distribution under the effects
of air/oil mixture. They found that the radial force component of the damper was relatively
insensitive to the change of an air/oil ratio under 0.85, the tangential component decreased

linearly as the ratio increased, and both force components became zero for a pure air condition.

With the same test rig as in [34], Diaz and San Andrés [35] investigated the fundamental
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difference between vapor and gas cavitation under the influence of whirl speed and supply
pressure. They found that the region of vapor cavitation increased linearly with precessing
speed, while the gas cavity did not vary much. For the peak-to-peak pressure, vapor
cavitation remained nearly constant with precessing speed compared to the variance for the
case of gas cavitation. The increase of supply pressure was also observed to reduce the air
entrainment effect and increase the zone of vapor cavitation. Both tangential and radial
forces were insensitive to whirling speed for air entrainment, but increased linearly for vapor
cavitation. The prediction from the short bearing model with open ends was reported to be
comparable with experimental results having the vapor cavitation effect. This indicates that
the assumption of an open-end short bearing is invalid for gas cavitation.

Although several experiments have been carried out to understand the characteristics of
cavitation and bubbly mixture inside SFDs, little analytical work is available to model them
accurately. One reason for this situation is that the results from classical lubrication theory
do not result in a good correlation with experimental data[28]. Tao et al. [36], under the
assumption of isothermal flow without effects of cavitation, developed an analytical model
for bubbly lubricant. A Reynolds-like lubricant equation, within which the effective viscosity
of the lubricant was modeled as a quartic function of the volume fraction of air, was used
to predict the mixture pressure. Favorable agreement with experimental data was achieved.
Diaz and San Andrés [37] obtained a modified Reynolds equation for the prediction of squeeze
film damper pressure in a homogeneous bubbly mixture, considering the mixture density and
viscosity as functions of the effective gas volume fraction. An application of this model to an
open-end damper gave good agreement with experimental results on the damper forces and

peak-to-peak pressure.

2.1.2 Fluid Inertia

The influences of fluid inertia on squeeze film forces have been overlooked by classical

lubrication theory, which produces discrepant results from experimental observations [15]
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[38]. SFDs for practical applications usually have squeeze film Reynolds number (Re =
pwc? /u) over a range of 1 to 50[39], and the influence of fluid inertia can be large enough
to affect the dynamics of the journal. Many investigations have been done from both

theoretical[14, 40, 41, 42] and experimental [15, 43, 44] aspects.

There are two main approximations that are widely used to consider the inertia effects in
modeling, the momentum and the energy approximation. The former integrates the continuity
equation in the Navier-Stokes(N-S) equation along the film thickness, and is also known
as the average inertia method. The velocity profile for this method is assumed to be the
same as that in the absence of inertia effects[45]. The momentum approximation can also be
extended for the use of perturbation methods which express the pressure distribution and

velocity profile in terms of Re.

San Andrés and Vance[14] and Tichy[46] verified that the results derived from small value
of Re can be used for higher value when Re < 25. In [41], a finite-length damper with
assumed Circular Centered Orbits(CCOs) was investigated using a perturbation method
which expresses the pressure in terms of zero-order, first-order. The force coefficients were

obtained, including both effects of L/D(aspect ratio) and local end-sealing conditions.

The energy approximation, on the other hand, considers the kinetic energy of the fluid.
However, the results from this method have about 20% difference between those from the
momentum approximation for CCOs with small amplitudes[47]. Zhang et al.[48] claimed
that the inertia coefficients from both approximations can have the same expressions with

two different coefficients depending on which approximation was used.

San Andrés[49] experimentally observed the significance of fluid inertia on damper pressure
and forces for the range of Re from 2 to 6. A large clearance of the damper is adopted for
the purpose of increasing the inertia effect. The damper precessed along circular centered
orbits with amplitude smaller than 50% of radial clearance, different from others such as [15]
[50] having orbits with small amplitude. A prediction tool using the finite element method

gave a favorable pressure comparison with measurements.
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2.2 Sealing Condition

The main purpose of end-seals is to reduce axial end leakage and increase the damping
capacity of a damper, although end-seals can result in higher film temperature and lower
viscosity of the lubricant. From the modeling point of view, the most challenging part is to
relate the axial leakage with the pressure drop at the ends. O-ring and piston ring seals are

the two most popular types in the real world.

2.2.1 O-rings

The O-ring seal has two different types based on its arrangement, radial O-rings and side
O-rings. The radial O-ring deforms with a circumferential pressure distribution, which
increases the flow rate in axial direction. The balance of flow along the circumferential
direction, together with the introduction of a outflow coefficient, leads to an analytical model
for this type of O-ring[2]. The side O-ring can be modeled without consideration of the
circumferential pressure gradient in the seal, since the width of the O-ring is usually much
larger than the radial clearance of the damper[2]. Since O-rings are typical elastomeric
seals, their inherent stiffness and damping properties can affect the dynamics of the whole
system [7][8]. However, these inherent characteristics have less importance than those related
to end leakage effects with pressure drop[51], which underlines the significance of end seal

boundaries.

2.2.2 Piston Rings

An analytical model of a piston ring can be obtained from the local boundary between
the axial pressure drop through the seal and the pressure gradient inside the seal[2]. A
leakage coefficient, a positive real number, is included in the model. However, the value of
the coefficient is dependent on actual operating conditions. Empirical data or additional

experience is needed for accurate predictions. In other words, a coefficient for one system can



Chapter 2 | Rotor-Bearing Systems with SFDs: Review 20

not be generalized. Unlike O-ring seals, the open literature shows little work has been done
to understand the dynamic behaviors of piston rings inside SFDs. Jager et al.[52] evaluated
the behaviors of piston rings, focusing on the demonstration of contact surfaces and the ring
rotation phenomena. The leakage was found not only at the location of closed gap but also
in the circumferential direction. They also observed the leakage effects on the damping forces

through experiments and the decrease of seal effects as the amplitude of motion increases.

2.3 Supply and Discharge Condition

Different forms of groove and hole for both supply and discharge conditions are widely used
in practical applications. The considerations of these two forms for analytical models are
similar to those of sealing conditions since their contributions to the pressure distribution

can be counted as boundary conditions as well.

2.3.1 Groove

In classical analytical models, the pressure inside the groove is usually prescribed as the
supply/discharge pressure. Dampers with central grooves are considered to have two separated
film lands, which do not interact with each other. However, the experiments contradict
this theory, as the pressure within the groove can have the same order of amplitude as
that generated by the film lands [7] [53]. The measurements also verify that complex flow
interactions happen between the groove and squeeze film lands. In [10] and [54], the damper
acts like a single film land when the journal precesses within small amplitude centered orbits,
despite the presence of a central groove.

The ratio of groove depth to damper radial clearance plays another important role in
the pressure distribution inside the groove. Arauz and San Andrés[10] found that the higher
the ratio, the lower the pressure produced inside groove. When the ratio equals 3.5, the

pressure in groove is over 60% of the value from a single film land. Levesley and Holmes[55]
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experimentally investigated the effects of the number of holes to the supply groove, the axial
location of the groove and the end seal conditions on the unbalance responses. The reduction
in the number of holes has little influence on the responses when the damper is sealed with
piston rings, but produces detrimental results with end-chambered seals. The centered and
off-centered groove supply show little difference for the weak seal condition. More recently,
Delgado and San Andrés[56] verified the added mass effects due to the inertial forces inside

the groove. The damping coefficients decrease with the increase of the groove depth as found

2.3.2 Orifice Hole

The application of orifice holes for supply/discharge can improve the damping capacity of
a damper, if the proper number of holes are chosen[11]. However, the pressure distribution
with oil holes can be influenced by temporary reverse flow. Marmol and Vance[2] developed
a boundary conditions for finite difference method to obtain the pressure distribution, based
on the balance between the flow into the hole and the flow away from the hole. Chen and
Hahn[11] solved for the pressure with a trigonometric power series, which frees the constraints
on the location of hole and the eccentricity value. They also found that no significant
interaction is possible between adjacent holes if they are at least 4 times the hole diameters

apart, which is usually the case for most practical applications.

Walton II et al.[12] found that the arrangement of supply/discharge holes can have a
significant influence on lubricant flow, the resulting pressure distribution and the rupture
zone. Rodrigues et al.[57] used the finite difference method to study the influences of number
of holes and the power supplied to pump on the responses and stability of a Jeffcott rotor.
Five holes were found to generate a more stable system than two holes. They also verified
that the higher the supply power the stiffer the damper, which increases the critical speed of

the system.
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2.4 Forced Response

Two methods, the force coefficients and the direct force, are the main two in the forced
response analyses for rotor bearing systems with SFDs. The basic idea of force coefficients
is to model SFDs with explicit stiffness, damping and mass coefficients after giving the
displacement(such as eccentricity), the velocity of the journal center and the acceleration. On
the other hand, the direct force method consider the dampers’ hydrodynamic forces directly,

which are the functions of those dynamic properties assumed in the force coefficients method.

2.4.1 Force Coefficients Method

Since no closed form solutions are available for the pressure (or the hydrodynamic forces)
from the generalized form of either the Navier-Stokes equation or the Reynolds equation, the
force coefficients method requires assumptions to obtain the explicit dynamic coefficients.
The assumptions are on the damper axial length, the motion of the journal and the end
sealing conditions, including short or long bearing, centered or off-centered circular orbits
and open-ends sealing. The cavitation are modeled with 7-film and 27-film for gas and vapor
cavitation, respectively. Moreover, the supply and discharge conditions for damper models
using this method are limited to a centered supply groove with constant pressure distribution
inside the groove and axial end supply(or discharge).

The short or long bearing assumption[22, 58, 59, 60, 61, 62] is applied as appropriate
based on damper aspect ratio due to the reduction of the two dimensional pressure profile
to a one dimensional pressure profile. Therefore, the pressure can be expressed explicitly,
and so can the hydrodynamic forces. Gunter et al.[1] developed the force coefficients with a
synchronous centered circular orbits assumption for central groove supply with open-end or
O-ring sealing. No leakage effect was included for the O-ring. They also showed that the
damping capacity of a 27-film was twice that of 7-film, but the stiffness was zero for the

27-film. San Andrés and Vance [63] examined the coefficients of an open-end damper with
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long axial length executing off-center circular orbits with small amplitude, including the
fluid inertia effects. An approximated solution of the finite length damper was obtained by
introducing a correction factor to the long damper solution.

The incorporation of SFDs with the form of force coefficients into forced responses analysis
is not difficult when using methods such as finite element analysis. One additional step
that is needed is the iteration. Since the obtained coefficients are functions of the dynamic
behaviors of the journal, presumed coefficients from initial guesses requires iteration to get
the desired solution according to current dynamic conditions. Greenhill and Nelson [64]
investigated the unbalance response of a multi-shaft turbo fan system supported on SFDs
which were considered as 7-film models. They also discussed an iteration scheme to find the
damper eccentricity to determine force coefficients for each operating speed, developing a
modified secant root-finding method. More recently, Ertas et al.[65] applied this method to a
rigid rotor, supported by a gas bearing and squeeze film damper at each end, for unbalance

response analysis. Favorable agreement was achieved between simulation and experiments.

2.4.2 Direct Force Method

Since the force coefficients method has limitations due to assumptions it is based on, it is not
appropriate for use in modeling SFDs not having the assumed conditions. The direct force
method is preferable for the analysis of dampers having complex arrangements and operating
conditions. It is then possible to not only consider the hydrodynamic forces from the damper,
but also include other external forces such as gravity acting on the system. The analysis for

this method can be executed in either the time domain or the frequency domain.

1. The Time Domain

In the time domain, the damper forces from the integration of pressure distribution are
functions of time. No simplifying assumptions on the SFD is required for methods in this

domain. The time domain methods are able to analyze not only the periodic solutions but
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also the aperiodic solutions for both steady state response and transient analysis. Taylor [66]
found the nonlinear response of a planar rotor supported on a centered-short damper with
the fourth order Runge Kutta integration method. The response with 7-film assumption
was found to be highly nonlinear, as compared to the almost linear responses under 27-film
assumption. Cookson and Kossa[19] discussed the transient forced response of an off-centered
rigid rotor. Later, they performed a parametric analysis for the steady state response of a
flexible rotor without centering springs, under the influence of different parameters of bearing,
gravity and unbalance, mass ratio of bearing to mid-disk, etc.

Li and Hamilton[67], with the Runge Kutta integration method, investigated the transient
response of a dual-rotor system with short squeeze film dampers. They introduced an inter-
shaft damper which was found to produce an instability threshold speed with non-synchronous
whirl. Sykes and Holrnes [21] documented the effects of bearing misalignment on nonlinear
force response through numerical integration. Their predicted steady state orbits of the
damper correlated favorably with experimental results. The jump phenomenon under different
cavitation pressures were also captured by the integration method.

Zhu [22], in their discussion of different methods for seeking multiple solutions of a
numerical example, verified the suitability of a numerical integration method using a forth
order Runge Kutta with constant time step (to reduce computation time). More recently,
Inayat-Hussain[68] studied the bifurcation behaviors of a simple flexible rotor with numerical
integration; the occurrence of 2X, 4X and quasi-periodic vibrations varied with speed

parameters.
2. The Frequency Domain

The methods in the frequency domain are usually applied to the systems having periodic or
quasi-periodic responses. The popular methods include Harmonic Balance Method, Trigono-
metric Collocation Method and Hybrid Numerical Method.

Harmonic Balance Method(HBM)[69] is a method that assumes steady-state motions

can be represented in harmonic form as equation (2.1), which has several fundamental
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harmonics associated with rotor running speed.

x(t) = Xo+ Y _[Xei cos(wit) + Xy sin(wit)], (2.1)

i=1

where,
w; = iw/v =i

Equation (2.1) indicates that there are & harmonics as fundamental frequencies composing
the steady state response of a system with n Degree of Freedoms(DOFs). Xg, X1, ..., X and
X1y .-y Xgi are the (2k + 1)n unknown Fourier coefficients to be determined by substituting
the above presumed harmonic form into the equations of motion (in frequency domain),
together with proper iteration procedures such as the Newton-Raphson method[70] and
Broyden method[71]. More details about the harmonic balance are presented in chapter 5.

Shiau and Jean [23] used the HBM to obtain periodic force responses of large order
nonlinear systems; sub and super harmonic components were included in their analysis.
Similarly, Hahn and Chen[24] applied the method to a multi-DOF rotor-bearing system on
SFDs; the total (p + ¢q) equations of motion were separated into linear and nonlinear parts.
A condensation procedure was adopted first to reduce the system equations into a form only
related to nonlinear components, and the unknown coefficients X?, , X?, associated with these
nonlinear components were then solved with iterative procedures before getting unknown
coefficients X%, | X?, related with p linear components of the system.

Bonello et al.[25] introduces a modified form of HBM into the analysis of nonlinear
modeling of rotordynamic systems with SFDs. The relations between displacements and
forces were expressed in terms of receptance matrices instead of equation of motion as
traditional HBM. The forced responses at the location of nonlinear dampers were first solved
iteratively before obtaining the displacements of the linear part. An open-end squeeze
film damper with centered groove supply was modeled as two identical film lands with the
consideration of m-film cavitation. The pressure profile from short bearing assumption was

also adopted for integrating hydrodynamic forces.
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Trigonometric Collocation Method(TCM) has the same displacement form as HBM.
The solutions are approximated by finite trigonometric series with fundamental frequency
) as shown in equation (2.1), which also has (2k + 1)n unknowns to solve. The collocation
method essentially requires the form in equation (2.1) to identically satisfy a specified number
of time points(M) within one period, and substitutions into equation of motion gives M x N
equations. Nataraj and Nelson [26] chose M time points evenly in a period [0, T] such that,

i

tZ:M,ZZO,l,,(M—]_)

Then the state variable x; can be related with unknowns to the trigonometric series as in
equation (2.1) at the collocation points. To solve the (2k + 1)n unknowns, M is no less than
(2k + 1). Large order systems were modeled separately as linear and nonlinear parts, like the
HBM. Discrete modeling method such as finite elements was employed for the linear part.
The connectivity matrix was specified for the connection between linear and nonlinear parts;
and the equations of motion were then reduced to the degree of linear parts only. Zhao et
al.[27] applied the TCM to a 6-DOF symmetric rotor supported on two identical short SFDs

with a 7-film cavitation model.

Hybrid Numerical Method is the combination of HBM and T'CM, containing the
merits of both methods as documented by Hwang and Shiau[72, 73, 74]. The displacement
forms were taken as generalized polynomials, which was incorporated into the equation of
motion from the principle of virtual work, instead of the finite element method[75]. The
equation of motion of the linear part was then transferred from physical coordinates into
generalized modal coordinates, as were the nonlinear forces from the dampers. Then, the
generalized modal state vectors were expressed in Fourier series as HBM, and the collocation

technique in TCM was applied to get the solution at the final step.
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2.5 Stability Analysis

2.5.1 Force Coefficients Method

Similar to the forced response analyses using force coefficients method, the stability analyses
for this method are also applied to dampers with presumed conditions such as short bearing
precessing centered circular orbits(CCOs)[58, 60, 76]. Gunter et al.[1], modeled a damper
under a synchronous CCOs assumption and carried out the stability analysis of a simple
flexible rotor by evaluating a 12th-order characteristic equation of the system. Similarly,
Rabinowitz and Hahn[58] examined the stability behavior of a symmetric rotor system using

the Routh criterion, resulting in stability threshold maps for dampers executing CCOs.

With the same assumed orbit forms as [1] and [58], McLean and Hahn[60] studied the
stability of a multi-mass flexible rotor bearing system by linearizing the damper forces around
the equilibrium positions. To save computational effort, the analysis was carried out under a
rotating Cartesian reference frame. They also illustrated the zero frequency stability map
for a system with one damper and studied the stability of a flexible rotor adopted by [58],

showing unstable behaviors for small bearing parameters at high eccentricity ratio.

2.5.2 Direct Force Method

The Floquet theory in the time domain has been widely used for stability analyses using
the direct force method, even for the frequency domain methods such as HBM[25, 24] and
TCM[77, 27, 74]. Zhao et al.[77] applied the Floquet theory to a rigid rotor supported on
a short damper with 7-film assumption. A perturbed equation of motion, similar to [60],
was obtained before applying the Floquet theory. The approximation calculation of the
transition matrix was discussed using a discrete method developed by Hsu[78]. With the
theory, Zhao et al. illustrated the change of the leading eigenvalue’s amplitude subject to

different rotating speeds, and examined unstable regions corresponding to the jump areas
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indicated by unbalance responses from 7TCM. The Floquet theory found an unstable region

right after jump-down area, which could not be determined directly from TCM.

Similarly, by using TCM and Floquet theory, Zhao et al.[27] investigated the stability of a
simple rotor system under both concentric and eccentric orbits. The stability of the eccentric
operating condition has similar behavior as the concentric when the operating speed is not
close to the first pinned-pinned critical speed. Within the region of the critical speed, the
system became unstable for eccentric operation. Since two discrete points were found in the
Poincaré map, 0.5-subharmonic motions were also observed. In other words, [27] indicated
that the static loads can only change the system stability behavior near pinned-pinned critical

speeds, but have little effects for speeds outside this region.

Using the Floquet theory, Shiau et al.[74], carried out the stability analysis of a rigid
rotor as in [79] and a flexible system with four rigid disks. The increase of unidirectional side
load was found to improve the stability of the rigid rotor within the range below the second
critical speed, similar to the results documented in [80]. When above this critical speed,
larger side loads produced a more unstable system and half-subharmonic motions appeared as
well. The other investigation of a flexible rotor having two centered SFDs indicated that the
first harmonic associated with static offset dominated the system behaviors and the stability

region of the system narrowed down as speeds increased.

2.6 Summary

At the component level, many experiments have been performed to investigate SFDs’ features,
subject to cavitation, fluid inertia, different end seal and supply and discharge conditions.
The existing analytical models of dampers under these conditions are not guaranteed to
generate accurate predictions. Improvements in these models are needed for better simulation,
especially for the considerations of bubbly oils, piston rings seal and holes for supply and

discharge.
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At the system level, the assumptions for the force coefficients method limit its application
to simplified SFDs only, which can not represent the dampers with complex arrangements
in practical applications. The direct force method provides one solution to handle practical
dampers, but the work in the past usually focuses on rigid rotors or simple symmetric flexible
systems with ideal dampers. It fails to consider realistic rotor bearing systems such as
aero-engines. There are several important factors neglected in the rotordynamic analysis of
previous work, including unidirectional loads and gyroscopic effects. In addition, the widely
used Floquet theory for stability analysis in the frequency domain is not computationally
efficient, since the method requires a transformation from the frequency domain to the
time domain at each iteration step. Other methods are necessary to achieve more efficient

calculation for complex rotor bearing systems on SFDs.
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SFDs with End Seals and

Supply/Discharge Conditions

A major limitation of existing analytical SFD models is their reliance on numerous simplifying
assumptions, which do not satisfy the complex operating conditions found in most industrial
applications. These complexities are due to end seal mechanisms as well as supply and
discharge conditions. In contrast to simple models with open ends, end seals such as piston
rings or O-rings are widely used in the real world. Similarly, the experimental evidence of
non-zero pressure inside the supply groove shows the inadequacy of the model with zero
pressure assumption for the groove. More realistic operating conditions must be considered

for accurate predictions.

The main purpose of this chapter is to develop a comprehensive model for the pressure
distributions and damping coefficients that can accommodate the complex boundary conditions
that exist in real SFD installations. One widely used end seal condition, the piston ring
seal, is considered. The supply and discharge conditions such as holes and grooves are also
included. Since closed-form analytical solutions for these complicated operating forms can not
be obtained, a numerical method is employed. A major challenge for the numerical methods

is satisfying the boundary conditions for SE'D practical configurations. This chapter discusses

30
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the boundary conditions associated with piston rings and hole and groove supply/discharge.
The finite difference method is used for the pressure calculation. Corresponding damping
capacities are obtained for these complex configurations and compared to the open-end and

simplified models.

3.1 Piston Rings

Piston rings are widely used in the aero-engine based squeeze film dampers, due to their
ability to increase the damping and sustain to wear. The typical arrangement of piston
rings for SFDs is shown in Figure 3.1. Although the piston rings are used to reduce the
leakage happening at axial ends, the pressure drop does happen at the ends due to the radial
clearance hs between the ring and housing, as depicted in Figure 3.1. The larger hy is, the
larger end leakage will be, which produces lower pressure inside the damper consequently.
The axial end pressure can also be affected by the width of the piston ring w, which forms

the length of leakage path.

