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Abstract

Adaptive control theory provides an effective tool to overcome the modeling un-
certainties associated with the design of dynamical control systems. Real life dynami-
cal systems contain parametric, structural, modeling and environmental uncertainties
that might be difficult to formulate into an accurate model or be partially unknown.
Therefore, some of these system uncertainties can be taken into consideration, and
especially the modeling error effects due to inaccuracies or over simplifications which
constitute a major design challenge that may limit the level of achievable performance.

Better modeling and control techniques can be developed by employing an ap-
proximation based spline function network to adaptively control, approximate the
uncertain system nonlinearities and estimate the unknown model parameters online.
A number of theoretical and computational challenges must be overcome to reach
a significant contribution in this field of approximation based adaptive control the-
ory. These challenges include: reduction of modeling error effects on control system
performance, computation of a large number of adaptable parameters that might be
necessary to achieve desired system performance, ability to ensure convergence of
the system output, state, and approximator parameters for tracking objectives, and
development of new approximation structures that can adapt or adjust to necessary
structural changes to ensure the best available fit during online operation.

In this dissertation we address these challenges by developing advanced approxi-
mation based adaptive control techniques using spline functions for nonlinear systems,
along with substantial results to solve some control problems of urgent relevance to

aircraft and spacecraft applications. Specifically, a spline function approximation
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based adaptive control scheme is designed and analyzed for two complex examples:
a commercial aircraft with actuator nonlinearities due to synthetic jet inputs and a
nonlinear spacecraft model with unknown liquid fuel slosh model parameters. The
designed controller structures employ a multivariable spline function network to ap-
proximate the uncertain system nonlinearities and estimate the unknown model pa-
rameters online. They guarantee closed-loop stability and convergence of the tracking
error to a small residual set. Parameter projection-based adaptive laws are employed
to ensure desired closed-loop stability, approximator parameter convergence, and de-
sired tracking properties are maintained throughout the entire operating envelope.
Simulation results are presented to illustrate how the desired system performance is
achieved and maintained for a realistic set of operating conditions. This research offers
the extension of our preliminary results to include the development of an approxi-
mation based adaptive control design and analysis study for more complex nonlinear

dynamical systems that suffer from similar drawbacks and limitations.
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Chapter 1

Introduction and Overview

Uncertain dynamics in modeling nonlinear systems is one of the primary chal-
lenges in the research and development of next-generation adaptively controlled sys-
tems. These parametric uncertainties and unknown modeling effects inherent in
real-life dynamical systems can cause undesirable system failures and deteriorated
control system performance. To help improve the level of achievable control system
performance in highly uncertain nonlinear dynamical systems, approximation based
adaptive control methodologies can be implemented as a strong tool to estimate the
system parametric uncertainty and approximate the unknown system nonlinearities
in a refined control framework structure. Approximation based adaptive control is
in essence a combination of a number of different concepts from dynamical systems
theory, stability theory, function approximation techniques, parameter estimation
methods, nonlinear control designs, and an intuitive design mechanism to apply all

of these tools in a unified methodology [19].

1.1 Approximation Based Control Methodology

The motivation behind approximation based control is the ability to improve online

control performance by accurately determining uncertain nonlinear portions of the



system model via function approximation methods. Although, the available model
information maybe limited a priori, additional information can be updated while the
system is operating. The concept of function approximation has been presented in
a general context for both theory and practical purposes [54]. Originally formulated
in [42], the idea of employing neural network structures for approximation and con-
trol instigated further research in the area of approximation based control methods.
Although the majority of the initial results in this field were based on the neural
network architecture [47] for function approximation models of the unknown non-
linearities, neural networks only represent just one class of many different types of
function approximators. For example, radial basis functions, polynomials, rational
functions, fuzzy logic systems, wavelets, gain scheduling and spline functions, are all
function approximators that have been applied in a similar context [8, 46, 18, 57].
Therefore, control methodologies based on these approximation models with adap-
tivity online features are referred to as approximation based adaptive control. In
contrast to adaptive nonlinear control where the uncertainty is in the unknown pa-
rameters, approximation based adaptive control deals with system uncertainty that
is due to unknown nonlinearities [49].

There are two main types of parameter estimation methods: the so called online
learning technique and the offline tuning approach [19]. Online parameter estimation
methods are based on the idea of choosing suitable initial estimates for the unknown
parameters, then updating the parameter estimates using the current set of measure-
ments available. The three steps involved in the online learning design procedure are
fairly simple, first derive a parametric model that rewrites the system into a model
of known structure and unknown parameters. The second step is to design an online
learning scheme, this consists of replacing the unknown parameters in the parametric
model by some adjustable set of parameters. The third and final step is to derive
an adaptive law for updating the adjustable parameters in the newly formed adap-

tive approximator. The adaptive law is typically based on a chosen parametric error



signal that is used in an optimization method minimizing a chosen type of cost func-
tion. The offline parameter estimation tuning approach first requires the collection
of all necessary input-output data to be processed and then fit to a predetermined or
assumed model. There are a number of different approximation based methods that
can be used to determine the best fit for the model data each of which has it’s own
benefits and drawbacks [54].

To illustrate the motivation for function approximation and control we present a
simple example of a single-input single-output (SISO) continuous time system. The
control objective in this case is for the system output signal y(t) to track a desired
signal y,(t) such that the tracking error e(t) = y4(t) — y(t) is forced to zero. Consider

the 1-dimensional state system representation as

w(t) = flaz(t) +ul),

y(t) = (i), (1.1)
where z(t) € R! is the single system state, u(t) € R! is the single control variable
input, y(¢) is the measurable output signal, the time t > 0 and f(z) is the unknown
function representing the dynamics. A simple choice of u(t), applying a cancellation

of terms methods for asymptotic tracking, yields the control law

u(t) = =Ae(t) = f(x(t)) + a(t), (1.2)

where e(t) = y4(t) — y(t) is defined as the system output tracking error. The design
constant A is used to ensure stability, f (x) is the approximation of the unknown
function f(z), and we follow the assumption that the derivative y4(¢) is continuous,
bounded, and available without the specific need for explicit differentiation of the
tracking signal yq(t).

Next, to determine the system stability, we solve for the closed-loop tracking error

dynamics from
e(t) = valt) —y(t),

= gat) = f(z) —u(t). (1.3)



Substituting the control law from (1.2) into the system equation (1.1) and by can-
cellation of like terms yields the following form for the closed-loop tracking error

dynamics:

é(t) = de(t) = (f(z) = f()). (1.4)

The first case of interest is when f(z) # f(x) and this shows how the tracking error
performance is directly affected by the accuracy of the approximated model function

f (x). For the other case when f (x) = f(x), the error dynamics simplify to
é(t) = e(t), (1.5)

and will be stable for values of A < 0. For the purposes of numerical simulation in
MATLAB we start by assuming we have some priori information about the system
function, so that we choose the unknown function to be f(z(t)) = cosx(t), with no
approximation f(z) = 0 function, and the desired tracking signal as y,(t) = 7 cos 0.2t
for a time scale of ¢ € [0,100]. Figure 1.1 shows the system performance and tracking

error for the case where there is no function approximator f (x) =0.
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Figure 1.1: Closed-loop system output tracking performance for the control law (1.2)

applied to the system equation in (1.1) with no function approximator f (x) = 0.



The top plot of Figure 1.1 reveals how the system tracking performance is affected
by the accuracy of the design model f (x) used in the simulation. For the next simula-
tion we assume the same priori information for f(z), but instead we choose an approx-
imating function for f(z) that is close to this function (e.g. f(z) = 0.7 cos z), based
on the priori information. Figure 1.2 shows the results for the simple approximation-
based control system with priori information used for function approximation pur-

poses.

Tracking error
=]

3
%

“0 10 20 30 40 50 60 70 80 90 100

Figure 1.2: Output tracking performance for (1.2) applied to (1.1) with function
approximation f(z) = 0.7 cos x, the solid line is the desired reference trajectory yu(t)
and the dashed line is the system output response y(t). The tracking error is plotted

on the bottom part of the figure.

This simple example motivates us to pursue more advanced methods of model
approximation for control purposes. Although, we assumed there was some priori
information used in the structure, this is not usually true. The effect of modeling
accuracy is pronounced in the tracking error and must be reduced to improve the
overall level of achievable control system performance. As we will see later in this

dissertation that such approximation models exist and can be used for these purposes.



In the next section, we present some relevant background information on the topic
of spline function theory and how it can be used as a function approximator for the

purposes of achieving specific control objectives.

1.2 Literature Overview

As the next generation of nonlinear control system devices are employed to meet
new and more complex objectives, the uncertainties associated with these type of
systems are becoming an increasingly important challenge to the development of

control schemes that can achieve desired system performance.

1.2.1 Aircraft Control with Synthetic Jet Actuators

Historically, the development of aircraft control devices have been bulky mechanical
structures that provide desired performance throughout the aircraft flight envelope.
As the next generation of sophisticated aircraft control system devices are employed
to meet new and more demanding flight objectives, the uncertainties associated with
these devices become an increasingly important challenge to the development of con-
trol schemes that can achieve desired system performance. A specific area of interest
recently is in the use of active flow control devices, such as synthetic jet actuators
to improve the aircraft aerodynamic performance. To implement synthetic jet actu-
ators, which have inherent nonlinearities, requires an understanding of the actuator
nonlinearity and development of an effective control methodology to handle them.
One such technique is approximation-based adaptive inverse compensation to can-
cel the unknown smooth actuator nonlinearities, such that full control authority is
accomplished and maintained throughout the complete operation time.

In the literature [6] and [71], synthetic jets have been proven to be an efficient
method in controlling separated flow, resulting in an increase in lift and a delay in

stall. Some of the main advantages of synthetic jet actuators are their low cost,



compact structure, ease of operation and the fact that they are zero net mass flow
in nature meaning that they produce a jet without the need for an external fluid
injection. This concept of a zero net mass flow jet is created by the transfer of linear
momentum from the internal oscillating actuator in the cavity through the orifice to
allow for flow control without net mass injection. Typically, synthetic jet actuators
are made up of a piezoelectrically driven membrane that produces a synthetic jet
flow. Interestingly enough, recent studies [58] have demonstrated flow control with
plasma synthetic jet actuators.

As shown in [13], the control effect of a synthetic jet actuator is a nonlinear
function of both the applied input to drive the piezoelectric diaphragm to generate
the air flow and the aircraft’s angle of attack a. This feature is important to consider
when designing an adaptive compensation scheme to cancel the effect of actuator
nonlinearities inherent in the control of an aircraft system with synthetic jet actuators.
In this dissertation document, we extend these results to apply such modeling and
adaptive control techniques to multiple input commercial transport aircraft model
with smooth nonlinear synthetic jet actuator characteristics. The system dynamics
include the aircraft’s angle of attack for the study of adaptive approximation-based
compensation of the unknown smooth actuator nonlinearities. An important issue of
an approximation-based adaptive compensation control scheme [63] is determining a
suitable parameterization for the synthetic jet actuator nonlinearity and its inverse.
Given that the actuator nonlinearity and its inverse are highly nonlinear, they are
best to be approximated.

In this dissertation, we address this issue by approximating the smooth synthetic
jet actuator nonlinearity and its inverse with multivariable spline functions. In our
previous results [66] we dealt with the case where the nonlinearities were non-smooth
and may have contained discontinuities. Here we assume that the nonlinearities are
smooth functions. Spline functions are a good fit for adaptive control applications

because they are linear in their parameters, which are the spline coefficients. In



addition, splines have been proven useful for signal and image processing [77]. More
recently, spline functions have been applied to approximate feedback linearization.
The motivation for this approach has been for systems that fail to meet the necessary
conditions required for feedback linearization, also to reduce the algebraic complexity
encountered with pseudolinearization [8]. The contributions of this development are
two-fold: spline function network development for adaptive inverse compensation of
smooth synthetic jet actuator nonlinearities applied to a multiple input commercial
aircraft model, and performance analysis for such an adaptive approximation-based

control design scheme.

1.2.2 Modeling and Control of Spacecraft with Fuel Slosh

Slosh-tolerant spacecraft flight control designs have been the focus of numerous re-
search developments dating as far back as 1966. When Abramson published his
monograph [1] that had summarized all that was then known about sloshing liquids
and how they affect spacecraft dynamics, the print run of several thousand copies was
quickly distributed and proved to be extremely popular [16]. From the serious loss
of the ATS-V spacecraft in 1969 to the unsuccessful firing of the NEAR spacecraft
in 2000 [78], and more recently in 2007 a spacecraft company Space X launch vehicle
failed due to sloshing propellant in one of the tanks [87]. Most of the problems re-
ported on-board control systems that had sensor readings with higher than expected
lateral accelerations from the fuel slosh. Even more recently, with the retiring of
the well-known NASA space shuttle, researchers are developing alternative spacecraft
models and opening new opportunities for advanced space flight control technology.

Mathematically approximated models are important to the spacecraft industry
not only for control purposes, but also due to the immense amount of monetary
spending that is needed to build and test a real spacecraft. The models are used
mainly for computer simulation to evaluate specific performance objectives prior to

physical manufacturing. Models can also be verified experimentally, reconstructed



from certain conditions at the time of failure, and studied by applying different design
strategies. Spacecraft control and model simulation is a very complex topic, but with
accurate approximations the task can be accomplished successfully.

To model a system undergoing liquid slosh disturbance, one class of design meth-
ods first developed by Graham, consists of equivalent mechanical system models to
approximate the liquid sloshing and this makes it possible to be included into the
spacecraft dynamics [25]. Furthermore, the accuracy of the approximated models
were verified via experimental analysis: experiments were performed to verify the
models [1, 75, 78]. Subsequently experiments to model and control the free surface
liquid phenomenon led to the advent of computer simulations and damping fixtures
that are still in use today [16]. The quest to include the liquid sloshing into the
spacecraft dynamics had been met; however a practical method to control and verify
the system had not.

There have been a number of adaptive control designs for spacecraft [5, 7, 17, 29,
43, 44]. The motivation of these designs has been to identify the inertia matrix for the
spacecraft dynamics. With current modeling designs a spacecraft inertial matrix is
only known within a 5% modeling error [79]. In addition, designs like the International
Space Station which require in orbit assembly; throughout the assembly process the
system inertia matrix will change and the system controller must be designed in such
a way to account for this change.

Adler et al [2], developed an adaptive control system for propellant slosh for launch
vehicles. The adaptive system utilized a laser sensor to measure fluid displacement
in the tank, a recursive-least squares estimator to estimate the natural frequency of
the sloshing fuel, and a linear filter which stabilizes the unstable fuel slosh using the
frequency estimate. The method was successful for a single-pendulum model and
requires no tank baffles or partitions. This result gives encouragement for further
development into more complex adaptive control systems such as, spacecraft with fuel

slosh dynamics and multiple mass-spring approximations to improve the accuracy of
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the system equations even further.

An expanded study of both approximation-based adaptive control and spacecraft
with fuel slosh dynamics has not yet appeared in the literature; we have thus chosen
to develop the scenario as part of this Dissertation. The main achievements of our re-
search are to develop novel approximation based adaptive control designs and analyze
their ability to effectively handle any unknown nonlinearities and parameter uncer-
tainties inherent in nonlinear control systems with applications to real-time space
and aircraft flight. The key features of the developed adaptive control schemes will
be the use of spline functions for approximation purposes, the guarantee of desired
system stability and tracking properties under deteriorated control authority caused
by unknown system nonlinearities and parameter uncertainties. These results yield
a framework of design guidelines for control performance objectives under unknown
system nonlinearities and parameter uncertainties with respect to nonlinear systems

(e.g. spacecraft and aircraft control applications).

1.3 Contributions Summary

As presented in the previous sections, the contributions discussed throughout this
dissertation aim to expand the study of approximation based adaptive control theory
using spline functions with applications to nonlinear dynamical systems.

Employing spline functions for nonlinear dynamical system applications, advanced
system modeling and control techniques are developed forth and analyzed. First, var-
ious spacecraft with fuel slosh models are presented and studied for both approxima-
tion method development and adaptive control structure design for future nonlinear
systems. In particular, we show analytical proofs and mathematical simulations that
spline function approximation based adaptive control can reduce the tracking er-
ror for complex objectives, a common measure of system performance (Chapter 5).

Application to aircraft with synthetic jet actuator nonlinearities is also developed,
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analytically evaluated control error, and supplemented with mathematical system
modeling verification simulations using real life physical parameters (Chapter 6).

In Chapter 3, new developments on spacecraft with fuel slosh modeling techniques
are proposed through a modified multi-mass pendulum sloshing modes approximation
based model with multiple inputs. This advanced modeling technique would improve
the accuracy of the system model in a way that would reduce the errors during
experimental testing caused by various mathematical approximations and tracking
performance evaluations. First, a simple single input spacecraft with fuel slosh model
is presented to satisfy the state variable form conditions to allow for control input
development and spline function based approximation design. Next, a pendulum
assumption based multiple input spacecraft model is formulated into state variable
form and analyzed for stability attributes. The context of these models are shown
to be valuable during control system design by applying a more accurate engineering
solution to the modeling design challenge.

Finally, contributions to advanced approximation methods in nonlinear dynamic
models are made through developments of typical nonlinear system models employing
spline functions in an adaptive control context (Chapter 5), in addition to adaptive
feedback control for aircraft applications (Chapter 6). Approximation based adap-
tive control using spline functions for a spacecraft with fuel slosh nonlinear dynamic
model implemented under the pendulum assumption is first studied in Chapter 3
and developed further with design parameters in Chapter 5. It is determined that a
spline function based approximation methods under adaptive control techniques for
nonlinear systems can reduce the tracking error to a small residual set for a reason-
able number of mathematical computer calculations. The contributions in Chapter 4
are an improved actuator nonlinearity characteristic modeling approximation study
of aircraft with synthetic jet actuator inputs.

Overall, the contributions presented in this dissertation document include adap-

tive control techniques implemented through spline function based approximation
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methods for next-generation spacecraft systems and aircraft flight control, with the
objective of maintaining stability demands in future spacecraft systems and achieving
desired tracking performance under actuator nonlinearities in new-age aircraft design

methods for control system implementations.

1.4 Dissertation Preview

The remaining dissertation document is organized as follows. In Chapter 2, we de-
scribe the general problem formulation and go through the relevant technical back-
ground of our developed research topics. In Chapter 3, we present the various space-
craft with fuel slosh models developed from the literature that were chosen to be
applied in our study. Synthetic jet actuator technology applied to aircraft control
design and modeling techniques are summarized in Chapter 4. We then present our
results for approximation based adaptive control using spline functions applied to var-
ious spacecraft with fuel slosh control models in Chapter 5. Adaptive compensation
of synthetic jet actuator nonlinearities for aircraft control is developed in Chapter
6, including modeling and simulation results for a real-life aircraft dynamic model.
Finally, conclusions and a brief technology outlook for future implementations are

suggested in Chapter 7.



Chapter 2

Technical Background and

Problem Formulation

System dynamic uncertainties can cause undesirable parametric, structural and
environmental nonlinearities, which require to be accounted for in order to achieve
the desired system performance and maintain the control objective. Design issues
involved in approximation based adaptive control systems are controller parametriza-
tion methods, deriving a set of error dynamics, choosing adaptive update laws, analyz-
ing stability and tracking properties. These issues become more challenging, because

of inherent system structural uncertainties and unmodeled parametric nonlinearities.

