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THE STRAIGHT LINE 

The position of a point in space is usually 

determined by three numbers, which give the distances 

of the point from three mutually perpendicular coordinate 

planes, However, it is possible to determine the position 

of a point by two numbers, one real, and one complex, 

For instance, the combination of any real and any complex 

number, as (a,b+ ic), determines a unique point in space, 

which can be found as follows: 

ij 
p 

F,·,,. /.

Draw three mutually perpendicular coordinate axes, and call 

them, for convenience, the x, y, and iy axes, as in Fig. 1. 

Now from O measure off a distance (a) along the x-axis, 

This distance is represented in the figure by OM. From 

M measure off a distance {b) in direction parallel to 

the y-axis, This puts us at point L, From L measure off 

a distance (c) in a direction parallel to the iy-axis. 

Thia traces out the line segment LP. Now P is the point 

(a,b+ic). In what follows we shall call (a) the abscissa 

of the point P, and {b+ic) the ordinate of the point P, 

An equation in which the abscissas and ordinates, Just 

defined, are the variables, will represent a locus of po:lnt s 

in this system. In all such equations we shall represent 
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the variable abscissas by the small letter x, and the 

variable ordinates by the capital letter Y. In these 

equations, x, of course, must be real, but Y may be complex. 

If we have, given, two points in space, {a,bfic} and 

(a,,b, 1- ic,), the distance between the points is at once, 

from an examination of Fig. 2, seen to be 

V (a, - �, .... t { (,, -t) �+(c, - '-J� 

( .,_,; (,., 1 .. '-•) 

P. 

If we let 1 be any line n space, and if we tak 

any two points on 1, P, and PJ.., and let the coordinates 

of P, be (a,. b,•ic,), and the coordinates of p ,,_ be � .. ,b.-ti<;),

then from Fig. 3, it is seen that the three quantities 

c._ -c,, b.._ -b,, a._ -a,, are in constant ratio, no matter what

points on the line are chosen as P, and P ,._. But if c� -c,, 

b,._ -b,, and a�-a, are in constant ratio, we can say that 
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6rt-,+ .. (c. .. - c.,J =-
lf J,. - <,. 

I( 
) 

where Xis some, constant, complex number. Therefore 

{,,.),. + ;_ c.,)-ft, +- i c,) _ .,,_ I( 

<!ls- -4/ 

Therefore the ratio of the difference between the ordinates, 

and the difference between the abscissas, is a constant for 

any two points on a line whatever. We will call this 

constant ratio the slope of the line. 

If now, in Fig. 3, we take another line, parallel 

to 1, we can translate 1 until it is coincident with the 

new line. But the quantities c�-c� b
L
-�• and�-�, will 

not be changed in the translation. Therefore 

.::.. t-... + i. L..J-( {,... + '- C..) 
4 .. - q, 

becomes the slope of the new line. But this is also the 

slor� of 1. Therefore we mr;1 c-oncl1<le that the slopes of 

any two parallel lines are the same. 
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Given two points in space, the equation of the line 

Joining these two points may be derived as follows. Let 

(x, , Y,) and (x,_, Y �) be the given points, and let (x, Y) be 

a running point on the line. In Fig, 4, from a consideration 

of similar triangles, it is evident that 

also 

Therefore 

and 

Adding 

ST I.S - ;(..- X,
MN = Z"M - X- i,
TR L.5 - x.-t,
NP = L."1 - X - )4' 

P Jh -Jl, 
TR;..::IV �._

x. A, 
S T J.. T Ki= ( M N-t NPi) t J(-;-

But ST+ T/fi.=- y ... -Y, > and MN+l(Pi =- f-Y,

Therefore y .. - '/, == ( Y- y,) 
x .. -1, 

x - x,

{j) 

Thie is the two point form of the equation of the straight 

line. 

Equation (!) can be thro\m into the form 

Y- y. = ::� �: (,c - X.)

But �=�: has been defined as the slope of the line.

Therefore the equation of the line through the point (x,, Y ,), 

which has the slope m, is 
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Y- '/, ::: � ( X - �.)

This is the point-slope form of the equation of the 

straight 11ne. 