'ﬂ‘—r |-- SQUEEZE FILM
I =t

PISTON RING SEAL

SHAFT

Figure 3.1: SFDs with Piston Rings [2]

The constraint for the leakage can be established using axial flow balance between the flow
inside and outside the piston ring. Marmol [2] applied this boundary from piston ring seals.

An additional leakage coefficient was introduced to model uncertainties, and the boundary
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condition is formulated as follows,

h_38p (p_Pa)hg_O

— 3.1
120 0z P 12pw (3:-1)

When the leakage coefficient C}, = 0, it means there is no leakage at the ends; for C, = oo,
it represents open end condition. Note that, the equation 3.1 constrains the flow at the
location of z = L. For the boundary condition at the other end(z = 0), it becomes,

h3 opP (P— Pk

A 2
1200z P 12uw (32)

Both the finite difference method (FDM) and the finite element method (FEM) are able to
solve the pressure distribution of SFDs with piston ring seals. The method of finite difference

is chosen due to its simple incorporation for the fluid field having rectangular shape.

3.1.1 Pressure Distribution Using FDM

The governing equation for the pressure distribution inside SFDs can be described by Reynolds

equation shown below [81],

0 ph3op 0  ph®op

d(ph)
o T\ s

) = 12T (3.3)

No matter which end seals are used, equation 3.3 gives the basic formulation to solve
pressure distribution inside SFDs, although it does not include effects such as fluid inertia
and thermal effects. Figure 3.2 shows the fluid film region inside a damper, using the finite
difference method. Since the length in circumferential direction is much larger than the
damper radial clearance, the pressure variation across the film is neglected. The pressure
field can then be represented by a rectangular region, as depicted in the figure. The Reynolds

equation above governs all the pressures inside the inner parts of dampers. The pressures

at both axial ends are constrained by both equation 3.1 and 3.2 for piston ring seals, while



3.1 | Piston Rings 33

the pressure at the two ends in circumferential direction must be equal to each other due
to periodic constraints. Hence, the pressure inside the damper can be obtained using these
three conditions.

A7

Pi+1,J' Pi+1,j+1

Pijia

X (RO )

Figure 3.2: Fluid Film Region

To solve the pressure for each part of the damper using the finite difference method,
both the Reynolds equation and the end seal boundary conditions need to be discretized.
The format of central difference is adopted to approximate the second order derivative, and
forward difference for the first order derivative. The Reynolds equation for the finite difference
method can be represented as follows using the coordinate in Figure 3.3,

ph?,j (Pi,j+1 B Pz’,j . Pi,j - Pi,j—l + R,j—&—l - Pi,j . -Pi,j - Pi,j—l) _ a(phz,])
12:“/2',]' AX? AX?2 AZ? AZ? ot

(3.4)

In the equation above, the film thickness h; ; equals to,

hi,j =C + 6008(02"]‘) (35)
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Figure 3.3: SFD Schematic View

Thus, in the line of centers coordinate system, the term on the right side of equation 3.4

gives,

M = écos(0; ;) — efsin(0; .
ot ! ’

Together with the left hand side of equation 3.4, the complete form of Reynolds equation

in finite difference condition can be obtained as,

phil; P —Py Py—Pya  Pya—Py; Py—Pja, . -
o, Axr  axe T az  ap )= eeoslly) = csin(y)

(3.7)

Note that, equation 3.7 is valid in the local coordinate system. For the fixed coordinate,

a transformation between 6 and ® is needed,
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Similarly, the finite difference forms for the boundary conditions of Equation 3.1 and

Equation 3.2 can be expressed as,

/)h?j Pij1— B hi
J 1, )+ O(P; — P)—2— = 3.9
2pi;  AZ Gl )12Mi7jw 39
Ph?j P — P hd
J 14, (P, — P, Pi 3.10
The constraint for the periodic boundary is,
Pio—Pior=0 (3.11)

Combining all the equations from Equation 3.7 to Equation 3.11 together will solve the

pressure at each mesh grid to form pressure distributions of a damper with piston ring seals.
A Damper with Piston Ring Seals

The example damper has axial length L = 0.4 inch, radius R = 1.5 inch and radial clearance
C = 2 mil. The running speed of the journal is 2,000 rpm with synchronous precession.
Figure 3.4 gives the pressure distribution of the damper at the location having eccentricity
ratio of 0.1 and attitude angle of 90°. The piston rings have width w = L/4, the radial
sealing clearance of hy = C'/2 and C, = 2.5. The maximum pressure is around 16 psi, and
the minimum around 13 psi.

Figure 3.5 shows the comparison of maximum axial pressure among piston rings with
different axial thickness. The variation of the thickness has the range from L/10 to L/4. As
depicted by the figure, the piston ring with L/4 gives the highest pressure, and the pressure
drops linearly with decreasing thickness. Note that the maximum pressure for each case is not
present at the middle of axial direction. This happens due to the presence of a central groove
at the middle, which has a radial clearance of 8 mil, four times the damper radial clearance

of 2 mil. This observation indicates that the pressure inside the groove is not always zero
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and can be the same order of the pressure from the nearby film land. More discussions about

this phenomenon is included in part 3.3.

24

7]

S

()

©

2 20 A

S

g —o—w=L/4

o 191 ---8--- w=L/6 A

2 === w=L/8

< —6— w=L/10

o 18F ~
17 B
16 B
15 A

| | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Axial direction (in)
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0.4

The pressure comparison among dampers with different sealing clearances is depicted in
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Figure 3.6. The pressure change due to the varying clearance is much more obvious than
that of the varying axial thickness, which indicates the pressure is much more sensitive to
the radial sealing clearance than to the seal axial thickness. The increase of radial clearance,

on the other hand, the larger the seal leakage flow which decreases the damper pressure.
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Figure 3.6: Pressure Comparison having Varying Radial Sealing Clearance of Piston Ring

As indicated by equation 3.1 and 3.2, the leakage coefficient C), plays another important
role in the pressure generation. The coefficient counts for the uncertainties between the model
given in Figure 3.1 and the realistic setting corresponding to the model. These uncertainties
include the surface properties of leakage path and friction between the piston rings and the
journal. Benchmark is necessary to give accurate prediction using equations 3.1 and 3.2.

Figure 3.7 shows the axial pressure distribution with different values of C,. As depicted
by the figure, a high leakage coefficient reduces the pressure within the damper. When C,
equals to 100, the end pressure next to the seal is almost the same as the ambient pressure
(14.5 psi). It is also found that the changes of pressure is nonlinear with linear change of

C,. The pressure is more sensitive to the C, below 0.5 than other higher values. The overall
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changing range of pressure is about 100 psi for C, from 0.1 to 100. The significant change
happens for C), between 0.1 and 0.5, which is about 60 psi. This large variation indicates the
important effects of the leakage coefficient on pressure generation and the need of calibration

on the coefficient for accurate pressure predictions.
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Figure 3.7: Pressure Comparison with Different Leakage Coefficients

3.1.2 Force Coefficients of SFDs with Piston Ring Seals

The previous section discussed the pressure distribution of SFDs with piston ring seals. To
have a better understanding of dynamic properties of this kind damper, the study of its force
coefficients is necessary. Since SFDs can not provide forces without journal precession, the
coefficients here mainly refer to the speed dependent coefficients - the damping coefficients,
not the stiffness. Then, the damper forces in polar coordinate (as shown in Figure 3.3) are,

F. = Crt‘/t
(3.12)

Ft = Ott‘/t
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The above damper forces in the polar coordinate can be transferred to the Cartesian

coordinate using following equation,

F, sing  cosy E,
= (3.13)

Y —cosy singp E;

Note that, equation 3.12 excludes the inertia terms and assumes a circular orbit of journal
motion. With these two presumptions, the damping terms could be obtained by perturbation

method as follows,

AF,
Crt = .
o AA}/; (3.14)
tt = NV

To generalize the results from a specific SFD, the damping coefficients are non-dimensionalized

using following equation,

L R..
Crt = MRE(F)dcrt

(3.15)

L R .——
Cy = MRE(F>3Ctt

A Damper with Piston Ring Seals - Dimensionless Damping

The dimensionless damping coefficients of a damper with synchronous precession speed of
2,000 rpm are studied. The effects of aspect ratio L/ D, seal leakage coefficients C), and seal
radial clearance hy on the coefficients are compared.

Figures 3.8 and 3.9 give the cross-coupled and direct damping subjects to the change
of L/D from 1/8 to 1, with ¢/R = 1.8/1000, C}, = 0.5 and h,; = ¢. For each case of L/D,
the relation between eccentricity ratio and damping coefficients is nonlinear, which is similar
to the predictions from short bearing theory[1]. Within the high eccentricity region, SFDs
generate more nonlinear damping coefficients than that within the low eccentricity region.

With increasing L/D, larger damping is produced, as expected. The damping is more

sensitive to the variation below 0.5. Comparing Figure 3.8 with 3.9, it can also be found that
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the direct damping is about 10 times higher than the cross-coupled damping with eccentricity
ratio less than 0.2. However, the increasing rate of cross coupled damping is larger than
that of the direct damping, which results higher value of C,; when the eccentricity ratio is
above 0.7. Since the cross-coupled damping is equivalent to direct stiffness for SFDs[39],
this observation indicates that the effective damping of a SFD is decreasing as eccentricity

increases, which could result in a less stable or unstable system.

Figure 3.10 and 3.11 show the effects of leakage coefficient C), on the cross coupled and
direct damping, respectively. The changing range of C), is from 0.1 to 100, which is similar to
that shown in Figure 3.7. The L/D is fixed to 1/8. ¢/R and hy are the same as the previous
study on the effects of L/D. Correlated with the trend of pressure drop given previously,
the damping coefficients are decreasing with leakage. The reduction of damping within the
range from 0.1 to 0.5 covers about 50% of the overall damping variation for studied leakage
range. When C,, is larger than 5, its variation has little influence on the damping coefficients.
Different from the trend subject to varying L/D, the tendency of damping variation due to
leakage are nearly the same for all the C),, which are parallel to each other. This observation
is expected since the leakage coefficient only changes the pressure value at damper ends,

which does not change the distribution shape of the pressure inside the film land much.

From Figures 3.10 and 3.11, both cross coupled and direct damping of the piston ring
sealed SFD are almost the same as value of open-end dampers when C), increases to 100,
which shows the correlation with the pressure distribution depicted in Figure 3.7. However, if
SFDs are well sealed by piston rings, they can produce much higher damping than open-end
dampers. Taking the C), = 0.5 for example, both C,; and Cy are about four times as large
as these from open-end cases. This provides one of the reasons for the wide application of

piston ring seals in aero-engine dampers.

The radial clearance h, of the piston ring plays another important role on the pressure
generation by the damper and on the dynamics of the journal. Tighter assembled piston rings

have less leakage. Meanwhile, they give less displacement space of the journal. Therefore, if
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the journal has larger vibration amplitude than hg, the direct contact between the journal
and inner face of the piston rings can happen. This could produce a bilinear effect where the
radial stiffness of the ring contributes to the journal behaviors. In the current study, this
bilinear effect is neglected. If contact happens, the local ring clearance is considered to be

zero and no leakage exists locally.
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Figure 3.12: C,, with Different h,

The effects of the piston ring radial clearance hg on the damping coefficients are given in
Figures 3.12 and 3.13. For these cases, L/D = 1/8, ¢/R = 1.8/1000 and C, = 0.5. h, varies
from 25% to 100% of the damper radial clearance. From Figures 3.12 and 3.13, a smaller
ring clearance h, produces larger damping coefficients, and the tendency is nonlinear. The
effect of hy on the damping capacity is decreasing as the clearance becomes tighter. When
hs is below 0.25¢, the cross-coupled damping values are quite close to each other, especially
for the region from middle to large eccentricity ratio. The cross-coupled damping also has

less damping difference between low and high eccentricity regions, when hg is small. The
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damping difference between the minimum and the maximum for h; = 0.5 is about 100, while

it is around 88 for h, = 0.1.
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Figure 3.13: Oy, with Different h,

For the direct damping Cy, as shown in Figure 3.13, although it tends to converge
as the journal operates within the high eccentricity region, it behaves differently for the
eccentricity ratio between moderate and small value. Its increasing rate is larger than that of
cross-coupled damping for small eccentricity. The tendency of Cy; changes from monotonic
increase(hs = 0.5) to parabolic variation(h, = 0.1). For h, = 0.25, the shape of Cj; is quite
flat over the region with eccentricity ratio below 70%. Within the low eccentricity region, the
increasing rate of direct damping with hy is larger than that of cross-coupled damping, which
indicates the effective damping is rising for the region. In other words, when the journal is
inside the low eccentricity region, tighter clearance of piston rings can result in more stable
system. Caution must be paid for this conclusion, since the contact model with bilinear effect

is not included in current analysis, not are the thermal effects.
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Figure 3.14: Finite Difference Mesh for Hole Supply/Discharge

3.2 Hole Supply/Discharge

3.2.1 Pressure Distribution

Hole supply/discharge is considered as one way to improve the damping capacity of SFDs
[51]. The modeling of this configuration can be established by either the flow balance
between outward and inward flow through the hole or the constraint on the pressure (equal
to supply/discharge pressure) at the location of holes. The method of flow balance is used
in this work, together with the finite difference method. For this method, the inward flow
Qin equals to the outward flow Q,,;, which is Q;, = Q- Figure 3.14 gives the mesh around
the hole using the finite difference method. Note that, the grid size in both the axial and
circumferential directions is larger than the radius of the hole. The flow balance through the

hole can be approximated as [2],

hd oP; 0P A 3 0P, 0P,

Cnlps = Po) = 12u(8x B 895) Z+12u( 0z 82)

Az (3.16)
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The left side of equation 3.16 represents the flow from the supply into the hole, and the
right side gives the flow from the hole into damper film land. The finite difference format of

the above equation is represented as below. Again, the forward difference is used.

B Py— Py Py — P

( h? Pij—Pij P —FBy
12u AX AX

’jAZ
A2+ 5 (T Rz AZ

Oh(ps - Pz’,j) ==

JAX

(3.17)

P, ; is the pressure at the center of the hole.
A Damper with Hole Supply/Discharge - Pressure Distribution

The damper chosen here has the same dimension and operating conditions as the one in
Part 3.1.1. Besides one piston ring seal at each end, two holes are located at the middle
location in axial direction with ® of 90° and 270° for supply and discharge, respectively. The
holes have diameter of 0.1 inch. The pressure of supply and discharge equals to the ambient
pressure. Applying the boundary condition in equation 3.17 gives the pressure distribution of
the damper as shown in Figure 3.15.

The previous smooth pressure distribution becomes folded with raised and decreased
pressure due to supply and discharge holes. Note that, the pressure next to the axial end
does not have smooth trend either. It has two peaks near the locations of both supply and
discharge hole. This happens due to the short length of the damper in axial direction. The
diameter of the hole is 25% of the damper axial length, which makes the supply/discharge
hole dominant in the pressure distribution along axial direction. As the damper increases its
axial length, the pressure at axial end becomes smooth, as depicted in Figure 3.16.

The damper in Figure 3.16 has an axial length of 4 inches, with the hole diameter of 0.1
inch unchanged. For this longer damper in axial direction, it gives much higher pressure,
38.38 psi, compared to the previous 17.60 psi; its pressure distribution along the axial end
changes smoothly without sudden variation near the location of supply and discharge. As
observed, the abrupt region appears within the range of £0.5 inch around the center of

the hole. Outside this area, the pressure distribution becomes polished in both axial and
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Figure 3.15: Pressure Distribution with Piston Rings Seals and Hole Supply/Discharge

circumferential direction. It is also worth noting that the previous damper has L/D of 0.13,
which is a tenth of the current one. This observation concludes that the hole supply/discharge
affects the pressure profile of short dampers much more than that of long dampers, especially

for the pressure at axial ends.

3.2.2 Force Coefficients of SFDs with Hole Supply/Discharge

To study the damping capacity of SFDs with hole supply/discharge, the same procedure and
assumption as in part 3.1.2 are used here. The damping coefficients are non-dimensionalized
in the polar coordinate, and synchronous circular centered orbit is presumed for the journal
precession. A damper having the same geometric parameters in the previous two parts will

be used for the analysis.

A Damper with Hole Supply/Discharge - Force Coefficients
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Figure 3.16: Pressure Distribution for Long Damper

The damper is sealed by piston rings, with C,, = 0.5, hs; = ¢ and ring axial width w, = L/4.
The effects of supply/discharge pressure through holes on the damping coefficients are
investigated. There are two holes with identical diameter of L/4, located at 90° and 270°
in the circumferential direction and at the middle span in the axial direction. The hole at
90° is considered as supply hole, and the other is discharge hole. During the investigation,
the supply pressure changes from 1 atm to 40 atm, while the discharge pressure is fixed
to ambient pressure. Although the current study focuses on the effects of supply pressure,
the results can be applied to the effects of discharge pressure, as the chosen damper has

symmetric supply and discharge configuration.

Figures 3.17 - 3.19 give the dimensionless damping for cavitated film. For the cases
with cavitation, the rupture pressure equals to the ambient pressure, which is 1 atm(14.5
psi). Figures 3.17 and 3.18 show the cross-coupled and direct damping, respectively. The

cross-coupled damping is almost invariant for all the different supply pressures over entire
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eccentricity range, which indicates the supply pressure does not affect the cross-coupled
damping. On the other hand, the supply pressure can increase the direct damping term when

the supply pressure is below 30 atm, as shown by Figure 3.18.
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Figure 3.17: C,; of Cavitated Film with Varying Supply/Discharge Pressure

However, the linear increase of supply pressure between 1 atm and 30 atm does not give
linear increase of the damping. The rise from 1 atm to 10 atm gives the largest increase.
Same amount of pressure increase above 10 atm gives much less damping rise. As shown by
both Figures 3.18 and 3.19, the direct damping reaches its limit when the supply pressure
is 30 atm and can not increase further with the pressure, which results in the overlapped
distribution when pressure is 40 atm.

With these observations, the increase of supply pressure is shown to be able to improve
the effective damping of a SFD within low to moderate eccentricity ratio, therefore, supply
pressure plays one of the factors to improve system stability. However, there is a limit of the
supply beyond which the direct damping can not be improved further. The studied cases

also indicate that the increasing rate of direct damping is decreasing as supply pressure rises,
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as shown in Figure 3.19. The same amount of the supply pressure within low pressure range

gives higher damping rise than that within high pressure range.

Table 3.1: Circumferential Location of Holes
Number of Holes | Circumferential Location (in degree)

90, 270
30, 150, 270
0, 90, 180, 270
54, 126, 198, 270, 342
30, 90, 150, 210, 270, 330
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Figure 3.20: C,; of Cavitated Film with Hole Number

Figures from 3.20 to 3.23 depict the change of damping capacity of cavitated film subject
to varying supply/discharge holes. Five different hole numbers, from two to six, are studied.
The circumferential hole location of each case is listed in Table 3.1, and the axial location
is fixed to the middle of damper axial length. Current study chooses the location of 270°
as the only discharge hole, no matter how many holes on the damper. Both the supply and

discharge pressure for each case are fixed to 1 atm. From Figure 3.20, the hole number is
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found to affect the cross-coupled damping nonlinearly. The number of two holes gives the
largest damping, although the case of three holes produces quite similar damping over entire
eccentricity. It is interesting to find that the smallest damping comes from four holes, not the
case with five or six holes. The five and six holes have quite similar damping for eccentricity
lower than 60%. Then they start to split, the case of six holes gives larger damping with

higher eccentricity ratio.
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Figure 3.21: O}, of Cavitated Film with Hole Number

Figure 3.21 shows the effects of hole numbers on the direct damping. Similar to the
cross-coupled damping, four holes generates the minimum damping. The damping of two and
three holes are on the top, followed by the cases of five and six holes. Compared to Figure
3.20, the same changes of hole number gives wider variation range for the direct damping
than that for the cross-coupled damping, which indicates the hole number has more influence

on the direct damping.
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Figures 3.22 and 3.23 give the variation of damping with hole numbers for four different
eccentricity cases. Both C,, and Cj show the change of hole number has less effects on
operation with low eccentricity. For C,;, eccentricity ratio of 20% does not have obvious
variation when subjects to different hole number. This observation indicates that the operation
in low eccentricity region resists to the hole number changes. From Figure 3.22 and 3.23, it
can also be found that the cross-coupled damping increases more quickly with eccentricity
ratio than the direct. Taking the case of two holes for example, the cross-coupled damping
starts with 0.19(e = 20%) and ends at 4.92(e = 80%), compared to the range from 0.68 to
2.86 for the direct damping. Hence, it is not hard to find that low eccentricity region has

more effective damping and generates more stable system.

3.3 Groove Supply/Discharge

Groove is another form of oil supply or discharge for squeeze film dampers. Traditional analysis
considers the pressure inside the groove as zero, then a closed form pressure distribution
is available. However, this simplified model does not agree with the experimental result,
which observes non-zero pressure inside the groove [9]. In [7], Rouch found some parts of the
pressure within groove is comparable to the pressure in the film land. The current study uses
the finite difference method as described before to capture the non-zero pressure inside the
groove. A centered groove will be considered. To consider the effects of groove on the pressure
distribution, two steps are included. The first step ignores the effects of supply/discharge
pressure within the groove. The second one takes into account the supply/discharge condition

through holes inside the groove.

