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Chapter 1

Introduction

1.1 Defining the Objectives of this Thesis

In this thesis the issues of well-posedness and stability for semilinear Schrodinger equa-
tions with time dependent boundary conditions of the form % = —y; are studied.
Here n represents the unit normal vector on the boundary of a connected, bounded
domain in RY with smooth boundary for dimensions N = 2, 3. Before discussing the

details of the model, a brief overview of the objectives of this research is given in the

most general terms possible.

The issue of well-posedness is the most essential question in the theoretical study

of differential equations. This issue consists of three parts:
1. Does a solution exist?
2. Is the solution uniquely determined?

3. Does the solution depend continuously on the initial data?



The question of existence of solutions is the most fundamental. Mathematically speak-
ing, it does not make sense to address and question about behavior of solutions (e.g.
uniqueness or stability) without existence first being established. This is one area
in which the theoretical study of mathematics differs from applied studies in which
solutions to physically observable problems are studied and therefore must exist as
long as the problem is correctly modeled. The study of well-posedness is therefore
very abstract in nature. However, well-posedness remains essential to applications.
Without uniqueness a solution may split into two or more separate solution paths.
Without continuous dependence on the initial data, a solution that is not continuous
in time may “skip” similar to a song being played by a broken record player. In
the study of numerical modeling schemes, well-posedness is essential (though neither
necessary nor sufficient) for the stability of computer algorithms. Ill-posed problems

must be reformulated with additional assumptions.

An important functional analysis technique for establishing well-posedness is to
show that the differential operator generates a semigroup. Thus, a solution y(t) can

be written
y(t) = [S®)](vo)

where S(t) denotes the evolution operator for the differential equation.

Finally, we are interested in the long time behavior of solutions. A solution is



said to be stable if it remains within a neighborhood of a given orbit. The solution
is asymptotically stable if it converges to that orbit. If a solution is asymptotically
stable, how fast does it converge? If it is unstable, then does the solution simply
never settle around a particular orbit, or does the energy of the system increase ad

infinitum?

1.2 Introducing the Model

The goal of this thesis is to establish well-posedness and exponential stability of the

following non-linear Schrodinger equation with dynamic boundary conditions:

(

v = 1Ay —ily|?’y  in Q x (0,00)

y=0 on I'y x (0, 00) (1.2.1)
dy

— = — I'y x (0

L5, Ys on I'y x (0, 00)

where  C RY is bounded in dimension N = 2,3. The boundary of  is assumed
to be comprised of two smooth, closed, disjoint pieces I'y and I'y, both of which have

non-empty interiors.

To study the nonlinear model, we first establish well-posedness of the following



linear model:
)

v = 1Ay in Q x (0, 00)

y=0 on I’y x (0, 00) (1.2.2)
\g—z =—y, only x(0,00)

This is done by treating the above problem as a Wentzell problem, i.e. by substituting
1Ay for y; on the boundary. We note that the argument for well-posedness of the

linear model is independent of the dimension of the space.

A fixed point method will be used to ultimately show well-posedness of the non-
linear model. Here, global existence of solutions is achieved in dimension N = 2;
however, in dimension N = 3 only local existence of solutions can be achieved. One
of the many delicacies of this problem becomes apparent here: the fixed point method
is done by treating (1.2.1) as a dynamic problem, rather than using the Wentzell for-

mulation used for the linear problem (1.2.2).

The existence of weak solutions to (1.2.1) are also established using a Galerkin
method. The virtue of these weak solutions is that they are global in time in both

dimensions N =2 and N = 3.

And finally, the long time behavior of (1.2.1) is studied via classical methods that

are used to demonstrate exponential stability of solutions: that is to say that solu-



tions are asymptotically stable with exponential decay rates.

More specifics about the results of this thesis will be elaborated on in Chapter 2.

1.3 Physical Interpretation

Semilinear Schrodinger equations have been studied extensively due to their applica-
tions to plasma physics and laser optics. The cubic nonlinear term is of particular
interest to the physics community as a naturally occuring potential energy term.
To make sense of the boundary condition being imposed, we must look at how the

Schrodinger equation is derived.

As opposed to other well known differential equations arising in physics, the
Schrodinger equation cannot be derived from first physical principles. To each el-

ementary particle we ascribe a de Broglie wave function
U(z,t) = AePe B0/ (1.3.1)

where p represents momentum and F represents energy. Physically, the wave func-
tion is not observable and must be interpreted through a philosophical framework,

however, the square of the amplitude of the wave function for a particular state gives



rise to a probability distribution that the particle will be observed in that state:
U(x,t)|?

plat) = D

/ W, 1) A2
Q

More generally, it can be stated that this wave function contains all the informa-

tion that can be known about the particle. And furthermore, it is a fundamental
postulate of quantum mechanics that all the variables of the wave function can be
represented as linear Hermitian operators and that any measurement of a variable
will be an eigenvalue of the corresponding operator. Thus, we may solve for energy

by differentiating in the time variable

iE d
—— = BV,
hdt

We can likewise solve for the kinetic energy of the system by observing that

AV = pU
and
. 2
KE_PP_ M Ay
2m 2m

where m is the mass of the particle. The Schrodinger equation is then derived by

observing that

Total Energy = (Kinetic Energy) + (Potential Energy) .

Our insight into the boundary condition is as follows: the normal derivative of the

wave function ¥ on the boundary is proportional to the momentum, while the time



derivative of U is proportional to the energy. Thus, rather than interpreting y; on
the boundary as a velocity feedback (as in, for examle, the wave equation), it should

be interpreted as a dissipative energy feedback relation.

1.4 Wentzell Boundary Conditions

Important to the study of the Schrédinger problem (1.2.1) is the treatment of the
linear problem (1.2.2) as a Wentzell problem (see also Venttsel). Wentzell was inter-
ested in studying the problem of the most general boundary conditions which restrict
a second order diffusive elliptic operator to the infinitestimal generator of a positive
contraction semigroup on the space of continuous functions over the domain. Let €2
be a bounded region in R" with smooth boundary I'. The result of this work was the

discovery of the generalized Wentzell boundary condition
dy
aAy—irﬁa——l—’yy:OonF (1.4.1)
n

carried the desired property (1959) for « > 0,5 > 0,7 > 0 [45]. Here, A on the

boundary should be interpreted as the Laplacian coming from the interior:
dy , .. Yy
— + —(divn)+ Z — =AyonT. (1.4.2)

Physically, this boundary condition can be interpreted as a (damped) harmonic os-

cillator acting at each point on the boundary. In the case of the heat equation, this



means that the boundary can act as a heat source or sink depending on physical
conditions. These boundary conditions also arise naturally in the study of the wave
equation. In particular, generalized Wentzell boundary conditions can be thought of
as a closed subclass of acoustic boundary conditions. This thesis marks the intro-
duction of the use of Wentzell boundary conditions in the study of the Schrodinger

equation.

A key aspect of Wentzell boundary conditions is their behavior at the resolvent
level. Consider for example the heat operator B = A on ) equipped with Wentzell

boundary conditions as above. At the resolvent level,

Au— Bu=h
(1.4.3)
Bu+ B2 +yu=0
may be rewritten
A — Bu=h
(1.4.4)

%t (v4+ Au=h,
which is an elliptic problem with inhomogeneous Robin boundary conditions that can
be solved, as seen in [17]. A notable difference with the Schrodinger equation is that

we will take v = 4. This follows naturally from considering the operator framework

Ay =iAy =y, (1.4.5)



and hence at the resolvent level we again have

M—Au=nh
(1.4.6)

%+ (v+ Mu=h.
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Chapter 2

Summary of Results

2.1 Linear Theory

Stability of the linear model
(

y=1Ay  in Q x (0,00)

y=20 on 'y x (0,00) (2.1.1)

9y _
Lon

for Q bounded in RY (where N = 2,3) has been known for some time; however,

-y, on Iy x (0,00)

there is no known proof of well-posedness elsewhere in the literature. To develop a
well-posedness theory of the nonlinear model (1.2.1), a theory must first be developed

for the linear model. We introduce the operator A given by
A=A

with domain

D(A) = {y € V7Ay € V?% = _ZA’I‘ly on Fl} .

We prove the following result:
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Theorem 2.1.1. The operator (A, D(A)) generates a Cy semigroup of contractions

on the space V = Hp, .

As noted, the introduced of this operator recasts the above linear problem with
dynamic boundary condition as a Wentzell problem with Wentzell boundary condition
given by 1Ay + g—z =0 on I'y. Tt is shown that this operative is dissipative on H'(),
but not on L*(€2). Maximality is a nontrivial issue that does not follow directly from

classical results. The Banach space
_ 2 dy 2
Z = yGV,AyEL(Q),%EL(Fl)
which we equip with the norm
Jy
lullz = llully + [ Aull 2 + 15 -z

is introduced, on which it is shown that the operator A is continuous and coercive,

thus allowing for semigroup generation through classical results.