If the 11ne ti) happens to go through the origin, 

the point (0,0) can be taken as the reference point, and 

the equation becomes 

(i) 

If (J: does not go through the origin, it willcu t 

the coordinate plane, x =- O, at some point, (o, b). If we 

use this as the reference point, {j) takes the form 

If we define the Y-intercept of a line to be the ordinate 

of the point in which the 11ne cuts the plane, x =- o, then 

b is the Y-intercept of line� , and (j) is the equation 

of the line in the slope-intercept form. 

To find the angle between two lines whose slopes 

are (at lb) and (c +id). 

For convenience let the two lines go through the 

origin. Then they will cut the plane, x=l, in the points 

(1,a+ib) and (1,c+id) respectively. These are the points 

Pand P, of Fig. 5.
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The cosines of the angles between OP, and the three 

coordinate axes are 

0 P, ) 
(. . { 
0 r, I :1r, respectively. 

Let O be the angle between the two lines. Now the 

projection of OP on OP 1 ls equal to the sum of the 

projections of the lines marked 1, a, and b, in the 

figure. Therefore 

But 

or Cr-J 0 - 1- -t � '=- -r t,...6'. 
ot; oP. :.,f', 

J f':. p-; + A'-+ /, '-
) 

1-ta..<..-t t:!:_
--of!. oP

/+-4 <- -t 1-eA._ -

l rz;, 4 ... + 1r 1)<, + c.. ... + ��_rTherefore 

The lines will be at right angles to each other if 

act- bd =' -1. If the slopes of the two lines be negative 

reciprocals, that is, if the elopes be 

a + i (,. and 
_, 

a➔ .-7. 
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on writing the second slope in the form 

-0.. + i. Ir

aL+{,,.
'-

We find the angles between the two lines to be given by 

The lines will be at right angles, therefore, only in 

case b= O; that is, in case the slopes are real. The test 

for perpendicularity, used in plane geometry, falls down 

in the general case, when the slopes are complex, and is 

valid in this system only in the special case, when the 

slopes are real. 

To find the condition that two straight lines may 

intersect. 

Given the two straight lines 
"/c: m,X-r-1.r, 

y � m J-)Cf· Cr ._ 

Unless m,= m
J.-

these equations can always be solved for x. 

Solving, we get 

Ir, t .. x----
ilf, ..... L.. 

Since b1, b
,.
, m,, and m ,.._ are all complex, 

t,- t-� 

JM.- - ... 

will, in general, be complex. But if the two lines are 

to intersect, they must intersect at some point, the 

abscissa of which is real. Therefore if Y = m, x + b, and 

Y = m�x -t b .... are to intersect, 

must be real. 
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We shall now determine whether this condition 

corresponds to the condition for intersection given in 

ordinary solid geometry. 

Consider the two straight lines, whose equations, 

when written 1n the ordinary form, are 

)(_::_g', "' �I- ... 2-'V 'I - 4 - ✓- t- 1: 
(. � .... A - /A "' 

" 

,-=- ft+ i" ( l.-1()
1- lr+flt 0..)

t� Y+ 
!!.(X-�)
e i- .... '- -t- ; (X 4.) 

In the complex form, (Y = y t 1z), these equations become 

Solving these two equations simultaneously for x, 

X :: 
I

(3 - "'£- t ;, ( y - \/)

... fA. . 
�) {;- - ,[ +v Le.. --<A 

. I 

I 
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Multiplying both numerator and denominator by 

we get 

ii'- '/x/ P-\� 
>,--t ; I 

l,-•/!
X-= X- '/ + "/- �, -1x ' 

I/ 

where S, and S ._are some, real numbers. If x is to be 

real, the coefficient of 1 in the above expression must 

be equal to zero. Hence 

IX 

I )( 

I I J ' I 
l. :. 0

>i I 
Expanding, 

(; --; ;( � � l - ( .... � - t>-. f_ � �,,. ( > � tx - � J l, y A-,( ,,, � _ ,\ C. L + .. II l ; =- 6 

\ ,: ... � ... (,1 "1/'(tv >t/>I - (. - - ., ,H �/tit. -v,'<-+ Ill..., v +l,<11 - ,\ • fh ,-.. -0/. ,.µ.

. ._tf"- -?V_/.J:t-r),..., f "':J--t-A ,.. �- ..,_,,tl::o 

(II<.- '!ll ,.., II- ,,,ft) f(t, - /.,.J { >d- (,II) +b' c..;( l l'(-'J.,d,) - Q 

t,- (,. ')'- <- 0 

V 

This le the ordinary condition of solid geometry that two

straight lines may intersect. 