3.3.1 Pressure Distribution

A damper having the same geometry as in Parts 3.1 and 3.2 is used. Similar to the previous

two parts, the axial ends are sealed with piston rings having C), = 0.5, hy = 0.5C" and ring
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clearance wy, = L/4. The groove is centered with axial length of 15% of entire damper axial
length. Using the discretized Reynolds equation 3.7 and applying boundary conditions from
piston ring seal, Figure 3.24 shows the damper pressure distribution when the groove depth
is 16 times the damper radial clearance. As it shows, the pressure within the groove is not
constant as ambient pressure (14.5 psi) but varies with the pressure wave of the film land.
The pressure reaches the maximum or minimum as the film land has the largest or smallest
pressure, the changing pace in circumferential direction is the same as that of film land. The
variation range of groove in circumferential direction is smaller than that of the film land.
For any fixed circumferential location, the pressure inside the groove is constant across the

axial direction, which is more obvious in Figure 3.25.
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Figure 3.24: Pressure Distribution with Groove Depth of 16C

Figure 3.25 shows the axial pressure distribution for the fixed circumferential location
where the pressure is maximum. Five different groove depths, varying from 4C to 32C, are
included. The depth of 4C gives the highest pressure, and the 32C' produces the lowest. When

the depth is above 16C', the pressure distribution does not change very much. The decreasing
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limit, the ambient pressure (14.5 psi), is reached when the groove depth is 32C', which means
deeper groove can not decrease the pressure further. For all the five cases, the pressure inside
the groove is comparable to the pressure generated by the film land. Taking the case of 16C'
for example, the groove has the pressure of 15.74 psi, compared to the maximum pressure of

15.93 within the film land. This conclusion correlates with other experimental studies [9].

Axial pressure distribution,w=L/4,hs=c/2
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Figure 3.25: Axial Pressure with Varying Groove Depth

Figure 3.25 also indicates the groove depth has dominant effects on the overall pressure
distribution. With all other conditions unchanged, the maximum pressure of 4C' (18.9 psi)
is about 28% higher than that of 32C' (14.76 psi), which tells the smaller groove depth can
produce more damping. The groove depth can also affect the shape of axial pressure. From
Figure 3.25, the shape of axial distributions are not the similar to each other. The pressure
within one side of the film land has parabolic distribution for small groove depth, which
generates the largest pressure around the middle part of film land. On the other hand, the
large groove depth gives monotonic shape with the film land. The pressure rises from the

location of groove and reaches the highest next to the piston ring seal.
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Above analysis does not include the effects of supply/discharge pressure from the central
groove. Typical supply/discharge form includes circular holes, which could distribute evenly
within the groove in circumferential direction. For the following study, the damper has the
same geometry and configurations as the previous one, except two holes are added. The holes
are located at 90° and 270° in # direction and the middle of the groove in axial direction.
The one at 90° is supply channel, and the other is discharge. The pressure for both supply

and discharge is 1 atm.

Figure 3.26 depicts the pressure distribution when two holes are presented. Different
from Figure 3.24, the pressure inside the groove does not vary with the pressure wave within
the film land. Overall, the pressure is quite flat in the circumferential direction, although
it has two abrupt changes at the locations of supply and discharge. The pressure shape of
the film land does not change much, compared to the distribution without holes. However,
its pressure has smaller variation range (0.6 psi) than that of the previous case (1 psi). The

damping properties comparison with these two configurations will be studies in part 3.3.2.

14.8

14.7

Pressure (PSI)

400

Axial Direction (inch) 0 o

Circumferential Direction
(degrees)

Figure 3.26: Pressure Distribution with Groove Depth of 16C(With Holes)
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As shown by Figure 3.24 and 3.26, the pressure along the piston ring seals has smooth
S shape distribution, which is totally different from the case with hole supply/discharge in
Figure 3.15. Note that the damper has the same axial length as that in Figure 3.15. It is
the presentence of centered groove that eliminates the effects of supply/discharge hole on
the pressure within the film land. Therefore, the film outside the groove is not influenced by
the holes and has smooth shape of pressure distribution. Caution must be paid to generalize
this conclusion. Keep in mind that the groove depth of the current example has the value of
16C. With decreasing of the depth, the effects of the groove is diminishing and the effects of
hole becomes dominant again. However, it is safe to conclude that the effects of holes on
the smoothness of pressure within film land is neglectable for large groove depth; for this

damper, it should be larger than 16C'.

3.3.2 Force Coefficients of SFDs with Groove

Same procedures and assumptions in the previous parts are used to investigate the damping
capacity of SFDs with central groove. Similarly, the orbit of the journal is assumed to be
synchronous and circular centered. The damping coefficients are expressed in dimensionless

form within the polar coordinate system.

A Damper with Central Groove - Force Coefficients

A damper having the same geometry as the previous two sections (3.1.2 and 3.2.2) will
be studied in this part. It is sealed by two piston rings which have C, = 0.5, h; = ¢ and
ws = L/4. The effects with and without supply/discharge holes through the groove will be
considered. For the case with holes, two holes locating at 90° and 270° in circumferential
direction are included. The effects of varying supply pressure of the hole at 90° and the
groove depth are considered as well.

Figures 3.27 and 3.28 depict the damping coefficients of the damper without sup-

ply/discharge holes. Both figures consider the cavitation with rupture pressure of 1 atm.
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Figure 3.27: C,, with Varying Groove Depth(Without Holes)

The effect of central groove depth is included, varying from 8C' to 40C'. In Figure 3.27, the
cross-coupled damping is the maximum with groove depth of 8C. The difference between the
maximum value and other cases is decreasing with the increase of eccentricity ratio. The
operations within high eccentricity (above 80%) have similar cross-coupled damping. For
the low and moderate eccentricity, the damping decreases as the groove becomes deeper.
However, the descending trend approaches an asymptotic line, which is evidenced by the

overlaps for all the cases with groove depth larger than 16C.

Figure 3.28 shows the effect of groove depth on the direct damping. Similar to the
cross-coupled damping, it increases monotonically with eccentricity. The difference among
the depth cases decreases with the increase of eccentricity ratio. Although shallower groove
generates less damping as before, the variation of the depth between 16C' and 32C has
distinguishable direct damping. The asymptotic groove depth for the direct damping is
around 40C, larger than 16C' for the cross-coupled one. This observation indicates that

the SFD has more stable performance as the groove depth decreases within the range from
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32C to 16C. Additionally, both C,; and C}; do not vary much for groove depth above 40C.
Therefore, any deeper groove than 40C' can not improve the effective damping of the SFD

any further.
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Figure 3.28: C}, with Varying Groove Depth(Without Holes)

Figures 3.29 and 3.30 present the damping change with groove depth when supply/discharge
holes are considered. Both figures give a similar pattern of the damping variation to the
corresponding figure shown previously. The cross-coupled terms for both groove configuration
raise with eccentricity faster than the direct terms. Therefore, the effective damping decreases
with eccentricity ratio, which is the similar to all the other cavitated dampers. Different from
the previous case, the consideration of holes through the central groove generates less damping
for both cross-coupled and direct terms. Thus, the effective damping could either increase or
decrease depending on the decreasing rate of both direct and cross-coupled damping.

From Figures 3.29 and 3.30, the difference between the maximum damping with the
shallowest groove and the minimum with deepest groove is found to be smaller than that of

the previous cases without holes. For the cross-coupled damping, the widest variation range
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among different groove depth is 0.015 when the effect of holes is considered, compared to
0.005 for the case with hole. For the direct damping, the maximum range is 0.27 in Figure
3.28, three times as large as that in Figure 3.30. Therefore, the presence of holes inside

central groove diminishes the effects of groove depth on the damping generation.
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Figure 3.31: C,, with Varying Supply Pressure through Holes(Groove)

The effects of supply pressure on dampers with central groove are given in Figure 3.31 and
3.32. The lubricant is supplied through a hole at 90° to the groove and discharged through
the other hole at 270° in the circumferential direction. Similar to the damper without central
groove but only the case of holes supply/discharge in part 3.2.2, the conclusion about the
supply pressure in the following can be applied to the study of discharge pressure due to the
symmetric configuration of supply and discharge for current damper. The variation range
of the supply pressure is from 1 atm to 10 atm, including five different cases. Except the

pressure variation, the groove depth and axial length remain unchanged as 16C and 0.15L,

respectively.
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Figure 3.31 shows that the supply pressure of 1 atm gives the maximum cross-coupled
damping, especially for low and moderate eccentricities. The cross-coupled terms are quite
similar to each other for eccentricity ratio above 0.8. Completely different from the cross-
coupled damping subject to groove depth variation, the damping is quite sensitive to the
change of supply pressure. Different from the damper with hole supply/discharged only (part
3.2.2), this damper can not generate any cross-coupled damping within low eccentricity range
once the supply pressure above 1 atm. For the supply pressure of 2.5 atm, the cross-coupled
damping appears only when the eccentricity ratio is larger than 0.5. For all the other cases
with larger supply pressure, the damping presents when the operating range above 0.6 is
achieved. This inability of damping generation below high eccentricity region for high supply
pressure indicates the effects of supply pressure on the elimination of cavitation. The higher
the supply pressure, the less cavitation region inside the film land. When no cavitation
happens, the cross-coupled damping becomes zero, which is similar to 27-film assumption as
given by Gunter et al. [1]. Even for high eccentricity area, the large supply pressure does
produce small amount of damping, but the highest pressure remains to generate the smallest

value, which indicates the elimination of cavitation by supply pressure as well.

Figure 3.32 gives the direct damping subject to the varying supply pressure. Different
from the case without the consideration of holes, the damping with holes inside central groove
does not increase monotonically with eccentricity for supply pressure above 1 atm. Contrast
to the cross-coupled damping in Figure 3.31, minimum supply pressure (1 atm) produces the
minimum direct damping. All the cases with supply larger than 1 atm gives nearly identical
damping for the eccentricity range from 0.1 to 0.5. This means that the direct damping
does not vary with supply pressure when no cavitation happens within region having small
eccentricity ratio. The pressure only has its effects on direct damping when cavitation takes
place. For the range of eccentricity ratio larger than 0.6, where cavitation happens, the
damping increases with supply pressure. This variation is not linear. The supply pressure

from 2.5 to 5 atm gives the largest damping enlargement under cavitation condition, while
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Figure 3.32: O}, with Varying Supply Pressure through Holes(Groove)

the same amount change of pressure from 7.5 to 10 atm has the minimum damping rise. This
observation implies that there is a limitation to enlarge the direct damping by increasing the

supply pressure.

3.4 Summary

This chapter has considered three practical configurations of squeeze film dampers, which
include piston ring seals, hole and groove supply/discharge. The finite difference models for
both piston ring seals and hole supply/discharge were developed. The pressure distributions
of these complicated SFDs were then obtained based on these models. Dimensionless damping
coefficients in polar coordinates for each configuration were calculated with the numerical

method.

The leakage coefficients and radial seal clearance of piston ring seals were found to have

important effects on the damping capacity. For the hole supply/discharge, the impacts of holes
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number and their locations on the damping was studied for the first time. Non-monotonic
relation between the hole number and damping coefficients was observed, which highlights
the effects of hole number and location on the damping of SFDs.

The developed numerical method gained pressure distribution of SFDs with groove
supply/discharge. Non-zero pressure was predicted inside the groove, which correlates with
experimental observations. Zero pressure within groove is not guaranteed, except the cases
with considerably large groove depth. The increase of supply/discharge pressure through
holes into groove was found to eliminate the influence of cavitation and to produce zero

cross-coupled damping and constant direct damping within low eccentricity region.



Chapter 4

Rotordynamics of Flexible Rotor
Systems on SFDs using Force

Coeflicients

With ideal assumptions on the conditions of end seal, supply/discharge and journal orbit,
SEFDs can be modeled using force coefficients, which are the closed form functions of damper
geometries and operating conditions. These assumptions include full or no leakage at the end,
zero supply /discharge pressure inside grooves, synchronous Centered Circular Orbit(CCO)
of the journal and synchronous Off-centered Circular Orbit(OCO) with small amplitude.
Despite the limitations imposed by these assumptions, force coefficients are widely used in
simple rotor-bearing systems with SFDs [1, 82, 83, 84]. The main reasons for the popularity
of the force coefficient method are its simplicity and computational efficiency compared with
nonlinear transient analysis. If a damper satisfies these assumptions, the method can give
accurate predictions. Therefore, as long as the analyst is aware of the limitations in the
model, this method can be used for rough analysis of a rotor-bearing system with SFDs for

example during the initial design stage.

After a brief introduction of the implicit relation between journal dynamics and damper

66
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reacting forces, this chapter will focus on a Curve Intersection Method to determine the force
coefficients for rotordynamics analysis. Three typical assumptions, including full end leakage,
no end leakage (to approximate piston ring or O-ring seals), and zero supply/discharge
pressure within a central groove, are discussed. The model to incorporate SFDs in a flexible
rotor-bearing system for the rotordynamic analysis is included. Both the unbalance responses
and stability of the SFDs supported system are documented using the developed method.
The rotordynamics with different operating conditions, varying damper parameters, and fluid

inertia effects are investigated as well.

4.1 Force Coefficient Model of SFDs

The following Reynolds equation governs the pressure inside short-bearing squeeze film
dampers. Compared to equation 3.3 shown in part 3.1 of Chapter 3, the following equation
4.1 considers that the pressure gradient in axial direction is much larger than that in the
circumferential direction. Therefore, the pressure gradient along the circumferential direction
is neglected. This is the base assumption using force coefficients method to model SFDs.

0 ph?’@

9 ok d(ph)
0z p 0z

)=12—— (4.1)

Using the same coordinate shown in figure 3.3, the film thickness h can be expressed as,
h=C+ecost (4.2)

Therefore, the right side of equation 4.1 equals to,

d(ph)

12—~
ot

= 12p(é cosf — ef sin 0) (4.3)

The above equation applies the compressible assumption for the lubricant. Thus, the density
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p is time invariant. Now, the pressure is ready to solve by integrating equation 4.1 twice as
follows,

P, z) = 6%[(55 cosf — efsin )22 + Cyz + O] (4.4)

with C] and C5 are constants to be determined by boundary conditions.

To this point, the forces of SFDs acting on the journal are available by integrating the
pressure through film land, which can be expressed in the polar coordinate (defined in Figure

3.3) as,

L 2
F. = / / P(6, z) cos O RdOdz
0 Jo

L 27 (45)
F, = / / P(0,z)sin 0 Rdfdz
o Jo

The transformation from polar to fixed coordinate is repeated as follows, shown by equation

3.13 in chapter 3.

E, siny  cosy E,

F, —cosy singp E;

Equations from 4.4 to 4.6 show that the forces generated by squeeze film dampers are
dependent on both the location and velocity of journal. On the other hand, for any given
rotor-bearing system with SFDs, the journal location and velocity are determined by forces
from SFDs, imbalance on the rotor and external loads et cetera. These kinds of relation
between journal dynamic behaviors and SFD forces is implicit. The following parts will show

more details to reveal this relation.
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4.1.1 Open End(Full Leakage)

For the assumption with open ends, the pressure distribution can be determined using the

boundary conditions at ends,

P(Q, 0) = P(07 L) = Pambient (47)

Ppient 1s the ambient pressure. To simplify even further, zero pressure can be assumed for

above equation [1], which gives,

P(0,0)=P(0,L) =0 (4.8)
Apply the above conditions to equation 4.4, the two constants can be obtained as,

Cy = —(écosh — efsinf)L

(4.9)
Cy=0
Thus, the pressure for the open end SFDs is
P(0,z) = —(écos® — efsinf)(z" — Lz) (4.10)

h3

Substituting above pressure into equation 4.5 and assuming Centered Circular Orbit(CCO)

result in,

uLPRCe /27r sin 6
=T -
" c3 o (L4+ecosb)? cos 60 (4.11)
I _ pLPRCe¢ /27r sin 6 . 0db '
L C3 o (1+4+ecosh)? i

¢ is angular speed of precession. It can be found that the integrand for radial force F is an
odd function, which indicates F;. is zero if all the pressure in circumferential direction from 0

to 2w (27-film) is counted. 7-film, a widely-used assumption to consider cavitation, gives
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non-zero radial forces. Equations 4.12 and 4.13 give the SFD forces for n-film and 27-film,

respectively. The tangential force of 27-film is twice that of the 7-film.

m-film,
o 2L Re(ep)
T 0B3(1 —e2)2
P puLPRr(e) (4.12)
b 203(1 — g2)15
2m-film
F.=0
IUL3R7T(€¢) (4.13)
Ft -

oA - s

Note that the term of ey in the previous two equations is the precession velocity V; in
tangential direction. Expressing the SFD forces in terms of V; as done in part 3.1.2, the
cross-coupled and direct damping are readily available. Table 4.1 gives the damping for both

m-flm and 27-film.

Fr - Crt‘/t
(4.14)

Ft = CYtt‘/t-

Table 4.1: Damping Coefficients of Open-end SFDs under CCO

Cavitation Condition Chrs Cu
. 3 SRm
w-film (Cavitated) C%,‘(LIL_ZE)Q 203%_}22)1.5
27-film (Uncavitated) 0 %

The implicit relation between damper forces and journal dynamics can also be told by the
damping coefficients in above table, since both C,; and C}; are the functions of an unknown,
the eccentricity ratio €. The 27-film gives one time more direct damping than that of 7-film,
and its cross-coupled damping is zero. Therefore, the effective damping of 27-film is much

larger than that of 7-film.

4.1.2 Central Groove Supply/Discharge with Full or No Leakage

The main assumption for central groove supply/discharge in the force coefficients model is

zero pressure through the entire groove, although it is not always the case for shallow grooves,



4.1 | Force Coefficient Model of SFDs 71

as observed in part 3.3. Gunter et al. [1] applied this assumption and approximated the

damping coefficients for grooved dampers with full and no leakage.

For the case of central groove with full leakage, it can be considered as two identical
dampers separated by the groove and having half of the original axial length, as shown in
Figure 4.1. For each film land, the damping can be obtained using the expressions in table
4.1 and replacing the axial length with half the original, which means the total forces and
damping of one film land reduces to one eighth of original value. Thus, the total damping of

a central grooved damper with full leakage is one fourth of the one without groove.

For central grooved dampers with end seals, as shown in Figure 4.2, the pressure disappears
at the location of groove. Based on this observation, Gunter et al. [1] assumed the pressure
profile of sealed damper with central groove is equivalent to the open-end damper. This
assumption leads to the conclusion that the damping capacities in figure 4.2 are the same as

those listed in table 4.1.

—~ Pressure -
~ P

N /
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\
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)
Journal
L L .
2 1 2 i

Figure 4.1: Full Leakage [1] Figure 4.2: No Leakage [1]

4.1.3 Open End SFDs with Inertia Effects

San Andrés [5] developed force coefficients for short SFDs to consider the fluid inertia effect.

To include this effect, the damper forces were expressed in the polar coordinate as follows,
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L 27
F, = / / P(0,z) cosORdAdz = C Vi, + M,a,
0, o (4.15)

L 27
F, = / / P(0,z)sin0RdOdz = CyV, + My,a,
o Jo
Different from Equation 4.5, the pressure in above equation is calculated using Navier-
Stokes equation. To obtain analytical solutions with the inertia effect, the synchronous CCO
precession with open-end assumption was applied, same as the previous two sections. The
fluid inertia of the lubricant under different Reynolds number were discussed. Table 4.2 gives

the mass and damping coefficients including inertia effect.

Table 4.2: Force Coefficients of Open-end SFDs W/ inertia [5]

27-film solution (No cavitation)
Chrt 0
Cu e
My, 0
My, | G5 Relor +va(y — 1))

Note that only 27-film is considered for the analytical solutions. If 7-film is considered,
numerical method is needed to count the inertia effect on the cavitated film [5].

In Table 4.2, v = (1 — £2)%5. Re is the Reynolds number for squeeze film dampers. v;
and vy are coefficients dependent on the value of Re for a given damper. Table 4.3 lists their

value for different Reynolds numbers [5].

Table 4.3: v, and vy with different Re
Re V1 Vg
<1 1.2 | 102/35
moderate | 1.0 | 84/35
>1 1.0 | 70/35

4.2 Curve Intersection Method

As shown in Part 4.1, the forces and damping of SFDs are functions of journal eccentricities

for cases with and without fluid inertia effects. Given a rotor-bearing system on SFDs, the
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eccentricity is dependent not only on the damper load capacities but also on external loads.
Therefore, it is not known beforehand. To handle this problem, traditional methods choose
some iteration procedures to calculate the journal eccentricity for steady responses. Greenhill
and Nelson [64] used an iteration procedure to determine the damping coefficients of SFDs
subject to airfoil imbalance. The SFD studied is short bearing with open-end and 7-film
assumptions. Fluid inertia effect is not included. More recently, Ertas et al. [85] applied a
similar iteration method to study the synchronous response of a rotor on SFDs with the same

assumptions as in [64]. Figure 4.3 shows the typical iteration scheme for these procedures.

Initial Guess of
journal position €g

| Using given &; to calculate
damping coefficients

}

Update the journal Ot?t'aln newI;our;\aI
position &; with &;,; position &, based on
- force responses

}

_— T~

No

/// - \\\\\
__|&i-€i+1] < Tolerance

Continues to the next
speed

Figure 4.3: Typical Iteration Scheme

The main problem with the traditional iteration method is that it is not robust to obtain
the steady state solutions of journal eccentricity. The calculation speed and accuracy are
highly dependent on the initial guess of the solution at the beginning. If the distance between
the initial guess and the final solution is too large, the iteration method could be unconverged.
It is true that, if the initial guess is close to the the solution, the converged solution might

be obtained quickly. The problem for the latter case is how to guarantee the initial guess is
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close enough to the solution. Unless for some familiar rotor-bearing systems to the user, it is
doubtful to have an ideal initial guess every time.

Another problem with the traditional iteration method is the sensitivity. It is sensitive not
only to the convergence tolerance (shown in figure 4.3) but also to the loads of the rotating
system. Greenhill and Nelson [64] found their iteration procedure can not converge if large
unbalance forces are present. The reason behind this observation is that, the SFDs behave
more nonlinearly as higher unbalance forces act on the rotor, and the traditional method is
unable to handle highly nonlinear performances successfully.

To solve the problems with traditional iteration methods, a Curve Intersection Method(CIM)
is developed in this part. This method is based on the relation between the input of journal
position (the eccentricity) and the output responses with the damping coefficients under the
input condition. The range of journal eccentricity ratio € for the input can be any value in
[0,1). For each point within the range, the corresponding response of the journal position
can be calculated. The connection of these outputs forms a performance curve of a given

damper. Curve A in figure 4.4 shows an example of performance curve of a target damper.
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Figure 4.4: Mlustration of Curve Intersection Method

In the Curve Intersection Method, another ideal damper is introduced, which generates
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the same response eccentricities as the input. Hence, the performance curve of the ideal
damper is a straight line with slope of one, as curve B shown in Figure 4.4. The combination
of the two curves results in intersection point(s) and gives the steady state solution(s) of the
target damper. In the figure, the corresponding eccentricity ratio of intersection point P is

the solution for the damper.