Two critical details are needed to pass to the nonlinear model. First, the well-
posedness theory must be extended to inhomogeneous problems. Second, additional
regularity will be required to obtain a priori estimates needed to produce a fixed point

argument. By Duhamel’s formula, we can assert well-posedness of

¢

v —iAy=f in Q x (0,00)

y=0 on I’y x (0,00) (2.1.2)

0 :
ka—z:—Ay on I'y x (0,00).
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on V. Using this result, we can generalize to the problem

¢

y—iAy=f  in Q x (0,00)

y=0 on I'y x (0, 00) (2.1.3)

dy
—Z +iAy = T 0
\8n+2 y=g onl; x(0,00)

by defining an auxillary function § = y — Ng where N is a Neumann map. We are

then able to prove

Theorem 2.1.2. Let f € L'(0,00;V) and g € L*(0,00; L*(T'y)). Then for each

yo € V there exists a unique solution y € C(0,00; V) to (2.1.5).

Furthermore, by taking ¢ = f|r,, we may make the identification of the above

Wentzell problem with the dynamic problem

Yy —iAy=f inQ
y=0 on Ty (2.1.4)

0
—y—i-yt:O onFl.
n

\

Then as a corollary to the above theorem,

Corollary 2.1.3. Let f € L*(0,00;V). Then for each yy € V there exists a unique

solution y € C(0,00; V) to (2.1.4).

The fixed point argument used to acquire well-posedness of the nonlinear model

requires additional regularity, thus we seek the following result:
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Theorem 2.1.4. Let yy € D(A) and f € H'(0,00,V). Then there exists a unique

solution
y € C(0,00, H*(Q)) N C*(0,00,V)
to (2.1.4).
This result is obtained by differentiating (2.1.4) in time. Defining z = y;, we study
the equation

2z — 1Az =f;, in )

L —0 on T, (2.1.5)
9
P =0 onTly

\5’n

which is well-posed on V' by the previous corollary. Using elliptic regularity results

we are able to obtain well-posedness of (2.1.4) on H?(Q).

We can in fact extend the linear theory to include Lipschitz perturbations (both

on the interior and the boundary) with nonlinear boundary dissipation:

.

y = 1Ay + f(y) in 2 x (0, 00)
y=0 on I'y x (0, 00)

(2.1.6)
9y _

e —g(y;) on 'y x (0, 00)

yOGV:HllO

\

Here, we assume that f(y) : Hp (Q) — H{ (Q) and h(y) : H} (Q) — L*(T'y) are

Lipschitz and we make the following assumptions on the boundary dissipation:
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Assumption 2.1.1. Assume that g(z) is a continuous function on C such that both

g(2) and its inverse g~ (z) satisfy:

(i) Re(g(z) — g(v))(2 = v) = m|z — v|?

(it) Re(g(z)) = m|z[?

(111) Im(g(2)z) =0

(i) [9(2)] < M|z|

for some constants m, M € R,.

Nonlinear boundary feedback of this form appears in literature for wave and
Schrodinger equations e.g.  [23] and [24] respectively. In particular, assumptions
(i) and (iii) form a complex analog to the assumption of monotonicity that appears

in the study of wave equations.

This problem is solved using the same approach as the linear model. We define

an operator Ay by

Ay =iy + f(y) (2.1.7)
with accompanying domain
9y .
D(Ay) = qy € V. Ay € V. o= = —g(iAlr,y + h(y)) on Ty (2.1.8)

to which we apply the same method as before to obtain the result
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Theorem 2.1.5. The operator (A, D(Ayf)) generates a strongly continuous semi-

group.

Unlike in the linear model, w-maximal dissipativity is obtained for some value of w
that is sufficiently large. It can no longer be said that the semigroup is a contraction

semigroup.

2.2 Nonlinear Theory

We return to the model of interest:
ye —iAy = F(y) = —ilyfy  inQ
y=20 on I'y (2-2-1)

4+, =0 on I';.

9
\ 8n
Define the spaces

Xo={(y,2) € H(Q) N Hr (D Hp, () : 2 = i}

with norm
1y, 2)llx0 = 1Yl z20) + 121z (2)

and

Xr ={(y,2) :y € C[0,T; H*() N Hy ()], 2 € C(0,T; Hf (Q)), ye = 2}
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with norm

1w, 2)llx, = sup |[yllm2(0) + sup ||Z||H% Q-
te[0,T] t€[0,T] 0

Then we have the following well-posedness result:

Theorem 2.2.1. For every bounded subset B C Xy, there exists T' > 0 such that for
all (yo, z0) € B, there exists a unique solution y of (2.2.1) with time derivative y; = z

such that the pair (y,z) € Xr.

Given the association z = y;, we can rewrite the result (y, z) € Xr as
y(z,t) € C[0,T; H*(Q) N HY, (Q)] N CH0,T; HE (). (2.2.2)

This result follows by way of fixed point argument. Fixed point arguments are com-
monly used in the study of semilinear Schrodinger equations frequently in the accom-
paniment of Strichartz estimates. Due to the inhomogeneous nature of the boundary
condition on I'y, these types of estimates cannot be applied. However, we are able
to use variational estimates. In particular, these estimates are performed both on
Y[l zr2(0) and [|z]|y. Use of estimates on ||z[|y; are unique to this problem and high-
lights one of the challenges of this research. Whereas the linear problem was treated
as a Wentzell problem, the nonlinear problem must be treated as a dynamic problem

for the fixed point method to work.

The fixed point argument is done in space and time and thus is only able to provide

a local existence theory. Global existence of solutions in two dimensions follows from
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the use of the Brezis-Gallouet inequality. The idea is that the cubic nonlinearity |y|? y
is almost Lipschitz on H?(£2). This allows us to find a bound on the growth rate of

the form M eaem, which in turn allows for the following theorem:

Theorem 2.2.2. Suppose N = 2. For all (yo,20) € Xo and for all T > 0, there
exists a unique solution y of (2.2.1) with time derivative y, = z such that the pair

(yu Z) € XT-

The problem of being unable to obtain a global well-posedness theory when N = 3
is typical in the literature. In particular, there is no global well-posedness theory in
the literature for semilinear Schrodinger equations even for homogeneous Dirichlet
and Neumann boundary conditions on bounded domains. Currently, the literature
is focused on global existence results for weak solutions. We are able to provide a
similar global existence result by the Galerkin approach. We define a weak solution

of (2.2.1) as a solution to

iy, v) 2 — (Vu, Vo) 2y + (4 0) 2y — ([P y,0)120) = 0, ViE € [0,00) (2.2.3)

Note that since we obtain this result by solving a finite dimensional approximate
problem for y,, € V,,, C V = H%O(Q), the boundary condition g—z +y; = 0 is not
preserved. This prevents us from seeking strong solutions as was done by fixed point

argument. Instead, we obtain one final existence result:

Theorem 2.2.3. Let yo € V. Then for all v € V there exists a solution y €

CY0,00; V) to (2.2.5).
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2.3  Stability

As mentioned earlier, stability of the linear model was proved in dimensions N = 2,3
by Machtyngier using the method of integrating against the multiplier ¢(x) - Vgy. We
are able to prove a similar result by the same method; however, currently existence of
global regular solutions to (2.2.1) has only been proved in dimension N = 2 as seen

above. We prove the following stability result:

Theorem 2.3.1 (Stabilization). Assume that §2 is star-shaped and let y be a reqular
solution of the problem (1.2.1). Then, there exist positive constants vy and C such

that the H'—energy associated to problem (1.2.1) decays exponentially, that is,
E(t) < Ce™™E(0), forallt> T,

Ty > 0 large enough.
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Chapter 3

Overview of the Literature

3.1 General Overview

Due to the dispersive nature of the Schrodinger equation, the research naturally
separates into two distinct categories: results for the Schrodinger equation on RY
and results for bounded domains. The former has been well-studied. On R¥the
Schrodinger equation is self-regularizing. Indeed, it is well known that for Schrodinger
equations with nonlinear component k|y[Py, with p > 0, are globally well-posed on RY
in the defocusing case as long as p < ﬁ and in the focusing case as long as p < %
([13]). Recent studies have extended well-posedness to L"(R") functions. Much of

the theory for unbounded problems relies on the use of Strichartz estimates (1977)

[40], which are of the general form

ly(®)llzrrs < cllyollzr- (3.1.1)

These results have since been generalized to inhomogeneous problems by Yajima

(1987) [47] and by Cazenave and Weissler (1988) [12].
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Few results exist that bridge the gap between Schrédinger problems in unbounded
domains and Schrodinger problems in bounded domains. Strichartz estimates have
only recently found application to bounded domains within the past decade. To the
author’s knowledge, the first result proved by Burq, Gerard, and Tzvetkov (2004)
[8] was for compact boundaryless manifolds and came with some loss of derivatives,
e.g. using bounds of the form c||yo||gs. It has been proved that in some geometries
this loss is unavoidable. Strichartz inequalities have been extended to domains with
boundary by Anton (2008) [2] and more recently by Ozsari [35]. Providing a further
complication, the time dynamic nature of the boundary condition in (1.2.1) prevents
the consideration of classical Strichartz estimates although some similar variational

estimates to the inhomogeneous case will be applied.

Several additional results are discussed below in greater detail. These following

results have played essential roles in shaping the course of this thesis research.