THE PLANE 

The equation x :::;- k represents a plane perpendicular 

to the x-axis and at a distance k from the origin. An 

equation in the form Ye: f(x), where x is the only variable 

present in the function f(x), cannot represent a plane, or 

a surface of any lcind, for this equation gives only a 

finite number of values of Y for every assigned value of x. 

That is, 13eometrically, a plane x ,= k cuts the locus Y::: f( x) 

in only a finite number of points, and since a plane would, 

in general, cut a surface in an infinite number of points, 

Y=f(x) cannot be a surface. If however we have an equation 

involving a variable parameter t ,  which shall always be 

real, the equation of our locus takes the form Y =- g{x, t), 

and we have an infinite number of values of Y for every 

assigned value of x. The locus in this case will, in 

general, be a surface. 

The plane can best be studied by considering the 

family of straight lines Y-=: m{t)x -tb(t), where m(t) and 

b(t) are such functions of t that all the lines of the 

family lie in a plane. 

To find the equation of the 'plane determined by 

three points, (x,,�), (x
L
,Y�), (x,,Y,), 

The line joining ( x,, Y,), and ( x.., Y .J is 

Y-Y,

y, -Y� 
= 

This line has for its slope, 

Y,- y 'l---
X, - )( ,_ 

(i) 
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The plane to be determined can be thought of as a family 

of lines each of which is parallel to {j) and cuts 

line Joining {x,,Y,), and {x.,,Y., ). That is 

Y- Yt = � -Y�
( 1 Xt) 

1 '1,,-Y� 

where 'It, - y, .x't - ; , 

y. - y., X, - X.3 

Now we can let X't be our variable parameter; then 

eliminating X between @ and @, we 0et 

or putting t=- x� 

the 

(i) 

We can check our result in this case, for if this be the 

desired plane@ should be satisfied for each of the three 

points, (x,,Y,), (x
,.
,Y

L
), (x

.,
,Y.,). That is 1f we put in 

these values of x and Y, there should be some real value 

of t for which Wis identically satisfied. 

Solving (!j for t, 

/. - y .. 
Y,-Y-+'I;,-.,. .... 

y, -'Y!_
"· ;(, - Jl.3 
---

Y,-y .. 
--

t. .,._
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for X = 'I-, ) Y � Y. ,

t-=-
(1.J

L
Y. - Y + X, x. -, ...

y. y... y, y., 

x."y ... - 1', >G 

which is real. For l'=- 1,,. .J Y= ta. 
J

t =

=-

= 

y,-y_ ... - )I,� 
y.-y._ + )(1,- X,-� ,_ "/., �• 

y, -Y- y,� 
'1,,-K� - K,-h 

( I - :_y._)( Y, - y ... )-X, ( :: :t) 
y, - y L- - _:t, -1'.--!... x. )'-- x. -X-> 

y, YL-
}(, 

y, - Y., 
x.

-
x:- � )',i 

,, x ... 

y. � y, y_, 

t. lC3 
"'· �-

- x, } 

� ;< I 

J 

which is real, Observe that t has the same value for 

(x�,Y�) that it had for (x,,Y,), which is what we might 

expect since the same line of the famlly goes through 

both ( x,. , Y .J and ( x, , Y, ) • For X = }( 3 J )'-:c Y, 1

== 
y.-r� 

l-..1 ;(, �-

y, y ... -,C,-¥- -

r,-� - A� /(. �-;- - X
I, ✓ - '),. ,:, 
j(,-,, 

which is real. Therefore (!l, le satisfied for each of tre 

three points. 
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To find the plane determined by two intereecting 

straieht lines. 

Given the two straight lines in space 

Y--= M, 't + Ir, ) 

Y-=- 'M,,.�+ fr,_ '

such that 
:, - t-

is real. 

Consider the family of lines that go through some point 

of@ , say (O,b,) and always intersects {t. 
Y-= n1<tJ X + r, 

This is satisfied for (O,q). Now it is left for us to 

choose m(t) such a function of t that 'i1 and (l will 

intersect for all values of t. 

t= #1' t,) X +- Ir I ) 

y =' h,I )(. -t Ir._. • 

These will cut each other if 

Ir, ',_ - is real .
;,1 '-

This condition is satisfied for m(t) = (b, -b,..)t + m z... 