2.1 Splines for Approximation and Control

In the mathematical field of function approximation, a spline function is a special
type of interpolation that involves connecting piecewise polynomials through a set
of data points. The result is essentially a curve that is pieced together by polyno-
mial segments that are subject to continuity constraints at the connecting points.
For example, if we simply connected the data points with straight lines (1% order

polynomials), this would be considered a continuous spline of order two interpolating

13
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over the data set. Connecting the data set with 2"¢

order polynomials in such a way
that the graph has a continuous first derivative at these interconnecting points is a
spline of order three [19]. A spline function is defined on a chosen interval and can
be used to approximate complex mathematical functions defined by a specified set of
data points. Therefore, splines are composed of pieces of simple functions defined on
subintervals and joined at the endpoints [90]. The term ”splines* was first introduced
in the mathematical literature in 1946 [61]. Since this time there have been a number
of monographs that have summarized the theory of splines and how they can be used
for approximation and control [4, 62, 55]. More recently, spline functions have been
applied to approximate feedback linearization. The motivation for this approach has
been for systems that fail to meet the necessary conditions required for feedback lin-
earization. In addition, spline functions are used to reduce the algebraic complexity
encountered with pseudolinearization [8]. They are superior to polynomial interpola-
tion, because of the interesting fact that the approximation error can be made smaller
without having to resort to applying higher order polynomials. The main challenges
with spline functions are minimizing approximation error, deriving an optimal set of
approximating parameters and choosing a suitable number of intervals to spline over.

Basis splines (B-splines) are important in that they can represent any spline func-
tion of the same degree by a linear combination from the set of basis elements; in
particular, the Cardinal B-Spline for intervals of the form [—1,0,1,2,...]. Splines
have been used to approximate system functions for nonlinear systems that are very
complex and otherwise would require substantial algebraic computation. By repre-
senting the complex system functions with splines we can reduce the mathemati-
cal computation required to execute the objectives and improve the accuracy of the
system modeling representation. The most widely used in today’s applications are
the cubic splines, due to their minimum curvature property [77]. The concept of an
ideal measure of curvature is considering the spline functions continuous second-order

derivative and taking it’s squared norm along the path of the function, this is a rough
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approximation to the potential energy of the original draughtsman’s spline used in
engineering drawings and maps.
In this Dissertation, the splines we chose to consider are defined as symmetrical,

bell shaped functions constructed from the functions g, : R — R!, defined recursively

[19], by
gr(z) = /Olgkl(x — A)dA,

::/m%ﬁg_mmumx (2.1)

—00

for k > 1. This defines the Cardinal B-spline of order k (degree k — 1) for the knot

at 0, where

1 0<z<1,
gi(z) =
0 otherwise.

For example, a cubic Cardinal B-spline of order 4 and degree 3, for the knot at 0 is

given by [80]
3

& 0<x <1,

_Tﬁ+2x2—2x+% 1<z<2,

T A+ 10— Y 2<2 <3,

ga(x) = (2.2)

_Tz?’+2x2—8x+% 3< <4,

0 otherwise.

\
The B-spline basis elements of order k for the knot at x = j is gij(x) = ge(x — J),

which is simply just a translation of the original B-spline gi(z). The basis elements
have support for = € (j,k + j), and to form a partition of unity on z € (0,1) the
sum of the B-spline basis elements are )7 gr(z — j) = 1, this reveals how each
corresponding parameter only influences the curve for that knot point and interval
of support. For the cubic spline case (k = 4), we have plotted these basis elements
shown in Figure 2.1.

The cubic function s(x) = Z;:ll_k 6;gr(z — j) is a spline of order k, that has
(n+k —1) knots at the points z = 1—k,1,2,...,n— 1, with the coefficients ;. The
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Figure 2.1: Cubic B-spline basis elements for (2.2).

set of basis elements {gx(x — j) ;:f_k form a partition of unity on [0,n]. Instead, if

we write the basis elements as

o) = (n5=2 - ). 23)

for j = 1 —k,...,n — 1, then the new basis set is {¢, ?:_117,6, that is formed by
translating and dilating the k-th order Cardinal B-spline, we form a partition of

unity on [a, b] [19]. Defining the approximator as

[y

fla:60) = 6"6(x) = 0;0;(x), (2.4)

j=1—k

3

I
—

with ¢;(x) as defined in (2.3), we have direct access to adjust the parameter vector 6 of
the approximator without having to satisfy other continuity or matching constraints.

By approximating the uncertain nonlinearity modeling effect with spline func-
tions, we enable the design of an approximation based adaptive control technique

and improve the accuracy in approximating the uncertain model parameters required
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to meet the control objectives. To demonstrate the concept of spline function approx-
imation we present a simple example to approximate the function f(x) = cos(2x) for
the time interval x € [0,5]. The data points are generated using MATLAB and
then fed through the spline network in (2.2) to formulate the approximator function
f(x:0). From (2.3) we choose k = 4, over the interval [a = 0,b = 5], with n = 5, this
yields the index variable j = —3, -2, —1,0,1,2,3,4, which for the sake of notation
can be interchangeable with the corresponding index j = 1,2,3,4,5,6,7,8 when we
are counting the number of basis elements. Therefore, this function approximation
structure has 8 coefficients with 8 basis elements. Figure 2.2, shows the function f(z)
with it’s approximator function f (x;0)) plotted as a dashed line, the bottom part of
the figure shows the spline basis functions ¢;(x) used in the approximation structure.

The most apparent challenge in this simple example is choosing the optimal pa-
rameter vector @ = [0y, 04,03, 04,05,06,07,05]" that generates the closes fit of f to

f. Following (2.4), with the chosen numerical values results in the spline function

approximation network

f(a;0) = Z 0;0;(x) = 0T¢(x) = ¢(2)76, (2.5)

where ¢(z) = [¢1(2), ..., ¢s(z)]. The problem of solving for # such that f(x;60) ~ f(x)

we choose m—distinct points that satisfy the matching condition

¢($1)T 0 f(x1)
¢<$2)T 02 _ f(x2)
| O(@m)” || O | flam) |
which can be seen as ®70 = F', where ® = [¢(z1, . . ., ¢(1,,)]. If we choose m = 8, such

that we have the same number of basis functions and the matrix ®7 is nonsingular,

then the unique solution for 6 is

= (@1 'R (2.6)



18

Although this matching condition is limited to the case where the number of data
points is equal to the number of coefficients and ®7 being nonsingular, it gives some
insight into the complexity of solving for an optimal . To display the effectiveness
of the spline function approximation method we also apply it to the simple exam-
ple presented in Section 1.1. Consider the approximating structure from the previ-
ous example with a different set of parameters 6§ and basis functions ¢;(z), where
j =1,2,3,4,5,6,7,8 as in the previous example. MATLAB simulation results are
displayed in Figure 2.4, where there is a drastic reduction of the system output track-
ing error with the spline function approximator f(z;6) = 07¢(x). Although we have
only considered periodic functions in these introductory examples, the concept of us-
ing splines for functional approximation can extend to more complex non-periodic

functions that we will present later in this document.

f(=z) and f(=)

0 05 1 1.5 2 25 3 35 4 45 5

Ps(x)

1z, ...,

25
Variable, x

Figure 2.2: The solid line in the top plot shows the desired function f(z) = cos2x
and the dashed line is the spline function approximator f (x,0). The basis functions

@1, ..., ¢s are plotted on the bottom part of the figure.

Although these simple examples only consider a univariate spline basis, later we



will present a multivariable spline function

sional basis elements shown in Figure 2.3.

9,060, 9,0

Outputs - y(1), y,®

Tracking error - e(t)

Figure 2.4: The solid line in the top plot shows the desired output y,(t)
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basis that will consist of the two dimen-

25
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50

= cost and the

dashed line is the actual output response y(t) with the spline function approximator

~

f(x;0). The tracking error e(t) is plotted on the bottom part of the figure.

As we will see in the next section we can employ an adaptive control method to
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update the parameter vector 8 in the spline function approximator structure.

2.2 Approximation Based Adaptive Control Schemes

Adaptive control theory provides a strong tool to assist in the design of feedback
control systems. Typically these systems contain parametric, structural, and envi-
ronmental uncertainties that might be completely unknown. The basic principles of
the methodology is to start by estimating the unknown system parameters online
using a proper adaptive update law estimation method (e.g. gradient optimization),
and then use the estimates in place of the unknown parameters in the feedback control
law. As the fuel level of the spacecraft drops and the tank becomes partially filled the
remaining liquid sloshing around in the tank will cause parametric uncertainties. The
varying degrees of nonlinearity due to this highly complex liquid motion results in
structural uncertainties, and external space objects are some hazardly environmental
uncertainties, these are just some of the many challenges in spacecraft control system
design. Similarly, for aircraft with synthetic jets, they suffer from unknown actuator
nonlinearities, unmodeled dynamics and environmental uncertainties.

Adaptive control is a widely practiced methodology from the family of feedback
control systems. Motivated by the new feedback technologies that were invented
during World War II, including automatic pilot, gun positioning, and radar control
systems. In 1957, Drenick and Shahbender introduced the term adaptive control. As
the 60’s came to an end, adaptive control had begun seeing many advancements in
stability analysis for linear systems [41]. Although, these initial results assumed that
all system uncertainty was due to unknown parameters, it opened the door for control
designers to make modifications to the existing adaptive algorithms to account for
other types of uncertainties (i.e. external disturbances, signal measurement noise).
In the last two decades, most of the efforts in adaptive control have been towards

nonlinear systems and have experienced many great advancements [32]. Modern
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applications for adaptive control found in the literature include temperature control,
chemical reactor control, automobile control, artificial heart control, robot control,
aircraft control, and physiological control.

A typical adaptive control system (see Figure 2.5) consists of unknown plant pa-
rameters, where the plant is the system process that the adaptive controller is designed
to control. Adaptive update laws to generate the unknown parameter estimates. The

designed feedback controller and a model reference system for tracking objectives.

ym(t)
—| Reference model
B(t) Adaptive law _._(")_
B(2) T
il
4o | Controller ui) 1 y(2)
T Clsew) Fram] 2

¥ 5

Figure 2.5: Basic model reference direct adaptive feedback control.

There are two popular methods of combining the parameter estimates with the
feedback control law to create the adaptive controller. The first strategy, known as
direct adaptive control, uses the parameter estimates directly to determine the con-
troller parameters. The second method, referred to as indirect adaptive control, the
parameter estimation algorithm first estimates the unknown plant parameters and
then maps the estimates to the controller parameters through a strategically deter-
mined design equation. A direct adaptive control design utilizes a direct estimation
of the controller parameters from an adaptive law. The two methods for direct de-
signs are Lyapunov and Gradient. In contrast, an indirect approach calculates the
controller parameters from an algebraic design equation using the initial estimates

of the plant parameters. With direct adaptive control the controller parameters are
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updated directly. As a subset of these designs we have model reference and pole
placement. Model reference designs are used when the zeros of the system are stable
Re[s] < 0. When the system zeros are unstable Re[s] > 0, they are either canceled
out by corresponding poles or pole placement designs are used to place the system
poles at a desired location. The complexity of the design varies by the order of the

system, as well as the number of system inputs and outputs.

8(t)
Design Equation |, On-line Parameter
8.1 = F(8(1) Estimation of 8
8.
y
1
"® Controller ut) Plant

— " () g P8 >

Figure 2.6: Indirect adaptive control system.

When the system is a multi-input multi-output (MIMO) system the transmis-
sion zeros are considered to determine which adaptive control design procedure to
follow, the same stability conditions are considered as described for the single-input
single-output (SISO) systems. Some of these approaches will be presented briefly to
introduce the basic equations including the controller structure and design assump-
tions. As an expansion of the adaptive control methodology, approximation based
adaptive control deals with cases where the system uncertainty also includes unknown
nonlinearities that need to be approximated, in addition to the estimated unknown
system parameters. Generally, a nonlinear adaptive control design deals with systems
where the uncertainty is due to unknown system parameters that appear linearly with
respect to known nonlinearities. Therefore, adaptive approximation based control can

be viewed as an advanced adaptive control method that reduces the level of uncer-
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tainty in the system modeling error and improves the overall control authority, by
precise modeling techniques. The motivation to use adaptive approximation based
control methodology is founded on the idea of devising a method that can store the
model information as a function of the operating point and be able to recall the model
information as needed to maintain the desired system performance during changes in
the operating point [19].

Consider again the 1-dimensional state SISO system representation as

w(t) = flz(t) + gz(t))ult),

y(t) = (), (2.7)
except here we assume that f(z(t)) = 07 ¢s(x) and g(z(t)) = 07 ¢4(z) are unknown
functions with unknown parameter vectors 6y and 6, that require online estimation.
The vector of basis functions ¢;(x) and ¢4(x) are determined during the offline design
phase, in our case we will be using the spline basis functions. Therefore, we define the
spline network approximator functions f(z) = QA?QS f(x) and g(z) = éngzSg(m), where éf
and ég will be updated via adaptive laws with proper consideration taken to initialize
the parameter estimates. A simple choice for an adaptive feedback linearizing w(t)

controller for asymptotic output tracking, yields the control law

~

u(t) = = (= Ae(t) — F(x(t)) + dult)), (28)

9(x)
where the tracking error is e(t) = y4(t) — y(t), and when applied to the system (2.7),

results in the closed-loop tracking error dynamics as
e(t) = galt) —y(t),
= a(t) = f(z) — g(z)u(t). (2.9)
Rearranging the equation to be in terms of the parameter estimation errors éf(t) =

0;—04(t), and 0,(t) = 6, —0,(t), yields the following form for the closed-loop tracking

error dynamics

ét) = —Xe(t)+07o¢(z) + 0L dy(z)u. (2.10)
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Now that we have defined the error dynamics we can develop our adaptive update

laws by considering the Lyapunov positive definite function candidate
R 1 O
Ve 0;,0,) = 5(62 +9§rf19f+ejrglag), (2.11)

as a measure of the system’s error functions e(t), 6;(t) and ,(t). The time derivative

of V along the corresponding solutions is
V= cé+ 00T, + 07T, 4, (2.12)

using the fact that éf(t) = —04(t), ég(t) — —0,(t), and the tracking error dynamics

defined in (2.10), the time derivative of V' becomes

V =e(— Ae(t) + 07 pp(x) + 0 py()u) + é?r;léf + égr;lég. (2.13)

Combining like terms to solve for é s and ég, results in
V= —\2(t) + 67T (rfeqsf(x) + éf) +15! (Fgeqzﬁg(x)u + ég). (2.14)

Choosing the adaptive update laws to ensure that vV <0, gives us

0;() = —Tre(t)os(x), (2.15)

0,(t) = —Tgu(t)e(t)py(z), (2.16)

which simplifies (2.14) to be
V =—-Xe(t) <0. (2.17)

This ensures the system stability and desired tracking performance. Although this
example is for the simplest case with only one state-variable, a similar development
can be expanded to include multiple state variable designs with multiple inputs and
outputs. In the next two subsections we briefly discuss the control of aircraft with
synthetic jet actuators and spacecraft with fuel slosh, respectively, and present some

of the most relevant literature in these important nonlinear system structures.
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2.3 Problem Formulation

There are two main problems that we will address in this dissertation that are of
importance to advanced spacecraft and aircraft systems. The first problem is found
in aircraft systems with actuator nonlinearities, a new type of aircraft control device
known as synthetic jet actuators have such an inherent nonlinearity. The other prob-
lem deals with nonlinear dynamical systems that fail to meet the requirements for
backstepping and/or feedback linearization, one such a system is spacecraft with fuel
slosh dynamics included rendering a nonminimum phase system model. In this brief

subsection we will introduce the basic problem formulation for these two challenges.

Synthetic Jet Actuator Nonlinearities of Aircraft Systems. To begin the
formulation of the actuator nonlinearity compensation problem, consider a linear

time-invariant plant to represent a local linear commercial aircraft model as
i(t) = Az(t) + Bu(t), y(t) = Cx(t),t > 0, (2.18)

where (A, B) is controllable, the angle of attack « is one of the components of the
state vector x(t) € R", u(t) € R™*! is the control input, y(¢) € R is the output, and
Ae R B e R™ and C' € RI*™ are known constant matrices. The actuator

nonlinearity is denoted by N(-):
u(t) = N(v(t)), (2.19)

where ¢ is the time variable, v(t) is physically represented by the input peak-to-peak
voltage applied to the synthetic jet actuator’s piezoelectric diaphragm which
generates the air flow, and u(t) is the equivalent virtual deflection on the airfoil. It
has been observed through wind tunnel testing [15] that the synthetic jet actuator
nonlinearity characteristic N(-) changes significantly with the varying values of the

aircraft’s angle of attack, denoted by a.

Our challenge is developing a method to design a spline function approximation

based adaptive inverse feedback control scheme for an aircraft flight control system
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having synthetic jet actuators. The developed scheme must cancel the actuator non-
linearity N(-), in order to meet the control objective. The basic adaptive inverse state

feedback control scheme is that shown in Figure 2.7.

ruy v u X y

o {NIF)—IN()

X=Ax+Bul—| C —

h 4
A 4

-~

Figure 2.7: Basic adaptive state feedback inverse compensation control scheme.

Dynamic Uncertainties of Nonlinear Systems. Another important problem
that we address is the design and analysis of systems that fail to meet the
requirements for feedback linearization and other common nonlinear control design
methods. These complex nonlinear dynamical systems sometimes have a
nonminimum phase structure or have a relative degree that is not well-defined (e.g.
ball and beam system, inverted pendulum). To formulate this problem we consider

the nonlinear dynamical system model representation as

#(t) = flx(t) + g(z(t))u(?),
y(t) = h(z(t)), (2.20)
where x(t) € R" is the system state vector, u(t) € R is the control input, h(z) is

the output function, f(z) and g(x) are nonlinear functions representing the system

dynamics. If f and g, are inaccurately modeled or partially unknown, then those
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portions of the functions can be approximated using a spline function network. Next,

to separate the unknown portion of each nonlinear function represented by

w(t) = (folz@) + f(x(1))) + (90(x (1)) + g((t)))u(t), (2.21)

here the functions f,(z) and g,(x) represent any known components of the system
dynamics and f(z) and g(x) are the unknown parts of the dynamics. The unknown
functions of the system model will be approximated over the safe operating compact
region D. For any physical system, the region D is determined at the design stage
and is used to ensure the controller maintains the system inside these safe physical
limits. An example of such is the design of an electric motor that must operate within
specified voltage, current, torque, and speed constraints. If the motor operates outside
these safe limits, then it will result in electrical component failure or mechanical part
damage that could lead to dangerous life threatening conditions.

To account for the fact that each state of the system in (2.20) may contain un-
known functions, we consider rewriting the system dynamics such that the i** state

variable is

zi(t) = (fo,(x(t)) + fi(x () + (9o, (x(8)) + gi(x(t)))u(t), (2.22)

where ¢ = 1,...,n, are the number of system state variables defined in the initial
model development. Although, this case is only for a single input system it can easily
be expanded to the case for systems with multiple inputs.

