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THE GREAT INEQUALITY OF JUPITER AND SATURN,
By EDGAR ODELL LOVETT.

The Great Inequality of Jupiter and Satwrn is a long-
period inequality depending upon the difference betiween
twice the mean motion of Jupiter and five times that of
Saturn, in virtue of which the line of conjunctions slowly
‘Ldvances, and the planets return to their original configura-
tions after periods of about 929 years.

As early as 1625 Kerrer remarked, on comp’unm the
observations of Tvcro Brauk with those of Proreny, that
the observed places of Jupiter and Swturn could not be

‘1'econci1ed with the admitted values of their mean motions

(Keplerus et Berneggerus, Epistolae mutuae,p. 705 12° Argen-
torati, 1672; also, Keplerus, Opera VI, p.617,1866). The
errors of both planets were found to increase continually in
the same direction, with this difference, that the tables
made the mean motion of Jupiter too slow, and that of
Saturn too rapid.

In his memoir on the aphelia and eccentricities (Phil.

' Trans., 1676, p. 683) HanLey was led to the belief that the

anomalous irregularities of the two planets were due to
their mutual attraction, He also attempted to determine
the magnitude of the inequality for each planet, and con-
cluded from his researches that in 2000 years the accelera-
tion of Jupiter amounted to 3° 49, and the retardation of
Saturn to 9° 16",  Tn his tables of the planets he represented
the errors by two secular equations, increasing as the square
of the time, the ong being additive to the mean motion of
Jupiter, and the other subtractive from the mean motion of
Saturn (see GraN1’s Ilistory of Physical Astronomy, pp.47
et seq. ; and Hovzeau’s Vude-mecwm de U Astronomie, § 246).

By comparing tables made at different epochs, Fr.an-
sTEED confirmed the opinion that Jupiter was being steadily
accelerated, and Satwrn retarded (IFranmsrterp, J., Freect
decount of the Three Late Conjunctions of Jupiter and Saturn,
London Phil. Trans., 1685, p. 244).

The most startling conclusions were drawn from these
variations *in the planetary motions. It was known that
when the angular velocity of a body increases from century
to century it must be apptoaching the center of motion;
on the other hand a diminution in this velocity would indi-
Hence it was

. away into the depths of space.

\ .
inferred that the solar system would in the course of ages
lose two of its most prominent members —that Jupiter
would fall into the sun, while Suturn would be driven
Evrer and Laeraxck had
searched in vain for the cause of the anomalous behavior
of Jupiter and Swturn, which appeared to be inconsistent
with the law of gravitation; but in their researches they
had neglected terms of the perturbations depending upon
the cubes and higher powers of the eccentricities. In-1785
Larrace discovered from other considerations, that if
we assume an acceleration of Jupiter a retardation of Satuirn
will necessarily result, and that in the very proportion
observed; hence he set himself to examine the terms de-
pending on the cubes of the eccentricities, and at once
encountered the argument, 5n/t—2n¢+const. Taking ac-
count of the fact that five times the mean motion of Suzurn
is nearly equal to twice the mean motion of Jupiter, and
that in virtue of the double integration for the perturbation
in longitude, these terms are affected by the small divisor,
5n/—2n, in the second power, he did not hesitate to con-
clude that the long inequality depends on terms having this
argument. Computation at once confirmed this hypothesis,
and made known the cause and law of the great inequality.
From the nature of the cduse thus made known Larrnice
immediately perceived that there would arise in other parts
of our system similar long inequalities depending on near
approach to commensurability in the mean motions. In
the Mécanique Céleste and subsequent works on Physical
Astronomy these long-period inequalities have been de-
termined. The explanation of these long-period pertur-
bations by the law of gravitation was justly regarded by
LarLACE as one of the strongest proofs of the exaetness of
this law. The theorems relative to the stability of the
eccentricities, inclinations, and major axes of the planetary
orbits previously enunciated, could of course be regarded
as valid only after the discovery that the long-period in-
equalities result from the theory of universal gravitation,

The principal coefficient of the great inequality, as it
affects the mean longitude of Jupiter, has been determined
as follows:
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1785. Larrace (Mémoires de PAcademie des Sciences,
1785, p. 33; continued in the volume for 1786); Epoch
1750,

124975 — 0".047233¢

1789. Dzeramsre (Tables de Jupiter et de Saturne; Paris).
The value of the inequality as given above by LarLaAck is
repeated, except that the coeflicient is stated 1249”.15.

1799. Burckuarpt (Von Zach, Allgemeine geographische
Ephemeriden, 8°, Weimar, vol. ITI, p. 401); Epoch 1750.

1802. Larrace (Laplace, Mée. Cél., IIT; book VI, ch. XTI,
no. 33); Epoch 1750.

1265".25 — 0".0468 ¢ + 07.000037 ¢2

1808. A. Bouvarp (Nouwvelles tables de Jupiter et de
Saturne ; 4°, Paris) ; Epoch 1800.

1208".68 — 07.0327 ¢ + 07.000036 #2

1821. A. Bouvarp (Tables astronomiques contenant les
tables de Jupiter ; 4°, Paris) ; Epoch 1800.

1186".619 — 07.03470¢ -+ 07.0000334 ¢*

1831. Haxsex (Untersuch. der geyenseitigen Stirungen
des Jupliter und Saturns ; 4°, Berlin). The results of HaN-
SEX are not given in this table, since his computations are
given under a different form, and the numbers will not be
directly comparable.

1834. F. T. Scuunerr (Lreité ddstronomie theorique;
t. 111, p. 422); Epoch 1800.

1183". — 0”.047108 ¢ + 0”.00000663 ¢*

1834. Poxricovrant (Théorie analytique di Systime

die Monde, t. 111, p. 450 ; 4 vol, 8°, Paris) ; Epoch 1800.
11877247 — 07.04845¢ + 07.00000226 #*

1876. LeVEerwriEr (dnn. de U0bs. de Puaris, XII, 33);
Epoch 1850,

1205".96 — 0".05536 ¢ + 07.00009577 £+ 0”.00000000501 £*

1890. Hrrr(A New Theory of Jupiter and Saturn, Astron,
Papers of American Ephemeris and Nautical Almanae, vol.IV,
Washington, 1890). The method of Hansex is used. Dr.
Hiwr has reduced LuVerrier’s coefficient of the inequality
of Satwrn to Haxsex’s form, and finds it larger than his
own by 36".95.

In all these previous determinations of the great in-
equalities the aim has been to present them in the form
(AP + AL g+ AP 824 ) sin(50—21)

T (AO+ AVt AP 2+ ) cos(5—21)

Some time ago Dr. G. W. Hrrn proposed that the inequali-
ties be developed in a form which does not involve # in the
coefficients, and suggested the method of treatment adopted
in this paper. Accordingly the writer desires to record his
great indebtedness to this illustrious geometer. Acknow-
ledgements arve also due Professor SronE for his interest,
enthusiasm, and helpful suggestions; to Dr. T. J. J. Sk,
for a critical examination of the manuseript; and to Mr.
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H. Y. Bexepict, for computing some of the deviations in the
last of the appended tables.

The periodic terms, that is, those depending on the mean
longitudes of the planets, result from the integration of
ditferentials of the form

m'Z (il )’ e+ 16+ 6) €))
where 7/ is the mass of the perturbing body; Z a function
of the eccentricities, inclinations, and mean distances of
the two planets; /, 7/ the mean longitudes of the planets;
n, ' the longitudes of their perihelia; 6, ' the longitudes
of their nodes; 7, j, %, integral numerical coeflicients sub-
jeet to the condition

i+t R = 0
The coefficient Z is of the form
deie o o'¥(1+ Ayt + A2+, L),
in which the 4s are functions of the mean distances only;
while the circular function of which it is a coefticient may
be put in the form
w8 (jrtjal+ 10+ 16" cos(il i)
+ 8 (Jatilal+ L0+ 16" sin(dl'+il)

By the integration of these equations, as effected heveto-
fore (see Newconn’s General Integrals of Planetary Mo-
tion, Swmiths. Contrib., p. 281), the ditferent elements are
developed in powers of the time, and we are thus led to
expressions of the form

(etalt+a"t?+...) &5 (M iT)

Now it is well known that, if we neglect quantities of
the third order with respect to the eccentricities and ineli-
nations, the integration of the equations which give the
secular variations of those elements, and of the longitudes
of the perihelia and of the nodes, leads to the general ex-
pressions

' esing = E’N,. sin (g,2+8)
0
ccosm = 3 N, cos (g,t+3)

0
psin g = :i‘ﬂ[,. sin (X, 2+6,)

0

pcosf = x M, cos (k,.t-i-é‘,'.)
4}

N1 heing the number of the planets; N, M, ¢, k; being
functions of the eccentricities at a given epoch, and of the
mean distances; while g, and §, are angles depending upon
the positions of the perihelia and nodes at the given epoch.
If we expand (1) in terms of ¢ sinm, e cosw, etc., sub-
stitute the values of e sinm, ¢ cosm, ete.  from (2), and
integrate the resulting expressions, we come upon terms of
the form
C sin (' +il+kt+«) ' (3)
in which € and « are absolute constants, and ¢ appears only
in the argument of the sine or cosine.
A precise ‘determination of the long-period inequalities
of Jupiter and Saturn by the above substitution would be




(3)

quite lengthy and more elaborate than the formula (2) will
warrant. A first approximation, however, is free from
these objections.

Accordingly, we may put in (2) the values of the con-
stants N, g;, bi, M, ete. for the solar system as developed
from the investigations of LuVERRIER or STOCKWELL, and
thus take into consideration the perturbations of all eight
planets, but only to terms of the first order of the masses,
since expressions (2) lose their simple form when higher
powers of the masses are taken into account; and, for a
more practical reason, since StockwerL’s, the last, determi-
nation of the constants ;, etc., includes only terms of the
first order. It will be seen from the sequel, that when new
values are given to the constants N, g;, ;, etc., so as to
include higher powers of the masses, a rigorous determina-
tion of the inequalities to any degree of approximation may
be readily obtained, by substitution in the forms of the
approximation reached by this process.

Assuming Hrri’s elements of Jupiter and Suturn (New
Theory of Jupiter wnd Saturn, p.19), LEVERRIER’S expan-
sion of the perturbative function in terms of the form (1)
(dun. de £ Obs. de Paris, t. X, pp. 37 etseq.), STOCKWELL’S
values of N, g,, M, ete. in (2) (Mem. on See. Var., Smiths.

" Contrib., p. 282), it is proposed to determine the variation

of the mean longitude of Jupiter,and also of that of Sutwrn,
to terms including the first powers of the masses, the second
powers of the inclinations, and the third powers of the
eccentricities.

