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THE STRAIGHT LINE

The position of a point in space 1s usually
determined by three numbers, which give the distances
of the point from three mutually perpendicular coordinate
planes, However, 1t 1s possible to determine the position
of a point by two numbers, one real, and one complex.
For instance, the combination of any real and any complex
number, as (a,b+ ic), determines a unique point in space,

which can be found as follows:

iy 5

'(_
" X
e
2 F?é./.

‘I

Draw three mutually perpendicular coordinate axes, and call
them, for convenience, the x, y, and iy axes, as in Fig, 1,
Now from O measure off a distance (a) along the x-axis.
This distance 1s represented in the figure by OM. From

M measure off a distance (b) in direction parallel to

the y-axls. This puts us at point L, From L measure off

a distance (c) in a direction parallel to the iy-axis,

This traces out the line segment LP. Now P is the point
(a,b+1ic). In what follows we shall call (a) the abscissa
of the point P, and (b+ic) the ordinate of the point P,

An equation in which the abscissas and ordinates, just
defined, are the variables, will represent a locus of point s

in this system, In all such equations we shall represent




B




the variable abscissas by the small letter x, and the
variable ordinates by the capital letter Y. In these

equations, x, of course, must be real, but Y may be complex.

If we have, glven, two points in space, (a,b+ ic) and
(a,b, +1qg), the distance between the points is at once,
from an examination of Fig. 2, seen to be

Via—a)=4 (¢ -¢)=*c.- <1

“‘"/ (r,n'._,)

Cf—-C

a,-a

A .rri.
N 4 [/v.’v

/ Rz =4,
F //;7
rs—

If we let 1 be any line 'n space, and if we tak
any two points on 1, P, and P,, and let the coordinates
of P, be (a,b,¢+1ic), and the coordinates of P. be §,b.+1ig),
then from Fig. 3, 1t 1s seen that the three quantities
c.-C, b,-b, 8,-a, are in constant ratio, no matter what
points on the line are chosen as P, and P,. But if c,-c,

b,-b, and a,-a, are in constant ratio, we can say that







&‘_é,fi,(éz-—‘-') = K

fr-9, o

where K 1s some, constant, complex number. Therefore

(b4 ic)-tiric) i
a.-a, =
Therefore the ratio of the difference between the ordinates,
and the difference between the abscissas, is a constant for
any two points on a line whatever. We will call this
constant ratio the slope of the line.
If now, in Fig. 3, we take another line, parallel
to 1, we can translate 1 until it is coincident with the
new line. But the quantities c,-c, b, -b, and a, -g, will
not be changed in the translation. Therefore

Ltit)-(btia)

Q- «,

becomes the slope of the new line, But this is also the
slope of 1. Therefore we may conclide that the slopes of

any two parallel 1lines are the same.

Koy Y2/ '

T







Given two points in space, the equation of the line
Joining these two points may be derived as follows. Let
(x,,Y,) and (x, ,Y;) be the given points, and let (x,Y) be
a running point on the line. In Fig, 4, from a consideration

of similar triangles, 1t 1s evident that

é‘:_ LS - x:.",(/___
MN T LM X- X
TR _ LS . Xa-Xo
also NP~ L x- »
X2~ Xe
= A —22
Therefore Si="M X-— &
. Guimhal, Ay
and TR« :NPX>X4
) L KA,
Adding STITRE= (MN+NPL) g,

But S7+ Ac= iy, . and MN+NP( = /-)’,
Ae A’,___
Therefore Y- Y= (Y- Y.) X- X,

This i1s the two point form of the equation of the straight
line.

Equation () can be thrown into the form
Yx')"
Y-Y= =i ts-1)

But.‘%ié% has been defined as the slope of the line.
Therefore the equation of the line through the point (x,,Y,),

which has the slope m, 1is







Y-, = m(x-K) | &

This 1s the point-slope form of the equation of the
straight line.