In order to reduce the modeling error effects on the tracking objectives we consider
the unknown parts of the system dynamics the are denoted by the nonlinear functions
f(z) and g(z), these unknown nonlinearities will be approximated by the smooth
functions f(z, éf) and §(z, ég), respectively. The vectors éf € R¥ and ég € R
represent the adjustable parameters for each approximating function, where % and 6;
are the corresponding unknown “optimal” parameter (weight) vectors. The nonlinear
set of system equations (2.21) are expanded to be expressed for the 1" state we develop

a linearly parametrized spline function approximation for each of the functions and
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denote them as f7(x,07%), g;(z,0;,). That is, the nonlinear system functions can be

approximated by multivariable B-splines defined as

ﬁ‘(l’, 6)f%) = fz*(xu 07’1) ~ Q}lTsz (ZE) + 15 (ZE), (223)
and
gi(x,04,) £ g; (2,0;,) = 0,7 By, (x) + 1, (). (2.24)

Where the expressions are,

0" By () Z Zeﬂ b (@) by, (), (2.25)

Jji=1 Jn=1
N

and
H*TB Z Z 1 Ui (1) -+ bj, (@), (2.26)
j1=1 jn=1

N}y N> tepresent the i spline function approximation errors and for B-splines they

< 7yq:, and approach zero in a

are bounded by positive constants |14 < n¢s, |74

cubic fashion. 67 ., for each i" approximator is one of (M; - My - - - M,) unknown

B-spline coefficients, and b, (z1), ---, bj,(x,), are the n univariable B-spline basis

elements, and the estimator for each *” nonlinear approximation model function as

~

fZ('CE) = fl(xa éfz) = é;Z‘Zsz (.CIZ), (2'27)

and
Q,(:v) = gl(x’ égz) = éz;Bgz ($) (228)

The inherent " spline-function approximation errors as 1y, (), n,,(z) are

nfi(x) = fl<£IZ', efz) - fz*(xv 9;2)7 (2'29>
ng(x) = gi(z,0,) — g;(x, 9;)7 (2.30)

~

and the i" parameter estimation errors 6y, (t) = 0y, (t) — 0%, and 0,,(t) = 0,,(t) — 05

As the i*" estimates é? and HZ approach the desired parameters Q}T and H;T, the
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spline function approximator effectively provides a model for spacecraft with fuel
slosh dynamics that can be used for control purposes. Observing the form of these
error expressions is critical for adaptive controller design so as to guarantee closed-loop
stability. We also note that the above system form does meet the requirement for the
popular backstepping control procedure, that is the following condition may not occur
gi(x,0,,) # 0 for any given x € D. Indeed, advanced adaptive control techniques can
be developed to handle these residual error terms. In order to implement the spline
function network structure, we rewrite the system dynamics represented by (2.22) in
terms of the approximating spline functions (2.23) and (2.24), to do this we simply
add and subtract the terms f;(z,0%,), and g;(w, 07 ) to the system (2.22). This results

in

i(t) = (for(2(t) + f7(2,07)) + (fi(x(t) — £ (,07,)) + (90, (x()) + g7 (=, 05, Ju(t) +
+ (gi(x(t) — gi (2, 05,))u(?),

= (o, (x() + [ (2, 0%,)) + (90, (2(2)) + g7 (2, 05,))u(t) + n(x), (2.31)

where the network reconstruction error is defined as

n(z) = (filz) = £ (2,07)) + (3:(2) — g} (2, 0,))u,

n(x) = (@) + 0 ()u. (2.32)

From this approximated model we develop our control design to maintain the tracking
objective and minimize the system errors using adaptive bounding techniques. In the
next section we discuss the steps involved to design such an approximation based
adaptive controller.

When we use the terms optimal and minimal they are meant to be in the sense
of the infinity norm for the corresponding errors over the region of operation D.
The minimum possible deviation between the unknown system functions f*, ¢g* and
f (, éf), g(x, ég), respectively, generated from the adaptive approximator, represents

the minimal approximation error and is crucial to the controller design. Therefore, it
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is noted that to reduce the minimal approximation error we can increase the number
of adjustable weights in the parameter vectors whose size is denoted by ¢; and g,
respectively. Typically, 0%, and 6, are chosen as the values of 6, and 0, respectively,
that is to minimize the network approximation error uniformly for all x € D.

It is commonly found that the adaptive update laws é s and ég for the parameter
estimate vectors 6 5 and ég are modified to incorporate a parameter projection method
P to ensure the parameter estimates remain bounded within a specified region of
operation D. The parameter projection modification is also used to maintain the
approximation functions stabilizability, such that it does not hold parameters to create
stabilizability problems.

In this dissertation we confront the following set of problems:

e Approximation based adaptive compensation of synthetic jet actuators for air-

craft flight control;

e Development of a spline function based compensation scheme for systems with

actuator nonlinearities;

e Approximation based adaptive control of spacecraft with fuel slosh using spline

functions;

e Investigation of other complex nonlinear dynamical challenges using spline func-

tions for approximation based adaptive control.



Chapter 3

Modeling of Spacecraft with Fuel

Slosh Dynamics

Planar and rotational control of motion for spacecraft and launch vehicles un-
der going fuel slosh is crucial for rendezvous, launch stage and docking objectives.
The degrees of freedom require a higher level of precision for control objectives. In

addition, the effect of fuel slosh is pronounced during these complex maneuvers.

3.1 A Spacecraft Model with Fuel Slosh

In this section, we formulate the equations of motion for a rigid SISO spacecraft
with a spherical fuel tank and include the frequency of the first fuel sloshing mode
[9]. To derive these equations using the pendulum analogy, we first need to define a
set of generalized coordinates, simply a set of angles and positions that completely
describe the motion of the spacecraft and the fuel. We assume that the spacecraft
has a partially filled fuel tank and is in a zero gravity environment. The coordinate
system used in this design is a two-dimensional body-fixed frame, with the origin and
pendulum point of attachment at the center of the tank.

The important variables of the system are the attitude angle 8 of the vehicle, the

31
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respective axial and transverse acceleration components a, and a,, the angle i of the
approximated pendulum for the fuel. A constant thrust F; > 0, is assumed to act
through the vehicles center of mass along the longitudinal axis, this can also be used
as a control input if needed. The input variable used for control is the transverse
reaction jet force Fr. Some other assumed to be uncertain constant variables of
the system are the vehicle mass m and moment of inertia I with no fuel, the fuel
mass my, and fuel moment of inertia I;, the length a > 0 of the pendulum, and
the distance b which is measured on the longitudinal axis from the pendulum fixed
point of attachment to the vehicle center of mass location with no fuel. Note that the
parameters my, I, and a depend on the fuel tank shape, the type of fuel, and the fill
ratio of the fuel tank [51]. Figure 3.1 shows the spacecraft model with the pendulum

approximated fuel slosh mode included.

Inertial
Reference

Figure 3.1: Spacecraft with fuel slosh dynamics [9].

The next assumption is that the first fuel sloshing mode is approximated by con-
sidering the fuel to be “frozen” into a lump sliding about the sides of the tank. From
this assumption the fuel slosh acts like a pendulum with its point of attachment at
the center of the tank. In order to develop the equations of motion first consider the

free-body diagram for the fuel mass as shown in [64].
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Figure 3.2: Free-body diagram for fuel slosh as pendulum approximation.

Under the declared assumptions first demonstrated in [9], the equations of motion

for the fuel are:

Z F, =0 =F,—mya, — mfaéj% cos ) — myabysin, (3.1)
Z F, =0 =F —mya,+ mfaH? sin 1y — mgafy cos 1, (3.2)
Z M, =0 = —Iféf — mfa2éf — myaa, siny — myaa, cos. (3.3)

[\

Figure 3.3: Free-body diagram for spacecraft.

From the free-body diagram of just the spacecraft the derivation of the equations of

motion for the spacecraft are determined to be:
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Y F =0 =—F—ma, +b0°) + Fy, (3.4)
Y F. =0 =—F —m(a.+b0)+ Fr, (3.5)
> M, =0 =—I6—mb(a. +b) + (b+d)Fr. (3.6)

Although these set of equations might seem challenging at first, with a little effort
they can be simplified and combined based on the chosen control objectives. An

example of such a combination will now be presented.

In order to combine the equations of motion for the spacecraft and fuel slosh we
follow the procedure in [9] and solve the six linear equations for the six unknowns
Fi, Fy, ag, a,, 0, and Hf Combining the equations to eliminate internal forces and

defining the kinematic equations with

b= G-, (3.7)

we obtain the equations of motion for both the spacecraft and fuel dynamics. These
equations are chosen to represent the coupled motion of the spacecraft and the fuel
slosh. This leads to a system that describes the nonlinear equations with the state
variables as

xy =10, Ty =0, T3 = éf, x4 = 1. (3.8)

These are the state-variables that describe the dynamics of the spacecraft with the
fuel slosh included as an internal body. With the state variables defined, we can write

the nonlinear equations in state-variable form:



where

|7 el o)
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This system is governed by the set of equations (3.1)-(3.7) in compact form as:

| =N"'G.
O
where
N I+ mkb®>  —kmabcosxy = my |
—kmabcosxy Iy + mka? m+my

o (d + bk)Fr — abkma? sin x4

—akFrcoszy — akFrsinxy + kmabm% sin x4

Now represent the system in state-variable form as:

T, = 0 = o,

iy = 6 = folz,u),
T3 = éf = f3(z,u),
Ty = é’f -0 = T3 — To,

with

fo(x,u) = C(z) - [(meabxs)? sinxy — (I + mea®)(abmezs sin x4) +

(3.10)
(3.11)
(3.12)

(3.13)

+ [(Iy + mca®)(d + be) — ma®c®bcos® x4 Fr — (mca® cos x4 sin x4) Fy ),

fs(x,u) = C(x) - [(I +meb?)(mcabz?sinzy — (mecabxs)? cos zasinxy) +
2

+ [meab cos 24(d + be) — (I + mcb*)ac cos z4) Fr — [(I + mcb?)acsin z4] Fy),
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where

.
C()

= I;(I + mcb*) + Imea® + (mcab)*(1 — cos® z,), c= T

m+my

Note that there is a constraint on the equations such that C(z) # 0, because
it appears in the denominator. The above set of equations show the mathematical
complexity of a nonlinear spacecraft model with fuel slosh dynamics included. Next,
we rewrite the system in the common affine system form to allow for control input

design.

y = h(z), (3.14)

where we have

i T2 ] 0

=] P = | 2 ey
f3() g3(x)
T3 — T 0

with
fo(x) = C(z)-[(mcabxy)?sin vy — (I; + mea®)(abmexs sin xy) — (mca® cos vy sin xq) Fr),

f3(z) = C(x) - [(I + meb®)(mecabxssin x4 — (mcabrz)? cos x4 siny) —

— ((I + mcb*)acsin x4) Fy],

ga(x) = C(x)-[(Lf+ meca®)(d + be) — ma*c?b cos® x4,

g3(z) = C(x)- [meabcoszy(d + be) — (I 4+ meb?)accos 1),
and h(z) = z; = 0 as the system output. Now we solve for the equilibrium states

7;'6 = f(xeyue) = 0.
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This yields the following:
T ERN, Te2=0, 23=0, wz4€{0,7} u.=0.

Next, we determine if the nonlinear system is nonminimum phase. To do this we
show that the nonlinear system (3.14) has a relative degree p in a region around the

point zq = [0,0,0,0]. Taking the derivatives of the specified output:
y. — C(';1 - T,
g = 12 = [fox)+ g(2)u.

Hence, the system has relative degree p = 2 in R*.

The next step is to characterize the zero dynamics by restricting x to the plane
7* = {x € Rz = 2y = 0},
and take u = u*(x) such that u*(z) is the unique solution to the equation

0= fZ(x)|z1=l”2=0 + g2($>’x1212:0u*(l')-

This yields
u*(x) _ _fQ(x)|061=962=07
92(2) |21 =220

Thus the zero dynamics of the system are

¥s = f.(x)+ g.(x)u"(2), (3.15)
1:4 = I3, (316)
where
f-(z) = C(x)-[~(mecabxs)® coszysinxy) — ((I + meb*)acsinzy) Fy),

g.(r) = g3(x). (3.17)
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Now we need to determine the asymptotic stability of the equilibrium state z, =
[0,0]. To be able to conclude whether or not the system is minimum phase. To
do this we have plotted the phase portrait shown in Figure 3.4. From the phase
portrait we see that the equilibrium state is a center. This zero dynamics system
is not asymptotically stable, therefore the nonlinear system for the chosen output of

y(t) = x1(t), is nonminimum phase.

Figure 3.4: Phase portrait x3 — x4 for the zero dynamics.

3.2 MIMO Spacecraft with Fuel Slosh

The model developed in [11] is derived using the Lagrangian formulation to include
the transverse, pitch and slosh dynamics into the system model. An interesting aspect
of the model is that the equations of motion are derived from the center of the tank
and the placement of the center of mass of the spacecraft is in line with the transverse
input thrusters. The model has two inputs for control purposes a transverse force
Fr and a pitching moment M.. Let us assume that the accelerating rigid spacecraft
moves in a fixed plane, the fuel slosh dynamics are included using the pendulum

model shown in Figure 3.5.
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Figure 3.5: Spacecraft with fuel slosh dynamics [51].

Under the declared assumptions the total kinetic energy of the system is

1 1 1.
KE:§M@+@fM@ﬂ+?W+§Qw+wV+

+%mﬂm+a@+¢ﬁmwf+@&+M9+¢M%¢ﬂ. (3.18)

Since the gravitational effects are ignored, the potential energy (PE) is assumed
to be zero. Now, we will summarize the Lagrangian-formulation presented in [11] to
solve for the equations of motion governing the spacecraft with fuel slosh we write
the Lagrangian

L=KE — PE = L(v,w,¥,7)). (3.19)

First we let the base body translational velocity vector be described by v € R?, and
the angular velocity vector by w € R3. The internal fuel slosh coordinates are included
by ¥ € R. The generalized control input forces and moments are defined by 7, € R?

and 7, € R3 respectively. To include the internal dissipative forces we assume they
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are derivable from a Rayleigh dissipation function R. These variables are defined as

Uy 0 FL 0
1 . .
R:§€¢27v: 0 W = 6 y Tt = 0 y Tr = M+FTb

Now, we can write the Lagrange-Euler equations for the spacecraft with internal

dynamics by:

doL 0L
E%—I—w% = Ty, (320)
doL oL 0L
%% w%—}-v% = Tp, (321)
L L
doL_oL OR _ | 5.2

atos 00" o)

where @ and © represent a skew-symmetric matrix from w = (wy,ws,w3) € R3:

0 —Wws Wa
W= w3 0 —W1
—Wwy Wi 0

After solving the Lagrange-Euler equations, we have the following equations of motion

for the spacecraft with fuel slosh:
Fr, = mya(f + ) siney + mbh? + mpa(f + )2 cosy +

+ (m 4 my) (0, + 6v.), (3.23)

Fr = (m+mg) (0, — Ov,) +mpa(f + ) costp +mbl —

— mya(f 4 )2 sin1p, (3.24)

0= (I; +msa®) (6 + ) +mpa(i, + Ov.)sinty +

+ mya(v, — Qu,) costh + et (3.25)
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M+ Fpb = (I4mb?)f+mb(i, — v,). (3.26)

Since the focus is on the effect of fuel slosh during maneuvering, the angle 6 represent-
ing the attitude is important to the simulation. This allows F}, to primarily control
the orbit position and the distance at which the spacecraft travels in the x-direction.
The transverse thrusters Fr control the movement on the z-axis, while the pitching
moment M controls the rotation of the craft in a fixed plane. The nonlinear state-
variable form is complex and can be derived by first declaring the states of the system,
which in our case will be the position and velocity variables for our spacecraft. To

place the system in state-variable form we introduce the following state-variables:
Tl = Vg, T2 =171V,, IT3= 97 Ty = éa Ts = 1/}7 Tg = w (327)

With the state-variables defined, we write our nonlinear equations in state-variable

form, by plugging in each corresponding state for the chosen variables:

T = f(z,u), (3.28)

where

The system is governed by the set of equations (3.23)-(3.26), in compact form:

Uy
U,
= N'G,+ N'G,u,
- @Z =
where
Fr, —mb? — (m +mg)0v, —mpa(f + )2 cos b 00
m 4+ my)0v, + mea(f + ¥)? sin 10
G — ( 7) 4 (6 +¢)*sin gy - |
mbov, b 1
—ez/} — mfaévz siny + mfaévm cos Y 0 0
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m+my 0 mya sin Y mya sin Y
N 0 m—+my  myacosy +mb myacos
0 mb I + mb? 0

measing mpacosty Iy +mpa® Iy 4+ mga®

After performing some rigorous math (see the Appendix) we obtain the nonlinear

system in the control affine form

y = h), (3.29)
where _ - - -
fi(x) 911(x)  gra(z)
fa() gn(z)  ga2(x)
T4 0 0
f(z) = , 9(z) = :
fa(x) 911(7)  gaa ()
Tg 0 0
i fo() i | g61(7)  gea() i

and h(x) = [0, 2, 73,0,0,0]” as the system output.
Reduced Order Model

The full order system is quite complex, therefore in this Dissertation we will study a
realistic reduced order system with the logical assumption that the pitch and slosh
dynamics have negligible influence on the axial acceleration [11]. First we rewrite

(3.23) as

by 4 Ov, = [FL — mya(f + ) sin — mbh* — mya(f + 1b)? cos w] :

m+ my
The stated assumption allows us to simplify this to

: F
by + v, = —2— (3.30)
m -+ my
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plugging this into (3.25), we obtain the following reduced order model

Fr = (m+my)(0, — 0v,) +mya(f + ) cosp + mbd — mpa(f + )% sinp(3.31)

Fr

B T _
O—(If+mfa)(9‘+¢)+mfa(.m mf)sm¢+
+ mya(v, — Ov,) cos ) + €y, (3.32)
M + Frb = (I +mb*)8 + mb(v., — v,). (3.33)

Now v,(t) is considered as an exogenous input. To place the reduced order system

in state-variable form we define:
T1=0,, To=0, x3= 9, Ty =1, T5= Q,D, (3.34)

and write out the nonlinear equations (3.31)-(3.33) in state-variable form:

T = f(x,u), (3.35)

where

In compact form:

U

é - N_lGx+N_1Guu7

where

(m + my)0v,(t) + mpa(f + 1) sin 10
G:p = mbevm(t) ) Gu: b 1 s

—erp — UL i) + m pabfv,(t) cos b 00

L m+my
m+mys mypacosy +mb mypacosy

N = mb I+ mb? 0

| myacosy  Ip+mga® Iy +mya’
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After performing some rigorous math (see the Appendix) we obtain the nonlinear

system
t = f(z)+g(@)u,
y = h(z), (3.36)
where ~ _ _ _
fi() g1i(z)  ga(x)
I3 0 0
flz) = fa(z) | g(z) = g21(x) ga2(x) | >
Ty 0 0
AN | 931(2)  g32(x) |
with
fl(l‘) = Glx<l’)Dn1,1 + G21<$>Dn2,1 + G3(13)D7”L3’1,
fg(.CC) = G1$($>Dn1,2 + G2w<l’>Dn272 + G3<I)Dn372,
fg(l’) = Glx(x)Dnl,g + ng(l')DTLQ,g + G3($)Dn373,
gn(x) = Glanl,l + G2u1Dn2,1, gu(x) = GgugDnz,l,
921(95) - Glanl,Q + GQuanQ,Qu 922(96) = GgugDnm,
g31(z) = GruDnig+ Goy1 Dngs, g32(2) = GauzDngy 3,
and h(z) = [z1,22,0,0,0]7 as the system output. Now we can easily solve for the

relative equilibrium states

Fr

t"‘l’l(O), Leg = 07 Le3z = Oa Leq = 07 Les = 07 Leg = 07 Ue = [07 O]T
m+my

Tel =
Zero Dynamics Analysis

Next we determine if the MIMO nonlinear system is minimum phase. Applying
the definition given in [28], we first determine the relative degree {ry,72} of the

system by differentiating the outputs until we have a component of the input explicitly
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appearing. Taking the derivatives of the specified outputs:

Yyr = Ty,

Y1 = T2 = fo@) + gu(w)us + goa(x)us,
Ya = T3,

?Jz - ‘753 - Ly,

Vo = 24 = fa(x) + gu(z)ug + ga(z)us.