3.2 Nonlinear Schrodinger Equations in 2D

The first known result for nonlinear Schrodinger equations on a bounded domain is
due to Brezis and Gallouet (1980) [14]. Let € be a bounded domain in R? with

smooth boundary T'. Then for initial condition yo € H?(2) N H (), there exists a



21

unique solution to the equation

d
zd—y — Ay +klyPy=0 inQ x[0,00)
¢ (3.2.1)
y(z,t) =0 on I' x [0, 00)

such that y € C[0, 00, H*(2)) N C*[0, 0o, L*(€2)) provided either:
a) k>0
b) k < 0 and [k| [ |yo|*dz < 4

Several key lemmas are used to prove this result, which will in turn be critical in
acquiring global existence of strong solutions to this thesis problem in dimension
N = 2. The first follows from what are now considered standard Sobolev space

inequalities:
Lemma 3.2.1. For every y € H*(Q)),
Iy yll 2@y < Cllyllzee @ lyll @)
More critical to this thesis is to Brezis-Gallouet inequality:

Lemma 3.2.2. Let Q C R?. For every y € H*(Q) such that ||y| g1y < 1,

[yl < C1+ yflog(1+ [lyllm2ce)- (32.2)

3.3 Complications Arising in Higher Dimensions

More generally, suppose 2 C R" is an open set, bounded or unbounded, such that

the boundary I' (if indeed there is one) is C*° smooth. Then we may consider the
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inhomogeneous problem:

dt (3.3.1)
y(t,x) = Q(t, x) onT

Strauss and Bu [39] attempted to prove existence and uniqueness of solutions to this
problem for m > 0 with initial data yo € H'(2) and the inhomogenous boundary
condition Q € C3*(—00,00,Q). In the course of this thesis, a critical error in the
existence portion of the proof was discovered. Central to the argument is the use of

truncating functions on the nonlinear term k|y[P~'y. Truncations of the form

mlyPly |yl <k
fely) =

mkP"ly |yl >k
are utilized; however, while these truncations are Lipschitz on L*(Q), they are not

Lipschitz on H'(Q). Taking the gradient reveals

(p— DmlyP2yVy| + mlyP~'Vy  |y| <k
ka(y) =

mkP~1Vy ly| > k
and since the term (p — 1)m|y[P~2yV|y| contributes nontrivially to the derivative,
there is a jump discontinuity in the derivative along the spherical shell |y| = k. For

a real valued problem one might consider the truncation

mlylP~y ly| < k
fk(y) =

k1 [py+ L —p)k} >k
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however, the term again contributes nontrivially to the derivative for complex

Y
]
valued functions y. If we view the truncation f;(y) as a composition between a trun-
cating function ¢, and the nonlinear term f(y) = m|y[P~'y, the only way to avoid
this jump discontinuity is for for the truncating function ¢, to be differentiable. For

real-valued functions this is not a strong condition; for complex valued functions it is

since differentiability implies analyticity.

This difficulty with truncationing functions played a critical role in shaping the
course of this thesis work. Our original intention was to adapt the techniques pio-
neered by Lasiecka and Tataru [23] for the wave equation (1993) to the Schrédinger
equation. But, as will be seen in the following chapter, the natural space to consider
for Schrodinger equations with Wentzell boundary conditions is H*(£2). This forced

us to consider different methods for studying the problem.

The proof of uniqueness of solutions is, however, correct. Let AP denote the
evolution operator for the Schrodinger equation with homogeneous Dirichlet boundary

conditions on I'. Then if the following dispersive estimate:

/L' C
||€ tAp ”L(Ll(Q%Lw(Q)) S W (332)

holds and if 1 <p < 1+ ﬁ, then solutions to (3.3.1) — if they exist — are unique.

This result highlights the difficulty of establishing a general well-posedness for nonlin-

ear Schrodinger equations in bounded domains. Specifically, this dispersive estimate
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is domain dependent and generally satisfied by unbounded domains such as R, the

half-plane, or in exterior domains of regular bounded sets.

3.4 Known Results on Bounded Domains in 3D

Well-posedness of Schrodinger equations in one and two dimensions has been well
studied; however, there is no general well-posedness theory on bounded domains in
three dimensions. The earliest result the author is aware of is for homogeneous Dirich-
let boundary conditions due to Vladimirov (1986) [46]. Existence and uniqueness of

solutions is proved under assumptions on the boundedness of the dissipation.

The study of existence of global solutions to nonlinear Schrodinger models in di-
mension N > 3 on bounded domains with inhomogeneous boundary conditions is
more recent. Most of the literature on such models has centered around inhomoge-
neous Dirichlet boundary conditions. Currently, global existence of weak H(£2) solu-
tions in any dimension has been proved for defocusing Schrodinger equations with in-
homogeneous Dirichlet boundary conditions by Ozsari (2011) [36]. Existence of global
solutions to the focusing model was achieved by Ozsari in the following year [33] using
hidden trace regularity for nonlinearities |y[Py in the case where p € (0,4/(n + 2)).
The author is only aware of results for inhomogeneous Neumann problems dating

from within the past two years. Existence of solutions with Neumann boundary con-
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ditions has been obtained by Ozsari (2013) in the focusing case for p > 0 and in the
focusing case for p € (0,4/(n + 2)) [34]. Uniqueness and continuous dependence on

the data are not well understood on bounded domains in dimension N = 3 or higher.

3.5 Stability of the Linear Model

Stability of nonlinear Schrodinger equations is much less delicate as techniques devel-
oped for the wave equation carry over more naturally. It has already been shown by

Machtyngier (1990) ([37], [38]) that the linear model

(

Y = 1Ay in Q x (0, 00)

=0 on I'y x (0,00) (3.5.1)
% _ _(m(z) - n(x)) 'y x (0, 00)
5, = m(x)-n(x))y, on I’y , 00

is exponentially stable, i.e., for every C' > 1, there exists v > 0 such that the energy

decays exponentially:

E(t) < CE(0)e ™. (3.5.2)

This proof follows a well known method of multiplying by ¢(z)- V% under the integral.
This requires the additional assumption that €2 is a star-shaped domain. This result
of Machtyngier is extended to nonlinear Schrodinger equations in Chapter 7 of this

thesis.
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Chapter 4

Well-Posedness of the Linear
Model

4.1 Recasting the Linear Problem as a Wentzell

Problem

Counsider the model
¢

y=1Ay  in Q x (0,00)
y=20 on 'y x (0, 00) (4.1.1)
oy
LOn
with Q, I'y, and T'; as above. Well-posedness of the linear problem requires careful

—y;  on I’y x (0,00)

consideration. The appearance of the principal part of the equation on the boundary

prevents classical semigroup considerations. Instead, we define an operator A by
A=1iA
with domain

D(A) = {y eV, Ay eV, g—z = —iA|r,y on Fl}
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where V' = H} (Q). Alr, should be interpreted as the restriction of the Laplacian
from the interior to the boundary.

The above operator formulation recasts (1.2.2) as a Wentzell problem:

(

Y = 1Ay in  x (0,00)

1y=0 on I'y x (0, 00) (4.1.2)
0 :

Ka—z:—Ay on I'y x (0,00)

which we solve on the space V.

Several key points must be made. Classically, well-posedness of Wentzell problems
for the heat equation is achieved on spaces of the form X, = LP(Q)U L?(I") [17]. This
treats the problem as a coupled system of two PDE’s: one acting on the interior
and one acting on the boundary. We skirt this issue by incorporating the boundary
condition into the domain of the operator. However, semigroup generation of the

operator A is not obvious. On the space L*((), the operator A is not dissipative:

) . (0
(Ay, v) 1200 = (1AY, y)12(0) = —1U(VY, V) 12(0) + <a—yy) (4.1.3)
/)

hence,

Re(Ay, y)r20) = Re(=Ay, y)r2r,)- (4.1.4)

This means we cannot use L*(2) energy estimates.
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4.2 Dissipativity on H},

To the space V', we apply the gradient norm via Poincaré. On V' dissipativity holds:

. . , oy
(VAy, Vy)r2) = (iVAY, Vy)r2) = —i(Ay, Ay)r2) + 1 <Ay, %) (4.2.1)
L2(T'y)
Loy , ,
whereby substituting o —1Ay on the boundary, we achieve:
n
. dy
KLY
hence,
Re(VAy, Vy) 2@ < 0.
Maximality remains an issue. If we define a bilinear form
a(y,v) = (—Ay + Ay, v)y (4.2.3)

we discover that it is not continuous on V. Moreover, there is no space of the form

H*(€2) on which it is both continuous and coercive.

4.3 Maximality: Choosing the Correct Space

We introduce the space
_ 2 dy 2
Z = yGV,AyEL(Q),—aneL(Fl)

which we equip with the norm

y
— A -
ullz = [Jullv + [[Aul|r2) + Han

L2(T) .
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Lemma 4.3.1. The space Z is Banach.

Proof. 1t needs to be shown that Z is complete. Let

(

zn — 2 in Hf (Q)

Az, — yin L*(Q) (4.3.1)
22, — win L*(Iy)
\
It needs to be shown that v = Az and w = g—fl. The first follows since the operator

(A,D(A) = Hy,) is densely defined on H~'(£2), hence by closeability
Az, = Az in H1(Q) (4.3.2)

For the latter, observe that if z € V' is a solution of the elliptic problem then w =

92 ¢ H-Y/2(I'y) follows from trace theory. However, 9= — w in L*(I'y) thus 2 =

w in L?(Ty), thus the desired result. O

We wish to invoke the Browder-Minty theorem ([4], Ch. 5) to show that for any

fixed f € V, there exists a unique weak solution y € V satisfying

(I(y, U) = (_f7U>V

for all v € V. This is done by showing that a(y,v) is continuous and coercive on Z.