LeVerrIER's notation is used where it is not stated
otherwise.

The values of the elements and masses as used by Hiwr
are as follows (see New Zheory of Jupiter and Sutwrn,
pp. 19-20):

Epoch 1850, January 0.0, Greenwich M.T.

EruaeNts oF Jupiter EremeNrs oF Suturn,

o ] ” o t ”
L = 159 56 26.60 L' = 14 49 34.04
n = 1156 9.33 7 = 90 6 46.22
6 = 98 56 19.79 6' = 112 20 49.05
o = 118 42.10 ¢ = 229 40.19
e = 0.04824277 el = 0.05605688
n = 109256".55563 n' = 43996".07844
Massus or 1HE PreHT PRINCIPAL PLANETS.
Meveury, m = guobosy Jupiter, AT,
Venus, m' = rgdivy Satwrn, A S
Larth, m" = gxdegy Urenus, mM=  yylee
DMers, m= soolsuy Neptune, mM=  4l5p

For the periodic part, «'R, ,, of the perturbative func-
tion we have
o B,y = Hee'"y' cos(5l'— 20+ ke + ko +aur')
where
h=0,1,2,3;

]l,l = 0;1; 2;3; .f= 07 - ]I’+]L,+f= 3
B=—1,—2,—8;k=—1,-2,—3;u

)
=0,—2; '+ k+tu=—8

Putting V for 5/—21, the following are the terms to
be considered:

H ¢® cos(V—3w) (1)

H, %' cos(V—u'—2m) (In

H, ee'? cos ( V—2w'—w) (I11)
H, ¢'® cos( V—3w') (IV)
H, e)f cos(V—w—27") (V)
Hy ey cos(V—a'—27) (VI)

where o = s++/—r.
rand ' are determined by means of the following for-
mula (see dnn. de I Obs. de Paris, t. X, p. 15):

siny sinr . Jotane’ |
! = p—p!+2sin?; (;o —sin(f—6') cosd
e

cose cos ¢! S ¢ 4)
siny cos . etang’ | ,
T = g—¢'—2sin* 5 — = sin(—6") sin §

CoS ¢ COSs o’ =1 2cose ( )

together with two expressions involving ' similar to the
above, and written therefrom at once by putting cos &',
sin @', ¢, ¢, in place of cos, sin b, ¢', ¢, respectively.

With the assumed elements these relations give
23788, a small quantity which may be neglected in the
present diseussion; an assumption that will simplify to a
great extent the expanded forms of (I)-(VI).

X Nsin(git+)
0

— ==

Put A = esing = esine =
L' = ¢sing/= ¢'sine' = .%‘lﬂ",.’sin((/,t-i-ﬁ,) (5)
% = ¢COSW = € COSm = %“N,- cos{y:t+p) .
uw'= e'cosm'= e/coso = éj‘x\ﬁ’cos(git-f-ﬂ[)
0

then e€*= 2*+u® = .ELENi sin(gs+p ,)+.:‘.‘2N,. cos(yz+p)
[ 0

o= B '3+u"3=.:."ﬂ\’,-' sin(gz=+ 6) +.§2N,.’ cos(yt+p)
Expanding and substituting from the above, we have
¢® cos(V—3w) = ¢*(cos 3w cos V+sin 3w sin V)
= ¢(cos’w—3 sin’w cosw) cosV
+¢*(3sinw cos’w—sin’w) sin ¥’
= (W—3h%) cos V+ (3 hu*—1h®) sin¥
= { 0, cos (g, t+6) —3 T2, sin(g+)
3N, cos(gt+5) } cosV
0
+ {3 SN, sin(gt+8) 3t N cos(git+3)
0 0
— %‘3 N sin(gt+8) ; sin¥V

This last form may now be expanded by means of the

product
(}_‘ @ b,-) (.g' a b,~’> <.§a,.’ b,”)
0 0 0

which produet is seen to include as particular cases,

7 7 7

zo“‘ N, cos(git+pB), 2* N;sin(gt+86), 2 Nieos(gt+p), ete.
0 0

Collecting the terms, after the expansion, the above ex-
pression assumes the following convenient form :




(4) | e

el eos(V—3m) = éNf cos( V'—3g,t—38))
0

+3j§'1,

0 0
T 7 7 ' '
+6 .ZJM.;JM,(—‘]JNkcos( V—gput—Bu), ixjtk

where, for brevity, g, =gt 0, B = BtETP.
Ny = N.N;N,. It should be noted that g,, in these
abbreviations is equivalent to g,+g,+g, and not to
2¢,%y,; hence if the same subseript oceurs more than once
it should be repeated and not given as a numerical co-
efiicient,
By writing N7 in place of IV in the above we have at
once the transformed expression for e'® cos(V—3a').
Similarly,
%! cos (V—u'—20)
= &% [cos(m’-l-"m) cos V+ sin (m’ +32w) sin V]
= ¢%' (2 cos’w cosw'—cos o' —2sinw cos o sinw’) cos ¥
+e%! (2 cos’ o sing'—sina'+2 sinw cosw cosw') sin ¥
= [2uw'— (Wt u)u'—20ulh' cos V
+ [ 20— (2*u2) B +2 hau! ) sin V'
= (w0 =2hulycos V+ (1! — 1 +2 hun') sin ¥V

= 3 -%2 N, cos(g2+p) jfvﬁ’ cos(y;t+p)
L0 0

— 2’2 N, sin(g,t+p;

X N7 eos (V—gyt—py)

.i N/ cos (gt )

—.2.2‘ ; sin (g,245) "N cos(g;t+8;)
EN sin(g,t+p,) }COSV

+ {; N, cos(git+) 3 > Ny sm(/lt+pf)

_j: N, sin (g, SN' sin(g,2+6)

+2 E N, sin(g,t+p) yN cos(yt+p:)
.s N cos(p,t+py) } sin¥
{é NENIN+EINZ NN,

i+1 i+2 : 0 ; i+1_ i+2
+ ‘;*N ,‘IVI 7-'1 A } cos( V—g,u~—Bin)
+ { N N"\; N+ .:Ni :lel 008 (V—gy—Bis)
- g 2353 NN +7N.'£1N L cos(V—gy—8,)

+ T NEN cos(V—g—pPur)
Onnttmg the Hs, (IT) becomes (IIT) by interchanging

N and N'in the above expression. It will also be hoted
that omitting the primes in (IT) we obtain (I), and using
primes throughout we obtain (IV). This is an independent
check on the expansions, and might have been expected,
since in the original forms (II) and (III) become (I) or
(IV) according as we use primes not at all or altogether in
their expressions.
It now remains to develop (V) and (VI) in a manner
similar to that followed in the development of (I) —(IV).
Expanding we have
en*eos(V—w—27")= ey*[cos(w+27")cos V+ sin(m-*-%’)sin V]
= ¢)*(cos w ¢0s 2r'—sinw sin 2 ’) cos V
+eyP(sinm cos 2r'+cos w sin 2¢/) sin 7’
= (uf—hd) cos P+ (if+ud) sin ¥ !
d = ;*sin27, and f = 5%cos2s.

sing = p = = a1 sin(k, f+8) A
i}

where
Putting tane
tan¢cos f = ¢ = X M, cos(;t+0,)

I

. = (6)
tang'sing' = p'= 3 M/ sin(k;¢+9))
0

tan¢/cosf= ' = X ALl eos (ke +4)

and neglecting terms of higher gl'der, equations (5) become
siny sing = p—p' )
sinyeost = y—¢' |

sin*y sint/cost' = }sin?y sin2/
2sin*} ;'(1—s1n Ly)sin2
22 (1—%Hsin2
= (p—p' )('/—fz)

=" ('/—'/ ) _ ,
EA = Wp—1)—y) =

whence

. psin2y =
In like manner

sin*y (cos*r/—sin*r") = (y—¢)—(p—p')?

or (L= eos2t! = (y—q")—(p—p')?

_ 2oann . U—1)—(p—p)?
whence 7 eos 2y’ = =

= =1V = =] =f

Then

d = fsin2e' = Y(p—p)(4—14)
= ) X I, sin(lyt+0,) 3 W,c0s(kt+0)
U i

and S = fceos2 = L{(y—¢)—(p—p")*

- ;[3‘ I cos (l t+8)— ST, siu(].:it-{-b‘,.):j
where W, = A, — i}
whence ey cos(V—ow—27")=(uf—hd) cos V+ (hf+ud)sinV

{1:1\7,. cos(yt+p,) [.\. W, co8(lt+38) — X W, sin(k,t+0,) ]
) 0

7 7 7
— } 3N, sin(g,t+g) X W, sin(k,t+08) X W, cos(k,t+8) ){ cosV
0 ) )

al

<

+ { 2N sin(gt+8) [2“ W,cos(].:,.t+69 — .’S’ 7, sin(l.-,.t+b‘,.):|

+

L5, cos(r/‘z‘+p) vy W, sin(k, t+8) > W, cos(k; t+b)1smV
4




{
=i
{f{ I N, sin(y,t+8) cosV—
Expanding and reducing, this last expression becomes
the following, a form easily checked by comparison with
the expansion of (jral. I;,)(S @, b,’)(%‘ albl > and convenient
0 0
for the numerical computation of its several terms:
ey’ cos(V—a—27")

= L INE W3 Wicos {V—(gi—hy— i) b— (B 8, 0,0}
0 1 q

+y 2 EN,E Wyeos (V—(g— b= To) t— (B— 8= 8}
* 1 2

TEEY

+LIT, 3‘ v, 3‘ Nios {V—(g—loy— It — (B— 8,— )}

+ “N ) W,:N 008 { Ve (g—Iey— Ty t— (Bi— 8,—8,)}
)

[t

+1 :L ,.2 177 c0s { V'— (g;—2k;) £ — (3,—20,)}

+1 ‘“W‘-’ VNco%‘V—(qj 28 t—(3,—28)}

0

. +-J} 2 “N cos { V— (g,—2k;) t—(8,—28)}

eyt cos( T —-m——dr’) may be transformed in like manner,
and the resulting expression ditfers from the above only in
that N7 takes the place of V.

(@), (II), (ILL), (LV), (V), (VI) have now been replaced
by a series of expressions, such as
) I 1T cos(V—st—n)
where H is the numerical factor of the perturbative fune-
tion; IT a product of Ns, s and 1/"s; s a sum or differ-
ence of ys and ks; » a sum ov difference of fs and §s.