Hence the plane determined by i) and (j is 

Again we can check our result, for if lfil be the desired 

plane, the equation should be satisfied for every point 

on (f) and {j) . Therefore putting in Y - m, x + b,, we get 

}v1, -J.+/,,-::- (fr, tr ... )t-x +1-1,_ X f- ..-, 

w, 

f, 
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which ls real because of condl tlon i') . Here we notice 

that all points on � are satisfied for the same valueof 

t, which ls what we might expect since(_§,, ls a member of 

the family. For Y - m ,..xt- b.,_, we get, 

(v, - t'-)t:x +tM ... x + v, 

t- -
.x ) 

which ls real. In this case there ls a different value of 

t for each point on the linE:l since (l) is not a member of 

the family. 

To find the equation of the straight line which is 

the intersection of two given planes. 

Let Y= H(x,t) and Y=G(x,t) be the equations of two 

given planes, t being the same parameter in both cases. 

Cutting the two planes by a third plane x = k, we get in 

the plane x:k two straight lines, Y"H(k,t) and Y=G(k,t). 

The elimination of t between these two equations gives a

value of Y, whlch together with x�k, determines the common 

point of the two lines. If now we put in fork the 

variable, x, we get the locus of the common points of 

Y =. H( x, t) and Y:::: G( x, t), or the line common to the two 

planes. Therefore the line of intersection of two given 

planes, where the same parameter is used for each plane, 

ls determined by eliminating the parameter between the 

equations of the planes. See Fig. 8. page 34. 

It will be of interest to apply this method in two 

cases where the results are already known. Consider the 

two planes 





Eliminating t, 
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Y. -Y"&. ( 'X'- tJ + X Y� ( x. -x... "'· /{:,, t: )(f -t y, )

y. y., y, -½ 
V, - Y + 1 t. ---Z, -X, -1, r3

Simplifying, 

y, - y,,. _y, "2 
-,(, "'").,, 

x. "�

(t.-Y}(:·_;- �:-��)t-X �- �=tf.=1:-1- :�1-x,t f.(�.-�:-r�::j 
_ '/- 1 :_b (1· - y... 1, -y:, ) -+ x 'I, 'h_ { y, y ... - �. h _ c

J., 'I,� '11,-x._ )(, -X
:1 

'•· 1(3 "'' f... /., J3 J 

ly _ vi{ 'L:: .. .1.: Y, -r-) +{x- I,) t -'/3 ( Y. -Yv 
• fl 1, -'I• X, -,.- X, -1:, x. x.., 

x- i,
x. - 1.�

0 

But since (i, and � are the planes determined by ( x, , Y,), 

(x3,Y.3 ), (x.J. ,Y1- L and (x, ,Y, ), (x,,Y.s ), (x
,,

,Yf'- ) we know 

that Q is the line of intersection. 

Again, consider the two planes 

y...,_ (�. t,,.�}tXt-..,,,�Xt(,., ) 

,' � {I,..> /.. ... j t; '){ t- i-t 1-X + fr:,,
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Eliminating t, 

y >-t,._�- t!_ = __l' lo1.,X - /,. � 

r, - (,.._.
3 - t ... 

Clearing of fractions, 

J 

which we knoVI to be the line determined by @ and � • 
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CURVES IN SPACE 

The equation Y :=f(x), where f(x) is a complex 

function, and x a real variable, picks out a point in 

space for each value of x. Therefore if f(x) is a 

continuous function, Y ""f( x) represents a continuous 

curve in space. 

To find the equation in the form Y :=,. f(x) of the 

curve whose equations in ordinary coordinates are 

(j) 

We can from the first of these equations express t as a 

function of x, t= tf-(x). Then the equation of the 

curve can be put in the form 

But these two equations, for any value of x, say x"' x,, 

simply pick out a point in the plane x - x, • This point 

can be determined equally well in complex coordinates by 

If now we replace x, by x, we pick out a point for every 

value of x, and get the required curve in space. 

Therefore the equations 

y: /� ( 1 - , ()(J) f- <, I( (<f- 1 XJ) , 

and .c - f/lt) 1

represent the same curve. 





.. 

Given the equation of the helix in the ordinary form 

X-= rt t;..,., � , 1 - r '-'Mt- 1 J;. y � t

To find its equation in the form Y :: f(x). 

t- _L 
- Y�A. 

