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Abstract

Accretion, the process by which matter collects into a central object, is ubiquitous
and often dynamically important for astrophysical objects on the scale of compact
object disks (~ 10 c¢m) up to that of galactic clusters (~ 10** cm). In order for
matter to accrete, it must lose angular momentum. The central issue in accretion
theory is to explain the mechanism by which angular momentum is lost at rates suffi-
cient to accord with observation, orders of magnitude beyond what may be accounted
through collisional viscosity. For a wide class of astrophysical objects, characterized

by collisional mean free paths far smaller than the system scale, the magnetorota-

tional instability (MRI), first discovered in a restricted global form by Velikhov (1959);

Chandrasekhar J1960), produces MHD turbulence and a level of angular momentum

transport sufficient to account for observed rates of disk accretion (Balbus & Hawley

1991). However, in underluminous accretion flows in massive and supermassive cen-
tral galactic black holes, the best studied example of which is Sagittarius A* at the
center of our Milky Way, the MRI is not the sole means of turbulent transport. These
flows are characterized by the radiatively inefficient accretion of a hot, dilute (mildly
collisional to highly collisionless), and optically thin plasma. In these plasmas, even
an extremely weak magnetic field can lead, in addition to the MRI, to anisotropic
heat fluxes and viscous stresses directed along field lines, resulting in new classes of
instabilities. Furthermore, in these radiatively inefficient flows, the energy generated
through gravitational infall must be transported through local thermal fluxes rather
than locally dissipated as in highly collisional systems.

We propose a model to explain how hot, dilute accretion onto compact objects

may then occur. We use both fluid and kinetic theory to examine the effects of

other instabilities, the magnetothermal instability (Balbus 2001) and magnetoviscous

instability (‘BalbusQOMb Islam & Balbus 2005), that may operate within these flows.

I
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A more elaborate kinetic theory must be applied for those dilute systems in which
the collisional mean free path is larger than the system scale or larger than the
wavelengths of the fastest growing instabilities. Our work demonstrates that these
new modes may create sufficient angular momentum and thermal energy transport

to account for the expected rates of accretion.
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Chapter 1

Introduction

Accretion, the process by which matter collects onto a central object, may be in-
credibly efficient in converting gravitational energy into heat and radiation. Whereas
nuclear fusion of hydrogen into heavier elements converts roughly 0.7% of mass into
energy, accretion onto neutron stars or black holes may be as efficient as 15%. Active
galactic nuclei (AGNs) and quasars derive their enormous power (102 erg s7! < L <
10*® erg s71) from this high efficiency accretion onto massive (10"M, < M < 10° M)
and supermassive (M > 10° M) central galactic black holes, respectively (Lynden-Bell

1969).

Accretion typically occurs in astrophysical disks. Disks, from scales of a few thou-
sand kilometers in the case of planetary rings to the scale of hundreds of kiloparsecs
in the case of galaxies, are ubiquitous in our universe. These rotational plasmas and
gases naturally arise from the fact that it is much easier for a system to lose energy
rather than angular momentum, and also from the fact that centrifugal forces provide
a steeper repulsive potential that can overcome gravitational attraction at sufficiently
small radii.

Accretion can occur only if the angular momentum of the rotating gas is trans-
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ported outwards, allowing matter to fall inwards. Fluid viscosity in a gas can provide a
physical mechanism by which accretion can occur; however, most astrophysical disks
are so large that collisional fluid viscous diffusion of angular momentum is ignor-
able. A central problem in astrophysics, therefore, is to explain how these rotational
plasmas can transport angular momentum outwards, accreted matter inwards, and
convert gravitational energy into radiation and thermal energy at rates consistent
with the observed luminosity of accreting systems or with the expected lifetime of
protostellar and protoplanetary systems.

Hydrodynamic turbulence, in light of the well-known result that fluid shear can
become turbulent at a low enough viscosity, was proposed decades ago as a mecha-
nism to drive sufficiently fast accretion to explain the luminosity of bright compact
astrophysical objects. However, for disks in which the gravitational force originates
from a central object, the angular speed of the plasma roughly follows a Keplerian
rotation profile; strong epicycles associated with this angular speed profile result in hy-
drodynamic linear stability. Smooth profiles associated with rotationally supported,

non-self-gravitating plasmas are then expected to be stable at all Reynolds numbers.

Velikhov (1959) and Chandrasekhar (1960) were the first to publish an interesting

property of magnetized conducting fluids in a Taylor-Couette flow. A Taylor-Couette
flow is one in which the fluid is confined between two concentric rotating cylinders.
A schematic of a Taylor-Couette flow is given in Fig. (1.3.5). The fluid becomes
unstable if angular speed, rather than angular momentum, decreases radially out-

wards. Balbus & Hawley A1991) applied this to astrophysical accretion flows. They

noticed that Keplerian disks would be unstable to the magnetorotational instability
(MRI). Numerical simulations showed that the MRI destabilizes a plasma and drives

turbulence with the right (outwards) sign and magnitude of angular momentum flux

causing astrophysical accretion JBalbus & Hawleyl 1998). A wide spectrum of local
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and global simulations have demonstrated the efficacy of the MRI to drive accretion
in a variety of different parameter regimes, in both fully ionized and low ionized
systems.

For rotational flows in which the plasma or gas remains collisional, some form
of classical accretion disk theory holds sway. Such disks are characterized by the
following: their thermal speeds are much smaller than the orbital velocity, implying
geometrically thin disks in which the disk height is much smaller than the radius;
and the gas is maintained in virial equilibrium by radiative losses as it evolves. For
compact objects there is strong evidence of Eddington-level luminosities for AGNs,
quasars, and low-mass X-ray binaries (LMXB). In addition to lower-energy classical
disks, accretion onto compact objects is characterized by radiation pressure domina-
tion in their inner regions.

However, within the past decade, there has been mounting X-ray observational
evidence of hot, dilute, highly underluminous accretion onto central galactic black
holes. These accretion plasmas are geometrically thick, optically thin, radiatively
inefficient (only a small fraction of the energy generated through gravitational infall
is radiated), and are at best only marginally collisional at the radius at which the
accretion gas is gravitationally captured. Gas spectroscopic and stellar radial obser-

vations strongly imply the ubiquity of massive to supermassive central galactic black

holes in spiral galaxies (Richstone et al. 1998). Hot underluminous accretion, rather

than the extreme luminosity expected of AGNs and quasars, might therefore be the

overwhelmingly common state of accretion onto compact objects. Analogues of the

MRI, in which viscous rather than Lorentz forces lead to destabilizing torques (Balbus

2004b), as well as thermal instabilities that are driven by adverse temperature instead

of entropy gradients (Balbus 2001), may also operate in these dilute plasmas. This

motivates our research.



1.1 Organization of the Thesis

In §1, we discuss the geometry of an accretion disk and the algebraic nomenclature
of equilibrium and perturbed quantities. We explain simple accretion models that
constrain the mass inflow into these compact objects. We discuss classical disk ac-
cretion, characterized by efficient radiation within a virialized and geometrically thin
disk, to demonstrate that angular momentum must be carried outward for accretion
to occur. We demonstrate the insufficiency of hydrodynamics to produce turbulence
in most accretion disks. We then discuss the observational evidence of highly under-
luminous (i.e., five orders of magnitude below what can be expected from efficient
accretion) accretion black holes, for example in the center of our galaxy, and describe
phenomenological models of underluminous accretion.

We begin in §2| with a physical model of the MRI and into a linear stability anal-
ysis. We continue with local numerical simulations of Keplerian disks, and discuss
global simulations of nonradiative magnetized accretion flows unstable to the MRI.

In §2.3] we discuss other instabilities, the magnetothermal instability (MTI) and

agnetoviscous instability (MVI), that arise in dilute magnetized plasmas. Balbus
JQ—O;Ll m demonstrated that even magnetic fields too weak to provide signifi-
cant Lorentz forces allow viscous stresses and heat fluxes along magnetic field lines
to sharply destabilize the flow. We discuss the stability of systems that would be

convectively stable by the classical Schwarzchild criterion but are destabilized by the

MTI. We also show results of 3D (Parrish & Stone 2006) numerical simulations that

confirm the linear analysis.

In §3/ we focus on the equilibrium structure and the nature of accretion, driven
by turbulence, of dilute magnetized accretion disks. We discuss the form of disk
equilibrium to be used in further stability analysis and in future numerical simulations.

A more detailed analysis of the local vertical profile of thin, weakly magnetized dilute
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rotating disks is discussed in Appendix [Bl We derive expressions for energy and

angular momentum carried by this turbulence, following a treatment described in

Balbus (‘20044) for radiatively inefficient accreting magnetized plasmas.

In §4/we discuss instabilities that arise when both viscous stresses and heat fluxes
are directed along field lines. We demonstrate that the so-called magnetoviscous-
thermal instability (MVTI) has the right properties to drive accretion in dilute flows.
We also demonstrate that the effects of finite compressibility, which appear in the
limit of finite ratio of magnetic to thermal pressure, does not qualitatively alter our
results. We use a fluid theory approach to characterize the stability of these plasmas.

In §5 we recalculate the MVTTI for the collisionless regime, which we denote as the
collisionless MTI. We demonstrate that the collisionless M'TT behaves qualitatively the

same as the MVTI, with similar growth rates. We demonstrate that the collisionless

MTT approaches the behavior of the MVTTI at sufficiently high collisional frequencies,

a property seen for the collisionless MRI and noted by Sharma et al. (‘2003). We
also justify and consider simplifications by neglecting electron ion dynamics. In order
to examine the behavior of the dilute plasma, we derive the collisionless Boltzmann
equation appropriate for MHD stability analyses of dilute magnetized rotationally

supported thin disks. This Boltzmann equation is referred to as the drift-kinetic

equation AKulsrud ‘1983 2005). In Appendix|Clwe express the perturbed drift-kinetic

)
equation for axisymmetric modes, including noninertial forces in a rotating frame,
equilibrium pressure and temperature gradients that drive the collisionless MTT, ver-
tical equilibrium accelerations, separate ion and electron temperatures, and finite
collisionality. This is useful for thesis research, as well as for further studies of MHD
modes in dilute magnetized plasmas.

In §6 we show the modified MVTI (in the fluid plasma) and the collisionless MTI

(in the collisionless plasma) when including the effects of both ion and electron tem-
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perature, and by examining the behavior of the plasma away from the disk midplane.
Since the plasma is dilute, ions and electrons are not explicitly thermally coupled
even when the fluid approximation can describe their dynamics. Furthermore, we
study the collisionless MTI away from the midplane due to the fact that electrons
feel an acceleration larger than that of the ions by a factor of (m,/ me)l/ ®. The effect
of including both ion and electron dynamics for the MVTT and the collisionless MTI
is discussed in Appendix [D. The modifications to the collisionless MTI away from
the disk midplane is discussed in Appendix E. We demonstrate that for astrophysi-
cal radiatively inefficient flows, in which ion temperatures are expected to be equal
to or larger than electron temperatures, that a simplifie done-temperature plasma is
valid. Second, we show that the collisionless MTI and the MVTT are not substantially
modified away from the midplane in low-magnetized plasmas.

Finally, in §7 we summarize our results and explain modifications to numerical
codes to allow for nonlinear development of the collisionless MTI and MVTI. We
discuss the form of heat fluxes that approximately model the collisionless or mildly
collisional behavior of a plasma with equilibrium radial gradients of temperature and
pressure. We discuss the effects of beyond-MHD physics that may ensure that the
plasma viscous stress is kept from becoming too large. We suggest additional ideas to
improve nonlinear MHD modeling of this important and predominant class of nonra-

diating flow, as well as additional physical effects that can be explored analytically.

1.2 Nomenclature

Our coordinate system for the rotating disk is a cylindrical system located about
the central mass. R is the radial coordinate, ¢ is the azimuthal angle, and z the

vertical coordinate aligned along the axis of rotation. (R, (Aﬁ, ,%) refer to unit vectors
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in the radial, azimuthal, and vertical directions, respectively. For field variables of
temperature T', pressure p, density p, electric and magnetic fields E and B, and heat

flux q, we use the following notation:

e Equilibrium value of, say density: po,

e Perturbed density: dp,

e Total density (equilibrium + perturbed): p = pg + dp.
For velocity, we use the following notation:

e Primary equilibrium flow velocity, which is azimuthal: V, = RQ(R)&&, where

Q(R) is the orbital angular velocity,
e Perturbed flow velocity: du,
e Total flow velocity: V = RQ(R)¢ + ou.

In our initial calculations we use a single fluid model of MHD for the plasma. The
single-fluid MHD system of equations consists of mass continuity (Eq. ), force

balance (Eq. [1.2.2]), energy balance (Eq. [1.2.3]), and magnetic induction (Eq. [1.2.4]).

0
a_iJrv.(pv) =0, (1.2.1)
oV B>\ B-VB
v . — VD — - ~ V- 1.2.2
p(at+V vv) pV V<p+87r)+ = V.o, (122)
3 (0 ~5/3
%_?:Vx (V x B, (1.2.4)

where o is the viscous stress tensor, q is the heat flux, and o : VV = Z 0;;0;V; is the
]
viscous heating of the gas. If we transform to a frame comoving with the equilibrium
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rotational flow, Vo = RQ(R, z)&, Egs. (1.2.1), (1.2.2), (1.2.3), and (1.2.4) reduce to

the following:

8 0

( a¢)p+u Vp+p(V-u) =0, (1.2.5)
o0

({ }ujtu Vu+2§2zxu+QRuR¢+Ra—uzz):
z

—V(p—i—g)—F A —V-O’,

;p (% + Q%) Inpp~/* + gpu Vinpp?*=V-q-0:Vu, (12.7)

(1.2.6)

(%—1—9%)B—l—u~VB:—B(V-u)+B-Vu+Q’RBR<Aﬁ+

o
—B,0o.
i 0z 29

(1.2.8)

We have allowed for the angular velocity to vary as height; however, the analysis of an
equilibrium disk in Appendix Bldemonstrates that the orbital velocity is independent
of z. Except where denoted, we take €2 to be a function of R alone.

When we consider the dynamics of a dilute system, we use an electron-ion plasma.
In these systems, the ions and electrons are only very weakly coupled collisionally,
and therefore the pressure of both species may differ significantly. In an electron-ion
plasma, p; refers to ion pressure, p. to electron pressure, and p, to “species” pressure
— either ion or electron. Furthermore, quantities such as equilibrium ion pressure will
be denoted as p;p. All tables are given in Appendix A. The list of variables used in
the body of the thesis are enumerated in Table (A.1). The normalized and simplified
variables are given in Table (A.2). Important physical parameters associated with

massive and supermassive black hole accretion are given in Table (A.3).
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Finally, we denote radial equilibrium gradients of density, temperature, and pres-

sure as the following,

9po _ Opo

R = R R7z:07 (1.2.9)
T, 9T,
@ p— @ R72:07 (1.2.10)
dpo _ dpo
9% - IR sz:o. (1.2.11)

The variables To(R) = To(R, z = 0), po(R) = po(R, z = 0), and ng(R) = no(R, z = 0).
This compact notation is used in §3 - and Appendices B and

1.3 Classical Accretion as Applied to Compact Ob-
jects

Here we describe simple models of accretion onto massive and supermassive black
holes. The luminosity of these black holes can be estimated from their maximum
accretion rate (Eddington), or the maximum rate due to gravitational capture of the

ambient medium (Bondi rate). We describe the classical model of accretion onto

compact objects (Pringle 1981; Frank et al. 2002). This classical model of accretion

relates the rate of outward radial angular momentum flux to the luminosity and
spectrum of accreting compact objects. However, this model does not describe the
physical mechanism for outward angular momentum transport. One mechanism by
which angular momentum can be transported outwards is through a collisional vis-
cosity. However, in accretion disks we show that this mechanism is far too low to
explain observed rates of accretion into compact objects.

In Fig. (1.3.1) we show an artist’s depiction of the innermost regions of an AGN
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or a quasar. The source of accretion matter for this black hole is either the ambient

medium gravitationally captured by the black hole or winds from surrounding massive

stars.

Fig. 1.3.1.— Artist’s conception of the innermost region of an AGN, in which we have
high mass rate disk-like accretion onto a supermassive black hole, This picture is taken
from the http://chandra.harvard.edu/photo/2006/j1655/j1655 111 agn. jpg

1.3.1 Eddington and Bondi Limits to Accretion

The maximum luminosity of an object, known as the Eddington luminosity, occurs
when radiation forces balance out gravitational forces. To estimate this luminosity,
consider the simplest case of spherically symmetric accretion. The outward radiative

force per particle is For/c, where F' = L/ (4w R?) is the radiative flux, o7 = 6.65 x


http://chandra.harvard.edu/photo/2006/j1655/j1655_ill_agn.jpg
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1072 e¢m~2 is the Thomson scattering cross section, and R is the radial distance from
the central object. The gravitational force per particle is GMm,,/R?. The Eddington
luminosity is given by,

4rGMmyc N
oT o

Leda = 1.3 x 10°*® <M£> erg s 1. (1.3.1)

©

The Eddington accretion rate for 10% efficiency for matter to energy conversion is,

: M
Megq = 2.3 x 107® (M—®> Mg yrt. (1.3.2)

Quasars and AGNs have bolometric luminosities on the order of 10*? — 1047 erg s~!

Richards et al. 2006). These luminosities are all consistent with Eddington accretion
rates for massive (10°My < M < 107Mg) and supermassive (M 2 10" M) black

holes. Furthermore, such systems are, in their inner regions, dominated by radiation

pressure. The photon bubble instability (Arons 1992; Gammie 1998) may allow for

the advection of radiative energy through buoyant bubbles (Blaes & Socrates 2001;

BegelmaJ 20064) and can allow for relatively long-term super-Eddington accretion

rates (mass accretion rates larger than estimated in Eq. [1.3.2]) in ultra-luminous

X-ray sources JTurner et al. 2005; BegelmarJ 2006b). It may also be possible that

most of the energy in optically thick, radiation pressure dominated plasmas could

be advected into the black hole (Begelman 1978; Abramowicz et al. 1988), leading to
super-Eddington accretion rates.

For central massive and supermassive black holes the primary mechanism for ac-

cretion in the outer regions is the gravitational capture of the ambient gas. Bondi

1952) first analyzed the result of spherical accretion of gas, with a specific polytropic
equation of state, onto a central object. The general class of largely spherically sym-

metric and pressure-supported accretion or winds onto a central object is referred to
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as Bondi flow. Many elaborations of Bondi flow can be found in the literature. Most

explorations focus on either finite heating or cooling (Mestel 1954), finite thermal

conductivity or viscosity (Johnson & Quataert 2007), or on partial rotational sup-

port (Proga & Begelman 2003). However, to within an order of magnitude one can

estimate the Bondi mass accretion rate using dimensional analysis from the ambient
gas density and temperature, and the central mass of the object. At the gravitational
capture radius the escape velocity from the central object equals the local sound
speed. The mass accretion rate can be estimated by assuming that matter, at the
ambient density, flows inward through a sphere of the capture radius at the sound
speed. The actual capture radius and Bondi mass accretion rate differ from these
estimates by factors of order unity.

Consider one of the simplest types of Bondi flow: a simple ion-electron plasma in
steady state with equal ion and electron temperatures 7', an adiabatic equation of
state p o< p7, no fluid viscosity, and a spherically symmetric radial low of matter. If

v > 1, Egs. (1.2.1) and (1.2.2) can be reduced into the following forms,

Amr? p(ryu,(r) = M, (1.3.3)
1 2 v P GM _
2ur(r) + L (poo) = B, (1.3.4)

where 7 is the spherical radial coordinate and u, is the spherical radial flow velocity.
B = %900 is the Bernoulli parameter, 6, = 2kpTs/m, is the ambient isothermal
sound speed squared, and T, is the temperature at “infinity” (far from the gravita-
tional influence of the central object). For isothermal flow, Eq. (1.3.4) is modified in

the following manner:

1 M
§ur(7’)2 + 0o In (L> _GM 0 (1.3.5)

Poo r
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At mass flow rates below the maximum accretion rate, Bondi flows are constrained
to be inflowing solutions, everywhere with subsonic infall velocity. One can show
that the maximum accretion rate associated with interaction of an object of mass M

residing within a medium at p,, and 6,

VRS y~3 (—5_237) T 1<y <5/3
GiMAr2p2. (1.3.6)
o 3 =1
e’. v

Mpongi can be expressed in terms of physical parameters convenient for our area of

interest. For a gas equation of state v = 5/3.

: M \°( n T, \ *?
_ —4 o0 o0 -1
Mionas =1.02 x 10 (107M®> (100 Cm_3) (107 K) M., yr'.(1.3.7)

A 10% matter-energy conversion efficiency gives Bondi accretion luminosities,

) 2
LBondi =0. 1MB0ndiC

M 2 n T —-3/2
=5.84 x 104 ( > ) > -1,
8 (107M@) 100 em /) \ 107 K o8 s

Bondi flows in which the equation of state v < 5/3 become transonic at the maximal

(1.3.8)

accretion rate Mpongi. The gas falls from infinity subsonically up to the sonic point,
where the infall speed equals the local sound speed. Inside the sonic point, the gas
flows in supersonically. However, for a v = 5/3 equation of state gas, this sonic point
is located at the origin, therefore the flow at any allowable mass rate is subsonic.
Another solution at maximum outflow rates is one of a transonic wind, in which the
gas outflow velocity is subsonic inside the sonic point and supersonic outside it. Early

models of the solar wind, for example, were fit to transonic Bondi outflow solutions

Parker 1958b). Plots of the Bondi flow Mach number as a function of the radius are
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shown for a v = 4/3 plasma, in Fig. (1.3.2).

0.5

-0.5

Logp (Ur /Cs)

-15

o  os
Log 10 (R/Rs)

-0.5

Fig. 1.3.2.— Plot of the Bondi Mach number (radial flow speed divided by sound
speed ¢;) as a function of radius (normalized by gravitational capture radius) for
physically allowable Bondi solutions. Lines in blue denote settling solutions, at ac-
cretion rates M = %MBondi, %Mgondi, and %MBondi moving down from the sonic point.
The transonic inflow (subsonic outside a sonic point, supersonic inside) and transonic
outflow (subsonic inside the sonic point, and supersonic outside) are shown in red.

1.3.2 Classical Accretion Disk Theory

In this section, we explain the salient physical features by which matter in a rotation-
ally supported flow can accreted. We focus on classical accretion disk theory, which
is characterized by the following major simplifications. One, the disk is geometrically
thin, i.e. the disk height H is much smaller than the radius R. The gas thermal
velocities are much smaller than orbital velocities, and therefore the gas follows an
approximately Keplerian rotation profile, Q? ~ GM/R3. Two, the gas is in virial

equilibrium, which implies that at least half the energy generated through gravita-
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tional infall of matter is radiated away in the accretion disk itself. This disk has an
inner radius R;, and an outer radius R,.. For a neutron star or white dwarf, R;,

may correspond to the surface of the star, while for a black hole it may correspond to

its marginally stable orbit (R;, = 6GM/c? for a Schwarzchild black hole) or perhaps

even the event horizon (Krolik et al. 2005). A diagram of the mechanism of a classical

accretion flow is shown in Fig. (1.3.3).

energy lost
th h local
ra :I(i): gh ‘oca turbulent torques fromd 2/ dR#0

disk extent ~ H

Fig. 1.3.3.— Classical accretion flows in a geometrically thin (H < R) and optically
thick disk. Turbulent torques arise via some physical mechanism due to nonrigid ro-
tation, dIn2/dIn R # 0. Turbulent torques transport angular momentum outwards,
resulting in matter accretion. In classical disks, energy generated through accretion
is locally radiated through the disk’s vertical surfaces.

Note that for high mass rate accretion onto compact objects, the fluid has negligi-
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ble viscosity over most of the spatial extent of the disk. By high mass accretion rates,
we refer to infalling rates at either the Bondi or Eddington luminosities. Spectral
models of emission from high mass accretion rate supermassive black holes suggest
ion densities of the order 10° — 10'? cm =3 and ambient gas temperatures of the order
of 10° — 108 K at the gas gravitational capture radius, of size 106 — 10'® cm. Obvi-

ously, as one moves closer to the black hole, the plasma gets hotter and denser. The

ion-ion and electron-electron collisional mean free paths are given by (Spitzer 1962),

T 2 n -1 1
o 13
A= 1.5 % 10 (m4K) (1mn4> — om, (1.3.9)

2
M= 11x 108 [ L nyt L (1.3.10)
c 104 K Lem3) A o

Here In A ~ 20 is the Coulomb logarithm,

mA:m(bﬁ, (1.3.11)

Tr/2

where Ap. is the Debye length (length scale over which electric fields are screened
by the intervening plasma) and 7/, is the ion impact parameter for a collision in
which each particle has kinetic energy kgT;, and scatters by an angle 7/2, in the

center-of-mass frame. For the same ion and electron temperatures, Ap. and r/; can

| kgT;
ADe = : 1.3.12
b men, ( )

: (1.3.13)

be expressed as,

(&
Tr/og = ———.
27 AkpT,

The Reynolds number Re = LV/n, is the ratio of flow velocity to the collisional

viscous velocity, where L and V' are the system sizes and velocities, respectively. We
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estimate I ~ R and the velocity as the isothermal sound speed. For these flows,
Re = R/); is on the order of 107 — 10'. Collisional viscosity is too small to explain
the dynamics of accretion onto compact objects.

We now consider a simple model of classical accretion driven by hydrodymagnetic

turbulence to demonstrate the presence of a turbulent torque that can transport

angular momentum outwards, using arguments laid out in Balbus & Hawleyl 1998).
We assume a disk that is steady and spatially smooth over time and length scales
much larger than the turbulence. The fluctuation in fluid velocities (ug, u), magnetic

field B, and density p average to zero.

(Oug), = (duz), =0, (1.3.14)
(0B), =0, (1.3.15)
(dp), = 0.. (1.3.16)

This average, (), is defined in the following manner:

1 AT prR+AR/2 27 eS)
A = ——n —— ApdR dzdodt, (1.3.1
A= srsamat ), /R_AR/Q /M/z_oo pdf dzdgdt, (1.3.17)

where,

Y= / pdz. (1.3.18)

This average is taken over a radial slice AR much smaller than the disk radius but
larger than the largest scale of the turbulence and a time scale AT much longer
than the turnover timescale of the turbulence. The radial velocity ug consists of a
fluctuating part (dug), = 0 and a nonzero mean mass flow. The mean flow velocity is

far smaller than the root mean square turbulent velocity, i.e., (ug) S )<5u R5u¢)p‘.
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We consider a system without collisional viscosity or thermal conductivity in
steady state, but with a a radiative flux that can cool the gas. Equations of mass con-
tinuity (Eq. [1.2.1]), force balance (Eq. [1.2.2]), and energy (Eq. [1.2.3]), then reduces

to,

V- (pV)=0, (1.3.19)
B2 B-VB

pV-VV = —pVd -V (p + —) + v ; (1.3.20)
8 47

3 P

EpV-V ; +pV -V =-V- F.q4. (1.3.21)

where F,.q4 is the radiative flux. We ignore radial pressure gradients in Eq. (1.3.20)
since the disk is thin. In a thin disk, radial force balance results in a Keplerian
rotation profile and vertical force balance results in a disk height on the order of H.

The azimuthal component of Eq. (1.3.20]), multiplied by R, can be written as,

10 BrB
Foplt (pV¢VR - ZT ¢) =0, (1.3.22)

BrB
where R <pV¢,VR — %) is the total radial flux of angular momentum. It includes
T
terms associated with angular momentum flux carried by the radial flow as well as
angular momentum flux due to the hydromagnetic turbulence. If we take the scalar

product of Eq. (1.3.20) with V and add to Eq. (1.3.21) we then have the total energy

balance equation:

1 B
Y (V <§pv2 + p@) + = (V x B)) = —V - Faa, (1.3.23)
T

where we have ignored the enthalpy flux of a monotonic gas (5pV/2) due to the

thinness of the disk.
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For a thin disk, one may use lowest-order techniques to characterize the role that
turbulence will play in transferring mass and angular momentum in an accretion disk.
The turbulent flow speeds in a disk with subthermal magnetic fields will only reach the
local sound speed due to the fast dissipation of supersonic turbulence through shocks.
Because the turbulent flow speeds are much smaller than the orbital velocity, then to
lowest order quadratic fluctuating fluid correlations of velocity and magnetic field can
be used to characterize the accretion flow. It is the averaged quadratic correlations
between radial and azimuthal velocities, and radial and azimuthal magnetic fields,
that acts as an outward flux of angular momentum that allows accretion to occur.

First, consider mass flow. If we average Eq. (1.3.19) as described in Eq. (1.3.17),

the mass accretion rate is related to the average radial flow:

M = —27RY. (ug), . (1.3.24)

Second, consider angular momentum balance. We use the boundary conditions that

the radial flux of angular momentum is zero at R;,. If we take the average of

Eq. (1.3.22), and use the mass flow relation in Eq. (1.3.24)), we get,

(Whe) = % [1 — (Rin/R)l/Q} : (1.3.25)

where Wg, is the R¢ component of the stress tensor, defined by,

(1.3.26)

0BRroB
<WR¢> = <5UR(5’LL¢ - M> .
p

4 po

Rp (Wge) is the angular momentum radial flux carried by the turbulence. This tur-

bulence must yield (Wgy), > 0 in order for accretion to occur. Egs. (1.3.24), (1.3.25),

(1.3.26)) and sonic turbulence imply mass flow velocities ‘(uP)p‘ ~ (Ourduy) , / (RQ).
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Third, expressions for mass and angular momentum flux are used to calculate the
energy flux carried by the accretion flow. To lowest order, Eq. (1.3.23) can be written

as,

. 1 SBroBy -
V- (puRR {(I) + 5RO + RQ%} — RQ%R) — —V - F.q(1.3.27)

Using the Keplerian result ® = —R?Q?, and averaging Eq. (1.3.23), we get,

10 M RQ)?
__R< RQ
47

Fop + SRQ <WR¢,>> = -V Fra. (1.3.28)

Fg, the energy flux carried by the accretion flow, is

MRQO? 3GMM 2
- S RO bl
Fo= = FERO(Wre) = =1 { 3

(Rm/R)l/?} . (1.3.29)

In a radiatively efficient disk, the energy flux is radiated. The accretion luminosity is

then given by:

Lacc =27 (RinfE (Rin) - RfE (Rout)>

QMM ( R 3/ R \3/2 (1.3.30)
_ 1-3 in 4+ 2 ( in )

2 Rin Rout 2 Rout

If the outer edge of the disk R > R;,, then up to half the gravitational energy may
be radiated away. The other half can either be accreted on the surface of a star or,
in the case of black holes, lost as it passes through the event horizon. For a given
M, classical disk-like accretion onto a compact object can be extremely efficient.
When M is sufficiently large, the high luminosity of AGNs and quasars can be easily
explained.

Classical accretion also has a characteristic spectrum. In an optically thick disk,
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the energy generated through accretion is radiated through the outer disk surfaces as
blackbody emission. This blackbody emission at a given radius R has temperature

Te(R), given by the relation below.