If the line @ happens to go through the origin,
the point (0,0) can be taken as the reference point, and

the equatlion becomes

y:}v\X . @

If & does not go through the origin, it willcut
the coordinate plane, x =0, at some point, (O0,b). If we

use this as the reference point, (@ takes the form

Y- mxtl @

If we define the Y~intercept of a line to be the ordinate
of the point in which the line cuts the plane, x =0, then
b 1s the Y-intercept of line @D , and @D 1s the equation

of the line in the slope-intercept form.

To find the angle between two lines whose slopes
are (a+ ib) and (c +1d).

For convenlence let the two lines go through the
origin., Then they will cut the plane, x =1, in the points
(1,a+ 1b) and (1,c+ 1d) respectively. These are the points
Pand P, of Fig. 5.







The cosines of the angles between OP, and the three
coordinate axes are

1 c A

38 2 0P J op respectively.

Let & be the angle between the two lines. Now the
projection of OP on OP, is equal to the sum of the
projections of the lines marked 1, a, and b, in the

figure. Therefore

1, oac , bd
OF Cs= 6 - S OP," P,
5 1tac+ (A _
Cod = — Sy
A=
But OP=Viva~+ i~ p and 0P = U1+ c-+d-
/+4c ¢ 40(__
Therefore Cro O

Gtars it d)

The lines will be at right angles to each other if

ac+ bd= -1, If the slopes of the two lines be negative

reciprocals, that is, if the slopes be

— 1!

a+ ¢ (; and i







on writing the second slope in the form
—a+i b
ar+ 6
we find the angles between the two lines to be given by

-
“ ‘=
/'— “Lfb".tal—f[,‘"

oo 6 =

f(._+ 2%+ Vi‘/( (#5 ‘1,7,)

The lines will be at right angles, therefore, only in

case b=0; that is, in case the slopes are real. The test
for perpendicularity, used in plane geometry, falls down
in the general case, when the slopes are complex, and is
valid in this system only in the special case, when the

slopes are real,

To find the condition that two straight lines may
intersect,

Given the two straight lines
>/:‘ m:xf‘(l’,

}/= my X oo
Unless m,= m, these equations can always be solved for x.

Solving, we get
l.fl é"
m, -

Since b,, b,, m,, and m, are all complex,

_6" LLv—F

g, - ™.

will, in general, be complex. But if the two lines are
to intersect, they must intersect at some point, the
abscissa of which is real. Therefore if Y=m,x+ b, and
Y=m,X + Db, are to intersect,

e

P Sty S must be real.
M, - M,







We shall now determine whether this condition
corresponds to the condition for intersection given in

ordinary solid geometry.

Consider the two straight lines, whose equations,

when written in the ordinary form, are

X-d _ 9-FA_  2-0 £-4_ y-L _ z-¢
e x='w 5
y= A+ z (x-o) g - L*AE“ @)

v
2= ¥+ g("‘l) Z2 > L'&X(‘ )

In the complex form, (Y =y +1z), these equations become

/ wm f (Y d S - ¥%
y: =Y 3 = ('.‘“'f"‘(y 75

7 QA a?
el RN

X= .
{; = M,L-l l
| 4 [
/‘\+Lu |
| =7 & I
g — A L+ ¢ Y am {
(& | | <
f a A ay
" - - A ‘( (o A {
X = n |
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both numerator and denominator by

Multiplying
A I} =L LA |
8= 12 [ { € |
" _U
}“X LB X ‘/ )
we get
of2 o x p- = '/+°/‘3’ TR '/
o * 2t R gl I(r‘“{“ . S festal

where S, and S, are some, real numbers. If x is to be

real, the coefficient of i1 in the above expression must

be equal to zero. Hence
“ ' x JL"{W £ + ;—4 J A (Y““ ( =0
| € /
": —
lir, ,/AAF Al”"li,\Lqu A
Expanding,

‘ ' o i
(g-f)(au-wx A apl ) +(5-2)(rA-anA-Aclravi)=0
nAA- xtﬂf_néx+aﬂ&_yﬁ£+qw1/+£(u-QGQ{ ty p—amp