It may be remarked that I, IT, IIT and IV have the same
arguments, s and », and that VI has the same arguments
as V. Hence it is poss1ble to add the coeflicients of I, IT,
III, and IV that correspond to the same arguments, and
thus reduce the number of terms in the series to one-fourth
its present magnitude. The same is true of V and VI, and
the number of these terms might be reduced one-half.  But
in view of an independent eheck on the numerical work
afforded by a direct comparison of the results with the
integrals obtained by LeVernrmr's theory (dnn. de P Obs,
de Paris, t. X, pp. 108, et seq.), the identity of I-VI will
be preserved throughout. It will also be noted that 17, I1,
8, and p are constants.

In order to be as nearly as possible consistent with the
notation of LeVERRIER (Ann. de ' Obs. de Paris, t. X, p. 104,
put -

!
V—st—p = D, ¢ _ B
I
Also, let us put,
2 Jan? d I
@ TL_ _gme iRy _ y6pyprrsinD
de ® d=

= N cos(y;t+p) sin¥V

(5)

“N, cos((/,t-f-ﬂ,.) cosV+ 3 N sin(g,t+8,) sin¥V }
1
)

T, cos (T, ¢+0,) — 52 W,sin(k, t+6‘) 1

{ e
o
{ %“ W, sin(k;t+5) %“'_W,. cos(lt+0,) }
D! R . i
dd __2wlen( dBoo) _ _opu, P ireos p )
dt da da
do 7 m'en ARy 1
—_— 1 h_. —_ ] /e I —
T = nbegp = ke —-cosy —g
I
= +tank¢ cos¢d B {rr,[’ cos D
0059
= {Toos0 /nBJI[[cosD
= /:/nB.f.[Hcosf)(g——-%c--i-...)
= YhnBH ITcosD (v)
a6 m'an cosky dBEg
dt o2u cos¢  dy
. JBeosky .o g
= m ’ILI[(/’I// 1 LO‘S D' (ll)
ar  mlun 1 1[dL, 4,
At T T2 cosdeoshyy | dif
uB el et T
= Teosgoo51; nd er/=' sin D ' (e)
inwhich f=0,2 and w« =0,—2. TheD'in (d) and

(e) is LeVerrizr’s D, These last two expressions will he
taken up later and reduced to their equivalent forms.
The differential equations to be integrated for the vari-

ation of the mean longitude of Jupiter ave

d%  d*

de T aE

d:  dd | dd

db T de At e

Y

g Ll
where (_Z—f = tanfesineg :/6,&11(1 sing ;. = G cos (r— )
[£24 [4
+ I'sin(v—6), to terms of an order not higher than the
thivd.
Integrating («), (0), (¢) we have
{
A = — = L{’—” I[11sinD
(:,m’ 2n—s)*
2Bn dH
A = — a5 Y sind
= hBn I sinD

2(5n'—2n—s)
The integrals of () and () in their present form give
rise to terms containing ey It is necessary to transform
them to corresponding forms in which ey and ¢y are not
allowed to appear. This is most conveniently done at this
. . . .46 .
point, since & and I’ ocenr in sine 7 and after substi-
tution the latter is readily reducible to an equivalent form

eIl IT sin D. ‘
It will be noticed that the numerical coeflicients of the
dG a1 -

integrals of — and —

are the same to terms of the
et r
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T T ey e

(6)

thivd order, and that G contains sin.D’ as a factor, while
7' contains cos D'; hence we may write
¥ = tan o sing 86 = B'tan } g {G cos(r— ) + Tsin(r— 6)}
= Bltaniepsink ,
D= V—w—2r,

Veo—r—0 =Y

remembering that
and putting
Theretore, '
¥ =1 {u[q(7— 1) —p(p—1) ]I p(2—1") +q(p—p) sinV
— B q(e—¢)—p@—=p)1+ulpe—1)te(p—p)TreosV
because of the relations (7), and the smallness of ¢ and y,
by virtue of which we may put tane = 2tanfe and
Substituting for p, ¢, &, and w their
(VII)

siny = 2sin}y.
values, we have, finally,

B'n T 7 T T i
-  _H(SMIWEIN, + XWX Nk>
4(5n!—Zn—s) 0 0 0 0 0 0
DBn

Sing V—(]u'/"i‘/u")’*'_(/,‘)—(6‘+8J+()'k)§ = m

where the H is the /I of (V), and /T and D are character-
istic of (VII) itself. By writing &/ in place of N the cor-
responding expression in which e'y oceurs is given; it is of
the same form, and differs only in that its I is that of
(VI). Tt will be referred to hereafter as (VIII). The
symbols (VII) and (VIII) are here made to do double
service — they refer to both the unintegrated and the inte-
grated forms. This is done to save space. These insig-
nificant terms have already taken undue space, but are
essential to the completeness of the theory.

HIlsinD

Finally, 8 = 6p+6£ 8 = A+ P+

dp = 84 o8 = sAtA+ O+
Putting A = ZLsinD h = ZPsinD

4 = ZCsinD ¥ = I{)sinD

the values of the several integrals whose sum gives 8/ are
given in the tables at the end of this paper in the columns
headed L, C, ete.

my

To determine &' we have, if B/ = —,» =
P 0bs. de Paris, t. X, p. 143),
Ry o = H'e"e!" y/cos(5l'—21+ ks’ +ho+ur')

3ndan! N\ dR
! — — iindd ¢V 2
A = f( P > al Y

— 158y’
= Bn/=2n—s)"

!
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— (dnn. de
n

H'IsinD

o — f(_ 2ma’ "'77./> aliy g dt
A = T
. p da
+oR LI ;
— 2B (a ik +I[’> MsinD
Bl —2n—s da
o ‘ma'n' cos¢' dIi o
= tané—l" = j T Tde dt
+ W/ B'n
= H'ITsinD
T — ITsin
I
- B'n H'ITsinD

= EBn—m—s)

In these expressions for 4/, 4/, @', and ¥/ the ITs, Ds,
and ss are the same as those that occur in the correspond-
ing terms of 4, 4, ete. A and A’ differ only in having
different H's. The same is true of 4 and 4, ete.

We have, as before,

8 = A+ A+ P+
Putting Al = XL'sinD @ = YPlsinD:
4" = ¥C'sinD ¥ = YQ'sinD

the value of 8/ may be written from the tables at the end
of the paper, where under the columns headed L’, C', etc.,
will be found the values of its several terms, The tables
include all terms whose coefficients outside the sine form
are equal to and greater than 0”.0005.
We have now 8l = Y, sin(V—x;t—a;)
U = YO/ sin(V—x't—u/)
in which the Cs, C's, «s, «'s, «s, and «'s arve constants,
and 7 varies directly with the time. In general, the «'s
and «'s are the same as the «s and «s; but sinee € is to ¢
about as two to five, /! will contain more terms equal to
or above any particular limiting fraction of a second of arc
than 87, Hence «s and «s not found in 8/ will be intvo-
duced into 87/, though all angles found in §7 will appear in
8'. For this reason « and « are written with primes in
the swnmation for 8¢’

It will be noted from the tables that the inequality for
Jupiter is vepresented very closely by four principal terms,
and likewise the perturbation of Sezwrn by four terms eor-
responding severally to those of Jupiter. Yet, if we take
only the principal terms of the above summations, the

series are still too unwieldy for practical purposes. It is
proposed now to put &/ in the form
81 = Jsin(VI+J")+2 30 cos§ V' +Nit—eldsink bt (9)

and 8 under the similar form
8" = Ssin(V'+8")+2¥C cos§ V' -+ 1/t —u/ising 2/t (10)
where the first parts Jsin(V/+J'), Ssin(V'+S5') are
periodie, and represent the inequalities within less than 17
for a period of a hundred years near the epoch. Further-
more, (9) and (10) are in a very convenient form for a
rigorously exact representation of the inequalities, since
the summations are easily computed and readily tabulated,
the deviations from the striet periodie form being slight,
as }(h—x) is a small angle. In (9) and (10) Jand S are
absolute constants, J essentially positive, and S essentially
negative; J'and S’ are also constants, are nearly equal,
since tle ratios of the C's to the corresponding C's, although
not exactly equal to one another, are all very nearly as two
to five, and « = «', V' = V—As where % is an arbitrary
constant to be so chosen that the forms resulting hereafter
may be best adapted for computation; A’ is a variable, and
equal to ¥ (Z—«).

Putting V' =
we have Vet =

V—ht
Vit (h—k)t




()

8l = ICsin[V'+ (h—«x)t—a]
= SCsin(¥V'~«)
+25C,cos[ V'+§(h—k)t— w]sin(h—x;)t
ICsin(V'—u) = Jsin(V'+J’) '
if we determine J and J' by the equations
JsinJ! = Y, sing,
JeosJ' = I(C;cose,

whence

Hence we get
81 = Jsin( V' +J7) +23C,c08§ V'+ y(h—r;) t—wising (b — k)t

If we substitute Sford, S'forJ!, C/for ¢, and «' for ¢,
we obtain the expression for §7'.

Tt is obvious that Z should be made equal to the « corre-
sponding to the largest . The largest C corresponds to
the largest C'; hence the same / should be used for both
h = 0677.50927, hence

P! = 1399".77167 ¢
The expressions of Jsin(V/+J'), Ssin(V'+5), are
Jsin(V'+J') = 1160”859 sin( V'+270°12'19".91)
Ssin(V'+.8") = —2862".135 sin( V'+270° 11' 54".76)

The differences between these and the true inequalities
have been computed for different epochs in an interval of
five thousand years, and entered in the last table.

Of the numerical data used the elements and masses have

terms,

already been given. LrVErrIxr’s values of the numerical
coefficients of the perturbative function were employed,
and are as follows. (See dun. de ¥ 0bs. de Paris, t. X,
pp. 86-88):

; e ax
log H log (a W) log (a 7a +IJ)
(D) 0.06578x 0.82185n 0.89202%
(1I1) 0.7643927 1.43806 1.52156
(IIT) 0.982959n 1.555067n 1.658134n
(IV) 0.719908 1.159654 1.294224
(VY(VID) 0.123907 (95397 1.0138xn
(VI)(VIII) - 0.40780 1.1678 1.2374

SrockweLL has given N,, ¢;, §;, ete., in the form

N = A+ ¥Bp, ete.
0

. 14p,
and the masses in the form C s where 4, B, and C
i
are constants; the us are known as soon as the masses are

+u

. . 1
assumed, by equating the value of the mass to G and

solving for u.  The N, gs, ete. were obtained from Srocx-
wELL’s memoir (Smiths. Contrib., p. 232), the values there
given being modified by the introduction of Hinr’s masses
by means of the above formulas. The resulting values are
tabulated below:

Subseript log v log N' log M log M' log W
0 24.9095560 74.8692317 1n5.3494718 154331295 4.6766936
1 5.0285713 5.0429691 5.1975562 5.3340514 nd. 7649230
2 239867717 n-£.8369567 nd. 4712917 75.3034121 52342641
3 3.8388491 4.9294189 73.3802112 n+.6669857 4.6442416
4 5.8318G98 5.8823537 —co — oo —oo
] 7.3178169 7.2788245 7.1556973 7.1169562 6.0868579
6 8.6365279 8.5328158 7.3883783 6.9282268 7.2035469
7 8.1931101 78.6841779 7.8003183 28.1972861 8.3436915
Subseript g I 8 8
" " o ! I3 ] ! "
0 5.3946525 — 51489278 86 18 14.5 17 50 38.6
1 7.3942869 — 6.6302715 12 9 1. 134" 6 18.3
2 17.3885210 17.0803393 332 28 32.3 296 51 52.7
3 18.0567791 —19.1588596 136 15 28.9 254 30 21.1
4 0.6599087 0.0 72 15 0.9 106 22 29.1
3 2.7034487 — 0.7048689 108 54 41.3 21 12 259
6 3.7460135 — 2.9230301 28 1 4.0 133 59 48.4
7 22.5030888 —25.9744026 307 50 48.7 306 21 4.2

All terms less than 07.0005 have been omitted ; all others
included. Al results have been checked by duplicate com-
putations. The integrals for 6/ were first computed and
checked, then those of 87'; afterwards, as a final check,
those of Saturn were computed from those of Jupiter by
determining the ratios of corresponding terms.