1 0
4 e —
) 4
(36 (R, Y (1.331)
™\ SrR30 R

The factor of 2 arises because radiation escapes from both surfaces of the disk, and
0 =5.67x107° erg cm™2 s7! K~* is Stefan-Boltzmann’s constant. For R > R;,, the

temperature Tog(R) = T, (R/Rin)_3/4, where

savar) !
T, = < ) (1.3.32)

The blackbody spectral radiance B, at T.g is given by,

3

B, (Tet) % ity =1

(1.3.33)

Where v is the frequency of emitted radiation. The emitted spectrum of the whole

disk is,

Rout
S, / B, (To(R)) 2x R dR (1.3.34)

Rin

This spectrum is shown in Fig. (1.3.4).

1.3.3 The Insufficiency of Hydrodynamics

We have derived a theory of classical accretion but have not mentioned the form of

Whre. The study of a large class of rotationally supported astrophysical systems can



22

v

Logio normalized S

TR
Log 10 (hV/kBTin)

O o meemammomomemememem oo

Fig. 1.3.4.— Emission spectrum from a classical accretion disk radiating as a local
blackbody at each point, where the outer radius of the disk R, = 1000R;,. The
frequencies corresponding to emission at Ti, (the temperature of the disk) and Ty
(the temperature at the disk outer edge) are shown with arrows.

be reduced to the study of what physical processes can lead to a significant positive
averaged (Wgs) to drive accretion. For several decades, hydrodynamic turbulence
was proposed as a promising mechanism to explain the necessary level of angular
momentum transport that can power classical accretion flows or that can yield the

relatively fast formation of stars from their protostellar disks. This appeared promis-

ing as flows became turbulent, for example, in rigid pipes at low Reynolds numbers

of around Re ~ 103 JBatcheloJ 196%). Furthermore, numerical simulations and ex-

periment have demonstrated the existence of nonlinear hydrodynamic instability and

turbulence of a Cartesian shear flow at small Reynolds number ~ 10% (Orszag & Kells

1980; Drazin & Reid 1981; Bayly et al. 1988).

Although von Weizsécker (1948) had proposed a mixing-length theory (analogous
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to that of efficient thermal transport in convectively unstable flows) of disk turbulence,

Shakura & Sunyaev (1973) proposed an ansatz of Wpg, applicable to astrophysical

accretion flows:

(Whg) = asst, (1.3.35)

where agg is some dimensionless parameter. This was justified by the fact that fast
shock dissipation would constrain disk turbulence speed to be less than the sound

speed c,. An alternative ansatz is one in which there is an effective viscosity

Nyeff = OZZS‘SCSHa (1336)

where o/yq and agg differ by constants of order unity. Analytic or numerical models
that employ this form of the effective viscosity or azimuthal tensor are referred to
as a-viscosity accretion models. The benefit of either closure, for a turbulent an-
gular momentum flux or an effective turbulent viscosity, is that a relatively simple
dynamical model of an accretion disk can be constructed. One may calculate from
M and agg the disk mass, density, temperature, and height. In other words, one may
calculate the mass accretion rate from the local structure of the disk and vice-versa.

Although hydrodynamic turbulence has for decades been deemed a plausible
source for enhanced transport in disks, a Keplerian disk has specific angular mo-
mentum varies as RY? — increasing outwards. There exist strong stable epicycles
that make the flow linearly stable to axisymmetric hydrodynamic perturbations, the
so-called Rayleigh criterion. Numerical simulations have demonstrated hydrodynamic

stability and dissipation of hydrodynamic turbulence at the limit of computationally

accessible Reynolds numbers in local Keplerian rotating systems (Balbus et al. 1996;

Hawley et al. 1998).
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A recent careful laboratory experiment by Ji et al. (\2006) has demonstrated that
there is no linear or nonlinear hydrodynamic instability of a Taylor-Couette flow

up to a Reynolds number of 10°. This Reynolds number is beyond the limit of

numerical simulation (Lesur & Longaretti 2005) and approximately 20 times that

previously achieved in the laboratory (Richard 2001). Jiet al. (2006) studied the

stability properties of a Taylor-Couette flow of water or a water/glycerol mixture. A

textbook example of a Taylor-Couette flow is shown in Fig. (1.3.5), and a diagram

of the setup used in Ji et al. (‘2006) is shown in Fig. (1.3.6). €; and r; are the
inner cylinder’s angular speed and radius, respectively, and 25 and r5 are the angular
speed and radius of the outer cylinder, respectively. Both cylinders rotate in the

same sense, with Qy < € but r3Qy > r?€Q);. This ensures an equilibrium rotation

profile that is Rayleigh stable. In their setup, Ji et al. (2006) suppressed Ekman

circulation by having the endcaps rotate differentially as well. For example, a cup
of water takes a few seconds rather than minutes, from viscous diffusion of angular
momentum, to lose its spin is due to an Ekman boundary layer at the cup’s surface.

They found that the angular momentum flux within this rotating system is zero

to within experimental measurement. The results of Ji et al. (2006) are shown in

Fig. . The Reynolds number of the flow was modified by changing the angular
velocity of the inner and outer cylinders or by choosing different mixtures of water
and glycerol. They measured a normalized averaged angular momentum flux § at

the midplane of their apparatus, defined as,

_ (urty) 1.3.37
G e

where ¢ = —0InQ/dIn R. ¢ = 3/2 for a Keplerian flow, and 1.2 < ¢ < 1.9 for their

experimental setup. Although these results do not demonstrate that hydrodynamic
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turbulence in Keplerian disks cannot transport angular momentum they appear to

imply that the level of angular momentum transport is orders of magnitude smaller

than that needed to explain astrophysical accretion.

N

A= QzRg_Ql R12
- R-FR
fluid 2 1

‘)2&» B_R?R;(QI—QZ)

- 2

Ri_Rl

Fig. 1.3.5.— The textbook example of
Taylor-Couette flow consists of an invis-
cid fluid spaced between two cylinders, of
infinite vertical extent. Here the cylinders
rotate in the same sense, with €2y < €.
As long as fluid specific angular momen-
tum R2Q) increases outwards, the fluid is
linearly stable.

Inner—-j inner
rngs cylinder
fluid
outer
rings outer
cylinder

Fig. 1.3.6.— The Princeton experimen-
tal setup for a Taylor-Couette flow with
water, glycerol, or a mixture of the two,
taken from Jiet al. (2006). The inner
and outer cylinders rotate in such a man-
ner that the angular speed decreases out-
wards, but the angular momentum in-
creases outwards. The endcaps also dif-
ferentially rotate in order to frustrate Ek-
man circulation.
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Fig. 1.3.7.— Normalized radial angular momentum flux in Ji et al. (2006) experi-
ment. Angular momentum carried by the this flow was found to be zero to within
experimental errors for the highest Reynolds number trials.
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One must note that hydrodynamic instabilities can act on other rotationally sup-
ported systems to cause accretion. For self-gravitating systems such as galactic or

dense protostellar disks, where the Jeans frequency /Gp > €, coherent spiral den-

sity waves develop (Toomre 1977) that can transport angular momentum and redis-

tribute matter (Adams et al. 1989; Laughlin et al. 1997). A class of nonaxisymmetric

1985

instabilities within toroids, first studied by Papaloizou & Pringle 31984, ), and

elucidated by Goldreich et al. (1986), is one in which waves on opposite sides of a

corotation (CR) point can exchange energy with each other. One side of the CR with
negative energy loses energy to the other side which has positive energy, hence the
process runs away and destabilizes the torus. However, these instabilities require a
hard wall or sharp torus edge on either side of the CR point — currently believed
unlikely to occur in nature. They also require a rotation profile dln Q/dIn R < —+/3.
For relatively slender disks in which the gravity is largely due to the central object,
accretion does not occur due to hydrodynamic instabilities. Magnetic fields, however,
can play a role in destabilizing even Keplerian flows. In §2 we describe the MRI,

which has shown such promise in accretion physics.

1.4 Evidence for Underluminous Accretion

Although AGNs and quasars are some of the most powerful and most energetic com-
pact objects in the universe, at recent epochs in the history of the universe (z < 1)
they are rare. Evidence from Very Large Baseline Interferometry (VLBI) measure-
ments of water masers, from gas spectroscopy, and from stellar dynamics give strong

evidence for the existence of massive and supermassive black holes in galaxies that

possess a central bulge (see Richstone et al. (1998) for an exhaustive review on diag-

nostic tools for the detection of central galactic black holes). The bulge refers to the
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central spherical gaseous and stellar component of a spiral galaxy. However, a very
recent survey of AGNs has demonstrated that there exist ~ 200 active black holes
within 400 million light-years (see Fig. [1.4.1]). Within this 400 million light-year
volume of space there exist ~ 10* galaxies that possess a central bulge. Only a few

percent of central galactic black holes at the current epoch are AGNs or quasars.

[ 3 i ¥ - .
........ Nl s W e
e s R Sy

v r .

® Galaxy cluster » Pulsar of supetnova remnant ® Lnknawn
& Beamed AGN (Blazar, BL Lac, Q50) & OV or star
& Unbeamed AGN [Sy, AGN Galaxy, etc) o X-ray binary

Fig. 1.4.1.— This all-sky map contains all active supermassive black holes out to a
distance of 400 million light years from Earth. Scientists are convinced that no active
black hole has gone uncounted. Shown here are all high-energy X-ray sources, which
includes many star systems within our galaxy which are not part of the Swift black
hole survey. The AGN are the light blue and green dots, largely "high” in the sky
above and below the galactic plane. Figure and publication of results are taken from
theNASA Website.

The Chandra space probe with its X-ray sensitivity and angular resolution of 1”
can resolve the inner structure of nearby underluminous galactic black holes to at
least a few times the Bondi radius. In Table (1.4.1) we show results of measured

emission from nearby galactic black holes, and compare to the expected luminosity

from Bondi capture, assuming 10% conversion of matter to energy. Here we include


http://www.nasa.gov/centers/goddard/news/topstory/2006/blackhole_headcount.html
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the Sagittarius A* black hole at the center of our Milky Way galaxy, the best studied
underluminous compact accretor to date. A false-color X-ray emission map of Sag. A*,
taken from Chandra, is shown in Fig. (1.4.2). The mass of the Sag. A* black hole
is far smaller, and its luminosity is far lower, than other nearby central galactic
black holes. However, Sag. A* is visible because it is 100 times closer than the next-
nearest central galactic black hole. The measured bolometric emission from Sag. A* is
primarily in the far infrared and radio frequencies at a luminosity of L ~ 103 erg s71.

This energy is only ~ 10~ what would be expected from radiatively efficient Bondi

2009

accretion JNarayanQOOQ Quataert

Table 1.4.1:: Accretion Flow and X-Ray Luminosities of
Dim Galactic Black Holes

d MBH RBondi LBondi LX
Galaxy

(Mpc) (x108My) | (arcsec) (erg s7) (erg s™!)
NGC 1399! 20.5 10.6 0.36 2.3 x 10* <9.7 x 10%8
NGC 4472! 16.7 5.65 0.24 4.5 x 10 | £6.4x10%
NGC 4636" 15.0 0.791 0.049 4.5 x 104 < 2.7 x 10%8

M 822 18.4 30 2 5x 10% ~ 7 x 10%

Sag. A*3 8.5 x 1073 0.0264 2.2 6 x 10% 2.2 x 1033

Likewise, there is strong evidence of mildly collisional to collisionless plasma at

the limits of resolution of Chandra. Using the ion-ion collisional mean free path as

ITaken from
2Taken from
3Taken from

Loewenstein et al. (2001)

Di Matteo et al. (2003)

Baganoff et al. (2003)

4Mass measurement of Sag. A* taken from Schodel et al. 42002); Ghez et al. 42003)
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Fig. 1.4.2.— False color Chandra X ray image of 2-10 keV emission within 2
pc of the central galactic black hole Sagittarius A*. The diffuse emission is
attributed mainly to local shock heating and supernova heating, while point
sources are associated with compact stellar emission. Image source is taken from the
http://chandra.harvard.eduphoto/2001/0204flare/0204flare xray circle. jpg.

given in Eq. (1.3.9), the Bondi gravitational capture radius:

GMm,,

Rpondai = : 1.4.1
Bondi = “op 2T (1.4.1)


http://chandra.harvard.eduphoto/2001/0204flare/0204flare_xray_circle.jpg
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we calculate the mean free path of the ambient medium within 1”7 from the central

black hole as shown in Table . In our estimate the density and temperature

of the ambient medium is kept constant down to the Bondi capture radius of the

black hole. We have borrowed a table from

Menou

2005), with Chandra data on the

ambient electron number density n and temperature 7" within the inner 1“ of nearby

underluminous massive and supermassive black hole accretors.

Table 1.4.2:: Dilute Nature of Dim Accreting Galactic

Black Holes

n(17) (1) R(17)
Galaxy A1) /R(17) | A(17) / Rponai
(cm™3) (107 K) ( cm)

Sag. A*! 100 2.3 1.3 x 10'7 0.4 0.4
NGC 13992 0.3 0.9 3.1 x 10% 0.009 0.02
NGC 44722 0.2 0.9 2.5 x 10% 0.016 0.07
NGC 46362 0.07 0.7 2.2 x 10% 0.032 0.6

M 823 0.17 0.9 2.7 x 10%° 0.018 0.02
M 324 0.07 0.4 1.2 x 10" 0.2 1.3

Since the mean free path varies as n='7?, for an adiabatic monatomic gas the

mean free path is larger at smaller radii. For a relativistic gas, where T o n'/3, the

gas density must increase more steeply than B3 in order for the plasma to become

more collisional as one moves inwards. This requires that the infall velocity decreases

faster than R for a steady inflow or wind. Such velocity profiles appear unlikely

in extended astrophysical objects, for which the infall or outflow velocity increases

ITaken from
2Taken from
3Taken from
4Taken from

Baganoff et al.

2003)

Baganoff et al.

2003)

Di Matteo et al.

Ho et al. (2003)

(2003)
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inwards (for example, the solar wind). It is almost certain that the inner unresolved

portions of these black holes become collisionless.

1.5 The Nature and Models of Radiatively Ineffi-
cient Accretion Flows

Underluminous accretion in black holes has been shown to be dilute as well as to
have much lower luminosity than expected from gravitational capture of the ambient
medium. Although it is likely that accretion occurs at rates far below the Bondi
luminosity in these systems, the mildly collisional nature of the plasma also implies
that the flows are radiatively inefficient. These flows are also sufficiently dilute that
the bulk of their emission is optically thin. In these systems, the timescale over which
energy is radiated is much longer than the infall timescale. The ion-electron energy
coupling in this gas is so weak that the ions never cool, and remain at virial tempera-
tures (T; ~ 10'* K near the black hole event horizon). Electrons are efficient radiators.
The time scale for electron radiation is much smaller than the timescale over which

ions and electrons exchange energy, leading to much cooler electron temperatures

T, ~ 10® — 101 K (Esin et al. 1997; Narayan et al. 1998; Quataert 2003).

We demonstrate the essential two-temperature nature of these hot and dilute

plasmas in Fig. (1.5.1). Electrons are heated by the ions at a rate @Q;., described by

Stepney & Guilbert (1983), which balances out the relatively efficient electron radia-

tive cooling ()_. The radiative electron emission rate ()_ are from bremsstrahlung,

synchrotron, synchrotron self-Compton (SSC), and inverse bremsstrahlung Comp-
ton (IBC). These radiation processes are described in some detail in Narayan et al.
1995) and references therein. We calculate the ratio of ion to electron temperature

as a function of isothermal sound speed squared, ¢, and ion number density n;. We
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consider gas at a distance of ten Schwarzchild radii from the Sag. A* black hole. We
assume a density profile p oc R=3/2, which results in an optical depth to Compton

scattering,

Tes = JTni/ (R/R) ™ dR' = 207 Rn,, (1.5.1)
R

The optical depth is important in characterizing the electron cooling due to SSC and
IBC. We use! 3 = 200, to calculate synchrotron and SSC emission rates. We consider
only those densities for which 7., < 1. We observe from our model that at relatively
small densities but large normalized m,0/kg > 10" K, the bulk of the thermal
energy lies in the ions. Maximum electron temperatures are of the order of 101° K,

only a few times the rest mass energy of the electron. The two-temperature nature

of a hot and dilute plasma was first proposed by Shapiro et al. (1976) to explain
hard X-ray spectrum of Cygnus X-1. However, it was demonstrated to be thermally
unstable lPira; 1978). A thermally stable class of sub-Eddington solutions that also

leads to two-temperature plasmas was studied in some detail by Ichimaru (1977) and

Rees et al. (1982) in the context of the hot inner regions of AGNs. Self-similar models

of underluminous accretion were investigated by Narayan & Yi (1994); Narayan et al.

1995); Narayan & Yi (1995). In such flows, known as advection dominated accretion
flows (ADAFSs), only a small fraction of the gravitational energy is radiated out by
the electrons. Nearly all the energy is advected through the black hole.

The gas in an ADAF solution has positive Bernoulli parameter that increases at
small radii, therefore a gram of gas near the black hole can unbound 10* grams of

gas near the black hole’s gravitational capture radius. This property of ADAFs led

Blandford & Begelman (\1999) to propose an advection-dominated inflow-outflow so-

lution (ADIOS), in which the accretion rate due to an inflow decreases as a function

13 =60/v%, where vy is the Alfvén speed. See Table (A.1).
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Fig. 1.5.1.— Contour plot of log,,T;/T. at various 6 and n; at R = 10Ryy,, for a
2.6 x 105M, black hole. The horizontal axis denotes ion density in cm™3 and the
vertical axis is the average thermal energy per particle m,8/kp in Kelvins.

of radius. At large radii there is a relatively strong wind that carries out angular

momentum and nearly balances a large mass inflow while near the black hole there is

primarily a (small) mass inflow. Recent global MHD simulations (Hawley et al. 2001;

Hawley & BalbUSI 2002;

De Villiers & Hawley 2003) suggest, at large radii (approxi-
mately twenty times the inner radius), relatively large mass inflows are balanced by
large mass outflows ( Fig. [2.2.9)).

A third class of analytic solutions is the convection-dominated accretion flow

(CDAF). A variety of recent numerical simulations, incorporating a phenomenological
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a viscosity (Igumenshchev & Abramowicz 1999) or an MRI turbulence (Igumenshchev et al.

2003), have suggested a model in which vigorous convection in an adverse entropy

gradient disk stalls accretion by transporting angular momentum inwards. However,
one reaches a quandary in that convection must be driven against decay by finite
dissipation. In a disk, the only source of energy for convective motion is due to a
Wre that couples to the orbital angular velocity shear. If the convection suppresses
the R¢ component of the stress tensor, it also chokes off the energy required to drive
it. The essential inconsistency in having a convective turbulence in a disk that sup-
presses Wry, and a confirmation that linear convective instability in an MRI-unstable

magnetized disk is very inefficient in transporting angular momentum inwards (it ac-

tually transports angular momentum outwards), were discussed in Balbus & Hawleyl

(2002).

Finally, Bondi solutions JJ ohnson & Quataert 2007) and self-similar inflow-outflow

Tanaka & Menou 2006) for dilute flows were constructed with

solutions JMenou 2005;

a saturated heat flux by Cowie & McKee (1977):

Qsat =~ —5cspVT/ |VT]. (1.5.2)

These analytic treatments with large diffusive heat fluxes efficiently transport energy
out from the hot inner regions and may yield accretion rates that are 1-3 orders of
magnitude smaller than Bondi accretion.

These phenomenological models of dilute accretion either assume an « closure in
(Wre), or a saturated conductivity that only points radially. Self-consistent prelimi-
nary numerical simulations of underluminous accretion have begun to show features,
such as coronal envelopes and centrifugally evacuated funnels, whose basic features

none of these models can predict. A class of numerical simulations (Hawley et al.
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2001; Hawley & Balbus ‘2002 De Villiers & Hawleyl 2003) have also demonstrated

)

that even nonradiative flows are largely Keplerian and have relatively slender disks

(thermal energy < rotational kinetic energy). As a next step, a numerical code

(Athena) that accurately accounts for the total energy generated through accretion

has been developed (Gardiner & Stone 2005; Gardiner & Stone 2006). Local numer-

ical simulations of differentially rotating systems have been performed using this new

code (Simon 2007). Global simulations of these underluminous flows are currently

being developed.

This thesis is an effort to construct more accurate physical models of accretion onto
compact objects. We include anisotropic viscous stresses and thermal conductivity in
the fluid limit and in the collisionless limit, which many numerical simulations of black
hole accretion do not address. We demonstrate those instabilities that may operate
in astrophysical hot and dilute accretion flows. In this thesis we also demonstrate
additional sources of turbulent angular momentum flux and turbulent heat flux that
may operate in dilute accretion flows. This is important, since flows the energy

generated through gravitational infall in radiatively inefficient accretion flows cannot

be radiated and must be advected or locally dissipated (Balbus 2004a).
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Chapter 2

The Stability of a Rotating MHD

Plasma

In dilute astrophysical plasmas, the collisional mean free path of a particle can ex-
ceed its Larmor radius. The thermal conductivity and viscosity of the plasma, in
this case, can be dramatically altered. This causes outwardly decreasing orbital an-
gular velocity or temperature gradients to become strongly destabilizing. Magnetic
fields, even when highly subthermal, turn free energy gradients of ionized fluids into
sources of instability. There are important astrophysical consequences of this condi-

tion. First, when temperature, rather than entropy, decreases upwards or outwards,

dilute stratified plasmas become destabilized by the MTI (Balbus 2001). And second,

large viscous stresses along magnetic field lines (MVI), rather than magnetic forces
that tether fluid along field lines (MRI), destabilize the plasma. In both the MRI and
MVI, when angular velocity, rather than angular momentum, decreases outwards,
magnetized disks become turbulent.

To better understand the behavior of dilute magnetized plasmas, we first need to

understand adiabatic modes. We begin with a discussion of the MRI, since this local
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instability can destabilize even hydrodynamically stable Keplerian disks. We describe
its linear behavior, and the main results of nonlinear local and global numerical
simulations. We then justify our study of MHD instabilities in a dilute plasma, by
showing that extremely weak fields can lead to anisotropic heat fluxes and viscous

stresses. We then describe physical models of the MTI and the MVTI.

2.1 Adiabatic Instability in a Rotating MHD Medium

In this section, we follow discussions as given in Balbus & Hawley (1998). Consider

the stability of a simple, adiabatic, homogeneous differentially rotating fluid in an
equilibrium magnetic field By = By (qAb cos Y + zsin X>- We consider eigenmodes
varying as exp (ikyzz — iwt), with wavenumber k = kz2z and frequency w, in the
WKB limit |kzR| > 1. We use the equations of continuity (Eq. [1.2.5]), force balance
(Eq. [1.2.6]) without viscosity, and magnetic induction (Eq. [1.2.8]), all in a comoving

frame. The system of equations to leading order in the fluctuating quantities are:

J
—iw P +ikyouz =0 (2.1.1)
Po
0B
—iwdug — 2Q0uy = ikzv? sin X?Rv (2.1.2)
0
. / . 2 . 6B¢
—iwdugs + (2Q + QV'R) dup = ikzvy sin X g (2.1.3)
0
J 0B
—iwduy = —iky (_p + v3 cos X—¢) ; (2.1.4)
Po By
—iwdBr = Bysin x (ikzdug) , (2.1.5)

—iwdBy — QY ROBr = —Bycos x (ikz0uyz) + Bosinx (ikzdug),  (2.1.6)

8Bz =0, (2.1.7)
o _ 50

_ , 2.1.8
Po 3 po ( )



We arrive at this polynomial equation in w,

(/{%vi sin? y — wz) (w — k2 (c + vA) w? + kjvic? sin X) +

Q2
KAt — W? | KEE? (vAcos X+c)—|—kZUAsm X d +
dln R
dQ)?

k%c (k;ZvAsm X) dlnR:O

The adiabatic sound speed ¢, and the epicyclic frequency x are given by,

50

2 —_—

Cs 3 s

o Ld(R'OY)
R’ dR

In the nonrotating limit 2 — 0, Eq. (2.1.9) reduces to,

39

(2.1.9)

(2.1.10)

(kzv3sin® y — w?) (w* — k% (2 +0v73) w? + kzuicisin®x) = 0. (2.1.11)

One of the roots of Eq. (2.1.9) is given by,

2 _ 72,2 2
w” = k7vysin” x,

(2.1.12)

which corresponds to shear-Alfvén modes. These waves propagate along magnetic

field lines with fluid and magnetic field perturbations perpendicular to the equilibrium

field, similar to a plucked string with the magnetic tension providing the restoring

force. In the limit of either v3 < 2, ¢ < v, or sin? y < 1, then to leading order

the other two solutions correspond to the fast mode:

wi = k2 (cz —1—113,) ,

(2.1.13)
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and the slow mode:

,  kZvictsin? x

w
- 2 | 42
Cs T U3

(2.1.14)

In the weak magnetic field limit, where ¢?/v} — oo, the slow and Alfvén modes
become degenerate and the fast mode is identified with acoustic waves. An inter-
esting effect occurs if we include rotation. In Fig. (2.1.1) we consider a Keplerian
rotational profile, with 8 = 3 and x = n/4. We observe how the normalized oscil-
lation frequency w?/ (k%v%) of the three modes (fast, slow, and Alfvén) change with
02/ (k%v?%). For Q? > k%v% /6, the slow mode becomes unstable. This is the essence

of MHD turbulence in a differentially rotating medium.

10 - 4

Fast

k2 vi

Fig. 2.1.1.— Normalized oscillation frequency w?/ (k%v?) versus Q?/ (k%v?%) for the
three modes of local oscillation in an adiabatic, homogeneous, rotating plasma with
a Keplerian rotational profile.
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2.2 The Magnetorotational Instability

‘VehkhO\J (‘1959) and ‘ChandrasekhaJ 41960) studied the stability of a Taylor-Couette
flow of a plasma within a magnetized medium, and found that it becomes unstable
where the angular velocity, rather than the angular momentum, decreases outwards.

Remarkably, a magnetic field of arbitrarily small strength was found to destabilize

a Rayleigh stable flow. However, it was Balbus & Hawleyl 1991) who noted that
this local instability could destabilize Keplerian disks and induce the right kind of
turbulence that could drive accretion.

We can describe the MRI in the following manner: consider two points on a
magnetic field line but radially separated. A small magnetic tension acts as a weak
“spring” connecting these two points on the same field line. The outer point expe-
riences a tension along its direction of motion, resulting in a torque which increases
its angular momentum. The inner point experiences a tension opposite its direction
of motion, resulting in a torque which decreases its angular momentum. For a Ke-
plerian flow, the specific angular momentum increases with increasing radius. This
implies that as a result of the torques arising from magnetic tension, the outer mass
moves outwards while the inner mass moves inwards. Therefore, angular momen-
tum is transferred from the inner object to the outer object. The spring is further
stretched, the tension increases, and the points move further apart. The development
of the MRI ceases if the oscillation frequency of this “spring” is of the order of the an-
gular velocity; that is, if the “spring” is too rigid (many oscillations within an orbital
period), the two masses will not spread apart and the system is stable. A cartoon

demonstrating the MRI is shown in Fig. (2.2.1).
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Fig. 2.2.1.— Spring model depiction of the MRI. Two masses are connected by a
spring, with the gravitational force due to a central object (i.e., Keplerian rotation).
Tension provides a torque that speeds up the outer mass and slows down the inner
mass. Angular momentum is transferred outwards, the spring tension increases, and
the process runs away.

2.2.1 Linear Stability Analysis of the MRI

The simplest description of the MRI is one with an equilibrium vertical magnetic
field By = Bpz. Consider a Lagrangian fluid displacement & with spatial variation
exp (ikzz), where du = d€/dt. The frozen-in condition from Eq. (1.2.4) implies the
form of the perturbed magnetic field, 0B = ikzBy&, 0B, = 0, and £, = 0. There is

no magnetic compression, By - 0B = 0 and the flow is incompressible, dp = 0. The
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magnetic tension is given by,
B =—(k-va)¢& (2.2.1)

In a frame corotating with the fluid, one can then show that radial and azimuthal

force balance equations with Coriolis and tidal forces and magnetic tension are given

by,
d2§R ¢y ,
A2 dl R&%_ 20 dt = —(k-va) &g, (2.2.2)
4?6y dér )
e T = e va)g (2.2.3)

If & ox exp (I't), we have the following dispersion relation:

d$?
dln R

T+ T% [k 4+ 2(k-va)] + (k-va)? | (k-va)’ + =0, (2.24)

For a Keplerian rotation profile, the maximum growth rate is Ty = 3Q/4 at
wavenumber that satisfies the equation (k-v4)* = 15Q2/16. Furthermore, mag-
netic tension quenches the MRI at wavenumbers satisfying (k - v A)2 = 302. Over one
orbital period, the fastest growing mode would lead to 10* amplification in modal

energy. One can demonstrate that the modal R¢ component of the stress tensor is,

8B30B
e e
= |érl* 28— 5dQ%/dIn R — 417 (2.2.5)
o 2 + (k : VA)2

The normalized growth rate I'/Q and normalized R¢ stress tensor component (Wgy) / (|€g|° ©2)
as a function of normalized wavenumber x = k - v 4/ are shown in Figs. and

(2.2.3), respectively. As shown in Fig. (2.2.3), Wgy is positive for the MRI, which
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implies that the MRI not only destabilizes a plasma but can produce the right type

of turbulence that can drive accretion.

0.8 ;

07 [
06 |

05 [

03 |

02 [

0.25 0.5 0.75
kv a/Q

Fig. 2.2.2— Normalized growth rate I'/Q) as a function of wavenumber k - v4 /2, for
a Keplerian rotation profile and purely vertical wavenumber.

2.2.2 Nonlinear MRI

A variety of three-dimensional local simulations

Hawley et al. 1995, 1996

) and global

simulations JHawley et al. 2001;

Hawley & Balbus 2002;

De Villiers & Hawleyl?()()?))

of magnetized accretion disks demonstrate the nonlinear development of the MRI and

maintenance of a significant magnetic field, at maximum magnetic pressures of order

of the initial gas pressure, against dissipation and diffusion. These simulations typi-

cally employ the ZEUS MHD algorithm (Stone & Norman

1992). These simulations

also imply an average agg in the range of 1072 to 107!, consistent with astrophysical

observations. Recall that agg is a prescription

Shakura & Sunyaev

1973

) relating
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Fig. 2.2.3.— Normalized averaged R¢ component of the stress tensor, as a func-
tion of normalized wavenumber, for a Keplerian rotation profile and purely vertical
wavenumber.

the angular momentum flux carried by turbulence to the pressure, and is defined as

(Try) = assp (see Eq. [1.3.35] in §1.3).

The nonlinear development of the MRI is robust to a variety of different physi-

cal systems, initial magnetic field configurations (Hawley et al. 1995), and to differ-

ent numerical MHD algorithms ABrandenbur;I et al. 1995). Simulations of low and

fully ionized plasmas have also demonstrated the nonlinear development and mainte-

nance of the MRI when incorporating additional physics, such as: finite Hall effects

(Wardle & NQ 1999;

1998) in low-ionized plasmas; finite self-gravity in massive disks (Fromang et al.

Sano & StonJ 2002) or ambipolar diffusion JHawley & Stone

2004c,a,b); radiation pressure dominated systems (Turner et al. 2005; Begelman 2006b);

and vertical stratification to explore the effects of magnetic buoyancy (Stone et al.