Compared with traditional iteration procedure, the developed CIM method is more
robust to the performance variations of SFDs. Linear or highly nonlinear behavior can be
obtained by the performance curve in the CIM. The shape and smoothness of the curve
reflect the nonlinear extent of the damper. No matter how much nonlinearity is present,
there is always a performance curve and the solution can be obtained quickly through
intersection. The robustness of the CIM method can also be shown by its ability to find
multiple solutions(intersections) and to determine if the target damper does not have enough
load capacity for external forces. The multiple intersections might be possible if a damper
is subject to excessive unbalance forces, which can produce jump responses [86]. For the
damper with low load capacity, the CIM method can indicate this situation by the event of
no intersection between the two curves. It is difficult for the traditional iteration method to
handle the cases with multiple solutions and low load capacity. The following two sections
will apply the curve intersection method for both unbalance responses and stability analysis

for a rotor bearing system with a squeeze film damper.

4.3 Incorporate SFDs Using Force Coefficients

To incorporate SFDs for rotordynamics analyses, the rotors are modeled using the finite
element method. This method is one of the classical methods for rotordynamics analysis.
It has been discussed extensively since 1972, when Ruhl and Booker [87] first developed
the method for rotating systems. Within this method, the rotor shaft is discretized into

beam elements having mass matrix, stiffness matrix and damping matrix(if any). The disks
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and blades are approximated with lumped mass, polar and transverse inertia. The bearings
might be considered by either KCM (stiffness, damping and mass) model or KC (stiffness
and damping) model [88]. The model of whole rotor-bearing system can be established by
assembling the element matrices of mass, stiffness and damping of the entire system. Since
lots of related works have been done in the past [89, 90, 91, 92, 93], details about shaft mass,
stiffness and damping calculation and element matrices assembling will not be discussed here.
Only the consideration and incorporation of SFDs for dynamic analysis is included.

Figure 4.5 gives a spring-damping-mass model of a squeeze film damper with journal
(includes bearings in series). Both SFDs and in-series bearings are modeled with stiffness
and damping coefficients. Note that the stiffness of the SFD here is an effective stiffness,
which comes from the cross-coupled damping property as the journal precesses inside. The
cross-coupled and direct damping of the SED will be determined by the Curve Intersection
Method developed in part 4.2. The mass term in the figure includes the mass of the precessing
journal, which contains the mass of in-series bearings and surrounding arrangements. For
applications of bearings mounted directly to the ground, this kind of mass does not contribute
to the dynamics analysis. However, the mass needs to be considered for the applications
in series with SFDs due to the precession motion. The mass term in Figure 4.5 might also
include the effective mass of the squeeze film if the effects of fluid inertia are considered.
Figure 4.5 only shows the model of one Degree-Of-Freedom(DOF). The complete model

considers two DOF for the damper, translational motions in both x and y direction.

Figure 4.5: Spring-Damping-Mass Model of SFD with Journal

Figure 4.6 depicts an example of a finite element beam model of a rotor-bearing system

on squeeze film dampers. There is one SFD in series with the ball bearing (Brg2) at the right
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Figure 4.6: Finite Element Model of a Three Mass Rotor with SFD

end. The shaft is discretized into 24 elements(25 nodes), with three identical disks locating
at node 10, 13 and 16, respectively. The left ball bearing connects to node 4 and the right
one to node 22. To incorporate the damper, its stiffness and damping matrix connect to
node 22, and the diagonal mass matrix is added to that of the shaft. The shaft has total
DOF of 100, considering four DOF for each node (two translational and two rotational). The
damper adds another two to the whole system. Hence, the global matrices (including mass,
stiffness and damping) after assembling has the size of 102 x 102. More details about how to
assemble the element matrices can be found in finite element books such as [94].

After assembling all the element matrices, the equation of motion for the rotor-bearing

system can be obtained as follows,
IMI{x} + ([C] + QIG]){x} + [K]{x} = {f} (4.16)

Equation 4.16 establishes the base for both unbalance and stability analysis. More details

about these two analyses are discussed in the following parts.

4.4 Unbalance Responses Using Force Coefficients

This section focuses on the unbalance response analysis of rotor-bearing systems on SEDs. The
effects of rotor operating conditions (including unbalance magnitude and location, rotating

speed) and damper configurations (including L/D and C/R) are studied. The responses
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with and without fluid inertia effects are compared as well. Before the detailed discussion
of response results, the mathematical model for the simulations of unbalance responses is

required.

4.4.1 Mathematical Model for Unbalance Responses with SFDs

To be compatible with the stability analysis, the equation of motion 4.16 is converted to

state space form as,

M 0 : 0 —M 0
{u} + | {u} = (4.17)
0 M K C f
_ X
where, C=C + ()G; u is a state space vector, equals to
X

For current rotor-bearing system subject to unbalance excitation only, the vector u can

be expressed as,

{u} = {U}es (4.18)

The unbalance force f is,

(£} = {F}e/ (4.19)

Substituting above two equations into equation 4.17 gives,

M 0 0 —-M 0
Q {U} + [ {U} = (4.20)
0 M K C F

Further simplification of above equation results,

QI+ AT'B]{U} = ! (4.21)
M~'F

where,
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M 0 0 —-M

Y

0 M K C

From equation 4.21, the response vector {U} is solved as,

(U} =[Q1+A'B]" 0 (4.22)

M-'F
The above derivations are valid for synchronous responses of any rotor-bearing system
subject to unbalance forces, including these with SFDs. For systems with SFDs, the K and
C matrices are obtained after the steady state damper eccentricity is determined using Curve
Intersection Method. Equation 4.22 is used for every point on the performance curve shown

in Figure 4.4. Figure 4.7 depicts the scheme of the unbalance response analysis using the

Curve Intersection Method.

4.4.2 Responses with Varying Operating Conditions of the Rotor

The example to demonstrate the method developed in previous parts is the one shown in
Figure 4.6. The geometries of the rotor are listed in table 4.4. The operating speed range is
from 1,000 to 10,000 rpm. The length of shaft element is one inch. The polar and transverse
inertia of the disk are 36 and 18.67 (b - in?, respectively. The ball bearing has stiffness of
600,000 [bf /in and mass of 1.6 lbm. The damping of the ball bearing is small enough to be
neglected. The SFD for the analysis in this part is open-end without the consideration of
fluid inertia effect. The 7-film model is used. The geometries and operating conditions of the

damper are listed in table 4.5.

Table 4.4: Geometries of the Rotor (unit: inch)
Diameter 1
Shaft Geometry | Axial Length | 24
Bearing Span | 18
Diameter 6
Thickness 1

Disk Geometry
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Figure 4.7: Scheme of Unbalance Responses Analysis with CIM

Figure 4.8 depicts the responses of the rotor at the location of left ball bearing, both
cases with and without damper are included. The unbalance is located on disk 1 (the left
disk) with phase angle of 0°. As shown by the figure, the response with the SFD is quite
smooth through all the speed range from 1,000 to 10,000 rpm. Its peak response is about 25
times less than that of the response without SFD. Its amplification factor is 2.6, compared to
46.5 for the latter case. These observations demonstrate the effects of SFDs on the vibration
elimination for rotor-bearing systems.

Figure 4.8 also shows that the SFD does not affect the responses with speeds below the
first critical speed, however, it dissipates the vibration around the critical and gives a smooth
transition through the critical area, which is desirable for reliable rotor-bearing systems. The

two responses have different critical speeds. It is 4068 rpm for the one with damper and 4375
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Table 4.5: Geometries and Operating Conditions of the Damper

Journal Diameter (D) 3in

Axial Length (L) 0.375 in
Radial Clearance (C') 2.7/1000 in
Centering Spring Stiffness (K) | 5,000 lbf /in
Lubricant ISO VG 32

rpm for the other. The difference of 307 rpm shows that the damper softens the support
and produces less effective stiffness for the system. It is also worth noting that, despite the
different locations of damper and ball bearing in Figure 4.8, the damper at the right end of

the rotor is capable to diminish the vibration of the bearing at the other end.
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Figure 4.8: Comparison of Responses W/ and W/O Damper

Figure 4.9 shows the unbalance responses of the journal with three different unbalance
locations. Each case has the unbalance force acting on one disk only. The magnitude and
phase of the unbalance are fixed to 4W/N and 0°, respectively. According to the API 684
[95], W is the weight of the rotor when it is static; N is the maximum running speed of the
system with unit of rpm. From the figure, the unbalance on Disk 1(the left disk) has the

lowest amplitude before and around the first critical speed. For the case on Disk 3 (the right
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disk), the response is the maximum before the critical speed range and becomes the second

largest within the range. This happens because Disk 3 is the closest to the location of the
damper, which generates the largest reacting force at the damper location with the same
amount of unbalance. However, as the speed reaches the critical range, the unbalance force
from the middle disk (Disk 2) is more effective in exciting the first bending mode of the
system than the force on the right disk (Disk 3), and therefore gives the largest amplitude.
In the figure, it also shows different location of the unbalance force excites three different

first critical speeds, unlike the linear systems. In other words, the incorporation of SFD

introduces nonlinearities to the original linear-system.
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Figure 4.9: Responses of Damper Subject to Varying Unbalance Locations

Figure 4.10 gives the responses of the journal when the rotor is subject to unbalance

at the middle disk (Disk 2) with magnitude changing from 4W/N to 36WW/N. The phase
The choice of the location at middle disk is

of the unbalance is 0° for all the five cases.
due to its effectiveness to excite the bending mode. As shown, the response is elevated

through the whole speed range with larger unbalance, similar to linear systems. However,
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both the amplitude increment of responses and amplification factors near the critical speed
behave differently from linear systems. The amplification factor increases from 2.6 to 3.7 as
unbalance magnitude rises from 4W /N to 36\W/N. The growing amplification factor indicates
the effective damping of the rotating systems is decreasing as unbalance increases. The
amplitude increment at the critical speed is 0.14 mils as unbalance increases from 4WW/N to
12W/N, while for the same amount of raised unbalance, the amplitude increment is 0.17 mils
from 28W /N to 36W/N. These two observations make a rotating system with SFDs distinct
from one without SFDs, where both the amplification factor and amplitude rise remain the
same with linear variations of unbalance forces. Figure 4.11 shows the response of the rotor

at the location of left ball bearing. It presents similar nonlinearities of the system.

4.4.3 Responses with Varying Parameters of the SFD

This part focuses on two important design parameters of SFD. They are clearance ratio
C'/R and aspect ratio L/D. The unbalance force for the response is located at Disk 2, with
magnitude of 4W/N and phase of 0°. The same rotor-bearing system as previous part is used
with the same speed range. The changing range of the ratio is from 1/1000 to 2.5/1000.

The effects of clearance ratio on the responses of the journal are shown in Figure 4.12. It
is found that higher clearance ratio produces larger responses at the location of journal. The
peak amplitude with C'/R = 2.5/1000 is about 45% more than that with C'/R = 1/1000. In
contrast to the responses of the journal, the right side ball bearing has the largest amplitude
with the smallest clearance ratio, as shown in Figure 4.13. With the smallest ratio, the
damper generates excessive damping, locks the journal precession and gives small vibration
inside the damper. Due to the in-series connection with the damper, the vibration inside the
ball bearing has to increase to react to the unbalance force from the rotor.

From Figure 4.12 and 4.13, the critical speed of the system decreases as the clearance
ratio increases. This indicates the effective stiffness from the damper decreases with C'/R.

Different from the monotonic changes of the critical speed, the variation of amplification
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factor is non-monotonic. It has the maximum value of 13.93 when C'/R = 1/1000, and
reaches the minimum when the ratio is 2/1000, as shown in Figure 4.14. The amplification
factor decreases with the ratio for the range of [1/1000,2/1000] and increases when the ratio
is larger than 2/1000. Hence, it is possible for two different clearance ratios to give the same
amplification factor, based on the parabolic relation shown in Figure 4.14. From the stability
point of view, the minimum amplification factor when C'/R = 2/1000 is desirable as it gives

the maximum effective damping to diminish vibration from the journal.

Amplification Factor

1 1.5 2 25
Clearance Ratio (C/R) 1e-3

Figure 4.14: Amplification Factor V.S. Clearance Ratio

The aspect ratio is another important factor related to the damping capacity of SFDs.
Within this study, the clearance ratio equals to 1.8/1000 for all the variation of aspect ratio.
All the other conditions including unbalance, damper radius and centering stiffness are kept
unchanged. Figure 4.15 shows the journal responses subject to the variation of aspect ratio.
Due to the assumptions of short-bearing and open-end for dampers in this chapter, the

minimum value of the variation is 0.075. And according to [96], the short-bearing theory can
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not predict accurately when the aspect ratio is larger than 1/4. Therefore, the upper limit of

the range is chosen as 0.225.

et
o

o

o

[o)
T

o

—

o
T

L/D=0.225

1

o

N
T

o

o

N
T

0.08 -
X: 4375
Y:0.06204

Unbalance Response (mils)
o
T

0.06 -

<
<=2
-
_____

0.04 -

002t L0 ) NS N

......

e

0 _ |
1000 2000 3000

4000 5000 6000 7000 8000 9000 10000
Shaft Speed (RPM)
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Compared to the effects of clearance ratio on the damper responses in Figure 4.12, the
shape and trends of responses subject to the variation of aspect ratio are quite similar.
However, the relation between the aspect ratio and the responses is different from that
between clearance ratio and the responses. The larger aspect ratio gives higher critical speed
and reduces the amplitude at the same time. The amplification factor reaches the minimum
value of 2.58 when the ratio is 1/8. Figure 4.15 depicts the relative displacement of the
right ball bearing subject to the variation of aspect ratio. The largest L/D gives the highest

amplitude and largest critical speed.
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4.5 Stability Analysis Using Force Coefficients

With obtained steady state solutions with given unbalance forces, the stability of the rotor-
bearing system can be evaluated. The main assumption for this analysis is that, the SFD
behaves linearly surrounding its equilibrium position when subject to unbalance forces.
Therefore, its damping and effective stiffness properties from the responses will not change for
the stability analysis. This section starts with a brief introduction of the mathematical model
for stability analysis with SF'Ds; then applies it to the flexible bearing systems as described

before. Different rotor operating conditions with various parameters of the SFD are included.

4.5.1 Mathematical Model for Stability Analysis with SFDs

The stability analysis here is focused on the self-excited vibration analysis when the rotor-

bearing system is under steady state. Several literatures have covered detailed derivations for
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the stability analysis [92, 97, 98, 99]. Therefore, this part only gives brief introduction about
the analysis.
Different from the equation 4.17 in part 4.4.1, the right hand side of the equation should

be zero, which gives,

M, O . 0 —M, 0
{u},+ T fud = (4.23)
0 M, K, C, 0

where, the subscript s represents the steady state. M,, K, and C, are the mass, stiffness and
damping (from both the damper and gyroscopic effects) matrix under the equilibrium status.
Introducing the similar displacement form to the unbalance response analysis gives the

steady state form as,

{u}, = {U},eM (4.24)

where, A=a+7j w

Substituting above equation to the equation 4.23 and dividing both sides by e yields,

M, O 0 —M; 0
A {U}s + _ {U}s = (4'25>
0 M, K, C, 0

The above equation can be transferred into a standard eigenvalue problem as,
{NI+WHU}, =0 (4.26)

where,
-1

M, 0 0 —M,
W = (4.27)

0 Ms Ks CS

To this point, the stability of the steady state can be revealed by solving the complex
eigenvalue problem for equation 4.26. Several commercial computational tools are available

to solve the problem.
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4.5.2 Stability with Varying Operating Conditions of the Rotor

The rotor-bearing system is the same as described in section 4.4.2. Details about the rotor
diameter and damper configuration can be found in table 4.7 and 4.5, respectively. The

damper is assumed to be open-end with cavitation (7-film).

Table 4.6: Frequency and Log Dec Comparison, W/ and W/O SFD
Natural Frequency (cpm) | Log Dec (§)

W/O SFD | 4248.5 7.76e-13

W/ SFD | 39205 1.23

Table 4.6 compares the natural frequency N, and logarithm decrement ¢ of the rotor-
bearing with and without the damper. The operating speed is 8000 rpm, with the unbalance
excitation at the middle disk with magnitude of 4WW/N and phase of 0°. Only the first forward
bending mode is listed in the table. As shown, the original rotor without SFD is marginally
stable, according to control theory [100].! However, the incorporation of SFD improves the
stability greatly by increasing the log decrement to 1.23, which satisfies the API 684. The
natural frequency decreases about 300 rpm from the original rotor-bearing system. Both
the change of log decrement and natural frequency in the table are in accordance with the
unbalance responses shown in Figure 4.8.

Figure 4.17 depicts the first bending mode shapes for cases with and without SFD. The
main difference between these two is the displacement at the right end of the rotor, where
the SFD is located. The assembling of the SFD allows much more motion at the bearing
node, compared to the locked node in 4.17(a). This large motion indicates the journal moves
inside the SFD effectively, which generates desired damping to stabilize the rotating system.

Cross-coupled stiffness has great effects on the stability of rotating machines[98, 101].
Squeeze film damper is one of the solutions to diminish the potential instability issue due to

cross-coupled stiffness [17, 102]. Figure 4.18 shows the effect of cross-coupled stiffness on the

however, according to the API 684 [95], its stability is an issue because the log decrement is much smaller
than 0.2.
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2 Eigenvalue: -0.00 +/- 444.90i 2 Eigenvalue: -79.21 +/- 400.48 i
Damped Frequency: 4248.5 rpm Damped Frequency: 3824.3 rom
15 Log Decrement: 0.000 15 Log Decrement: 1.243

T

Dimensionless Deform, Y
o
Dimensionless Deform, Y

o

Dimensionless Deform, X ) Shaft length (inch) Dimensionless Deform, X - Shaft length (inch)

(a) Without SFD (b) With SFD

Figure 4.17: Mode Shape Comparison at 8000 rpm

stability of current rotor-bearing system. The cross-coupled stiffness is applied on the left

disk. Only one speed case, 8000 rpm, is studied here.

Log Decrement with Cross-Coupled Stiffness
1.4 T T T T T

o
©

Log Decrement
o
[}

0.4

0.2

Il Il Il Il Il Il

0 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Cross-Coupled Stiffness (Ibf/in)

Figure 4.18: Log Decrement V.S. Cross-Coupled Stiffness

As shown in the figure, the log decrement(stability margin) decreases with cross-coupled
stiffness. It is 1.237 when no cross-coupled stiffness is applied and decreases to zero when the

stiffness is around 4,800 [bf /in. The relation between log decrement and the stiffness is linear
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for current rotor-bearing system. Caution must be paid to generalize this linear relation to
other systems. In [103], the same rotor with tilting pad journal bearings gives a parabolic
relation. Triangle area with red line shows the effectiveness of SFD on the improvement
of system stability. As discussed at the beginning of this section, the rotor-bearing system
without SFD is unstable if any cross-coupled stiffness is present. This is because the log

decrement of the system is zero. In other words, the stability margin increases from 0 Ibf /in

to 4,800 Ibf /in, if SED is present.

4.5.3 Stability with Varying Parameters of the SFD

The effects of two parameters, the clearance ratio C'/R and aspect ratio L/D, on system
stability are documented in this part. The operating conditions are the same as those
discussed in part 4.4.3 for unbalance responses analysis. The variation range of C'/R and

L/D are [1/1000, 2.5/1000] and [0.075, 0.225], respectively.
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Figure 4.19: Stability with Varying C/R at 8000 rpm

The natural frequency and log decrement with the variation of C'/R are shown in Figure
4.19. The aspect ratio L/D is fixed to 1/8 and the running speed is 8000 rpm during the
variation. From Figure 4.19(a), the increase of clearance ratio decreases the frequency from

4439 rpm to 3320 rpm, about 1120 rpm reduction for the whole variation range. This
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observation implies the smaller clearance ratio the stiffer the SFD. Within the variation range,
the natural frequency does not decrease with clearance ratio linearly. The decreasing rate for
the middle range of [1.5/1000, 2/1000] is larger than that of the rest.

Figure 4.19(b) gives the relation between log decrement and clearance ratio. Different
from natural frequency, the relation is not a monotonous function, since the log decrement
increases with the ratio first before decreasing. It has the maximum value of 1.26 when C'/R
equals to 2/1000, and two different clearance ratios might give the same log decrement.

The effects of aspect ratio on the natural frequency and log decrement are depicted in
Figure 4.20. The clearance ratio equals 1.8/1000 and running speed is 8000 rpm. Different
from Figure 4.19(a), the natural frequency increases with aspect ratio and gives about 1180
rpm variation between the maximum and minimum. The increasing rate is the largest for
the middle range of [0.10, 0.15]. For the ratio larger than 0.15, it can not raise the frequency

effectively. The change between [0.20,0.225] only results in 10 rpm increment.
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Figure 4.20: Stability with Varying L/D(e-3) at 8000 rpm

Figure 4.20(b) represents the relation between log decrement and aspect ratio. Similar
to the relation in Figure 4.19(b), it increases with L/D and reaches the maximum value
before decreasing. The ratio of 0.125 gives the largest value of 1.24. From the figure, the

increasing and decreasing rate are different from each other. The log decrement is found
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more sensitive to the L/D variation between 0.075 and 0.125 than that for the range above.
Within the variation range with high aspect ratio, the increasing L/D becomes less effective
in the reduction of the log decrement. Comparing these observations with the results in

unbalance analysis, they are correlated well with each other.

4.6 Summary

This chapter documented the rotordynamics analysis of rotor-bearing system with SFDs
using force coefficients method. The implicit relation between journal dynamics and damper
reacting forces was discussed. A new method, the Curve Intersection Method, was created
to find the steady state solution. It is more robust and effective than traditional iteration
methods for unbalance responses of rotor-bearing systems with SFDs. A code based on this
method was developed to realize both unbalance response analysis and stability analysis.

The effects of SFDs on the rotordynamics of a rotating system were studied by applying
the developed tool to a flexible rotor-bearing system. Both unbalance response and stability
of the system were investigated when subjected to different operating conditions. The location
and magnitude variation of unbalance forces were found to have more influence on unbalance
responses than on system stability. The larger unbalance gives higher responses and higher
amplification factor, therefore, the stability margin decreases. All these relations observed
are nonlinear.