Observe that

a(y,v) = —i(Ay,v)y + (y,v)y

9 (4.3.3)

=i(Ay, Av)2q) — 1 | Ay, =— + (y,v)v
on L2(r)
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whereby the triangle inequality,

ov
la(y, v)| < [(Ay, Av) )] + |[( Ay, ™ + My, v)v]. (4.3.4)
N L2(Ty)

Applying Cauchy-Schwarz to each of the respective inner products yields

la(y, v)| < CN) |yl zllvl 2 (4.3.5)

which proves continuity. For coercivity,

v

o > C(N)lyll%- (4.3.6)

la(y, )l = Myl + il Ayl + '

L2(I)
We conclude from the Browder-Minty theorem that for all f € Z’, where Z’ denotes
the dual spacce of Z, that there is a solution y € Z to a(y,v) = (—f,v)y. Moreover,
we observe that D(A) € Z C V C Z', hence for all f € V there is a solution
y € Z C V. Furthermore, if
Ay— y=feV

then Ay € V, hencey € D(A). And moreover, Ay € V implies that A|p,y € HY?(T)
and thus % € HY?(T') as well. Trace theory tells us that y € H2(), thus we know

that the regularity of D(A) is at least H?*(Q2). We are now in a position to apply

Lumer-Phillips to get the following result:

Theorem 4.3.2. The operator (A, D(A)) generates a Cy semigroup of contractions

on the space V = Hy, .

Thus, for any yo € V we can write

y(t) = ey
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where e/ represents the evolution operator for the Linear Schrodinger (4.1.2) equa-

tion with Wentzell boundary conditions.

4.4 Inhomogeneous Linear Problems

Suppose now that f(z,s) € L*(0,00,V). Then by Duhamel’s formula,

t
y(t) = eyo + / =4 £(s) ds
0

is a solution to the problem

Y —iAy = f
<y=

oy i

=L = A
\ On y

on I'y x (0, 00)

(4.4.1)

in Q x (0, 00)

(4.4.2)

on I'y x (0,00).

Since f(z,s) € L'(0,00,V), but the fundamental theorem of calculus we establish

that y € C'(0,00, V). We wish to extend well-posedness to the inhomogenous Wentzell

problem
.

Yy — 1Ay = f
y=20

dy .
I LAy =
\8n+z v=49

in © x (0, 00)
on I'y x (0,00) (4.4.3)

on I'y x (0,00).



It suffices to solve this problem for f = 0 and use superposition to

posedness of the above problem. Define a Neumann map as follows:

ANg=0
Ng =
mNg=g

For any s € R, N : H(T'}) — H*"3/2(Q).

Define § =y — Ng. Then a%gj = —iAy and since ANg = 0,
j = —iAj.
Moreover,
Yt =y — Ngr = iAy — Ng,
and again using ANg = 0,
Yy =iA(y — Ng) — Ng, = iAy — Ng,.

Combining (4.4.4) and (4.4.5), the g problem becomes
(

g =1iA(y — Ng) — Ngs =iAg— Ng; in Q x (0, 00)

<
I
o

S
<
I

7(0) = yo — Ng(0).

on I'y x (0, 00)

Y] on I'y x (0,00)

32

ontain well-

(4.4.4)

(4.4.5)

(4.4.6)
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Lemma 4.4.1. If g € WH(0,00; H~Y2(vy)), then there exists a unique solution

g€ C(0,00;V) to (4.4.6).

Proof. 1f g € H71(0,00; H~'/?(v,)), then g(0) € H~Y/2(I'y) and g; € L*(0, 0o; H~/2(7;))

and since N : H*(T;) — H*+3/2(Q),

Ng; € L'(0,00; V) ( |
4.4.7

Ng(0). e V

Thus, (4.4.6) reduces to (4.4.2), which was solved above. O

We are now prepared to show well-posedness of the inhomogeneous model. Re-

calling that

y=y+Ng
we can now say that since Ng € C(0,00;V) and since by the above lemma § €
C(0,00; V), we conclude that there exists a unique solution y € C(0,00; V) to (4.4.3)
for all yo € V. We are not through. Ultimately we wish to identify this Wentzell

problem with the dynamic problem that arises when taking g = f|r,.

Theorem 4.4.2. Let f € L'Y(0,00;V) and g € L*(0,00; L*(T'1)). Then for each

yo € V there exists a unique solution y € C(0,00; V') to (4.4.3).
A lemma is needed.

Lemma 4.4.3. For any g € L*(0,00; L*(T'1)) and for any constant ¢ > 0,

1
(9, 0n) 201y < CHarLZ/H%?(rl) + EHQH%?(H) (4.4.8)
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Proof. By the Cauchy-Schwarz inequality,

(9, 0ny) 2y | < gl ez l|0nyll 2y (4.4.9)

to which we apply the following well known inequality: if a and b are nonnegative
real numbers and € > 0, then

1
ab < ea® + —b*
€
to achieve the desired result. O

Again by superposition, we take f = 0. Taking the H' inner product with § and

integrating in time,
) t d ) 1 t
@l = [ Gl ds =5 [ ey (1.4.10)
0 0
where y; = ¢Ay in €. Integrating by parts,
t t
/ (iAy,y)y ds = / —@'HAyH%z(Q) + i(Ay, 0ny) L2y ds (4.4.11)
0 0
into which we can substitute the boundary condition to obtain
t t
0 0
Taking real parts,
t t 1 ) )
Re | [ iaunvds| < [ =310, + 2ol ds (1413

hence sup ||y(¢) |3, remains bounded as long as g € L?(0, oo; L?(I'1)), proving the the-
¢

orern.
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By making the identification ¢ = f|r,, we can identify (4.4.3) with the dynamic

boundary condition problem

Y = on Ty (4.4.14)

Note that if f € L?(0,00;V), by trace theory g € L?(0,00; H'/2(I'})), hence the

following result:

Corollary 4.4.4. Let f € L*(0,00;V). Then for each yy € V there exists a unique

solution y € C(0,00; V) to (4.4.14).
We now have a continuous map
K+ (f90) — () (4.4.15)

which is bounded from L?(0,00,V) x V to C(0, 00, H(2)).

4.5 Regularity of Solutions
It needs to be shown that this map K is continuous on H?*(§2). That is,

K, : H(0,00,V) x D(A) — C(0, 00, H*(Q)) N C*(0, 00, V). (4.5.1)
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Let z = y;. By differentiating (4.4.14) in time, we get

(

2z —1Az=f; in Q

z=0 on I'y (4.5.2)
% + 2z = 0 on Fl
\ on
to which we wish to apply the map K. If zo € V and f; € L?(0, 00, V), then
Ky : (fr,20) — 2(t) € C(0,00,V). (4.5.3)

However, if yo € D(A) then zy € V and if f; € L*(0,00,V) then f € H'(0,00,V).
We have shown that
Ky : H(0,00,V) x D(A) — C*(0, 00, V).
We wish to show that
K, : H'(0,00,V) x D(A) — C(0, 00, H*(2))

as well. Consider that if z € C(0,00,V) and f € H'(0,00,V), then z — f €
C(0,00,V). Furthermore, if z € C(0,00,V) then z|pr, € C(0,00, H/2(2)). How-

ever, substituting z for y; in (4.4.14) shows that

Ay € C(0,00,V) and g—z € C(0, 00, HY?()). (4.5.4)

Elliptic regularity estimates provide us with y € C(0, 00, H*(€2)). We arrive at the

following result:
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Theorem 4.5.1. Let yo € D(A) and f € H'(0,00,V). Then there exists a unique
solution

y € C(0,00, H*(Q)) N C*(0,00,V)

to (4.4-14).
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Chapter 5

Lipschitz Perturbations of the
Linear Model

5.1 Generalizing the Linear Theory

As stated in Chapter 2, the initial strategy of this thesis work was to solve the issue
of well-posedness for a suitable collection of approximating problems that converge to
the nonlinear problem (1.2.1). In particular, this strategy involved proving that Lip-
schitz perturbations of the linear model remain well-posed and then choosing a series
of Lipschitz approximations to the nonlinear term |y|?y. While we do not presently
believe that such a construction of a series of approximations is possible, the following

result remains interesting for its own sake:

Assumption 5.1.1. Assume that g(z) is a continuous function on C such that both

g(2) and its inverse g~ (2) satisfy:

(i) Re(g(2) — g(v))(z — ) = ml|z — vf?
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(it) Re(g(z)) = m|z[?
(111) Im(g(2)z) =0
() 19(2)| < M|z|

for some constants m, M € R,.

It is worth noting that the above assumptions are satisfied by any the identity
function. Moreover, we note that the condition (i) together with the condition (iii)

form a complex counterpart to the assumption of monotonicity.