YU"# -
, "' r'.:-,( 

. ')( � - .,..,..._. re-..t

Y- rt

Y-

I 

Putting rt....◄�� we find the general equation of the helix

to be 

It can readily be shown, that in ordinary geometry, 

if we have a plane curve f=- f '8/, and if we roll the plane 

of the curve into the cone y .. + z�,. x�an"o< = o, the equation 

of the resulting space curve will be 

1--==-, U-3.i( 

9 :::- { ..,._. « t--.J { B <A-L d. J

L· - r � a< ,.__,. ( e {A.<!- ol.) , 

If we consider the plane curve 1 - Ir.() , we get

! · k9 n� 

�- ke ,.__.,,.J ,__(9<><-g{J 

z- NtJ .,,._..,_" ,J..,,..,..,-(,9<.A--<.J..) •

Throwing this into the complex form by the method 

outlined above, 
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{) 
J.<. ..__. �Cl( 

1-
)( c....,,.. cl. t->-0

J(.-,1 ,,..,,,, 

)(u,..,,./1(-.,d - )( - -< .......... 

Compare this with equation(!;', page 28. 

Likewise, in the general case, where the plane curve takes 

the form u - -f-ll ) , 

'J(-=-f�ol. 

� I - d. ,__q ( Iii I CA-<-,/.) 
L; = f - " -{ .frf J cA-t!- ")

Hence, in the complex form, 

L 

Compare this with equation(), page 29. 
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Let us consider the space curve that when written 

in the ordinary form is 

� "C" 'f/ (t.J 

The tangent to this curve at any point, (x0 ,y.,z0), is 

or 

X /,, 
--

'f'(t.) 

x..' (t-.J (, - 'f O -+ 1 - K t ,)
(1 <f (lo) 

L 

In the complex form 

(j) 

Y-- ( x·.rt.J + . ff· rto)) < J 
• � C.. -- J( X. -+)'o t t )(., (j) 

1 (i.) Cf' ((;.) 

But Y:,
tiz.=-Y

0
• Therefore (i.) becomes 

And /3 is the complex form of the tangent to (, at 

( X,1 , Yo , Z" ) • 

If we thro,v (l, immediately into the complex 

form, 

y-= X -t + '- 'f/,1:, � 
� = 'f It} .J 





From I!!,,, 

)[ 
,,( X 

= 

But Jt::-
d J< -c. 

Therefore jf ::: 

21 

, 

<p'rt.J) ( X<t1 -t" 

<f'<t1 

, 
r' X (t.J t- ., <t.J 

I 

ff U>o}

.J t-
"X 

(£ 

But the right hand member of(£ is the coefficient of

(x-x0 ) in & . Therefore equation © can be written in 

the form 

Hence we can eay the equation of the tangent to any 

curve in space, Y '°" f( x), at ( x., Y 0) is 

I 

y - j,, -= f ( f.,,) ( X 
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We have seen that the equation of a plane must 

contain a variable parameter. It is equally true, and 

for the same reasons, that the equation of any surface 

must contain a variable parameter. It is also true that, 

since the parameter 1s an arbitrary one, the equation of 

the same surface may take an infinite number of forms. 

To find the equation of the surface of revolution 

about the x-axis. 

,,, 

If we have a curve, y-::..f(x), 1n the xoy plane, and 

we revolve that curve around the x-axis, we get e surface, 

which, if cut by the plane x =-k, will give a circular 

section. Moreover the radius of this circle is f(k). 

Now the equation of this circle in the x == k plane 1a 

y :; ( (.,n t t- c. ,;-.-. t ) {- U;

But the locus of all these circles is the required surface, 

hence, putting in for k the running coordinate x we get 

y � ( (A,--3-f; -f- .:, ,;,.-.... t- ) f {'XJ

as the equation of the surface of revolution of the plane 

curve, y -=.f(x), about the x-axis. This equation can be 

thr01m into the simplified form 
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·1: 
I y: C' t {XJ 

The equation of this surface in the ordinary system is 

By making use of equation (j) we can write down 

{j) 

the equations of several well known surfaces of revolution. 

1. The cone whose axis is the x-axis and whose

generator is y - xta.n ,< is 

In ordinary coordinates the equation of this cone is 

2. The spheroid generated by revolving the ellipse

x7a�-t- y/b� -1 around the x-axis. 