The influence of two important damper parameters, the clearance ratio and aspect ratio,
on both unbalance response and stability were documented. Both the clearance ratio of
2/1000 and aspect ratio of 1/8 were found to have the most desirable performance of the

current rotating system.



Chapter 5

Rotordynamics of Flexible Rotor

Systems on SFDs using Direct Force

Although the force coefficients method is simple and effective for some rotordynamics analyses
with SFDs, its applications are limited by the assumptions used to obtain the damping
coefficients. These assumptions include small aspect ratio(short bearing), m-film cavitation
with open-end, 27-film without cavitation, or zero pressure within supply/discharge grooves.
In addition, the force coefficients method also prevents the journal from free precession,
requiring either a synchronous Centered Circular Orbit(CCO) or a synchronous Off-center

Circular Orbit(OCO) with small amplitude.

The above assumptions reduce the usefulness of the force coefficients method for realistic
rotor-bearing systems in industrial applications and make direct force methods desirable. The
direct force methods, no damping coefficients are required in the modeling. The incorporation
of SFDs into the rotor-bearing system is realized by considering the damper forces directly.
Hence, it removes the simplifying assumptions that are necessary to go from damper forces

to damping coefficients in the force coefficients method.

The damper forces can be considered in either the time domain or the frequency domain

for the rotordynamics analysis with SFDs. Methods in the time domain include the Runge-

95
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Kutta method[104], Newmark-5 method[105], and shooting method [106] among others.
The frequency domain methods include the harmonic balance method [107], trigonometric

collocation method[26], hybrid numerical method [72].

Taylor [66] and Cookson [108] modeled the damper forces with a fourth order Runge-Kutta
integration method to find the nonlinear response of a rotor-bearing system supported on
centered, short dampers and off-centered dampers, respectively. With the same procedure,
Sykes and Holrnes [21] characterized the effects of bearing misalignment on the response of
a damper supported rotor, and captured the nonlinear jump phenomenon under different

cavitation pressures.

As discussed in chapter 1 and chapter 2, the methods in the time domain are not
computationally efficient compared to the frequency domain methods. They focus more on
the nonlinear transient than the steady state solutions. Since the steady state rotordynamics
analysis is the concentration of the current work, the direct force methods in the time domain
are not the first choices. Instead, the direct force methods in the frequency domain are
employed. The harmonic balance method, due to its simplicity and effectiveness, is used in

this dissertation to obtain the steady state solutions of flexible rotating systems with SFDs.

Several previous works related to rotating systems on SFDs have used the harmonic
balance method [23, 24, 25]. However, these studies either consider only simple rotor-bearing
systems having few DOF or neglect important effects such as gyroscopics and excessive
unbalance. Hence, these existing methods are not able to model practical rotating systems
with SFDs. This chapter develops an improved harmonic balance method to satisfy the

practical needs.

Firstly, a harmonic balance method applied to a reduced equation of motion is developed.
Both the forced response and stability analysis using this method are included. Then, a
predictor-corrector procedure based on the method is investigated to obtain forced responses
of the rotating system under varying speeds with high nonlinearities. The rotordynamics

analysis of a flexible rotor with SFDs is then studied to validate the improved harmonic



5.1 | The Harmonic Balance Method 97

balance method for nonlinear rotating systems.

5.1 The Harmonic Balance Method

From the brief introduction of harmonic balance method in part 2.4.2, the displacement form

of steady state solutions of the nonlinear system can be expressed as,

(t) = Xo+ Y _[Xeicos(wit) + X sin(wt))], (5.1)

i=1

In rotordynamic analyses, the harmonic component w; is related to the running speed.
Sub and super components are possible, dependent on the operating conditions of the rotating
system. The number of w; is determined by k in the above equation. Note that equation
5.1 is the displacement for one Degree-Of-Freedom(DOF) only. Vector format is required for

multiple DOF system.

Different from the existing harmonic balance method used by other works with their
simple rotor-bearing systems [23, 24, 109], the finite element method is adopted in order to
model realistic rotor-bearing systems having high DOF. Similar to the analysis in chapter 4,

the equation of motion is given as follows,

M]{x} + ([C] + Q[G]){x} + [K]{x} = {f(x)} (5.2)

Note that, the matrices of [C] and [K] on the left side do not include the coefficients
contributed by SFDs. Different from the force coefficients method in the previous chapter, the
force vector on the right side includes not only the unbalance forces from the rotor, but also
the forces from SFDs, gravity of the rotating system and other external loads. Substituting
the vector format of equation 5.1 to equation 5.2 will give the equation to solve the unknowns

in the frequency domain.
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5.1.1 Forced Responses Using Harmonic Balance Method

The equations to obtain the force responses are available once the substitution of 5.1 to
equation 5.2 is completed. Three sub-equations will be available to form the new equation of
motion in the frequency domain, shown as follows,

K]{Xo} = F(X)

constant

(K] — w2[M){Xei} + wi([C] + Q[G){Xsi} = F(X) (5.3)

(K] — wfM){Xai} - wi([C] + QG { X} = F(X)

cos
sin

It is not hard to find that the three sub-equations result from constant, cosine and sine
terms of Fourier transformation. It is worth noting that w; is different from 2. The former is
the vibration frequency of the rotating system, and the latter is the operating speed. If w;
equals to €, then it is called synchronous vibration. However, w; can be other frequencies,
such as sub- and super- harmonics depending on the operating conditions. 2 is a fixed
running speed in this part. For the varying speed range, it will be discussed in section 5.2.

Same as the equation of motion using force coefficients method, the above equation in
frequency domain is an implicit equation. Therefore, iteration method such as Newton-
Raphson is required to get the solutions. Current total number of unknowns to be solved
iteratively is (2k + 1)n, where n is the number of DOF of the whole system. Compared to
the time domain method, the number of unknowns rises from n to (2k + 1)n, which enlarges
the computational burden (2k + 1) times. To remove this disadvantage of the traditional
harmonic balance method, the current work introduces a complex vector and separates the
linear and nonlinear part of the system.

The idea of linear and nonlinear separation comes from the observation of implicity
relation in the above equation of motion. It is the nonlinear part of the system that requires
iteration procedures. This is because the implicit relation in equation 5.3 only exists between
the dynamics of the journal and its corresponding forces. Other than the nodes of SFDs, the

iteration is not necessary. Hence, if it is possible to reduce the number of unknowns requiring
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iteration, the computational efficiency will be improved dramatically.
To separate the linear and nonlinear parts of the system, a complex vector R is introduced
as,

— XO Z — 0,
R = (5.4)

Xcz+]X51 Z: 1,,]€
Re-arranging equation 5.3 with R and separating linear and nonlinear parts of the system

gives the following equation for each harmonic component as,

Py, P| | Ry FL 0
_ =94 _ +9 (5.5)
Py1 Pa2| | Ry | F% , Fy* :
where, the subscript 1 and 2 represent linear and nonlinear part, respectively. The superscript
L represents linear force and N L is nonlinear force. For example, f‘% describes the linear

force vector acting on the nonlinear parts of the system. [P,g]; equals to following equation,

[Posli = [Kagli — w0 [Magli — jwilCapli (5.6)

with @ and f§ equal to 1,2. [Mgg|, [Kag| and [C,s] are the mass, stiffness and damping
matrix corresponding to linear and nonlinear part, respectively.

With separated equation 5.5, the displacement of nonlinear part ﬁz can be solved,

{Ro}i = [U]({FYE ) — {V]) (5.7)
where,

(U] = —[P21][P11] '[P12] + [P2o] (5.8)

{V} = [le][Pll]_l{Fi} - {F%} (5-9)

Equation 5.7 is the one that needs to be solved iteratively. However, the number of

unknowns requiring iteration reduced from (2k + 1)n to (k + 1)N, where N is the number of
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DOF of nonlinear parts only. In realistic rotating systems, the DOF number of nonlinear
parts is much less than that of the overall system. If a system is supported on two SFDs, then
the nonlinear parts only have four DOF. Therefore, the efficiency of computation is improved
dramatically by the separation of the improved harmonic balance method. More details
about the separation can be found in Appendix A. Once {ﬁz} is obtained, the displacement
of linear parts {ﬁl} is available readily from equation 5.5 without any iteration steps. The

displacement of each DOF in the time domain can be obtained using equation 5.1.

5.1.2 Stability Analysis Using Harmonic Balance Method

Typical methods for the stability evaluation include Floquet theory [110] and Poincaré map
[111]. These two methods are applied after obtaining the steady sate responses from the
harmonic balance method. They have been used in several works related to the rotordynamics
of rotating system on SFDs[24, 25, 27, 60, 74, 112]. It is worth noting that both Floquet
theory and Poincaré map are the methods in the time domain, different from the domain
within which the steady state solution is obtained. The switch from the frequency domain to

time domain make these two methods not effective for the computation.

Different from previous works, the current work keeps consistent within the same domain as
forced response analysis. The main reason is that the forced response analysis using harmonic
balance method gives important information for stability evaluation, the Jacobian matrix,
when solving nonlinear algebra equations iteratively (section 5.2 shows more details). The
Jacobian matrix has contained the stability information of the steady state solution already.
Thus, it is unnecessary to start the calculation over in the time domain. A perturbation

method is applied to evaluate system stability using the existing Jacobian matrix.

The perturbed displacement x(t) around the steady state xo(t) can be expressed as,

x(t) = xe(t) + Ax(t) (5.10)



5.1 | The Harmonic Balance Method 101
with,

Ax(t) = eMq(t) (5.11)

where, q(t) has the Fourier expansion as,
k
q(t) = Qo + Z[Qcicos(wit) + Qsistn(w;t)] (5.12)
i=1

For convenience, the subscript ¢ is neglected for the following derivation. Substituting 5.10

into equation 5.2 and collecting constant, cosine and sine terms give,

- R ~
(o) ()5 -
AR
where,
K=K — w’M — jwC
_ (5.14)
K* = \*M + \(C — j2wM) + K
Introducing following variant E(R),
E(R)=F - KR (5.15)
Combining equations from 5.13 to 5.15 results in,
M 0 . 0 —M 0
{v}+ {v} = (5.16)

0 M Kg Cg 0
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T
where, v = <AR AR) , and

Kg=K—1J

Cg = C — j2wM (5.17)
OE

T=3R

where, J is the Jacobian matrix obtained during the iteration to solve the steady state
responses. The Jacobian related to the converged solutions from the iteration will be used
for the stability analysis.

More details about the derivation for stability analysis in the frequency domain are included
in Appendix B. To this point, the system stability can be determined by the eigenvalue of

equation 5.16 using similar procedure applied to the force coefficients method(part 4.5).

5.2 Predictor-Corrector Procedure

As discussed in the section 5.1.1, the main effort for the calculation using harmonic balance
method is the iteration between the dynamic behaviors and reacting forces of the nonlinear
parts. Therefore, the efficiency of the iteration dominates the overall computational speed of
this method. There are several facts that determine the iteration efficiency, including initial
guess and iteration method. The discussion about the efficiency between different iteration
methods is available in other books, such as [70] and [71]. The focus of this part focuses on

the effects of initial guess.

Similar to any other iteration method, the distance between initial guesses and final
solutions has great influence on the converging speed. Too far way from the final solution
usually causes longer iteration times to convergence, or the solution might be diverging. To
ensure the initial guess converging to the final solution effectively and efficiently, the idea of

Homotopy[113] is adopted in current work.
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5.2.1 Homotopy

The equation 5.7, which is required to be solved iteratively, can be generalized as[114],

gR) =f(R,Q)=0 (5.18)

The main process of the iteration is the involvement of a sequence of approximated solutions,

R(O),R(l),...,R(m),...,R(M) (519)

where, Ryg) is initial guess, and Ry, is the approximated solution toward the final solution.

Once Ry, satisfies an error tolerance (small residual) requirement,

[g(Rm)[| <e (5.20)

the iteration will be terminated.

In Homotopy[113, 114], a chain of functions is also introduced. The chain starts with
simple functions that are easy to solve, and ends with the target function like 5.18. The
transition of functions between the simple and the complicated target function is shown as

follows,

fUR)=0 (5.21)

For each step, the solution of the previous function serves as the initial guess for the following

function. Thus, if the difference between fUl and fU+1 is small, then their corresponding
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solutions, RV and RV*Y, should be close to each other.

With the above assumption, for any jth intermediate function, the iteration from R to
R () should be fast. Note that the initial guess and converged solution of any jth function
have following relation with RV and RU*1,

R =R (5.22)
Ry ~ RU+!

The problem now is how to construct the simplest and the intermediate functions during
the process of Homotopy. Since the main difference between the simple and complex one
comes from one or multiple parameters, say 1. Then, 7 can be described as the range between
the simplest and the most complicated condition, such as [0,1]. 7 = 0 represents the simplest
function fI%(R) at the beginning of the sequence, and 7 = 1 represents the target function
flZl(R). Any value of 7 within (0,1) represents the transition functions of the chain. The

mathematical model of these functions can be described as,

fH(R’ 7)) =0
f7(R,0) = g(R) (5.23)
fH(Ra 1) = g<R)

For the nonlinear rotor-bearing systems with SFDs, 1 can depict parameters including
unbalance and external loads. For systems with excessive unbalance forces, SFDs responses
with high nonlinearity, which introduces difficulties for traditional iteration methods. Using
the idea of Homotopy, the system with small unbalance force serves as the simplest system.
With small unbalance forces, the SFD operates within the linear range around the damper
center. The solution from this linear system serves as the initial guess for the next system
with slightly larger unbalance forces. This process continues until the value of the excessive
unbalance is applied.

Another scenario having severe nonlinear performances exists in SFDs without centering
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spring, where the gravity of the rotating systems plays an important role to affect their
behaviors. For these kinds of systems, the system without the consideration of gravity is
considered as the plain system. The systems with gradually increased gravity form the
sequence cases to obtain the solution with full load. If the increase of gravity is small enough,
the solutions of these systems should be close to each other and the convergence is guaranteed.

For both cases, the excessive unbalance and external loads, there are infinite systems
between 7 = 0 and n = 1, theoretically. However, the application of homotopy is of interest
only in the solutions of the final equation. Any intermediate solutions for 1 within (0,1) are
abandoned. To avoid the infinite functions of the sequence, the current work applies the
procedure of predictors and correctors to determine the number of cases between the simplest

and the most complicated systems.

5.2.2 Predictors

The previous part discussed the method to obtain the steady state solutions at a fixed operating
speed. If the prediction of a speed range is required, additional methods such as predictors and
correctors are necessary to improve the computational efficiency. This section concentrates on
the predictor procedures. There are two main classes of the predictors[114, 115], the ordinary
derivative method and polynomial extrapolation method.

The governing equation for the derivative method is obtained by the differential of equation

5.18,
of of
df = a_RdR + 8_QdQ =0 (5.24)
then, there is,
dR of _, of

ol _<8_R) 20 (5.25)

Integration of the above equation results in the prediction of the solution for next speed
case. For this derivative method, only one speed case at the beginning of the speed range is

required. Thus, the process of homotopy will only be applied once, which saves computation
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time somehow. However, the problem for this method is that the inverse of % might not
exist for every speed case. The derivative would be singular at some turning points [116]. To
avoid this problem, parameterization method such as arc-length continuity method can be

used [117, 118].

For the polynomial extrapolation method, one or more speed cases might be needed
using homotopy process, depending on the order of chosen polynomial. For the first order
polynomial, it is trivial prediction, which means Ro(€2;11) = Ras(€2;). If the polynomial has
the order of one, then two previous speed cases are required to give the prediction for next

speed cases. The prediction is given by,

Ro(Qj41) = Rar () + 0;(Rar () — Ry (©25-1), 5 — Q1) (5.26)

Where §; is a given step length. Higher order polynomial is also possible for the extrapolation[119],
however, lower-order predictors cost less in the long run[3]. The current work adopted the

secant method for the prediction.

5.2.3 Correctors

The solutions given by predictors are usually not the right one satisfying the prescribed error
requirement for convergence. Therefore, correctors are necessary to correct the predictors
towards the solution on path. The dot line in figure 5.1 shows the path of correction from
the predictor. The path from the predictor to the converged solution for speed €2;,; would
be different dependent on the method of parameterizations[119, 3]. However, no matter what
parameterization method is chosen, the process of correction needs iteration procedure such
as Newton-Raphson. At each iteration step, the next corrector can be obtained with current

corrector as,

R.., =R. +AR
(5.27)

Qz—H =Q, + AQ
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Then, the problem is to calculate AR and A2 at every iteration step. One way to obtain
the increment is to use the tangent predictor and search the variation along the orthogonal

direction of the tangent, which can be described by scalar product as follows,

(R.(2.) — Rar(2)) AR + (2, — 2,)AQ = 0 (5.28)

Together with first order partial derivative shown in equation 5.24, AR and A() are solved

for next correction step.

RA

. RM(Qj +1)

v o— s —
" —

Rul(©;) Ro(Qj.1) (Predictor)

»
»

Q

Figure 5.1: Iteration of a corrector [3]

The overall process of the improved harmonic balance method with predictors and

correctors is illustrated by the scheme in figure 5.2.

5.3 Application to a Flexible Rotor-Bearing System

This section applies the improved harmonic balance method to the flexible rotor-bearing
as described in chapter 4. The finite element beam model and geometry parameters of the
rotor can be found in figure 4.6 and table 4.4. The geometry and operating conditions of
the damper is listed in the following table 5.1. The damper is assumed to be open-end with
m-film cavitation. Thus, the same model of SFD developed in chapter 4 will be applied.

The operating speed of the rotor is from 2,000 rpm to 10,000 rpm. The effects of excessive



Chapter 5 | Rotordynamics of Flexible Rotor Systems on SFDs using Direct Force 108
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________________________________________
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guess of next speed

Figure 5.2: The Scheme of Improved Harmonic Balance Method

unbalance, unidirectional loads and gyroscopic on the forced responses of the system are
investigated. The results from force coefficients method and the improved harmonic balance

method are compared for both unbalance responses and stability.

Table 5.1: Geometries and Operating Conditions of the Damper for HBM

Journal Diameter (D) | 3 in

Axial Length (L) 1in

Radial Clearance (C') | 6.67/1000 in
Lubricant ISO VG 32

5.3.1 Responses with Varying Unbalance

The responses of the damper to unbalance applied at the locations of three disks are
evaluated. The magnitude and phase angle of the unbalance are applied to one disk only for
each calculation at 0.6 oz-in and 0 degrees, respectively. As depicted in figure 5.3, the critical
speeds and their amplitudes for the three cases are quite similar, with the largest amplitude
for unbalance on Disk 2 and the least on Disk 1. This indicates that the squeeze film damper
is more sensitive to unbalance on Disk 2 than the similar unbalance on other disks, which

is the same observation as in chapter 4. With larger unbalance magnitude (0.70z-in), the
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Figure 5.3: Response of Damper, U=0.6 oz-in

response of the damper starts to jump, as shown by figures from 5.4 to 5.6. The jump happens
between 3,890 and 4,200 rpm for these cases. The speed difference between start-up and
coast-down is the largest of 180 rpm when the unbalance is located on Disk 2, as compared
to 110 rpm for unbalance in Disk 3 and 97 rpm for unbalance on Disk 1. The corresponding
hysteresis area in Fig. 6 is the largest. This implies that the squeeze film damper is the most
responsive to unbalance in Disk 2. Note that the responses shown from figure 5.4 to 5.6
are excited by unbalance on disks only, without considering other external forces. Thus, the
reason for the observed hard and soft spring effects of nonlinear jump phenomena above is the
presence of excessive unbalance(0.7 oz-in is about the magnitude of 233W /N, about 58 times
as large as API requirement of 4W /N). Figure 5.7 displays the FFT of response at 3,990 rpm
during start-up for unbalance on Disk 2. The super-harmonics of the 3x component starts to

appear, together with the synchronous component.
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Figure 5.4: Response of Damper, U=0.7 oz-in on Disk 1
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Figure 5.5: Response of Damper, U=0.7 oz-in on Disk 2
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5.3.2 Responses with Unidirectional Loads

The unidirectional loads are applied by including the gravity of both rotor and disk. Compared
to previous cases without gravity, the damper operates eccentrically and is more nonlinear.
With the same unbalance of 0.6 oz-in on Disk 2, figure 5.8 gives the comparison between
responses with and without loads. The maximum amplitude of the response with load at
the critical speed is quite similar to the case without load. Despite the fact that the damper
vibrates with larger amplitude for speeds far away from the critical speed region, the difference
between cases with and without gravity load decreases as the operating speed approaches
the first critical speed. This result displays some evidence for the nonlinearity of the squeeze
film damper, which can also be found by the nonlinear jump phenomenon shown in figure
5.8. With other conditions unchanged but the load, the damper starts to jump when the
unbalance on Disk 2 is 0.6 oz-in, as compared to the 0.7 oz-in for the case without the

consideration of gravity. The evaluation of varying unidirectional loads is carried out by
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Figure 5.8: Response of Damper with Load, U=0.6 oz-in on Disk 2
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applying an additional force at the location of Disk 3, since it is the closest to the damper
and produces more eccentric operation condition than other disks. The forces are in the same
direction as gravity, and their amplitudes change from 1 times the gravity on Disk 3 up to 16
times. With constant unbalance having magnitude of 0.4 oz-in on Disk 2 and phase angle of

0 degree, figure 5.9 displays the responses to various loads.
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Figure 5.9: Response of Damper, with Varying Loads on Disk 3

As expected, higher loads push the damper to a more eccentric region. The first critical
speeds, shown in figure 5.9, shift to the right as loads increase, which comes from operating
condition having high eccentricity. The amplitude of the critical speed decreases, in contrast
to the displacement of speeds around 2000 rpm; for the case of 16x G, it does not have
the highest amplitude, and is smaller than that of low speed. Within low operating speed
region, the dynamic forces are not large enough to balance the external static loads on the
soft centering spring supported damper. The increasing speed, although it lifts the journal
upward somehow, cannot pull the damper out of high eccentric region that prevents responses

with large amplitude.
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This fact of increasing nonlinearity with loads can also be observed from the shape change
of damper orbits as well. Figure 5.10 gives the orbits at 7,000 rpm, for loads up to 16x
G. The shapes of the orbits change from an off-centered circle to an ellipse with shrinking
amplitude, indicating that the damper produces more asymmetry with high damper operating
eccentricity. The non-circular shape also implies that multiple harmonics are present for large
static loads, which can be confirmed by the FFT in Figure 5.11. All of these non-circular
responses with multiple harmonics cannot be obtained using the force coefficients method
in the previous chapter, since the force coefficients method is based on the assumption of

synchronous Centered Circular Orbit.
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Figure 5.10: Orbits at 7000 rpm, with Varying Loads on Disk 3

The zeroth frequency component in the y direction, which is shown by the offsets of the
orbits in figure 5.10, is not included in FFT. The appearance of a zeroth component in the
x direction, which is also indicated by figure 5.10, implies that the center of orbit becomes
eccentric not only in the y direction as the static load increases up to 4 times the weight

of Disk 3. Although the 1x component is dominant for all the tested cases, it‘'s amplitude
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Figure 5.11: FFT of orbits (7000 rpm) with Varying Load

decreases with growing unidirectional static loads. Meanwhile, the increasing static loads
lead to an excitation of the 2x and 3x harmonics within the unbalance response results and

produce non-circular orbits as shown above.