Consider now the model

.

yr = 1Ay + f(y) in  x (0, 00)
y=0 on 'y x (0,00)

(5.1.1)
oy

I —g(y;) on Ty x (0, 00)

ygEV:H%O

\
where V = Hp, , and Q, I'y, and T'; as are in the previous chapter and f(y) : Hp () —
HY, () is Lipschitz continuous. That is, for every pair y,v € Hp (),

156 = @y @ < Llly = vl o (512)

for some fixed constant L.
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As was the case for the linear theory, well-posedness is achieved by converting this

dynamic problem into a Wentzell problem. Namely, we replace g(y;) on the boundary

by g(iA + h(y)). Here we assume that h : H'(Q) — L*(T;) is Lipschitz, i.e.

1h(y) = h(W)| 12y < Klly = vllv. (5.1.3)

Since the trace operator 7o : H'(Q) — L*(T) is continuous and linear this formulation
actually generalizes the above problem, which can be reduced to the special case where

h(y) = v0(f(y)). With that in mind, define the operator Ay by

Ay =iy + f(y) (5.1.4)
with accompanying domain
Iy .
D(Ay) = qy €V, Ay €V, 5% = —g(iAlr,y + h(y)) on Ty o (5.1.5)

The presence of f itself no bearing on the domain. Under the assumptions that
g : HY(I')) — HY?(I'}) and that the range of h is also H'/?(I'), then by the same
argument applied in the previous chapter it is apparent that D(A;) contains H?(Q)
elements. We note that since the trace operator o has range H'/?(I") this assumption

does not impose any restrictions on f.

Following the same strategy as used in the linear theory, the following theorem

will be proved:

Theorem 5.1.1. The operator (A, D(Ayf)) generates a strongly continuous semi-

group.
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Unlike in the previous chapter where the linear Schrodinger model was discussed,
it can no longer be stated arbitrarily that this is a contraction semigroup. We will
instead prove w-maximal dissipativity of the operator Ay, hence the bound on the
evolution operator becomes:

e | vy < Ce. (5.1.6)

5.2 Dissipativity

Since (5.1.1) is nonlinear we will have to take the difference of two solutions. Before
this we observe that by Green’s theorem,

(Ay,v)y = i(V - Ay, V)2 + (f(y),v)v

. . 0
= —i(Ay, Av)2q) + 1 | Ay, v + (f(y),v)v
on L2(r)

Oy, Ov ov
— ity Ao + (7505 ) = (M) U
“ on" on) oy on ) par
(5.2.1)
Hence if we consider the difference between two solutions y,v € V and recall assump-

tion (ii) on g~

2

dy Ov
- (w0 = hn 32 - 57
L2(Iy) < on  On L2(Ty)

+(f(y) = fv),y —v)v.
(5.2.2)

. Jdy Ov
— 2
(Ayy = Agy = o)y = =il Ay = Solfgy —m |52 - 22

By the Cauchy-Schwarz inequality,

oy Ov

dy Ov
h(y) — h(v), == — — < [|h(y) = h(v)l[ L2y
an 871 L2(F1)

on  on

L2(Ty)
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and
(fy) = f),y—v)v < |If(y) = fF)llvily —vllv.

Lipschitz continuity of h and f now plays an essential role. Since [|h(y)—h(v)|| gr/2r,) <

Klly = vllv,
dy  Ov dy  Ov
h(y) — h(v - - = < K|y—v — = 5.2.3
1)~ @l 50~ S Kvl |-G 623
and since || f(y) — f(v)[lv < Llly — vllv,
1f(y) = f)lvlly = vllv < Lily = v]7- (5.2.4)
To (5.2.3) we apply the following well known result:
2 Lo
ab < ea” + -b". (5.2.5)
5
2
Using € = —,
m
dy v 2 , m ’ oy vl
Klly — |y |2 - & < SRy -0l + = || 2L - = 5.2.6
||y ||V on on L) ~m ||y ||V 2 on on L2 ( )
Combining (5.2.4) and (5.2.6) with (5.2.2),
Re(Apy — A )y < ‘ oy _ v
elAry — Af0, Yy —V)y S =M ||~ — 75—
on  On|| o,y
m|dy  ovl’
+2m K|y — ol + 2 (o0~ 90 o, + Ly — |y
(5.2.7)

where by taking w > 2mK? + L we may conclude that

Re(Apy — Apv —wl(y —v),y —v)y <0. (5.2.8)
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5.3 Maximality
As with the linear problem (4.1.2), maximality will be proved on the Banach space
Z:

7 = {y €V, Ay € L*(Q), g—z € L2(F)}

which is equipped with the norm

dy
oz = Il + ooz + 32

L2(T) .
As before, define

a(y,v) = (Ay — Agy, v)v.

Although a(y,v) is no longer a bilinear form, the same theory applies. Namely, if
it can be shown that this form is continuous and coercive then the Browder-Minty
theorem can still be applied. Hence, for every j € V C Z' (where Z' represents the

dual space of Z), there exists a unique y € Z satisfying
a(y,v) = (—j,v)y for allv e Z

for some value of A such that Re()) is sufficiently large.

To see that a(y,v) is continuous on 7,

» (0 0
OJ(yuU) = )‘(y;U)V+Z(Ay,AU)L2(Q) +19 1 _y , v
on )’ On L2(0) 5.3.1)
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whereby the triangle inequality and using the bounds on f, g, and h,

dy Ov
[a(y, )] < Ay, v)v[+|(Ay, Av) 2| + M <%7 %) L2(T)

(5.3.2)
ov
+L{yllv Il + Kllyllv | 5
L2(T'y)
for which there exists a bound C(\, M, L, K) such that
la(y,v)| < C(A, M, L, K)|ly||z]|v]| - (5.3.3)
For coercivity, observe that
1 (0y\ Oy
aly) = Aol 1891 + (7 (52 ) 52)
no O (5.3.4)

=(f),y)v + (h(y), %) .

For any complex number z = z + iy, the bound |z| > %|z| + 3|y| can be applied.
Furthermore, the bound ¢g~*(z) > m|z| from assumption (ii) can be applied, hence by
taking Im(A) > 0 so as to prevent cancellation of components, we arrive at the crude

estimate

1 , 1 9 m || 9y
laly, )| = 7R lyl[v+7 18y T2@) + H%

L2(T)

dy
(h(y)7 %) LT :

Recycling the estimates (5.2.4) and (5.2.6) stemming from the Lipschitz bounds on

(5.3.5)
—|(f (W), y)v| —

f and h with the modification made to (5.2.6) that we take ¢ = % instead of 3 from
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the calculation (5.2.5), we arrive at the estimate

m || Oy
on

1 1
lay, )l Z7ReWII + Z1AYI1Z20) + 3

8
. ~ Ll - Kyl

L3(T1)

>Cllyl%
(5.3.6)

for some constant C' > 0 as long as Re(\) > 4L + 2 K2,

We are now in a position to apply the Lumer-Philips theorem. If w > 4L + %K 2
then by the calculations above, the operator Ay — wl is maximally dissipative, thus

the operator Ay generates a strongly continuous semigroup.



Chapter 6

Well-Posedness of the Nonlinear

Model

6.1 Strategy

We have shown that for linear functions f : Hf (Q) — Hp (),

.

Yy —1Ay=f inQ

y=20 on Iy

0
—y—i-yt:O OHFl
L On

is well-posed. We wish now to show that the nonlinear model

.

yy —iAy = F(y) = —ily]’y inQ

y = on I'y

0

Yoy =0 on T}
\ On
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(6.1.1)

(6.1.2)

is well-posed globally in dimension N = 2 and locally in dimension N = 3. To that

end, we wish to apply the linear semigroup theory to the non-linear problem that

arises when we take f(y) = —ily|/>y. A fixed point method will be used. Apriori
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estimates are needed. These variational estimates are distinct from the Strichartz
estimates commonly found in the literature, but will serve a similar role in the analysis
of the problem.

Let z = ;. As seen in Chapter 4, the appearance of 3, on the boundary means
that if we wish to show that solutions exist for data y € H*(Q) N Hp, (), we need
also show that z € H}\ (€2) over the same time period. This follows from trace theory:
if y € H*(Q) N H}, (Q), then by trace theory, g—z € HY*(I',); however, from equation
(6.1.2) we have the relation g—z = z on I'y, hence we require z|p, € H'/?(T;), which
means that we must have z € H[ (Q).

To acquire estimates on z, we differentiate equation (6.1.2) in time,

(

zz—1Az=F, 1n{

5 =0 on Ty (6.1.3)

0

d +2z=0 on I';
\871

where
d
F __ ¢ 92 _
t Zdty Yy
= — 2i|y|*z — iy?*z

6.2 A Priori Estimates

Lemma 6.2.1. Let Q C R™ be bounded in dimension N = 2,3. Let F(y) = —i|y|*y

where y € H*(Q) N HY (). Also let z =y, € H}, (). Then the following estimates
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hold:

A1)
IE W) |20 < Cllyllzeo ¥l (6.2.1)

A2)
IFW)lm2) < Cllyllzzg) (6.2.2)

B1)
IE: )l o) < ClVEl 2@yl 20 (6.2.3)

B2)
IE W)l @) < Cllylle@ IV 2 2@ 9]l 2 (6.2.4)

(A1) was proved by Brezis and Gallouet. (A2) follows directly since H?(£2) embeds

continuously into L>(§2) and thus

||F(y)||H2(Q) < CHyHPJ’LIZ(Q)‘ (6.2.5)

To estimate [|Fy(y)| g1 (o) we first calculate VF,(y):
0

V(=2ily|*z — iy*z) =V (—2iyyz — iy*2)
= —i(2uyVz + 2yVyz + 2Vyyz + 2yVyz + >V 2).