.c,tf‘l‘d‘/(-ﬂ—r/\x«; « JM"‘A:.M—MaU:o

= &l 1 0= 2p) 406 ~() (9 A- (u) +(r~ 9 £pu~1d) -0
| &~ 4 p- b y~<«| -~ o

A

f /2
[ A M v |
This is the ordinary condition of solid geometry that two

straight lines may intersect.
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THE PLANE

The equation x =k represents a plane perpendicular
to the x-axls and at a distance k from the origin., An
equation in the form Y=Tf(x), where x 1s the only variable
present in the function f(x), cannot represent a plane, or
a surface of any kind, for this equation gives only a
finite number of values of Y for every assigned value of x,
That 1s, geometrically, a plane x= k cuts the locus Y= f(x)
in only a finite number of polnts, and since a plane would,
in general, cut a surface in an infinite number of points,
Y =f(x) cannot be a surface, If however we have an equation
involving a variable parameter t , which shall always be
real, the equation of our locus takes the form Y=g(x,t),
and we have an infinite number of values of Y for every
assigned value of x, The locus in this case will, in
general, be a surface,

The plane can best be studled by considering the
family of straight lines Y=m(t)x 4b(t), where m(t) and
b(t) are such functions of t that all the lines of the

family lie in a plane,

To find the equation of the plane determined by
three points, (x,,Y), (Xz,Yﬁ), (x4,Y5)
The line joining (x,,Y,), and (x,,Y.) 1is

py°x X, ®

%_y‘— X,—XL

This line has for 1its slope,

Yo-Yo

e

X = A







The plane to be determined can be thought of as a family
of lines each of which 1is parallel to @ and cuts the

line joining (x,,Y,), and (x,;,Y;). That is

Y)'t=l_y" X'xt), @

where x._- | Ke ~X: 5 @
x A X~ Xz

Now we can let X¢ be our variable parameter; then
eliminating X between @ and @ we get

y- 7%(» Xo) '+ ,;;)% (x-x) +).

or putting €= Xo ,

y- Lt (oo B R (e + ) ®
Xo —Xa
We can check our result in this case, for i1f this be the
desired plane @ should be satisfied for each of the three
points, (x,,¥,), (x,,Y,), (x,,Y,). That is if we put in
these values of x and Y, there should be some real value
of t for which @ is identically satisfied.

Solving @& for t,

Z-‘y"_ x"_"‘_.
y,—y* Y‘)(: SR - X._x,\x.;

)’,—)’A . Y'_',__y_i @
{ - K -X3







forX=7‘r})/ X)

Y-y .-V,
Y ~Y+X ( xx x. jr?)
t —— = XI )
Y-Yo YN

X. *X._~ X -¥y

which is real. For x-= l(;_) )/_ ),
=k/ia "

z y:- —X yl&_

t = )I'—_YL+Ak )‘lr:l‘a— A3
= ) y"y’
y*, yx: X, X3
A
('~ #é“iﬁ)_( X\_}IL)-X_'( x. %)
F yl“ll_.___ ZI- z_
P £ X, =Ry
Y- Y- o
= x' ‘,K x_'__ Ko ‘)/_1 _,_.:A’ )
Yo=Y Y- )s
X, X~ Y. X3

which 1s real, Observe that t has the same value for
(x,,Y,) that it had for (x,,Y,), which 1s what we might
expect since the same line of the famlly goes through

both (x,,Y.) and (x,,Y,). For X=Xz, V=), ,

o Yo (la i et
Yo-Ye _ YooYs
X~ Xv X. X3

y.-r Y =Ys
M T = A K=

which is real. Therefore () is satisfied for each of the

three points.
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To find the plane determined by two intersecting
straight lines.

Given the two straight lines in space

)/c m, x+ by ©
such that L
}u,-ﬁ7: is real. ‘?

Consider the family of lines that go through some point

of C) , say (0,b) and always intersects C).

%:mmx+ b @

This is satisfied for (O,b). Now it is left for us to
choose m(t) such a function of t that _@ and G? will
intersect for all values of t.

Y- mesx+t,

y i X + r— .

These will cut each other if

f
b > _ i real.
MWLy~ 22
This condition is satisfied /for' m(t) =(b, ~b,)t+m , .