Two of the mistakes made are not without interest. A
mistake in copying made N, positive instead of negative.
As a result the inequality was reduced to one-tenth of its
real value., In computing Jsin(V+J) the co-named func-

tions for the arguments of the inclination terms were taken:
The resulting value of J differed less than 17 from its true
value.

Tables I to VIIT contain the integrals arising from the
expressions (I) to (VIII). In the first column on the left
ave given as indices the products of Ns, s, and TFs oceur-
ring as factors in the coefticients. In table IX only one of
these products is given for each argument, which serves to
identify that argument. Table X contains the values of 82
and 61" in their final forms.




(8)

I. Isequarrres AwrisiNg ¥rox  Hie' cos( V—3w), 8l = Ysin( V—st—p), oV =2 "sin( V—st—b).
L C r A ol h ! s D
I3 /4 o I3 I ] n ! "
N3 — 0.011 0.000 0.000 | + 0.028 0.000 | — 0.011 | + oozs 8.11035 | 326 44 3.9
A —102.458 | +2.595 | — .341 | +254.697 | —7.533 | —100.204 | +247.164 | 11.23804 | 84 3 12.0
NP — 5.182 | +0.126 | — .017 | + 12.883 | —0.366 | — 5.078 | + 12.517 | 67.50927 | 203 32 26.1
N N2 + 0.058 | — .001 000 | — 0144 | + 004 | +  0.057 | — 0.140 | 12.88668 | 142 20 22.5
N N? +  .008 .000 000 | —  .020 | 4+ 001 | +  .008 | — .019 | 50.40083 | 341 59 51.9
NN —  .076 | + .002 000+ 189 | — 006 | —  .074 |+ .183 | 14.88631 ] 6y 11 9.3
N.N? —  .010 000 000 | 4+ 026 | — .00t {— 010 | +  .025 | 52.40046 | 267 50 88.7
NN +  .007 .000 000 | — L0171 4+ 001 |+ 007 | —  .016 | 24.85055 | 28 30 40.3
N,N? + .00l .000 000 | —  .002 000 |+ 001 | — 002 | 62.89470 | 228 10 9.7
NNV —  .003 .000 000 |+ L012 000 | — 005 | 4+ L012 | 25.54881 | 192 17 36.9
NN —  .001 .000 000 | + 002 000 | — L0010 | 4+ .002 | 63.06295 | 31 57 6.3
NN — .00l 000 000 |+ 0.003 000 | — 000 |+ 0.003 | 6.06650 | 290 4 23.5
NN — 481 |+ 012 — .002 |+ 1.198 | — .035 | — 471 | 4+ 1.158 | 8.15194 | 128 17 8.9
NN — 0.066 | + .002 000 | + 0.163 | —0.004 | — 0.064 | + 0.1539 | 45.6660Y | 827 56 38.3
NNz — 14784 | + 374 | — 049 | + 36.627 | —1.084 | — 14.409 | + 85.543 | 10.19548 | 164 56 49.3
NN — 2,014 | +0.050 | — .006 | + 5.008 | —0.144 | — 1.970 | + 4.864 | 47.70963 4 36 18.7
A — 42,025 | +1.037 | — .136 | +104.468 | —3.010 | — 41.124 | +101.453 | 48.75219 | 285 42 41.4
NN, +  0.001 0.000 000 [ 4+ 0,002 000 | + 0.001 | + 0.002 | 5.06583 | 172 31 5.8
N3N, .000 .000 000 | +  0.001 .000 000 | -+ 0.001 | 23.82291 | 92 20 50.5
NN, +  .706 | — .018 | + .002 | + 1.766 | — .052 | — 690 | + 1.714 | 9.15291 | 245 50 26.6
N2N, — 0.261 | +0.006 | — .00l | + 0.649 | —0.019 | — 0.256 | + 0.630 | 27.90999 | 165 40 11.8
N2N. —113.635 | T2.842 | — .374 | +282.481 | —8.247 | —111.167 | +274.234 | 29.99512 3 52 56.7
NV, N, + 0.006 0.000 000 | — 0.014 0.000 | + 0.006 | — 0.014 | 11.84411 | 228 13 59.8
NN,N; +  .002 .000 000 | — L0035 000 | + 002 | —  .005 ] 30.60119 | 143 3 44.5
NNV, + 048 | — .00t 000 | — 106 | + 008 | + 042 | — 103 | 31.64375 1 62 10 7.2
NN, Ny .000 .000 000 | +  .001 .000 000 | -+ 001 | 11.80021 | 112 25 6.2
NNN: | —  .007 .000 000 | + 018 | — 001 | — 007 | + .017 | 13.84375 | 149 4 46.6
NNN | —  .003 .000 000 | +  .007 000 ) — 003 | -+ .007 | 82.60082 | 68 54 31.3
NVN | — 056 | + .001 000 | + 140 | — 004 | —  .035 | +  .136 | 35.64339 | 848 0 54.0
NN Ny |+ .00l .000 000 | —  .002 000 | 4+ 001 | ——  .002 | 28.83798 | 109 24 17.8
N, N.N; .000 .000 000 | — 001 .000 000 1 —  .001 | 42.59506 | 29 14 2.3
NNN: |+ .005 .000 000 | — 013 000 |+ .005 | — L0183 | 43.63762 | 308 20 25.0
NNV, .000 .000 000 | + .00t .000 000 | -+ 001 | 24.50624 | 273 11 14.2
NNN; | — 004 .000 000 1 4+ 009 000 | — 004 |+ .009 | 44.30588 | 112 7 31.6
NNN, | — 046 | + .001 000 ) + 0 114 | — 003 | — L0435 |+ L1111 7.10937 | 209 10 45.2
NNN | — 017 .000 000 | 4+ 042 | — 001 | — 017!+ .041 | 25.86645 | 129 0 80.9
NNV | — 0355 | + .009 | — .00l | + 0.882 | — .026 | — 0.347 | + 0.856 | 26.90901 | 48 6 53.6
NoNoV; | — 10.891 | +0.273 | —0.036 | + 27.074 | —0.791 | — 10.654 | + 26.283 | 28.75255 | S4 46 34.0
IT.  INEQuALITIES ARISING FrRoM He%! cos( V—w'—2m),
L C P A c! el ot ! S D
" i I3 " " " ” n n ] ‘ i

NENY +  0.052) — 0.001]  0.000 —  0.128] + 0.003] 0.000| + 0.051| — 0.125| 8.11035 326 44 3.9
NN, +408.132| — 8.447| + .896) —1002.132| +25.281| +1.106| +395.581| —975.744| 11.23304' S84 5 12.0
NN — 80.208] + 1.626] —0.171| + 199.381| — 4.836| —0.211| — 78.751] +194.331| 67.50927 203 32 26.1
NV R 0.000 0.000 L0000 +  0.001 0.000}  .000
NIN? .000)| .000 .000] + .001 .000 .000 0.000| + 0.002| 10.80155 304 7 37.1
NN — 3204+ .003 .000] + BT — 009 .000
NN —  .0881 + .002 .000] + 218 — 005 000 — L2853 +  .583| 12.88668: 142 20 22.5
NN N/ +  .081) — .002 .000] — 208 + 005 .000
N'NA —  .012 .000 000! + 080 —  .001 000 + 067 —  .169| 50.40083! 341 59 51.9
NNN' 4+ .00 .000 .000] — 001 .000 .000
NN .000 0000 0000 — 001 .000 L0000 +  .001) —  .002 12.80118) 229 58 23.9
NNNS 1+ 2000 — 004 0000 — 497 4+ .012] +0.001
N/N¢ + L1831 — 003 000 —  .326] + .008 0000 +  .324! — 802 14-.886312 €911 9.8
NN N | — 108+ .002{  .000| +  .268| — .007  .000 i
N/ N? +  .018 .000 .000| — L0453 + .001 000 —  .088| +  .217| 52.10046. 267 50 38.7
NN | — 018 .000 000} + .046[ — .001 .000