5.3.3 Responses with Varying Stiffness of Centering Spring

To evaluate damper responses with a varying stiffness of centering spring, the unbalance is
kept on Disk 2 with fixed magnitude of 0.4 oz-in and phase of 0 degree. Both cases with and

without the consideration of gravity are examined.

1. Varying spring stiffness WITHOUT gravity

Figure 5.12 displays the responses for spring stiffness ranging from 100 Ibf/in to 10,000 1bf/in
without gravity. As the centering spring stiffness increases, the critical speed does not increase

all up to the highest value as found in the linear system models. The first critical speed



Chapter 5 | Rotordynamics of Flexible Rotor Systems on SFDs using Direct Force 116

decreases as the centering spring stiffness increases within the region from 100 to 2,500 1bf/in.
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Figure 5.12: Response without Gravity

As given in figure 5.12, the amplification factors are smaller than 2.5 for the soft centering
spring region. This indicates that the squeeze film damper acts effectively without the
restriction from the stiff centering spring and produces a well-damped system. For speeds
above than 4,100 rpm, the damper with low centering spring stiffness, on the other hand,
operates with larger amplitudes. This observation is quite similar to results with base excited

flexible rotor vibrations for frequencies beyond the first critical.
2. Varying spring stiffness WITH gravity

With the addition of gravity, Figure 5.13 gives the response with centering spring stiffness
range from 1,500 to 10,000 1bf/in. As the centering spring stiffness decreases, the damper
operates with even larger eccentricity, similar to the cases with increasing unidirectional loads.

Contrasting this result to the cases in Figure 5.9, the shapes of the responses in Figure 5.13
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change with centering spring stiffness. The critical speed around 3,700 rpm for stiff spring
supports is decaying with decreasing stiffness; when K is less than 2,500 Ibf/in. The vibration

crosses the region smoothly without the presence of a peak.
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Figure 5.13: Response with Gravity

Comparing Figure 5.13 to the results in Figure 5.12, the responses with a hard centering
spring have a slightly higher first critical speed and amplitude; e.g., the critical speed for
K=10,000 Ibf/in is 3,800 rpm with dimensionless amplitude of 0.58, which is larger than the
results at 3,790 rpm for the cases without gravity. For both cases, the system is shown to
be well-damped with soft centering springs by the evidence of the disappearance of critical
speed for K less than 2,500 1bf/in.

For the rotor operating with speeds below 3,000 rpm, the gravity effect dominates the
total response for soft centering spring supports and results in high eccentricity operation,
which excites super harmonics as expected. Figure 5.14 depicts a flat orbit at 2,000 rpm
with spring stiffness of 1,500 Ibf/in. The orbit has small amplitude, indicating rather large

hydrodynamic forces acting on the journal. A larger displacement in x direction than y shows
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that the damper generates higher forces along y direction, exhibiting the high asymmetry of
the damper. Also, the FF'T of the y direction response contains multi-harmonics including
the Oth (not shown in Figure 5.15),1x, 2x and 3x, as compared to the x direction response

which has the Oth and 1x component only.
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Figure 5.14: Orbit at 2000 rpm, K=1500 1bf/in

5.3.4 Responses with Effects of Gyroscopics

Responses with different gyroscopic terms in the equation of motion are evaluated by changing
the polar inertia of each disk. An unbalance of 0.4 oz-in is retained on Disk 2 and the gravity
effect is not included. The centering spring stiffness is kept the same as 2,500 1bf/in for all
the evaluations. Figures from 5.15 to 5.18 display responses of varying polar inertia from 1x
to 16x of nominal value for each disk.

For the variation of inertia of Disk 1, the smallest inertia results in a maximum response
at the damper for speeds less than 3,000 rpm. This order reverses above that speed with

16x disk inertia producing the largest amplitude before all the responses gathering together
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Figure 5.15: FFT of Response at 2000 rpm, K=1500 1bf/in

around 7,000 rpm. By increasing the disk polar inertia, the first critical speed shifts to the
right with rising amplitude. One of the reasons of the shift is the hardening effects of the
gyroscopic terms on the first forward mode of the system. In addition, due to the stiff ball
bearing at left end, the conical mode of the system is more likely to be excited by Disk 1
than the other two, as it locates furthest from the damper.

With the same varying range of the disk polar inertia, Figure 5.17 depicts the damper
responses corresponding to the inertia change in Disk 2. The amplitude of all responses is
quite similar for operating speeds less than 3,000 rpm. The largest gyroscopic term produces
the highest amplitude around the first critical speed and it becomes the lowest for speeds
above 4,000 rpm. In contrast to the previous cases, the first critical speed with studied range

of polar moment of inertia of Disk 2 are identical, with only a slight increase of the amplitude.

For the variation of the polar moment of inertia of Disk 3, the damper behaves similarly to
the second case for speeds below 3,000 rpm, having indistinguishable responses. Contrasting

this result to the first case, the increasing polar moment of inertia decreases the first critical
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Figure 5.16: Response with Varying Inertia of Disk 1
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Figure 5.17: Response with Varying Inertia of Disk 2
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speed and its amplitude. Meanwhile, the amplitude with largest polar moment of inertia is

helping keep the lowest over the responses of the speed region studied.
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Figure 5.18: Response with Varying Inertia of Disk 3

Comparing all three cases, one can find that, the variance of the responses with the
changing polar moment of inertia is different in each of three different cases. Case 1 gives
more than a 5% difference of response between smallest and largest inertia around the critical
speed, larger than that of the second case; the varying polar moment of inertia of Disk 3

gives the smallest.

5.3.5 Comparison with Force Coefficient Method

The case for comparison with force coefficient method has unbalance on Disk 2 with magnitude
of 0.12 oz-in and phase of 0°. The centering spring has the stiffness of 2,000 Ibf/in. The
effects of gyroscopics are included, but without consideration of gravity. In other words, the

damper is assumed to precess within centered orbits.
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Figure 5.19 shows the comparison of unbalance responses between the improved harmonic
balance method and force coefficients method. As shown in the figure, the responses from
the two methods are almost the same. Both the amplitude and critical speeds values are the
same for the two methods. Although the force coefficient method under-predicts the response
compared to that from the harmonic balance method for the speed range from 3000 to 8000

rpm, the overall difference between each is neglectable.
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Figure 5.19: Comparison of Responses between HBM and Force Coefficients

The maximum difference happens around the running speed of 7500 rpm, where the
harmonic balance method gives 3.5% higher amplitude than the force coefficients method.
This happens due to the presence of asymmetric support, which produces an elliptical orbit
as given in Figure 5.20. Since one of the basic assumptions of the force coefficients method is

the circular centered orbit, therefore, it can not obtain the response accurately.
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Figure 5.20: Elliptical Orbit at 7490 rpm using HBM

5.4 Summary

This chapter has discussed the rotordynamics analysis using direct force method for rotating
systems with SFDs. An improved harmonic balance method was developed for the analyses
of forced response and stability. The efficiency of traditional harmonic balance method
is enhanced by solving the nonlinear parts only during the iteration, and the solutions of
the linear parts are obtained without any iterative step. In contrast to other works using
harmonic balance method, this chapter developed a new stability analysis method in the
frequency domain. Therefore, the computational efficiency is increased by eliminating the

requirement for the analysis in the time domain.

The ability of the improved harmonic balance method to analyze highly nonlinear rotating
systems is ensured by introducing the idea of homotopy. Excessive dynamic and static loads
for SFDs without centering spring can be modeled effectively. For the analysis of operating

speed range, the predictor-corrector procedure was introduced to result in fast iteration
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process to gain the solutions of the entire speed range.

The developed direct force method was applied to the flexible rotating system subject
to parametric changes, which include the magnitude and location of unbalance forces,
unidirectional loads, stiffness of centering spring and gyroscopic effects. The jumped responses
were captured by the developed method when excessive unbalance is present. Additionally,
the method obtained the non-circular eccentric orbits when static loads are large, which can
not be calculated using the force coefficients method. The effects of gyroscopics, which are
neglected by other works using harmonic balance method, were found to be important for
the forced responses.

The comparison of the responses from both the improved harmonic balance method and
force coefficient method shows good agreement between each other. However, the harmonic
balance method is able to give more reasonable solutions than the force coefficient method,
since it does not have assumptions that constrain it from modelling more complicated

responses.



Chapter 6

Rotordynamic Analysis of an

Aero-Engine

As opposed to ground-based turbines, where fluid film bearings are extensively used, aero-
engines are typically supported on rolling element bearings for reduced energy consumption.
However, a significant disadvantage to the rolling element bearings is the lack of damping
to stabilize the system. To solve this problem, SFDs are introduced to produce additional
damping for reliable operations of these machines. This is the primary reason for their

widespread use in aero-engines.

This chapter will investigate the rotordynamics analyses of an aero-engine, Rolls-Royce
AE 3007, using the methods developed in chapters 4 and 5. The engine has two rotors, a
Low-Pressure(LP) rotor and a How-Pressure(HP) rotor. The LP rotor consists of a single-
stage fan and 3-stage turbine. The HP rotor has an axial compressor with 14 stages and a
turbine with 2 stages. Figure 6.1 shows a cut-away of the AE3007 turbofan. There are three

SFDs in the rotating system, two for the LP rotor and one for the HP rotor.

One of the challenges in modeling the aero-engines is the consideration of the SFDs
with complicated configurations. Typically, they have end seals, such as piston rings, and

supply /discharge conditions like hole and groove. To tackle this challenge, both the force
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Figure 6.1: Cut-away of Rolls-Royce AE 3007 [4]

coefficients method and the improved harmonic balance method are used in the rotordynamic
analysis of the engine. The forced response of the LP rotor will be obtained using the
improved harmonic balance method. To demonstrate its computational effectiveness, it is
compared to a transient analysis in the time domain. The effects of parametric changes on
the responses of the LP rotor are also included in this chapter for the purpose of optimized
design. For the HP rotor, a simplified model for SFDs with piston-ring seals is adopted
to analyze its unbalance responses and stability using the force coefficients method. With
this implified method, the effective parametric studies are realized to give optimized damper
design. The stability performance of the HP rotor is documented when subjected to the
variation of cross-coupled stiffness at the compressor stages.

Based on the initial design from the force coefficients method, two realistic damper
configurations of the HP rotor, piston-ring seal with direct hole supply/discharge and piston-
ring seal with central groove, are studied using the improved harmonic balance method. The
models of sealing and supply/discharge conditions from Chapter 3 are used for the analysis.

The responses of the rotor with these two configurations are then compared at the operating
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speed.

6.1 Forced Responses of the Low Pressure Rotor

The LP rotor is modeled using 2-D finite element method. The fan disks and turbine stages
are approximated as lumped mass with polar and transverse inertia. The conical shape
segments of shaft at both fan end and turbine end are approximated by step elements. Figure
6.2 gives both the schematic view and finite element model of the rotor[120]. The rotor has
total weight around 180 [bf with maximum running speed about 7500 rpm. The rotor is
supported by three rolling element bearings. Two squeeze film dampers are located in-series
with fan-end (station 4) and turbine-end (station 25) bearing. There are total 100 DOF's of

the rotor with 4 additional DOFs of dampers at both ends.

Turbine

Fan Blade /i

Fan Disk 1—|
‘ [ |

Spanner Nut : \ " Spanner Nut

Roller Brg 1 Ball Brg Roller Brg 2
with SFD 1 with SFD 2

(a) Schematic View of LP Shaft

:

RollerBrg2 ——=
.
=7 SFD2

(b) Finite Element Model of LP Shaft

1.1

Figure 6.2: Schematic View and FEA Model of LP Rotor
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6.1.1 Comparison with the Transient Analysis

The non-dimensional forced responses of the two dampers, the fan-end and turbine-end, at
different running speeds from both methods are displayed as Figure 6.3 and 6.4, respectively.
All the responses are normalized to the radial clearance of each damper. As depicted, the
differences between the results from two different methods are almost negligible, within the
range of 1% of the radial clearance. However, the computational efficiency of HBM is much

more preferable than that of Runge-Kutta method, as listed in table 6.1.
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Figure 6.3: Orbits of Fan-End Damper Comparison
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Table 6.1: Comparison of Computational Time

Speed(rpm) Time(Second)
HBM | Runge-Kutta
3500 125.61 1164.69
5000 78.58 1066.49
7000 74.98 433.95
9000 79.13 551.7
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-0.62 R-K
0 L
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Figure 6.4: Orbits of Turbine-End Damper

The HBM is 5 to 12 times more effective than the Runge-Kutta method, for these four

different speeds. As discussed before, the main reason for the much longer time of Runge-

Kutta method is that, it spends most of the time on the transient process before reaching

the equilibrium. This disadvantage makes it not the first choice for steady-state analysis
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of complex rotor-bearing systems under parametric changes. As shown in the table, both
methods need much more computation time for the low speed than the high one. This
happens due to the presence of more nonlinearities at low speeds, which have more eccentric
operating region.

With the effect of gravity, both dampers are operating eccentrically for operating speeds
at 3500, 5000 and 9000 rpm. At the 7000 rpm, the orbits of the two dampers are nearly
concentric, which is mainly due to the resonance around this speed. Meanwhile, the increasing
running speed results in more circular orbit due to the raising unbalance force. As depicted
in Figure 6.4, the elliptical response of turbine-end damper at 3500 rpm indicates the present
of super harmonics. FFT analysis given in Figure 6.5 shows that the response includes
negligible 2X and 3X harmonic components. Note that, the amplitude is normalized to

damper clearance, and the component from gravity is not included.

FFT of Turbine-End Damper @ 3500 rpm
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Figure 6.5: FFT of the response at 3500 rpm
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6.1.2 Responses with Varying Unbalance

Different unbalance magnitudes at two different locations, fan disk and turbine disk, are
applied to evaluate the effects of squeeze film damper on the responses. The magnitude
changes from 2 oz-in to 6 oz-in, with phase angle fixed to 0°. The unbalance varies on one

disk every time with the other one fixed to 2 oz-in.

1. Varying Unbalance on Fan Disk

For this evaluation, the fan-disk unbalance (UF) varies, while the unbalance of turbine-disk
(UT) is constant. Figure 6.6 and 6.7 display the responses of fan-end damper and turbine-end
damper, respectively. With small unbalance force, both dampers give responses having one
critical speed around 7000 rpm. As the unbalance becomes larger, this critical speed is
pushed forward to 8000 rpm, and the corresponding amplitudes is rising as well. The shifting
of critical speed is caused by the increases of effective stiffness of the damper as the unbalance
increases, which produces higher eccentricity. The two figure also show that the amplitude of
the responses does not rise proportionally with unbalance force. The increment of amplitude
for unbalance magnitude from 4 oz-in to 6 oz-in is smaller than the same unbalance change
from 2 oz-in to 4 oz-in.

For response of the fan-end damper shown in Figure 6.6, another effect from the rising
unbalance is the appearance of another critical speed below 7000 rpm, which is near 5000
rpm. For the turbine-end damper, as depicted in Figure 6.7, the increasing unbalance at
fan-disk does not have notable effects on the responses with speed range under 4500 rpm,
but the range above. Within the low speed range, the gravity load acting on turbine-end
damper is larger than the unbalance forces from the rotor. Hence, the gravity dominates the
response of the turbine-end damper such that the variation of unbalance forces do not have

noticeable influence.

2. Varying Unbalance on Turbine-Disk
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Unbalance Response of Fan-End Damper
1 T T T

T
—+— UF=2 oz-in
=== UF=4 0z-in

UF=6 0z-in

Dimensionaless Disp.

02 | | | | | | |
3000 4000 5000 6000 7000 8000 9000 10000 11000
Shaft Speed (RPM)

Figure 6.6: Responses of Fan-End Damper, UT=2 o0z-in
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Figure 6.7: Responses of Turbine-End Damper, UT=2 oz-in
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Figure 6.8 and 6.9 display forced responses of fan-end damper and turbine-end damper
with changing unbalance on turbine-disk. The unbalance loads at turbine disk vary from
2 to 8 oz-in, with constant in-phase unbalance of 2 oz-in at fan-disk. As shown in Figure
6.8, the reaction of fan-end damper is similar to the cases in Figure 6.6 for speed range over
6000 rpm. But it is less sensitive in the sense that another critical speed starts to appear not
until 8 oz-in, comparing to 4 oz-in for the previous case. For the speed range below 5000
rpm, the responses are decreasing with increasing unbalance. The main reason is that the
unbalance force counteracts gravity and lifts the rotor to an area where gravity has less effect.
This phenomenon can also be observed at turbine-end damper within low speed range when
unbalance UT is smaller than 6 oz-in, as depicted in Figure 6.9. Once the unbalance rises to
8 oz-in, the unbalance force becomes dominated over the low speed range, creates another
critical speed around 5000 rpm, and generates concave range with smaller amplitude around

6500 rpm than other cases.
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Figure 6.8: Responses of Fan-End Damper, UF=2 oz-in
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Figure 6.9: Responses of Turbine-End Damper, UF=2 o0z-in
6.1.3 Responses with Varying Spring Stiffness

The effects of centering spring stiffness of damper on the unbalance are evaluated in this part.

The value of spring stiffness is scaled to that of the ball bearing next to the fan-end damper.
1. Varying spring stiffness of fan-end damper

The responses corresponding to the variation of spring stiffness at fan-end damper (KF)
are depicted in Figure 6.10 and 6.11 for fan-end damper and turbine-end damper, respectively.
For the responses of the journal at fan-end, the stiffer centering spring increases the critical
speed, raises the amplification factor, and decreases the responses of speeds out of the critical
range. For the turbine-end damper, the changing stiffness at fan-end damper does not have
much effect for speed range lower than 4000 rpm. While the response amplitude increases
with stiffness over the range between 4000 rpm and 5000 rpm before decreasing. However,
the turbine-end damper is less sensitive to the stiffness variation over the operating range

larger than 9000 rpm.
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Unbalance Response of Fan-End Damper
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Figure 6.10: Response of Fan-End Damper with varying KF
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Figure 6.11: Response of Turbine-End Damper with varying KF
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2. Varying spring stiffness of turbine-end damper

Figure 6.12 and 6.13 display the responses of both dampers under the varying spring
stiffness of turbine-end damper (KT). As shown by Figure 6.12, the responses of most speeds
within the studied range does not vary significantly with the spring stiffness at turbine-end,
except the flat transition between 4000 rpm and 5000 rpm. One major difference from
responses under varying stiffness of fan-end damper (KF) is that, the stiffer spring of turbine-
end damper does not increase the critical speed of the system, but remains unchanged as

depicted in the two figures.
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Figure 6.12: Response of Fan-End Damper with varying KT

For the turbine-end damper, the harder spring not only decreases the response amplitude
for speed range away from critical speed, but also reduces magnitude around 7000 rpm,
contrast to all other responses in figures from 6.10 to 6.12. As the centering spring of the
turbine-end damper becomes stiffer, it supports more rotor weight and lifts the equilibrium

position from the larger eccentricity region, where the damper produces higher equivalent
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Figure 6.13: Response of Turbine-End Damper with varying KT

stiffness that diminishes the motion of damper. Hence, with less equivalent stiffness, the
corresponding damping acts more effectively such that the amplitude of unbalance response

with stiff spring is lower than that with soft centering spring.

6.2 Rotordynamics of the High Pressure Rotor

The model of the High Pressure rotor uses the same method for the analysis of LP rotor.
Figure 6.14 gives the schematic view and FEA model of the rotor [121]. The rotor is discretized
into 24 nodes. A roller bearing in-series with damper supports the left end of the rotor,
and the other ball bearing is located at node 20. It has total weight around 210 (bf and its
running speed is about 15,000 rpm.

The rotordynamics analysis of this rotor focuses on the effects of SFDs with piston ring
seal, since it is one of the most popular sealing arrangements for SFDs in aero-engines. A

simplified model of the piston ring from Gunter et al. [1] will be used to study the unbalance
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Figure 6.14: Schematic View and FEA Model of HP Rotor

responses and stability of the rotor. Two typical assemblies of this kind of seals, piston ring
with central groove supply and direct hole supply, will be modeled using the finite difference

method developed in chapter 3.

6.2.1 Rotordynamics with Piston Ring Seals - a Simplified Model

The simplified model for the piston ring is the one discussed in part 4.1.2 of chapter 4.
It assumes no leakage happens at the end and the pressure inside the central groove is
zero[1]. With these assumptions, the SFDs are considered as equivalent to open-end dampers,

therefore, the force coefficients method is able to model these kinds of SFDs. The effects of
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varying damper parameters, including aspect ratio L/D, clearance ratio C'/R and centering
spring stiffness, on the rotordynamics of the HP rotor are studied. The stability margin of

the rotor subject to cross-coupled stiffness from the axial compressor is also documented.

6.2.1.1 Responses with Varying Parameters of SFDs

The rotor is excited by one unbalance force acting on the second stage of the turbine, with
magnitude of 4W/N and phase of 0°. The diameter of the journal is 5.512 inch for all the
varying cases. No cross-coupled stiffness is applied for the unbalance responses. The force
coefficients method with the Curve Intersection procedure from chapter 4 is used for the

analysis.
1) Effects of Varying Aspect Ratio

The range of L/D is studied from 0.075 to 0.25, which is split into eight cases. The clearance
ratio C'/ R and centering spring stiffness are 1/1000 and 1.75e5 [bf /in, respectively, for all
the cases. The film is assumed to be un-cavitated, in other words, 27-film is used.