Hence the plane determined by ¢) and (7 1is
Y- (- C)ex 4rmuxsln @

Again we can check our result, for if (1® be the desired

plane, the equation should be satisfied for every point

on ® and () . Therefore putting in Y=m,x+b,, we get
M X+0,= (6 - Ce) 6 x 43, X ¢

e, —




ey ;
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which 1s real because of condition C). Here we notice
that all points on are satisfied for the same valueof
t, which is what we might expect since @Q is a member of
the family. For Y=m,x+ b,, we get,

M X+ (ro '(Lry ‘;_)t/\"f‘wlrl*vl

t - x
which 1s real. 1In this case there is a different value of
t for each point on the ling since (2 1s not a member of

the family.

To find the equation of the straight line which is
the intersection of two given planes.

Let Y- H(x,t) and Y-G(x,t) be the equations of two
given planes, t being the same parameter in both cases,
Cutting the two planes by a third plane x =k, we get in
the plane x =k two straight lines, Y =H(k,t) and Y=G(k,t).
The elimination of t between these two equations gives a
value of Y, which together with x =k, determines the common
point of the two lines., If now we put in for k the
variable, x, we get the locus of the common points of
Y=H(x,t) and Y =G(x,t), or the line common to the two
planes. Therefore the line of intersection of two given
planes, where the same parameter 1s used for each plane,
is determined by eliminating the parameter between the
equations of the planes, See Fig. 8. page 34.

It will be of interest to apply this method in two
cases where the results are already known. Consider the

two planes







Y ¥ -
X'\"'( x t) % i. Z_‘ (t K( -t y’ ) !7,\

&
Eliminating t,
i Y. Ys Y. Y -V
X ‘)/‘f'}( ¢ =N x’ x""’l__ B V y+’ X, - x: X‘ 5{
Xo— X X K> X, Ay X, Ay

Simplifying,

YI. - (] £} < ) 3
(4D = X ) x A Gt 428 ) - w4 1)

-~ X 1_!-‘-’(] A5 7:“73) l)j )‘3( Yo Yi)a \ _ -~

Yo-Xo o X -Xg R A
T L Ot e ,~V_  ~ Yy =/ L
Y- /)(}772 xxe) HX- %) % A )= e

)’»y_,__ A=)
/‘/"ys L
But since () and are the planes determined by (x, ,Y,),
(x;,¥3), (x,,Y,), and (x,,Y,), (x,,Y.), (x,,Ys) we know
that & is the line of intersection.

Again, consider the two planes

Y—; /6—, (,..)tX+MJ—)HL, ) G
y-(ts

l..)tx 1204 (s
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Eliminating t,

—)1 k“5{:-£l_ = HY X s
e =1 4 L L. )

Clearing of fractions,
(Y- ot s L) bl s b bs =1t
LY“‘”“X;"7lW ) = o

}’r A, X + Uy

which we know to be the line determined by & and
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CURVES IN SPACE
The equation Y =f(x), where f(x) is a complex
function, and x a real variable, picks out a point in
space for each value of x. Therefore if f(x) is a
continuous function, Y =f(x) represents a continuous

curve 1in space.

To find the equation in the form Y=f(x) of the

curve whose equations in ordinary coordinates are
x- fw, 4 e, z=¢©. ©

We can from the first of these equaticns express t as a
function of x, t= 4 (x). Then the equation of the

curve can be put in the form
) ey

But these two equations, for any value of x, say x=X,,
simply pick out a point in the plane x -x,. This point

can be determined equally well in complex coordinates by
Y= X o) + ¢ VIt wy

If now we replace x, by x, we plck out a point for every
value of x, and get the required curve in space.