By the triangle inequality, we have

IE W)l @) < 2llygVellae+2lly izl +21 Vygzl @+ 2lly V2l + 1y Vzl e
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We approximate each term independently. Using Holder’s inequality,

2lly5 V2l r2) < 20Yllie@ I Vlz2@)

and likewise

1° V|| r2(0) < HZ/H%OO(Q)HVZHP(Q)'

The estimate for 2||yVyz|/12) must be more carefully constructed. Again using
Holder’s inequality,
1YV izl 2@ <lylle@lI V2]l 2@
_ 1/2
<I[yllze=c) (N2 1zs@ VGl sr2(0)

=yl @12l s [Vl L3 -

The choices for spaces in the use of Holder’s inequality on ||Vyz||12(q) is particularly
essential. In dimensions n = 2, 3, the Sobolev imbeddings H*(Q2) C L5(Q), H*(Q2) C

Wh3(Q) and H*(Q2) C L>(Q) hold, thus

lyVyzllL2) < Cllyllee@ V2l 2@llyll a2

and
lyVizll2@) < CIVel 2@ lyl e g)-

The same approach can be used to bound the remaining two terms, ||Vyyz|12(q) and
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|yVyZ|| r2()- This leaves us with the following a priori estimates:

@)y, 0) <CINV2l 2@ 1920
(6.2.6)

IE W)l ) <Ol V2 2@ 9]l 2
6.3 Energy Estimates
Multiplying the equation
ye = iy — ily*y

by %, integrating by parts and taking real parts gives rise to the energy relations

1 1
E(0) = §/QIVyo!2dQ+Z/Q\yo!4dQ (6.3.1)

and
2

Oy
221 dry,. 3.2
5| A (6.3.2)

E(tg):E(tl)—/tth /F

In dimension N = 2, the Sobolev space H'({2) imbeds continuously into L*(2), thus

from the former energy relation,
B(0) < 3l ln o + Clolli o (6:33)
and from the latter we observe that the energy is decreasing in time, hence
ly() || < C (6.3.4)

for all ¢ € [0, 00).
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6.4 Fixed Point Argument

To prove existence and uniqueness of solutions, we first prove local existence and
uniqueness. In dimension N = 2, existence of global solutions will be shown. How-

ever, in dimension N = 3, existence of global solutions remains an open question.

We begin by defining the following spaces
Xo={(y,2) € H*(Q) N Hp, (QHp, (Q) : 2 =y }
which we equip with the following norm:
1y, 2)lxo = Iyl + 1211 )
and we define also the Banach space
Xr = {(y, z) 1y € Co,T; H*(Q) N H%O(Q)],z e C(0,T; H%O(Q)),yt = z}
to which we equip the norm:

1Y, 2)llxr = sup lyllaze) + Sup]HZHH%O(Q)-

t€[0,T] te[0,T

Theorem 6.4.1. For every bounded subset B C Xy, there exists T > 0 such that for
all (Yo, z0) € B, there exists a unique solution y of (6.1.2) with time derivative y, = 2

such that the pair (y,z) € Xr.

The classical time derivative of y is not defined at time T = 0. Here, 2, is taken

to mean lim ;.
t—0t
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Proof. For yy € H*(Q)NH}, () and y(t) € C'[0,T; H*(Q) N HY, ()], denote by ®(u)
the functional

[MM@:JM+AEWMMM@ (6.4.1)

with the defined operator A = A with associated boundary conditions as was used

earlier to prove well-posedness of the linear model. Likewise, for zy € Hf (€2) and

z(t) € C(0,T; H}, (2)), denote by W¥(z) the functional

[T (2))(t) = e 2 + /t eIAE(2) ds. (6.4.2)

We note that these functionals are returning variational formulas for y(¢) and z(¢)
respectively as given by Duhamel’s formula. We will show that there is a time 7" > 0
such that the map T'(y, z) = (®(y), ¥(2)) is a contraction on the space Xrp.

We first need to verify that T'(y, z) maps Br(Xr) into Br(Xr), where Br denotes

a ball of radius R, for suitable choices of R and T. Using conservation of the flow e*4

and (A2) from Lemma 3,

T
eI 20 §||yo||H2<Q)+/0 1E W) 2 ds

<|lyoll a2 + CTIYll 320

Likewise, by combining the conservation law with (B2),

GO, <lzalg, + [ Il ds

<llzollzg, + CTNV2llz2(0) [yl Fr20)-
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R
Since (yo,20) € B, a bounded subset of Xy, we can take ||(yo,20)||x, < oL thus

R R . . .
Yol m2(0) < 5 and ||z||H%O(Q) < 3 Similarly, if (y, 2) € Br(X7), then ||yl g2@) < R

and HZOHHILO(Q) < R. Hence for (y,2) € Bp(Xr)
R 3
@] | r2(0) < 5+ CTR

and

)0 g, < 5 +CTH

1
as well. Taking T" < SO esures that T'(y, z) does not leave the ball Br(X7).

To apply a contraction mapping argument, contractive estimates are now needed.

Let (y1,21), (Y2, 22) € X7. Then by similar arguments as above,

1@ (y1)](E) = 2(y2)] @)l 520) < /0 1E(y1) = F(y2)ll 20 ds

I C20)](#) = [0 ()] (O], < /0 1£1(21) = Fi(22) |y, ds

and by using the crude estimate |ja — b|| < ||la|| + [|b||, we find that ||[®(y1)](t) —

D(y2)|(t) || r2(0) < R and [[[¥(21)](t) — [\Il(zg)](t)HHl;o < RforT < Hence by

1
20R?
the Banach Contraction Mapping theorem, there exists a fixed point (y, z) € Br(X7)

such that y(¢) is a strong solution of (1.2.1) and y(¢) = 2(¢).
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6.5 Global Solutions in 2D

We wish to show that ||y(t)|m2(q) and Hz(t)HH%O remain bounded for all ¢ € [0, 00) as
well. The latter does not immediately follow from the former due to the appearance
of z =y on the boundary. To verify that ||y(t)| g2 and ||z(¢) “Hllo remain bounded,
we use the Brezis-Gallouet inequality (3.2.2) on the variational inequalities used in

the fixed point argument. For the former we follow the strategy used by Brezis and

Gallouet:
T
Iy z20) = [P 52(0) < Yol r2(0) +/ 1 E (W) 20 ds (6.5.1)
0
whereby
Nyl @) < Cllyllzeollyllaze
and

il < CQ+ 3 log(1+ lylm2ce)
leading to the inequality
t
Iyl a20) < C + C/ 1y ()21 + log(1 + [ly(s)l| m2e)] ds. (6.5.2)
0

As in the argument by Brezis and Gallouet, we denote the right hand side by G().

Then,
G (t) = Clly(®) | en 1+ log(1 + [y(Dl| @) < CEB)[L +log(1 + C(t))] (6.5.3)
and hence by separation of variables,

%log[l +log(1+ G(t))] < C. (6.5.4)



Exponentiating the above inequality provides the following estimate:

aePt
ly() | 2@ < Me

95

(6.5.5)

for some constants M, o and (. It needs also be verified that |[z(?)[/yy remains
0

bounded for all time. Again using the variational form,

t
1206, = N, < ool + € [ 192t Iyl .
0

However, we can make use of the bound on ||y(t)||g2) to get
t
(0, < C+C [ ()l ds
Taking the time derivative of both sides,
d <C
ey, < Oz,
and therefore we achieve an estimate of the form

l(Ollg, < Moc™

(6.5.6)

(6.5.7)

where « is a constant depending on sup |[|y()| g2(q). We have proved the following

t€[0,T]

result:

Theorem 6.5.1. For dimension N = 2, for all (yo, 20) € Xo and for all T > 0, there

exists a unique solution y of (6.1.2) with time derivative y, = z such that the pair

(y7 Z) € XT-
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Chapter 7

Weak Solutions by the Galerkin
Method

7.1 Defining Weak Solutions

In the previous chapter, global regular solutions to (1.2.1) were obtained in dimen-
sion N = 2, but the result in dimension N = 3 is only partial. In this chapter we
solve (1.2.1) using the method of Faedo - Galerkin on H'(f2) to achieve weak so-
lutions. The advantage of this approach is that weak solutions are global in both
dimension N = 2 and N = 3. However, weak solutions come with the disadvantage
that uniqueness cannot be assertained. This is the trade-off that must be made when
N = 3: either we achieve well-posedness on a finite time interval which cannot be

extended arbitrarily or we achieve global existence of solutions but not well-posedness.

We multiply the equation

iy + Ay — yl’y =0 (7.1.1)
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by an admissible function v and integrate in {2. Incorporating the boundary conditions

of (1.2.1) and using Green’s theorem, we arrive at

iy, )2 — (Vu, Vo)) + (4, 0) 2wy — (Y y,0)120) = 0, Vi € [0,00).