1996; Miller & Stone 2000) among others.
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Local Simulations

Local simulations of a rotating fluid consist of a coordinate system with at least
relatively small radial extent, AR < R, corotating with the fluid at a specific radius.
This system transforms to a Cartesian coordinate system (where R is identified with
x, R¢ with y, and 2z unchanged) with noninertial Coriolis and tidal fluid forces and an
azimuthal shear across the radial coordinate. For a Keplerian flow, the background
shear velocity relative to the x = 0 surface is u, = —32€/2. To properly take
into account differential azimuthal velocity across x, one employs a periodic shearing
boundary condition in x. For a box with radial dimension Ly, azimuthal dimension
Ly, and vertical dimension Lz, the boundary conditions for the excess azimuthal

velocity u, are,

uy (x=0,y,2) =u, (v = Lx,y — qLxQt, 2) + ¢QLx, (2.2.6)
uy (r,y=0,2) =u, (r,y = Ly, 2), (2.2.7)
uy (r,y,2=0) =u, (z,y,2=L,). (2.2.8)

Boundary conditions for all other fluid quantities f are,

flx=0,y,2)=f(x=Lx,y —qLx2, z), (2.2.9)
flz,y=0,2)= f(x,y =Ly, 2), (2.2.10)
flz,y,z2=0)= f(x,y,2=L,), (2.2.11)

where ¢ = —dInQ/dIn R. This treatment has been applied to local studies of other

differentially rotating systems, such as the galactic disk JGOIdreiCh & Lynden—BelJ

1965; [ Julian & Toomrej 1966) and planetary rings JWisdom & Tremaine 1988).

Local numerical simulations of the MRI demonstrate the maintenance of a fluc-
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tuating magnetic field against rather strong numerical dissipation and diffusion, and

fluctuating velocity and magnetic field correlations resultinT in a net outward angu-

lar momentum flux. In Figs. (2.2.4) and (2.2.5), taken from Hawley et al.‘ 41996), we

show these effects.

I I ¥ 1 I 1 | L] L 1
| Magnetic
_ \1 ' _
0.01 " |
o L g Kinetic ]
o - ]
= ’ i
5] i d
0‘00 l 0 1 1 [ 2IOI 1 L 1 4'{] 1 ]
(b) Orbits

Fig. 2.2.4.— Saturation of magnetic and gas pressure fluctuations in a long-term
shearing box simulation of a magnetized disk. The magnetic and gas pressures nor-
malized by the initial gas pressure are plotted as a function of time in units of orbital
periods. This figure is taken from Hawley et al. 41996‘).

Furthermore, Balbus et al. (1996) performed purely hydrodynamic 3D simula-
tions of a local Keplerian shearing box with size L and coarse numerical resolution of
313. They demonstrate that only systems in which the angular momentum decreases
outwards, x%/Q? < 0, sustain and increase kinetic fluctuations against numerical dis-

sipation at these resolutions. This result is consistent with the fact that equilibrium
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Fig. 2.2.5.— On the left is the evolution of the magnetic contribution, and on the right
the kinetic contribution, to the box-averaged (pWpg,) normalized by the initial gas
pressure, for a long-period shearing box simulation. One can observe a net outwards
flux of angular momentum associated with the nonlinear development of the MRI.
The time is in units of orbital period. These figures are taken from Hawley et al.

(1996).

rotating flows in which angular momentum decreases radially outwards are hydro-
dynamically unstable. In addition, the well-known nonlinear instability of a purely
Cartesian shear layer (i.e., no Coriolis force associated with a rotating system) has
been demonstrated in this simulation. These results imply that a hydrodynamic
Keplerian disk will remain stable and unable to efficiently transport angular momen-
tum outwards, even at arbitrarily small viscosities. The results of the simulations of
Balbus et al. (1996) are shown in Fig. (2.2.6). A series of recent numerical hydrody-
namic simulations of local sheared rotating boxes, at far higher Reynolds numbers

of up to 10°, also confirm these results for hydrodynamic flows (Lesur & Longaretti

2005).
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Fig. 2.2.6.— The box-averaged kinetic energy, normalized in units of L?Q?, as a
function of normalized time t€), in a Keplerian shearing cube of size L. The line
labeled “shr” refers to a pure shearing box. Only those simulations in which there
is pure shear or in which ¢ > 2 demonstrate kinetic turbulence sustained against
numerical dissipation. This figure is taken from Balbus et al. (1996).

Global Simulations

The most promising global simulations are performed with radiatively inefficient plas-
mas in order to extract as much computational efficiency as possible. In these as-
trophysical systems, the disk height is not orders of magnitude smaller than the

disk radius, in contrast to classical accretion disks. The simplest MHD algorithms
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that can treat this problem do not include the effects of radiative pressure or ra-

diative transfer. As a result, nonradiative flows in the inner regions of black holes

provide a good candidate for the first treatments of the global MRI. Hawley et al.

2001); Hawley & Balbus (2002) demonstrate that constant-angular momentum tori,

marginally stable under the Rayleigh criterion, evolve via the MRI into relatively slen-
der disks of rotating plasma with the following four main properties. First, the orbital
speed is larger than the thermal speed; consequently, these disks are relatively slender
and the orbital flow is approximately Keplerian. Second, the disk has a roughly fixed
opening angle (the ratio of disk height to radius is relatively constant). Third, there
are outflowing coronal regions, in which the magnetic pressure is larger than the gas
pressure, above and below the disk. Fourth, a funnel region about the rotation axis

is evacuated of matter due to a centrifugal barrier. These features are demonstrated

in Figs. (2.2.7). An analytic model developed by Balbus (2005) demonstrates the

gross features of these simulations. An isodensity, or isobaric or isoenergy, plot of

this analytic flow model is taken from Balbus (2005) and shown in Fig. :

These simulations have generally been shown to result in relatively small rates
of mass accretion as well as outflowing winds as shown in Fig. (2.2.9). The mass-
averaged accretion and outflow velocities (Jugl|), are much smaller than the orbital
velocity or what may be expected from pressure-supported flows. This feature of

preliminary global MRI simulations appears to be relatively robust, and is seen in a

)i

variety of different numerical simulations, e.g., Hawley 42001 Igumenshchev et al.

2003); De Villiers & Hawley A2003).
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Coronal Envelope

0 10 20 30 40 S0 60

Fig. 2.2.7— Azimuthally averaged density of a long time snapshot of a global MRI
simulation of accretion onto a black hole, taken at 10 orbital time periods at the
outer radius of the simulation box, R = 100 Schwarzchild radii. One observes the
salient features of this simulation: a relatively slender disk (thermal velocities <
orbital velocities), implying Keplerian rotation profiles in the disk bulk; an outlying
coronal region of dilute, magnetic pressure dominated plasma; and a funnel outflow at
a finite opening angle (the jet is outlined by contours of positive radial momentum).

The figure is taken from De Villiers et al. (2003).

2.3 Anisotropic Viscous Stresses and Heat Fluxes
in Dilute Plasmas

Another class of magnetized instabilities can occur in dilute plasmas. Even in weak
fields, in which the Lorentz forces are negligible, a magnetic field fundamentally
changes the stability properties of a plasma. In a gas viscous stresses and heat
fluxes are isotropic and generally stabilizing. However, in a magnetized plasma these
transport processes are constrained to move along field lines and may become desta-

bilizing.
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isoenergy (density, pressure) plots for H >0, =174

10 T

yH_/(G M)

4 6
x H_/(G M)

Fig. 2.2.8.— Isobaric, or isodensity or isoenergy, contours for an adiabatic disk in
which € is 0.84 of its Keplerian value. This corresponds to a disk opening angle
[ = 45°, separated by the line marked OUTFLOW. Above OUTFLOW, the contours

are open and become very packed near the p = 0 line about the axis. H., refers to
the gas enthalpy at infinity. This description is taken from Balbus (2005).

For mildly collisional or collisionless systems, viscosity and thermal conductivity
may have dynamical time scale consequences, while collisional momentum transfer
effects, such as electrical resistivity, may become dynamically unimportant. If the

ion collisional mean free path is smaller than the ion gyroradius, then heat fluxes

and viscous stresses are constrained to follow magnetic field lines. This property

of dilute magnetized plasmas was noted by Chew et al. (1956) and formalized, in
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Fig. 2.2.9.— Time averaged mass accretion and outflow rates in initial global simu-
lations of the MRI dHaney et al. ‘2001). The unit of accretion rate is the mass of the
initial torus divided by the orbital period at the radius where the initial torus had its
maximal pressure. The mass accretion rate is normalized in these units. The solid
line is the inflow rate, the dashed line is the outflow rate, and the dotted line is the
net accretion rate. The mass accretion and outflow rates decreases with decreasing
radius down to the marginally stable orbit.

expressions for anisotropic viscosity, thermal conductivity, electrical resistivity and

BraginskiJ 1965).

other collisional transport phenomena, by

The ion and electron gyroradii, in astrophysical units, are given by,

B -1 T 1/2

rri = 9.5 x 107 (W) (104 K) cm, (2.3.1)
B -1 T 1/2

rre = 2.2 x 10° (m) (104 K) cm. (2.3.2)

From Eqgs. and (2.3.1), the estimated threshold magnetic field strength at
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which the ion mean free path is smaller than the ion Larmor radius,

B2633x 1072 (L _3/2( " ) a. (2.3.3)
~ 104 K 1 cm™3

Furthermore, from Egs. (1.3.10) and (2.3.2), the threshold magnetic field at which
the electron mean free path is smaller than the electron Larmor radius is smaller than

the magnetic field strength for ion transport effects, given in Eq. (2.3.3)), by a factor

of roughly (2m; /m.) " "/*

Y

B2 1.05x 107 [ — _3/2( ") G, (2.3.4)
10¢ K 1 cm™3

Faraday polarization observed in the emission of Sag. A* at millimeter wavelengths

Aitken et al. 2000; Bower et al. 2003; Marrone et al. 2006), at frequencies for which

Faraday polarization due to the intervening interstellar medium is negligible, implies

magnetic fields well in excess of Eq. (2.3.3)). The observations of Bower et al. (2003)
is shown in Fig. :

In a plasma in which ion and electron temperatures are of the same order, the
viscous stress is carried by the ions and the heat flux is carried by the electrons. For
dilute plasma fluids, the smallness of the electron gyroradius relative to the ion mean

free path results in a heat flux q along the magnetic field line represented by,

q = ¢b. (2.3.5)

We require a viscous stress tensor that is traceless, symmetric, rotationally invariant
and results in viscous stress directed only along the direction of the magnetic field.
The stress must also be physical, since viscosity transports momentum from regions

of higher to lower momentum density. The viscous stress tensor that fulfills these
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Fig. 2.3.1.— Evidence of internal magnetic field in Sag. A* from Faraday polarization
at high radio frequencies. On the left is the unresolved 1”7 millimeter and far infrared
radio emission from the Sag. A* sources. On the right is difference between left
and right circularly polarized radiation from Sag. A* as a function of frequency; the
best-fit rotation measure RM = 4.3 + 0.1 x 10° rad m~2. This plot is taken from

Bower et al. (2003).

properties is,

1

O = Opb (bb — gﬂ) s (236)

where opp, is the magnitude of the viscous stress (or pressure), specifically op, =

—3n-0-n, where n-b = 0 and n? = 1. If the mean free path is smaller than the

system scale or the size of the turbulence, then fluid expressions for the viscous stress

and heat flux can be derived (BraginskiJ 1965):

3
q = —nyx (nkgb - VT,). (2.3.8)

Obb = —31, (b VV.b-1v. V) , (2.3.7)

In the collisionless limit, the magnitude of o, and ¢ depend on the specific physical

process that may drive transport and may not necessarily be diffusive in nature.
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Tab. (2.3.1), summarizes the role that magnetic fields in collisional or dilute plas-
mas may play in transporting energy or angular momentum via MHD instabilities
in non self-gravitating magnetized plasmas. The columns describe the plasma initial
state, and the rows denote the particular MHD turbulent transport phenomenon.
Entries within the grid correspond to stability criteria for either angular momentum

or energy transport. The entry on convective stability in a magnetized, collisional

plasma (row energy transfer) is described in Balbus (1995) and is not discussed

here. In §2.4 and §2.5/ we describe the two important MHD instabilities relevant to

dilute magnetized plasmas.

Table 2.3.1: MHD Stability Criteria

nonmagnetized

magnetized,
collisional

magnetized,
dilute

angular  mo-
mentum trans-
fer

angular momen-
tum (R%*Q) in-

creases outwards

angular velocity
() increases out-
wards

angular velocity
() increases out-
wards

energy trans-
fer

entropy
1 ~5/3 :

1 Po Py in-
creases upward

entropy
1 ~5/3
n PoPgy

creases upward

n-

temperature Tj
increases upward

2.4 Magnetothermal Instability (MTT)

The magnetothermal instability destabilizes equilibrium systems in which the tem-
perature, rather than entropy, decreases outwards or upwards. The simplest case is
an equilibrium box in which magnetic field lines lie along isotherms. The gravita-

tional acceleration points downwards, with the bottom being hot and the top being

cold. ‘Parrish & Stone (2005) performed a two-dimensional numerical simulation, and

Parrish & Stone (2006) performed a three-dimensional numerical simulation, of this
equilibrium box to demonstrate the nonlinear development of the MTI into bulk

isothermal layers across the direction of heat flux. Now we perturb the magnetic field
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lines so that some component of field line lies in layers that are hotter and cooler than
the equilibrium layer. High thermal conductivity along magnetic field lines ensures
efficient heat flow from the hotter fluid element at the bottom to the colder fluid ele-
ment at the top. Force balance yields pressure equilibrium at each thermal layer. For
the component of magnetic field line in the cooler (upper) region, the plasma along
the field becomes hotter and less dense than the ambient medium, so that buoyancy
forces push the fluid element upward. For the component of magnetic field line in the
hotter (lower) region, the plasma along the field line becomes cooler and more dense
than the ambient medium, so that buoyancy forces push the fluid element downwards.
The magnetic field lines stretch out further, leading to larger heat fluxes along the

direction of thermal gradient, causing the process to run away. This is demonstrated

in Fig. . The stability condition for this box is,

1

Vpo - V1> 0. (2.4.1)
Po

If we include the effects of rotation, the stability criterion is modified in the following

manner (Balbus 2001):

2

1
V- VInT > 0. 9.4.2
oy Po VIt e R 2 (24.2)
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Fig. 2.4.1.— Depiction of the method by which the magnetothermal instability op-
erates. Fast thermal conductivity along magnetic field lines result in heat flow from
hotter to colder regions along the deformed field. Pressure balance results in the com-
ponent of fluid along the field line in the upper region to be lighter than the ambient
medium. Similarly, the fluid element in the lower region is heavier than the ambient
medium. This leads to a runaway process as buoyant forces stretch the field lines
further, leading to larger heat fluxes along the direction of equilibrium temperature
gradient.

2.4.1 Linear Stability

Here we consider the linear stability of a convectively stable, dilute magnetized equi-
librium box. The mean free path along magnetic field lines is smaller than the size of
the box, therefore the form of the heat flux ¢ is given by Eq. (2.3.8). Gravity points
downwards, g = —gz. Therefore 0lnpy/0z < 0. Isotherms and isobars are on sur-
faces of constant z. The equilibrium magnetic field By = BOR, so that Bg- V1 = 0.

The fluid is at rest, i.e., Vo = 0. The MHD internal energy equation Eq. (1.2.3),
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becomes,

3 d _
P e =V (pnbb - V0). (24.3)

We look at modes of the form da o exp (I't + ikg R). The perturbed MHD equations

are then given by,

1
1—‘@ + Z‘]{?R(SUR + (SUZa 2P0 = O, (244)
Po 0z
F5uR = —ikReo@, (245)
Do
ikpBod B,
Nouy = ———— 2.4.
Uy T, (2.4.6)
Féuz _ Z/{ZRB(]éBZ 4 @ Oﬁlnp()’ (247)
4 po Po 0z
30p 50p\ 3. dlnpopy? ,00 olnT,
Nf-——--— —Ouy———— = —n.kp— + ikrn,0b ,(2.4.
(2p0 2p0)+2 Uz 5 MRy WRRIRObZ =5 (2.4.8)
Fcin, = ikRB05u¢, (249)

One mode corresponds to a shear-Alfvén wave, only dus and 6B, are nonzero, and

I'? = —k%v%. Other modes satisfy the following dispersion relation:

<r ¥ gnk;) (I 4 K2)

ol 9 oInT, 3_0lnpyp?
9, Hpo( I 0, op 1 PoPo +

rz /3 2 01n pg 2
— (ST +Znk% ) (o I+ k205 | =0.
k%zeo<5 57 R)(ﬂ o2 } TR

0z 5
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We consider simplifications to elucidate the plasma behavior. In the Boussinesq limit,

where 5> 1, Eq. (2.4.11) becomes:

2
(T + 207 (r ¥ gnnké) _

_ 2.4.12
d1n pg (2 , 0InTy 3 81np0p05/3> ( )
T

o 0z Sm R 9z 0z

In the limit of large thermal diffusivity, n,k% > T, the growth rate of unstable modes
follows from Eq. (2.4.11),

Olnpy dInTy i
0z 0z RUA:

I =6, (2.4.13)

If InTy/0z < 0, then I'? > 0 for arbitrarily small wavenumbers in the Boussinesq
limit. This is the essence of the MTI. Furthermore, if the thermal diffusivity goes
to zero, we reproduce the criterion for convective instability within a magnetized
medium. The modes are unstable if the entropy decreases upwards, 0 1n pop, 5/3 [0z <

0. The dispersion relation becomes,

3 01n pg Jln pop_5/3
2 o2 0 12,2

We define natural units of growth rate Iy and wavenumber kgy for the MTI in this

box as,

\/90 mnpo 81;;%) , (2.4.15)

kro = \/6 alnpo mngo). (2.4.16)
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In Fig. (2.4.2) we show solutions to the full dispersion relation of the MTI, given by

Eq. (2.4.11). We plot the normalized growth rate I'/Ty as a function of normalized
radial wavenumber kr/kpo for various normalized thermal diffusivities n,To/v% > 1.

We take # = 100 and choose 0lnpy/0z = 40InTy/0z < 0. This ensures convective

stability, alnpopas/g/az =—0InTy/0z > 0.
r‘]KI‘Q/V/.\2 = 104
08 | |
06 | 7
n<To/Va? = 10

5

~

[
04 | f
02 | |

neTo/va? = 1
0.2 0.4 0.6 0.8 1
kr/Kro

2.4.2.— Normalized growth rate of the MTI as a function of normalized

Fig.
wavenumber for plasma 3 = 100 and various values of normalized thermal diffusivity,
under the condition of convective stability

2.4.2 Nonlinear Behavior
Numerical simulations have demonstrated the nonlinear development of the MTI

in a three dimensional convectively stable Cartesian box that is hot at the bottom
and cold on top (Parrish & Stone 2006). The top and bottom regions are stabilized

to the MTI, via isotropic thermal diffusivities larger than the anisotropic thermal
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diffusivity, in order to remove the effects of simulation boundary layers on the MTI.
The middle layer has a largely anisotropic thermal diffusivity and is linearly unstable
to the MTI. The initial condition is a temperature profile linear with height in the
unstable middle layer and magnetic fields that lie along isotherms. The plasma in this
box develops into a steady state with a bulk isothermal layer, shown in Fig. (2.4.3).
The magnetic field is sustained, via fluid motion driven by the boundary conditions,

against numerical resistivity. This is shown in Fig. .
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Fig. 2.4.3.— Plot of the horizontally averaged temperature, as a function of box
height, for various times in the three-dimensional simulation. This plot is taken from
Parrish & Stone 42006‘). Over a period of a few dynamic timescales an isothermal
layer develops.
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Fig. 2.4.4— The magnetic energy density at late times in a convectively stable three-
dimensional box. This plot is taken from Parrish & Stone 42006‘). Gravity points to
the right (-z direction) in this box. Temperature gradients point to the left.

2.5 Magnetoviscous Instability (MVTI)

The MVT is an instability when torques arising from magnetic field-directed viscous
stresses, rather than Lorentz forces as in the MRI, may destabilize a rotating plasma.
Consider, from Eq. (2.3.6), a type of fluid stress directed along magnetic field lines.
This stress disappears in a rigidly rotating disk, but in the presence of angular velocity
shear it will result in torques. Consider two points connected by a magnetic field line.

This field line is perturbed slightly so that there exists some component of magnetic
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field along the radial direction. One point is located at R > Ry, while the other
is located at R < Ry, where Ry is the equilibrium radius. Strong viscous stresses,
along the field line, transfer angular velocity from the inner point to the outer point.
The outer point rotates faster than the ambient medium, and is pushed outwards.
The inner point rotates slower than the ambient medium, and is pushed inwards. As
these points are further separated, they experience even stronger forces pushing them

apart, and the process runs away. This is shown in Fig. . The first discussion

<0

line local

0,<0

ine ™= ocal

viscosity ensures efficient flow of angular velocity
from the inner to outer point

Fig. 2.5.1.— Depiction of the magnetoviscous instability. Viscosity ensures the effi-
cient transport of angular velocity from the inner point to the outer point.

of the magnetoviscous instability in a Keplerian disks was given by Balbus (2004b),
and its collisionless limit, which has been denoted as the collisionless MRI, was first

explored by Quataert et al. (2002).
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Chapter 3

Problem Setup

In this chapter, we discuss the nature of accretion within a dilute, magnetized rotating
plasma. To set up the background for the stability analysis we use the following three
preliminaries. First, we consider a local patch of a thin dilute magnetized disk. This
plasma has local radial gradients of temperature and pressure such that the system is
Schwarzchild stable, 01n pop, 5/3 /0In R > 0, and has a nonradial magnetic field in the
disk midplane. For arbitrarily thin disk, H?/R* — 0 or equivalently 6,/ (R?*Q?) — 0,
the disk has the following properties: 1) the temperature is locally constant along
field lines, hence isothermal in z; 2) the magnetic field is nonradial and constant; and
3) the angular velocity is constant along field lines, hence constant in height. The
local patch of the disk has a gaussian profile of pressure and density in height. The

equilibrium magnetic field is,
B, = By (qgﬁcosx—k%sinx) : (3.0.1)

Second, we derive expressions for angular momentum and energy flux carried by the

turbulence within a dilute radiatively inefficient accretion flow. Finally, we explore
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only the fastest-growing, axisymmetric, local instabilities, of the form,
da o< exp (I't +ikpR + ikzz), (3.0.2)

where da is some perturbed field variable. The details of our derivation of a local
disk vertical profile is discussed in Appendix [B. We demonstrate expressions for
the angular momentum flux and energy flux carried in the linear stages of these
instabilities. Terms associated with finite viscosity and thermal conductivity appear

in expressions for angular momentum and thermal energy flux.

3.1 Angular Momentum and Energy Balance

As described in a necessary condition for accretion flow within a disk requires
that fluctuations due to turbulence or waves must have (Wg,) > 0. This leads to a
characteristic accretion power through R¢ stress, —p (Wgy) d2/dIn R. In a classical
accretion disk this energy is locally thermalized and radiated away. In a dilute and
radiatively inefficient disk this energy cannot be radiated; hence, it must either remain
as heat, or be actively transported outwards. This suggests that we must solve
the equations of angular momentum balance and total energy balance for a dilute
nonradiating flow, in order to extract the form of Wg, and heat flux. We employ

MHD equations in a rotating frame, Eqs. - (1.2.8), and in a nonrotating frame,

Egs. (1.2.1) - (1.2.4). We follow the vocabulary and formalism of Balbus & Hawle

1998) for classical accretion disks and continued in Balbus (2004a) for radiatively

inefficient flows. We consider fluctuating fluid parameters whose behavior is described
in §1.3.2. We study a thin disk; since we suppose velocity fluctuations are at best of
order 03/ RS RQ(R). Since the fluid fluctuations are relatively small, then quadratic

correlations of fluctuating parameters dominate in expressions for heat and angular
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momentum fluxes.

3.1.1 Angular Momentum Balance

We employ the method of angular momentum balance in an accretion disk described

in Balbus et al. (1994); Balbus & Hawley (1998) and in The angular momentum

density L, is given by,

L. = pRV, (3.1.1)

If we multiply the azimuthal component of Eq. (1.2.2) by R we then have the following

equation,

oL,
ot

B;B B?\ - .
+V- (R {qubV—Z#Jr (p+8—7r)¢'+a-¢}) =0. (3.1.2)

We take Eq. (3.1.2) and apply the velocity decomposition given in §1.2 We average
that resulting equation according to the prescription of Eq. (1.3.17). We derive the

form of the averaged angular momentum balance equation,

+ =25 (R* (Tre) + R*Q (pug)) = 0, (3.1.3)

where (Try) = p (Wrye) and is defined by,

§Bré B,

(Try) = <p5uR5u¢ — + dopL0bg cos X> . (3.1.4)

p

In Eq. (3.1.4), we have used the equilibrium magnetic field given in Eq. (3.0.1) and

the viscous stress tensor given in Eq. (2.3.6).
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3.1.2 Total Energy Balance

To derive the energy balance equation, we first dot the MHD comoving force balance
equation, Eq. (1.2.6), with u, and use Eq. (2.3.6), for the form of the viscous stress

tensor,

8 8
u- ( ) (pu) +u - Vp + u;0; (puju;) +

6¢>
1 0N
u;0; | opb |bibj — 35 + Q' Rpuruy + R@ pU Uy = (3.1.5)
Lo Vpy—u. Y XB)xB
Po 4

Next, we dot the MHD comoving induction equation, Eq. (1.2.8), with B to get the

magnetic energy equation,

3 3 32 B? B? B?

B rBy 89 B.B,
—R .
47 + 0z 47

(3.1.6)
OR

Using Eq. (2.3.6) for the viscous stress tensor and Eq. (2.3.5) for the heat flux, the
MHD comoving internal energy equation, Eq. (1.2.7), becomes,
3 8 0 3
2 ‘u=—V-(gb)—
2( 8¢)p+v (2 >+qu V - (¢gb)

X (3.1.7)
Opbb <qub+RbVQb¢—§Vu)
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We add Egs. (3.1.5), (3.1.6), and (3.1.7), to arrive at the total energy equation:

Q—FQQ 1uQ—i—§ +B—2 +
ot ag ) \ 2P TP T gy
(3.1.8)

2 2
1 09 BrB,
CVpy = —— _ 2R7¢ _
pu 0 Do B, (PUR% = t+o R¢>
00 B.B,
R— Ay — ——— ap
0z (pu e A e ¢>

Applying the prescription for the average as given by Eq. (1.3.17) to Eq. (3.1.8), we

arrive at the formula for the averaged total energy balance equation,

8 19 1opy 09
Ot <5> + 55501 <FER> - </7UR> %% = m <TR¢> s (319)

where,

1 , 3 B

(&) = <§pu +§p+§>p, (3.1.10)
5 1

<FER> = §p0 <5U36(9>p + ((5q(5bR>p - g <50’bb(5uR>p . (3111)

In Eq. (3.1.9) we have ignored the flux of gas kinetic energy since it appears as a
cubic correlation in fluctuating quantities, and the Poynting flux B x (u x B) / (47)
since it is subdominant to the terms in the energy flux. In steady state, the energy
generated through the coupling of fluctuations to the radial angular velocity gradient
is carried out by the quadratic correlation of turbulent heat flux, (Fgg).

We need to estimate the angular momentum flux and heat flux carried by unstable
modes, to demonstrate that these modes allow accretion to occur. This requires
expressions for quadratic correlations in the unstable modes. We consider a cylindrical

annulus with radial extent AR and infinite vertical extent. We assume that in this
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annulus, the unstable modes have characteristic radial wavelength much smaller than
AR and vertical wavelength much smaller than H. It is relatively easy to show that
the magnitude of the quadratic correlations of spatially varying modal quantities A

and B

(AB), = Re (AxBy), (3.1.12)

(Aé-VB) = Im (Ay (& - k) BY) . (3.1.13)
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Chapter 4

Fluid Treatment — the MVTI

In this chapter we describe stability of a rotating plasma with radial gradients of
temperature and pressure using a fluid treatment. The formal regime of validity of

the fluid treatment is that \; < R. This bound on \; breaks down in the innermost

regions of black hole accretion flows, for example in Sag. A* (Quataert 2004J) or in
other underluminous objects. However, our fluid approximation is expected to be
well-satisfied within the outermost regions of this flow. The viscous stress oy, and
the heat flux ¢, are given by Eqs. (2.3.7) and (2.3.8), respectively. In the outer regions
of hot dilute magnetized accretion flows, the fluid approximation is valid and ion and
electron temperatures are equal. Here the (electron) thermal diffusion coefficient is
larger than the (ion) viscous diffusion coefficient by a factor of order (m;/m.)">.
We analyze unstable modes in the Boussinesq limit, characterized by incompress-
ible perturbations. We calculate the dispersion relation of an idealized plasma where
both ions and electrons have the same temperature T'. The temperature and pressure

decrease radially outwards such that the plasma is Schwarzchild stable. We show

that the linear stability behavior of this plasma reduces to that of the MRI, the MVI

Balbus 2004b; Islam & Balbus 2005), and MTI in specific limiting cases. We also
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demonstrate that the quadratic heat fluxes and quadratic angular momentum fluxes
associated with the MVTT are of the right sense and magnitude to drive accretion in
radiatively inefficient astrophysical plasmas.

In §4.1 we derive the MVTI dispersion relation and show its limiting cases. In
§4.2 we discuss the main features of the MVTTI dispersion relation. In we derive
bulk fluxes for the modes of the MVTI, showing that turbulence driven by this MHD
instability can drive accretion in radiatively inefficient flows. These modes, where the
phase velocities smaller than that of the sound speed 93/ 2, are almost incompressible.
We show in §4.4) that for plasmas with finite compressibility, in a weak magnetic
field, 8 > 1, there is very little change in the the growth rate and quadratic fluxes of

angular momentum and heat.