- NN — 0.083] + 0.002] 0.000] +  0.206] — 0.005] 0.000] — 0.099 + 0.246| 24.85055 28 30 40.3




L c P b ¢ P! b = s D
I I3 " i I i I " " o 1 [
4+ 0.010 0.000 0.000] —  0.023| + 0.001] 0.000
— .01t .000 000 + 028 — .001 .000| — 0.001] + 0.003] 62.39470, 228 10 0.7
4+ .013 000 000 —  .038] + .001 .000 '
+  .103| — .002 0000 —  .235] + .006 000 + 114l —  .281] 25.54881] 192 17 86.9
—  .007 .000 .000| + .018 .000 .000 ,
+ .04 .000 000l —  .083] + .00l 000 +  .007| — .016] 63.06296] 31 57 6.3
+  .003 .000 000 —  .008 000 .000 ,
+  0.002 .000 000 —  0.005 .000 .000| + 0.005| — 0.013] 6.06650] 290 4 23.5
+ 1.260|— .026| + .008 — 3.129| + .079] + .004
+ 0.898 — .019] + .002 — 2.232| + .036] + .002| + 2.118/ — 5.220] 8.151941128 17 8.9
V, — 877 4+ 014] — .001] +  1.683 — .042 .000
A + 0.123) — .008 0000 —  0.805) + 0.008| + .106| — 0.544| + 1.348| 45.66609) 327 56 38.3
AV 4 38.650| — .810| + .086] — 96.077 + 2.426| + .062
TN + 92,430 — .470] + .050] — 55.759] + 1.408] — .056| + 59.936| —147.834] 10.19548| 164 56 49.3
" N — 20.785| + 425 — .045] + 51.668] — 1.273| +0.008
AT +  3.067| — 0.063| + .006] —  7.622] + 0.188| —1.138| — 17.395| + 42.913| 47.70963 4 36 18.7
. —438.605| + 8.852] — .938| +1077.883 —26.492| +0.147
V. N + 55.117  — 1.125| + .119] — 187.018] + 8.368_  .000{ —3871.580| +916.735| 48.75219| 283 42 41.4
LN +  0.003 0.000 000 —  0.007 0.000 .000
LN 4+ 001 .000 .000] — .002 .000 000l + 0.004] — 0.009] 5.06583{172 381 5.8
V. + .00l .000 000 —  .003 .000 .000
AN, — 0.001 .000 .000] +  0.004 000 .000 0.000| + 0.001] 28.82291| 92 20 50.5
V, IV, +  2.150| — 0.045] + 005 — 5 346 + .135[ + .006
eh'g 4+ 0.926] — 019 F 0020 —  2.303] + .038| + .003| + 8.019) — T.447) 9.15231) 245 50 26.6
N 4+ 0.795] — .016] + .002| —  1.976] + .049| 4 .002
2\ — 1.347 + 0.028] — .003| +  8.348] — .084| — .004| — 0.541| + 1.835) 27.90999| 165 40 11.3
T A +298.073] — 6.174] +0.656] — 740.975| T18.452] +0.771
NN/ —586.936 +12.126] —1.285| +1457.303| —36.290| —1.516 —282.840| +697.745 29.99512) 3 52 56.7
NN, 0.000 0.000| 0.000{ +  0.001 0.000 .000
AW .000 .000 .000] + .001 000 .000 v
NN 000 000 000} + .001 .000 .000 .0.000] & 0.008] 9.80057! 186 34 19.4
NN, .000 .000 .000 .000 .000 .000
NNV, 000 000 .000 .000 000 .000
NV N .000 .000 000} — .00l .000 .000 0000 —  .001| 28.35765] 106 24 4.1
NNV L— 008 .000 0000 + 021 — 00! .000
NV/N, | — 008 .000 000 + 021 — 001 .000
NNN/ — 007 .000 .000] + .018 L000 0000 — L0238 +  .058| 11.84411; 223 138 59.8
NNN | — 003 .000 .000| + .008 .000 000
NNN. —  .003 .000 .000] + .008 000 .000
NN,N! + .010 .000 .000| — 0260 4+ 001 000 +~  .004] —  .009] 80.60119; 143 8 44.
N'NN | —  .065 + 001 .000| + L1610 — 004 .000
NNN | —  .086] + .001 000 + 1890 — L0038 .000
NNV! + L2200 — .00 0000 — L5348 4+ L014 000 + . .097] —  .241] 81.64375. 62 10 7.2
NNV, .000 000 000 — .001 .000 .000
N NN, .000 .000 0000 — .00l .000 .000 :
NNN] .000 .000 .000] — 001 .000 000 000 —  .003] 11.80021. 112 25 6.2
NNV, .000 .000 000 ,000 000 .000
NN/N 000 .000 .000 .000 .000 .000
NN NI .000 000 .000] + 001,000 000 000, +  .001| 80.55728; 82 14 50.9
N'NN, |+ .01 .000 .000| — 031 4+ .00t .000 i .
NN/N, [+ .ol .000 L0000 —  .028) + .001 000 |
NNNS L+ 010 .000 .000| — 0241 + 001 L0000 +  .034' —  .080! 13.84875' 149 4 46.6
N/NN. o+ 005 .000]  .000] —  .012 .000]  .000 i
NN'N, |+ .004 .000 000l —  .010 000 .000
NN | — 014 .000;  .000| + 034 — 001 .000| —  .005 + .011} 82.60082 68 54 81.3
N/N.N, |+ .097— .002[ .000j —  .241} + .006 .000
NN/N, |+  .074— .002 000 — 184 +  .004 .000
NMNN |— 291+ .006 .000] + 7280 — 018} — .001| —  .118| 4+  .289| 33.64339{ 348 0 54.0
N.A,A,‘ —  .008 .000 .000| + 020 —  .001 .000
NN/N, | — .00l ,000 .000} + .002 .000 .000
NQN,.,NG' —  .001 .000 .000] + .002 .000 .000| — 0.010| + 0.023| 23.83798 «109~-°4 1‘ 6
N/N.N, | — 0.003 0.000| 0.000| +  0.007 0.000|  0.000 28 R




L C P A c P! = =t s D
i i F/ " " L ] I i o ! Vi

NN, N, 0.000{  0.000{ 0.000, + 0.001 0.000{ 0.000

N,N,N] |+ .00 .000|  .000 —  .003 .000 .000| — 0.002] +- 9.003| 42.59506] 29 14 2.8
N/NN, |— 061+ .001 .000| + 152 —  .004 ,000

NN/N. |— .007 .000 .000| + 017 .000 .000

N,NN! |+ 027 — .001 .000] —  .066| 4+ .002 000 — 041 4+ .101] 43.63762] 308 20 25.0
NN, N, |+ .010 .000 000 —  .024{ 4+ .00l ,000

N,N/N, |+ .001 .000 0000 —  .002 .000 .000

N,N,N! |+ .00 .000 000 —  .002 .000 000 4+ 0.12] —  .027] 24.50624] 278 11 14.2
N/N.N. |+ .004 .000 .000] —  .009 .000 .000

N,N/N. .000 .000 000 — .00l .000 .000

NN, N | —  .001 .000 .000| + .002 .000 .000] - .008] —  .00s|43.26332{ 193 0 58.9
NJNN, |+ 076/ — .001 000l —  .188] + .005 .000

NNIN. |+ .005 .000 0000 —  .012 .000 .000

NNN! | —  .019 .000 .000| + 047 — .001 0000 + 061 —  .149] 44.80388 112 7 31.6
N/N.N, [+ .086] — .002 000 — 2141+ .006 .000

NNJ/N, |+ .070[— .00l 0000 —  L17H 4+ 005 .000

NN,N/ |4+ .060— .00l .000 4500+ .004 0000 +  .202' —  .528] 7.10937 209 10 45.2
N/NN. |+ .032)— .00t 000 —  .079] + .002 .000

NN/N. |+ .0260— .00l L0000 — 064 + .002 .000

NN.N! | — " .088 + .002 0000 +  0.218] — .005]  .000 —  .030, + 0.074]25.86645| 129 0 30.9
N/NN. |+ 664 — .0l4| + 001 — 1.630] + .041] + .002

NN/N. |4+ 0465 — .010| + .001] — 1.157 + .029| + .00l

NNl — 1.830] + .088] — .004] +  4.550| — 0.114] — 003 —  .689 + 1.696| 26.90901| 48 6 53.6
NN, |4 16,579 — .843| + 086/ — 41.215 + 1.033) + .045

NNV, | 4 14,2820 — 0.296] + .031) — 85.509] + 0.885 + .039

N,V.N' | — 56.187) + 1.163| —0.123| + 139.675| — 3.481] —0.152| — 24.858' + 61.520| 28.75225| 84 46 34.0 .

III. IneqQuanrries ARrisise vroM  FHyee" cos( T—26/—w).
L C P L c! r! ) ! 5 D
" I " n " " " " i [}

NV, |— 0078 + 0.001] 0000 + 0.194 — 0.004] 0.000{ — 0'077 + 0.190 8.11085| 326 44 3.9
NN, | — 525.172| + 8.710| — .583| +1305.507| —27.268| —2.880| — 517.045| +1275.359] 11.23804| 84 312.0
NN, | — 411.000{ + 6.533| — .438| +1021.691| —20.515| —2.167| — 404.885 + 999.009 67.50927| 203 32 26.1
NN 0.000{  0.000 .000| —  0.002 0.000{  0.000

NN/® .000 .000 000 —  .001 000 .00V 0.000| —  0.008| 10.80155 804 7 37.1
NNN |+ .228 .004 000 —  .588| 4+ .012] + .001

NN/® + 099! — .002 0000 — 245 +  .005] + .001] + 821 —  .794] 12.88668] 142 20 22.5
N'NN' | — 12304 .002 .000} + .305| — .006| — .001

NN/ + 209 —  .003 000 —  .319] + L0114+ .001] + 085 —  .209] 50.40083] 341 59 51.9
NNN | — .001 .000 .000] + .002 .000 .000

N, Nt .000 000 .000| + .001 .000 000 —  .001] +  0.003] 12.80118| 229 58 23.9
N/NN|— 342+ .006] — .001| + 849 — 018 — .002 :

NV — 1800+ .002 .000] + 824 — 007 — 001} —  .465 +  1.145| 14.88631| 6911 9.3
N/N.N'| + 85— .003 0000 — 4590 - .009] 4+ .00l

NN — 277+ .004 .000| + 688 — 014 — 001 —  .091| +  0.224] 52.40046] 267 50 38.7
N/ NN/ |+ .001 .000 000 — © .001 .000 .000

AL .000 .000 .000 .000 .000 .000] + 001 —  .001| 22.79542| 190 17 54.9
NNV |+ 216 —  .004 0000 —  .5386] 4+ .011] 4+ .001

NN+ 012 .000 000 —  .030! 4 .001 .000} + 224| — 553 24.88055| 28 30 40.3
N/NN|— .16+ .002 .000] + 288 —  .006| — .001

NN+ .025 .000 000 —  .063] + .001 .000] — .089| + 219 62.89470| 228 10 0.7
NS NN |+ .001 .000 .000] + .002 .000 .000

AL .000 .000 .000 .000 .000 .000| + 001 + .002! 28.46368| 354 4 51.5
NN — 267 + .004 .000| + 664 — .014] — 001

NN — .009 .000 .000| + 021 .000 .000] — 272| + .670! 25.54881| 192 17 86.9
NNV |+ 1480 —  .002 .000| — 357 - .007| + .001

NN — 018 .000f  .000[ +  .045] — .001 0000+ .128) —  .805| 63.06296] 3157 6.3
N/NN! I — 006 .000{  .000| + .016 .000 .000

NN/ — 0.003 .000 0000 + . 0.006 .000 000 —  0.009] + 0.022 6.06680] 200 4 23.5
N/NN/ | —  2.339| + .089] — .005] + 5.813) — .122 — .013
NN —  0.820] + 0.018) —0.002 + 2,038 — 0.043] —0.005 — 3.114[ + . 7.668] 8.15194| 128 17 8.9