'I - t r,-::-¼ -

Hence from {!) , 

y - o-L, tV, )!_
'-

"'
,__ 

In ordinary coordinates the equation of this surface is 

x/a ... , y7'D-t- z/t>= 1. See Fig. 9. pa.ge 34,

3. The sphere of radius a., center at the origin.

)(
'-

+ ,-� 4 

1 

Hence from (j) , 

y-2•tv;� .,. ...
In ordinary coordinates the equation of the sphere is 
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We can get the above equations in the complex form 

from the equation in the ordinary form in the following 

manner. 

t • y
.1-

t- z�.,.. xta«-,< ,. O.

Introduce an arbitrary convenient parameter, say 

From <P 

;z
'-

� 'l,_t .... :·-t: I �--= ¾,_,._t 
Introducing these values in @ 

f--C I f {J. .•.• :--t) :. X ... t-,_ ,_), 

Z: .... ( I ...f /A-. 't} -: X ,_ c.,...:
--

o( 

Y=Lit: /. �d. 

Compare this equation with (i) above. 

2. Consider the spheroid 1/aL-,- y7b .... -r zJb ::.1. 

t'--t C '-... l- { I - '<�} 

Introduce 

Eliminating first y and then z, 
z -=- ,>,.:.,. i . Ir l1- x� .... 

'f=- (.r'1 t. fr(!, -r.::...-

y:( c,-;,-t_.,-u ... ;.,..t:JI--/J,- � .... 

(: L 't 0- (-,-::
--

�:: 
Compare with Q above. 
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We can now give the following general rule. 

Given the equation of a surface in the ordinary 

form, F(x,y,z)=O, to write the equation of the same surface 

in the complex form, G(x,Y,t)==O. 

Impose some arbitrary convenient relation between 

z, y, and t, say P(z,y,t) = O. Now eliminate first y and 

then z between F and P, and we get the equation in the 

parametric forrn, 

Then the equation of the surface in the complex form is 

It can readily be sho,m that F( x, y, z) =, O and 

Y= f ( x, t) + i'f ( x, t) represent the same surface, for 

'I" cf(K, t) 

l:., f((X,t) {i) 

are simply the parametric equations of the surface F(x,y,z)=O. 

Now consider the curve of section of (j) by the plane x =-k, 

This curve can be represented in complex coordinates by 

Y-=- </J(k,t)t- iC/'(k,t), By putting x in place of k we get 

the locus of the intersection of the surface with all 

the planes x:: k. Therefore ff) and @ represent the same 

surface, 





We have seen that the tangent to the curve Y"' f(x), 

at the point {xo ,Yo
), is 

y = f (!..)()'.- Xo) f- f (;(.J

If in the above equation we let Xo be a variable parameter, 

we get all the tangents to the curve Y =- f(x). In other 

words, if we let x:t, we get 

which is the surface of tangents to Y-= f{x). 

We know that Y :o mx -t b represents a straight line. 

If v,e replace m and b by functions of t, the resulting 

equation, 

y = M ttJ X -t- fret) 
1 

represents a surface of straight lines, or a ruled 

surface. 

The condition that a ruled surface shall also be 

a developable surface is that consecutive lines of the 

surface shall intersect. Let 

Y= H'llt> X -t- i<t, 
and Y-=- 1f;l{t1-at) X-f tft.1-Li{) 

be two lines which in the limit shall be consecutive 

lines. The condition that these two lines shall 

intersect is that 

U,t -f d t:-) - Uc-/ 
J<-i.t f" 6 r::) - J.< lt:J 

1,/t+at;J- (,.� 
.P�--

J.1 fi;+�-t;l - 1411t., 
,4t;; 

shall be real. 

shall be real . 
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In the limit, 
_I 

shall be real. 

Therefore the condition that Y-=-m(t�b(t) shall 

represent a developable surface is that 

shall be real. 

The surface of tangents 1s 

y = I ��) X - I ;-t) t 1- f ft} • 

The condition that this shall be a developable surface 

is, from above, that 

But 

-f./4,1 - f rtJ - t {/t 
1/f;J 

shall be real, 

--t

Therefore the condition is satisfied and the surface of 

tangents is a developable surface. 