Hence, the system has relative degree {r; = 1,7, = 2} in R®. The next step is to

characterize the zero dynamics by restricting x to
7* = {z € R%|hy(x) = ho(x) = Liha(z) = 0},

where the Lie derivatives are

Ohy Ohy Ohy Ohy Ohs Ohy

L = 2 2
sha(x) (%zzlfl + (9a32f2 + 8x3f3 + 8x4f4 + 8x5f5 + 8x6f6’
= fS(J:)a
= XT4.
Therefore,

7* ={x € Rwy = 23 = 74 = 0},

and take u = u*(z) such that u*(z) is the unique solution to the equations
0= f2(x)|$2:$3:$4:0 + ng(I)|$2:CE3:C€4:0uT (:L') + 922(‘7;)|$2::D3:$4:0u§ (ZE),

0= fa(@)]sr=zs=24=0 + 921(2)|zo=zg=2s=0t1 (T) + 922(Z)|p =2y =2s=0t3(T),
After solving these two equations for the two unknowns wuf(x), us(x), we obtain

(z) = g22() fu(z T

_ () — gua(a)
! 921(7)ga2(7) — ga2()
wi(z) = 911(2) f2(x) — go1 (@) fa ()
2 () — g22()

g1 () gaz () — goo () gar (x

T ) |$2=£E3=$4=0a

) |$2=$3=I4=0'
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Thus the zero dynamics of the system are

i = fa(z), (3.37)
T5 = fa(w), (3.38)
Te = fu(2), (3.39)
where
le (CL’) = fl(‘r)|$2:$3:$4:0 + gll(x)|$2:$3:$4:0ui (ZE) + 912(I)|$2:$3:$4:0u;(‘r)7
fz2<x) = g,
fa(z) =

J6(2) | er=2s=24=0 + 961(Z)|eo=es=2s=0U1 (¥) + g62(T)|er=5=2s—0U5(T).

Now we need to determine the stability of the equilibrium state z,. = [x5 = 0, 2 = 0]
of the zero dynamics system (3.37)-(3.39). To be able to conclude whether or not the

system is minimum phase. To do this we solve for the Jacobian matrix

8le 8le ale
dr1 Oxs Oze

J(x)= | %2 02 0fa

oz Oxs Oxg
afzS asz afzS
6331 8$5 axe

and evaluate this at x,.. With the aforementioned physical parameters this yields

0 0 0
Jz(xze> - 0 0 1

0 0.587 —0.002417

Observing the eigenvalues of the matrix J,(z,.) will give some insight into the

stability of the zero dynamics system. We first solve for the eigenvalues A\ from
det( A\ — J,(2,.)) = 0:

A 0 0

det(MN — J,(2,.)) =det | 0 A -1 = 0.

0 —0.587 X+ 0.002417
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Figure 3.6: Phase portrait x¢ — x5 for the zero dynamics system (3.37)-(3.39).

This yields the eigenvalues: A\ = —0.76741, Ay = 0.76499 and A3 = 0. These
eigenvalues correspond to a strongly unstable system and what is known as a saddle
point in linear stability analysis theory. From this result, we conclude that the original
nonlinear system is nonminimum phase. To reinforce our analytical proof we have
plotted the phase-portrait shown in Figure 3.6. From the phase portrait we see that
the equilibrium state of the origin of the zero dynamics system is not asymptotically

stable, therefore the nonlinear system is nonminimum phase.

Reduced Order Model
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where ~ - _ _
fi(x) 911(x)  gra(x)
ZT3 0 0
f@)="1 falz) | 9@) = | gai(z) goo(x) |-
Ts 0 0
i f3() i i 931(7)  gsa(w) i

and h(z) = [z1,72,0,0,0]7 as the system output. The equilibrium states are
T €R, T €R, 2i3=0, 24 =07, x5=0, u,=][00]".

Taking the derivatives of the reduced order model specified outputs:

y = I,

i = 71 = fi(z) + gu(@)ur + grz(w)us,
y2 = T,

Yo = Ty = X3,

Vo = Z3 = fox) + gor(z)ur + goo(T)us.

Hence, the system has relative degree {r; = 1,7, = 2} in R°. The next step is to

characterize the zero dynamics by restricting x to
7" = {ZL‘ € §R5|h1(l') = hQ(ZL‘) = thg(l‘) = 0}7

where the Lie derivative is

 Ohy,  Ohy. Ohy, Ohy, O
Lghy(x) = axlfl + 8x2f2+ 8x3f3+ 8x4f4+ a%J%a

= f2($)a

= I3.

Therefore,

7* ={x € ®|r, = 1y = 23 = 0},



49

and take u = u*(z) such that u*(x) is the unique solution to the equations
0= f1(2)]e1=2s=2s=0 + 911(Z) |21 =2=ws=01 (T) + 912(T) |21 =2 =ws=0u3(T)

0= fo(@)]e1=2s=2s=0 + 921(Z) |21 =2s=ws=011 (T) + g22(T) |21 =2y =2z =03 (T)
After solving these two equations for the two unknowns uf(x), us(x), we obtain

(@) = 220 @) ~ gm@)i(@)
! 911(7) g22(7) — gra(
gu (
(

T g21( ) |:c1:x2:zg:05

)
X g (v ) — ) fo
UQ(:L‘) = ) ( 1 ) |x1:x2:m3:0-
911()g22(2) — g12(x)go1 ()
Thus the zero dynamics of the system are

1y = fa(z), (3.40)
15 = [a(2), (3.41)
where
fale) = s,
falz) =

3(x)|$1ix2::v3:0 + g3l(x)|$1:$2:$3:0ui (ZL’) + 932(x)|m1:$2:963:0u§ (:L')
Now we need to determine the stability of the equilibrium state x,. = [x4 = 0, x5 = 0]

of the zero dynamics system (3.40)-(3.41). To be able to conclude whether or not the

system is minimum phase. To do this we solve for the Jacobian matrix

8le 8le

J (I) _ Oxy Oxs
: Ofr  Ofen
8$4 8:1:5

and evaluate this at x,.. With the aforementioned physical parameters this yields

0 1

Jz (xze) ==
—0.0000.. —0.0000..

Observing the eigenvalues of the matrix J,(z..) will give some insight into the stability

of the zero dynamics system.

We first solve for the eigenvalues A from det(A] —
Jo(22)) = 0:

A -1
det( A — J,(x,¢)) = det
+0.0000.. A 4+ 0.0000..
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This yields the eigenvalues: \; o = —1.19F—20 + 2.056jE —9. These eigenvalues
correspond to a stable system and what is known as a stable focus in linear stability
analysis theory. From this result, we conclude that the reduced order nonlinear system

is minimum phase.

3.3 Multi-Mass Fuel Slosh Dynamics

The spacecraft with fuel slosh models presented thus far in this chapter have only in-
cluded the first or lowest frequency slosh mode as a single-pendulum. To improve the
model accuracy we would have to extend the development of these models to include
more frequencies that are higher and are pronounced during complex maneuvering.
Recent developments presented in [53], derive a multiple slosh mass-spring model to

include higher frequency modes.

Figure 3.7: A multi-slosh mode pendulum model for a spacecraft with a gimbaled

thruster with multiple inputs. [52].

Where § denotes the gimbal deflection angle, which is used as one of the additional

control inputs. The equations of motion are derived as before from (3.18), but the
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modified total Kinetic Energy (K.E.) is expressed as

1 oy, 1 2 L j
KE = Em[vfc + (v, + b0)?] + émo[vi + (02 + ho0)?] + 5(1 +10)0% +

N
+ % > [ma((ve + L0 + 1) sin ) + (vz — hif) + 1;(0 + ;) cosihy)* +
=1
+ L0 4 )7 (3.42)

As before we assume the gravitational effects are ignored, and the potential en-
ergy (PE) is assumed to be zero. We continue with the modified version of the
Lagrangian-formulation presented in [53] to solve for the equations of motion gov-
erning the multiple fuel slosh spacecraft with fuel slosh multiple inputs we write the
Lagrangian

L=KE — PE = L(v,w, ), 1)). (3.43)

Recall how we let the base body translational velocity vector be described by v € R3,
and the angular velocity vector by w € R3. The internal fuel slosh coordinates are
included by ¥ € R. The generalized control input forces and moments are defined
by 7 € R® and 7, € R3 respectively. To include the internal dissipative forces we
assume they are derivable from a Rayleigh dissipation function R. These variables

are defined as

N Uy 0
1 ‘o
R=§;€i¢“ = 0 , W = 0 5
v, 0
Frcosd 0
Ty = 0 y Tr = M—FFTb—i—FLlSlH(S
Fr+ Frsind 0

Next, we solve the Lagrange-Euler equations for the spacecraft with internal dynamics

to obtain the modified equations of motion for the multiple slosh mode spacecraft
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model as

N
Fjcos0 = (m+my)a, + Zm,lz(ﬁ + 1/)1) sin1); + mbh? +

=1
N . .
=1
N .. ..
FT -+ FL sind = (m + mf)az + Zmlll(ﬁ + 1/}1) COS’(ﬂ +
=1
.. N . .
+mbi =y " mli(0 + ;) sin b, (3.45)
=1

+ m;li(a, sin; + a, cos ;) + ei%, (3.46)

N
i=1
N

i=1
where (ay,a,) = (0, + 0v,,0, — Qv,) are the axial and transverse acceleration com-

ponents for the center of the fuel tank, and

N
=1

N
I=1+Iy+mb” +mohg + > mh?,
=1

Although our research does not include an approximation based adaptive control
design for this specific model, we can apply our control design from the single slosh
model to the multiple slosh model to determine the performance ability. We anticipate
that future research will include designs specific for this model to provide for a more

accurate mathematical model for the actual spacecraft and liquid fuel included.



Chapter 4

Synthetic Jets for Aircraft

A single synthetic jet consists of an actuator cavity, an oscillating membrane and
an orifice (see Figure 4.1). A piezoelectric actuator driven at its resonant frequency
functions as the oscillating membrane, and when it oscillates, fluid is alternately
expelled and ingested through the orifice. A jet is synthesized by a train of vortices

formed at the edge of the orifice.
jet vortex

O train

orifice

orifice

actuator

actuator

cavity

cavity

oscillating

oscillating

membrane
membrane

Figure 4.1: Physical structure of a synthetic jet actuator.
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4.1 Airflow Shaping and Control

Active flow control using synthetic jet actuators first begin in 1994 [70], since this
time researchers have been performing wind tunnel testing to better understand the
formation and action of such jets [6]. The primary advantage of these synthetic jets
are their zero-net-mass flow nature, which allow the oscillating actuators to synthesize
a jet stream without the need for an external source of fluid injection. The generated
vortices are formed by the periodic oscillation of the fluid boundary and propagate
with a non-zero mean streamwise momentum from the interaction of the newly formed
vortices. To better understand this concept we present the side view of an aircraft

wing inside of a clean undisturbed airfoil, shown in Figure 4.2.

-

— et

Figure 4.2: Clean airfoil around an aircraft wing.

There are two cases of interest that synthetic jets have been used for in maintaining
a clean airfoil across an aircraft’s wing: The first case is at low angles of attack and
the second is at higher angles of attack. At low angles of attack a separation bubble
could form at the surface and disturb the pressure distribution across the clean airfoil
resulting in a disturbance shown in Figure 4.3. To counter-act the surface bubble,
synthetic jets create a virtual shape change of the airfoil and decrease the surface

pressure distribution localized in the area near the synthetic jet actuation ports.
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This provides the needed decrease in pressure drag with only minimal change in lift,

to stabilize the airfoil around the aircraft’s wing.

Pressure Bubble

o

Synthetic Jets — Trailing Edge

Figure 4.3: Pressure bubble disturbing surface and airfoil around an aircraft wing.

At higher angles of attack the airfoil can experience an adverse pressure gradient
region causing the streamlines to separate at the leading edge resulting in excessive
drag, lose of lift, and eventually stall. This turbulent flow caused by boundary layer
separation near the leading edge of the wing’s surface can be overcome by placing
synthetic jets at the leading edge of the wing to reattach the airflow and maintain
a clean airfoil. The induced fluid vortices created by the synthetic jets reattach the
fluid flow pattern and prevent further flow separation. Recent studies [39, 37] have
shown that placing synthetic jets on the leading edge of an aircraft’s wing can delay
the onset of stall up to 31° angle of attack. While synthetic jets placed on the trailing
edge of the wing helped generate lift and reduce drag.

As we will see in the next section that the mathematical model used to represent
the synthetic jets actuation behavior varies considerably with the change of angle of

attack, as discovered by wind tunnel testing data.
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Separated Flow

> <

—

Figure 4.4: Separation of airflow resulting in stall.

Synthetic Jets — Leading Edge

Figure 4.5: Reattached airflow with synthetic jets at the leading edge.
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4.2 Mathematical Model

Following the earlier development from Section 2.3 we extend our results to consider

each single-input actuator nonlinearity denoted by N;(-):

wi(t) = Ni(wi(t) = Ni( A2, (1), (4.1)

pp;

where 7 is the index of actuator nonlinearity inputs, ¢ is the time variable, v;(t) =
Agpi (t), with Ay, (t) being the it" input peak-to-peak amplitude voltage applied to
each synthetic jet actuator’s piezoelectric diaphragm which generates the air flow, and
u;(t) is the equivalent virtual deflection on the airfoil. It has been observed through
wind tunnel testing [15] that each synthetic jet actuator nonlinearity characteristic
N;(+) changes significantly with the varying values of the aircraft’s angle of attack,
denoted by a.. As shown in [13], at low angles of attack (a < 10°), a parametric model
with parameters 8 = [0} , 05 ] € R* for each actuator nonlinearity characteristic is

o

vit)’

where v;(t) is such that w;(t) > 0. At higher angles of attack (22° < a < 24°), the

ui(t) = Ni(07; vi(t)) = fi(ui(t)) = 65, — (4.2)

synthetic jet characteristic changes to be nonlinearly parameterized and is represented
by
ui(t) = N;(07;0:(t)) = fi(vi(t)) = 05, + 67, sin® (05 vi(t)), (4.3)

for some parameters 607 , 03 and 605 [15].
An adaptive inverse compensation scheme can be easily obtained and used to
cancel the effect of the unknown actuator nonlinearities at low angles of attack, that

is the function,
T (0(4): _ b
o, (1) — ua, (1)
where 0;(t) = [6;,,0,,]7, being the adaptive estimate of 67, and ug, (¢) is the desired

(4.4)

feedback control law to be designed based on the aircraft flight dynamics. An adaptive

inverse compensation scheme for the actuator nonlinearity at high angles of attack
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was given in [15]. Combining the two models (4.2) and (4.3), we can see that a
synthetic jet characteristic for a wide range of angles of attack is highly nonlinear in
nature. Such a nonlinearity may be complicated to describe by an analytical function
and it is denoted as f;(v;, @) whose characteristic depends on a.

Our objective is to design a spline function approximation based adaptive inverse
feedback control scheme for an aircraft flight control system having synthetic jet
actuators. The developed scheme must cancel each actuator nonlinearity N;(-), in
order to meet the control objective. As a continuation of our results in [66], we
consider an m-input linearized time-invariant plant model of aircraft dynamics with
synthetic jet actuators. Such a system that has a controllable state variable form can

represent a commercial aircraft model as

#(t) = Ax(t) + Bu(t) = Ax(t) + i”: Bju;,
y(t) = Cx(t),t >0, (4.5)

where the angle of attack « is one of the components of the state vector z(t) € R,
u(t) € R™ is the control input, y(t) € R is the output, and A € R"*", B € R**™
and C' € Y™ are known constant parameter matrices. To begin the extension to
the multiple input channel nonlinearity case, we define B; as the i*" column of the
partitioned system matrix B for ¢ = 1,...,m, such that our design can access the
columns of B separately, corresponding to each " input channel that has its own
nonlinearity profile associated with it. In addition, we define the control input wu;(t)
as the " element of u(t) that is implemented with the synthetic jet actuators and
write the multiple nonlinearity input channels as u;(t) = N;(v;(¢)). Similarly for
the inverse structure, v;(t) = NI i(ug,(t)). This implementation with synthetic jet
actuators has a nonlinearity profile given by, w;(t) = N;(v;(t)) = fi(vi, ), where « is
the angle of attack of the aircraft, and v;(t) is the i applied input to the synthetic jet
actuators. In other words, ug,(t) is designed as if w;(t) = ug,(t) is true, so it is critical

to determine and observe the control error u;(t) — ug,(t). A similar development is
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given in [63] with a neural network framework.

4.3 Actuator Nonlinearity Characteristic

From what we have analyzed in the previous section, the synthetic jet actuator charac-
teristic is a general nonlinear function of v(t) and «. Therefore, we need to determine
a suitable nonlinearity profile for each actuator input nonlinearity for feedback con-
trol. In this section, for simplicity we will drop the subscript ¢, such that f(v, ) is
used instead of f;(v;, ), this is equivalent to assuming each i nonlinearity has the

same profile function. That is,

wi(t) = filvi,a), i=1,2,...,m,

fi=fh="=fn (4.6)

although in practice they could be different functions and may even depend on a
different set of state variables from each other. One possible realistic choice of the
nonlinearity profile f(v, o), based on interpolation of the low and high angle of attack

models, is
fv,a) = a(a) fi(v) + b(a) fu(v)- (4.7)

This candidate nonlinearity profile depends on the applied input to the synthetic jets
v(t) and the angle of attack a, where f;(v) is the actuator nonlinearity function at a
specific low angle (ay = 3°) of attack, f,(v) is the nonlinearity function at a high angle
(ap, = 24°) of attack, and, a(«) and b(«) are functions that determine the dependency
of the actuator nonlinearity on «. In order for this function to be meaningful it must
satisfy

a(ag) = 1,a(ap) = 0,b(a;) = 0,b(ay,) = 1. (4.8)
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Figure 4.6: Nonlinear profile f(v, «) for varying « and wv.

That is the nonlinear profile is equal to the actuator nonlinearity functions at the
two different angles of attack mentioned above that were determined by experimental
data points taken from wind tunnel tests. There are many functions that can be used
to represent a(«) and b(«). Given that we have data points for two different angles of

attack, the simplest of these are linear functions. With the constraint (4.8), we find
a(a) = —0.0479a + 1.1429, b(ar) = 0.0479« — 0.1429. (4.9)

As determined in [14], the actuator nonlinearity functions at oy = 3° and «y, = 24°
are given by fi(v) =15 — 238 and f,(v) = 20 + 5sin®*(743), respectively.
As our further wind tunnel tests are performed (as a part of our research project),

more information will become available to make the function f(v,«) more precise, as

of now it is only valid for v € [33% 16) and o € [3,24], where the lower bound on
v ensures that f(v,a) > 0. Therefore, this model will be employed in our study for
the approximation-based adaptive inverse compensation control design, as the actual

model f(v,«) is not currently available.
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4.4 Other Synthetic Jet Actuator Applications

Because of the synthetic jets compact size they can easily be used for applications
that require an internal flow or some type of turbo machinery [37]. Effective cooling
techniques could employ these micro jets to help reduce system overheating which is
common in today’s laptops. Synthetic jets can augment or even replace cooling fans
for such devices as microprocessors, memory chips, batteries and wireless frequency
components. Even modern television’s that need thermal management of high power
LED screens, could use synthetic jets for cooling objectives.