Therefore the equations

Y: /\,( 1 ,w) £ C 9’(‘/*51),

and A=ty J ANy e Vtt/,

represent the same curve,
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Given the equation of the helix in the ordinary form
X‘-Vtuad, ? VYeoot , 2z _ paon €
To find its equation in the form Y = f(x)
f\ X
T v
X

?: veor /;‘

.
2=V+ vy
X . X
= — + L 2 e
}/ V/ L7 V oms

X

VR

Putting raL:’:~ we find the general equation of the helix
€ A
V=&

It can readily be shown,

to be

that in ordinary geometry,
if we have a plane curve

@), and i1f we roll the plane
of the curve into the cone y+z*+ x*tana =0, the equation

of the resulting space curve will be
/w:f doo A
Y = smd 96 csea)
f)“‘”‘d 4&4(9 oL)
If

we consider the plane curve |-ké6 , we get

£ K6 cvraa
Y - Koo 2 (0 iy

Ko it —(Orch)

Throwing this into the complex form by the method
outlined above,







K (s d
- X
XCA«a(

Korvad c02 4

X

= X Caen & 31an km..(m-q

{ X X
= (e ] C Jaen = Coen
y = ( 2 KAl o & + ™ % ,ﬁﬂj‘/ X 4

(xrk
o K i crryg p 3
)(>& /*L"‘”"( . @/
Compare this with equation é?, page 28,
Likewlse, in the general case, where the plane curve takes
the form $((7,

X= f o
7 [ d Lrﬂ(#U/a4cd)

2z pfP e Jw(wf(f)u&d)

x I

| = @4
¥ i x"}
A 7 o T lcevd
g = x L ( =
==l
ZﬂrMO(P“M(J_Md—."

Hence, in the complex form,

« et Bl
y("" AR N R e A

s
i 22V,

Y- @ =+ ;

Compare this with equation @3, page 29.
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Let us consider the space curve that when written

in the ordinary form is

X=9¢, 9-Xw, z-¢w . @

The tangent to this curve at any point, (x,,y,,2,), is

X- %o gy 7"_ = genmael
¢ t.) X ko ¥ (L.,
X (tor
= Jio, ’ X X
or ’ ; = L//(ta) ( )
y ey ,
z Zo # (f/(t’. ( l x‘/

In the complex form

)/ Xte) . ¥ .
[ = St KXo ) + Yot Xe
. ¥ “J}( 4

But y,+12,-¥Y,. Therefore & becomes

Yo, <R

( Py ) (x-%o) 2

And (3' 1s the complex form of the tangent to @ at

(Xos¥o 525)
If we throw () immediately into the complex

form,

/V: Ke+ ¢ V/‘tf (&)
X= ¢ )
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From éf ’
' 4 Ae
j; X ¢ W“:l) dx
At !
But AX W’(q
’ /
jl X))+ ¥ isy
Therefore / - &
A KNs ?/ (‘o} ' C
But the right hand member of (© 1s the coefficlent of
(x-x,) in & . Therefore equation & can be written in

the form

ydty el s ol

Hence we can say the equation of the tangent to any

curve in space, Y- f(x), at (x,,Y,) 1s

Y- 7. "féﬁo/(x— X)
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We have seen that the equation of a plane must
contain a variable parameter, It is equally true, and
for the same reasons, that the equation of any surface
must contaln a variable parameter. It is also true that,
since the parameter 1s an arbitrary one, the equation of

the same surface may take an infinite number of forms.

To find the equation of the surface of revolution

about the x-axis,

i, ‘
lk,0/ \

{ik9

If we have a curve, y=f(x), in the xoy plane, and
we revolve that curve around the x-axis, we get e surface,
which, if cut by the plane x =k, will give a circular
section. Moreover the radius of this circle is f(k).

Now the equation of this circle in the x =k plane 1is

Y;{mc+c g t) f(k),

But the locus of all these circles is the required surface,

hence, putting in for k the running coordinate x we get
Y:(an+C»w-t)gm

as the equation of the surface of revolution of the plane
curve, y=f(x), about the x-axis, This equation can be

thrown into the simplified form
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y:@(tfm ' Q