L (8] P L' (o4 P = b)) 5
V' : ' I/‘ . " ; [ ) [ i g ' ])
WM\ ¥ 1208 — 0020 +0008) - C 17 ¥ 0.064| +0.007 ’ T T
N, 1. 028 — .004 4811 — 0.088 — .00 — 58| 45
FFRCECH Do ey By B Do 009) —  0.469| + 1.138) 45.66609) 327 56 38.3
Nt | 25,175 4+ .418] — .028] + 62,381 — 1,308 — .
; , h 2 308 ~~ .189] — 9 ac == o
NN/ |+ 81428 — 08| + 04— 78.126) + 1.501) + oa T ST 205000 1019548 16456 49.5
NN | — 53.254) + 0.861] — .038| + 132.382
N | 5 s+ 088l — 2,382 — 2.696) —0.285| — 21.497 + 53.084 47.7 36 18.7
NN |+ shheTo) — o126 011 —UOL180) +28.578) +3.019 -034) 47.70963) 11 36 1.7
A : 951| —1.202) +2761.694| —56.197 — — 537.855 : 5 '
%‘,ﬂ%\a A b B.107) —2.986) — 537.855) +1326.964) 48.75219) 283 42 41.4
2o 003 . . 006|000 — 7 5 5
v |5 o o B 000 0.007 +  0.0135| 5.06583 172 31 5.8
VN 0. 0000 . 0.002|  .000] . : 1
gﬁ,f}ﬁvﬁ = S . oo LR 000 +  0.004/ — 0.011) 28.82291] 92 20 50.5.
e 626 027 — . 4.041] .— 084 — — a . - '
Nincs | 7 v - 0T D ot T 008 4.368| + 10.752| 9.15291] 245 50 26.6
7'_’1 (A con o —_ + 1.494) — 0.031| — 2% agl 27 5
NN, 1020412 25,000 +1.674) —-3796.938) +78.285 8970 TS 8450 2790009 163 40 1.3
. — 194,15 79 — : 2.6 5 o
N‘N..'N,’ 0.008 + 0(1)(‘)8 0.213| + 482.641] — 9.951| —1.051| +1812.891| —382388.744{ 29.99512] 3 52 56.7
YN — 0. .000f —  0.001]  0.000( 0.000 R o2 98T
VNN, 000 .000]  .000] —
NIN/N, |+ .001 000]  .000 '88; '888 000
i | © - 000f — . . 000 + 0,001 — 0. 57
it KT B 0.003| 9.80057| 186 34 19.4
R 000000000+ 001000 000
NN : : ' 0000 .000|  .000,—  .001| 3| 98.55765| 106 2-
RO A I . R A +.003| 25.55765] 106 24 4.1
NN |4 o oo 000 —  oss| & 001000
RN R I ol—  .032| + 001 .000] +  .035 —  .083| 11.84411| 223 13 50.8
NN — ol 000 + 040/ — 001 000 ‘ e
NP |7 Coosl ool 000 —  oral oo 000
Y 0 000/ — .01  .000i .000{—  .027 7 5
A . 000 000 7|+ 0.067)80.60119 143 38 44.
;V’LV“.’N - ’09.; + 88? 8%8 + 826 — 01T 002
N i 084 — 0000 — 2100 + 004, — 52 299! 31.64575
R Rl O 004000 527 +  1.200] 31.64875 6210 7.2
A w1000 000+ 001 000000
o bl B 00 + 002 00 000 — 003+ 0.004) 11.80021) 1225 6.2
P B 000 — .002]  .000]  .000 Al
NN ool 00 000 o .000[ 000
NN | = -0U 000l 000 £ 03— ool 000 To00m— 008 805578 8214 50.9
FA R J7 —_— ' _ ) )
NN/ |— 018000 000 041 — 001 000
NNIN | — 0l 000000} + o ok7 — 001000 — 049 +
| T S DA g 000 04 121[ 13.84575] 149 4 46.6
N | ooi oo oo ots | ooo| 000
PR 07 . : ! 000 .000 +  .038 — 39.60082| 68 5
nan F o am— oo o Q18 000 000 038 0.091| 32.60082| 68 54 31.3
B N'N - '19é I 88‘_3) -+ 88(‘) : (1)23) 4+ .025 + .003
Y 12 002 . 314 — 006 — .001 7 : 5 5
Y o0 oo o U — 008 — 0014 738 — 1,820/ 83.64389] 345 054.0
N 000 0001 000|400y 000 000
PR : : . 000, .000] .00 =515 55
lev}h j‘_ 8(])(1) 000 000] — o8 000 .008 .000| + 0.001]40.55152| 852 34 21.9
NP g 000 000 — 026 + 001 000
_N::j_\f.'; s e . . _— 030 +  .001 .000 ¢ 57 -
MV — 00y 000000+ 005 000 000 o0 07 25.857981 100 24 17.6
NN/ — 013000 000+ 07— 001 000
NN+ 00l 000 —  .011,  .000 .000| — 595 '
ivf\%;r -~ o+ S o B 000 018+ .030{42.59506| 29 14 2.3
) 005  .000 80| — .016) — .00
N,N“N. +  .080 001 | i R
080 — . 0000 —  .198) +
uE 004 .0000  —0.2 5 7
| jv'iVNV'/ R 108+ 004000 0.264] +  0.653| 45.63762| 308 20 25.0
; 000,  0.000] 0.000| — 0.001]  .000] 0.000




L (o} P - L ¢ P’ = = ] D
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N,/N,'N, 0.000 0.000| 0.000{ + 0.001}  0.000] 0.000 0.000 0.000| 41.21978| 156 21 18.5
NNN!|— .00t .000 000 + .002 .000 .000
M,’NM, —  .013 .000 .000f + 032 — . .001 .000
N/N/Ny|—  .015 .000 .000( + L0387 — .00t .000] — 029 + .069] 24.50624) 273 11 14.2
N, N/N;' | + .001 .000 .000 —  .003 .000 .000
NN N | + 019 .000 000 —  .046) + .001 .000
N/N/N, | — .00 .000 .000} + 014 .000 000 + .013| —  .034|43.26332 193 0 58.9
NN/N |+ .025 .000 .000| — 0621 + 001 .000 ‘
N/NN! | + .388 — .006 .000| — 9650+ .019] + .002
V’NN — .099| + 002 .000; + 245 —  .005| — .001} + .310| — .766| 44.30588; 112 7 31.6
N,N'N;, —  .091| + .00l .000| + 227 —  .004| — .001
N'NN/ | — 1120+ 002 .000} + 279 —  .006; — .001
NN’M, — 180 + .002 .000] + 824f — .007] — .001| —  .828 + 811 7.10987] 209 10 45.2
NNN- + 133 — .002 000 —  .330| + .007 + .001
NNN- + 168 — .003 .000| — 405 + .008| + .001
N’N,,N. —  0.048 + .001 000/ +  0.119} — .002 000 +  0.244) —  0.601 25.86G45| 129 0 30.9
Z\LNN— +  2.384| — .039| + .003] —  5.928) + .122| + .013 ' ‘
N/NN'|+ 8401 — .056] + .004f — 8.455 + .175 + .018
NM,N — 0.865 + 0.014] — .001| +  2.149] — 0.044] — .006| +  4.845| — 11.956/ 26.90901) 48 6 53.6
NNN. +  73.197] — 1.199| + .080| — 181.958| + 8.755 + .397 :
N,,’N..,N,’ +  84.960) — 1.392 + .093| — 211.199; + 4.3538] + .460
N/N/N. | — 21.599] + 0.854] —0.019] + 53.692] — 1.108] —0.117| + 134,475 — 831.720| 28.75255] 84 46 84.0
IV. INEQuALITIES ARISING FrOM H,e/? cos( V—Ba'). .
L c L (o4 r b ! 8 n
N3 +  0.039 0.000 | — 0.097 | + 0.002 0.000( + 0059 — 0.095 S 11035 | 326 44 3.9
N8 + 225.703 | — 2.760 | — 561.068 | + 9.290 | + 1.857 | + 222.943 | — 549.921 [ 11.25804 | 84 312.0
N3 — 694.800 | + 8.172 | +1727.175 | —27.494 | — 5.495 | — 686.628 | +1694.186 67 50927 | 203 32 26.1
NN 0.000 0.000 | -+ 0.001 0.000 0.000 0.000 | +  0.001 | 10.80155 | 304 T 37.1
NN | — 47 |+ 002 | + 366 | — 006 | — .001 ) — 45 [ + 359 | 12.88668 | 142 20 22.5
NN/ | — B11 )+ 004 | + T — 012 — 002 | — 307 |+ 761 | 50.40083 041 59 51.9
NN/ |+ 001 000 | — .002 000 000 | + 001 | —  .00212.80118 | 229 58 23.9
MNSE | + 2201 — 003 | — 0548 |+ .009|+ .002 | + 217 | —  0.537 | 14.88631 69 11 9.3
NN+ 468 | — 005 | — 1164 |+ 019+ .004 | + 463 [ —  1.141 | 52.40046 | 267 50 38.7
Ny Ny .000 000 |+ 0.001 .000 000 000 )+ 0.001 | 22.79542 | 190 17 54.9
N/ N2 — 1391+ 002 | + B45 | — 0061 — 001 — 137+ 338 | 24.88055 | 28 30 40.3
NJSNI2 | — 204 1+ 004 | + 31— 012 — 002 — 290 | + 1T 162.59470 1 228 10 0.7
AR -000 000 | — .001 .000 000 000 | — 001 | 23.463068 | 354 4 51.5
NSNS+ 172 — 002 | — 428 |+ 007 |+ 001 + 170 [ — 420 | 2554881 | 192 17 36.9
N N2+ 364 | — 004 — 906 |+ 014 |+ 003 + S00 | — 889 | 63.06296 | 3157 6.3
N/NS* L+ 0.005 000 | —  0.012 .000 0000+ 0,005 —  0.012] 6.06680 | 290 4 23.5
NJNg2 L+ 1508 — 018 | — 3748 |+ .062| + 012+ 1.490 3.67-L | 8.15194 112817 8.9
N/NIT P4+ 3189 — 038 7929 |+ 0128+ .026 |+ 3151 —  T.775 | 45.66609 | 327 56 38.3
N/NJ2 |+ BT6T4 | — 461 | — 93.653 | + 1.552 [+ 310+ 37.213 | — 91.791 | 10.19548 | 164 56 49.3
N/N2 |+ 79.694 | — 0.950 | — 198.099 | + 3.198 | + 0.639 | + 78.744 | — 194.262 | 47.70963 | 4 36 18.7
NSNS | +1432.374 | —17.064 | —3560.683 | +57.439 | +11.480 | +1415.310 | —3491.76.1 | 48.75219 | 283 42 41.4
NNy |+ 0.003 0.000 | —  0.008 0.000 0.000 | + 0.003| —  0.008 .)0())8 17251 5.8
NN | — 0 0.005 000 |+ 0.0]2 .000 000 | —  0.005 4+ 0.012 | 23.82291 | 92 20 50.5
NIENS L+ 2096 | — 026 | — 5211 |+ 087+ 017 |+ 2070 — 5107 9.15291 | 245 50 26.6
V”V/ —  3.048 |+ 0.037 | + 7 577 | — 0121 — 0,025 | — 3011+  7.431 | 27.90999 | 165 40 11.3
M,’ LV | — 984.G57 | +11.885 | +2447.720 | —40.007 | — T.996 | — 972.772 | +2399.717 20.99512 | 3 52 56.7
NINJN — 0001 |+ 0000 [+ 0. 009 0.000 0.000 [ —  0.00L |+ 0002 9.80057 | 186 34 19.4
V’V’V’ + .001 000 | — 002 .000 000% -+ 001 — 002 ] 28.55765 | 106 24 4.1
N2 \' N — 016 000 | + 041 ) — 001 000 — 016 | + 040 | 1184411 | 225 13 59.8
N’V’V’ + 024 000 | — 0,059 |+ .001]- .000]| + 024 | — 0058 | 30.60119 | 143 3 44.5
NN, V’ + A28 | — 005 | — 1065 |+ 017+ 004 + A23 | — 1044 1 31.64375 | 6210 T2
NINJN| + .001 000 | —  0.002 000 0001 -+ 001 | —  0.002 11 80021 | 11225 6.2
V’V,LV' — .001 000 | -+ .002 .000 000 | — 0014 + 00213055728 | 32 14 50.9
NININ A+ 0.024 0.000 | — 0.061 | + 0.001 0.000 | + 0.024| — 0.060 | 13.84375 | 149 4 46.6