Mixing of fluids could be accomplished with a combination of multiple synthetic
jets at precise locations to allow for chemical concentrations to be distributed evenly
throughout. A similar technique could be used in the automotive industry to ensure
distinct paint colors and evenly coat surfaces of an automobile during the manufactur-
ing stage. Micro-aircraft devices could use these small jets to maneuver and control
movement during intelligence gathering missions. Also synthetic jets could provide
the right amount of thrust for small underwater vehicles. Although these are only a
few of the additional applications synthetic jets can be used for, still much research

and development is needed to verify the experimental data to bring them to reality.



Chapter 5

Approximation Based Adaptive
Control of Spacecraft with Fuel

Slosh using Spline Functions

Recall the nonlinear system defined in (3.14), due to the fact that each state
variable may contain unknown functions we follow our development in subsection 2.2

and represent the dynamics of the i*" state variable as

:ti = (fm(x) + fz(x)) + (gm(‘r) + gz<x)>u’ (51)

where x € R* contains the plant states and i = 1,2, 3,4 index the state variables
defined in the initial model development, f, and g,, represent any known information
of the dynamic spacecraft model to be approximated. The other functions f; and g

are the unknown dynamics and will therefore have to be approximated.

5.1 Approximated SISO System Model

The system dynamics are therefore

62



63

i1 = fo (), (5.2)
iy = foz) + Golz)u, (5.3)
iy = f3(z) + gs(z)u, (5.4)
iy = fo, (@), (5.5)

this implies that the remaining dynamic functions are f,,(z) = fo,(z) = go,(z) =
Gos (T) = G0y (7) = g0, (x) = fi(x) = fa(z) = Gi(7) = ga(x) = 0. Next, we rewrite the

system in parametrized form as

i = (fo (@) + filx,00)) + (90, () + Gi(x, 05,))u, (5.6)

where each state in compact form is

itl = fm(‘r)a (57)
Ty = f_2<m7€f2> +§2(x,992)u, (58)
I.'?) = f3<x70f3> +g3(x7993)u7 (59)
Ty = fo (). (5.10)
The expanded form is
Zi?l = X9, (511)
ij — elfz ¢1f2 (33') + 92f2 ¢2f2 ($) + 63f2 ¢3f2 (’T) 4 9192 ¢192 (CE) + 0292 U (512>
81f2 + 05f2 + 94f2 ¢4f2 (l’) 93g2 + 94g2 + 95g2 ¢2g2 (I) ’
.I.‘g _ 61}”3 ¢1f3 (.’L’) + 02f3 ¢2f3 (SC) + 93/‘3 ¢3f3 (I) 4 9193 ¢193 (23) U (513)
04f3 + 05f3 + 96f3 ng4f3 (I) 6)293 + 0393 + 9492 ¢293 (:L‘) 7
b = 23— (5.14)

It is clear that the system is nonlinear in its unknown parameters, therefore,
approximation methods must be employed to handle these uncertain nonlinearities.
Substituting in the mathematically derived dynamic model equations we obtain the

system with the spacecraft physical model parameters
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01, = (mcab)?, 0a,, = —(I; +mca®)abme,

05, = —mca’F, 04,, = —(mcab)?,

0s,, = I;(I +mcb®) + I'mca?, 01,, = —ma*cb,

0a,, = (Iy + mca®)(d + be), 0s,, = (mcab)?,

Os,, = It(I + mcb®) + I'mca?, 05,, = —(mcab)?,

01, = (I +mcb*)mcab, 0a,, = —(I +mcb?)(mcab)?,

0s,, = —(I +mcb?)acF, 04, = (mcab)?,

0s,, = I;(I +mcb®) + Imca?, 0s,, = —(mcab)?,

01,, = mcab(d + be) — (I +mcb?)ac, Oy, = (mcab)?,

0s,, = I;(I +mcb®) + I'mca?, 04,, = —(mcab)?,
and
¢1,, (v) = w5sinwy, ¢, (v) = wzsiny, 3, () = cosmysinay,
Gu,, (¥) = cos® x4, ¢y, () = cos® a4, o, () = cos® 1y,
¢1,, (v) = a3sinwy, ¢y, (v) = v3cosaysingy, ¢, (v) = sinay,
Pr,, (2) = cosxy, ¢, (¥) = cos® x4

5.1.1 Spline Function Approximation Technique

To overcome these highly nonlinear complexity challenges, for the i" state we
develop a linearly parametrized spline function approximation for each of the
uncertain functions fi(z,0y,), gi(z,6,,), and denote them as f;(z,0},), g; (z,0;,),
respectively. That is, the uncertain system functions can be approximated by

multivariable B-splines defined as

filx,05) £ [ (x,07) = 077 By, (x) + ny,(2), (5.15)
and

gi(x,05,) = g7 (2,05) = 05 By, () + 11y, (). (5.16)
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Here the expressions are

My

07 By (x) = Z‘“Zeﬁ gabin (1) -+ - by, (4), (5.17)

ji=1 Ja=1

and
My

G;TBgt(x) = ZZ JiJa ]1 $1 "'bj4<x4)’ (518)

=1 Ja=1
Nf,, Ng:> represent the it" spline function approximation errors and for B-splines they
are bounded by known positive constants ||15] < nys, 1761 < 74g:» and approach
zero in a cubic fashion. 67, .. for each i" approximator is one of (M - My - M- M)
unknown B-spline coefficients, and b;, (1), bj,(x2), bj;(23), bj,(x4) are the univariable
B-spline basis elements, and the estimators for each i*” nonlinear approximation model
functions are
filz) = filw;05,) = 07 By (), (5.19)
and
Gi(x) = gi(w;0,,) = 0L B, (). (5.20)
Output Tracking Error. Before we move on to discuss the approximation-
based adaptive control structure it is imperative for us to observe the inherent errors
that exist. Recall the control objective is for the system output signal y(¢) to track
a desired output yu(t). It is typical to assume that yg, ¥a, - -, y((f) are known and

uniformly bounded. This leads us to observe the output tracking error defined as

e(t) = y(t) — ya(t). (5.21)

Observing the form of the error expressions is critical for adaptive controller design
so as to guarantee closed-loop stability. We must also mention that the above system
form does not meet the requirement for the popular exact feedback linearization
control procedure, that is the system for the chosen output of y(t) = z1(¢), has a
relative degree of p = 2 which is < n = 4 for any given x € D. Indeed, advanced
adaptive control techniques must be developed to handle these type of systems with

a non-minimum phase structure.
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Consider the following change of coordinates similar to that of [49] for neural

networks

21(t) = x1(t) — ya(t) — o,
2(t) = x2(t) — galt) — o,
z(t) = x3(t) — at) — as,

a(t) = z(t) —yPt) — au,

(5.22)
(5.23)
(5.24)

(5.25)

where «; are intermediate designed control functions to be defined in the next section

with the stability analysis, for ¢ = 1, 2, 3,4. Therefore, the z-coordinate dynamics are

represented as

z21(t) = @1(t) — galt) — cu,
Z(t) = o(t) — Galt) — Ao,
() = () — i (t) — ds,

at) = aat) =5 () — .
Substituting in the system functions from (5.1) we obtain

Q) = fo () = galt) — dn,
ZQ(t) = fQ(‘T7 efz) + gg(ZE, 992)16 - yd(t) - dQ?
(t) = Fa(x,05) + g, 04 )u — yi (1) — s,

4(t) = foulw) —y5 (1) — du,

(5.26)
(5.27)
(5.28)

(5.29)

(5.30)
(5.31)
(5.32)

(5.33)

and substituting in the coordinates from (5.22) - (5.25) we rewrite the dynamics to

be

2(t) = 24 ay—a,
Z'g(lf) = 23+a3—:c3+f2(:c,9f2)+§2(x,0g2)u—0'42,
23(25) = Z4‘|—Oé4—$4+f3($,9f3)+§3<£L’,9g3)u—d3,

24(t) = 23— 29 + a3 — (Vg — d4 + ?jd(t) - yd(t) - yc(l4)(t)7

(5.34)
(5.35)
(5.36)

(5.37)
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where the derivative of the i** designed control function is defined by

. Oa; . Oa; » oa; » ooy, Oa;
Q; = Zit+ = efi + = egi + -_Zl Ya + 5 Yd +17 (5'38>
Zi Hfz- 992. yalZ Yd

for i =1,2,3,4 [19].

5.1.2 Stability Analysis

Now that we have defined the z-coordinate dynamics we can develop our adaptive

control law, by considering the Lyapunov positive definite function candidate
- ] — s T
V05 00) = 5 3 (zf + 07T, + egirgilegi), (5.39)
i=1
as a measure of the system error functions z(t), 8y,(t), and 6y, (t), where n = 4 is the

number of system states. Taking the time derivative of V' along the corresponding

solutions gives

v=3 (ZZ + 07T, + égﬁ,r;égi) (5.40)
=1

Using the fact that éfi(t) = éfi(t), ggi(t) = ég,- (t), and the z-coordinate system dy-

namics defined in (5.30) - (5.33) the time derivative of V' becomes

V=21(fo, () = ga(t) — &1) + 22(fa(w,0p,) + G2(x, 05, )u — fia(t) — ) +
+ 23(fa(, 07,) + Gs(, 0, )u — ) (8) — é3) +

+ 2a(for () — 4 () — ) + (égryéﬂ + é;r;égi). (5.41)
i=1
Grouping the terms with the control input u we obtain

V=21(fo (x) = gat) — cu) + 20(fo(2,0p,) — Galt) — 62) + z3(fa(x, 0p,) —
— D) — ds) + 2a(for () — Y1) — du) + (2295(2, 6,,) +

+ 2305(2, 05, Ju+ Y <9~§§F;éﬁ + é;rg—ilégi) (5.42)
i=1
Then substitute in the dynamics from (5.34) - (5.37) with

VZZl(ZQ + Qg — @1) + 22(2’3 + Q3 — I3 + fg(:v,sz) + QQ(I’,QQQ)U — dz) +
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+ 23(24 —|— Ny — Xy —f- fg(l’, 9f3> —|— gg([E, 993)U — O[g) + Z4(Z3 — 29 —|— 3 — (g —
— du + Ga(t) = Ja(t) = 55" (1) + (2290(x, 05,) + 23757, Og5) Ju +
+ Z (é}ﬁzrzléﬂ + égrg;ilégi)' (5.43)

i=1

Therefore, the intermediate control function «; is determined from (5.43) to be

i1
A A A O A
ai(zh efm egm 51',92_1):—21'71 — G2y — fOi — fi+ Z ) kl (-Tk + fOk + fk) +
i1 L 9o
i—1
+ Tk, —
G S o
= [0, 1 Ofy | = Dy
— —T — .44
%E: [19xk 99, * 2= 6, ] (5.44)

where 73; are the adaptation functions to be defined in the next subsection.
Adaptive Controller Design. Observing the time derivative of the V' function

and substituting in the spline based adaptive approximation functions from (5.19) -

(5.20) for the unknown parts of the dynamics we define the control input law for u(t)

to ensure the desired stability properties and tracking objectives

e Y (500 — w0 — d) - AE). (545)

Z2g2 (‘7;7 992) + 23.@3(‘7:7 993) i=1

Next, from the normalized gradient algorithm in [76] we choose the following adaptive

laws
~ Fg _stff‘
07,(t) =15 = ——25—, (5.46)
I ! m?ﬂ (t)
P Fg -¢g-€g-
0,(t) =74 = ——2—"—, 5.47
gz( ) Tg m?h (t) ( )

where €7, = éﬁ.qﬁf“ €g, = é;;%i and

my, = 1/1+lifi¢£¢fi, (548)
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Mg, = \/ 1+ ’fgiﬁbglﬁbgm (549)

with the ' constant variables k,, and k,,.
Lemma 1 : The closed-loop comprised of the system described by (5.1), with the
approzimation-based adaptive controller defined by (5.45) and adaptive laws (5.46),

(5.47), gquarantees the following properties:

1.z, x, 0, 0,, € Lo i=1,2,3,4

2. z € L*
3. zi(t) = 0 as t — oo.

Proof: Recall the positive definite function defined in (5.39) and it’s time deriva-

tive (5.42) along the signals with the applied control input (5.45), is
V=% ( — N2+ 05Ty, + é;r;égi). (5.50)
i=1

Substituting in the parameter adaptation from (5.46), and (5.47), yields the derivative

as

n 2
v=-%" <)\izz~2 + % + i) (5.51)

i=1 i mgi

This corresponds to an adaptive control scheme that ensures desired closed-loop sta-
bility and tracking properties which, like those with other approximation based de-
signs, are in a local and average sense due to the approximation errors 7y,, 7,,, that
is, for approximation errors with some non-zero bounds and chosen initial conditions
within the specified regions, all closed-loop system signals remain bounded and the
i z-coordinate z;(t) is bounded by the approximation errors in a mean square sense.

Given the fact that each 7y, 1y, is small (in some norm sense) and bounded on a

compact region, we have, from (5.51), the boundedness of z(t), and & <% From

my,? Mg,
our aforementioned assumptions, that of y4(¢) and, in turn, from z;(t) = x;(t) —
Y 1 (t) — ay, that of z;(t), from (5.45), that of u(t). Thus all closed-loop signals are

bounded. Finally, from (5.46), (5.47), and (5.51), z(t), each i 4, (t), and 8, ()
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are all bounded by 7y, n,,, respectively, in a mean square sense (e.g. fttf 22(t)dt <

Yo+ koY iy ttf nZ(t)dt for some constants o, ko > 0).

Next, we modify our adaptive control design parameters (5.46), (5.47), to handle
the parameter uncertainties outside the region of operation. To do this we will employ
a parameter projection technique to ensure that the parameter estimates remain in

the bounded region of operation. That is the parameter adaptation laws are defined

by projection operators as

, o, 6p.es
03(0) = Py (o) = =P (s (552)
A Lo, bg.€q,
60 (0) = Py () = =P (M8, (5.59

The parameter projection operators Py,, P,, for « = 1,2, 3,4 are used to maintain the
boundedness of the elements for each éfi and ég¢~ Applying the fact that for spline
functions the basis elements By, and By, defined previously in equations (5.17) and
(5.18) form a partition of unity on D. From this it is straightforward to define the

upper and lower bounds on each element of 0 s, and égi such that the inequalities hold

~

O, < 0, < @;.,0, <6, <80, which ensure the boundedness of O; and 0 .
ﬁ sz f]z 9gji 9gji fi gi

Z9ii =
respectively [19]. Therefore, each Py, P, projection operator performs component

wise according to the definitions

Py = 0 ==
0  otherwise,

Tgi 99., S 99],1. S 0

ji gji»

ngi (Tgi> =
0 otherwise.

5.1.3 Simulations

This section presents the simulation results for the spline function approximation
based adaptive control designs presented in the first part of Chapter 5. To begin our

simulation results, we determine system performance by measuring the tracking error
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e(t) = y(t) — ya(t) for a sinusoidal reference input chosen as y,4(t) = == sint. This

1%
corresponds to an amplitude of 2° and a frequency of w = 2nf = 1(rad/sec). The
physical parameters used in the simulations are m = 480kg, I = 400kg - m? m; =
50kg, I; = 10kg - m?,b = 1.5m,d = 1.25m,a = 0.21m, F' = 2300N, and € = 3.7kg -
m? /s, as given in [53]. The spacecraft model with fuel slosh was chosen to have initial
conditions of the system as 6y = 2°, 6 = 0.037(deg/sec), 1y = 5°, and éfo = 0. The
following simulation shows the tracking error y(t) —y4(t) for the spline function based

adaptive control design presented in Section 5.1, applied to the SISO spacecraft model

with fuel slosh.

25F =
=2 -
W 1.5H E
E nsH -
E of
-0.5 —\/‘ -
g 10 20 30 40 =0 = 70 =
Time t (seconds)
3 . : _ 2T .
Figure 5.1: Tracking error y(t) — ya(t) for ya(t) = {55 sint: SISO spacecraft model

with fuel slosh.

Next, we simulate the case for y,(t) = 12_5?0 sint + % cost, this is shown in Figure
5.1 and verifies that indeed the tracking error goes to zero.

Although the transient error increases the steady-state error goes to zero. In order
to shed some light on how practical this controller design is, we present the control
input u(t) displayed in Figure 5.3, that is applied to achieve the tracking error that
is presented in Figure 5.2. To apply this controller to a real spacecraft we would

have to consider the response time for modern control inputs. In addition, we would

study the frequency of which these control inputs can operate and design the adaptive
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Figure 5.2: Tracking error y(t) — y4(t) for y4(t) = 2= sint + 4% cost: SISO spacecraft

model with fuel slosh.
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Figure 5.3: Input u(t) for the tracking error y(¢) — yq(t) shown in Figure 5.2.
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controller to maintain the control input u(¢) to meet the frequency requirements. In
addition to the tracking error we simulated the responses for the output (¢) shown
in Figure 5.4 the spacecraft attitude, 1 (t) the angle of the fuel slosh shown in Figure
5.5. The purpose of simulating these states is to show that they are indeed bounded

for the chosen time set.

o AR A = o

Change in Attitude (i) (degrees)

L
=]

L
N

' 1 I ' 1 1
] 20 40 B0 80 100
Time t {(seconds)

Figure 5.4: Output response for y(t) = 6(t) and yq(t) = {5 sint: SISO spacecraft

model with fuel slosh.

Change in  angle of fuel slosh (radians)

" ' L ' L ' L " L
o 20 40 BO 80 100 120 140 160 180 200
Time t (seconds)

2m

Figure 5.5: Slosh angle response (t), for ya4(t) = 5

sint: SISO spacecraft model

with fuel slosh.
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5.2 Approximation and Control of MIMO Model

Modifying the MIMO spacecraft model presented in Section 3.2, to include an addi-
tional input that allows for more precise attitude tracking. The new model now has
three inputs for control purposes a transverse force Fr, a pitching moment M and
0 denotes the gimbal deflection angle with the longitudinal thrust F}, as shown in

Figure 5.6.

Figure 5.6: Modified MIMO Spacecraft with fuel slosh dynamics [53].

The modified design variables are defined as

Vg 0
1 -, )
R:§6¢,U: 0 W = 0 s
v, 0
Frcosd 0
Ty = 0 y Tr = M+FTb+FLlSID5
Fr + Frsind 0

For simplicity we introduce the length | = b + p. After solving the Lagrange-FEuler
equations, we have the following equations of motion for the spacecraft with fuel

sloshing dynamics included:

Fr cosd = mya(f + ) sin + mpa(f + )% cos +



5

+ mbh? + (m + my) (0, + Ov.), (5.54)

Fr+ Fysind = (m 4 my) (0. — 0vy) + mbl + ma(f +

+ ) cos ) — mpa(f +4)*sin, (5.55)

0= (If +mfa2)(é+7vz) +mfa(i7x +évz) sin ¢ +

+mypa(i, — Qu,) costh + et (5.56)

M + Frb+ Filsind = (I 4+mb*)f + mb(v. — Ov,). (5.57)

Since the focus is on the effect of fuel slosh during maneuvering, the angle 6 repre-
senting the attitude is important to the simulation. For the longitudinal thruster we
assume small gimbal deflection of d so that cosd ~ 1 and sinéd ~ ¢. This allows F}, to
primarily control the orbit position and the distance at which the spacecraft travels
in the x-direction. The transverse thrusters Fr control the movement on the z-axis,
while the pitching moment M controls the rotation of the craft in a fixed plane. The
nonlinear state-variable form is complex and can be derived by first declaring the
states of the system, which in our case will be the position and velocity variables for
our spacecraft. To place the system in state-variable form we introduce the following

state variables:
L1 = VUgy T2 = UV, T3 :97:174 :éy$5 :wvl‘ﬁ :1/} (558)

With the state variables defined, we write our nonlinear equations in state-variable

form by plugging in each corresponding state for the chosen variables:

y = h(x), (5.59)
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where
) v,
U = FT ) Y=
M (0

= NG, + N'G,u,

where

Fr, —mbf% — (m +my)0v, —mya(f + )% cos
(m +my)0v, +mpa(f + )% siny

Gx = . )
mblv,
—e¢ — mfaévz siny + mfaévm cos 1
0 00
Fr 10
Gu - y N =
Frl b 1
0 0 0
m+my 0 myasin myasin
0 m+my  myracosy +mb myracosy
0 mb I +mb? 0
myrasiny myacosy If+mfa2 If+mfa2

After performing some rigorous math (see [65]) we obtain the nonlinear system in

affine control form

y = h(x), (5.60)
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where ~ - _ -
fi(z) 911()  gr2(z) g13(x)
fa(7) 921(7)  gaa()  g23()
Ty 0 0 0
f(z) = , g(z) = :
fa(x) 911(x) gao(x) gaz(x)
Te 0 0 0
| Je(x) | | 961() ge2(x) ges(x) |

and h(z) = [0, 29, 23,0, 25,0]7 as the system output.