The equation of this surface in the ordinary system 1is

5/2;; ff;?f’- } *x

By making use of equation  we can write down
the equations of several well known surfaces of revolutilon.
1. The cone whose axils 1s the x-axls and whose

generator 1s y- xtan < 1s
y- € ple @
In ordinary coordinates the equation of this cone 1is
yrt et —x bt =2
2. The spherold generated by revolving the ellipse

x/a"+y7/b -1 around the x-axis.
J bl
Hence from @ ,
Y-6c U5

In ordinary coordinates the equation of this surface is

L

x/a“py/b+2/b =1. See Fig. 9. page 34.
3. The sphere of radius a, center at the origin.
Xty a

Ry
Hence from @ ,
ot = o
y-e Ut
In ordinary coordinates the equation of the sphere 1s

X3y +2= a.
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We can get the above equations in the complex form
from the equation in the ordinary form in the following

manner,

1. v+ 2+ Xtan« = 0, )

Introduce an arbitrary convenient parameter, say

t-be ' 2

From @
ZL’ yl—-&g‘;t , 7

s

%

¢

Introducing these values in ®
y"(/ tlawt )= X" lanry
3"(,4 I/Z@-—«'lﬁ): )(LL‘MLp(

L; X»[“"xl’f u = X (L/LA-\ ;(';%4 C

Je= )(L[‘»r:’(
.

VA
e

Compare this equation with above.

2. Consider the spheroid x¥/a‘*+y/b+z/b =1,
- ey
e (v )

Introduce Tkl

Ny

Eliminating first y and then 2z,
B (22 1= Kr,

?: cr2C. (rl/--ﬁz:.-_
}/:(mf-oiaw;ﬁt/ﬁﬁ,—- "/f..

y- e LU

ar, Compare with (%) above.
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We can now give the following general rule.

Given the equation of a surface in the ordinary
form, F(x,y,2z)=0, to write the equation of the same surface
in the complex form, G(x,Y,t) =O.

Impose some arbitrary convenient relation between
z, ¥, and t, say P(z,y,t) =0, Now eliminate first y and
then z between F and P, and we get the equation in the

parametric foru,
g & (x6) \
Z= V(K)f)j
Then the equation of the surface in the complex form is
y,- *f()(,ﬁ)+ & ({/1x,t) _ @_‘

It can readily be shown that F(x,y,z) =0 and

Y=§’(x,t)+ i¢ (x,t) represent the same surface, for
Y = ¥(x, ¢)
f: V(Klt) @

are simply the parametric equations of the surface F(x,y,z)=0.

Now consider the curve of section of ( by the plane x =k,

7‘ ‘(/(‘l‘/t)
L. ylke)

This curve can be represented in complex coordinates by
W= qj(k,t)f-qu(k,t). By putting x in place of k we get
the locus of the intersection of the surface with all

the planes x - k., Therefore C) and C) represent the same

surface.
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We have seen that the tangent to the curve Y =f(x),

at the point (x.,,Y.), is

Y= f(lx.)(zv X.) f(x,,}

If in the above equation we let x, be a variable parameter,
we get all the tangents to the curve Y-=f(x)., In other

words, 1if we let x=t, we get

y"f’f‘—//z!ff-)itifﬂ;)/

which is the surface of tangents to Y =f(x).

We know that Y -mx +b represents a straight line.
If we replace m and b by functions of t, the resulting
equation,

)/: miey X + bt ,

represents a surface of straight lines, or a ruled
surface.

The condition that a ruled surface shall also be
a developable surface 1s that consecutive lines of the

surface shall intersect. Let

y: Mf@x«f (I(b

and y1 m(trot) x+ L&+Ae1

be two lines which in the 1limit shall be consecutive
lines. The condition that these two lines shall

intersect is that

4 € _Zﬂq
L(:ljfojj-wmf shall be real.
lhsot)- b

e A€ shall be real.