4.1 Dispersion Relation

Assume small perturbations about the equilibrium, in which the viscous stress ten-
sor and heat flux are zero. We look at axisymmetric modes of the form given by
Eq. , for a plasma with nonradial magnetic field By = By (é’) cos X + zsin X)-

The perturbed viscous stress and heat flux magnitude are given by,

0o = —3pon, <b0b0 — %H) (z (k- byg) (bg - du) + RS Bg cos X) , (4.1.1)

81n TQ 5T

— Ny k- bg) —, 4.1.2
OR Upo(l 0) T, ( )

8q = —nxpodBr
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where 6B = dB/By. The perturbed comoving induction equation, Eq. (1.2.8), can

be written as,

['Bgr = ik sin ydug,
F53¢ = tky sin xouy + YR Bp, (4.1.3)

6By, = iky sin youy,

where Q' = dQ2/dR. The nonzero components of the perturbed viscous stress tensor

are,

1
(50'¢¢ = 6O'ZZ = (COS2X — g) (SO'bb, (414)
1
6URR == —gdabb, (415)
d0z4 = 004z = (sin x cos ) d0pb. (4.1.6)

If we substitute Eq. (4.1.3) into Eq. (4.1.1]), we get,
A kr .5 .
dopy = —3pon, I | 0B84 cos x — k—dBR siny | . (4.1.7)
z

The perturbed comoving energy balance equation, Eq. (1.2.7), can be written as,

1 —-5/3
r (@ — gép) P LY

on (4.1.8)

2 . _ 0InT; . oT 2 -
577,{ (zkz sin y <5BR R 0) — k7 sin? XF()) + §p0 6o :V <RQ¢> ,

where dp = dp/po. For the perturbed viscous stress tensor given by Egs. (4.1.4)
- (4.1.06), do : V <RQqAb) = 0. For incompressible perturbations, dp/py < dp/po,
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Eq. (4.1.8) can be solved for the perturbed density,

5uR8 In popy /3/8R — —277,J<:Z sin Y6 BrO1n To/aR

4.1.9
I+ 2n,.k% sin® x ( )

5p =

U‘IC«O

The perturbed form of the comoving force balance equation, Eq. (1.2.6), can be

written as,

8‘5_u+29z><5u+QR¢_——V (5 bo"SB) L Do VOB

ot Am AT (4.1.10)
1

201V 00+ 0t BP0

OR

whose components are,

Loup — 2Q0uy, = —ikp ( P + 0 cos x0Bg + By sin xo Z) N
L0 47Tp0
kzB o1 (4.1.11)
? sin N
MéBR +ikrpo 00 RrR + ikzpo 00k + 06, po7
o OR
ik 7 By sin

F(;Uqg + (29 + Q/R) 5uR = 5B¢ + ik‘R,OO_l(;O'qu—i-

4mpo (4.1.12)
ikzpo 604,

6w, — —ik, (5p N By cos x0 By + By SinxéBZ) N

Po Ampo (4.1.13)

1k Bg sin
M&Bzﬁ‘lk}gpo (50’ZR+’Lkzp0 50'ZZ
4 po

Eq. (4.1.13) can be rearranged into,

0 _ kr
P +v% cos X0 By = n,T (3 sin? y — 1) (§B¢ cos Y — k—(SBR sin X)
00

s (4.1.14)

k2 FéU,R
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Using Eq. (4.1.3) and Egs. (4.1.11), (4.1.12)), and (4.1.14), we can express radial and

azimuthal force balance equations in terms of § By and 5B¢:

2
(1 + Z—) 26 B — 20 (T6B, — Y ROBR) =
Z

_ k _
31, Tkrky sin® x (5B¢ cos Y — k—R(SBR sin X) —
7 (4.1.15)
(k% + k) v} sin® x0 Br+
3 (81n Do ) IO Inpopo 3 /OR + 21,.k% sin® xO lnTO/aR(SB

-6
5°\ OR I+ 2n.k% sin® x

R

_ _ kr
2§ B, + 2010 Br = —3n, Tk sin? x cos x [ § By cos x — “B 5By sin y
kiz (4.1.16)

k303 sin® Y0 By.

Eqgs. (4.1.15) and (4.1.16) can be solved for the dispersion relation for the incompress-
ible MVTTI,

k 2
(—% dl R—|—377,,k'RFsm X + k2% sin® x —
3

6 (81np0> 'O Inpopo~ 5/3/8R—I—377,ik:%sm x0InTy/OR y
5 OR I + 2n,k% sin® x (4.1.17)

(F2 + kZv% sin? x + 31, k5T sin? y cos? X) +

% (4% — 92k k sin® x cos® x) = 0,

where k% = k% + k2. If electrons and ions have the same temperature, the Prandtl

number is given by Braginskii (1965),

0.96 /2m,\"*
Pr =1, /1, & — ( 7:: ) ~ 1/101. (4.1.18)
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We employ normalizations of fluid variables as given in Tab. (A.2). One can write

Eq. (4.1.17) as,

k2 dIn ~ ~
(I%—WQ dlER + 31,k sin x + k? sin? xy —
3 OéS’Y + £ aTPr 771,12:% sin” x
hd X
5¢ ¥+ 2 2p— 77uk2 sin? y (4.1.19)
<72 + k2 sin® x + 31, k% sin? x cos® X) +
72 <4 — 917, 2k k2 sin® y cos? X) =0,
~ 5/3
where k2 = k292 /QQ ag = _H%) ap = Ha(larg)07 and ar = —HaglRTO.

We now consider the form of Eq. (4.1.19) under the following limiting conditions.
First, if the transport coefficient and equilibrium gradients go to zero, the dispersion

relation reduces to that of the MRI,

2 dnQ . A
(1%_272 + 2d12R + B2 sin? x) (72 + k2 sin? x) YA =0, (4.1.20)
Z

Second, if the equilibrium gradients are zero and the viscosity is nonzero, we reproduce

the MVT dispersion relation Alslam & Balbus‘

k2 dIn
<A— Zyo——— 1 +377ykays1n X—l—k: sin X)
z

(72 + k2 sin? x + 30, k2 sin® y cos? X) + (4.1.21)

(4 972 kRk‘Zsm X COS X> =0.

Third, in the limit of no viscosity but finite thermal conductivity, we reproduce the
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MTT in a differentially rotating plasma (Balbus 2001),

asy + %aTPrflﬁyl%% sin? y
v+ %Prflﬁyl%% sin? y

X

din i (4.1.22)

2 dinQ -

(]%—272 + s + k?sin® y — g@P
Z

(42 + i sin? x) + 492 = 0.

Finally, in the limit of zero thermal conductivity and zero viscosity, but finite equilib-

rium gradients, we reproduce the dispersion relation for convectively unstable modes

in a rotating magnetized plasma (Balbus 1995),

k2 dlnQ 3 )
(772 + 2dlnR + k?sin? y — gapa5> <72 + k% sin® X> +
k7 n (4.1.23)

49* = 0.

To better understand the stability of this dilute weakly magnetized plasma, con-
sider the limit of Eq. (4.1.19) for which the viscosity becomes dynamically important,
n,2/v4 > 1. First, the viscous force dominates so that we reproduce a dispersion
relation similar to the MVI. The fastest growing wavenumbers are those for which
n k% ~ €. In the MRI, the growth rate reaches a maximum of order ) at wavenum-
bers k ~ Q/vs. For the MVI, the growth rate reaches a maximum at wavenumbers
ko~ ()7 < Qfva.

Second, in the limit of dynamically important viscosity, the density response sim-
plifies. We always have Pr < 1, therefore dp as given by Eq. (4.1.9) can be approxi-

mated as,

B our (0InTy
N —— 4.1.24
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and the following approximation occurs in Eq. (4.1.19),

3 agy+ %aTPr’lﬁyl%% sin? y
—Qap =
5 v+ 2Pr~ Y, k% sin® x

— QpAT. (4125)

Furthermore, 7, > n,, so that the range of applicability of thermal effects is signifi-

cantly larger than that of viscous transport. That is, one can satisfy the condition of

dynamically important thermal conductivity, as given in Egs. (4.1.24) and (4.1.25),
even when 7,Q/v3 < 1.

We can express the regime of dynamically important viscous diffusion in terms of
physical parameters appropriate to our astrophysical problem. The viscous diffusivity

and Alfvén velocity in dimensional units are given by,

T \*? n -1
, = 1.4 x 10" ( ) 2571 4.1.2
g <10 (104 K) Lem?/) nA 70 ( 6)
B —1/2
vy = 2.2 x 10° (1 ,UG> (1 c?n_?’) cm s (4.1.27)

Recall that A is the roughly the ratio of the Debye length to the 7/2 impact param-
eter or the DeBroglie wavelength, whichever is larger. Therefore the orbital angular

velocity must be,

Q>35><109( b )2( r >_5/2(111A) s (4.1.28)
~ 1uG 10* K ’ o

in order for the viscosity to be dynamically important.

4.2 Growth Rate and Stability Characteristics

Here we consider two equilibrium configurations that illustrate the MVTI dispersion

relation. We only consider a physical pressure profile, ap = 10. We also consider a
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Schwarzchild stable flow, with Hd1ln Pp~>/3/OR > 0 or aig < 0. This implies,
2
O<ar< ga’p, (421)

so that ar < 4. We focus our analysis on purely vertical wavenumbers, kr/kz = 0.
Then Eq. (4.1.19) reduces to the following quintic polynomial, where z = (k- v4) /Q =
ki sin X:

dln ) 2 3 2
({72 + QdI—ER + xZ] {'y + gPr_ln}xQ] — gO./P |:Ozg’7 + gaTPr_lﬁny]) X
(4.2.2)

2
(72 + 2% + 31j,y2? cos? X) + 42 <’y + gPr_lﬁ,,azz) = 0.

In Fig. (4.2.1), we consider both viscous diffusivity and thermal conductivity to be
dynamically significant. Dispersion relations match the salient characteristic of the
MVI, where the growth rate approaches a maximum at wavenumbers k ~ (Q/ 771,)1/ &
Q/va. For ap = 0 and ap = 0, the MVTTI dispersion relation reduces to that of the
MVIL. In Fig. (4.2.2), we consider only the thermal conductivity to be dynamically
important. The dispersion relations are similar to the MTT in a rotating frame. For

ar > 0, the growth rate and range of wavenumber of the instability are increased.

This is shown in Figs. (4.2.1) and (4.2.2). We expect that equilibrium scale heights

of temperature, pressure, and entropy are of order the radius R. Therefore, in order
to have significant magnetoviscous and magnetothermal effects one requires that ar,
ap, and ag be of order unity. Only relatively thick disks, H < R, are expected to be

significantly susceptible to these classes of instability.
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k-VA/.Q

Fig. 4.2.1.— Plot of the growth rate as a function of wavenumber for various ar for
a Keplerian rotation profile and 7,Q/v% = 10°.

4.3 Angular Momentum Flux And Heat Flux

Here we calculate the quadratic R¢ component of the stress tensor Tgy and radial
heat flux Fggr associated with the incompressible MVTI, using expressions derived in
§3.1. Egs. (3.1.4) and (3.1.11) can be rewritten as expressions for modal (Trs) and

(Frr), respectively,

(Tre) = poRe (dugduy — v30By0 By, + douu0 B cos ) (4.3.1)

— 1
(Fgr) = Re (gp0(595u}} + 0qé By, — géabbéu}> : (4.3.2)

We express all eigenmodal fluctuations, such as 6 By, in terms of the radial Lagrangian

displacement & = ' 'oup.
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Fig. 4.2.2— Plot of the dispersion relation for various ar for a Keplerian rotation
profile and a small viscous diffusion coefficient 1,Q/v3 = 1.

The following are the modal perturbed velocities, magnetic fields, density, tem-
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perature, viscous stress, and heat flux. We consider nonradial modes,

our =Yg
22 dIn 2
Suy = — 0
o (72 + 22 + 31,2y cos? x i R) SR
5BR =i (QgR’UEl)
_ 2/}/
5By = —i Qepvy!
¢ m’yQ + 22 + 31j, 22y cos? x (Qrvy’)
3 yas+ EPrYjatar (4.3.3)
op=—=x 3 H¢gR),
P 5 v+ %Pr’ln}x? (H™¢r)
3 vyag+ EPr Y atap N
56/60 = 2 x 5 H'eR)
/b0 5 ’y—l—%Pr‘lﬁyﬂ (p €R>
6ixy>1), cos Y
O0bh = VT 22 4 307 cost (PoQaér)
dq = 2 X Pr 1, yap (poQuaH'ER)
57 v+ 2Pr e VO f

If we substitute Eq. (4.3.3) into Eq. (4.3.1]), we get,

dIn 2 42
din R ~%+ 22 + 31, 2%y cos? x

(T =7 (2~ )il (430

If we substitute Eq. into Eq. , we get,

3 yas+ 2,Prta?ar

(Fpr) = <—7 ) poQ [€rl* H. (4.3.5)

20y + g Pria?

In all the plots of quadratic flux, we keep ap = 10, choose physical ar > 0 for which
the flow is Schwarzchild stable, and use the Prandtl number Pr = 1/101. Figs. (4.3.1)
and (4.3.2) are plots of normalized heat flux (Fgg) and angular momentum flux
(Trg), respectively, for MVI-like dispersion modes (1,Q/v% = 10?). Figs. (4.3.3) and
(4.3.4) are plots of normalized heat flux (Fgr) and angular momentum flux (Ty),
respectively, for MRI-like modes (1,Q/v3 = 1). From Figs. and (4.3.3),
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Fig. 4.3.1.— Normalized radial flux of thermal energy for a Keplerian rotational
profile and 7,Q/v3 = 107,
we observe that the quadratic heat flux is outward and dynamically significant, with
(Frr) 2 (Tre) 05/2, in the limit of large (1,9/v% > 1) and moderate (1,Q/v% ~ 1)
viscosities. This implies that the nonlinear MVTI can play an important role in
transporting out the energy, generated via the coupling of (Trs) with rotational shear,
in nonradiative accreting flows. From Figs. (4.3.2) and (4.3.4), we observe that the
flux of angular momentum for these modes can be either inwards or outwards.
Surprisingly, the MTT in a rigidly rotating plasma can also transport angular mo-
mentum inwards or outwards. We can rederive the dispersion relation and angular

1

momentum flux for the MTT in a rotating plasma by setting Pr—" = n, /n,, while let-

ting 7, — 0. The normalized dispersion relation, Eq. (4.2.2), and angular momentum
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Fig. 4.3.2.— Normalized angular momentum flux for a Keplerian rotational profile
and 7,Q/v4 = 102,

flux, Eq. , are given by,

dIn () 2, 3 2
([72 + 2dlnR + 33‘2} {’y + 577”:621 — gOép [ozs’y + gOéTmﬂ?ZD (72 + xz) +

(4.3.6)
2 2. 9
W\ vt e | =0,
22(2—dnQ/dlnR) —*(2+dnQ/dIn R
<TR¢>> =7 ( / 72 T 22 ( / >,0()Q2 |£R|2 . (437)

Fig. (4.3.5) demonstrates that in a rigidly rotating plasma Q'R = 0, the magne-
tothermal instability can transport angular momentum either inwards or outwards,
depending on wavenumber. As the system approaches marginal convective stability
ag — 0 from isothermality (o = 0), the range of wavenumbers for which the stress

is outwards decreases. However, in the absence of rotational shear no energy can be

extracted from the flow (see Eq. [3.1.9]).
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Fig. 4.3.3.— Normalized radial flux of thermal energy for a Keplerian rotational
profile and 7,Q/v3 = 1.

4.4 Finite Compressibility

Physical effects associated with finite plasma compressibility appear when we consider
the effects of large but finite plasma $. These MHD modes, whose phase velocities
are of order v, become more compressible as vy — 93/ 2, Therefore, for plasmas with
weak magnetic fields, § > 1, the growth rates and quadratic fluxes differ little from
their Boussinesq limit approximations.

The normalized viscous diffusivity 1,Q/0y ~ Q/v;. If the wavelength of the fastest
growing modes, of order v4/(2, is smaller than the mean free path, A\; ~ 98/ 2 /v;, then
the fluid approximation breaks down. Therefore, if v; 2 QBY? or equivalently if
f, < BY2, then the plasma can be described by a fluid approximation.

Here we calculate the dispersion relation with finite compressibility. From Eq. (2.3.7),
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Fig. 4.3.4.— Normalized azimuthal momentum radial flux for a Keplerian rotational
profile and 7,9/v% = 1.
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<Trp>/(PoQ*I€rI%)

a1 = 1 (as = —20/3)
a1 = 2 (s = =5) ]
a1 = 3 (as = -10/3)
a1 = 4 (as = -5/3) ]

k'VA/.Q

Fig. 4.3.5.— Normalized angular momentum flux T,/ (pOQ2 |§R|2) for a rigid rotation
profile ('R = 0) for the MTT in a rotating disk (see Eq. [4.3.6]). There is a much
larger range of wavenumbers for which the angular momentum angular momentum
flux is inwards, than shown in Fig. (4.3.4).

the perturbed form of the fluid viscous stress doy, with compressibility becomes,
_ 1
dobb = —3p0Ny (z (k- bg) (bg - du) + Q ROBg cos x — 3 (V- 5u)) . (4.4.1)

The perturbed induction equations, Eq. (1.2.8), can be written as,

FdBR = Z]CZ SinX(;UR,
6By = —cosx (V- du) + ikz sin xdu, + Q' RO Bp, (4.4.2)

6By = —sin (V- 0u) + iky sin xéu..
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The MHD continuity equation, Eq. (1.2.5)), can be written as,

B 01n pgy
u=—-Tdp—0 4.4.3
V- bu = ~T6p — dup it (1.43)
From Eq. (4.4.3)), the perturbed vertical velocity duyz is given by,
kR r _ 5UR Oln Lo
ouy = ——0ur — —0p — — : 4.4.4
YT TR T ik, ik, OR (4.4.4)

If we substitute Eqs. (4.4.2) and (4.4.3)) into Eq. (4.4.1), dopp can be represented as,

_ kp - 2
dopp = —3pon, I’ (6B¢ cos Y — —R5BR sin y — §5ﬁ —

kz
26Br  Olnp
3ikysiny OR )

(4.4.5)

If we substitute Eq. (4.4.5) into the MHD comoving force balance equations, Eq. (1.2.5),

we are left with,

) _ kr . -
Foup — 2Quy = —ikp (_p + 0% {(5B¢ cos Yy — k—RéBR sin X} +
Po Z

— k‘R = . 2 _ 25BR Glnpo
V| B — B — —8p — -+ 4.4.6
K ¢ cos X ]{?Z RBILX 3 P 3ZI€Z sin X (?R ( )

, _ _Olnpg
kyv46B dpb
Doug + (22 + Q' R) Tougr = 3ikzn, sin x cos x (5B¢ cosx —

- 4.4.7)
kR — . 2 _ 26BR alnpo . 2 . . (
—0B — =0p — kzv308
fy ORI R0 iy OR ) T RZVa0BesinX

o _ kp -
I'ou, = —iky <_p + 11124 [5B¢ Cos Y — —R(SBR sin X}) +
Po kz
. ) " kR D . 2 _
1kzn, T (3 sin” y — 1) 0By cos x — k—cSBR sin y — 5(5,0 — (4.4.8)
z

25.BR Oln Lo
3ikyzsiny OR

> — ikpvid B sin x
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The perturbed form of the MHD comoving internal energy balance equation, Eq. (4.1.8]),

with finite pressure perturbations, yields the equation for dp as,

our0d lnpopa‘r)/?’/aR — 2in,kz sin x0BrdIn T0/6R+
I+ 2n,.k% sin® x

op = g X
(4.4.9)

3op TI'+ %nﬁk% sin? y

— X

5pp D'+ %nﬂké sin? x
If we substitute Eq. (4.4.4) into Eq. (4.4.8) we have an expression for the perturbed

pressure,

) _ kr .- _
op + v (5B¢ cos Y — icSBR sin X) =n,I (3 sin? y — 1) (5B¢ cos Y —

Po
2533 81np0 kR 9
——
3ikyzsiny OR ky, 4

r (_k_R(;uR _ L(gf_ &L_Ralnpo) ,

kr .~ 2 _
k—RéBR sin y — géﬁ — 0Bpsin x— (4.4.10)
z

ky iy P ik, OR

If we substitute the radial component of Eq. (4.4.2) into Eq. (4.4.10), the perturbed

pressure can be written as,

5p D, /r’uF ) k:R . 2 8lnp0
P _ 5B 3sin? y — 1] | 28
o R( o, 135 x 1] {kz X S snx OR
F2 k’R 1 81np0
S L 4.4.11
720, sin [kz Ty or |) T (44.11)

_ /T rz. ool .. .
0B, (779—0 [3sin2X — 1] — 5—1> cosx + 0p (% — ;790 [3 sin? y — 1})

Eqs. (4.4.9) and (4.4.11) can be combined to yield an equation for 6p in terms of 6 Br
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and 6B¢,
_ [ 2mpong®? 2 4o ATy
(5ﬁ= 3(SBR % T—Fg’ﬂ,{ ZSID X35 R B
Sikz sin x (F + %mk% sin? X) (1 — 522290 + _r,_550F [3 sin? y — 1])
3. (no kr 2 d1n pg 2
-0B 3 —1| |—
5 R( o [3sin’x —1] [kz S+ Jikzsiny OR ] k%0, sin x

'+ §77,J€Z sin? y (4-i12)

ky iky; OR (F + %Unk% sin2 X) (1 S 277” [3 sin® y — 1})

5k§0
§5B (F + 377me sin X) ( [3 sin® y — 1} ﬁ*) cos X
5 (F + 2n,.k% sin” ) <1 — % + 2L [3sin® y — 1]) '

If we substitute Egs. (4.4.2) and (4.4.11) into Eq. , then,

k% 2 2 Olnpy . =
(1 6Br —2Q (T6By — Y ROBr — ~I'6p 0Br | =
( +/<Z> i < ¢ RT3 T ik, siny OR R)
_ kp . - 2
3n,krkzTsin® x [ §Bycosx — “B 5B siny — —0p —
ky 3
. (4.4.13)
1 Po ¢ 5 2 2\ .2 2. SR
0Br | — (k% + k 0B
3ikyzsiny OR R) ( T Z) CASHEXO TR T
o 0ln
op <zk‘Z sin xtp (‘)pfjo) .
If we substitute Eq. (4.4.2) into Eq. (4.4.7) then,
= 2 2 d1n pg _
I?(0By — =6p — 2010Bg =
( * 7 3% Bikysiny OR >+ &
_ k _
— 3y, k2D sin® x cos x (6B¢ cos y — k—RaBR siny — (4.4.14)
z

2. 2 91n pg 2.2 2 D
255 — —k 5B,
3% 7 Bikysiny OR > ZVa B X0
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Eqgs. (4.4.12) - (4.4.14) are a set of eigenvector equations,

1 0
A A Aps OB 0
fut e 0 1 7R = ) (4.4.15)
Asr Agy  Agp 0By 0
Cor Cpo

The solution for the normalized growth rate v can be found by solving the following

eigenvalue equation,

Apr + ArsCon Aro + ArpCro| _ (4.4.16)

Agr + AgpCpr - Ags + AspCo
We use normalizations given in Tab. (A.2) for the components of the A and C' matri-
ces, given in Eqs. (4.4.15) and (4.4.16). We use expressions for radial and azimuthal
force balance in terms of Bx and By, given by Eqgs. (4.4.13) and (4.4.14), respec-

tively. We use the expression for the perturbed density §p in terms of § By and d By,
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given in Eq. (4.4.12). Components of the A and C' matrices are calculated as,

k? - dIn
_ 2 R 2 2) ain? _
Arr =7 (14—]%%) + (kR—l—k:Z)sm X+2dlnR
2y ~1/2 S 12 i
= Sinx(ap—aT)ﬂ + 3y kgy sin® x+
z

2if), kg sin® x (ap — ar) B7Y2,
Apy = —v (2 + 377,,1%31%2 sin® x cos X) ,

2 A . 4.
App = 57 (2 + 30, krky sin® X) + ik sin yap Y2, (4.4.17)

2”}’2 -1/2

Asr =1 <2 - 3771,]2:31%2 sin® x cos X> + (ap —ar)

31’]%2 sin y
2 k77 sin x cos x (ap — ar) 5712,
Ags =7 + /%% sin? y + 377,,1;’%7 sin? x cos? ¥,

2 TR
Agp = —37 (7 + 31, k% sin® y cos X) ;

and,
C 3 (yas + %Pr_lﬁ,,k% sin® yar) 3712
pR — T T 2 . A . B
Bikz sinx (7 + Prik sin® x) ( — oz A7+ By [Bsin”x - 1})
3 L 9
27! [y [3sin?x — 1] | siny — ——— (ap —ar) B2 +
> kz 3ikz sin x
) T
L L7 12
~ — — —= ap — o %
K2 [kz ikz or ey (4.4.18)

v+ ZPr i, k% sin® x
(7 + 2Pr"i, k sin® x) (1 = S50+ Ei ! [Bsin® x - 1})
3 <”y + 2Pr Y, k% sin® X) (v [3sin® x — 1] — 1) B~ cos x

5 (v + 2Pr "9, k% sin” x) (1 — %ﬁ_l + 27,70~ (3sin® x — 1))

Chp =

In the limit 3 — oo, the full compressive dispersion relation, Eq. (4.4.16), reduces to
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Eq. (4.1.19).

4.4.1 The Compressive MVTI Growth Rate

To observe how the MVTI changes as only the magnetic field strength increases, we
vary (3 but keep ap, ar, 1,, and 7, constant. We set ap = 5, ar = 1 (thus ensuring a
Schwarzchild stable disk), y = 7 /4, use a Keplerian rotation profile, and set 1,Q /0y =
1073. We plot the real and imaginary parts of the normalized growth rate I'/€) as a
function of normalized nonradial wavenumber kzv,4 /) for various  in Figs. (4.4.1
and (4.4.2), respectively. Collisional theory applies where 3 < (1,9/6,)”> = 10°. For
3 > 10® the viscosity becomes dynamically important and we have MVI-like modes.
For 1 < 3 < 103, we reproduce the MRI-like modes.

3.0

25/

0.5

0.8.

Fig. 4.4.1.— Real part of the growth rate for the MVTI as a function of normalized
vertical wavenumber for various 3 < 10° and 1,£/6y = 1073. The top line is 8 = 106,
the second line is = 10%, the third line is 8 = 102, and the bottom line is 3 = 1.
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Fig. 4.4.2.— Imaginary part of the growth rate for the MVTI as a function of nor-
malized vertical wavenumber for various 8 < 10% and 7,2/60, = 1073,

To observe MVI-like modes of varying degrees of compressibility, we fix the nor-
malized viscosity 7, = 10 but vary . This corresponds to a physical system in which
v; < 3. We set ap = 5, ar = 1, x = 7/4, and use a Keplerian rotational profile.
For the fluid approximation to apply, we require that 3 > 10%2. We plot the growth
rate as a function of normalized nonradial wavenumber kzv4/Q for various 3 > 102.
The real and imaginary parts of the growth rate as a function of vertical wavenumber
are shown in Figs. (4.4.3) and (4.4.4), respectively. The modes become more incom-
pressible as (3 increases. As 3 — oo, we see the following results: first, the imaginary
part of the growth rate goes to zero (see Fig. [4.4.4]); and second, the real part of the
growth rate approaches the value as given in Eq. (see Fig. [4.4.3]).
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Fig. 4.4.3.— Real part of the growth rate as a function of vertical wavenumber for the
compressive MVTI with fixed viscous diffusivity 7,Q/v% = 10, for various 3 > 10%
The line in red denotes the dispersion relation for 3 = 102. The line in purple denotes
the dispersion relations for 8 = 10*, 10°, and 108, which coincide at the resolution of
this graph.
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Fig. 4.4.4.— Imaginary part of the growth rate as a function of vertical wavenumber
for the compressive MVTI with fixed viscous diffusivity 1,£2/v3 = 10, for various
B >10% As 3 — oo, Im (T') /Q — 0 at all unstable wavenumbers.
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4.4.2 Quadratic Fluxes for Compressive MVTI

To calculate the quadratic fluxes of angular momentum and energy for the compressive
MVTI, we use the modal forms of (Tg,) and (Fgg), given in Egs. (4.3.1) and (4.3.2),
respectively. The term —%Re (doppduly) = 0in (Fgg) in the incompressible limit, but
is nonzero if we include finite compressibility. We calculate expressions for perturbed
modal fluid quantities in terms of {g.

The radial component of Eq. (4.4.2) can yield,
0Bg = ikysiny (Quy'€r) . (4.4.19)
If we substitute Eq. (4.4.19) into Eq. (4.4.15), we get,
Apr + ApsCpr

By = — ikysiny (Quilér) . 4.4.2
dB, A¢¢+A¢pCﬁ¢lk28mX( Uy SR) ( 0)

0p can be found from Eqs. (4.4.18), (4.4.19), and (4.4.20),

. Agr + AgppCor
*" Agy + AppCio

5p = (APR — A ) ikysiny (Quy'€r) . (4.4.21)

If we substitute expressions for § Bg, d By, and dp as given by Eqs. (4.4.19) - (4.4.21),

then the azimuthal component of Eq. (4.4.2) can be solved for dug,

ap — AT
i ( ikz[3Y/2 sin x

4.4.22
r A¢¢ + A¢,30,3¢ PR dln R i
If we substitute Eqgs. (4.4.19) - (4.4.21) into Eq. (4.4.11), then,
5]9 —.A .2 . -1
— = Ayikysinx (Q;'¢r), (4.4.23)

Po
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where,

B R . ]%R . 2 (O{p — OzT)

A, =081 hyBsin?x —1) [ =—siny — =" | +

P (77 7 ( x—1) ky X 3ik sin x[31/2

2 i _ 22,

7 fr _ &P Q1 + Cor To_ n7(3sinzx—1) -
kZsiny |ky  ikg 512 K, 3 (4.4.24)
Asr + AspCir (. in2

Ny (3sin®y —1) — 1+
Ags + AspCpo (i { )
2 A
V20 (g -
5 %— 3 (381n2x—1)]>6 L

The perturbed temperature is given by,

56 = 6, (@ - 55) . (4.4.25)

If we substitute Eqs. (4.4.19) - (4.4.21) into Eq. (4.4.5), then dopp, can be represented

by,
. 2(ap —«
60bb = 3pofiy (Qalr) | ikrsin® x — # +
36 (4.4.26)
Ao+ AopCor ik sin x cos x — 2C’— + gC’— h
Aggt AggCpo |27 NERX T 3R T30 )
The perturbed heat flux dg can be expressed as,
~ .7 . —1 .7 . 58
0q = Nxpova | ikzsin xarH £ — ikz sin X |- (4.4.27)
0

We plot normalized angular momentum flux, in Fig. (4.4.5), and heat flux, in Fig. (4.4.6),
as functions of nonradial wavenumber for a Keplerian rotation profile, x = w/4,
ap = 5, ar = 1, and viscous diffusivity 1,8/0y = 1073, for various 3 < 10°. In
Eq. (4.3.2), the dominant term in (Fgp), Re (6g6Bj,) oc 8%/2. Therefore the quadratic

heat flux (Fgr) o< 32 when the viscous diffusivity and gas pressure are kept constant
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but the magnetic field strength varies. At fixed viscous diffusivity the quadratic heat
flux due to the MVTI becomes stronger as the magnetic field becomes weaker. In
Fig. (4.4.6), we plot (Fgr) normalized in units of pyQ? €| v;". The normalization of
the flux in Fig. (4.4.6) has magnitude 32 times p,Q |§|§%H*1, the normalization of
heat fluxes in Figs. (4.3.1) and (4.3.3).

5 — p=10°
| — =10
al — =107
. — 5=
g [
T I
o
o
S,
N
=S L
I—D: L
\Y; 1f
)
50 05 10 15 20 25 30 35 a0

kZVA/ Q

Fig. 4.4.5.— Normalized modal angular momentum flux as a function of vertical
wavenumber kzv, /S for 1,0/0y = 1073 and 3 < 10°.
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Fig. 4.4.6.— Normalized modal heat flux as a function of vertical wavenumber kzv4 /2
for 7,9/60y = 1073 and 3 < 106.

In Figs. (4.4.7) and (4.4.8) we plot normalized angular momentum flux and nor-
malized heat flux as a function of nonradial wavenumber, respectively. We take a
Keplerian rotation profile, x = 7/4, ap = 5, ar = 1, and 1,Q/v% = 10, for various
3 > 102%. At fixed normalized viscous diffusivity, as 3 increases we recover the incom-

pressible limits of (Fgr) and (Tge), as given by Egs. and , respectively.