Reduced Order System Model. This full order system is quite complex and
highly demanding, therefore in this dissertation we will study a realistically reduced
order system with the logical assumption that the pitch and slosh dynamics have

negligible influence on the axial acceleration [11]. First we rewrite the system equation

(5.54) as
Uy + Ov, = ——— [Fr, —mysa(f + ) siny — mbo?* —
— mya(f + 1)? cos 1. (5.61)

The stated assumption allows us to simplify this to

: F
by + v, = — 2 (5.62)
m 4+ my

and plugging this into equation (5.56), we obtain the following reduced order model

Fp+ Fpd = (m+my) (o, — Ov,) +mpa(f + ) cos +

+ mbl — mya(f + 1b)? sin 1, (5.63)

0= (I; +mpa®)(0 4 ) +mya( L )sing +
f

m+m
+ mya(v, — Bu,) cos v + ey, (5.64)

M + Frb + Fpld=(I +mb*)d + mb(v. — 6v,). (5.65)
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Now v, () is considered as an exogenous input. To place the reduced order system

in state-variable form we define:

Ty =0, Ty=0, x3=0, T4=1p, x5=71) (5.66)

and write out the nonlinear equations (5.63)-(5.65) in state-variable form:

& = f(z,u),
y = h(x),
where
) v,
u = FT ) Y=
M (0

Which can be represented in compact form:

U,
6 | =N'G,+ N 'Gyu,
&
where )
(m + mf)évx(t) + mfa(é + 1h)2 sin ¢
G, = mbiv,(t) ,
I —et) — ZZ{&% sin b + m pafv, (t) cos 1
Fr 10 ] m+my  myracosy +mb myracosy
Gu= | Fl b 1|, N= mb I+mb? 0
0 0 O_ mya cosy If—i—mfa2 If+mfa2

Recall the formula to solve for the inverse of a square matrix:

N~l= dettmadj(N). (5.67)
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To find the adj(IN) we first find the cofactor of each element of N and take the transpose

of the cofactor matrix of NV, this results

Nt No1v N
adj(N) =| Ni2 Ny Nz |- (5.68)
N1z Nag  Nag
Through some rigorous math we obtain
Ny = (I +mb?)(If+mya?),
Nig = —mb(If +mysa?),
Nz = mb(If +mya?) — (I +mb?)mysacoszy,
Ny = —mb(If +mya?),
Noy = (m+my)(If +mga?) —mfca2 cos? 14,

Nog = (mb+mysacoszg)mracosxy — (Ir +mpa®)(m+my),

N3 = —(I + mb*)ma cos x4,
N3y = mbm ra cos T4,
N33 = (I +mb*)(m + my) — mb(mb + msacos zy).

This assists us in solving for the determinant of N
Dy = det(N) = myacos x4 N1z + (I +msa®) N33,

for simplicity we introduce

N
Dnz,] = #,’L’,j = 172>3
N
and rewrite G, G, as
Grz(z) Gt G2z 0
Gz = G2£C (.T) ’G“ - G2ul G2u2 G2u3 )

with

Grz(z) = (m+mp)asvg(t) +mypa(zs + x5)? sinay,

Gaoy(x) = mbxsvy(t),
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Giul

Gau2
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myralTy,

= —ex5 — sin x4 + mypax3v,(t) cos x4,

™m
= Fp, Gua2=1, Gou1 = Frl,

= b, Gauz = 1.

This enables us to write out the nonlinear system in affine control form as

where

with

gui(z)
g12(x)
913(x)
g21(x)
g22(x)
g23(x)
g31(x)
gs2(x)

g33(x)

& o= fx)+g()u,

y = hiz), (5.69)
[ A1) | [ gn(2) gu@) g |
T3 0 0 0
fo(z) | 9(@) = | gn(z) goa(x) gaa(z) |
5 0 0 0
| f3(@) ] | g31(x)  gs2(x) gs3(@) |

= Gu1z(2)Dny11 + Goz(x) Dngy + Gse(x)Dngy,
= Go(®)Dni2 + Goo(x) Dngg + Gsa (%) Dng 2,
= Giz(z)Dni3 + Gag(z)Dnos + Gau(w)Dna s,
= GruDnig + GoaDnay,

= Gru2Dny 1 + Goy2Dna

= GoyzDnaj,

= GuuDni o+ Gay1Dnaa,

= GrueDni2 + Gay2Dng o,

= GaouzDnap,

= GruDniz+ Gau1Dngjs,

= Gru2Dni 3+ Gay2Dna3,

= GoyzDna 3,

and h(x) = [x1,72,0,24,0]” as the system output.
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We are now ready to develop our spline function based adaptive control design for the

MIMO reduced order spacecraft model with fuel slosh. The first step here is to rewrite

the system representation with each uncertain function from equation (5.69) modeled using

spline functions. That is, the uncertain nonlinear system functions will be approximated

by multivariable B-splines defined as
filz) £ 7 (,0},) = 03] By,(2) + ny,(x),
and for each control input
gui(x) £ gvi(x,05,) = 050, By, (x) + 1g,, (),

92i() = 92i(, 9;2 )~ Q;Z;Bgei (z) + Ng2s ().
g3i() £ 93 (, 9;3 ) ~ 9;§;Bg3i (z) + g3 ().

Where the expressions are,

My
Q;Tsz Z Z J1-J3 bj, (z1) - - bjs(x3),

Jji=1 jz=1
N———

and

0;17;Bgu Z Z 9]1 JsbJI (‘Tl) bj3 ($3)a

Jj1=1 ja=1
—_—
3

1
0;2’1;3!]21 Z Z 9]1 ‘73 b]l (l‘l) b.73 ($3)a

j1=1 Js=1
—_——
3

My
037 By, (x) = > - Zeﬁ abjs (1) - by (23),

J1=1 Jj3=1
—_—
3

(5.70)

(5.71)

(5.72)

(5.73)

(5.74)

(5.75)

(5.76)

(5.77)

Here the index ¢ = 1,2, 3, are the number of uncertain system functions defined in (5.69), in

order to reduce the modeling error effects on the tracking objectives they will be approxi-

mated by the smooth functions f;(z, éfi), 016(2,0,,,), G2i (1, 0,y,) and §a;(x, By, ), respectively.
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The vectors 0y, € R, 0,,, € R, 0, € R9 and 0,,, € R represent the adjustable param-

eters for each approximating function, where 6%, 67

o Oy, and 07 are the corresponding

unknown “optimal” parameter (weight) vectors. 7y, g, 7gy and 7, represent the i

reconstruction errors and are defined as

ng(z) = filz) - fi(2,0%), (5.78)
Ngri (T, u1) = gui(z)ur — gy;(w, 05, Jua, (5.79)
Ngoi (T, u2) = g2i(T)ug — g5,(, 0y, Jua, (5.80)
Ngsi (T, uz) = gsi(x)ug — g3;(z, 0;31_)1@,. (5.81)

For equation 5.78 we define an upper bound on the magnitude of 7y, (x) that is assumed to

be unknown and is given by
Ny s, = sup [|ng, ()]l - (5.82)
€
This case requires an adaptive bounding scheme to update the estimates on the bounds for

nys,(x) on-line. This estimate is defined as 7)yy,, with the bounding estimation error defined

as

r5: () = Mg 5 (E) = 0, (5.83)
which will we be applied in the stability analysis. However, for the remaining reconstruc-
tion errors (5.79, 5.80, 5.81), we assume that the bounds on the functions which multiply
the control inputs are known and are bounded by reasonably determined positive constants
Mgl < Nggris 1Mgosll < Nggos and [|0g4;]| < 7ggs;» Which approach zero in a cubic fashion.

9}‘1 jada for each " approximator is one of (Mj - My - M3) unknown spline coefficients, and
bj, (x1), bj,(x2), bj;(x3), are the three univariable spline basis elements, and the approxima-

tions of the uncertain functions for each it model is

gli(x; égli) - éguBgu(x)a (5'85)

G2i (; égm‘) = éggl By, (), (5.86)
and

g3i(; ég3i) = 0?7;1 By, (). (5.87)
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Hence, we define the i** parameter estimation errors éfi (t) = éfi (t) — 03, 0y, (t) =

egu (t) -0

o O (1) = égzi (t) — 0, and 04 (1) = égBi (t) — 05, As the i'" estimates HAJ?Z,

égh,, ég;z and GAZ];Z approach the desired parameters 0;2?, 0;5, 9;27:, and 9;5, respectively, the
spline function approximator structure effectively provides a model for spacecraft with fuel
slosh dynamics that can be used for control purposes. Observing the form of these error
expressions is critical for the adaptive controller design such as to guarantee closed-loop
stability.

Adaptive Control Design. Next, we define the tracking errors for each output,
recall from the system model (5.69) the first output y;(z) = x1 = v, which is the velocity
component in the z—plane, the second output y2(x) = z2 = € the spacecraft attitude and
the third output y3(z) = x4 = ¢ the pendulum fuel slosh angle. Thus, the output tracking
eITors are €1 = Y1 — Yd,, €2 = Y2 — Yd, and ez = y3 — yg, for each corresponding output,

where yq4,, Y4, and yg, are the desired tracking functions. These errors are applied using a

sliding mode vector of each component

S1 er+c feldT
s = S92 = € +62f62d7' 5 (588)
S3 es3 +c3 f€3d7’

where c1, co and c3 are positive design constants. Each of the s components are essentially
filtered error signals that induce proportional and integral control action [36, 69]. The
adaptive laws are reminiscent to what has been presented in [50] to update the parameter

vectors 0 fis égm ég% and ég3i and are defined by:

05 = {Brsi— oy —0%)}, (5.89)
0r, = . {Brs2— ool — 05, }, (5.90)
Or = s {Brss — 0l — 0%} (5.91)
and
O = g { oot —on (g, — 03} (5.92)
O = Vg { Boorst — o1 (g — 03} (5.93)

6931 = Yg: {Bgs’z 81 — 031 (9931 - 9231)} 5 (5'94)
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égm = Y12 { g1252 — J12 é - 9212)} s (5.95)

9922 = Tg22 {Bgzz s2 — 02 é g22 9222)} ) (5.96)

b, = By, 50 — 032(0,,, — 6°) (5.97)
g32 Vgs2 gs2°2 — 32 g32 932 5

églzs = Y3 { 91353 — 013 é g13 — 9213)}, (5.98)

9923 = Vg3 { 92353 — 023 é — 9223)} 5 (599)

ég33 = g33 {3933 §3 — Ji’)3(é£]33 - 9233)} ) (5.100)

where o > 0 is a leakage constant defined similar to the popular c—modification [27] and
is used to prevent the estimates from experiencing parameter drift. The constants vy > 0
and ~,,, > 0 represent the adaptation gains and 9% are design parameters. To update the

reconstruction error bounds 7y, we apply the following adaptive laws:

2 51 .
Nfp = Vh {81 tanh — — o1 (f)ys, — n?fl)} ; (5.101)
> S92 .

Nffa = Vif {82 tanh = — o2(Nffs — n?fo)} : (5.102)
A S3 A

Nigs = Vifs {Ss tanh — — o3(7p, — 77?‘]”3)} ; (5.103)

where n?c f, are design parameters and € > 0 is a small design constant used to smooth
out the sign function by converting it into a hyperbolic function in this case tanh. These
adaptive laws were derived based on the Lyapunov stability analysis to maintain system
stability and prevent parameter drift. The control inputs in vector form are determined to

be

u= | Fp | = g(x;eg)—lwf, (5.104)

where ¢ is a 323 matrix that is a collection of the uncertain system functions from (5.69)

and given by

<b>

g13)

922) g23 (x; é923)

911 (x300,)  G12(2;0g0,)  G13(a;
9(30): 921(

%>
D>

921)  G22(T;

g?)l(w; g31) 932( 9932) g33($39933)

>
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The matrix Wf, is

—HA}FI By, — iy tanh 2L + 94, — crer — k1sp — Z?Zl nfflﬁisgn(sl)
Wf = —é};sz — Ny, tanh 22 4 gg, — coea — kaso — Z?:l 77ff2,isgn(32) )
—é};st —Nfss tanh 2 + 94, — cze3 — kgsz — Z?:l nffwsgn(s?,)
where ¢; and k; are positive real numbers. We have to mention restrictions that guarantee
the existence of §(z;8,)~" is defined. The first of which is that the sign of the determinant
of § remains constant over the range of possible variations of the function approximation
and the next requirement is that each element of § are sign definite.

The stability analysis is verified using the Lyapunov method and is addressed by first

defining the positive definite Lyaponov function as

3 ATj 3 -9
1 7 0.9, +Z ¥ 1 n

V ’é - é . o . — —
(8,05, 0g, ;5717 1,) 97 s — 2v¢, e 2951
3 gr

3
+3°3 792a focs , (5.105)

=1 =1 9

where 7y, 7y, ; and sy, are the adaptive gains, 7ff, = fys, — 17;2 P the adaptive bounds
estimation errors, for the case of i = 1,2,3 and j = 1,2, 3.

As a measure of the systems error functions s(t), éfi (t) and égi’ ;(t). Applying the fact
that éfi (t) = éfi (1), égm (t) = égm‘ (t), and ﬁffi (t) = ﬁffi (t) we take the derivative of V'

defined in equation (5.105) and inserting equations (5.69) and (5.88) as

cier — ?Jdl 3 = “
V=s €262 — Ydy + s {f+gu}+ZT+
=1 i
€363 — Ydy

NN PN O I
3oy s | i (5.106)

=1 =1 19 i—1 ffi
Next, we add and subtract the terms s’ f and s”gu to be inserted into equation (5.106)
as
cie1r — Ya, un 0% By,
V= ST{ cee2 —Ya, | T | mp | é};sz +f+

c3€3 — Ydy Nfs éjjf; By,
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0T By, , 0T By, 0L By,

g91,1°791,1 “g21°792,1 Yg3;1

+gu— | 6T By, 0L By, 0L By, |ut

g91,27791,2 Yg227792,2 Yg32

6r B, . 6T B, .60 B

91,377°91,3 Yg23°792,3 Vg3 37933

Ngi1 Mg2.1 Mga, 1 S
1,1 2,1 3,1 3 0}—,9‘}%
1] g+ =+

+ Ng1,2 Nga,2 Mgs,2
=1 i

Ng1,3 Mg2,3 Mgs,3 1

+ 0N e S N R (5.107)
im1j=1 9 i1 i

Implementing the reconstruction error bounds and plugging in the parameter update laws

from equations (5.89) - (5.100) into the equation (5.107) we obtain

cre1 — Y, Ngi1,1 Mg2,1 Mgz 1
. T . 2 .
V<s { C2€2 — Yd, + Ng1,2 Mg2,2 Mgs,2 1 +f+gu} +
€3€3 — Z)d3 Ng1,3 Mg2,3 MNgs,3 1
* T (T 0
s s . 05, (07, — 07,)
T . NrfNles; A
sl g, | + D0 e [ov0203] | 67 (67 —69,) | - (5.108)
i=1 @
AT (4T _ 90
s 01,01, — 0,
where ||s|| = [||s1 ]l ||s2]| lss]l]]. We then substitute in the control inputs defined in equation
(5.104) to yield
M fy {f1ps tanh(L) + kis1}
: T . T (.
Vs llsl® pmjp, | =0 | {gp tanh(2) + koso} | —
s, | {ig g, tanh(%2) + kyss }
iT () 0
9f1 (0f1 - 9f1) 3 ﬁffﬁ
—[o10203] | 67 (87, — 09,) | + 3 T (5.109)
B . i=1 Vifi
L 0}‘; (6f3 - 9‘(}3)

Using the hyperbolic tangent property defined in [48], (5.101), (5.102) and (5.103) we

reduce the derivative of V' (5.109) as

V<—ks's+ N} p K€+ NF g, KE + N py 1€ —
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5351 (éﬁ - 9?1) + ﬁ?fl (N — n?”fl)
— lo10203] | 6% (67, — 09,) + it (s — 1Y) | - (5.110)

08O, = 0%) + 111, (s — 1y,
Following the stability analysis from [50] we conclude that V is not negative definite, there-
fore asymptotic convergence is not guaranteed. However, for a bounded set, the solution
V', can be shown to conclude system tracking errors, parameters and adaptive bounds are

uniformly ultimately bounded for a well defined compact set €.

5.2.2 Space Flight Control Performance Evaluation

The spline function based adaptive control laws designed in the previous section are imple-
mented here to a realistic spacecraft system with physical parameters. The control objective
is to track the desired output signals and maintain system stability during an orbital trans-
fer. The physical parameters used in the simulations are m = 480kg, I = 400kg - m?,m P =
50kg, Iy = 10kg - m?,b = 1.5m,d = 1.25m,a = 0.21m, F' = 2300N, and € = 3.7kg - m?/s, as
given in [53].

Simulation. In this section, we illustrate the performance of our approximation based

adaptive controller design applied to the complete nonlinear system
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Figure 5.7: Tracking error y(t) — yq(t) for the reduced order MIMO spacecraft model

with fuel slosh.
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Where the corresponding control inputs are
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Figure 5.11: Transverse Control Force Fr, Pitching Moment M, and Gimbal Deflec-

tion Angle 4.

Here we have developed a MIMO nonlinear dynamical model for a spacecraft with a

single fuel sloshing mode. Where the spline function based adaptive control design scheme
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achieves bounding tracking for a set of desired output signals. The effectiveness of our
approximation based design has been illustrated by a number of different simulation condi-
tions. We anticipate our future research to include the adaptive control design and system

dynamics of a spacecraft with multiple fuel slosh modes.



Chapter 6

Adaptive Compensation of
Synthetic Jet Actuator

Nonlinearities

Recall the i*" synthetic jet actuator nonlinearity model with uncertain parameters as

defined earlier is described by
ui(t) = Ni(6;;vi, ) (6.1)

where u;(t) is the i" control input to the plant and is generated by synthetic jet actuators,
i =1,2,...,m, where m > 1 is the number of control inputs, v;(¢) is the input to each
actuator, « is the angle of attack, and 60 is the unknown parameter vector. It is important
to note that for a realistic study the actuator output u;(t) is not available for measurement.
In this case, an approximation is a good choice.