Figure 6.15 shows the damper responses with varying aspect ratio. For the entire speed
range, the smaller L/D the higher the damper responses. All eight cases have similar critical
speed value around 8,000 and 14,000 rpm. The first critical speed is more sensitive to the
variation of aspect ratio below 0.15 than the one above this value. While the second critical
speed behaves the opposite way.

From the figure, these two critical speeds do not vary much with different L./D, which
indicates the effective stiffness of the damper does not change much with varying L/D. The
main contribution for the increase of L/D is the damping, as evidenced by the amplitude
reduction around the two critical speeds. Especially for the first critical speed, the amplifica-
tion factor decreases dramatically with increasing L/D. When L/D is larger than 0.2, the
amplification factor becomes negligible. In other words, the first critical speed is eliminated.
The responses near the second critical speed also decrease the amplification factor, but the

decreasing rate is much smaller than that for the first critical speed. For L /D larger than 0.2,
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the damper generates more damping than necessary and starts to lock the journal motion,
which results in the right shift of the second critical speed.
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Figure 6.15: Damper Responses with Varying L./D

2) Effects of Varying Clearance Ratio

The variation range of C'/R is from 0.75/1000 to 2.5/1000, with L/D=0.2 and centering
spring stiffness of 1.75e5 Ibf /in. Similar to the study of aspect ratio, the film is assumed to
be 27-film.

The responses with varying clearance ratio are shown in Figure 6.16. There are also two
critical speeds within the studied speed range, around 8,000 rpm and 14,000 rpm, which are
the same as Figure 6.15. Different from the effects of varying aspect ratio, the amplitude of
the first critical speed increases with the clearance ratio. The higher value of C'/R produces
less damping than the lower value, therefore, increases the amplification factor. When C'/R

equals to the smallest value of 0.75/1000, the first critical speed is almost damped out.
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The amplitude of the second critical speed behaves opposite from the first critical for
the range of clearance ratio between 1.25/1000 to 2.5/1000. The higher value of the ratio,
the less amplitude and smaller amplification factor of the response. The range of clearance
ratio below 1.25/1000 gives smaller responses than the range above. The ratio of 1/1000
generates the largest amplification factor over the entire range. As the clearance ratio reaches

the smallest value of 0.75/1000, the second critical speed shifts to the right.
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Figure 6.16: Damper Responses with Varying C/R(1073)

3) Effects of Varying Centering Spring Stiffness

The centering spring stiffness changes from 7.5e4 to 2.5e5 Ibf/in, with aspect ratio and
clearance ratio fixed to 0.2 and 1/1000, respectively. The effect of the varying stiffness on the
responses is depicted in Figure 6.17. The figure shows the variation range of the stiffness
does not have significant influence on the responses, although the hardest stiffness is three

times more than the softest one.
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The responses with soft spring stiffness are slightly higher than those with stiffer spring,
when the operating speed is below the first critical speed. All the responses are nearly the
same as crossing the first critical speed. For speeds near the second critical, the differences
among each case are more distinguishable. The higher centering spring stiffness gives higher
responses, opposite to the first critical speed. Moreover, the amplification factor is found to
increase with stiffness for the studied range, which indicates the effective damping with stiffer
spring is larger than that with softer spring for the speeds around and above the second

critical speed.
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Figure 6.17: Damper Responses with Varying Spring Stiffness

6.2.1.2 Stability Margin Subject to Cross-coupled Stiffness

As discussed in chapter 4, the cross-coupled stiffness has great effect on the stability of
rotating systems. Within the high pressure rotor of aero-engines, the main source of the

cross-coupled stiffness comes from the aerodynamic cross-coupling in the high pressure
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compressors. These kind aerodynamic forces can cause self-excited vibration, which leads to
instability[122, 123, 124, 125]. This part will study effects of SFDs on the stability of the
HP rotor subject to aerodynamic forces. Similar to the unbalance responses analysis, three
parameters, aspect ratio, clearance ratio and centering spring stiffness will be discussed. For
all the cases, the cross-coupled forces from all the stages of the compressor are approximated

as the forces acting on stage seven only.

1) Stability Margin with Varying Aspect Ratio

The variation range of aspect ratio is the same as before, from 0.075 to 0.25, with clearance
ratio and centering spring stiffness fixed to 2/1000 and 1.75e5 Ibf /in, respectively. Figure
6.18 and 6.19 show the natural frequency and logarithmic decrement of the HP rotor with
different aspect ratio of the SFD. The natural frequency of the system is found to decrease
with L/D, as presented in Figure 6.18. The frequency at L/D = 0.075 gives about 1000
cpm higher than that of L/D = 0.25, which indicates the effective stiffness of the damper
decreases with the aspect ratio. The decreasing rate of the frequency is the most sensitive to
L/D between 0.15 and 0.225.

Figure 6.19 presents the logarithmic decrement with aspect ratio. The logarithmic decre-
ment increases with the ratio before starting to decrease at 0.2. The maximum logarithmic
decrement is 0.57, compared to 0.32 of the minimum value. Different from the change of
natural frequency, this variation trend indicates the effective damping of the system does
not behave monotonically. It has an optimized value of the logarithmic decrement, which
gives the maximum stability margin for the HP rotor. This conclusion can also be observed
from Figure 6.20. The figure shows the maximum cross-coupled forces the HP rotor can
resist before becoming unstable for different aspect ratio. It can be found that the figure
gives the same trend of the stability behavior of the rotating system, as shown in Figure 6.19.

The maximum cross-coupled stiffness is about 4.5e5 Ibf /in, and the minimum is about 8.5e4

Ibf Jin.
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Figure 6.20: Stability Margin with Varying Aspect Ratio

2) Stability Margin with Varying Clearance Ratio

The range of clearance ratio (C/R) is from 0.75/1000 to 2.5/1000, with L/D and spring
stiffness fixed to 0.2 and 1.75x10° Ibf /in, respectively. Figure 6.21 gives the stability margin
with the clearance variation. The margin reaches its maximum at C/R=1/1000 before
decreasing. The maximum cross-coupled stiffness is about ten times as large as the minimum
when C/R=2.5/1000. This difference is much larger than that with the variation of aspect
ratio, which indicates the stability of HP rotor is more sensitive to the clearance ratio than
the aspect ratio.

Figures 6.22 and 6.23 give the natural frequency and logarithmic decrement subject to
the variation of clearance ratio. Same as the stability margin shown in Figure 6.21, the
logarithmic decrement decreases with the ratio for most range of the variation, although it
increases for the ratio below 1/1000. It drops quickly right after the maximum value and

decreases gradually with larger clearance.
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Figure 6.21: Stability Margin with Varying Clearance Ratio

Figure 6.22 represents the influence of damper clearance on the natural frequency of the
HP rotor. The frequency is found to increase with C'/R, which is different from the relation
with L/D. It is more sensitive to the clearance range between 0.75/1000 and 1.25/1000 than
the rest. The sensitive range gives 660 cpm variation of the natural frequency, which is about
80% of total variation. As clearance increases above 1.5/1000, the natural frequency does
not rise that much. The frequency difference between C'/R=2.25/1000 and C'/R=2.5/1000 is
only about 10 ¢pm. All the observations above point out that the clearance ratio has more

significant effects on the natural frequency with small clearance than that with large value.
3) Stability Margin with Varying Centering Spring Stiffness

The aspect ratio and clearance ratio are fixed to 0.2 and 1/1000, respectively, for all the
cases with varying spring stiffness. Figures from 6.24 to 6.27 depict the influence of centering
spring stiffness on the stability behavior of the HP rotor. In Figure 6.24 and 6.25, the stiffness

changes from 0.5e5 (bf/in to 2.5e5 [bf /in. The figure shows that the natural frequency
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decreases with the stiffness and the stability margin is improved as well. This might be
opposite to the first impression on effects of the stiffness, however, it is the presence of SFD

that gives these kinds of behaviors.

As discussed in the forced responses analysis, the journal has slightly larger precessing
orbit with stiffer centering spring. Consequently, the larger displacement results in more
damping from the damper. Although the stiffness from the damping is also increasing with
the displacement, the increasing rate of the damping with eccentricity is larger than that of
the stiffness, for the region with small eccentricities. Therefore, the effective damping of the
system increases with stiffer spring and gives a more stable system. However, the stiffness
range in the previous two figures does not result in significant variation of both natural
frequency and logarithmic decrement. The entire changing range of stiffness only gives about

50cpm variation for the natural frequency and 0.15 for the logarithmic decrement.
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Figure 6.26: Natural Frequency with Varying Stiffness (Wider Range)
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The observations from Figure 6.24 and 6.25 can not be generalized for even larger variation
of the centering spring stiffness. Figure 6.26 and 6.27 depict the influence of stiffness with
wider variation, from 0.5e5 [bf /in to 9.5e5 Ibf /in. Compared with the previous figures, the
natural frequency and logarithmic decrement do not change monotonically. The natural
frequency starts to increase with spring stiffness as it is larger than 5.5e5 [bf /in, and the
logarithmic decrement begins to decrease with large stiffness. The logarithmic decrement
reaches its maximum when the stiffness is 4.5e5 [bf /in, which gives the largest stability
margin of the system.
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Figure 6.27: Log Decrement with Varying Stiffness (Wider Range)

Figure 6.27 also indicates that, the decreasing rate of the stability margin above 4.5e5
Ibf /in is similar to the increasing rate below 3.5e5 [bf /in. The transition range of the spring
stiffness between 3.5e5 and 4.5e5 [bf /in gives quite flat change. The total difference is less

than 0.01, which is negligible, However, the change of the natural frequency within this
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transition range is the most significant, drops from 10,460 cpm to 9,916 cpm, which occupies
about 60% of the entire variation, as shown in Figure 6.26.

The following two sections will study the effects of complicated damper configurations
on the rotordynamics of the HP rotor, using the finite difference model of SF'Ds developed
in chapter 3. Two different supply/discharge configurations of SFDs with piston ring seals,
central groove and direct hole supply/discharge, will be considered. The aspect ratio L/D,
clearance ratio C'/R and centering spring stiffness are fixed to 0.2, 1/1000 and 1.75e5 Ibf /in,
respectively. The unbalance force is the same as that for the analysis in the previous section
using simplified model, with amplitude of 41¥/N and phase of 0° on the second stage of the
high pressure turbine. The piston rings for both configurations have the same dimensions,
with leakage coefficient C,=0.5, ring clearance h,=C/2 and thickness w=L/8. Both two

sections focus on the rotordynamics of the rotor at running speed of 15,200 rpm.

6.2.2 Piston-Ring Seals with Groove Supply/Discharge

In this section, the effects of SFDs with center groove supply/discharge on the dynamics of
the HP rotor are included. The supply and discharge holes are located at 90° and 270° in the
circumferential direction, respectively. The axial width of the groove is 10% of damper axial
length. The influence of two important factors, the supply pressure and groove depth, on the

rotor is documented.
1. Effects of Supply Pressure

The variation range of supply pressure is from 1 atm to 9 atm. The discharge pressure is
fixed to 1 atm for all the cases. The groove depth is 32C'. The purpose of this deep groove is
to make the pressure inside the groove close to the ambient pressure, as shown in Figure 3.25.
Figure 6.28 shows the orbits of the journal for all the five cases. The top two orbits near the
center of housing gives the comparison between the results from the simplified model in the

previous section and the FEA model. The orbit with dotted line inside the blue orbit is the
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one from the simplified model. It is a circular orbit and centered, with about 30% smaller
amplitude than the result from FEA model. Thus, the corresponding damping predicted
from the simplified model is under predicted. Note that the comparison is only valid for the
supply pressure of 1 atm, since the simplified model is constrained by this assumption. For
all other higher supply pressures, the simplified model can not even give close prediction to
results from FEA model. Hence, the FEA model is preferred for accurate predictions with

supply pressure higher than 1 atm.
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Figure 6.28: Journal Orbits with Supply Pressure(15,200rpm)

As shown in the figure, the main influence of the supply pressure is pushing the journal
to more eccentric regions, especially in the vertical direction. The position of orbit center
changes from the housing center to the eccentricity ratio of 0.63. Note that the effects of
external loads are not included for all the cases, it is the increase of supply pressure that
pushes the orbit center downward. This happens due to the configuration of current damper
and the effects of groove. The increasing supply on the top center of the damper lifts the

pressure inside the groove, which makes the pressure difference between the supply and
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discharge even larger. Therefore, the net force acting downward on the journal rises with the

increasing supply pressure and makes the journal orbits even more asymmetric.

SS Orbit for Right Bearing @ 15200.0 rpm (Ecc Ratio)
Whirl Direction: Forward
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Figure 6.29: Orbits of Right Bearing with Supply Pressure(15,200rpm)

The increase of supply pressure also changes the shape of the orbits. With p,=1 atm, the
orbit is circular and almost centered. This shape turns to ellipse as py reaches 9 atm, which
is more evidence for the asymmetric operation with high supply pressure. This kind of shape
change can also be found at other locations of the HP rotor. Figure 6.29 gives the orbits of
the node at the location of right bearing, which has more obvious shape variation than the
damper. Moreover, all the orbits in Figure 6.29 are centered in the housing. No distinguishable
eccentricity is present in either horizontal or vertical direction. This observation indicates
the increasing supply pressure does not drive the entire rotor to eccentric operating region,
except those near the damper. It is worthy to mention that the orbits ellipticity of the node
at the right bearing happens due to the asymmetric support of the SFD at left end, not the

symmetric support of the right end. Therefore, the ellipticity of orbits in Figure 6.29 reflects
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the asymmetry of the damper. As the damper has the most eccentric orbit for the supply
pressure of 9 atm, the corresponding elliptical orbit at the right end is the narrowest.

The transition of orbit shape in the previous two figures shows another effect of the
increasing pressure on the rotordynamics of the HP rotor, the improvement of system stability.
As the orbit becomes more elliptical, the forward force and instantaneous velocity in the
tangential direction of the orbits is not in-line. Thus, the added destabilizing energy in
the forward direction decreases, which increases system stability. In other words, since
elliptical orbits are more capable to digest the energy in forward direction than circular
orbits [98], the increase of supply pressure diminishes the forward precession and improves
system stability. This observation correlates with the discussion in part 3.3.2, which shows

the effective damping of SFD with central groove increases with supply pressure.
2. Effects of Groove Depth

To study the effects of groove depth on the responses of HP rotor, the supply and discharge
pressure are fixed to 7 atm and 1 atm, respectively. The variation range of the depth is
from 1 times to 32 times the radial clearance of the damper. The conditions of the piston
ring seal are the same as the previous part. Figure 6.30 shows the orbits for all the five
cases at running speed of 15,200 rpm. These orbits are different from each other in both
orbit amplitude and shape. The deepest groove gives the most eccentric orbit in the vertical
direction. The groove with depth of 8C has the most elliptical orbit. The decrease of groove
depth diminishes the effect of the supply pressure and gives more concentric orbit of the
journal. If the groove depth equals to the damper clearance, the damper produces a circular
orbit near the center of housing and has the minimum amplitude of the responses.

The figure also shows that for the variation range between 16C and 32C' gives similar orbits
and eccentricities, which indicates this range does not have significant effects on the damper
responses. However, the responses becomes much more sensitive to the depth variation below
16C'. The orbit with depth of 8C has the eccentricity ratio jumps from 0.45 to 0.35, and

further decrease of the depth to 1C' produces a circular orbit next to the housing center. The
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Figure 6.30: Journal Orbits with Groove Depth(15,200rpm,)

change of the eccentricity ratio from 8C to 1C is about 35% of the radial clearance. These
significant changes of the eccentricity indicate that caution must be paid to for the range
below 16C', within which the responses of HP rotor would be quite different with minor depth
variation. The above observations have good agreement with the pressure distribution shown
in Figure 3.25, which records the sensitive responses of the damper pressure to the groove

depth variation under 16C.

Figure 6.31 shows the orbits of the rotor at the location of the right bearing. Similar to
the orbits in Figure 6.29, the node at the right bearing has centered orbits when subjected
to varying groove depth of the left end SFD. The range with depth above 16C" gives similar
elliptical shape orbits, although the attitude angle of the orbits increases. The orbit ellipticity
grows as the groove depth reaches to 8C'. However, the ellipticity decreases with further
depth drops and the orbit becomes circular centered when the depth reaches 1C'. For the
depth of 8C, the orbits not only shrink its size but also gives the flattest shape, therefore, it

is the most stable among all the five variation cases.
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Figure 6.31: Orbits of Right Bearing with Groove Depth(15,200rpm)

6.2.3 Piston-Ring Seals with Direct Hole Supply/Discharge

The damper in this section has the same dimensions and operating conditions as the previous
section, except there is no groove at the middle of the damper. The supply and discharge
holes are located at 90° and 270°, respectively. Figure 6.32 gives the journal orbits subjects
to varying supply pressure from 1 atm to 9 atm, with discharge pressure fixed to 1 atm.
Different from the effects of groove supply/discharge in Figure 6.28, the increase of supply
pressure through the hole does not produces significant asymmetry. All five cases have the
orbits near the housing center, although they are slightly eccentric in the horizontal direction.
Comparing to the effects in Figure 6.28, the orbit amplitude is much smaller. It has the
largest peak-to-peak value less than 0.02, about half of that in Figure 6.28. This shows that,
with same supply pressure, the damper with hole supply/discharge is more effective on the
vibration elimination than that of dampers with central groove.

The shape of most orbits in Figure 6.32 are nearly circular, except the supply pressure
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of 5 atm. The 5 atm case has the most eccentric orbit center and elliptical shape with
attitude angle about 90°. Figure 6.33 shows the responses at the location of right end bearing.
Different from figure 6.29 and 6.31, 4 out of 5 cases have circular centered orbits. The
response with pressure of 1 atm has almost the same as that of 3 atm. The variation range
of all the circular orbits is no larger than 0.01 of damper radial clearance. Corresponding
to the response of damper journal at the left end, the supply pressure of 5 atm generates
an elliptical orbit with the maximum peak-to-peak response. From stability point of view,
this kind of orbit is preferred in diminishing the destabilizing forces and improving system

stability.

6.3 Summary

This chapter applied two developed methods, the force coefficients method and improved
harmonic balance method, to an aero-engine to demonstrate the effectiveness of these two
methods for the rotordynamics analysis of complicated rotating systems with SFDs. The
rotordynamics of both Low Pressure and High Pressure rotors were investigated. With the
model of short bearing assumption of SFDs, the forced responses of the LP rotor with two
dampers were studied with parametric changes. The improved harmonic balance was found
to be much more effective than the traditional Runge-Kutta method for the steady sate
analysis of complicated rotating systems. For the LP rotor, the parametric study showed that
the effect of gravity cannot be ignored, especially for dampers with relative soft centering
springs over low speeds. The increment of unbalance on either the fan-end or the turbine-end

disk can excite another critical speed near 5000 rpm for this nonlinear rotating system.

The rotordynamics of the HP rotor was investigated for SFDs with piston ring seals. A
simplified model of this kind of configuration was used to understand the effects of three
parameters, aspect ratio, clearance ratio and centering spring stiffness, on the unbalance

response and stability of the rotating system. All of these parameter variations do not have
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significant effects on the critical speeds of the system, except the aspect ratio and clearance
ratio. The stability margin analyses were also included in this chapter. The aspect ratio of
0.2 and clearance ratio of 1/1000 are the optimized value of the range studies, which produce
the maximum margin to sustain the destabilizing forces from the compressor. The increasing
centering spring stiffness within soft range, below 3.5e5 Ibf /in, is observed to improve the
stability of the HP rotor.

The effects of SFD with piston seals on the rotordynamics of the HP rotor were analyzed
using the finite element model developed in chapter 3. Two supply/discharge formats of the
damper, central groove and direct holes, were investigated. Two factors, the supply pressure
and groove depth, of the central groove were included. The increasing supply pressure was
found to produce more eccentric responses and change the orbit shape from circle to ellipse,
which improves the system stability. The decrease of groove depth is able to counter the
effects of high supply pressure generating circular centered orbits. Different variation ranges
of the depth have different effects on the responses of the HP rotor. The rotor is the most
sensitive to the depth change under 16C'. To reduce the vibration amplitude, the direct hole
supply/discharge was found to be more effective than the central groove. The increasing
supply pressure through the hole does not give larger responses monotonically. The middle
value of supply pressure, 5 atm, gives the highest response amplitude and the most elliptical

orbit.



Chapter 7

Conclusions and Recommendations

7.1 Conclusions

This study focused on the forced responses and stability of flexible rotor-bearing systems on
squeeze film dampers. Specifically, this work aimed at developing effective methods for the
rotordynamics analysis of complicated rotor-bearing systems with SFDs, and studying the

influence of SFDs with complex configurations on the rotating systems.

In chapter 3, the component level analysis of SFDs with complicated operating condition
was done using the finite difference method. The finite difference models for piston ring seals,
direct hole supply/discharge and groove supply/dicharge with holes were developed. The
pressure distributions of SFDs were obtained using the developed method, and damping
coefficients were obtained using a perturbation method. Both pressure distributions and
damping coefficients were studied when the damper is subject to parametric changes on
these configurations. For the piston ring sealed damper, the parameters contain the leakage
coefficients, ring radial clearance and ring axial thickness. The effects of supply pressure and
hole numbers on pressure and damping generation were obtained for the direct hole supply.
For the grooved damper with hole sypply/discharge, the influence of groove depth and groove

supply pressure were also documented for the component level analysis.

160
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Chapters from chapter 4 to 6 concentrated on the system level analysis of rotor-bearing
systems on SFDs. In chapter 4, the forced responses and stability of a flexible system were
gained using force coefficients method. To handle dampers with high nonlinearity, the Curve
Intersection Method was developed to free the constraints on the traditional iteration method
when using the force coefficients of SFDs. The effects of two simplified damper models, the
open-end damper with full end leakage and central groove damper with no end leakage, on
the unbalance responses and stability of a flexible rotor were discussed. The system behavior
is subject to operating conditions of the shaft. The variation of damper dimensions and the

consideration of fluid inertia were compared in the chapter.