101

T N T

[E

<Tre>/(po Q4IERIP)

00 05 10 15 20 25 30 35 a0
KzVa/€2

Fig. 4.4.7.— Normalized modal angular momentum flux as a function of vertical
wavenumber kzv4/Q for 1,2/v3 = 10 and various 3 > 10?. The red line corresponds
to 3 = 102. Lines corresponding to 3 = 10*, 3 = 10°, and 3 = 10® coincide at the
resolution of this graph and are denoted by the purple line.
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Fig. 4.4.8.— Normalized modal heat flux as a function of vertical wavenumber kzv 4 /<2
for n,Q2/v4 = 10 and B > 10%. Heat flux is especially large for § = 10?. Lines
corresponding to 3 = 10° and 3 = 108, coincide at the resolution of this graph.
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4.5 Summary of Results

We have demonstrated several important properties of the MVTI. First, we find that
both slender and thick disks with sufficiently large thermal diffusion coefficients are
susceptible to the MVTI. Second, outwardly decreasing temperature profiles increase
the range of unstable wavenumbers and growth rate of unstable modes for the MRI-
like instability and the MVI-like instability. Third, collisional viscosity and thermal
conductivity in dilute plasmas contribute significantly to quadratic modal fluxes of
angular momentum and heat in the MVTI. The MVTT can transport angular momen-
tum either outwards or inwards even when there is no orbital angular velocity shear.
Finally, we demonstrate that the MVTI become more compressible as 3 decreases

while the normalized viscous diffusivity 7,Q/v% stays constant.
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Chapter 5

Kinetic Treatment — the
Collisionless MTI1

In this chapter we formulate a model of the collisionless MTI, which is the analogue

of the MVTTI in the absence of collisions. Kulsrud’s drift-kinetic approximation to

the Boltzmann equation (Kulsrud 1983, 2005) is well suited for collisionless or mildly

collisional MHD plasma equilibrium and dynamics. Dynamics only along magnetic
field lines, MHD conditions of quasineutrality and zero equilibrium current, and con-
servation of magnetic moment are the features of the lowest order particle distribution
function. In these dilute plasmas, interspecies momentum and energy transfer pro-
cesses such as temperature equilibration or electric resistivity, that cannot be mod-
eled through the Kulsrud formalism, are not physically relevant to our problem of

interest. Such effects may be modelled by a distribution function expansion in colli-

sional frequency, or by applying a more accurate collisional operator (Braginskii 1965;

Chang & Callen 1992).

The drift-kinetic equation has been used in treatments of accretion in dilute ro-

tating astrophysical plasmas (Quataert et al. 2002; Sharma et al. 2003). We derive a
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drift-kinetic equation for rotating plasmas, with a simplified collision operator, BGK

Bhatnager et al. 1954), that reproduces the qualitative form of viscous and ther-

mal transport in magnetized plasmas in the limit of high collisionality (Snyder et al.

1997). The organization of this chapter is as follows. In §5.1, we derive the drift-
kinetic equation in a rotating frame in which the sound speed is subdominant to the
orbital speed. We derive velocity moments that reduce to the fluid equations. In §5.2]
we consider the stability of hot dilute rotating plasmas to the collisionless MRI and
MTT as well as demonstrate the form of outward quadratic angular momentum and
heat fluxes. In §5.3| we consider finite collisionality. We demonstrate that for colli-
sional frequencies large enough such that the ion mean free path is longer than the
wavelength of the fastest growing modes (of order v4 /), we reproduce the Braginskii

fluid viscosity and thermal conductivity. Finally, in we summarize our results.

5.1 The Drift Kinetic Equation in Rotating Frame

Let us consider the form of the electric field and the equilibrium force balance equation
in a dilute magnetized rotating disk. The structure of a thin dilute magnetized disk
is described in some detail in Appendix [Bl Electric fields constrain the electrons
and ions to have the same velocity and number density. The electric field is given
by Eq. (B.5), where Egg = ER,ESR + Ezpsz is the electrostatic field that ensures
quasineutrality. £ is the component of the electric field parallel to the magnetic

field, and in equilibrium Ejo = 0. The ion and electron equilibrium radial and

vertical force balance equations are given by Egs. (B.25) - (B.28). For a mildly
collisional or collisionless plasma, the slowest and largest scale plasma dynamics may
be described by dilute MHD. This is valid if we consider the following hierarchy

of scales: 1/T < wy < Qu, 1/L < wyifc < p;, where wy;/c is the inverse ion
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inertial depth, and L and T are the shortest length and fastest time scales associated
with this system. Particle motion along magnetic fields is unconstrained. In the
purely collisionless case a valid equilibrium is one in which pressures parallel and
perpendicular to the magnetic field may not necessarily be equal. We consider a
plasma equilibrium such that pressures parallel and perpendicular to the magnetic
field are equal.

The Boltzmann equation governing the dynamics of a particle species s is,

afs Zse 1 afs FS afs o
T +U-Vfs+ o (E+EUXB)'0U+ES'6U =CIfs]. (5.1.1)

Here fs is the distribution function, C'[fs] is a collision operator acting on f, Fy is
the force acting on a particle, and m, and Z, are the mass and charge of a particle.
In a dilute magnetized plasma, a natural ordering of the particle distribution

1

function is in powers of (Q,7)" < 1, where Qy = Z,eB/ (msc) is the cyclotron

frequency. The particle distribution function f can be expanded as,

fo=f04+ 4. (5.1.2)

The first to employ this formalism W&S‘Chew et al. 41956), who studied the adiabatic
response of magnetized plasmas. However, the adiabatic approximation is relevant
only to modes with phase velocities much faster than the sound speed. This is not
the case for these MHD modes in a weakly-magnetized plasma. From Eq. (1.2.4) we

get the simplified induction equation,
I'6B = ikjdu + (RSB - VQ) ¢ — by (ik - du) (5.1.3)

In §5.1.1/ we derive evolution equations for the zeroth-order distribution function for
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each species. In §5.1.2and §5.1.3 we derive the fluid equations for this plasma from

the drift-kinetic equation.

5.1.1 The Drift Kinetic Equation

To derive the drift-kinetic equation in a rotating frame from the Boltzmann equation,
Eq. (5.1.1), it is convenient to use a set of gyromotion variables centered about the

equilibrium flow. The particle velocity can then be represented as,

U = RQ(R)$ +u, +uvb+/2uB (x cost) +y, sing),  (5.1.4)

where v is the particle velocity parallel to the magnetic field, p is the magnetic
moment, x; and y, are mutually orthogonal vectors perpendicular to the magnetic
field, and v is the gyroangle. u, is the the bulk flow velocity perpendicular to the

magnetic field in an MHD fluid. Thus, the gyromotion-centered variables are,

vj =U-b— ROb,, (5.1.5)
(U — RQ$ + RQbsb —b (U - b) — m)2
2B ’

yi- (U= R - )

o= (5.1.6)

tany = - : (5.1.7)
% - (U — RO} — uL)
The Jacobian transformations with respect to U are,

aUH
—=Db 1.
b, (518)
o 2u . N
50 = E(XJ_COSiﬂ—FyLSln’(ﬁ), (5.1.9)
Op _ _Yrcosy — X siny (5.1.10)

ou 2uB ’
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If we employ the electric field (Eq. [B.5]), equilibrium force balance equations for ions
and electrons (Egs. [B.25] - [B.28]), and the velocity transformation (Eq. [5.1.4]), the
total acceleration of a particle of species s is given by, retaining terms only to order

2% in the force balance equation,

Ze 1 322\ -
“(E+ = B) - | Q2 1— — 02232 ) =
(B iux) - (onn (1 5) R oies)

7 1 . .
‘ (E”b + 0Egs + —B+/2uB (x cos® + y, sint)) X b) + (5.1.11)
My c
1 ~
( Vpso — Q2RR>
mgnso

where 0Eps = Egs — Egs . To lowest order in Q,7", the Boltzmann equation is,

of _
ou

0, (w/z,ULB (%1 costh + ¥ sineh) x b) : 0. (5.1.12)

Using the velocity Jacobian transformations given by Egs. (5.1.8) - (5.1.10), Eq. (5.1.12)

reduces to,

of _

Q
Saw

0. (5.1.13)

Hence f0 = f? (v”, ,u), i.e., the particle distribution function is only a function of the
parallel velocity and magnitude of the perpendicular velocity about the equilibrium
flow. As a consequence, the pressure tensor is P = pybb +p, (I — bb).

Using the equilibrium force balance equation, Egs. (B.25) - (B.28), the velocity

transformation, Eq. (5.1.4), and the zeroth-order distribution function, Eq. (5.1.13),
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the next order in the Boltzmann equation is,

afe 5
o (RO + s o+ VIB (%1 cost 31 siny)) - Vit
Zse 1 2T Zse
<ms Eib + MM VPo — SRR M 6EES> | (5.1.14)

af° afy
(ba—{}l—i-\/%(chos¢+$fisin¢) a"ij) :C'[ff],

Terms with Q,0f1/0 are nonconstant functions of ¢ and so cannot contribute to
expressions for fO. The simplest way to keep terms constant in gyrophase angle is to

average Eq. (5.1.14) over 1. The Jacobians of velocity with respect to time are,

0 b

% = (uL +V2uB (X1 cosy +y1 sinw)) gt (5.1.15)
O _ _ 2 oL ob  pouL) _noB

5 =\ g RLeosy +yuising)- (at”"+ o ) 5o (:1.16)

and the Jacobians of velocity with respect to position are,

Vi = Vb (\/2/13 (%1 cost + § 1 sinep) + uL) bV (Rﬂfp) (5.1.17)

Vi = —\/%(fq cos b+ 1 sin) - (U”Vb FVu, +V (RQ{Z))) (5.1.18)

We need not compute the derivatives 0)/9t and Vi since fO is independent of 1.

Thus, 9f2/0t — 0f2/0t + (0f2/0v)) Ovy /Ot + (Of°/Op) Op/Ot and Vf) — V[ +



110

V| (afg/(%”) +Vu (8]“2/6,@. The gyroaveraged Eq. (5.1.14) reduces to,

Of9 -
% + (RO +uy +upb) - Vfo+
afo b . .
e (uL St (70 +us+vb) - (Vbru,~b-V (RQ¢)>) +
af? 3 o ) .
aTZuB((xlcosw—i-yLsmw)(xlcosw—l—yLsmw):Vb>¢—

[

1.1

of; noB -2 a—fso((fc cos ) + y, sine) o
o \ B ot K VW YL

X +yusineg) : (v Vb + Vu, + V ( RQd +
(X cosy) +y,siny) (U|| u; < ¢>)>¢

Z 1 ofY
( “B + b-Vpso—QQRbR> fe g
M MM v

The term 0Egg - b is absorbed into Ej, and the gyroaveraged quantity (' >7/} =
L [*" [ qyp. From Eq. (1.2.8), the evolution of the magnetic field magnitude B = B-b

27 Jo

is given by,
1 -VB
5 (g+Q§>B——u Bv —V-u+b-Vu:b+
t ¢ (5.1.20)
Rbyb - V(.
The gyroaveraged tensor is,
. 1
((XpLcosy+yisinyg) (X costp +yisine)), = 3 (I—bb). (5.1.21)

We use a simplified form of the collision operator (Bhatnager et al.‘ 1954) that can

qualitatively reproduce the collisional form of the viscous stress and conductive heat
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flux:
C(f7) =vs (£ = {£)
2
o) = (27T/£BTT:/77”L5)3/2 o <_ms (20/23;3”) - W;BlfffB) o (5122)
T, =Ty /3 + 2T /3,
where Ty and T, are defined as nkgTy = py and nkgT,, = p,1, and v, is the

collision frequency of species s. After some algebra, using Eqgs. (5.1.20) - (5.1.22), we

obtain the drift-kinetic equation in covariant form:

(% + Qa%) (f'B) + V- ([yyb+ur] fB) +
0
o
0
o

pBV b+ 20z - (b x u) — bsR (u +vjb) - VQ]) =

—vs (f{B = (fs) B),

S

Zge 1
B {m E||+n0m b-VpsoD+

stB {_b' ({%“‘Q%} u; + [U”b—l—uL} 'VUJ_> + (5.1.23)

Additional terms appear in the formulation of Eq. (5.1.23) that do not appear in

the normal drift-kinetic equation AKulsrchlQSi% 2005). It includes terms associated

with noninertial rotational accelerations along the magnetic field, 222 - (b x u) —
by R (uL + v||b) -V, and pressure forces along the magnetic field, 1/ (pgms) b - Vpso.

An equilibrium particle distribution function of Eq. (5.1.23) is,

2
0 po(R, 2) msvj mspB
= 75 €Xp | — — . (5.1.24
0 @rkpTio(R)/ms)*? p( 2kpTo0(R)  kpTiw(R) ( )

The density profile, as described in §3, is py (R, z) = po(R) exp (—2z?/ (2H?)).
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5.1.2 Moments of the Drift-Kinetic Equation

We take moments of the drift-kinetic equation in order to reproduce MHD equations

for continuity, force balance, internal energy, and heat flux. We consider moments up

to third order in velocity of Eq. (5.1.23)), using the formalism of Snyder et al. (‘1997).
We note that the velocity volume element is d*U = Bdpudvj dip. For a function F
independent of ¢, [ F d*U = 2r [ FBdyudv). The following are the nonzero moments

used in deriving fluid evolution equations from the drift-kinetic equation:

Ny = 27r/f§B dpi dvy,

— / Fouy (Bdpudv).,

ps = QW/ms (v =)’ £2 (Bdpdvy),

Psi = 2W/msuBf§ (Bdpudvy),

Qs = 27T/m3 (o) — )’ £0 (Bdpdu), (5.1.25)
GsL = 27T/ms (v) = wy) B (Bdpdvy)

T = QW/ms (v = wy)" 2 (Bdpdvy) .

Fox = 27T/ms (v) =)’ uBf2 (Bdpduy)

reL=2m / map* B £ (B dp.dvy)
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The moments of the collision operator are,

27r/msC [fso} Bdpdvy =0,
QW/mSUC [fg] Bd/LdUH = 0,

2
27T/ms (UH — u”)2 C [fso] Bdpdv = —gus (pSH —psL) ,
1 (5.1.26)
o7 [ mnBC [£2] Baudo = ~g. (s = ).
QW/ms (o = w)” C [f7] Bdpdvy = —vyqy,
QW/msuB (UH — u||) C [fg} Bdu dU” = —Vs(s] -

If we take appropriate moments of Eq. (5.1.23) with moments of the collision operator,

Eq. (5.1.26), we have the fluid equations for continuity, parallel force balance, parallel
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and perpendicular pressures, and heat fluxes:

(9 0
= 5.1.27
( 3¢) ns+ V- (nsu) =0, ( )
0 0 1 Ps1
(a + Qa—¢> v +u- Vo + MV : (ps”b) - nsmsv -b—
2Qz - (b xu)+ Rbyu-VQ+b- ({ 8 82751 u, +u- VuL) —(5.1.28)
s 1
ZeEn - b - Vps =0,
ms PoTs

< 8 8¢) ps+ V- (pspu) + V- (ggb) +

5 (5.1.29)
2ps|| (b -Vu-b + Rbd)b : VQ) - 2qu_V -b = —g (p5|| —pSJ_) ,
<8 —l—Qaa )psL—l—pﬂ(V-u—b-Vu~b—Rb¢b-VQ)+
¢ 1 (5.1.30)
V- (sz_u) +V. (qu_b) + QSJ_V ‘b= _§ (sz_ - psH) 5
0
<— &;5) as) + V- (asgu) + V- (bryy) +
s s|| T Vs 3 s
3 <p | [Ps) = Pas] _ T5x> V.b_ Py (s (5.1.31)
NgMmyg N
3¢y (b Vu b+ Rbgb - VQ) = —vqy)
8 8
gs1 + V- (gsiu) + V- (rsxb) +
(9¢
(psL [psL - psll} oy, — TsL) V.b— Ps1 b- Vps||+ (5132)
nSmS nSmS

QSJ_V U= —Vs(s .
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We make the following substitutions for pressures and heat fluxes,

1
-5 (ps|| + 2sz_) s

Ds 3
Psv = Ps|| — PsL,
“ (5.1.33)
qs = qu/2 + Qs
sv = qs|| — G4sL
We rearrange Eqs. (5.1.29) and (5.1.30)) into,
3 /(0 0 5)
> <_ Yoo T V>p8+§psv'“:‘v'<%b)‘
(5.1.34)

1
psv<b-Vu-b——V-u+Rb¢b-VQ)
9, 9,
ot e TV V u+[b-Vu-b+ Rbb - VO + v, | pow =
1
— 3ps <b -Vu-b+ Rbgb - VQ — 2V u) =V (gsb) + (5.1.35)

(2q5 - q$v) v : b

If we substitute in Eqgs. (5.1.20) and (5.1.27)), we rearrange Eqs. (5.1.34) and (5.1.35)

into the following forms JCheW et al. ‘1956

pB (8 +Q§¢) (pu) +pBu-V <Z;s§) =~V - (gs1b) —

1
qs1.V - b — §Vs (sz_ _psll) )

3 2 3 2

p” (9 9\ (psiB p ps| B

F (Z 42 ) (8B . 2 ) = -V (g b) —

B2 (3t+ 8¢>< o) eV v laab) (5.1.37)

2
QQSLV b — gys (ps” - psL) .

(5.1.36)
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Using Egs. (5.1.20) and (5.1.27), Egs. (5.1.31) and (5.1.32) can be written as,

d 5
(a+§V.u+b~Vu-b+Rb¢b~VQ+Vs> gs+

(b.vu.b—%v-u+Rb¢b.VQ>qsv_

1 1
-V (b {57“8 + rsx]) + (§T5>< + TSL> V b+ (5.1.38)
OPs 5ps by 2
i prs+ P b'vP5v+ b bV ps+_psv -
2ngsmg 3ngms, 3ngmy 3
(ps + 5psv) Pog 1,
2NgMg ’

o 0 1

1

5.1.39
2, (5.1.39)

N

V(b [rg —rex]) + (@re —751) V-b +

b Vps+

"PDsv 2
b-V s Slsv | -
3nsMm (p - 3" )

For sufficiently high collisionality, we can consider a subsidiary fluid ordering of the

plasma distribution function,

fo _ n ) (_msvﬁ + 2msuB

> ex + 60+ (5.1.40
(2rkpT,/ms)*” 2kpT, ) ' (5.1.40)

where Ty ~ T, = T,. 0, ff refers to deviations of the zeroth-order distribution

1

function from Maxwellian of order v;'. Then, to lowest order in v, !, the fourth-

order moments of the distribution function are then given by,

kpT,

ro| = 3nkpT,—=, (5.1.41)
kpT,

T'sx :nkBTs b ) (5142)
kpT,

Tsl — anBTs . (5143)

S
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From Eqgs. (5.1.35), (5.1.38), and (5.1.39), if we substitute Eqs. (5.1.41]) - (5.1.43),

then to lowest order in v, !, the viscous pressure p,, and heat fluxes ¢, and g5, are

given by,
3ps 1
Doy A — b-Vu.b+Rb¢b.VQ—§v.u , (5.1.44)
Vs
5nkBT
LA — bV (kgT, 14
q D, V (ksTs) (5.1.45)
onkpTs
Qoo ~ — B (kBT (5.1.46)
My

These differ from the expressions for the viscous pressure and thermal conductivity

given in Braginskii (1965) by factors of order unity.

5.1.3 Full Force Balance

We note that Eq. (5.1.23) only describes force balance parallel to the magnetic field,
Eq. (5.1.28). In order to describe total force balance, we consider Eq. with the

excess electric field defined as,

AE = E”b + 0Egs, (5.1.47)

where 0Eps = Egs — Eg gs. To first order in the distribution function we have,

0 VA 0

U 4 U vp s (ZEAB - PR+ —b-vp, ) - 2L
ot M MM ou (5.1.48)
Ze [ 1 1 afy o
o (—EuxB——RQ¢><B—|— va) i C )]

Using the velocity transformation,

U =uv+ RQ¢ +u, (5.1.49)
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we reduce Eq. (5.1.48) to,

8 9\ 1o 0 0y Zse ofs
( 8¢>f +u-Vf/+v-Vf + S(1J><B) 5o
afY [ ou .
o '(at (RQ¢+v+u) ~V<RQ¢+u> - (5.1.50)
ZSeAEJrQ?RRJr Vpso) =0,
mg mshso

where we use moments of the distribution function in terms of v, given by,

/fso v = Ng,

/ffv d*v = 0, (5.1.51)

M / flovdPv =P, = p, I+ (p5|| — psL) bb.

Taking the moment of Eq. (5.1.50) with respect to v, and using moments given by

Eq. (5.1.51), we arrive at the comoving species force balance equation:

msns({a aa¢]u+u Vu—2Qu x 2z + Ru - VQ¢>+V.[{DS:

(Ze/flvd3)><B——(uxB (/Ze/f1d3) (5.1.52)

Zen,AE +

ng
VpsO-
M50

Currents and charges appear at first order in the distribution function,

J = e/ (f! = 1) vd, (5.1.53)
Py = e/ (fl = 1)) dv. (5.1.54)

If we add Eq. (5.1.52) for ions and electrons, and substitute in Eqs. (5.1.53) and

5.1.54] we derive the MHD force balance equation in the local rotating frame,
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Eq. (1.2.6). Dotting Eq. (1.2.6) with b yields the force balance equation parallel
to the magnetic field, Eq. (5.1.28). We ignore the contribution p,u in the above
equation since our plasma is nonrelativistic — specifically the Alfvén speed is smaller

than the speed of light.

5.2 Perturbed Axisymmetric Distribution Function
at the Midplane

Consider an equilibrium particle distribution given by Eq. (5.1.24). Assume equal
scale heights of radial ion and electron temperature gradients, so that d1InT;y/OR =
JlnT,y/OR = 0lnTy/OR. For small perturbations of the particle distribution func-

tion and of the electromagnetic field, at the disk midplane Eq. (5.1.23) reduces to,

5 = myv| —tkyudB + 6(5EH/mp -
‘ kgTio I'+ ik”U”
(22 + YR) T cos xdBg + ikjv QY Rcos x6Bg \ .,
iky (T + ikyuy ) K

f2¥6Br (8111/)0 30InTy (mpuBo . mpvﬁ ) 8lnT0>

(5.2.1)

ik OR 2 OR kT  2kpTyn ) OR
dBrvydlnpy/OR
U +iko
5f, = mev) (—ik,uéB —ed B /me B
° kgTwy [ + ik
(22 + Q' R) T cos xd B + ikjv ¥ Rcos x6Br \
ik (T + ikyvy) ) "

f%0BR ( 01n pg B §01nTO mepuBy L mevﬁ JInT, .
Zk’” k’BTeg QkBTeo OR

(5.2.2)

OR 2 OR

5BRU||alnp0/aR 0
'+ ik””H ’
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Terms with € arise due to the fact that the plasma is rotating. Terms with equi-
librium gradients of temperature, density, or pressure may drive convective and free
energy gradient instabilities. F) is the electric field that ensures quasineutrality, i.e.

n; = ne = n. In the limit Tjy > T, the electric field 0E) and electron quantities

(such as dp., and dp,|) become unimportant in the plasma dynamics. This is the
simplification employed by Quataert et al.‘ (‘2002) and ‘Sharma et al. (2003). In Ap-
pendix D.2/we see that the resulting dispersion relation calculated with equal ion and
electron temperatures is not significantly different from that where the ions are orders
of magnitude hotter than the electrons.

Using the induction equation (Eq. ) and the continuity equation (Eq. [5.1.27]),
the total force balance equation, Eq. (1.2.6), becomes,

dln 2
dln R

ap — Qr
il’ﬁl/g

SBrR+

v26B — 7*by (5ﬁ — 5BR> + 2

27 cos X (5,6 — McSBR) R+2v3 x 0B = l;xﬁ%—i— (5.2.3)

ix (/2 Po

op — 6 A _ . /B
x2ﬁubo — iz ?apdpR — 226B + kmd—,
Po By

where §B/By = 6By cosx — (kr/kz) 0Brsinx, op| = op;| + 0pey, and dp; = dp;1 +
dpe1. Contributions due to 6p — (ap — ar) / (iz3'/?) 6By arise from finite plasma
compressibility. The eigenvalue problem consists of three equations: one for radial

force balance, one for azimuthal force balance, and one for force balance along the



equilibrium magnetic field. These are,
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k% dln €2
2
<7 e lH k?} + 2R ~ e T T )5BR (5.2.4)
k k opr
2y + a2} 6B, + 65 (2y cos x + inf Pap) = ———a?fL,
sin y kz kz sin x Po
(’Y CosX 51/2 -+ 27) 0Br + (7* + %) 0By — 7" cos xop =
5p " (5.2.5)
x> cosxﬁ”—,
Po
_ — k S
5Bp (LT — 2B in oy + 2y cos x| + 77 cos x0 By—
iz 312 kz
7 (5.2.6)
V285 = 22—,
Po

where dp; and dp are linear functions of §Bg, 0By, and §p. We work in the limit of

small electron thermal energies, hence 6y — v; and 6 — 0, where, from Tab. (A.1),

vV =

VkgTi/m, is the ion isothermal sound speed. For the treatment of the colli-

sionless rotational MTI, we choose a Schwarzchild stable stratified medium, in which

ags < 0 or equivalently apr < %Oép.

5.2.1 Dispersion Relations of the Collisionless MRI and MTI

In this section we derive the dispersion relations of the collisionless MRI

Quataert et al.

2002) and the collisionless MTI. Its dispersion relation in the fluid limit has been stud-

ied by Balbus (2001

). We demonstrate the salient feature of these dispersion relations,

namely collisionless damping of long wavelength modes along the magnetic field lines,

k‘H < Q/vi.




From Eq. (5.2.1), dpy, dp|, and dp are given by,

’Lk” 8R

DPio By

(R(G) 1) = 7 (R(G) 1)+ FisoBreos (G,
W20 (901 Riig) + BEGR(G) +
g0 Bcos (1 - 28R G),
dp == o (R(iG) ~ 1 “%f (@g;?) R (i) -
% (ag}%po) zgf‘sBR cos xR (i¢;)

3 dB
PL 9% | on (pio)~ /(5]‘0,uB2 dpdvy = 5BR (Eﬂnpo) X

122

(5.2.7)

(5.2.8)

(5.2.9)

There are terms associated with rotation (terms proportional to 2 and €2’ R) and finite

equilibrium gradients in density and temperature. The phase velocity normalized to

the ion isothermal sound speed is (; = I'/ (l{:”viﬂ). The plasma response function

R (¢) is defined as,

=l

(5.2.10)

By substituting the rotational term 2Q1I"/ (k”v > for 0p, we rearrange Eqs. (5.2.7) -

(5.2.9) into the following expressions for op; and dpj,

52%
Pio

1+ 5BR(alnp0 8lnp0)

ZkH

ZC@ (ZCz) BO
dBg (1 — 2C2R (i¢;) 81np0 81np0>

iky) R (i¢;) ~ OR

DPio

i) —
opj _ (1 —242 (iG:) )5p ( [1+2¢ R (ZCz)) B

(5.2.11)

(5.2.12)
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In the limit |¢;| > 1,

1 3 15

52 G TRg

Rli) = &

O (1/¢). (5.2.13)

In this limit, the pressure responses reduce to the double-adiabatic limit (Chew et al.

1956) with equilibrium pressure gradients,

(5p|| (SB (’3lnT0
2.14
op1 _ 0B 8lnp0 dlnpg
P 300 22 §R< 5 R (5.2.15)
In the limit |¢;| < 1,
R(i¢)=1— (VT +0(() . (5.2.16)

The phase velocity of the collisionless MRI and MTI modes ~ v;, i.e. |(;| ~ 1. These
perturbations are not adiabatic and the slow wave limit, ||, < 1, holds for most
unstable wavenumbers. The expressions for perturbed pressures up to first order in

Ci are,

B In T}
% ot \/%g-é —gRa - = (5.2.17)
i0
opL _ 3111,00 d1npy
5p = _ . 5.2.18
Dio - \/_C +£R( OR OR ) ( )

Dispersion relations for the collisionless MRI and MTI are shown in Figs. (5.2.1) -
(5.2.3), The primary feature of the plasma response via the MRI and MTT is colli-

sionless damping of long wavelength modes kj < ©/v;. This feature has been noted in

previous studies of the collisionless MRI (Quataert et al‘ 2002;

This damping has the effect of suppressing pressure variations at small wavenum-
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Fig. 5.2.1.— The growth rate for nonradial wavenumbers for the collisionless MRI,
with a Keplerian-like rotation profile, y = 7 /4, and varying 3. We see a turnover
where the phase velocity of the wave becomes sonic at wavenumbers kjv; ~ ).

bers. Therefore, as the plasma [ — 1, the anisotropic pressure becomes dynamically

unimportant, [6p; — dp L| < 0p), and we reproduce purely MHD phenomena without
collisionless viscous or thermal transport. Also, as  — 1 the effects of finite com-
pressibility become dynamically important. In Figs. (5.2.4) and (5.2.5) we see that
the collisionless MTI approaches the compressible MHD limit as § — 1. We take a
Keplerian profile, ap = 5, ar = 2, and y = 7/4. The real part of the growth rate,
in Fig. (5.2.4), is suppressed as # — 1. The imaginary part of the growth rate, in

Fig. (5.2.5)), becomes more compressible as § — 1.
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Fig. 5.2.2.— The real part of the growth rate for nonradial wavenumbers, with a
Keplerian-like rotation profile, 8 = 10?, y = 7/4, and various equilibrium gradients

of pressure and temperature. We set ap = 5 and vary ap < 2.



126

ap=5ar=0
————— ap=5ar=1/2
— o w—gp=5ar=1

ap =5 ar=3/2

——— == p=5 a7 =2

0.04

0.02

go.oo -
£ [
I

I

-0.02 I
|

|

|

-004 \II
Y

00 o5 10 15 20 25 a0 35 40
k'VA/.Q

Fig. 5.2.3.— The imaginary part of the growth rate for nonradial wavenumbers, with
a Keplerian-like rotation profile, 8 = 10%, y = /4, and various equilibrium gradients
of pressure and temperature. We set ap = 5 and vary ar < 2.
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ReI'/Q

k-VA/ﬂ

Fig. 5.2.4.— The real component of the growth rate for various 3, x = 7/4, and a
marginally Schwarzchild stable Keplerian-like rotating flow. For large 3 we reproduce
MRI-like modes.
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Fig. 5.2.5.— The imaginary component of the growth rate for various (3, y = 7/4,
and a marginally Schwarzchild stable Keplerian-like rotating flow. For large 3 the
imaginary component reaches a maximum at those wavenumbers at which the growth
rate of the instability saturates. As  — 1, the imaginary component of the growth
rate increases in magnitude.
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Dispersion relations for the collisionless MRI and MTT are similar to their fluid

counterparts, the MVI and the MVTI, respectively.

5.2.2 Quadratic Fluxes of Collisionless MRI and MTI

Here, we determine the normalized quadratic heat and angular momentum flux as-
sociated with a given collisionless MRI or MTI mode of purely vertical wavenumber
kz. We express these fluxes in terms of {p. Expressions for (Fgr) and (Tgs) for

axisymmetric modes are given by,

(Tro) = Re (podupdug — v30BROB, + cos X6 Bjopy) (5.2.19)

_ 1 _
(Frr) = Re (géu}%éﬁ — 0qdB}y, — gépvcsB}‘%) . (5.2.20)

These expressions for quadratic fluxes due to collisionless modes are obtained from
their fluid counterparts, Eqs. (4.3.1) and (4.3.2), by replacing dopp, with dp,.
From Eq. (5.2.1) and the moment equations, Eq. (5.1.25)), we have,

oB  2QI' _ - 5B o1
ouyfvi = —iGV2R (iGi) (F — W(SBR cos X + ' A f <—5}§)O)> +
63 s H (5.2.21)
25293 cos YV R,
I

2mmy,

aqy/ (piovs) = —30uy /vi + m/v?’affB dyu dvy =

. 0B dBr (90lnp Q. -
. ) 2R /o 25 5.2.22
(z(zx/ﬁ (Bo> k” ( R ) GvV2 /f||UiuSBR cosx | X ( )

([2¢2 +3] R(i¢:) 1),
0q1/ (piovi) = —0uy/v; + 2]:”;;7 /v”,uB25fz-0 dpdvoy =
—iGV2 (‘;—B) R(i¢).