To overcome these challenges, we develop a linearly parametrized spline function ap-
proximation for each i** function denoted f;(v;, o). That is, the nonlinearity profile can be

approximated by multivariable B-splines defined as
ui(t) = Ni (O, vi, @) 2 fi(vi, ) = O BN (vi, &) + 1w, (vs, @), (6.2)

where the expression is,
My Mo

O8N B, (viya) = > > 0% 5.bs, (0)bj, (), (6.3)

J1=1j2=1

91
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7N, represents the ith spline function approximation error and is bounded by a positive
constant [[nn,| < nww;, 0}, for each it" approximator is one of (M; - M) unknown B-
spline coeflicients, and b;, (v), bj,(«) are the univariable B-spline basis elements, and the

estimator of the synthetic jet actuator nonlinearity function as
sz(t) = Ni(ONi;Ui, a) = Q%iBNi (’UZ', a). (6.4)

Smooth Adaptive Inverse Design. For the nonlinearity function N;(ug;, «), we
assume it is invertible and continuous such that there exists NI;(uq, @) to ensure that
ui(t) = Ni(N1;i(ug,, ), @) = ug,(t) the inputs to the aircraft dynamics. With these
assumptions we can express the nonlinearity inverse function NI;(ug,, o), in the following

form:

Nli(ug;, @) = i (ug,, @) = ugs, (6.5)
where f;l(udi, «) is the inverse function for the synthetic jet actuator nonlinearity, ug,, as
mentioned before, is the desired input signal. In our previous research [66], we consider the
case where the function ugs, may be discontinuous, for example actuator nonlinearities that
exhibit a deadzone or backlash behavior.

Based on the spline function network property, we can approximate the i*” nonlinearity

inverse function by

Uds, = NIi(H:i;udi, a) = inTBsi (ug,, o) + ns,; (ug;, @), (6.6)
where
R1 R
H*TBSZ (ud;> @ Z Z 05,051 (ua)bjz (@), (6.7)
J1=1j2=1

ns, represents the i spline function network approximation error and is bounded by a

positive constant as ||, || < nns;, 07, ;, for each it" approximator is one of (R; - R2) unknown

B-spline coefficients, bj, (uq), bj,(a) are the univariable B-spline basis elements. Next, we

define the estimates of the synthetic jet actuator nonlinearity inverse functions as
ﬁdSZ' (t) = NI,‘(HSi; udi, a) = QZ;BSZ (udi, a). (6.8)
Applying (6.5) and the estimation error gs, = uqs, — Uqds,, we obtain

Ug; = fi(@dSi + Uggs;, Q). (6.9)
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Figure 6.1: Approximation based smooth adaptive inverse compensation control.

Following from equation (6.5), we define the applied control inputs as (see Figure 6.1)
v = 1Ugs;, (6.10)

now we can take the Taylor series expansion of (6.9) about ug4s, = 1g4s,, to obtain the desired

control signals ug, as

(s Liay.
ug, = fi(vi, @) + Wﬂd& + O(aflg:{a),ﬂdsi), (6.11)
where [ = 2,3,...,00 and O(-) represents the higher order derivative terms in the Taylor

series expansion. The representation of wug,(¢) in (6.11) is written in this form to allow
the derivation of each i" control error u;(t) — ug, (t). The full state desired linear feedback
control law is defined as uq(t) = r(t) — Kx(t), where ugq(t) = [ug,, Udy, - - -, Ua,,] € R™, (recall
that m > 1 is the number of control inputs and i = 1,2,...,m), and K is chosen such that
the poles of the solution A — BK are equal to some desired closed loop poles. Figure 6.1
describes an adaptive state feedback inverse control system for smooth nonlinearities that
contains two spline function network approximations. The first approximation structure is
used as a compensator for the inverse nonlinearity, while the second structure is an estimator

for the uncertain synthetic jet actuator nonlinearity.
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6.1 Control Error

Next, we derive an expression for the 7" control error u;(t) —ug, (t) to describe the effective-
ness of the nonlinearity functional approximations. This expression is critical in developing

adaptive update laws for the parameter estimates.

Lemma 1 : With the functional compensator described by (6.8), (6.10) and the estimate
represented by (6.4), the it control error for the spline function-based synthetic jet

actuator nonlinearity compensation scheme is given by

_ HT 6BN (’Uza )A

OBy, (vj, @)
TBs' . T N; (Ui, &
8’01 05,- i (udlv ) 9

1T B, (uy, ; 12
o0, 05, Bs; (ua;, o) +m;(t), (6.12)

ui(t) —ug,(t) =

where n;(t) is the model mismatch error.

Proof: From (6.2) and (6.11), the control error is given as

8fi(’l)i,0[)~ 8fll(’l)“0[) ~

)

Substituting (6.6) and (6.8) in (6.13), we obtain

0 2\ Vi 0 1\ Vi (3
Uj — Ud; = f((;; )HT sl(udm@) - Wﬁsi(ud”a) - O( é l )7 dS) (614)

where 0y, (t) = 0, (t) — ¢, is the parameter error for the it" inverse nonlinearity function.
From (6.2), (6.4), (6.14) and Oy, (t) = O, (t) — ¢, the parameter error for the ith

nonlinearity function, this results in the following form

i Ns; (udp Oé) -

ov; Ov; dvi
Lia. 0
_0<Wﬁ >+9T MQT_BS.(W“M

U — Ug; = (3771\7(%04) —HN]:C,iW)égBSi(ud“a) _ 9filvi,e)

ol ov; si
0B 19 2 0B 19 0
— 6%, Na(vv)ﬁg;Bsi(ud o) + 0% I\E)S))Hngi(udi,a) +ni, (6.15)

where n;(t) is
~p OBN, (v, @) onn;, (vi, @) Oft(vi, @)
_ T Ni\Yis *T TIN; Vi, )T B i \Vi,
i = GNZ' ov; 981‘ Bsi (udwa) + Ta ED (ud ) ) -0 T’Uﬁﬂld&

17 OBN, (v, o
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This expresses the it control error u;(t) — ug, (t) in terms of the parameter errors Oy, (t)
and 6, (t). Note that the form of (6.12) is crucial in controller design and in deriving
adaptive laws that guarantee closed-loop stability. Also we must note that the modeling
mismatch term n;(¢) consists of approximation error terms and higher-order derivative terms
from the Taylor series expansion performed earlier. The following important result gives

the upper bound of the norm of 7;(¢) and is used in the stability proof, where ||.|| is used

as any suitable vector norm.

Lemma 2 : The norm of the modeling mismatch term n;(t) in (6.12) is bounded by
Im (DI < B] <%, (6.17)

where B; = B, 52i,ﬁ3“54i,]T is the it" unknown constant vector, being composed of

] o] )

Proof: From (6.16) and the fact that there obviously exists the i** positive constants 6y,

bounded constants and the known ith ési HASZ.

) )

vector function is §); = [1,

and 0g, satisfying He}k\,l || < 6n, and |67, || < 6s,, where ), and g, are not needed to be

known. Based on the following facts for the bounds

we have each i modeling mismatch error bounded by
A 0Bn, (vi, o 00BN, (v,
o)1 < 0 (00, + [ | ) | 22200 g, g, )+ 0 | PP DN o)
ov; 0v;
onn, (vi, ~
T K [ N DY X eesT (6.15)
Vi
With some algebraic simplifications, this becomes
. . . 112
an(t)H < 511’ + B, 0Ni +53i 981‘ + B, 051’ = 5ZTQI (6'19)
0B, (vi,a)

are

The i'" vector B; is concluded to be bounded because ||Bs,(uq,, )| and H o
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bounded for a bounded a. Note that the i** control error (6.12) reflects the mutual depen-
dence of the two parametrized nonlinearity functions. To proceed, we define an estimator

for the bound of the i** model mismatch error BZ-T Q;, as
ni(t) = BEQ, (6.20)
. A A AT
where 3;(t) = [ﬁh, B2;, B3, 542.] , to be updated from an adaptive law. A similar develop-

ment is given in [85] with a neural network framework for discontinuous nonlinearities. V

As the i estimates Oy, (t) and 0, (t) approach the actual parameters 0%, and 63, , each
spline function approximator effectively provides an inverse for the synthetic jet actuator
nonlinearity. Observing the form of the control error expression (6.12) is critical for adaptive
controller design, so as to guarantee closed-loop stability. Through the first-order Taylor
expansion, the i'® control error u;(t) — ug, (t) has been expressed conveniently in a linearly
parameterizable form with respect to the parameter errors @y, (t) and 6, (t). This allows
us to adaptively update the estimates O, (t) and 6, (t). Moreover, the mismatch error
term 7;(t) is bounded by a constant vector multiplied by a known function vector. Indeed,
adaptive control techniques can be employed to handle these residual terms in a robust
fashion.

The interesting fact that the modification of one nonlinearity function depends on the
other, leads us to conclude that the adaptive update laws to be developed for éNi (t) and
0,,(t) should be mutually coupled, such that the parameter errors Oy, (t) and 0, (t) are

bounded and the closed-loop system stability is guaranteed.

6.2 Adaptive Feedback Control System

In this section we present a state feedback adaptive inverse compensation scheme to cancel
the i*" control input nonlinearity N;(67;vi, ), in order to ensure the system objective is
achieved. Such a control system is that shown in Figure 6.1 (note that the output y(t) is
not used in this study, but the control scheme to be developed can be made for output

tracking).
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6.2.1 State Feedback Control

Recall the m-input linearized time-invariant plant model for the commercial aircraft flight

dynamics with synthetic jet actuators included,
i(t) = Az(t) + Bu(t) = Az(t) + Y B,

y(t) = Cx(t),t >0, (6.21)
where the angle of attack « is one of the components of the state vector x(t) € R™, u(t) € R™
is the control input, y(t) € R is the output, and A € ™", B € R**™ and C € RI*"
are known constant parameter matrices. Here B; is defined as the " column of B for
i=1,...,m,such that u;(t) is the i"® element of u(t) that is implemented with the synthetic

jet actuators. To compensate for the approximation error uncertainty we modify the desired

state feedback control signal as
ug(t) = —Kxz(t) + r(t) + vy (1), (6.22)

where ug(t) = [ug,, Udy, - - -, Ua,,] € R™, 7(t) € R™ is a vector of bounded reference input
signals and K € R™*" is a constant gain vector such that the eigenvalues of A — BK are
set to the desired closed-loop system poles. The vy (t) = [vy,, Upy, .-, Vp,,] € R™ term, is
a commonly applied disturbance rejection term to compensate for the approximation error
uncertainty and will be defined in the next section. The choice of K can be made from a
linear-quadratic regulator (LQR) design [35] or a pole placement technique [56].

Applying (6.12), (6.21) and (6.22), we obtain the closed-loop linear dynamics

H()=(A - BE)a(t) + Y B <m(t) - 0%, (0 2P (0B (0,
i=1 ¢

OB (vi(t), @) gr (t) Bs, (ug, (1), a)) + Br(t) + Buy(t). (6.23)

+ 0%, (1) O

This representation motivates us to choose the reference model system as
Tm(t) = (A — BK)xm,(t) + Br(t). (6.24)

The control objective is to choose a feedback gain K and adaptive laws for the i*" parameters
6 N, (t) and ési (t), such that all closed-loop system signals are bounded, and the state tracking
errors e(t) = z(t) — x, (t) are as small as possible (due to the uncertainty of each 7;(¢) and

the related approximation, lim; o (x(t) — 2y, (t)) = 0 may not be theoretically achievable).
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6.2.2 Adaptive Laws

In this subsection, we formulate adaptive laws to update the i*" parameter estimates 0 N, (1),
HASZ. (t) and Bi(t), so that the control objective is achievable. Parameter projection is applied
to ensure that the parameter estimates remain in the bounded region. We assume that the
following inequalities for the components of the i** true nonlinearity parameters 6% = 03,

and B; are known and satisfy:

N, < Oin, < On,, . 00 N <05 N <08 N,
01, <O, <O 00, < Oh, <O,
By, < B < B, 81 < By < B
for some known constants HS’NZ,, R GglNi, GfNi, .. ’ngNw where n1 = My-Ms, and HS’SZ_, ey 02251,,

64 04 ny = R1 - Ra, B’l’i, e ,Bﬁi, and Bﬂ, . ,@‘fi. With these defines the ¥ initial

1s;0 2 Yngsy)

estimates éNl. (O),ési(O) and Bz(()) of Oy, 05, and B; respectively, are chosen to satisfy the

inequalities
ell)Ni < élNi (0) < eilNiv s ’elei < én1N¢ (O) < eglNiv
ell)si < 9181'(0) < e(lisp s 797I)zgsi < 9n28i(0) < 02251-7

B < Br(0) < B,....BL < Bu(0) < B (6.25)

Applying the parameter projection algorithm from [76], we develop our adaptive laws as

On, () = gn,(t) + hn, (1), (6.26)
O, (8) = g, (1) + D (1), (6.27)
Bi(t) = gs,(t) + hgs, (8), (6.28)

where t =1,2,...,m, t >0, gn,(t), gs,(t) and gg, (t) are the adaptation functions given by

By, 3 N

aw, (1) = —FlieT(t)PBiWHz;Bsi(udi, a), (6.29)
OBy, (v5,0) 5

gs,(t) = ngeT(t)PBiWG%i By, (uq,, ), (6.30)

95,(t) = T3, [e" (t)PB;| , (6.31)
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and I';,, j =1,2,3 are the adaptation gain matrices that satisfy I';, = I’Z > 0 and recall
the state tracking errors from

e(t) = z(t) — xpm(t). (6.32)

P e v P = PT > 0 is determined by the solution to the Lyapunov equation for
continuous time systems

PA, + AT P =_qQ, (6.33)

for a constant matrix @ € R™*", Q = QT > 0 (recall A,, = A — BK). The functions
by, (t), hs,(t) and hg,(t) are parameter projection functions defined such that the " pa-
rameter estimates stay in a convex region for certain desired physical properties, and are

represented as

0 if Oy, (t) € (0., 0. ), o
if On. (t) = 60, . (t) > 0, or
haw, (£) = AlNl( ) =0y, 9w, (1) (6.34)
if O, (t) = 07y, v, (1) <0,
—qin, (t) otherwise,
0 if 0, (t) € (6%,,,09, ), 0r
iféls. ) =0% g (t > 0,or
hjs, (t) = ’ (0 = i 932 (6.35)
if 0js, (t) = Hgsﬂgjsi (t) <0,
—0js;(t) otherwise,
where i =1,2,...,m,l=1,2,...,M; - My and j =1,2,...,R; - Ro, and
( ~
0 if By, (t) € (), L), or
ifA.t:b,, (t) > 0,0r
hig, (t) = ék'( ) = P 9w (6.36)
if /Bkz <t) = 512279’651' (t) <0,
| —9ks, (t) otherwise,

where k = 1,...,4. Note the coupled nature of the adaptive laws 6 N, (t) and HASZ. (t) clearly
showing the mutual dependence of the two nonlinearity spline function approximators.

Next, to determine the effectiveness of our design we analyze the stability properties.

Theorem 1 Under the facts stated in Lemma 2, the modified desired feedback control law

(6.22), adaptive laws (6.26), (6.27) and (6.28), applied to the plant (6.21), guarantee that
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the overall closed-loop system is locally stable in the sense that the initial system states
x(0) are chosen from the desired compact set of operation Dy C R", and the i'" initial
parameters {éNi(O),ési(O)} € Dy,, where Dy, C RM1-M2t 1Bz s ¢ compact set in the
space of Oy, 05,, then all signals remain bounded and the tracking error e(t) is bounded by

the approximation errors in a mean square sense.

Proof: Applying (6.23) and (6.24) we have

é(t)=(A ~ BK)e(t) + > B, ( ()4 m6) — %, (0725 G0 1), 0, )
i=1 ’

# 0%, (0 PP )5, (ua 0) a)) . (037

Consider the positive definite function
~ ~ m o~ ~ ~; ~ ~ ~
Vie,On,,0) = €"Pe+ Y (08,13 O, + 07150, + BTT36;), (6.38)
i=1

as a measure of the systems error functions e(t), Oy, (t) and 0, (t), where 3;(t) = Bi(t) — B;.

Using the fact that §Ni (t) = éNZ. (t), 0, (t) = 0, (t), and Bl(t) = Bl(t) we write the time
derivative of V as

V= eT()Pe(t) + T () Pe(t) + 2 (éZTVi (T O (2) + 07 ()75, 04, (1) + Bf(t)l“gfﬁi(t)).
i=1

(6.39)

Substituting (6.26), (6.27), (6.28) and (6.37) into (6.39), and with the cancellation of like

terms, the time derivative of V' becomes
V=—eT(t)Qe(t) + 2 Z <€T(t)PBZ"Um (t) + eT (t)PBym;(t) + BFu ‘eT(t)PBi‘ +
i=1
o+ 0, (DT 5 R, (1) + 65 ()75 s, (1) + BT (T3 R, (1)) (6.40)

With each " initial parameter within known upper and lower bounds, and from the defined
parameter projection functions hy;(t), hs,(t), and hg, (t) which keep the parameters in the

desired bounds, it follows that (6.25) is satisfied, and each 7

0N, v, (t) <0, 0Lhg(t) <0, Blhs(t) <0 (6.41)
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that is, 0% ()T hn,(t) < 0, 67 ()05 hs,(t) < 0, and BT (£)T5 kg, (t) < 0. From these

properties, (6.40) reduces to

V< - +2Z< HPBmi(t) + BT |7 () PBi| + € ( )Pme(t)). (6.42)

To proceed with the analysis we first consider the case where we ignore the uncertainty
compensation signal vy, (t) part in (6.42). This corresponds to an adaptive control scheme
that ensures desired closed-loop stability and tracking properties which, like those with other
approximation based designs, are in a local and average sense due to approximation errors,
that is, for approximation errors with some non-zero bounds and chosen initial conditions
within the specified regions, all closed-loop system signals remain bounded and the tracking
error e(t) is bounded by the approximation errors in a mean square sense.

Since @ = QT > 0 and each 7;(t) is small (in some norm sense) and bounded on a
compact region, we have, from (6.40) and (6.41), the boundedness of e(t), from (6.24) that
of zp,(t) and, in turn, from e(t) = x(t) — ., (t), that of z(t), from (6.22), that of ug(t)
(without v,(t)). Thus all closed-loop signals are bounded. Finally, from (6.26), (6.27),
(6.28), (6.40), and (6.41), e(t), each 5" éNi (t), and ési (t) are all bounded by 7;(¢) in a mean
square sense (e.g. ft2 2(t)dt <o+ ko >oiny t > n2(t)dt for some constants vg,ko > 0).