M fesot) - w1ty
Aat
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D, twy
Be Mg

In the limit, shall be real.
Therefore the condition that Y =m{t}x+b(t) shall
represent a developable surface is that

;ﬁ re = shall be real,
ﬁt 241(C)

The surface of tangents 1is

)’: f;t/x /(’ﬁ}t +7[i6}'

The condition that this shall be a developable surface

is, from above, that
’ ). 7}
fee fcb -t #&  gnall ve real.
Fly
But
g1 7 [
f(ﬁ J(Q‘tjf?‘—t
e 1
F
Therefore the condition is satlisfled and the surface of

tangents is a developable surface.
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CURVES ON SURFACES
We have seen that, in general, an equation in the

form F(x,Y,t) SO represents a surface in space. If now
for any value of x we assign a particular value of t,

we pick out a particular point on the surface, But this
can be accomplished for every value of x by letting t be

a function of x. Thus we pick out a locus of points on
the surface. Therefore F(x,Y,f(x)) =0 1is the equation of

acurve that lies wholly on the surface F(x,Y,t)= O,

Given the curve f= A9 1in a plane. To find
the equation of the space curve that f’:kt9 goes into when

the plane of the curve 1s rolled into the cone y:(:¢1=x b o
=)

Lo d

K dnand 27 1 /

Hence the equation of the space curve becomes
[
}/_ O kmdion X lew 4, a,
Compare with eguation GD , page 19.
If now we consider any plane curve, 6-: fq) , We

get
can immediatelyAthe equation of the space curve that

this goes into when the plane 1s rolled into the cone
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For as above

8.
£ aanin
6= £
X
€= non
X
LS
- A
P

And the equation of the curve is

{5
Y:C) N b 4.

Compare with equation () , page 19,
We have seen that the equation of the

revolution can ®e put in the form
S
Y-€ fu
If now we express t as a function of x, say
get the equation of a curve on the surface.

the equation of any curve which lies wholly

surface of revolution can be put in the form

Y’C‘%ﬂ4w.

@

surface of

t= Plx), we
Therefore

on any
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We have seen that the surface of tangents to the

curve Y = f(x) is

y: fl(e;x— f{lt)t + f(é)

If in the above equation, t i1s expressed as a function of

X, say t =g(x), the resulting equation,

y: ;t (9 ™) x + jl/[;m) 7 + G w,

is the equation of a curve that lies wholly on the surface

of tangents.
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SUMMARY
A point in space may be determined by two number,
one real, one complex,
The equation of the straight line determined by the
two points (x,,Y,) and (x,,Y.) is
D27 B
Y, \YL X ~ s
The equation of the straight line which has the
slope m, and whose Y-intercept is b, is

Y= 2x+b.

Two straight lines in space,
y:MIX'f‘&’ )
ysm;_}fé‘u )

will intersect if

o e

W, - Az is real.

The equation of a plane, or a surface, must contain
a variable parameter.

The plane which is determined by the three points
(x,,Y,), (x,,Y,), {x;,Ys), can be represented by the

equation

t e :‘yJ =
y- z,\;l—‘_(x-t)+ h(t x) + )

where t 1s a varlable parameter,

The plane determined by the intersecting straight

lines, y nw,xf-b'
Y- Bt Lo )
61‘(’;
where s is real, can be represented by the equation

y_, ({r'_. o) ex ¢ wox + 00,







32

If the equations of two planes are given, with the
same parameter used for both planes, the equation of the
line of intersection can be gotten by ellminating the
parameter.,

The equation Y = f(x), where f{x) is a complex function
and x a real varliable, represents a curve in space.

The equation of the tangent at (x,,Y,) to the curve
Y -f(x) is

Y- Flxa (X ko) + Hias

Any surface of revolution can be represented by the

4 (.t
y‘ C 7 X

equation

The surface of tangents to the curve Y- f(x) can be
represented by the equation
Y= twlx-v - teo,
The equation Y- m(t)x +b(t) represents a ruled surface.
This surface will be a developable surface if
P be

D, e
Applying the above condition to the surface of

is real.

tangents, it 1s found that the surface of tangents 1is a
developable surface.

The equation F(x,Y,f(x)) =0 represents a curve that
lies wholly on the surface Flx,Y,t) = O.

The equation of any curve, which lies wholly on any

surface of revolution, can be put in the form

<A
V- ™
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The equation

Y- 5460 - $ 6w go < $G w

is the equatlion of a curve which lies wholly on the surface

of tangents to the curve Y =f(x).
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