0

(5.2.23)
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We substitute variables for pressure and heat flux, given in Eq. (5.1.33). We use

expressions for the perturbed pressures, given in Eqs. (5.2.7) and (5.2.8)), and heat

fluxes, given in Eqgs. (5.2.22) and (5.2.23). §p and § By, are described in the eigenvalue

equations (Egs. [5.2.4] - [5.2.6]). (Tgs) is normalized in units of peQ? |€|%, and (Fpg)
is normalized in terms of poQLH 1| R| . The modal expressions for dug, §Br, 0By,

and dug in terms of £x are,

Sup =~ (QfR) (5.2.24)
dBR =ix (353) , (5.2.25)
VA

5B¢ = —ix <Q§R) X

27y (sm X+ R ( coS X)) — iz %ap cos x [R (xy%> — 1] (5.2.26)
72 (sm X+ R < f) cos? X) + 22 — 2223 cos? x [(1 + 2;@5) R (ﬁﬁ) - 1}
duy = EUAM% (sin2X + R (ﬁ) cos? X> + Q€rx

dIn Q) 272 ¥ vy

(‘dlnR’ o L: g (X BW} R(xm |

Using Eq. (5.1.33), and expressions for the perturbed heat fluxes as given in Eqs. (5.2.22
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and (5.2.23), we have expressions for dp,, 06, and dq:

opy = (pioH '€r) ({772 - 11 R ( al ) + 1) +
zh V20 , Z, 5.2.28)
2 (st -1 T ([ 2] () 1)
50 5p 5 2 iy 5
o = et ) (orson (34 53] 0 (55) =5) )+
1.~ 72 iy
2. .y 0 72 iry
s b (o) ([ ] 2 () )
(. : 2N\ (3, 2 vyl
e e
7 (pioviéB(b) ﬁcosx ([1 + 9;15] R (x]ﬁ) — 1) ,

Figs. (5.2.6) and (5.2.7) are plots of normalized (Trs) and (Fgg) for the collisionless

MTT for different ap < %oz p.
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Fig. 5.2.6.— Normalized (Tg,) for the collisionless MT1I, for a Keplerian-like rotation

profile, 8 =102, x = 7/4, ap =5, and ar < 2.
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Fig. 5.2.7— Normalized (Fgg) for the collisionless MTI, for a Keplerian-like rotation
profile, 3 = 10%, and y = w/4, for various Schwarzchild stable equilibrium profiles

with ap =5 and ar < 2.
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Fig. (5.2.8) is a plot of the normalized quadratic angular momentum flux for
the collisionless MRI for various # > 1.There is no equilibrium radial gradient of
temperature or density, and the growth rate is real. For a purely unstable mode the
temperature and viscous pressure perturbations are out of phase with the perturbed
radial velocity, and the perturbed heat flux is out of phase with the perturbed radial

magnetic field. Therefore, the heat flux for the collisionless MRI is zero.

7

<Tre>/(PoP?IERID)

k'VA/Q

Fig. 5.2.8.— Normalized quadratic angular momentum flux for the collisionless MRI,
for a Keplerian-like rotation profile, 1 < 3 < 10*, and y = /4.

The collisionless MTI produces outward heat and angular momentum flux that
can drive accretion in radiatively inefficient rotating plasmas. Furthermore, even in
the absence of rotational shear 'R = 0 the effects of a heat flux can also transport
angular momentum outwards, which is demonstrated in Fig. (5.2.9). The same qual-

itative behavior is seen for the MVTTI in a rigidly rotating plasma, demonstrated in

Fig. :
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Fig. 5.2.9.— The normalized quadratic angular momentum flux for the collisionless
MTI and zero rotational shear. Plasma 3 = 10 and ap = 5. The innermost curve
has ar = 1/2, the next curve has ar = 1, the third has ay = 3/2, and the outermost
curve has ap = 2.

5.3 Finite Collisionality

We now consider the perturbed distribution functions with finite collisionality. From

Eq. (5.1.22), the perturbed collisional operator is,

oC (fso) = Vs (5fs_5<fso>)7 (5.3.1)

where,

mSpBg msvﬁ
kBTSO 2ijstO
5T5||/3 + 25T5L/3 ms,u(SB n msv”éu”
TsO kBTsO kBTSO .

X
50 TSO

47 = (2 - /2T

(5.3.2)
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If we use Eq. (5.3.2), then Eq. (5.1.23) yields expressions for the perturbed ion and

electron particle distribution functions:

0fi

mpvy [ —ik udB + edE)/my, + 6 Brv?dInp/OR
:kBTiO ( '+ kv + v B
(2Q+QR)TcosxdBr \ Lo
iky (T + ikyvy + ;) > 0

2
mppBy - Ml

; 0Ty /2 + 0T,
0 V; <5__ ||/ + L—i—

d OT + ko) + v Ty ksTo | 2kpT X(5 -
[5Till/3 il 25Tu/3} _mpudB mzuv||5U||> _ [i0Br
Tio ksTio kpTio ik
U+ iky) [911&,00 ~ 30InT
' +ikyoy+v | OR 2 OR
(mp,uBO P ) d1n T},
ksTio — 2kpTi OR |’
5f, = mev)| <—z’k,u(53 — 6(5E||/me + vf&BRﬁlnpeo/(?R_
kBT [+ ikjv) + ve
(2Q+ QYR) T cos X5BR> 0
iky (0 +ikpoy +ve) )
fgof‘%—iky—j)—l—y (5— _ 5Te/;+ 0T 77;6,1;30 2Ze1j)l2|
1) + ve w0 oTo 2| oy

[5Te/3 + 25Tej_/3:| _ mepudB N mevéu) B fgoéng
T o P i)
I+ ikjy Odlnpy, 30InT,
' +ikjv + ve { D)

OR 2 OR
(me,uBo n mevﬁ ) 8lnTeo

kBTeO 2k'BTlg(] 8R
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We consider negligible electron dynamics. With the perturbed ion distribution func-

tion given by Eq. (5.3.3), then dp,, dp), and dp for finite collisionality are,

o - 230@' ( viR (i¢;) + —ZZ (i¢; )) kﬁ o2 R (iC}) §Bp cos x—

2i0 B (31“’0) gi( iR (ic;) + ‘ZZ (i ))

o (T ) v (6w rtic) - giz i) + (535
)
"o (G- R g - iz ) +
opy/3 4+ 20p, /3
il - p/3, (cR(zo——zZ(zc))
) ) _
pfo“ —2—@ (¢ (1+2¢%) R(ic)) — 7) + ,i”—r (1 —2¢R (ic})) 6B cos x-+
2i0Br (01npy , . o _
(T ) 6 (G 0+ 200 RUG) ~ )
6B OlnT; , _ N
Z}f%( ;RO) (¢ (22 = 202 = 3) R(iC)) + 7 — ) — (5.3.6)
5
" (G1(262 — 208 = B) R(iC) + 7 — G) —
22U (i) + iz ) )
20
) ) _
5p = — Bf( (i¢}) — 1+ 2R (i¢))) + 221; (iG;) 0BR cos x—
Vi
QL <alnTiO) (1 =20 (G — ) R(i¢}) + 3im Z (i¢])) —
ky \ OR (5.3.7)
B (811”)0) G (20R (i) +iZ (i¢])) +
k| OR )T '
57 (1 6 -7 RS — Bz () ).
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where 7; = v;/ (kjv;v/2). In the limit of high collisionality, ; 2 Q32 the perturbed

density and pressures are given by,

6 BR 01
DR np0+

op /3 + 20 3 op /3 + 20 3

opy _Opy/3+20p1/ Lo <F p/3+20p./ LT

Pio Pio Pio k?H oR (5.3.8)

0B _ o

QFFO - QIR5BR COS X — ik”(Su”) )

) op/3 + 26 3 opy /3 + 26 3

Pl ~ p”/ +20p./ + I/;1 (F(s—B -T pH/ +20p./ — 3ik||5u|| +

DPio DPio By DPio ( 53 9)

_ [i[" (Olnpg ,
0Bgr [k_”< R )—3QRcosx]).

If we employ Eq. (5.1.3) to make simplifications, Egs. (5.3.8) and (5.3.9) can be

arranged into an expression for the viscous stress,

0Py
Po

)

- 1
= —3y; ! (ik”éu” + Q'Rcos x0Bpr — §ik : 5u> (5.3.10)

For arbitrary normalized collisional frequency ; = 1;/€), the pressure response is

given by,

dBR
Ay A 5pu/1?z‘0 Biw Bz Bis
= 5B/BO , (5.3.11)
Ay Apx 5pz‘||/pio By1 By Bag

op
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We use the force balance equation, Eq. (5.2.3), with expressions for the perturbed
pressure response given by Eq. (5.3.11), to solve for the mildly collisional MVTI
dispersion relation. The MRI dispersion relation becomes that given by Sharma et al.

(2003). In Fig. (5.3.1) we show the real and imaginary parts of the growth rate for a
Keplerian rotation profile, 3 = 103, x = 7/4, radial gradients ap = 3/2 and ar = 1,

for various ion collisional frequencies v;. For v; > Q32 we reproduce the MVTI.
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Fig. 5.3.1.— Real (top) and imaginary (bottom) parts of the growth rate of the
MVTI. We reproduce the MVTI dispersion relation for v; > Q32
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5.4 Summary of Results

We have derived the drift kinetic equation in a rotating frame with possible significant
gas pressures and only mild collisionality. There is a larger range of applicable densi-
ties and temperatures, within hot, dilute, magnetized rotating plasmas, for which this
collisionless treatment can be applied. We analyze the collisionless MTT at the disk

midplane, analogous to the MVTI for the fluid case. We reproduce the collisionless

MRI dispersion relation of Quataert et al. (2002). We demonstrate that both the
collisionless MRI and MTT agree with their fluid counterparts — the MVI and MVTI,
respectively. Heat and angular momentum fluxes associated with the collisionless
MTT have the right sign, to drive accretion in thick dilute nonradiative rotating plas-
mas, and approximately match their respective fluid counterparts. We also find the
collisionless MTT can transport angular momentum, even within a rigidly rotating
plasma.

Although we have applied the drift-kinetic equation to a single but important
class of instability in Keplerian-like rotating systems, its representation as given in
Eq. (5.1.23) lends itself to much richer studies of these types of dilute rotating plasmas.
Even if the equilibrium can be described by a fluid treatment, it may be unstable
to shorter-wavelength collisionless MHD modes. There exists a range of collision
frequencies v < Q32 where the MHD dynamics are collisionless. If the wavelength of
the instability, of order v, /€2, is smaller than the ion mean free path, of order 95/ 2 Vi,
then collisionless physics applies. As § — 1 we reproduce compressive pure MHD
modes. The effects of collisionless momentum and energy transfer effects become
dynamically unimportant, and the imaginary part of the growth rate of these modes

becomes larger (see §4.4 for compressible MHD in the fluid limit).
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Chapter 6

Additional Physics: Electron and

Off-Plane Dynamics

In this chapter, we discuss in more detail the collisionless MTI and the MVTI by
including the effects of finite electron temperature and dynamics of the plasma away
from the midplane. The plasma is dilute enough that ions and electrons are not explic-
itly thermally coupled (see Fig. [1.5.1]). Also, the equilibrium electron acceleration,
divided by the electron thermal velocity, away from the midplane is much larger than
the growth rate or the orbital angular velocity. We perform an incompressible fluid
analysis of collisional plasmas and a kinetic analysis of collisionless plasmas. These

analyses are detailed in Appendix|D/and Appendix

6.1 Finite Ion and Electron Pressure Responses

We include electron dynamics by considering finite electron temperature. In a dilute
plasma, the ion-electron collisional frequency is much smaller than the ion-ion and
electron-electron collision frequencies. Therefore, even if ion and electrons remain

collisional, the explicit thermal coupling between ions and electrons, which in a clas-
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sical fluid ensures equal ion and electron temperatures, may not exist. However, if
Tio 2 Teo, the plasma dispersion relation is not substantially different from our simpli-
fied analyses. The main difference arises when T,y > T;y. For the fluid case, we find
that the maximum growth rate occurs at wavenumbers n,.k% ~ Q (see Fig. [6.1.1]).
We do not find much difference in the dispersion relation between the collisionless and

collisional plasmas (see Fig. [6.1.4]). The ion and electron temperatures are given by,

7= Metme)bo o (6.1.1)
kg
0
T = W;#)Osinw. (6.1.2)
B

The fluid treatment of finite electron temperature is detailed in Appendix D.1. In
Fig. (6.1.1), we show the normalized growth rate as a function of wavenumber for a Ke-
plerian rotational profile, ap =5, ar = 2, x = /4, n,0Q2/v4 = 10%, for various ratios
of To to Tj. 1,0 is the Braginskii viscosity where Tjy = T.o, and is given in Eq. (D.1).
For T;y 2 T,.o we reproduce the MVTI plasma response — a maximum growth rate at
wavenumbers 7,0k% ~ Q. For Tjy < Ty, the viscosity becomes dynamically unimpor-
tant, 17,0/v%4 — 0. The maximum growth rate occurs at wavenumbers 1017,0k% ~
(see Eq. [D.6]). Furthermore, as T.o/Tjg — oo, for dynamically important viscosity

the density response over most of the unstable wavenumbers is approximately,

_ 5BR Oln TO
0p ~ ) 1.
P ikz sin x 8 OR (6.1.3)
The growth rate satisfies the following polynomial equation,
k2 d0? dlnpydInT
r? [0y 6
(k2 Tamp RS =l s ) (6.1.4)

(T% + k303 sin® y) +4Q°T? = 0.
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Note that for a plasma with equal ion and electron temperatures, as explained
in the plasma response with dynamically unimportant viscous diffusivity (see
Figs. [4.2.1]) is not qualitatively similar to one in which 1,02/v% 2 1 but with Ty /T, —

0.

r/Q

KzVa/Q2

Fig. 6.1.1.— Normalized growth rate as a function of normalized nonradial wavenum-
ber for the MVTI for various values of T,.0/T;p. We choose a Keplerian rotational
profile, with ap = 5, ar = 2, x = 7/4, and 1,0§2/v} = 10?. The dashed red line
refers to the simplified plasma response, whose growth rate satisfies Eq. (6.1.4).

The kinetic treatment of finite electron temperature is detailed in Appendix [D.2.
Figs. (6.1.2) and (6.1.3) are plots of the collisionless MRI and collisionless MTI,
respectively, at various Ti/Tj. We take 8 = 10%, a Keplerian-like rotation profile,
and y = /4. For the MVTI, we use a system that is Schwarzchild stable, hence

ap=>5and ap = 1.
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Fig. 6.1.2.— The growth rate as a function of wavenumber for the collisionless MRI
for both equal and negligible ion and electron temperatures.
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Fig. 6.1.3.— The real (top) and imaginary (bottom) parts of growth rate of the
collisionless MTI. The imaginary part of the growth rates where T.o/Tjq = 107!
nearly coincide where T,y/T;o = 0. Maximal compressible effects are reached for

wavenumbers kj ~ 9/98/2.
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Furthermore, unlike the MVTI, the growth rate for the collisionless MTI reaches
a maximum at wavenumbers kz0y ~ € even when Tjy/T.o — 0. The “knee” at which
the growth rate reaches a maximum is located at larger wavenumbers than would be
expected if only electron collisionless damping was considered. In Fig. (6.1.4]) we plot
the real and imaginary parts, respectively, of the growth rate for the collisionless M'T1
with T,0/T;o = 10 and various plasma (. Similar behavior is seen in Figs. (5.2.4) and

(5.2.5) with a simpler treatment that does not consider the electron pressure response.
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Fig. 6.1.4.— The real (top) and imaginary (bottom) parts of the normalized growth
rate as a function of normalized nonradial wavenumber for T, /Ty = 10, for various
B > 1. We take a Keplerian rotation profile, ap = 5, ap = 2, and x = 7/4.
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The discrepancy between fluid and kinetic results when 7,9 > T;, remains unclear.

A framework for moving between the collisionless and collisional regimes, described

in §5.3, may be necessary to examine this apparent inconsistency.

6.2 Off Plane Dynamics of the Plasma

In §3 we describe the structure of a thin dilute magnetized disk. To a good approxi-

mation only the density and pressure change significantly over the height of the disk.

In the vertical direction, the magnetic field is constant and nonradial, and the orbital

angular velocity and temperature are constant. This equilibrium thin dilute magne-

tized disk is Schwarzchild stable in the vertical direction. The entropy gradient in the

vertical direction is such that,

01n py " 01n popo =3 2 22

9z 0z T 3H*
The Alfvén speed relative to the midplane is,
vy = V5, exp (22/H2) ,

<0 (6.2.1)

(6.2.2)

where v, is the Alfvén speed at the midplane. The wavenumber, and viscous and

thermal diffusivities are normalized in this manner,

IA{ = kUA()/Q,
U UVQ/UE&Oa

e = an/UZO'

(6.2.3)
(6.2.4)

(6.2.5)



151

Here 1,0 and 7, are the viscous diffusivity and thermal diffusivity at the midplane,
respectively. We find that the main difference away from the midplane is the smaller
range of MVTT unstable wavenumbers.

In the collisionless plasma, we find significant accelerations experienced by elec-
trons in the perturbed electron distribution function. We calculate the growth rate
of the collisionless MRI away from the midplane. We show that the effect of finite
electron acceleration alters the growth rate of the collisionless MRI away from the
midplane beyond that of merely decreasing the range of unstable wavenumbers.

The growth rate goes to zero at k = 0 and k that satisfies the following,

k dInQ o a0
(o Btm)or o808 ey o2
Z

~

However, the maximum growth rate occurs at the midplane for Rmax = tknaxz. At
points away from the midplane, the maximum growth rate goes as l;max = i/%maxe_ZQ/ (2t 2)2.
As one moves to positive z, the range of unstable wavenumbers increases. However,

these changes occur at wavenumbers where I' < €2. These features are demonstrated

for a Keplerian rotation profile, x = 7/4, and a marginally Schwarzchild stable system

with ap =5 and ar = 2, in a fluid plasma (Figs. - [6.2.6]).
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r/Q

kVA/Q

Fig. 6.2.1.— Normalized growth rate as a function of normalized wavenumber kv 40/$2
at Z/H =0 for kR =0 and I{JR = :|::I{ZZ with kZ Z 0.
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0
kR VAO/Q

Fig. 6.2.2.— Contours of normalized growth rate I'/Q2 as a function of normalized
radial and vertical wavenumbers krvao/Q and kzva0/Q at z/H = 0. The outermost
contour has I'/Q2 = 0, the innermost contour has I'/Q2 = 3.5, and adjacent contours
are separated by units of AT'/Q) = 0.25. The growth rate is symmetric about the
kr = 0 axis.

-2
kR VAO/Q

Fig. 6.2.3.— Normalized growth rate as a function of normalized wavenumber kv 40/€2
at z/H = 0.5 for kgr = 0 and kg = +kz with kz > 0.
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Fig. 6.2.4.— Contours of normalized growth rate I'/Q2 as a function of normalized
radial and vertical wavenumbers krvo/2 and kzv40/2 at z/H = 0.5. The outermost
contour has I'/Q2 = 0, the innermost contour has I'/Q2 = 3.5, and adjacent contours
are separated by units of AI'/Q2 = 0.25.

Fig. 6.2.5.— Normalized growth rate as a function of normalized wavenumber kv 40/
at Z/H =1 for k)R =0 and I{JR = :tkz with kZ Z 0.
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Fig. 6.2.6.— Contours of normalized growth rate I'/Q2 as a function of normalized
radial and vertical wavenumbers krvao/€Q and kzva0/Q at z/H = 1. The outermost
contour has I'/Q2 = 0, the innermost contour has I'/Q2 = 3.5, and adjacent contours
are separated by units of AI'/Q2 = 0.25.
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The derivation of the dispersion relation for the off-plane collisionless MTI is
described in Appendix E.2. The growth rate is the solution of Eq. (E.36), with
expressions for the perturbed pressures dp and dp, given by Eq. (E.29). We exam-
ine the growth rate as a function of height from the midplane for three normalized
wavenumbers: kzva0/Q = 107" (Fig. [6.2.7]), kzva0/Q = 1072 (Fig. [6.2.8]), and
l%ZvAO/Q =1 (Fig. [6.2.9]). We take a Keplerian rotational profile, x = 7/4, and
3 = 10%. Here we compare the real and imaginary growth rates with I',. T, is also
a solution of Eq. (E.36), but with épj and dp, given by their forms at z/H = 0,
Egs. (D.7) and (D.6), respectively. We find significant difference between I' and T's.
The physical effects due to going away from the midplane, for the collisionless plasma,

go beyond merely changing the range of unstable wavenumbers.
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Fig. 6.2.7.— On top is the real, and on bottom is the imaginary, normalized growth
rate as a function of height z/H for kzv.o/Q = 107'. We compare I to T.
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Chapter 7

Conclusions

The focus of our research is on those MHD modes that can transport angular mo-
mentum and thermal energy outwards in mildly collisional and collisionless radiatively
inefficient accretion flows. We summarize the main thesis research, from §4|- in
§7.1. In §7.2| we discuss local numerical simulations of astrophysical systems unsta-
ble to the collisionless MTI or MVTI. We formulate parallel and perpendicular heat
fluxes appropriate to the study of collisionless plasmas with equilibrium gradients,
and explain issues associated with gyrokinetic (phenomena on the length scales of
ion Larmor radius) instabilities that force the plasma to have a maximal pressure
anisotropy. Finally, in §7.3/ we describe analytic and numerical work that can arise
from our research into collisionless and mildly collisional MHD phenomena in rota-

tionally supported dilute magnetized plasmas.

7.1 Summary of Results

We have identified local modes in dilute magnetized accretion flows that can trans-
port angular momentum and thermal energy outwards. We have demonstrated the

parameter regimes for which the viscosity or thermal conductivity can play a dynami-
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cally important role, and shown that these instabilities are not qualitatively modified
when going into the collisionless regime. The dispersion relations, quadratic angu-
lar momentum and heat fluxes for the collisionless MTI are qualitatively similar to
the MVTL. In the collisionless MT1, transit-time (or Barnes) damping of modes with
phase velocities much smaller than the ion sound speed provides a sort of “collision-
less” transport of momentum and thermal energy that behaves as a viscosity and
thermal conductivity, respectively. Next, as shown in §4.4, if we include the effects
of finite compressibility in the MVTI, the viscosity and thermal conductivity become
dynamically unimportant as the magnetic pressure increases; as # — 1 from infinity,
the MVTTI reduces to the MRI. Finally, when we include the effects of finite collision-
ality we notice that the collisionless M'TT reduces to the MVTI when the wavelength

of the fastest growing modes (wavelength of order v4/2) becomes larger than the

ion mean free path. This result has been confirmed by Sharma et al. (2003) for the
collisionless MRI.

In §6 we justify and explore the effects of considering both ion and electron dynam-
ics, and the effects of finite equilibrium vertical forces away from the disk midplane.
We validate our a posterior: assumption that we need consider only ion dynamics in
the collisionless plasma and only electron thermal conductivity and ion viscosity in
the collisional plasma. We also demonstrate new features on the growth rate of the

collisionless offplane MRI beyond that of increasing Alfvén velocity (see Figs. [6.2.7],

6.2.8], and [6.2.9]).

7.2 Numerical Simulations

Here we describe the setup and initial issues for preliminary numerical simulations

of radiatively inefficient magnetized flows. The features of numerical simulations of
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the collisionless MTI or MVTTI are the following: 1) there are momentum and ther-
mal fluxes directed along magnetic fields in the collisional and collisionless plasmas;

and 2) dilute plasmas are easily susceptible to gyrokinetic instabilities that keep the

plasma pressure from becoming too anisotropic (Gary et al. 1994). Sharma et al.

2006); Sharma (2006) have simulated the nonlinear collisionless MRI with the ZEUS

Stone & Norman 1992a,b) 3D MHD parallel algorithm with modifications of anisotropic

viscosity and isotropizing instabilities. Sharma et al. (2006); Sharma (2006) have em-

ployed closed-form expressions for the parallel and perpendicular heat fluxes that ap-
proximate, for small fluctuations, the linear behavior of the collisionless MRI. These
are referred to as Landau fluid closures as they “close” the fluid equations, allowing
for numerical codes that evolve magnetofluid quantities (e.g., pressure, density, mag-
netic field) with position and time rather than evolving the full six-dimensional (3 in
space + 3 in velocity) particle distribution function.

In §7.2.1/ we consider fluid closures of heat flux that can model systems that are
unstable to the collisionless MTI. We solve the fluid equations up to third order in
velocity moments of the drift-kinetic equation. We demonstrate that a closure expres-

sion for heat flux in terms of lower-order fluid quantities (perturbed density, pressure)

and magnetic fields appropriate for collisionless MHD is that of Snyder et al. (1997),

but modified to include finite equilibrium gradients of pressure and temperature.
We then show the limits of this fluid closure of heat fluxes at large magnetic field
strengths, by demonstrating the discrepancy between the collisionless MTT and the
Landau-closed collisionless MTT.

In we discuss the issue of pressure anisotropy in dilute MHD plasmas. We
demonstrate that pressure anisotropy at any level can destabilize a differentially ro-
tating plasma via MHD modes; this implies that even via MHD phenomena, a plasma

with no pressure anisotropy becomes destabilized. We then discuss the theoretical
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underpinnings and observational evidence of gyrokinetic instabilities that ensure a
maximum pressure anisotropy. We finish with a discussion of issues associated with
numerical simulations whose pressure anisotropies are constrained by these gyroki-

netic modes.

7.2.1 Landau Fluid Closures Appropriate to Collisionless MT1

Landau fluid closures of higher order moments of the distribution function, which
are typically expressions for the heat fluxes, are employed to model the appropriate
physics of a collisionless plasma using a fluid formalism. The fluid closure heat fluxes
g and ¢, match the collisionless heat fluxes ¢ and ¢, to various orders in the growth
rate ['. These closures are chosen to satisfy conservation laws, such as density, particle

momentum, and energy. They have been used in the study of ion-temperature gra-

dient modes (Lee & Diamond 1986; Waltz 1988; Hammett & Perkins 1990), gyroki-

netic plasmas (Hammett et al. 1992; Dorland 1993), and collisionless MHD plasmas

Snyder et al. 1997).
We employ linearized forms of the continuity equation Eq. (5.1.27), the paral-

lel force balance equation Eq. (5.1.28]), and parallel and perpendicular pressures in

Egs. (5.1.29) and (5.1.30):

1
65 + (ik - 6u) + 5uR85}%’0° —0, (7.2.1)
op|

Louy + (22 4+ Q'R) dupg cos x = —ikj—, (7.2.2)
p

p; | o
['opy + po (ik - du) + 5“R% + 2pg (ik 0wy + Q' ROBR cos x) +
o (7.2.3)

ikyog) = 0,

I'ép1 + po (2ik - 0u — ikyduy — Q' RSB cos x) +

Ipio | .
5u3£ +ikjdqL = 0.

(7.2.4)
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These reduce to the following,

. [ ou dIn 2 _ _
YOp + ix <—”) + (m Cos X — WLUQ lap — aT]) 0Br —~v0B =0,

VA

o _ )
y oy L 2+dan PYC,OSXcSBR:—ixﬁ op)| ’
N dln R 1T Dio

(7.2.5)
op) Couyp dInQ _ S
— 3iz—" +3 6B —~v0B| —ap——0B /2= =
K (pio i vA * dinR°CRESX T or iz el PioV; ’
) ) dn§) _ - _ _ 5
v P + ixﬂ—i- = 0Brcosx —2v0B —CYP,L(SBR—Hxﬁl/Q& —0.
DPio VA dln R 29551/2 Piov;

We choose forms of dg and dg; that are linear combinations of the magnetic fields

and lower order moments of the Boltzmann equation,

dq) = oy (v/op) + 7 (Opjvi) + € (Piovid Br) + ¢ (piovid B) (726)

6q1 = ay (v}6p) + 61 (6prv;) + €1 (piovid Br) + C1 (piovid B) .

The following closures for parallel and perpendicular heat flux results in a dp that
matches Eq. (5.2.8) up to order % in §B/B and § By, and results in dp; that matches
Eq. up to order v in 6B/B and 0 Bg.

(5q|| \/5 _ (5p|‘ 1 81nTiO \/5 —
i VY e v L Y “5B 2.
DioV; VE Dio k, OR T (7.2.7)
Sq. . [2(. op. 1 dIn Ty \/5 _

=i/ — | dp— — [ — —0Bpg. 2.
PioVi Vi < P piO) <k?|| OR P (7.2.8)

Egs. (7.2.7) and (7.2.8) consists of expressions for the heat flux of parallel and per-

pendicular pressure as given in Snyder et al. 3199%), but modified to include finite
equilibrium gradients of temperature and pressure. We consider modes only with
vertical wavenumbers. We solve the following equations for § Bg and § By — the radial
and azimuthal force balance equations represented in terms of the magnetic field. We

then use the radial and azimuthal force balance equations, Egs. and (5.2.5).
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Divergence from the exact expression occurs at wavenumbers for which the modes

become supersonic, i.e. at k < Q/v;.
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-0.05 B =10 ]
s o, /e B =10
E
< .
g p=10
g -010 .
— 4
= 9, 7 p=10
S
-0.15 B
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Fig. 7.2.1.— Plot of the relative difference between the growth rates between the
Landau approximation and the “exact” expressions, given as 1 — I'Landau/Texact, for
the collisionless MRI.

The largest discrepancy in the Landau approximation to the heat fluxes appears at
wavenumbers for which the phase velocity is of the order sound speed, at wavenumbers
k< Qf 98/ 2, However, when putting in a system that is unstable to free thermal energy
gradients, i.e. apar > 0 and yet is convectively stable ag < 0, we find that the
Landau approximation does not accurately model the imaginary part of the growth
rate. This is not a severe issue as, for a plasma with subthermal magnetic fields, the

1/2

imaginary part of the growth rate goes as 7'/° that of the real part. These aspects

of the Landau fluid approximation with finite equilibrium gradients are demonstrated

in Figs. (7.2.2) and (7.2.3)). In these figures we choose a Schwarzchild stable system

with ap = 5 and ar = 1. In Fig. (7.2.2), for all §; = v?/v%, we find that the sign
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of the imaginary component of the Landau growth rate differs from that of the exact
growth rate. Furthermore, in Fig. (7.2.3), we see that the magnitude of the “Landau”

growth rate is not substantially different from the “exact” growth rate.