Next, we consider the case where the vy, (t) term is included in (6.42). Following the
Lyapunov redesign procedure presented in [30], vy, (¢) is a chosen term to cancel the desta-
bilizing effect of 7;(t) and 57Q; on V. With this definition, we need to choose vy, (t) such
that >, (eT(t)PBmZ-( )+ B, e (t)PB;| + €’ (t)PBjvy, (t)) < 0. First we realize that

the inequality (6.17) is satisfied with the absolute value |-|, that is,
mi(t)| < BT . (6.43)
Thus we have

Z( £ PBuni(t) + BT |7 (1) PB;| + € ( )PBivm(t)> (6.44)
i=1

hE

(e ()P Biwy, () + BT | () PBi| + | () PBi| Imi(0)] ),
1

<.
I

NE

(" () PBwy (1) + [T () PBi| BT + | (1) PB,| BT),
1

~.
I
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< zml ( t)P By, (t) + |e t)PB; ‘ﬁTQ )

Ideally, we choose each it term as

vy, = —€i(t)sgn(e’ (t)PB;), (6.45)

K3

where €;(t) > 7Q;, then,

Z( HPBmi(t) + BT |7 (t) PBi| + € ( )Pme(t)) (6.46)
=1

Ms

I(BTQ T WOPBi| - & | (t)PBi] ),

i

Ms

(Breule" @ PBi| - BTl (H)PB| ) = 0.

i=1

Hence, with each i*" approximation error rejection term vy, (t) included, the V along the
trajectories of the closed-loop system is negative definite, improving the adaptive control

scheme’s desired closed-loop stability and tracking properties. \%

The *" robustifying control signal given by (6.45) is a discontinuous function and prac-
tically its implementation is characterized by the phenomenon of chattering, where, due to
imperfections in switching devices or computational delays, the control has fast switching
fluctuations across the region of operation [30]. To overcome these problems, we will ap-
proximate the discontinuous robustifying control signal by a continuous one. Observing the

structure of (6.45) we chose our continuous approximation function as

_ ) 6T (t) PBi
) = ) e P

0<pi <<1, (6.47)

where i = 1,2,...,m, and |-| is the absolute value. The system stability properties corre-
sponding to this chosen continuous approximation function will be the same as (6.45), as
long as the choice of p; is not too small and €;(t) > BlT Q;. Thus far, we have developed
a spline function approximation based smooth adaptive inverse design for compensating
multiple input actuator nonlinearities.

In the next section, we apply our design to a benchmark commercial aircraft flight
dynamic system with multiple input synthetic jet actuators. The following numerical eval-
uation of such an adaptive control system is crucial in order to verify the desired system

stability and tracking properties.
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6.3 Aircraft Flight Control Performance

In this section, we demonstrate our spline function network approximation-based smooth
adaptive inverse compensation control design applied to a commercial transport linear air-
craft flight dynamic model with multiple input actuator nonlinearities, to evaluate the adap-
tive control system performance. We present the details of the aircraft dynamic model,
actuator nonlinearities, nonlinearity inverse design, feedback control law, and simulation

steps.

6.3.1 Linear Aircraft Dynamic Model

In this study, we employ a multi-input linearized model of a commercial transport aircraft

that is,

#(t) = Az(t) + Bu(t), (6.48)

where the state vector is x = [z1, 29, 73, 24, ¥5]7 whose components are the angle of attack
«, pitch rate g, side-slip angle 3, roll rate p, and yaw rate r, the control input vector is
u = [UI,UQ,U3]T whose components are the elevator angle d., aileron angle §, and rudder
angle J,, respectively. The elevator angle J. is to be equivalently implemented through

synthetic jet actuators, and A € R>*5 and B € R>*3 which are given by

—0.5656  0.9730 0 0 0

—0.8985 —0.4755 0 0 0
A= 0 0 —0.1178  0.0501 —0.9881 |,
0 0 —1.4828 —1.0674 0.6121
i 0 0 05364 —0.0644 —0.3057 |
[ 0.0009 0 0 |
00161 0 0
B = 0 0 0.0007

0 0.0136  0.0063
0 0.0003 —0.0079




104

6.3.2 Linear Feedback Law

Recall the desired linear feedback control law for the case when u(t) = uq(t) (that is, when
there is no actuator nonlinearity N(-) and there is no inverse NI () is

uq(t) = —Kz(t) + r(t) (6.49)

where 7(t) is a reference input signal, and K € R3*5 is a feedback gain vector to be
determined. To proceed, we augment the desired linear feedback control law with the v, ()

term to compensate for the approximation error uncertainty, such that

(6.50)

uq(t) = —Ka(t) + r(t) + vy (t).

Using the LQR design, with simple QQ = I5 and R = I3, we determine the optimal gain

matrix for K as

—0.0005 —0.0163 0 0 0
K= 0 0 —0.0046 0.0061 0.0033
0 0 0.0090 0.0016 —0.0434

The reference model matrix A4,, = A — BK is

05656 0.9730 0 0 0
—0.8985 —0.4758 0 0 0
Am= 0 0 —0.1178  0.0501 —0.9881
0 0 —1.4828 —1.0675 0.6123

i 0 0 05365 —0.0644 —0.3060 |

The closed-loop system poles are the eigenvalues of A,,: —0.5207 + 0.9339i, —0.5207 —
0.9339¢, —0.2179 + 0.7904¢, —0.2179 — 0.79047 and —1.0555. The solution to the Lyapunov
equation PA,, + AT P = —-Q = —I5, is

-0.9728 0.0516 0 0 0 ]
0.0516 0.9535 0 0 0
P = 0 0 29439 -3.0056  0.0026
0 0 —3.0056  4.3034 —0.5925

i 0 0 0.0026 —0.5925  1.7631 |




105

6.3.3 Simulation

To simulate the design, we need to first generate the signal ug(t) = —Kx(t) + r(t) + vy (t),
for the reference signal r(t) = 3.7sin¢. The initial states for the system are:

ro=1[5 0.01 0.01 0.01 0.001]7, and the reference system initial states are:

Tmo = [4 0.06 0.05 0.08 0.009]". The plot in Figure 6.3, shows the system state
tracking errors for the case when no nonlinearities are present in the control input actuators.
In Figure 6.2, all of the input channels contain a nonlinearity and as such the tracking errors
are disturbed from zero.

The parameter estimates are initialized as éij =1, é;k = 1. With adaptation gains
set to I'; = 300 x I, for ¢ = 1,2,3 and [ the identity matrix. The robustifying signal
variable values from (6.47) are chosen as €(t) = 20 and p = 0.00017. The plot in Figure 6.3,
shows the system state tracking errors for the case when no nonlinearities are present in
the control input actuators. In Figure 6.4, one of the input channels contains a nonlinearity
and as such some of the tracking errors are disturbed from zero. Figure 6.5 shows the
state tracking errors with one input channel containing a nonlinearity and adaptive spline
function compensation control, as we can see the tracking errors go near to zero. Figure
6.6 is a plot of the control signal. Figures 6.7-6.8 show the angle of attack output tracking
performance. In Figure 6.9 we show the importance and effect of including the robustifying
control signal v,(t) from (6.47). Figure 6.10 shows the regulation (r(t) = 0) results when

one actuator (uj-the elevator angle) is implemented with synthetic jets.
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Figure 6.4: System state tracking errors with partial input nonlinearities.
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Figure 6.6: Control signal u(t).
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Figure 6.7: System output (solid) and reference signal (dotted): angle of attack (rad).
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Figure 6.8: Tracking error during the first 8 s (the dashed lines indicate the required

error bound).
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Figure 6.9: System output with robustifying signal (solid), without (dotted): angle

of attack (rad).
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Chapter 7

Conclusions and Outlook

This chapter presents concluding remarks on our work presented in this dissertation. In
addition, we present an outlook into future technology advancements. The purpose of this
outlook is to inform the reader of current spacecraft technologies that are being pursued for
further research. Fuel slosh in liquid fuel tanks of control systems are often poorly known
and severely limit system performance. Liquid fuel tanks, a common system component,

always contain fuel slosh.

7.1 Conclusions

The nonlinear effect of fuel slosh can be minimized by implementation of the spline
function approximation based adaptive control scheme. Examples implementing both a
SISO and MIMO spacecraft control model with fuel slosh are studied in this dissertation.
This study demonstrated through simulation that fuel slosh in a partially filled spherical
container deteriorated the attitude tracking for a sinusoidal reference. The simulation with
the advanced adaptive controller showed a significant reduction in the effect of the unknown
fuel slosh. Other common nonlinear effects such as thermally induced vibration on solar
arrays and environmental disturbances can also be controlled using this adaptive control
approach. The problem considered in this study is only one of many practical applications

that can be studied for further advancements. Future work incorporating the multi-mass
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fuel slosh model with multiple inputs would improve the accuracy of the developed model
and yield more insight into the system effects of liquid motion inside a container.

In addition, this dissertation document develops a method to use multivariable B-splines
to construct two approximation structures for an adaptive inverse compensation controller
for aircraft flight control. The first approximator estimates the unknown synthetic jet
actuator nonlinearity, while the other estimates the inverse function for compensation. The
use of spline functions for implementing these functions leads to a linear parametrization
of the control error. A state feedback control law, combined with the adaptive inverse
compensation scheme, has been designed and analyzed for desired stability and tracking
performance, and applied to a realistic aircraft control example. Simulations are performed

to illustrate the effectiveness of the design method developed.

7.2 Technology Outlook

There are a number of applications that are currently being pursued in spacecraft
and aircraft technology. One of the more shocking but understandable is that spacecraft
technology is soon to return to its roots with the return of the capsule spacecraft. The space
shuttle design has been retired in 2010 [86], making room for a plethora of new innovative
spacecraft designs. In addition to the damage that occurs to the spacecraft during the
launch phase because of the rockets sending debris onto the attached spacecraft, which was
concluded to be a possible culprit in the tragic Space Shuttle Columbia, that broke apart
during the re-entry stage [86]. Implementing the capsule design for the spacecraft to be
placed on top of the rockets for take off and do not run the risk of being damaged by rocket
debris during the launch stage of the spacecraft mission.

On a side-note with satellite technology, currently the price of retrieving a damaged
satellite and repairing it on earth and then sending it back to its original orbit is more than
sending a new satellite. The average price for one of the state-of-the-art satellites can run in
the hundreds of millions of dollars. This has inspired Boeing (the leading satellite provider)
to pursue other technologies for their repairing needs. Some of the recent projects are

sending satellites to repair other satellites while they remain in orbit. This application will
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be affected by fuel slosh because the amount of precision needed to complete the mission.

Commercial aircraft companies could see a substantial improvement in turbulence man-
agement systems by adding on synthetic jet control technologies to pre-existing airplanes.
Safety is another aspect that would benefit from a secondary control method to assist the
pilots in case of power loss or damaged component failures. Military applications similar to
stealth aircraft could apply these new synthetic jet actuator technologies to allow for highly
complex maneuvers that demand an increase in angle of attack values up to 40°.

Another recently developing technology that shows promise for spacecraft ranging in
the 100 grams to 50 kg mass are NEMS engines [83]. Nano-Electrical-Mechanical-System
(NEMS) are an exciting new field that is making its way into R&D labs and commer-
cial products. NEMS are developed by using a combination of micromachining and stan-
dard integrated circuit technology. Some of the most common NEMS applications are
accelerometers, gyros, and GPS receivers. For spacecraft technology NEMS rocket engines
are developed. The size of the NEMS engine is comparable to a human hair, but has a
thrust-to-weight ratio hundreds of times greater than the macro size satellites and space
shuttles [79].

The most recent space development is the new space race, which started around 2004,
the race is to commercialize space travel. Researchers are studying cost efficient space travel
and possibly orbiting a hotel in space for tourists to visit. Currently there are a number
of companies that provide space travel service for civilians. These developments make way
for a new meaning to space travel. Allowing more practical orbital flights for research or
touring purposes.

To complete the construction of the $100 billion international space station a substantial
number of spacewalks must be performed. Traveling at 17, 500 mph and 220 miles above the
earth’s surface, astronaut stability is crucial to maintain during spacewalk task performance.
Current research presents extensions for robotic arms to enable under craft repair and
maintenance. Formation flying is a concept used to solve the need to have large structures
in space. Because it is close to impossible to launch a large space structure. Researchers are
proposing sending an array of smaller structures that can in some way structure themselves

together to form a larger structure that will be used for beneficial objectives.
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Appendix
MIMO State Variable Model
To place the system in state variable form we introduce the following state-variables:
TL=v, @y=vs, T3=0, m=0, z5=1, w6=1. (7.1)

With the system state variables defined, we write our nonlinear equations in state-

variable form, by plugging in each corresponding state for the chosen variable:

where

The system is governed by the set of equations (3.23)-(3.26), in compact form:

Vg
Uz 1 1
) =N "G+ N "Gyu,
6
| ¥ ]
where
FL—mbéz—(m+mf)évz—mfa(9+¢)20082/) 00
(m 4 mg)0v, +mpa(f +1))?sine 10
Gz = . s Gy = )
mbiv, b 1
—61/}—mfaévzsinw+mfaévxcosw 0 0
m—+my 0 mpasin myasin
N 0 m-+mys mygacosy +mb myacosy
0 mb I+ mb? 0
myasinty myacosy If+mfa2 If+mfa2
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Recall the formula to solve for the inverse of a square matrix:

41
~ det(N)

adj(N). (7.2)

To find the adj(IN) we first find the cofactor of each element of N and take the transpose

of the cofactor matrix of N, this results

Ni1 Noi1 N3i Ny
Ni2 Noo N3z Ny

adj(N) = (7.3)
N1z Naz Nzz  Nag
| Nis Nag N3y Ny |
Through some rigorous math we obtain
Nit = (m+mg)(I +mb?)(I; +mpa*) — mb(myacosxs +mb)(I; +mpa®) +
+ myacos xs (mb(If +mysa®) — myacosxs(I + mb2)>,
Ny = m?ca2 sin x5 cos x5 (I + mb?),
Nig = —mfcmab sin x5 cos x5,
Niy = myasinzs ((m +mg)(I +mb?) — mb(msacoszs + mb)),
Noy = mya®sinxscosxs(I + mb?),
Noo = ( I b2\ (T 2y _ 202 sin 2 (1 b2
2 = (m+mg) +mb°)(If+mysa”) m%a” sin x5(1 + mb*),
No3 = m?caZmb sin? 25 — (m?b + mymb) (I + mya?),
Noy = (m?b+mbmy)(I; +mypa?) — m?a2mb sin? x5,
N3 = —mfcaQ sin x5 cos x5mb,
Neo = m2a2mbsin ze — (m2 2
32 = mja mbsin® x5 — (m°b+mymb)(Iy +mya®),
N3z = (m+my)*(If +mypa®) — (m—i-mf)m?ca2 cos® x5 — (m+mf)m?ca2 sin? x5,
(7.4)

2

N3y = (m +mg)mia®sin® x5 — (m +my)*(Iy +mysa?) +

+ (m + mf)(m?a2 cos? x5 + mbm pa cos ),



Ny = m262mfa sinxs — (I + mb2)(mamf sinxs + m?ca sinxs),
Ny = —(I+mb*)(mmyacoszs + mfca cos z5),

Nyz = mzbmfa cosxs + mbm?a COS T'5,

Ny = (m+myp)*(I +mb®) — (m?*b + mbmy)(myacosxs + mb).

This assists us in solving for the determinant of N
Dy = det(N) = (m +mys)Ni1 + myasinzs Ny,

for simplicity we introduce

and rewrite G, G, as

Glx(l’) 0 0
Gog(x Goul 0
GCE = z( ) 9 Gu = ! 9
G3z() G3u1 G3u2
with

Giz(z) = Fp —mbai — (m+my)zazs — mpa(zs + x6)* cos xs,

Gor(z) = (m+my)raxy +mpa(ry + 26)? sinzs,

Gsp(x) = mbxyr,

Guu(x) = —€xeg —mypaxsxsinxs + myarsxy Cos Ts.

Gour = 1, G3u1 = b, Gauz = 1.
This enables us to write the nonlinear system in affine control form as

& = f(z)+g()u,

y = h(x)7
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where

with

fo(x)
g11(x)
g21(7)
9a1 ()
go1(x)

and h(z) = [0, z2,
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fl(x) 911(90) 912(90)
fa(z) g21(z)  g2o(z)
fw=| " ew=] " "
fa(x) ga1(z)  gao(x)
T 0 0
| fe(@) | | 961(2)  ge2() |

= Gig(z)Dni1y + Gog(x)Dnag + Gsz(x)Dng 1 + Gag(z)Dng g,
= Gig(z)Dnyg + Gogy(x)Dng o + Gsz(x)Dng 2 + Gag(x)Dng 2,
= Gig(z)Dni1 g+ Gogy(x)Dng s + Gsz(x)Dnz 3 + Gagp(x)Dng 3,
= Gig(z)Dnig + Gog(x)Dng g + Gsz(x)Dnz 4 + Gap(x)Dng g,
= GouDnojg + Gsu1Dng g12(x) = Ggu2Dng 1,
= GouDnoo+ Gsy1Dns 0, g22() = Ggu2Dn3 2,
= Gaou1Dng3 + G3u1Dns 3, ga2(z) = G3u2Dn3 3,

= GouDnog+ Gsy1Dng 4, g62(r) = G3u2Dn3 4,

23,0,0,0]7 as the system output.

Reduced Order MIMO Model

To place the reduced order system in state-variable form we define the state variables:

and write out the

where

L1 = Vg, xro = 97 r3 = 95 T4 = 770) €T5 = &7 (76)

nonlinear equations (3.31)-(3.33) in state-variable form:



In compact form:

U,

6 | =N"'G,+ N'Guu,

where

(m 4 my)0v,(t) + mya(f + )?sinep

G:v = mb@vx (t) ’ Gu

I —eth — :Z’fii sin ) -+ m pau,(t) cos 1

m+my myracosy +mb myracosy

N = mb I + mb? 0

mya cos Y If+mfa2 If+mfa2

Recall the formula to solve for the inverse of a square matrix:

1 1

= madj(l\f).

118

(7.7)

To find the adj(N) we first find the cofactor of each element of N and take the transpose

of the cofactor matrix of N, this results
Nii Nai N3
adj(N) = | Ny Ny Nso

N1z Nag  Nsg
Through some rigorous math we obtain
Niy = (I+mb*)(I5+ mysa®),
Nip = —mb(Iy + mfaQ),
Nz = mb(I; +mga®) — (I +mb®)myacosy,
Noy = —mb(Iy + mfa2),
Nog = (m+my)(I;+mypa?) —m?ca2 cos® x4,
Nog = (mb+myacoszy)myracoszy — (I +mypa)(m+my),
N33 = —(I+ me)mfa COS Z4,
N3z = mbmyacosxy,

N33 = (]+mb2)(m+mf)—mb(mb+mfacosm4).

(7.8)
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This assists us in solving for the determinant of NV
Dy = det(N) = myacos x4 N1z + (I + msa®) N33,

for simplicity we introduce

Nij ..
Dnz,] = Dt\ja’%] 1,2,3
and rewrite G, G, as
Giz(x) Giu1 O
Ge = | Gol(z) |, Gu=| Gaa Gouz |-
with
Giz(z) = (m+my)zzv,(t) + mypa(zs + z5)* sinzy,
Gox(r) = mbrsgvy(t),
Gsg(x) = —exs— msa sin x4 + mypax3v,(t) cos x4,

G = 1, Gou1 = b, Gauz = 1.
This enables us to write out the nonlinear system in affine control form as

& = fx)+ g,

y = h(z),
where ) } ) )
fi(z) g11(z)  gi2(z)
I3 0 0
f@)=1 fa(x) |, 9(@) =] gar(x) goa(z) |-
Is5 0 0
| f3(x) | g31(x)  gs2(x)
with
filz) = Guz(x)Dniy + Gog(x)Dnoy + Gsp(x)Dng 1,

fo(z) = Giz(x)Dnyg + Gaz(x)Dng o + Gsz(z)Dng 2,



f3(z) = Giz(x)Dnys+ Gaz(x)Dng 3 + Gsp(z)Dng 3,
gii(z) = GuraDnig+ GauiDnay, g12(z) = Gay2Dna 1,
g21(z) = GruDnig+ GayiDng o, g22() = Gay2Dna 2,
g31(z) = GruaDnisz+ GauDngg, 932(x) = Gay2Dna 3,

and h(z) = [z1,72,0,0,0]” as the system output.
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