We define y € H} () as a weak solution to (1.2.1) if it satisfies the above equality

for all v € H} (). We will prove the following result:

Theorem 7.1.1. For any dimension N < 3, given yy € H%O(Q) there exists a global

weak solution y(t) € HY () to (1.2.1).

7.2 Constructing a Convergent Subsequence

Let {w;}jen be an orthonormal basis of Hf (). Although an explicit basis cannot

be computed, we know a priori that one exists because H%O(Q) is a separable Hilbert

space.
y=20 on [’y
g—z =0 onl}.
We note that {w;} is dense in H[ (). Define V,, = [wy, ..., wy] and let v € V,.

Then (1.2.1) reduces to the following approximate problem on V,,:

Un(t) € Vin € () = Y hjm () w;(t)
j=1

(i Y 0)22(9) = (V¥ V) £2(00) + Wi ) 22000y — (1Y Y v) 1200y = 0 (7.2.1)
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It must be shown that the approximate system (7.2.1) gives rise to an ordinary
differential equation which we may solve. Substituting ym,(t) = >0, hjm(t) w;(¢)

7=1

back into the second equation in (7.2.1), we may write

i Z (P wis W) L2(0)+ Z (P)wis W) L2(ry) = (7.2.2)

Jk<m Jk<m

‘I’ Z (V hjmwj,Vwk)Lz(Q) + Z (|hjm|2hijj,wk)L2(Q).

Jk<m Jksm

(7.2.3)
Define h,, to be the vector given by h,, = (him, hom, .-, hmm). Then the left hand

side (LHS) of the above may be written

Mjih,, =i Z (P, Wi) L2(2 Z Wiy WE) L2(I'y) (7.2.4)

7,k<m 7,k<m

where M}, is a matrix with elements given by
M = i(wj, wr) 2) + (W), We) L2(1y)- (7.2.5)
It will be shown that this matrix is invertible. Observe that
(Mjxhumy bon)r2(9) = ©(hins hin) L2@) + (B, o) 220y,

which has real part ||hum[|7z,) > 0 and imaginary part [[hn[|72q) > 0. Hence, My
can be written as a sum of a real-valued matrix that is positive definite and an

imaginary-valued matrix that can be written as ¢/, where I is the identity on V,,.
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Hence, My, is invertible and we may write for any v € V,,,,

> (Ww; v)p2e) = My (Z(V hjmtjs ¥ 0) ) + ) (1hjml® Rjmwy. ”)L2(9)> '

i<m j<m j<m

(7.2.6)

Since (7.2.1) can be rewritten as an ordinary differential equation, the approximate
system has a local solution on [0, t,,,) guaranteed by the Caratheodory’s theorem with
Ym(t) absolutely continuous and y/ (t) existing a. e. in Dini’s sense. This solution

can be extended to the interval [0, 7. Since y,, € V,,,, we can write
Ym(t) = Y hjm(t) w) (7.2.7)
and by (7.2.1) above we have that for all t € (0,t,,)
Ym € L*(0,t; [Hy, (Q)]) (7.2.8)

We note that the derivative (7.2.8) is in Dini’s sense (i. e., a. e.). We take £to be the
time derivative in the distributional sense of D’'(0,¢; L?(€2)). By integrating against
test functions § € C5°(0,t) and making sense of the L? inner product as a duality
pairing we get

%<ym(t)’U>L2(Q) = (Un(1),0) 20 (7.2.9)

forallv e V,, and all t € (0,¢,,).
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7.3 A Priori Estimates

We observe that if we consider v = wj, j =1, ... ,m and multiply the second equation
of (7.2.1) by h;_m(t) and then sum in j, then by taking into account the boundary

conditions and considering only the real part, we obtain

d 1
IV 9l + 7 l9mllzae | + 19llz2e,) =0

Integrating this expression in time over ¢ € [0,7], and having in mind that the

Sobolev embedding H'(Q) < L%(Q), ¢ < 6, for N < 3, we obtain for all ¢ € [0, T,

1 t
HV?JmH%%Q) T ||?Jm“i4(sz) "’/0 ||?Jq,n||%2(rl)dt < C||Vy2@||%2(sz)- (7.3.1)

We note in particular that since the sequence {V %} converges in H'(Q) to Vyp,
sup {V 2 } must be finite and therefore the left hand side (LHS) of the above estimate
is bounded independently of m and hence there is a convergent subsequence of {y,,}.
The nature of this convergence will be discussed in the following section. We can also

infer from the estimate (7.3.1) that

{ym} is bounded in L>(0,T;Hp, ()) (7.3.2)
{ym} is bounded in L>(0,T; L*(2)) (7.3.3)
{y/ '} is bounded in L*(0,T;L*(T)) (7.3.4)
{|Ym|*ym} is bounded in  L>°(0,T; L*(£2)) (7.3.5)

where the last assertion again comes from use of the embedding H'(Q) < L5(Q).
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61

From the a priori estimates, there exists a subsequence of {y,}men, which is still

denoted in the same way, such that
Ym — y weak star in L>(0, T} H%O(Q)) )
Ym — y weak in L>=(0,T; L*(Q)).
g, =y weak in L™(0,T; [Hf (Q)]).
y, =y weak star in L*°(0,T; L*(I'})) .
Using the chain of Sobolev embeddings

HE(Q) S LH(Q) — L=(Q),

(7.4.1)
(7.4.2)
(7.4.3)

(7.4.4)

it follows from the boundness of (7.3.2) that by the Aubin-Lions theorem, that there

exists a subsequence of {y,,}, which we again denote the same way, such that,

Ym — y strongly in L*(0,T, L*(Q0)),

that is,

Ym — y a. e. in Q x (0,7).
By continuity of map z + |z|* z from (7.4.6), we have
Y2 Y — |y|?y a. e.in Q x (0,7).
So, combining (7.3.5) and (7.4.7) jointly with Lions’ Lemma, we obtain,

Y |* Ym—|y|? y weak star in L>®(0,T; L*(Q2)) .

(7.4.5)

(7.4.6)

(7.4.7)

(7.4.8)
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Moreover, as w; 6§ € L*(0,T; L*(Q2)) and w; 6 € L'(0,T; L*(T), from (7.4.1) — (7.4.4),

we can assert the following convergences:

T

T
/O(iy:mwj)m(ﬂ)g(t)dt — (09 wj)m () 0(1)dt. (7.4.9)

!

T
0

T
(9l y,wj) 20y 0) dt . (7.4.11)

T
(y',wj) 2y 0(t) dt . (7.4.12)

T
/(|ym|29m,wj)L2(Q)3(t)dt —
0

S— o S— >—

T
/ (Yps Wi z2(ry) O(8) dt —
0

Let j € N and consider m > j. Multiplying the second equation of (7.2.1) by

6 € D(0,T), taking v = w; and integrating from 0 to T,
T T
0 0
T T
| W)y 000t = [ g0y O18)
0 0

From convergences (7.4.9) — (7.4.12), we can pass through the limit as m — 400 in

(7.4.13) to obtain
T T
0 = [ v b®d~ [ (Vo Vu)pao@d (1410
0 0
T T
s [ Wiy 00— [ (5P vz 00 d.
0 0
By the totality of the w)s in Hf (€2), we have

T T
0 = /(z’y,’n,v)Lz(Q)Q(t)dt—/ (V 4,V 0) 2 0(1) dt
0 0

T T
T / (), O(E) dt — / (9P v, 0) 1o 0(0) dt, Yo € H} (Q),¥0 € D(0,T).
0 0
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Hence, for all v € Hf (),
iy (), v)22i@) — (Vy(t), Vo)rae) + (4 (1), v) 2wy — (9@ y(t), v) 120y = 0

holds for all ¢ € [0, T, where by (7.4.1) — (7.4.4) and (7.4.8), T can be taken arbitrarily

large.
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Chapter 8

Exponential Stability

8.1 Introduction of a Multiplier

Since well-posedness of regular solutions in dimension N = 2 has been established,

we may now prove the following result:

Theorem 8.1.1 (Stabilization). Assume that Q is a star-shaped domain and let y be
a regular solution of the problem (1.2.1). Then, there exist positive constants vy and
C' such that the H'—energy associated to problem (1.2.1) decays exponentially, that

18,
E(t) < Ce™™E(0), for allt > T,
Ty > 0 large enough.

The method used for achieving this stability result is classical. A multiplier is used
to construct an integral identity. By choosing a particular vector field for the multi-
plier it is shown that the energy contracts in time. Use of the multiplier h(z) - Vw

was introduced by Lasiecka, Lions and Triggiani (1986) in the study of regularity of
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the wave equation [22]. Triggiani exported the use of this multiplier (1989) in a re-
sult that pioneered an operator approach to stability of the wave equation [42]. This
multiplier method was first translated to the Schrodinger equation by Machtyngier
(1990) [37] for the linear version of the problem we are interested in studying. This

complex multiplier becomes (q - V7).