1—- Im[I'Landadul/MIT actuall

L L L L L L L L L L L L Il L L L L L L L L
0.0 0.5 1.0 15 20 25
K-va/Q2

Fig. 7.2.2.— Comparison of the relative difference between the imaginary portion of
the “Landau” and “exact” expressions, defined as 1 — Im (I'Langan) /Im (Cexact)-
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Fig. 7.2.3.— Comparison of the relative difference between the real part of
the “Landau” and “exact” expressions for the growth rate, defined as 1 —
Re (FLandau) /Re (Fexact)‘

7.2.2 Pressure Anisotropy in Collisionless Plasmas

A collisionless or mildly collisional plasma can easily support equilibrium pressure
anisotropy, and instabilities can lead to anisotropic pressures. If one looks at physi-

cal processes whose phase velocity is much faster than the sound speed, the energy

balance equations are given by Chew et al. (1956):

% (;’—E) —0, (7.2.9)
d (pB
= (pp3 ) —0. (7.2.10)

Increasing the magnetic field, while keeping the density constant, leads to an increase

in perpendicular pressure while a decrease in parallel pressure. Likewise, in the oppo-
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site limit of modes far slower than the sound speed, the evolution equations of parallel

and perpendicular pressure are given in Eqs. (5.2.14) and (5.2.15). If 6B/By > 0,
then dp, /po > 0 and 0pj/py < 0.
MHD Unstable Modes in Anisotropic Plasma

We consider a Bimaxwellian plasma, pjo # pio. The force balance equations can

be represented in the following form useful in studies of solar wind physics (Parke

1958a). Terms in purple denoting anisotropic pressure forces that drive mirror modes,

and terms in blue drive firehose modes.

ov B? B-VB 1
E__v(p_‘_g)“_ e ~|—§V(I)H—P¢)—

B-VB pj—p.
X .
4 B?

(7.2.11)

If py > p. becomes sufficiently large, the magnetic tension coefficient associated with
B - VB becomes negative leading to firehose instability. Likewise, if p; > p; becomes
sufficiently large then the pressure response Vp is no longer restoring leading to mirror
instabilities.

Here we derive the ion density and pressure response, where 7; ¢ and T; are the
ion perpendicular and parallel temperatures, respectively. The equilibrium pressure

tensor is given by,

Py = p1ol + bobg (pjo — poo) - (7.2.12)

The radial component of the divergence of the equilibrium pressure tensor is given

by,

cos?

R

Opio  Obgro
(V- -Py)p = R + szo (pjo — p1o) —

(pjo — pro) . (7.2.13)
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The perturbed distribution function is given by,

5f, = mpU| (—ik”uéB + e E/my, + [kgTi1 /my) BrROInp;1o/OR B
e ijT;H r + ik?||U||
200 cos xBr Q'RcosxBr\ ,, Br (0lnny 0InT,
: : - . 0 T - - (7.2.14)
ZkH (P -+ zk”uH) Zk’” Zk?” oR oR
lﬁlnTi” my By " olnT;, N mpuﬁ " OInT; 0
2 OR kpT1 OR  2kgTy =~ OR o

This implies the forms of dp, dp; ., and op;,

_ 0B T . iBr (Olnp
"5 ( T (ZCZ”))JF | (35’ )_

B (7.2.15)
Br (Ti) 0lnpi 20T, ,
iBr (TiL) Olnpiso (i¢i)) + == R (iG) Brcosx,
kp \Ty /) OR K
PiLo _2§ <1 - Tz|| (ZCZ)> ki ( R ) X
i 20T B (7.2.16)
( TZ‘Z,” (iCiII)) kzl 2 R (i¢;) Brcosx,
(5pz‘|| (5B ( m )
Dilo 1- -2 i +
pe B\ Ty = [1 - 2GR (icy)]
/ZBR i 3lnpu_0 7_'“_ ) ‘
7 1——|1-2C ‘
Ky (Tm) OR ( T [1—2GiR (iGy)] )+ (7.2.17)
200 B
k2 2 (1 —2¢} R (i¢y)) Breosx.
In this case,
r
i = : 7.2.18
7 (7.2.18)

When T;, = T we reproduce dp,, dp, and dp given by Eqgs. (5.2.7), , and

(5.2.9), respectively. The force balance equation for an equilibrium anisotropic plasma
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is,

0 0 o / ;
p({a-mla—qju+u-Vu—Qszu+QRUR¢>+

V. (pJ_ + bb [p” —pJ_D = %J x B+ (7.2.19)

% (VPLO +V. [bobo (pHO - pm)}) ,

so that we have the following expression for the perturbed force balance equation,

e o ap—ar - R dlnQ - -
YB—-—y"|dp— ——F=Br|b+27z2xB+2 BrR—
R _ ap—aQr = - op
272 x b <5p — é—#&z) = kiﬂﬁuAi—L + 5’32@\ (5p|\/p||o -
izp Plo (7.2.20)

_ 0B
Aidpy/pio) b+ 2*B (B — 2§b) (1—-A)+

— . _ . 0B
iazﬁ‘l‘map (1 —A;) Bgb — z':cﬁﬁ/QapAiéﬁR —’B+ kxg,

where A; = p;10/pijo is the anisotropy parameter and 3 = 47po/Bs. The equations

of radial, azimuthal, and magnetic-field directed components of the force balance
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equation are,

3 k% dIn ap—
2 p T
Br (7 + 22 {1—|—k2] +2d1nR—27c03X—ﬁ/2 _
xQﬁH 1— Az]) —2yBy + p (27 cosy + ixﬁH aPAi> _ (7.2.21)
kr
AV
ky, smxx 2B1Aidp./po,

Bpr (72 cos XOZPT + 2y — zxﬁﬁﬂ cosx [1 — A;]ap—
I

chosx) +(72Jr902_9€25” 11— A [1—2C032X])B¢_ (

2223 —
¢ ﬁ”lfz sin

7.2.22)

v* cos xdp = x* cos x B (0py/p) — Aidp./pL)

_ ap —« 2 kR
Br (72 PﬁuzT — k—smx—i—Z’ycosx—ixﬁl/Qap(l—Ai) —
i

xzﬁuk— sinx (1 — Ai)) + (7?4220, (1 = A)) cos xBy— (7.2.23)
Z

Vop = x*B)op; /p|

The growth rate as a function of anisotropy parameter A; — 1 is shown below, for the
collisionless MRI, in Fig. (7.2.4). This leads to the following complicated branches
of solution arising from MHD pressure anisotropy. In red we denote the equilibrium
magnetic field being purely vertical. In this instance, for zero equilibrium pressure
anisotropy pio = pjo, there exist no viscous forces and the MRI dispersion relation
is reproduced. In this instance, the primary upper solution “(U)” becomes MHD
stabilized at finite pressure anisotropies |p Lo/Pjo — 1‘ ~ (37! In blue we denote a

= 7/3 magnetic field equilibrium. The “(U)” branch refers to the MRI solution
destabilized in the regime p,o < pjo but stabilized for pio/pjo — 1 ~ B~ The
“(L)” branch refers to slower MHD firehose modes that are excited at a threshold

pio < pjo- At a critical level of anisotropy the “(U)” and “(L)” branches join to a
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“(C)” (complex) branch of this solution at smaller po/pjo. In green we denote that

X = m/4 equilibrium magnetic field, with its corresponding “(U)” and “(L)” branches.

1.75

15 |

1.25

o 1 1

~

)

9 I

o 0.75 i
05 | 1
025 | 1

-0.2 ) -0.1 0 0.1 0.2
px/p”_l
Fig.  7.2.4— Demonstration of additional instabilities arising from pressure

anisotropy. We take 8 = 10 and kjva/Q = 1/15/16, with wavenumber being purely
vertical, and plot the real part of the growth rate, Re (I'/Q2). Note that for the
MRI, all solutions of equilibrium magnetic fields that are not purely vertical x < /2
become stabilized at po/pjo — 1 ~ 471

Gyrokinetic Instabilities in Anisotropic Plasmas

Although a differentially rotating plasma is unstable to anisotropizing MHD instabil-
ities, if |p /P — 1‘ then we can excite gyrokinetic instabilities, with growth rates

of order the ion gyrofrequency, that can isotropize the plasma. For plasmas in

which p;10/pijo > 1, the gyrokinetic proton cyclotron (Gary et al. 1994) or mirror

Southwood & Kivelson 1993) instabilities may operate. For pjo/pio > 1 the gyroki-
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netic firehose instability (Kennel & Sagdeev 196%) or the oblique firehose instability

Hellinger & Matsumoto 2000) may operate. Furthermore, as well as operating within

collisionless plasmas, these instabilities may operate in high-4 magnetized but col-

lisional astrophysical plasmas, such as within galactic clusters (Schekochihin et al.

2005a,b).

Numerical 2D kinetic simulations of anisotropic magnetized plasmas (Gary et al.

1996, 1997) demonstrate the threshold pressure anisotropies that can drive fast ion cy-

clotron instabilities, in which the growth rate is of order the ion cyclotron frequency.
They have found thresholds for fast growth where p;io/pjo —1 > S}/ ﬁfﬁ”, where
Bi| = 87rp,~H0/B§, S| and o are fitting parameters, and 0.4 < o < 0.5. These same
simulations demonstrate instability to the fast mirror instability where p; 1/pijo—1 >
S /B0, where 8,1 = 8mp;1o/ B2, and S| and o are fitting parameters. These simu-
lations also demonstrate that relatively little energy from the pressure anisotropy goes

into magnetic energy. Numerical simulations of the gyrokinetic and oblique firehose

instability (Gary et al. 1998) also show a lower threshold to firehose instabilities, of

the form p;jo/pio —1 < S,/ ﬁia”” , where S, and ap are fitting parameters, and with
relatively weak magnetic fields excited by these instabilities. This implies that nu-
merical simulations of collisionless MHD can treat the effect of these instabilities as
a “hard wall” on pressure anisotropy.

There is also strong evidence that, for example, the solar wind is kept marginally

stable to these fast gyrokinetic instabilities, as demonstrated by Hellinger et al. (\2006)

in Fig. (7.2.5). Research of collisionless and mildly collisional MHD turbulence within

an astrophysical context have been constructed (Schekochihin & Cowley 2005, 2006;

Schekochihin et al. 2007; Howes et al. 2007JJ;), that build upon previous treatments

of weak (Sridhar & Goldreich 1994) and strong (Goldreich & Sridhar 1995) MHD

turbulence. However, these treatments of MHD turbulence in collisionless plasmas
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Fig. 7.2.5.— Relative frequency of measured proton parallel plasma Jj, = 8np/ Bﬁ
and relative proton temperature anisotropy 71',/Tj, from the WIND/SWE data
(1995-2001) for the slow solar wind (v < 600 km s™!). The solar wind remains
marginally stable to gyrokinetic instabilities — for the case T, > T} p it is the oblique
firehose instability (on right), and for the case that an observed 71", < Tj, it may be
the proton cyclotron or mirror instabilities (left and right). This figure is taken from

Hellinger et al. (2006).

consider weak turbulence supporting a power-law cascade of turbulent spectrum, cut
off on the shortest length scales by dissipative gyrokinetic modes. These theoretical
models treat the effects of fast gyrokinetic instabilities that isotropize the particle

distribution as either a source of enhanced effective scattering by short-wavelength

magnetic field structure (Schekochihin & Cowley 2006; Schekochihin et al. 2007) or

posit secondary roles that do not qualitatively alter a picture of weak power-law

turbulence (Howes et al. 2007a,b). Schekochihin et al. (2005b) has proposed physical

effects that these gyrokinetic isotropic instabilities might play if the turbulence is

either strong or weak. Further work should focus on the possibly important role
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that the mirror/ion cyclotron and parallel/gyrokinetic firehose might play in, for

instance, the spectrum of turbulence and critical anisotropy seen in the solar wind

JKasper et al.‘ 2002; Hellinger et al. 2006).

)

7.3 Further Work

The research described in this thesis lies clearly on the path for further studies of
underluminous accretion. We now describe directions for further work that will help
to make predictive models of underluminous accretion. We describe further analytic
models of local instabilities in accretion flows, which allows for more physics to be
explored, but not with great depth. We then describe further numerical work, which

allows for the detailed behavior of specific physical processes.

Further Analytic Work

In §6 we demonstrated additional physics that may occur when studying dilute rota-
tionally supported plasmas. We may explore in what manner the collisional regime
connects to the collisionless regime where the electron thermal energy is dominant, .
We can also explore in more detail the effects of the collisionless MRI and MTT away
from the midplane. In order to be analyzed more thoroughly, we need a more effi-

cient method to calculate modified plasma response functions Z, (¢, 2) and Z,. ((, 2).

Second, recent work by Ferraro & Jardin (2006) demonstrates the gyroviscous sta-
bilization, due to off-diagonal components of the Braginskii viscous stress tensor,
of the Rayleigh-Taylor instability at relatively small values of the ion cyclotron fre-
quency and small magnetic field strength. Off diagonal components of the viscous
stress tensor may allow for new instabilities to operate in the physical parameter

space of RIAFs, and may modify the collisionless MTI and MVTI. Finally, some
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short-time-scale variability of fully ionized astrophysical plasmas may be due to the
abrupt reconnection of magnetic fields as evidenced by sawteeth modes in magneti-
cally confined plasmas. Whereas sawteeth instabilities are localized among the toka-

mak field’s rational surfaces, in astrophysical disks these would be located at the

sonic and magnetosonic resonances of corotating modes (Coppi & Coppi 1997, 1998).

Unfortunately, nonlinear isotropic thermal, magnetic, and viscous diffusive operators,

whose form and existence were hard to justify, were required to excite these modes

Coppi & CoppJ

1994, 2001&@). It may be possible, however, that an anisotropic

viscous stress or collisionless viscous and thermal transport can excite these modes.

Further Numerical Work

First, we can consider phenomenological local models of the MVTT and collisionless
MTTI, in order to explore the role this type of turbulence plays in the transport of
angular momentum. For instance, Fig. (4.3.5) demonstrates that the MVTI, and

presumably the collisionless MTI, are able to transport angular momentum outwards

or inwards, depending on wavenumber, for a rigidly rotating plasma. Balbus et al.

1996) and Lesur & Longaretti 32005) have analyzed the nature of turbulence and
angular momentum transport in local numerical simulations of differentially rotating
hydrodynamic flows, for rotational profiles near marginal hydrodynamic stability.
Similar work may be done for the MVTI or collisionless MTT for rigidly rotating
flows; this may begin to resolve the question of whether there naturally exists angular
momentum transport in an MVTI-unstable, rigidly rotating fluid.

Second, for the nonlinear development of the collisionless MTI or the MVTI in
an accreting system, one cannot extract the necessary physics within a local sim-

ulation. Local simulations, through terms associated with energy generation via

a (quasi-steady) azimuthal stress (— (0€2/0In R)Tg,) lead to a secular increase in



177

thermal energy within the computational domain (see Fig. [7.3.1]). Global simula-

tions using the ZEUS 3D MHD algorithms only approximately conserve total energy

De Villiers & Hawley 2003). For simulations of nonradiative accretion, we require

numerical MHD codes that automatically conserve mechanical, magnetic, and ther-

Total & Thermal Energy Evolution

15 ! | I | T I T I T
— <E+p®>/P,
— <e>/P,

O 1 I 1 I 1 I 1 I 1
0 20 40 60 80 100
time
Fig. 7.3.1.— Evolution of the total energy within a local MRI simulation, using the
Athena 3D MHD numerical algorithm. Total energy is accounted for naturally with

Athena, and the box is “heated” due to the energy injected by the average positive
azimuthal stress Tx,. This figure is taken from Gardiner & Stone 42005‘).

However, Sharma et al.‘ (‘2006); Sharmi (\2006) show that the levels of saturated
magnetic and gas turbulence, and fluxes of angular momentum, in a local simulation

of the collisionless MRI is not qualitatively different from numerical simulations of
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the MRI. Therefore it is plausible that global simulations of the collisionless MRI and

MTT using the Athena 3D MHD code will not differ from global simulations of the

MRI as done by De Villiers & Hawley 32003).

Finally, even the most computationally expensive global numerical simulations
of radiatively inefficient flows will have a spatial range of at most a few hundred
Schwarzchild radii and a temporal range of at most a few weeks for radiatively inef-
ficient supermassive black hole accretion. Therefore, local simulations of radiatively
inefficient flows may be necessary in order to characterize “local” rates of at least
angular momentum flux carried by the turbulence, despite the fact that in local sim-

ulations the energy within the computational domain increases in time. Numerical re-

sults of the local MRI by Pessah et al.‘ (‘20064&); Pessah AQOO%); Pessah et al.‘ 42007),
have demonstrated a nonlinear relation between turbulent angular momentum flux
and gas pressure. The issue of energy transport in local simulations of RIAFs may

therefore be ignored by including dissipation of the accretion energy, or by settin

boundary conditions on the flux of heat or temperature as done by Parrish & Stone

42005); Parrish & StonJ (\2006).
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Timescales and Lengthscalesin Accretion Disks
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Fig. 7.3.2.— The dynamic spatial and temporal ranges of observations and numerical
simulations of central galactic supermassive black hole accretion processes. Even with
state-of-the-art computational facilities, there is significant disjoint between phenom-
ena that can be explored through global numerical simulations and those that can be
observed. This requires that the nature of local turbulence in RIAFs be explored in
detail, in order to characterize the nature of angular momentum and heat flux due to
E’Lbulence due to the collisionless MTIT and MVTI. This figure is taken from
2007).
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Appendix A

Variables

Here we define the vocabulary of the variables, the convenient variable simplifications

and normalizations, and convenient physical parameters used in the body of the thesis.

Table A.1:: Table of Variables

Name Variable

M mass of central object

M mass accretion rate

L luminosity of accreting source

d=-GM/VR? + 22 central object gravitational potential

Ry = 2GM /c? black hole Schwarzchild radius — radius of event
horizon

T; Je ion / electron temperature

Dife ion/electron pressure

/e ion/electron heat flux along magnetic field lines

q=q;i+tqe total heat flux along magnetic field lines

D = Di + De total pressure



o

n

p = (mp+me)n

ve = \/kpTeo/me

0o = kg (Tio + Teo) / (my + me)
B =0/v

Ti.e

Ai = 0i/Tiy Ae = Ve/Te

Nk

~

u=V — RQR,2)¢p
B=vB-B
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viscous stress tensor

(ion/electron) number density

mass density

ion isothermal sound speed

electron isothermal sound speed
isothermal sound speed squared

plasma ratio of thermal speed to sound speecE
ion/electron collisional time scale?
ion/electron collisional mean free paths?
(electron) thermal diffusivity?

(ion) viscous diffusivity?

orbital angular velocity

Keplerian orbital angular velocity
phenomenogical disk height

magnetic field

electric field

current density

flow velocity

wavenumber of unstable mode

growth rate of unstable mode (imaginary terms
correspond to oscillations)

net flow velocity

magnetic field magnitude

'In the plasma physics literature, By, = 87p/B? is the ratio of gas pressure to magnetic pressure.
Our definition is one in which our 8 = B /2.

2Fluid expressions are valid only if the mean free paths are smaller than the system scale, and
if the wavelength of instability is smaller than the mean free path. This treatment is described in

Chap. (4).



b=B/B
va = B/\/4mp
wpi = \/4me?n/m,

Q. = eB/ (mye)
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magnetic field unit vector
Alfvén speed
ion plasma frequency

ion gyrofrequency

pi = i/ Qe ion gyroradius

D|/L pressure component parallel/perpendicular to
the magnetic field?

q/L heat flux of parallel/perpendicular pressure
field?

T, x,L fourth-order velocity moments of distribution
function, parallel/cross/perpendicular fluxes of
heat?

Table A.2:: Table of Normalized and Simplified Variables

v=T/Q normalized growth rate

aj=a-b component of vector quantity a (for example, wavenum-

ber k or electric field E) along the magnetic field

k = kv, /Q normalized wavenumber

x =k -boua/Q normalized parallel wavenumber

ap=—H % >0 pressure normalized scale height

ar =—H % >0 temperature normalized scale height

ag=—H Mpg—}’;am entropy normalized scale height

= gaT — %a P normalized entropy scale height

3See Chap. (5), which enumerates a kinetic description of a dilute plasma, for the form of these
P|,L> 4,1, and 7 » 1. Furthermore, the expression for equilibrium parallel ion pressure is given by

Po)i-

4Convective stability in the absence of rotation requires that ag < 0
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= 1,0 /1;124 normalized viscosity

e = 10./0% normalized thermal conductivity

Table A.3:: Physical Parameters Associated With Black

Hole Accretion

mass of black holes 10 — 100,
Scwharzchild radius 3 x 10° (M/Mg) cm =3 x 10" — 3 x 10" cm

ion number density of ambient gas 1—100 cm™3

temperature of ambient gas 109 —10® K

ion temperature in flow 10 — 102 K

electron temperature in flow 105 — 101 K
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Appendix B

Plasma Equilibrium Disk

Here we calculate the equilibrium profile of a slender magnetized rotating plasma
disk. We consider an axisymmetric equilibrium in which the magnetic thermal en-
ergy is highly subthermal, hence Lorentz forces do not play a role in describing the
equilibrium. In the MHD limit strong radial and vertical electric fields are induced
that lead to quasineutrality and single flow velocity in the plasma. For simplicity, we
consider an electron-ion plasma, where the ratio of ion to electron temperatures is
kept constant. We define the temperature 7' as the sum of ion and electron temper-
atures, T' = T; + T.. We express the z-dependence of equilibrium angular velocity,

density, temperature, and magnetic field by,

Q(R.2) = Q(R,0) + AQ(2), (B.1)
pO(R7 Z) = pO(R7 0) + ApO(Z)a (BQ)
T()(R, Z) = T()(R, 0) + AT()(Z), (BS)
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The equilibrium temperatures Ty (R, 2) = Tjo(R, 2) + Too(R, 2). To get the solution of
the vertical disk profile, we must solve the leading-order polynomial expansions in z
of AQ(2), Apo(z), ABy(z), and ATy(z). At the disk midplane, AQ(z = 0)/Q(R) = 0,
Apo(z =0)/po(R) =0, ATo(z = 0)/Tp(R) = 0, and |ABy(z = 0)| /Bo(R) = 0. The

total electric field is defined as,
1 . 1 - .
E = ——RQQ’) x B — —du x B+E||b+ER,E5R+EZ,E5,Z, (B5)
c c

where Fr ps and Ez ps are the radial and vertical components of the electrostatic
field, respectively, and Ej is a component of electric field parallel to the magnetic

field (£ = 0 in equilibrium). The equilibrium electric field is given by,
1 /\ — - -~ A
EO = —ERQ(R, Z)¢ X Bo + EOR,ESR -+ EOZ,ESZa (BG)

where Fj rEs and EOZ,ES are equilibrium electrostatic fields that ensure quasineutral-
ity. The magnitude of these electrostatic fields is roughly of order 2/Q; (< 1) relative
to that of the primary electric field —¢'RQ¢ x By, where €; = eB/ (m,c) is the ion
cyclotron frequency. Equivalently, the E x B plasma drift velocity associated with
the electrostatic field is of order Q/€2; < 1 relative to the orbital velocity.

To lowest order in z, the equilibrium nonradial magnetic field is constant. To

next-lowest order in z, it has the following form:

~ 1
BOZ = BOZ + §O{IéOZ22, (B?)

Boy = Boy. (B.8)
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The gravitational acceleration experienced by species s, to second order in z, is,

Fs 2 = ~
== -0 (1 - 5’—;2) R—02%:23, (B.9)

where Q% = GM/R? is the Keplerian orbital angular velocity. Eq. (B.9) implies that

the angular velocity has the form:

QR,z) =QR) — %cmz? (B.10)

Since V x Eq = 0, the radial magnetic field is,

~ anz

= — . B.11
Bor aQ/aRBOZ ( )

In equilibrium the magnetic field line must lie along isotherms, i.e. By - VI = 0,

therefore:

To(R, 2) = To(R) <1 — 38?2/; (ag}%To)) : (B.12)

The vertical force balance condition,

95
—£ — (my +me) gz = 0, (B.13)

implies that pressure and density profiles, up to second order in z, are,

Go(R. =) = po(R) — % (m, + me) no(R) %22, (B.14)

R B 0322 ag2?/2 (0InT;
no(R, z) = no(R) (1— 50 +GQ/0R< R )> (B.15)
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The radial force balance condition is given by,

322 1 Jpo
0 Qa2 )R- (1- 2 Yr=—— P (B1g
( z’) K( 2R2> folmy +my or. (510

Using Eqgs. (B.14), (B.15), and (B.16), we solve for €2 and aq to arrive at,

0 8111]?()
o oz 0 B.17
\/ Kkt R2 (8lnR>’ | )
02 Sl + G
e — K mnn ann et (B.18)
2REY 14 (G (GRR) (A)

Now let us assume that midplane temperature and pressures are power laws of radius
R, so that dlnpy/0In R and 0IlnTy/0In R are constants. Using Egs. (B.17) and
, the equilibrium radial magnetic field, Eq. , is written as,

e (2] 2
b= (77) 5 (] ol Boz. B.19
VRN s/ R (- R SR (19

The disk scale height is H = 6'/2/Q. Since V - By = 0 the vertical magnetic field,

given in Eq. (B.7), is,

Boz = Boy (1 —

N N N N N B.20
U GRS U 23R (1)' (=) e

(3+ 202/ Rt (1 Gth))” k) \H

dln R
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Likewise, the equilibrium pressure, density, and angular velocity profiles are,

. 22
Po = Po (1 - ﬁ) ; (B.21)
Jln dInTy d1InTy
oo =po [ 1 3+2H*/R? (Gpk (2 - 50%) — 350 p) (i)Q (B.22)
T e
dlnTy (81np0 o l@lnTg) H 2 2 9
Ty =T (1 TH;InY: RIS ¥lcy: £ —) ()] 23
3+ 2H2/R2 8ln1;(2) (]‘ - Bln}g) R H
0ln pg H\?/ z\2
Q= Quey[1+ B2 /RS2 1 () ()
K\/ R (R) H)
B.24
Olnpy _ 10InTp ( )

Oln R 2 0lnR

Oln R 9+H2/R2(2 BlnR)BlnR

2 /p2( 9lnpg d1n Ty
2 (14 H2/R?2m) <1 AL (f"jfélz(T(?l“af?n),o())

Expressions for EO rEs and EO z s can be derived from the following radial and vertical

force balance equations for the ions and electrons,

e 322 1 Opio
—F, - QFR(1— = = —O°R B.25
mp OR,ES K ( 2R2 > mpﬁo aR ) ( )

e 322 1 Opeo

——Forps — QR (1 - = = —O°R B.26

e 1 Opio
—F — Q= — = B.27
m, 0Z,ES K* My 0z ( )
_ ‘g 02, = 1 Opeo (B.28)

Me 02,8 K mehy 0z '

The entropy gradient in the vertical direction is,
Inp Ind —5/3 2 52
9In po O In popo . 2% <0 (B.29)

0z 0z AEEEYT

Hence this equilibrium disk is Schwarzchild stable.

Since equilibrium radial gradients have scale heights ~ R, we conclude that from
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Egs. (B.19), (B.23), and (B.24) for thin disks, the orbital velocity 2 ~ Q, the radial
magnetic field is negligible, and isotherms to a good approximation lie along surfaces
of constant R. For thick disks, H < R or equivalently 6 < Q% R? hold. Therefore,
the orbital angular velocity is significantly sub-Keplerian, there is a significant radial
magnetic field, and isotherms no longer lie along surfaces of constant R.

For a thin disk, from Egs. (B.19)) - (B.24), the equilibrium densities, magnetic

fields, and pressures, are modfied as,

Po = po(R}) (1 - 2—;) ) (B.30)

Q%QK,

Bg ~ Bo¢(AP + Boz,%.

In addition, isothermality in z implies Tjo(R, z) = Tjo(R), and T.o(R, z) = Teo(R).
In a thin disk, from Eqgs. (B.25) - (B.28), the electrostatic radial EOR,ES and vertical

Eyz s fields are,

mpTeO - meﬂo

Eozps ~ —0% 2 , B.31
021 K TeO + 7—%0 ( )

~ 1 (m,Teo —m.T\ Olnpg

E ~—— P ) B.32
0F,ES no ( my, -+ Me ) OR ( )

Ion and electron force balance, in the radial and vertical directions, is shown in
Fig. (B.1). F. = 'R+ F.z2 and F; = F,rR + Fiz% are the electron and ion
gravitational forces, respectively; FES = FESR 4+ FI52 and FFS = FESR + FI5% are
the electron and ion electrostatic forces, respectively; and F? = FP. R + F’,% and
F? = FfRR + F!,z are the electron and ion pressure forces, respectively.