(13)

L c v ¢ g z 2! s D
" " " [] " " " "
N/N/N) —  0.036 0.000 | + 0.089 | — 0.001 0000 | — 0.036 | +  0.088 | 32.60082 | 68 54 31.3
N/NJ/NJ| — 641+ .008 | + 1592 | — .026|— .005|— 633+  1.561|33.643390 | 348 0 54.0
N’N ’N’ — .001 .000 ¢ +  0.001 .000 000 —  .001 )+ 0.001 ) 2179444 | T2 44-37.2
N’N N’ + .001 000 | — .001 000 000 | + 001 f— - .001|40.55152 | 352 34 21.9
N’N,,’M,’ - 015 .000 | + 038 | — .001 000 — 015 | + 037 | 23.83798 | 109 24 17.6
V’N’N’ + 022 .000-|{ —  0.056 | + .001 000 | + 0221 — 055 | 42.59506 ‘79 14 2.3
V’N'N. + 404 — 005 | — 1.005 |+ .016| -+ .004 |+ B399 | —  .985 | 43.63762 | 308 20 25.0
N’V’N + 001 .000 | —  0.001 .000 000 | + 001 —  .001 | 22.46270 30 31 33.8
N’N /N’ — .001 000 | + 001 .000 000 | — . .001 )+ 001 | 41.21978 | 156 21 18.5
Nz/ND/Nu’ + 019 000 | — 048 |+ .001 000 | + 019 | — - 047 | 24.50624 | 273 11 14.2
NJNJ/NJ| — 028 000 [+ 0.069 | — .001 000 — 028+ 0.068|43.26332 | 193 0 58.9
VZ,'.\C,’I\. — 501+ 006 |+ 1.245 | — 020 — .004|— 495 |+  1.221|44.30588 | 112 7 31.6
NJ/N/NJ + 168 | — 002 | — 0417 |+ 007 |+ 001+ 166 | — . 0.409 1 7.10937 | 209 10 45.2
N’N’N’ — 0244+ .003 ]|+ 0607 | — .007|— .002}{— 0241+ _ 0.598 | 2586645 | 129 0 30.9
N:,u\c,uw — 4385+ 0.053 | + 10.901 | — 0178 | — .036 | — 4.332| + 10.687 | 26.90901 | 45 6 53.6
N/N/N/| — 109.540 | + 1.323 | + 272.301 | — 4.455 | — 0.890 | — 108.217 | + 266.956 | 28.75255 | 84 46 34.0

V. INEQUALITIES ARISING FROM JT ey cos( V—w—21').

L ¢ P L c z > 5 D
" " " 4 " L 14 " -3 [ [
A —0.002 0.000 0.000 | + 0.005 0.000 | —0.002 | + 0.005 | 8.54915 | 200 55 4.5
N, WE — .040 | + .001 000 | + 099 | — .004 | — 039 | + .095 | 9.59207 | 120 1 27.2
N 72 — .015 000 000 ) + 086 | — .002 | — .015 | + .034 | 28.34915 | 39 51 11.9
N W2 + .001 .000 000 | — .001 000 4+ .001 | — .001 | 57.54346 | 195 36 6.3
N, R — .002 000 000 | + .005 000 | — 002 | 4+ .005 | 59:54309 | 119 26 53.1
N — 012 .000 000 | + 031 | — .001 | — .012 | + .030 | 52.60871 | 179 32 52.5
N2 —0.388 | + 011 | — .002 | + 0.964 | — .039 | —C.379 | + 0.925 | 54.65225 | 216 12 32.9
N WA —8.088 | + .236 | — .035 | +20.107 | — .821 | —7.889 | +19.286 | 55.69482 | 135 18 55.6
N —2.993 | + 086 | — .012 | + T.439 | — .300 | —2.919 | + 7.139 | T4.45189 | 54 8 40.3
NWW, —0.004 .000 000 | + 0.008 000 | —0.004 | + 0.008 | 34.86934 | 63 49 21.2
N, — .001 000 000 | + .003 000 | — 001 | + 003 | 53.62642 | 343 39 5.9
NP + .004 .000 000 | — .010 000 | + 004 | — .010 | 36.35068 | 307 30 11.4
N W W + .001 .000 000 | — .002 000 | + .001 | — .002 | 55.10776 | 227 23 26.2
N WLV — 012 .000 000 | + 029 | — 001 | — 012 | + .028 | 12.64008 | 144 48 7.1
N W, W, — .004 .000 000 | + 011 000 | — 004 | + 011 | 31.39715 | 64 37 51.8
N, W,y 000 .000 000 |+ .001 000 000 |+ .001 | 2582790 | 359 30 54.5
N W, — .003 000 000 | + .008 000 | — 003 | + .008 | 48.87928 | 187 9 38.7
NP — 001 .000 000 |+ .003 000 | — 001 | + 003 | 67.63635 | 106 59 23.4
N, W, W, 000 000 000 | 4+ .001 .000 000 | + .001 | 6.33135 | 313 42 27.2
NI — 005 000 000 1+ 015 | — 001 | — 005 | + 014 | T7.37391 | 232 48 49.9
N WL W — .002 000 000 | + .006 000 | — 002 | + 006 | 2613099 | 152 38 34.6
N, W W, — 004 .000 000 | — .008 000 | — .004 | — .008 | 29.38272 | 141 21 11.4
N LW — 086 | + .002 000 | + 215 | — 009 | — 084 | + .206 | 30.42538 | 60 27 341
N W, — .032 | + .001 000 ) 4+ 080 | — 008 | — 031 | + 07T | 49.18235 | 340 16 18.8
N, W, — .002 .000 000 + 004 000 | — .002 | + .004 | 2955734 | 351 54 8.3
N, TP, —0.054 | + .001 000 | + 185 | — 006 | —0.053 | + 129 | 31.60088 | 28 33 48.7
N, W —1.134 | + .032 | — .006 | + 2.820 | — 117 | —1.108 | -+ 2.703 | 52.64345 | 507 30 11.4
N W —0.420 | +0.012 | —0.002 | + 1.042 | —0.043 | —0.410 | + 0.999 | 5140052 | 226 19 56.1

VI. IxvQuatrties ArisiNe wrroyx - Ie'y*cos(V—a'—27").

L C L c P! 3 x! S D
" " " " ” 7 1 o T P
N/ T2 + 0.003 0.000 | — 0.008 0.000 0.000 | + 0,003 | — 0.008 | 854951 | 200°55 4%
NS WE + 060 | — .001 | — 150 | + .005 000 |+ 059 | — 145 | 959207 | 120 1 27.2
NHE — 088 | + 002 | + 218 | — .006 000 | — 086 | + 212 | 28.34915 | 39 51 11.9
N2 — .003 000 |+ .007 000 000 | — 003 | + 007 57.34345 | 193 36 6.1
N/W? +  .004 000 | — 010 .000 000 |+ 004 | — .010 | 59.34309 | 119 26 52:9
N,/ W2 — 0.003 0.000 | -+ 0.006 0.000 0.000 | — 0.003 | + 0.006 { 69.33733 | 79 46 23.9
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L c z o P! s s s »

I3 7 7 7 7 7 ) P
NJWE |+ 0003 | 0.000 | — 0:008 | 0.000 | 0.000 | + 0.003 | — 0.008 | 70.00559 | 243 33 20.5
N + 027 | — .001°| — 0.068 | + .002 000 | + .026 | — 0.066 | 52.60871 | 179 32 52.5
NFE | 4+ 0682 | — 017 | - 1.694 | + 049 | + .002 | + 0.665 | — 1.643 | 5465225 | 216 12 32.9
N +12.248 | — .304 | —30.446 | +0.880 | + 083 | +11.944 | —29.533 | 55.60482 | 135 18 55.6
N2 _17.825 | + 436 | +44.311 | —1.263 | — 047 | —17.389 | +43.001 | 7445189 | 54 S 40.3
NYWW, |+ 0.005 000 | — 0.012 |  0.000 000 | + 0.005 | — 0.012 | 34.86934 | 63 49 21.2
NOwW, | — .008 000 | + 018 1000 000 | — 008 | + 018 | 53.62642 | 343 39 5.9
NwR, | —- 006 000 | + 016 1000 000 | — .006 | + .016 | 36.35068 | 30T 33 41.5
N, |+ .009 000 | — .023 | + .001 000 | + 009 | — .023 | 55.10776 | 227 23 26.2
N'wLw |+ .018 000 | — .04d | + .001 000 | 4+ 018 | — 013 | 12.64008 | 144 48 7.1
N | — 0% | + 001 | + .065 | — .002 000 | — .025 | + .063 | 31.39715 | 64 37 5L.8
Nww, 1000 000 | — 001 .000 000 000 | — 001 | 25.82790 | 359 30 54.5
N w, 1000 000 | + 001 000 | .000 000 | + .001 | 4455498 | 279 20 39.2
N W W, 1000 000 | — 001 1000 1000 0.00 |'— .001 | 47.83671 | 268 3 16.0
N |+ 005 000 | — .012 000 000 | + 005 | — .012 | 48.87928 | 187 9 38.7
N, | — 007 000 | + 018 1000 000 | — .007 | + .018 | 67.63635 | 106 59 234
N, |+ .00t 000 | — 001 000 000 | + 001 | — 001 | 6.33135 | 313 42 27.2
NUWLW, | 4+ .008 000 | — 023 | + .001 000 | + 008 | — 022 | 7.37391 | 232 48 49.9
NWF, | — 014 000 | + 033 | — .001 000 | — 014 | + 032 | 2613099 | 152 38 346
N |+ 007 000 | — 014 1000 000 | + 007 | — 011 | 29.3827% | 141 21 11.4
NI | 4+ 181 | — 003 | — 8326 | + .010 000 | + 128 | — 316 | 3042538 | 60 27 341
NI | — 190 | + 005 | + 4T3 | — 014 | — 001 | — 185 | + 458 | 49.18235 | 340 16 18.8
Nowrn |+ 004 000 | — 010 000 000 | + 004 | — 010 | 2955731 | 351 54 8.3
NOrIE |+ 0,096 | — 003 | — 0.238 | + 007 000 | + 0.093 | — 0.231 | 31.60088 | 28 33 48.7
N | 1717 | — 043 | — 4270 | + 125 | + 005 | + 1674 | — L7110 | 3264345 | 507 30 11.4
M | — 2498 | +0.062 | + 6210 | —0.180 | —0.007 | — 2436 | + 6.023 | 5140052 | 226 19 56.1
VI Ixpguanrrres ArtsiNe werost Forsuna (VI VIIL INBQUALITIES .;\R.TSTNG rroy Foratona (VIII).