Lemma 8.1.2. Let Q be a bounded domain of R?, with smooth boundary I'. Let
€ [C’Q(ﬁ)]2 be a vector field. Then, for all reqular solutions (e.g. solutions in the

sense of Theorem 6.5.1) of the problem (1.2.1) the following identity holds

9y 9gx %y E/T/ o)yl
Re (2/0 \ Or; 9z, Du dx dt) + (divg)|y|* dx dt (8.1.1)
T
= Re {z/ y(q - Vy)dx} +Re< / /8nyq Vy)dvdt)
/ /q n)|Vy|* dydt — Re (/ /Vy V(divgq) )yd:vdt)
——/ /(q-n)ly!4dvdt+/ /%@(divq)ydvdt-
2 0 I' 0 I'

Proof. Multiplying equation (1.2.1) by (¢ - V7) and integrating over Q x (0,7, we

obtain

T
0= / (i + Ay — lyPy)(a - VF) dedt. (8.1.2)
0

Next, we shall analyze the first term on the RHS of (8.1.2).

Estimate for I := fOT Jo /' (q- V) dzdt.
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Integrating by parts, we deduce that

L= [z/ﬂ (q- VT) dx} / / y(q - V) da dt. (8.1.3)

On the other hand, by making use of Gauss’ formula, we infer

/ /q Vyydxdt—z/ /qky —dxdt
= —i/ /—(qky')udxdt+i/ / (q-n)yy dvydt
o Jo Oy Joo Uy

~~

since y=0 on Iy

T T
= —i/ /(divq)yy'dxdt—i/ /(q-V@’)ydwdt
0o Ja 0o Ja
T
+2’/ /(q-n)y@'d’ydt.
o Jr

which implies that

T
—z'/ /(q~Vy’)ydx dt (8.1.4)
o Jo
T T
z/ /(q~Vy)§’ dxdt—iri/ /(divq)yg’ dx dt
o Jo o Jo
T
2/ /(q-n)yﬂ’dvdt-
o Jry

Substituting (8.1.4) in (8.1.3), we arrive at

I = {/ y(q - Vy)dx} —H/ /q Vu)y dx dt (8.1.5)
/ /dwqyy d:vdt—z/ / q-n)yy dvydt,
I

and since

iy =-Ay+lyfy nQ & 7 =—iAy+ilyPy inQ,
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from (8.1.5) we can write

L = [/ y(q - V) dx} / /q Vy)Ay dz dt (8.1.6)
- / / q-Vy)|u| ydxdt+/ / divg) Ayy dx dt
— / /(divq)|y|4 dx dt —i/ / (q-n)yy dvydt.
o Jo o Jr

Taking the real part of (8.1.1), having in mind (8.1.6), and observing that Re(z) =

Re(z), for all z € C, we deduce that

T
0 = Re[/ y(q - Vy)dx} +2Re/ /qu V7y)dxdt (8.1.7)
- 2Re/ /q V7y) |y|ydxdt—|—Re/ /dwq YAy dx dt

/ /(divq)|y|4dmdt—Rei/ /(q-n)y@’dvdt.
0 Jo o Jr,

In what follows, we analyze the terms on the RHS of (8.1.7).
Estimate for Iy :== 2 fOT Jo Ay(q - VY) dx dt.

Employing Green formula, we have

I, = —2/ /Vy Vig- Vy)d:z:dt+2/ /8nyq V) dydt
Oy Oq, Oy / / oy 0%y
= -2 ———>dxdt —2 — dzx dt
/ /&EJ Oz Oxy, QQkaa:jaxkaxj v

+ 2/ /Gny(q-VQ)dvdt-
0 T




Taking the real part of I, yields,

T
Re(l,) = Re (—2/ @%@d:cdt>
0

Q 81’]’ al’j 8xk

- 2 — dx dt
/0 /QQk Re (8% 8xk8x3> o

+ Re (2/0T/F8ny(q~Vy)dfydt>.

Having in mind that

Jy
8xj

2_
QRe{ay 8% }: 0 [

8.73]' 8xk8x] (%k

using (4.8) and applying Green’s formula, we find that
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(8.1.8)

T 0y Oq, Oy 4 2
_ N 4% Oy : 1.
Re(15) Re( 2/0 /anj O, D dx dt) —i—/o /Q(dwq) |Vy|* dx d£8.1.9)

_ /OT/F(CI-n)‘Vdefydt—i—Re (2/0T/Fany(q‘vy>d7dt>-

Estimate for I3 := —2 fOT Jo lylPy(q - Vy) dx dt.

We have,

T __
h=-2 [ /\yquk@dxdt,
0 Q al‘k

and since

oy B
ke (v ) o = 5 ).

By employing Green’s formula we deduce that

IRV 1"
Re(I3) = 5/ /(dzvq)]y\4dx dt — 5/ / (q-n)|y|* dvydt (8.1.10)
o Jo o Jr,

since y=0 on Ty
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Estimate for I, := fOT Jo(divg) Ay dx dt.

Again applying Green’s formula,

T T
I, = —/ /V@V((divq)y) d:l:dt+/ / 0,7 (divg)y dydt (8.1.11)
o Ja o Jr,

-~

since y=0 on Ty

T T
= —/ /(V@-V(divq))ydwdt—/ /(d’wq) \Vy|? dz dt
o Jo o Jo
T
+ / / 0,7 (divg)y dy dt.
o Jry

Through combining the results we have obtained, namely (8.1.7), (8.1.9), (8.1.10)

and (8.1.11), we may now conclude that

0 = Re {z/ y(q - Vy)dx] ——/ /dwq y|* dx dt
9y Oqi, Iy
2Re (/ /axj(‘?xjﬁxkd dt)
T
— / /(q-n)|Vy|2d’ydt—|—Re<2/ /8ny(q-Vy)d7dt>
o Jr o Jr
T 1 T
— Re/ /(V@-V(divq))ydzdt——/ /(q-n)|y|4d7dt
I
+ / /(%y dwqydvdt—Rez/ / q-n)yy dydt.
Iy

which finishes the proof. O

8.2 Contraction of Energy

Until now we have only required that €2 be a connected, bounded domain with smooth

boundary. We now require the additional assumption that {2 be star-shaped, namely,



70

that for a fixed xg € R™ we have,

(x —x0) -n(z) <0 onTy and (xr —zo)-n(x) >0 onI}. (8.2.1)

FO N

Lo

Substitute the vector field m(z) = x — 2° for the vector field ¢(z) and taking

2% € R™ to be fixed. Then from Lemma 8.1.2 we obtain

T T
2/ /yVnydde/ /\yy‘*dwdt
0 Q 0 Q

~ Re [z/ﬂu(m V) deT

—/OT/F<m-n)|Vy|2dvdt+Re (Q/OT/Faan-vy)dvdt)

T T
—/ /(V@-V(divm))ydzdt—l/ /(m-n)|y|4dfydt
0o Jo o 2Jo Jr,

=0 since divm=n

T T
+n/ / O yudydt — Rei/ / (m - n)yy dydt.
0 Fl 0 Fl
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and since m -n > 0 on I'y, we deduce,

4/OTE(t) dt < Re [@/Qy(m.vm deT (8.2.2)

T T
- / /(m-n)|Vy|2d7dt—l—Re (2/ /any(m-vm dvdt)
o Jr o Jr
T T
+ n/ / angjyd’ydt—Rei/ (m - n)yy dvdt.
0 Fl 0 Fl

Since y = 0 on I'y it follows that Vi = 0,yn on I'y, and consequently,

[Vy|* = 10,y|* on Ty,
(8.2.3)
m - VY = (m-n)d,y = dy(m - Vy) = (m-n)|dpy|* on L.

By combining (8.2.2) and (8.2.3) we obtain

T
4/ E(t)dt < Re {z/ y(m - Vy) dx} / / m - n)|O,yl>dydt  (8.2.4)
0
— / (m - n|Vy|2d7dt—|—Re( / /6nym V7)) dydt)
I'1

Iy
+ n/ / O,y y dry dt — Rei/ (m - n)yy dydt.
0 Fl 0 I—‘1

Having in mind that m(x) - n(z) < 0 for all z € Ty, m(z) - n(x) > § > 0 for all
z € I'y, Opy = —y on Ty and recalling that the trace map v : Hp () — L*(Ty) is

continuous, we see that

4/0TE(t) gt < Re {i/gy(m-vy) dx}:—é/OT/Fl Yyl dvdt  (8.2.5)

2R2 o T )
+ ly'|* dy dt + 27 |Vy|~ dydt
Iy 0 Iy

2/\1

+

T
/ |y|2dfydt+277/ B(t) dt
I
' T
o / Py [ B0,
nJo Jry 0

_|_
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where

R = max | — 2||as,
e

A1 > 0 comes from the Poincaré inequality and 7 is an arbitrary positive constant.

Choosing 7 sufficiently small, from (8.2.5) it holds that

T T T
/ Et)dt < CRe {2/ u(m - Vy) dx] +C/ 1Y/ |*dydt, (8.2.6)
0 Q 0 0 Iy

where C' = C(\1, ||, n) is a positive constant.

Combining (8.2.6) with the energy identity we obtain
E(T) <~yE(0), forT > Ty,

with Tj sufficiently large and 0 < v < 1, which gives us the exponential stability and

we conclude the proof of the theorem (8.1.1).
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