We next demonstrate that an invisced, insulating, nonmagnetized, and incom-



vertical force

pr_ L Py
balance P dz Fo=eEy
pro_ L
5 ony dz

FiZZ—mef(z

for ions,
ES

F;~2F;,

ES ES
F,=—eEy

for electrons,
ES
F><F,,

radial force

balance
—> FeR:me(Qi{_Q@

d
eEy <+> F;’R:—i Des

ny, dR
for electrons, F ;<F%,

ES_
Fig=

—Fm:mp(_@?{—ﬂg)
for ions, Fir~FLe+Fi
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Fig. B.1.— MHD equilib-
rium in a thin disk H/R <
1, mediated by electrostatic
and pressure forces. In con-
sidering vertical force bal-
ance (see top), electrons
experience a large electro-
static force downwards and
a very small gravitational
force, while the ions expe-
rience an electrostatic force
upwards that is approxi-
mately half as strong as the
gravitational force.
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pressible fluid with 0Q/0z # 0, and with outwardly increasing specific angular mo-

mentum (Chandrasekhar

1961

), is hydrodynamically stable within the plane of the

disk. For thin disks, the pressure and density vary significantly over a vertical scale

height. However, over the disk scale height the vertical angular velocity gradient is

subdominant to the radial gradient of angular velocity,

‘ KYOz| | p/p. (B.33)

0Q/0R

The comoving MHD equations of force balance, Eq. (1.2.2), reduce to,

0
o

ot

. 99 -

We examine axisymmetric modes of the form da o< exp (I't + ikr R + ikzz). Eq. (B.34)

and the incompressibility condition, V-u = 0, in perturbed, component form are given

by,
. op
F(S’LLR — 295U¢ = —Zk‘Rgop—, (B35)
0
, o0
)
F(SUZ = —ikfz@o—p, (B37)
Po

Eqgs. - (B.38) can be solved to yield the dispersion relation,

FQ

kr/k o0
w/kz_o0p% (B.39)

2_—
T T s
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For z > 0, then 992/0z > 0. At kg = kz, I'? is a maximum given by,

o)
I2..=—K+RQ— B.40
max ot + az ( )
o o0l .
For a Keplerian disk, k* = €2°, and from Eq. (B.33), RQa— ~ Q°H/R within the
z

disk. This results in ', < 0 and so the disk remains hydrodynamically stable.

max
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Appendix C

Full Perturbed Axisymetric

Distribution Function

Here we calculate out the perturbed ion and electron axisymmetric distribution func-
tion. We take our dilute, magnetized disk to be thin, therefore its structure is
described in The equilibrium parallel and perpendicular temperatures of each
species are equal, Tyo = Ts10 = Ts. We employ the perturbed collisional operator,
Eq. (5.3.2). We begin with Eq. (5.1.23). If we employ Eq. (5.1.20), then we derive

the Boltzmann equation in non-covariant form,

0 0 ofl [ Z, 1
(a + Qa_¢) ff + (U||b—|— 111_) fo + /s < eE” + b- Vpso> +

du| \ ms NsoM
afo 0 0
R A R
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To lowest order in small perturbed quantities, Eq. (C.1) for each species is,

65E||

P

, dd fi [ ksTi z . mpv)|
I+ ik +v;) 0 fi — — = — ko B +
( ik 1/) f a0, < m X —=sinx inTo —ikyp

20 1n pyg cos Y0 Bg .
b 0B — — 2 (QYRT kv 200 9
507 0bg + v} 0B iy (PRIT+ k] +200) ) fot
6Ty /2 + 0T, By vt | [Ty /3 + 26T, /3
Tio kT — 2kpTi Tio
myud B myu oy 0 Olnpy o 2z  30InT
0 (pSb 4 Suy ) - _E 2
ksTio ksTio 0 (v” + uL) OR H? 2 0OR R+

myuBy N mpvﬁ Jln TioR
kT — 2kgTi OR ’

T, . SE
(U + ikyjoy +ve) 0 fe — %ife (kB © x 5 sin X) = el (-iknﬂﬁB ~ =
I e 0 m

,0lpe = cosxoB
5020 0by + VR R B — (VR [T 4 ik +29F)) ot
o (55 9Tl 2+ 0T, | |meuBy | mevj | [6Ty/3+20T.. /3] .
Jeo \°F To kT | 2h5T Ta (C3)

Olnpy ~ 2z 3alnTeo .
R—— — R
OR H?2 2 0OR

meuéB mev”éu” 0
0b +duy ) -
kBTeO - kBTeO <0 (UH * UJ_)

me,u-BO + mevﬁ @ In TeO R
kgTeo — 2kpTe OR )

Here, we denote terms in dark red with finite collisionality; terms in dark green with

points away from the midplane; terms in purple with differential rotation; and terms

in dark blue with radial equilibrium gradients in pressure and temperature. If we

employ Eq. , then,

I _
(S’LLRL = ?(SBR, (04)

&l
QY RoBg

r _ knp
Sy, = — 7 o8 X (5B¢ sin x + k—RéBR cos X) — sin x cos x. (C.5)
z

il
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If we substitute Eqgs. (C.4) and (C.5)) into Egs. (C.2) and (C.3), then we have,

. 85]2 /{ZBT;O z mpv H . €5E||
I+ ik 1) 0f; — —ikyué B
(T + ikyoy +v3) 6 du, ( — 2 SnX | = o TiRieo B ——

01n p;o cos Y6 Bg .
2 0B — — " (QR[T kyv 20T
vigg 0Br - (RIT iy ]+ 201)
2
uif0 (65— ST/2 4 0T mpulo - U | [0Ty /34 20T /3
0 Tio kT — 2kpTi Tio

(C.6)

mpuéB mva(SuH 0 '+ ik||1)|| 0ln pg B §8ln T
kpTh kpTh 0 ik OR 2 OR

Myt By n mp”ﬁ 0InTj B
ksTio — 2kgTi OR

g % COSX _ kr . = P
0= 22 (1 |6B 5B OV'R6B .
o (0 [ 2] s
. 8(5fe kBTeO z mev €5E||
(F+zk||vH -I—Ve) Ofe — o, ( o X smx) T (—zk:wcSB— - +
Olnpe . 5 cos Y0 Bg
2 6Br — ——= (Q'RT + ik 201) ) f°
v OB (R ik 20T ) St
v (55 0Ty /2+0Ter | |mepBo | mev] | [0Ty/3+ 20T, /3]
oo T.o kpTew — 2kpTe Teo
(C.7)

mepd B mevj oy B o I +ikjy 8lnp0_381nTeo
kpT.o kT O ik

OR 2 OR
me/'l’BO + mevﬁ alnTeO .
kgT.o, 2kgT.o] OR
fo Z Ccosx
OH? ik

_ Lo _ _
(F {(53@5 sin x + k—RdBR cos X} + QYRS Bg sin X) .
z

In §5.2 we consider only differential rotation and equilibrium gradients in pressure and
temperature. In §5.3 we consider differential rotation, radial equilibrium gradients in
pressure and temperature, and dark red. In Appendix E.2, we consider differential
rotation, radial equilibrium gradients in pressure and temperature, and points away
from the midplane. Finally, in Appendix|D.2) we consider differential rotation and

radial equilibrium gradients in pressure and temperature but do not ignore electron
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dynamics.
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Appendix D

Finite Ion and Electron Pressure

Responses

In this appendix we detail the fluid and collisionless plasma response when includ-

ing finite electron temperature. The ion and electron temperatures are given by

Egs. (6.1.1) and (6.1.2), respectively.

D.1 Fluid Treatment

From

are,

Braginskii

1965

), the (ion) viscosity and ion and electron thermal diffusivities

e = o (Tio/To)*, (D.1)
i = 1o (Too/T0)* (D.2)
e = 1.22 (me/mi) " o (Tio ) To)™? . (D.3)

Here, 1,0 and 7,0 are the viscous and thermal diffusivities, respectively, for T;y =

Teo = To. Mo is given in Eq. (4.1.26), and 1, = 1017, (see Eq. [4.1.18]). If we
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substitute in Eqgs. (6.1.1) and (6.1.2), the viscous and thermal diffusivities are,

U <\/§ cos w)S ; (D.4)
Nee = 1011, (\/ﬁsm w)5, (D.5)
Nei = 2.887w0 (\/5008 1/1)5 : (D.6)

Equations for the perturbed ion and electron comoving internal energy balance are,

—5/3
r <% — §5,5) + 5uRM = gnm» (ikz sin <5BR61nT0> —
pio 3 OR 3 OR (D.7)
k;%sin2x5Ti)
jﬁi )
<(5pe 5 ) dnpopy® 2 ( , ( _ 81nT0)
r — =0p | +up————— = =Nui | thzsinx | 0Bgr —
P 3 OR 3 of ) pg)
2 .o 0T
k7 sin XTZ- )

If we use the perturbed comoving induction equation, Eq. (4.1.3)), and use Egs. (D.5)
and for ion and electron thermal diffusivities, respectively, the ion and electron

pressures are related to dp and 6By by,

36Br  TOlnpepy™*OR + 1.92n,0 (V2cos )’ k2 sin® xdIn Ty /OR
Sikz sin x ) I+ 1.157,0 (v/2 cos w)S k2 sin? y i
30p; y I+ 1.921,0 (V2 cos 1/1)5 k% sin® y
5pio T+ 1.15m,0 (V2 cos w)B k2 sin? y

36Br ro lnpopas/s/(‘?R + 67.31.0 (\/§ sin 7,0)5 k2 sin® x0In Ty /OR
Sikzsin x : I + 40.47,0 (V2sin ¢)5 k% sin? x "
30p. T+ 6730 (V2sine)’ k% sin” x
90 T+ 40.4n, (v2sin ¢)5 k2 sin? y

5p =
(D.9)

5p =
(D.10)
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In the Boussinesq limit, perturbations are nearly isobaric, (dp; + 0p.) /po < dp/ po.
Using Egs. (D.9) and , 0p is given by,

3B y
 bikysiny
ro lnpop(;S/S/@R +1.921,0 (\/5 cos w)S k2 sin® x0In Ty /OR
'+ 1.921,9 (V2 cos ¢)5 k2 sin? y
Lo popy ™ JOR + 67.3n,0 (V2sin )" k2 sin® xdn Ty /OR
5 5 .3 sin" ¢ ) /p.11)
'+ 67.3n,0 (\/ﬁsm w) k7, sin® x
I+ 1.157,9 (V2 cos w)s k2 sin® y
T+ 1.92n,0 (V2 cos ¥)” k2 sin?
I+ 67.3n,0 (V/2sin ¢)5 k% sin®y |,
= sin“ 1 | .
T+ 40.4n,0 (V2sine) k% sin® x

0p

cos? P+

cos? P+

From Eq. (4.1.17), the dispersion relation with finite electron temperatures is given
by,

k2 dQ)? 5 . . Olnp

(EFZ + IR + 3170 (\/écos w) k%D sin® x + k*v% sin® y — 6 R O.Ap> X
5

(F2 + kZv? sin® x + 31,0 (\/5 cos 1/)) kT sin” y cos? X) + (D.12)

I? <492 — 9% (2cos? ¥)” k3K sin® x cos X) =0,



where,

A (F@lnp0p05/ JOR + 1.921,¢ (\/ﬁcosd)) k2 sin® x0In Ty /OR
)=
5

'+ 1.921,9 (V2 cos ¢) k2 sin® x

ToIn popy " JOR + 67.3m,0 (\/ismw) k2 sin? yoIn Ty /OR . W) /
S1n

'+ 67.3n.,0 (\/ﬁsin w) k2 sin? x
I+ 1.157,9 (V2 cos 1/1)5 k2 sin® x
I+ 1.921,0 (V2 cos w)5 k2 sin? y
I' + 40.4n,0 (\/§sin ¢)5 k% sin®y 5
= sin“ | .
I+ 67.3m,0 (V2sint)” k% sin® x

cos? i+

D.2 Kinetic Treatment
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cos? Y+

(D.13)

Here we examine the response of a collisionless plasma when considering the dynamics

of both ions and electrons. One can demonstrate that the ion and electron perturbed

density are given by,

(5711' . (5B . ie(sEH (5B .
=2 /5f,Bdudu + = T R(iG) — 5 (R(iG) — 1)(; .
ZQF i6Br [ 0lnng i0Br (O0lnp? ) ’
7 5B - - R i)
g i) cosndBu + (%) -2 (%) me
(5ne (SB i65E|| §B X
e =gt [ onBdpny+ 5 = O RGG) - (R e
ZQF i6Br [ 0lnng i6Bg 81np _ ’
e 6B - . R e/
k? R(ie) conxdBr + l ( OR ) ll ( R )
From Tab. (A.2), Egs. (6.1.1) and (6.1.2), expressions for (; and (. are,
1/2
G = \/—8601/1 (W) , (D.3)
1/2
pr— —_— D.4
= omesen () D.4)
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With quasineutrality on; = dn. one can demonstrate that the electric field is given

by the following:

Z€6EH _ 5_3 .92 2 (ZCZ) (Z e) _
B rmte B VO YRGSl b 1 R(iG,) o o
6Br . , ap (R(iG;) — R (i)
W iy cos w (z’(l) sin® ¢ + R (i¢,) cos? w+ (D.5)
20T - R (iG) 7 sin® ) — R (i) 05 cos® ¢
6 " R(G) s’y + R(iC) oty
The total perturbed parallel and perpendicular pressures are then,
% 2555;1; ( (i¢;) cos? ¢ + R (i¢.) sin® ¢ — 1) —
%FB (R (i¢;) cos® v + R (i¢.) sin® ¢ — 1) + (D.6)
2y R (ZQ) + m.R (Z'Ce> 2Z'€(5EH . .
—5531% Cos Y —— + oy Gy ) o (R (i¢;) — R (i¢.)),
DL R (R cos o+ R sin* ) +
208 (C R (i¢;) cos® ¢ + 2R (iC,) sin? 1&)
. (D.7)
2 27 §Bprcosx (1 _ XimpR(iG) + 2Gm. R (de)) -
x2 my, + me
2@'66EH

A (GR(G) - CRC)).
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Appendix E

Off Plane Plasma Dynamics

In this appendix, we detail the derivation of the dispersion relation for the MVTI and

collisionless MTT away from the disk midplane. Most of our analysis will focus on the

kinetic treatment of a collisionless plasma. We consider a plasma with T;y = T,y and

OTiyn/OR = 0T.9/OR. We explore the parallel and perpendicular pressure responses

of the plasma, as a function of perturbed radial and azimuthal magnetic fields, away

from the midplane at a specific growth rate and vertical wavenumber. The parallel

and perpendicular pressure responses are shown in Figs. (E.1) - (E.4).

E.1 Fluid Treatment

We follow a treatment of dilute magnetized disk stability away from the midplane that

is given by

Balbus

2001). The perturbed viscous stress do is given by Eq. (4.1.1).

The perturbed heat flux g away from the midplane is given by Eq. (4.1.2). The
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perturbed comoving internal energy balance, Eq. (1.2.7), away from the midplane,

r op 5dp + su dn popy _ kr9Inpopy o _

P03 f OR ky 0z EB1)
2 . . — aln TO 59
577”” (zkz sin y <5BR R > — k7 sin® y— % )

In the Boussinesq limit, terms with dp/py are dynamically unimportant. Eq. (E.1)

can be solved to yield an equation for dp,

dlnpopy”® kg dlnpopy oI T,
5p 3 oup (a—RO_Ea—zO ——Znﬁk281nx OéBR

— =_-xX . (B2
) I+ 2n,k% sin® x (E2)

The perturbed form of the comoving MHD force balance equations, Eq. , can

be rewritten as,

. ] 1
Tou+ 205 x u+ Q Roupd — 226, (a npop 9 npoz) -
P20

oR 0z (F.3)

k By /B _
= (5]9 0 ) + iky sin yv46B — V - @,
Po dr

If we substitute in Egs. (4.1.3) and (4.1.7), then the vertical component of Eq. (E.3)

can be represented as,

0 _ _ kp
op +v% cos X0 By = n,T (3 sin? y — 1) (6B¢ cos Y — k—R(SBR sin X) —
£0 z

ikpr 1 Olnpg (5,0
—T0ur + 0p— .
k2, ur + bog iky; 0z po

(E4)
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If we employ Egs. (4.1.3), (4.1.7), and (E.4), then the radial and azimuthal compo-
nents of Eq. (E.3) reduce to,

2
(1 . ’;_g) [%6By — 20 (IS8, — Q'ROBR)
Z

_ kn
31, Tkrky sin® x <5B¢ cos Y — k—R(SBR sin X) —
z

_ 1 kr Ol E.
(k% + k) v} sin® x0Bg + 290 (6 Do rd npg) X (E-5)

0R k’Z 8,2

Blnpop55/3 kRalnpop55/3 20 k2 sin2vOlnTh/OR
r 3R ky 02 + $nkk7 sin® xOIn Ty /

5BR7

I + 2n,k% sin® x

2§ B, + 2010 B = —3n, k% sin x cos x X
B kp B (E.6)
<5B¢ cos Yy — k—éBR sin X> — k3v3 sin® x0 By,
z

Terms explicitly due to the vertical structure of the disk appear only with nonzero

kr. Egs. (E.5) and (E.6) can be rearranged into this dispersion relation,

2 102 3 Olnpy krdlnpg
22 3, k2T sin' y + k%0? sin? x — 26 %
(k% g MR SIS = S\ e T, e ) S
—5/3 —5/3
r <81npg§o _ %51“’;50 ) + Zn.k} sin® xOIn Ty /OR
[+ 21,k% sin® )
Ty (E.7)

(F2 + kZv? sin? x + 31, k3T sin? y cos® X) +

I? (492 — In2kyk sin® x cos® X) =0,
From Egs. (1.3.9) and (1.3.10)), n, oc 7°/?>n=" and n, o< T%/?n=1. For our disk,

N = 771/0622/(21{2)7 (ES)

Nk = nn06z2/(2H2)- (E9)
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This implies,

771/ = 771/0622/(2H2> (ElO)

Y

ﬁn - Pl"_lﬁuo@ /(2H2>- (Ell)

If we apply the normalizations given by Tab. (A.2), and employ Eqgs. (6.2.2) - (E.11),

then Eq. reduces to,

k? dIn Q) R
(k—g’y + 2d1 7 + 377,,0/4:R’ye 2/(2H?) gip* X + j2e7 1 (2H) gin? X —

5

(£.12)

3 kg H [OCS + ke Z/H} v+ 2arPr'i,e¢’ /<2H2)IA€% sin” x
Q z
" 7 v+ %Pr‘ f, e’/ (2H? )k;% sin? x

(72 + ]23%622/(2H2) sin? x + 3771,0622/(2}[2)]%%’}/ sin? y cos? X) +

e <4 — 977306'22/]{2];}?3/;7% sin® y cos? X) = 0.
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E.2 Kinetic Treatment

The perturbed distribution function for ions and electrons away from the midplane

is given by,

(T +dkyvy) 0fi — al (kBTO -

mpY| (.
—— (—ikyuoB
d0, " X — 72 smx> kBTO( LR 0 D+

ed b ,01n pjg cos X0Bgr , ., . 0
— —5§Bp — ———— (YR T +ik 200
e + i 0Br i (YR [ +ikjy)] +29T) ) fi .
o I +ikyy [ 0lnpg B §8lnT0 n my By n mpvﬁ 0InTy - '
0 ik OR 2 OR ksTy — 2kgT, ) OR
Z cosx _ kr . = =
i e zkH <F [5345 sin x + EéBR cos x] + QY ROBg sin X) :
. 85]“8 k’BTO z e’UH .
I+ ik 0f. — _ _
( +1 HUII) f d0, < - H2 sin T ( ik o B
ed I ,01Inpeo cos Y0 Bp .
m—e + 1)6 R ——%0Bp — T (Q/R [F + Zk‘”UM + QQF) 600—
. 9 (E.2)
o I' +ikyv [ 0lnpg B §6ln Ty meit By n mev \ dIn'Ty B
O ik OR 2 OR kpTy, — 2kpTy ) OR
Z cos _— kr . - _
feooﬁWIIX (F [5B¢ sin x + iéBR cos X] + Q' RéBg smx) .
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If we make the following normalizations we then have that the ion and electron

perturbed velocity profiles in terms d £, 6By, and §Bp are given by the following:

ey iz/Hsinx 06f; 1By
(y —iG) 6 fi(y, p) + %I Oy —y< Ui

0l 1 : 20 B dnQ
RiksTy i@ 2 POTR T X gy mp+me [dlnR =) ng )

"o 2 1By 5BR . 5

> 1By no B 1By
{y " vf } aT) (2m)* v? P ( v v} ) +

3 dn® 1 [ My z/H cos x

([Ci(SB‘z’ - dlnRxﬁlﬂ m, + mefsBR} sin x + —Cz(SBR coSs X> Wx
L exp B pBo
(277)3/2 2 nd v )’

. iz/H sin x 9 f. 1By
(y —iCe) O fe(y, 1) + T By y( 2

]je]ffjllo — mﬂll/z apdBr — cos x 2;;7; \/E [ZE% (y —il.) — 22'(6}) X
(27r;1+/2v§ exp (—y2 — “§0> 4 z’:i?ﬁ? (y — i) (ap — gaT+
(|:<e($B¢+ 312121;511/2 \/E5BR] smx+—(eéBRcosX) %x

o (e BB
(27)3/% 3 P\ v )

where y = v/ (vs\/§). Although the WKB approximation implies kjH > 1, one can

kr
[5B¢ cos Y — k—éBR sin X]

(E.3)

[5B¢ cos Y — :—R(FBR sinx] +
A

(E4)

have situations under which (; < (/’{;HH)_1 and (. < (k”H)_l. Therefore, we need
to consider electron dynamics and cannot ignore dE). To calculate moments of the

perturbed ion and electron particle distribution function, we introduce new functions



given by,

df.,
(y —iC) fn—l—iéJ—y = 7 Ve 2,

fn -1/2, n

( _ZC)fnc+ZZ__7T Y (y—iC)y"e_yz.

fn and f,. have the asymptotic behavior for large v,

lim f,=m —e v,
ly|—o0 f — ZC
lim fnc - 7T_1/2yn v

ly|—o0

Plasma moment functions Z,, and Z,. are given by,

; :/OO fo(4,€.2) dy,

Zne (€, %) / fae (y, ¢, 2) dy.
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(E.7)

(E.8)

(E.9)

(E.10)
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The limits of Z,, and Z,,. at Z = 0 up to n = 4, for Re ({) > 0, are given in Egs. (E.11)

- (E.20).

Zy (¢,0) = imt/? exp (CQ) Erfe (¢),

Zoe (€,0) =1,
Z1(¢,0)=1-— 72 ¢ exp (CQ) Erfe (¢),
Zlc (Ca 0) = 07

Z5(¢,0) =i¢ (1 — 7% exp (¢?) Exfe (¢)) ,

20 (6.0 = 5

23(6,0) = 5 = ¢ (1= 7 exp () Brfe ()

23 (G0 =0,

21(6.0) =i (5 = L~ 7 oxp () Brte )] ).

Z1e (C,0) = Z

(E.11)
(E.12)
(E.13)
(E.14)
(E.15)
(E.16)
(E.17)
(E.18)

(E.19)

(E.20)
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From Eq. (E.3) and (E.4), the ion and electron density responses in terms of §Bp,
6By, and dE) are,

oni (- krp - . z/H siny
. <5B¢ cos Y — EéBR smx> <1 -7 (Cm W -

ied I z/H sinx ap z/Hsiny .=
Zi | G - Z1 | G, —-= ) 0Bgr—
]C”kBTO ! <€Z7 29351/2 ixﬁl/Q ! g 29351/2 R

2cos Y my, dIn 2 ) z/H sin x _
Zne |G LN iz (¢, PR ) 5B
ixfY2\ my 4+ me (dlnR te |G 2x31/2 Gz |G 2x31/2 (5—2'—1)

§Br 3 z/H sin x z/H sin x
NEIVE ([Oép - 504T:| Zoc [Cu W} + arZs. {Q, R +

~ dlnQ 1 [Tm, _ ] . kr .- z/H cos x
<{§i5B¢ + dn RzA 2\ my + meéBR} sin y + EQ(SBR cosx) WX
z/H sin
oo L)

z/H sin x

2x31/2
5:06 _ ((5B¢ cos X — :—i(SBR sinx) (1 -7 (Ce, %)) +
a2 ()~ (& ) e
e (i oo ] -2 [ 0 o

(E.22)

dBg 3 z/H sin x z/H sin x
OPR (|:Oép o §aT:| Z()c |:C6’ W} + OZTZ2c |:§ea W +

_ dlnQ 1 [me _ ] kr . .= z/H cos
<[<€5B¢+dlnRxﬁl/Q mp—i-me(SBR} smx—l—ECe(SBRcosx) Wx

z/H sin x
Zy <<€7 W) .

Here 3 = 60y/v?,. Furthermore, recall that,

r v my
= = ; E.23
¢ kiv2 B2 \/ my, + me ( )
r ¥ Me
L= = / ) E.24
C ]{,‘H’Ue\/i xﬁl/Q mp +me ( )
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We solve for 0 Ey by noting dn; = dn.. From Eq. (5.1.25), the parallel ion and electron

pressures are,

op; _ _ i
Pl _ <5B¢ cos Y — :—RdBR sinx) <1 — 275 (Q, z/Hsmx>) —
z

DPio 2x31/2

ied b zsin y 2ap z/Hsiny\ .=
27 ) -~ Z iy 0Bp—

k”/{?BTO 3 (C 2/€||H2) Z$ﬁ1/2 3 C 2%’61/2 R

4 cos m, d1ln ) z/H sin x , z/H sin x _
Z3e | Cis —5——m175— | — 20623 |Giy 52775 | | OB
2872\ m, + m. (dlnR 3 {C 27 G1/2 1623 |G =g 3172 (525)

dBg z/H sin x z/H sin x
eIV ([QOZP — 3ar| Zae [Ci, e + 207 Z4c |Gy R +

~ dlnQ 1  [m, . kr . - z/H cos
2 (|:C15B¢ + dlnR,’L‘ﬁl/Q m, I me(SBR‘| sin x + ECZ(SBR COS X) WX
z/H sin
22 <<“u)7

2x31/2

% - (5B¢ cos x — %531% sin X) (1 — 273 (Cw %)) *

e (< im) m (o ) e

0 ot - ] sn o )

_ _ ' (E.26)
0Bpg z/H sin x z/H siny
B2 ([20@ — 3ar] Za, [Ce, W] + 2arZy. [C@? Toupl +

_ dinQ) 1 Me _ ] . krp - z/H cos x
2 ([CE5B¢+ dlanﬁl/Q'/mp%—meéBR} smx+ECe5BRcosx) WX

z/H sin x
Zy <C€7W) ;
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and the ion and electron perpendicular pressures are,

; - kr . - H si
Py (38, cosx — 5By ) (1- 20 (. LY ) ) -
Z

Pio 2x1/2
ied B zsin ap z/Hsiny\ .=
Z (¢, 2 (G PN By
kyksTo 1<§ 2k|H2) w2\ e f
2cos Y my, dIn 2 z/H sin x ) z/H sin x _
Zie |Gy a5 | — 20621 |Gy~ | | 9B
ixfY2\ my 4+ me (dlnR e |6 2x31/2 G216 2x31/2 Rt

(E.27)

dBg 1 z/H sin x z/H sin x
eI ([Ozp — 50@} Zoe [Cu W} + arZa. {Q’, Toupiz +

~ dlnQ 1 [Tm, _ ] . kr .= z/H cos x
<{Q5B¢ + dn RzA 2\ my + meéBR} sin y + EQ(SBR cosx) Wx
z/H sin
ZO (Cw u) )

2:[51/2
Opel = kr .= . z/H sin x
Do =2 (5B¢ COSX — EéBR S11 X> (1 - Z1 (Ce, W +
ied b zsin y ap z/Hsiny\ . -
Z (3] - Z ey (SB -
k’”kBTo ! << 2]€||H2) Z]Iﬁl/Q ! (C 2I61/2 "

2cos x M d1ln ) z/H sin x _ z/H sin x _
Zhe |Coy ——7= | — 20( 21 |Coy——F+—| | 6B
ix Y2\ my, 4+ me (dln R [C 2x/31/2 G2 |6 21/31/2 (ER;E_%)

§Br 1 z/H sin x z/H sin x
e ([Oép - EOZT:| Zoc [Ce, W + arZse |Ce, W +

_ dlnQ 1 [me _ ] kr . .= z/H cos x
<[<€53¢+dlnRxﬁ1/Q mp—i-me(SBR} smx—l—ECe(SBRcosx) Wx

z/H siny
Zo <<67W) :

Therefore, the parallel and perpendicular pressures are defined in this manner,

51&/170 _ Api Am 5BR . (E.29)

op)1/Po Asr Ay | \ 6By
Recall that p;y = peo, therefore pg = 2p;o = 2peo. We plot the normalized pressure

response functions — Ay, Agi, Apj, and Ay — given in Eq. (E.29) as a function
of normalized height z/H for various # > 1, in Figs. - (E.4). We choose a
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Keplerian rotational profile, ap = ar = 0, x = 7/4, ['/Q = 1, and kzva0/2 = 1.
The real and imaginary parts of the normalized Ag, are shown in Fig. (E.1). The
real and imaginary parts of the normalized Ay, are shown in Fig. (E.2). The real
and imaginary parts of the normalized Ag are shown in Fig. (E.3). The real and
imaginary parts of the normalized Ay are shown in Fig. (E.4). The pressure response

values at the midplane for various § > 1 are shown in Tab. (E.1),

Table E.1: Pressure Response Functions at Midplane For Various (3

function 3 =10%° 3 =10? 3 =10'° 3= 10! B =10
Ari (2=0) | 8314 x 1073 | 2.481 x 1072 | 7.065 x 1072 | 1.848 x 1071 | 4.183 x 107!
Apr (2=0) | 9.663 x 1072 | 1.650 x 1071 | 2.735 x 1071 | 4.319 x 10! | 6.324 x 10~!
Ap(z=0) | 8892x 1073 | 2.779 x 1072 | 8.497 x 1072 | 2.459 x 107" | 6.299 x 10~*
Ag(z=0) | 4157 x 107% | 1.241 x 1072 | 3.532 x 1072 | 9.242 x 1072 | 2.092 x 10~!
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Fig. E.1.— Offplane normalized perpendicular pressure response function

Re(Ag.(z/H)) /Re(Agri(z =0)) (on top) and Im (Ag, ) /Re (Ar.(z = 0)) (on bot-
tom) for the collisionless MRI as a function of z/H, for various 5 > 1.
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Fig. E.2.— Offplane normalized perpendicular pressure
Re(Ay1(2/H)) /Re(Ap (2 =10)) (on top) and Im (A, (2/H)) /Re (Ap (2 =0)) (on
bottom) for the collisionless MRI as a function of z/H, for various 3 > 1.



216

1.0 ==
0.8:
— B =10%°
(’?T 06 —_— A= 102
% I ﬂ = 101.5
< L
g oar B =10
z B =10°5
= I
= o2t
< L
T
m L
0.0+
—0.2:
a8
1
i3
<
T
o3
z
< 1
<%_: : B =10
E -os- B =10%°
—0.6;
_0.7; L L L L
‘ 0.2 ‘ ‘ ‘ 04 ‘ ‘ ‘ 0.6 ‘ ‘ ‘ 0.8 ‘ ‘ ‘ 1.0
z/H
Fig. E.3.— Offplane normalized parallel pressure response function

Re (Ag|(z/H)) /Re (Agj(z =0)) (on top) and Im (Agj)/Re(Agj(z=0)) (on

bottom) for the collisionless MRI as a function of z/H, for various 3 > 1.
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Fig. E.4.— Offplane normalized parallel pressure Re (Ag1(z/H)) /Re(Ay(z =0))
(on top) and Im (Ag, (2/H)) /Re (Asi (2 =0)) (on bottom) for the collisionless MRI
as a function of z/H, for various g > 1.
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If we employ Eqgs. (1.2.6]), the perturbed equation of force balance away from the
midplane is given by,
[ou + 202 x u + Q' Réure = 656, ( apH 'R — ﬁz>
5 _ _
ik (ﬂeo + Dy - 5Buioez2/H2> +ikyodee” S B— (E.30)

Po

op — 0
z’k”boeou,
Po

The MHD continuity equation away from the midplane, Eq. (1.2.5), yields,

k
ik-0u=—I6p+ F(ng ( —ar— _RZ/H> (E.31)

Therefore, Eq. (5.1.3) results in the MHD induction equation away from the midplane,

ikjou = [6B — Q' Ré Brep—

E.32)
_ Ckp—aT—kR/k'sz/H — (
r (5,0 - Py 5Br ) by,
If we substitute Eq. (E.32) into Eq. (E.30), we then have,
_ o — H _\ .
268 + 207 cos x (55 _ap—or —kafkz X2/ 5BR) R+
iz B2
. o — H _
200/ R BrR — T (5p _armars kff//fz x 2/ 5BR) bo-+
wf (E.33)
2002 x 0B = —iz 37202 <aPR + %z) i+
dp| — opL

5 22 2 5
Kk ( §i90+b0 dBv}pe® /H) kv3ee” 0B + ki foby o

In terms of normalized variables, the radial, azimuthal, and equilibrium magnetic-
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field-directed components of Eq. (E.33) are,

k2| e .dInQ ap —ap —kr/kz x z/H Y\ -~
2, .2 FR| 22/H B P T — Kr/Kz B
Y+ 1+]%% e +2dlnR 27y cos x PRIV ZFBR)
. E.34
k _ - o
2y + 2” cot ¥ AR> 6By + 6p (2ycos x + iz ap) = ey
]{?Z Po
—ap — kg/k H _ 202\ A
72 cos Xap ar ixﬁff//Q zx 2 + 27) dBRr + (72 + 22e* > §By—
(E.35)
Po 7
_ —ar — kg/k H k _
0Bgr (WQ(XP ar : 5?//2 z X2/ — A—RWQ sin x + 2v cos x) + 7% cos X0 B+
" kz (E.36)

op)

<imﬁl/2 sin Xi — 72> 6p = x*p—
H Po
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