Q Q' 8 D Q Q' s D
it " o] " " n o i
NILIF, | —0.001 | +0.003 | —22.93326 | 355 37 309 | NALIG | +0.002 | —0.004 | 2993526 | 555 57 30.9
NIV, 000 |+ 001 | — £17618 | 275 24 18.6 | ML | — 002 | + 006 | — 117618 | 275 24 18.6
NI | — 002 i 004 _d)lqﬁi 108 ]zjl T];.(; 4}1%‘ I 0| — .()mg _.»,10,1;.; 108 21 26.6
NarIr |2 001 | 4+ 002 | — 630434 | 27 11 413 | NALIL | — 004 | 4 009 | — 6.30431] 27 11 41.3
N 000 | + 001 | 2515142 [ 108 21 56.6 | XL |+ 003 | — 001 | —25.15142 | 108 21 56.6
NI, 000 + 001 | —49.24536 | 136 497 | NAL | — 001 | 4+ 002 | — 639431 27 11 41.3
NALW | = 005 | + 012 | —48.20280 | 280 43 124 | N/ILTI 000 | — 001 | —49.24536 | 1 36 49.7
Narws | —0.002 | £0.004 | —29.44572 [ 200 82 571 | N/, | 4+ 007 | — 017 | —48.20280 | 280 43 12.4
R NOALIE | —0.010 | 40,025 | —20.44572 | 200 32 57.1

IX. SU:\[)\[ATTON OF PRECEDING I.\'EQUALTTIES.

b by [ D 3 ol [ n
" 13 Q 1 " I " " bl ' f
R 1175357 -4-2900.043| +67.50027 [ 203 32 26.1 | 72X, I— 0385+ 0.960] +27.90999 | 165 40 11.3
NN £ 461751 —1146.607| 4875219 |283 42 414 | oA |—  0.379-F  0.937  62.30470 |298 10 9.7
Nev o |_ 53888+ 132,952  29.99512 | 352567 | N 4+ 0.286—  0.F1S| 5465225 | 216 12 32.9
Nt I+ 57889 03451 4770963 | 436187 | NAE |+ 027~  0.675  52.40016 | 267 50 88.7
VI 20808+ 50140 7445189 | 54 S40.3 | NI — 02164+  0.535  49.18235 | 340 16 18.8
NNN — 9o5il+ 22830 98.75225 | SL463L0[ NN T 01474+ 0.364] 5040083 | 341 59 51.9
MO+ 4055— 10247 55.69482 13518 55.6 [ NN, — 01284+ 0.315 4430588 112 T 81.6
MO — 2846+ 7.0220 5140052 122619 561 | M = 0401+ 0.246] 2834915 | 39 51119
NP TlE Sotd—  p1s|  45.66609 327 56 38.3 | NV, |+ 0.099—  0.244|  43.63762 | 308 20 25.0
Mo+ lersi— 5142 1123804 | 84 3120 | NN, |—  0.068-+ 0166 33.64339 (348 0 5.0
NOFI I+ 0.566i— 1437  32.64345 | 307 80 114 [ NI I [+ 0.044/—  0.110) 3042538 | 60 27 341
NN, = 0523+ 1.283] 26.90901 | 48 653.6 | NN, |- 0044+ 0112 2586615 [120 0 30.9
NNE T+ 0489—  1.208| 63.06295 | 3157 6.3 | N,U,10 |+ 0.040— 0102 3160088 | 28 33 48.7
NN |+ 0419—  1.027] +1019548 | 164 56 49.3 | N2V, |+ 0.036/—  0.088] + 915291 | 245 50 26.6




bt by $ D = = s D
Pl . " n ] n " " [ o [
NN, +0.035 | —0.089.| +31.64375| 62 10 7.2 NNN +0.002 | +0.001 | +11.84411 | 223 13’59.8
N WL —0.029 | +0.074 31.39715 | 64 37 51.8| NN, +0.002 | —0.002 13.84375 | 149 4 46.6
MN"E +0.023 | —0.068 8.15194 | 128 17 8.9 NV, +0.002 | —0.004 24.50624 [ 273 11 14.2
N, 4+0.020 | —0.050 9.59207 [ 120 1272 N W2 +0.002 | —0.005 59.54309 1119 26 53.1
N, W IV —0.016 | +0.038 26.13099 | 152 38 34.6 | N W, W, +0.002 | —0.004 48.87928 | 187 9 38.7
N WE +0.014 | —0.036 | +52.60871 | .79 32 525} N, W, +0.002 | —0.006 29.55734 | 351 54 8.3
N MW, —0.012 | +0.029 | —29.44572 | 200 32 57.1 NN? +0.002 | —0.011 | +14.88631 | 6911 9.3
Z\TJ‘V’x ”;. +0.010 | —0.025 | +55.10776 | 227 23 26.2 N.,M w; —0.002 | +0.007 | — 417618 | 275 24 18.6
N.;N,,N}l —0.010 } +0.026 43.263832 1193 0589 NN? —0.002 | +0.008 | +12.886G68 | 142 20 22.5
N.WIW. —0.009 | 40,021 53.62642 | 343 39 59| NW? —0.002 | +0.006 57.34546 ]‘)" 36 6.3
N’; W, ‘N”., —0.008 | +0.021 67.63635 | 106 59 23.4 | N, IV . —0.002 | +0.006 36.35069 | 307 33 41.5
NN} 4-0.007 | —0.019 25.54881 1192 17 36.9 | NN —0.002 0.000 11.80021 J_l" 25 6.2
M.N',:}\, +0.007 | —0.021 42.59506 1 2914 2.3 JV,T,M._"’ +0.001 | +0.001 2346368 | 854 4 51.5
NG +0.006 | —0.015 12.64008 | 144 48 7.1 NV? +0.001 0.000 2279542 1190 17 54.9
N2 “A- —0.0()g +0.015 +32.60082 1 68 54 31.3 N;”LV“ +0.001 0.0()O 5065831172 31 5.8
NALY, —0,005 | +0.018 | — 6.39434 | 2711 4.3] NNN +0.001 0.000 30.55728 | 32 14 50.9
N, N2 —0.005 | +0.015 | +24.88055 ] 28 30 40.31 NNV, +0.001 0.000 40.55152 | 352 84 21.9
NNV, —0.005 | +0.013 80.60119 | 148 34457 NP2 +0.001 | —0.003 8.54951 1 200 55 4.5
N,N.N, —0.005 | +0.010 l 10‘)37 r’(D‘) 10 4521 N,V,N, +0.001 | —0.001 22,_4-6270 236 31 33.8
N +0.003 | —0.008 373911 23248 499 N, W, +0.001 | —0.004 34.8695L | 63 49 21.2
N, R 40,003 | —0,008 4().00 559 333205 N, W, +0.001 0.000 G.33155 | 313 42 27.2
N, W, W +0 003 | —0.006 29.38272 1L1 21114} NN? +0.001 | -—0.001 12.80118 | 229 58 25.9
N, W2 —0.003 | +0.006 | +69.33733 | 7946 23.9] NNV, —0.001 | +0.001 95.8379S8 1109 24 17.6
NIV, +0.002 | —0.005 —-4[8."0"60 280 43 124 | N2V, —0.001 | +0.003 23.82201 1 92 20 50.5
N LTV, +0.()()2 -_0.(;)(_).‘-} — 2515142 1(?8 21 5(_5.6 NoVLV, —0.001 | —0.001 2'1‘.’!'944.441; T2 »J»-l a7.2
A 40,0021 —0.002 ] 4+ 811035 [ 326 44 3.9 NNV, —0.001 [ +0.001 | +41.2197S 1 156 21 18.5

§1 = 1160736 sin( F/+270°12/197.9). 81! = —2862".14 sin( V' +270° 117547.8). V1= 1599"77167¢

Epoch 1850.

A and A"

11 A Al t A Al ¢ A A

" " " " " n
—2500 —102.68 +243.25 —50 —-1.00 +2.46 + 60 — 071 +  1.75
—2000 — 80.45 +198.41 -0 —0.69 +1.70 + 70 — 1.03 +  2.55
—1500 + 5145 —126.06 —30 —0.43 +1.08 + 80 — 1.40 + 546
—1000 — 25.80 + 63.43 —20 —0.25 +0.57 + 90 — 1.82 + 448
— 500 +  7.80 - 18.99 —10 —0.07 +0.17 + 100 — 2.27 4+ 5.62
— 100 — 318 + 7.86 +10 +0.01 —0.02 + 500 + 3.88 — 9.58
— 90 —  2.68 +  6.60 +20 0.00 0.00 -+ 1000 —19.0:4 + 46.98
— 80 — 2.2 + 542 +30 —0.08 +0.22 41500 +41.62 —102.68
— 70 — 176 + 433 +-10 —0.24 +0.59 + 2000 +73.05 —1801.35
— 60 — 1.35 S e e 1 + 50 —0.44 +1.10 + 2500 +98.21 —242.81

Leander MeCornicl Observatory, University of Firginia, 1893 May 1.