The effort to remove the assumptions of simplified damper models in the force coefficients
method was made in chapter 5. To meet the requirements from industrial applications with
complicated SFDs, the harmonic balance method in the frequency domain was improved
by introducing the idea of Homotopy and the predictor-corrector procedure. With these
enhancements, the effective incorporation of complex dampers becomes possible for the
rotordynamic analysis of flexible rotating systems having high order degrees of freedom. The
developed method was applied to a flexible rotor-bearing system subjects to different operating
conditions, including large unbalance forces, unidirectional loads, stiffness of centering spring
and gyroscopic effects. The comparison between the improved harmonic balance method and
force coefficient method showed not only good agreement but also the ability of the improved
frequency domain method to capture behavior that was missed using the force coefficient

method.

The rotordynamic analysis of a complicated rotor-bearing system, an aero-engine, was
investigated in chapter 6, using both the force coefficients method and the improved harmonic
balance method. The forced responses of the LP rotor was obtained using the improved
frequency domain method. The results were compared with those from the Runge-Kutta
method. The effects of two parameters, the unbalance on the rotor and the centering spring

stiffness of the damper, on the responses were studied as well. For the HP rotor, the chapter
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focused on the influence of piston ring sealed dampers on the responses and stability. The
simplified model of a centrally grooved damper with piston rings was used to study the
rotordynamics of the rotor when it is subjected to variations in the damper dimensions. The
influence of the cross-coupled forces from the axial compressor on rotor stability margin was
also included. For the finite element model, piston ring sealed dampers with both central
groove and direct hole supply/discharge were considered.

Based on these efforts, the main conclusions of the work are the following,

1. Component Level

a. Damper with Piston Ring

The three parameters of the piston rings, the axial thickness, ring clearance and leakage
coefficient, affect the pressure and damping capacity differently. The change of leakage
coefficient has the most influence on both the pressure and damping, while the axial thickness
has the least effects. For the leakage coefficient, the variation range above five gives slightly
higher pressure than the open end dampers. While the range below one generates significantly
higher damping capacities, the coefficient of 0.1 gives more than five times larger pressure
than the open end dampers. Therefore, given a SFD with piston ring seals, the benchmark of

the leakage coefficient is required in order to give accurate pressure and damping predictions.

b. Damper with Direct Hole Supply/Discharge

The supply/discharge pressure through the hole dominates the pressure in the axial direction
of short damper and generates abnormal pressure at damper end. The smoothness of end
pressure recovers for the long dampers, within which the direct hole supply/discharge has
limited influence on the pressure at damper ends. The increasing supply pressure does not
affect the cross-coupled damping but generates higher direct damping and results in more
stable system. Moreover, the variation of supply pressure within low pressure range increases

the direct damping more effectively than the pressure change within high range. There is
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an upper limit of supply pressure, above which the damping can not increase further. The
effects of supply/discharge pressure of direct hole on the damping capacity also depends on
the eccentricity of the journal. The same increment of supply/discharge pressure gives more
damping improvement for the operation range with low eccentricity than that with high
eccentricity. The numbers of supply/discharge holes also have important influence on the
damping generation. Small number of holes(below four) was found to give higher damping

forces than large numbers.
c. Damper with Central Groove

The presence of central groove separates a damper into two film lands generating identical
pressure distributions. The pressure inside the groove is not always zero, depending on
the groove depth. If the depth is less than 16 times the damper radial clearance, the
pressure within the groove has the same order of magnitude as that of the pressure within
the surrounding film land. Until the groove is deeper than this range, the pressure inside
approaches the ambient pressure. With linear increase of the depth, the maximum damper
pressure rises nonlinearly. The pressure is more sensitive to the depth variation below eight
times the damper radial clearance than the one above. The increasing groove depth changes
not only the maximum pressure inside damper but also the pressure profile. With shallow
groove, the maximum damper pressure locates at the middle of the film land. While the deep
groove shifts the largest pressure to the location of end seals. For the damping coefficients, the
shallowest groove has the largest damping for both cross-coupled and direct terms. However,
the changing paths with increasing depth are different for both terms. The depth larger than
eight times the damper radial clearance does not have notable influence on the cross-coupled
damping. While the direct damping keeps on decreasing until it reaches an asymptotic value,
which has the groove pressure equaling to the ambient pressure.

The supply/discharge pressure through the holes of grooved damper is another important
factor to the pressure distribution and damping generation. Different from the pressure

through direct hole supply/dicharge, the supply/discharge pressure with grooved damper
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gives smooth pressure distribution along the circumferential direction at axial ends. It only
affects the pressure profile inside the groove. For the damping coefficient, the increasing
supply /discharge pressure has the effects through the elimination of cavitation, especially for
the orbits having eccentricity above 50% of damper clearance. Within this range, the higher
supply/discharge pressure gives smaller cross-coupled damping but larger direct damping,
which results in more stable systems. For the operating range with low eccentricities, the
increasing supply/discharge pressure does not have noticeable influence on the elimination of
cavitation. Therefore, both cross-coupled and direct damping with different supply/discharge

pressure are close to each other.

2. System Level

a. Force Coefficients Method

The Curved Intersection Method developed in this dissertation is more effective than the
traditional iteration procedure when using the force coefficients method to incorporate SFDs
for rotordynamics analysis. The code based on this developed method enables the forced
responses and stability analysis of rotor-bearing systems with SFDs. The rotordynamics
analysis of a flexible rotor demonstrates the ability of SFDs in the elimination of force
responses and the improvement of system stability. With the presence of SFD, both the
amplitude and amplification factor near the critical speed range reduce significantly, while
the critical speed and responses out of this range are similar to the one without SFD. The
logarithmic decrement of the studied system increases from 0 to 1.237, if SFD is introduced.

Different from linear rotating systems, the presence of SFD has the responses amplitude
increasing nonlinearly with unbalance forces. The larger the unbalance magnitude, the
smaller the increase of the amplitude. Additionally, the rising unbalance forces change the
amplification factors, which is not the case in linear systems. The higher the unbalance

magnitude, the larger the amplification factor around the critical speed, and the smaller the
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logarithmic decrement. This indicates that the large unbalance forces decrease the stability
margin of systems with SFDs.

The decrease of damper clearance ratio has similar effects to the increase of aspect ratio
on the journal responses. The variation of these two ratios changes the response amplitude,
critical speed and amplification factors. For the responses of the journal, the critical speeds
decrease with either larger clearance or smaller axial length. The response amplitude has the
reverse trend with the variation of clearance and aspect ratio. Different from the critical speed
and response amplitude, the amplification factor does not change monotonically with the
two ratios. The factor reaches its minimum value when the clearance ratio and aspect ratio
equal to 2/1000 and 1/8, respectively. This finding suggests the optimized stability margin
of the rotor-bearing system with SFDs. For the effects of fluid inertia, its consideration
differs from the responses of those without inertia only when the running speed is large
enough. Meanwhile, the importance of the inertia depends on the damper clearance ratio.
The smaller damper clearance, the less effects of the inertia on the responses, even for high
operating speed. For a constant speed, the inertia effects improve the stability, especially for

the clearance ratio below 5/1000.
b. Direct Force Method

The direct force method does not have constraints within the force coefficient method and
is able to consider dampers with complicated configuration for the rotordynamic analysis.
Based on the idea of Homotopy and predictor-corrector procedure, the improved harmonic
balance method is effective and efficient to analyze rotating systems having high nonlinearities,
including excessive unbalance forces and extreme unidirectional loads. The rotordynamic
behavior of flexible rotor-bearing on SFDs is highly dependent on the damper parameters
and operating conditions.

The stiffness of damper centering spring affects not only the critical speed and response
amplitude but also system stability. The softer the spring stiffness, the smaller the ampli-

fication factor, no matter the consideration of external loads. If the gravity is considered,
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the soft spring produces highly eccentric operation and shrinks the orbit size. The excessive
unbalance can produce jump responses near critical speeds. Different location and magnitude
of unbalance give different jump area (hysteresis loop). The increasing of unidirectional loads
generates eccentric orbits, changes the orbit shape from circular to ellipse and introduces
super harmonic components to the responses. The gyroscopic effect, which is widely neglected
in other analyses, has important influence on the journal responses. The increasing gyroscopic
effect at the location away from the damper enlarges both the critical speed and responses
amplitude for running speed above the critical. However, for the locations next to the damper,
the gyroscopic effect has the opposite influence. The comparison of responses from the force
coefficient method and direct force method shows good agreement. The results from these
two methods not only have the same critical speeds but also quite similar response amplitude.
However, the improved harmonic method is able to capture the elliptical orbits which are

missed using the force coefficient method.
c. the Aero-engine

The rotordynamic analysis of the Low Pressure rotor demonstrates the effectiveness of the
improved harmonic balance over the Runge-Kutta method in the time domain. The responses
from these two methods have difference no larger than 1%. However, the computation time
of the Runge-Kutta method is at least five times as large as that of the improved harmonic
balance method. Due to the consideration of gravity, all the orbits of the journals at both
turbine-end and fan-end are eccentric. Under one running speed, these two dampers can
behave differently from each other. One may have circular orbits while the other is in elliptic
orbits having super harmonic components.

The rising unbalance force on either fan disk or turbine disk generates higher critical
speeds and increases the amplitude of forced response at both dampers. Besides the increase of
critical speed and response amplitude, the excessive unbalance also excites additional critical
speed for the response of the journal close to the unbalance location. No matter the location

of unbalance forces, the corresponding response of each damper increases non-proportionally
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with linear rise of these forces and grows the amplification factor around the critical speed.
The stiffness of centering spring is another important factor on the damper responses of the
LP rotor. For the stiffness variation of the fan-end damper, the stiffer spring increases the
critical speed and amplitude of the responses for both dampers. However, the variation of
spring stiffness at the turbine-end damper has much less influence on the responses of both
dampers. The amplitude of responses near the critical speed are similar to each other during

the variation.

Based on a simplified model for SFDs with piston ring seals, both the unbalance responses
and stability of the High Pressure rotor were investigated when the rotor is subject to the
variation of damper aspect ratio, clearance ratio and aerodynamic forces from the axial
compressor. The increasing aspect ratio diminishes the unbalance responses while keeping
the critical speed unchanged. The amplitude of the first critical speed decreases with aspect
ratio so quickly that it disappears as the ratio is over 0.2. The amplification factor increases
monotonically with the aspect ratio for the responses around the first critical speed. However,
for the second critical speed within the operating range, the factor increases with the ratio
at the beginning and reaches the maximum at 0.2 before decreasing. Hence, the stability

margin at 0.2 is the largest over all other aspect ratios.

Subjecting to the variation of clearance ratio, the response of the first and the second
critical speed behaves differently. The increasing clearance increases the response amplitude
near the first critical region without changing the value of the critical speed. While for the
region around the second critical, the largest clearance gives the responses with the minimum
amplitude. The amplification factor is the smallest when the clearance ratio is 1/1000 and
decreases with the ratio above this value. Different from the effects of both aspect ratio and
clearance ratio, the influence of centering spring stiffness below 2.5 x 10° is not crucial to the
response of the other two. It has negligible effects on the responses of running speeds below
the second critical speed, and slightly increases the responses amplitude at the second critical,

which gives higher effective damping and slightly larger stability margin with cross-coupled
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stiffness. However, as the spring stiffness increases further above 2.5 x 10°, the reverse effect
happens, which increases the response amplitude and deteriorates system stability.

The results from finite element model of SFDs show that the simplified model is inadequate
for the central grooved damper with piston ring seals. The simplified model is only comparable
with the finite element model when the supply pressure is the ambient pressure and the groove
depth is larger than 32C". The finite element model finds that the higher the supply pressure
within the groove, the more eccentric orbits of the journal. Besides the influence on the
eccentricity of the orbit, the shape of the orbit changes from circular to ellipse with increasing
supply pressure, and the system stability is improved. The decreasing of groove depth has
similar influence on the journal responses as the rising supply pressure. The shallower groove
generates more concentric responses. The variation of the depth also changes the orbit shape,
which becomes more elliptical with decreasing groove depth above 8C and backs to circular
within further decrease. Different from the journal, the right-end bearing has responses with
concentric orbits, no matter the supply pressure and the groove depth.

For the dampers with direct hole supply /discharge, the responses at the location of damper
do not have significant eccentricities, compared to those for the grooved damper. The largest
eccentricity ratio is about 0.01, while it is more than 0.45 for the responses of the grooved
damper. Another difference from the grooved damper is that the largest supply pressure
does not generate the most eccentric orbits. The variation of supply pressure also generates
centered response orbits for the node at the right end, and most of them are circular with
similar amplitude to each other. However, the supply pressure having the most eccentric

orbit at the journal location gives the only case with elliptic response of the right end.

7.2 Contributions

For the component level analysis of SFDs, the parametric study of pressure distribution and

damping capacity of complicated dampers was enabled using the finite difference method. It
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gives a solid tool for optimized design of complex dampers with practical operating conditions.
The effects of end leakage, supply and discharge conditions on the damper behaviors were
investigated for the first time. The damper with piston ring seals can generate four times
more damping than the open-end dampers, depending on the leakage condition at axial ends.
The finite difference method developed also finds that the pressure within the central groove is
not always zero, which correlates with the experimental results and suggests the discrepancy
of the traditional simplified model of centrally grooved damper. The damping capacity of
grooved damper predicted from finite difference method can be more than three time as large
as the capacity from the simplified model. Additionally, the performance of SFDs with direct
hole supply/discharge, which can not be modeled using the simple model, was evaluated
initially with the method developed. The increasing supply pressure was captured to not

only diminish the cavitations effects but also improve the effective damping.

For the rotordynamic analysis considering SFDs, this work improved the traditional
iteration method based on the force coefficients of simplified damper models. The Curve
Intersection Method was introduced, which enables the successful analyses of unbalance
responses and stability for rotating systems with extreme operating conditions such as
excessive unbalance fores. The method developed also makes effective studies possible on
damper parameters including aspect ratio and clearance ratio, and realizes the optimized

design of SFDs efficiently.

To realize effective rotordynamic analysis with realistic SFDs, the proposed work focuses
on the development of an improved harmonic balance method in the frequency domain.
Different from traditional harmonic balance method, the improved method introduces the
idea of homotopy and the predictor-corrector procedure. Thus, it enables the effective
considerations of extreme conditions such as excessive unbalance forces and unidirectional
loads. Since the improved method uses a condensed equation of motion, which separates
the linear and nonlinear parts of the system, it realizes the efficient analysis of complex

rotating systems with high degree of freedom. Moreover, the use of finite element beam
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model ensures the method to consider important factors conveniently including gyroscopic
effects and cross-coupled forces, which are neglected in the traditional method but observed

to be important with the improved method.

Using the methods developed by this work, the parametric studies on the unbalance forces
and centering spring stiffness of an aero engine are investigated originally. The effects of
practical damper configurations with piston ring seals on the forced responses of the engine
are discussed for the first time. The results obtained demonstrate the rotordynamic features
of the engine with SFDs having central groove supply or direct hole supply, and underline the
discrepancy of simplified damper models for the rotordynamic analysis of complex rotating

systems on SFDs with practical configurations.

7.3 Recommendations for Future Work

The recommendations for future work on both the component level and system level analysis

are the following,

For the component level analysis, future work might include the fluid inertia effects
of complicated dampers, the establishment of a reliable cavitation model and other end
seal conditions such as O-ring. For the fluid inertia effects, though their influence on the
performance of simple dampers have been studied by others and part of these results have
been applied in this work, the inertia effects within the practical dampers having complicated
configurations are not well understood yet. These configurations include end seals conditions,
like piston ring seal and O-ring seal, and widely used supply/discharge methods, such as
central groove, direct holes. The numerical methods might give the direction to consider the
fluid inertia effects within these complicated dampers.

For the consideration of cavitation, this work limits to use w-film or simplified truncation
model. However, the cavitation happening in the field is much more complicated than

these two models. Although some efforts have been made to give accurate predictions, their
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comparison with experimental results show no satisfactory correlations. To generate better
predictions, it might be necessary to apply multiphase flow theory [126] in future work.

For the consideration of end seals, the proposed work focused on the damper with piston
ring seal only. Other sealing conditions such as O-ring seals have the application in rotating
systems having light weight. Besides the role of sealing, O-ring seal also acts as a centering
spring due to its elastomer properties [127, 128]. These kind of properties depend on not only
the material and dimensions of the ring but also the dynamics of the journal. Hence, the
nonlinearities of O-ring sealed dampers come from both the hydrodynamics of the fluid film
and these elastomer properties. These two aspects are coupled with each other and provide
interesting topics for future work.

For the system level analysis, experimental work to validate the methods developed in this
work is essential for future work. Although the predictions from different methods presented in
the current work demonstrate good correlation among each other, the experimental validations
are necessary to benchmark the prediction tools. Another recommendation for future work
is to improve the efficiency of rotordynamic analysis with complicated dampers. Though
the methods of current work are more efficient than traditional methods, the efforts using
finite element analysis to obtain the dynamic forces of dampers with piston ring seals, central
grooves or holes occupy the majority of computation time. To improve this, the study of new
algorithms to get the forces of practical dampers more efficiently is recommended for future

work.
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Appendix A: Forced Responses Using

Harmonic Balance Method

With the displacement form shown by equation 5.1, the velocity %(t) and acceleration X(t)

can be expressed as the following,

x(t) = w; Z[Xsi cos(w;t) — Xe; sin(w;t)] (1)
k
%(t) = —wlw; Z[Xci cos(wit) + Xg; sin(wit)] (2)

Substituting the above two equations and equation 5.1 into the equation of motion

(equation 5.2) and separating constant, cosine and sine terms result in,

KI{Xo} = 7 / F(x)dt
(K] — <2M){Xa} + ([0 + QG Ko} = 2 / £(x)cos (wit)dt 3)

(K] - w2 M]){Xei} (€] + ACH X} = 7 [ E(x)sin(usty

where, T" is the period of response.
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Replacing the right-hand side of the above equation, equation 5.3 can be obtained.

1 T
F(X)constant / f(X)dt

= cos wz t (4)

cos -

F(X)Sm— T/o f(x)sin(w;t)dt

By introducing the complex vector as defined in equation 5.4, the following equation can

be obtained for each frequency,

[P]{R}; = {F"}, + {F"}, (5)
with,

and,
T
{FFY, =T, / 5 (x) et dt
) 0 . | (7)
{FNL},L = TL/ fNL(X)ejwitdt
0

=
—~
oo
—

T =

N

Applying the separation of linear and nonlinear parts, equation 5.5, which is repeated as

below, can be result from equation (5).

P,; Py R, FL 0

Poi Pa| | Ro FL F)’
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Using the first sub-equation of the above expression to represent R, in terms of Ry gives,

R, = [Pu]/ ({F}} — [Pili{Ra}) (10)

The substitution of the equation above into the second sub-equation of equation (9) result

in the objective equation to solve R, as bellow,

{Ro}; = [U; ' ({FY5 = {V}) (11)
with U and V given as,

[U] = =[P21][P11]'[P12] + [Pa2)] (12)

{V} = [P2][P11] {FL} — {F{} (13)

Once the displacement of the nonlinear parts f{Q is obtained using equation (11), the

responses of the linear parts can be solved with equation (10).

As mentioned in section 5.1.1, equation (11) is an implicit equation, which needs to be
solved iteratively. To apply iteration method, such as Newton-Raphson method, the objective

equation for Ry can be transferred to a variant form as,

Q(Ry) == ({FY*}, — {V}) — [UJ{Ra}: (14)

Given the initial guess f{ZQ, the approximated variant Q of next iteration step is,

— ~. d@ ~
! —)A 0
Q(Rz)+(dR2) Ry~ 0 (15)

where, % is the Jacobian matrix evaluated when Ry = f{g
2
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Thus, the approximated solution of next step f{’;l can be obtained as,

aQ

Ry =R — ( & ) 'Q(RY) (16)
2

From equation (14), the Jacobian matrix at each iteration step is available using,

dQ  dF)E
dR, dR,

wNL
where, the derivative djfi can be solved numerically using perturbation method.
2

Therefore, the procedure from equation (14) to (16) is repeated until Rt ensures the

variant equation (14) to satisfy the given error requirement.



Appendix B: Stability Using

Harmonic Balance Method

From equation 5.10 to 5.12, the velocity and acceleration of the perturbed component can be

expressed as,

k

AX(t) = MeMq(t) + wie Z(Qsicos(wit) — Qaisin(w;t)) (18)
A%(t) = NeMq(t) 4+ 2xeMq(t) — wie Z(Qcicos(wit) + Qgisin(w;t)) (19)

i=1
Substituting above two equations in to the equation of motion (equation 5.2) and separating

cosine and sine terms gives,

(K — w?M{X.} + wiC{X} + [(A2 = )M + AC + K|eM Qs + [22wiM + w,CleMQ,; = F(X),,,
K — w?M{X,;} — w,C{X} + [(\2 = )M + \C + K]eMQy — [220wM + w,CleN Q. = F(X),,,
(20)
Using the complex displacement vector R and introducing its increment AR as,
AR = MQui + jeQy (21)

the equation (20) can be written as,
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(R K) Pﬁ =F =F(X),, +jF(X),, (22)
AR

where, K and K* are defined by equation 5.14, which are repeated as following,

K=K — wM — jw,C

_ (23)
K* = > M + AC — j2 \w,M + K
Defining a variant E(R) as,
ER):=F - KR (24)
and its Taylor expansion can be expressed as,
~ ~ OE ~ ~ ~,
E(R) =E(Ry) + a?{(R - Ry) + O(AR?) (25)

Neglecting the high order term O(Af{2) and combining the above equation with equation

(22) result in,

K* — —<)AR ~ 0 26
( aﬁ (26)

which can be expanded as the following,
[AM + A(C — j2w;M) + K — aTi]AR ~0 (27)

Applying the definition of Aﬁ, the equation above can be transferred to the equation in state

space form as given by equation 5.16, which is repeated as following,

M 0| . 0 -M 0
{vi+ {vi= (28)
0 M Kg Cg 0



Chapter | Appendix B: Stability Using Harmonic Balance Method 188

The above equation can be represented as standard eigenvalue problem,

M 0 0 -M
+ =0 (29)

Therefore, standard eigen solver can be applied to determine the system stability, using the

equation above.
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