CURVES ON SURFACES 

We have seen that, in general, an equation in the 

form F(x,Y,t) �o represents a surface in space. If now 

for any value of x we assign a particular value of t, 

we pick out a particular point on the surface. But this 

can be accomplished for every value of x by letting t be 

a function of x. Thus we pick out a locus of points on 

the surface. Therefore F(x,Y,f(x)):::,O is the equation of 

acurve that lies wholly on the surface F(x,Y,t)= O. 

Given the curve f-:. I( o in a plane. To find 

the equation of the space curve that f" k 0 goes into when 

the plane of the curve is rolled into the cone Y= C <"ta X l..... "'. 
t-::._!!_ 

�d. 

0: 

f;7. 7.

Hence the equation of the space curve becomes 
,· } 

y ::- C ".,,;,... "'-� X t,;.,.,. i;;f.
Compare with equation� , page 19, 

If now we consider any plane curve, B � f(f J , we 
<J•-t 

can immediatelyAthe equation of the space curve that

this goes into when the plane is rolled into the cone 
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For as above 
t: 

,i...;-." 

0: flf) 

f-= 
X 

�ti, 

t-,,-
f{J;1. > 
.z....... ,( 

And the equation of the curve is 

.: l(�>

y�c
-i1..

x� �. ([) 

Compare with equation@, page 19. 

We have seen that the equation of the surface of 

revolution can be put in tl,e form 

If now we express t as a function of x, say t=f(x), we 

get the equation of a curve on the surface. Therefore 

the equation of any curve which lies wholly on any 

surface of revolution can be put in the form 
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We have seen that the surface of tangents to the 

curve Y ::f(x) is 

y -::: f �"J X - f ;t:J t: + tlt:J 
If in the above equation, t is expressed as a function of 

x, say t = g(x), the resulting equation, 

is the equation of a curve that lies wholly on the surface 

of tangents. 
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SUMMA.RY 

s A point in space may be determined by two number,

one real, one complex. 

The equation of the straight line determined by the 

two points (x, ,Y,) and (x,. ,YJ is 

Y- y,
y, , Y2--

• - 'I., ---
X, - x .... 

The equation of the straight line which has the 

slope m, and whose Y-intercept is b, is 

Y-=- �x-+t. 
Two straight lines in space, 

Y-=- ,-.,1, X-t Ir, 

will intersect if 

Y- ,.. ... , .,. t,.._ ,

Ir-, - t-
is real. 

The equation of a plane, or a surface, must contain 

a variable parameter. 

The plane which is determined by the three points 

(x,.Y,), (xJ-,Y,), (x3 ,Y:,,), can be represented by the 

equation 

y, - y ... (x- t-) + 
�- - -,. .... 

where t is a variable parameter. 

Y,-Y3 (t- x) +Y,
.,., - °X:J 

The plane determined by the intersecting straight 

lines, 
y -=-

i..t, 1, 1-- fr,

y� 1,,f ... )(.+ln, 

where {,,-In. is real, can be represented by the equation
;,,,-....... 





32 

If the equations of two planes are given, with the 

same parameter used for both planes, the equation of the 

line of intersection can be gotten by eliminating the 

para.meter. 

The equation Y =: f(x), where f(x) is a complex function 

and x a real variable, represents a curve in space. 

The equation of the tangent at (x 0 ,Y 0 ) to the curve 

Y � f(x) is 

/ lY.o) ( X- JC,) r .f.£11
,,
) 

Any surface of revolution can be represented by the 

equation 

The surface of tangents to the curve Y� f(x) can be 

represented by the equation 

Y � I .(t;J t x. -t.J - 1 t+1 ,

The equation Y- m(t)x +b(t) represents a ruled surface. 

This surface will be a developable surface if 

P-.c <A'f-/ 

15... lc,t�J 

is real. 

Applying the above condition to the surface of 

tangents, it is found that the surface of tangents is a 

developable surface. 

The equation F(x,Y,f(x)) =O represents a curve that 

lies wholly on the surface F(x,Y,t) = O. 

The equation of any curve, which lies wholly on any 

surface of revolution, can be put in the form 

Y,,. ' <fl�, j
- (__ f-( l(J 
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The equation 

I I 

y cc 1' j (; (J1) - f ( 1 W) / �I � } (J 111) 

is the equation of a curve which lies wholly on the surface 

of tangents to the curve Y -f(x). 
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1� 

hJ- B. 

r,· 5'. 'I.
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